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“The most that can be expected from any model is that it can supply a useful approxi-
mation to reality: All models are wrong; some models are useful.”

G.E.P. Box, J.S. Hunter, W.G. Hunter [31, page 440]
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Abstract

The emergence of networks and network data in different forms in the near
past has given rise to development of new data analysis methods with a shift
in focus from vector spaces to graph topologies. While some of these meth-
ods have been designed specifically for analyzing networks, others have been
transformed from more traditional methods, for instance from the machine
learning and data mining literature, to function also with networks or graph-
based data. The main focus in the thesis is on the recently developed ran-
domized shortest paths (RSP) framework, from which multiple interesting
graph-based measures can be derived. These measures can be used either for
analyzing networks directly or as tools augmenting existing machine learning
or data mining methods. Essentially, the RSP framework defines a probability
distribution on the set of paths connecting two nodes on a graph. The distri-
bution focuses mostly on shortest paths but also assigns non-zero probability
to longer connections between the two nodes. The extent of this spread of the
probability mass is controlled by a temperature parameter, inspired by a ther-
modynamical analogy. From this distribution several meaningful quantities
can be derived and computed conveniently, which have interesting connec-
tions with more traditional network measures. As one highlight, the thesis
presents the free energy distance, which is a novel metric that is appealing
theoretically in many ways, and has been shown to provide desirable and
competitive results in different network analysis tasks compared with other
measures. In addition, different measures for quantifying the centrality of a
node in a network or the overall functionality of a network are proposed based
on the RSP framework. The theory of RSPs is also extended with model estima-
tion methods for fitting the RSP model to a dataset of trajectories on a network.
In order to demonstrate and evaluate the derived methods the thesis deals
with multiple application domains, ranging from the evaluation of ecological
landscapes and quantifying centrality in an urban street network to clustering
of text document collections. On the other hand, the methods are developed
in a general theoretical setting and also discussed from different viewpoints in
order to enable their use in other possible domains.
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Chapter 1

Introduction

1.1 General introduction

Machine learning, pattern recognition and data mining methods have for a
large part been based on vector space models, which embed the data elements
as vectors, or points, in a Euclidean space [202, 21, 7, 61, 145]. This embedding
can often be produced by a simple association between the coordinate axes of
the space and the features of the data. Manipulating and analyzing the data in
this space can then be achieved by using the vast toolboxes of linear algebra,
differential geometry, probability theory, multivariate statistics, topology and
other traditional and well-studied mathematical and statistical disciplines.

The somewhat sudden appearance and abundance of data about networks
in the last two to three decades have encouraged scientists to develop data
analysis methods tailored especially for network data. This has given rise to
network science, which combines graph theory, statistics, statistical physics, dif-
ferential geometry and various other disciplines in order to study and analyze
real-world networks — for instance social, informational, biological, or trans-
portation networks, to name a few — and phenomena occurring on them [211,
201, 35, 158, 48, 123, 136, 154, 67, 79, 191, 13].

This thesis focuses on developing methods for network data analysis, often
from a traditional data analysis perspective. The methods considered in the
thesis relate to a few key topics of network analysis. One of them, that has been
studied well in traditional data analysis in vector spaces, is the quantification
of relatedness of two nodes of a network. This problem is approached through
definition of distance measures, which can be used, for instance, for finding
highly interlinked groups of nodes or for quantifying the overall quality of a
network. The definition and study of distances on networks is a non-trivial
and currently very active area of research.
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Another network analysis topic that occurs in the thesis often, is the quantifi-
cation of the centrality, in some sense, of a node in a network. This is one of
the most studied network analysis problems that, likewise, does not entail a
unique simple solution. A third topic that appears in the thesis is the modeling
of mobility and spreading processes on networks, which are vital, for instance,
for designing intelligent infrastructures, or for understanding how information
spreads over social networks.

All in all, the thesis deals with the following topics:

• distances on networks that take into account global connectivity

• community detection on networks and clustering its nodes

• semisupervised classification of network nodes

• ranking nodes according to their centrality, importance or functionality

• quantifying the overall functionality of a network

• estimation of parameters for modeling movement on networks

Mostly these topics will be considered in the context of the randomized shortest
paths (RSP) framework [215, 182, 87, 115, 117]. Many standard measures in
network analysis are based on considering either shortest paths between the
nodes of a network, or, alternatively, random walks on the network. The RSP
framework considers these two traditional paradigms as extremes and defines
an intermediate solution by considering probability distributions over paths
of the network that focus on paths “close" to the shortest ones, but that also
spread over longer paths.

This thesis studies the theory of RSPs developed earlier, in addition to devel-
oping and investigating new measures derived from it. The RSP framework
is based on considering a probability distribution on the set of paths between
two nodes of a network. From this distribution, several interesting quanti-
ties with intuitive interpretations can be computed in algebraically convenient
ways. The thesis also considers the development of efficient algorithms for
computing the measures on networks, the validation of the algorithms and
often comparison with other methods. One highlight of these developments is
the discovery of a new distance measure, called the free energy distance, which
has several nice theoretical properties, in addition to which it has been shown
to function well also experimentally.

The thesis considers the developed methods in a broad selection of application
areas and with various types of network data sets. The distance measures
developed in the thesis are tested in machine learning tasks, more precisely in
clustering and semi-supervised classification of nodes in networks constructed
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from text corpora, as well as in networks extracted from the World Wide Web.
Network centralities are evaluated with experiments using street network data
and a network extracted from the Wikipedia hyperlink network. A large part of
the thesis also focuses on studying the utility of the RSP framework for ecology,
based on the suitability of the assumptions of the framework for modeling
animal movement. For this purpose, new measures are developed based on
the RSP framework for quantifying the functionality of the nodes of a network
as well as the complete network, in terms of its overall connectivity.

1.2 List of contributions

During my doctoral studies I have authored and co-authored several scientific
articles. The list of articles where I have made a substantial contribution (either
as the first author, or as a co-author), and the specific contributions in each
article, are as follows:

(1) I. Kivimäki et al. “A graph-based approach to skill extraction from
text”. In: Graph-Based Methods for Natural Language Processing
(2013), pp. 79–87.

This paper presents a web application for text analysis focusing on the
task of skill extraction, meaning associating professional skills to arbitrary
text documents. Such a method could potentially be used for profiling
job applicants, or for targeting questions to experts on online question
forums. The application is based on a method employing an associative
network of concepts extracted from the online encyclopedia, Wikipedia
and a list of skills retrieved from the LinkedIn website which hosts a
professional social networking service. The paper demonstrates how
the web application works and also evaluates its functionality experi-
mentally. This work was done within a Région Wallonne project and is a
collaboration of several authors. My responsibility was mostly in writing
and compiling the paper and developing and implementing a spreading
activation algorithm on the Wikipedia network as well as the evaluation
experiments for the paper. However, this work is omitted from the thesis,
as the topic of the article is largely unrelated to the topics dealt within
the thesis.

(2) I. Kivimäki, M. Shimbo, and M. Saerens. “Developments in the the-
ory of randomized shortest paths with a comparison of graph node
distances”. In: Physica A: Statistical Mechanics and its Applications
393 (2014), pp. 600–616.
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This article deals with the development of two distance measures based
on the RSP framework. The first measure is the RSP dissimilarity, which
has been presented earlier in the literature. In this paper a novel batch
algorithm is derived for computing the RSP dissimilarities between all
pairs of nodes at once in closed form.

The paper also presents and studies the free energy distance, which was
introduced also, in parallel, in article number (4) in this list, as the poten-
tial distance. In addition, a comparison of the RSP dissimilarity and the
free energy distance with other similar graph node distance measures is
performed, showing that the measures usually provide satisfying results
in clustering and semisupervised classification tasks. The free energy
distance has nice features from a theoretical point of view, in addition to
which it was also shown to perform well in semisupervised classification
in the parallel article number (4), and in clustering in [192] and [193].

I was responsible for the contents of the article otherwise, but the theory
behind the work was developed in collaboration with Prof. Saerens.

(3) I. Kivimäki et al. “Two betweenness centrality measures based on Ran-
domized Shortest Paths”. In: Scientific Reports 6.19668 (2016).

This article defines two graph node betweenness centrality measures
based on the RSP framework that can be considered as parametrized
generalizations of certain traditional network centrality measures. The
methods and their functionality are then evaluated with some example
networks. Also in this work, part of the theory behind the methods was
developed jointly with Prof. Saerens. In addition, some of the imple-
mentations of the methods were provided by Dr. Bertrand Lebichot, and
some ideas of the experiments came from Prof. Jari Saramäki. Otherwise
I was mostly responsible for the contents of the paper.

(4) K. Françoisse et al. “A bag-of-paths framework for network data anal-
ysis”. In: Neural Networks 90 (2017), pp. 90–111.

This article presents the bag-of-paths (BoP) framework, which is a rein-
terpretation of the RSP framework, where a probability distribution is
defined over the set of paths between all node-pairs on a graph, instead
of only a fixed pair of nodes, as in the RSP framework. From this frame-
work, two graph node distance measures are defined, namely the poten-
tial and the surprisal distances. The definition of the potential distance ac-
tually coincides with the definition of the free energy distance, presented
from a different approach in [115] (see point number (2) in this list). The
functionality of the potential (i.e. the free energy) and surprisal distances
are evaluated in a semisupervised classification experiment, where both
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distances provide good results, when compared to other state-of-the-art
methods.

My contribution in this paper was in the development and derivation of
the distance measures with Prof. Saerens. I also contributed a section to
the paper about a new modularity measure and a community detection
method based on it. This section was in the end withdrawn from the
paper to make the paper more concise. Although the section was finally
left unpublished elsewhere, it is presented in the thesis.

1.2.1 Other contributions

Aside from the above list of works, I have also contributed to other articles
during the making of this thesis. In these articles my contribution has mostly
been in brainstorming as well as reviewing and reading the manuscripts dur-
ing the writing process and giving remarks and suggestions. The list of these
co-authored works is as follows:

(5) B. Lebichot et al. “Semisupervised Classification Through the Bag-of-
Paths Group Betweenness”. In: Neural Networks and Learning Systems,
IEEE Transactions on 25.6 (2014), pp. 1173–1186

(6) R. Devooght et al. “Random walks based modularity: application to
semi-supervised learning”. In: Proceedings of the 23rd international confer-
ence on World wide web. 2014, pp. 213–224

(7) M. Panzacchi et al. “Predicting the continuum between corridors and
barriers to animal movements using Step Selection Functions and Ran-
domized Shortest Paths”. In: Journal of Animal Ecology 85.1 (2016), pp. 32–
42

(8) G. Guex, I. Kivimäki, and M. Saerens. “Randomized Optimal Transport
on a Graph: Framework and New Distance Measures”. In: Network
Science (2018). Accepted for publication

(9) B. Lebichot et al. “A Constrained Randomized Shortest-Paths Frame-
work for Optimal Exploration”. In: arXiv preprint arXiv:1807.04551 (2018)
(manuscript submitted for publication)
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1.3 Structure of the thesis

The thesis is structured in the following way. Chapter 2 presents the definitions,
terminology and notation, as well as the preliminary theoretical concepts and
results and literature review for the rest of the thesis.

Chapters 3-8 are each based on a separate piece of work, and they have been
sorted according to the relatedness of their topics in order to form a narrative
as continuous as possible throughout the thesis. Some of the material from the
articles have been moved to Chapter 2 in order to avoid repetition of definitions
and results and to facilitate reading. Below is a description of each chapter
based on the list of articles presented above in Section 1.2, and the numbering
therein.

• Chapter 3 is based on Article (2).

• Chapter 4 was originally a section in Article (4). It presents a commu-
nity detection method based on a reinterpretation of the modularity cri-
terion in terms of the bag-of-paths (BoP) framework. As explained in
Section 1.2, the section was in the end withdrawn from the article. The
reason for this was that the community detection topic was somewhat
separate from the main topic of the article, in addition to which the ar-
ticle was already too long. Although the material was left unpublished
elsewhere, the theory was complete, and the results of the community
detection experiment with the BoP modularity were promising, which is
why the section is included as a chapter in this thesis.

• Chapter 5 is based on Article (3).

• Chapter 6 is based on an unfinished manuscript that presents a survey
of the free energy measure in terms of the RSP framework for network
analysis. The chapter contains a collection of results that have not been
published before, as well as a list of interpretations of free energy and
the probability distribution over paths on a graph, in order to convince a
broad audience of network scientists to consider the method for different
application purposes.

• Chapter 7 is also based on an unfinished manuscript that considers the
problem of estimating the parameters of the RSP model when model-
ing data consisting of trajectories on networks. The chapter develops
methods for computing the maximum likelihood estimate (MLE) of the
inverse temperature parameter β, which controls the balance between
optimality and randomness of the trajectories, in scenarios where the tra-
jectories are recorded either completely or only partly. The methods are
validated with artificial examples with success. In addition, the method
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for computing the MLE for incomplete trajectories is demonstrated with
real data consisting of trajectories of wild reindeer on a geographic land-
scape, modeled as a network. The work was initially motivated by the
research conducted within Article (7).

• Chapter 8 is based on yet another unfinished manuscript, which is a
larger collaborative effort for developing a method for quantifying the
functionality of a habitat for an animal species in a geographic landscape.
This project is partly a sequel to the study conducted in Chapter 7, as
well as to the work in Article (7). The problem is tackled, again, with
graph-theoretic formalism by modeling the landscape as a network and
then quantifying the functionality of the nodes of the network based on
the features of the node, as well as its connectivity with other nodes, and
finally quantifying the overall functionality of the whole network. The
chapter discusses the properties of the proposed Habitat Functionality
metric from a network analysis viewpoint, as well as demonstrates its
behavior in some artificial and real-life landscapes.

Finally, Chapter 9 sums up the thesis and its contributions, and discusses issues
related to the presented methodologies. In addition, possible solutions to these
issues along with other possible future developments are discussed.
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Chapter 2

Theoretical foundations and
related work

This thesis lies in the middle ground between network science, machine learn-
ing and data mining. This chapter first introduces the main topics of the thesis
and their interplay, providing background motivation for the work. After
that, the general setting of the thesis, from definitions and terminology to the
broader concepts and methodology are introduced. We especially introduce
the randomized shortest paths (RSP) framework, and present some relevant mea-
sures derived from it after first discussing background related to distance and
centrality measures on graphs. The chapter ends with a literature review re-
lated to the main themes of the thesis. Some parts of this chapter were extracted
from the articles listed in Introduction, especially parts that concern topics that
recur in several chapters in the thesis.

2.1 General background and setting

Network science has its roots in many different scientific disciplines, two of
which deserve specific merit. The first one is graph theory, from Euler’s study
of the bridges of Königsberg [71, 153] to the papers of Erdős and Rényi [63] on
random graphs and further. The second important field has been the study of
social networks, which has given rise to many of the standard measures used
for studying networks in general [211]. One of the most well-known social
network studies is the article on the small-world phenomenon by Travers and
Milgram [206] which gave rise to the famous idea of six degrees of separation,
i.e. that people (at least in the USA) are acquainted with each other through
five other people.
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A great boost for the study of networks towards being a science of its own
was given by three paramount articles published at the end of the second mil-
lennium. The first one, by Watts and Strogatz [212], in 1998, showed how a
simple and small shift from a regular graph towards a more random one can
bring out interesting natural features in a network, including the small-world
phenomenon, as well as clustering of the graph. The second noteworthy arti-
cle, by Page et al. [164], published in 1999, introduced the Pagerank algorithm,
which has given a strikingly concrete example of commercial potential of net-
work applications, as it provided the technological backbone for the company
founded by the authors — named Google. The third paper, by Barabási and
Albert [14], also published 1999, coined the term scale-free networks, by demon-
strating that the degree distributions of many real-world networks are, quite
surprisingly, power-law distributions. Such networks that exhibit interesting
and unintuitive statistical features are called complex networks. These models
can be seen as initiators for a burst of studies in network-related research deal-
ing with topics such as the evolution of networks [58], network robustness [5],
epidemic spreading [169] as well as other stochastic processes occurring on
networks [15], to name a few.

In addition to being used for studying the structure and foundations of net-
works, network data has also been analyzed for reasons that are often the basis
of machine learning and data mining applications. As with any data, visualiza-
tion is a relevant and important task also when dealing with network data [197].
One approach for visualization is through defining distances between graph
nodes and then applying a distance-based visualization method. This is done
in Section 3.5.1 of the thesis, where network visualization is performed based
on different graph node distance measures.

Visualization is a subproblem of the more general problem of network embed-
ding, meaning the problem of representing a network in another topological
space, such as a Euclidean, or a hyperbolic space [24]. Embedding in a Eu-
clidean space can be achieved, for instance, by defining distances between
nodes according to a Euclidean distance measure and finding a set of points
in a Euclidean space whose distances equal the graph distances. This property
holds for random walk distances, as discussed in Section 2.4.2, and, in some
cases, the RSP dissimilarity and free energy distance, studied in this thesis in
general. This method was, for instance, used in the semisupervised classifica-
tion experiments in [82] (Article (4) in the list of Chapter 1), where nodes were
classified by linear support vector machines in a Euclidean space.

Another example of a network application that often draws inspiration from
vector space based methods is community detection [74], which corresponds,
broadly, to clustering in traditional data analysis. In the former, the task is
to find groups of nodes in a network that are well-connected with each other,
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but less connected with nodes in other groups. In the latter, the task is to find
groups of points that are close in space to each other but distant from points in
other groups. An example of community detection is presented in Chapter 4,
where a new community detection method is applied on similarity graphs
constructed from a text corpus. Furthermore, the kernel k-means method [216,
217], applied for clustering in Chapter 3, as well as the spectral clustering
method [209], are examples of methods that operate in a vector space but are
based on a graph representation of data. As another example, many non-linear
dimensionality reduction techniques are based on constructing a similarity
graph from data in a Euclidean space, and then recomputing a representation
of the data based on distances on the graph instead of the Euclidean distances
in the data space. One of the first proposals for such a strategy was the Isomap
algorithm for dimensionality reduction [200, 131].

In other words, there exists a lot of interplay between network science and
machine learning. However, combining traditional data analysis methods
with the constantly growing understanding of real life networks still involves
many open problems. The contributions presented in this thesis were always
developed keeping in mind the above ideas.

2.2 Terminology and notation

Here, the terminology, notation and conventions that are used throughout this
thesis are defined. The definitions are divided into paragraphs, with a separate
discussion, in its own subsection, on the consideration of two types of weights
on graphs.

Graphs. In general, G = (V,E) denotes a finite, strongly connected directed
weighted graph consisting of node set V = {1, 2, . . . , n} and edge set E =
{(i, j)}. Nodes i and j such that (i, j) ∈ E are called adjacent or connected. The
set of successor nodes of a node i is defined as Succ(i) = {j ∈ V | (i, j) ∈ E}.
The graph G is undirected if the edge set is symmetric, meaning that (i, j) ∈
E if and only if (j, i) ∈ E. Note that this differs from the (perhaps more
standard) convention where the edges in an undirected graph are considered
as unordered pairs. As a result, in the above formulation the number of edges
in an undirected graph is twice the number of edges in the more standard
formulation.

Although a network is usually considered as a model of a real world object
consisting of elements and their relations, and graphs are in principle used
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as abstractions of networks, nevertheless, in this work the terms graph and
network are mostly used interchangeably.

Weights. Through most of the thesis we consider graphs that are associated
with two kinds of weights — affinities, aij , and costs, cij . The motivation for
such setting is dedicated its own discussion below, in Section 2.2.1. In short,
the affinities are used for defining a random walk on G according to transition
probabilities on edges (i, j) ∈ E as

prwij =
aij∑

j∈Succ(i)

aij
. (2.1)

In other words, a random walker will more likely follow an edge with high
affinity, when moving between nodes. The random walk with the above tran-
sition probabilities corresponds to a first-order Markov chain with state set V .
We sometimes refer to the random walk generated by the transition probabili-
ties prwij as the natural, unbiased, or reference random walk.

The edge costs, cij , on the other hand define what is considered as optimal
movement, as costs are something that should be avoided. They can be consid-
ered, for instance, in terms of the energy consumption, geographical distance,
time duration, monetary value, or other form of expense related to the step
over an edge. The edge affinities and costs can be defined based on each other,
but are considered independent, for generality.

Paths. A path (or walk, interchangeably) on G, of length L, is a sequence of
nodes ℘ = (i0, . . . , iL), where 1 ≤ L <∞ and (il−1, il) ∈ E for all l = 1, . . . , L.
The lth node of path ℘ is denoted by ℘(l) and the lth edge by ℘(l − 1, l). The
subpath or subsequence of path ℘, from the l1-th the l2-th node will be denoted
by ℘(l1 : l2).

The set of all paths on G is denoted by P̃ , whereas the set of all paths from a
fixed source, or starting node s to a fixed target, or destination node t is denoted
by P̃st. We speak of a pair of starting node s and target node t concisely as an
s-t-pair and a path going from s to t an s-t-path.

A hitting path (or absorbing path) is a path which contains the last node only
once. Formally, a path ℘ = (i0, . . . iL) is a hitting path if il 6= iL for all l =
0, . . . , L − 1. The set of all hitting paths on G and the set of hitting paths of
an s-t-pair are denoted, respectively, by P and Pst. The thesis often deals
specifically with hitting paths, which explains the use of the form with the
tilde for the set of all paths and the form without the tilde for hitting paths.

12
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We sometimes use the term regular paths to refer to all paths (hitting and non-
hitting) to make the distinction between the sets P̃ and P and their elements.
For any of the four path set notations above, we denote the corresponding
subset of paths of a fixed length k ≥ 1 with the superscript (k); e.g., the set of
hitting paths from s to t of a fixed length k is denoted by P(k)

st . Moreover, a
self-avoiding path is a path that does not visit any node more than once, i.e. a
path ℘ for which ℘(i) 6= ℘(j) for all 0 ≤ i < j ≤ L(℘).

The cost of a path ℘ ∈ P̃ is defined as the sum of edge costs along the path1

c̃(℘) =

L(℘)∑

i=1

c℘(i−1),℘(i). (2.2)

A least cost path, or shortest path between two nodes, s, t ∈ V , s 6= t, is a path
℘∗ such that c̃(℘∗) = min{c̃(℘) | ℘ ∈ P̃st}. First, note that shortest paths in
this thesis always refer to the path costs c̃(℘), and not the length, L(℘), i.e. the
number of edges along a path. Also, we use the terms “least cost” and “shortest”
for paths interchangeably throughout the thesis. The term shortest path is
more standard in graph theory and network science, but in some contexts,
especially with spatial networks such as the geographic networks considered
in Chapters 7 and 8, the term least cost is more suitable to emphasize the
consideration of edge costs and not only the spatial length of paths.

Many of the methods and results developed in this thesis are based on hitting
paths. One reason for convenience about hitting paths is that for a fixed s-t-pair
on G, with s 6= t, the probability distribution over hitting paths ℘ ∈ Pst is given
naturally by the product of transition probabilities along the path

Prw
st (℘) =

L(℘)∏

i=1

prw℘(i−1),℘(i). (2.3)

Especially, with this definition,
∑

℘∈Pst
Prw
st (℘) = 1, which is explicitly proved

in [82], Appendix A. Note that the results derived in this work for hitting paths
can be easily generalized to regular paths as well. We focus only on hitting
paths for two reasons — simply for the sake of brevity, and also because the
network measures derived from the hitting paths RSP framework are more
directly related to many traditional network measures.

1The tilde (∼) is used in the thesis sometimes to emphasize the difference between quantities
related to paths (like path costs, c̃(℘) from quantities related to edges (like edge costs, cij ).
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Matrix notation. Vectors are generally denoted by small boldface characters
and matrices by capital boldface characters, ei denoting the i-th basis vector,
i.e. 1 at element i and 0 elsewhere, and e a column vector (of length deter-
mined by context) whose each element is 1. The length of vectors and size of
matrices is determined depending on the context, if not stated explicitly. For
a square matrix A, let Diag(A) denote the diagonal matrix, of same size as A,
whose diagonal elements are the diagonal elements of A and by diag(A) the
column vector of the diagonal elements of A. Likewise, for vector v, Diag(v)
denotes the diagonal square matrix containing the elements of vector v on its
diagonal. We use exp(A) and log(A) to denote the elementwise exponential
and logarithm, respectively; and log(A) to denote the matrix logarithm of A.
Furthermore, we use A ◦B and A÷B for elementwise product and division,
respectively, of matrices A and B. In addition, Iij denotes the matrix whose
element (i, j) is 1 and other elements are 0.

2.2.1 Affinities and costs

As mentioned already, the thesis deals mostly with weighted graphs where the
edges of the graph are assigned two kinds of weights, affinities and costs. The
reason for considering two types of weights that the thesis often considers a
balance between two types of fundamental concepts on graphs, namely random
walks and shortest paths. These concepts are very different in nature and deserve
definitions based on independent elements.

Conventionally in graph theory or its applications, when speaking of weighted
graphs, the weights reflect the strength of connection between two nodes in
some sense. This corresponds to the concept of affinities, aij , in the thesis.
Such weights can also be considered as (or defined according to) similarities,
or conductances related to the edge, or the nodes connected by the edge. When
considering random walks on a weighted graph, it makes sense to define
the transition probabilities of the walk according to the weights such that a
random walker, when moving away from a node, is more likely to follow an
edge with a large weight instead of an edge with a small weight. In other
words, the walker is allowed to utilize the local information contained in the
edges leaving from the node that it is residing in.

However, considering shortest paths between nodes on weighted graphs may
cause some conceptual confusion. Sometimes the weights are not utilized but
shortest paths are simply defined in terms of the (unweighted) path length,
i.e. the number of edges over a path. However, it often makes sense to take
advantage of the edge weights for redefining a “weighted length” of paths.
Such quantity should intuitively be additive over the edges of the path and
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should be minimized for optimality. But in such a case the weights should
be transformed into a counterpart quantity so that a short-length path would
correspond to a path following edges with large weights.

These counterpart quantities correspond to the edge costs, cij in this work. This
means that the edge costs define the interpretation of shortest paths, i.e. the
low temperature behavior of the system, whereas the edge weights determine
the interpretation of a random walk, i.e. the high temperature behavior. The
interplay between weights and costs is thus similar to a tradeoff between explo-
ration, based on local possible movements, and exploitation, based on long-term
preferred movements. The question of how to then define the edge costs from
the edge affinities is not at all a trivial one, but should be always considered
with each application, by keeping in mind the correspondence between the
affinities and the random walk, and between the costs and optimality.

Partly because of the above, the general assumption in the thesis about affini-
ties and costs is that they are defined independent of each other. This assump-
tion is used, for instance, when deriving quantities within the RSP framework.
One example of how they can be considered independent is the case where
the affinities are set to unity even though the costs have arbitrary values. In
this setting the random walk chooses transitions uniformly from the set of
outgoing edges but is blind to edge costs.

The assumption of independence between affinities and costs does not mean
that they cannot be defined based on each other — just that they do not need
to be. In some applications it can indeed be practical to define affinities and
costs based on each other. One common convention is to define the costs
as reciprocals of the affinities cij = 1/aij . Especially, when dealing with an
undirected graph, this choice is analogous to an electric network, where the
affinities and costs correspond to conductances and resistances, respectively.
The connection with electric networks is faced repeatedly in the thesis, as the
electric analogue has been used often for defining measures in network science.

Other possible transformations between affinities and costs include the ex-
ponential transformation cij = exp(−aij) or the logarithmic transformation
cij = − log(aij). The latter choice is especially convenient, when the affini-
ties correspond to probabilities, i.e. 0 < aij ≤ 1 for all i, j. With this choice,
the path costs (the sums of costs) reflect path probabilities or path likelihoods
(the products of the affinities). In particular, in this setting, least cost paths
correspond to most probable paths.
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2.3 Randomized shortest paths framework

This section contains the definition of the randomized shortest paths (RSP) frame-
work [215, 182, 87, 115, 117] which is the main object of study in most of this
thesis. As discussed earlier, the two most standard paradigms for studying
movement on networks consider it as occurring over shortest paths or over
random walks. These paradigms are, however, often too simplified and in-
adequate for building realistic models. In real life, movement or flow rarely
happens only along shortest paths, nor is it completely random either. In addi-
tion, the standard network metrics derived from these paradigms often have
limitations and may in some cases fail in their objectives. A discussion of such
issues with distance measures derived from these paradigms is presented in
Section 2.4.5.

The above reasons have motivated the development of alternatives for the tra-
ditional paradigms. One of them is given by the randomized shortest paths (RSP)
framework [215, 182, 115, 117], which defines a Gibbs-Boltzmann distribution
over paths from a source node s to a target node t involving an inverse temperature
parameter, β = 1/T > 0, which controls the degree of randomization from
optimal, least cost paths. At the limits of the parameter range, the distribu-
tion focuses either on solely the least cost paths (β −→∞) or spreads over all
hitting paths from s to t according to the natural random walk probabilities
(β −→ 0+).

In addition to providing an intermediate between optimal paths and random
walks, the RSP distribution over paths has several other nice properties. Most
importanly, its algebraic convenience enables the computation of many inter-
pretable metrics on a network, such as distance measures [215, 115], presented
in Section 2.4.6 as well as centrality measures [117], discussed in Section 2.5.
In addition to defining network metrics, the RSP framework can be used for
modeling or predicting path selection on networks. It was recently used for
modeling movement and locating movement corridors of wild reindeer in a
geographic network [168], and has been familiarized with the ecological com-
munity thanks to the implementation in the gdistance R package [70]. This
line of application of RSPs is studied in Chapters 7 and 8.

2.3.1 Gibbs-Boltzmann distribution over paths

The choice of the Gibbs-Boltzmann distribution for considering path probabil-
ities can be justified in many ways, some of which are discussed later in this
thesis, in Section 6.3. Here we recall the most common, and perhaps the most
intuitive definition. Namely, we seek for a probability distribution, Pst, that
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minimizes the expected cost of hitting paths from s to t subject to a relative
entropy constraint:

Minimize
Pst

∑

℘∈Pst

Pst(℘)c̃(℘) subject to




J(Pst‖Prw

st ) = J0∑
℘∈Pst

Pst(℘) = 1, (2.4)

where J0 ≥ 0 and

J(Pst‖Prw
st ) =

∑

℘∈Pst

Pst(℘) log

(
Pst(℘)

Prw
st (℘)

)
(2.5)

is the Kullback-Leibler divergence, or relative entropy of Pst w.r.t. the unbiased
random walk path probability distribution Prw

st , from Equation (2.3). In other
words, the value J0 fixes the level of randomness of the sought distribution
so that with small values of J0 the distribution is similar to the random walk
distribution, Prw

st , but with increasing values, it starts to deviate from Pst and
focuses more on low-cost paths. Strictly speaking, the minimization would
also require stating non-negativity constraints, but they are not needed here,
as is usual in maximum entropy problems.

Although the solution of the minimization problem (2.4) is a standard result
in statistical physics and maximum entropy modeling, and although it has
been proven elsewhere (e.g. in [182]), we nevertheless include a proof here
for completeness. The Lagrangian of the problem writes out, with Lagrangian
parameters λ and µ for the constraints, as

L(Pst, λ, µ) =
∑

℘∈Pst

Pst(℘)c̃(℘)

+ λ


 ∑

℘∈Pst

Pst(℘) log

(
Pst(℘)

Prw
st (℘)

)
− J0




+ µ


 ∑

℘∈Pst

Pst(℘)− 1


.

(2.6)

Taking the partial derivative w.r.t. Pst(℘), for an arbitrary path ℘ ∈ Pst and
setting it to zero gives

Pst(℘) = Prw
st (℘) exp(−βc̃(℘)− βµ− 1), (2.7)
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where we have defined β = 1/λ. From this we already see that the non-
negativity constraint is not required in the minimization, as the above expres-
sion is always non-negative. Enforcing the constraint on the probabilities to
sum to one then gives

exp(−βµ− 1) =
1

Zst
, (2.8)

where
Zst =

∑

℘∈Pst

Prw
st (℘) exp(−βc̃(℘)) (2.9)

is the partition function of hitting paths from s to t, which plays an important
role in many definitions and derivations related to RSPs. Finally, the solution
to the minimization is given after inserting (2.8) to (2.7) by the Gibbs-Boltzmann
distribution

PRSP
st (℘) =

1

Zst
Prw
st (℘) exp(−βc̃(℘)), (2.10)

which we also often call in this thesis the RSP probability distribution. The param-
eter β should be non-negative in order for the solution to provide a minimum
expected cost. This is because with a negative value of β the probability of a
path becomes inversely related to its cost. In other words, if β < 0, then out
of two paths which have the same random walk probability Prw

st , the one with
a higher cost would have a higher probability according to (2.10), meaning
that the distribution with β < 0, although it may exist, cannot correspond to a
minimum expected cost.

The relative entropy, J0, of the distribution is now determined by parameter β
so that with β = 0, also J0 = 0, in which case the distribution is equal to the
random walk distribution, Prw

st . When β increases from 0, then J0 increases
as well, and the distribution PRSP

st focuses more and more on paths from s to
t with a low cost, but a high natural random walk probability. Ultimately, as
β −→∞, the distribution converges to a distribution focused only on the least
cost paths. If there are K shortest paths from s to t, say ℘∗

1, . . . , ℘
∗
K , then at

the limit β −→∞ the probability of each of those paths is determined by the
natural random walk probabilities as

PRSP
st (℘∗

j ) −→
Prw
st (℘

∗
j )∑K

k=1 P
rw
st (℘

∗
k)

, P∗
st(℘

∗
j ). (2.11)

This can be justified by noting that as β → ∞, for all paths ℘ ∈ Pst, whose
cost c̃(℘) > c̃∗st, exp(−βc̃(℘)) ≪ exp(−βc̃∗st), because of which the partition
function Zst of Equation (2.9) becomes dominated by the terms determined by
the shortest paths. We call distribution P∗

st the shortest path likelihood distribution
from s to t.
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Because of the above, and the interpretation of the Gibbs-Boltzmann distribu-
tion in thermodynamics, we may interpret parameter β as the inverse temper-
ature β = 1/T . When applying the RSP framework, the user is assumed to
give β as input, instead of J0. The parameter β thus has a similar role as J0
in the formulation of the minimization problem, i.e. that it controls the degree
of randomness of the distribution PRSP

st , although the relative entropy, J0, is,
in principle, a more appropriate quantifier of the degree of randomness. If
indeed a particular level of relative entropy is desired, then the appropriate
value of β can be determined by line search. However, the methods developed
in this thesis from the RSP framework are often computed in batch mode, for
the whole graph at once, meaning that a fixed value of β is used for all s-t-pairs,
even though then the relative entropies J(Pst‖Prw

st ) are different for different
s-t-pairs.

The question of how to choose the value of β when applying the RSP model is
eventually an open one, and depends on the application. This topic is consid-
ered in Chapter 7, which develops maximum likelihood estimation methods
for fitting the RSP distribution to a data set of trajectories observed on a net-
work. The methods are tested with artificial examples, but also with real data
consisting of trajectories of wild reindeer recorded from GPS devices. However,
the decision on the value of β in other context can be based on very different
grounds.

2.3.2 Computation of the partition function

As stated already, the partition function of hitting paths from s to t, Zst, can be
used for computing different relevant quantities related to the RSP model. To
show how the partition functionZst can be computed, we consider the random
walk transition probability matrix Prw and the cost matrix C consisting of the
elements prwij and cij , respectively, at indices such that (i, j) ∈ E and zeros
elsewhere. Using these, we define the likelihood matrix W as

W = Prw ◦ exp(−βC), (2.12)

where ◦ is the element-wise, or Hadamard product and the exponential is taken
element-wise as well. The likelihood matrix elements, wij = prwij exp(−βcij),
are called the edge likelihoods. Furthermore, for a path ℘ the product of edge
likelihoods along it define the path likelihood of ℘:

w̃(℘) =

L(℘)∏

i=1

w℘(i−1),℘(i) = Prw
st (℘) exp(−βc̃(℘)), (2.13)
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Note that for hitting paths this quantity corresponds to the numerator in the
expression for the RSP distribution, PRSP

st in Equation (2.10), and that we can
thus simplify the expressions for PRSP

st and the partition function, Zst, as

PRSP
st (℘) =

w̃(℘)

Zst
and Zst =

∑

℘∈Pst

w̃(℘). (2.14)

This matrix is substochastic, i.e. it is non-negative and has row sums less than
1. Thus it can be interpreted as a new transition matrix defining a killed, or
evaporating random walk on G [78]. This means that at each step of the walk
the random walker has a non-zero probability of stopping its walk, i.e. get-
ting killed. Another way of interpreting this is by imagining an additional,
absorbing “cemetery” node [17], where the walker can end up from each node
i according to the residual probability 1−∑j wij of the node.

Remember now that we only consider hitting paths, meaning that we want to
make the target node t absorbing. For this, we define a new matrix by setting
the row t of W to zero (similarly to the computation of absorbing Markov
chains; see, e.g., [94])

Ŵ = W − IttW (2.15)

which is equivalent to considering a deletion of all edges leaving node t. In
other words, matrix Ŵ defines a killed and absorbing random walk to node t
on G.

It is then not difficult to see that the overall likelihood of the set P(k)
st of hitting

s-t-paths of a given length k ∈ {1, 2, . . .} is given by elements (s, t) of powers
of Ŵ:

eTs Ŵ
ket =

∑

℘∈P
(k)
st

w̃(℘). (2.16)

As a result, the partition function, Zst, for any s-t-pair is given by element (s, t)
of the fundamental matrix of killed absorbing random walks to t:

Ẑ = I+ Ŵ + Ŵ2 + Ŵ3 + · · · =
(
I− Ŵ

)−1

. (2.17)

Here we include in the series the identity matrix, i.e. the 0th power, Ŵ0 =
I, although a more appropriate definition of the fundamental matrix would
possibly discard that. However, this does not affect the derivations in the
following, but instead makes the notation simpler. The same convention is
adopted later as well.

Note that the matrices Ŵ and Ẑ depend on the fixed target node t. Thus,
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computing quantities with the above approach can be costly, when considering
different target nodes, t, as the matrix inverse appearing in Equation (2.17) has
to be computed separately for each t. The authors in [215] developed a way
for computing the partition functions, Zst, for all s-t-pairs on a graph avoiding
the computation of the above inverse (in Equation (2.17)) separately for each
t. This method was then used for computing the RSP dissimilarity (presented
in Section 2.4.6) between all node-pairs of a graph. However, the algorithm
presented in [215] only computes the RSP dissimilarities to one target node at
a time and performs a loop over all nodes as targets, which can still be quite
slow.

One of the contributions of this thesis, which was presented both in [115] and
in [82], and is proved in Section 3.2 is a result that simplifies and reduces
the complexity of the computation of partition functions of all s-t-pairs even
further from the method presented in [215]. The result states that, in fact, the
partition function Zst, for any s-t-pair, such that s 6= t, can be simply expressed
as

Zst = zst/ztt, (2.18)

where zst is element (s, t) of the fundamental matrix of regular paths:

Z = I+W +W2 +W3, · · · = (I−W)
−1

. (2.19)

We leave the derivation of this result to Section 3.2. It is then used in Section 3.2
for deriving an algorithm for computing the all-pairs RSP dissimilarities more
efficiently than the original algorithm in [215].

Note that the likelihood matrix W is non-negative, substochastic and irre-
ducible (as G is assumed strongly connected), which implies that its spectral
radius is less than one, ρ(W) < 1, ensuring that the above matrix series con-
verges and can be computed as the above inverse [148]. The same justification
applies with matrix Ŵ in Equation (2.17) (as the spectral radius of a matrix
cannot increase by setting some of its elements to zero).

In other words, the computation of the hitting path partition functions for all
pairs requires only the computation of the matrix inverse in Equation (2.19),
or, equivalently, solving the system of linear equations

(I−W)Z = I, (2.20)

The fundamental matrix of hitting paths, whose element (s, t) (for all s 6= t) is the
hitting path partition function Zst, can be computed as

Zh = ZD−1
Z , (2.21)
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where DZ = Diag(Z) is the matrix consisting of the diagonal of matrix Z.
Note that as we keep the identity matrix I in the series defining Z in Equa-
tion (2.19), as a result the diagonal elements of Zh are 1. However, according
to our definitions, the hitting path partition functions from a node to itself, Ztt

should be zero. Nevertheless, the definition of Zh as above is convenient for
computations later in the thesis.

2.4 Distances on graphs

One of the main themes of the thesis is the development and consideration
of distance measures between nodes of a graph. Perhaps the most intuitive
conception, for most people, of distance is the Euclidean distance between
two points in a (normally 2 or 3-dimensional) Euclidean space, which can
also be called the “straight-line” distance. But when measuring geographic
distance, the Euclidean distance fails, as distance needs to be measured along
the surface of the Earth. One may then consider the great-circle distance, which
considers the Earth as a sphere and measures the distance between two points
along the sphere. However, the Earth is not exactly a sphere, but rather an
ellipsis. Furhermore, the surface of the Earth is not smooth, but the difference
in elevation also affects the actual distance along the surface between two
points.

On the other hand, sometimes the conception of distance might be more mean-
ingful in terms of travel time. This can be relevant, for instance, when consid-
ering movement inside a city using the different possible modes of transporta-
tion. Such a distance can be then used for constructing visualizations of the
city that reflect the level of connectivity of the city. However, when considering
travel time as a distance, the distance from one place to another may not be the
same as the distance in the other direction. Going uphill is often slower than
going downhill.

This thought process should illustrate that the concept of a distance can be
ambiguous. Moreover, the definition of a distance is not a trivial task, in any
topological space. This is also true when the topological space considered is a
graph.

The standard mathematical conception of a distance is the concept of metric in
topology. For a set X , a function ∆ : X ×X → [0,∞) is a metric, if it satisfies,
for all x, y, z ∈ X the following axioms (see, e.g. [55]):

• ∆(x, y) ≥ 0 (non-negativity)

• ∆(x, y) = 0, iff x = y (identity of indiscernibles)
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• ∆(x, y) = ∆(y, x) (symmetry)

• ∆(x, z) ≤ ∆(x, y) +∆(y, z) (triangle inequality)

Sometimes the term distance is defined as synonymous to a metric. Moreover,
sometimes methods are specifically designed such that the metric axioms are
assumed. For instance, the triangle inequality can be taken advantage of in
order to make some distance-based algorithms more efficient.

However, sometimes some of the axioms of metric can be relaxed while main-
taining the idea of distance. For instance, as is evident in the above example
with travel times, the constraint of symmetry may not always be relevant. This
situation occurs also often when defining distances on a graph, especially
when considering directed graphs (which can be also used as a model of a city
and travel times in it). Accordingly, the consideration of distances in this thesis
covers both the consideration of symmetric, as well as asymmetric, or directed
distances. In order to avoid confusion, the term distance refers normally only
to a symmetric quantity, or else the term “directed distance” is used.

Next, we give definitions and list interesting properties of two types of tradi-
tional graph node distance measures. The first type is the shortest path distance,
and its directed and weighted versions. The second type is what we call the ran-
dom walk distances, which contains three different distance measures, namely
the resistance distance, the commute time distance and the commute cost distance.
These three can be considered equivalent, when dealing with a single fixed
graph, as will be discussed later in the section. The main motivation for this
presentation is the fact that two of the distance measures derived from the
RSP framework that are studied most in this thesis, namely the RSP dissimi-
larity and the free energy distance, both interpolate, depending on a parameter,
between the commute cost distance and the shortest path distance.

2.4.1 Shortest path distance

The most standard distance measure on a graph is the shortest path distance,
sometimes called the geodesic distance, especially when estimating distances
along a curved surface. Its definition on undirected unweighted graphs is
simply the minimal number of edges along a path that connects two nodes.
Generalizing the shortest path distance to weighted graphs was discussed al-
ready in Section 2.2.1. Accordingly, in the thesis, the “shortness”, or optimality,
of a path is defined based on the edge costs, cij , considered assigned to all
edges (i, j) ∈ E. Accordingly, the term shortest path distance is sometimes
replaced in the thesis with the term least cost distance to emphasize that the
distance is defined based on the edge costs, and not only the number of edges
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along paths.2 In other words, the terms shortest path distance and least cost
distance always refer to the same concept in the thesis.

Generalizing the shortest path distance to directed graphs requires making
some situation-dependent decisions. Especially, one must decide whether to
consider distance as a directed, asymmetric measure of separation, or as a
somehow symmetrized version of the asymmetric measure.

The least cost, or the directed shortest path distance, from node s to node t on G,
is defined as

c̃∗st = min{c̃(℘) | ℘ ∈ P̃st}. (2.22)

The shortest path distance, or least cost distance between s and t is then defined
as the symmetrized least cost

∆
SP
st = ∆

LC
st = 1

2 (c̃
∗
st + c̃∗ts). (2.23)

Both notations, ∆SP and ∆
LC, appear exchangeably in the thesis. It follows

fairly trivially from the definition that ∆SP
st satisfies the triangle inequality and

thus it is a metric. Note that on undirected graphs the least cost is symmetric,
and thus ∆

SP
st = c̃∗st = c̃∗ts, which, however, does not necessarily hold on

directed graphs. Obviously, when cij = 1 for all (i, j) ∈ E (corresponding to
an unweighted graph) and when the graph is undirected, the least cost and
shortest path distance are synonymous. We additionally define, though they
are used less often, the directed shortest path length as

L∗
st = min{L(℘) | ℘ ∈ P̃st} (2.24)

and the unweighted shortest path distance as

∆
uSP
st = 1

2 (L
∗
st + L∗

ts). (2.25)

2.4.2 Random walk distances

Commute distances. The distances based on random walks can be defined
by considering hitting paths. Remember that a path ℘ on G is a hitting (or ab-
sorbing) path, ℘ ∈ Pst, if the last node of ℘ does not appear as an intermediate
node in ℘. Remember also the definition of the transition probabilities, prwij ,
from Section 2.2, which define the unbiased random walk on the graph.

2Some authors, e.g. Chebotarev in [45], instead call the shortest path distance based on edge
weights the weighted shortest path distance and use the term shortest path distance only for the
distance based on the number of edges on paths.
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Considering hitting paths, we can define the expected random walk hitting time
(also sometimes called the expected/mean/average first passage time) and the
expected random walk hitting cost from s to t as

〈L〉rwst =
∑

℘∈Pst

Prw
st (℘)L(℘) and 〈c̃〉rwst =

∑

℘∈Pst

Prw
st (℘)c̃(℘), (2.26)

respectively. In words, 〈L〉st and 〈c̃〉st are the expected length, i.e. number of
steps, i.e. discrete time duration L(℘), and the expected cumulated cost c̃(℘),
respectively, of a path taken by a random walker to reach t from s for the first
time.

By symmetrization, we obtain the definition of the commute time distance and
the commute cost distance between s and t, as

∆
CT
st = 〈L〉rwst + 〈L〉rwts and ∆

CC
st = 〈c̃〉rwst + 〈c̃〉rwts , (2.27)

respectively.

It is not difficult to show that the expected hitting time and cost can likewise
be expressed, respectively, as,

〈L〉rwst =
∑

(i,j)∈E

η̄rwij (s, t) and 〈c̃〉rwst =
∑

(i,j)∈E

η̄rwij (s, t)cij , (2.28)

where η̄rwij (s, t) denotes the expected number of passages over edge (i, j) with re-
spect to the unbiased probability distribution over hitting paths from s to t, i.e.

η̄rwij (s, t) =
∑

℘∈Pst

Prw
st (℘)ηij(℘), (2.29)

where ηij(℘) denotes the number of times that path ℘ traverses edge (i, j) (in
that direction). Accordingly, the commute time and commute cost distances
can be written as

∆
CT
st =

∑

(i,j)∈E

(
η̄rwij (s, t) + η̄rwij (t, s)

)
and (2.30)

∆
CC
st =

∑

(i,j)∈E

(η̄rwij (s, t) + η̄rwij (t, s))cij . (2.31)

Resistance distance. Another related and traditional distance measure on
graphs is the resistance distance [118], ∆Res, which originally gained interest in
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chemical graph theory, but has then been used widely in graph theory appli-
cations, including graph-based machine learning. Resistance distance can be
defined in multiple ways. The standard definitions are based on considering
the graph as an electric network and studying electric current flows on that net-
work. Accordingly, resistance distance is normally only defined for undirected
graphs, as electric networks are likewise undirected.

Let G thus be undirected, and let the edges (i, j) correspond to resistors in
an electric circuit with conductances corresponding to the edge affinities aij ,
and, accordingly, resistances corresponding to the costs rij = 1/aij . Based
on this setting, we first list four equivalent, all somewhat informal definitions
of resistance distance, ∆Res

st , between an s-t-pair on G. The definitions are all
based on [59] and [27]. Namely, ∆Res

st is

• the effective resistance between s and t, when the terminals of a 1-volt
battery are attached to s and t.

• the inverse of effective conductance between s and t, which, in turn, equals
the amount of electric current running in the network, when a 1-volt
battery is attached to s and t.

• the amount of voltage required from a battery attached to s and t for
generating an electric current of 1 ampere on the network.

• the overall resistance of the network, when reducing the whole network
into a network with only the terminal nodes and one single resistor be-
tween them (if such reduction is possible).

To understand better the connection between random walks and the resis-
tance distance, we present a formal definition of ∆Res

st using the approach and
formalism for hitting paths presented above, augmented with the concepts
concerning flows. A function I : E → Rm on the set of edges E is a unit flow
from s to t, if

∑

j∈Succ(i)

Iij −
∑

j∈Succ(i)

Iji = δis − δit, i ∈ V. (2.32)

In other words, the sum of currents flowing into a node and out of it cancel
out to zero, except for s, where a unit of current departs, and t, where the flow
stops (or exits the network). Furthermore, if a unit flow I satisfies Ohm’s law,
i.e. that there exist voltages, Ui, on the nodes i ∈ V such that for every edge
(i, j), with j 6= t,

Iij =
Ui − Uj

rij
, (2.33)

then the flow defines an electric current flow of 1 ampere between s and t.
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Let I then be a unit electric current flow. Equivalently to the descriptive defi-
nitions presented earlier, resistance distance can now be defined as the power
consumed by the network due to I :

∆
Res
st =

1

2

∑

(i,j)∈E

I2ijrij . (2.34)

It is shown in [59] that the current Iij is equal to the net expected number of
traversals over (i, j) over hitting paths from s to t with respect to the unbiased
random walk probabilities, i.e. Iij = |η̄ij(s, t) − η̄ji(s, t)|. Based on this, the
resistance distance can be rewritten as

∆
Res
st =

1

2

∑

(i,j)∈E

(η̄ij(s, t)− η̄ji(s, t))
2rij . (2.35)

The sum of all resistance distances on an undirected graph, G, is called the
Kirchhoff index

K(G) =
n∑

s,t=1

∆
Res
st . (2.36)

This quantity has been used to quantify the overall connectedness, or com-
pactness of a graph, so that when comparing graphs of same size (in terms of
number of nodes), the one with a smaller Kirchhoff index can be considered
better connected. Also, K(G) has been shown to measure the robustness of a
graph against removal or rewiring of edges. This was demonstrated, for exam-
ple, in [175] by considering the change in average connectivity of nodes after a
split of the graph into components caused by edge removals.

2.4.3 Relation between commute and resistance distances

As is evident from comparing the form in Equation (2.35) for ∆
Res with the

similar forms for ∆CT and ∆
CC in Equation (2.28), the three distances are very

closely related. In fact, it is well known (although it does not follow directly
from the above comparison) that on undirected graphs resistance distances
are proportional to commute time distances, as well as the commute cost dis-
tances [42, 115, 92].

A proof for this result concerning commute cost distance was proven in slightly
different form in [115] by referring to results presented earlier in [77]. The
proof is extracted from [115] and presented here. The result was proven in a
more elementary method already in [42]. Later, the result has been presented
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in [92], which also shows that the result holds between the commute time and
commute cost distances also on directed graphs (remember that the resistance
distance is not usually defined on directed graphs).
Theorem 2.4.1. On an undirected graph, the commute cost distance is propor-
tional to the commute time and resistance distance

Proof. For deriving this result, we present the well-known method for comput-
ing the resistance distance from the Laplacian matrix of graph G, L = D−A,
where D = diag(Ae) is the diagonal matrix of row sums of A (see, e.g. [118]).
Namely, the ∆

Res
st can be computed using the Moore-Penrose pseudoinverse, L+

of the Laplacian, as
∆

Res
st = l+ss + l+tt − l+st − l+ts. (2.37)

In fact, this result is often stated as the definition of resistance distance (as it
does not require explanations about electric network theory) [121, 12]. It was
shown in [77], first, that the commute-time distance can be computed, based
on the above form, as

∆
CT
st = ∆

Res
st

∑

(i,j)∈E

aij , (2.38)

in addition to which the authors in [77] derive a formula for computing the
expected hitting cost, 〈c̃〉rwst , (see [77], Appendix B, Equation (18)), as

〈c̃〉rwst =

n∑

i=1

(l+si − l+st − l+ti + l+tt)
∑

j∈Succ(i)

aijcij . (2.39)

From this we can obtain the commute cost distance ∆
CC
st by symmetrization:

∆
CC
st = 〈c̃〉rwst + 〈c̃〉rwts

=

n∑

i=1

(l+si − l+st − l+ti + l+tt + l+ti − l+ts − l+si + l+ss)
∑

j∈Succ(i)

aijcij

= (l+ss + l+tt − 2l+st)
∑

(i,j)∈E

aijcij ,

(2.40)

which holds as the graph is undirected. Comparing this result with Equa-
tion (2.38) we see that the distances only differ from each other by a multiply-
ing factor. Moreover, we see that this factor is

∆
CC
st

∆CT
st

=

∑n
i,j=1 aijcij∑n
i,j=1 aij

. (2.41)
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The above relations between the resistance distance, commute time distance
and commute cost distance can be gathered together as

∆
Res
st =

∆
CT
st∑

(i,j)∈E

aij
=

∆
CC
st∑

(i,j)∈E

aijcij
. (2.42)

This result means that when comparing distances between node pairs within
a graph, any of the three measures will give the same result. However, it is
good to note that the same is not true when comparing distances over different
graphs, or when making changes in the graph. For instance, the resistance
distance obeys Rayleigh’s monotonicity law [59] stating that when the resistance
of an edge is decreased, the resistance distances on the graph cannot increase.
This principle, however, does not hold for the commute distances, which is
discussed, for instance, in [140]. Consider the simplest possible example of two
instances of a chain graph of three nodes, i, j, and k and two edges (i, j) and
(j, k), first with unit edge resistances and affinities, aij = ajk = rij = rjk = 1.
Consider then a second instance of the same graph, where the resistance of
edge (i, j) is lowered to one tenth, i.e. rij = 1/10 and aij = 10. The distances in
the first instance are ∆

Res
ij = ∆

Res
jk = 1 and ∆

CT
ij = ∆

CT
jk = 2, but in the second

instance they become ∆
Res
ij = 1/10, ∆Res

jk = 1, ∆CT = 11/10, and ∆
CT
jk = 11.

Thus, the monotonicity principle fails with ∆
CT
jk , as a random walker at node

j is more likely to move away from node k after the decrease in rij .

In Equation (2.42), note also that if one considers the reciprocal relation be-
tween affinities and costs, cij = 1/aij , then the denominator on the right-hand
side becomes the number of edges

∑
(i,j)∈E aijcij = m. Moreover, although

the commute time and commute cost are well-defined on directed graphs, the
resistance distance is only defined on undirected networks. Because of the
strong relation between the resistance, commute time and commute cost dis-
tances (which can be considered as equivalent when dealing with only one,
fixed graph), in the remainder of this chapter, we will use the term random walk
distances to refer to the group of these three measures.

The random walk distances satisfy the triangle inequality and thus they are
metrics (see, e.g. [118]). In addition, they are squared Euclidean distances [181,
77]. This means that the graph nodes can be embedded in Rk, for some k ≤ n,
in such a way that the squared Euclidean distances between the points in that
space equal the random walk distance between the corresponding nodes on
the graph. The square root of the commute time distance was coined in [181,
77] the Euclidean commute time distance. This also partly motivates the use of
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the random walk distances in machine learning applications, as the relations
between nodes can be more easily studied and perceived in a Euclidean space.
Furthermore, kernel methods, for instance, contain the assumption that the
kernel used is positive-semidefinite, which is true for any kernel correspond-
ing to an inner product matrix of vectors in a Euclidean space [186, 189]. It
was shown in [181, 77] that the pseudoinverse of the Laplacian matrix of a
graph, L+ is the kernel associated with the Euclidean commute-time distances,
i.e. that the elements l+st correspond to inner products of (centered) vectors in
Rn that are separated exactly by the Euclidean commute time distances on the
graph. This commute time kernel has been studied for clustering [216, 217] and
for collaborative recommendation [77, 78].

2.4.4 Computation of standard distance measures

The literature on computation of least costs is vast, with many algorithms,
such as the Dijkstra algorithm, Bellman-Ford algorithm or the Floyd-Warshall
algorithm [188], as well as heuristic algorithms which incorporate knowledge
about the graph structure, such as the A* algorithm for spatial networks [178].

Random walk distances can also be computed in different ways, some of which,
however, are only suitable for undirected graphs. The recent article [92] pro-
vides a thorough review, in addition to developing new methods, for comput-
ing expected hitting times and costs as well as commute time and commute
cost distances on directed graphs.

2.4.5 Caveats of shortest path and random walk distances

The success of the least cost distance and the random walk distances has been
faced recently with criticism and the discovery of surprising caveats. Least
cost distance, for instance, only relies on the existence of a path of a certain dis-
tance, but does not otherwise take into account connectivity, i.e. the number of
short connections between nodes. Moreover, on unweighted graphs, the least
cost (i.e. in that case the shortest path) distance produces many ties when com-
paring distances between different node pairs. Also, unlike the random walk
distances, the least cost distance is in most cases not Euclidean nor squared Eu-
clidean, which makes it unappealing to use in graph-based machine learning.

One more potential hazard with the least cost distance can occur when con-
structing unweighted geometric graphs, i.e. graphs whose nodes correspond
to points in a vector space, which are connected by edges to other points within
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some limited neighborhood. Namely, if the edges are, indeed, defined as un-
weighted, then the least cost, i.e. shortest paths can often run through the
periphery of the graph, instead of the more dense center of the graph, which
is undesired and counter-intuitive [4].

Unlike the least cost distance, the random walk distances do take into account
the connectivity between two nodes by actually considering all paths between
them. Because of this the random walk distances have gained popularity es-
pecially in graph-based clustering and semi-supervised classification tasks, as
they often manage to consider points within a well-connected group as closer
to each other than to nodes in other groups. A good list of literature of appli-
cations of random walk distances is included in [142].

However, the random walk distances reflect connectivity in a too strong way —
in large networks they become only dependent on the local connectivity of the
nodes, in many cases the node degrees [210, 142]. This phenomenon was called
the lost-in-space phenomenon in [210], and the global information loss problem in
[161, 163].

One more feature that may discourage the use of random walk distances is
that on a given graph they give equal distance to node pairs that are connected
by only one self-avoiding path of equal length or cost (see e.g. Theorem D
in [118]). This can be undesired, for instance, in applications where a node
pair should be considered more related, when connected with a path through
peripheral nodes than with a path through hub nodes (or vice versa).

2.4.6 Distances based on randomized shortest paths

Here we define two distance measures that have been derived from the RSP
framework, namely the RSP dissimilarity and the free energy distance. One nice
feature of both of the measures is that they interpolate, depending on the
value of β, between the least cost distance, when β −→ ∞, and the commute
cost distances, when β −→ 0+. Thus, they can be considered as an effort to
overcome the limitations of the least cost and random walk distances listed in
Section 2.4.5.

RSP dissimilarity. Let us fix an s-t-pair, such that s 6= t, and consider the
RSP distribution PRSP

st with a fixed value of the inverse temperature parameter,
β. Now, similar to the definition of expected hitting cost in Equation (2.26), we
consider the expected cost over the RSP distribution (we sometimes also use the
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term expected RSP cost) from s to t

〈c̃〉st =
∑

℘∈Pst

PRSP
st (℘)c̃(℘). (2.43)

The RSP dissimilarity is then defined simply as the symmetrized expected cost

∆
RSP
st = 1

2 (〈c̃〉st + 〈c̃〉ts). (2.44)

It is not difficult to see that when β −→∞, ∆RSP
st converges to ∆

SP
st , and when

β −→ 0+, ∆RSP
st converges to 1

2∆
CC
st .

To see how the partition function is essential for deriving different quantities
related to the RSP framework, note that the expected RSP cost from node s to
node t can be expressed as

〈c̃〉st =
∑

℘∈Pst

PRSP
st (℘)c̃(℘) =

1

Zst

∑

℘∈Pst

Prw
st (℘) exp(−βc̃(℘))c̃(℘)

= − 1

Zst

∂Zst

∂β
= −∂ logZst

∂β
. (2.45)

The RSP dissimilarity was originally introduced in [215] with application to
graph node clustering. Unfortunately, it was already noted there that ∆RSP

does not always (i.e. with some parameter values) satisfy the triangle inequal-
ity, and it is thus not a metric. The full method computation of expected costs
and RSP dissimilarities is presented later, in Section 3.2.

Free energy distance. Considering the same setting as above, we define the
free energy of an arbitrary probability distribution Pst on the set Pst, as

φ(Pst) = 〈c̃〉st + 1
β J(Pst‖Prw

st ). (2.46)

The reason for the name free energy for the above functional follows from the
fact that the form is very similar to the Helmholtz free energy in thermody-
namics. This functional was first studied in [115], presented in Chapter 3, and
the same idea was explored independently in [17]. It is interesting for several
reasons. The first interesting aspect is that the Gibbs-Boltzmann distribution
of Equation 2.10 minimizes the free energy over all distributions (see [115] and
Chapter 3). In other words, the minimization problem in Equation (2.4) could
be stated equivalently as the problem of minimization of φ(Pst).

32



Chapter 2. Theoretical foundations and related work

A second interesting point is that inserting the Gibbs-Boltzmann distribution
PRSP
st of Equation (2.10) to Equation (2.46) gives the surprising form

φst = φ(PRSP
st ) = − 1

β logZst, (2.47)

which can be computed easily based on the result presented in Equation (2.18).
This form of the free energy at the optimum is well-known in statistical physics.
Other interesting phenomena related to the free energy are listed in Section 6.3
of the thesis.

The free energy distance between s and t is defined, again, by symmetrization

∆
FE
st = 1

2 (φst + φts). (2.48)

The form of free energy in Equation (2.47) was also used in [82], where its
symmetrized version was called the potential distance. However, the definition
of potential distance, though it was derived from the bag-of-paths framework
instead of the RSP, is exactly equal to the definition of the free energy distance.

It was shown in [82] that ∆FE

• interpolates between ∆
SP
st (when β → ∞), and 1

2∆
CC
st (when β → 0+),

similar to ∆
RSP,

• satisfies the triangle inequality, and thus that it defines a metric between
nodes on a graph, unlike the RSP dissimilarity, and

• is cut-point additive, or graph-geodesic, meaning that ∆FE
st = ∆

FE
si + ∆

FE
it

only if all paths between s and t go through node i.

In addition, ∆FE (as well as ∆RSP) was shown in [96], at least with some exam-
ple graphs, to be a squared Euclidean distance for some values of β, which is
in a way expected, as their limit function, ∆CC

st , is also squared Euclidean [181].

In addition to the above desirable properties for a graph node distance, ∆FE

was also evaluated in [82] in semisupervised classification with good re-
sults. Moreover, the graph node clustering results presented in Section 3.5.3
from [115], as well as further clustering results from [192] and [193] have
shown ∆

FE to function well as a distance measure reflecting the cluster struc-
ture of networks.
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s

14

23

F I G U R E 2 . 1 : Example graph illustrating the caveats of short-
est path and random walk distances on graphs

2.4.7 Illustration of traditional and RSP distances

Now that the main distance measures studied in the thesis have been defined,
we may study them through some elementary examples. The first graph, de-
picted in Figure 2.1, illustrates some of the undesired features of the least cost
and random walk distances listed in Section 2.4.5. The edge costs and affinities
in the graph are set to unity and we study the distances between the central
node s and the four numbered target nodes.

Below is a list of the least cost, commute time, and free energy distances be-
tween the central node s and the numbered peripheral nodes. In this example
the behaviors of the RSP dissimilarity and free energy distance do not have
any qualitative difference, so we present the results only for the free energy
distance, ∆FE. We show the ∆

FE for two different values of parameter β, for
which ∆

FE ranks the target nodes differently.

From the table we see that all distance measures provide different rankings of
the target nodes. First, ∆LC is the most conservative one, as it gives (obviously)
equal distance to targets 1, 2 and 4. Especially, ∆LC is blind to the fact that
there exist three paths of length 2 between node s and node 1, meaning that
s and node 1 can be considered more strongly connected together than node
s with node 2. This is noted by ∆

CC, as well as ∆
FE, for which the distance

between s and node 1 is much smaller than between s and node 2.
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t ∆
SP
st ∆

FE
st , β = 0.1 ∆

FE
st , β = 0.01 ∆

CT
st

1 2 6.60 13.27 16.67
2 2 11.11 32.41 50
3 3 15.43 45.00 75
4 2 18.71 40.59 50

TA B L E 2 . 1 : Distances according to different distance mea-
sures between the central node s and the four target nodes 1-4

in the graph of Figure 2.1.

However, ∆CC considers node s at equal distance from node 2 and node 4. This
is because there exists only one self-avoiding path between s and node 4, which
implies ∆SP

s4 = ∆
Res
s4 = 2∆CC

s4 /m, according to Equation (2.42) with m = 50 the
number of edges. Instead, for the free energy distance we have ∆

FE
s2 < ∆

FE
s4 ,

i.e. the free energy distance considers node s closer to node 2 than node 4. This
can be a desirable result for some applications. For instance, in link prediction
in social networks, node s may be more likely to become acquainted with
node 2, as they are connected by a node with no other neighbors as s and 2,
whereas s is connected to node 4 only through a hub node, and thus possibly
less likely to become linked to it. Furthermore, with β = 0.1 we even have
∆

FE
s3 < ∆

FE
s4 . In other words, node 3, at three steps away from s, is still closer to

s according to ∆
FE than node 4, which is only two steps away. In this case, the

connection between s and 4 through the hub node is penalized even more than
the simple connection between s and 3 of three steps. This result is a bit more
questionable, but may nevertheless make sense in some situations. Similar
experiments are also presented later, in Section 3.5.2.

The reason behind the above result is that node 4 can be considered more diffi-
cult to reach from node s than node 2. This aspect is engrained in the definition
of free energy in Equation (2.46), as the relative entropy term, J(Pst‖Prw

st ), can
be considered as an information cost of going from s to t, which is discussed
in more depth in Section 6.3.3. Remembering, from Section 2.4.6, that for a
given value of β the RSP distribution minimizes the free energy functional.
But obtaining a distribution that focuses mostly on the direct, least cost path
requires a larger deviation from the random walk distribution Prw

st when con-
sidering paths between s and 4 than when considering paths between s and 2,
essentially because of the hub node residing in between nodes s and 4. Thus,
in order to minimize the free energy, the RSP distribution focuses less on the
least cost paths, thus obtaining a “reward” for deviating less from the random
walk distribution.

When comparing different proposals for distance measures, one easily faces
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the question of what defines a “good” distance measure [55]. The above ex-
ample shows some of the problems related to this question when considering
distances on graphs, as in the end it is difficult to argue that one of the columns
in the above table is “better” than the others. The “goodness” of a distance
measure can, to some extent, be determined according to its theoretical prop-
erties such as whether it satisfies the axioms of metric or some other general
properties. The result in the above example with the graph of Figure 2.1, that
the RSP distances penalize connections through hub nodes, can also be seen
as a general feature of the RSP distance measures. Another type of feature
of a distance measure can be observed with the walk distances, studied in [46],
which sometimes have the property that distances between peripheral nodes
are relatively longer than between central nodes.

A distance measure is often considered as a tool in tasks with a specific goal,
such as the link prediction problem mentioned above, or the clustering and
classification tasks considered in Chapter 3. In such cases goodness can often
be quantified by empirical evaluation in achieving the desired goal. Further-
more, a distance measure can be considered good if it achieves desired goals in
various different tasks of different nature. This requires a measure that allows
some flexibility in its use in order to be suitable for different situations. The
above example with the graph in Figure 2.1 shows that the RSP distances have
that kind of flexibility in terms of parameter β, as with different values of β the
RSP distances produce different kinds of results and interpretations. Finally,
the goodness of a measure is partly determined by its practicality, for instance
in terms of computational complexity, as well as conceptual complexity or in-
tuitiveness. As ultimately a tool is often more useful if it is simple to learn to
use and to understand.

As another illustrative example, we consider distances on a regular 2-D grid,
consisting of 21 rows and 51 columns of nodes. We consider two standard
constructions of such graphs, namely the simple “square grid”, where each
node is connected to its vertical and horizontal neighbors, with all affinities and
costs set to unity, and also a “diagonal grid”, where nodes are also connected
to their diagonal neighbors, with the diagonal edges having cost cij =

√
2 and

affinities aij = 1/
√
2.

This example is motivated mostly by the fact that it illustrates in a simple way
the lost-in-space (LIS) phenomenon of the random walk distance measures
discussed in Section 2.4.5, but it also shows an interesting feature of the RSP
distance measures. Again, we only present the result for the free energy dis-
tance, as the plot obtained with the RSP dissimilarity is fairly similar to the
free energy plot.
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F I G U R E 2 . 2 : Comparison of graph node distances and the
Euclidean distance on grids. The plots contain heatmaps and
contour lines for distances measured from the center of the
grid. The top center plot shows the Euclidean distances from
the center. The left column shows heat maps for the “square
grid” and the right column for the “diagonal grid” with the
least cost distance, ∆LC, free energy distance, ∆FE and com-
mute cost distance, ∆CC. For each plot, the Pearson correla-
tion ρ between all-pairs distances with the distance measure

in question and with ∆
Euc is reported.
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The plots in Figure 2.2 contain heatmaps and contour lines of distances be-
tween the center node of the grid and all other nodes. The most evident result
from these plots is that the plot with the commute cost distances, ∆CC, has a
strange structure. Especially, it shows that the distances from the center to the
edges, and especially the corners of the grid become unproportionally large,
whereas distances to nodes within the interior of the grid become quite flat.
This illustrates the LIS phenomenon of the random walk distances. As the grid
size increases, the more the corresponding plot flattens, except for the edges of
the grid, where nodes have a lower degree than in the interior.

A second observation about Figure 2.2 is about the shapes of the contour lines
in the different plots. The least cost distance on the square grid corresponds
to the L1 distance on the plane. Accordingly, the contour lines of ∆LC form
a diamond-shape, underestimating the distances in diagonal directions. On
the diagonal grid, ∆LC approximates the Euclidean distance much better. The
contour lines produced by ∆

CC are round close to the center, but become more
oval-like for longer distances.

The most similar plots to the Euclidean one are provided by ∆
FE. The value of

β for the plots has been selected so that the Pearson correlation between ∆
FE

and ∆
Euc over all node-pairs is maximized. The optimal value of β is reported

above the plots, in addition to the correlation coefficient with respect to the
Euclidean distances, ρ, which is also reported for ∆LC and ∆

CC. Comparison
of the correlation coefficients shows that with the optimal value of β the free
energy imitates the Euclidean distance much more closely than the traditional
distance measures.

2.5 Graph node centrality

The concept of graph node centrality has many interpretations, and for most
of the interpretations there exists a lengthy catalog of different proposed mea-
sures, which are often derived for different application purposes. In addition
there have been efforts of stating axioms that a centrality measure should have
[180, 35, 25]. Also, as discussed by Kolaczyk [123], there have been attempts
to define a typology of centrality measures, for instance by Borgatti [30].

One main type of centrality measures are the different forms of betweenness
centrality. A more thorough review of betweenness measures is presented in
Chapter 5, which is based on [117], and where two betweenness centrality
measures are derived from the RSP framework. These measures are the simple
RSP betweenness centrality and the RSP net betweenness centrality, which are
denoted, for node i ∈ V by betRSP

i and betneti , respectively.
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The derivation of the methods and their computation are developed in Chap-
ter 5, but we state here the definitions in a concise form. Namely, for any i ∈ V
and for a fixed value of β we consider the RSP distributions (Equation (2.10))
over all s-t-pairs on the graph and define

betRSP
i =

n∑

s=1

n∑

t=1

∑

j∈Succ(i)

η̄ij(s, t) and

betneti =

n∑

s=1

n∑

t=1

∑

j∈Succ(i)

|η̄ij(s, t)− η̄ji(s, t)|.
(2.49)

Again, varying the value of β affects the shape of the RSP distributions and
thus also the dispersal of betweenness scores on the nodes of the graph. When
β −→∞, the distributions converge to the shortest path likelihood distribution,
defined in Equation 2.11, and both betRSP

i and betneti converge to the shortest
path likelihood betweenness centrality, which was introduced in [117]. The short-
est path likelihood betweenness is very closely related to the original shortest
path betweenness centrality, which is one of the most common conceptions of
graph node centrality, and which is presented and reviewed in Section 5.2.

At the random walk limit, when β −→ 0+, the simple RSP betweenness con-
verges to the stationary distribution (multiplied by a constant) of the natural
random walk on G, i.e. the unique vector π for which π

TPrw = π. This is a
surprising result, as it entails the result that the sum of expected numbers of
visits to a node over hitting paths over the distributions Prw

st is proportional
to the stationary probability of a node. The result is proved explicitly in Sec-
tion 5.2.2 and it seems that the exact same result has not appeared in literature.
The proof also has an interesting connection with a very recent paper [26] that
develops methods for computation of random walk related quantities. The
RSP net betweenness, as β −→ 0+, converges to the current flow betweenness
centrality, which has an electric network analogue, similar to the resistance
distance in the context of distance measures. The current flow betweenness is
also discussed and studied more in Chapter 5.

The above convergence properties make the RSP betweenness measures ap-
pealing, in addition to which they can be shown to detect some aspects in node
roles in networks that the more traditional limiting measures do not notice,
as demonstrated in Chapter 5. Furthermore, the simple RSP betweenness can
also be interpreted as a sensitivity index, as it quantifies the change in the
sum of free energy distances of a graph caused by a perturbation of the edge
costs of edges leaving from a node. This property is studied in more depth in
Section 6.4.
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Besides betweenness, centrality has also been characterized with other addi-
tional terms such as closeness, feedback and criticality, to name a few [124]. Such
descriptions or groupings of centralities however always overlap to some ex-
tent. This is also evident from the simple RSP betweenness, which, thanks to
the interpretation in terms of sensitivity analysis, can be considered also as a
vitality measure, in addition to being a betweenness measure. The concept
of centrality can also be considered with respect to edges, instead of nodes.
Although in this work we focus on centrality according to the betweenness
interpretation, we nonetheless mention some of the other interpretations in
this section, as the RSP framework could be combined with many of them too.

Closeness centrality measures are based on some interpretation of overall prox-
imity of a node to the other nodes of a network. The shortest path closeness cen-
trality [19, 180] of node s is classically defined based on shortest path distances
as

CClose
s =

1∑n
t=1 ∆

SP
st

. (2.50)

Considering communication on a network, betweenness centrality can be in-
terpreted as the amount of control of a node, whereas closeness centrality mea-
sures the efficiency of the communication of the node [84, 207].

Instead of using the shortest path distance to define closeness centrality, other
distances can be used too. For instance, White and Smyth [213] define Markov
centrality by replacing the shortest path distance in the closeness centrality
definition with the expected hitting time, 〈L〉rwst . Related to that, Brandes and
Fleischer [36] considered a current flow analogy of closeness centrality by re-
placing the distance between two nodes with their potential difference. They
managed to show that the current flow closeness centrality is equivalent to the
information centrality defined by Stephenson and Zelen [194]. The equivalence
has been confirmed with another proof by Bozzo and Franseschet [33].

Feedback centrality measures, also often termed as spectral centrality measures,
are in many ways related to random walk based measures. The eigenvector cen-
trality [28] is the archetype feedback measure and is based on the idea that the
centrality of a node should be the sum of the centralities of its neighbors. The
solution of the formulation is the eigenvector of the adjacency matrix corre-
sponding to the largest eigenvalue. The previously mentioned PageRank [164]
can also be considered in this sense and formulated as an eigenvector. The
Katz centrality [114] is based on the same idea of feedback, but considers also
longer dependencies than only the neighbors of a node. The effect of longer
dependencies decays according to the distance between nodes. The subgraph
centrality [69] and communicability betweenness [68] are based on similar ideas
using the matrix exponential of the adjacency matrix. The relationship between
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all the feedback centrality measures listed above has been studied by Benzi
and Klymko [20].

2.6 Related work

There exists already a lot of recent literature concentrating on measures based
on similar, or even equivalent considerations graph-based measures as the ones
derived within the RSP framework. With some of these studies the connection
with RSPs is fairly clear, but in some cases the relation can be more difficult to
see. In this section we review the relevant literature and try to elaborate the
connections and differences between the different methods.

As already stated, the RSP framework was originally presented in [182] in-
sipired by the model developed in [1] in transportation science. The RSP
dissimilarity was introduced in [217] where it was shown to function well
in graph node clustering. In [87], a the consideration of RSPs was extended
to continuous space, showing that the continuous-state version corresponds
to a diffusion process with a potential-like drift towards the destination. The
RSP framework was generalized as the bag-of-paths (BoP) framework in [81,
82] by defining a Gibbs-Boltzmann distribution similarly to Equation 2.10, but
over the set of all paths of a graph, instead of only the set of paths between
a fixed s-t-pair. In the BoP framework, the inverse temperature parameter β
has a slightly different effect from the RSP framework in that it controls the
outreach of the distribution — with large values of β, the distribution focuses
only on paths between close-by nodes, whereas with values of β close to zero,
the distribution spreads also over paths between more distant node-pairs.

Two distance measures were defined within the BoP framework in [81, 82].
The first one, called the surprisal distance, quantifies the amount of surprisal,
or information associated with the drawing of a path between a given s-t-pair
from the bag of paths. The second, potential distance, is equivalent to the free
energy distance, ∆FE derived earlier from the RSP framework in Section 2.4.6.

The BoP framework was extended further to define a path-based modularity
measure for community detection, presented in Chapter 4, which was used
for semi-supervised classification with good results in [54]. In addition, the
bag-of-paths betweenness measure was developed for semi-supervised classifica-
tion [129] and the bag-of-paths criticality measure for ranking nodes in a graph
based on the effect of their removal from the graph to the overall connectivity
of the graph [128]. The idea of the BoP framework was already engrained in
the earlier article [146] which defined a sum-over-paths covariance kernel which
considers two nodes similar to each other when they appear often on the same
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paths, based on the same Gibbs-Boltzmann distribution as used in the BoP
framework.

Graph measures similar to the ones presented in this thesis have been defined
and studied in parallel in a series of papers [17, 96, 95] focusing on free energy
minimization in a similar fashion to the free energy minimization interpreta-
tion of the RSP distribution, as discussed in Section 2.4.6. The free energy in
the listed papers is expressed according to local relative entropies, between
the biased and unbiased transition probabilities on edges, in contrast to the
RSP framework, where the relative entropy is considered according to the
distribution over paths. As a continuation of this series, a collaborative pa-
per [97] extended the BoP framework for situations where the distributions
on the source nodes and target nodes are fixed, which can be interpreted as a
randomized version of the problem of optimal transportation on a graph.

Results related to the lost-in-space phenomenon of random walk distances,
discussed in Section 2.4.5, have been gathered in the article [142]. Extensions
of those results were proposed in a recent master’s thesis [163]. Remedies for
the LIS phenomenon were proposed in [210], with the amplified commute time
distance, in [3] with p-resistance distance, which is studied more in Chapter 3, and
in [161] with Rp and R12 distances. Moreover, in [103], the authors consider
a scaled logarithmic Laplace transformed hitting time (log-LHTH) as a distance
measure, both in continuous space and on geometric graphs. The definition
is seemingly equivalent to the free energy distance, ∆FE, which is also noted
by the authors, although no other connection is made to free energy. It is also
shown for the p-resistance, Rp, R12, and log-LHTH distances in the cited works
that these distances indeed avoid the LIS phenomenon. Specifically, as the
result holds for the log-LHTH distance, it should also hold for the free energies,
φ, although verifying this is challenging because of the different formalisms.

Another line of work, by Chebotarev et al., has resulted in the proposal of
several different distance measures on graphs, many of which are considered
in [46]. The logarithmic forest distance proposed in [45] is studied more ex-
tensively in 3. Also, in [110], several graph node distances were evaluated
in clustering and many of the distance measures that performed well were
the ones involving a logarithmic transformation, including the free energy
distance, ∆FE

st .

The works cited in this section so far are all mostly related to machine learing
applications. However, ideas similar to the RSP framework, and especially the
free energy, φst, have also appeared in other contexts. In [196] an algorithm is
developed for computing a distributed consensus on a graph of agents based
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on the log-sum-exp function with a parameter. A special version of the algo-
rithm generalizes, at the ends of the parameter range, the Bellman-Ford algo-
rithm for computing the shortest path distances to a node, and the iteration for
computing expected hitting times to a node. The log-sum-exp interpretation
of the free energy, φ, is discussed in Section 6.3.2.

Another parametrized method for the computation of shortest path and com-
mute time distances is developed in [91, 90] by considering evaporating random
walks (called killed random walks in this thesis) and computing the path taken
by a walker conditioned on its survival to a target node. A similar interpre-
tation applies to the RSP framework, as discussed in Section 6.3.1. In [138,
137] a routing scheme is devised based on minimization of a parameterized
mixture of L1 and L2 norms of the vector of flows on the edges such that the
flow interpolates between the shortest path flow and the potential (electric)
flow.

The authors in [108] propose the random walk effective distance for estimating
disease arrival times in epidemic spreading which is essentially equivalent
to the free energy, φ, but where the inverse temperature parameter, β, is re-
placed with a parameter incorporating the infection, recovery, and mobility
rates associated to the epidemic. It is noted there that the measure is in fact the
cumulant-generating function of the expected hitting time, although the log-
Laplace transform interpretation of [103], mentioned above, is perhaps more
accurate.

Finally, randomization from optimality has been studied a lot in reinforce-
ment learning and Markov decision processes. In [9] a mellowmax operator is
introduced in the SARSA algorithm for computing a soft policy for Markov
decision processes. This has similarities with our parallel work [130], which
proposes a randomization of the policy based on the RSP framework and free
energy minimization. The connection between soft optimum functions and
the free energy are also discussed in Section 6.3.2. Ideas similar to free energy
minimization also appear in stochastic optimal control [205, 177, 80, 112, 204,
10, 11]. Specifically, in [203], many of the proposed frameworks for solving
optimal control problems are expressed in a unified way in terms of free energy
minimization.
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Chapter 3

Developments in the theory
of randomized shortest paths
with a comparison of graph
node distances

3.1 Introduction

Defining distances and similarities between nodes of a graph based on its
structure has become an essential task in the analysis of network data [211,
201, 48, 139, 123, 136, 154, 141, 64]. In the simplest case, a binary network
can be presented as an adjacency matrix or adjacency list which can be diffi-
cult to interpret. Acquiring meaningful information from such data requires
sophisticated methods which often need to be chosen based on the context.
Being able to measure the distance between the nodes of a network in a mean-
ingful way of course provides a fundamental way of interpreting the network.
With the information of distances between the nodes, one can apply traditional
multivariate statistical or machine learning methods for analyzing the data.

As discussed in Section 2.4, the most common ways of defining a distance
on a graph are to consider either the lengths or costs of the shortest paths
between nodes, leading to the definition of the shortest path distance or least
cost distance, or the expected lengths or costs of random walks on the graph,
which can be used to derive the commute time distance [88] and the commute
cost distance [42, 77]. Remember also from Section 2.4.2, that the commute cost,
commute time, and resistance distances are all equal up to a constant factor.
The main topic of this chapter is the examination of generalized distances
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on graphs that interpolate, depending on a parameter, between the least cost
distance and the commute time or resistance distance.

The chapter contains several separate contributions: First, in Section 3.2, we
develop the theory of RSP dissimilarities, presented in Section 2.4.6 [215, 182].
We derive a new algorithm for computing it for all pairs of nodes of a graph
in closed form, and thus much more efficiently than before. In Section 3.3 we
then derive another generalized distance from the RSP framework based on
the Helmholtz free energy between two states of a thermodynamic system. We
show that this free energy distance actually coincides with the potential distance,
proposed in the parallel work [82]. However, the new derivation presented
here gives a nice theoretical background for the distance. In Section 3.4 we
review different generalized graph node distances and in Section 3.5 make a
comparison of the behavior and performance of those distances. The compar-
isons are conducted by observing the relative differences of distances between
nodes in small example graphs and by examining the performance of the differ-
ent distance measures in clustering and classification tasks. Finally, Section 3.6
sums up the content of the chapter.

3.2 Algorithm for faster computation of RSP dis-

similarities

In this section we derive the result expressed in Section 2.3 for the computation
of the partition functions of hitting paths, Zst, for all s-t-pairs on a graph with
simple matrix operations (see Equations (2.18), (2.20) and (2.21)).

Based on this, we develop an algorithm that allows computing the set of all
pairwise RSP dissimilarities between the nodes of a graph in a batch mode.
The algorithm in the original reference [215] performs a loop over all the nodes
of the graph and computes the needed quantities considering one node as
the destination node at a time. Our new algorithm is based solely on matrix
manipulations and can thus provide faster execution than a naïve looping.

We will start by proving the result stated in Equation (2.18), namely that the
partition function of hitting paths, Zst, for any s-t-pair such that s 6= t, can be
computed based on the fundamental matrix of regular paths, Z, from Equa-
tion 2.19, as Zst = zst/ztt. Recall, that it was shown in Section 2.3 that Zst is
given by element (s, t) of the fundamental matrix of killed absorbing walks to
t, Ẑ = (I− Ŵ)−1, where Ŵ is matrix W where row t is set to zero, and is thus
dependent on the target node.
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In the original reference [215], the authors then derived a way of expressing
the matrix Ẑ based on matrix Z = (I−W)−1, from Equation (2.19), i.e. the
fundamental matrix of the killed, non-absorbing Markov chain, which is not
dependent on t. This is done in [215] by applying the Sherman-Morrison rule
for a rank-one update of a matrix (Equation (20) in [215]):

Ẑ = Z− Zet(w
r
t)

TZ

1 + (wr
t)

TZet
, (3.1)

where wr
t = (eTt W)T is row t (hence the superscript “r”) of matrix W as a

column vector.

They then use this form of Ẑ for computing a vector of dissimilarities from all
nodes of the graph to one fixed absorbing destination node t at a time. In order
to compute all dissimilarities in the graph, the algorithm performs a loop over
t across all the nodes of the graph considering them as absorbing one at a time.

However, what was left unnoticed from the authors is that as we are only
interested in computing the element (s, t) of the matrix Ẑ, that can be done by
using (3.1) as:

Zst = eTs Ẑet = zst −
zst(w

r
t)

TZet

1 + (wr
t)

TZet
= zst

(
1− 1 + (wr

t)
TZet − 1

1 + (wr
t)

TZet

)

=
zst

eTt et + eTt WZet
=

zst
eTt (I+WZ)et

=
zst

eTt Zet
=

zst
ztt

,

(3.2)

where Z = I+WZ follows from (I−W)Z = I.

Thus, we can compute the matrix Zh, whose element (s, t) is the partition
function Zst of hitting paths from node s to node t without having to compute
Ẑ for each t separately. This can be done simply using the matrix Z as

Zh = ZD−1
Z , (3.3)

where DZ = Diag(Z) is the diagonal matrix with elements zii on its diagonal.
The advantage compared to the original algorithm presented in [215] is that Zh

can be used for computing the RSP dissimilarities between all pairs of nodes
instead of having to apply Equation (3.1) and then computing the RSP dissimi-
larities separately for each target t. This reduces the computational complexity
of the computation of Zst and makes implementation of computation of other
relevant quantities much more straightforward to than before.

Note that a similar derivation for computing Zst as the above one is also pre-
sented in Appendix A of [82]. It is also showed there that, in fact, the partition

47



Chapter 3. Developments in the theory of randomized shortest paths

function in this context gives the probability that a random walker starting
from s using the transition matrix Wh

t will reach t before getting killed, i.e. be-
fore ending in the imaginary cemetery node. This interpretation of the RSP
probabilities is discussed more in Section 6.3.1.

Now we can finally derive the new matrix formula for the RSP dissimilarities
between all pairs of nodes. Remember, from Equation (2.45) that the expected
RSP cost, 〈c̃〉st, from s to t can be computed as the derivative of the logarithm
of the partition function, which can now be written further, thanks to Equa-
tion (3.2), as

〈c̃〉st = −
∂ logZst

∂β
= −∂ log(zst/ztt)

∂β
= −∂ log zst

∂β
+

∂ log ztt
∂β

. (3.4)

The first term can be computed by

∂ log zst
∂β

=
1

zst

∂zst
∂β

=
1

zst

∂eTsZet
∂β

=
1

zst
eTs

∂(I−W)−1

∂β
et

= − 1

zst
eTs (I−W)−1 ∂(I−W)

∂β
(I−W)−1et

=
1

zst
eTsZ

∂W

∂β
Zet

= − 1

zst
eTsZ(C ◦W)Zet,

where we used
∂W

∂β
=

∂

∂β
(Prw

st ◦ exp(−βC)) = −(C ◦W).

Thus, we can write Equation (3.4) as

〈c̃〉st =
eTsZ(C ◦W)Zet

zst
− eTt Z(C ◦W)Zet

ztt
(3.5)

Let us then denote S = (Z(C ◦W)Z)÷Z, where÷marks elementwise division.
In fact, S is the matrix form of the first term on the right side of Equation (3.5),
and contains the expected costs of regular paths. We can thus write out the
matrix form of computing all the expected RSP costs over hitting paths as

C = S− edT

S,

where dS = diag(S) is the vector of diagonal elements of S. Finally, the matrix

of RSP dissimilarities ∆RSP is defined by symmetrizing C: ∆RSP = 1
2 (C+C

T

).
The whole procedure of computing ∆RSP is presented in Algorithm 1, along
with the computation of free energy distances, developed in the next section.
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The advantage of the new algorithm compared to the one presented in [215]
is that the matrix of dissimilarities can be computed in closed form by matrix
multiplication instead of a loop.

The RSP dissimilarity converges to the least cost distance as β →∞ and to the
commute cost distance as β → 0+. The reason why the RSP dissimilarity is
called a dissimilarity, rather than a distance, is that for intermediate values of
the parameter β, it does not satisfy the triangle inequality. In the experimental
part of the chapter, we focus on the effect of the choice of a distance measure
on clustering and classification algorithms. When studying such algorithms, it
is often assumed that they are used in conjunction with a metric, i.e., a distance
measure that satisfies the triangle inequality. Also, the triangle inequality
can be exploited in order to improve the efficiency of some distance-based
algorithms, cf. [62]. However, in our study, we use a kernel k-means algorithm
for clustering and a simple 1-nearest-neighbor algorithm for semi-supervised
classification, which both can be used even with a dissimilarity that does not
satisfy the triangle inequality. Furthermore, it has been already shown that
using the RSP dissimilarity with its intermediate parameter values provides
good results in graph node clustering [215].

3.3 A new generalized distance based on Helmholtz

free energy

As already mentioned earlier, one of the drawbacks of the RSP dissimilarity is
that it is not a metric as it does not necessarily satisfy the triangle inequality for
intermediate values of β. To overcome this problem we derive a new distance
measure called the free energy (FE) distance, which is based on the same idea
behind the RSP dissimilarity. We conclude that the proposed FE distance is
actually the same as the potential distance defined, in parallel with this work,
in Equation (33) of [82] based on a bag-of-paths framework. However, in that
reference, the derivation of the potential distance is left rather unmotivated.
The derivation provided here gives a more sound theoretical background to
the distance measure and thus we suggest to call the distance the free energy
distance instead of the potential distance.

Free energy has already been used in various contexts in network theory.
In [53], the authors define a ranking method called the free-energy rank (in the
spirit of the well-known PageRank [164]) by computing the transition probabil-
ities minimizing the free energy rate encountered by a random walker. Then,
the stationary distribution of the defined Markov chain is the free-energy rank
score. In [17], the authors compute edge flows minimizing the free energy
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between two nodes. The resulting flows define some new edge and node
betweenness measures, balancing exploration and exploitation through an
adjustable temperature parameter. Their model is quite close to the RSP frame-
work and was developed parallel to our article. However, the authors do not
define a distance measure based on the free energy.

We now derive the FE distance and then show that it coincides with the po-
tential distance. Now, instead of the expected cost, let us consider a random
walker choosing a path from node s to node t according to the distribution Pst

over the set Pst that minimizes the free energy, as defined in Equation (2.46),
recalled here for convenience:

φ(Pst) = 〈c̃〉st + 1
β J(Pst‖Prw

st ). (3.6)

Recall now, from Section 2.3, that originally the RSP distribution was defined
in Equation (2.4) according to minimization of the expected cost 〈c̃〉st subject
to a relative entropy constraint. We can instead consider the minimization of
free energy, and solve the problem

Minimize
Pst

∑

℘∈Pst

Pst(℘)c̃(℘) +
1

β

∑

℘∈Pst

Pst(℘) log(Pst(℘)/Pst(℘)),

subject to
∑

℘∈Pst

Pst(℘) = 1.
(3.7)

It is not difficult to see that this problem becomes equivalent to the minimiza-
tion problem (2.4) and thus the optimal solution is again the Gibbs-Boltzmann
distribution PRSP

st from Equation (2.10). Denoting φst = φ(PRSP
st ), we define

the free energy distance between nodes s and t as the symmetrized minimum
free energy between these two nodes, in other words

∆
FE
st = 1

2 (φst + φts). (3.8)

In order to show that the FE distance coincides with the potential distance
defined in Equation (33) of [82], we insert the RSP probability (Equation (2.10))
into Equation (3.6). Using the fact that

∑
℘∈Pst

PRSP
st (℘) = 1, we can write out
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the expression for the relative entropy:

J(Pst‖Prw
st ) =

∑

℘∈Pst

PRSP
st (℘) log

(
PRSP
st (℘)/Prw

st (℘)
)

=
∑

℘∈Pst

PRSP
st (℘) log

(
exp(−βc̃(℘))

Zst

)

= −β〈c̃〉st − log(Zst)

When combining this result with Equation (3.6), the FE becomes

φst = − 1
β log(Zst) (3.9)

which after the symmetrization (3.8) equals the potential distance defined in
Equation (33) of [82]. Thanks to the derivation of the new algorithm for the
RSP dissimilarities in Section 3.2, the matrix of free energies between all pairs
of nodes

Φ = − 1
β logZh (3.10)

can also be computed straightforwardly by performing Equations (2.12), (2.19)
and (3.3). Again, the matrix of all FE distances is given by symmetrization
as ∆FE = 1

2 (Φ+ΦT). The computation of ∆FE is presented, along with the
computation of the matrix ∆RSP of all RSP dissimilarities, in pseudocode in
Algorithm 1.

Thus, we have shown that the potential distance derived within the bag-of-
paths framework in [82], in fact can be derived from the RSP framework by
considering the minimum Helmholtz free energy as the distance, instead of
the minimum expected cost. The minimization of the FE can be interpreted
as a regularized version of the RSP model where the random walker finds a
compromise between the expected cost and predictability of its path from s to
t. The compromise is controlled by the inverse temperature β.

Of course, the FE distance also satisfies all the properties that were proved
for the potential distance in [82]. Most importantly, it was shown that the
distance obeys the triangle inequality (in Inequality (37) of [82]) and is thus
a metric, as opposed to the RSP dissimilarity. The distance also converges
to the least cost distance when β → ∞ and to the commute cost distance1

when β → 0+ (see Appendices D and E in [82]). In addition, in Appendix C
of [82], it is shown to be graph geodetic [45, 120], meaning that ∆FE

st = ∆
FE
sk +

∆
FE
kt if and only if all paths from node s to node t go through node k. This

shows that the minimum free energy between two nodes defines a meaningful

1To the commute cost distance divided by 2, to be precise.
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Algorithm 1 Computation of the matrices of all pairwise RSP dissimilarities and free
energy distances of G.

Input:
– A graph G containing n nodes
– The n× n affinity matrix A

– The n× n cost matrix C

– The inverse temperature parameter β
Output:

– The n× n matrices containing the RSP dissimilarities ∆RSP
st and free energy dis-

tances ∆FE
st for all s, t ∈ V

1. D← Diag(Ae)
2. Prw ← D−1A ⊲ reference transition probability matrix
3. W← Prw ◦ exp[−βC] ⊲ likelihood matrix
4. Z← (I−W)−1 ⊲ fundamental matrix
5. S← Z(C ◦W)Z÷ Z

6. dS ← diag(S) ⊲ vector of diagonal values of S
7. C← S− edT

S ⊲ matrix of expected costs
8. D−1

Z
← Diag(Z)

9. Zh ← ZD−1
Z

⊲ fundamental matrix of hitting paths
10. Φ← − 1

β
logZh ⊲ matrix of (directed) free energies

11. ∆RSP ← (C+C
T

)/2 ⊲ symmetrization
12. ∆FE ← (Φ+ΦT)/2 ⊲ symmetrization
13. return ∆RSP, ∆FE

distance measure between graph nodes with nice properties. Interestingly, as
can be seen from Equation (3.6), the FE distance is actually a metric resulting
from the sum of two dissimilarities, namely the expected cost (i.e. the RSP
dissimilarity, after symmetrization) and the relative entropy, neither of which
satisfy the triangle inequality by themselves. We also note that the quantity
logZst already appeared in [87] as a potential inducing a drift for a random
walker in a continuous-state extension of the RSP framework.

3.4 Related work on generalized graph distances

There have been a few other suggestions for graph distances that generalize the
resistance or CT and the SP distances, which we will discuss in this section. Of
course, the simplest interpolation between the two distances is their weighted
average, which we will experiment with as a null model. In addition, Cheb-
otarev has defined several parametrized graph distance measures [45, 43, 44,
46]. In this chapter, we focus on the logarithmic forest distances [45]. Alamgir
and von Luxburg defined a generalized distance called the p-resistance distance
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in order to tackle the problem of the resistance distance becoming meaning-
less with large graphs [3]. Indeed they show that with certain values of the
parameter p, the p-resistance distance avoids this pitfall.

3.4.1 The SP-CT combination distance

The graph distance families presented and reviewed in this chapter all involve
a sophisticated theoretical derivation. In the experiments we want to com-
pare these distances also to a baseline model that generalizes the SP and CT
distances in the most simple way, namely the weighted average of the two
distances:

∆
SP−CT
st = λ∆SP

st + (1− λ)∆CT
st , (3.11)

where λ ∈ [0, 1].2 We call it straightforwardly the SP-CT combination distance;
it satisfies the triangle inequality because a convex combination of metrics is
also a metric. Although the SP-CT combination does not contain as interesting
details as the other distances, we can see that in some cases even using this
simple choice can be competitive with the other parametrized distances.

3.4.2 Logarithmic forest distances

The logarithmic forest distance [45] has its foundation in the matrix-forest the-
orem and another family of distances developed earlier by Chebotarev called
simply the forest distance [43, 44]. The definition of the logarithmic forest dis-
tance goes as follows. First, we define the Laplacian (or Kirchhoff) matrix of a
graph G as L = D−A, where D = Diag(Ae). Then we consider the matrix

Q = (I+ αL)−1,

where α > 0. The elements of this matrix measure the relative forest accessibil-
ities [43] which can be considered as similarities between nodes of the graph
after all its edge weights have been multiplied by the constant α. In fact, in [45]
Chebotarev handles a more general case by considering arbitrary transforma-
tions of the edge weights and multigraphs instead of graphs. The definition
proceeds by taking the elementwise logarithmic transformation

M = γ(α− 1) logαQ,

2In the experiments, we actually use a linear combination of the SP distance and resistance
distance. This is because the CT distance values tend to be very large compared to the SP distances,
whereas resistance distance values are in the same magnitude as SP distances.
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where γ > 0 is another parameter and the logarithm is taken elementwise in
basis α. This expression provides another similarity measure. From it, the
matrix of logarithmic forest distances is derived as

∆logFor =
1

2
(meT + emT)−M, (3.12)

where m = diag(M). The last transition is a classical way of defining a matrix
of distances from a matrix of similarities [29].

The definition provides a metric which also satisfies the graph-geodetic prop-
erty (see Section 3.3). It involves two parameters γ and α. For any positive
value of the parameter γ, the logarithmic forest distance becomes proportional
to the CT and the SP distances as α → 0+ and α → ∞, respectively3. In the
special case of γ = log(e+α2/n), Chebotarev shows that the logarithmic forest
distance approaches exactly these two other distances. However, this form is
not very practical, because even with moderate size graphs the exponent 2/n
cancels out the effect of setting a large value to α. Thus, we decided simply to
assign γ = 1 in our experiments.

3.4.3 p-resistance distance

Alamgir and von Luxburg [3] defined a generalization of the resistance dis-
tance, called the p-resistance distance. Like the resistance distance, the p-resistan-
ce distance considers the graph as an electrical resistance network, where the
edges (k, l) ∈ E of the network have resistances rkl and a unit volt battery
is attached to the target nodes whose distance is being measured, forming a
unit flow I from s to t (see Section 2.4.2 for the definition of unit flows). Then
for a constant p > 0, the p-resistance distance is defined as the minimized
p-resistance (w.r.t. the unit flow) between s and t, formally as

∆
pRes
st = min




∑

(i,j)∈E

rij |Iij |p
∣∣∣ I is a unit flow from s to t



. (3.13)

When the parameter p = 2, the above definition becomes the definition of
effective resistance, i.e. the resistance distance and when p = 1 the distance
coincides with the SP distance. Alamgir and Von Luxburg [3] show that there
exists a value 1 < p < 2 for which the p-resistance distance avoids the lost-in-
space phenomenon with large graphs, introduced in Section 2.4.5.

3More accurately, the logarithmic forest distance converges to the unweighted shortest path
distance (see Equation 2.25) but we nevertheless include it in our comparison.
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Another, almost identical form of the p-resistance distance has been proposed
by Herbster in [104]. Also, in a closely related work [137], the authors study
network flow optimization in the same spirit as with the p-resistance. Their
viewpoint is based on network routing problems and provides a spectrum of
routing options that make a compromise between latency and energy dissipa-
tion in selecting routes in a network. They, however, do not explicitly define a
graph node distance.

The p-resistance distance is theoretically sound, but it lacks a closed form ex-
pression for computing all the pairwise distances of a graph. Thus, the result
can only be obtained by solving a minimization problem for each pair of nodes
separately. This currently limits the method to be applicable only for small
graphs, which is why we were able to include it only in the experiments with
small artificial graphs of Sections 3.5.1-3.5.2, but not the others.

3.4.4 Other graph node distances

In the comparisons in Section 3.5, we focus on the above presented distance
families that specifically find a compromise between the SP and CT distances.
However, we would like to mention other interesting distances that have been
defined for graphs. In [82], where the free energy distance was already pre-
sented as the potential distance, the authors also define another distance family,
called the surprisal distance. Its definition shares the same background with the
free energy, but it does not generalize the SP and CT distances. However,
it is shown in [82] to provide good results in clustering and semisupervised
learning.

In [210], the authors define the amplified commute time distance in order to cor-
rect the inconvenience of the commute time distance in large graphs. Of all the
references above in Section 3.4 to the work of Chebotarev, we want to highlight
the walk distance [46], which has some interesting, quite unintuitive properties,
especially when considering the peripheral nodes of a network. Finally, we
mention the communicability distance [66, 65], which measures how well a dis-
turbance is carried over the network between two nodes when considering the
network as a quantum harmonic oscillator network in a thermal bath. This
model shares similarities with the RSP framework, including an inverse tem-
perature parameter assigned to the network. Bavaud [18] investigated the
spectrum of different Euclidean distances that can be defined on weighted
graphs. He also discusses the notion of focused distances, i.e. distances which
are zero for nodes that are adjacent to the same set of neighboring nodes. He
also studies the distances by applying them in thermodynamic clustering, which,
interestingly enough, is based on minimizing a free energy functional. There
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also exists a vast literature on kernels on graphs, which can always be con-
verted to matrices of squared Euclidean distances. For a thorough review on
graph kernels, we advice the reader to see [78].

3.5 Experiments

In this section, we compare the different distance families presented in the pre-
vious sections, namely the RSP dissimilarity, the FE distance, the p-resistance
distance, the logarithmic forest distance and the SP-CT combination distance.
First, we consider small artificial graphs and study the behavior of the differ-
ent distances with different parameter values. This is done by seeing how
the relation between distances of different pairs of nodes changes as the pa-
rameter value is altered. As also notified by Chebotarev [46], the interest in
comparing different distance measures does not lie in the pairwise distances
themselves, but in the proportions between the pairwise distances. We then
study the applicability of the distance families in a clustering experiment us-
ing networks constructed from the Newsgroups corpus of text documents.
Finally, we compare the performances of the different distance families in a
graph-based semisupervised learning experiment.

3.5.1 Visualization

In order to show that the different distance families are appealing to use, we
present a graph visualization example using an artificially generated graph.
The graph is generated with the benchmark algorithm of Lancichinetti, Fortu-
nato and Radicchi (LFR) [125]. The algorithm generates graphs that contain
a community structure and obey a power law distribution both for node de-
grees and community sizes. The user can also set a mixing parameter which
essentially means the likelihood of inter-community edges. Moreover, it is pos-
sible to include overlapping nodes that belong to several communities. The
particular graph used in the visualization was generated to consist of four
communities of 80 nodes, with the mixing parameter set to 0.2, the power law
exponent of the degree distribution set to -2, the average degree set to 8, the
maximum degree to 100.

The graph is visualized using the set of distances between all pairs of nodes
provided by the different distance families, namely the SP distance, the CT
distance, the RSP distances and the other parametrized distances introduced
in Sections 3.4.1-3.4.3. We present two visualizations for each distance family,
one obtained with classical multidimensional scaling (CMDS) [29], and another
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with t-distributed Stochastic Neighbor Embedding (t-SNE) [143]. CMDS is one
of the most used and most studied linear dimensionality reduction methods
and it minimizes the squared error between the inner products of the visu-
alization vectors and the inner products in the embedding space defined by
the distances, if those distances are squared Euclidean. t-SNE, on the other
hand, is a state-of-the-art non-linear dimensionality reduction method that is
based on preserving the neighborhood-relation of the original data space in the
low-dimensional embedding. CMDS requires no parameters (except for the
parameters related to the distance and the number of embedding dimensions),
but t-SNE involves a perplexity parameter which is related to the neighborhood
size considered by the method.

We utilize the known cluster labels of the nodes in order to evaluate the abil-
ity of the different distance measures in capturing the cluster structure of the
graph in the visualizations. We first compute the visualization for different
values of the parameter related to each parametrized distance, as well as for
different values of the perplexity parameter for the t-SNE method. We then
measure the quality of the visualizations according to a specially designed
criterion, namely the sum of the ratios of the mean distance within a cluster
(where the cluster is determined by the known cluster labels) and the mean
distance to nodes outside the cluster. The smaller this ratio is, the better the
embedding represents the cluster structure. Formally, for a clustering (i.e. par-
tition) {C1, . . . , CK} of the node set V , the quality of the visualization is defined
as

K∑

k=1

∆̄Ck

∆̄Ck,(Ω\Ck)

, (3.14)

where ∆̄Ck
is the mean distance within cluster Ck and ∆̄Ck,(Ω\Ck) is the mean

distance from points inside cluster Ck to points outside the cluster, i.e., for
distance measure ∆,

∆̄Ck
=

1

|Ck|2
∑

i,j∈Ck

∆ij and ∆̄Ck,(Ω\Ck) =
1

|Ck|(n− |Ck|)
∑

i∈Ck

∑

j /∈Ck

∆ij .

(3.15)
The intuition behind the criterion in Equation (3.14) is that a low value of the
criterion requires tight clusters, that are at the same time dispersed from each
other. Accordingly, we selected, for each distance measure, the parameter
value that produced the embedding with lowest criterion value according to
Equation (3.14). Moreover, for t-SNE we chose the combination of the distance
parameter value and the perplexity value that minimized the criterion. Thus,
for each distance measure, we present the visualization out of all computed
visualizations that can be considered to show the cluster structure the best.
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The visualizations, both with MDS and with t-SNE, are depicted in Figure 3.1
for ∆SP, ∆CT and ∆

SP−CT, in Figure 3.2 for ∆RSP, ∆FE and in Figure 3.3 for
∆

logF and ∆
pRes. There are two main notions that can be drawn from the plots.

The first is that the parametrized distances, excluding the SP-CT combination
distance, clearly manage to present the community structure better than the
SP and CT distances. The plots obtained with the SP and SP-CT combination
distances contain much more overlap between the communities than the other
parametrized distances. The plot obtained with the CT distance also contains
a lot of overlap between communities, but in addition to that, the plot is dis-
torted by the distances of two nodes which get drawn far apart from the rest
of the nodes. The degree of the two nodes is 3, which is the minimum degree
of the graph. Thus, the distortion of the plot is in correspondence with the
undesired dependence of the CT distance on the degrees of nodes, discussed
in Section 2.4.5. In fact, these nodes have, among all the nodes, the two largest
sums of CT distances to all other nodes of the graph.

The second main notion is that the plots obtained with the other parametrized
distances, apart from the SP-CT distance, are quite similar to each other. There
is a bit more overlap between the two upper communities in the plot obtained
with the p-resistance distance compared to the others, but this difference is
very small.

3.5.2 Comparisons with small graphs

In the first example, we use the simple graph depicted in Figure 3.4 consist-
ing of a triangle, i.e. a 3-clique connected to an isolated node. We call it the
extended triangle graph. We observe the proportions of distances between
nodes 1 and 2 and nodes 2 and 3, i.e. the quantities ∆12/∆23 for all the dif-
ferent distance families. These results are also plotted in Figure 3.4 using 20
different parameter values for each family of distances. The parameter values
are scaled in such a way that the relevant parameter range of each distance
family becomes visible. In addition, the abscissa is logarithmic for all other
parameters but linear for the λ of the SP-CT combination distance.

First of all we can observe that all curves converge to unity on the right hand
end of the plot. This happens as all the distances converge to the shortest path
distance and thus ∆12 = ∆23 = 1 for all distances. On the left end of the
plot, all curves approach the value 1.5 which is the ratio of the CT distances
between the nodes. In other words, for the CT distance ∆

CT
12 > ∆

CT
23 holds

which is caused by the fact that nodes 2 and 3 are, in a sense, better connected
together (namely through node 4) than nodes 1 and 2.
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( A ) ∆SP, MDS

( B ) ∆SP−CT, λ = 0.9, MDS

( C ) ∆CT, MDS

( D ) ∆SP, t-SNE

( E ) ∆SP−CT, λ = 0.9, t-SNE

( F ) ∆CT, t-SNE

F I G U R E 3 . 1 : Visualizations of a graph, generated with the
LFR algorithm consisting of four communities, with CMDS
and t-SNE based on the shortest path distances (A and D), the
SP-CT distances (B and E) and the commute time distances (C

and F).
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( A ) ∆RSP, MDS, β = 0.015

( B ) ∆FE, MDS, β = 0.076

( C ) ∆RSP, t-SNE, β = 0.076

( D ) ∆FE, t-SNE, β = 0.039

F I G U R E 3 . 2 : Visualizations of a graph, generated with the
LFR algorithm consisting of four communities, with CMDS
and t-SNE based on the RSP dissimilarities (A and C) and the

free energy distances (B and D).
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( A ) ∆logFor, MDS, α = 1.31

( B ) ∆pRes
st , MDS, p = 1.30

( C ) ∆logFor, t-SNE, α = 0.088

( D ) ∆pRes
st , t-SNE, p = 1.07

F I G U R E 3 . 3 : Visualizations of a graph, generated with the
LFR algorithm consisting of four communities, with CMDS
and t-SNE based on the logarithmic forest distances (A and C)

and the p-resistance distances (B and D).
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F I G U R E 3 . 4 : The extended triangle graph (left) and the ra-
tio of distances ∆12/∆23 (right) with the RSP dissimilarity
(RSP) and the FE distance (FE), both with β ∈ [10−4, 20],
the p-resistance distance (pRes) with p ∈ [1, 2] (reversed),
the logarithmic forest distance (logFor) with α ∈ [10−2, 500]
(reversed) and the SP-CT combination distance (SP-CT) with

λ ∈ [0, 1].
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F I G U R E 3 . 5 : A graph with a 4-clique and a 3-clique and a
hub node between them.

The real interest in Figure 3.4 lies in the transformation that takes place in the
intermediate parameter values of the distance families. We can observe that
the ratio ∆12/∆23 changes monotonously with respect to the parameter value
change in three cases, with the p-resistance, the logarithmic forest distance and
obviously the SP-CT combination. In other words, these three metrics always
consider the distance between nodes 2 and 3 smaller than the distance between
node 2 and the isolated node 1.

However, with the FE distance and the RSP dissimilarity, the ratio behaves
non-monotonously. In other words, for a range of intermediate parameter
values, these functions consider the distance between the isolated node 1 and
the central node 2 to be smaller than the distance between nodes 2 and 3 (and
between 2 and 4). Allowing this possibility could prove useful for a distance
measure in applications. For example, in a social network, a relationship with
an isolated person can in some situations and contexts be considered stronger
than the relationship with a member of a group.
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The phase transition that occurs with the FE distance and the RSP dissimilarity
in our small example case can have implications in more practical situations
as well. Obviously, it can affect nearest neighbor related methods but also
clustering applications. Consider, for example, a larger scale situation, as the
graph depicted in Figure 3.5. This graph consists of two cliques of sizes 4 and
3 which are connected through a hub node (node 5) that shares edges with all
the other nodes of the graph. Consider then a clustering of the graph nodes
into two clusters. The nodes in the two cliques obviously should belong to
their own clusters. But which cluster should the hub node 5 be assigned to?
This is generally a question of context and taste. In some cases there might be a
preference for classifying the hub node to the smaller cluster, whereas in others
it should be considered part of the larger cluster. One option would also be to
put the hub node into its own cluster. However, here we are interested in cases
where the number of clusters is fixed and a decision on the cluster assignment
of the hub node has to be made.

In this specific case, the p-resistance distance, the logarithmic forest distance
and the SP-CT combination distance always consider node 5 closer to the larger
clique than the small one. Thus, for example, when performing a k-means
based clustering with k = 2, using the mentioned distances will always result
in assigning the hub node 5 into the larger cluster. However, the other three
distances are more flexible. Namely, thanks to the phase transition seen in
Figure 3.4, performing k-means with these distances can result in two different
partitions depending on the parameter value. Worth pointing out is that since
the shortest path distance between node 5 and all other nodes is 1, a k-means
clustering can result in either of the two interesting partitions, because with
both partitions the global minimum within-cluster inertia is achieved.

These examples illustrate that there are subtle differences between the gener-
alized distance families. These differences may be useful for deciding which
distance measure should be used in which case and they might give insight
about how to select the parameter value of a generalized distance depending
on the nature and properties of the data. In Sections 3.5.3 and 3.5.4, we test
the different distance measures in clustering and semisupervised learning in
order to observe the capabilities of the different distance families in detecting
desired clusters in data. In the future we will extend this investigation to other
problems such as link prediction [139, 141].

3.5.3 Graph node clustering

In order to see whether the distance families in fact achieve to extract a mean-
ingful representation of a graph, we use them in a graph node clustering task
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and evaluate the quality of the partitions found. For the clustering, we employ
the kernel k-means algorithm introduced in [217]. It is based on an iteration
procedure similar to k-means that searches for prototype vectors, but in a sam-
ple space and by using a kernel containing similarities between data points,
instead of using explicit data vectors in a feature space. This is convenient
in our case, because we only possess information of distances between data
points instead of a vector representation. The dimension of the sample space
is n, i.e. the number of data points, and each data point is represented in the
sample space as the corresponding column vector of the kernel. Inner prod-
ucts between the data and prototype vectors in the sample space correspond to
distances in an embedding space by application of the kernel trick [189]. The goal
of the algorithm is to find prototype vectors in the sample space that minimize
the within-cluster inertia in the embedding space, i.e. the sum of the squared
distances of each data point to its corresponding prototype.

In order to use the kernel k-means algorithm we need to convert each matrix of
distances into a matrix of similarities. We transform the matrices of distances
∆ into similarity matrices K in a classical way [29, 185, 93] as

K = −1

2
H∆H, (3.16)

where H = I − eeT/n is the centering matrix. When the matrix ∆ contains
squared Euclidean distances, matrix K will contain inner products of centered
vectors in the same Euclidean space. We use the distances without raising them
to the square, because the commute time distance already is the square of a
Euclidean distance, called simply the Euclidean commute time distance [181].
However, for intermediate parameter values, the generalized distances are
not necessarily Euclidean (or squared Euclidean) distances and thus the cor-
responding similarity matrices are not necessarily kernels in the traditional
sense as they might not be positive definite. The positive definiteness could be
ensured by forcing the negative eigenvalues of the similarity matrix to zeros.
However, we have noticed in experiments that this does not affect much the
results nor the convergence of the kernel k-means.

In addition to the similarity matrices derived from the generalized graph dis-
tance matrices through (3.16), we also use the sigmoid commute time kernel pro-
posed by Yen et al. [217]. They construct the kernel by taking a sigmoid trans-
formation of the elements of the commute time kernel which can be computed
as the Moore-Penrose pseudoinverse L+ of the graph Laplacian. Thus, the
similarities given by this method are (KSigCT)st = 1/(1 + exp(−al+st/σ)). The
parameter a controls the smoothing of the similarity values caused by the sig-
moid transformation and σ is the standard deviation of the elements l+ij . The
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sigmoid commute time kernel has been shown to perform well in many ma-
chine learning tasks, especially in the kernel k-means method used in this
chapter. We consider it as a baseline for the clustering performance compar-
isons.

We use a collection of text document networks extracted from the 20 News-
groups data set4. A more detailed description of the collection that we use can
be found in [217]. In short, our collection consists of ten different weighted
undirected networks, where the nodes represent text documents and edges
and their affinities are formed according to the co-occurrence of words within
the documents. The affinities aij have been converted to costs cij as cij = 1/aij .
Each network has been constructed by combining subsets of 200 documents
from one topic. The networks consist of either two, three or five of such sub-
sets of documents resulting in networks of 400, 600 and 1000 nodes. The goal
of the clustering is then to detect the division of each network according to
the topics. Unfortunately, we could not obtain results in this experiment with
the p-resistance because of its high computational cost discussed already in
Section 3.4.3 and the sizes of the networks in the experiment.

We compare the partitions found by the clusterings with the classification ac-
cording to the topics by computing the normalized mutual information (NMI)
[195] between a clustering partition X and the topic classification Y as

NMI(X,Y ) =
I(X,Y )√
H(X)H(Y )

,

where I(X,Y ) is the mutual information of partitions X and Y and H is en-
tropy. In order to avoid the expensive running of the experiments every time
for a wide range of parameter values, we perform a simple parameter tuning.
We assume that the tuning results generalize from one data set of a particular
kind (here, a text document collection) to another. We separate one of the ten
networks in our collection as a tuning data network. We perform the kernel
k-means clustering for this network with 20 different random initializations
of the prototype vectors. Out of these 20 runs, we observe the NMI score of
the clustering that achieves the smallest within-cluster inertia. This process is
repeated another 20 times for a set of parameter values distributed either loga-
rithmically (or linearly, in the case of the SP-CT-distance) on a given range of
values. The parameter value producing the largest mean NMI score is chosen
as the tuned value. The same procedure is done for all the distance measures
as well as the sigmoid CT kernel.

4http://qwone.com/~jason/20Newsgroups/
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Distance Similarity matrix Parameter range Optimal value
RSP dissimilarity KRSP [10−4, 20] β = 0.02
FE distance KFE [10−4, 100] β = 0.07
Logarithmic forest distance KlogFor [10−2, 500] α = 0.95
SP-CT combination KSP−CT [0, 1] λ = 1
Sigmoid commute time KSigCT [10−2, 103] a = 26

TA B L E 3 . 1 : The notation of the similarity matrices and the
optimal parameter values obtained on the tuning data set. 20
values were tested within the parameter range for each pa-
rameter, distributed linearly for KSP−CT and logarithmically

for the other kernels.

Note that the above method for parameter tuning is not entirely realistic, nor
practical for traditional clustering where class labels of the data are normally
unknown. However, as the main goal of the experiment is to evaluate the
ability of different distance measures in reflecting the cluster structure (as de-
termined by the class labels), it can be considered fair for the comparison to
choose the parameter value for each distance measure in such an optimal way.
In [193], a comparison of graph distance measures (including some of the dis-
tances considered here) in clustering is performed similarly to the comparison
presented here, but there the parameter tuning is determined by the clustering
with largest modularity. Also in that setting, the RSP distances provide very
promising results.

The ranges of parameter values and the optimal values for each method are
reported in Table 3.1. Note that with the SP-CT combination distance, the
optimal parameter value is λ = 1. This means that already for the 600 node
tuning network the best clustering results with the SP-CT distance are obtained
when focusing only on the SP distance and neglecting the CT distance.

To give an idea of the effect of considering the generalized distances instead
of the standard shortest path, or random walk distances, Table 3.2 shows the
Pearson correlation between each generalized distance, and both the shortest
path distance, and the commute cost distance, when computed on the 9 News-
groups data sets used for clustering evaluation. Each generalized distance
matrix was computed using the tuned parameter value, reported in Table 3.1.
From the table we see that the RSP distances have fairly high correlation with
∆

SP, the correlation with ∆
CC is actually surprisingly low, especially for the

RSP dissimilarity, with all correlation coefficients less than 0.15. The result
with the logarithmic forest distance is different, as it correlates moderately
with both ∆

SP and ∆
CC. In other words, ∆logFor seems more like a midway

solution between ∆
SP and ∆

CC, whereas the RSP distances, especially ∆
RSP,

are very different from the random walk distance ∆
CC. As the tuned param-

eter value for ∆SP−CT is λ = 1 the columns corresponding to it only serve to
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Correlation with ∆
SP Correlation with ∆

CC

Data set ∆
RSP

∆
FE

∆
logFor

∆
SP−CT

∆
RSP

∆
FE

∆
logFor

∆
SP−CT

G-2cl-1 0.7185 0.7888 0.6160 1.0000 0.1104 0.3062 0.6757 0.3097
G-2cl-2 0.7238 0.7900 0.6139 1.0000 0.1228 0.3719 0.7260 0.3176
G-2cl-3 0.7649 0.8157 0.6194 1.0000 0.1476 0.3534 0.7223 0.3492
G-3cl-1 0.7366 0.7944 0.5644 1.0000 0.0472 0.2665 0.7006 0.2419
G-3cl-2 0.6845 0.7571 0.5548 1.0000 0.0770 0.3188 0.7426 0.2736
G-3cl-3 0.6981 0.7903 0.6097 1.0000 0.0722 0.3109 0.7252 0.3350
G-5cl-1 0.6893 0.7615 0.5248 1.0000 0.0743 0.2963 0.7515 0.2579
G-5cl-2 0.6903 0.7631 0.5303 1.0000 0.0526 0.2921 0.7404 0.2711
G-5cl-3 0.6737 0.7436 0.5389 1.0000 0.0687 0.2786 0.6808 0.2569

TA B L E 3 . 2 : The Pearson correlation between the general-
ized distances (i.e. the RSP dissimilarities, the free energy dis-
tances, the logarithmic forest distances, and the SP-CT com-
bination distances) and their limit distances (i.e. the shortest
path distance and the commute cost distances). Each matrix
of generalized distances was computed with the tuned param-

eter value, reported in Table 3.1.

show the correlation between the shortest path distances and random walk
distances, which is quite low on these graphs.

We then use the tuned parameter values to perform the clustering on the nine
remaining networks. As in the tuning phase, we again perform the clustering
with 20 different initializations and choose the clustering that has the smallest
within-cluster inertia. This is again done another 20 times and the mean and
standard deviations of the NMI scores of these 20 best clusterings are collected.
The results for each of the nine data sets are reported in Table 3.3. For each data
set, we performed one-sided t-tests with significance level 0.05 to determine
whether a mean NMI score with one method is significantly higher than with
another, which is indicated in boldface.

From the results we see that the highest NMI scores are generally obtained
with the similarity matrices based on the FE distance, the RSP dissimilarity
and the sigmoid commute time kernel. We can see that the RSP dissimilarity
and the FE distance provide scores very close to each other. The clusterings ob-
tained based on the logarithmic forest distances do not correspond that well to
the topic labeling except with the network G-2cl-B, for which all the distances,
excluding the SP distance, give quite similar results. In general, all the distance
families provide NMI scores that are quite close to each other, with the excep-
tion that with some networks, the score provided by the SP distance is clearly
smaller than the others. Thus, the experiment indicates that the parametrized
distances, when used with intermediate parameter values, do manage to cap-
ture more meaningful global information of the graph structure than the SP
and CT distance do.
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NMI KRSP KFE KlogFor KSP−CT KSigCT

Datasets
G-2cl-1 84.5 ± 0.00 80.7 ± 1.09 83.1 ± 1.47 65.2 ± 0.59 81.6 ± 0.00
G-2cl-2 58.7 ± 0.38 58.7 ± 1.74 58.8 ± 1.94 51.2 ± 0.46 56.8 ± 2.18
G-2cl-3 81.0 ± 0.00 81.1 ± 0.00 75.0 ± 1.13 85.9 ± 0.00 79.6 ± 0.00

G-3cl-1 76.6 ± 0.00 76.2 ± 0.00 75.4 ± 0.72 74.2 ± 0.28 77.3 ± 0.00
G-3cl-2 77.0 ± 0.00 78.3 ± 0.83 75.5 ± 1.42 62.6 ± 0.51 73.0 ± 0.00
G-3cl-3 76.5 ± 0.28 77.0 ± 0.50 74.4 ± 1.57 71.5 ± 0.50 75.9 ± 0.43

G-5cl-1 69.6 ± 0.15 69.0 ± 0.66 60.4 ± 3.43 68.1 ± 0.43 66.8 ± 0.16
G-5cl-2 64.0 ± 0.42 64.6 ± 0.34 58.7 ± 3.49 59.6 ± 0.59 60.4 ± 1.36
G-5cl-3 61.2 ± 0.71 61.6 ± 0.87 57.3 ± 2.77 47.8 ± 0.92 57.3 ± 0.46

TA B L E 3 . 3 : Clustering performances (Normalized Mutual
Information, multiplied by 100) for each similarity matrix on

the nine Newsgroup subsets

We also took a more detailed look at the individual cluster assignments of
nodes to compare the partitions obtained with the different similarity matrices.
We can only describe the results because a thorough presentation would re-
quire too much space. First of all, there are nodes in almost all of the networks
whose cluster assignment never corresponds to the topical classification with
any of the similarity matrices. This only indicates that the data is noisy and
that the topical classification cannot be perfectly inferred from the network
structure. Also, all the similarity matrices produce a clustering of the network
G-5cl-2 where the first two classes are clustered mostly together and one of the
topical classes is divided into two smaller clusters. This indicates a hierarchical
structure of the classes and it seems to be interpreted by the different similarity
matrices in different ways.

The similarity of the NMI scores between the RSP dissimilarity and the FE
distance is explained by looking at the respective cluster assignments, which
indeed are almost exactly similar with all the networks. However, the differ-
ence between the partitions based on these two distances and the others is
evident from the individual assignments. Interestingly, especially with the
larger networks, the clusterings based on the logarithmic forest distance and
the sigmoid commute time kernel share some similarities. These similarities
are most evident in the clusterings of the network G-5cl-2, mentioned above.
Also, with this network, the clustering produced by the SP distance is in fact
quite close to the ones produced by the RSP dissimilarity and the FE distance.
All in all, the individual cluster assignments indicate many small differences
in the clusterings with different similarity matrices. However, in order to get
a stronger intuition of the reasons causing the differences, we would need an
even more thorough investigation which we leave for future work.
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3.5.4 Semisupervised 1-nearest-neighbor classification

The kernel k-means algorithm used in the clustering experiment in the previ-
ous section considers the distances of the graph globally as it aims to minimize
the within-cluster inertia. We also wanted to employ the different distance
families in a semisupervised learning algorithm based on nearest neighbors,
i.e. only on local distances. In order to observe differences between the distance
families, we use the propagating 1-nearest-neighbor algorithm [219], where,
iteratively, the unlabeled node that is the closest to any labeled node gets as-
signed the label of the labeled node. This is obviously not a state-of-the-art
method, but it provides a comparison of the distance families when only the
most local distances are being applied.

We conduct the semisupervised learning experiments for the same News-
groups datasets as in the clustering experiments in Section 3.5.3 but also for
another collection of networks, the WebKB data set [144]. It is a collection of
four co-citation networks collected from the websites of four American univer-
sities. The nodes in the networks are webpages and the edges of the network
represent co-citations, meaning that two pages are connected by an edge, if
they contain a link to the same target page. We perform the propagating 1-NN
algorithm using the RSP dissimilarity, the FE distance, the logarithmic forest
distance and the SP-CT combination distance. Again, as was the case with the
the clustering experiments in Section 3.5.3, we cannot use the p-resistance in
the comparison, because of its slow computation.

We perform the learning task with five different labeling rates, 10%, 30%, 50%,
70% and 90%. For each labeling rate, we average the score over 20 different
randomized label deletions and for each label deletion the score is given by the
mean classification rate according to a 10-fold cross validation. Within each
fold of the cross-validation, we run an inner 10-fold cross validation to define
the optimal parameter values for each distance family. Thus, the parameter
tuning is performed in a very different manner compared to the clustering
experiments, which makes more sense in the semisupervised setting.

Figure 3.6 shows the results of the propagating 1-NN algorithm with the nine
Newsgroups data sets and four WebKB data sets. With some of the graphs, the
results obtained with different distance families seem very similar to each other.
However, where there is a noticeable difference, in fact the results obtained
using the logarithmic forest distance seem quite good. On the other hand, the
results obtained with the RSP dissimilarity are in many cases worse than the
others. In other words, the results seem a bit contrary to the results obtained
in the clustering experiments.
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Labeling rate 10% 30% 50 % 70 % 90 % Overall
Sim. matrix Rank Score Rank Score Rank Score Rank Score Rank Score Rank Score
KRSP 4 -14 4 -16 4 -16 4 -17 3 -14 4 -77
KFE 3 -5 2 2 2 9 2 12 2 11 2 29
KlogFor 1 11 1 17 1 18 1 20 1 21 1 87
KSP−CT 2 8 3 -3 3 -11 3 -15 4 -18 3 -39

TA B L E 3 . 4 : The ranking of the distance families according to
Copeland’s method based on the results in the propagating 1-
NN learning task. The results are presented for each labeling
rate separately across all data sets (10%, . . . , 90%), and for all

labeling rates together (Overall).

We perform a ranking of the distance families using Copeland’s voting method
[179], by computing the times that one distance family provides a significantly
better result than another one with a 0.05 significance level. Copeland’s met-
hod simply gives a score of +1 to a distance family that achieves a significantly
superior score than another one on a given data set, and correspondingly a
score of −1 to the other one. If there is no significant difference between two
methods, they both are assigned a score 0. The ranking of the methods is then
computed by summing the scores over all pairwise comparisons of methods
and over all data sets.

We compute the ranking separately for each labeling rate by summing the
scores over all data sets. Thus, for one labeling rate, the maximum score that
a distance family can get is 39 (13 data sets and comparisons with 3 other
distances). The ranks and scores obtained with Copeland’s method are shown
in Table 3.4. They confirm the observation that the logaritmic forest distance
provides good results whereas using the RSP dissimilarity results in more
misclassifications. The FE distance seems to perform quite well also, being
ranked second, and the SP-CT combination distance is ranked third.

The reason why the RSP dissimilarity performs so poorly in this task is a bit
surprising, at least considering its suitability for clustering which was showed
earlier. This result may have something to do with the fact that in some cases
the RSP dissimilarity does not satisfy the triangle inequality. The triangle
inequality ensures an intuitive relationship between local and global distances,
literally that a sum of local distances should be larger than the corresponding
global distance. Another way to interpret this is that when the inequality is
not satisfied, the local distances can be smaller than a metric global topology
would allow. The 1-NN algorithm is based on purely local properties of the
space, whereas the kernel k-means algorithm considers the distances more
globally, by depending on the within-cluster inertia. However, this is only a
suggestion for explaining the results and we have not been able to verify it
theoretically, nor by demonstration.
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F I G U R E 3 . 6 : The results of the propagating 1-NN algorithm
with the nine Newsgroups graphs (top rows) and the four

WebKB co-citation graphs (bottom row)

3.6 Discussion

In this chapter, we concentrated on graph node distances that generalize the SP
and CT distances. We first presented the setting of the chapter where we con-
centrate on graphs that have a structure based on edge weights and another
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based on edge costs. Within this setting, we also proved that the commute
cost distance is equal to the commute time distance up to a constant factor.
This small result is interesting because it means that changing a cost of one
edge of the graph has the same effect for all the pairwise commute cost dis-
tances in the graph, remembering that the transition probabilities defining the
corresponding Markov chain are independent of the costs.

We then developed the theory behind one parametrized distance family, the
RSP dissimilarity, by providing a new closed form algorithm for computing
all pairwise dissimilarities of a graph. In addition, we derived the FE distance
based on the Helmholtz free energy. Although we show that the FE distance
coincides with the potential distance, proposed earlier, our new derivation
provides a solid theoretical background to the distance. The derivation also
reveals a closer resemblance of the FE distance with the RSP dissimilarity. The
significant difference between the two is that only the FE distance is a metric.
The FE distance has other nice features as well, including the graph-geodetic
property and a closed form solution for computing all pairwise distances.

The other focus of this chapter was to compare different generalized graph
node distances. We gave simple examples of subtle differences between some
of the distance families using small artificial graphs. We then employed the
distances on different network data analysis tasks in order to compare them
and to evaluate their applicability. Graph visualizations obtained with the
generalized distances indicated that they manage to respect the community
structure of the graph much better than the traditional distances. Clusterings
based on the parametrized distances with the tuned parameter values corre-
sponded more to the inherent topic-induced classification of the graph nodes
than the clustering found based on the SP and CT distances. We also performed
semi-supervised graph node classification based on a simple nearest neighbor
learning algorithm. In this experiment, the logarithmic forest distance per-
formed best, while the RSP dissimilarity in many cases gave surprisingly poor
results. Thus, it seems that the RSP dissimilarity can capture the global cluster
structure of a graph quite well, but when focusing on individual, local dis-
tances, it is not so reliable. The logarithmic forest distance works well in the
nearest neighbor learning task, but fails in many cases in the clustering task.
The FE distance, however, performs well in both tasks. The FE distance is also
defined in this chapter on a solid foundation based on statistical thermody-
namics, and it satisfies many desirable properties of a distance. One future
plan is to use the different distance families in other network analysis tasks in
order to characterize their differences more and give more insight on which
distance is appropriate in which context.
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Community detection using
bag-of-paths probabilities

4.1 Introduction

In this chapter, we will use path probabilities for performing community de-
tection. Community detection means the task of partitioning the nodes of a
graph into dense groups, i.e. groups containing many edges within them but
that only share a few edges with each other [74]. It is analogous to cluster-
ing in a vector space, but with the difference that in clustering, the number of
clusters is often set beforehand, whereas in community detection, finding a
natural number of communities is part of the task. Recent surveys of graph
node clustering and community detection can be found in [74, 126, 184, 217,
76, 41]. In this chapter, we will only focus on community detection.

The most widely used criterion for designing community detection methods
is the modularity criterion defined by Girvan and Newman [160]. It compares
the amount of edges that appear within a community with the amount of them
that would appear in a corresponding random graph. Several algorithms have
been suggested for finding a partition with a maximal modularity – a task that
is known to be computationally intractable [37]. One of the most popular meth-
ods for this is called the Louvain method [23]. In this chapter we will present
a reinterpretation of the modularity criterion by focusing on paths instead of
edges. Particularly, we replace edge probabilities with path probabilities ac-
cording to the bag-of-paths framework [82, 129], and derive the bag-of-paths
modularity. Moreover, we rephrase the Louvain method to maximize this new
path modularity and show with a small set of networks that it outperforms the
standard modularity as a community criterion on these data.
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The chapter was originally a part of the article [81, 82], but was removed from
it because of length constraints and to make the article more focused. The work
presented here was since left unpublished, although the results obtained in the
reported experiment were very promising. The idea of the bag-of-paths modu-
larity developed for the mentioned article was also considered in the context of
semisupervised classification in [54], where a bag-of-paths modularity kernel
outperformed state-of-the-art methods.

4.1.1 Background

In order to estimate the quality of a partition, Newman and Girvan [160] in-
troduced a new criterion called modularity. They used a method for detecting
communities that selected edges for deletion according to the value of edge
centrality, with respect to different edge betweenness measures. It then used
the modularity criterion to select the best partition out of the hierarchy of edge
deletions.

The modularity criterion has two advantages. It has a clear interpretation and
it is able to detect a natural number of communities. It is based on the differ-
ence between the observed proportions of links within communities and the
same quantity assuming independence of the community structure. The orig-
inal definition of modularity [160] only deals with unweighted, undirected,
graphs but it was soon generalized also for weighted graphs [156]. This mea-
sure became very popular and has been studied in an important number of
publications [159, 57, 60, 75, 98, 199]. Nevertheless, other criteria allowing
to find the natural number of communities or clusters exist in the literature
[149]. Several optimization algorithms have since been applied to maximize
modularity such as simulated annealing [60] and deterministic annealing [176].
Other references can be found in [74, 154, 76].

Different methods for greedy optimization of modularity were reviewed and
compared in [162]. The paper defines four different features in which the ap-
proaches differ. The first greedy algorithm for maximizing modularity was
suggested by Newman [159]. It is an agglomerative hierarchical clustering
method, where groups of vertices are successively joined to form larger com-
munities such that modularity increases after merging. A different greedy
approach has been introduced by Blondel et al. [23]. Their method, often cited
as the “Louvain method”, will be investigated later in Section 4.2.2.

Arenas et al. [8] generalized Newman-Girvan modularity by replacing edges
with motifs. Motif extraction on graphs has attracted a lot of attention in the
past years in community detection but also in graph comparison [106]. A motif

74



Chapter 4. Community detection using bag-of-paths probabilities

is defined as a predefined connected subgraph, or a weakly connected struc-
ture. Newman and Girvan derived new versions of modularity based on short
paths, cycles or any motifs of a network to define and identify communities.

The community detection method presented in this chapter relies on paths
as motifs for measuring the connectedness of nodes. In the experiments of
Section 4.3, we combine the motif-based approach with the Louvain method
mentioned above, and obtain promising results in community detection.

4.1.2 Louvain method

The aim of this chapter is to extend the modularity criterion to consider longer,
path-based dependencies in a graph, in order to improve and refresh the cur-
rent community detection methodology. In order to evaluate the functioning
of our approach, we use the Louvain method [23] for community detection.
As already mentioned, it is a heuristic optimization method designed for max-
imizing modularity in the traditional sense but it can be easily extended for
our purposes. The Louvain method proceeds by iterating two phases. First
vertices are moved from one community to another, whenever it increases the
modularity. After the modularity cannot be increased by moving vertices, the
communities are merged as vertices of a new graph. The weight of a link in
the new graph is determined as the sum of the weights of all the links between
the vertices belonging to the corresponding two communities. The iteration
of these phases is continued until no further increase in modularity can be
obtained by merging communities.

According to the terminology of [162] the Louvain method is a combination
of a simple fast greedy refinement algorithm and a multi-level coarsening al-
gorithm. The experiments in [162] support the result of the developers of the
Louvain method [23] that the algorithm is very fast and performs reasonably
well in maximizing modularity. This is why we found it suitable for testing
the effectiveness of the path-based modularity in community detection.

4.1.3 Modularity interpreted through a bag-of-links model

One of the major issues in network science has been the search for a rigorous
and thorough definition of community in graphs. One natural approach is to
consider communities as sets of nodes that are more connected together than
the nodes of a random graph with a similar degree distribution. The modularity
criterion [160, 154] precisely measures this departure from independence. It
can be formulated by considering the probabilities that a link of the graph has
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ending nodes that belong to the same class, i.e. the probabilities P(s ∈ Ck, e ∈
Ck), where s and e are the random variables corresponding to the starting and
ending node of a link. This can be considered as a bag-of-links model, analogous
to the bag-of-words model used in natural language processing. Then, the
modularity of a partition {C1, . . . , Cm} of the nodes of a graph G is defined as

Q(C1, . . . , Cm) =

m∑

k=1

(P(s ∈ Ck, e ∈ Ck)− P(s ∈ Ck)P(e ∈ Ck)) (4.1)

where s ∈ Ck (e ∈ Ck) means that the starting (ending) node belongs to the
kth community when sampling a link from the bag of links. A large value for
modularity means a strong community structure.

Let us see how to estimate the modularity defined in Equation (4.1) on a partic-
ular graph G. Let w(Ck, Cl) =

∑
i∈Ck

∑
j∈Cl

aij denote the total weight of links
in G starting from a node belonging to community k and ending in a node
belonging to community l. Similarly, w(Ck,V) =

∑
i∈Ck

∑n
j=1 aij =

∑
i∈Ck

ai•,
where V is the set of nodes of G, denotes the total weight of links in G start-
ing from a node belonging to community k, and w(V, Cl) =

∑n
i=1

∑
j∈Cl

aij =∑
j∈Cl

a•j denotes the total weight of links in G ending in a node belonging to
community l. The probability of picking a link connecting community k and
community l can therefore be estimated by

P(s ∈ Ck, e ∈ Cl) =
w(Ck, Cl)

m∑

k′,l′=1

w(Ck′ , Cl′)
=

w(Ck, Cl)
w(V,V) =

∑

i∈Ck

∑

j∈Cl

aij

a••
(4.2)

where w(V,V) =∑n
i,j=1 aij = a••. Recalling that ai• =

∑n
j=1 aij , the estimates

of the corresponding marginal probabilities are




P(s ∈ Ck) =
m∑

l=1

P(s ∈ Ck, e ∈ Cl) =
w(Ck,V)
w(V,V) =

(∑

i∈Ck

ai•

)
/a••

P(e ∈ Cl) =
m∑

k=1

P(s ∈ Ck, e ∈ Cl) =
w(V, Cl)
w(V,V) =


∑

j∈Cl

a•j


/a••

(4.3)

Therefore, the modularity of a partition of graph G can be computed through

Q = Q(C1, C2, . . . , Cm) =
m∑

k=1

[
w(Ck, Ck)
w(V,V) −

w(Ck,V)w(V, Ck)
(w(V,V))2

]
(4.4)
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or, elementwise,

Q =

m∑

k=1




∑

i∈Ck

∑

j∈Ck

aij

a••
−

(∑

i∈Ck

ai•

)
∑

j∈Ck

a•j




(a••)2




(4.5)

There is a balance between the two terms in Equation (4.5). To maximize the
first term, the communities should contain many edges whereas the minimiza-
tion of the second term is achieved by splitting G into many communities with
small degrees each [38].

In order to ease computation and notation we introduce a n× 1 binary mem-
bership vector uk for each community k ([uk]i = 1 if node i belongs to com-
munity k; otherwise [uk]i = 0) and observe that a•• is the volume of G,
vol(G) =

∑n
i=1

∑n
j=1 aij . We also define the modularity matrix as

Q = A− (Ae)
(
eTA

)

vol(G)
. (4.6)

Then, Equation (4.5) can be rewritten in matrix form as

Q(u1,u2, . . . ,um) =
1

vol(G)

m∑

k=1

uT
kQuk (4.7)

The goal in community detection is then to find a partition that maximizes
the modularity Q with respect to the number of communities m as well as the
binary membership vectors uk.

4.2 The bag-of-paths model

The modularity of a partition was defined in Equation (4.1) according to a
bag-of-links framework. Our idea is to modify the definition by taking into
account longer dependencies of nodes of the graph than just adjacencies. In
order to achieve this, we replace the probabilities of links with probabilities of
paths by using the bag-of-paths (BoP) framework [82]. It is a model inspired by
the RSP framework, where a Gibbs-Boltzmann distribution is defined over the
set of all paths on the graph. The distribution can be considered as prescribing
probabilities of picking up a given path from a bag containing all the paths of
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a graph so that short paths have a high probability and long paths have a low
probability.

4.2.1 The bag-of-paths probabilities

In more detail, the BoP framework is defined by solving the problem of mini-
mization of expected cost of paths drawn from the bag of paths (as described
above), with a fixed relative entropy with respect to a reference probability
distribution, as in the definition of the RSP framework. Formally, we seek for
the distribution that solves

Minimize
P

∑

℘∈P

P(℘)c̃(℘) subject to

{
J(P‖Prw) = J0∑

℘∈P P(℘) = 1,
(4.8)

For the set P of all hitting paths on G, the reference path probability of a path
℘ ∈ P , whose starting and ending nodes are s and t is defined by normalizing
the natural random walk probabilities by the number of possible s-t-pairs, as
Prw(℘) = 1

n(n−1)P
rw
st (℘). The solution of the BoP minimization is, again, the

Gibbs-Boltzmann distribution

PBoP(℘) =
w̃(℘)

Z , (4.9)

where Z =
∑

℘∈P w̃(℘) is the bag-of-paths partition function, and w̃(℘) is the
likelihood of path ℘, defined, as before, according to Equation (2.13), but by re-
placing the random walk probability Prw

st (℘) related to the s-t-pair in question
with the global random walk probability Prw(℘).

Based on this, for a pair of nodes i and j, the BoP probability, Πij , is defined
as the probability that a path picked from the bag of paths has i and j as its
starting and ending node, respectively. It is given by

Πij = P(℘ ∈ Pij) =

∑
℘∈Pij

Pref(℘) exp[−βc̃(℘)]
∑

℘′∈P

Pref(℘′) exp[−βc̃(℘′)]

=

∑
℘∈Pij

Prw
st (℘) exp[−βc̃(℘)]

∑
i′,j′∈V

∑
℘′∈Pi′j′

Prw
st (℘

′) exp[−βc̃(℘′)]
=

Zij∑
i′,j′∈V

Zi′j′
.

(4.10)
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Based on similar derivations as in chapter 3, the matrix of BoP probabilities
between all pairs of nodes can be computed as (for more details, see [81, 82])

Π =
ZD−1

h − I

eT(ZD−1
h − I)e

, with Z = (I−W)
−1 and Dh = Diag(Z).

4.2.2 Modularity with paths and its maximization

Let us now redefine the modularity criterion by replacing the link probabilities
in the bag-of-links interpretation of Equation (4.1) with the BoP probabilities.
For this, let us consider, again, a partition of the nodes of a graph {C1, . . . , Cm}.
Let us then denote with P(s ∈ Ck, e ∈ Cl) the probability that the starting and
ending node of a path drawn from the bag of paths belong to groups Ck and Cl,
respectively. Then, the bag-of-paths modularity (BoP modularity) of the partition
is

QBoP(C1, C2, . . . , Cm) =
m∑

k=1

P(s ∈ Ck, e ∈ Ck)− P(s ∈ Ck)P(e ∈ Ck) (4.11)

which extends modularity by taking all path lengths into account. In matrix
form, if we first define the BoP modularity matrix as

QBoP = Π− (Πe)
(
eTΠ

)
(4.12)

then, using the membership vectors ui, the BoP modularity can be computed
as

QBoP(u1,u2, . . . ,um) =

m∑

k=1

uT
kQBoPuk (4.13)

4.3 Experiments

In these experiments, we wanted to examine how the bag-of-paths framework
could be applied in community detection. For this we use the Louvain method
for modularity maximization but by interpreting the modularity using the BoP
probabilities. The process is the same as in the standard Louvain method,
briefly explained above in Section 4.2.2. Indeed, one only needs to give the
matrix of path probabilities as input to the algorithm instead of the adjacency
matrix of the graph, as is done in the standard case.
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It is worth noting that the Louvain method often only finds a local maximum
of the modularity criterion. Moreover, the end result depends on the order
in which the nodes are browsed through, when moving them to other com-
munities. Because of this, when evaluating the method, we must repeat the
method several times with different random initial conditions. Another im-
portant point to remember is that the number of communities is not fixed for
the Louvain method, but is determined by the method itself. For evaluating
the quality of the communities with respect to the original classes, we use the
adjusted Rand index [174, 218] and the normalized mutual information [195].

The experimental setting is similar to the clustering experiment with kernel k-
means in chapter 3, section 3.5.3: the same Newsgroups data sets are used, and
the same separate data set is left for tuning the β parameter for the BoP model.
Again, for the tuning, the algorithm is run 30 times and the partition with the
largest BoP modularity is picked. The adjusted Rand index and normalized
mutual information score are then calculated for this partition. This process is
repeated 20 times for different β’s, this time ranging between β ∈ [10−3, 1]. We
observed that the best mean values for the evaluation measures were obtained
with β = 0.007.

The Louvain method (LM; which tries to maximize modularity), and our novel
bag-of-paths extension of it (LM-BoP; which tries to maximize the BoP modu-
larity), are then applied on the nine different Newsgroups datasets described
in chapter 3. We run the algorithm 30 times (trials) and choose the partition
with the largest standard modularity or BoP modularity, depending on the
algorithm, and calculate the adjusted Rand index and normalized mutual in-
formation for that partition. The mean and standard deviation of the results of
20 such runs are computed.

The results are reported in Table 4.1. They show quite consistently that max-
imizing the BoP modularity instead of the standard one improves the com-
munity detection performance according to the evaluation measures used on
these datasets. With only two out of the nine datasets, “G-3cl-A” and “G-5cl-
C”, the path-based modularity does not provide better results, although even
in those cases the results are competitive with the traditional modularity.

4.4 Discussion

This chapter introduced briefly a community detection method derived from
the bag-of-paths framework. The method reinterprets modularity, which nor-
mally measures the quality of a partition of a graph into communities based on
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ARI LM LM-BoP
Datasets
G-2cl-A 49.9 ± 2.72 69.9 ± 0.87
G-2cl-B 27.2 ± 2.28 50.5 ± 3.22
G-2cl-C 47.2 ± 0.90 67.4 ± 0.79

G-3cl-A 70.4 ± 1.13 69.6 ± 0.53
G-3cl-B 63.2 ± 1.92 80.2 ± 1.81
G-3cl-C 65.6 ± 2.02 77.9 ± 1.88

G-5cl-A 64.5 ± 0.58 74.1 ± 1.24
G-5cl-B 55.7 ± 0.83 60.2 ± 1.45
G-5cl-C 57.1 ± 2.91 55.1 ± 1.22

NMI LM LM-BoP
Datasets
G-2cl-A 55.3 ± 2.77 68.0 ± 1.35
G-2cl-B 38.4 ± 2.78 45.7 ± 1.89
G-2cl-C 55.7 ± 1.14 67.0 ± 1.75

G-3cl-A 67.9 ± 1.31 67.5 ± 0.61
G-3cl-B 63.5 ± 2.07 73.7 ± 2.37
G-3cl-C 64.3 ± 2.03 72.0 ± 1.76

G-5cl-A 66.1 ± 0.66 70.4 ± 1.25
G-5cl-B 62.8 ± 1.21 65.3 ± 1.53
G-5cl-C 56.9 ± 2.13 58.2 ± 1.69

TA B L E 4 . 1 : Performance comparison with Adjusted Rand
Index (ARI) and Normalized Mutual Information (NMI) be-
tween the Louvain method (LM) and the extended Louvain

method using the BoP probabilities (LM-BoP).

probabilities of observing edges within a community. The BoP modularity ex-
tends this idea by considering probabilities of observing paths between nodes
within a community, instead of just edges. As explained earlier, the theory and
the small experiment presented here were originally written as a section in
[82]. The section was withdrawn from the article, but it was never extended
to a full paper, which it might actually still deserve, as the idea behind the
BoP-modularity is intuitive and attractive, and because the initial experimen-
tal results presented here indicate a potential of this approach for community
detection.
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Chapter 5

Two betweenness centrality
measures based on
randomized shortest paths

5.1 Introduction

One of the most fundamental and popular topics in network science is deter-
mining the centrality of a node in a network according to the structure of the
network. The concept of centrality can be interpreted in many ways and a vast
number of measures have been proposed based on different interpretations.
One commonly used interpretation is betweenness centrality, which reflects the
extent to which a node lies in between pairs or groups of other nodes of the
graph. This can be also stated as the extent to which a node is an intermediate
in communication over the network. Different models have been proposed to
measure the participation of a node in this communication ranging from the
shortest path betweenness centrality of Freeman [83, 84], which considers commu-
nication flowing only along the shortest paths, to the current flow betweenness
centrality [157, 36], which interprets communication flowing as electric current
or as random walks in the network.

In this chapter we propose two families of betweenness centrality measures
based on the Randomized Shortest Paths (RSP) framework [215, 182, 115]. The
framework is based on Boltzmann probability distributions over paths be-
tween the nodes of a network which focus on short, optimal paths, but give
some probability mass also to longer paths. The extent of focus on optimal
paths is controlled by an inverse temperature parameter β. The RSP framework
has previously been shown to function well when defining distance measures
on networks for clustering and classification of network nodes [115]. In this
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work we extend the study of RSPs by showing their potential also in defining
centrality measures. The two RSP betweenness centralities presented in this
chapter measure the involvement of each node in RSPs between the nodes of
the graph. The first measure, which we call the simple RSP betweenness, mea-
sures the expected number of visits to a node during RSPs, while the second
one, called the RSP net betweenness is the sum of expected net flows over the
edges connected to a node.

The proposed RSP betweenness measures are attractive both theoretically as
well as in practice. Theoretical interest is ensured by the fact that both measures
can be seen as generalizations of classical betweenness measures. With large
values of the parameter β, both RSP betweenness measures converge to a mea-
sure that we introduce as the shortest path likelihood betweenness, which is
very closely related to the original betweenness centrality defined by Freeman
[83, 84] and its other similar variant, the load centrality [89]. The reason for
defining two different betweenness measures with RSPs is in their behaviour
as β is decreased. Namely, the simple RSP betweenness then converges to
the stationary distribution of a random walk on the network (multiplied by
a constant), whereas the RSP net betweenness converges to the current flow
betweenness [157, 36]. The definition, as well as the computation, of the simple
RSP betweenness are more straightforward than for its counterpart, the RSP
net betweenness, which can also be stated of their corresponding limit func-
tions. In addition, the experiments in Section 5.4 indicate that the simple RSP
betweenness can in practice be more useful than the RSP net betweenness or
the current flow betweenness. However, the choice of which definition to rely
on in the end depends on the application domain.

Considering betweenness based on RSPs is motivated by the fact that measures
based only on shortest paths or on random walks alone often involve undesir-
able features. Shortest paths in a complex network tend to pass through only
a small fraction of the nodes of the network, which can cause highly skewed
betweenness score distributions and fail in differentiating between the other
nodes of the network [89, 16]. Also, when considering communication or navi-
gation in networks, it is not always even realistic to consider that they would
occur along only the shortest, nor completely random paths. Instead, move-
ment may follow a partly random route, with a drift towards a destination, for
example when the navigating agent does not know the optimal way or wants
to add secrecy and unpredictability to its route. As a result, the trajectories that
are actually used in the network can be more spread over different nodes in
areas of the network that contain many connections. Because of this, RSPs can
help, for instance, in detecting bottlenecks of the network, where there exist
no alternatives for the shortest path.

Measures based solely on random walks do take into account the abundance
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of connections between nodes. However, they may in many situations depend
heavily on local features of a graph, especially for large graphs [139, 151, 210]
instead of capturing its interesting global properties. Thus, some regularisation
over the degree of randomness is needed, which in the RSP framework is
controlled by the inverse temperature parameter β.

Models that find a compromise between the optimal shortest path and a ran-
dom walk have recently received a lot of attention. Compared to these, the at-
tractive aspect in using the RSP framework is that the compromise between the
shortest and random paths is optimal by definition, as the Gibbs-Boltzmann
distribution minimizes the expected cost of paths subject to a fixed relative
entropy [215, 182]. The minimization can also be expressed with respect to
free energy [115]. In addition to the optimality aspect, the computation of
quantities related to RSPs is fairly straightforward to implement and can be
run in reasonable time for moderate-sized graphs. However, a drawback of
the algorithms presented in the chapter is that they rely on matrix inversion,
or, alternatively, solving a system of linear equations, which can be prohibitive
for computations with very large networks. However, in the future we plan
to develop more specialized methods that will enable the RSP quantities to be
computed with large networks as well, e.g. taking advantage of the possible
sparseness of the matrices and linear systems involved in the computations.

Ideas similar to the RSP framework of interpolating between the two ex-
tremes can be found in the work of Alamgir and von Luxburg [3], involving
p-resistances and graph node distances based on them, of Chebotarev involv-
ing distances based on the matrix forest theorem [45, 43], of Zhang and Boley
[137] with focus on routing schemes, of Estrada, who has defined the subgraph
centrality [69] and the communicability betweenness [68]. Even more related
to this chapter are the recent works of Bavaud and Guex [17] and Lebichot
et al. [129]. In fact, the two betweenness centrality measures presented in
this chapter can be shown equal to the betweenness measures proposed by
Bavaud and Guex [17], although the relation between the two works is not
entirely obvious. We will discuss this relation and the relation between the RSP
betweenness measures and other previously proposed betweenness measures
in more detail in Section 5.2.

To sum up, the contributions of this chapter are:

• we define two betweenness centrality measures which form a spectrum
between measures based on shortest paths and pure random walks, there-
fore integrating information about both the optimality and the abun-
dance of paths between nodes of the network,

• we derive algorithms for computing these measures in a convenient and
efficient way, and
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• we demonstrate with example networks that the proposed RSP between-
ness measures may provide a more interesting ranking of the network
nodes than the classical measures that they generalize.

The structure of the chapter is as follows: Section 5.2 reviews the literature of
betweenness centrality measures of different kind. Section 5.3 reviews the RSP
framework and then introduces the RSP betweenness centrality measures and
the methodology for computing them. Section 5.4 then presents example cases
that illustrate the benefits of using RSP betweenness measures.

5.2 Betweenness centralities

In this section, we extend the more general review of Section 2.5 on network
centrality measures. However, here we focus more specifically on betweenness
centrality measures.

Note that when considering betweennes measures there are different possibil-
ities in whether or not the source and target nodes, s and t should be consid-
ered also as intermediate nodes of a path for centrality considerations. In this
chapter we use the convention where the first node of a path does affect the be-
tweenness scores, but the last one does not. For betweenness measures based
on shortest paths this choice only changes the overall betweenness scores by
an additive constant in a strongly connected graph, and thus only affects the
ranking of nodes when the network has several components. In contrast, when
measuring betweenness based on random walks, further visits to the starting
node s after the first step may increase the betweenness score of node s and
thus may also affect the rankings. Betweenness measures are also often normal-
ized, e.g., according to the number of possible node pairs, when considering
shortest paths between nodes. However, in this chapter we leave the normal-
ization out of consideration in all the definitions, because it never affects the
rankings of nodes within a strongly connected network.

5.2.1 Betweenness based on shortest paths

Possibly the best-known centrality measure of all is the original betweenness cen-
trality of Freeman [83, 84], which counts the fraction of shortest paths between
a pair of nodes that an intermediate node lies on and sums these fractions over
all node pairs. We will also refer to it as shortest path betweenness, for specificity.

Let us denote the set of shortest paths from node s to node t by P∗
st, the total

number of such paths by |P∗
st| and the cost of the shortest path from s to t by
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c̃∗st. The directed graph that consists only of the nodes and directed edges that
belong to the shortest paths from s to t is called the directed shortest path graph
from s to t.

Formally, the shortest path betweenness of node i can be expressed as

CBet
i =

n∑

s,t=1

n(i ∈ P∗
st)

|P∗
st|

, (5.1)

where n(i ∈ P∗
st) means the number of shortest paths that contain node i.

Notice that if there are more than one shortest path connecting s to t, each of
these paths will contribute a score of 1/|P∗

st| to the betweenness of the nodes
on them.

There exist several variations of the shortest path betweenness. A thorough re-
view of these variants and their efficient computation was provided by Brandes
[34]. One variant, called the load centrality [89, 155, 34], replaces the fractional
term inside the sum in (5.1) with the branching probability of a path, i.e. the prob-
ability that a random walker moving in the directed shortest path graph from
s to t follows a path that contains node i, when at each branching point in this
graph it selects the edge to follow with uniform probability over all outgoing
edges. For illustration of the difference between the shortest path betweenness
and load betweenness, see [34]. With weighted graphs the two measures are
usually equal, as there often exists a unique shortest path between all nodes,
especially if the weights are real-valued.

In what follows, we will need to consider another variant of the shortest path
betweenness, which we have not encountered in the literature previously. We
call this measure the shortest path likelihood betweenness. We define it for a node
i ∈ V similarly to the load centrality, by replacing the term inside the sum in
(5.1) with the sum of shortest path likelihoods, P∗

st(℘
∗
k) from Equation (2.11) of

the shortest paths that contain node i. In other words, we define the shortest
path likelihood betweenness of node i as

CLikeBet
i =

n∑

s,t

∑

℘∗

st∈P∗

st

P∗
st(℘

∗
st)[i ∈ ℘∗

st], (5.2)

where [i ∈ ℘∗
st], based on the Iverson brackets [122], is 1 if node i appears on

path ℘∗
st, and 0 otherwise.

Note, that the shortest path likelihood of a path is different from its branching
probability which is based on transition probabilities in the directed shortest
path graph from s to t, instead of the transition probabilities defined originally
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for the whole graph. The shortest path likelihood betweenness is introduced
here for the sake of completeness because it is the limiting function of both RSP
betweenness measures presented in this chapter. However, the differences be-
tween the three variants of shortest path betweenness presented above are
very small, and in practice they provide very similar rankings of the nodes of
a network. Especially, when the shortest paths between node-pairs are unique
(which is often the case for real-valued edge costs), the standard shortest path
betweenness, the load betweenness and the shortest path likelihood between-
ness all coincide.

5.2.2 Betweenness based on random walks

Betweenness has also been considered with respect to other than just shortest
paths, namely by considering random walks or flows on a network. The first
such measure was proposed by Freeman [85], who defined the flow betweenness
centrality as the amount of flow through a node over maximum flows between
all node pairs. The idea of considering flows was developed further by New-
man [157], who defined the current flow betweenness centrality, which measures
the centrality of a node as the total sum of electrical current that flows through
it, when considering all node pairs as source-sink pairs of a unit current flow.
The current flow betweenness was also coined the random walk betweenness
centrality because of the well-established connection between electric current
flows and random walks [59]. Indeed, it can also be interpreted as the sum of
expected net flows of a random walk over the edges connected to a node, mean-
ing that the number of times that the walk enters or leaves the node along an
edge cancel each other out. Brandes and Fleischer [36] developed an algorithm
which improves the efficiency of computing the current flow betweenness for
all nodes of a network. The properties and computation of the current flow
betweenness have also been studied by Bozzo and Franceschet [33].

Instead of considering net flows, a more straightforward definition of between-
ness based on random walks is simply the overall expected number of visits to
a node during a random walk. For arbitrary, non-hitting paths, this quantity
is not necessarily well-defined, as the probability of non-hitting paths cannot
necessarily be well-defined. However, it is possible to compute the proportion
of steps of such a walk that the walker spends in a node. This is also, loosely
speaking, equal to the probability of finding the walker at the node after a
long walk, which is known as the stationary probability of the node in a ran-
dom walk on G. The stationary probabilities define the stationary distribution,
which is the unique vector π with positive elements that satisfies π = (Prw)Tπ
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and
∑

k πk = 1. For directed graphs that are not strongly connected the sta-
tionary distribution is not necessarily unique or may not even exist. To over-
come this issue, for instance, the PageRank algorithm [164] uses a teleportation
probability which transforms any kind of a graph into a strongly connected
approximation and computes the stationary distribution on the transformed
graph. However, for strongly connected graphs, the stationary distribution
always exists and is unique [94]. Moreover, it is well known that the stationary
probabilities are proportional to the recurrence times and, if the graph is undi-
rected, to the degree centralities (or strength, for weighted graphs) of nodes
[94, Theorem 11.10].

Even though the expected number of visits to a node is not well-defined for
arbitrary paths, it is well-defined for hitting paths. A bit surprisingly, we have
discovered that when computed over all hitting random walks on a strongly
connected graph, this measure is equal to the stationary distribution, up to a
multiplying constant. The multiplying constant is the sum, over all s-t-pairs
of the graph, of expected hitting times, 〈L〉rwst . Especially, when considering
undirected graphs, as the commute time distances are propo

This result is not completely obvious and did not seem to appear explicitly in
the literature at the time of writing the article [117] upon which this chapter is
based on. In the original article, we left the result without proof, as it would
have been a bit of a sidestep from the focus of the article. However, here we
give a proof, which was devised with help from Jean-Charles Delvenne, whom
we thank. Interestingly, the result is also stated in a recent paper [92], which
has appeared after the publication of [117].

Let η̄rwi (s, t) denote the expected number of visits to node i over all hitting
paths going from node s to node t, w.r.t. the natural random walk probabilities
Prw
st . In the definition, the first node of a path is counted as a visit to node

s, but the last node of the path is not counted as a visit to t. Moreover, let
η̄rwi =

∑
s,t η̄

rw
i (s, t).

Theorem 5.2.1.
η̄rwi = πi

∑

s,t

〈L〉rwst . (5.3)

For proving Theorem 5.2.1, we first derive an expression for η̄i(s, t) using the
elements of the fundamental matrix of the graph

Z = (I−Prw + eπT)−1. (5.4)

Note that although the matrix I − Prw is singular, adding matrix eπT to it
makes it invertible, as π spans the left null space of I−Prw. It is well known
(Theorem 11.16 in [94]) that the expected hitting time can be expressed using

89



Chapter 5. Two betweenness measures based on RSPs

the elements of Z, as

〈L〉rwst =
ztt − zst

πt
(5.5)

Lemma 5.2.2 provides a similar expression for the number of visits in a similar
fashion as the proof for (5.5) in [94]. As a sidenote, a result similar to Lemma
5.2.2 could be derived by combining Lemmas 2.9 and 2.11 in [6].
Lemma 5.2.2.

η̄rwi (s, t) = zsi − zti + πi〈L〉rwst (5.6)

In [92] the above quantity is interpreted as element (s, i, t) of the 3-dimensional
fundamental tensor of random walks, which can be used for computing many
different random walk based measures on a graph. The authors there define
a way for computing the quantity for any triplet (s, i, t) requiring the com-
putation of the pseudoinverse of the Laplacian matrix only once. This result
provides an alternative for that solution, relying on the fundamental matrix Z

instead of the pseudoinverse of the Laplacian.

Proof of Lemma 2. The function η̄rwi (s, t) is zero for the cases s = t and t = i.
For other cases it can be expressed recursively as

η̄rwi (s, t) = δsi +

n∑

k=1

prwsk η̄
rw
i (k, t),

where δsi is the Kronecker delta. Thus, for arbitrary s, t and i:

η̄rwi (s, t) = (1− δst)(1− δti)(δsi +

n∑

k=1

prwsk η̄
rw
i (k, t))

= δsi − δsti +

n∑

k=1

prwsk η̄
rw
i (k, t)− δst

n∑

k=1

prwsk η̄
rw
i (k, t)

− δti

n∑

k=1

prwsk η̄
rw
i (k, t)

︸ ︷︷ ︸
=0

+ δsti

n∑

k=1

prwsk η̄
rw
i (k, t)

︸ ︷︷ ︸
=0

The last two terms of the above expression are zero, as, by definition, η̄rwi (s, i) =
0. The expression can be written in matrix form as

N = eie
T − eie

T

i +PrwN−D, (5.7)
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where D = diag(PrwN). Next, we show that the diagonal elements of D have
a simple form. Namely, by rewriting (5.7) as

(I−Prw)N = eie
T − eie

T

i −D, (5.8)

and multiplying this from the left with π
T, because π

T(I−Prw) = 0, we get

dT = πie
T − πie

T

i (5.9)

where dj = πj(P
rwN)jj . From this we know that

(D)jj = (PrwN)jj =

{
πi/πj , for j 6= i

0, for j = i.
i.e. (D)jj = (1− δji)

πi

πj
. (5.10)

Adding eπTN on both sides of (5.8) gives

(I−Prw + eπT)N = eie
T − eie

T

i −D+ eπTN (5.11)

and multiplying from the left with Z, we get

N = Zeie
T − Zeie

T

i − ZD+ ZeπTN. (5.12)

The above equation holds for any s, i and t. Let us now assume i 6= t. Then
knowing that Ze = e, (as also (I − Prw + eπT)e = e), we can write η̄rwi (s, t),
using Equation (5.10) as

η̄rwi (s, t) = eTsNet = zsi − zsi e
T

i et︸︷︷︸
=0

−zst(D)tt + π
TNet (5.13)

= zsi −
πi

πt
zst +

n∑

k=1

πkη̄
rw
i (k, t). (5.14)

We know that η̄rwi (t, t) = 0, from which we get

n∑

k=1

πkη̄
rw
i (k, t) =

πi

πt
ztt − zti. (5.15)

Inserting this to (5.14) and remembering Equation (5.5) then gives

η̄rwi (s, t) = zsi − zti +
πi

πt
(ztt − zst) = zsi − zti + πi〈L〉rwst . (5.16)

The proof is finished by noting that the above holds also for the case i = t, as
the right side of the equation becomes 0, as expected.
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Proof of Theorem 1. The result follows from Lemma 2 by summing (5.6) over all
s and t, as the terms zsi − zti cancel each other out.

Note that the result of Theorem 5.2.1 can also be stated, based on the Kirchhoff
index, K(G) (see Equation (2.36)), as

∑
s,t〈L〉rwst = K(G)

∑
(i,j)∈E aij , remem-

bering Equation (2.42).

The RSP betweenness centrality measures proposed in this chapter are also
based on random walks, more particularly on the RSP framework, presented in
Section 2.3. The first betweenness measure is based on counting the expected
number of passages through a node of a random walker moving according
to the RSP probabilities, while the other computes the expected net flow of
walkers going through the node. Accordingly, the limit of the first betweenness
measure, for node i, is η̄rwi , as will be discussed later.

In fact, the RSP betweenness measures coincide with betweenness measures
proposed recently, independently of our work, by Bavaud and Guex [17]. They
propose a framework which interpolates between shortest paths and random
walks by the minimization of free energy in a similar fashion as the free energy
derivation of the RSP framework of Kivimäki et al. [115]. One main difference
in the work of Bavaud and Guex [17], compared to the derivation of RSPs, is
that a more general form of energy functionals, besides the expected length
(or cost) of a path, is considered. In addition to that the relative entropy is
considered with respect to transition probabilities instead of path probabilities,
as is done in the definition of RSPs. The path distribution derived by Bavaud
and Guex [17] can, however, be shown to equal the path distribution defined
in the RSP framework, although this requires some lengthy and uninteresting
derivations and is left out of this chapter. The relation between the two ap-
proaches has also been studied in the more recent work of Guex and Bavaud
[96]. Compared to the work of Bavaud and Guex [17], our work focuses more
on the computational and practical aspects of the methodology. Thanks to the
recent developments in the RSP framework [115], we are also able to present
more efficient and straightforward algorithms for computing the quantities in
question and illustrate the use of the methodology with practical examples.

Also closely related to the idea behind the RSP betweenness centralities is the
bag-of-paths (BoP) betweenness centrality [129]. It is based on the BoP framework,
which also defines a Gibbs-Boltzmann distribution on the paths of a graph,
but considering the whole set of paths on the graph instead of between a fixed
s-t-pair. The BoP betweenness is then defined as the a posteriori probability
that a path selected according to the Gibbs-Boltzmann distribution visits an
intermediate node i, when it walks from node s to node t according to the BoP
probabilities. The BoP betweenness is also defined for groups and used for
semi-supervised classification of graph nodes. A similar group betweenness
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measure can be defined from the RSP betweenness measures proposed here,
but this is left out of the scope of this chapter. The node classification task was
also tackled by Devooght et al. [54] by using a modularity measure derived
from the BoP framework.

5.3 Randomized shortest paths betweenness cen-

tralities

In this section we introduce two betweenness measures based on the random-
ized shortest paths (RSP) framework [215, 182, 115]. These measures both
generalize the shortest path likelihood betweenness measure defined in Sec-
tion 5.2.1. In addition to that, one of the two measures also generalizes the
stationary distribution of the graph while the other generalizes the current
flow betweenness centrality.

5.3.1 The simple RSP betweenness

We first define the simple RSP betweenness centrality of a node i with respect
to paths from s to t, as the expected number of visits through i over all hitting
s-t-paths, denoted by η̄i(s, t), with respect to the RSP probabilities of Equa-
tion (2.10). The more exact definition is stated as the expected number of
passages through edges leaving from node i over all s-t-paths, denoted by
η̄ij(s, t), as:

betRSP
i (s, t) = η̄i(s, t) =

∑

j:(i,j)∈E

η̄ij(s, t) (5.17)

The function betRSP
i can be useful for visualizing path distributions and for

path planning tasks between two fixed nodes of the graph [87, 168]. Moreover,
it can be used to investigate how central an intermediate actor is with respect to,
for instance, the communication between two other actors in a social network.

We then define the overall simple RSP betweenness centrality of node i as the
sum of contributions over all s-t-pairs on the graph:

betRSP
i =

n∑

s=1

n∑

t=1

betRSP
i (s, t). (5.18)

Next, we derive the method for computing this quantity in closed form. Let us
denote by ηij(℘) the number of times that the edge (i, j) is traversed along a
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path ℘. Then, we can express η̄ij(s, t) in terms of the RSP distribution (Equa-
tion (2.10)) based on the partition function of hitting paths from s to t, Zst:

η̄ij(s, t) =
∑

℘∈Pst

Pst(℘)ηij(℘)

=
1

Zst

∑

℘∈Pst

Prw
st (℘) exp(−βc̃(℘))ηij(℘)

=
1

Zst

∑

℘∈Pst

Pst(℘) exp(−βc̃(℘))
∂c̃(℘)

∂cij

= − 1

β

∂ logZst

∂cij
.

(5.19)

Thus, the expected number of transitions i → j over hitting s-t-paths can be
computed by differentiating the logarithm of the partition function, which is
common knowledge in statistical physics (see e.g. [170]). Note that (5.19) holds
only if there exists a path from s to t. Otherwise, naturally, η̄ij(s, t) = 0.

Remembering then, from Equation (3.2), that the partition function of hitting
paths can be computed from matrix Z, of Equation (2.19), as Zst = zst/ztt, we
can write Equation (5.19) further as:

η̄ij(s, t) = −
1

β

∂ logZst

∂cij
= − 1

β

∂ log(zst/ztt)

∂cij

= − 1

β

(
1

zst

∂zst
∂cij

− 1

ztt

∂ztt
∂cij

)
.

(5.20)

Therefore, we need to compute ∂zst/∂cij , which can be achieved using matrix
formalism. If we denote by ei the (n×1)-vector whose element i is 1 and others
are 0, then

∂zst
∂cij

=
∂(eTsZet)

∂cij
=

∂(eTs (I−W)−1et)

∂cij

= eTs
∂(I−W)−1

∂cij
et = eTs

(
−Z∂(I−W)

∂cij
Z

)
et

= eTs

(
Z
∂W

∂cij
Z

)
et = −β pref

ij exp[−βcij ]eTsZeieTj Zet

= −βwijzsizjt

(5.21)
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where we used
∂X−1

∂x
= −X−1 ∂X

∂x
X−1 (see, e.g., [102, 187]). Equation (5.20)

can therefore be rewritten as

η̄ij(s, t) =
1

zst
zsiwijzjt −

1

ztt
ztiwijzjt

=

(
zsi
zst
− zti

ztt

)
wijzjt (5.22)

Furthermore, the total number of visits to node i is

η̄i(s, t) =

n∑

j=1

η̄ij(s, t) =

(
zsi
zst
− zti

ztt

) n∑

j=1

wijzjt (5.23)

The expression on the right-hand side of Equation (5.23) can be further sim-
plified in the following way. We know that Z(I−W) = I and therefore that
Z = ZW + I, or element-wise, zit =

∑n
j=1 wijzjt + δit, where δit is the Kro-

necker delta. However, the term δit can be discarded when considering Equa-
tion (5.23), because when i = t, we anyway have (zsi/zst − zti/ztt) = 0. Thus,
Equation (5.23) simplifies to

η̄i(s, t) =

(
zsi
zst
− zti

ztt

)
zit (5.24)

Finally, the simple RSP betweenness centrality (Equation (5.18)) can be com-
puted in matrix form as

betRSP
i =

n∑

s,t=1

η̄i(s, t) =
n∑

s,t=1

(
zsi
zst
− zti

ztt

)
zit

=

n∑

s,t=1

zit
1

zt
ts

zsi −
n∑

s,t=1

zit
1

ztt
zti

=

n∑

s,t=1

zit
1

zt
ts

zsi − n

n∑

t=1

zit
1

ztt
zti

=
[
diag

(
Z
(
Z÷
)T

Z
)
− ndiag

(
ZDiag

(
Z÷
)
Z
)]

i

=
[
diag

(
Z
(
Z÷ − nDiag

(
Z÷
))T

Z
)]

i
(5.25)

which provides a way for computing the vector of betweenness values for all
nodes at once. Here diag(X) and Diag(X) are, respectively, a column vector
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Algorithm 2 Computing the simple RSP betweenness vector of a graph G.

Input:
– A directed strongly connected graph G with n nodes.
– The n×n reference transition probability matrix Prw (defined from the adjacency
matrix as Prw = D−1A)
– The n× n non-negative cost matrix C

– The inverse temperature parameter β.
Output:

– The n× 1 simple RSP betweenness vector betRSP.
1. W← Prw ◦ exp[−βC]
2. Z← (I−W)−1

3. Z÷ ← eeT ÷ Z

4. betRSP ← diag
(

Z(Z÷ − nDiag(Z÷))TZ
)

and a diagonal matrix containing the diagonal of X, X÷ denotes the element-
wise reciprocal matrix, i.e., x÷

ij = 1/xij and the superscript t denotes elements
from the transposed matrix, i.e., zt

ij = zji.

The pseudocode for computing the simple RSP betweenness for all nodes is
presented in Algorithm 2.1 In conclusion, the simple RSP betweenness scores of
all nodes can be computed by performing the matrix inversion Z = (I−W)−1

and then simple matrix operations according to Equation (5.25). Thus, the
computational bottleneck of the algorithm is the matrix inversion, which, in
general, has time complexity O(n3) and space complexity O(n2). To give a
rough idea of the computation time required by the algorithm, computing the
simple RSP betweenness scores for one value of β on the Manhattan street
network, studied later in Section 5.4.2, which contains 2250 nodes and 3863
(undirected) edges, takes around 2.6 seconds on a laptop computer with a 2,3
GHz Intel Core i5 processor and 8GB of RAM.

5.3.2 RSP net betweenness

Instead of only considering the overall outgoing flow of paths, as in the defini-
tion of Equation (5.18), it may in some cases make more sense to compute the
net flow so that the outgoing and ingoing flows through one edge neutralize
each other. This corresponds to the random walk interpretation of the current
flow betweenness [157, 36, 33]. According to this approach, we define the RSP

1The Matlab code for the algorithms presented in the chapter, as well as the real world networks
used in the experiments, are available online at https://github.com/ikivimak/RSP-betweenness
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net betweenness centrality of node i as

betneti =
n∑

s,t=1

∑

j∈Succ(i)

|η̄ij(s, t)− η̄ji(s, t)| (5.26)

The computation of this quantity for all nodes at once is a bit more involved
than in the case of the simple RSP betweenness, because of the absolute value
in the expression. A naïve algorithm would loop over all s-t-pairs and com-
pute the contribution of the corresponding paths to each intermediate node.
However, a more efficient solution is to perform a loop over each edge of the
network, compute separately the net flow through that edge over all s-t-paths,
and to add this net flow to the betweenness score of the starting node of the
edge. This change in looping strategy improves the complexity by a factor
from O(n2) to O(m), which makes a big difference when dealing with a sparse
network. The faster computation can be achieved by writing out matrix Nij ,
whose element (s, t) is η̄ij(s, t) from Equation (5.22):

[
Nij

]
st

= η̄ij(s, t) =

(
zsizjt
zst

− ztizjt
ztt

)
wij

=
[
zci (z

r
j)

T ÷ Z− e
(
zci ◦ zrj ÷ diag(Z)

)T]
st
wij , (5.27)

where ◦ and ÷ denote elementwise matrix multiplication and division, respec-
tively, zci and zrj denote the (n× 1)-vectors corresponding, respectively, to the
i-th column and j-th row of matrix Z and e is the (n × 1)-vector whose all
elements are 1.

The overall net flow through edge (i, j) can then be computed as

η̄netij =
n∑

s,t=1

[
|Nij −Nji|

]
st

= eT|Nij −Nji|e (5.28)

after which the betweenness score of each node can be simply computed by
summing up the contributions of each edge connected to the node:

betneti =
∑

j:(i,j)∈E

η̄netij .

Algorithm 3 contains the pseudocode for computing the RSP net betweenness.
In principle, the algorithm can be used with directed graphs and the result
can be interpreted according to the net flow of random walks, even though
the electric current interpretation only makes sense with undirected graphs.
With undirected graphs, Algorithm 3 should be altered so that it considers each
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Algorithm 3 The RSP net betweenness vector of a graph G.

Input:
Same as Algorithm 2.

Output:
– The n× 1 RSP net betweenness vector betRSPnet.

1. W← Prw ◦ exp[−βC]
2. Z← (I−W)−1

3. betRSPnet ← 0

4. for all (i, j) ∈ E do
5. zci ← Zei, zri ← ZTei

6. zcj ← Zej , zrj ← ZTej

7. Nij ← wij

[

(

zci (z
r
j)

T ÷ Z
)

− e
(

(zci ◦ z
r
j)÷ diag(Z)

)

T
]

8. Nji ← wji

[

(

zcj(z
r
i)

T ÷ Z
)

− e
(

(zcj ◦ z
r
i)÷ diag(Z)

)

T
]

9. betneti ← betneti + eT
∣

∣Nij −Nji
∣

∣e

10. betnetj ← betnetj + eT
∣

∣Nij −Nji
∣

∣e

11. end for

undirected edge only once and increments also the betweenness of node j in
addition to node i at step 10. This reduces the computation time on undirected
networks by a half. Algorithm 3 also contains the same matrix inversion as
Algorithm 2 of time complexityO(n3). In addition to this, the other consuming
task is the loop over all m edges of the graph in steps 4.-11., inside which
elementary matrix operations of time complexity O(n2) have to be performed.
Thus, the total time complexity of the algorithm isO(n3+mn2). Computing the
RSP net betweenness scores for one value of β on the Manhattan street network,
studied in Section 5.4.2, takes roughly 20 minutes on the same computer setting
as mentioned in the end of Section 5.3.1, thus almost 500 times as long as the
computation of the simple RSP betweenness scores on this network.

Although the RSP net betweenness can be computed for directed graphs, we
have not found a good use case for this purpose. The definition on directed
graphs is not as intuitive as the simple betweenness and, moreover, current
flows and the current flow betweenness are normally defined only for undi-
rected graphs. Nevertheless, it is possible to use Algorithm 3 with directed
graphs.
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RSP betweenness centralities at the limit β −→∞

The simple RSP betweenness centrality counts the expected number of visits to
each node during RSPs between all s-t-pairs of the graph. In the low tempera-
ture limit, i.e. when β →∞, the RSP probability distribution of Equation (2.10)
converges to the shortest path likelihood distribution of Equation (2.11) focus-
ing solely on the shortest paths of the graph. Thus, the simple RSP betweenness
converges to the shortest path likelihood betweenness defined in Section 5.2.1.

The same result holds for the RSP net betweenness. Intuitively, as the path
distribution focuses more and more on the shortest paths, one of the two terms
in the net flow in Equation (5.26) becomes zero, as the walker will only move in
one direction along each edge for a given s-t-pair. Thus, the RSP net between-
ness also approaches the shortest path likelihood betweenness, as β −→∞.

RSP betweenness centralities at the limit β → 0
+

In the high temperature limit, as β −→ 0+, exp(−βc̃(℘)) −→ 1 for all ℘, and
the RSP probabilities of Equation (2.10) converge to the unbiased random
walk probabilities, determined by the reference transition probabilities, i.e.
P̃st −→ P̃ref

st . This means that the simple RSP betweenness converges to the
expected number of visits to a node over all hitting paths with respect to the
unbiased random walk probabilities. As presented in Section 5.2.2, this mea-
sure is proportional to the stationary distribution, if the network is strongly
connected, where the multiplicative factor is the sum of expected hitting times
between all s-t-pairs. Thus, as mentioned in Section 5.2.2, for undirected net-
works, the measure becomes proportional to the degree (or strength) centrality.
In the same limit, on undirected graphs, as β −→ 0+, the RSP net flow con-
verges to the current flow betweenness centrality [157, 36], as the net edge
flows η̄ij(s, t) converge to the absolute electric current flows.

5.4 Experiments

The interpolation between common centrality measures already makes the
simple RSP and RSP net betweenness centralities interesting. Furthermore,
there are also cases in which the RSP betweenness centralities can be more
relevant than their limit functions, the shortest path likelihood betweenness,
the current flow betweenness and the stationary distribution. In this section
these benefits will be illustrated, first with artificially generated networks, and
later with two real networks of very different nature. The artificial examples
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show the behavior of the RSP betweenness measures in a network consisting
of communities. The first real network is the street network of Lower and
Midtown Manhattan, which serves as an example of an undirected network.
The second is a subset of the directed Wikipedia hyperlink network. All of the
examples indicate benefits of using the RSP betweenness measures over the
shortest path and random walk based betweenness measures.

5.4.1 Overall betweenness of an in-between community

One possible use for the RSP betweenness measures is the detection of groups
of nodes that are central in a network. Consider a network consisting of three
disjoint communities, A, B and C which are highly intraconnected but loosely
interconnected. In addition, community B is connected to communities A
and C, which, however, do not share any edges with each other. In other
words, community B is in between communities A and C and all paths between
nodes of communities A and C have to go through community B. Such an
organization is possible, for instance, in a hierarchical social network, where
community B could represent a directoral board of a company. If, moreover,
the graph is in general sufficiently sparse, then the shortest paths between
communities A and C will run through only a few of the nodes of community
B. Thus, betweenness measures based on shortest paths will only highlight
those nodes of community B, whereas the other nodes of community B will
get no contribution from the connections between communities A and C. For
some applications, however, the nodes of community B should, in general, be
considered more in-between than the nodes of communities A and C. Defining
betweenness based on random walks, and especially RSPs can help in this
matter, as will be demonstrated next.

We first consider a simple example of a regular graph with communities or-
ganized in the order described above. The example is depicted in Figure 5.1
which shows an 8-regular graph containing three communities of 12 nodes,
two of which are connected to the third one through separate bridge nodes.
The figure contains the heat plots of the betweenness values of the nodes with
the simple RSP betweenness (Figure 5.1B) and its limit functions, i.e. the short-
est path likelihood betweenness (Figure 5.1A; which in this example equals the
standard shortest path betweenness) and the stationary distribution (which, as
the network is undirected, corresponds to the degree centrality; Figure 5.1C).

The heat plots show that the simple RSP betweenness highlights the nodes
of the central community more than its limit functions. The low tempera-
ture limit function, i.e. the shortest path likelihood betweenness (which in this
case also equals the standard shortest path betweenness) highlights the bridge
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F I G U R E 5 . 1 : An 8-regular graph with three communities,
and the heat plots of its betweenness values with the shortest
path likelihood betweenness (A), the simple RSP betweenness
(B) and the degree centrality (C). Blue indicates low, and red

high betweenneess values.

nodes, but the betweenness scores of the nodes in the central community are
of the same magnitude as the scores of the nodes in the peripheral communi-
ties. In the high temperature limit the simple RSP betweenness converges to
the degree centrality, which is constant for all nodes, as the graph is regular.
Although the heat plots show the actual betweenness scores, and not the rank-
ings of the nodes according to them, the rankings also comply with the above
findings. Using the RSP net betweenness (for which the results are not illus-
trated here), however, brings no benefit in this example, when compared to its
limit functions. Namely, the current flow betweenness ranks the nodes of the
central community a bit higher than the shortest path likelihood betweenness,
but the RSP net betweenness does not increase those ranks with any interme-
diate values of β. On the other hand, the current flow betweenness values of
the central community nodes are relatively much lower than the simple RSP
betweenness values of Figure 5.1B. Moreover, the RSP net betweenness, can
be beneficial in a similar setting, but with a bit of more complexity, which will
be shown next.

For a more complex example, we generate random networks with the LFR al-
gorithm of Lancichinetti et al. [127] designed to construct scale-free networks
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F I G U R E 5 . 2 : The mean average rank of the nodes of a com-
munity lying in between two other communities based on
their RSP betweenness (A) and RSP net betweenness values
(B) over 200 networks of 360 nodes generated using the LFR al-
gorithm, as described in the body text (with low rank meaning
a high betweenness score). The results are plotted for varying
values of β and for three values of the mixing parameter µ
with error bars indicating the standard error of the mean over
the 200 runs. In both plots, the values at the left end of the
curves (as β → ∞) show the results with the shortest path
likelihood betweenness and at the right end (as β → 0+) the
results with the degree centrality in (A), and the current flow

betweenness in (B).

with a community structure. This experiment confirms further the usefulness
of the simple RSP, as well as the RSP net betweenness measure. We gener-
ated graphs consisting of three communities, A, B and C, and then simply
removed the edges between two of the communities A and C. The size of
the communities was set to 120 nodes, resulting in networks with 360 nodes,
the average degree of the network was set to 10, the maximum degree to 120
and the power-law exponent of the degree distribution to −2. We tested three
different values of the mixing coefficient µ = {0.01, 0.05, 0.1}, which essen-
tially determines the probability of having an edge between two communities
after the degrees of nodes have been fixed. For each generated network, we
computed the shortest path likelihood betweenness, the degree centrality, the
current flow betweenness as well as the simple RSP and RSP net betweenness
scores with several different values of the parameter β. We then rank the nodes
according to each list of betweenness scores (with rank 1 naturally meaning
the node with the highest score) and compute the average rank of the nodes in
the central community B. We repeat the graph generation and the computation
of average ranks 200 times and report the mean average rank of the nodes in
the in-between community over these 200 runs.
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The results are plotted in Figure 5.2, which shows that in most cases both the
simple RSP and the RSP net betweenness, with some intermediate values of β,
rank the nodes of the in-between community more central than their limiting
functions. The plots show the mean average rank, as well as the standard error
of the mean, of the nodes of the central community B with different values of
the inverse temperature β. The values at the extremes of the plots correspond
to the results obtained with the limiting functions, with the left end corre-
sponding to the low-temperature (high β) case, i.e. the shortest path likelihood
betweenness in both plots, and the right end to the high-temperature (low β)
case, i.e. the degree centrality in Figure 5.2A, and the current flow betweenness
Figure 5.2B. It is evident from the figures that with some intermediate value
of β the RSP betweenness measures in this setting often manage to rank the
nodes of the central group B higher than the limit functions by taking into
account other connections besides only the shortest ones. Note that this does
not mean that the RSP betweenness rankings are lower than the rankings with
the limit functions on each individual network, but that the result holds on
average over the 200 generated networks. The fluctuations of the rankings are
indicated by the error bars showing the standard error of the mean over the
200 networks.

5.4.2 Manhattan street network

One promising application area for RSPs are routing or path planning prob-
lems. RSPs allow the modeling of routing in situations that include an element
of randomness, such as navigation of people or animals in an environment.
On the other hand, by definition, RSPs can be used for planning paths in an
optimal way while keeping the predictability of the path at a desired level.
RSPs could also be used for avoiding congestion problems in transportation
and traffic networks.

We illustrate the use of RSPs for routing in a network by analyzing the street
network of Midtown and Lower Manhattan. We have extracted this network
from the Open Street Maps2 website. The nodes in the network correspond to
intersections and the edges are the street segments between the intersections.
We treat the network as undirected, and analyze the network using both the
simple RSP and the RSP net betweenness.

The length of each street segment is assigned as the cost of the corresponding
edge. Accordingly, the overall cost of a path is its overall length. However, we
define here the reference transition probabilities of the random walk according
to the degree of each node, prefij = 1/di, i.e. only according to the number of

2http://www.openstreetmap.org/
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( A ) Shortest path

( B ) RSP, β = 10−2 ( C ) β = 10−3 ( D ) β = 10−4 ( E ) Degree

( F ) RSP net,
β = 10−2

( G ) β = 10−3 ( H ) β = 10−4 ( I ) CFB

F I G U R E 5 . 3 : The interpolation between the shortest path
and random walk betweenness measures with the simple RSP
and the RSP net betwenness measures on the Midtown and

Lower Manhattan street network.
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edges connected to the node and independent of the edge costs. This seems
like a reasonable choice for moving in a street network, if we consider that the
decision of direction of the random walker in an intersection is not affected by
the lengths of the street segments. Remember that this means that the shortest
path likelihood betweenness on the graph is based on the edge costs, whereas
the random walk based betweenness measures do not depend on the costs, but
only the degrees of nodes.

The heat plots of the simple RSP and the RSP net betweenness measures and
their limit functions on the Manhattan street network are depicted in Figure 5.3.
At low temperatures (large β), both RSP based betweenness measures converge
to the shortest path likelihood betweenness, shown in Figure 5.3A. Figures
5.3B, 5.3C and 5.3D show the betweenness values obtained with the simple
RSP betweenness, and Figures 5.3F, 5.3G and 5.3H the values obtained with
the RSP net betweenness with different values of β. As the network is undi-
rected and connected, and because we use reference probabilities based only
on degrees, instead of costs, the limit function of the simple RSP betweenness,
when β −→ 0+, is equal to the degree centrality multiplied by a constant,
shown in Figure 5.3E. Finally, the limit function of the RSP net betweenness is
the current flow betweenness, which is presented in Figure 5.3I.

This example shows one strength of both of the RSP betweenness measures.
It is evident from the plot that the shortest path betweenness is focused on
Broadway, which functions as a diagonal shortcut in many routes on the grid-
like Midtown. However, when β is decreased, both RSP based measures rank
highest the intersections along the FDR Drive on the eastern shore. This is
mainly caused by the sparsity of streets on the east shore close to the residential
areas of Stuyvesant Town and Peter Cooper Village. As a result, the FDR
Drive is a vital connection between the upper and lower eastern parts of the
map. This aspect is not clear from the shortest path likelihood betweenness,
but becomes apparent by computing the RSP-based betweenness values. The
current flow betweenness also ranks high the intersections of FDR Drive, but
as a drawback the importance of Broadway is not as apparent as it perhaps
deserves.

Thus, it seems that the RSP based betweenness measures, by assuming sub-
optimal navigation between points in the network, can highlight bottlenecks
such as the FDR Drive on the Manhattan network better than the deterministic
shortest path betweenness or the unbiased current flow betweenness. Compar-
ing between the two RSP betweenness, it is hard to find any major differences.
However, in a street network, when considering the movement of people or
vehicles, the simple RSP betweenness has a more sensible physical interpreta-
tion than the net betweenness. Moreover, again, the computation of the simple
RSP betweenness is much more efficient and its interpretation clearer than the
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( A ) Shortest path

1. Network science
2. Network theory
3. Social network
4. Graph theory
5. Social network analysis
6. PageRank
7. Small-world network
8. Sociology
9. Small world experiment
10. Orkut

( B ) RSP, β = 10−1

1. Graph theory
2. Social network
3. Social network analysis
4. Mathematics
5. Sociology
6. Network theory
7. Computer science
8. Social networking service
9. PageRank
10. Network science

( C ) Stationary distribution

1. Graph theory
2. Social network
3. Social networking service
4. Myspace
5. Social network analysis
6. Pinterest
7. Orkut
8. Small world experiment
9. Tumblr
10. Soc. network analysis software

F I G U R E 5 . 4 : The interpolation between the shortest path
likelihood betweenness the stationary distribution with the
simple RSP betwenness on the subnetwork of Wikipedia. The
color of a node in the plots indicates its rank w.r.t. the be-
twenness measure; red and blue indicate high and low rank
(i.e. high and low betweenness values), respectively. The
dense cluster of nodes in the lower left corner consists mostly
of nodes related to social networks. Below the plots, the 10

highest-ranked nodes are listed.

net betweenness, which make it a more preferable candidate. On the other
hand, there may also appear applications, for which the net flow interpretation
is more relevant, in which case the net betweenness should be used.

5.4.3 A subnetwork of Wikipedia

Here we illustrate the behavior of the simple RSP betweenness on a directed
real network. The network is a subnetwork of the hyperlink network of Wiki-
pedia. It consists of the Wikipedia page on Network Science and the pages that
contain a hyperlink to it, or are linked to from it. We only consider the largest
strongly connected component of this network which contains 151 nodes. We
only report the results obtained with the simple RSP betweenness, and not the
RSP net betweenness, because the net flow interpretation is not particularly
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suitable when studying the World Wide Web, and in this example it does not
provide any interesting results.

Figure 5.4 shows the change in the rankings of the nodes of the Wikipedia
subnetwork with the simple RSP betweenness centrality as well as with its
limiting functions, the shortest path likelihood betweenness and the stationary
distribution. In addition to the heat plots, there are lists of the top ten nodes ac-
cording to each betweenness centrality. The plots directly illustrate the general
structure of the network, with a division to a tightly intra-connected cluster,
appearing on the lower left corner of the plots, and a more sparsely connected
peripheral part. The dense cluster comprises of nodes related mostly to social
networks, whereas the other nodes correspond to more general concepts.

The shortest path likelihood betweenness ranks quite high many nodes from
both of the two groups of nodes, i.e. general nodes such as the seed node ’Net-
work science’, whereas the stationary distribution focuses mostly on the dense
cluster of nodes related to social networks, highlighting especially particular
social networking websites, such as ’Myspace’ and ’Pinterest’. Interestingly,
even the seed node ’Network science’ is not on the top ten nodes according to
the stationary distribution. Here, again, the simple RSP betweenness makes
an interesting compromise between these two extremes by respecting the high
connetivity of the social networks cluster while also highlighting important,
general nodes, such as ’Mathematics’ and ’Computer Science’ from the periph-
eral group.

This example indicates the potential of the simple RSP betweenness in analyz-
ing and exploiting semantic and associative networks, as in [116]. Moreover,
the example can help in applications of web design and marketing, for instance,
considering situations where a user tries to find a certain page on a web site by
following hyperlinks of that site. This can happen, for example by browsing
videos on Youtube3, or when playing the Wiki Game4, in which the purpose
is to find a target Wikipedia page from a starting page only by clicking the
hyperlinks on the pages.

5.5 Discussion

We have presented two new graph node betweenness centrality measures
based on Randomized Shortest Paths. The first measure, the simple RSP be-
tweenness centrality, counts the expected number of visits to a node, while the
second, the RSP net betweenness, is based on the overall net flow over edges

3http://www.youtube.com/
4http://www.thewikigame.com/
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connected to a node. Both of these measures are parametrized generalizations
of more traditional betweenness centrality measures. The RSP net between-
ness and its high-temperature limit function, the current flow betweenness
seem theoretically more elaborate than the simple RSP betweenness and its
limit function, the stationary distribution. However, based on our experiments,
the simple RSP betweenness seems to provide more satisfying and practical
results than the net betweenness, in addition to which (and perhaps partly
because) it is easier to interpret. In general, our experiments have shown that
the RSP betweenness centralities can provide interesting insight into the role
and importance of the nodes in a network in ways that the more traditional be-
tweenness measures based on either shortest paths or unbiased random walks
can not achieve.

The RSP betweenness measures could be further compared with other central-
ity measures, which could be a subject for future work. However, the main
purpose of this chapter is only to focus on betweenness centrality measures, to
introduce the RSP based methods and their computation and to provide some
examples where one could benefit from using them. Also, the chapter only
considers betweenness as a global measure on nodes, but the methods can
easily be extended to other uses such as edge betweenness, betweenness w.r.t.
a group of nodes or betweenness between groups of source and target nodes,
all of which have relevant applications. One drawback of the RSP framework
is that it often requires a full matrix inverse, because of which it is not cur-
rently practical for very large networks. One topic for future research is to
develop methods that would allow estimating the RSP-based quantities for
large networks either by using more specialized computational methods or by
approximation.

Although the computational complexity of the RSP-based methods can be too
high for very large problems, the implementation and the interpretation of the
computations is quite straightforward. Moreover, the framework lies on solid
theoretical grounds, and considering the generalization of shortest paths by
randomization makes sense for many application scenarios. In our examples
we have shown them to give promising results in highlighting nodes that
belong to a central group of nodes, in detecting possible bottlenecks in street
networks for navigation modeling and also in evaluating the visit rate of pages
on the World Wide Web.
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Chapter 6

Additional observations and
results related to free energy
on networks

6.1 Introduction

The concept of free energy, as it was introduced in Sections 2.4.6 and 3.3, has
proven to be an extremely interesting and functional quantity for different
graph and network analysis tasks. First, the free energy distance, ∆FE, is
appealing for several, both theoretical as well as practical reasons, including
that

• it satisfies the triangle inequality and thus defines a metric, unlike the
RSP dissimilarity, ∆RSP (see Section 2.4.6 and [82]).

• it is cutpoint additive (see Section 2.4.6 and [82]).

• it has been shown in [103] (although with a different formalism) to avoid
the lost-in-space phenomenon (see Section 2.4.5, and [142]).

• it has been shown to perform well in several applications, namely in
clustering and semisupervised classification (in Chapter 3 and in [192,
110, 82]) as well as in link prediction [103].

On the other hand, part of the appeal of free energy comes from the fact that the
RSP probability distribution of Equation (2.10) can as well be defined according
to free energy minimization, as explained in Section 3.3. Moreover, based on
the related work listed in Section 2.6, a lot of recent literature has concentrated
on considering or defining measures that are similar, or even equivalent to the
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free energy. The wide interest in similar studies already by iself suggests the
idea of free energy to be a fundamental concept in network analysis.

However, the general definition of the free energy in Equation (2.46), or the
expression in Equation (2.47) in the case of the RSP probability distribution
of Equation (2.10), are not necessarily easy to interpret directly. Part of this
chapter is dedicated to giving a more intuitive conception of the free energy φ,
which is done by collecting a list of the different interpretations of free energy
and the different contexts that it appears in. This will hopefully help in under-
standing the foundations of the methodology and partly explain the obtained
good results in practical applications. In addition to providing intuition be-
hind the free energy, this chapter also lists some more quantities, methods and
discovered theoretical results that have not been stated earlier in the thesis, nor
in the literature. This may open up new possibilities for applications for free
energy, and clarify some issues that may arise when considering free energy
in applications.

6.2 Computation of free energy

In this section, we present some more methods and measures that can be de-
rived from the RSP framework, with special focus on quantities related to
free energy, φ. In addition, we explain explicitly how free energies can be
computed for only a limited set of s-t-pairs, and also deal with issues that
sometimes emerge with free energy computations. The standard way of com-
putation of free energies (as well as expected RSP costs) in the RSP framework
is by solving systems of linear equations, as the quantities always depend on
values of the fundamental matrix of non-hitting paths Z (see Equation (2.19)).
However, sometimes these methods may fail due to numerical issues. In such
cases the quantities can be, however, computed by an iterative scheme, which
is presented in Section 6.2.2.

Free energies to a single target. Section 3.3 presented the method for com-
puting free energies, φ, and free energy distances, ∆FE, for all node-pairs on
a graph. However, often distances are only needed between a limited set of
nodes. For a single s-t-pair, the free energy of the RSP distribution over hitting
s-t-paths is given by combining Equations (2.18) and (2.47) as

φst = − 1
β logZst =

1
β (log ztt − log zst, ) (6.1)
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meaning that two elements of the matrix Z are required. However, instead of
computing the whole matrix Zh, as in Section 3.3, it is in this case simpler to
compute the full column t of the matrix by solving the linear system

(I−W)zt = et (6.2)

which provides the free energies from all source nodes s ∈ V to t at once as a
vector1

Φt = − 1
β (log ztt − log zt). (6.3)

Note, however, that computation of free energy distances, ∆FE, for one target
is more cumbersome, as it requires also the free energies in the other direction,
from the target to all others. But computing free energies from a single source
s to all targets t ∈ V is more difficult, as that requires knowing the diagonal
values ztt for all t. Methods for computing the diagonal of a matrix inverse
have been studied in [198].

Free energies to multiple targets. Sometimes an application might require
computing the free energies from all source nodes to a given set of target
nodes Ω = {t1, . . . , tM} ⊂ V . Then the matrix ΦΩ of free energies from all
source nodes to the target nodes in Ω can be computed by first solving, for
(n×M)-matrix ZΩ,

(I−W)ZΩ = IΩ, (6.4)

where IΩ is the (n×M)-matrix, whose i-th column, for all i = 1, . . . ,M , is eti ,
i.e. contains 1 on the ti-th element and zeros elsewhere.

Define then the matrix DΩ so that its i-th diagonal element is element (i, ti) of
matrix ZΩ. The partial fundamental matrix ZΩ,h is then computed, similarly
to the computation of the full fundamental matrix of hitting paths, Zh, in
Equation (2.21), as

ZΩ,h = ZΩD
−1
Ω (6.5)

and, finally, the (n×M)-matrix of free energies to the set of targets Ω is given
by

ΦΩ = − 1

β
logZΩ,h. (6.6)

Again, the computation of free energy distances, ∆FE, is more difficult, simi-
larly to the reason explained in the single target case above. Note that when

1Note that vector Φt can be computed equivalently with the standard method for absorbing
Markov chains (as in Section 2.3.2) by first solving (I − Ŵ)ẑt = et, where Ŵ is obtained by
setting row t of matrix W to zero, as then Φt = −

1
β
log ẑt.
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the set of target nodes is the whole node set, Ω = V , then the computation
coincides with the method presented in Section 3.3 for all-pairs free energy
computation.

6.2.1 Computation of other quantities

We then list other meaningful quantities that can be computed from the RSP dis-
tribution that are relevant for this work. Many of them can be expressed based
on derivatives of the partition function, as is common in statistical physics.

Biased random walk. Recall, from Section 5.3.1, that the expected number
of traversals through edge (i, j) and the expected number of visits to node
i over hitting s-t-paths w.r.t. the RSP distribution (2.10), can be computed,
respectively, as (see Section 5.3.1 for details)

η̄ij(s, t) =

(
zsi
zst
− zti

ztt

)
wijzjt and η̄i(s, t) =

(
zsi
zst
− zti

ztt

)
zit. (6.7)

Remember also that summing the latter quantity over all node pairs (s, t) ∈
V × V defines the simple RSP betweenness centrality of node i (again, see
Section 5.3.1).

betRSP
i =

n∑

s,t=1

η̄i(s, t). (6.8)

The expected visits over edges and nodes over paths from s to t can be used
to determine a biased random walk, containing a drift towards the target node
t. The biased transition probabilities of this new random walk, or Markov chain,
are defined as

p
(t)
ij =

η̄ij(s, t)∑
k∈V η̄ik(s, t)

=





wijzjt
zit

, if i 6= t,

0, if i = t.
(6.9)

Note that this holds for any starting node s, with the restriction s 6= t. In other
words, the biased transition probabilities are only dependent on the target
node t and not on the starting node s. This explains the notation p

(t)
ij containing

only t, although (an arbitrary) s is used for the definition. The biased transition
probabilities can be seen as a randomized policy driving the random walker
towards the target, t.

It turns out, as explained in [182], that this biased Markov chain actually
induces the RSP path probability distribution (2.10), meaning that for any
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℘ ∈ Pst,
PRSP
st (℘) =

∏

(i,j)∈℘

p
(t)
ij , (6.10)

which can be confirmed easily by writing out the product and inserting Equa-
tion (6.9). Note however, that the fact that the RSP distribution can be reduced
to the biased random walk probabilities is only a feature of that distribution,
but does not hold generally; i.e. an arbitrary path distribution from s to t cannot
be necessarily reduced to a first-order Markov chain.

Relative entropy. Recall from Equation (2.46) the definition of free energy as
φst = 〈c̃〉st+ 1

β J(Pst‖Prw
st ) and from Section 3.2 that the expected RSP cost from

s to t, 〈c̃〉st, can be computed as

〈c̃〉st = −
∂

∂β
logZst =

∑

(i,j)∈E

(
zsi
zst
− zti

ztt

)
wijcijzjt. (6.11)

Then, from Equation (2.46), the relative entropy of Pst can be computed after
computing the free energy and the expected RSP cost as

J(Pst‖Prw
st ) = β(φst − 〈c̃〉st). (6.12)

Using the derivative form in Equation (6.11), we obtain another interesting
relation between the relative entropy and the free energy:

J(Pst‖Prw
st ) = −β2 ∂φst

∂β
. (6.13)

6.2.2 Iterative computation avoiding numerical underflow

As stated in the beginning of Section 6.2, the computation of the free energy
and other quantities may fail in some cases due to numerical issues. More
precisely, this happens, when considering very high values of β, i.e. when the
RSP distribution is focused mostly on the least cost paths. Such a situation is
common, for instance, when trying to approximate or regularize least costs
between nodes with free energies in very large graphs.

The problem is that the free energies converge to least costs very slowly, when
β → ∞. Meanwhile, the edge likelihoods become very small, as wij =
prwij exp(−βcij) → 0. As a result, the computation of matrix Z (see Equations
(2.19) and (2.20)) can produce underflow causing zero elements which ulti-
mately lead to infinite free energies or expected costs. This situation occurs, for
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instance, on large geographic networks, such as the landscape networks con-
sidered in Chapters 7 and 8, or generally any networks that are not small-world
networks.

However, for the free energies we are essentially interested in the logarithm
of the elements of Z. Fortunately, we can avoid the explicit computation of
matrix Z and compute the logarithms inspired by dynamical programming,
similar to the computation of least cost, or shortest paths with the Bellman-
Ford algorithm. We first present this iterative algorithm for computing free
energies, and then show how it can be used for computation of expected costs
〈c̃〉st in cases where the standard approach causes underflow issues.

These derivations appeared in [82], Appendix E, for proving that the free en-
ergy distance converges to the shortest path distance on undirected graphs,
when β → ∞. Here, we harness the idea further for solving the problem of
computing free energies in the limit β → ∞ on large graphs. The solution is
based on the log-sum-exp trick used e.g. in machine learning (see e.g. [150]) and
Hidden Markov modeling [107] for avoiding underflow.

Free energy. First, we refer to [82], Section 4.3, where it is shown that for
partition functions of hitting paths to t, for any s 6= t, the following holds:

Zst =

n∑

j=1

wsjZjt. (6.14)

In addition, from Equation (2.47) we can write for any j ∈ V ,Zjt = exp(−βφjt).
Combining this with Equation (6.14) and the definition of the edge likelihood
wij , we can further write

φst = − 1
β log

n∑

j=1

prwsj exp(−β(csj + φjt)), (6.15)

which provides an iterative process for computing free energies, similar to
the iteration of the Bellman-Ford algorithm for computing shortest paths on a
graph [188]. More specifically, the difference is that the minimum operator in
the standard Bellman-Ford algorithm is replaced by the soft minimum operator,
which is discussed more in Section 6.3.2.

The above iteration can be used for computing the free energies from all source
nodes s to one target node t, and a similar development can be made for
computing all free energies from one source s to all targets t. However, the
numerical underflow issue faced with the standard algorithm of solving linear

114



Chapter 6. Additional observations and results related to free energy

systems still resides. Namely, for large β, the exponentials in the sum appear-
ing in Equation (6.15) may cause underflow issues, causing the exponential to
be evaluated as zero which in turn can result in an infinite value for the free
energy. This is where the log-sum-exp trick comes to use. First, we denote for
any s, j ∈ V ,

xsjt = csj + φjt. (6.16)

Moreover, we denote the minimum of the above quantity, over all successors
of s, i.e. over all nodes j such that (s, j) ∈ E, as

x∗
st = min

j∈Succ(s)
{csj + φjt}. (6.17)

We can then extract the term exp(−βx∗
st) out of the sum in (6.15) and rewrite

the iteration as

φst = −
1

β
log


exp

(
−βx∗

sj

) n∑

j=1

prwsj exp(−β(xsjt − x∗
st))


 (6.18)

= x∗
st −

1

β
log

n∑

j=1

prwsj exp(−β(xsjt − x∗
st)). (6.19)

The above iteration can be used to compute the vector Φt of free energies
from all nodes to one target node t at once. The iteration can be initialized
e.g. by setting the elements φst to some large value for all s 6= t and φtt = 0.
Unfortunately, this approach cannot be applied for computing all-pairs free
energies, but distances to each node have to be computed separately.

Expected cost. Although the convergence rate of the expected cost towards
the least cost, with β −→∞, is much faster than with free energy, the iterative
algorithm can still come in necessary, when dealing with large graphs. The
problem is the same as when computing free energies – the computation of
matrix Z or its vectors may result in underflow. Unfortunately, the expected
costs rely on the actual values of matrix Z, instead of the logarithms. However,
we now show that there is another way to compute the expected costs directly
without computing the values of Z explicitly.

Namely, from the vector Φt of free energies to t, we can obtain the biased
transition probabilities to t, from Equation (6.9), that induce the RSP path
probabilities (see Section 6.2.1) from any source s to t. Remembering that
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F I G U R E 6 . 1 : The plot showing the convergence of φst and
〈c̃〉st, to the least cost in function of β. The dashed blue and
red lines show the points where the standard procedure for
computing φst and 〈c̃〉st, respectively, fails because of numer-

ical underflow.

Zst = zst/ztt, from Equation (6.9) we get

p
(t)
ij =

zjt
zit

wij =
Zjt

Zit
wij = exp(−β(φjt − φit))wij

= prwij exp(−β(cij + φjt − φit)).

(6.20)

These can be computed avoiding the underflow issue for any t. The expected
cost from any s ∈ V to t can then be computed by the standard iterative form
for computing expected costs (see, e.g. [77]):

〈c̃〉st =
{∑n

j=1 p
(t)
sj (csj + 〈c̃〉jt), for s 6= t

0, for s = t.
(6.21)

Therefore, computing expected costs to t with large β on a large graph without
underflow problems requires two iterations: first the computation of free ener-
gies to t, which provides biased transition probabilities, and then the iteration
for computing expected costs with those biased probabilities.

We demonstrate the behavior of the results obtained with the two algorithms
in Figure 6.1. We consider a 61 × 61 square grid graph where each node is
connected to its vertical, horizontal, and diagonal neighbors. The edge costs
are set according to the distance between the nodes, i.e. cij = 1 for vertical
and horizontal edges, and cij =

√
2 for diagonal edges. We then compute

the free energy φst and the RSP expected cost 〈c̃〉st from one corner of the
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grid (node s) to the opposite corner (node t) for a range of values of β (on
the logarithmic x-axis). The least cost from s to t, along the diagonal of the
grid, is 60 ×

√
2 ≈ 84.853, shown in Figure 6.1 by the dashed magenta line.

The blue and red round points and dashed lines show the point where the
standard algorithms (based on solving linear systems) for computing φst and
〈c̃〉st, respectively, fails because of numerical underflow (with double precision
floating numbers). The dotted blue and red lines then show values obtained
with the iterative algorithms, presented in this section, based on the log-sum-
exp trick. The convergence of the dotted lines shows that these procedures can
be used to obtain free energy and expected cost values arbitrarily close to the
least cost.

6.3 Different interpretations of free energy

So far, the RSP framework has been defined based on two approaches. In Sec-
tion 2.3, the definition was given based on minimization of expected cost with
a relative entropy constraint, while in Section 3.3 a definition was stated based
on free energy minimization. In this section we present a list of other interpre-
tations and different ways of arriving at the definition of the RSP distribution
and free energy, as these different approaches can prove to be more relevant
for particular applications.

6.3.1 According to killed random walks

As explained in Section 2.3, the RSP model can be also interpreted in terms
of killed random walks. The killed random walk can be defined from the sub-
stochastic matrix W, where the residue probability at each node i, 1−∑j wij ,
can be thought of as the probability of transition from i to an imaginary, ab-
sorbing “cemetery node”. Based on this, the partition function, Zst, can be
interpreted as the survival probability, i.e. the probability of reaching t from s
instead of being killed during the killed random walk, i.e. before ending up in
the cemetery node..

Taking minus the logarithm of a probability is known as a measure of sur-
prisal of the corresponding event. To obtain the free energy, the surprisal is
furthermore divided by the inverse temperature.

This interpretation can be valuable, for instance, for epidemic spreading appli-
cations, as the survival probability of walks relates strongly to the probability
of contagion of a disease. For instance, in [108] the authors propose a measure
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for estimating the contagion times in epidemic spreading. Essentially, their
measure is similar to the scaled free energy βφ = − logZst, where the spread-
ing rate of the disease has a similar effect to the temperature T = 1/β in the
RSP model. In other words, a disease with a high spreading rate corresponds
to the RSP model with high temperature (low β), which in turn corresponds to
short contagion times (i.e. βφ→ 0, as β → 0+), whereas a low spreading rate
corresponds to long contagion times (i.e. βφ→∞, as β →∞).

6.3.2 Weighted soft minimum or log-sum-exp

Another interpretation of φ is obtained in relation to the soft minimum function
(more often considered as the soft maximum), sometimes also called the log-
sum-exp function in the literature. The soft minimum is traditionally defined
for a dataset (i.e. a multiset) of numbers X = {x1, . . . , xn} in the form

softmin(X|β) = − 1

β
log

(
n∑

i=1

exp(−βxi)

)
. (6.22)

It is often used in optimisation as a proxy for evaluating a minimum, as when
the parameter β →∞, the function converges to the true, hard minimum [49,
32]. Its convenience lies in the fact that it is differentiable, and thus easier to
minimize than the hard minimum.

However, the traditional form of the soft minimum in fact underestimates
the minimum, i.e. we have, for all β, softmin(X | β) ≤ min(X), which can
sometimes be considered undesirable. On the other hand, the logarithmic form
of the free energy in Equation (2.47) is slightly different from the standard soft
minimum expression in (6.22). For comparison, by writing out the expression
for the partition function Zst, we rewrite the free energy as

φ = − 1

β
log


 ∑

℘∈Pst

Prw
st (℘) exp(−βc̃(℘))


. (6.23)

From this we see that the difference between the free energy and the soft mini-
mum is that the free energy contains also the reference probabilities as weights
of the exponentials. Such weighting actually turns out very convenient, as this
weighted soft minimum is always larger than the hard minimum.

In fact, if we consider, in place of the set of numbers X , any discrete ran-
dom variable with non-negative outcomes, and use its probabilities as weights,
then the weighted soft minimum interpolates between the minimum and the
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expected value of that random variable. This result holds generally for any
discrete random variable for which the expected value exists. It was proved
for the free energy distance (i.e. that it interpolates between the least cost and
the commute cost) in [82], by considering the cost of a path, c̃(℘) in place of the
random variable xi, and the reference hitting path probabilities as the weights
(remember that the hitting path probabilities sum to one [82]). In addition, the
result was shown, in a similar context to ours, in [196] to hold for a finite set
of values with uniform, constant, weights. The nice thing about this interpre-
tation of free energy is that it can be stated straightforwardly, without need for
discussion of e.g. minimization problems, path distributions or temperature.

6.3.3 Free energy as a combined energy and information cost

The role of the relative entropy term, J(Pst‖Prw
st ), in the minimization problems

(2.4) and (3.7) can be interpreted in many ways. An information theoretic
viewpoint is that J(Pst‖Prw

st ) is the reduction in average code length required to
describe a sequence of paths generated by the distribution Pst, when using
optimal coding instead of using a coding based on the distribution Prw

st [150].
In other words, the relative entropy of Pst w.r.t. Prw

st can be interpreted as an
information cost of the distribution Pst (as considered similarly in [171]).

Namely, for an agent to move according to an optimal path distribution re-
quires it to possess global information of the graph structure in order to make
“smart”, decisions avoiding costs. The amount of this information is quantified
by the relative entropy J(Pst‖Prw

st ). In contrast, movement similar to a random
walk requires no global information, but is only based on the local transition
probabilities. The relative entropy is then close to zero, meaning that the en-
tropy of Pst is very close to the entropy of Prw

st . In this case the average code
length is fairly long, as more paths need to be encoded more likely. The coding
length is minimizal for the distribution focusing only on shortest paths; espe-
cially, if there exists only one shortest path, that can be encoded by a single bit.
Note that an even longer average code length, i.e. larger entropy, than the one
given by the unbiased random walk distribution Prw

st , would be given by the
maximum entropy random walk [39, 53].

The above interpretation has similarities with research done in stochastic op-
timal control [205, 204, 112]. Especially [203] shows that many models pro-
posed for stochastic optimal control problems can be expressed according to
free energy minimization, where the relative entropy is also considered as an
information, or control, cost.

We now approach the definition of the Gibbs-Boltzmann distribution from
a slightly different angle. Namely, the above consideration of the relative
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entropy as an information cost of the distribution suggests defining an energy
functional that combines the standard expected cost and the information cost
of a path distribution. A naive way for such combination is the direct sum

Est = 〈c̃〉st + J(Pst‖Prw
st ), (6.24)

which we call the effort of going from s to t. We can then consider the distribu-
tion that minimizes the effort. Not surprisingly, the solution of the minimiza-
tion is the RSP distribution of Equation (2.10) with β = 1.

However, one problem with the above definition of effort is that the units of
measurement, and hence the scales, of the two costs are not the same. The
expected cost, 〈c̃〉st, can take any value, depending on the (unbounded) scale
of the edge costs. The information cost, J(Pst‖Prw

st ), on the other hand, is
always bounded based on the size and structure of the network. One solution
for alleviating this is to multiply the edge costs with a scaling term β, i.e. to
replace cij with βcij . This scaling of course also scales the path costs, i.e. c̃(℘)
is replaced by βc̃(℘) and likewise 〈c̃〉st is replaced by 〈βc̃〉st = β〈c̃〉st.
If we then rewrite the effort in Equation (6.24) considering the scaled edge
costs, we obtain the scaled free energy:

Êst = β〈c̃〉st + J(Pst‖Prw
st ) = βφst. (6.25)

Of course, the minimization of this quantity, again is equivalent to the mini-
mization of free energy, and is solved by the RSP distribution (2.10). This gives
yet another interpretation of the RSP distribution: it minimizes the sum of an
information cost and the normal expected cost, after scaling the edge costs
with β.

Determining the value of β. The interpretation presented above may be use-
ful for determining a suitable value for β in some applications. As already
mentioned, the relative entropy on a given graph between s and t is bounded.
When the RSP distribution is considered, this bound can be easily estimated,
as the maximum relative entropy (obtained when β →∞) equals the relative
entropy obtained with the distribution that focuses only on the least cost paths
from s to t.

Let us assume that there is only one least cost path from s to t, denoted as ℘∗,
with cost c̃(℘∗). The limit distribution of the RSP distribution, when β →∞ is
the distribution P∗

st, for which P∗
st(℘

∗) = 1 and P∗
st(℘) = 0 for all ℘ 6= ℘∗. And
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the relative entropy of this distribution is given by

J∗
st =

∑

℘∈Pst

P∗
st(℘) log(P

∗
st/P

rw
st (℘)) = log(1/Prw

st (℘
∗)) = −

∑

(i,j)∈℘∗

log prwij . (6.26)

One could then choose the value of β by comparing the values c̃(℘∗) and J∗
st.

For instance, if c̃(℘∗) ≫ J∗
st, then β should be set to a relatively low value in

order to avoid the RSP distribution to focus solely on the least cost paths (at
least of that node pair). Conversely, if J∗

st ≫ c̃(℘∗), a large value of β would
avoid the distribution to spread too much over random walks. One might also
consider the ratio c̃(℘∗)/J∗

st, or the mean of that ratio over all node-pairs on
the graph as a factor when deciding on the value of β for a given application.

6.3.4 Expected augmented cost

Let us now consider Pst as any probability distribution over Pst that can be
reduced to a first-order absorbing Markov chain on G with absorbing state
t. In other words, let us consider an arbitrary set of Markov chain transition
probabilities p

(t)
ij on G such that p(t)tj = 0 for all j ∈ V , which generate path

probabilities Pst(℘) =
∏L(℘)

i=1 p
(t)
℘(i−1),℘(i). Remember that in the case of the RSP

distribution, the reduction to a Markov chain is given by the biased transition
probabilities in Equation (6.31).

For any such distribution Pst, the free energy from s to t can be rewritten as

φst =
∑

℘∈Pst

Pst(℘)c(℘) + T
∑

℘∈Pst

Pst(℘) log(Pst(℘)/P
rw
st (℘))

=
∑

℘∈Pst

Pst(℘)


 ∑

(i,j)∈℘

cij + T log
∏

(i,j)∈℘

(p
(t)
ij /p

rw
ij )




=
∑

℘∈Pst

Pst(℘)
∑

(i,j)∈℘

(
cij + T log(p

(t)
ij /p

rw
ij )
)

=
∑

℘∈Pst

Pst(℘)ĉ(℘), (6.27)

where ĉ(℘) =
∑

(i,j)∈℘ ĉij is a new path cost defined as the sum of augmented
edge costs

ĉij = cij + T log(p
(t)
ij /p

rw
ij ) = cij + Tsij (6.28)
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along the path, where we have defined, for any (i, j) ∈ E such that i 6= t, a
new cost term

sij = log(p
(t)
ij /p

rw
ij ) = − log prwij + log p

(t)
ij = Irwij − I

(t)
ij , (6.29)

where Irwij and I
(t)
ij denote the amount of information, or surprisal, related to

observing a path traversing edge (i, j), when assuming the transition proba-
bilities prwij , or p

(t)
ij , respectively. Thus, sij is the corresponding difference in

surprisal, which is positive when p
(t)
ij > prwij . In addition to the above, we

separately also define stj = 0 for all j ∈ V . This shows that the free energy
can be written as an expected cost, but considering the augmented edge costs
where the standard edge costs cij are combined with the new cost terms sij ,
scaled by the temperature, T .

Moreover, note, that the augmented edge costs ĉij can be negative, namely

ĉij < 0 iff p
(t)
ij < prwij exp(−βcij) = wij . (6.30)

This shows that the standard problem of free energy minimization can also be
formulated as a minimization problem of the expected augmented path cost
(6.27) over all path distributions generated by an absorbing first-order Markov
chain. The solution is again, of course, the standard RSP distribution.

The interpretation of augmented costs. Let us then consider the augmented
cost in terms of the RSP distribution. Now, we know, from Equation (6.9) that
when the path probabilities are determined by the RSP distribution, then the
biased transition probabilities, for any i 6= t, can be computed as

p
(t)
ij =

wijzjt
zit

=
zjt
zit

prwij exp(−βcij). (6.31)

Inserting this to the definition of the augmented cost (6.28), and remembering
that T = 1/β and that Zjt = zjt/ztt gives

ĉij = T log(zjt/zit) = T log
(zjt/ztt)

(zit/ztt)
= T (logZjt − logZit)

= φit − φjt

(6.32)

In addition, we should define separately ĉtj = 0 for any (t, j) ∈ E. So the
augmented edge cost is actually the same as the difference of free energies to t
at the ends of the edge. Especially, for any (j, t) ∈ E, we have ĉjt = φjt.
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This has an interesting consequence. Namely, for the augmented path cost of
an arbitrary hitting path from s to t, ℘ = (s, i1, i2, . . . , iL, t), we have

ĉ(℘) = ĉsi1 + ĉi1i2 + · · ·+ ĉiLt

= φst − φi1t + φi1t − φi2t + · · ·+ φiL−1t − φiLt + φiLt − φtt

= φst (6.33)

Moreover, the augmented path cost of a loop, i.e. a path from s to itself, is
zero. This notion enforces the interpretation of free energy as a potential, and
implies a possible interpretation of free energy according to electrical currents
in the same spirit as the electrical analogue for random walks. This connection
is still under study and is left for future research

6.3.5 Relation to other free energies

We then discuss the reason behind referring to the quantity defined in Equa-
tion (2.46) as free energy. Colloquially speaking, free energy often is used in
thermodynamics to describe the amount of energy that is theoretically possible
to extract from a thermodynamic system, taking into account the fact that some
of the internal energy of the system is “lost” during extraction due to change
in the entropy of the system. For instance, the Helmholtz free energy, defined as

φHelmholtz
st = U − TH, (6.34)

where U is the internal energy and H =
∑

℘∈Pst
Pst(℘) log Pst(℘) the entropy

of a thermodynamic system, is very similar to the free energy in Equation
(2.46).

The apparent difference, however, is that the Helmholtz FE is defined in terms
of entropy, whereas the FE in (2.46) is in terms of relative entropy. Nonetheless,
we can rewrite the free energy of (2.46) slightly differently as

φst = 〈c̃〉st + TJ(Pst‖Prw
st ) =

∑

℘∈Pst

Pst(℘)c̃(℘) + T
∑

℘∈Pst

Pst(℘) log

(
Pst(℘)

Prw
st (℘)

)

(6.35)

=
∑

℘∈Pst

Pst(℘)(c̃(℘)− T log Prw
st (℘)) + T

∑

℘∈Pst

Pst(℘) log Pst(℘) (6.36)

= 〈c̃S〉st − TH(Pst), (6.37)
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where H(Pst) is the Shannon entropy of the path probability distribution

H(Pst) = −
∑

℘∈Pst

Pst(℘) log Pst(℘), (6.38)

and where we define, similarly to the augmented paths costs introduced in
Section 6.3.4, for path ℘ a combined path cost as

c̃S(℘) = c̃(℘)− T log Prw
st (℘) (6.39)

and 〈c̃S〉st is its expected value. The superscript S refers to the fact that the
normal edge costs are combined with temperature T times the surprisal, i.e. the
negative logarithm, of observing path ℘ considering the natural, unbiased
random walk transition probabilities, prwij .

Moreover, as log Prw
st (℘) =

∑
(i,j)∈℘ log prwij , we may simply define combined

edge costs as
cSij = cij − T log prwij (6.40)

as then for any path ℘ ∈ Pst, c̃S(℘) =
∑

(i,j)∈℘ cSij .

In other words, by defining the combined edge costs, cSij , based on the original
edge costs, cij , and the unbiased transition probabilities, prwij , the free energy in
Equation (2.46) can be rewritten as in Equation (6.37) based on the Shannon en-
tropy, instead of relative entropy, which is a more similar form to the standard
free energy formulation, such as the Helmholtz free energy in Equation (6.34).

6.3.6 Relation to maximum entropy

The RSP framework can also be understood as a maximum entropy model.
Namely, the definition, stated in Section 2.3, in terms of minimization of ex-
pected cost with constrained relative entropy, may as well be stated conversely
based on minimization of relative entropy with constrained expected cost. This
is more reminiscent of a more standard formalization of a maximum entropy
model [113, 111], as minimization of relative entropy with respect to the natu-
ral random walk probability distribution, Prw

st , tends to maximize the Shannon
entropy of a path probability distribution. However, as stated in the interpre-
tation of J(Pst‖Prw

st ) as an information cost in Section 6.3.3, an even higher
entropy is possible to achieve with a maximum entropy random walk [39, 53].
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6.4 Sensitivity of free energy

One nice feature of free energy is obtained in terms of sensitivity analysis.
Namely, we can rephrase the expression from Equation (5.19) for the expected
number of visits through edge (i.j) over the RSP distribution from s to t, i.e. its
simple RSP edge betweenness with respect to s and t, as

η̄ij(s, t) = −
1

β

∂

∂cij
logZst =

∂

∂cij
φst. (6.41)

This shows that the simple RSP edge betweenness index is also an index of the
sensitivity of free energy between s and t to small perturbations of the edge
costs.

Instead of perturbing edges, we may also consider perturbations on a node,
i, which in practice means the sum of perturbations of all edges leaving (or,
altenatively, entering) i. This then corresponds to the expected number of visits
to i, i.e. its (simple) RSP betweenness with respect to s and t:

η̄i(s, t) =
∑

j∈V

η̄ij(s, t) =
∑

j∈V

∂

∂cij
φst, (6.42)

The definition of η̄ij could also be stated based on incoming edges, which
would be more natural, as the cost associated to a node normally means the
cost of entering the node. However, we use the above form as it is consistent
with the results presented in Chapter 5. We omit the term “simple” in this
chapter, as it was used in Chapter 5 only for differentiating from the RSP net
betweenness.

Summing the above betweenness index over all s-t-pairs on the graph then
gives the overall RSP betweenness of node i,

betRSP
i =

∑

s∈V

∑

t∈V

η̄i(s, t) =
∑

j∈V

∂

∂cij

∑

s,t∈V

φst =
∑

j∈V

∂

∂cij
Φ(G), (6.43)

where we have defined the sum of free energies between all s-t-pairs, which is
also the sum of free energy distances over all s-t-pairs:

Φ(G) =
∑

s,t∈V

φst =
∑

s,t∈V

∆
FE
st . (6.44)

Remember then, from Section 5.3.1 that the RSP betweenness is known to inter-
polate between the shortest path likelihood betweenness (defined in Equation 5.2;
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when β → ∞) and the stationary distribution of the graph, multiplied by a
constant (when β → 0+).

This means that the RSP betweenness of a node i actually quantifies the effect
of a perturbation in the (outgoing) edge costs of i on the sum of all free energies
and free energy distances on the graph. The sum of all distances has been tra-
ditionally used for various purposes in graph and network analyses, including
quantifying the overall connectivity of a graph. On undirected graphs the sum
of all shortest path distances is known as the Wiener index of the graph, which
we denoteW(G) =

∑
s,t∈V ∆

LC
st , and in the case of the resistance distance as

the Kirchhoff index, K(G) =
∑

s,t∈V ∆
Res
st , as already introduced in Section 2.4.2,

in Equation (2.36).

Sensitivity at the limits of β. Remember then that free energy generalizes
both the least cost and the commute cost distances, and that the commute
cost distance equals the resistance distance multiplied by the constant C(G) =∑

(i,j)∈E aijcij (see Equation (2.42)). Thus, we have

Φ(G) −→
β→∞

W(G) and Φ(G) −→
β→0+

C(G)K(G) (6.45)

On a quick glance, this might seem to imply that the limit functions of the sim-
ple RSP betweenness of a node, i.e. the shortest path likelihood betweenness
(as β →∞) and the stationary distribution (as β → 0+), could be used to esti-
mate the sensitivity ofW(G) and K(G), respectively, in terms of perturbation
of the nodes’ edges. However, this is not exactly correct. For the Wiener index,
W(G), the statement above is true only when there exist unique shortest paths
between all s-t-pairs. But when there exists multiple shortest paths between
an s-t-pair, the shortest path distance does not necessarily change, even if the
edge cost along one of the shortest paths changes. Nevertheless, the simple
RSP betweenness at the limit

For the Kirchhoff index, K(G) the error in the above statement is easy to detect
by remembering that the edge costs, cij , are considered independent of the
affinities, aij , and thus also of the resistances, rij = 1/aij . Accordingly, the
partial derivative with respect to cij does not influence the affinities nor resis-
tances. Moreover, the resistance distance, and thus also the Kirchhoff index,
are independent of the edge costs, and thus a change in edge costs does not
cause a change in resistance distances.

The sensitivity ofW(G) and K(G) to perturbations of edge weights was con-
sidered by Klein in [119] as an edge centrality measure (more exactly, the
sensitivity multiplied by the edge affinity, aij). The sensitivity ofW(G) was
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there briefly compared with the shortest path edge betweenness centrality of
Freeman. Moreover, it was shown by Klein that the sensitivity of K(G) to a
perturbation of an edge resistance rij is equivalent to what he calls the power
centrality of edge (i, j), i.e. the power dissipated by edge (i, j) over electric
flows between all node-pairs of the graph (see also [79], Chapter 4.9).

6.5 Discussion

This chapter presented some results and features related to free energy and
the RSP framework that have not appeared in existing literature and were not
presented in the earlier chapters of the thesis. First, the chapter presented
methods for the computation of free energies and free energy distances in dif-
ferent practical circumstances. Another large part of the chapter was devoted
to stating different interpretations of the free energy, as well as the RSP frame-
work in general. These interpretations were derived from different viewpoints,
for instance from an information theoretical stand, or in a statistical physics
context. Lastly, the chapter investigated the interpretation of the simple RSP
betweenness centrality of a node or an edge in terms of sensitivity of free en-
ergies towards perturbations of edge costs. All the observations and results
made in the chapter increase the intuition and motivation behind the concept
of free energy and can be valuable for discovering new application domains for
free energy. However, the work presented here is still incomplete and could be
extended even more for a better understanding of the concept of free energy.
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Chapter 7

Maximum likelihood
estimation for randomized
shortest paths with trajectory
data

7.1 Introduction

So far in this thesis, the RSP framework has been applied for defining metrics
on graphs for various tasks. Another natural application of the framework
is in modelling movement or flow phenomena in networks, which is one of
the fundamental focus points in network science. This chapter focuses on
the application of the RSP framework as a model of movement on a network,
and especially on the problem of fitting the model to data of trajectories on
networks. The motivation for the work comes from ecology and modelling
of animal movement on geographical landscapes, which is also considered in
Chapter 8, but the presentation is made generic so that the methods can be
used for any movement or flow phenomenon on a network that are suitable
for the RSP model.

7.1.1 Background and motivation

One problem that has not yet been tackled in depth in research on RSPs is the
estimation of the parameters of the RSP model. In this work we derive methods
for computing maximum likelihood estimates (MLEs) of the parameters of the
RSP model in cases where the data consists of trajectories on a network. We
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cover separately the cases where the trajectories have been recorded fully or
are incomplete. Such data may arise whenever recording a movement or flow
process on a network, including, for instance

• geolocation data of animals moving on a geographical network,

• trip data gathered from public transportation networks, or

• clicking behavior data of web surfers.

The focus in this work is especially on estimation of the inverse temperature
parameter β, when fitting the RSP model to trajectory data and when con-
sidering that the network structure is known. A relatively high value of β
(i.e. low temperature) describes data based on optimal or near-optimal paths
from a source node to a destined target node, whereas a low value of β (high
temperature) can describe trajectories resembling a random walk with a drift
towards the target. By setting β to an appropriate value, the RSP model can
take into account the assumption that movement or flow on a network often
does not occur completely optimally, nor completely randomly. When consid-
ering movement on a network, such an assumption can be valid for various
reasons. For example, the agent (e.g. an animal) moving on the network might
not have global information of the network or be intelligent enough in order to
follow optimal paths. Or the agent can simply have a simultaneous preference
for both randomness (i.e. exploration) and optimality (exploitation), which can
help in obtaining more knowledge of the environment or in distracting a prey
or an opponent trying to predict and intercept the agent.

In addition to β, the RSP framework involves two other kinds of parameters,
namely edge affinities aij (or, alternatively, transition probabilities), which
define the random walk, and edge costs cij , which define the optimality of
movement on the graph. Although we do also briefly discuss in this work
the estimation of edge costs from trajectory data, in Section 7.2.3, the focus
is mostly on the estimation of β, as commonly in RSP applications the graph
structure, i.e. the edge costs and affinities, are considered fixed and known.
When applying the model, the value of β is then often selected by some form
of tuning. However, these tuning schemes are not based on solid statistical
grounds and can be very specific for the application in question. For instance,
remember from the clustering experiment in Chapter 3 (as well as from [115])
that the value of β was fixed by maximizing the clustering performance using
a held-out part of the data.

The main contribution of this work is the derivation of methods for computing
the likelihood of observing data consisting of complete or incomplete trajecto-
ries that are assumed being generated according to the RSP probability distri-
bution with a fixed value of β. We confirm the validity of these methods with
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artificial examples, focusing on simulated geographic networks.

In addition we test the functionality of the developed MLE methods on real
data of trajectories in a geographic landscape, based on GPS recordings of
movements of wild reindeer in a region of Norway. This example is devised
mostly to show that the MLE computations can be run in practice and that the
methods provide reasonable results. Recently the RSP framework was applied
to similar data in [168], in addition to which it has been familiarized with
the ecological community thanks to the implementation in the gdistance

R package [70]. As the purpose of this work is only in developing the RSP
theory for fitting the RSP model to trajectory data, we do not consider here
the evaluation of the model in more specific ecological applications. Likewise,
we do not make a comparison here of the RSP model with other possible tools
for such applications, which have been developed in the ecological, as well
as spatiotemporal statistics literature [see, e.g. 40, 56, 51]. Such empirical
comparisons will be carried out in future work.

Although the initial motivation for this work came from animal movement
modelling, the likelihood computation methods derived here can in general
be used for modelling any kind of movement or spreading phenomena on any
networks that satisfy the assumptions behind the RSP model. In addition, in
future research we will investigate the use of the methods developed here for
parameter estimation in the context of clustering and classification of graph
nodes.

The chapter structure is as follows: In the rest of this section, we list some
of the related work concerning, for instance, parameter estimation in Markov
chains. In Section 7.2 we derive and validate MLEs for data consisting of full
trajectories. Section 7.3 deals with MLEs in situations where the data consists
of incomplete trajectories, i.e. where only a subset of the edge or node sequence
of a path is observed. In Section 7.4 we use the methods derived in Section 7.3
to fit the RSP model to data consisting of GPS trajectories of wild reindeer by
estimating the inverse temperature parameter associated to the trajectories.

7.1.2 Related work

The problem of estimating the parameters in the RSP model has similarities
with the more general problem of estimation of Markov chain transition prob-
abilities from trajectory data (see e.g. [50, 147, 190]). Indeed, when assuming
the RSP model, a given value of β defines the biased transition probabilities
towards the target node, according to Equation (6.9), and thus estimating β im-
plies estimating the transition probabilities. However, the general estimation
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of Markov chains, studied in the works cited above, does not involve assump-
tions on the distribution of paths on the graph, and also does not consider
affinities, costs or other weights related to the transitions. Moreover, Markov
chain estimation has been mostly studied for continuous time Markov jump
processes, for the estimation of the generator matrix of the process. Such tech-
niques have been developed e.g. for healthcare research, for studying disease
progression and treatment effects, where the temporal aspect is of course vital.
Instead, the RSP framework is only analogous to a discrete time Markov chain,
although extending the idea of RSPs to consider continuous time is a planned
topic for future research.

Another problem related to the current work is the inference of aggregate Mar-
kov chains, which has been applied for ion channel modeling [172]. There the
state space is divided into aggregates and only the aggregate that the system
is in, instead of the actual state, is observed. Aggregated Markov chains have
also been only considered in the context of continuous time chains.

Besides the temporal aspect there are also other differences between the general
estimation of Markov chains and the estimation of RSP parameters. Namely,
the methods for Markov chain estimation normally require data containing
observations at each state of the chain, as the transition probabilities for unob-
served states cannot be estimated [22]. Estimation of the inverse temperature
parameter in the RSP model, however, does not require this, and it can be
estimated even for a sparse set of incomplete trajectories, as derived, and con-
firmed with experiments, in Section 7.3.

7.2 Fully observed trajectories

The rest of this chapter is dedicated to deriving and verifying methods for
computing the likelihood of the RSP model parameters when modelling tra-
jectory data, and computing the maximum likelihood estimates (MLEs). The
focus is mostly on the likelihood of the inverse temperature parameter β. For
estimating β, the graph structure, i.e. the edge affinities (or the reference transi-
tion probabilities) and edge costs, are always assumed known completely and
exactly. We denote the MLE of β in general as β̂MLE.

This section deals with data sets of full trajectories on a network, i.e. where
each node (and thus each edge) of the observed path has been recorded. We
derive the results by first considering the simple case where all trajectories
are observed to go from one starting node s to one destination node t, and
then extend to considering trajectories between several s-t-pairs. The methods
are then validated with artificial data. We also present briefly in this section a
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method for estimating the edge costs cij from full trajectories, when consider-
ing that only the affinities, or reference transition probabilities are known, but
otherwise the focus of the chapter is on estimating β. Later, in Section 7.3, we
consider likelihood MLE computation in the case where the data consists of
incomplete trajectories, where only a part of the edges or nodes visited along
each trajectory is observed.

7.2.1 Single source and target

Consider a data set Ωst containing K full observed trajectories (i.e. hitting
paths) going from s to t. Assuming independence between the trajectories, the
likelihood of β is then

L(β|Ωst) = P(Ωst;β) =
∏

℘∈Ωst

Pst(℘) =
∏

℘∈Ωst

w̃(℘)

Zst

=
∏

℘∈Ωst

Prw
st (℘) exp(−βc̃(℘))

Zst
.

(7.1)

Furthermore, the log-likelihood is

logL =
∑

℘∈Ωst

(log Prw
st (℘)− βc̃(℘))−K logZst (7.2)

Taking the derivative of the log-likelihood with respect to β, and setting it to
zero gives us the criterion for the MLE:

∂ logL
∂β

= −
∑

℘∈Ω

c̃(℘)−K
∂ logZst

∂β
= 0 ⇐⇒ 〈c̃〉st =

1

K

∑

℘∈Ω

c̃(℘) (7.3)

where we used Equation (2.45). Thus, the MLE of the inverse temperature,
β̂MLE, is the value for which the expected cost over the RSP distribution equals
the average cost of the observed trajectories, as commonly observed in a large
class maximum entropy estimation procedures [113].

Note that the average cost of the observed trajectories may be higher than
the expected cost of the reference random walk. This can happen e.g. when
generating a set of paths according to the RSP distribution with a value of β
close to zero as then individual paths can become longer (more costly) than
the average random walk cost. In such a case, the MLE of β does not exist, as
for any β > 0, the expected cost over RSPs will be smaller than the expected
cost of the reference random walk. Instead, one can then consider the RSP
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distribution with β < 0, which defines a biased Markov chain where the bias
is away from the destination, instead of being towards the destination, as with
the standard RSP distribution with β > 0. On the other hand, also when
trajectories in the data follow exactly the least cost paths, the MLE of β often
does not exist. This is because the expected cost over the RSP distribution from
s to t with any β < ∞ is strictly larger than the least cost, excluding some
special cases, such as when there exists only one path from s to t (remember
that in our terminology, paths can contain cycles).

7.2.2 Multiple sources and targets

Let us then extend to the case, where full trajectories are observed between a
set of different s-t-pairs. Let then Ω be the set of all trajectories and let X denote
the set of s-t-pairs for which at least one trajectory has been observed, Ωst ⊂ Ω
the set of trajectories in the data that go from a particular s to a particular t,
and Kst = |Ωst| the number of trajectories from s to t. The likelihood is then
given simply by the product of the likelihoods for each s-t-pair:

L(β | Ω) =
∏

℘∈Ω

P(℘) =
∏

(s,t)∈X

∏

℘st∈Ωst

Pst(℘st)

=
∏

(s,t)∈X

∏

℘st∈Ωst

Prw
st (℘st) exp(−βc̃(℘st))

Zst
.

(7.4)

The log-likelihood is

logL =
∑

(s,t)∈X


−Kst logZst +

∑

℘st∈Ωst

(log Prw
st (℘st)− βc̃(℘st))


. (7.5)

Again, setting the derivative to zero, we see that the MLE of β should satisfy

∂ logL
∂β

= −
∑

(s,t)∈X


Kst

∂ log zst
∂β

+
∑

℘st∈Ωst

c̃(℘st)


 = 0 (7.6)

⇐⇒
∑

(s,t)∈X

Kst〈c̃〉st =
∑

(s,t)∈X

∑

℘st∈Ωst

c̃(℘st). (7.7)

Thus, as before, the most likely value of β corresponds to the one for which
the empirical average agrees with the expected value given by the model.
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F I G U R E 7 . 1 : The generated 20 × 20 Gaussian landscape
used in the experiments. Each pixel j is colored based on
the cost of moving to the node, i.e. the cost cij for any i s.t.

(i, j) ∈ E.

Validation of full-path maximum likelihood estimation

The above results and their accuracy were evaluated by generating trajectories
on two kinds of artificial geographic landscape graphs. The first graph is a
simple 20 × 20 grid with uniform edge costs. The second is a 20 × 20 Gaus-
sian landscape, where edge costs are determined on the cost associated to the
ending node of the edge, and the nodes costs have been assigned based on a
mixture of Gaussian distributions on a plane overlayed on the grid.

The Gaussian landscape used in the experiments is depicted in Figure 7.1. The
landscape consists of five low-cost and five high-cost Gaussian patches, which
cause decrease and increase of the costs from a base value of 0.5. In both
the uniform grid and the Gaussian landscape, each node is connected to its
adjacent and diagonal neighbors and the cost of the diagonal connections is
multiplied by

√
2. Affinities are fixed as reciprocals of costs, i.e. aij = 1/cij ,

and reference transition probabilities (as explained earlier) as the normalized
affinities, prwij = aij/

∑
k aik.

Using a set of values for β, 200 paths were generated on both landscapes based
on each studied value of β. Each path was generated by first drawing an s-t-
pair uniformly randomly on the grid, however only accepting node pairs that
were at least 3 steps apart on the grid. A path between each s-t-pair was then
generated by using the biased transition probabilities from Equation 6.9. Then,
for each such set of paths Ω, the value β̂MLE(Ω) was inferred by finding, by
a simple line search, the value of β that satisfied Equation (7.7). The above
procedure was repeated 10 times for each studied value of β and the mean and
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β β̂MLE, uniform grid β̂MLE, simulated landscape
0.001 0.00096± 0.00020 0.00111± 0.00024
0.005 0.00486± 0.00053 0.00526± 0.00064
0.01 0.00970± 0.00085 0.01029± 0.00115
0.05 0.04874± 0.00306 0.04894± 0.00511
0.1 0.09785± 0.00497 0.09956± 0.00392
0.5 0.49601± 0.01908 0.50897± 0.02236
1 1.01719± 0.03833 0.99922± 0.02422
5 5.07901± 0.23531 4.99453± 0.17301

10 10.08117± 1.04427 10.05533± 0.35628

TA B L E 7 . 1 : The MLEs in the experiment with complete ob-
served trajectories. The first column on the left shows the
value of β used for generating the paths and the two other
columns show the mean± the standard deviation of the MLEs

over 10 repetitions.

standard deviation of the MLEs was recorded. The results in Table 7.1 show
that the MLEs, on average, indeed closely match the true values of β used for
generating the paths.

7.2.3 Estimation of edge costs

So far we have only focused on the problem of estimating the inverse tempera-
ture parameter β in situations where the graph structure, i.e. the edge affinities
(or the reference transition probabilities) and the edge costs are known a priori.
In this section, however, we consider briefly the problem of estimation of edge
costs from trajectories.

Problem description

Assume that only the edge affinities (or the reference transition probabilities)
are known a priori. Moreover, consider that the value of β is fixed to some
constant value. We then try to estimate the edge costs based on the observed
trajectories.

It turns out that this estimation problem actually contains the problem of esti-
mating β, meaning that solving the edge cost estimation problem also solves
the estimation problem of β. This is due to the fact that concerning the RSP
distribution over paths (Equation (2.10)), parameter β functions simply as a
scaling factor of the path costs. Namely, consider that a data set of trajectories
is generated according to the RSP distribution with a fixed inverse tempera-
ture, say β∗, which is unknown to the user. Thus, the probability of a path ℘ is
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as in Equation (2.10):

Pst(℘) =
Prw
st (℘) exp(−β∗c̃(℘))∑

℘∈Pst

Prw
st (℘) exp(−β∗c̃(℘))

. (7.8)

But this is the same distribution as one would obtain by considering the RSP
distribution with β = 1, but on a modified graph with edge costs ĉij = β∗cij ,
as then, for each ℘,

β∗c̃(℘) = β∗
∑

(i,j)∈℘

cij =
∑

(i,j)∈℘

ĉij = ĉ(℘). (7.9)

Expressed conversely, if we try to estimate the costs from the trajectories, we
may simply assume that β = 1, as a result of which we should end up with cost
estimates ĉij . But these estimates contain the information of both the “original”
edge costs and the value β∗ used to generate the data on the original graph.
This shows that the estimation of β is in practice only a subproblem of the edge
cost estimation problem.

Additional remarks. There are a few points worth emphasizing related to
the edge cost estimation problem. The first is that the unit of measurement of
the “original” costs, cij , is different from the estimated edge costs ĉij = β̂cij .
This can be neglected when the interest is only on the path distribution itself,
but it should be kept in mind when making judgements related to the actual
costs. For instance, if the original edge costs correspond to time units and the
trajectories are generated by a randomized process with a fixed value of β, the
estimated edge costs ĉij will not necessarily correspond to time units (which
determine e.g. the duration of fastest paths on the graph). In such a case, one
would need additional knowledge of actual durations of the trajectories, with
which the value of β could be determined separately from the edge costs.

The second point worth noting is that in this approach the affinities, or refer-
ence transition probabilities must be considered known a priori. However, one
can argue that the estimation of transition probabilities is an easier task than
the estimation of edge costs, as the transition probabilities are based on simply
local features of the graph.

A final point is that an edge cost can only be estimated reasonably if at least
some of the trajectories pass through the edge. And obviously, the more trajec-
tories the data contains, the more reliable the estimates normally are. Partly
as a consequence of this, we consider the edge cost estimation problem in
this work only in the setting where the data contains complete trajectories.

137



Chapter 7. Maximum likelihood estimation for RSPs

The possible extension for the case of incomplete trajectories is left for future
research.

Derivation of MLE

We now derive the MLE of edge costs in the case of complete trajectories. For
this, we assume the value β = 1, and search for edge costs that maximize the
likelihood of the trajectories. Recall the log-likelihood of observing a set Ωst of
K trajectories from s to t, from Equation (7.2) (with β = 1):

logL =


 ∑

℘∈Ωst

(log Prw
st (℘)− c̃(℘))


−K logZst. (7.10)

Consider then the partial derivative w.r.t. an edge cost cij :

∂

∂cij
logL = Kη̄ij(s, t)−

∑

℘∈Ωst

ηij(℘). (7.11)

where ηij(℘) is the number of times the edge (i, j) is traversed on a observed
trajectory ℘ while η̄ij(s, t) is the expected number of times edge (i, j) is tra-
versed on paths from s to t. As a result, the likelihood is maximized when, for
all (i, j) ∈ E,

η̄ij(s, t) =
1

K

∑

℘∈Ωst

ηij(℘). (7.12)

A direct corollary of the above result is that when the data set consists of paths
between multiple s-t-pairs, Ω = ∪s,tΩst, with Kst = |Ωst|, the likelihood is
maximized, when

∑

(s,t)∈X

η̄ij(s, t) =
∑

(s,t)∈X

1

Kst

∑

℘st∈Ωst

ηij(℘st). (7.13)

Unfortunately, as was the case with the MLE of β, the above cannot be solved
analytically for cij . Moreover, the dimension of the problem is now the number
of edges, so the solution cannot be found only by a simple line search.

The MLE of the edge costs can, instead, be sought e.g. by performing a gradient
ascent towards the direction given by the edge derivatives in Equation (7.11),
above. We demonstrate this idea by using a similar experimental setting and
a similar, though smaller (for practical purposes) Gaussian landscape as in
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F I G U R E 7 . 2 : Heatplots showing, for each pixel j, the cost
of moving to j (i.e. cij , for any i s.t. (i, j) ∈ E) (a), the av-
erage of the estimated costs ĉij for any i s.t. (i, j) ∈ E, ob-
tained with gradient ascent (b), and the average absolute er-
ror of the estimated edge costs (c). The Pearson correlation
between the original and the estimated costs was 0.92. Note
that the estimated costs actually estimate the scaled original

costs, ĉij = βcij , as explained in the text.

Pixel visit frequencies

500

1000

1500

2000

( A )

Expected minus observed frequencies

0

0.05

0.1

0.15

0.2

( B )

F I G U R E 7 . 3 : Heatmaps of number of visits at each pixel
during the 10000 generated trajectories (a) and the difference
between the expected number of visits according to RSP and
the observed frequencies (b). Note the difference in scale of
the two plots, indicated by the colorbar, which shows that
the difference between the expected and observed values is in

practice negligible.
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Section 7.2.2. An illustration of the landscape is in Figure 7.2A, which shows
a heatmap of the cost of moving into each pixel. We generated a set of paths
on the landscape by randomly selecting 10000 pairs of starting and ending
nodes, and by drawing paths between the node pairs according to the RSP
probabilities with a fixed value of β = 2.

We then assumed that the edge affinities are known, but initialized the cost
matrix to costs of unity on each edge. We ran gradient ascent by updating the
edge costs based on Equation (7.11) as

cij ←− cij + γ
n∑

s,t=1


Kstη̄ij(s, t)−

∑

℘st∈Ωst

ηij(℘st)


, (7.14)

with a suitable learning factor γ, until convergence. We ran the process until the
sum, over all edges, of absolute differences between the observed and expected
numbers of traversals was less than one. Remember that in this example the
edge costs are determined by the cost on the node, i.e. that for any pixel j,
the edge costs cij are constant for all i ∈ V . However, this is not used as an
assumption, when estimating the costs.

Figure 7.3 shows that the process indeed finds edge costs for which the ex-
pected number of visits over the RSP distribution is close to the observed num-
ber of visits. However, regardless of the similarity of the numbers of visits,
the ML edge cost estimates are actually somewhat different from the original
costs. The estimated edge costs are visualized in Figure 7.2B, which shows
the average cost of moving to a pixel (again, remember that the estimated
edge costs can be different for edges going into one node, which is why we
can only visualize the cost related to a pixel as the average of the edge costs).
The Pearson correlation between the original and estimated edge costs is 0.92.
The difference between the original and estimated edge costs can be seen in
Figure 7.2C, which shows, for each pixel j, the average absolute difference
between the actual cost of moving to a node and the estimated edge costs of
moving to that node, where the estimated costs are scaled by division with the
value of β used for generating the trajectories (as the process is only able to
estimate the scaled costs ĉij = βcij).

Of course, the quality of the estimates is strongly dependent on the number of
trajectories in the data. For this experiment, the graph size is kept fairly small
and the number of trajectories is quite large, but still the cost estimates differ
from the real ones to some extent. This show that the exact estimation of the
edge costs is a fairly complex and difficult task, if no other prior information
can be used for the estimation besides the edge affinities of the graph and the
trajectories.
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7.3 Incomplete trajectories

This section deals with the case where data consists of incomplete trajectories
from s to t. For a path ℘ ∈ Pst, an incomplete trajectory means a subsequence
of either the edge sequence or the node sequence of ℘. The task in this section
is to derive a method for computing the likelihood of the inverse temperature
parameter β given an observed data set Ω of incomplete trajectories. This
provides a useful tool for many applications, as often in empirical routing or
tracking studies trajectories can only be recorded partially.

We first consider the simple case where the data set Ω consists of incomplete
trajectories that contain only one edge, observed from one path. We derive the
one-edge likelihood, and generalize it then to the one-node likelihood, i.e. the case
where each incomplete trajectory contains only one node instead of an edge.
We then generalize to incomplete trajectories containing two observed edges,
and from there to data with incomplete trajectories containing any number
of edges or nodes. We also demonstrate experimentally the behavior of the
likelihood and validity of the methods. Details on the implementation of com-
putation of the quantities presented in this section is discussed in more depth
in Appendix 7.C.

The methods developed here for likelihood computation for incomplete tra-
jectories are generic in the sense that they make the most naive possible as-
sumption on the method of observation, i.e. the sampling of edges or nodes
along the trajectories. In more detail, they assume that the observed edges
have been drawn uniformly randomly from the actual trajectory, and, on the
other hand, makes no special assumptions on the number of observations, or
the time duration or number of intermediate steps occuring between obser-
vations. Although somewhat simplistic, this makes the method applicable to
many different use case scenarios. The sampling assumption is discussed more
in Section 7.3.3.

7.3.1 One observed edge

Consider first a situation, where a hitting path ℘ ∈ Pst has been observed to
traverse an edge (i, j). Let us denote by ρ the random variable corresponding
to the path along which the edge is observed and by ε the random variable
corresponding to the observed edge. Based on the uniformity assumption
discussed above in Section 7.3, the conditional probability of drawing edge
(i, j), given a particular path ℘, is given by the number of traversals over (i, j),
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ηij , divided by the total number of steps along the path ℘, i.e. its length, L(℘):

P(ε = (i, j)|ρ = ℘) =
ηij(℘)

L(℘)
. (7.15)

Thus, the joint probability of observing edge (i, j) along path ℘ is

P(ε = (i, j), ρ = ℘) = P(ρ = ℘)P(ε = (i, j)|ρ = ℘) = Pst(℘)
ηij(℘)

L(℘)
. (7.16)

Recall from Equation (5.19) that the number of traversals over (i, j) can be
expressed with the derivative ∂

∂cij
c̃(℘) = ηij(℘). Moreover, for the path likeli-

hood w̃(℘) (Equation (2.13)),

∂

∂cij
w̃(℘) = ∂cij (P

rw
st (℘) exp(−βc̃(℘))) = −βw̃(℘)ηij(℘). (7.17)

The probability of observing edge (i, j), i.e. the likelihood of β, is then given
by marginalizing out ρ:

L(β | (i, j)) = P(ε = (i, j);β) =
∑

℘∈Pst

Pst(℘)
ηij(℘)

L(℘)
(7.18)

=
1

Zst

∑

℘∈Pst

w̃(℘)ηij(℘)

L(℘)
(7.19)

= − 1

βZst

∂

∂cij

∑

℘∈Pst

w̃(℘)

L(℘)
(7.20)

= − 1

βZst

∂

∂cij
Z̃st, (7.21)

where we define a new partition function

Z̃st =
∑

℘∈Pst

w̃(℘)

L(℘)
=

∞∑

k=1

∑

℘k∈P
(k)
st

w̃(℘k)

k
, (7.22)

with P(k)
st being the set of hitting paths from s to t of length k. Recalling Equa-

tion (2.16) and that Ŵ is the matrix obtained from matrix W by setting row t
to zero, we see that the new partition function can be expressed in matrix form
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using the matrix logarithm [105]:

Z̃st = eTs

(
Ŵ +

Ŵ2

2
+

Ŵ3

3
+ · · ·

)
et = eTs

(
−log(I− Ŵ)

)
et, (7.23)

which exists, as ρ(Ŵ) < 1.

Next we show how the derivative of the above quantity, needed for the com-
putation of the log-likelihood (7.21), can be computed.1 First of all, for any
(i, j) ∈ E such that i 6= t,

∂cijŴ =
[
∂cijwij

]
Iij =

[
∂cijp

rw
ij exp(−βcij)

]
Iij = −βWij , (7.24)

where Iij = eie
T

j is the matrix with 1 at element (i, j) and zero elsewhere, and

where we have defined Wij = wijIij . We can thus write the derivative of Ŵk

as

∂

∂cij
Ŵk = (∂cijŴ)Ŵk−1 + Ŵ(∂cijŴ

k−1)

= −β
(
WijŴ

k−1 + Ŵ
(
WijŴ

k−2 + Ŵ
(
WijŴ

k−3 + · · ·
)))

= −β
k∑

l=1

Ŵl−1WijŴ
k−l , −βS(k)

ij , (7.25)

where we have defined, for convenience,

S
(k)
ij =

k∑

l=1

Ŵl−1WijŴ
k−l. (7.26)

This matrix can be computed with the help of an auxiliary (2n × 2n) block
matrix

Qij =

[
Ŵ Wij

0 Ŵ

]
, (7.27)

as the k-th power of this matrix can be shown to be:

Qk
ij =

[
Ŵk S

(k)
ij

0 Ŵk

]
, (7.28)

1Although there exist tools for computing the matrix logarithm and its Fréchet derivative [2],
we found these unreliable and inaccurate in some cases (see Appendix 7.C), because of which we
present here an elementary derivation of the computation.
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Accordingly, the derivative of the new partition function can be computed as

∂cij Z̃st = eTs

∞∑

k=1

(
∂cij

Ŵk

k

)
et (7.29)

= −βeTs
∞∑

k=1

S
(k)
ij

k
et (7.30)

= −βeTs
∞∑

k=1

Qk
ij

k
en+t (7.31)

= −βeTsLijen+t (7.32)

= −β[Lij ]s,n+t, (7.33)

where Lij =
∑∞

k=1

Qk
ij

k = −log(I−Qij).

Finally, combining (7.21) and (7.33), the likelihood can be expressed as

L(β | (i, j)) = − 1

βZst
(−β[Lij ]s,n+t) =

[Lij ]s,n+t

Zst
. (7.34)

The computation of the single-edge likelihood can also be understood from
another, more informal, perspective. Namely, matrix Qij from Equation (7.27)
can be interpreted as a likelihood matrix defining a new graph consisting of the
original graph G, with edge likelihoods wij , augmented with its copy G′ and
with an edge from node i of subgraph G to node j of subgraph G′ (i.e. node
n+ j of the new graph). Element (s, n+ t) of the k-th power of matrix Qij thus
enumerates all s-t-paths of length k that traverse edge (i, j) and cumulates the
corresponding path likelihoods. This idea is illustrated in Figure 7.4.

Example of one observed edge

We demonstrate the functionality of the method with a simple example illus-
trated in Figure 7.5A. We consider a 5×5 grid with links to diagonal neighbors
included. The edge costs are 1 for horizontal and vertical edges, and

√
2 for

diagonal edges and affinities as inverse costs, aij = 1/cij . We consider paths
from node 7, in the lower left corner, to node 25 in the upper and right-most
corner. We then compute the likelihood of observing each of the edges leaving
from node 7 as an edge of such a path. The likelihood is computed for different
values of β.
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F I G U R E 7 . 4 : The computation of the one-edge likelihood
can be interpreted as making a copy G′ of the original graph
G and adding an edge from node i of G to node j of G′ and
considering likelihoods of paths from node s of G to node t

of G′.

The results are plotted in Figure 7.5B, which shows the likelihoods for each
edge as a function of β as separate curves. Moreover, the dashed vertical lines
indicate the values of β showing the maximum likelihood of observing the
corresponding edge. As is expected, the β that obtains maximum likelihood
is highest for the edge (7, 13), which lies on the least cost path from node 7 to
node 25 (in fact, in this case, the likelihood increases indefinitely, indicating
that β̂MLE = ∞). In addition, the β obtaining the maximum likelihood de-
creases as we consider edges that move more and more away from the shortest
path.

7.3.2 One observed node

Maximum likelihood estimation

The likelihood of β can also be computed in the case where a trajectory is
observed to visit a particular node instead of an edge. For this, we denote
with ν the random variable corresponding to the intermediate node drawn
from a path (and the r.v. corresponding to the path with ρ, as before). We
derive the one-node likelihood using the fact that the number of visits to a node
i along a path ℘, ni(℘), can be expressed as the sum of travelsals out of that
node: ni(℘) =

∑
j∈V ηij(℘). Note that this definition of ni(℘) directly means

that the observed node cannot be the absorbing terminal node t, i.e. that the
observation is made before the end of the path. However, the possibility that
the intermediate node, drawn from a path ℘ ∈ Pst, is actually node s, must be
considered more carefully. In this work, we assume that the outcome of ν can
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F I G U R E 7 . 5 : The 5 × 5 grid, where the green node 7 is the
starting node, s, the red node 25 is the absorbing target node,
t (A); the log-likelihoods of observing each of the coloured
edges for different values of β (B). Note the logarithmic scale

on the horizontal axis.

indeed be node s, but that the observation is done after the first step, i.e. that the
path revisits the starting node s and one of these revisits was observed.

In general, we assume that ν is drawn from the subsequence ℘(1, . . . , L(℘)−1),
excluding the first node ℘(0) = s and the last node ℘(L(℘)) = t. Moreover,
we assume that the node is sampled uniformly from this subsequence. The
exclusion of the first node ℘(0) from consideration complicates the derivation
a bit compared to the derivation of the single-edge likelihood. Because of this,
the full derivation of the result is presented separately in Appendix 7.A.

The one-node likelihood can be computed similarly to the one-edge likelihood
in Equation (7.34), as:

L(β | i) = 1

Zst

∑

h∈V

wsu[Li]h,n+t, (7.35)

which contains, again, a matrix logarithm, Li = −log(I−Qi), where

Qi =

[
Ŵ Wr(i)

0 Ŵ

]
, (7.36)

and Wr(i) = IiiW is the matrix containing the i-th row of matrix W on its i-th
row, but zeros elsewhere.
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7.3.3 Multiple observed edges or nodes

In many data sets of incomplete trajectories, the trajectories contain several
observations, meaning that the trajectories have been observed to pass through
more than only one edge or node of the network. The next step therefore
generalizes the above derivations to such cases. We proceed by first extending
from the one-edge likelihood to the two-edge likelihood. This is only done
as a clarifying intermediate step for the derivation of the multiple-edge and
multiple-node likelihoods.

Two-edge likelihood

First we will consider a generalization from the one-edge likelihood to the case
where a path ℘ ∈ Pst is observed to traverse two edges. Note that also the order
of the edges is recorded, i.e. we know which of the two edges appears before
the other one. We then make the assumption, as elsewhere in the chapter, that
the observations of the two edges are drawn uniformly randomly from the
edge sequence of ℘. We will discuss the relevance and consequences of this
uniformity assumption for the method more later in this section, when we deal
with the problem of multiple-edge likelihood.

With the uniform distribution assumption, the probability of observing a par-
ticular pair of intermediate edges e1 = (i1, j1) and e2 = (i2, j2) (in that order),
over a particular path ℘ is given by the number of times that e1 and e2 can
be drawn from ℘ in that order, divided by the number of all possible combi-
nations of two edges from ℘. Formally, if we now denote by ε1 and ε2 the
random variables corresponding to the first and second drawn edges, respec-
tively, and, again, by ρ the random variable corresponding to the trajectory
drawn according to the RSP probability, then we have, for any ℘ ∈ Pst,

Pst(ε1 = e1, ε2 = e2|ρ = ℘) =
ηe1 e2(℘)(

L(℘)
2

) =
2ηe1 e2(℘)

L(℘)(L(℘)− 1)
, (7.37)

where ηe1 e2(℘) denotes the number of possibilities of drawing edges e1 and
e2 from ℘ in that order.
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Again, the full probability of observing the edge pair is obtained by marginal-
izing out ρ:

L(β | (e1, e2)) =
∑

℘∈Pst

Pst(ε1 = e1, ε2 = e2, ρ = ℘) (7.38)

=
∑

℘∈Pst

Pst(℘)Pst(ε1 = e1, ε2 = e2|ρ = ℘) (7.39)

=
∑

℘∈Pst

Pst(℘)
ηe1 e2(℘)(

L(℘)
2

) =
1

Zst

∑

℘∈Pst

w̃(℘)ηe1 e2(℘)(
L(℘)
2

) (7.40)

The exact derivation of the computation of the above quantity is a bit cum-
bersome and is presented in Appendix 7.B. Here we only give an intuitive
justification of the method based on the idea of copying the graph, explained
for the one-edge case earlier, in Section 7.3.1.

Extending to the case of two observed edges e1 = (i1, j1) and e2 = (i2, j2) fol-
lows then by considering a third copy of the original graph, which is attached
to the second one with a directed edge from node i2 of the second copy to node
j2 of the third copy (i.e. node 2n+ j2 of the extended graph), as illustrated in
Figure 7.6. The weighted likelihood matrix of such a graph is given by the
3n× 3n block matrix

Qe1 e2 =




Ŵ Wi1j1 0

0 Ŵ Wi2j2

0 0 Ŵ


. (7.41)

This time, the enumeration and likelihood of the paths that at some point
traverse edges e1 and e2 is given by element (s, 2n+ t) of the powers of matrix
Qe1 e2 .

Formally, the 2-edge likelihood can be written using matrix Qe1 e2 , continuing
from (7.40):

∑

℘∈Pst

w̃(℘)ηe1 e2(℘)(
L(℘)
2

) =

∞∑

k=2

∑

℘k∈Pk
st

w̃(℘)ηe1 e2(℘)(
k
2

) (7.42)

=

∞∑

k=2

eTs
1(
k
2

)Qk
e1 e2e2n+t (7.43)

= eTsLe1 e2e2n+t, (7.44)
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F I G U R E 7 . 6 : The computation of the two-edge likelihood
can be interpreted as making two copies, G′ and G′′, of the
original graph G and adding the required edges between the

copies.

where the sum runs starting from k = 2, as we need to only consider paths of
length 2 or longer, and where we have defined

Le1 e2 =

∞∑

k=2

1(
k
2

)Qk
e1 e2 . (7.45)

Note that unlike in the one-edge or one-node likelihood cases, this quantity
has no direct connection with the matrix logarithm.

The likelihood is finally given, from Equations (7.40) and (7.44) as

L(β | (e1, e2)) =
[Le1 e2 ]s,2n+t

Zst
. (7.46)

Multiple-edge likelihood

The main result of this section is presented here, namely, the computation
of likelihood of β given a sequence of multiple observed edges. As stated
earlier, the generalization of this result to a sequence of multiple observed
nodes follows similarly as the generalization from the one-edge likelihood
in Section 7.3.1 to the one-node likelihood in Section 7.3.2. The case of an
arbitrary number of observed edges follows naturally from the case of two
edges. However, now, we do not assume a fixed number of observations from
one path, as was done in the one-edge, one-node, and two-edge likelihood
derivations. Instead, the number of observations will be considered as its own
random variable.
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Let us thus denote by µ the r.v. corresponding to the number of edges that
are observed, given a path ℘. Similar to the uniformity assumption with re-
spect to the edge and node observation processes, we also assume a uniform
distribution for µ, i.e. P(µ = M | ρ = ℘) = 1/L(℘) for any M = 1, . . . , L(℘).

Summing up the assumptions behind the sampling process, we assume when
an incomplete edge-trajectory is observed that the number of edges observed
is a uniform random number µ ∼ unif{1, L(℘)}, and then the set of observa-
tions is selected uniformly from the edge sequence. The uniform assumptions
correspond in this case to maximum entropy modeling, which implies that
these assumptions are the most naive and generic ones possible.

One alternative for the uniformity assumption would be to consider a binomial
distribution, instead of a uniform one, over the number of observations, µ ∼
Bin(L(℘), pµ) with the condition that L(℘) > 0. This then would involve the
additional parameter, pµ, i.e. the probability of making an observation at each
step, which could be estimated as the relative frequency of observations over
the number of steps, whenever such an estimate can be reasonably made.

Further stricter assumptions on µ may make the model more accurate in cases
where the actual sampling is known to behave in a certain way, but the naive
uniformity assumption can be useful when the sampling process is not known
or is very irregular. Such is the case, for instance, with the real data example
in Section 7.4, where we estimate the inverse temperature β when fitting the
RSP model to a data set of incomplete trajectories of wild reindeer. Although
for that data set, the animals’ locations are mostly measured at constant time
intervals, there are also missing observations causing long gaps between mea-
surements. Also, as the RSP model describes the process in discrete time and
discrete space, a constant time interval between observations does not mean
a constant number of steps between observations on the graph, as the speed
of the animals varies. This can be observed also from the plots of some of the
individual trajectories that are presented in Appendix 7.E.

We then proceed with the derivation of the likelihood using the assumption of
uniform probability for the number of observations, µ. Given a path ℘ ∈ Pst,
an observed edge sequence, of length M will be denoted by ẽ = (e1, . . . , eM ),
where M is drawn according to µ ∼ unif{1, L(℘)}, i.e. P(µ = M | ρ = ℘) =
1/L(℘), and where em = (im, jm) ∈ E and im 6= t for all m = 1, . . . ,M , and
jm 6= t for all m = 1, . . . ,M − 1.

If we then denote by ε̃ = (ε1, . . . , εM ) the random vector corresponding to the
observed sequence, and the observed individual edges, then we can write the
likelihood, in similar fashion to Equations (7.18) and (7.40), however taking µ
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into account separately, as

L(β | Ω) = P(ε̃ = ẽ, µ = M) (7.47)

=
∑

℘∈Pst

Pst(℘)P(ε̃ = ẽ | µ = M,ρ = ℘)P(µ = M | ρ = ℘) (7.48)

=
∑

℘∈Pst

Pst(℘)
ηẽ(℘)(
L(℘)
M

) · 1

L(℘)
(7.49)

=
1

Zst

∞∑

k=M

∑

℘k∈P
(k)
st

w̃(℘k)ηẽ(℘k)(
k
M

)
k

, (7.50)

where ηẽ(℘) denotes the number of times that the observed edges e1, . . . , eM
appear on path ℘ in that order, and where the sum is only over paths of length
M or longer.

The above can be computed similar to the computation of the other likelihoods
dealt with earlier. The computation can be justified using the same graph ex-
tension argument as explained in the two-edge likelihood case in Section 7.3.3
and illustrated in Figure 7.6. Namely, we can, again, consider producing M du-
plicates of the original graph G and connect the duplicates via the edges of the
sequence ẽ. This extended graph can be described by the extended likelihood
matrix

Qẽ =




Ŵ Wi1j1 0 0 . . . 0

0 Ŵ Wi2j2 0 . . . 0

0 0 Ŵ
. . .

...
...

...
. . .

. . . 0

0 Ŵ WiM jM

0 . . . . . . 0 Ŵ




. (7.51)

If we also now define

Lẽ =

∞∑

k=M

Qk
ẽ(

k
M

)
k
, (7.52)

then the multiple-edge likelihood is given by

L(β | ẽ) =
[Lẽ]s,Mn+t

Zst
. (7.53)

A more thorough and rigorous proof for this result is omitted for brevity, as
it is a direct generalization of the proof for the two-edge likelihood given in
Appendix 7.B.
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Multiple-node likelihood

The likelihood of β given an incomplete node-trajectory can be computed sim-
ilarly to the likelihood of the incomplete edge-trajectory. The derivation is
similar to the extension from the one-edge likelihood to the one-node likeli-
hood in Section 7.3.2. Namely, if the data set consists of one sequence of M
nodes Ω = {ṽ} = {(i1, i2, . . . , iM )}, then we define matrix Qṽ as in Equa-
tion (7.51), however, replacing the matrices Wimjm with the node-based ma-
trices Wr(im) = IimimW, which contain row im of W on row im and zeros
elsewhere (see Equation (7.36)). Likewise, we define matrix Lṽ equivalently to
Equation (7.52), by replacing matrix Qẽ by matrix Qṽ .

Again, as in the one-node likelihood case, in Section 7.3.2, the possibility of the
first node being s must be considered separately. As was done there, we here
also make the assumption that the first observed node can be s, but it cannot
be the first node, ℘(0) of the observed path ℘, i.e. it can only be a revisit to node
s after the first step of the path.

With these assumptions, the multiple-node likelihood is given, similar to Equa-
tions (7.35) and (7.53) by

L(β | ṽ) = 1

Zst

∑

h∈Succ(s)

wsu[Lṽ]h,Mn+t. (7.54)

Validation of MLE with multiple observations

We evaluated the applicability and precision of the MLE method in the case
of incomplete trajectories from s to t. We only considered incomplete node
trajectories and the corresponding method for computing the MLE. The set-
ting was similar to the experiment for validating the full trajectory MLEs in
Section 7.2. Namely, we again generated 200 paths for different values of β
between uniformly distributed s-t-pairs, where s and t were at least 3 steps
apart from each other. We, again, used the two grid graphs that were used
in Section 7.2, i.e. one with uniform costs, and another based on a simulated
Gaussian landscape.

From the 200 generated paths, we extract a set Ω of 200 incomplete node tra-
jectories by sampling M nodes, where M = min(300, M̂), and M̂ is drawn
uniformly from 1, . . . , L(℘). We limit the maximum length of an incomplete
trajectory to 300 for computational efficiency. We then compute β̂MLE by per-
forming a line search on β for finding the maximum value of logL(β |Ω). This
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β β̂MLE, uniform grid β̂MLE, simulated landscape
0.001 0.00101± 0.00016 0.00106± 0.00013
0.005 0.00497± 0.00043 0.00510± 0.00069
0.01 0.00980± 0.00070 0.00992± 0.00088
0.05 0.05014± 0.00275 0.05091± 0.00250
0.1 0.10117± 0.00704 0.09433± 0.00807
0.5 0.50810± 0.03167 0.49411± 0.02237
1 1.01074± 0.07147 0.98349± 0.03991
5 4.92557± 0.27878 4.93601± 0.24915

10 12.73153± 5.07237 10.08324± 0.28333

TA B L E 7 . 2 : The MLEs in the experiment with incomplete
node trajectories. The first column on the left shows the value
of β used for generating the paths and the two other columns
show the mean ± the standard deviation of the MLEs over 10

repetitions.

is again repeated 10 times and we report the mean and standard deviation of
the 10 obtained MLE values.

The results are gathered in Table 7.2. They show that the MLEs are accurate
throughout the tested range of values of β and thus confirm that the methodol-
ogy derived in Section 7.3 can be used in practice. Moreover, quite surprisingly,
the results are almost as accurate as the results in Table 7.1 in the experiment
with full trajectories of Section 7.2.2.

7.4 Application to animal movement modelling

In order to test the applicability of the method for computing the MLE of
β in a real data setting, we ran the MLE method for a set of GPS trajectory
data collected from individual wild mountain reindeer in the Austhei area of
Norway. The reason for studying this data is based on the apparent suitability
of RSPs for modelling animal movement. This holds especially for the study
of wild reindeer, which are a migratory species, that often have a good sense
an knowledge of their environment. Accordingly, they can be considered to
follow fairly optimal routes when moving in a landscape. It would be, however,
unrealistic to assume that the animals always follow only the optimal path on
a static landscape. Instead their movement decisions may be considered to
involve some randomness. This is exactly the kind of scenario that the RSP
framework is designed for. However, the aim of the experiments reported here
was simply to test whether the MLEs are practical to compute for real data with
the methods derived above and to see whether the estimates obtained seem
sensible. We leave a more careful analysis of the obtained results, and their
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applicability in more focused ecological problems, such as actual prediction of
movement, for future work.

The data considered here consists of incomplete trajectories recorded during
springtime migration, when the reindeer traverse the landscape from north to
south crossing over a road passage cutting through the landscape. The same
area and partly the same data was studied previously in the context of RSPs
by Panzacchi et al. [168], although there the graph was constructed differently
compared to the experiment presented here. Panzacchi et al. [168] also devised
a method for estimating the inverse temperature parameter, however based on
a very different, more situation-dependent approach, compared to the more
generic method introduced in this work.

The landscape is modeled as a rectangular grid graph, where each node repre-
sents a 500 meter wide square pixel of a map image of the landscape. The size
of the landscape is 80.5 km × 46 km, resulting in a graph with 14812 nodes.
As before, each pixel was again connected to its 8 surrounding pixels. First,
the edge affinities aij were defined as Step Selection Probabilities (SSP) [133],
inferred by detecting features on each pixel with remote sensing methods and
by measuring the preference of those features for movement based on the rein-
deer GPS data. A more detailed explanation of how the affinities were defined
is provided in Appendix 7.D. The edge costs were defined simply as the recip-
rocals of affinities, i.e. cij = 1/aij . The landscape is illustrated in Figure 7.7A
as a heatmap where the pixels are colored according to the average incoming
edge affinity of each pixel. In addition, Figure 7.7B visualizes the trajectory
data by marking the number of times any of the 32 trajectories were observed
at each pixel. Plots of the individual trajectories are presented separately in
Appendix 7.E.

The data contains 32 incomplete trajectories recorded during the years 2007-
2013 from 14 different individuals. The GPS measurements were made for the
most part every 3 hours, 50 % of trajectories contained all locations. However,
many trajectories contain gaps of 6 hours to one day, and one trajectory is
missing locations for nearly nearly two weeks. Trajectories started in the winter
range between March 1st and 20th, and ended in the summer range between
June 8th and 30th. We cut the original trajectories after they have crossed a
certain line which can be interpreted as a border of the summer range. The
number of observations in the resulting trajectories was between 57 and 535.
For each observation, we detect the pixel that the animal is in, and use the
method derived in Section 7.3 for computing the multiple-node likelihood. We
consider the trajectories as extracted from hitting paths, where the hitting node
is selected to be the pixel where the animal is observed after crossing to the
summer range.
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F I G U R E 7 . 7 : Visualization of the landscape used for study-
ing wild reindeer movement (a). The heatmap shows the av-
erage incoming edge affinity of each pixel. The heatmap of
number of times an animal was observed at each pixel based
on the GPS data (b). The blue hue in (b) marks the low-affinity
(i.e. high cost) areas (in order to give an idea of the shape of the
landscape) whereas the red hue marks the number of times

an animal was observed at each pixel.

We first computed the MLE for each trajectory separately, resulting in 32 MLE
values. In addition, we considered the whole set of trajectories as being gen-
erated by the same value of β, and thus computed the population-wide MLE
value using the whole set of trajectories. For this, we considered the likelihood
of the set as the product of the likelihoods of each trajectory, considering the
trajectories as independent.

The individual trajectory MLEs are presented in Appendix 7.E. The MLEs
remained for the most part in a fairly consistent range of values, between
[0.001, 0.01], with one exception, trajectory number 19, obtaining a MLE below
this range, namely β̂MLE(℘19) = 0.0004715. The mean of the individual MLEs
was 〈β̂MLE(℘)〉℘∈Ω = 0.003311. The MLE given by the whole set of trajectories
was β̂MLE(Ω) = 0.002466.

Figure 7.8 contains plots for the expected numbers of visits according to the
RSP model with different values of β. These were computed by considering
the starting and ending nodes, s and t, of each trajectory in the data separately,
computing the expected number of visits to each pixel for that s-t-pair, and
by summing the contributions of each s-t-pair. In each plot, the blue hue
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F I G U R E 7 . 8 : The expected number of visits to each pixel
over the RSP probability distributions between each observed
s-t-pair, with three values of β = 0.1 (a), β̂MLE(Ω) = 0.002466
(b; the MLE based on the set of trajectories Ω), and β = 0.0001
(c). The red hue at pixel i marks the value

∑

(s,t)∈X n̄i(s, t),
given the value of β depicted above the plot. Here, X denotes

the set of s-t-pairs of the trajectories in the data set Ω.

represents the average incoming edge cost of each pixel, and the transparent
red hue represents the observed or expected number of visits by an animal to
a pixel.

Figure 7.8A corresponds to the model computed with β = 0.1, and Figure 7.8C
with β = 0.0001 for each s-t-pair. In between, Figure 7.8B shows the result with
the value β = 0.002466, which is the MLE estimated by using the whole set
of trajectories. We also constructed another plot by using for each s-t-pair the
MLE of β of the corresponding trajectory, but it is not presented here, because
it resembles almost exactly the plot obtained with the global MLE in Figure
7.8B.

A visual inspection of the different plots obtained with the RSP distribution
using different values of β indicates that the model using the MLE values of β
has most resemblance with the plot of the actual observations. Note, however,
that the plots in Figure 7.8 are not exactly expected to resemble the plot in
Figure 7.7B. Namely, as explained before, the RSP model does not take into
account the temporal aspect of the movement. The temporal aspect, however,
is grained in the trajectories, as the speed of movement and the time interval
between observations vary. For instance, after crossing the road over to the
south side, the animals tend to move faster away from the road [165]. This
results generally in a fewer number of observations in the pixels south of the
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road. In other words, Figure 7.7B rather depicts the time spent at each pixel by
the animals. Instead, the plots in Figure 7.8, given by the RSP model, reflect the
importance of each pixel as an intermediate point of movement, which can be
more crucial, for instance, for detecting corridors and barriers in a landscape.

7.5 Further developments

The computational tools, and especially, the new partition function, Z̃st, de-
veloped in Section 7.3 for the MLEs, can be used for other purposes too. One
interesting idea is to consider the average edge cost over each path from s to t
and to compute the expected value of the average edge costs over the set Pst

with respect to the RSP distribution.

7.5.1 Average edge cost over paths

The average edge cost of a path ℘ is c̄(℘) = c̃(℘)/L(℘), and thus the expected
average edge cost is

Est[c̄] =
∑

℘∈Pst

Pst(℘)
c(℘)

L(℘)
. (7.55)

This can be interpreted as a measure of the overall difficulty of moving from s
to t.

The computation of E[c̄] resembles the computation of the single-edge like-
lihood in Equations (7.18)-(7.21), involving however the derivative w.r.t. β,
instead of cij . Namely, we can write

Est[c̄] =
1

Zst

∑

℘∈Pst

w̃(℘)
c(℘)

L(℘)
(7.56)

= − 1

Zst

∂

∂β
Z̃st (7.57)

where, again, Z̃st is the altered partition function given by element (s, t) of the
matrix logarithm −log(I− Ŵ), as in Equations (7.22) and (7.23), where, again,
Ŵ is obtained from matrix W by setting row t to zero.
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The derivative of Z̃st w.r.t. β can be computed in a similar fashion to the
computation of the derivative w.r.t. cij in Section 7.3. This time, we have

∂

∂β
Ŵ = −C ◦ Ŵ (7.58)

Thus, if we define the 2n× 2n block matrix

Qβ =

[
Ŵ −C ◦ Ŵ
0 Ŵ

]
, (7.59)

then we can obtain element (s, t) of the derivative of −log(I− Ŵ) this time as
element (s, n+ t) of the matrix

Lβ =

∞∑

k=1

Qk
β

k
= −log(I−Qβ), i.e.

∂

∂β
Z̃st = [Lβ ]s,n+t. (7.60)

Accordingly, the expected average edge cost over RSPs from s to t can be
computed as

Est[c̄] = −
[Lβ ]s,n+t

Zst
. (7.61)

Note, however, that as we consider hitting paths with absorbing target node t,
the matrices Qβ and Lβ also depend on t. Thus, the above quantity can only
be computed for one target node t at a time.

Instead, if we consider the expected average edge cost over all paths, not only
hitting ones, then the matrix of the values Est(c̄) between all s-t-pairs can be
computed in batch form. This can be done simply by replacing matrix Ŵ,
which depends on t, with matrix W in Equations (7.59-7.60). Moreover, the
partition function, Zst, in Equation (7.61) should be replaced by the partition
function of all paths, ZA

st =
∑

℘∈PN
st
w̃(℘), where PN

st is the set of all paths, not
only hitting ones. The partition functions of all paths are the elements of Z,
i.e. the fundamental matrix of all paths, from Equation (2.19).

This means that we can compute the matrix containing the expected average
costs over all paths, between all s-t-pairs as elements (s, t) of

E = [Lβ ]1,2 ÷ Z, (7.62)

where Lβ is now defined based on W, instead of Ŵ, and where [Lβ ]1,2 denotes
the block (1, 2) of size (n × n) of Lβ , i.e. the submatrix on rows [1, . . . , n] and
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columns [n+ 1, . . . , 2n].

7.6 Discussion

This chapter focused on the estimation of parameters when fitting the RSP
model to data containing trajectories on a network, with most focus on the
estimation of the inverse temperature parameter β. Methods were derived for
computing and maximizing the likelihood of values of β given a data set of
either fully or only partly observed trajectories. The methods were shown to
provide accurate estimates of β with artificial examples where trajectories were
generated on simulated geographic grid graphs. In addition to estimation of β,
also maximum likelihood estimates of the edge costs, cij , (i, j) ∈ E, of a graph
were derived and evaluated.

The MLE method derived for incomplete trajectories was also tested on real
data of trajectories of wild mountain reindeer on a landscape area in Norway.
The purpose of the experiment was only to verify further that the MLEs of
β can be computed in practice and that the estimates seem reasonable and
sensible. This indicates that the MLE method provides a well-founded and
functional way for model fitting, when using the RSP model for more specific
applications related to animal movement.

As an additional sidestep of the chapter, in Section 7.5 the techniques devel-
oped for the computation of the MLE of β with incomplete trajectories were
used for also computing the average edge cost of paths between two nodes,
which provides a measure of the ease of connection between node pairs on the
graph. This idea was only briefly presented and its use in applications, such
as Markov Decision processes, is left for future research.
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Appendix: Additional material and proofs of main

results of the chapter

7.A Derivation of the one-node likelihood

This section contains the derivation of the one-node likelihood, presented in
Equation (7.35). Again, let ρ be the random variable corresponding to the path
drawn from the set Pst according to the RSP distribution (Equation (2.10)).
Given a path℘ = (℘(0) = s, ℘(1), . . . , ℘(L(℘)) = t), let us consider two random
variables,

• ν0, corresponding to an intermediate node drawn uniformly from the
subsequence of ℘ excluding the last node, but including the first node,
i.e. (℘(0), . . . , ℘(L(℘)− 1)), and

• ν1 corresponding to an intermediate node drawn uniformly from the sub-
sequence of ℘ excluding both the first and last node, i.e. (℘(1), . . . , ℘(L(℘)−
1)).

Recalling the assumptions stated in Section 7.3.2, the likelihood is given by the
probability distribution of ν1. However, we first derive the distribution of ν0
as an intermediate result and use it to derive the distribution of ν1.

Using ηi(℘) =
∑

j∈Succ(i) ηij(℘), as earlier, the conditional probability of node
i as the outcome of ν0, given a path ℘ ∈ Pst, is

P(ν0 = i | ρ = ℘) =
η̄i(℘)

L(℘)
=

∑
j∈Succ(i) η̄ij(℘)

L(℘)
. (7.63)
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Then, marginalizing out ρ, we can write the distribution of ν0, in similar fash-
ion to Equations (7.18)-(7.21) for the one-edge likelihood, as

P(ν0 = i;β) =
∑

℘∈Pst

P(ρ = ℘)P(ν0 = i|ρ = ℘) (7.64)

=
∑

℘∈Pst

Pst(℘)
ni(℘)

L(℘)
(7.65)

=
1

Zst

∑

j∈Succ(i)

∑

℘∈Pst

w̃(℘)
ηij(℘)

L(℘)
(7.66)

= − 1

βZst

∑

j∈Succ(i)

∂

∂cij
Z̃st. (7.67)

where Succ(i) is the set of successor nodes of i. This equation is the equivalent
of Equation (7.21) for edges. Now, similar to Equation (7.25), we have, for any
k ≥ 1

∑

j∈Succ(i)

∂

∂cij
Ŵk = −β

∑

j∈Succ(i)

k∑

l=1

Ŵl−1WijW
k−l (7.68)

= −β
k∑

l=1

Ŵl−1


 ∑

j∈Succ(i)

Wij


Wk−l (7.69)

= −β
k∑

l=1

Ŵl−1Wr(i)Ŵ
k−l (7.70)

, −βS(k)
i , (7.71)

where Wr(i) = IiiW is the matrix containing the i-th row of matrix W on its

i-th row, but zeros elsewhere, and S
(k)
i defined analogously to S

(k)
ij in Equation

(7.26).

The rest of the derivation of the distribution of ν0 proceeds as in the single-
edge likelihood case, but with matrix Wr(i) in place of matrix Wij . Namely,
the derivative expression appearing in Equation (7.67) can be computed (as in
Equations (7.29)-(7.33)), as

∑

j∈Succ(i)

∂

∂cij
Z̃st = eTs

∞∑

k=1

S
(k)
i

k
et, (7.72)
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which, again, can be computed as element (s, n + t) of the matrix logarithm
Li = −log(I−Qi), with the (2n× 2n) block matrix (see Equation (7.31))

Qi =

[
Ŵ Wr(i)

0 Ŵ

]
. (7.73)

In conclusion, we can write the distribution of ν0 as

P(ν0 = i) = − 1

βZst
(−β[Li]s,n+t) =

[Li]s,n+t

Zst
. (7.74)

Using the above, we can then derive the one-node likelihood according to the
distribution of ν1. We do this by considering a split of each path ℘ ∈ Pst into a
path consisting of the first step, from s to one of its successor nodes u ∈ Succ(s),
and the rest of the path, from u to t. We denote, generally, by ℘u ∈ Pst a path
from s to t whose second node is successor u ∈ Succ(s), and by ℘′

u ∈ Put the
remainder of path ℘u after the first step. The likelihood is then given by

L(β | i) = P(ν1 = i;β) =
∑

℘∈Pst

Pst(℘)P(ν1 = i | ρ = ℘) (7.75)

=
1

Zst

∑

℘∈Pst

w̃(℘)P(ν1 = i | ρ = ℘) (7.76)

=
1

Zst

∑

u∈Succ(s)

∑

℘u∈Pst

℘(1)=u

w(℘u)P(ν1 = i | ρ = ℘u) (7.77)

=
1

Zst

∑

u∈Succ(s)

wsu

∑

℘′

u∈Put

w(℘′
u)P(ν0 = i | ρ = ℘′

u) (7.78)

=
1

Zst

∑

u∈Succ(s)

wsuP(ν0 = i)Zut (7.79)

=
1

Zst

∑

u∈Succ(s)

wsu[Li]u,n+t, (7.80)

where we used the fact that P(ν0 = i) =
1

Zut

∑
℘′

u∈Put
w(℘′

u)P(ν0 = i | ρ = ℘′
u)

(as in Equation (7.66)), where P(ν0 = i) is based on considering paths from u,
instead of s, to t. This is the desired result, expressed in Equation (7.35).
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7.B Derivation of the two-edge likelihood

Here we write a more rigorous derivation, compared to the heuristic justifica-
tion of Section 7.3.3, for the computation of the two-edge likelihood, i.e. the
likelihood of observing two edges e1 = (i1, j1), e2 = (i2, j2) along path ℘. We
begin by recalling the form presented in Equation (7.40) for the likelihood:

L(β | (e1, e2)) =
1

Zst

∑

℘∈Pst

w̃(℘)ηe1 e2(℘)(
L(℘)
2

)

=
1

Zst

∞∑

k=2

1(
k
2

)
∑

℘k∈P
(k)
st

w̃(℘k)ηe1 e2(℘k).

(7.81)

Note that the proof for the case of an arbitrary number of observed edges could
be derived in a similar way. However, here we deal only with the two-edge
case for conciseness and clarity.

Now, ηe1 e2 can be calculated by iterating over all edges of the path, check-
ing if the edge corresponds to e1, and then computing the number of times
e2 appears on the path after that. Summing the occurences of e2 after each
occurence of e1 then gives ηe1 e2 . Formally, for any ℘k ∈ P(k)

st with k ≥ 2,
where ℘k = (℘(0), ℘(1), . . . , ℘(k)), we have

ηe1 e2(℘k) =

k−2∑

l=0

[℘k(l, l + 1) = e1] ηe2(℘k(l + 1 : k)), (7.82)

where ℘k(l1 : l2) = (℘(l1), . . . , ℘(l2)) denotes the subpath of ℘k from the l1-th
node to the l2-th node, with 0 ≤ l1 < l2 ≤ k, and the brackets [ ] are the Iverson
brackets [122], i.e. 1 if the statement within is true and 0 otherwise.
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Using the above, the sum appearing in Equation (7.81) can be expressed, for
path length k ≥ 2, in matrix form:

∑

℘k∈P
(k)
st

w̃(℘k)ηe1 e2(℘k)

=
∑

℘k∈P
(k)
st

k−2∑

l=0

w(℘k(0 : l)) [℘k(l, l + 1) = e1]

× wi1j1w(℘k(l + 1 : k))ηe2(℘k(l + 1 : k))

=

k−2∑

l=0

∑

℘k∈P
(k)
st

w(℘k(0 : l)) [℘k(l) = i1)]

× wi1j1 [℘k(l + 1) = j1]

(
− 1

β

∂

∂ci2j2
w(℘k(l + 1 : k))

)

=− 1

β

k−2∑

l=0

eTs Ŵ
lei1wi1j1e

T

j1

(
∂

∂ci2j2
Ŵk−l−1

)
et

=
1

β2

k−2∑

l=0

eTs Ŵ
l

(
∂

∂ci1j1
Ŵ

)(
∂

∂ci2j2
Ŵk−l−1

)
et.

(7.83)

But in fact, the matrix appearing above

S(k)
e1 e2 =

1

β2

k−2∑

l=0

Ŵl

[
∂

∂ci1j1
Ŵ

][
∂

∂ci2j2
Ŵk−l−1

]
(7.84)

can be computed as the (1,3)-block of the k-th power of matrix Qe1 e2 , from
Equation (7.41), for any k ≥ 2. For this, note that we can write

Qe1 e2 =




Ŵ Ŵi1j1 0

0 Ŵ Ŵi2j2

0 0 Ŵ


 =




Ŵ − 1

β
∂ci1j1

Ŵ 0

0 Ŵ − 1

β
∂ci2j2

Ŵ

0 0 Ŵ


.

(7.85)
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It can then be shown by induction, that, for all k ≥ 2,

Qk
e1 e2 =




Ŵk − 1

β
∂ci1j1

Ŵk 1

β2
S
(k)
e1 e2

0 Ŵk − 1

β
∂ci2j2

Ŵk

0 0 Ŵk


. (7.86)

We omit the proof for brevity.

Using the above, we can finally write the two-edge likelihood, continuing from
Equation (7.81) as

L(β | (e1, e2)) =
1

Zst
eTs

∞∑

k=2

1(
k
2

)Qk
e1 e2e2n+t =

[Le1 e2 ]s,2n+t

Zst
, (7.87)

where Le1 e2 is as defined in Equation (7.45).

7.C Practical computation of likelihood for incom-

plete trajectories

In order to make computation of the likelihoods for incomplete trajectories, pre-
sented in Section 7.3, feasible with large graphs, a few tricks are required. Here
we deal only with the computation in the case of incomplete edge-trajectories.
The derivations for the incomplete node-trajectories follow fairly directly, al-
though they are slightly complicated because of the more complex expression
of the multiple-node likelihood in Equation (7.54) compared to the expression
for multiple-edge likelihood in Equation (7.53).

Computation of [Lij ]s,n+t. According to Equation (7.34) the likelihood of
detecting a particular edge involves computing an element of the matrix loga-
rithm Lij = log(I−Qij). The current standard for matrix logarithm computa-
tions is the algorithm developed by Al-Mohy et al. [2], which is implemented,
for instance, in Matlab and SciPy as the logm function. However, we are only
interested in computing one element of the matrix logarithm, and for this pur-
pose the algorithm of Al-Mohy et al. [2] is not reliable enough numerically.
More exactly, the algorithm produces inaccurate values of the element (s, n+ t)
of matrix Lij (see Equation (7.33)), when β is relatively large, causing the val-
ues [Lij ]s,n+t to be very small. To get more reliable values, we compute the
matrix logarithm element iteratively based on the power series expression of
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the logarithm, by computing a finite sum according to the power series in
Equation (7.23).

The same procedure can be used for computing elements of matrix [Lẽ]s,Mn+t

in the general case of an incomplete edge trajectory ẽ with multiple observed
edges, which does not correspond to a matrix logarithm. The procedure is
detailed in the following.

Computation of [Lẽ]s,Mn+t. Remember, from Equation (7.53) that we are
eventually only interested in one element of matrix Lẽ, i.e. the sum of the
corresponding elements of matrices Qk

ẽ/k. We compute the elements of Qk
ẽ by

a backward iteration, updating iteratively column Mn+t of the matrix powers
according to the power method

q
(0)
Mn+t ←− eMn+t, (7.88)

q
(k+1)
Mn+t ←− Qẽq

(k)
Mn+t, k = 1, 2, . . . , (7.89)

where eMn+t is the column vector of length (M +1)n with 1 at element Mn+ t
and zero elsewhere. This can be interpreted as tracing all (s, t)-paths back-
wards from t to s through the observed edges in ẽ and computing the cumu-
lated likelihoods.

However, construction of the matrix Qẽ and direct computations with it would
be quite memory-restrictive when the graph size becomes large. This can be
alleviated by taking advantage of the sparse block-diagonal form of the matrix
and breaking the computation into parts. Namely, if we denote with q̂

(k)
l the

l-th segment of length n of vector q(k)
Mn+t, i.e. the section of the vector between

elements (l − 1)n and ln, then we can write the update of Equation (7.89) as

q̂
(k+1)
l ←−

{
Wq̂

(k)
l +Wiljl q̂

(k)
l+1, l = 1, . . . ,M

Wq̂
(k)
l l = M + 1.

(7.90)

The update can be simplified even further by stacking the vector q(k)
Mn+t as an

(n×(M+1))-matrix Q̂
(k)
ẽ , whose l-th column is segment q̂(k)

l and remembering
that the matrices Wiljl contain only one non-zero element, wij , at position (i.j).
Then the update rule for l = 1, . . . ,M in Equation (7.90) can be expressed by
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breaking the update into two parts:

Q̂
(k+1)
ẽ ←−WQ̂

(k)
ẽ , (7.91)

[
Q̂

(k+1)
ẽ

]
l,il
←−

[
Q̂

(k+1)
ẽ

]
l,il

+ wiljl

[
Q̂

(k)
ẽ

]
(l+1),jl

, l = 1, . . . ,M, (7.92)

where the two rows correspond to separate computation the two terms of the
sum in the update formula in Equation (7.90).

Note the difference between the two matrices, Qk
ẽ and Q̂

(k)
ẽ despite almost

identical notation: Qk
ẽ is the k-th power of an ((M + 1)n× (M + 1)n) block

matrix, whereas Q̂
(k)
ẽ is the (n× (M + 1)) matrix representing vector q(k)

Mn+t,
i.e. column Mn+ t of matrix Qk

ẽ .

Avoiding underflow. One computational challenge is caused by the fact that
when dealing with long incomplete trajectories, the binomial coefficient ap-
pearing in the definition of matrix (from Equation (7.52)),

Lẽ =

∞∑

k=M

Qk
ẽ(

k
M

)
k

(7.93)

may exceed maximum representable numerical (e.g. double precision floating
point) value. One might then consider computing the summand quotients
using exponentials and logarithms as

[
Qk

ẽ

]
s,Mn+t(
k
M

)
k

= exp

(
log
[
Qk

ẽ

]
s,Mn+t

− log

(
k

M

)
− log k

)
. (7.94)

However, this does not solve the problem completely, because the term appear-
ing inside the exponential may still obtain a very large negative value causing
the exponential to be evaluated as zero.

This underflow problem can be solved by applying the log-sum-exp trick [150].
For this, let us denote, for a given incomplete edge trajectory ẽ and for k ≥M
the terms appearing inside the exponential as

xk = log
[
Qk

ẽ

]
s,Mn+t

− log

(
k

M

)
− log k. (7.95)
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We can thus write the multiple-edge log-likelihood based on Equation (7.53)
as

logL(β | ẽ) = log
∞∑

k=M

expxk − logZst. (7.96)

The problem then is that for large incomplete trajectories (i.e. for large M ), we
may have xk ≪ 0, for some k, which causes the exponential terms in the above
expression to be evaluated as zeros. The idea behind the log-sum-exp trick is
that if we know the maximum value xmax = maxk(xk), then we may compute
the result as

logL(β | ẽ) = xmax + log

∞∑

k=M

exp(xk − xmax), (7.97)

which avoids the underflow issue.

The maximum xmax can be computed, as when k increases, the term xk be-
comes more and more dominated by the binomial coefficient term, meaning
that after a certain value of power k, the values xk will only decrease. The
values xk can then be precomputed up to a power k′, keeping track of the max-
imum xmax = max1≤k≤k′ , until the first such k′ that xmax − xk′ > C for some
threshold value C. For instance, choosing C = 20 means that for any k′′ > k′,
exp(xk′′ − xmax) < exp(−20) ≈ 2.06× 10−9.

7.D Estimation of Edge Affinities from a Step Se-

lection Probability Function

We estimated the edge affinities aij for the graph using a Step Selection Prob-
ability Function [72, 133] using the data and general approach described by
Panzacchi et al. [168] from GPS data for more than 200 wild mountain rein-
deer from 7 of the largest wild reindeer management areas (including Austhei).
However, in the Step Selection Function estimated by Panzacchi et al. [168]
no intercept was estimated, and therefore the model yielded values propor-
tional, but not equal, to the probability of selecting a step. In order to identify
baseline probabilities for the affinities aij in this paper, we used the same mod-
els, but we refitted them using the method developed by Lele and Keim [132]
to estimate actual probabilities of selection, using Step Selection Probability
Functions SSPF. Using the ResourceSelection package [134] for R [173],
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we maximized the following likelihood (see [133] for details):

L(β;x1,x2, ...,xm) =

n∑

k=1

[log π(xk;β)− logPk(β)] (7.98)

where xk is the vector of covariates associated to an observed step k between
two consecutive locations i and j, n is the number of observed steps in the data
set, π the probability of selection. Furthermore,

Pk(β) =

∫
π(x;β)fA

k (x; sk)dx, (7.99)

where fA
k (x; sk) denotes the distribution of resources available for step sk. We

defined the area within 2 km from the start location i of each step sk as avail-
able. We used Akaike’s Information Criterion for model selection (see [168] for
details). Table 7.3 shows the parameter estimates that maximizes the likelihood
in Equation (7.98).

Estimate Std. Error z-value Pr(> |z|)
Intercept −3.79 0.79 −4.77 < 0.001

Step Length −1.24× 10−3 2.51× 10−5 −49.53 < 0.001
(max. Slope)2 −1.33× 10−3 4.79× 10−5 −27.81 < 0.001

max. Solar Radiation 0.30 0.02 17.77 < 0.001
max. Trail dens. −0.19 0.03 −6.34 < 0.001

max. Road dens. 0.46 0.27 1.70 0.09
crossing Road −1.19 0.37 −3.20 < 0.001

prop. Bog −0.31 0.41 −0.76 0.45
prop. non-Forage 0.20 0.16 1.21 0.22

prop. Forage 0.88 0.14 6.37 < 0.001
prop. Lakes −1.40 0.33 −4.21 < 0.001

prop. Reservoirs −3.97 0.84 −4.70 < 0.001

TA B L E 7 . 3 : Fitted coefficients for the summer step selection
model of reindeer. “Max.” denotes the maximum value along
the step, “prop.” the proportion of the land cover class along
the step, and “dens.” is the road density, which is the length of
road within a 5 km radius. The methods are detailed in [168],
our only extension was to fit the models using a Step Selection

Probability Function (see main text for further details).
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We predicted the affinities aij as the probability of a step between adjacent
pixels i and j using the coefficients from the SSPF:

aij =
exp(βSSPFx)

1 + exp(βSSPFx)
(7.100)

where β is a row vector with m elements corresponding to the coefficients from
the SSPF (see Table 7.3), and x is a column vector with m elements describing
the environmental characteristics of the transition (first element is the intercept,
and equals 1). Thus, aij is the probability of selection of step i-to-j based on the
vector of covariates (e.g. geographic distance between i and j, road crossing,
proportion of each land cover) characterizing this transition.

7.E MLEs of reindeer trajectories

Figures 7.9-7.11 contain plots of all the 32 trajectories used in the experiment
in Section 7.4. The starting pixel is marked by a green square, the ending pixel
by a magenta asterisk, and pixels where the animal was observed along the
trajectory by red dots. Above each plot is shown the MLE of β corresponding
to the trajectory. Figure 7.12 shows a histogram of the 32 MLE values computed
for each trajectory in the reindeer trajectory data set.
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F I G U R E 7 . 9 : Trajectories 1-12
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F I G U R E 7 . 1 0 : Trajectories 13-24
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F I G U R E 7 . 1 1 : Trajectories 25-32

F I G U R E 7 . 1 2 : Histogram of the MLE values for the 32 tra-
jectories of reindeer. The solid red line marks the MLE ob-
tained with the whole set of trajectories, β̂MLE(Ω) = 0.002466,
whereas the magenta dashed line shows the mean of the indi-

vidual trajectory MLEs, 〈β̂MLE(℘)〉℘∈Ω = 0.003311.
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Chapter 8

Habitat Functionality metric
for evaluating ecological
landscapes in terms of
connectivity and quality

8.1 Introduction

This chapter is based on yet unpublished and preliminary work aiming to
develop methods in ecology for environmental impact assessment using the
RSP framework. It follows work conducted in [168] where the potential of
RSPs for modeling animal movement was initially studied. More precisely,
the focus here is on quantifying the functionality, or suitability of a habitat or
a broader geographic landscape for a particular animal species in terms of
connectivity and quality. This is done by combining recent advances in land-
scape ecology, animal movement ecology and network analysis to synthesize
the quality, abundance, and connectivity of each landscape unit into a single
Habitat Functionality (HF) metric.

The metric is defined through graph theoretic formalism, which has generally
become a popular paradigm in ecology [52]. Especially ecological movement
models are often constructed by considering a geographic landscape as a net-
work of habitat patches linked to each other [183, 86, 73]. The problems of
quantifying the suitability of a patch or the full landscape for an animal can
thus be considered analogous to the problems of quantifying the centrality (in
some sense) of a node in a network, and the overall quality (in some sense)
of the network. This work especially focuses on the case where the network
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is based on a map image, where each pixel represents a habitat patch and is
connected with edges to the neighboring pixels.

One main goal, when designing such a measure, would be that it responds to
the impact of different infrastructure development scenarios on the habitat in a
sensible way. The HF metric proposed here is also assessed in this context, both
on a theoretical level as well as experimentally. The definition of the HF metric
is stated in a heuristic manner, and it can be interpreted as a modification of
the harmonic centrality of a node in a network. One modification is the consider-
ation of the distances derived from the RSP framework in place of the shortest
path distance, which normally defines harmonic centrality. The motivations
for considering the RSP framework in this ecological context were discussed
earlier in Section 7.4. Although the definition of the HF metric is intuitive, we
also show some unexpected, and even undesired results in experiments, and
how they can be dealt with.

8.2 Habitat Functionality metric

The HF metric is defined on a landscape, which can be a rectangular or other
shape of geographic area Ω ⊂ R2. The metric combines the consideration of
the quality of a location, s ∈ Ω, denoted by Q(s), and its connectivity with
other locations on the landscape. The quality Q(s) is, in general considered,
following [100], as its ability to provide conditions appropriate for individual
and population persistence. The exact definition of how it is computed for the
case study of this chapter is discussed later.

Although Q(s) is often, by itself, used as a proxy of habitat suitability, it ig-
nores the spatial configuration and connectivity of resources (i.e. the encounter
probability), and therefore risks to misrepresent the real contribution of a loca-
tion to population persistence. Therefore, we define Habitat Functionality of a
location s, HF (s), not only based on its habitat quality, but also on the quality
of all other target locations t in the landscape Ω that are accessible from s:

HF (s) = Q(s)×
∫

t∈Ω

Q(t)×K(s, t) dt (8.1)

with K(s, t) the proximity between location s and t. For the proximity, we only
state a loose description that it should be a measure of the ease of movement
from location s and t. Especially, it can be defined as symmetric or not, depend-
ing on the application. Hence, the functionality of a location increases with its
own habitat quality and with its connectivity to other high quality locations.

176



Chapter 8. Habitat Functionality metric

Note that a poor-quality location has low functionality, but may still contribute
to the functionality of other pixels by allowing for their connectivity.

Integrating HF (s) over s measures the overall functionality of the landscape
Ω, which we call the landscape functionality (LF) of Ω:

LF (Ω) =

∫∫

s,t∈Ω

Q(s)×Q(t)×K(s, t) dt ds (8.2)

We estimate HF and LF on a landscape by discretizing the landscape into a
rectangular grid graph G, whose nodes correspond to pixels of a map image
of the landscape. Each pixel is connected with edges to the nearest longitudal,
latitudal and diagonal neighbors, resulting in at maximum 8 incoming and
outgoing edges for each pixel. The choice of this size of neighborhood, as well
as the choice of whether to consider directed or undirected edges are in general
application-dependent.

Furthermore, we consider the habitat qualities and proximities as discretiza-
tions (denoted now by Qs and Kst, respectively, for any s, t ∈ V ) on the grid
(the qualities Qs can be weighted by pixel size). The discrete version of the
local HF and global LF measures can then be written as:

HFs = Qs ×
n∑

t=1

Qt ×Kst and LFG =
n∑

s=1

n∑

t=1

Qs ×Qt ×Kst (8.3)

This definition incorporates straightforwardly the ideas of the local quality
and global connectivity of locations for assessing the functionality of the whole
landscape. The formulation is very general, and the actual definition of qual-
ities and proximities should be decided for each application separately. The
definition of LF is similar, and partly inspired by the probability of connectivity
(PC) index proposed in [183]. The LF metric can actually be considered as a
generalization of the PC index, as the latter can be obtained as a special case
of the former, by considering the quality of a location as the land area of that
location, and the proximity according to the likelihood of the most likely path
between two locations.

This work explores the idea of deriving the proximity measure Kst based on
the RSP framework, and the distances derived from it, which is also the main
novel contribution of this work. The motivation for using RSP distances lies in
the suitability of the assumptions behind the RSP model for animal movement
modeling, as already discussed in Section 7.4. Especially, the expected cost
over the RSP distribution, 〈c̃〉st, provides an intuitive measure of connectivity
between different locations on the landscape. However, the exact definition
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and usage of the RSP model and its distances for this scenario require careful
considerations over several decisions depending on the application features.

8.3 Graph-theoretical view of Habitat Functional-

ity

The definition of the HF and LF metrics in Equations (8.1) and (8.2) and their
discretized versions in Equation (8.3) seem inuitive from an ecological perspec-
tive. However, the measures deserve first a careful study from a more general
graph theoretic perspective. Thus, we first discuss the relation of the proposed
formulation of HF in the general context of graph centrality measures and LF
in the context of network indices.

Let us consider, in this Section, the general situation where a graph G is given,
as elsewhere in this thesis, as a strongly connected directed graph, with edge
affinities aij and edge costs cij . Moreover, we consider the case where the
node qualities are set to unity, Qi = 1, for all i ∈ V , and the proximity is the
inverse of the least cost distance, Kst = 1/∆LC

st . Then the HF of a location s
corresponds to the harmonic centrality [25] of node s

CHarm
s =

∑

t 6=s

1

∆SP
st

, (8.4)

The harmonic centrality was originally proposed as an improvement of close-
ness centrality (see Section 2.5 for details) to deal with disconnected graphs,
for which the distance between unconnected nodes is infinite, leading the cen-
trality scores of all nodes to be zero. Even considering closeness centrality
separately within each connected component is undesirable, as it will lead to
nodes in small components having larger centrality scores than nodes in large
components. The harmonic centrality solves both of these two problems, in
addition to which it can provide a ranking of nodes very different from the
ranking obtained with closeness centrality. As mentioned in Section 2.5, close-
ness centrality, and similarly the harmonic centrality the HF metric, can be
interpreted as a measure of the efficiency of a node, when considering dissemi-
nation of communication on a graph [84, 207], which also motivates the use of
Equations (8.1) and (8.3).

A nice review of the history and properties of harmonic centrality (as well as
network centralities in general) is given in [25]. The cited work contains an
effort for stating axioms that a network centrality measure should (at least)
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satisfy. A bit surprisingly, out of a comparison of 11 popular centrality mea-
sures, the harmonic centrality is noted to be the only one that satisfies the three
presented axioms. Harmonic centrality has been also studied independently
in chemical graph theory (see, e.g. [109]).

The inverse is, of course, only one of various ways of defining the proxim-
ity Kst from a distance. Instead, the HF measure can be (and likewise, the
harmonic centrality could be) considered according to any other sensible trans-
formation from distance to proximity, or even by considering directly a prox-
imity measure without consideration of a distance measure. Moreover, the
harmonic centrality is only one among the vast catalogue of graph node cen-
trality measures, some of which was already reviewed in Section 2.5 as well
as in Section 5.2 focusing on betweenness centralities. In the future, we plan
to modify RSP betweenness centrality, which was studied in Chapter 5, and to
consider it on ecological landscapes in the similar setting as considered in this
chapter, especially by considering weights on the starting and ending nodes.

Functionality could also be considered in terms of feedback, or spectral central-
ities (again, see Section 2.5), such as the eigenvector centrality, or PageRank,
to name a few. This could be achieved, for instance, by altering the defini-
tions in Equations (8.1) and (8.3) so that the HF of location s would become
recursively dependent on the HFs of other locations. Such an approach would
lead to a measure very similar to the metapopulation capacity developed in [101],
which is defined as the leading eigenvalue of a matrix similar to the matrix
of proximities weighted by respective qualities. However, in this chapter we
focus on the study of HF according to the harmonic centrality formalization of
Equations (8.1) and (8.3).

The HF generalizes the harmonic centrality in two aspects — in terms of intro-
duction of weights (according to the qualities Qi) and by allowing considera-
tion of an arbitrary graph node distance or proximity measure. When consider-
ing either the RSP dissimilarity or the free energy as the distance measure, the
generalization from the least cost based harmonic centrality is continuous in
the sense that the harmonic centrality can be approximated arbitrarily closely
by choosing a large enough value of β. In a recent study [214], harmonic cen-
trality was generalized to consider a Jaccard distance and a cosine distance,
instead of the shortest path distance. However, it appears that harmonic cen-
trality has not been considered before in terms of random walk distances, nor
RSP distances.

We examine first the nature of the HF and LF metrics based on the harmonic
centrality using the RSP dissimilarity as the distance measure with a fixed
value of β for all s-t-pairs, and by considering unit qualities, Qs = 1 for all
nodes s ∈ V . Let us thus investigate this idea by defining the harmonic RSP
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centrality of node s as:

Ch−RSP
s =

∑

t 6=s

1

∆RSP
st

. (8.5)

Note that although the proximity measure Kst is not required to be symmetric,
the examples presented below in Section 8.3.1 give an indication as to why at
least considering only the outgoing directed distances in the above definition
may lead to counterintuitive and perhaps undesired results. Because of this
the definition is stated with the symmetric RSP dissimilarities.

As explained in Section 2.4.2, ∆RSP
st interpolates between the least cost dis-

tance, ∆SP
st , (when β −→∞) and the commute cost distance ∆

CC
st (which is,

once again, proportional to the commute time and resistance distances; when
β −→ 0+). Thus, Ch−RSP

s generalizes the harmonic centrality, and its corre-
sponding form defined with the commute cost distance.

8.3.1 Simple examples

The HF metric is designed for ecological applications on geographic networks.
Such networks can be constructed so that nodes correspond to larger patches in
a landscape and the edges correspond to corridors between the patches. In this
work, however, the focus is more on the case where the network is discretized
into pixels based on a map image of the landscape, which, in the simplest case,
is a rectangle-shaped grid of square pixels.

Thus, we first examine the behavior of the RSP distances and the harmonic
RSP centrality on a simple rectangle-shaped grid. We use a 41× 31 sized grid,
where pixels are connected to their nearest vertical, horizontal and diagonal
neighbors. The heatmaps in Figure 8.1 show the sum of incoming expected RSP
costs on the left-hand column, the sum of outgoing expected RSP costs in the
middle column and the sum of RSP dissimilarities in the right-hand column,
for each pixel and for different values of β. The value of β used is reported
above each plot, and decreases from top to bottom. The top-most middle plot
corresponds to the sum of least cost distances (the limit β −→ ∞). As the
graph is undirected, the sums of outgoing and the sums incoming least costs
produce identical plots to the sums of least cost distances. The bottom row,
from left to right shows the sums of incoming and sums of outgoing expected
hitting costs of the random walk and the sums of commute time distances for
each pixel (the limit β −→ 0+).
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F I G U R E 8 . 1 : Sums of incoming and outgoing expected RSP
costs and RSP dissimilarities for each pixel, with different val-
ues of β. On top, the sums of least cost distances from each
pixel to all others is shown. The bottom row shows the sums
of the random walk expected hitting costs and commute cost

distances.

181



Chapter 8. Habitat Functionality metric

70

80

90

100

110

60

70

80

90

1.5

1.6

1.7

1.8

0.3

0.35

0.4

0.45

0.5

0.55

0.2

0.3

0.4

60

70

80

90

1.78

1.8

1.82

1.84

1.86

1.88

0.49

0.495

0.5

0.505

0.51

0.515

0.348

0.35

0.352

0.354

0.356

60

70

80

90

1.65

1.7

1.75

1.8

0.35

0.4

0.45

0.5

0.2

0.25

0.3

0.35

F I G U R E 8 . 2 : Harmonic RSP centrality of the inverses of
incoming and outgoing expected RSP costs and RSP dissimi-
larities for each pixel, with different values of β. On top, the
sums of least cost distances from each pixel to all others is
shown. The bottom row shows the sums of the random walk

expected hitting costs and commute cost distances.

Already this simple example shows an interesting aspect, which relates gen-
erally to the directed random walk distances. Namely, the middle column
of Figure 8.1 shows, fairly unintuitively, that the sum of expected costs from
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pixels in the center of the grid to other pixels become higher than the sum
of expected costs from the corners of the landscape to elsewhere when β de-
creases towards zero. In other words, according to the directed random walk
distances, other parts of the landscape can, on average, be reached more easily
and faster from the edges and corners of the landscape than from the center.

Figure 8.2 contains the same idea as Figure 8.1 but, instead of sums of dis-
tances, here the sums of the inverses of distances at each pixel are presented as
heatmaps, again considering both directed and symmetrized distances. Thus,
the right-hand column of Figure 8.2 illustrates, for different values of β, the
harmonic RSP centrality as defined in Equation (8.5), whereas the left-hand
and middle columns show the incoming and outgoing sums of directed ex-
pected costs. A similar issue emerges in the middle column of Figure 8.2 as
in the middle column of Figure 8.1, namely that with low values of β and
in the natural random walk case, the sums of inverse expected costs become
lower in the center than in the edges and corners of the landscape, i.e. that the
method considers the corners of the landscape more central than the nodes in
the center.

The same plots were also generated using the sums of free energies and free
energy distances, and the results were, again, very similar to the ones presented
here. The result emerging in the plots on the middle columns of Figures 8.1
and 8.2 seem counterintuitive and undesirable when considering applications.
At the same time it provides an interesting result about the random walk and
RSP based harmonic centrality and seems to indicate that when considering
harmonic RSP centrality on a grid graph, such as the ones used here, then
the symmetric distance may be more intuitive and useful than the directed
distances. It is, however, worth noting, by looking at the colorbars of the plots,
that the scale of the values in the middle column plots is very narrow, especially
when comparing with the scales of values in the other plots. In other words,
the effect of the phenomenon is not strong, but it is, nevertheless, surprising.

8.4 Effect of changing a corridor on HF

One original motivation for considering the HF metric in terms of RSP dis-
tances was that it would hopefully be sensitive to changes in the landscape
that cause drastic effects on the landscape globally. With this idea in mind,
we devised a simple experiment, with an artificial landscape consisting of two
patches connected by a corridor. Ideally, the HF and LF metrics would be
especially sensitive towards changes in the corridor, such as its widening or
closing. We thus considered such a landscape, of size 31 × 61, with a 5-pixel
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⇒

F I G U R E 8 . 3 : Landscapes used for studying the sensitivity
of LF to a widening of a corridor connecting two landscape
patches. The landscape on the left has a corridor of width 3
pixels, and the one on the right side has a corridor of width 5

pixels.

wide wall in the middle of the landscape. We then considered an open corridor
in the middle of the wall with two different corridor widths, of 3 and 5 pixels.
The grid graphs corresponding to these artificial landscapes are depicted in
Figure 8.3.

8.4.1 Counterintuitive result

We computed on both landscapes of Figure 8.3 the RSP dissimilarities for all
node-pairs, and the HF metric for all pixels according to the harmonic RSP
centrality of Equation (8.5). The LF value for each landscape was then simply
computed as the sum of the HF values on the landscape (as we considered each
pixel i having quality Qi = 1). We then compared the LF values between the
reference landscape (with a 3-pixel-wide corridor) and the altered landscape
(with a 5-pixel-wide corridors).

The results of this test are plotted in Figure 8.4A. It shows the increase, in
percentage, of LF, for different values of β, when the corridor between the two
patches was widened from 3 to 5 pixels. In addition, the dashed lines indicate
the corresponding improvement in LF, when considering the shortest path
distance, or the commute cost distance as the distance instead of the RSP dis-
similarity. A bit surprisingly, and disappointingly, the effect of widening the
corridor on LF was not very strong with the RSP-based functionality measure.
The largest relative increase in LF is gained by the random walk based HF met-
ric, i.e. as β → 0+, but with intermediate values of β the increase was always
smaller than with the random-walk based metric. Even more surprisingly, the
plot shows a strange bump for the value of β = 10−4, for which the overall LF
value actually decreases by widening of the corridor. The same effect was ob-
served (though not reported here) to happen also when using the free energy
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distance, ∆FE
st , in place of the RSP dissimilarity, ∆RSP

st , in the definition of the
harmonic RSP centrality in Equation (8.5), although the effect of the “bump”
was not as strong as in Figure 8.4A.

We also computed the change in LF when considering, the logarithmic forest
distance, ∆logFor, in place of the RSP dissimilarity. Remember that ∆logFor

was defined in [45] and was considered earlier in Chapter 3 when making a
comparison of graph node distance measures. Recall also that the logarithmic
forest distance generalizes, depending on a parameter α, the shortest path
distance (when α → 0+) and the resistance distance (instead of the commute
distances; when α → ∞). Figure 8.5 shows the improvement, in percentage,
of LF based on ∆

logFor, for a range of values of the parameter α. The plot
also contains the improvement obtained with the resistance distance, ∆Res,
which is slightly higher than the improvement obtained with the commute
cost distance, ∆CC, that was plotted in Figure 8.4. From Figure 8.5 we see
that, similar to the plot based on ∆

RSP in Figure 8.4A, the improvement in LF
is also not monotonous with respect to the parameter α. Furthermore, for a
range of values of α the improvement of LF based on ∆

logFor is actually smaller
than the improvement obtained with LF based on the shortest path distance
∆

SP. Still, a positive aspect about considering ∆
logFor for defining LF in this

example is that at least LF does not decrease for any value of α by widening the
corridor, which happens in Figure 8.4A when considering ∆

RSP. However, the
LF index given by ∆

logFor is still less sensitive to the widening of the corridor,
than the index defined by the resistance distance. Moreover, the use of ∆logFor

in the ecological context considered in this chapter is discouraged partly by
the fact that it lacks a clear interpretation in terms of movement on the graph,
as opposed to the RSP distances.

One possible explanation for the undesired result with the LF metric based on
RSP dissimilarity is that when the corridor is modified, the landscape graph
also changes globally in such a way that affects the relative entropies of the
probability distributions between node pairs. Remember that the original defi-
nition of the RSP distribution of Equation (2.10), was derived by minimization
of expected cost with the relative entropy with respect to the random walk
distribution constrained to a fixed level J0. However, as discussed briefly in
Section 2.3, in the end the relative entropy value J0 is replaced by the inverse
temperature β which obtains a similar role as J0. Accordingly, when the graph
is transformed, as in the above corridor example, the RSP model based on
a fixed value of β will result in a different value of relative entropy on the
original and the transformed graph.
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F I G U R E 8 . 4 : Increase in LF obtained by widening of corri-
dor. The plots report the increase in LF for a range of values
of β when using a fixed β for comparing LF on the two land-
scapes (A), and when using, on the landscape with wider
corridor, a new value of β for which the mean relative en-
tropy coincides with the mean relative entropy on the refer-

ence landscape (B).
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F I G U R E 8 . 5 : Increase in LF obtained by widening of cor-
ridor, when considering LF based on the logarithmic forest
distance. The setting for producing the plot is otherwise same
as in Figure 8.4A. Note that the behavior of the logarithmic
forest distance with respect to the parameter α is opposite
from the RSP dissimilarity, i.e. a value of α close to zero pro-
duces distances similar to the shortest path distances, while
large values of α produce distances similar to the resistance

distance.
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8.4.2 Maintaining constant relative entropy

A possible solution for making the HF and LF measures more sensitive to-
wards the change in a corridor on a landscape is to reset the value of β after
the landscape has changed so that the relative entropy level of the RSP model
remains constant. In order to consider the global entropy level in a rigorous
manner, we extend the RSP model to consider the set of all hitting paths on
G (instead of only paths between a fixed s-t-pair). This resembles the idea
of the bag-of-paths (BoP) framework, considered earlier, in Section 2.6 and
in Chapter 4. Recall that the BoP framework is defined, similarly to the RSP
framework, according to minimization of expected cost with relative entropy
constraint, but on the set P of all hitting paths on G, instead of the set Pst of
hitting s-t-paths only. From this formulation one can compute the BoP prob-
abilities, Πst (see Equation (4.10)), also called the coupling probabilities in [97],
i.e. the probabilities that a path drawn from the BoP distribution has s and t as
its starting and ending nodes, respectively.

Here we instead make the extension of RSPs from the set Pst to the set P
by constraining the coupling probabilities to stay constant, i.e. to be indepen-
dent of the temperature of the system. Considering the definition of HF in
Equations (8.1) and (8.3), we focus especially on the case where the coupling
probabilities are set as products of probability distributions on the starting and
ending nodes of paths (which correspond to the qualities Qi in the formula-
tion of HF in Equations (8.1) and (8.3)). For this, we consider on the nodes
i ∈ V probability distributions qsi and qti , namely the starting and ending node
probability distributions, respectively, and fix the coupling probability of an
s-t-pair as qssq

t
t . We then extend the definition of the random walk probabilities

over the setP , taking also into account the starting and ending probabilities, as
Prw(℘) = qssq

t
tP

rw
st (℘). Then, we may augment the BoP minimization problem

of Equation (4.8) with an additional constraint on the coupling probabilities
and seek for the distribution that solves

Minimize
P

∑

℘∈P

P(℘)c̃(℘) subject to





J(P‖Prw) = J0∑
℘∈P

P(℘) = 1

∑
℘∈Pst

P(℘) = qssq
t
t , s, t ∈ V.

(8.6)

As such, the third constraint is not well defined, because the sum on the left
side is empty (i.e. 0), when s = t, as normally hitting paths are not defined
from a node to itself. The right side, however, in that case is qssq

t
s, which is

non-zero at least for some s ∈ V . One way of solving this issue is to change the
definition of a path to include zero-length paths, i.e. sequences consisting of only
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one node and no edges. Formally, we define, for all i ∈ V , the set Pii = {℘ii},
where ℘ii = (i) is the zero-length path of node i. Likewise, the set P of all
hitting paths on G is considered to contain the zero-length paths. Moreover,
we also need to define the random walk probabilities for the zero-length paths,
for all i ∈ V , as Prw

ii = 1.

It is not difficult to show that the solution of the minimization in Equation (8.6)
is given by the weighted RSP distribution, namely, for a path ℘st ∈ Pst,

P(℘st) =





qssq
t
tw̃(℘st)

Zst
, t 6= s

qssq
t
s, t = s.

(8.7)

where, as before, w̃(℘) is the unweighted path likelihood from Equation (2.13),
and Zst is the standard partition function of hitting s-t-paths of Equation (2.9).
Note that here, although the path ℘st has starting node s and ending node t,
the probability distribution P is the BoRSP distribution, defined over the set
P of paths between all node-pairs, not the RSP distribution Pst, which is the
conditional distribution defined over the set Pst.

Finally, in this setting the global relative entropy can be shown to be simply
the weighted sum of the relative entropies of the RSP distributions between all
s-t-pairs, with weights qss and qtt :

J(P‖Prw) =
∑

s,t∈V

qssq
t
tJ(Pst‖Prw

st ). (8.8)

Note that we could as well formulate the coupling probability constraint in
Equation (8.6) considering a full (n×n) matrix of coupling probabilities, where-
as here only a vector qs of starting node probabilities and a vector qt of ending
node probabilities are required, which fits our purpose in the context of the
HF metric. Although in the current formulation of the HF metric, the only
one type of quality Qi is defined on each node, which can be considered to
represent both the starting node and ending node probabilities.

As this idea can be seen as an intermediate between the RSP and BoP frame-
works, we name this extension the bag-of-randomized-shortest-paths (BoRSP)
framework. Note that in [82], Section 6, a weighted version of the BoP frame-
work was proposed similar to the BoRSP idea. However, the difference with
the current proposal is that there the weights are only used to redefine the
random walk probabilities, but not as constraints of the path distribution. As
a result, the coupling probabilities of the weighted BoP model are not fixed,
but depend on the selection of β, similarly to the standard, unweighted BoP
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model. Another similar proposal is in [97], where the BoP framework is consid-
ered in a randomized optimal transport problem setting. Also there, starting
node and ending node distributions are considered, but without constraints
on the coupling distribution. Instead, also there, the coupling probabilities are
deduced from the model. Thus, these two other models seem to some extent
similar to the model considered here, but actually all three differ and produce
very different results, also in terms of distances. In a way, the two other models
have a clearer intuition, and the formulation of the BoRSP model is here mostly
proposed for the sole purpose of deriving a global relative entropy measure
that is similar to the formulation of the HF metric. Further investigation on
the BoRSP model and a more intuitive justification for it will be left for future
work.

In order to solve the issue faced in the corridor experiment in Section 8.4, we
thus aim to keep the global relative entropy level constant, when increasing
the width of the corridor, which requires a change in the value of β. We did
this by computing first on the reference landscape with the corridor of width
3, and for every intermediate value of β, the corresponding LF value and the
mean relative entropy over all node pairs on the graph,

J0 = J(P‖Prw) =
∑

s,t

J(Pst‖Prw
st )/n

2, (8.9)

by using Equation 6.12. Remember that in the corridor experiment we consider
unit qualities, corresponding to uniform starting and ending node distribu-
tions, qsi = qti = 1/n. Then, on the modified graph, with a wider corridor, we
search for a value of β̂ such that the mean relative entropy is approximately
equal to J0, and then compute the LF on the modified graph using β̂.

These results are presented in Figure 8.4B, which reverses the undesired result
obtained with constant β shown in Figure 8.4A. Indeed, by letting β change
along the change of the graph, so that the mean relative entropy is kept con-
stant, the LF value now increases, when the corridor is widened. A further
illustration of this idea is presented in Figure 8.6 which shows heatmaps of
RSP dissimilarities and their inverses (corresponding to proximities in this ex-
ample) from one particular pixel to all other pixels on the two landscapes. For
the landscape with the 5-pixel-wide corridor, heatmaps are plotted for both
the original value of β = 10−4 and the updated value β = 1.19× 10−4, which
results in equal average relative entropy on the two landscapes.

Comparing the top and middle row plots in Figure 8.6 we see that although a
wider corridor decreases distances to the other side of the wall, the dissimilari-
ties to nodes on the same side of the wall actually increase, on average. This
ultimately results in a decrease in LF caused by the widening of the corridor.
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F I G U R E 8 . 6 : Heatmaps of RSP dissimilarities (left column)
and their inverses (right column) from one node on the left
hand patch of the landscape, next to the corridor, to all other
nodes. The top row shows the landscape with the 3-pixel-
wide corridor and β = 10−4, the middle row shows the land-
scape with 5-pixel-wide corridor and also β = 10−4, and the
bottom row shows the landscape with 5-pixel-wide corridor
and β = 1.19× 10−4 (which results in equal average relative
entropy as β = 10−4 on the 3-wide-pixel corridor landscape).
Note that colormaps are scaled to match in the plots within
the same column meaning that a pixel of a certain color is
at equal distance, or proximity, in all three plots of the same

column, in order to facilitate comparisons.
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( A )
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F I G U R E 8 . 7 : The real landscape (A) and its artificially mod-
ified version (B), where an imaginary “bridge” (marked with
the red rectangle, for clarity) is added over the water reserve
crossing the landscape. Both heatmaps depict the qualities Qi

of each pixel i.

Comparison with the bottom row plots then shows that by keeping the relative
entropy constant (instead of constant β) maintains the distances on the same
side of the landscape on a similar level in the 5-pixel-wide corridor landscape
as in the 3-pixel-wide corridor landscape. As the distances to the other side of
the wall decrease, also the LF increases, as shown by Figure 8.4

The results presented in Figures 8.4 and 8.6 provide evidence to the idea that
when making comparisons of RSP distances over varying graphs, the RSP
models should be defined on the different graphs so that their relative entropies
are equal, instead of considering the same value of the inverse temperature
β. This, however, can be computationally inconvenient, especially on large
graphs, as the model cannot be computed directly so that it would result in
a desired relative entropy value, but instead the desired entropy value has to
sought by a binary search over different values of β. We nevertheless resort to
this approach in the following for demonstrating the applicability of the HF
and LF metrics in an ecological application on a real landscape.

8.5 Use case with wild mountain reindeer

The particular use case considered in this work is the study of wild moun-
tain reindeer (Rangifer t. tarandus; which were also studied in Chapter 7) on
a landscape in the area of Snøhetta in Norway. This wide-ranging species
is especially vulnerable to anthropogenic barriers to movements, which can
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block traditional migration routes and prevent access to key seasonal habitat
[99]. In Norway, migrations are rapidly disappearing due to the piecemeal de-
velopment of an intricate network of infrastructures including roads, railways,
hydropower, and tourist resorts [167, 165, 166, 152, 208]. Recent, independent
estimations of habitat loss [167] and of habitat fragmentation [168] at the na-
tional scale proved valuable, but incomplete for sound conservation planning.

In this context, we are able to use GPS data collected from individual animals
for estimating two quantities required for computing the HF metric, namely
the edge affinities, aij , and the habitat qualities, Qi. The edge affinities are
defined using the same method as in Section 7.4, based on Step Selection Prob-
ability Functions (SSPF) [133]. Thus, affinity aij corresponds to the Step Se-
lection Probability, which can be interpreted as the probability of an animal
to traverse edge (i, j) upon encountering it instead of remaining in location
i [135]. The exact process of computation of the affinities is detailed in Ap-
pendix 7.D of Chapter 7. This probabilistic interpretation of affinities justifies
well the consideration of affinities for defining the random walk behavior on
the landscape.

The habitat qualities, Qi, are estimated based on Resource Selection Probability
Functions (RSPF). The only difference with the estimation process of affinities
is in the definition of the term fA

i (x; si) in (Equation 7.99) in Appendix 7.D of
Chapter 7, i.e. the distribution of resources available for location si. Namely, for
the RSPF the distribution of available resources was given by the population
range (for details, see [167]), and for the SSPF we defined the area within 2 km
of each location si as available (for details, see [168]).

8.5.1 Workflow from edge affinities to proximities between all
nodes

As mentioned, the GPS data can be used for inferring edge affinities, aij , cor-
responding to the probability of movement over an edge upon encounter, and
node qualities, Qi, corresponding to the likelihood of observing an animal in
location i based on the geographic features of the location. In order to com-
pute the HF and LF from these, the proximities between all node-pairs must
be defined. The first step is to define edge costs, cij , for which we resort to the
affinities. As the affinities correspond to Step probabilities (i.e. 0 < aij ≤ 1 for
all (i, j) ∈ E), we first considered edge costs according to

coddsij =
1− aij
aij

=
1

aij
− 1, (8.10)
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F I G U R E 8 . 8 : Ratio of used steps versus available random
steps for binned predicted Step probabilities (aij). Not sur-
prisingly, the number of actual used steps per available step
increases as the predicted probability increases. The vertical
gray line represents the maximum ratio, i.e. beyond this point
the predicted probabilities were not increasingly used (the ac-
tual decrease is likely due to smaller sample sizes). The lack
of increased use indicates the indifference of animals to a fur-
ther increase in predicted probabilities. We interpreted this as
for values of aij > 0.5 the corresponding cost is negligible (i.e.

cij = 0).

which corresponds to the odds against using the step upon encounter. This is
similar to the inverse, which is often used in ecological applications (e.g., [47]).
However, as the affinity values here are scaled between 0 and 1, this use of
the inverse results in a minimum resistance or cost of 1, which is not desirable.
Instead, the odds against range from 0 to infinity, which is more convenient.

The odds against can be interpreted as the expected number of times that
the animal should encounter the transition before it will take it. In gambling
terminology, it can be considered as the expected payout of each bet made
against the occurrence of the transition. As the cost of a path is defined as sum
of edge costs along the path, the path cost can be interpreted as the expected
cumulated payout.

Although in theory the Step probability ranges between 0 and 1, in practice
the maximum probabilities are often far below 1 (due to e.g. stochasticity in
animal movement and/or poor model fit). We therefore stretched the Step
probabilities over the whole interval [0− 1] to correct for this. Figure 8.8 shows
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F I G U R E 8 . 9 : Histogram of the summer range sizes from
reindeer (N = 224) in Southern-Norway during the summer
(based on N ≈ 120 locations per individual in July – from
a sampling schedule of one location every 3 hours). We esti-
mated the summer range sizes using 95 % contour of a kernel
density estimator. The mean range size (black vertical line)

was 590 km2.

that for Step probabilities aij > 0.5 the animals did not increasingly use those
steps, which we interpret as that there was no longer a cost associated to those
transitions (i.e. cij = 0). Thus, we scaled the Step probabilities by multiplying
with 2 and limited the scaled values to maximum of 1 (i.e. for aij ≥ 0.5 the
associated cost cij = 0). Adding these adjustments to the odds-against trans-
formation in Equation (8.10), the final definition of costs from affinities can be
expressed as

cij =
1

min{2aij , 1}
− 1 (8.11)

Another natural choice, would be to define cij = − log aij . However, the choice
for the former was based on initial tests, which are not reported here.

With the edge costs defined, the RSP distribution can be computed with a given
value of β, and accordingly the expected costs and RSP dissimilarities. We then
considered, as in Section 8.3 the RSP dissimilarities for defining proximities.
We then first considered again the inverse transformation (plus one to avoid
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zero division) for defining the proximities:

Kst =
1

1 +∆RSP
st

(8.12)

Preliminary results using these transformation (i.e. Equations (8.11) and (8.12))
showed a fast decay of the proximity with geographic distance in core areas
of the landscape, which indicated the use of a too large cost-scale (i.e. an over-
estimation of ‘unit’ cost). Ideally, cost values would be derived from individual
fitness or vital rates. Future research needs to address the link between land-
scape resistance or cost and individual fitness. However, for now we focus on
adjusting the scale based on individual space use. We decided to alter the cost
scale by adjusting the RSP dissimilarities with a factor, f , resulting in the final
transformation of RSP dissimilarities into proximities:

Kst =
1

1 + f∆RSP
st

(8.13)

The scale correction factor controls the ‘half-life’ of the proximity with increas-
ing expected path costs (e.g. for f = 1/20 the proximity Kst = 0.5 for an
expected commute cost ∆RSP

st = 20). We estimated f from observed reindeer
space use as the diameter of a circular area corresponding to the average home
range sizes of reindeer in Norway (which is 489km2, see Figure 8.9). Thus, we

used a scale correction factor f = 1/50 (from 2
√

489
π km divided by 0.5 km

for the number of pixels). To sum up, the proximities Kst were obtained from
edge affinities, aij , by first applying Equation (8.11), then computing the RSP
dissimilarities ∆RSP

st with a given value of β and finally by transforming them
to proximities according to Equation (8.13) with the scaling factor f = 1/50.

8.5.2 Effect of opening a corridor in a real landscape

Here we demonstrate the use of the HF and LF metrics on a real landscape by a
similar experiment as the experiment presented in Section 8.4 with the artificial
landscape with a corridor of varying width. The original landscape considered
here, and its artificially manipulated version, are depicted in Figure 8.7 as
heatmaps of quality values Qi of each pixel i. The landscapes contain 18 930
pixels (i.e. nodes in the corresponding graph).

The landscape in Figure 8.7B varies from the one in Figure 8.7A in that an
artificial imaginary bridge is added to the landscape over the body of water
crossing through the landscape from southeast to northwest. Studying and
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comparing the effect of such an infrastructural change in the landscape in
terms of the HF and LF metrics could give indication and advice on decision-
making in development plans. Again, for this goal, the HF and LF metrics
would desirably have a strong response to the introduction of the corridor in
the central part of the landscape

We computed the LF value on both the original and the modified landscape
according to the left side equality in Equation (8.3), using the qualities Qi and
the proximities Kst as defined in Section (8.5.1). We then computed again the
change, in percentage, in LF between the two landscape versions. This was
first done using a fixed value of β on both landscapes for computing LF based
on RSP dissimilarities. The result is plotted in Figure 8.10A showing that the
unexpected effect seen in the artificial corridor example in Section 8.4 is even
stronger in the real world case. Namely, for most values of β, the LF based on
RSP dissimilarity changes less than the LF index based on both the shortest
path and commute cost distance. Also similar to the corridor experiment of
Section 8.4, with the value β = 3× 10−5, LF even decreases by addition of the
imaginary bridge.

Presumably, the seemingly weak (and even negative) response of the RSP-
based LF to the bridge is again caused by the fact that the relative entropies
change when considering the same value of β on both landscapes. We therefore
again computed the change in LF when maintaining a fixed relative entropy,
measured according to Equation (8.8), by using different values of β in the two
landscapes. Because of the large size of the landscape, causing long computa-
tion time and heavy memory-usage, we decided to resort to a faster solution
of approximation of the relative entropies, where the quality-weighted sum of
relative entropies was computed from all nodes of the graph to only a subset
of target nodes. The target nodes were selected as the 2000 nodes with the
highest quality values, Qi, on the landscape graph. A value β̂ was then sought
on the modified landscape using the same set of target nodes in order to have
a reasonably close relative entropy estimate compared to the estimate on the
original graph.

The result, plotted in Figure 8.10B, shows, similar to the experiment in Sec-
tion 8.4, that by maintaining constant relative entropy level during the addi-
tion of the bridge in the landscape the RSP-based LF increases more with most
intermediate values of β, when compared to the change in LF with the short-
est path or commute cost distance. The increase in the RSP-based LF seen in
Figure 8.10B is actually surprisingly large, especially with higher values of β.

The above result might be also slightly distorted by possible inaccuracy in
the approximation of the relative entropy on the modified landscape. Indeed,
approximating the relative entropy by using only a subset of node-pairs is
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F I G U R E 8 . 1 0 : Increase in LF obtained by adding an imagi-
nary “bridge” to the studied real landscape. The plots report
the improvement in LF for a range of values of β when using a
fixed β for comparing LF on the two landscapes (A) and when
using, on the landscape with wider corridor, a new value of β
for which the mean relative entropy coincides with the mean

relative entropy on the reference landscape (B).

not trivial. In particular, as the estimate used here is based on the top-quality
nodes, that may bias the approximation, as the top-quality nodes are often situ-
ated close to each other. This possibly leads to an overestimation of the altered
beta-value used for computing LF in the modified landscape for Figure 8.10B.
The result is still as desired, i.e. that the RSP-based LF seems sensitive to the
addition of the bridge, but an incorrect estimate of the relative entropies may
in other situations cause other undesired effects. Especially, if the approxima-
tion of relative entropy in the original landscape is an underestimate of the
exact relative entropy, that may lead to an underestimate of β, which in turn
may result to a lower value for LF on the modified landscape, thus defeating
the purpose of the effort for maintaining constant relative entropy to begin
with. The result should still be validated by brute-force computation of the full
relative entropies.

8.6 Discussion

This chapter presented a method for estimating the functionality of geograph-
ical landscapes based on RSP distances, but also brought up some surprising
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and partly unintuitive features of the method. The main motivation for consid-
ering habitat functionality in terms of RSPs derives from the seeming suitabil-
ity of the assumptions behind the RSP model for modelling animal movement.
Moreover, the method would desirably (and was originally assumed to) be
more responsive to some critical changes in the landscape than the LF metric
based on shortest path or commute cost distances. However, the initial formu-
lation of the HF and LF metrics did not achieve this goal, as indicated by the
artificial corridor experiment of Section 8.4 and the experiment on the real land-
scape of Section 8.5.2. On one hand this raises the question about whether the
assumptions of the RSP model and RSP distances in the end are suitable for the
problem at hand. On the other hand, if the assumptions behind the model are
indeed valid, then perhaps such surprises could give new, unexpected insights
into the movement behavior of animals.

We proposed, as one possible solution, that the undesired results could be
avoided by making comparisons over two different graphs by constraining the
relative entropy of the RSP models to remain constant, instead of considering
the same inverse temperature on both graphs. This makes more sense in terms
of both information theory as well as in ecology. Namely, the relative entropy
is a more direct measure of information processing capabilities of an agent (see
Section 6.3.3) than the temperature. This change of view indeed seems give
a result that was initially desired from the HF and LF metrics. The idea of
maintaining constant relative entropy was also given a theoretical justification
by formulating the BoRSP framework, which enables a sensible quantification
of the global relative entropy on the graph. The drawback of the method of
maintaining constant relative entropy is the computational cost of finding a
value of β corresponding to a desired relative entropy level.

Directions for future investigations in this context would be to study yet more
graph-based distance measures for defining functionality metrics. On the other
hand, it could be more fruitful to make an effort for laying out axioms for how
such a functionality metric should preferably behave. The work presented in
the chapter is based on still on-going research, which hopefully, eventually,
will result in coherent answers to the questions raised here.
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Conclusion and discussion

This thesis has presented many new measures and methods for network and
graph-based data analysis, mostly in the context of the randomized shortest
paths framework. The Gibbs-Boltzmann probability distribution over paths
defined within the RSP framework can be used to generalize two common
paradigms for network analysis, one based on shortest paths between nodes,
and the other based on random walks on the network. Accordingly, the mea-
sures and methods derived from the RSP framework generalize traditional
measures on networks, which already makes them appealing to study and
use. In addition, the methods were demonstrated and evaluated in different
examples and experiments, often showing that they obtain good performance
or otherwise have interesting qualitative features.

The methods studied in the thesis have often been developed with generality
in mind. Some of the methods were born out of interesting theoretical consid-
erations and were not designed specifically for an application. Even in those
cases the applicability of the methods has also been demonstrated with illus-
trations and verification with artificial and real problem settings and data. For
instance, the RSP betweenness centrality measures developed in Chapter 5
emerged as natural side products of the general idea behind the RSP frame-
work. In other words, they were not designed with a fixed application in mind.
Instead, the RSP betweenness measures are interesting especially on a theoret-
ical level considering the historical context of graph node centrality measures,
and also because they arise, and can be computed, very naturally from the RSP
framework.

Some of the methods, however, were developed in the thesis for particular,
mostly ecological applications in Chapters 7 and 8. In those cases, the method-
ology has also been developed with an effort to understand its place in a more
general context through abstraction. Specifically, in Chapter 7 the develop-
ment of maximum likelihood estimation methods for RSPs and in Chapter 8
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the definition of the Habitat Functionality metric, are both aimed at particular
problems in an ecological setting, but are considered first as general graph-
theoretic or network analysis problems. This widens the application domain of
the methods but also helps in understanding their behavior based on existing
literature in contexts that may not be as apparent from the application-specific
formulation.

The balance between generality and specificity can be hard to control when
developing methods. With specificity the results in one application can im-
prove, but it would be also desirable to have methods that work for a broad
variety of problems. For obtaining such functionality in a general setting, a
method should be scrutinized and grounded, both in a theoretical framework
as well as with experiments starting from simple ones and moving on to more
complex ones. This is done, for instance, with graph node distance measures
in the experiments in Chapter 3 and in the examples in Section 2.4.7, as well as
with the harmonic RSP centrality in Chapter 8. They are all efforts for trying to
obtain insight, by examples, into how the methods work, which can give guid-
ance in their use and can sometimes help in understanding results obtained
with the methods.

The main contributions of the thesis are in the development of new distance
and centrality measures. Especially, the novel idea, presented in Chapter 3,
of considering the free energy related to a probability distribution over paths
between two nodes has proved to be fruitful in many respects. Most notably
it lead to the definition of the free energy distance, ∆FE, which, as explained
and demonstrated in Sections 2.4.6 and 3.3, as well as in [82, 192, 193, 110,
103], is a good candidate for measuring distance between nodes of a graph
by taking into account the amount of connections between the nodes and the
cluster structure of the network. This holds both in the theoretical context as
well as based on experimental evidence. Many other interesting features of
free energy were also presented in Chapter 6.

The work also contains results that leave open questions. Many aspects about
the RSP based distance measures are still left unknown, like the question of
why the RSP dissimilarity in some cases does not satisfy the triangle inequality,
which has not been considered separately in the thesis. Another open problem
is still the decision of which value should be used for the inverse temperature
parameter β in other scenarios besides the one dealt with in Chapter 7, in
particular in applications related to clustering or classification. For now, in
such applications the parameter is normally set using a held-out tuning dataset.
However, especially in clustering, the selection of the value would in an ideal
situation arise somehow naturally based on the structure of the graph.
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The selection of the value of β also relates to the lost-in-space (LIS) phe-
nomenon [142], which has been one main driver behind the recent proposals
in the literature of new distance measures on graphs. Remember, from Sec-
tion 2.4.5 that the LIS phenomenon states that the random walk distance
measures, presented in Section 2.4.2, become meaningless when used on even
moderately large graphs. Also, remember that in [103] the logarithmic Laplace
transformed hitting time distance, which has a seemingly equivalent definition
to the free energy distance, was proved to avoid the LIS phenomenon with
some values of the parameter β. The same result should then hold for the
free energy distance, and it should give indication about which value of β
should be considered in order for the free energy distance to remain global
(i.e. avoid the LIS phenomenon) and still reflect the amount of connectivity be-
tween node-pairs, which is the main advantage of the random walk distances
compared to the shortest path distance on smaller graphs.

Another open issue, which is implicitly raised already in Section 2.4.7, is that
in the end the decision of which distance or centrality measure is better than
another one is a matter of taste and depends on the point of view. Namely,
as discussed with the example graph depicted in Figure 2.1, the ranking of
distances in that graph from the central node to the peripheral nodes can have
multiple choices that can be considered valid, depending on the application.
Perhaps there is more room for defining a broader typology for distance mea-
sures on graphs that could make decisions on which measure to consider for a
given application easier.

Similar issues arise in the context of the Habitat and Landscape Functionality
metrics proposed and studied in Chapter 8. A seemingly functional defini-
tion for the HF and LF metrics based on the RSP dissimilarity was shown to
behave unexpectedly and undesiredly in experiments. A solution was found
in Section 8.4.2 for circumventing the undesired behavior by maintaining the
relative entropy level of the system constant when the system changes, instead
of keeping constant temperature. This example nevertheless showed the value
of carefully designed experiments that test the presumptions of how a method
is thought to work. Moreover, when designing methods for quantifying the
functionality of a whole graph, it might be possible to state some first princi-
ples or axioms that such a method at least should have in a given application
context.

The thesis shows that the RSP framework is a fruitful paradigm for graph based
data analysis, and that it can help in alleviating problems and limitations of
more traditional paradigms. There are still application domains where the
RSP framework could still potentially be used. For instance, the RSP distances
could be considered in terms of network embedding. As another example,
the RSP model could be used for modeling spreading processes of e.g. news
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or other information on online networks, or for different kinds of tracking
tasks, such as the browsing behavior of customers on online shopping sites. In
addition to the unused potential of RSPs, there are still many open questions
on the side of theory related to the framework, that, on the other hand, may
make the framework even more useful in network analysis tasks than so far.
As a result, the research on the RSP framework and similar ideas will hopefully
continue to flourish in the near future.
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