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Chapter 1

Introduction

The aim of this thesis is to attempt to reduce the computational time of
present solvers for the simulation of accelerator cavities that constitute LIN-
ear ACcelerators (LINAC) while conserving the accuracy of a full wave
solver. Cavity has to be understood in a large sense namely any RF res-
onator that constitutes a LINAC and not only closed resonators. Reducing
the computational time may offer the possibility to perform numerical op-
timizations of these cavities. A Radio-Frequency Quadrupole (RFQ) is an
accelerating cavity placed at the very beginning of a LINAC. It is a very
critical component of an accelerator because it affects the quality and stabil-
ity of the beam in all the further sections of the accelerator. Unfortunately,
the conditions of stability of the beam inside a RFQ are very sensitive to
the geometrical parameters, to the input beam parameters and to the RF
source parameters. Therefore, the design of a RFQ must be performed as
carefully as possible. In general, it is validated with the help of several
independent solvers. In this thesis, the RFQ will be the cavity of test for
our solver. In particular, the reference RFQ design used in this thesis is the
MYRRHA RFQ, designed at the University of Goethe (Frankfurt).

The Myrrha project [1], [2] consists of building a challenging Accelera-
tor Driven System (ADS) [3], in particular to study the transmutation of
nuclear waste. One of the biggest issue with nuclear plant is the long life
of radioactive activity of the wastes [4],[5]. At the present time, the wastes
are buried deep underground in clay. For instance the HADES [2] project
aims at investigating the burying of wastes at 220 meters underground in
clay. However, this solution is not without risks. Indeed, earth quakes and
underground flooding might at any time spread radiocative isotopes in na-
ture. An ADS is a sub-critical core stimulated by an external source of fast
neutrons. Fast neutrons can be produced by projecting fast ions onto a

9
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Figure 1.1: ADS system.

target containing heavy atoms, which in turn ejects fast neutrons. Fast ions
can, for instance, be obtained with the help of a linear particle accelerator
(LINAC) [6] fed by an Ion Source (IS). In the framework of the Myrrha
project, the ions chosen are protons. Fig. 1.1 shows the three parts of an
ADS system. The LINAC on the top of the figure is made of many different
cavities. Most of the cavities are designed to accelerate the beam of protons.
At the very beginning of the accelerator, one special cavity, known as the
Radio-Frequency Quadrupole (RFQ) [6], performs the initial bunching (a
bunch is set of particles gather together as a group) and acceleration while
guaranteeing a strong focusing. The design of the Myrrha’s LINAC [7] is
challenging in terms of performances. Indeed, it shall deliver a Continu-
ous Wave (CW) proton beam up to 4 mA with an energy of 600 MeV.
At the beginning of the accelerator such as in the RFQ, focusing particles
at low speed and high density is a challenging problem because the mag-
netic field produced by the particles is too low to compensate the repulsive
electrostatic forces. The electrostatic repulsion is known as the the Space
Charge(SC) [8] effects in the accelerator community. Presently, the optimi-
sation of the RFQ accounts for the SC effects in an approximate manner
only. Accurate simulations with complete coupling of the electromagnetic
and dynamic aspects remains a challenge, owing to the complexity of the
non-linear problem. The sub-critical core of MYRRHA is very sensitive to
beam interruptions. If they are longer than three seconds, thermal shocks
can appear inside the reactor [1]. These shocks affect the cladding materials
of the reactor and might cause some operational issues. A fault tolerance
scheme has been defined to avoid such failures. The first step in this scheme
is to guarantee a high reliability of the components.
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LINAC

Cyclotron

Large space requirement (few
hundred meters long) but light

Compact but heavy

Expensive

Cheaper

Less efficient power conversion

More efficient power conversion

Modularity provides redundancy

No intrinsic redundancy

Upgradable in energy

Difficult to upgrade in energy

Straightforward beam extraction

Difficult extraction and related
beam losses

Capable of high beam current
(100 mA)

Modest beam current capability
(5 mA)

Table 1.1: Comparison between LINAC and cyclotron capabilities

A Linear Accelerator (LINAC) [6], [9], [10], [11] consists of accelerating
charged particles such as protons on a straight line path. Such an accelerator
differs from a synchrotron, cyclotron or cyclic accelerators where particles
follow a circular or elliptic trajectory. In a synchrotron and a cyclic accel-
erator, particles must perform many loops before achieving the requested
energy. A continuous injection is not possible for these accelerator since
the magnetic field in the focusing dipoles and quadrupoles is continuously
adapted to the energy of the beam. Therefore, these accelerators are used
for high energy applications and low current throughput. A cyclotron allows
a continuous injection but suffers from the relativist effects at high energy.
In short, the focusing in the transversal plane is lost at high energy. Sim-
ilarly, LINACs are used for middle energy applications with high current
throughput since particles can be continuously injected at the input of the
accelerator. Tab. 1.1 enumerates several differences between cylotrons and
LINAC:.

A LINAC is made of several stages each of them with a specific task.
The first few stages of the accelerator consist of an ion source, a low en-
ergy beam transport section (LEBT) and a Radio-Frequency Quadrupole
(RFQ) [6], [10]. The ion source produces charged particles that are injected
in the LEBT at stable constant energy but with a wide direction velocity
distribution. The goal of the LEBT is to transport the particles to the RFQ
thanks to a high magnetic field that focuses the beam and to focus the
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beam so that it matches the RFQ input requirements. The RFQ has three
important tasks:

e Focusing the beam
e Bunching the beam
e Accelerating the beam

The focusing is done with the help of a quasi-electrostatic fields based
on a Paul Trap [12]. The total transversal energy of the particles remains
practically constant in a RFQ. The acceleration is achieved by curving the
electrodes in the direction of propagation of the beam. The accelerator be-
ing based on a RF technology, the beam must be bunched (i.e. grouped into
packets). The RFQ bunches the beam in the first few sections of the RFQ
before any significant acceleration. The following paragraphs detail each of
these three steps.

One assumes all along this thesis that the electric field in the accelerator
can be decomposed as the sum of a source field and a self field. The source
field corresponds to the electric field produced by the RF source when the
accelerator is unloaded (i.e. without beam load). It is computed with a full
wave solver. The self field is the electric field scattered by the particles i.e.
by the space charge. The self field might change the impedance seen by the
RF source if the space charge is too strong. In turn, this could affect the
source field. A RF regulation is required to guarantee the stability of the
source field. The thesis is divided into two parts corresponding respectively
to the computation of the source field and to the computation of the beam
dynamics accounting for the space charge. The magnetic field can be ne-
glected as shown further in the thesis.

The Method of Moments (MoM) [13], [14] is a Boundary Element
Method (BEM) that can be used to simulate electromagnetic fields scat-
tered by objects placed in linear media. The strength of the MoM lies
partially in the fact that the solver is based on the solution of Maxwell’s
equation for a Dirac current distribution [15], [16]. Because of the linearity
of the Maxwell equations, the linearity of the constitutive equations and
with the help of the equivalence theorem, the fields can be obtained by the
convolution of the latter solution with the current distribution in the me-
dia. The equivalence theorem allows one to obtain equivalent currents at
the boundaries of a given medium such that the electromagnetic fields verify
the Maxwell equations and the constitutive equations of the given medium
everywhere in space i.e. for all R?. In other words, with the equivalence
theorem, one only needs to solve the Maxwell equations as if there was only
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a single medium. The equivalent currents themselves depend on the local
electromagnetic fields at the boundaries. The convolution is called the scat-
tering operator and it is an integro-differential equation. The MYRRHA
RFQ can be assumed as a Perfect Electric Conductor (PEC) in free-space.
Since one deals with PEC, the currents can be approximated as surface cur-
rents. The equivalent currents are directly linked to the real current on a
PEC. In particular, the magnetic current is equal to zero while the electric
current matches the real current. Therefore, structure involving only PEC
implies a convolution that contains only surface integrals. The scattering
operator involves unknown currents. The MoM counsists in imposing the
boundary conditions between different media in order to invert the scatter-
ing operators and obtain the current distributions in each medium. The
current distributions are approximated by linear combinations of primitive
current distributions called the basis functions. The boundary conditions
are imposed by computing a local average field using some functions placed
on the surface of the scatterer and called testing function. If the set of test-
ing functions is identical to the set of basis functions, the testing procedure
is called a Galerkin test. Because of the linearity of the scattering operators,
one ends up with a linear system of equations to be solved. There are sev-
eral MoM solvers which differ from one another depending on the scattering
operator used. There exists two scattering operators, one for the electric
field called in this thesis the Electric Field Scattering Operator (EFSO) and
one for the magnetic field called in this thesis the Magnetic Field Scattering
Operator (MFSO). They depend both of magnetic and electric currents.
The parallel component of the electric field must vanish on the PEC. This
implies by definition that the magnetic current is equal to zero. Therefore,
a natural choice is to use the EFSO and enforcing the boundary conditions.
The resulting integral equation in this case is so-called the Electric Field
Integral Equation (EFIE) [13], [16] and is the most widely used integral
equation in the antenna community. One could also use the MFSO and im-
pose the boundary conditions on the magnetic field. In this case the integral
equation is the so-called Magnetif Field Integral Equation (MFIE) [13], [16].
The EFIE and MFIE offer different numerical stability. Sometimes, both
might by used to solve PEC problems for numerical stability reasons [17].
One of the advantages of the MoM in comparison to Volume Element Meth-
ods (VEM) is that the number of unknowns is relatively small. Indeed, for
VEM one needs to mesh in 3D the volume where the electromagnetic fields
have to be calculated. These methods are only used for closed structures
since the boundary conditions for open structures are imposed at infinity.
Therefore, another advantage of the MoM is the ability of the solver to solve
free-space problems and in particular antenna problems. If the number of
unknowns is relatively small, the MoM produced however a dense system
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of equations. Hence, fast solvers for sparse matrices produced by a VEM
solver cannot be used to solve a MoM problem. Although an RFQ is a
cavity of finite dimension, the method applied in this thesis is the EFIE
used for scattering problems. The RFQ is simulated without its enclosure
shield making it a scatterer. To the knowledge of the author, it is the first
time a RFQ is simulated with the MoM. On this specific subjet the liter-
ature is therefore empty and no comparison with other authors was possible.

The main activity of the antenna group at UCL concerns the develop-
ment of fast solvers based on the MoM and in particular the EFIE. The lab-
oratory is specialized in antenna coupling [18]. Most of the MoM algorithms
can be separated in two categories. The first one consists in computing, for
each pair of basis and testing functions, the integration of the electric field
scattered by a basis function on a testing function. In general, the set of
testing functions is identical to the set of basis functions. One calls this step
the filling up of the impedance matrix and its complexity is O(N?) with N
being the number of basis functions. The second step consists in solving
the MoM system of equations. If one computes a full matrix inversion, the
complexity of this step is O(N?3). When the MoM solver calculates the so-
lution by doing direct inversion of the impedance matrix the method is said
to be a brute force method or a direct method. A brute force solution has
been calculated for the Myrrha RFQ. This solution is used to validate the
behaviour of the MoM itself without any approximation. The laboratory
has been using several methods to reduce the complexity of these two steps.
The simulation of a RFQ with the MoM involves two big challenges. First,
due to the small structure size relative to the wavelength the EFIE under-
goes the so-called Low-Frequency Breakdown (LBF) [19], [20],[21], [22], [23]
which leads to an ill system of equations i.e.a system of equations with a
bad condition number. A bad condition number implies in practice a very
poor convergence of iterative solvers and accuracy problem either in the im-
age space (currents) of in the source space (average field). Second, the basis
functions being small in comparison to the wavelength, typical fast methods
such as the Multi-Level Fast Multipole Algorithm (MLFMA) [24] cannot be
used to reduce the complexity of the system solving. In this thesis, these
two issues have been overcome using respectively an existing low-frequency
preconditioner and a new fast method for near field interactions which is our
contribution regarding the improvement of the MoM solver computational
time.

The beam dynamics are calculated separately from the MoM solver. Of
course, the source field obtained with the MoM is required by the beam
dynamics solver. Other solvers based on different methods could be used to
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simulate the source field such as for instance a solver proposed by the Com-
puter Simulation Technology (CST). The beam dynamics solver consists in
integrating the equation of motion and evaluate at each step of the integra-
tion the interaction between particles. Different approaches can be used to
simulate the beam motion. For instance, a continuous distribution of the
beam could be assumed and plasma solvers based on the well known Vlasov
equations [25] could be used. Another well known approach consists in as-
suming that particles can be grouped together into several macro-particles,
each macro-particle having a charge and a mass respectively equal to the
sum of the charges and masses of all the particles constituting it. For each
macro-particle the equations of motion must be solved. This latter approach
will be used in this thesis. The challenge of the solver lies in its ability to
calculate the macro-particles interactions with a reasonable complexity. At
the present time, most of the solvers make use of the so-called Particle in
Cell (PIC) approach [26]. The idea is to approximate the charge distribu-
tion by macro-particles located on a regular grid of points. A cell is defined
as a parallelepiped region of space for which each node corresponds to a
grid point. The electric field is calculated on all the grid points and then
an interpolation is performed for any macro-particle inside a cell based on
the values of the electric field on the grid points surrounding it. The beam
dynamics solver developed in this thesis does not use this regular grid ap-
proximation. Instead the real positions of the macro-particles are used and
an accurate field calculation is performed directly on these macro-particles.
This is known as the particle to particle interaction method in the litera-
ture [26]. We also refer to this method as a direct solver in this thesis. This
strategy can be afforded because of the very efficient hardware selected for
this solver namely a Graphic Processor Unit (GPU). Additionally, several
physical hypotheses will be adopted in order to obtain a reasonable com-
plexity. The novelty of the method resides in an efficient implementation
of a direct method on a GPU. Implementing such a solver on a GPU is a
complicated and tricky work. Indeed, the implementation must account for
the hardware design of the GPU in order to be efficient. There are sev-
eral levels of memories in a GPU and the transfers of data between them
must be well controlled in order to come reasonably close to the theoretical
performances of the GPU. Furthermore, the parallelization is done at the
level of arithmetic operations. It implies that branching codes and special
operations may dramatically slow down the computation and must be used
with caution.

This thesis is subdivided in different chapters. First, a general intro-
duction about the RFQ is presented in chapter 2. Then, the MoM solver
challenges are investigated in different chapters. A chapter reviewing the



16 Chapter 1. Introduction

MoM and giving all the prerequisite notations and results is presented in
chapter 3. The MoM challenges are then investigated in chapter 4. A short
review about fast solvers based on iterative solvers is first presented. Then,
the Low-Frequency Breakdown (LFB) and the matrix-vector product eval-
uation issue are both studied and solved in separate sections. The beam
dynamics solver is addressed in two different chapters. First, a chapter re-
viewing the functioning of a GPU is presented. Then, the beam dynamics
solver and all the numerical results are presented in chapter 6. Several re-
sults about the physics of particle dynamics (special relativity), ordinary
differential equations (ODE) and basic mathematics are recalled in the ap-
pendix.



Chapter 2

Radio-Frequency
Quadrupole

2.1 The principle of the RFQ

The principle of the RFQ [27] is based on the well known electrostatic
quadrupole. It is made of four rods each of them set at a given potential
which conforms to the quadrupole symmetry. In this section the electro-
static quadrupole is recalled and the modifications to obtain an RFQ from
it are explained. Before getting into the heart of the subject, let us define
a few useful variables. The direction of propagation of the beam is in the
direction —23. The perpendicular plane to the direction 23 is spanned by
two perpendicular vectors £; and Z5. These vectors are represented by re-
spectively the axes Z, X, Y.

In order to focus the beam, one needs an electric field which tends to keep
the particles around the ideal path. Intuitively, this could be achieved with
a linear force such as in an harmonic oscillator. In the following paragraphs
one will show how to obtain such a field. By design, one considers the case of
a quasi-static field in vacuum (the charge of the beam itself being neglected).
In this case, the fields must satisfy the static Maxwell’s equations in vacuum

VxE = 0 (2.1)
VxH = 0 (2.2)
V-E =0 (2.3)
V-H 0 (2.4)

[a—y

7
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where E is the electric field and H is the magnetic field.

There is a more compact way to rewrite Maxwell’s equations. Since
V x E = 0 the electric field is equal to the gradient of a potential E = —V¢
(this is a consequence of the Helmholtz decomposition theorem or the so-
called Poincaré lemma [28], [29]). Then applying the divergence, one gets
the well known equation of Poisson in vacuum VZ¢ = 0. By symmetry, one
gets the same expression for the magnetic field.

As proposed previously, let us try to inject a linear expression of the
electric field in the static Maxwell’s equations.
E =Fkix121 4 koxodo (2.5)

with k1, k2 € R two constants. Let us first inject the field in the curl

3 3

VxE = 2223’3 sinln (2.6)

w\l

= OFE, OE N
VxE = (a—ellk + %226221@)% =0 (2.7

Where ¢;;, is the Levi-Civita symbol. The field trivially satisfies the
curl. Then let us inject the electric field in the divergence

E —
v Z =
— 8E1 0FEs
v 8351 + 8x2 0
V-E = ki+k=0 (2.8)

This implies that k1 = —ko = k. The eq. 2.8 means that it is not pos-
sible to have a focusing field in both planes simultaneously. Therefore, as
it will be discussed later in the RFQ, the fields must oscillate over time in
order to reverse the focusing and defocusing effects. But, in order to keep
the approximation of quasi-static fields, the oscillation frequency must be
low enough in order to have a wavelength that is long with respect to the
dimensions of the cross section of the RFQ.
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From the equations of the fields, it is easy to get the expression of the
potential

(ml,0,0) (w1,w2,0)
(b(l'l,l‘z,l‘g) :qb(0,0,0) +/ Eldm/l +/ Ezdl‘/z
(0,0,0) (21,0,0)

(z1,22,73)
+ / E3d$g (2.9)
(

x1,22,0)

(Il,0,0) (11,12,0)
(0>010) (121,0,0)

(z1,22,23)
+ / 0dzy (2.10)
(

x1,22,0)

k k
$(x1, 73, 73) =¢(0,0,0) + 27 — T3 (2.11)
A perfectly conducting medium has the particular property to have a
constant potential value everywhere inside the conductor and on its surface
only perpendicular electric field may exist. Indeed, let be z : R — R? a
regular path lying on a constant potential, one has the following property

Vép = —-F (2.12)
de(z(l)) _ O¢daxi _ —dxi _
dl - Oz dl B =0 (2.13)

This suggests that perfect conductors might be placed to generate the
electrostatic field. This is motivated for bounded domain by the uniqueness
theorem of Poisson’s equation [15]. In appendix, the unicity theorem is
recalled (Th. 1) and demonstrated for closed structure.

The equipotential paths of the potential given by Eq. 2.11 are hyperbolic.
A parametric representation of this equation is given by

x1 = Asinh(l)
x9 = Bcosh(l)

(2.14)

where [ € R is the parametric variable. Let us inject these parametric
equations in the potential 2.11

%qﬁ(f(l)) = A?sinh(l)? — B? cosh(l)? (2.15)
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Figure 2.1: RFQ - electrodes

Recalling that cosh(l)? — sinh(/)? = 1, imposing A = B leads to

2 (e(1)) = 4° (216)

Four hyperboles must be placed around the center in order to guarantee
a good distribution of the electric fields as shown Fig. 2.1. In reality, the
electrodes must have a finite dimension. This implies that the electric field
has a different expression than the ideal one. However, it can be shown that
if the shape of the electrodes are matching the ideal shape near the region
of interest the ideal electric field remains a very good approximation.

As it has been said previously, the potential of the electrodes must os-
cillate over time. Indeed, the alternated focusing is required in order to be
able to obtain a global focusing effect in both planes [30]. Fig. 2.2 shows
the principle of the alterating voltage in order to swap the focusing and de-
focusing effects. At time tg, a bunch of particles is focused in the plane YZ
while it is defocused in the plane X Z. Then at the time ¢y, it is the other
way around. The dynamics equations obtained in the transverse plane XY
is the famous Hill differential equation (see appendix, subsection 10.8.3).

The RFQ has another task than focusing the beam; it should accelerate
the beam. In order to accelerate the beam, a certain field in the —2Z3 direc-
tion must be created. A simple way to do so, is to curve the electrodes in the
Z3 direction. Without getting into the details, Fig. 2.3 shows the internal
geometry of the RFQ with the accelerating field. On the picture, the accel-
erating field is shown in the right direction. Since the RFQ must be supplied
with an alternative power source, the accelerating field will oscillate with
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Figure 2.2: RFQ - Inversion principle.
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Figure 2.3: RFQ - Implementation of the acceleration task

time as well. Therefore, the beam of particles must be bunched and the
bunches must be synchronized with the oscillating field as prerequisite for
acceleration. The continuous beam of particles is injected at the entrance
of the RFQ and then some particles of the beam are accelerated and some
others are decelerated. Thus, bunches appear naturally at the beginning of
the RFQ. There are two principal ways to build an RFQ: The four-Vane
RFQ and the four-Rod RFQ. The four-Vane RFQ is rather used for higher
power density designs since the heat extraction for such a structure is eas-
ier. It is based on four weakly coupled cavities as shown on top Fig. 2.3.
It can be designed for a wide range of frequencies (from 50Mhz to 500Mhz)
but preferably for higher frequencies than a four-Rod RFQ since it tends
to take a huge amount of space (copper) at lower frequencies in compari-
son to a four-rod RFQ. For Myrrha’s LINAC the four-rod RFQ will be used.

For a four-rod RFQ, the rods are supported by the so-called stems. The
stems are made of copper and are connected all together through a ground
plane. They transport current that flows between rods of different polar-
ities. Fig. 2.4 shows the current flow in a four-Rod RFQ. The rods and
the stems form a resonant circuit. The stems can be modelled as equiva-
lent inductances while the four rods can be modelled locally as equivalent
capacitors. Since there are many stems (40 stems for Myrrha’s RFQ), the
RFQ behaves approximatively as a transmission line. The positions and
dimensions of the stems and rods determine the resonant frequency of the
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Connection of two rods to a stem

Current flow

Figure 2.4: Four-rod RFQ supported by stems

system. More information can be found in [31], [32].

The frequency of Myrrha’s RFQ is set to 176.1MHz. Its nominal current
is 5mA; the input beam energy is 30keV and it shall deliver an output energy
beam of 1.5MeV. The accelerator is 4m long.
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2.2 The Space Charge issue

In the previous section, the charge of particles was fully neglected in the
RFQ. However, for a high-current LINAC, the effects of the Space Charge
(SC) [33] can strongly affect the distribution of the fields. Nowadays, the
effects of SC are not included in the simulation of the field directly. The
problem is solved in two steps. The first step is the computation of the field
due to the external RF source and without any beam load in the accelerator.
This field is assumed dominant in the RFQ. In the Maxwell’s equations, only
equivalent current distributions appear since there is no beam load.

_ oH. —

VxE, = - T 2.17

X bt (2.17)
_ 0B, —

VxH, = - Je 2.18
X 2 + (2.18)
V-Es = pe (2.19)
V-Hy = pnm (2.20

These equations can be solved with the Method of Moments (MoM) a
Boundary Element Method (BEM) presented in the chapter 3.

Then, the second step consists in solving locally the static Maxwell’s
equations at each integration step of the equations of motion. The static
Maxwell’s equation are given by

VxE = 0 (2.21)
VxH = J (2.22)
V-E, = p (2.23)
V-H = 0 (2.24)

where the subscript [ stands for local. The idea is to take into account
the Coulombian repulsion force and the magnetic force. A given bunch of
particles creates a static electric field due to its charge and a quasi-static
magnetic field due to its charge in motion. Hence, a force appears on the
surrounding bunches due to these fields. The force undergone by a given
particle is given by the Lorentz force

F=gq(E;+7vx B) (2.25)

where the subscript ¢ stands for total. For a given bunch, the total field
is given by the superposition of the source fields and the static fields due to
some neighbour bunches.
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Fmagnetic

Figure 2.5: Magnetic field due to space charge.

E, = E,+E (2.26)
H, = H,+H (2.27)

In the assumption of quasi-static field for the SC consideration, the
problem of the SC at low speed can be understood easily. Let us take
two bunches of particles with an identical speed as shown Fig. 2.5. The
first bunch (top bunch) creates a magnetic field which is felt by the second

bunch. The expression of the magnetic field is given by

- _ Mo qUXT
B="—
47 a3

(2.28)

The force applied on the second bunch due to the magnetic field is
obtained by the Lorentz force

_ = q-v-
Fmagnetic =qux B = —%?x (2.29)

Hence, the total force accounting for the Coulombian force is equal to

2

T 1 2y 94
F = (60 oV )47m2x (2.30)
1 — poeov? ¢
= 7= 2.31
€0 471'3:2x ( )
1— v\2 2

€  4mx?
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Clearly, if the speed is low, the Coulombian effect is less compensated
by the magnetic force. Unfortunately, in a RFQ the energy of the parti-
cles is low and the effects of the magnetic field are negligible in comparison
to the Coulombian field. Therefore, at low speed the magnetic field does
not compensate for the repulsive Coulomb force. For high current beam
throughput, the effects of space charge can become very important in the
low energy sections of the accelerator such as the RFQ where the magnetic
field can be completely neglected.

Due to the bunches, charges appear on the surface of the accelerator
in the vicinity of these bunches. Indeed, in order to maintain an uniform
potential on the rods, some charges of opposite sign than the beam par-
ticles appear to compensate for the non-uniform potential created by the
bunches. These charges tend to decrease the focusing field which is of course
unwanted. If the geometry is simple, the technique of image particles can
be used to calculate the field generated by these new surface particles. It
consists in finding image charges in the vicinity of the perfect conductor
such that the boundary conditions are enforced. It can be shown that be-
cause of these image charges the interaction range of a bunch is relatively
short. In this thesis, the effects of the accelerator boundaries are neglected
in the space charge solver.



Chapter 3

Method of Moments

3.1 Introduction

In this chapter the Method of Moments (MoM) principle is explained in
details. The pure mathematical aspects such as the regularities of the func-
tions, uniqueness and existence of solutions are not discussed here but can
be found in following book [16]. The book covers all the theory regarding
the uniqueness and the existence of the solution of the Helmholtz equation
within the appropriate Sobolev space. The integro-differential solution is
also analysed in details. As stated at the very beginning of the book, the
surface operators are presented in a very simplified form in order to avoid all
the complicated settings of differential geometry. If one wants to go futher,
additional readings about differential geometry can be found in [34],[28].
In the following sections, the algebraic operations performed to obtain the
integro-differential operators of the MoM are shown. The objects in these
equations may be functions in a smooth functional space, functions in a
Lebesgue or Sobolev space or even distributions. Again, we send back the
reader to the references here-above for more details about these objects.

The MoM is a Boundary Element Method (BEM). It is based on the
impulse response of the Helmholtz equation in R? enforced with the Som-
merfeld radiation condition. This implies that all the media must have a
linear electromagnetic behaviour. In order to obtain a Helmholtz equation
valid on R3, the equivalence theorem is used [13]. It allows to shadow some
media by using equivalent currents on the surfaces surrounding them. The
equivalence theorem can be demonstrated with the help of distributions.

27
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3.2 Electric Field Integral Equation

Thanks to the linearity of Maxwell’s equations, the equivalence theorem
and the theory of distribution one may express the electric and magnetic
field everywhere in space as a integro-differential equations. For perfect
conductors only, the electric field expression is given by the following formula

E(T) = u(]w——VV /J 7’ (3.1)

where

STl 7|

-G IR3 — C,F — W the Green’s function

— E: R? — € the harmonic electric field

— Vece(S) the space of vector fields (or one-form) on S

—J : Vec(S) — €3 the harmonic current distribution on the surfaces of
the perfect conductors

— S the perfect conductor boundary surfaces assumed as a piecewise com-
pact orientable C* manifold (k > 1)

— p is the permeability of the medium

— w is the impulsion frequency

— € is the permittivity of the medium

The Method of Moments [13], [14] consists in inverting this integro-
differential equation in order to obtain the current distribution. In turn,
the current distribution can be used to calculate the fields scattered every-
where in space. The idea is simply to approximate the current distribution
as a linear combination of basis functions and to find the best coefficients
in a sense that must be defined. Let {7i}ie[l7...7N] be the set of basis func-
tions and £ = span < Jy,...,Jn > be the vector space spanned by these
basis functions. Any approximated current on the structure is given by
T =N aid; Let T: CN = Vee(S),a — YN | a;J; be the linear ap-
plication that provides the current distribution on Vec(S) of a given set of
coefficients = € C. It is trivial to show that this operator is an isomorphism
and will be extensively used in this thesis. Let J € E be a current, the
inverse operation of T is denoted by [J] = T~1(J) and will be used inten-
sively as well.

Let L : Vec(S) — Vec(S) be the integro-differential operator that gives
the electric field vector field (i.e. the parallel component of the electric field
to the embedded surface) for a given current distribution on S. Let || || :
Vec(S) — Vec(S) be the norm defined by
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[lz]| = /< x|z > (3.2)

where the scalar product is defined on the piecewise manifold by

< | >:Vec(S) x Vec(S) — C, (f,7) — /7 -g dS (3.3)
S

Let E, : Vec(S) — Vec(S) be the source field (in general scattered by far
away sources). The total vector field on S is the sum of the source field
and the field scattered by the current distribution. The total field must be
equal to zero on a perfect conductor. Since the current is approximated by a
finite number of basis functions, the boundary condition cannot be fulfilled
for every point on the surface. However, the boundary condition can be
approximated by the minimization of the norm

min [|L(J]) + E|| (3-4)
JekE

Using the basis functions used to span the vector space E, the minimiza-
tion is equivalent to

N
i L idi E, 3.5
al’f?}g]lvecﬂ (;a )+ B (3.5)
N . . N _ .
& min < L(Z OziJi) +ES|L(20¢¢J¢)+ES > (3.6)

i=1 =1

The vectors I; = L(J;) are the image vectors of the basis functions.
Let F' = span < Ii,..,Iny >= L(E) be the image vector space. The
minimization of the norm can be rewritten

min [T+ B,| (3.7)
IeF

In other words, one wants to find the best vector in the sub-space F' such
that E, is best approximated in the sense of the norm. Since the square
root function is monotonically increasing it can be omitted. Using the linear
property of the scalar product and of the L operator, one gets
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N N _
min oo < ;|1 >
Q1,.en, aneC z; jgl J | J
- 7 . Yol (3.8)
+ Y <Li|Es >+ of < E|I; > '
i=1 i=1
+ < E4|Es >
Since < E,|I; >=< I;|E, >* one gets
N N _
min >, X (airay, + aigag ) R(< T[T >)
Qi,..., aneC i=1j=1
N N _ _
+ 2 2 lairayi —aiga; )< Lill; >)
i=1j=1 (3.9)
N o N _
+ 2 Z Oéi’TR(< Il|E5 >) -2 Z Ozi7i]I(< Il|ES >)
i=1 i=1
+ < E4|Es >

Now, the minimization may be obtained using derivatives of the func-
tion f : R*N — R, (o1, 15y Ny N i) = [, Qs oo, ON s N )
A
defined by f=|| >0, aili — El|%.

of al
= 2 irR(< Ii|T;
Bae ;a (< TxlTi >)
N p— p—
+2) onl(< T, >)
1=1
+ 2R(< Ix|Es >)
= 0 (3.10)
This can be rewritten as
N p— p— p— p—
R(> o <Till; >) = —R(< Ix[E, >) (3.11)
i=1

Now, let us focus on the complex part of the indices
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of al .
Do, = 2Zai,iR(<Ik|Ii >)

’ =1

N
+ 2 e (< T[Ty >)
=1

+ 20(< E4|Tx >)

=0 (3.12)
This can be rewritten as
N
1) "o < Ti|Tx >) = —I(< Eq[Tx >) (3.13)
i=1

Using Eq. 3.11 and Eq. 3.13 one obtains

N
> i < Tl >= - < E{|Txy > Vk€[1,...,N] (3.14)
=1

We let the reader verify that it corresponds to a minimum using Prop. 10.2.6.
If the electric field scattered by any current can be approximated relatively
well in the sense of the norm, then the orthogonality could be approximated
by

N
> i < LT)[Tk >=— < Ey[Jp > Vk €[1,..., N] (3.15)
1=1

Since it is expensive to compute the matrix < L(J;)|L(Jx) > the former
approach is used. It is important to notice that even in the ideal case where
the electric field scattered by a current distribution J € E would live in
F, Eq. 3.14 and Eq. 3.15 involve two systems of equations with most likely
two different spectra. In other words, even if these two systems would be
mathematically equivalent they would not be numerically equivalent in the
sense that an iterative solver would most likely give different solutions. The
approximation of any electric field Ij, in E in the sense of the minimization
of the norm given by Eq. 3.2 is given by
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N
<Ti=Y BijJilT> = 0, Vke[l,..,N] (3.16)
j=1
N — — —_ —
@Zﬁi,j<Jj|Jk> = <Ij|Jp > (3.17)
j=1

where ; ; € C are the coefficients of the approximation of the electric field
scattered by the basis function ¢ in the basis {Ji}ie[l ..... ~]- Let us rewrite
Eq. 3.14 with the former approximation for the field I}, one has

N N N
Sy B <Tild;>=— 8, <EJ; > Vke[l,.,N] (3.18)
j=1

i=1  j=1

Let Gjx =< J;[Jx > be the Gram matrix of the basis functions, let
Zji =< L(J;)|J; > be the so-called EFIE impedance matrix and let e; =
— < E|J; > be the excitation vector. Eq. 3.18 can be rewritten in a matrix
form

B*Za=pF%e (3.19)

Let us inject the expression of 8* given by f* = Z"G~! in Eq. 3.19

Z"G7 1 Za = Z"G e (3.20)

The spectrum of the EFIE is therefore affected by the spectrum of
ZhG~' in Eq. 3.20.

On a purely physical approach the EFIE consists in enforcing the bound-
ary conditions approximatively in the sense of an average of the parallel
component of the total electric field in the tangential plane of the boundary

surfaces.

After some additional analysis [13], the impedance matrix is given by

) = juc/ / |:k < jk|jl > —l[v . 7k][V . 71] G(?I,T)d?/d? (3.21)
a8 Jos k
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2

external sources

Figure 3.1: The Electric Field Integral Equation in picture

Fig. 3.1 summarizes the EFIE in a single figure. The current on the
basis functions scatters an electric field denoted E;,,; where the index "int"
corresponds to "internal". A basis function contributing to this electric field
is shown on the left of the picture. The total electric field is given by the
sum of the external electric field denoted E.,: and the internal electric field
FEint. The total electric field is tested on the test functions. A test function
is shown on the right side of the picture.

The basis functions used for the approximation of the current distribu-
tion are the so-called Rao-Wilton-Glisson basis functions(RWG) [13]. The
definition is given by the following equations for a basis function at index n

- Lo (F-7,) TeT,

T, =4 25 " " )

n D (3.22)
55" (vh—7) 7Fel

where T is the position, S_, S} are the surfaces respectively of 7, and
T,F and the other variables are defined on Fig. 3.2. The basis function can
be seen as the union of two half basis functions defined respectively on T}
and T,. The RWG basis functions are div-conforming (i.e. the divergence
is finite) which is required for the EFIE. Unfortunately, they are not curl-
conforming which is an important point to understand for the low-frequency
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Figure 3.2: The Rao-Wilton-Glisson basis function

breakdown section. The charge distribution of a given basis function is given
by

_ Lo FeTs
Jn=< 5 " 3.23
S (3:29)

It means that the total charge produced by a basis function is equal
to zero. Therefore, the total charge remains equal to zero on whole the
scatterer when approximating the current with RWG basis functions. An
other important aspect to keep in mind is that the charge distribution on a
given triangle is constant. Indeed, the charge distribution on a triangle is
equal to the sum of the constant charge distributions produced all the half
basis functions covering it (maximum 3 for a triangle).
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Iterative solvers

4.1 Introduction

In this chapter an iterative solver is proposed to solve the MoM system of
equations. The General Minimal RESidual method (GMRES) is the itera-
tive solver used in this research and will be recalled in section 4.2. The EFIE
suffers from the so-called Low-Frequency Breakdown (LFB) which causes
GMRES to converge very slowly. In order to improve the convergence of
GMRES, a preconditioner proposed by [21] is used. The theory related to
this preconditioner is explained in section 4.3. Computing the whole EFIE
impedance matrix is of complexity O(N?) with N the number of basis func-
tions. This complexity is acceptable for a single simulation of the accelerator
but becomes less acceptable in the context of a numerical optimization of
the accelerator. Indeed, for each new modification of the geometry the
impedance matrix must be recalculated (at least partially). GMRES, as
most iterative techniques, requires at each step the multiplication of a col-
umn vector to the left by the matrix of the system of equations. This is
generally considered computationally too expensive, and several methods
have been developed to obtain this product without actually computing the
matrix itself [35],[36],[37],[38],[39],[38],[40]. However, these methods cannot
be used when the structure becomes too small in comparison to the wave-
length (< 2 wavelengths) which is the case with our accelerator. In order
to improve the computation time of the solver a new method is proposed
in section 4.4. The complexity of this new method contains still a term in
O(N?) but with a much smaller constant than the one in the full matrix
calculation.

35
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4.2 General Minimal Residual Method

Direct inversion of the linear MoM system of equations is of complexity
O(N3). In order to improve the complexity, iterative solvers are commonly
used for MoM solution. Unfortunately, the MoM impedance matrix does
not have any nice common property, namely it is not a diagonal dominant
matrix nor a positive defined matrix. Hence, several iterative solvers such
as the conjugate gradient cannot be applied for MoM solution [41],[42]. A
natural choice when the matrix does not seem to have any nice property
is the Krylov iterative solver family a particular case of projection meth-
ods [42], [41]. Since the final goal of our simulations is to obtain an accurate
electromagnetic field, GMRES [43] is retained. Indeed, GMRES consists in
minimizing the residual error in the image space of the matrix. Hereun-
der, the GMRES method is recalled in a way that consists in introducing
the method by fulfilling our need namely obtaining an accurate electric field.

Let A € CN*N be an invertible matrix. One wants to solve Az = b
where z,b € CV. Let assume that one has a first guess of the solution that
one calls zop € CV. The initial residual error is defined by

ro = b— AZIJ() (4].)

Now, the question is what one wants to approximate? One could try
to approximate either the vector b or the vector z. Once this question is
answered, another question comes directly, how does one measure the ap-
proximation i.e. what norm should one use?

Since one wants to obtain an accurate simulation of the electric field in
the accelerator, the minimization is performed in the image space (i.e. on
b). The accuracy of the currents might be important if the ohmic losses
have to be evaluated. An upper bound of this accuracy can be obtained
with the help of the condition number of the matrix A calculated for the
operator norm. Let us recall the definition of the operator norm

|Al[= sup [[Az[[; = max [|Az]]; (4.2)
l|z|]2=1 [lz|l2=1

where the last equality comes from the fact that one deals with finite
dimensional vector spacei.e. B[0,1]\B(0, 1) is compact and A is continuous.
Now, let us assume that b is approximated by b one has by definition

[l = 2|2 < [JA™H] 1o — Bl]2 (4.3)
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with # = A~1bh. Again, by definition one has

Al lzll2 = [[bl]2 (4.4)

A bound for the relative current error can be obtained by combining
Eq. 4.3 and Eqg. 4.4 as follows

||z — 7|2

[|b — b2
[|z[2

<A A

(4.5)

The condition number is defined by k(A4) = ||A~Y|| ||A]|. The Eq. 4.5
becomes

||z — 7||2

[l]l2

b—b

(4.6)

A small condition number guaranty a good current estimation. If the
condition number is large, no conclusion can be made based on the bound
given by Eq. 4.6. It is important to stress that the norm two of the current
vector and the excitation vector do not represent the norm 2 of the physical
current and the physical excitation on the manifold.

Let us assume a search subspace K of CV and an initial guess solution
zo € CV, the solution can be expressed as follows

r=x0+a,a€K (4.7)

The approximation is expressed as

Or(rg}rg”b—Ang :orzrélII}H,rO — Aall2 (4.8)

The norm two is the canonic norm induced by the following scalar prod-
uct

N
<zly >= Zx’[yl with z,y € CV (4.9)
i=1
where * means conjugate. One can prove easily that the minimization
is equivalent to find o € CV such that
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< Blro — Aa >= 0,V € AK (4.10)

i.e. the residual error is orthogonal to the space AK. The question
now is how to choose the vector space K. The generation of new vectors
must ensure that if the generation process stops growing the vector space K
then the exact solution must be inside the space. Indeed, if this condition
is not satisfied then one might never reach the minimum threshold error
chosen. This condition can be fulfilled be trying to generate an invariant
subspace (AK = K) where r¢ is inside this invariant subspace. Indeed, in
such situation, since A is injective one has Ja € K such that Aa = rg.
A natural way to generate such a space is to build the following subspace
Kn(A,10) =< 19, Arg, ..., A" 1rg > known as the Krylov subspace. If
the space stops growing at a certain iteration k, it means by definition
that AK),, C K} since the vector A¥r is a linear combination of the for-
mer vectors. By injectivity, one has dim(AKy) = dim(Ky) and therefore
AKy = K.

Now, one can reformulate the problem considering the Krylov subspace
K. Any solution is given by the following equation

m—1
a= Z a;A'rg (4.11)
i=0
The orthogonality condition becomes

m—1
< AFrolro — A Y aiAlrg > =0, Vkell,...,ml  (4.12)
=0

&Y < Afrg|Alrg > ai oy =< AFrolrg > VR € [1,..,m]  (4.13)
=1

In order to solve this equation numerically, one should be careful to the
floating point errors. Some vectors Airg,i € [1,...,m] could be almost lin-
early dependent. By almost linearly dependent one means that the absolute
value of the scalar product between two normalized vectors spanning the
Krylov subspace is close to one. One way to improve and ensure the numer-
ical linear independence of basis vectors is to orthogonalize them with the
canonic scalar product. If the orthogonalization fails, the iterative solver is
stopped.
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The orthogonalization can be performed in a smart way i.e. let’s try
to obtain an orthonormal basis v, ..., vm—1 such that the expression Avy
is simply expressed as linear combination of v; obtained in the orthogo-
nalization process. The important observation that one should do is the
following: let us assume vg, ..., Uy,—1 an orthonormal basis of K, obtained
with Gram-Schmidt i.e.

vg = (4.14)
[EA
k—1
T = Ak’l"o — Z < Ui|Ak’I"0 > v; (415)
1=0

then it is strictly equivalent to replace A¥ry by the vector Avg_i. Indeed
let us inject Avg_; (giving up the normalization) in the expression of xy
replacing the original A¥rq

k—1
x), =Avg_1 — Z < vi|Avg_1 > v; (4.16)
i=0
k—2
:AkT‘Q — Z < ’l}lekTQ > A’Uj
§=0
k—1 k—2
— Z < Ui|Ak’I"0 — Z < Uj|Ak’l"0 > A’Uj > v (417)
i=0 §=0
k—2
ZAk’/’() - Z < Uj|Ak7‘0 > AUj
=0
k-1 k—1k—2
—Z<vi|Akr0 >U¢+ZZ <Uj|Ak’r‘0 > ’Ui|AUj > v; (418)
i=0 i=0 j—0

The double sum can be rewritten as follows

k—2
E < ’Uj|Ak’l"0 > Ui|A’Uj >0 =

Il
o o

(4.19)

>~

k—1
< ’Uj|Ak’l"0 > Z < Ui|A’Uj > v;
=0 i=0

Since Av; € K, (A,r9) = sev < vp,...,Um—1 >, One has Zf;ol <

v;i|Av; > v; = Avj;. Injecting this result in z) one gets
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k-1
zf = Afrg — Z < vi|Akrg > vy = xy, (4.20)
i=0
Therefore, the equation becomes

_ Avp_q1 — Zf:_()l < v¢|Avk_1 > v;
[Ave—1 = 320 < vilAvk—y > i

(4.21)
The expression of Avy is therefore given by
k k
Avy, = ||Avy, — Z < vi|Avy, > vi| vk + Z < vi|Avg > v; (4.22)

i=0 =0

One defines the (modified) Hessenberg matrix by

H,;, = < vg|Avp > (4.23)
l
Hyq.; = ||Avl — Z < U1|A’U1 > Uz” (4.24)
i=0
One has therefore AV,, = V,, 11 H where V,,, is the orthonormalized ba-

sis of the Krylov space K,,.

Let us rewrite the GMRES equation in term of Hessenberg matrix. Let
be o = Z?;Bl a;v;, one has

m—1

Z <wvpldv; >a; = <wglro >Vke[l,...,m] (4.25)
i=0
In matrix form, one has

(AV,)* AViar = (AVi)%r (4.26)
& (Vi1 H) Vi1 Ha = (Vi1 H)rg (4.27)
& HWmi1]"Vi Ha = (Vi1 H)rg (4.28)
& HHa = H(:, 1)]|rol| (4.29)

The derivation of error bounds to evaluate the convergence of GMRES
is a complicated subject for general matrices (non-normal matrices) [44].
Under the hypothesis of an self-adjoint operator there exists an efficient
error bound [45]. In the following paper [46], different GMRES bounds are
compared and the non-normal matrix case is addressed as well.
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4.3 Low-Frequency-Breakdown and precondi-
tioner

4.3.1 Introduction

The EFIE suffers from what is commonly called a low-frequency-breakdown.
Let us recall the EFIE equation [13]

_ 1 _ _
Zkl:j,LLC// l:k‘<Jk|Jl>—E[V'Jk][V'Jl] G(F/,F)dfldf (4.30)
S JS

One may notice two terms in this equation; one which is proportional
to k and one inversely proportional to k. Let us define two bilinear forms
corresponding respectively to these two terms

E(jk,jl) = ‘/S‘/S<jk|jl>G(Tl,7)dfld7 (4.31)
07T = /S /S VTV - T GF Pdrdr (4.32)

The EFIE becomes therefore

. S P
AN Zjuc(kE(Jk,Jl) + EF(J]C,JZ)) (433)

From the I' and ¥ forms, one may define for a given set of testing
functions two operators that we call I" and X as well since the identification
is unambiguous

I:Vee(S)—CN:J— (T, J),..0Tn,J)) (4.34)
Y :Vee(S) = CVN : T = (2(J1,J), ... 2(In, J)) (4.35)

When the frequency increases, the 3 operator becomes dominant while
when the frequency decreases the I' operator is dominant. When the fre-
quency is low, the magnetic field and the electric field tend to uncouple.
The ¥ operator corresponds to the contribution of the magnetic field while
the I' operator corresponds to the contribution of the electric field in this
limit case. The magnetic field does not contribute to the electric field at
low frequency. Since the EFIE is based on the test of the electric field on S,
the ¥ operator tends to vanish (but not entirely) in front of the I" operator.
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Figure 4.1: Kernel of the I" operator

Let us investigate a bit closer the operator I'. A first very important
observation is that the operator is not injective. Indeed, let us take the
very simple example of current distribution as shown Fig. 4.1, where 8
RWG are combined to form a quasi-circulating current. All the elements
are isometric. By definition of a RWG basis function, it is easy to build
a current distribution such that the divergence of the field is equal to zero
everywhere. Physically, it means that the harmonic charge density is equal
to zero everywhere. Using the notation of Fig. 3.2, one can easily obtain
that

— L,

. = — 4.
V.7 o (4.36)

—=+ Ln

. = - 4.
V.7 S (4.37)

In passing, the global charge of a current distribution approximate by
linear combination of RWG is always equal to zero.

The arrows show the orientation of the basis functions. Since the trian-
gles are all isometric one gets

vV-J, = — (4.38)

VTl = - (4.39)
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It is easy to see that the following current distribution J = 3°°_ 7T,
ensures a divergence free function everywhere. The current representing a
loop and for which the divergence is equal to zero is called a current loop.
It is clear by definition that I'(J},J) = 0, where J}, is any test function i.e.
J € ker(T).

The Helmholtz decomposition theorem (also known as the lemma of
Poincaré [28],[29]) ensures that any vector field can be written as the unique
sum of a curl-free vector field and div-free vector field'. Furthermore, the
curl-free and div-free vector fields are orthogonal in the sense of the following
scalar product

/ C(7) - D(T)dr (4.40)
S

where C(J) is the curl-free component of J and D(J) is the div-free
component of the current.

By definition, divergence-free currents are in the kernel of the I' operator.
It is relatively easy to see that the div-free current can only be a loop current.
Indeed, a non-closed current line made of RWG would induce a non-zero
divergence at the tail and head of the current line. Reciprocally, a loop
current is always div-free. Hence, the set of div-free currents is completely
identified for RWG basis functions. It is straightforward to see that it is a
vector space. A natural question arises: is there a set of basis functions that
spans the div-free space? Based on the linear characteristic of the RWG and
the Helmholtz decomposition theorem, it is possible to find such a set of
basis functions. Let L C span < RW G, ..., RWG,, > be the sub-space of
div-free basis functions and J; € L then on each triangle of the mesh one
has V - J; = 0. It means, that on closed oriented manifold one can find a
scalar function [19] M € Scal(S) which is a piecewise linear function? such
that

Ji =V x (hM) (4.41)

where 7 is the normal vector to the oriented piecewise manifold S and V is
the covariant gradient operator on S. Choosing a set of basis functions that
spans M allows one to generate basis functions for the L sub-space. A basic
and simplest representation of M is to employ the scalar linear Lagrange

IThe hypotheses of the Poincaré lemma, are not discussed here but a very important
attention must be addressed concerning the regularity of the vector fields.
2This is imposed by the regularity of RWG functions
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(or nodal interpolating) basis, i.e. the piecewise linear functions Ay, that has
a unit value on the node k£ and zero value on the direct neighbouring nodes
of the node k. Now, the basis functions for L can be generated thanks to
the ones for M

Ly, = Vi x Ay, (4.42)

For compact manifolds with boundaries and eventually with holes, the
value of M at the nodes on boundaries must be constant. This is because
the current cannot flow outside the geometry. Therefore, special M func-
tions must be used for the generation of basis functions touching boundaries
and the Ay functions can only be used for inner nodes of the mesh. After
some analysis, it turns out that the difference between two loop currents
around the same hole loop is equal to a linear combination of some inner
loops. The number of loop basis functions is therefore equal to the number
of inner nodes plus the number of holes. Additional details can be found in
[19]. Without details, for general compact manifolds, the number of basis
functions is equal to the number of nodes minus one, plus the number of
handles. The inner node loops J are called primary loops, while the handle
and hole loops are simply called handle loops.

Since the I' operator is not injective, the ¥ operator will never be com-
pletely numerically negligible even at very low frequency. One can show
that the MoM impedance matrix is ill conditioned at low frequency. Let
J € ker(I') be a current, one has

< TWlL(T) >= juc (kZ(ij) + %P(?k,7)> kST ) (443)

One ends up with a vector in CV proportional to k. Let be J € kert (),
one has

< Ji|L(J) >= juc <k2(7k,7) + %F(ﬂ,ﬂ) (4.44)

For a given set of RWG basis functions, it turns out that when k£ — 0
some image vectors tend to zero while some others tend to infinity. This
implies a condition number of the impedance matrix that grows to infinity
as k tends toward zero.
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4.3.2 Loop-Tree and Loop-Star

At low frequency GMRES has a poor convergence when applied to the EFIE
because of the ill conditioned system of equations. One identified the reason
of the bad conditioning of the impedance matrix; some vectors in the image
space are proportional to k while some are (neglecting k) proportional to
%. The natural idea to solve this problem is to use the space L of loop basis
functions and the basis functions that span a complementary space to L
and to rescale them accordingly before using them for the discretization of
the EFIE.

Let E = span< RWGh, ..., RWG N > be the vector space of all the cur-
rent distribution generated by a linear combination of RWG basis functions.
Let L = span< Ly, ..., Ly; >C E be the sub-vector space of loop currents
generated with M loop basis functions and let S = span < S1,...,Sx >C E
be a complementary space of L generated by the k basis functions such as
E=L&S. Let

Zl = < LiL(L) > (4.45)
Zk = < Li|L(S) > (4.46)
zZib = < S,|L(L) > (4.47)
Zy = < Sk|L(S)) > (4.48)
be the matrix blocks of the impedance matrix such that
le le
Z = (4.49)
Zsl AL
One has
Zl <k (4.50)
Zls ok (4.51)
Z8 o ok (4.52)
_ 1 _
Zy o« kX(Sk, S+ EP(Sk,Sl) (4.53)

In order to improve the condition number of the impedance matrix, the
following rescaling is applied on the basis functions



46 Chapter 4. Iterative solvers

_ 1 —
I, = —L 4.54
k \/E k ( )
?;C = \/Egk (4.55)
The matrix blocks become therefore
Zh o 1 (4.56)
A (4.57)
Zd o« k (4.58)
Z]ils x kQZ(gk,gl)—FF(?k,?l) (4.59)

The question is now what kind of complementary space S should one
uses, and what kind of basis functions for L and S space should be used.
Two complementary spaces will be investigated in the two next sub-sections.
It is important to understand that the method proposed here does not cure
the undesirable scaling of the matrix condition number with & (the average
size of the basis functions) [21],[20].

4.3.2.1 Loop-Tree

A first natural choice for the complementary space would be the span of the
set of all the RWG basis functions in which one removes on distinct RWG
per current loop. In order to find a set of distinct RWG for which each
RWG belongs to a loop, a tree or several trees are built. The trees pass
through all the nodes of the mesh. Each edge, corresponds to one RWG to
be removed.

The Loop-Tree [22], [23], [47], [20] algorithm consists in

— Finding all the primary loops and handle loops in order to generate
the L subspace.

— Taking the set of all the RWGs and removing one RWG per basis
function loop. This resulting set constitutes the basis functions for S.
This is done thanks to a tree or several trees passing through all the
nodes of the mesh.

— Discretizing the impedance matrix with the basis functions that spans
these two complementary spaces.

— Building the preconditioner for the discretized impedance matrix.

— Solving the system of equations iteratively.

For a manifold without holes and handles, primary loops can be built

easily. A Tree (or several trees if the geometry is disconnected) that passes
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Figure 4.2: Loop-Tree method on a simple connected, compact surface S

through all the nodes of the mesh allows one to select one RWG that should
be removed from the set of all RWG basis functions. Fig. 4.2 shows a
compact, simply connected manifold .S in which the loop-tree algorithm is
used. The red lines represent the tree and the green arrows represent the
RWG functions that must be removed from the set of all the RWG basis
functions used to span the S space.

The difficulty with this method is the generation of the handle loops.
Another method [21] is propose in the next section to avoid loops generation.

4.3.3 Loop-Star and Quasi-Helmholtz projectors

For piecewise manifolds with holes and/or handles one must add the loops
around the handles and holes to have a complete set of basis functions for
the L space. Instead of trying to compute the loops, one considers L+ the
orthogonal space of L for the canonical scalar product on CV, N being the
number of RWGs. The idea comes from the Helmholtz decomposition the-
orem; as explained previously, it states that each current distribution can
be uniquely decomposed as the some of a div-free function and a curl-free
function. But, because of the RWG definition, it is impossible to be curl-
conforming. Therefore, it is impossible to build curl-free current with RWG.
The Helmholtz decomposition theorem cannot be resorted using exclusively
RWGs. However, a similar orthogonal property can be recover in the space
of coefficients i.e. in T71(L) and T1(9).

_ Let us investigate the remainder of the current distribution defined by
Js = J — J; where J; € L. A first property of the remainder is that its
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divergence cannot vanish everywhere on the surface. Furthermore, since the
RWGs are piecewise linear, the divergence is constant on each triangle cells
[19]. Let p; be the constant unit function on the triangle indexed 4, then
one has

i=1

N NC
V. Z 2, RWG,; = Z YiDj (4.60)
j=1

where N, is the number of triangles (or cells). The coefficients y; can
be calculated simply by testing the divergence of the current distribution
Js on the corresponding constant function p; as follows

N
Y; = Z!Ei < pj|V -RWG,; > (4.61)
i=1

Let us define the charge matrix

jS =< pj|V -RWG; > (462)

Q € CNe*N_ Let us assume that the structure is made of k& disconnected
surfaces and let N.; be the number of cells for the connected domain 7 €
[1,..,k]. Let o : [1,...,k] x N — IN be the function that give the cell index
for a corresponding index of this cell in its domain. Let I; : CVe — CVi be
a matrix defined by

Lijk =1if o(k,i) = j (4.63)

Since the global charge must be equal to zero on each disconnected
surfaces, each line of each matrix 7;Q is linearly dependent on the others
and rank(l;QQ) = N¢; — 1. Indeed, on a connected surface, it possible to
set the charge of any cell except one that will take the opposite sign of
the total charge on the other cells. Since rank(Q) = Ele N.,; one has

rank(Q) = Ele Nc;— k.

It is straightforward to see that

ker(Q) =L (4.64)

On the other end, by definition of S, one has
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Qy # 0 with y € T'(5) (4.65)

and @ is injective on T'(S) and therefore rank(Q) = dim(S). In passing,
since N = dim(L) + dim(S) one has N = dim(E) = M + Zle Nep — k
[19]. This suggests to take Q' as the coefficients of the functions that can
be used to span the complementary space S. More precisely, for each con-
nected domain ¢, this suggests to take N,; — 1 lines as coefficients of the
basis functions to span the space S. Let ¥ be the matrix defined by these
lines but transposed such that a column of ¥ correspond to a line of coeffi-
cients of a star function in Q.

Let J € L be any loop current, then the Eq. 4.64 is equivalent to

Q[J]=0 (4.66)
Eq. 4.66 shows that the orthogonal property of the Helmholtz theorem
is recovered in the coefficient space. This implies that the complementary
space T(S) generated by the lines of @ is orthogonal (in the coefficient
space) to loop subspace T'(L). This orthogonality in the coefficient space
can be very useful. Indeed, as it was stressed the difficulty with the loop-tree
method is the generation of handle loops. On the contrary, the generation
of star functions is relatively straightforward. Thanks to the orthogonality
property, it is possible to calculate the unique component of a given current
distribution in S and L based only of the star matrix. Let 2 € CN be a
current and let be x5, € T(S) and z; € T(L) the unique vectors such that
x = x5 + ;. For any vector z € T(S), one has z = 0 &< z|s; >= 0Vi €
[1,..., K] where S = span < s1,...,8; >. This is easy to show by linearity
of the scalar product. Using this property and the fact the T'(L) and T'(S)
are orthogonal, one has

T—x;—Ts =0 (4.67)
= <x—x— a8, >=0 (4.68)
& <x—xls; > =< xgl8; > (4.69)
& < zls; > =< wgls; > (4.70)

Now, let us assume that s; is a basis for 7'(S) and let be {;}iep,.... k)
the unique coefficients such that

K
To= ) a;s; (4.71)
j=1
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Injecting this expression in the later equation one gets

K
< xls; >= Zaj < sjls; > (4.72)
j=1

Let G;; =< s,|s; > the Gram matrix of the basis functions s; (which is
invertible since s; is a basis). The vector z is given by

K K
Ty = Z 55 Z Gﬁl < xls; > (4.73)
j=1 =1

The operator defined by

K K
Po:T(E) = T(S),x— Y sy G5! <als; > (4.74)
j=1 =1

and is called the orthogonal projector of 7'(S). Similarly, the orthogonal
projector of T'(L) is given by P, = I — P,. The loop current is given by
x; = x — Ps(x). Let us take s; the columns of 3, the projector becomes in
a matrix form

P, y(xie) it (4.75)
P = I-P, (4.76)

Now, one can apply the rescaling factors respectively on the loops and
the stars. The preconditioner [21] is therefore given by

1
P =VkP, + ﬁ(l —P,) (4.77)

The MoM system of equations becomes

P'ZP[J| = Pe (4.78)

If the loops don’t need to be calculated, an inverse should be computed.
Indeed, one must calculate (XX%)~!. However, the matrix X! is sparse
and is a graph Laplacian matrix. The preconditioner is used in an iterative
scheme and therefore one only wants to evaluate the product of a given
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vector by this inverse matrix. A fast iterative solver can be used as well to
calculate the result. It can be shown that the solution can be calculated
with a linear complexity with the help of an Algebraic MultiGrid (AGM)
solvers [21], [48], [49], [50].

Before finishing this section, it is important to notice that the spectrum
of a projector takes only two values: zero and one. The basis function size
and the size of the problem have no influence on the spectrum of our two
projectors. It means that the loop and star rescaling have respectively the
same amplitude impact for all the loop basis functions and all the star basis
functions.

4.4 Fast Near Field MoM Solver

4.4.1 EFIE at low frequency

The complexity of a direct solution of system of equations is given by O(N?).
An the other hand, computing a full EFIE impedance matrix is of complex-
ity O(N?). With these complexities, EFIE problems become very quickly
infeasible as the number of unknown grows. Several solutions were used
to overcome these difficulties. In particular, iterative solver such as GM-
RES [45], [43] are now widely used since they have shown a very good
complexity regarding the direct inversion of the MoM system of equations.
Furthermore, the construction of a Krylov subspace does not require the
knowledge of the impedance matrix. On the contrary, only the evaluation
of the impedance matrix product a given vector has to be calculated for each
iteration. This observation has led the community to conceive several fast
solvers. There are two categories of fast methods: The Kernel-dependent
methods and the Kernel-free methods.

In the kernel-dependent methods, one famous method is the well known
Fast Multipole Method (FMM) [35], [36], [37], [51], [39] of complexity O(N1-).
An updated version of the FMM is the so-called and well-known Multi-Level
Fast Multipole Algorithm (MLFMA) [24]. The MLFMA method is a direct
improvement of the FMM which consists in subdividing the domain into an
oct-tree of parents and children domains. Using some tricks, the complex-
ity of the aggregation operations and the disaggregation operations can be
reduced. The computation of the product of the impedance matrix with
a given vector is achieved with the impressive complexity of O(Nlog(N)).
However, the basis and test functions must be placed apart from each other
at a minimum distance of a one wavelength. For basis and test functions
separated of a distance smaller than that, the FFM-MLFMA undergoes a
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breakdown [38], [40]. At low frequency, the translation operator compu-
tation becomes unstable i.e it is said that the translator operator suffers
from a numerical breakdown when the domains become smaller than one
wavelength. A classic computation of the impedance matrix for such a close
basis and test functions must be performed, at least if using only the classic
formulation of the FFM-FLFMA. When the size of the basis and test func-
tions becomes relatively small (smaller than a hundredth of a wavelength),
the computation of the impedance matrix becomes cumbersome because of
its complexity in O(N?). Several authors have been trying to stabilize the
FMM-FLFMA breakdown in the past decade [38], [40], [52], [53]. However,
all these methods suffer from uncontrolled approximations and sometimes
even from inconsistent hypotheses such as in [40] where two conditions con-
tradict each other and require a tedious empirical tuning as clearly stated
in the paper.

For low-frequency problems, several authors have focused on Kernel-free
methods. Basically, they rather focus on the algebraic property of the rank
deficiency of the off-diagonal blocks of the impedance matrix itself than
the kernel used to calculate it. These methods are said to be kernel free
because they can be applied to any matrix that contains rank-deficient off
diagonal blocks. For instance, in [54] a multi-level SVD method is used
to improve the computation time of the matrix vector products. However,
if the iterative solver converges faster because of the improved complexity
of the matrix-vector products, the full impedance matrix is still required.
A method called Adaptive Cross Approximation (ACA) used for asymp-
totically smooth kernel is also well known in the literature [55]. Several
methods has been developed based on the ACA and in particular the Mul-
tilevel Adaptive Cross Approximation (MLACA) method [56]. This method
is based on the observation that a scatterer emitting in testing regions of
same solid angles (as seen from the source) have the same degree of freedom
i.e the same impedance matrix rank. The matrix is recursively approxi-
mated using an oct-tree style method accounting for the former observa-
tions with the solid angle and using the ACA-SVD method at each level.
The ACA-SVD method consists in applying a low-cost SVD on an ACA de-
composition to futher reduce the two low rank matrices obtained with the
ACA. However, although this method provides a matrix-vector multiplica-
tion in O(Nlog(N)) the computation complexity of the matrix compression
(pre-precessing) is in O(N2log(N)). The kernel-free methods suffer from an
important default: the control over the accuracy of the solution. The pro-
cess that consists in stopping the columns and lines generation is somewhat
empirical. In particular, it is relatively easy to imagine a PEC shape that
breaks down the ACA when applied to a MoM problem.
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In this thesis, an alternative non-kernel free method is proposed in order
to reduce the computation time due to the direct computation of the EFIE
impedance matrix and due to the matrix-vector products in the iterative
solver. The relative error in comparison to a MoM direct method can be
controlled which is an important difference with present fast methods. The
method is based on local approximations of the Kernel on a pre-defined grid.
On the top of that, a SVD compression is performed on global matrices in
which each entry corresponds to a local calculation. These pre-calculated
and compressed matrices are stored on the disk.

4.4.2 Separable EFIE at low frequency
4.42.1 Introduction

The idea resides in the observation that for basis functions much smaller
than the wavelength (< -25) the Green’s function variations are relatively
small. Therefore, sampling the Green’s function for each integration point
is useless in terms of accuracy and expensive in terms of computational cost.
An alternative approach consists in using a Taylor expansion of the Green’s
function for source and test points given on a regular grid and in combining
this approximation with a SVD compression technique. Using a regular grid
of only few different sizes allows one to pre-calculate the SVD compressions
once and for all. It will be shown in the following sections that the method

allows the separability of the integral.

4.4.2.2 Local separable Green's function approximation on a pre-
defined grid

First, let us recall and define some notations. Let Z : E — F be a linear
operator between two Hermitian vector spaces F and F', and let us consider
the following problem Za = e that is solved with GMRES. Le ag be an
initial solution guess and let 7o = Aag — e be the initial residual error, then
the Krylov’s subspace of order n corresponding to this operator is defined
by

K. (Z) = span(ro, Z(ro), ..., Z" (ro)) (4.79)

Let E be a subspace spanned by the RWG basis functions

E = span(Jy,..., Jn) (4.80)
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where J; is a RWG basis function. The test functions used in the EFIE
are identical to the basis functions i.e it is a Galerkin test. The space
domain of a basis function is denoted by S; C R? with i € [1,..., N]. The
characteristic function Il : R® — [0,1] with B C R? is defined by

lifze B
IIg(Z) = 4.81
5(7) {O otherwise ( )

(4.82)

The constants j,u,c, correspond respectively to the imaginary number
v/—1, the permeability of free space and the speed of light. F(K", K5*)
denotes the vector space of all the functions where the domain lies in K™
and the image values lie in K5* where K, Ky are fields (here, either R or C).
The green’s function is defined by

Ikl

g:R3\{0} - C, 7T — (4.83)

1]

Let us first consider the following simple example: the calculation of an
entry of the EFIE impedance matrix. The numerical computation of such
an entry can be formulated as follows [13]

Zoo = < Bo|E(B.)
4
=ine 3 /ﬂ a /S BB (484

with f; : F(R3, C3) — F(R3, C) some linear functions defined by

B— fi(B) = VkB (4.85)
B — fo(B) = VkB, (4.86)
B — f3(B) = VkBs (4.87)
BB = Lv.B (4.88)

vk

The integral cannot be separated into two independent integrals because
of the Green’s function. Fig. 4.3 illustrates the numerical integration pro-
cedure; the Green’s function is sampled for pairs of integration points on
the test function and on the basis function. Several quadrature can be used
depending on the desired accuracy.
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Test basis functior

Source basis function

Figure 4.3: Brute force impedance matrix entry computation: Sampling of
the Green’s function.

But, since the basis functions are supposed to be really small in compar-
ison to the wavelength, the Green’s function is not fluctuating a lot over the
integration domain assuming the function enough far away of each other
to avoid the singularity. Therefore, one may think of approximating the
Green’s function by a simple constant over the two domains. This simple
assumption would lead to a separable integral at the level of a given pair
of test and basis functions. Let us take two non-overlapping local regions
of space A, B C R? placed relatively far away from each other to avoid the
strong variation of the Green’s function due to the % singularity. Let us
assume that the Green’s function between these two local regions can be
approximate as

907 — T) = g(Ry — Ra)TLa()115(7) (4.89)

where R, € A and R, € B are two sampling points. Let us take a testing
function in region B and a basis function in region A, and let us calculate
the EFIE entry of the impedance matrix using approximation 4.89. One
ends up with
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9(Fs — R)La (P (7 (4:90)

~juey [ [HE) B Do~ Rdra? (@)
Sa

Using the Fubini theorem one gets

4 PR PR
Zoa = g~ Ra) S / 1By ()| / LB (4.92)
=1 Sa

In an iterative solver spirit, one wants to evaluate the product of the
impedance matrix with a given vector. For the EFIE it means that one
wants to test the electric field produced by a given current distribution on
all the testing functions such as

e = Z < By|E(B;) > a; =< Bi|E(J) > (4.93)

Therefore, from now on let us consider a more general situation with a
test current distribution denoted by 7' in the local region B and a source
current distribution denoted by B in the local region A.

This simple constant approximation is not satisfactory in the sense that
the local Green’s function error cannot be controlled efficiently. Indeed, the
only way to control the error is to reduce the size of the local regions A and
B which makes the method very limiting and a posteriori very inefficient.
One must find a trick to preserve the local separability of the problem while
improving the accuracy. The Taylor expansion can be used to achieve this
goal. Indeed, the Taylor expansion expresses a given function as the sum
of terms containing only monomial functions of the variables. The Taylor
expansion of order n of the Green’s function around a given point X is given
by

(4.94)

°"\
QQ

" 19
Z_;
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with a € IN?, ol = ajasas, T = 225225, Now let us consider
the approximation of the (6 varlables) Green’s function with this Taylor’s
expansion for two points R, € A and R, € B, one ends with with

(7 —7) Z K7 —7)*Hp (7 ) (F) (4.95)
|a|=0
where K¢ = ;, aafj’ FoTr' Because the difference between two vectors

is a linear operation, injecting such an operation in the Taylor expansion
does not harm the separability. Indeed, let us consider the following term
(r} — r;)®. Thanks to the Newton binomial formula this can be rewritten
as follows

(=)™ = 3 (r) ek (=t (4.96)

= 3 ensee ey @

(4.98)

Therefore, the Green’s function approximation becomes

n o 3
7“ —T7) Z Z Bk H(T;)(ai—ki)(m)kiﬂB (7/)HA(7) (4.99)
|a|=0 k=0 =1

3 o

with E Z E E and B*F = [] (—1)*:. Injecting this
k=0 k1=0 ko=0 k3=0 i=1 k;

expression in the EFIE equation for a test current T into region A and a
source current J in region B, one ends up with
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4
<T|EJ) > _ch// ZKQZBMHHB NG
S

S || =0
AT ) AT (ro) @) (v (4.100)

S =1

3
/fz(ﬁ)(ﬂ [ 014 F)dr (4.101)
S =1

In order to simplify this expression, let us define this following function
that corresponds to the different moments of a given current 7" in region A

M a(T /fl

where k = (k1, ko, k3). Now, the previous equation can be rewritten as
follows

(ri) ML 4 (F)dF (4.102)

E]w

i=1

<T[EQJ) >= jucz Z ZKO‘B“ FMy e A(T)My o 5(J) (4.103)
I=1 |a|=0k=0

The local regions A and B correspond to respectively a local source
region and a local test region, which must be separated by a reasonable dis-
tance in order to limit the bad behaviour of the Taylor expansion close to
the singularity. Therefore, a dead region must be defined around a source
region in which the brute force method is applied. Obviously, the dead
region includes the source region. Therefore, in order to apply the approxi-
mation, the geometry of the whole MoM problem must be split into several
local source domains, to which correspond respectively several local test
domains. The field scattered by the current in the source domain is tested
in the test region, where the approximation remains valid. The rest of the
geometry where the approximation is not valid is called the dead zone. For
this region, the impedance matrix has to be calculated.
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Figure 4.4: Definition of the different domains.

In order to make the solver more efficient, one defines a source domain
by the union of several local source domains. Of course, doing so extends
the dead region of a given local source domain which means more brute force
computations. This is compensated by an improvement of the computation
of Eq.4.103, as shown further.

Fig. 4.4 shows the source domain, the test domain and the dead zone
domain definitions used here. The domains are rectangular parallelepipeds.
The uncovered region is the region where the MLFMA can be applied and
therefore there is no need to use the near-field Green’s function approx-
imation. The test zone is marked in gray and corresponds to whole the
region covered by the Green’s function approximation for any source cur-
rent present in the source zone marked in green. The blue zone is the dead
zone where the impedance matrix must be calculated in a classic way (brute
force). The source domain and the test domain are composed of respectively
the union of local test domains and local source domains. A local domain
is defined by a rectangle parallelepiped. A single sampled point is placed
at the center of each local domain. Fig. 4.4 shows all the sampling points
used in the source domain and the test domain.

Let us consider a source region S and a test region 7. Let us define
the source sampling points by the function S, : [1,...,0] — R? and the
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test sampling points by the function T, : [1,..., P] — R3. Let us define
the rectangular parallelepiped regions around each source sampling point
by By, : [1,...,0] = P(R) and the rectangular parallelepiped regions around
each test sampling point by A, : [1,...,P] = P(R) where P(R) is the set
of parts of R?. Any field radiated by a current distribution S in the source
region and tested over a test current 7 in the test region can be reformulated
as follows

P o
<T,E(S)> = <) HsT,E() g5 > (4.104)
p=1 o=1
P O
= > > <Mu,T,E(g,5S) > (4.105)

Now, the final result of our former section can be used. Let us define

o _ 1 9%
Gy o= a1~ T, 5. One has

O P 4 n
<T,E(S) > Nj,uczzz Z Gpo
> B Mk a,(T)Miak.5,(S) (4.106)

Since the number of points M + P is far larger than n, let us swap the
o P
sums and focus on the double sum > >
o=1p=1

4 n «
<) > mipe Z S e
I1=1 |a|=0 k=0
P o
ZMl,k,Ap (T) ZGg,oMl,a—k,Bo(g) (4.107)
p=1 o=1

In order to speed up the evaluation of this expression, a truncated SVD
decomposition [57] can be performed on the matrix [G],, = G}, ,. The size
of the matrix is reduced by selecting the singular values larger than certain
given threshold. The SVD decomposition theorem states that any matrix
M € CVN*M can be decomposed into a product of three matrices M = USV
with U € CV*V | § ¢ RV*M vV ¢ CM*M and where U,V are two normal
matrices and S a diagonal real positive matrix. It can be re-interpreted
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through an alternative formulation. Let {c;}icp1,.. n] € CY be the set of
columns of U. Let {lx}ren,.. m € CM be the set of lines of V. The SVD
decomposition is equivalent to

min(N,M)
M = Z Sy < l1| > (4108)
i=1

where < [;| >: CM — C is the linear form built from the canonical
Hermitian product namely

N
<zly >= Zaibf with z,y € CV (4.109)
i=1

The vectors ¢; and I; constitute respectively an orthonormal basis of
C" and CM for the canonical Hermitian product. Let us approximate the
matrix by selecting the P singular values such that S;; > € where € >
0,e € R is a given threshold value. The approximate matrix is given by the
following expression

P
M, = ZCZS” < lz| > (4.].].0)
i=1
This expression can be rewritten as the product of two matrices. Let us
define U, = [c1,...,cp] € CMXF and V. = [S11ly;...; Spplp] € CP*N then
the approximate matrix reads

M, =U,V, (4.111)

An upper bound for the error undergone in the image space can be easily
calculated. Vv € CM one has

min(N,M)
(Mg —Mlla = || Y. aSu<liv>|s (4.112)
i=P+1
min(N,M)
= > SE<ljv>"<lijv> (4.113)
i=P+1
min(N,M)
> Silli (4.114)

i=P+1

IN
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with |[.|]2 : CN = R,z — ||z|| = \/Zfil x;xf the canonical norm.

The SVD decomposition is of complexity O(N?). However, it is impor-
tant to notice that the compression of matrices G needs to be performed
only once for any geometry and any frequency. This will become clearer
in the next section. The matrices can be rewritten as follows G* = U*V,®
where U® and V,* are the reduced form produced by the SVD reduction
method explained aforesaid. The equation 4.107 with the SVD reduction
becomes

4 n
<T,E(S) >= Jﬂcz Z Z Ba’kMZk(T)UfWaMls,a—k(g) (4.115)
1=1 |a|=0 k=0

where Mlt,k(T)o = Ml,k,Ao (T) and Mik(g)o = Ml,k,Bo (?)

4.4.2.3 Global separable Green's function approximation on a pre-
defined grid

In this section, the Local Near-Field Interaction Method (LNFIM) described
in the former section is used to perform of full EFIE simulation. At each
iteration step, the iterative solver requires the test of a given current distri-
bution on every testing functions. In order to use the LNFIM, the geometry
is divided into different source regions. The source region size is predefined
in order to be able to pre-calculated the compressed matrices. A uniform
grid that covers the structure is first generated. The space covered by all
the source regions is contained inside a compact subset D C R3. The grid is
generated in the way that each source domain contains the same amount of
sampling points. Around each sampling point, a rectangular parallelepiped
defines the local region of validity of the Green’s function approximation
as explained in the former section and as shown Fig. 4.5. Each local re-
gion of validity of the Green’s function approximation (the region of space
around a sampling point) is indexed by a unique and global index. Let
D, :[1,..., R] — P(R?) be the function that represents these regions where
[1,..,R] C N and P(R3) is the set of parts of R3. This global index is
also used to point to the center of the region which is a by definition a
rectangular parallelepiped. Let Ry : [1,..., R] — R? be the center of these
regions. Each source domain is given by S, : [1,...,5] — P(R?) where
[1,..,5] C N, S < R. For each source domain corresponds a test domain
and a dead zone domain given respectively by Ty, : [1,...,5] — R?® and
DZ,s:[1,...,5] = R3. One has the following property associated to these
functions
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Figure 4.5: The source domains with their sampling points

1(Sg.51 () Sg.s) =0 if 51 # 59 (4.116)
U Se=D (4.117)

s€[l,...,8]
1(Dy, (| Dr,) =0 if 7 # (4.118)
VSy,s,3A C IN such that Sy s = UrcaD, (4.119)
VT1y s, 3A C IN such that Ty s = Uprea Dy (4.120)
VDZ,s,3A C N such that DZ; ¢ = UpeaDy (4.121)

where p1: P(R?) — R is the Lebesgue measure. Now, let us rewrite the
EFIE equation
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S
<T|E®S) > =<T[E(}_Us,.5) > (4.122)
s=1
S
=) <T[E(s,.5) > (4.123)
s=1
5 —_—— —
=2 <, upz, HTIE(ls,,S) > (4.124)
s=1
S —_—— —
=" <My, TE(s,,S) > +
s=1
S —_—— i
Y <llpg, TIE(S,.S) > (4.125)
s=1

Let us defined two bilinear functions

o~
—
—

< (Ir, , THs,  E(S) > (4.126)

< (pg,  T|ls, ,E(S) > (4.127)

S S
Wl
|

o
[\V)
—
~—
I

1,.(T,5) = /

s€[l,...,8] =1

/ fz(T)(F’)fz(g)(F)G(F’,F)Sg,s(F)Tg,s(F’)dFdF’ (4.128)

s€[l,...,S] I=1
/ / [T T (S (T)GF ,F)Sy s(F)DZy s(F)dFdr  (4.129)
SJS

The first integral is computed with the fast near filed interaction method,
while the second integral is computed with the classic brute force scheme.

The current distribution is given by a linear combination of RWG basis
functions. For obvious reasons, cutting a basis function between two integra-
tion domains cannot be performed easily. By assumption, the basis function
are smallers than a domain D, (there exists a sphere that contains the basis
function and that can be contained in any domain D,). Therefore it seems
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]
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)

Figure 4.6: Association of the half basis function to a region

reasonable to associate a basis function to a unique domain. In order to
improve this procedure, instead of working directly on RWG, we decided to
work on the half RWG basis functions i.e currents defined on a triangles.
Each half basis function (each triangle) is associated uniquely to domain
D,.. Each triangle is associated to the region D, for which its barycentric
center is the closest to the barycentric center of region. This is illustrated
Fig. 4.6. The half basis function are denoted by H; : [1,..., N] — R? and
any current distribution is given by H = Ziv:hl ,H;. By linearity, one can
write

Ny, Np
< FU|E(Z BiH;) > = Z < H,|E(H;) > B (4.130)
=3 (Tea(Hy, Hi) + Lo(Hy, Hi)B: - (4.131)
s=1 1=1

Let us focus back on the first integration I;;. Each set of domains
(Sg,s:Tg.s,DZg ) correspond to a translation of the source,test and dead
zone model presented in the former section. A mapping between the two
can be performed. Let us define the matrix Iss : C* — C© the linear
application that sends each point of the source domain S, to the corre-
sponding point of the source domain of the model. Similarly, we define
Irs : C® — CF the linear application that sends each point of the test
domain T}, s to the test domain of the model. Let My ,; = Mk p,(J;) =
[ fi(J)(T) [T, _, (rm)F=IIp, (F)dF be the global moments vector. The prod-
s

m=1

uct I, 13 can be expressed as
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4 n [eY
RSS20 3D Wit

1=1 |a|=0 k=0
Mg il UV L sMg 1o 1f3 (4.132)

where Is ; and I7 s are the matrix form of the respectively Is ; and It s
for their canonical basis. The matrices Ig s, Mo and I%’S are sparse
matrices. The number of non-zero elements in M; ,_ is equal to N. The
matrices US' and V3* are the compressed matrices that remain of small fixed
dimension. The contribution of all source domains to the matrix-vector
product is given by

S 4 n «a
YOUATIETS 35 35 DR
s=1 =1 |a|=0 k=0

S
M1k Y I5 JUSVETs s Mo 1B (4.133)

s=1

The second integral requires the brute force computation of the impedance
matrix. However, the number of half basis and test functions in the source
and dead-zone domain remains small in comparison to the overall number
of half basis and test functions.

4.4.3 Complexity of the method

As shown in the former section, the matrix-vector product of the impedance
matrix with a source current is given by

Np

<H,E()_ puH;) >

=1 %

2

h

< H,|E(H;) > B (4.134)
1

2

h
(Isi(Hy, H;) + Is2(Hy, Hy))Bi - (4.135)
1

[
M«

1

i
.
]

It is assumed that the source, dead-zone and test domains are of a fixed
size. The complexity under this general hypothesis is evaluated for two
different assumptions. First, let us assume that the minimum size of any
mesh cell is of fixed size. In this situation, the number of domains grows in
the worse case as O(Np,) with N, being the number of half basis functions
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(i.e twice the number of RWG basis functions). Let us investigate the first
integral namely

S 4 n «
S LAllB) =gucd Y Y B
s=1 I=1 |a|=0 k=0
S
My > Ih JUSVETg oMo if (4.136)
s=1

Let us define the intermediate results of this equation and calculate their
complexities

Blak = My a1 O(Ny,) (4.137)
Bst,ak = 15,810,k O(1) (4.138)
Bs,lak1 = Vg Bs,t,ak 0o(1) (4.139)
Bs,t,a,k,2 = Us' Bs1,a,k,1 0o(1) (4.140)
B ks = I Botak,2 O(1) (4.141)
s
Tk = P Bk O(S)O(Ny) (4.142)
s=1
Yook = B Mgy ok O(Np) (4.143)

4 n «@
Taks Z 1D DY Yakz OWNR)O(f(n)) (4.144)

=1 |a|=0 k=0

The number of terms used in the Taylor series is directly a function of
the desired accuracy. However, this number is independent of the num-
ber of unknowns. Therefore, the complexity of the computation of this
integral is given by (O(Ny) +40(1)O(S) + O(Np,)O(S) + O(Np,))O(f(n)) =
O(Np)O(S)O(f(n)) = O(N?). Let us assume that the number of unknowns
per source domain is simply given by ns = % Since the number of domains
is assumed to grow linearly with the number of unknowns, the number of
basis functions in each source domain is constant. This reasoning holds for
the dead-zone region. Therefore, the complexity for the brute force integral
is given by O(N},). Therefore, the overall method is of quadratic complexity

O(N2).

Now, let us assume that the volume containing the whole geometry is
fixed. In this case, the number of source domains is fixed. The complex-
ity for the integral given by Eq. 4.136 is given by (O(N) +40(1)O(S) +
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O(Nw)O(S) + O(Nw))O(f(n)) = O(NR)O(S)O(f(n)) = O(Np). The num-
ber of unknowns per source domain is still given by n, = % by since S
is constant the complexity of the brute force for the dead-zone domains is
O(N?). Again, the method under this assumption is of quadratic complex-
ity O(N3).

The method is stuck with a quadratic complexity because of the fixed size
of the source domains. Changing the source domain size implies a variability
in the SVD compression which might be different for each approximation
matrix associated to a specific Taylor order. However, if one can prove that if
the SVD compression remains the same under a homothetic transformation
then a multilevel scheme could be considered. Using a multilevel scheme
still requires an efficient computation of the moments for different grid sizes.

4.4.4 Fast Near Field MoM Solver on a singularity-free
kernel

In order to improve the complexity, the source domain size must be variable.
The could be achieved by pre-calculated global matrices for respectively
different models having respectively different source domain sizes. Another
approach could be to try to get rid of the integral I; 2 or in other words
to make the local approximation valid everywhere on the domain such that
no dead-zone would be required. In this section, the second approach is se-
lected to improve the complexity. Some clues about how this improvement
could be achieved are explained but not validated numerically.

First of all, the Taylor approximation performed locally in the former
sections can be generalized. The only condition for the method to work
is to approximate the kernel locally by a sum of monomials. The coeffi-
cient in front of each monomial can be calculated using different techniques
such as the Taylor expansion approach. One could also use an interpola-
tion/extrapolation technique. Whatever the approximation method used,
the singularity of the kernel must be extracted in order to get rid of the
dead-zone. Let us separate the Green’s function into the sum of two func-
tions, one singular and one continuous

Jjkx
9(@) = — =f(@)+h(x), = € R\{0} (4.145)
flz) = Tl,xelR\{O} (4.146)

hz) = i r € R\{0} (4.147)
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The singular kernel h(x) is called the electrostatic kernel. The matrix-
vector product of the matrix obtained from the EFIE with such a kernel
can be evaluated with a method based on the electrostatic multipoles with
an impressive linear complexity [58]. Let us extend the function f(x) as
follows

f(z) = T R0 (4.148)
0 =0

The function f(z) is a continuous function on R and it is smooth (i.e
C*) on R\{0}.
4441 Taylor expansion

In this section, one considers the Taylor expansion as the local approxima-
tion method. Let us try to calculate the derivatives of this function numer-
ically and at any order such that analytical calculations of the derivatives
of f are avoided. By definition of the complex exponential, one has

2:0 (ﬂz?ﬂ) 1

flx) = . (4.149)
_ ii(jk)zfifl (4.150)
=1 ’

First, let us notice that the series converges uniformly on R. Now, let
us consider the approximate series

L CING i—
f Z(]k)zi,xl (4.151)

i=1

The n'" derivative of f with L > n is given by

e L

dT;J;Ef) = Z(i—l)...(i—n)(jk)zf# (4.152)
1=1+n
L-n-1 JAER B
= ; (i+n)...(i+1)((jz_k_|)_17+n)! (4.153)
L—n—1 ,.,\; ;
(]k)z+1+nm1
- Z =y (4.154)

(=)

1=
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Since the function f is convergent and the derivative f is uniformly
convergent, by theorem 10.2.7 (see appendix) the function f is differentiable
at any order and the limit of 4 dmn converges toward the derivative of f. Now,
let us find an error bound of the derivative in function of L in order to be
able to calculate it numerically

n L 1 1+n 7 z 7
(k) et (jk)'x
4.155
dx” z—i—l—i—nz' | Z z—|—1+nz'| ( )
1= L+1

0 k i+14+n i
< (k)7 al’ |x|_, (4.156)

S (i 1)l
< Ky ferf? f' (4.157)

i=L+1 v

L .
k K3
< kMR S ﬂ) (4.158)
7.
1=0

The Eq. 4.158 is not really useful numerically. Indeed, the evaluation of
ekl7l is itself performed by a Taylor series. The reference point of the Taylor
approximation is obviously not constant and depends on the value of |z|.
Let us try to find an error bound that would be independent of any function

that is calculated by a truncated series from the computer. Let a; = ‘kf!‘l
be the coefficient at index 7 in the error series. Let us observe that
Jb € IN such that Vi > b,r; <1 (4.159)

— lait1]
- 1

where r; = . Indeed, by definition of the coefficients one has r; =

‘k ‘ . This implies that

[eS) ; b—1 ; 00
|kl |kl i |k
2 TS 2L Ty (4.160)

i=L+1 i=L+1 i=0

The latter series can be easily calculated as follows

= kx|t Jkx® 1
)" = 4.161
;( o) o 11, (4.161)

Let us chose L such that L > b. The error bound becomes
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b z 1+n 7 b
]k a 1+n|km| 1
k — 4.162
dx" ; i+14+n)!l — bl 11—y ( )
The relative error is given by
b
dr T k i+14n .1
d];(") - Z (Jw)rl+n)1' | lkz|® 1
< & (4.163)
jk)it1+n i jk)ta?
| Z ](1+1+n)z‘ | | Z (1-1J-1+n)z‘|
A sufficient condition to use this formula is ‘(bil), < e < 1. Indeed, one

has

[ |ka|b+? |kx[o+1 |k
1 bhl/g > bl | > bl = 4.164
> "We> 7({)_'_ = (b+ 1)b+1 b+1 ( )

Eq. 4.163 can be used to evaluate the derivatives at any order of the
function f.

4.5 Preconditioner based on the Macro Basis
Function concept

The Macro Basis Function (MBF) [59], [60], [61], [62], [63], [64] concept
consists simply in isolating a section of the geometry, that one calls macro
domain, and calculate a set of MoM solutions of this isolated geometry for
different excitations. This set of solutions constitutes the new set of basis
functions for the isolated section that are used to solve the whole MoM
problem. Recalling that the low-frequency-breakdown preconditionner pre-
sented in section 4.3 does not improve the condition number due to the
variation of basis functions size. Solvers based on MBFs suffer less from
this issue if only few basis functions per domain are required and if the
domains are relatively large in comparison to the geometry.

Because the geometry is connected, the macro domains must overlap
each-other in order to ensure the continuity of current between macro do-
mains. In order to generate macro currents, an external excitation should
be provided for each of them. The principle of the so-called primary and
secondary currents approached is to re-use the macro currents calculated as
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Figure 4.7: Macro currents generation based on the primary and secondary
currents method.

a source scatterer for the other macro domains. The first current calculated
is called the primary current. It is generated by the macro domain that
contains the source field. If the source field cannot be isolated in a given
macro domain, several primary currents can be generated in several macro
domains. Fig. 4.7 illustrates the primary and secondary currents generation
process.

The MBF solver have been tested on the accelerator but many MBFs had
to be generated in each domains in order to have a low relative residual error.
Therefore, this solver has not been investigated any further. We believe the
problem comes from the connected structure. MBFs have shown a very
good behaviour in an array of antenna made of identical elements when the
elements are separated of a distance larger than a fifth of wavelength.

4.6 Numerical results

4.6.1 Brute force simulations of the accelerator

The accelerator has been solved using the MoM and a direct inversion of the
impedance matrix. The number of unknowns for the whole accelerator is
70000. The impedance matrix takes 78400 MB which is too large for most
of the computers. Therefore, a block inversion solver swapping data with
the disk has been used. It has been implemented in way that limits the
transfers of data between the DRAM and the disk.

Fig. 4.8 shows the whole accelerator viewed from the top. The particles
come in from the right. The feeding is performed with a direct bias at the
injection level. In practice, the accelerator is fed with the help a coupler.
Unfortunately, no geometry design file of this coupler has been provided.
Therefore, we ended up with the direct bias alternative that seems rea-
sonable in terms of time of implementation and of physical accuracy. The
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Figure 4.8: Current distribution in #3 direction for a section of the acceler-
ator.

frequency of the simulation is 176 MHz and the voltage applied between
two neighbouring rods is 30 kV. The results presented here concern only the
electromagnetic fields. Simulations related to beam dynamics are presented
in the chapter devoted to it.

Fig. 4.9 shows the current distribution in direction —23 in the rods. One
can clearly see that two opposite rods have a current flowing in the same
direction. This is consistent with the fact that two opposite rods are at the
same potential and with the symmetry of the design. Fig. 4.10 shows the
electric field in a cross section of the accelerator. The quadrupole symmetry
is clearly visible in the electric field.

4.6.2 Low-Frequency preconditioner

The preconditioner has been tested without the help a the fast near field
solver. Since the impedance matrix of the whole accelerator is too big to
fit in DRAM and because swapping the block of the whole matrix with the
disk for a GMRES solution takes a cumbersome amount of time, a section
of the accelerator has been used to test it. The frequency of the simultion
is 176MHz and the size of the section considered here is around 10 cm. Fig.
4.11 shows the mesh of the accelerator used for this test. The solution has
been calculated for the EFIE with and without the preconditioner. For both
computations, the GMRES convergence has been recorded and compared.
The relative residual accuracy chosen in both simulations is 1076, Fig. 4.12
shows the convergence rate of these two computations. Clearly, GMRES
converges much faster when the EFIE is combined with the preconditioner.
Finally, Fig. 4.13 shows the current distribution in the direction &3 (re-
calling that —Z3 is the direction of acceleration of the beam). The current
amplitude is normalized such that it lives in the interval [—1,1]. The pure
red color represents a normalized current of amplitude one in —Z3 while the
pure green color represents a normalized current of amplitude one in Z3.
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Figure 4.9: Current distribution in 23 direction in the rods.

Figure 4.10: Electric field in a cross section of the accelerator.
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Figure 4.12: Comparison of the GMRES convergence rate between the non-
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Figure 4.13: Component of the current distribution in Z3 at a given time
obtained with the Low-Frequency-Breakdown preconditioner.

Clearly, one can see the current flowing between two rods and two stems of
opposite signs.

4.6.3 Fast Near Field MoM Solver simulations

In this section, simulation results using the Fast Near Field MoM Solver
(FNFMMS) combined with the low-frequency preconditioner are presented.
The method has been tested on a sphere of radius one and for a frequency of
176 MHz. The excitation is provided by a plane wave irradiating the whole
structure. The method has been tested for different combinations of source
and dead-zone domains sizes. The test domain size was chosen such that the
whole sphere was covered by the sampling points of the grid for any source
domain. Two distances between sampling points have been tested namely a
tenth of the wavelength and a twentieth of the wavelength. A Taylor order
up to 3 was used. The different domain size given as multiple of grid step
will be denoted by XxYxZ, where X represents the source domain size, Y
the dead-zone domain size and Z the test domain size.

19000 RWG basis functions were used in this simulation. The spectrum
of the impedance matrix could be still evaluated and is presented in Fig.
4.14. One can clearly see the step in the spectrum due to the relatively
small overall object size in comparison to the wavelength. Therefore, it is
expected that the low-frequency preconditioner is going to be of a great
help to improve the convergence speed of GMRES. In order to improve the
convergence speed of the solver when it is used with Taylor approximation
of order n, the solution for a Taylor approximation at order n — 1 is used
as an initial guess solution. The accuracy of the solution for a Taylor ap-
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Figure 4.14: Spectrum of the impedance matrix.

proximation of order n — 1 should be chosen smaller than the one for the
solution for a Taylor approximation of order n as the results of simulations
presented hereunder suggest.

The relative current error per basis functions will be presented in the
following subsections. It is defined by

o
error = i — o (4.165)
max;ep,.., Ny (loul)

where «; are the coefficients of the brute force solution, o/ the coefficients
of the solution calculated with the FNFMMS solver (with or without the
low-frequency preconditioner) and N the number of RWG basis functions.
The brute force method is calculated as follows: The impedance matrix
is obtained with a direct method of complexity O(N?) and the solution
is obtained with GMRES. Similarly, the relative excitation error per basis
functions will be also presented. It is defined by

—
error = 18 = Bl (4.166)
maxeq1,.. v (15il)
where 8 = Za, ' = Zd', 8; = (B)i, 8 = (8'): and Z the brute force
impedance matrix. It is important to keep in mind that this error can be
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Figure 4.15: Presentation of a source domain (red) and its associated dead-
zone (green) and test domains (blue).

presented because an accurate impedance matrix has been calculated with
a brute force method.

4.6.3.1

% grid step, Taylor order 3, SVD compression 10~* and
grid size 3x7x31

Fig. 4.15 shows a given source domain in red and its associated dead-zone
domain in green and the test domain in blue. The number of source domains
require to cover the whole structure is 74.

The FNFMMS has been tested with and without the low-frequency pre-

conditioner. Fig. 4.16 shows the GMRES convergences for the different or-
ders of Taylor approximation for the Green’s function between grid points.
The accuracy of the relative residual error is chosen identical for the differ-
ent orders. The relative error accuracy was set to 107°. Fig. 4.17 shows
the relative current error per basis function index. The relative error on
the excitation is presented Fig. 4.18. The same simulations were performed
using the low-frequency preconditioner. Fig. 4.19 shows the GMRES con-
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Figure 4.16: Convergence of GMRES without the low-frequency precondi-
tioner - The accuracy for each order is set to the same value of 107°.
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Figure 4.17: Relative current error between the brute force solution and the
FNFMMS solver without any low-frequency preconditioner.
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Figure 4.18: Relative excitation error between the brute force solution and
the FNFMMS solver without any low-frequency preconditioner.

vergences. Clearly, GMRES converges at any Taylor order much faster that
when the system of equations is solved without any preconditioner. Fig.
4.20 and Fig. 4.21 respectively show the relative current error and the rela-
tive excitation error. The accuracy is slightly better than the one obtained
without the low-frequency preconditioner. The computer time required for
the GMRES solver using all the Taylor approximation orders is not bet-
ter than using right away the Taylor approximation of the highest order.
Instead of using the same accuracy for each order, the accuracy has been
decreased for lower-order approximations as follows

error,—1
L= ot 1.1

error. 10 (4.167)

errory = 107° (4.168)

Fig. 4.22 shows the GMRES convergences for this relative residual error
criterion.

Tab. 4.1 shows the GMRES computation time for each order of Tay-
lor approximation. Interestingly, the computational time required for the
third order is lower for the FNFMMS preconditioned v2 than for the classic
FNFMMS preconditioned. Tab. 4.2 shows the total computational time for
each method. The brute force solution with the low-frequency solver has
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Figure 4.19: Convergence of GMRES with the low-frequency preconditioner
- The accuracy for each order is set to the same value of 1075,
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Figure 4.20: Relative current error between the brute force solution and the
FNFMMS solver solution with the low-frequency preconditioner.
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Figure 4.21: Relative excitation error between the brute force solution and
the FNFMMS solver solution with the low-frequency preconditioner
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Figure 4.22: Convergence of GMRES with the low-frequency preconditioner
- The accuracy for each Taylor order approximation is set according to the
criterion defined by Eq. 4.167 and Eq. 4.168.
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type \ Taylor order 0 1 2 3
FNFMMS Non preconditioned | 250s | 305s | 602s | 1211s
FNFMMS Preconditioned 109s | 102s | 213s | 439s
FNFMMS Preconditioned v2 49s | 68s | 154s | 3153s
Table 4.1: GMRES Convergence times
GMRES | DeadZone | Total
FNFMMS Non preconditioned 2368s 324s 2692s
FNFMMS Preconditioned 863 324s 1187s
FNFMMS Preconditioned v2 586 324s 910s
Brute Force 229s 2784s 3013s
Brute Force Preconditioned 122s 2784s 2907s

83

Table 4.2: Comparison of total simulation times

been calculated as well to show the improvement of GMRES convergence
on the accurate impedance matrix. Brute force means that the impedance
matrix has been calculated entirely and solve with GMRES. It is impor-
tant to stress that the low-frequency preconditioner is necessary for the
good behaviour of the FNFMMS method. Indeed, as shown in Tab. 4.2 the
computational time without the preconditioner and using the FNFMMS
method is comparable to a brute force method. On the contrary, when the
low-frequency preconditioner is used, the FNFMMS method is more than
three times faster than a brute force method. It is important to say that the
computational times for the GMRES convergences of respectively the brute
force method with and without the preconditioner are so low because one
used an optimized LAPACK library for Intel CPU. The FNFMMS method
has been implemented in C++ but without optimized instructions for the
underlying hardware.
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Chapter 5

GPU Programming

5.1 GPGPU programming and challenges

A Graphical Processor Unit (GPU) is a device used in a Personal Computer
(PC) that allows fast calculation of 3D rendering scenes. In order to under-
stand why a specific hardware has been built for 3D rendering, one must first
understand the principle of rendering. This section is subdivided in several
subsections. The first subsection concerns the 3D rendering with OpenGL
[65]. OpenGL is a library used to perform 3D rendering of complex scenes
by making use of the dedicated specific hardware for this task namely the
GPU. OpenGL has been used in this thesis to display current distributions
on the accelerator, electromagnetic fields and the beam dynamics motion.
The second subsection explained the GPU hardware and how it can be so
efficient for 3D rendering and for scientific computations. Finally, the last
section discusses the OpenCL library [66] and its functioning.

In this thesis, GPU are used for the computation of the beam dynamics.
In the next chapter, it will become clear why the hardware of a GPU is
particularly well suited for such a solver.

5.1.1 3D rendering with OpenGL

First of all, a 3D scene is always discretized into a surface mesh before be-
ing rendered by a graphic engine. In 3D gaming, the scenes are in general
drawn with special software that allows parametric representation of the
objects (such as 3ds Max). When the drawing is completed, it is meshed
and the result is saved under a 3D model format. The rendering process
in computer gaming is never performed on parametric representation (B-

85
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Rep) such as a NURBS [67] because a GPU is designed to render points,
lines and polygons. For the movements and deformations of meshed objects,
some techniques such as the well-known skeletal animation [68] can be used.
At the border between two bones, the positions of the vertices are calculated
based on several transformation matrices summed up with different weights.

3D rendering based on rasterisation is subdivided into three main tasks:

e Vertex processing
e Rasterisation

e Fragment processing

Fig. 5.1 illustrates these three steps.

5.1.1.1 Vertex processing

The first step consists in projecting the 3D points also called points in
the eye space onto the projected plane called the viewport. The projected
coordinates are called the window coordinates. The projection matrix is
relatively simple to calculate. Fig. 5.2 illustrates the projection of a 3D
point for the #; in the viewport plane. Opengl works with homogeneous
coordinates. Let us calculate the projection matrix that associates uniquely
eye points to projected points. The frame used by OpenGL is a right-handed
coordinates system. The viewport plane is located at a distance —n from
the origin. The dimension of the viewport is defined by the ordered pair
(21,2h). The screen aspect ratio is defined by » = [/h and in full screen is
in general equal to 16/9. This ratio is a constraint forced by the view frame
of our 3D application. The viewport plane is defined by

= {7 € R37T = —nds + a1@1 + aade,oq € [~1,1],0 € [-h,h]} (5.1)
The projection is given by the intersection between this plane and the
line passing through the origin and the observation point. Therefore, the
intersection is given by the parametric resolution of the following equation
BTy = —nT3 + 121 + aads (5.2)

With the 3 component one can directly find the value of 5 = ;—: From
there, one can get a;, as
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Figure 5.1: Rasterisation principle.
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Figure 5.2: Projection principle.
n
=—— 5.3
ap = - (5.3)
n
=—— 5.4
az =~ (5.4)

The frame in the window is defined naturally by (Oy,Z1,22) with Of =
O — nZ3. Therefore, (a1, a2) are the coordinates in the window frame.
OpenGL works with normalized coordinates in the interval [—1,1]. The
change of variable associated with this rescaling is given by

ap +1 nry las
w = = —— 4+ — 5.5
= 2 Uz | 2y (5:5)
as + h nTo hxs
w = = - 5.6
72, 2h Shrs | 2his (56)

The x3,, is used for the depth buffer. Let us determine pss3,p34 of the
projection matrix such that any point on the viewport would lead to a
value of z3,, = —1 and any point on the far plane would lead to a value of
3w = 1.
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P33%3 + P43
3w = —
X3
-~ 1= —P33n + P43
-n
N —p33f + pa3
—f
This leads to
on+f
P33 F—n
_ 2fn
P43 = F—n

The projection matrix is therefore given by

= 0 3
P 0 3= 1 0
- ntf  2fn
0 0 f—n f—n
0 0 1 0
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(5.10)

(5.11)

(5.12)

The projection matrix as it is involves only negative values for the ho-
mogeneous coordinate. However, OpenGL only accepts by design positive
number for the clipping coordinate. The projection matrix used in practice

with OpenGL is therefore

5 0 3 0
0o = z 0
P = 2h 2
0 0 —(n+f) —2fn
f—n —n
0 O -1 0

(5.13)

The clip coordinates are defined by the image vector of the eye co-

ordinates transformed by the projection matrix T, = PT.

coordinates in this context are given by

The window
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T1,w ml,c/x4,c
T2,w = Z‘2,c/x4,c (514)
T3,w xB,c/x47c

A common way to designate any point in a convex polygon is the use the
barycentric coordinates of the points defining it as claimed by the proposi-
tion 10.3.6. It is, in particular, useful to obtain the value a a linear func-
tion for which the values are known at the polygon points. Indeed, let be
f: E — F with F a normed vector space and f a linear function, then

f(z ;Ti) = Zalf(xz) (5.15)

Let us inject the expression of a point on the primitive in terms of
barycentric coordinates in order to investigate the image space of the pro-
jection. Let us define P, = P(1:3,1:4) and let be T =" | a;T; a point
in a given primitive

- 2?21 a; P (T;) 2?21 Qi Ti T3,
Ty = = = o (5.16)
D iy QT3 D i QT

Let us define o by

’ Q; T35
o= = 5.17
CT il s (517

Clearly, > ;o = 1 and o} > 0. Therefore, the images are always
expressed as a barycentric combination of the window coordinates. Let us
prove the surjectivity of the application. For a set of o > 0 such that
o, af, let us find a set of a; > 0 such that > ; @; = 1 and such that
the application send o — /. It is relatively straightforward to see that

choosing o; = —;;Ii, would give the expected result through the applica-

tion. However, the condition > 1 ; a; = 1 is not guaranteed. In order to
guarantee this condition, let us simply rescale the «; as follows

Zi:l ﬁ
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Therefore, the application is surjective and the image space correspond
to the whole convex skull generated by the vertex window points. In order
to prove the surjectivity, one created a application that gives the barycen-
tric coordinates in the eye space in function of the barycentric coordinate
in the window space. The composition of the two applications gives the
identity application and therefore they are both a bijection. It is important
to notice that even if these relations give a way to convert the barycen-
tric coordinates uniquely, the primitive convex skull in the window space
is not necessary in bijection with the primitive convex skull in the eye space.

Before closing this subsection, let us notice an important consequence
about these observations. The third window space coordinate is used for
the depth analysis and therefore contains a direct information about the
x3 value in 3D space. This information about x3 is calculated in the win-
dow space by the barycentric combination i.e by a linear combination. It is
remarkable that the depth information is calculated simply by a linear com-
bination in the window space. However, it is important to notice that the
depth information provided by z3,, is not the depth itself as the following
equations show

Tw = D QT3 = pss+ Z% (5.19)
i=1 3
= Z (33 + =) = pa + ]% (5.20)
i=1 st 3
s 1 1
& ol =— 5.21
; T3 T3 (5.21)

5.1.1.2 Rasterisation

Once the window space coordinate of each vertex of a given primitive has
been calculated and the 3 ; is kept somewhere in memory, the rasterisation
of this primitive takes place. This operation consists in finding all the pixels
touching the convex skull of the primitive and calculate for each of these
pixels respectively the value of the different functions at the position of the
pixel. In order to calculate these values, the barycentric coordinates are
calculated. Then the formula developed in the previous subsection allow
one to find the barycentric coordinates in the eye space and therefore the
value returned by the different functions at the pixel corresponding position
in the eye space. For the depth buffer, the ﬁ is calculated by a simple
barycentric combination in the window space. For each primitive process by
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the rasterisation stage, several fragments associated respectively uniquely
to a pixel are generated. A fragment is defined by a pixel and a set of
informations associated with this pixel.

5.1.1.3 Fragment processing

The values of the different functions calculated at the rasterisation stage
are sent to the fragment processing stage. At this stage, these values are
used to define the color of the pixel and to filter the hidden pixels with the
help of the depth buffer.

5.2 GPU inside

The 3D rendering of a scene based on rasterisation involves a lot of inde-
pendent computations on a set of small data. First, each vertex is projected
into the clip space by calculating the product of the projection matrix with
each eye space vertex coordinate. Then, in the same stage, the window
coordinate are calculated. This stage computation is independent for each
vertex. Then, each primitive is rasterized. Again, for each primitive, the
computation is independent. Finally, each fragment is processed indepen-
dently in the last stage of the OpenGL pipeline. The GPU hardware needs
to perform a lot a calculation on a set of small data. Furthermore, a give
set of data undergo a couple of instructions before being copied back to
memory. In other words, this means that several instructions are executed
on locally loaded data before copying it back to the main memory. Three
characteristics of rasterisation have been identified: compute intensity, data
parallelism and data locality. Compute intensity means a good ratio be-
tween the number of operations performed per I/O on the main memory.
Data parallelism means a good independence between the many sub-tasks of
a given algorithm. Data locality means that each sub-task performs compu-
tation on data located in the same memory region. These three conditions
allowed engineers to design a specific hardware for the rasterisation.

One may wonder if the instructions set used for the three rendering tasks
are the same. Before 2006, the GPU hardware designs were built based on
different instructions sets for the different task of the rasterisation process.
In particular, the vertex processing had a lot more instructions than the
fragment processing. Programmers were therefore using different instruc-
tions for these two stages. At the present time, each steps of the rendering
pipeline can use the same set of instructions. This is called the Unified
Shader Model (USM). A shader is piece of program from the rendering
pipeline of an API. If a shader can use any kind of instructions, specific
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hardware might still be used to perform specific action from the graphics
pipeline. For instance, many GPU include a raster engine and a tesselation
engine because these operations are almost always intensively used by the
game engine, they are much faster on dedicated hardware than running on
the main architecture of the GPU and a dedicated hardware represent a
reasonable amount of silicon i.e a good performance to price ratio. ATI
released the first GPU following this model in 2006 with its HD2000 board
based on the TeraScale architecture. Quickly after the release of this board,
Nvidia released the Geforce 8 series in 2007 based on the Tesla architecture.

This allowed gaming company to develop more realistic graphics and to
improve the ease of programming on GPU. The different API have followed
the evolutions of the architectures. There was a major step in the OpenGL
evolution that happened at the transition between the version 2.1 and 3.0;
the programmer using OpenGL has to program at least the vertex shader
and the fragment shader. The vertex shader allows to user to perform the
most important computation of the vertex shader. For instance, the prod-
uct of the projection matrix! with the homogeneous coordinates happens
there. The user can define several variables that are going to be interpolated
in the rasterisation stage and therefore accessible in the fragment stage and
in particular in the fragment shader. In the fragment shader, the color for
the pixel associated to this fragment is calculated. If the color is simply de-
fined by the linear interpolation of the RGB colors defined at each vertex,
the value calculated by the rasterisation stage can be used directly and the
vertex shader is one line of code. For texture, the 2D texture coordinates
interpolated by the rasterisation stage are also directly used by calling a
texture function that match the texture coordinate to the right pixel of the
picture. For these two cases, the fragment shader is very simple. You may
wonder in what kind of situation the fragment shader might be tricky. A
example of a more complex shader is for instance a picking fragment shader.
The picking process consists in selecting element in the 3D scene by click-
ing on it. In oder to perform a fast picking, actual game engines use the
GPU. A false picture using a specific color for each primitive is rendered
in a off-screen buffer. The color seen by the mouse is then matched to the
primitive selected.

The architecture this is describe in the next section is the Pascal ar-
chitecture from Nvidia. This is the latest Nvidia architecture at the time
of writing of this thesis. The reader is invited to read interesting aspects

!In general, the matrix used in the vertex shader is not only the projection matrix.
Indeed, in general, complex geometry are describe with the help of several frames. The
general transformation matrix is therefore first computed (the products of the projection
with several transformations matrices) and then used in the vertex shader.



94 Chapter 5. GPU Programming

PCI Express 3.0 Host Interface

Memory Controller
Joljonu0D Atowep

ry Controller

Mem

5
2

Jolionuog Alowo

Memory Conf

Memory Controller
Jel107u0D Aiowop

Figure 5.3: The GP104 chip based on Pascal architecture [69].

about the former architectures by himself. In particular, the Tesla, Fermi
and Maxwell architectures might help the reader to understand the former
strategies of GPU. All informations related to the different Nvidia architec-
tures can be found on their website [69].

5.2.1 Nvidia Pascal architecture

The GP104 chip is considered through all this section to illustrate the func-
tioning and the features of a Pascal architecture. The GP104 is made of
several Graphics Processor Clusters (GPC). Each GPC is made of several
Streaming Multiprocessor (SM) and a Raster Engine (RE), as shown in Fig
5.3. The RE is a dedicated hardware used to perform the rasterisation stage
of the rendering pipeline. Typically, this allows the GPU to rasterise sev-
eral triangles per clock cycle. An L2 coherent cache is used to accelerate the
transfer between the main memory and the SM. There are height memory
controllers for the GP104, each controller has a 256 KB of L2 cache i.e a
total of 2MB of coherent L2 cache is available. Next to the L2 cache they
are height Render Operations Pipelines (ROP) that perform transactions
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between buffers in local memory and also perform antialiasing [70] opera-
tions.

The Streaming Multiprocessor is made of several piece of hardware
namely:

e CUDA core

e Shared memory

e Texture/Cache memory

o Registers

e Load and Store blocks

e Special Function Unit (SFU)
e Texture specific hardware

e Instruction Buffer

e Wrap Scheduler

Fig. 5.4 illustrates all the components.

5.2.1.1 CUDA core, SFU and DPU

A CUDA core is a simple piece of hardware capable of performing basic
integer and floating-point operations. It does not decode instructions which
is the task of the Wrap Scheduler and Dispatch Units. They are made of
an Arithmetic Logic Unit (ALU), and Floating-Point Unit (FPU), poten-
tially source operand registers and destination operand registers as shown
in Fig 5.5. The latter two are not always used in each implementation of the
architecture. They are link local buffer that can be used to read or write
data from the registers and use this data later on. The SFU allows fast
computation of specific operations such as the evaluation of trigonometric
functions and the exponential. When performing 3D rendering, the com-
putation are always done with floating numbers. However, scientists often
need to use double precision numbers. Performing precision operations on
GPU without specific hardware to do it costs more than twice the compu-
tation time of the same operations with floating numbers. In order to avoid
such performance loss, Nvidia placed dedicated hardware to handle double
precision calculations, the DPU.
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Figure 5.5: Cuda CORE hardware [69].
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5.2.1.2 Instructions decoder and scheduler

The instruction decoder and scheduler is the part of the SM that decoded
the instructions present in the instruction buffer and schedule the execution
of these instructions on the cores for several threads. The GP104 SM is
separated in two block of identical hardware made each of one scheduler,
two dispatchers and one instructions buffer. An instruction is executed for
a group of 32 threads and if their are less threads to be executed some idle
threads are run instead. This is called a wrap execution and it consists
in running a single instruction for 32 different set of data. The scheduler
fetches an instruction and try to find a warp available to run it. Depending
on the instruction, it will look for 8 or 16 available cores, 8 available LD /ST
units, 8 or 16 available DP Units or 8 SFU units. For instance, if the data are
already loaded in registers (or in the source operands) and the instruction
consists in an arithmetic operation, the scheduler looks for 8 or 16 available
cores to run the instruction. In this case, the instruction is run for 4 or
2 clock cycles respectively in order to have the 32 executions of the wrap.
Once the wrap is identified, the scheduler uses its dispatchers to run the
same instruction on these cores. In case of load or store instruction on the
global memory the LD /ST unit calculates the source or destination address
for 8 threads. Once these addresses are known, the L1 cache is used to fetch
theses data. If the data are contiguous in memory and aligned, the fetch
operation might be grouped. The memory section explains in details the
functioning of the different memories.

5.2.1.3 Memory principle

In this section, one focuses on the physical memory in the GP104. Each
API for GPU computing might have a memory model that slightly diverges
from the physical pattern. However, it is relatively easy to guess how the
memory model of a given API is linked to the physical memory.

Their are 3 types of memory in a SM: Registers, L1 Cache (unified with
the texture cache), shared memory.

The registers are the private memory of the threads. Their are registers
also used to hold the status of the thread itself such as the index of the
thread being run on a given core. A given SM can run a limited number of
threads that is fixed by the manufacturer. Typically, around 1024 threads
can run in a given SM. For each of these threads, several registers will be
used. There is no switch context when the scheduler decide to run a new
wrap in the SM. For each threads the number of registers allocated to it
hold the values of these threads till completion of the task (more specifically
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till the completion of a kernel defined a bit further in the text). It is possible
that the number of registers is not sufficient to hold the private variables of
the n threads that run on a given SM. In this case, the compiler is going
to use global memory to store the private data. This very important point
to understand because global memory is more than 100 times slower than
registers although local accesses are cached by the L1 cache. When the
programmer is not certain that the compiler is going to use only registers,
he will likely used to shared memory which is of a speed comparable to reg-
isters and is fully controlled by the user. Arrays dynamically indexed are
always store on global memory because the compiler cannot figure out the
register to use at compile time. Therefore, it uses global memory a pointer
arithmetic.

The L1 cache memory is used to cache the access to global memory. It
is the second level of the cache system since there is a L2 cache used at the
global level. The L1 cache is however a non coherent cache while the L2
cache is coherent. No coherent cache means that the value held by the cache
might not be the same as the one held by other caches of the same level and
that any write operation from a core to global memory does not warn any
other L1 cache pointing to the same memory area been written to. This
is a major difference with cache system on a x86 CPU because each cache
on a x86 is coherent. The speed of L1 cache is comparable to the speed of
the shared memory be does not work exactly the same way. When a thread
requests memory from the global memory it first uses a LD/SD unit to cal-
culate the source address. This is done in parallel for a couple a threads (a
fraction of a wrap). Once the source or destination addresses are known,
the memory controller checks whether or not this addresses are contiguous
in memory. If they are, the fetch or write operation can be grouped. This
is known as coalescing memory access. Fig /refCoalescing illustrates this
concept for 8 threads (instead of 32 threads) for the sake of clearness. For
the clearness of the picture, only the end of the address is represented. At
the address 0x04 starts a new cache word of 128 bytes. The addresses are
given in hexadecimal basis. The subfigure (a) shows a situation where two
L1 cache fetches of 128 bytes are required. Indeed, the thread 7 requests
a word in the region of memory just after 0x104 which means a full fetch
of 128 bytes is performed for the data between 0x104 and 0x204. In the
subfigure (b), all threads request memory in the region 0x04 and 0x104. A
single fetch is performed. Most likely, the reason of having a 128 cache line
is that a LD /ST unit performs I/O operation on 4 words. Since a word is
32 bits or 4 bytes and their are 8 LD/ST units connected on a cache line,
the bus width chosen by Nvidia is simply the width of an optimal memory
access where the 8 LD /ST units would read contiguous data in memory. L1
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Figure 5.6: Coalescing for global memory access.
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cache is not always enable by default. There are two reasons for disabling
the L1 cache. First, if the kernel access the global memory at places that
do not allow grouping read or write, it is better to bypass the L1 cache and
use the 32 bytes line of the L2 cache in order to avoid the waist of band-
width. The second reason is that former nvidia GPU were designed with a
common L1 cache and shared memory. The user could choose to allocate
more memory for the cache or for the shared memory. For these devices, in
CUDA programming a special flag had to be used at compilation for using
more memory for the L1 cache (see Programming guide on nvidia website).
With OpenCL, the user does not have to fine control of the device since
OpenCL is a device independent API.

The shared memory is a fast memory entirely controlled by the pro-
grammer. It can be used to perform very quick random data access if used
correctly. The shared memories in each SM are not connected therefore it
can only be used by a group of threads running on the same SM. The shared
memory is divided into several banks that can be accessed simultaneously
by any thread of the SM. Several threads trying to access the same bank
at the same time and for different addresses undergo a bank conflict and
several clock cycles will be used to read/write the data. However, if the ac-
cesses are performed on the same address and for the same operation only
one clock cycle is required to perform the action. On the GP104, 64 KB
of shared memory is available per SM. Fig. 5.7 shows 3 different situations
for bank access. In the first subfigure (a) the first and second thread ac-
cess two different data in the first bank resulting in a bank conflict. The
subfigure (b) shows almost the same situation but this time the first and
second thread access the same data. If the operation is identical (read or
write) then there is no bank conflict created by the first and the second
thread. The last subfigure (c) shows a situation where the first and the
second threads address two different banks so there is no conflict created by
these two threads.

5.3 OpenCL

OpenCL is a language that aims at running massively parallelisable pro-
gram. Nvidia developed their own language called CUDA. However, CUDA
is a proprietary language and can only be used for Nvidia devices. Let us
compare the two languages
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Type CUDA OpenCL
Portability Only for Nvidia de- | For all devices sup-
vices porting OpenCL and
in particular:  ATI,
Nvidia, Intel, Altera
(FPGA), AMD
License Proprietary language Open source. Any
company can imple-
ment OpenCL for their
devices.
Performances High performance due | 10% less performance
partially to the fine | on Nvidia.
control of the hardware
Documentation Very well documented | Very well documented

The biggest advantage of OpenCL over CUDA is the portability. Indeed,
once the code is written it can be run on many different devices. In partic-
ular, the Intel Xeon Phi is a very interesting chip for massive parallelisable
algorithm. It is also very interesting to compare the performances on differ-
ent hardware for the same implementation. Of course, the implementation
of OpenCL plays a role on the performances.

In the following section, the OpenCL model is presented.

5.3.1 OpenCL device abstraction model

Fig. 5.8 illustrates the device abstraction of OpenCL. Their are 3 types of
memory in the model. A global memory which is in general huge but much
slower than the other memories. Then there is the local memory shared by
a group of work items (threads) associated to a Compute Unit (CP). This
memory is much faster than the global memory but is also much smaller.
Finally, each work item has its own private memory space. The private
memory is supposed to be the fastest memory as long as the user does not
use more private memory than available. A work item represent a thread
and there are several groups of work items each group being associated
uniquely to a CU. The local memory is shared by all the WI in the WG.

5.3.2 OpenCL API

A function that runs on an OpenCL device is called a kernel. When the
programmer request a kernel to be run on a device, OpenCL first compile
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the kernel (and save the compilation to gain time for the next use). Then
the programmer place the kernel in a command queue associated to the
device. The device scheduler then launch the kernel when resources are
available for this kernel. It is possible to synchronize the kernels inside a
given command queue. For instance, it is possible to forbid a kernel to be
run until one or several other kernels are done. The command queue can
be set in two different modes: A random mode and a First In First Out
(FIFO) mode. In the first mode, the scheduler runs the kernels in the order
that suits it.

On a given computer, their maybe several devices that supports OpenCL.
Devices from the same manufacture might be able to share data directly be-
tween one another. In OpenCL, devices are own by a context. A context
gather all devices that can share their data without the need to pass by the
compute main memory. Each context is associated to a platform which is
an OpenCL specific implementation provided by the manufacture of one or
several devices embedded in the computer. Fig 5.9, Fig 5.10 summarizes
these explanations.

5.3.3 Work partition concept

As explained previously, each Compute Unit (CU) runs a number of work
items that composes the group associated with it. Opencl imposed that
each group has the same number of work items. For each device, there is a
preferred group size denoted Lp,.y € IN. When running kernels on Nvidia
hardware, the preferred group size is 32 which is not a big surprise since the
warp size is 32 threads. If the number of elements running in the group size
is smaller than the preferred one then usually some idle work items are cre-
ated on the device which means that the efficiency decreases. For each CU,
there is also a maximum number of work items that can be placed in the
group. For instance, on recent Nvidia GPU this number is 1024. Below, the
maximum number of work items that can be placed in a group is denoted S.

OpenCL provided n dimensions to partition the work. For each dimen-
sion there is a maximum number of work items that can be placed in a group.
Let us denote these limits by the ordered pair Lz = (Lmaz,1, - Lmaz,n) €
IN™ where L; < . There is also a limits for each dimension on the global
number of work items given by the size of a site t variable for a specific
device. This number can be determined on the device address bit width
(for instance 32 bits, then the max number for a given dimension is given
by 232 —1).
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Let us assume that a kernel has a global work load given for each di-
mension by (G, ..., Gp) where G; < sizeof(size:). One must partition this
global work load into groups. Let us denote by L = (Ly,...,L,) € IN?
the group size or the so-called local size. Each group should contain if
possible a multiple of the preferred group size for the targeted device i.e
7, L; = kPyrey with & € IN\{0}. Of course, for each dimension, the
group size must be a multiple of the global work size i.e G; = k;L; with
k; € N\{0}. Injecting this last relation into the preferred size condition one
gets I1I7_, G; /k; = kPp,cf. There might be many ordered pairs of (K1, ..., kp)
that satisfies these constrains. There is still however one criterion left to
account for, the amount of local memory required by the group. Since the
local memory is relatively small, it might take a dominant part in the par-
tition. Therefore, optimizing an OpenCL partitioning might be very tricky
and there is no recipe for it, the optimal partitions of a kernel is specific to
it. Fig 5.11 shows the different relations between these concepts.
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Chapter 6

Beam dynamics

6.1 Introduction

In this chapter, the implementation of the beam dynamics solver on a GPU
is explained in details. The equations of motion of the particles in an electro-
magnetic field can be solved in parallel if the particles are assumed indepen-
dent from one another. In particular, a GPU is a perfect piece of hardware
for this problem. Including the interactions between particles breaks this
independence. However, using some approximations, it is possible to main-
tain a GPU implementation which is still very favourable in terms of the
ratio between performance and price to a CPU.

6.2 Physical hypotheses of the motion solver

6.2.1 Geometric context

The beam dynamics computations are performed in a region of space de-
limited by a cylinder that we call the accelerating tunnel. It is placed right
in the middle between the rods where the particles are physically present.
A default accelerating tunnel has been defined at suitable fixed position in
order, for instance, to calculate easily the unique cell of each particle. The
cells are a subdivision of the accelerating tunnel as it will be explained in
subsection 6.2.4.

The default global frame is defined by Fy = (O, &1, ...,43) where the
basis is an orthonormal basis for the geometric scalar product. Homoge-
neous coordinates are used in order to express any affine transformation
(see proposition 10.3.4) as a linear application in a four-dimensional vector
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space. Let Fy = (0, %), ..., 25) be another frame placed on the accelerating
tunnel in the accelerator. The default coordinates (used in the default tun-
nel) are therefore expressed in F5. The transformation matrix between the
two system of coordinates is given by

R T
T2_>1 = (6].)
0 1

3
where R is the rotation matrix defined by #; = > R;;Z; and the translation
j=1
vector by T = [OO’]. The inverse transformation is given by

R —RT
T1_>2 = (62)
0 1

Fig. 6.1 illustrates these transformations. Let us define a set of sampling
points as follows

3
G= {f|io + Z aisii;, o; € [0, ey Nl]} (63)

=1

where N; € IN and s; € R is the grid step in the direction &. They represent
the points on which the source electric field must be extracted from the MoM
simulation. These sample points are defined in the default accelerating
tunnel and therefore must be transported to the real accelerating tunnel
position. The set of true positions of the grid points is given by To_,1G =
{T2-1(z)|z € G}. The field extracted with the MoM at these positions
must be transported back to the default accelerating tunnel. Let Tm’o%%
be the field extracted at the grid position (a1, as, a3) then the field in the

default tunnel is given by [fal,az,as] = R[?aha%%].

6.2.2 Electric field separation hypothesis

The electric field inside the accelerator is generated by two different sources:
The RF source feeding the accelerator and the space charge. The space
charge is the electromagnetic field generated by the particles inside the
accelerator. Since the velocities of the particles are small, the total magnetic
field produced by them can be neglected. The electric field scattered by
the particles interacts with the accelerator (i.e. it is a wideband external
source). Therefore there is a coupling between the RF source feeding the
accelerator and the beam. This coupling can also be understood with the
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112 Chapter 6. Beam dynamics

help of the energy conservation principle. Since some energy is transferred
from the RF source to the beam there must be an electromagnetic coupling
between the two sources by conservation of energy. The coupling between
these two sources is neglected in this thesis as it is commonly done in the
accelerator community(see for instance [71]). Therefore, the source field
produced by the RF source and simulated with the Method of Moments
(MoM) is independent from the space charge field calculated separately.
The electric field at any point in the accelerator reads

E(Z,t) = E4(T,t) + Ey(T, 1) (6.4)

where s stands for source and b stands for beam (space charge electric field).
The space charge electric field is computed with the help of the Coulomb
law. The accelerator surrounding the particles generates a static electric
field in their presence. Indeed, since the electric potential on and in a per-
fect electric conductor must be constant, charges appear on the surface of
the accelerator to enforce this condition. Therefore, to obtain an accurate
electric field, one should solve the full electrostatic problem taking into ac-
count the accelerator. In this thesis, the accelerator is neglected in the
computation of the space charge field. Only the field scattered by the par-
ticles themselves is accounted for.

6.2.3 Macro-particle Model

The beam is injected in the RFQ at an energy of 30keV and with a cur-

rent of 4mA. It means that the number of injected particles is given by
-3

I/Q = {2205 = 2.5%10'%p/s. Let us take a critical time transport in

the accelerator corresponding to a particle not gaining any energy'. The

non-relativist velocity is given by

2F 2%30% 103 %1.6% 1019 6
v = Mm_o_\/ 10 =2.45%10°m/s (6.5)

where mg is the mass of a proton and E is the total kinetic energy. The ac-
celerator is 4m long, therefore the transfer time is given by At = m =
1.6 * 107%s. The number of particles for this critical case is given by
At x L = 4% 10", If the computer were to solve the equations of mo-
tion for each particle, the required memory to hold the positions and the
velocities of each particle would be around 1TB which is too big for present
computers. Moreover, if each interaction should be computed, the naive
brute force method scales as O(n?) with n the number of particles. This is

1Tt may happen if the input beam is unmatched with the accelerator.
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Figure 6.2: Macro-particle approximation.

obviously impossible to handle within a reasonable computation time.

The model we decided to follow for the beam dynamics simulation is
the so-called macro-particle approximation [72], [73]. It is also called bullet
approximation in this thesis. It consists in gathering a certain amount of
particles into a bullet and treat this bullet as a single particle. This virtual
particle has a mass and a charge corresponding respectively to the sum of
masses and the sum of charges of all the particles concentrated in it. Fig. 6.2
shows this approximation. The force experienced by a macro-particle lo-
cated at a position T; due to the presence of another macro-particle located
at a position Ty is given by the following well-known Coulomb formula

=_ Qg2 T
F= —
4meq 3

(6.6)

with 7 = T — Ty, r = ||7||2 the distance between the particles, €y the permit-
tivity of free-space, g1, g2 the charges respectively of the two macro-particles.

Let us strike the attention of the reader to the fact that the motion of a
macro-particle in a given electric field is identical to the motion of a proton
in the same electric field. Indeed, this is a simple observation in the third
Netwon’s law

— d>0'X
F, = NwgFE (6.8)
——k
d’0’X —

where N, is the number of particles gathered in the macro-particle k and ¢q
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Figure 6.3: Interaction of cell ¢ with its two neighbours namely the cell i —1
and the cell 7 + 1.

is the charge of a proton. Therefore, the beam dynamics errors due to the
bullet approximation come from the approximation of the electric field map
generated by the approximative particle density distribution. Intuitively, if
the number of macro-particles is very large, the electric field distribution
should not be too far from the real one in the sense of a local average electric
field.

6.2.4 Short distance interaction approximation

Without accounting for the space charge effects the motion solver con-
sists simply in solving independent ordinary differential equations. When
the space charge effects are taken into account, one should compute the
Coulomb interaction between each bullet which is therefore an algorithm
that scales as O(M?) where M is the number of bullets. However, since the
Coulomb interaction decreases in W where R is the distance between two
bullets, it makes sense to limit the region of interaction of each particle to a
small fraction of space. One potential implementation of this idea consists
in dividing the accelerator into small longitudinal cells and the particles in
a given cell interact only with their two direct neighbour cells. Fig 6.3 illus-
trates this concept where the cell ¢ interacts with its two direct neighbours

namely the cell ¢ — 1 and the cell 7 + 1.

6.2.5 Source Field Computation

For each particle position, the source electric field has to be calculated. Since
it would be cumbersome to perform an electric field extraction for each new
particle position during the integration process another strategy had to be
used. The electric field is calculated for each sampling point placed in a
regular grid as defined in the section 6.2.1. The value of the electric field
for any position in this grid is given thanks to a simple Lagrange 3-linear
interpolation in 3 dimensions. The 3-linear Lagrange interpolation consists
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simply in interpolating linearly in each dimension recursively. Additional
informations can be found in Appendix in section 10.4.1.

6.2.6 Summary and differential equations

The goal of this section is to formalize a mathematical model of the problem
taking into account the approximations of the former sections and investi-
gate the good behaviour of these equations. By good behaviour, one means
the existence and the uniqueness of the solution.

Let F : U C R x R — RS be a function with n the total amount
of particles allowed in the simulation. The function gives the derivatives of
the phase space variables for each particle. Hence, the differential equation
to solve is given by

2 = F(t, ) (6.10)

In order to model the beam dynamics through a global differential equation,
the function F' takes a zero value for the particles that are not yet injected
in the accelerator at a given time. Since particles are injected continuously
with time and since the interactions for a given particle are calculated only
for its two direct neighbour cells, the function F'is not a continuous function.
However, assuming that one performs the injection at discrete time, and
that particles are sorted into cells at discrete time, one ends up with a
piecewise continuous function f. Let tg,...,t, € R be a sequence of time
points for which an injection and/or a sorting is performed (¢¢ being the first
injection). For each interval [t;, t;+1[, the function f; : D; = [t;, ti11[xU2 —
RSM:  where

U, = ROMi\ uj”;l UM (E, D)1,y (T, 0) ;) € RO

T; =Ty (6.11)

with M; being the number of bullets present in the accelerator during the
time interval [t;,t; 1] and (T,T); being the phase space vector (position-
velocity) of bullet ¢, is defined by

filt,x) =((7,0)1, ..., (T,0)nr,)

M;
Fa (O T + 3 7 =l
. 3 M;—1 Q 3 3
OF@.u)+ 3 gl -l (612

where qg, mg are respectively the charge and the mass of a proton and @) the
charge of macro-particle. It this definition of f; one omitted the variables of
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the non-existing particles by convenience. This is the only difference with
the function F'.

Now let us try to show the uniqueness and the existence of a solu-
tion for a time interval [¢;,¢;+1] using well-known theorems of differential
equations theory recalled in Appendix section 10.8. First, let us prove
that Uy is an open subset. Let us take x € Us and let us show that
there exists & > 0 such that B(z,d) € Us. Since x € Uy it means that
||§1 —§j||2 7& 0, Vi 75 j. Let us define b = mln{||§z —§j||2|i 7& j} Let
us assume that the norm chosen for the space R®M is defined by z €
ROM,||z]| = /1|18 + 1113 + - + [l = llzllz- Now if ||z — yl] <
it implies that |[ZT; — 7;]|2 < 2 Vi. Thanks to the triangular inequality,
one has |[T; — ;|| < [T — ¥sll2 + [[7; — Yjll2 + |[F; — Till2. This leads to
0 < [|7; —¥,ll2,Vi # j i.e B(z, %) C Us.

Unfortunately, the interval [¢;, t;11] is not an open subset of R. However,
the application f; is naturally defined on R since the electric field E,(,T) is
defined on R. By convenience, the domain considered for the investigation
of the existence and uniqueness of the solution is given by U = R x Us.
The application f; : R x Uy — R®™i is C'' and therefore a local continuous
Lipschitz function in . One knows that for a given (¢;,z;) there exists a
unique maximal solution (see Appendix section 10.8). Let us prove that
this solution is global i.e. it exists on R. Let us assume that v :]a, b[— R™ is
the maximal solution. One may notice that if the solution is maximal then
the interval must be an open subset. Indeed, if it was not the case, then the
solution could be extended locally (there exists a safe cylinder around any
given the point in R x Uz) and therefore the solution would not be maximal.
Now, let us prove that b = oo with a Reductio ad absurdum argument
and by symmetry the result will be the same for a. This comes from the
fact that the forces can be bounded for any time in this interval. Using
an energy conservation principle, one can obtain the minimum distance
between two particles i.e. the maximum field due to the Coulomb forces on
a given particle. Since the source field is a periodic bounded function, the
overall force is bounded. Additional informations on this statement can be
found in Appendix section 10.6. The forces being bounded, the function f;
is bounded too. Let L < oo be the upper bound of f; and let ¢1,t2 € [t;, b]
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one has

[u(tz) — u(t1)]]

I / R x| (6.13)
t

< u(tl)+/tl||f(t’,x)||dt’ (6.14)
< (t2—t1)L (6.15)
< (b-t)L (6.16)

Again, by the energy conservation principle, one has that there exists r > 0
such that Vt € I, B(u(t),r) C U, where I is the interval of the unique
maximal solution. Let us take ¢; such that b—#; < 57. Eq. 6.16 implies that
u(tg) S B[u(tl), %] for all t5 € [tl — i, t1+ ﬁ] It means that [tl — ﬁ, t1+
57] X Blu(t1), %] is a safe cylinder. Using the Cauchy-Lipschitz Theorem
(see Theo 3) one knows there exists a unique solution defined on the whole
interval [t; — 51, b1+ %] Since b < t1+ 57 one just constructed an extension

of the solution which is a contradiction. This ends the demonstration.

6.3 Selection of a sorting method

Sorting particles into cells requires to calculate for each particle the cell
containing it and then place the particle in the cell container. A cell con-
tainer is a region of memory allocated to store all the elements contained in
the cell. There is no need to compare the positions of the particles between
them i.e. there is no need to sort the particles in a given cell. When using
cells of same size, it is straightforward to calculate the position of a given
particle in the appropriate cell

3, — X3,left
cs

index = (6.17)
where X3 014 is the extreme left corner of the accelerator (the smallest 3
coordinate of the accelerating tunnel as shown Fig. 6.3), C'S is the cell size
and z3; is the &4 coordinate of the bullet ¢. This computation is of linear
complexity with the number of macro-particles. The tricky part consists in
copying the bullets into their cell container in a multithreaded way. The fol-
lowing subsections explained how to achieve such a sorting algorithm called
the radix-sort algorithm [74].

Let Aq,...,A, C R? be some regions of the 3-dimensional Euclidean
vector space with A; N A; = 0 if ¢ # j. Let us define A = U, A; and
let A,+1 = R3\A be the rest. Let x1,...,7,, € R® be some points in the
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Figure 6.4: The sequential radix sort algorithm.

3-dimensional vector space. Let us define a pre-order relation on R? as
follows

r<ysrecA,yci;ily (6.18)

The radix sort algorithm consists in sorting a given list of coordinates ac-
cording to the pre-order relation defined here-above.

The sequential radix sort algorithm consists in the following three steps

e counting the number of elements respectively inside each space domain
A;

e creating an offset vector that holds the current free positions of each
cell container

e copying the elements in the new list with the help of the offset vector

Fig. 6.4 illustrates the functioning of the sequential radix sort algorithm.
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6.4 A parallel implementation of the motion
solver for GPU

6.4.1 Introduction

The algorithm consists of four different parts:

e Sorting particles into cells
e Computing forces
e Integrating with an explicit integral method [75]

e Rendering the results and/or save some results

In the following subsections each step of the solver implementation is
explained in detail. Most of the kernel codes are shown and explained. The
host code is not shown since it does not add any important implementation
subtlety. GPU hardware constrains are considered in order to have an
efficient implementation. The first subsection introduces the data structures
used on the GPU. The radix sort algorithm implementation is explained in
the second subsection. The GPU implementation of a Runge-Kutta explicit
integration method of order n is provided in the third subsection. Finally,
the space charge computation is addressed in the fourth and last subsection.

6.4.2 Data structure

There are several data structures used by the kernels. First a data structure
that contain the position, velocity and cell position of each particle is cre-
ated. This structure is called the Kinematic Structure of a Particle (KSP)
and is presented in Fig. 6.7. Two memory blocks of same size containing
KSP elements are allocated. A single KSP is active at a given time step
of the integration process. The maximum number of particles that can be
injected is set by the user. This determines with the preferred group size the
total size of these two twin memory blocks (the closest lower value that is a
multiple of the preferred group size). The sort algorithm takes the former
active KSP, sorts the data and copies it into the new active KSP. Then the
Runge-Kutta integration is performed for a single time step and the KSP
data is updated. The Runge-Kutta integration uses the kernel responsible
for the electric field computation.

The radix sort algorithm uses two data structures to store the counts
and offsets of particles in each cell. There is one data structure said to be
global and one data structure said to be private to a work item. A data
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Figure 6.5: Radix Sort internal data structures.

structure gathering the whole information concerning the counts and off-
sets of particles for the set of cells (including the complementary cell for
the lost particles) is called Radix Sort Counts and Offsets (RSCO). When
this structure is private to a thread (or equivalently to a work item) the
structure is called Private Radix Sort Counts and Offsets (PRSCO). These
data structures are presented in Fig. 6.5. Futher explanations are provided
in the subsection related to the radix sort algorithm 6.4.3.

The Runge-Kutta algorithm uses a data structure to calculate the new
positions and velocities of all the particles. Depending on the order of the
method, the data structure size is larger or smaller. An explicit Runge-
Kutta method (see [75]) of a given order needs to evaluate at each inte-
gration step one or several evaluations of the function f defined by 6.12.
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Actually, the explicit Runge-Kutta methods of higher order than one real-
ized several intermediate (or local) integration steps. These intermediate
integration steps are used to evaluate the current global integration step
(see section 6.4.5). Let (f(z1,t1),..., f(k,tx)) be k evaluations of f dur-
ing a Runge-Kutta integration step. The function variable is defined by
z; = (T1,i,01,i,-.-»TM,i»UM,;) Where the index i € [1,...,¢q] refers to the
current intermediate Runge-Kutta integration step in the current global in-
tegration step. Its derivative is defined by &; = (T1,5,G1,4, ..., Un,i, Gari)- All
the data relative to a macro-particle are gathered together in a contiguous
region of memory for optimal cache use in the final integration step where
all the intermediate results are used. For each particle, the cell index is
copied too. This structure is called the Kinematic Rung-Kutta Structure
of a Particle (KRKSP) and is presented in Fig. 6.6. The velocity appears
twice for consistency and uniformity reasons and also in order to be used
with the general Runge-Kutta implemenation.

Fig. 6.7 shows the data flow between the different tasks. Each data
takes four bytes (a word for present GPU) i.e. a float is four bytes and an
unsigned integer is four bytes too.

6.4.3 Radix sort strategy and implementation

6.4.3.1 GPU radix sort

Let us partition the set of points into subsets. Let Si,...,5: C IN be
k subsets of indexes of particles such that S; N'S; = 0 if ¢ # j and
[1,..., M] = U%_, Sk, where M is the total number of particles. Each sub-
set is associated to a thread. The first operation consist in calculating the
total number of elements in each domain so that one can foreseen the nec-
essary amount of memory space for each domain. Calculating the domain
associated to each point is an independent task. Therefore it is a fully par-
allelisable problem. But, incrementing a given count variable associated to
a domain from different threads cannot be performed without racing protec-
tion. Indeed, even if each cache level were coherent, incrementing a memory
block from multiple threads would require a lock that allows only one thread
to run at a time the operations protected by it. Cache coherency such as,
for instance, the MESIF protocol (see [76], [77]) on Intel CPU only ensures
that at any given time the data is seen coherently by each thread in memory.
Fig 6.8 shows a piece of code where at some point a variable at address &
is incremented by a value of one. The pseudo-assembly code shows what are
the instructions a classic CPU would have to execute: first fetch the value
of &i in main memory and place it in register Ry, then increment the value
of the register Ry by one and finally store the value of register Ry back into
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Figure 6.6: Runge Kutta internal data structure.
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Figure 6.8: An example of code with an increment operation performed in
several threads.

memory. Imagine now that this piece of code is running on many threads
simultaneously. Imagine the OS scheduler stops a given thread k just after
the read operation. The other threads keep running and updating the value
at the address &i. When the thread k£ resumes and fetches its context on
the stack, the value held by the register Ry is an old value but it will be
used to perform the incrementation of the variable. This shows the need to
use of an exclusive lock system such as mutex to ensure the correctness of
the operation.

Now, imagine another situation where all the threads run on a separate
physical core and that the scheduler is programmed to let them run till
completion (no context switching then). Let us assume that the system is
cache coherent, for instance a MESIF cache system. Each memory opera-
tion on the address &i is coherent at any time. Let us imagine now that two
threads are perfectly synchronized i.e. the load operations are performed at
the same time. If all caches are in shared mode (a mode that indicates a
coherent share value), then the read operation sees the same value in both
synchronized threads. Therefore, the updated value of &i after the write
operations of the two threads ends up to be the value of &i incremented of
one instead of two. Fig. 6.9 illustrates this phenomenon on a 32 bits x86
system for a direct cache system (see for instance [78]). Two CPU fetch at
the same time the value pointing by &i. The L1 caches return both the
value 5 since they are in a shared status for this cache line. Both CPU then
increment this value by one before writing it back to cache. The final value
in memory will be therefore 6 instead of 7. This shows again the need in
this case of an exclusive lock system.
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Figure 6.9: An example of a synchronized load operation performed by two
different threads in an incrementation process on a 32 bits x86 CPU with a
MOSIF cache system.

The need of a mutex for the increment operation slows down a lot the
parallelization. In fact, if the number of operations before the increment
operation is relatively small, the multi-threaded program does not gain any
speed as the number of threads used for this task increases. Indeed, most
of the threads will be stuck waiting for the lock region of memory to be
available to complete the operation. Therefore a naive implementation of
the counting is highly inefficient.

A solution to this problem is to use a private counter for each thread.
Each value stored in these counters are then summed up sequentially. On a
GPU, each thread has a limited amount of private memory. If this amount
of private memory is higher than the available number of registers then the
global memory (through the L2 cache and optionally through the L1 cache)
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is used. A solution to this problem would be to use the local memory but the
local memory is not a large memory either. Let us assume the accelerator is
divided in 1000 cells and in each half-SM 64 threads use the registers. The
counters are four bytes memory block. Therefore, the amount of memory
required for the counters is 250KB. It’s more than the available amount of
registers and shared memory on a half-SM in the Pascal architecture. But,
the list is almost sorted at any time (indeed, a particle enters and exits its
cell by its two direct neighbours). Hence, if the subsets of indexes of parti-
cles are chosen such that the indexes in each of them correspond to particles
close (in space) from one another, one can assume that close threads are go-
ing to use close counters. Therefore, using global cached memory for these
counters is acceptable since it will unlikely cause many cache misses.

To summarize, a first kernel using its own global memory counters is
used to calculate the number of particles in each cell domain A;. Then an
other kernel is used to sum-up each local thread counters associated to the
same region of space A;. This kernel might be inefficient in terms of mem-
ory access. However, the number of domains being much smaller than the
number of particles, this thread has to do a negligible job. For the same
reason, the creation of an offset vector for each space domain A; is also
performed sequentially by an other kernel. Copying the elements using a
massive amount of threads (more than the number of domains) requires to
have for each thread its own offsets table. Indeed, let us consider the offset
counter of a given region A;. This offset has to be incremented each time
a data is copied in its associated container. Therefore, an exclusive lock
would have to be used to protect the incrementations of this offset variable
but also to protect the copy operations performed by each thread. In order
to avoid this problem, a local offsets table is created for each thread. The
local counters used in the first kernel contain for each domain the number
of elements to be copied in each container for their local subset of indexes
of particles. For each domain, one associates a thread that sums up these
local values taking into account the global values calculated with the second
kernel.

Now each kernel is going to be explained step by step. The memory
occupation for the counters and offset counters and their relations with the
kernels is shown Fig 6.10.

The first kernel is shown in the code section 6.1. Tt takes 7 arguments
namely: the pointer to the position of the particles "pv", the pointer to local
counters (counters and offsets data are pointing toward the same memory
region) "offset", the number of domains (or cells) "nBDomains" which does
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Figure 6.10: Data flow between local and global variables in the GPU radix
sort algorithm.
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not account for the outside domain A, ; = R3\ U, A;, the number of
particles (elements) handled by a single work item (by a single thread)
"nBEWI", the extreme left Z coordinate of the accelerator "Z left" as
defined Fig. 6.2.1, the size of a cell "dZ" and the radius of a cell "radius".
The first line of code fetches from the private registers of the work item
its index. Then the pointers for the particle positions and for the offsets
are placed to point into the memory region foreseen for the current thread.
Since there are "nBEWI" particles processed by a given thread and since
the memory space used to store the position, velocity and current cell index
of a given particle represents seven words of four bytes the number of four
bytes words the position pointer has to be incremented is given by n BEW I'x
7 x index. For the counter pointer, the work item index is multiply by the
number of domains added by a value of 2. The number of domains including
the rest domain is given by n = nBDomains+1 and an additional integer is
used to store the number of particles for which the radial component exceeds
the cell radius (in order to track particles lost inside the accelerator). The
first operation on the data consists in initializing the counters to zero. Then
for each particle handled by the work item "index", the cell position of each
particle is calculated. Once the cell is found, the local counter relative to
this cell is incremented.

Code 6.1: Kernel 1 of radix sort algorithm

__kernel void ParticleRadixSortCounting(__global float *pv,
_-global unsigned int *offset,
unsigned int nBDomains,
unsigned int nBEWI,
float Z_left,
float dZ,
float radius)q{

int index = get_global_id(0);

pv += 7*index*nBEWI;
offset += index*(nBDomains+2);

for(unsigned int i=0;i<=nBDomains+1;i++){
offset [i] = 0;
}

for(unsigned int i=0;i<nBEWI;i++){
int z_pos = convert_int_sat((pv[3] - Z_left)/dZ);
float R = sqrt(pv[i1l*pv[1l+pv[2]*pv([2]);
if (z_pos < nBDomains && z_pos >=0){
if (R < radius){
offset [z_pos] += 1;

}

elseq{
offset [nBDomains+1] += 1;
offset [nBDomains] += 1;

}
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elseq{

offset [nBDomains] += 1;
}
pv += T7;

The second kernel is relatively simple and is shown in 6.2. It takes four
arguments namely: the counters pointer "offset", the global counters pointer
"domain _offset", the number of cells which does not account for the outside
cell and the number of work items (threads) launched for the first kernel. A
work item is created for each domain (hence for nBDomains + 1)and one
for the lost particles counter. Each work item sums up the local counters
corresponding to the cell associated to it and also for the lost particles
counter which is an independent counter.

Code 6.2: Kernel 2 of radix sort algorithm

__kernel void ParticleRadixSorthfsetl(__global unsigned int *offset,
__global unsigned int *
domain_offset ,
unsigned int nBDomains,
unsigned int nBWI){

int index = get_global_id(0);
offset += index;
unsigned int total = 0;
for (unsigned int i=0;i<nBWI;i++){
total += offset [0];
offset += (nBDomains+2);

}

domain_offset[index] = total;

The third kernel shown in the code section 6.3 is also very straight-
forward. It takes 2 arguments namely the pointer pointing to the global
domain offsets "domain offset" and the number of domains "nBDomains".
The kernel is run only on a single core and it performs a very little job in
comparison to the overall job. One may think this job could be performed
on the CPU. However, performing the work on the CPU requires a mem-
ory transfer which finally would cost more than just running this sequential
work on the GPU. It creates the offsets for each cell. The offset of a given
cell is equal to the offset of the previous cell plus the amount of particles in
the previous cell.

Code 6.3: Kernel 3 of radix sort algorithm
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__kernel void ParticleRadixSorthfset2(__global unsigned int *
domain_offset ,
unsigned int nBDomains){

unsigned int next = 0;

for (unsigned int i=0;i<=nBDomains;i++){
unsigned int count = domain_offset[i];
domain_offset[i] = next;

next += count;

The fourth kernel of the radix sort algorithm is shown in the code sec-
tion 6.4 and it takes the same arguments as the second kernel. Its goal is
to calculate the private offsets of each work item. Each domain is associ-
ated to a work item and on is associated to the lost particles counter. For
a given domain, the kernel simply calculates the local offset value of each
subset of indexes of particles. The offset of a given cell A; in a work item
J (corresponding the the subset of indexes of particles j) is simple given by
the local offset position of the cell A; in the work item j — 1 plus the number
of particles in the domain A; of the work item j — 1. For the first work-item
and for a given domain A;, the local offset is given by the global offset.

Code 6.4: Kernel 4 of radix sort algorithm

__kernel void ParticleRadixSorthfsetB(__global unsigned int *offset,
_-global unsigned int *
domain_offset ,
unsigned int nBDomains,
unsigned int nBWI){

int index = get_global_id(0);
offset += index;

unsigned int count = offset [0];
if (index <= nBDomains){
offset [0] = domain_offset[index];
}
elseq{
offset [0] = 0;
}
unsigned int next = offset[0] + count;

for (unsigned int i=1;i<nBWI;i++){
offset += nBDomains+2;
count = offset [0];
offset [0] = next;
next += count;

Finally, the fifth kernel is shown in the code section 6.5 and takes 10
arguments: the source pointer "pv_src" and destination pointer "pv_ dst"
pointing to respectively the active and inactive KSP data, the destination
pointer for storing the positions of the lost particles "lp dst", the local
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offsets pointer "offset", the address of the first available memory block for
storing the lost particles in the memory block allocated for them, the number
of domains "nBDomains" again which does not account for the external
domain, the number of particles (elements) handled by each work item
"nBEWI", the extreme left position of the accelerator "Z left", the cell
size "dZ" and the cell radius. The first operations on the pointers are the
same as the ones performed for the first kernel. Then, as in the first kernel,
the cell position is found for each particle handled by a work item. Once
the cell is found, the private offset value for this cell is used to determine
the new position of the particle KSP data in memory. The lost particles are
also copied in their specific memory region using the entry associated to the
rest domain in the offsets table. It is not important to know the kinematic
informations of the lost particles. Therefore, instead of copying a full KSP
data for the rest cell, a default identical value is written avoiding some read
operations for the velocities and the cell positions. It is important to write
a full consistent KSP data even for lost particles since the total number of
threads launched on the GPU does not match in general the exact number
of particles in the accelerator. Indeed, as explained in the former chapter
section 5.3.3, each group must have the same size and each group size should
be a multiple of the preferred group size. Since there is a single dimension
used here, the total number of work items must be a multiple of the preferred
group size.

Code 6.5: Kernel 5 of radix sort algorithm

__kernel void ParticleRadixSortMoving(__global float *pv_src,
_-global float =*pv_dst,
_-global float =*1lp_dst,
_-global unsigned int *offset,
unsigned int start_index_1,
unsigned int nBDomains,
unsigned int nBEWI,
float Z_left,
float dZ,
float radius){

int index = get_global_id(0);

__global float *src = pv_src + T*index*nBEWI;
offset += index*(nBDomains+2);

for(unsigned int i=0;i<nBEWI;i++){
int z_pos = convert_int_sat_rtz((srcl[3] - Z_left)/dZ);
float R = sqrt(src[1]l*src[1]l+src[2]*src[2]);
if (z_pos < nBDomains && z_pos >=0){
if (R < radius){

_-global float *dst = pv_dst + 7*offset [z_pos];

#pragma unroll

for(unsigned int j=1;j<7;j++){

dst[jl = srcl[jl;
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__global unsigned int *pd = (__global unsigned int#*) (dst)

pd[0] = z_pos;
offset [z_pos] += 1;

}
elseq{
__global float *dst = pv_dst + Txoffset[nBDomains];
__global float *1_dst = lp_dst + 3*(offset[nBDomains+1]+
start_index_1);
1_dst[0] = src[1];
1_dst[1] = src[2];
1_dst[2] = srcl3];
#pragma unroll
for(unsigned int j=1;j<7;j++){
dst[jl = 0.0f;
}
dst[3] = 2.0f * Z_left;
__global unsigned int *pd = (__global unsigned int#*) (dst)
pd[0] = nBDomains;
offset [nBDomains] += 1;
offset [nBDomains+1] += 1;
}
}
elseq{
__global float *dst = pv_dst + 7xoffset[nBDomainsl;
#pragma unroll
for(unsigned int j=1;j<7;j++){
dst[j]l = 0.0f;
}
dst[3] = 2.0f * Z_left;
__global unsigned int *pd = (__global unsigned intx*) (dst);
pd [0] = nBDomains;
offset [nBDomains] += 1;
}

// Set old data to a consistent non-used wvector
#pragma unroll
for (unsigned int j=1;j<7;j++){

src[jl = 0.0f;

src[3] = 2.0%Z_left;
__global unsigned int *pd = (__global unsigned intx*) (src);
pd [0] = nBDomains;

src += T;

A similar implementation of the radix sort algorithm can be found in
[74]. But, since the SM are limited in amount of local memory, for large
number of cells the implementation proposed in this paper fails. As ex-
plained above, in our case we can let the L1 cache handling the accesses
for the counts and offsets tables in global memory without any significant
additional computation time since the lists are almost sorted at any time.
Since our approach uses the global memory, the amount of memory being
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much larger, one does not suffer from large number of cells.

6.4.4 Electric field computation

The electric field experienced by each particle is divided into two indepen-
dent components: The source field and the space charge field. The first sub-
subsection explains the strategy used to calculate the source electric field
and the second sub-subsection explains the implementation of the Coulomb
electric field computation.

6.4.4.1 The source field computation

In order to avoid the heavy computation of the source field for each new po-
sition of the particles, the source field is calculated on a predefined grid and
the data are then linearly interpolated with a 3-linear Lagrangian technique
explained in section 6.2.5. Since the particles might escape the internal cells
of the accelerator during the Runge-Kutta process, the grid must exceed the
dimensions of the cells in order to avoid multiway branches code in the ker-
nel.

The code section 6.6 shows the kernel responsible for computing the
source field. It takes 9 arguments namely: A pointer to the KRKSP blocks
"position", a pointer to the electric field values "in _filed", an offset to point
to the right position in the KRKSP blocks "position offset" depending
on the intermediate Runge-Kutta step, the size of a KRKSP block "po-
sition _block _size", the phase of the field at the current integration time
"phase", the extreme lower left point coordinates of the field samples grid
given by the pointer "F_P_low", the memory location of the vector contain-
ing the grid steps for &}, %, #% (see Fig. 6.1) given by the pointer "F _step"
and finally the number of samples for &, #4, &5 given by the pointer "F_SS".
One may notice that all the loops have a constant number of iterations.
Therefore, many loop unrolling has been used to improve the performances
of the code. The implementation is relatively straightforward and consists
basically in the translation of the formula provided by Prop. 10.4.1.

Code 6.6: Electric field interpolation kernel

__kernel void EFieldInterpolation(__global float *position,
__global double2 *in_field,
unsigned int position_offset,
unsigned int position_block_size,
float phase,
__global float *F_P_low, // Field lower
coordinates
__global float *F_step, // Field step
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__global int *F_SS, // Field sample
size

float Q){

int index = get_global_id(0);

position += position_block_size*index+position_offset;

float P[3];

int f_pos[3];

int bound[3];

#pragma unroll
for(int i=0;i<3;i++){

}

P[i]l = position[il;
f_pos[i] = convert_int_sat((P[i]l - F_P_low[il])/F_stepl[il);
bound[i] = F_SS[i]-2;

float Field[3] = {0.0f,0.0f,0.0f};

if (f_pos[0] < bound[0] && f_pos[0] > O && f_pos[1] < bound[1] &&

f_pos[1] > 0
&& f_pos[2] < bound[2] && f_pos[2] > 0){

float FPA[6]; // Field position index around the sampling point
#pragma unroll
for(int i=0;i<3;i++){
FPA[i]l = F_P_low[i] + f_pos[i] * F_stepl[il;
FPA[3+i] = F_P_low[i]l + (f_pos[il+1) * F_stepl[il;
}

for(int i_x=0;i_x<2;i_x++){
for(int i_y=0;i_y<2;i_y++){
for(int i_z=0;i_z<2;i_z++){

float E[3];

int index = 3%(i_z + f_pos[2]
+ (f_pos[l] + i_y + (f_pos [0]+i_x) * F_SS
[11) * F_SS[21);

E[0]l=in_field[index].s0 * cos(phase) - in_field[index
1.s1 * sin(phase);

E[1]=in_field [index+1].s0 * cos(phase) - in_fieldl[
index+1].s1 * sin(phase);

E[2]=in_field [index+2].s0 * cos(phase) - in_fieldl[
index+2].s1 * sin(phase);

#pragma unroll
for (int j=0;j<3;j++){
if(i_x == 0)
E[j]l *= (P[O] - FPA[31)/(FPALO] - FPA[3]1);
else
E[j]l *= (P[0] - FPA[0])/(FPA[3] - FPA[0]);

if(i_y == 0)
E[jl *= (P[1] - FPA[41)/(FPA[1] - FPA[41);
else

E[j] *= (P[1] - FPA[1])/(FPA[4] - FPA[1]);

if(i_z == 0)
E[jl *= (P[2] - FPA[51)/(FPA[2] - FPA[L51);

else




6.4. A parallel implementation of the motion solver for GPU 135

E[j] *= (P[2] - FPA[2])/(FPA[5] - FPA[2]);

Field[jl += E[jl;

}
}
}
}

}
position += 9;
position[0] = Q * Field[0];
position[1] = Q * Field[1];
position[2] = Q * Field[2];

6.4.4.2 The space charge computation

The implementation of the space charge kernel has been done following two
different strategies. The main difference between them lies in the use of
local memory for speeding up the computation. As it will be discussed,
using local memory in our situation did not improve the computation time
and on the contrary harmed the performances mainly because of the extra
computation time required to enqueue more kernels.

Let us first start with the approach avoiding the use of local memory.
The code in section 6.7 shows the implementation of the kernel. The kernel
takes 6 arguments namely: The KRKSP blocks pointer "data", the global
offsets "offset", the size of a whole KRKSP block, the number of domains
minus the rest domain "nBDomains", the constant K that is equal to 42:0
where @ is the total charge of a macro-particle, €y is the vacuum permit-

tivity.

Each particle is assigned to a work item (some fake particles might be
used to use a number of work-items multiple of the preferred group size,
see section 5.3.3). The index of the particle is fetched by the first operation
and stored in the index private variable. The "test" pointer is set to point
to the particle KRKSP structure. The domain index is then retrieved at
the top of the structure and stored in the "index t" variable. Once the cell
is retrieved, the test pointer is placed at the particle position thanks to the
dataOffset variable that depends on the order to the Runge-Kutta method
and the index of the intermediate integration step. The map variable will
be used in a loop to visit the neighbour cells and its own cell. The private
variable R is used to store the distance between two particles, the F variable
is used to store the total space charge field and the T variable is used to
store the position of the current particle. The first loop is used to visit the
3 closest cells surrounding the particle. The index value "k" contains the
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current cell index being visited. A test is performed because of the two
extreme cells which respectively do not contain a left and right neighbour.
Then, the position of each particle inside the current cell is fetched and
used to calculate the Coulomb field. The offset RSCO structure obtained
with the radix sort algorithm is used to get the lower and upper indexes
of particles inside the cell "k". In order to limit the round-off inaccuracies
when summing up the electric field contributions, the two neighbour cells
are first visited since they will likely provide smaller values than the self cell
of the particle.

Code 6.7: Space charge kernel implementation

__kernel void ParticleInteraction2(__global float #*data,
_-global unsigned int *offset,
unsigned int blockSize,
unsigned int nBDomains,
unsigned int dataOffset,
float K){

int index = get_global_id(0);
__global float *test = data + blockSize*index;

__global unsigned int *domain_pt = (__global unsigned int x) (test);
int index_t = (int) (domain_pt[0]);

test += dataOffset; // Placing test to the right phase space data
int map[3]={-1,1,0};

float R[3];
float F[3] = {0.0f£,0.0f,0.0f};

float T[3];
TL0] = test[0];
T[1] = test[1];

T[2] = test[2];
for(int i=0;i<3;i++){
int k = map[i] + index_t;
if (k>=0 && k < (int) (nBDomains)){
unsigned int low = x(offset+k);
unsigned int up = *(offset+k+1);
_-global float *source = data + low*blockSize + datalOffset;

for(int j=low;j<up;j++){
R[0] = T[0] - sourcel[0];
R[1] = T[1] - sourcel[1l];
R[2] = T[2] - sourcel[2];
float r = sqrt (R[OI*R[OJ+R[1I*R[1]J+R[2]1*R[2]);
if(r !'= 0.0f){
float r3 = r*r*r;
F[0] += R[01/r3;
F[1] += R[11/r3;
F[2] += R[2]/r3;
}

source += blockSize;
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}
}
}
F[0] *= K;
F[1] *= K;
F[2] *= K;

test += 9;

test [0] += F[0];
test [1] += F[1];
test [2] += F[2];

One may wonder if local memory could improve the computation time.
Each work item is going to access many times the global memory to fetch
the positions of the particles in the 2 or 3 cells surrounding the particles
associated to it. If the work items are executed in random way at differ-
ent stages of their executions, the global accesses might end up in very far
locations from each other i.e. a lot of cache misses might occur. Since the
opencl implementation is a closed box, it is impossible to know how the
compiler foresees the execution of the kernel. If one makes the assump-
tion that work items launched are running till completion (kernel without
barriers or fences) and are synchronous in terms of execution of their in-
structions, the data fetched from the global memory are the same. More
precisely, assuming than the threads of a group (or even several wraps) are
run virtually synchronously (as explained in the chapter concerning GPU
programming, for Nvidia GPU, in general only a fraction of a given wrap
is run simultaneously in a SM, but the registers on the SM remain entirely
allocated to the work items of this group until another group is executed
on the same SM) the fetched values in global memory at a given time are
the same. Therefore there is no bandwidth loss in this specific execution
scheme. In order to check whether or not this execution scheme might be
employed by Nvidia another kernel was written making use of the local
memory. A maximum amount of positions of particles were copied in local
memory and then for these positions each work item was computing the
interactions. Since the number of positions might be higher than the total
amount of local memory available an automatic subdivision of the particles
was used. This leads to more potential idle threads than in the first strat-
egy because of the increase number of independent branching conditions.
For the sake of completeness the code of this kernel is given on the code
section 6.8 but no further explanations are provided. One may notice the
local memory barrier required to synchronize the copies.

Code 6.8: Space charge kernel making use of local memory

__kernel void ParticleInteraction3(__global float #*data,
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unsigned int blockSize,

unsigned int dataOffset,
unsigned int start_test_index,
unsigned int start_source_index,
unsigned int stop_source_index,
unsigned int max_local_size,
__local float *cp,

float K){

int index = get_global_id(0);

int index_1 = get_local_id(0);
int WGSize = get_local_size(0);

__global float *test = data + blockSize*(index+start_test_index)
dataOffset;

float R[3];
float F[3] = {0.0f£,0.0f,0.0f};

float T[3];

T[0] = test[0];
T[1] = test[1];
T[2] = test[2];

unsigned int total = stop_source_index - start_source_index;
unsigned int nBSteps = total/max_local_size;
unsigned int rest = total - nBSteps * max_local_size;
if (rest !'= 0){
nBSteps ++;
}
_-global float *source = data + start_source_index*blockSize +

dataOffset;
for(int i=0;i<nBSteps;i++){

unsigned int test = total/max_local_size;
unsigned int local_size = 0;
if (test != 0){
local_size = max_local_size;
total -= max_local_size;
}
elseq{
local_size = total;

}

unsigned int size_cp = local_size/WGSize;

unsigned int rest_cp = local_size - size_cp * WGSize;
unsigned int start_cp = 0;

unsigned int stop_cp = 0;

if (index_1+1 == WGSize){
start_cp = index_l * size_cp + rest_cp;
stop_cp = local_size;
}
elseq{
start_cp = index_1l * size_cp;
stop_cp = (index_1+1) =* size_cp;

}

_-global float *source_pt = source + blockSize * start_cp;
__local float *cp_pt = cp + 3 * start_cp;
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for(int j=start_cp;j<stop_cp;j++){
for(int k=0;k<3;k++){
cp_pt[k] = source_ptl[k];
}
source_pt += blockSize;
cp_pt += 3;
}

barrier (CLK_LOCAL_MEM_FENCE) ;
cp_pt = cp;

for(int j=0;j<local_size;j++){

R[O] = TLO] - cp_pt[0];
R[1] = T[1] - cp_pt[1];
R[2] = T[2] - cp_ptl[2];
float r = sqrt(R[OJ*R[OJ+R[1I*R[11+R[21*R[2]);
if(r !'= 0.0f){
float r3 = r*xr*r;

F[0] += R[01/r3;
F[1] += R[1]1/r3;
F[2] += R[21/r3;

}
cp_pt+=3;
}
}
FL0] *= K;
F[1] *= K;
F[2] *= K;

test += 9;

test [0] += F[0];
test [1] += F[1];
test [2] += F[2];

6.4.5 Integration method and implementation

Let us first recall the Runge-Kutta method (see [75]). Let f: A C R®M x
R — R be a function where A is an open subset and M the number of
particles. The Cauchy problem is given by

i = f(at) (6.19)
x(to) = Xo (620)

where z : I C R — R® with I the maximal open interval of the max-
imal solution. The Runge-Kutta method consists in solving this problem
numerically following the integration scheme hereunder
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tn,i = tn + cihn

Yn,i = y”+hn20§j<iAijpn,j 0<i<yq

Dni = J(tnisYn.i) (6.21)
tn+1 = tp+h,
Ynt1 = Ynt+hndocjcq AgiPn

where h,, is the time step, ¢;, A;; are predefined coefficients. The first 3
equations are the intermediate integration steps of the Runge-Kutta method.
The last equation corresponds to the integration of the function over a full
time step. The fourth equation is simply an update of the current integra-
tion time. Since the method considered here is an explicit method, one has
a;; =0if j >4 (see [75]).

The Runge-Kutta kernel performs the computation of the second equa-
tion and the fifth equation. Both of them perform exactly the same calcula-
tion although they are presented separately to distinguish the intermediate
local integration steps from the global integration step. Between each inte-
gration step, the kernels responsible for the computation of the f function
are run (the kernel for the Coulomb interaction, the kernel for the source
field evaluation and finally a kernel summing up the two contributions and

computing the forces). The intermediate times ¢, ;, ¢, are calculated on the
host (CPU).

The code section 6.9 shows the Runge-Kutta kernel. It takes 5 argu-
ments: The pointer to the KRKSP blocks, the variable "N" corresponding
to ¢ + 1, the level of integration "level" corresponding to the index i in the
equations 6.21, the Butcher tabular "A _ij" and the time step "time _step"
corresponding to h,. The kernel is a straightforward implementation of the
second and fifth equations. The loop corresponding to the sum is unrolled in
order to avoid useless logic tests and branching. The arithmetic operations
performed on the pointers can be easily understood from the KRKSP data
structure definition as shown Fig. 6.6.

Code 6.9: Runge-Kutta kernel

__kernel void RungeKutta(__global float *qf,
unsigned int N,
unsigned int level,
__global float *A_ij,
float time_step)d{
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int index = get_global_id(0);
__global float *q = qf + index * (12xN-5) + 1;

float Q[6];

#pragma unroll

for(unsigned int i=0;i<6;i++){
QLil = qlil;

}

A_ij += (N-1) * level;

for(unsigned int i=0;i<level;i++){

float coef = A_ij[il;

if (coef != 0.0f){
__global float *xf = q + i * 12 + 6;
#pragma unroll
for(unsigned int j=0;j<6;j++){

Q[j] += (time_step * coef) *x f[jl;

}

}

q += 12%level;
#pragma unroll
for(unsigned int i=0;i<6;i++){

qlil = Q[il;

6.5 Complexity

Let N. € IN be the number of cells, IV be the number of macro-particles. Let
us assume a uniform distribution of particles inside the accelerator such that
the number of particles in one cell is given by n = Nﬂr The computational
complexity of a single cell is given by C, = 3n? and for the two extreme
cells by C. = 2n%. The overall complexity is therefore bounded by

jv2
Nen? =
C <3N.n 3N

C

(6.22)

In order to determine the complexity of the method, one must link N,
to the number of particles in the accelerator. Let us define a criterion of
error that will allow us to determine such a link. Let us consider a particle
placed at the center of a reference frame and on which a force appears due
to some neighbour particles placed in a regular grid as shown Fig. 6.11.
The particles in this regular grid represent an ideal bunch. The grid steps
for each direction (,9, £) are equal. It is assumed that the distribution is
going till the infinite negative z, while in a cross section plane one has a
finite number of particles given by (2N’ +1)2. The total electric field at the
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Figure 6.11: Ideal representation of a bunch.

position of the particle is given by

1 S XX Gk
Foo BV 6.23
e ADNDD 7 (6.23)

1 i jm e |8 3R]

Let us first show that the eq. 6.23 is well defined i.e the limit for each
dimension converges. It is clear that it is equivalent to show that the limit
li i, j, L) exists with g(i,5,L) = S, —% . Let that
Ll_I}I;Qg(Z,], ) exists with g(i,5,L) = >, 7 Let us prove tha
g(i, 4, L) is a Cauchy series in L.

L r

k 1
9G4, 0) — g1, LN €Y —— o <3S — (6:24)
k:L(l + 2+ k)% k:LI€
It is clear that 1 & < 1+ [° de = 2. The series is bounded
and monotonically increasing and therefore is a Cauchy series. Because of
the completeness of R the series converges. In passing, with the help of
the Residue theorem (see for instance [79]) the value of the series can be

© 1 _ pi”
i=13 — 6 -

analytically calculated and reads )

By symmetry, only the component of the field in the direction Z remains.
Therefore one has
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1

F = ———f3 6.25
47760\/Axf ( )
R D S St 62
(i, 5, k)|l
k=1it=—N'j=—N
The approximate force is defined by
7 LI (6.27)
a = T /——Ja% -
47r60\/Ax
R S S St . 52)
k=1i=—N'j=—N’
The error criterion is defined by
F-F,
M <€ (6.29)
[

It is straightforward to observe that ||[F — F|| = #TU — fa| and
Teg T

||F]| = 47750\/E|f| It is also straightforward to see that |f — fu| = f — fa
and |f| = f. Therefore, the condition becomes
fo _|f—fdl
1-—== < € 6.30
7 (630
S 1-9lfl < |fal (6.31)

Since f contains an infinite sum it can’t be calculated numerically. How-
ever, it is possible to obtain a criterion of error to calculate this limit.

By definition of ¢(i,j, L) one has f = vajl:fN, klim g(i,5,L). Let fp =
’ —00

Efvj/:fN, g(%, j, L) be an approximation of f. Let us define (¢, j) = Llim g(i,4,L).
’ —00

Let us try to bound the error |g(i,j) - g(i,j,L)|

deij = lg(i,3) —9g(i,5,L)| (6.32)
> k
< 5 1 2 1 1.9\3/2 (6.33)
k§rl (712 +]2 + k2)3/2
<1 p2 &1
< Z ﬁ = ? - Z ﬁ (6.34)
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Now the error on f can be easily bounded as follows

Nl
W
/ p 1
< (2N’ +1)? (5 - ;ﬁ (6.36)
Lo
& f<f+EN+1¥ % > ) (6.37)

k=1

A sufficient to satisfy the condition given by Eq. 6.31 is given by

1

L
(1—o|f| <A —e)(f+ 2N +1)¥ Zkz

k=1

< |fal (6.38)

It is important to notice that if f is not calculated enough accurately,
the condition given by Eq. 6.38 might not have a solution. In particular,
if ¢ = 0, it does not have a solution. Moreover, in order to find the less
constraining bound, the value of f should be as accurate as possible. A
numerical simulation gives the bound L in function of N’. As observed on
Fig. 6.12, L depends linearly on 2N’ + 1. Let us overestimate this linear
relation by L = 8(2N’ + 1).

Now, let us assume that the particles populating the accelerator are
distributed on a regular uniform grid similar to the one used to represent
an ideal bunch. If L(2N’ + 1) << N, The number of particles in a cell
is given by n = L(2N’ 4+ 1)? = 8(2N’ + 1)3. Hence, the number of cells is
given by

NN N (6.39)
© L(2N'+1)2  8(2N’'+1)3 '

Injecting this result in Eq. 6.22 one gets

C < 3N.n? =24(2N' +1)3N (6.40)

Now, we can establish two different complexities based on two different
situations. The first situation corresponds to the case of a fully populated
accelerator with a given density of particles. In this case, we want to know
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Figure 6.12: L in function of N’ for ¢ = 0.1.
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what is the complexity of the method if the density of particles is increased.
In this situation N’ depends also on N. In particular one has the following
constrains

2N +1)Az = r (6.41)
N Az = 1 (6.42)
(2N'+1)?N, = N (6.43)

where r is the size of the beam in the cross-section (length of the square),
[ is the length of the accelerator and N, is the number of particle grid steps
plus one along the 2 axis. This implies that

N
2N +1) = (Tr)% (6.44)
The final complexity is given by
C < 3N.n? = 3k N? (6.45)

l

The second situation corresponds to the case of an accelerator not fully
populated and with a fixed level of density of particles. In this case, we want
to know the complexity of the method in function of the number of particles
injected. In this case N’ is constant and the complexity is therefore linear
as shown by Eq. 6.40.

6.6 Numerical Results

6.6.1 Validation of the beam dynamics solver with a
Paul trap simulation

The well known Paul trap or ion trap [12] consists in a quadrupole fed by
an RF source. It aims at keeping an ion beam between the rods. The ex-
tension of the Paul trap is the RFQ. The differences between a Paul trap
and a RFQ is that the RFQ accelerates the beam and bunches it.

The field produced by an ion trap is given by the following equation

E(E, t) = (kl‘lil — k‘ngig) cos(wt + ¢) (646)

where k € R is a constant, Z1,Zs are two orthonormal vectors, x1, 2
are the components respectively of 1 and 25, w is the angular frequency of
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the RF source and ¢ the initial phase. The electrostatic equation of the ion
trap has been developed in the RFQ principle section 2.1.

Applying the Newton third law, one gets

T _ % (kw11 — kwais) cos(wt + ¢) = 0 (6.47)
—— — — (kx1Z1 — kxods) cos(w = .
dZ g 222

where qq is the charge of the particle, mg is the mass of a the particle.
This can be rewritten component by component

d*z k
dth - Eq cos(wt+¢)x; = 0 (6.48)
d*z k
dt22 + Eq cos(wt+ @) = 0 (6.49)
d2$3
— =0 (6.50)

Let us rewrite these two first equations, such that it has the form of the
Mathieu’s equation given by 10.356. Let us define 2¢' = wt, the equations
become

A%z 4kq

W — W COS(2t/)Z‘1 =0 (651)

d? 4k

dt? + m—qu cos(2t)xs = 0 (6.52)
d233‘3

Let us define ¢ = éiqz and § = 0 so that the equations have the form

of Mathieu’s differential equation. Now, let us the Ince-Strutt diagram pre-
sented in Appendix, section 10.8.6, Fig. 10.5 to obtain a stable solution. Let
us chose of value of € right in the middle of a stable region. For instance, let
us chose e = 0.5 = é’;‘é for 6 = 0. The simulation is performed for protons,
therefore mg = 1.672622 10727 and ¢y = 1.602176565 10~ '°. Let us chose
the frequency of the RF source to f = 176 M Hz. The equation of € gives

k=1.610°

The simulations were performed with a Runge-Kutta method of order
four. Fig. 6.13 shows the electric field in a cross-section of the ion trap.
Fig. 6.14 shows the beam inside the ion trap. The input beam is generated
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Figure 6.13: Electric field in a cross section of the Paul trap.

by a Gaussian distribution in the X-Y plane and by an uniform distribution
in the Z direction. The is no initial velocity in the X-Y plane by there is an
initial velocity in the Z direction given by the initial energy of 30 keV. One
can observe on Fig. 6.14 the stability of the beam inside the accelerator as
expected. Fig. 6.15, 6.16, 6.17 show the phase space respectively for the
directions & = 21,9 = &2, —2 = —&3 at a given time for a thickness of lem
of cross-section and at a distance of 20cm from the injection. One can see
on this picture the ellipse form of the beam in the transversal phase spaces.
Since there is no field in the direction Z the longitudinal phase space will
be always flat. Therefore, the longitudinal phase space won’t be shown in
the next figures. Since the injected beam does not have any emittance (the
volume of the beam in the phase space is zero), by the Liouville’s theorem,
the beam should not have an emittance anywhere else in the accelerator.
This theorem is true as long as there is no space charge effects. The reason
why there is a non zero emittance in the figures 6.15, 6.16 is because one
takes a thickness of cross-section of lecm which is large and therefore the
phase spaces correspond to the superposition of zero emittance pieces of
beam injected at different time. Let us take a cross-section smaller than
the distance travels by the beam for an integration step and let us observe
the phase space in this case. Fig. 6.18 and Fig. 6.19 show the transversal
phase spaces of the beam in a cross-section of 2mm. One can see that the
emittance is equal to zero which is consistent with the Liouville’s theorem.
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Figure 6.14: Paul trap transversal beam dynamics.
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Figure 6.15: X Phase space of a cross-section of 1 ¢cm in the Paul trap.
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Figure 6.16: Y Phase space of a cross-section of 1 cm in the Paul trap.
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Figure 6.17: Z Phase space of a cross-section of 1 cm in the Paul trap.
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Figure 6.18: X Phase space of a cross-section of 2 mm in the Paul trap

This confirmation validates the numerical integration. Let say that the
time observation of the particles presented in former figures is ty. Let us
observe the phase space of the same cross-sections but at a time ¢t = tg + %
where T = % Fig. 6.20 and Fig. 6.21 show the transversal phase space
respectively for each direction Z,3. The ellipses have been rotated by a
rotation of 90 degrees. If one takes a time to + 7', the particles distribution
in each transversal space phase comes back to the same distribution as the
one at time ty. This is again consistent with the Twiss parameters analysis
presented in Appendix subsection 10.8.5.

Now let us add some space charge effects into the simulation. There is
non-linear term in the differential equation. Therefore, the Floquet’s theory
presented in Appendix section 10.8.3 cannot be applied anymore or at least
not directly 2. Let us observe the phase spaces in this case. Fig. 6.22,

2If the non-linear function can be linearized, one may in some situations use the
Floquet’s theory
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Figure 6.19: Y Phase space of a cross-section of 2 mm in the Paul trap



6.6. Numerical Results 153

¥ Xfv z

-0,016-0,012-0,008-0,004 0 0,004 0,008 0,012 0,016
p_X

Figure 6.20: X Phase space of a cross-section of 2 cm in the Paul trap at a
time ¢ + I



154 Chapter 6. Beam dynamics

1,05 |

0,7 =

0,35 F

[}
o
~
w
w
T

1 1 1 1 1 Il Il 1

-0,012 -0,008 -0,004 © 0,004 0,008 0,012 0,016
Py

Figure 6.21: Y Phase space of a cross-section of 2 cm in the Paul trap at a
time ¢ + Z.



6.6. Numerical Results 155

0,8F° R

0,4

L2p | | | I I | |
-0,016 -0,012 -0,008 -0,004 0 0,004 0,008 0,012
p_x

Figure 6.22: X Phase space of a cross-section of 2 cm in the Paul trap with
space charge.

6.23, 6.24 show the phase spaces respectively for each direction (Z,9, 2).

The first thing to observe and without surprise is that the emittance in
the longitudinal phase space is not zero anymore. In the transversal phase
spaces, the emittance is slightly bigger than for the case without space
charge. The beam remains stable with space charge effects and its maximal
radius in the cross section remains practically identical. Therefore, one can
conclude that at 4mA and for such a Paul trap design, the space charge
does not influence significantly the stability and the size of the beam.

6.6.2 Gain factor between the CPU and the GPU im-
plementations

OpenCL is a portable langage. Therefore, the comparison of performances
between CPU and GPU can be done using the same OpenCL implemen-
tation. In order to perform calculations on the GPU, a GPU device data
structure is passed to the OpenCL functions while for calculations on the
CPU a CPU device data structure is passed. The OpenCL API provides
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Figure 6.25: GFLOPs GPU vs CPU.

functions to measure the computation time of a given kernel. Therefore, it
is relatively easy to compute the FLOPs once the number of operations ex-
ecuted by a kernel is known. The simulations where performed on a DELL
workstation equiped with a Xeon E5 1660 v3 CPU and a Nvidia Quadro
k620. To the knowledge of the writer, there is no benchmark or specifica-
tions providing the theoretical maximum FLOPs of the CPU. However, the
Xeon E5-2640 v3 is very close to the specifications of the E5 1660 v3 and
the article [80] claims that its theoretical peak GFLOPS performance is 300
GFLOPs. The Nvidia quadro k620 can provide a theoretical peak of 812
GFLOPs as the article [81] claims.

Fig. 6.25 shows the GFLOPs obtained with the GPU and the CPU in
function of the number of particles inside the Paul trap. The red curve
corresponds to the CPU while the blue curve corresponds to the GPU. The
average FLOPs obtained on the GPU is 130 GFLOPs while the average
FLOPs for the CPU is 15 GFLOPs. Fig. 6.26 shows the ratio between the
GFLOPS obtained on the GPU divided by the GFLOPS obtained on the
CPU. The GPU outperforms the CPU by a average factor of 9.35 with a
standard deviation of 3.46. The ratio between the average FLOPs is equal
to 8.61. Now, let us take into account the price of the CPU versus the price
of the GPU. The advice price of the Xeon E5 1660 v3 provided by intel is
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Figure 6.26: GFLOPs GPU divided by GFLOPs CPU.

1080$% altought the best price found in Europe for this ship is 1310€. The
Nvidia quadro K620 can be found for 160$ on the newegg website and for
188€ on Amazon France. The ration FLOPS/$ for the CPU is therefore
13.9 MFLOPs/$ while for the GPU it is 800 MFLOPs/$. It means the GPU
is 57 times more efficient in terms of FLOPs/Price.

6.6.3 Beam dynamics

In this subsection, the beam dynamics results are presented. The source
electric field has been calculated from the MoM currents obtained with a
brute force method (computation of the full impedance matrix + direct
inversion of the impedance matrix). Fig. 6.27 shows the bunches created
at 50 cm from the injection. The space charge has been disabled in this
simulation. The bunches start fading away around the longitudinal middle
of the accelerator. The reason of the failure of the simulation comes probably
from the strong variations of the electric field in function of the longitudinal
coordinate as shown Fig. 6.28. We believe the strong variation of the
electric field is due partially to the coarse regularity of the RWG basis
functions. Another source of error comes from the singular behaviour of the
electric field operator. Hence, using smoother basis functions potentially
in conjunction with an analytical extraction of singularities might solve the
problem.
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Conclusion

The Myrrha project aims at building an Accelerator Driven System (ADS)
for nuclear waste transmutation. The accelerator feeding the sub-critical
nuclear core is a LINear ACcelerator (LINAC) accelerating a proton beam
of 4mA to an energy of 600MeV. At the very beginning of the accelerator a
cavity known as the Radio-Frequency Quadrupole (RFQ) plays a very im-
portant role in the overall stability of the beam. Its goal is to focus, bunch
and give a first acceleration to the beam. Because the RFQ is a very criti-
cal component of a LINAC, accurate simulations are performed in order to
validate the designs but also to have a better understanding of the physical
phenomenons implied in such a technology.

The electromagnetic fields simulation of a RFQ is challenging in terms
of computational cost. The Method of Moments (MoM) has been used with
the final goal of improving the computation time of present solvers while
maintaining the accuracy of a full-wave solver. One of the final goals is the
numerical optimization of such an accelerator. The electromagnetic fields
simulation of the Myrrha RFQ with the MoM faces several challenges. First,
the impedance matrix of the EFIE is ill-conditioned, mainly because of the
small size of the accelerator in comparison with to the wavelength. The bad
condition number of the impedance matrix implies a poor convergence of
iterative solvers such as GMRES and therefore a long computation time.
Second, the direct computation of the impedance matrix is of complexity
O(N?) where N is the number of basis functions. The mesh of the RFQ
must be fine in order to capture the rods curvature accurately. This im-
plies a relatively large number of basis functions. Iterative solvers entail
matrix-vector multiplication at each iteration. Classic matrix-vector accel-
erators for electromagnetic solvers cannot be used here since these methods
fail when the overall structure is smaller than two wavelengths. Finally, the
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electric field accuracy suffers from the singularities of the basis functions
and their discontinuities when it is evaluated in the very near field (i.e very
close to the boundaries). The first issue has been solved with the help of an
efficient and fast preconditioner proposed in [20] and described in section
4.3. The second issue has been solved with the help of a newly proposed
method called the Fast Near Field MoM Solver (FNFMMS) presented in
section 4.4. The low-frequency preconditioner is necessary to guarantee
good performance of the FNFMMS as shown by the computation time ta-
bles 4.2 and 4.1. The third issue has not been solved in this thesis but an
idea that consists in using smoother basis functions have been proposed to
solve it.

There exists two principal ways to simulate the beam dynamics. The
first one consists in considering the particles as a continuum of charges. In
this case, the well-known Vlasov’s equation is often used to calculate the
motion of this continuum of charges. Another method consists in consider-
ing macro-particles and applying the laws of motion directly on them. The
latter approach has been selected in this thesis. It is mathematically simpler
to handle than the first approach and therefore it allowed us to focus on an-
other aspect which is the efficient implementation of the solver on Graphical
Processor Unit (GPU). Neglecting the space charge, any particle trajectory
can be calculated independently of the others. In this case, a GPU is a
perfect piece of hardware to solve massively all these independent differen-
tial equations. Accounting for the space charge implies a coupling between
particles which breaks the independence between the differential equations.
The differential equations become a single huge differential equation to solve.
Because the computation of the force experienced by each particle implies
accesses to all the positions of all the other particles, this problem seems at
first glance not any-more adapted for GPU. Indeed, all these large memory
accesses are not handled very well by a GPU. Furthermore, the positions of
all particles must be updated at the same time which implies a lower level
of parallelism. However, using some approximations presented in section
6.2, the memory accesses could be improved such that 16% of the theoreti-
cal GPU performance was achieved. The GPU outperforms the CPU by a
factor of 60 in terms of ratio between performance and financial cost. The
GPU solver has been validated for a Paul trap or Ion trap presented in sec-
tion 6.6.1. The beam dynamics simulation of Myrrha’s RFQ was performed
with the electric field calculated with the MoM. However, because of several
issues regarding the electric field extraction, the simulations did not succeed
to produce an overall valid solution. The creation of bunches has been ob-
served till the middle of the accelerator to fade away slowly as the particles
were getting closer to the end of the accelerator. No significant acceleration
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was observed, probably due to the destruction of bunches but also because
of the very strong variations of the electric field due to the extraction issues.
We believe the problem comes from the weak regularity of the Rao-Wilton-
Glisson (RWGQG) basis functions. In particular, by definition of the RWG,
the density of charges is approximated by a constant function over a mesh
cell. Hence, a prospective solution would be to use smoother basis functions.

To conclude, the MoM has been applied for the simulation of a four-
rod RFQ for the first time. Some of the challenges have been solved and
some are still present. Two new methods came out of the research per-
fomed in this thesis. The new FNFMMS method can be applied for a wide
range of problems. In particular, it can be used for simulations concerning
the computation of the electromagnetic fields scattered by small objects in
comparison to wavelength and in preference with a dense mesh.
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Chapter 10

Appendix

10.1 Limits

Definition 10.1.1:

Let E be a set and dist : E x E — R™* a function. The function is called
a distance on FE if

dist(z,y) = 0 x=y (10.1)
dist(z,y) = dist(y,x) (10.2)
dist(z,z) < dist(x,y)+ dist(y, z) (10.3)

where x,y,2z € E. The set F is called a metric space when a distance is
defined for all its elements.

Definition 10.1.2:

Let E be a metric space, let x € E be a point and let § > 0 be a real
scalar then

B(z,6) = {yl|dist(z,y) <0} an open ball of E (10.4)
Blz,8] = {yl|dist(z,y) <4} an closed ball of E (10.5)
C(z,8) = Blx,0)\B(z,9) (10.6)

Let O C E be a subset, then if
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Vo € 0,36 > 0,B(z,0) C O (10.7)

O is called an open subset of E.

Proposition 10.1.1:

Let E be a metric space, and let T'= {O|O C E, O is an open subset} be
a set of parts of E called the induced topology on E by the distance. Let
{O;}1 be a family of open subsets of E and let {P;} be a finite family of
open subsets of E then

EeT (10.8)
UrO; is an open subset (10.9)
Ny F; is an open subset (10.10)

Demonstration 10.1.1:

The first assertion given by Eq. 10.8 is direct. Let us show the assertion
given by Eq. 10.9. Let be z € U;O;, then there exists O; such that x € O;.
Since O; is an open subset then by definition there exists B(x,d) C O;
and therefore B(z,d) C U;O;. Let us show the last assertion given by
Eq. 10.10. Let be x € Ny F;, then = € F;,Vi € J. By definition, for each
F; there exists B(z,0;) C F;. Let us define 6 = minyJ; which is strictly
positive since J is finite. Then, one has B(x,0) C F; for all ¢ € J and
therefore B(x,0) C NyF;.

The property given by Eq. 10.8,10.9,10.10 are actually the core of the
definition of a topological space. The topology theory is more general than
the theory of metric spaces.

Definition 10.1.3:

Let E be a vector space on the field K, and let ||.|| : E — R* be a positive
function on the vector space. Then, this function is called a norm if

lz]] = 0=2z=0 (10.11)

laz|] = |o]x]] (10.12)

lz+yll < =l + [yl (10.13)

where z,y € F and a € K.
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Eq. 10.11 is equivalent to ||z|| = 0 < x = 0 using Eq. 10.12 with a = 0.

Proposition 10.1.2:

Let E be a vector space, and let ||.|| : E — R be a norm, then the vector
space is naturally a metric space with the distance defined by

dist(z,y) = ||z — y| (10.14)

Demonstration 10.1.2:

Let us show the first assertion given by Eq. 10.1. This is direct conse-
quence of the definition

dist(z,y) =z —y||=0 22—y =0. (10.15)
The symmetry (Eq. 10.2) is obvious from Eq. 10.12
lz =yl =l -1y —2)[| = |- 1|ly — ] (10.16)
The last assertion given by Eq. 10.3 is a direct property of Eq. 10.13

dist(z,y) + dist(y,z) = |lz—yll +|ly — 2l
< |z = z|| = dist(x, z) (10.17)

Definition 10.1.4:

Let E be a vector space on a field K. Let < .|. >: E x E — K be an
application. The application is said to be a bilinear form if it is linear
for its both variables. In the case of K = C, the application is said to be
sesquilinear on the right (or on the left) if it is linear for its first (its second)
variable and sesquilinear for its second (its first) variable. A sesquilinear
form o : E — C on E is defined by

Mz +y) = AMz)+Ay) (10.18)
Maz) = o Az) (10.19)

where z,y € E and a € C.

Definition 10.1.5:

Let E be a vector space on a field K and < .|. > Ex F — K an
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application. In the case of K = R, the application is said to be a scalar
product if it is a bilinear form and if

<zlz> > 0 (10.20)
<zlz> = 0=z=0 (10.21)
<zly> = <ylzr> (10.22)

where z,y € E.

In the case of K = C, the application is said to be a scalar product
if it is a sesquilinear form on the right (or on the left depending on the
convention) such that

<zlz> > 0 (10.23)
<zlr> = 0=z=0 (10.24)
<zly> = <ylz>" (10.25)

If F is a finite dimensional vector space on R or on C then F is said
to be respectively an Euclidian space or a Hermitian space if there is a
scalar product defined on it.

If E is vector space (possibility of infinite dimension) on R or on C
then F is said to be a pre-Hilbert space if there is a scalar product defined
on it.

The second assertion given by Eq. 10.21 and Eq. 10.24 is equivalent to
< z|lz >= 0 < x = 0 using the linear or sesquilinear property of the scalar
product with a scalar value equal to zero. The scalar product is also often
denoted (.|.). Both notations are used in this manuscript.

Proposition 10.1.3:

Let E be a vector space on a field K which is either R or C. Let < .|. >:
E x E — K be a scalar product then F is naturally a normed vector space
with the norm defined by

llz|]| = V< x|z > (10.26)

In particular, one has the well known Cauchy-Schwartz inequality
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| <zly > | <|l=[lllyll (10.27)

Demonstration 10.1.3:

Let us prove the first assertion given by Eq. 10.11

[lz]| = V< zlx >=0=<zlx >=0 (10.28)

By definition of the scalar product £ = 0. Let us prove the second
assertion given by Eq. 10.12

llax|] = /< azloaz > (10.29)
= Vaor <zlr> (10.30)

| [fl] (10.31)

Finally, let us prove the last assertion given by Eq. 10.13

|z +y|? = <z+ylz+y> (10.32)
= <zlr>+<zly>+ <ylr>+ <yly > (10.33)
= ||z||*+ < zly > + < ylz > +||y|? (10.34)

Using the Cauchy-Schwartz inequality one has

e+ yl1* < |2l + 2=yl + Ny l1* = (=] + [ly])? (10.35)

Let us prove the Cauchy-Schwartz inequality. It is clearly true if x = 0
or y = 0. Now, let us consider the following equation

||z + ty||> =< = + ty|z + ty >= ||z]|* + 2t < z|y > +t2|]y||> (10.36)

where we supposed without lost of generality that < x|y > is real.

<z|ly>* th ’ _ <z|ly>*
en < T >= x|y >
<zly>]’ ly v > ST

real. Let us assume that the inequality is proven for < 2’|y > using the
following equalities

Indeed, let us define 2’ = = is
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| <zly>*|
|<a'ly>] = |<zly>|—2—"=|<zly>| (10.37)
| <zly > |
| <zly>"|
2’| = |lzl|-——— = ]| (10.38)
| <zly > |
we have that | < zly > | = | < 2|y > | < [|[Z/[[[lyll = [|z]l[[y]|-

Now, since by definition of the scalar product we have ||z + ty||? > 0, the
discriminant of the second order polynomial in ¢ must be smaller or equal
to zero

4 <zly > —Allz[]P|lylI* < 0 (10.39)

This is equivalent to the Cauchy-Schwartz inequality.

Definition 10.1.6:

Let E be a metric space and let u, : R — E be a sequence. The sequence
is said to be convergent if there exists a value v € F such that

Ve > 0,3N € R such that ¥n > N = dist(un,u) < € (10.40)

The value u is called the limit value of the sequence. When the limit

exists, the notations lim w, = u or u, — u are often used.
n—o0

Definition 10.1.7:

Let f : E — F be a function where F, F' are two metric spaces. Let zo € F
and L € F be two points, then the function is said to be convergent in x
toward L if

Ve > 0,36 > 0,Vz € B(xzo,0)\{zo} = dist(f(z),L) < e (10.41)

The value L is called the limit value. When the limit exists, the
notations lim f(z) =L or zy — z, f(x) — L are often used.
T—TQ
When f(z¢) = L the function is said to be continuous in z for the
distances defined on E and F'.

Definition 10.1.8:
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Let f, : E — F be a sequence of function where E, F' are two metric
spaces. The sequence of functions is said to be pointwise convergent if
there exists f : £ — F a function such that

Vo € E,nlirréo fulx) = f(x) (10.42)

The sequence is said to be uniformly convergent if there exists f :
E — F such that

Ve >0,IN e N,Vn> N=Vz e E,|f,(z) — f(z)] < e (10.43)

This is equivalent to

lim sup |fn(z) — f(z)] =0 (10.44)

n—oo reE

Proposition 10.1.4:

Let be u,,v, : N — E with E a normed vector space. Let us assume that
Uy — u and v, — v then
® Uy +Vy, > UtV
o (up|vn) — (ulv) where (.|.) is a scalar product on E, if 3N € IN such
that ||u,|| < K < 400, Vn > N

Demonstration 10.1.4:

The first relation is a direct consequence of the norm definition

1(un = u) + (v — )]
= ull + lfon —oll  (10.45)

[ltn +vn = (u+ )|

IN

Now, one has

Ve > 0,3N € IN such that Vn > N = |ju, — u|| < % (10.46)

Ve > 0,dM € N such that Vn > M = ||v, —ul|| < % (10.47)
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Choosing Ny,q. = max(N, M) one has

Vn > Npaz = ||(un +v5) — (u+0)|| <e (10.48)

The second relation is proven using the Cauchy-Schwartz inequality.
The idea is to bring out the norms of ||v, — v|| and ||u, — u||. The first
step is to bring out v, — v and u,, — w in the scalar product as follows

|(un|vn) = (un|v) + (un|v) = (ulv)| (10.49)
|(un|(vn = ) + (un — ulv)] (10.50)
|(un|(vn = 0) + [(un — ulv)| (10.51)

|(unlvn) = (ufv)]

IN

Using the Cauchy-Schwartz inequality one has

|(unlvn) = (ulo)] < [lunllfon = ol| + [Jun — wll[[v]] (10.52)

Using the condition ||u,|| < K for n > N one has

[(tnlvn) = (o)) < Kl — ol + [, — ull[o] (10.53)

Then by convergence of u,, and v, for ¢ > 0 one can find M,0 € IN
such that

|~

M n — 10.54
Vn>M = |lv, —v|| < 57 (10.54)
€
V>0 = |lu, —ul|| < (10.55)
2||v]|
Let us define N4, = max(N, M, O) then one has
VY > Npaz = |[(un|on) — (ulv)| < € (10.56)

This ends the proof of the proposition.

The same proposition can be formulated for functions.

Proposition 10.1.5:

Let be u,v : F\ {zo} — E with E, F two normed space. Let us assume
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that lim w(z) =U and lim v(z) =V then

Tr—T0o r—xo

o limut+tv=U+V

Tr—T0o

. 1i_>m (ulv) = (U|V') where (.|.) is a scalar product on E, if 3§ > 0 such
x xo
that ||u|| < K < 400, Vo € B(xg,0)

Demonstration 10.1.5:

The first relation is a direct consequence of the norm definition

|lu(z) +v(z) = (U + V)] I(u(z) = U) + (v(z) = V)|

|lu(z) = Ul + [fo(z) = V]| (10.57)

IN

Now, one has

Ve > 0,36 > 0,V € B(xo,0) = ||u(z) — U] < % (10.58)

Ve > 0,36 > 0,Yz € B(xo, ') = |Ju(z) — V|| < % (10.59)

Choosing d,,;, = min(d, ') one has

Vo € B(zo, 0min) = [|(u(z) +v(z)) —(U+V)|| <e (10.60)

The second relation is proven using the Cauchy-Schwartz inequality.
The idea is to bring out the norms of ||v(x) — V|| and ||u(x) — U||. The
first step is to bring out v(x) —V and u(x) — U in the scalar product as
follows

[(u(@)[v(z)) = (UIV)] = |(u()v(z)) = (u(@)|V)
+(u(@)|V) = (U[V)] (10.61)
= [(u(z)|(v(z) = V)) + (u(z) = UV)|  (10.62)
< J(u(@)|(v(z) = V)| + |(u(z) = U[V)| (10.63)

Using the Cauchy-Schwarz inequality one has

|(u(@)|v(2)) = (UIV)| < |lu@)[[[[o(z) = VI + [Ju(z) = U[[|IV]] (10.64)
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Using the condition ||u(z)|| < K for « € B(zg,d) one has

|(u(@)]v(2)) = (UIV)| < Kljo(z) = V[ + [[u(z) = U[|[[VI]  (10.65)

Then by convergence of u(z) and v(z), for € > 0 one can find §’, 6"
such that

€

— — 10.
@~ VIl < 5o (10.66)
€
u(x) —U < 10.67
|[u(z) = U] 2V ( )
Let us define d,,;, = min(d,6’,6”) one has
Vo € B(xo, 0min) = |(u(z)|v(z)) — (U|V)| < € (10.68)

10.2 Derivative

Definition 10.2.1:

Let f : O C E — F be a function where E, F' are two normed vector
space of finite dimension. Let a € O be a given point, then the function is
differentiable at the point a if there exists a linear application Df, : £ — F
such that

Ve > 0,30 > 0|z —al| <dand z € O =
lf(z+a) = fla) = Df(a)(x — a)l| <el|lz—all (10.69)

Df, is called a derivative of f at a (not necessarily unique). When
the derivative is unique one refers it as the derivative of f at the point a.

Definition 10.2.2:

Let E be a metric space, let U C E be a subset and let x € U be a point.

The point is an inner point if there exists an open subset O such that
re€Oand OCU.

Proposition 10.2.1:
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Let f: O C E — F be a function where E, F' are two normed vector space
of finite dimension. Let a € O be an inner point then if the derivative of
f exists at a it is unique.

Demonstration 10.2.1:

Let A, B : E — F be two linear applications such that they both respect
the definition of the derivative of f at a given point a. Let us show that
A = B. We know that Ve > 0,

36" > 0,]|r —al|| < ¢ and z € O =

1f(z +a) = f(a) = A(z — a)|| < e|lx -l (10.70)
36" > 0,||]z —al] < 8" and z € O =
f(z +a) = f(a) = B(z — a)|| < €[|z —al| (10.71)

Let us define 6"’ = min(¢’,6"”). Since a is an inner point, there exists
B > 0 such that B(a,8) C O. Let us define 6 = min(¢6"”, 8). Then, for all
||z — a]| < § one has

1f(z +a) = fla) — Alz — a)|| < €|lx —al (10.72)
f(z +a) = f(a) = B(z — a)|| < e[|z - al| (10.73)

Using the norm property Eq. 10.13 one gets

[[(A—B)(x—a)|] < 2€lz—al (10.74)
<:>||(A_B)|(|fc:2|)||| < 2 (10.75)

Therefore, for any unitary vector & € C[0, 1] one has

[[(A—-DB)z|| < 2e (10.76)

Since the left part of the equation is independent of €, one gets

(A= B)&||=0,Vi e C0,1] (10.77)

This implies A = B and the uniqueness is shown.
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When dealing with derivative, it is natural to assume the function de-
fined on a open subset in order to guarantee the uniqueness. However,
sometimes derivative can be defined uniquely on non-opened domain. A
common particular case is the close interval [a,b] C R.

Definition 10.2.3:

Let f: O C E — F a function where F, F' are two normed vector space of
finite dimension. The function is said to be differentiable if the derivative
exists and is unique for each point in O. The function is said to be C'*(O)
if the derivative is a continuous function in O.

Let Lin(E,F) = {A|A : E — F and A is linear } be the set of linear
applications between E and F two normed vector spaces of finite dimension.
It is straightforward to show that it is a vector space of finite dimension.

Definition 10.2.4:

Let E and F' be two normed vector spaces. Let ||.|| : Lin(E, F) — R* be
a norm defined by

A
lal= sup 147 (10.78)
zeBaz0 |||
It is called the operator norm.
Proposition 10.2.2:
The operator norm is well defined.
Demonstration 10.2.2:
Let us prove the first assertion given by Eq. 10.11.
A
142l _ o - vy e B jjAx] = 0 (10.79)

veB a0 ||7]]

From Eq. 10.11 this implies that Vo € E, Az = 0. The assertion given
by Eq. 10.12 is direct
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||eAz|| || Az||
= sup |of
zEE,x#0 ||{E|| zeE,x#0 ||{E||
A
o [ Az] (10.80)

veB a0 |||

Finally, the assertion given by Eq. 10.13 is also a direct observation

|[(A+ B)z|| ] ||Az|| + || Bz||
sup ————— = Sup
seBaz0 || 2€E 20 |||
A B
_ 1Az 1820 10 61
r€E,x#0 [|2]] z€E,x#0 [|2]]

Based on the property of Lin(E, F') one can define higher order deriva-
tive by a recursive approach.

Definition 10.2.5:

Let f: O C E — F afunction where F, F' are two normed vector spaces of
finite dimension and O is an open subset. f is said to be a C™(O) function
if its derivative of order n exists everywhere on O and is continuous.

Proposition 10.2.3:

Let f : O C R — R a function where O is an open subset. Let be
a € O such that f(a) is a local minimum (or a local maximum) i.e 36 >
0,]x —al <0 = f(x) > (X)f(a). If the function is differentiable in a
then Df, = 0. Reciprocally, if Df, = 0 and if 30 > 0 such that for all
|z —a|l < dif Dfy < (>)0 when 2 < a and Df; > (<)0 when z > a then
f(a) is local minimum (or a local maximum) on B(a,d).

Demonstration 10.2.3:

Let us prove it for the minimum without lost of generality. The implication
is a simple application of the definition of the differential, Ve, 35 > 0 such
that |z — a| < § it implies

|f(z) = f(a) = Dfa(z —a)] < elz—a (10.82)
f(x) = f(a)

Tr—a

o | ~Dfa| < € (10.83)
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if 2 > a we have £&=/(@) > 0 which implies Df, > 0. On the

contrary if x < a we have W < 0 which implies Df, < 0. The only
solution is D f, = 0.

Now, let us assume Df, = 0 and 30 > 0 such that for all |z —a| < ¢
if Df, <0 when x < a and Df; > 0. Then, by the fundamental theorem
of analysis one has for all x € B(a,J)

fa) = f@)+ [ Dfoas (10.84)

Now, in the interval Ja — 4, a] it is clear that f is strictly decreasing.
On the contrary, in the interval [a, a+J[ it is strictly increasing. Therefore,
f(a) is a local minimum on B(a,d).

Proposition 10.2.4:

Let f : O C R — R be afunction where O is an open subset. Let us assume
that the second derivative of f exists and is continuous on B(a,r) C O
where r > 0. Then, by definition, the first derivative exists too on B(a,r).
If Df, = 0 and D?f, > 0 (D*f, < 0) then f(a) is a local minimum (a
local maximum).

Demonstration 10.2.4:

Let us show it for the minimum without lost of generality. By continuity
of the second derivative, there exists 6 > 0 such that D?f, > 0 for all
x € B(a,r). From the fundamental theorem of analysis then one has

waZDfa-i-/ Dgfw/dx’:/ D? fodx' Yo € B(a,7)  (10.85)

Clearly, Df, < 0 for z < a and Df; > 0 for > a. Using prop. 10.2.3
the demonstration is complete.

Proposition 10.2.5:

Let f: O C E — R be a function where O is an open subset and E a
normed vector space of finite dimension. Let a € O be a point such that
f(a) is a local minimum (local maximum). If f is differentiable on a then
Df, = 0. Reciprocally, if Df, = 0 and if there exists § > 0 such that
Vo € B(z,a) one has Dfy(x —a) > (<)0 then f(a) is a local minimum (a
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maximum) on B(a, J).

Demonstration 10.2.5:

This can be shown considering the directional derivative. Let o € E be
an unitary vector. Let f = f(a + ta) be the function restricted to the
direction a and passing by a. Since f(a) is a local minimum, f(a) is also
a local minimum. Using prop. 10.2.3 one has Df, = Df,a = 0. This
must be true for any unitary vector a and therefore Df, = 0.

Reciprocally, using again this directional restriction and prop. 10.2.3,
one has f, is a local minimum for |[¢| < §. Indeed, one has Df,iqt =

Dfayara. When ¢ > 0 then a = 7=tm and when ¢ < 0 then a =
_—Iliigll' Therefore, when t < 0, Dfoiar = _DfaJratﬁ < 0. and

where ¢ > 0, D fatat = D fapari=ty > 0. This true in all direction and
d is independent of the direction therefore f(a) is a minimum on B(a,0).

Proposition 10.2.6:

Let f: O C E — R a function where O is an open subset and FE a
normed vector space of finite dimension. Let us assume that the second
derivative of f exists an is continuous on B(a,r) C O where r > 0. Then,
by definition, the first derivative exists too on B(a,r). If Df, = 0 and
D?f,(a, @) > 0,Va € E where a is a unitary vector (D? f,(a, @) < 0) then
f(a) is a local minimum (a local maximum).

Demonstration 10.2.6:

By continuity of D?f, Ve > 0 there exists § > 0 such that for all

€ B(a,d h D2f.(a,B) — D?fo(a, < e. Si
x (a,d) one asaerg%()l)ﬁer)[(}%flﬂ fa(a, B) fa(a, B)| < e. Since

C(0,1) is compact, there exists 3 € C(0,1) such that D?f,(3,8) =
2
%i(gl)D2fa(a,a). Let us chose ¢ = w. Therefore, for all
aEe s
x € B(a,6) one has Yo, D? fy(a, or) > 0.
Let us define f = f(a + ta) with oo € C(0,1) an unitary vector. Let
us calculate the first and second derivative of this function

Df, = Dfs(a)=0 (10.86)
D*f, = D?fi(a,0) >0 (10.87)

Using the fundamental theorem of analysis one has
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t
Dforta = Dfo+ / D2fdt’
0

t
/ D2fudt’, Vt| <6 (10.88)
0

Clearly, for ¢t < 0 one has Dfa+m < 0 and for t > 0 one has Dfa+toz >
0. Using prop. 10.2.3 the function f has a local minimum at a and valid on
B(0,0). Since the range of ¢ is independent the direction «, the function
f(z) has a local minimum at a and valid on B(a,0).

Proposition 10.2.7:

Let A C R™ be an open subset, let {f,}new with f, : A — R™ be a
sequence of functions and let 7' : A — Lin(R™,R™). If for all n the
function f,, is differentiable on A, if f,, converges simply toward a function
f: A — R™ for each point in A and if the sequence (D f,)necn converges
uniformly toward 7', then f is differentiable on A and for all @ € A one
has

Df, =T(a) (10.89)

Proposition 10.2.8:

Let f : I = [a,b] — R™ be a continuous function, then one has

b b
I / F(t)dt|| < / 1) |t (10.90)

Demonstration 10.2.7:

Since f is continuous on a compact domain, it is uniformly continuous i.e.
for all € > 0, exists § > 0 such that

Vo, y € [a,b], ||z —yl| <6 = [|f(z) = Fy)ll <e (10.91)

Let us define a finite family of closed intervals {[a;, ait1]}icqi,... N

such that a;11 —a; <6 and a1 = a, ay41 = b. Let us define the function
f:I— R"™ as follows
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N

f(l‘) = Z f(ai)H[amaiJrﬂ(x) (1092)

=1

where II is the characteristic function. By definition of the function,
one has ||f(z) — f(z)|| < e for all x € I. Hence, for all n € IN, one can
define f,, such that ||f,(z) — f(z)|| < L for all 2 € A. This is true for
any norm since on a finite dimensional space all norms are equivalent. In
particular this is true for the norm two. This implies that each component
of the function f, converges uniformly toward the same component of f.
It also implies that for the norm two, for any € > 0, there exists M € IN
such that for all n > M one has

b b _
| [ i = [ < (10.93)

One can take for instance M = integer(1). Since it is true for the
norm two again it is true for any other norm. By property of the norm
one has

b b
I / fEar| < | / Futar|
b b
+||/ f(t’)dt’—/ Fu(t)dt'|] (10.94)
ll)IN a
§||/ Fat)dt|| + € (10.95)

Now by definition of fn one has
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b b Nn
| [ R = 3 @M @) (1090)
a @ =1

Np, b
=H2ﬂm/mmwmwwm<m%
i=1 a

N, b
< ZW@W/mMMﬂwwwuw&
=1 a
b Nn
sL/wawWMMMW'uwm
a ;-1

where N, is the number of intervals defined by [a; n, @it+1,,] on which

the step function f, is defined. Let us define the function g,(¢') =
N, ..

>iz1 1 (@in) | g, aiy . [(¢)- By definition, one has [ g, (') —||f(¢')[| | <

e. Indeed, let us assume without lost of generality that ¢’ € [ain, Git1,n],

then one has

[ gn () = [1FE)II ] 1 Caa)ll = 1A (10.100)

< lf(as) = f(E)ll <€ (10.101)
After integration, one gets
b b
|/ gn(t")dt’ —/ [|f(t)]|dt'| < e(b— a) (10.102)
This implies that
b b
||/ f@Hat'|| g/ I F(@)]|dt’ + (1 +b—a) (10.103)

Since it is true for any € the demonstration is complete.

10.3 Affine geometry

Definition 10.3.1:

Let E and F be two vector spaces on the same field K (in general R or
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C). An isomorphism between F and F is a bijective linear application.

Proposition 10.3.1:

Let E and F be two vector spaces of finite dimension. Let A : E — F be
a linear application, then if f is injective and dim(E) = dim(F), f is an
isomorphism.

Demonstration 10.3.1:

Let show that the application is surjective. Let be x1,...,z, € E a basis,

if one shows that y; = A(x1),...,yn = A(x,) is a basis then the proof

is complete. Let us show that yi,...,y, is a linear independent family of
n

vectors. Let us assume that exists aq, ..., a, € K such that > a;y; = 0 it
i=1

implies that a; A(z1) + ... + anA(z,) = A(aazr + ... + apxy,) = 0. Since

the application is injective, one has oy x1 + ... + apx, = 0. Since z1, ..., Ty,

is a basis of E it implies that a; = ... = a,, = 0. Since the dimension of

the spaces are equal, the linear independent family yq, ..., y, is a basis of

F.

Proposition 10.3.2:

Let E be a vector space on a field K and of dimension n. Let z1,...,x, € E

n
be a basis. Let us define the linear application i : £ — R", > a,z; —
i=1

(a1, ..., ) then the application is an isomorphism.

Demonstration 10.3.2:

The linearity is easily shown

i(ax + By) i(a Z oz + B Z Biy)
i=1 i=1

n

= i(Z(@ai + BBi)xi)

i=1
= (Oé()[l +Bﬁla---aaan+ﬁﬁn)
= alay,...an) + B(B1, -, Bn)
= ai(z) + Bi(y) (10.104)
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The injectivity is also straightforward

i(r) = (a1, ,an)=0=2>a1=...=a, =0=>2=0 (10.105)

Since the vector spaces have the same dimension by proposition 10.3.1
the demonstration is complete.

On a finite vector space, once a basis is defined the isomorphism given
in proposition 10.3.2 is denoted [z] = i(x). The isomorphism depends on a
basis (it’s not a canonic isomorphism). Hence, when a confusion can occur
the notation is a bit different namely [2]s,, .. 2, -

Definition 10.3.2:

Let E be a set and V' a vector space on a field K of finite dimension.
The pair (E,V) is called an affine space of direction V' if there exists an
application : E x ' — V such that one has

AC =AB+ BC, VA,B,C € E (10.106)
VA,Y7 € V,!3B such that AB =7 (10.107)

Definition 10.3.3:

Let (E, V') be an affine space, and let +, — : ExV — E be two applications
defined by

B,such that AB=17 (10.108)
— U = B,such that BA=7 (10.109)

where A, Be E,v € V.

Proposition 10.3.3:

The definition 10.3.3 is well defined.

Demonstration 10.3.3:

The uniqueness of B in Eq. 10.108 and Eq. 10.109 is a direct consequence
of the definition 10.3.2. Indeed, let us assume there exists By, By such
that ABy; = AB> = v. This is a contradiction with Eq. 10.107.
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Definition 10.3.4:

Let E, E' be two affine spaces associated respectively to the vector space V
and V' on the same field K. A function f: E — E’ is an affine application
if exists f : V — V' such that

VX € E,f(X) =0+ f(OX) (10.110)

Proposition 10.3.4:

Let E be an affine space with a direction V. Let (O, z1, ..., z,,) be a frame
of V. Let f: E — E be an affine application then, the affine application
expressed in these two frames has the following form

[Of(X)] =T + A[OX] (10.111)

where A € R"™*", A;; = fi(z;) with f; the i component of f in the
base 21, ...,z and T = [00];.

Demonstration 10.3.4:

By definition of an affine application one has

VX € E,0f(X) =00 + f(OX) (10.112)

This vectorial expression can be expressed in R™ thanks to the iso-
morphism given by 10.3.2 as follows

[0f(X)] = [0f(X)] +i(f(i~ ' ([OX]) (10.113)

The matrix is identified by the linear application A : R" — R",z —

A(z) = i(f(i"'(x)) in its canonic basis and the translation vector by
T =i(0f(X)).

Definition 10.3.5:

Let E be a normed vector space on field K. It is said that V' C FE is convex
if
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Ve,y € E{z|lz=2z+alz —y),a €[0,1]} CV (10.114)

Definition 10.3.6:

Let E be a normed vector space and z1,...,z, € E some points in F.
The convex hull of V' C E is given by the intersection of all convex subset
containing V.

Proposition 10.3.5:

Let E be a normed vector space and x1, ...,z, € FE some points in E. The
convex hull of these points is a convex subset of E.

Demonstration 10.3.5:

Let {A;}ic;r C E be a family of convex subset of F (not necessar-
ily finished). Let us define A = N;A4; and let us proof that A is
convex i.e Vz,y € A {z|z = z + a(z — y),a € [0,1]} C A. Since
{zlz=2+ a(r —y),a €[0,1]} C A;,Vi € I the proof is complete.

Proposition 10.3.6:

Let F be a normed vector space and z1, ..., x, € E some points in E. Let
V C E be the convex skull of these points then

V={z|z = Zaixi,Zai =1,a; > 0} (10.115)
i=1 i=1

Demonstration 10.3.6:

Let us prove it by recurrence. For n = 1 it is obvious. Let us assume it is
true for n — 1 and let us proof this true for n.

n n
First, let us prove that x = > «;z; with > «; = 1,; > 0 implies
i=1 i=1
x € V. This a simple rewriting of the expression
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n—1

T = Z QT + Xy (10.116)
i=1

If a, = 1 by definition one has x € V. If «a, < 1 this implies
Z;:ll a; =1 — oy, # 0. Therefore one may write

n—1
x=(1-ay) Z 1 féla T; + Ty, (10.117)
i=1 n

n—1
. a;
with E i
=1
has

n

n—1
By hypothesis, 2’ = 3 %—x; € V. Therefore one
v:1 n

K3

r=(1-a,z +ar, (10.118)

By definition of the convex set one has that z € V.

Now, let us prove that V = {z|z = > | auwi, >y @y = 1, > 0}
is a convex set. Let us take two points z,y € V and let us prove that
za+ (1 —a)y €V for any a € [0,1]

o= Y o (10.119)
i=1

y = 3 B (10.120)
i=1

n

= ar+(1l—a)y= Zaaiaji + (1 — a)Bix; (10.121)
i=1

& ar+(l—a)y= Z(aai + (1 —a)Bi)x; (10.122)
i=1

Since, Y aa; + (1 — a)f; = 1 and aw; + (1 — «)f; > 0 the proof is
i=1
complete.
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10.4 Interpolation

10.4.1 3-linear Lagrange interpolation

Definition 10.4.1:

Let E be a vector space on a field K of dimension n and let (b1, ...,b,) a
basis of this space. Let G = {z|r = Xo + > ., a;s:bi, oy € [0,..., N;]} be
a grid with Ny,..., N,, € IN and the steps s; € RT\{0}. Let f: E — R be
a function known at the grid points. The n-linear Lagrange interpolation
is defined for each x € env(G) by the following recurrence formula

fj(;vl, ceey {Ej, Xj+17k1, ceey Xn,kn,j) =

;i — Xji41
1 (1 s 1, X, Xt ks s Xy ) 2+
fi—1(z1 J=1 A5l Atk ’ J)Xj,l—XJ}hLl
Zj —Xj,l
fj_l(x17...7xj_1,Xj7l+1,Xj+1’kl,-.-,XTLJ{:"_]‘)i (10123)
Xji+1 — X
f=t (10.124)

where Xj’l = Xo’j + lSj, k; € [1, ...,Nj] and T € [Xj,lij,l+1]-

Fig 10.1 illustrates this recurrence in the case of an Euclidean vector
space of dimension 3 and for an orthonormal basis b1, ..., bs.

Proposition 10.4.1:

The recurrence formula can be expressed as

1

fn Ty eeny xn Z Z .f Xl Jditiry oo nl —Hn)

11 =0 ln =0

- - zl +1—1
u 10.125
lH1X1l+11_X1l+1 i ( )

where [4,...,1,, € IN such that z; € [X@() + 1;8;, Xi,O + (lz + 1)Sl]

Demonstration 10.4.1:

This can be shown easily by recurrence on the vector space dimension. For
a one-dimensional vector space it’s direct. Let us assume that it’s true for
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F( X1 Xo 41, Xapr1)  f(Xiig1, Xojr1, X3 k41)

f( X1, X5, X3 k41) (X141, X2, X3 141)

f3(T)

WA AL
f(X1,i7 X2aj+1’ X3,k) f(Xl,i-‘rla X21j+1, Xgﬁk)

t !

(X1, X235, Xsk) J(X1iv1, Xo5, X31)
fi(x1, Xo 5, X3 641) fi(x1, Xo 11, X3 k41)
4 T ® o fo(r1,y1, X3 k41)
* ¢ f3(T) = fa(x1,m, 1)
f3(Z)

® ® o fo(ri,y1, X3k)
t t
filzr, X2,5, X3k) filzr, X2 541, X3k)

Figure 10.1: 3-linear Lagrangian interpolation for a 3 dimensional vector
space.
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n — 1 and let us show it is true for n. By definition one has

T — Xn,lJrl

fa(@, . 2n) =fno1(21, ooy Tno1, Xn1) m‘f'
Z‘n_)(nl
i1(x1, e, -1, X _
f] 1( 1, ybn—1, n,l+1)Xn7l+1_Xn7l

Appendix

(10.126)

The functions fn_i(x1,...,2n—1,Xn,;) and fj_1(21, ..., Zn-1, Xn,i4+1)
can be seen as a function defined one an n-1-dimensional vector space
with respectively one parameter X,,; and X, ;1. Injecting the formula
for these two functions for the sub-grid defined by G’ = proj(G) where

n—1

proj is the parallel projection defined by proj(>_ a;b;) = > a;b; one gets

i=1 =1
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1 1
fn($17 7w’l’b) = Z Z f(Xl,l1+i17 '~'7X17ln,1+in,17Xn7l)
i1=0 tn—1=0

n—1
Ty — Xili+1—i, Ty — Xp 141

T Xigitis = Xigip1—i Xng — Xnipa

1=

1 1
+ E § f(Xl,llJril? "'7X17ln71+in717X7’L7l+1)
i1=0 in—1=0

n—1

H i — Xil+1—i Tp — Xn (10.127)
o Xidiis = Xigir1—i; Xnjgyr — X

1 1 0
fn(xl, ...,xn) = Z Z Z f(X17l1+i17 "'7X1,ln_1+in_17X’n,l)

i1=0 4,-1=01%,=0

n
T — Xl +1—i;

i=1 Xi7li+ii - Xl}lﬂrl*ii

1 1 1
+ Z Z Z F(X 1041y s X1l 14in 1) Xnyi41)

11=0 ip_1=04,=1

n
T — Xil, 414,
= : 10.128
=1 Xi7li+ii - Xl}lﬂrl*ii ( )
1 1
fn(.Tl, ,xn) = Z Z f(X17l1+i1, ~'~aX1,ln+in)
i1=0 1n =0
n
X e
S e (10.129)

1 Xiitis = Xili+1—i;

i=

This proposition is used in the subsection concerning the implementation
of the interpolation kernel.

corollary 1:

The n-linear interpolation is invariant under any permutation of coordi-
nates.

Demonstration 10.4.2:

This is direct consequence of the proposition 10.4.1 that leads to a formula
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independent of the order of coordinates.

10.5 Unicity theorem of Poisson equation - Clas-
sic analysis

Theorem 1:

Let D C R? be a compact domain with regular piecewise oriented bound-
ary surfaces 95 (i.e a differential oriented manifold) and let V' C R be a
neighbourhood of D on which the poisson equation lives then, the Poisson
equation has an unique solution if the Dirichlet conditions are imposed on
the boundaries.

Demonstration 10.5.1:

This is relatively straightforward using the first Green’s identity. Let us
first recall the Green’s identity. Let o : V — R be a C' function and
B:V — R be a C? function. Let us define ¥ = oV 3 and let us apply the
Ostrogradski’s theorem

/VﬁdV:/ ~dS (10.130)
D oS

The divergence of  can be rewritten as follows V-aV3 = aV?3+Va-
V3. The first Green’s identity consists simply in injecting this expression
in the Ostrogradski’s theorem

/ aV?f+Va-VadV = | aVpdS (10.131)
D as

Let ¢1,¢2 : V — R be two C? function satisfying V2¢; = VZ¢s = 0
and ¢1 = ¢ on 9S. Let us define £ = ¢1 — ¢ and let us set a = = ¢ in
the first Green’s identity. One ends up with

/ (VE)?2AV = | £VEdS =0 (10.132)
D aS

Since V¢ is a continuous function, this implies that V&€ = 0 on D or
in other words that £ is constant on D. Therefore, since £ = 0 on 95
surrounding D, this implies that £ = 0 everywhere and the uniqueness is
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demonstrated.

10.6 Coulomb potential energy and energy con-
servation

Let us assume one deals with N macro-particles. Let z; : O C R — R3
be the position of a macro-particle indexed ¢ € [1,..., N]. Let us assume
that z; € C%(0),Vi € [1,...,N]. Let t1,t2 € O be two time points. Let
F : Dx O — R? be a continuous force field with D C R? such that
z;(0) C D,Vi € [1,..,N]. Let 7; = % and @; = < be respectively the
velocities and the accelerations. Let (.|.) : R® x R®> — R be the canonic
scalar product. The variation of kinetic energy of a macro-particle indexed
1 between t; and ts is given by

ta
AB,; = / (F(@: (), )5, (¢') e’ (10.133)
t1
t2
= m | (@5 )dt (10.134)
t1
2 d|))®
2 2
Y 2(t2) - e 2(’51) (10.136)

Now, the forces (or equivalently the electric field, the magnetic field
being neglected) are split into two components: the source field denoted E
and the Coulomb field. The latter leads to a potential while the first cannot
in general be assumed as such.

Aaﬂ:q/7aﬁmmeWW’

(7 — 7 [m ()
+q Z / I (10.137)
4 Tz 3
R N
Let us define AES P = qft (m:(t"), V) |vs (¢ ’)dt’ and AT;;(t) = T;(t) —
T;(t). Since, Vg, ||r1—r1|| H;ﬁ_;@f“ﬁ; and Vg, ||rz—rj|| Hg{i:gjj\\?’ one has
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¢
-1 "
E.;=AFs; + 471'60 Z / wmh}( "))dt (10.138)
=157
Bd 1 (AT )
_AEH+ / — A ar’
Z b At [T, ()] |AZ;(t)]]?
(10.139)
2 M
q 1 1
:AE51+— ( — - — )
e 2 TS T
Axlj |UJ( )) /!
—_— = 10.14
47T€0jlz:¢/ [|AZ;; ()] dt (10.140)

Now, the total variation of kinetric energy is given by

M ¢
AE.=Y AE,; + -2

i=1

1 B L
o AT (8] [|AT5 ()]

/t IFERGIE dt"  (10.141)

471'60

471'60

One can observe that

M ¢

M M
1 1
AFE, AE;; + —
p> 47reo§::J_Z Az~ Tams el
2 M M 2 — (4| (4]
q / (A (t)[v; (') s
— ot 10.142
ey 27 2 o e 01
M M t — N
q * (AT, (¢)|vi(t))
= AE;; + / — 10.143
2; TP IID DR S - o1
i= =1 j=1,5#1
This leads to the identity
i Tzl a7

22 Z / AfA”x @ Htg))dt’ (10.144)
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The total kinetic energy is therefore given by

1
AFE, = AE51+ — — 10.145
Z 47TGOZ Z T ) (101

10.7 Special relativity

One may wonder if the special relativity theory should be used for the
beam dynamics solver. This short chapter is devoted to answer this ques-
tion. First, a brief recall about the origin of special relativity is presented in
section 10.7.1. Then the theory is applied to our specific application in sec-
tion 10.7.2. The theory of special relativity can be found in many books and
publications. We suggest the reader to refer to [15] for any complementary
reading.

10.7.1 Special relativity origin and main results

The Galilean invariance claims that all laws of physics should be invariant
between inertial frames. An inertial frame is a system of coordinates for
which any free body (i.e no external force applied on it) has a constant uni-
form rectilinear motion relative to it. Before the theory of special relativity,
the space-time (four-vector) relation between two inertial frames was given
by the Galilean transformation namely

T’ R v T oz’
= + (10.146)
v 0 1 t St

where R is a rotation matrix, §t’ and 0T’ respectively the time shift
between the clocks in each frame and the initial displacement between the
two inertial frames. One considers an orthonormal basis in the sense of the
canonic scalar product on R? for the geometric coordinates.

Maxwell’s equations under this transformation are not invariant. Ad-
ditionally, around the beginning of the twentieth century several physicists
discovered that the speed of light is invariant in an inertial frame. These
discoveries pushed Albert Einstein to formulate the two famous principles
of special relativity

e The laws of physics must be invariant in an inertial frame
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Figure 10.2: Example of two intertial frames

e The speed of light is invariant in an inertial frame

The second postulate allows one to obtain the well-known Lorentz trans-
formations that links the space-time coordinates of two inertial frames. Let
us give this transformation for the frames shown Fig. 10.2. In case the
space-time orientations is preserved, it reads

cAt v =By 0 0 cAt
x’ — 00 x
I (10.147)
y' 0 0 1 0 Y
b4 0 0 0 1 z

where 7 = ﬁ, f = % and v = |[7]|. The vectors on the left and right

of the Lorentz transformation are called four-vectors. It can be shown that
under this transformation, Maxwell’s equations are invariant. Now, New-
ton’s laws of dynamics must be still invariant. A simple way to try to obtain
this generalization is to consider the collision of two rigid bodies observed
in two distinct inertial frames. Since an elastic collision between two rigid
bodies involves conservation of momentum and energy which themselves in-
volve velocities, let us first try the find the relation between the velocities
of a given body as observed in different inertial frames.

One may wonder if it is possible to obtain such a relation as a linear
transformation of a four-vector through the Lorentz transform. In order to
do that, let us try to find a scalar space-time invariant. The proper frame is
defined by the frame lying on the body so that the velocity and the position
expressed relatively to it and at any time is equal to zero. The proper time
is defined as the time in the proper frame and is by definition an invariant.
If one can obtain a scalar invariant that would be related directly to the
proper time and therefore to the time itself in each frame one might be able
to calculate the derivative of the positions relative to this invariant. Notice
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that a proper frame might undergo some accelerations and therefore is not
a inertial frame. But, at a given time, an inertial frame can be placed on
the body in motion. Therefore, a proper frame is defined at any time by
such an intertial frame.

The invariant bilinear form under Lorentz’s transformation is given by

-1 0 0 0
0 -1 0 0

M= (10.148)
0 0 -1 0
0 0 0 1

This bilinear form is not a scalar product since it is not positive definite.
However, it defines a pseudo-metric called the Minkowski metric. It can
be shown that the Lorentz transformation is in fact a particular element
of the Poincarré’s group that is defined by the group of isometries of the
Minkowski space. In passing, it is a Lie group. One may define a new
invariant quantity given by

As? = EA — Ax? — Ay? — A2? = M, Azt Ay" (10.149)

using the Einstein notation for the indices. The proper time can be
calculated with

t
1
7(t) = 7(to) + / —VMydztdan (10.150)
to

Since the velocity in the proper frame is equal to zero, and dd—”f = % one

gets

T =10+ / L (10.151)
g

Using the invariant with the four-vector position, one may obtain a new
four-vector. For instance, one may obtain the four-vector velocity as follows
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2 At

— X CE
V = lim - (10.152)
At—0 C%

= . ¢* \/c2At2—A§2t—A 2_Az2

Vo= lim . Y (10.153)
c
\/CQAt27Aw27Ay27Az2

Vo= Jm | VOGDLRDTGY (10.154)

— At

Cc
Ve -3 (%)

By assumption, the function = : T C R — D C R? with T, D two open
subsets is differentiable. Therefore, one has

AT
lim — =7 10.155
Ay Ay =7 (10.155)
By continuity of the square power, the addition property of the limits
given by proposition 10.1.5, the continuity of the square root function and
the continuity of the inverse function everywhere except at zero one has

lim ! - ! (10.156)

At—0 A
IRV R e C RV L et

Now, by the property of the product of two limits again given by propo-
sition 10.1.5 one has

CQ 1

_ e
V = =TT (10.157)
c U

fe2 2 _ 2 _ 42
(& Ve ’Uy vy

— C
vV o= i (10.158)

U
(10.159)
In order to find the new laws of dynamics, let us write the equations of

conservation of the momentum and the energy of two rigid bodies colliding
(elastic collision) as show Fig. 10.3. We know that the momentum and the
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Q@ n . @
V1,0 V1,1
/2,0' V2,1

mo ma

Figure 10.3: Elastic collision between two bodies

energy must be preserved and we have an approximation of what should be
the momentum and the energy at a speed relatively low in comparison to
the light speed. Thanks to the four-vector velocity, we have a clue of what
should be the new definitions of momentum and energy. Indeed, we have

Dio+DPao = D11 +D2n (10.160)
Ero+Eyo = Ein+E; (10.161)

Because of the linearity of the Lorentz’s transformation, it is natural
to consider the four-vector velocity as the vector containing partially the
information on the momentum and the energy. Indeed, let us assume that
there exists a quantity called the mass m invariant in each inertial frame,
let us define the four-vector momentum by

P=meV (10.162)

Let us postulate that the four-vector momentum has to be conserved
in case of an elastic collision of two rigid bodies. Then, because the four-
vector momentum is transformed linearly from one inertial frame to another
through Lorentz’s transformation the invariance is trivially shown

m1oV10+m20V20 = mioVii+meoVa1 (10.163)
| L
mLOV;’O + m27ov/270 = mLOV;’l + m2707/271 (10.164)

Furthermore, when the velocities of the bodies are much lower than the
speed of light, the approximation of  at the first order reads

2

v(v) ~ 1+ 22 (10.165)
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Injecting this first order approximation in the four-vector momentum
one gets

(10.166)

Since my is invariant, moc? is also invariant. Therefore, for low veloc-
ities, the classic conservation of energy and momentum is respected. All
these observations suggest to postulate the following new definitions for the
momentum and energy

D = ymoU (10.167)
E = ~ymgc® (10.168)

where mg is the mass, ¥ the velocity. The famous formula Ey = moc? is
the so-called energy at rest. This formula links the mass to the energy at

rest. Hence, there is an equivalence between mass and energy. This is one
of the greatest discovery of the twentieth century.

The total energy E = ymoc? is equal to the energy at rest plus the

kinetic energy. Therefore, the kinetic energy is given by

T=E—FEy=(y— 1)moc® (10.169)

It is interesting to calculate the expression of the force

- _dp dyv dy_ _
f= g = Mo = Mo + movya (10.170)

The derivative of v can be easily calculated and reads
dy _ s<vla>

— 3707 10.171
it M (10.171)

The expression of the force is therefore

_ 2
7= mO’y(Z—Q <Ta>v+a) (10.172)

It would be convenient to obtain the expression of the acceleration in
function of the force. The expression of the force is equal to the addition
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of two components, one parallel to the speed vector and one parallel to the
acceleration. This equation can be split into the some of two orthogonal
components. Let @ =< @|o > © be the parallel component of the accel-
eration relatively to the speed vector and let @; = a— < @|0 > v be the
orthogonal component of the acceleration to the speed vector. It is clear
that

<va>v = <vla; >0 (10.173)

= |[lllfayllo (10.174)

= g (10.175)

where v = ||7]|. Injecting this result in the expression of the force one
gets

7 = m07(§v26“ +a) (10.176)

Now, using the orthogonal decomposition of the acceleration one obtains

2

f = mo"/(z—zv2a|‘ +a)+ay) (10.177)
72
= moy((1+ gzﬂ)a” +ay) (10.178)
02
= mm(—c2 —20l a,) (10.179)
= moy(y*a +ayL) (10.180)
= moyaL + moy’q (10.181)

This expression allows one to easily calculate the expression of the ac-
celeration in function of the force. Indeed, using the orthogonal property
of the two components and the fact that @ is collinear by definition to the
speed vector one gets

_ 1 i
— 3
a, - lZmoa (10.183)
mo?y

After some trivial algebraic manipulations the acceleration is given by

1 = <fli>7
a_mw(f o) (10.184)
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10.7.2 RFQ and special relativity

This section aims at answering the following question: should the special
relativity be considered for our RFQ simulations. Considering the fact that
the output kinetic energy of the particles should be 1.5MeV, the special
relativity parameters read for this worse case

E 1.5 % 10% % 1.6 % 10710 4 myc?
- - = 1.0015 10.185
7T e 1.7 % 1027 + (3 % 10°)2 ( )

The 8 parameter is given by

1 1

In order to evaluate the impact of the relativist effects on the acceleration
let us try to bound the relative acceleration factor defined by

|Cli - ac,i|

|ac,i

(10.187)

3 3
where @ = > a;%; and @, = ) a.;&; the acceleration obtained by the
i=1 i=1
third Newton’s law.

By definition of the Newton’s law, one gets

<fv>7

a— a. = R

1 -1
m—o(f(; -1 ) (10.188)

By definition of the norm, an upper bound can be calculated as follows

1 1 < flo>v;

i aei = —|fi(= 1) - 10.189
ai — Al m0|f(7 ) 2 7| ( )
1 1 | < flo>||vil
< —(fill——1 B 10.190
< m0(|f||,y | + 2 A/) ( )

1 1 |[F1]v |vi
< —(|fill——=1 10.191
< m0(|f||7 | + 2 7) ( )
1 1

IN

2 J—
m0(|f¢||;—1|+7||f|l) (10.192)
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Dividing this upper bound by the corresponding absolute value compo-
nent of the acceleration provided by the Newton third law, one obtains

1 2
<|l-—1]+= (10.193)
Y v

la; — ac,il

|ac,il

Using the values obtained at the beginning of this section, one gets

lai —acal _ o o045 (10.194)
|ac,il
From the relative error of the acceleration one can obtain an upper

bound error for the beam deviation without knowing the integration time
At required for a particle to cross the accelerator

to+At to+At
€ = | / (ai — ac)i)dt’dt”| (10195)
to to
to+At  pto+At
S / / |ai — ac,¢|dt’dt” (10196)
to to
to+At to+At
< 0,004 / / g, |dt'dt” (10.197)
to to
< 0,0045L (10.198)

where L is the length of the accelerator. Therefore, the value 0,0045 is
too large to conclude that the relativist effects are negligible with this global
scale upper bound. The problem has to be investigated more locally. As it
will be shown in the chapter devoted to differential equations (section 10.8)
the equations of motion obtained for the RFQ (neglecting the space charge)
are the so-called Hill’s equations. The design parameters of the accelerators
have been chosen such that the solutions to these equations have a good
stability. A good stability means in particular that a small perturbation
in the initial conditions of a particle won’t impact significantly its trajec-
tory. Hence, if local perturbations due to the relativist effects are not too
large, they should not impact significantly the particles trajectories. There
is no easy way to quantify these considerations. Simulations have shown
that relativist effects can be neglected for the RFQ simulations. But, for
downstream cavities following the RF(Q relativist effects must be considered.
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10.8 Theory of ordinary differential equations

10.8.1 Introduction

All the theory of ordinary differential equations focuses on solving the so-
called Cauchy problem. Most of the results shown in the following sections
can be found in [75].

Definition 10.8.1:

Let U € R x R™ be an open subset and f : U — R™ a continuous
function. Let u : I — R"™ be a function with I C R an interval and
(t,u(t)) € U,Vt € I. Then, u is called a solution of the differential equation
if

u'(t) = f(t,u(t),vtel (10.199)

The Cauchy problem consists in finding a solution passing by an initial
condition (to,u(tp) € U.

Ordinary means that the equation depends only on one variable. If the
equation were depending on several variables that one would call it a partial
differential equation. The theory for this family of equations is relatively
different from the theory of ordinary differential equations.

10.8.1.1 An intuitive explanation of ordinary differential equations

Before getting in the theory itself, a short intuitive explanation about how
an ordinary differential equation can have an unique existing solution. Let
us first recall the definition of a derivative of a function of a single variable

Definition 10.8.2:

Let f : I — R be a function and let ty € I be a given point, then the

derivative of the function at this point o exists if there exists a value
f'(x0) such that

Ve >0,30 >0,z —zg| <dand x € I =
(&) = () — f'(@o) @ — w0)| < elz —wo|  (10.200)
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6/ 6/ 6/
3 |3 | .3
o To + o €T

Figure 10.4: Analysis of the derivative definition

One knows that from prop. 10.2.1 the derivative is unique if a is an
inner point. When dealing with intervals defined by |a,b] C R where |
means either | or [, then the derivative is also defined uniquely. For the in-
ner interval ]a, b[ this a direct consequence of prop. 10.2.1. For an extreme
point which is included in the interval, the demonstration is exactly the
same as for prop. 10.2.1 at the exception that one deals with half-balls (i.e.
By(a,0) ={z|0<z—a<d}and B_(a,0) ={z| - <x—a <0}).

Now let us investigate the meaning of this definition. Fig 10.4 illustrates
the definition of the derivative. Let us take an e smaller than the deriva-
tive f'(xo). Let us define ¢’ < §, where § comes from the definition of the
derivative. The definition of the derivative means that for all the values
x €]zo — 0, Lo + d[ the gain of information given by f'(zo)(z —x¢) compares
favourably to the error €|z — xg|. Thanks to this analysis, one can under-
stand how a derivative gives a local information about the function. The
fundamental theorem of analysis! confirms this intuition but on a global
scaling by linking the derivative of a function to its primitive.

Theorem 2:

Let I C R be an interval and f : I — R a continuous function, and let us
define F(z) = [ f(a’)da’ where z,a € I and [ is the Riemann integral,
then F is differentiable and F'(z) = f(x).

LHere one focuses only on the first version of the fundamental theorem. A stronger
version exists for the Lebesgue integral
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Let G : I — R be a function, then G is said to be a primitive of f
if G'(z) = f(z). One has that F(z) — G(z) = C,Vz € I where C is a
constant.

Demonstration 10.8.1:

P@)=Fla) _ 1y, o /&0

o el Since f is a continu-

Let us calculate lim
Tx—T0

ous function, by definition one has

T—x0

Ve > 0,30 >0,z — 29| <dand x € I =
flwo) —e < f(x) < flzo) +¢ (10.201)

Let us assume that there exists # > o such that [zo,z] C I. Using
the monotonic property of the integration and integrating Eq. 10.201 one
gets

/z(f(xo) —e)dx' < /I f(a')d' < /I(f(xo) + €)da’ (10.202)

0 Zo

& (f(z0) — €)(z — x0) < /w f@')da" < (f(wo) + €)(x — xo)  (10.203)

R

T — X0

= — flzo) <€ (10.204)

The same conclusion holds if one assumes that there exists x < xg
such that [z, z¢] C I. This proves that F’'(x¢) = f(xo).

Now, let us assume that G is a primitive of f and let us define h(z) =

F(z) — G(z). Let us apply the mean value theorem i.e. let [z1, 23] C I be
an interval then

h(xg) — h(xl)

/ pr—
Az € [x1,22], A (z) = g (10.205)
Since h'(z) = 0,Vx € T one gets
h(xg) = h(xl), Vxl,xg cl (10206)

Now, let us take a function f: I — R where I C R an interval and let
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us assume that the function is C'. Let us take a closed interval [a,b] C I,
then the derivative f’(z) is uniformly continuous on I

Ve > 0,36 > 0,V1, 22 € [a,b],
|71 — m2] < 8= |f'(21) — f(22)| <€ (10.207)

Choosing an € > 0, one can cover the interval [a,b] with intervals I; =
[a;,b;] of length strictly smaller than § and such that I = UN ;. Let us
— bita;

define the middle point of each of these interval by ¢; = *5* then one has

N

b
S Fen) b — ai) — (b —a) < / (' )de! = f(b) — f(x)
N

=1

< fe) (b —ai) +e(b—a)  (10.208)
i=1

This means that knowing the derivative of a function and an initial con-
dition f(zp) one may recover with a precision as accurate as desired the
function at any point f(z). The function f(t, z) defined by Eq. 10.199 gives
the value of the derivative at any point (¢,z) € U. Naturally, one wants to
use this function to evaluate the derivative of u(t) and integrate it to obtain
an approximation of the Cauchy problem solution. However, the function
f(t,x) depends itself on the position. Intermediate approximate positions
could be used to obtain an approximation of the derivative. The next sec-

tion is devoted to the study of this intuition rigorously.

Let us notice that one could have chosen any other point in the interval
[a;, b;] since the error is bounded for all |z — y| < §. The famous Euler
Explicit Method (EEM) consists in choosing the first point in each interval
[ai, b;] namely a;. The Eq. 10.208 becomes in this case

N

b
S F(a)(bi — ai) — e(b—a) < / (" )da! = f(b) — ()
N

i=1

<Y fl(ai)(bi —a;) +e(b—a)  (10.209)

i=1

The approximation is given by

b N
/ f(@")dx" ~ Z f'(ai)(b; — a;) (10.210)
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This form is particularly well suited for solving the differential equation
defined by Eq. 10.199. Indeed, at each step of the integration the value of u
is known and therefore the derivative can be evaluated by the approximate
value of u.

10.8.2 Uniqueness and existence of a solution

10.8.2.1 Maximal solution

Definition 10.8.3:

Let Iy, I> be two intervals of R and let u; : [y — R™ and uy : Is — R"™
be two functions, then us is called an extension of w; if Iy C I and
ui(x) = ug(x), Vo € I.

A solution u; : I1y — R™ of Eq. 10.199 is said to be maximal if any
extension wuo : s — R™ of wy implies that I = I.

Proposition 10.8.1:

Let U € R x R™ be an open subset and f : U — R™ a continuous
function. Let I C R be an interval and v : I — R"™ a solution of the
differential equation u' = f(¢,u). Then, there exists a maximal solution
(not necessarily unique).

Demonstration 10.8.2:

Let us bring the bounds of I out, I = |a,b| where the notation | means
either | or [. It is sufficient to show that there exists a maximal extension
for the upper bound since the lower bound proof consists in doing the
same operations.

Since one does not have the uniqueness of the extension, let us
build a sequence of extensions compatible with each other by recur-
rence. Let uy : |a,bg] — R be an extension and Sy = {z|3e : |a,z| —
R an extension of ux} C R. Let us define ¢ = sup Sk. By definition
of the supremum, there exists e : |a,2|] — R and extension such that
c— T < % Let us define ug4+1 = e. The idea behind this definition is
to force the sequence to take larger b if possible while in the same time
making this bound converging to a value. Let us proof this last part. Since
Sk+1 C Sk one has ¢ > ¢i41. One the other hand, one has b, < ¢ and
br > bi—1. Let us summarize this observation
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b= bo S bl S bg S S bn S S S Cm, S Cm—1 S S C1 (10211)

Now let us assume that lim ¢z = C < oo. Then, by def-

k—o0
inition of by one has klin;o b, = C. Let us define the extension
e :la,C] - R,z — e(x) = ug(z) such that x € Ij. Since the exten-
sions uj are consistent, the extension e is well defined. Furthermore,
there is no extension compatible with e that has a larger upper bound
than C. Indeed, if it was the case, by definition this extension would be
in each Sy and therefore any ¢, would be larger than C' which is a paradox.

Let us assume that klim ¢ = oo. Then, by definition of b; one has
—00

klim b = co. One can define an extension e : |a,00] = R,z — e(z) =
— 00

ug(x) such that « € I,. Again, the extensions uy are consistent and there-
fore the extension e is well defined. The upper bound is maximal and
therefore there is no way to extend it any further.

10.8.2.2 Construction of a local solution

Let us try to build a local solution of the differential equation defined
in 10.8.1. The idea is to build an approximate solution with the Euler
explicit method and take the limit toward zero of the integration steps to
converge toward the exact solution. First, one must find a domain of in-
tegration which ensures that the solution remains in the domain U of the
continuous function f. Since the integration must be performed in a fi-
nite number of steps, the interval of integration is bounded. Let us take
a time domain of the following form D; = [to — T,to + T]. Let us assume
a solution of the differential equation w : [to — T,to + T] — R" such that
(t,u(t)) € UVt € [to — T,to + T). The fundamental theorem of analysis
Th. 2 tells us that

u(t) — xg = /t o (E)dt = tt F( u(t))dt’ (10.212)

to

Let us define the norm ||.|| : R x R™ — R, (t,2) — |t| + ||z||2. Let us
define a compact K = [tog—To, to+7To] X Blzg,r] C U. Since f is a continuous
function and K is a compact there is a maximal value of the norm of this
function on the compact, M = (tmanK [|f(t,2)||2. After integration one has

s
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lut) — zoll2 = | / S ult)dt || (10.213)
st ute (10.214)

/Mdt (10.215)

= M(t — to) (10.216)

The transition from Eq. 10.213 to Eq. 10.214 is performed using Prop. 10.2.8.

It can also be done with the help of the Holder inequality [87] working on
each component of f. In order to make sure the solution remains in the
compact domain so that the continuous function f is bounded and the
equation above remains valid, one must ensure that w(t) € Blzo,r] and
t € [to — To, to + Tp]. The first condition is ensured if M (¢ —tg) < r. There-
fore, taking a time domain [to —T', o +1] with 7' = min(Tp, 7 ) ensures that
the solution remains in the compact domain. Let us formalize this result.

Definition 10.8.4:

Let C = [to — T,to + T] X Blxo,r] C U be a compact domain, then C' is
said to be a safe cylinder if 7' < {7 where M = (m?xc [If(t,x)]]-
t,x)€

Proposition 10.8.2:

Let K = [to — To, to + To] x B[zg, r] be a compact such that K C U, then
there exists a safe cylinder C C K.

Demonstration 10.8.3:

It sufficient to take 7" < min(7p, §7) as explained here-above.

Let us try to build a solution thanks to the Euler Explicit Method (EEM)
approximation. Let I C R be an interval and uy : I — R™ a sequence of
approximate EEM solutions. One wants to show that klim ur = u where

—00

u: I — R"™ is a solution of the differential equation. Let us try to find the
conditions such that u is a solution of the differential equation passing by
(to,x0). The punctual error between the potential exact solution and an
EEM approximation is defined by

E(t) = ||lug(t) — u(t)||2 (10.217)
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Now let us bring the function f in this error equation. If u is a solution
of the differential equation then one would have by definition u(t) = u(to) +

i ,u(t'))dt’. Now, u) (t) is the approximate integration of the function
to k
f(t,uk(t)). Let us define a global error

Ba= |l [ 50 u(t) = (et | (10.218)

= II/t (f(,u(®) = (' ur(t) + (f (', ue(t) — ug, (1)) dt'||

(10.219)
Sll/t FE u®) = f(E ue @I+ ] t FE () = up(t))dt'||
i i (10.220)

If the solution (¢, ug(t)) are entirely contain in a compact domain then f
is uniformly continuous on this domain. If the solution uj, where converging
uniformly toward u then for any error one could find an index from which
the first part of the error is bounded. Concerning the second part of the
error, again if the EEM solutions are contained in a compact domain, since
the function is uniformly continuous on this domain one could define a
minimum step such that this norm is smaller than a given epsilon. Let us
formalize this idea.

Proposition 10.8.3:

Let w : [to — T,to + T] — R™ be an EEM solutions and let [tg — T, ¢o +
T] x BJr, zo] be a safe cylindrical domain. Then, the EEM solution image
is entirely contained in B[r, zq].

Demonstration 10.8.4:

Let u be an EEM solution that is a piecewise C'! and continuous function

with ¢o < t1,...,tx a subdivision of [tg,to + T]. By definition, u is C on

each [t;,t;+1] interval. The interval steps are defined by h; = t;11—t;. The

proposition can be proven by recurrence as follows: for each interval of time
n—1

[to, tn] let us show that |u(t) — zo| < > h;M < r. The last inequality
i=0

n—1
comes from the fact that ) h; < T. For the first integration step of
i=0
the EEM one has ||f(to,20)|| < M and therefore one has ||[u(t) — zo|| =
[|f(to, xo)(t — to)|] < Mt —to] < Mho < r. Now, let us assume that
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this property is true till ¢,_; and let us prove this is true till ¢,. By
n—2

hypothesis, one has |u(t) — zo| < > h;M < r,Vt € [to, tn—1]. Let us take
i=0

t € [tn—1,tn], one has |u(t) —zo| < Tu(t) —u(tp—1)|+ |u(tn—1) —u(to)|- But
since || f(tn—1,0)|| < M once again one has |u(t) —u(t,—1)| < M|t —t,—1]

n—1
and hence |u(t) — xo| < > M <.
=0

Proposition 10.8.4:

Let [to — T,to + T] x Blr,zg] be a safe cylindrical domain, let tg <
t1,...,tn—1 < ty € Rasubdivision of [tg, to+7T] and let u : [to—T, to+T] —
R™ be an EEM solutions calculated for this subdivision, then

Ve > 0,39 > 0, such that h; < 9,Vi =
Vi €t tial, |1 (1) — F(tu(®)]] < e (10.221)

Demonstration 10.8.5:

First, let us substitute the value of «'(t) = f(t;,u(t;)),Vt €]t;, tir1] in the
inequality, one has to prove that

Ve > 0,36 > 0, such that h; < 9,Vi =
vt €]ty tipa [, |1 (i, u(ts)) — f(E,u(@))]| <e Vi (10.222)

Since any EEM solution defined on [tg,to + T it is contained in the
compact K = [tg — T,to + T] x Bz, r], and since the function f is con-
tinuous by the uniform continuity of f on this compact one has

Ve > 0,30 > 0, such that |[(¢1,21) — (t2, 22)|| < 0 =
f(t1, 1) = f(t2,22)|| <€ (10.223)

In passing, this is true for any norm since each norm is equivalent
on a finite dimensional vector space. Let us use the norm defined by
[|(t,z)|| = |t| + ||z||2- Since the function f is bounded on the compact K,
one has
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||u(t) — u(tl)|| < M|t — ti| < Mh;,Vt € [ti,tprl] (10224)

This implies

1 w(t) = (i u(Ea )| < Mt —ti] + [t = t:] <hi(M +1)  (10.225)

Hence, if one chooses h; such that h; < ﬁvw, by definition of the
norm one has

1t u(t)) = (ts, ults)|] <0 (10.226)

This ends the demonstration.

Now let us demonstrate the local existence of a solution.

Proposition 10.8.5:

Let uy : [to,to + T] — R™ be a sequence of EEM solutions contained
in the safe cylindrical K = [t — T,t9 + T] x B[zg,r] and such that

lim max hirx = 0 where N}, is the number of steps relative the
k—001i€]0,...,Ni—1]

kth EEM solution, h; \, = tiv1,k — tik where top <tip <...< Iy, k1S the
subdivision of [tg, o + T relative to the k'" EEM solution. If the sequence
uy, converges uniformly toward a function s : [tg,to + 7] — R™ then this
function is a solution of the differential equation and is contained in the
compact domain K.

Demonstration 10.8.6:

Let us prove that

I t F u))dt’ —u(t)||2 =0 (10.227)

Let us define € > 0. From proposition 10.8.4 one has

dK, € N,Vk > Kq,Vi € [0, ..., Ni, — 1]Vt €]ti g, tiv1 k[,
|Juf (t) — f(t,uk(?))]| < e (10.228)

Now, since f is uniformly continuous on K and uj converges uniformly,
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it implies that

Ky, € N,Vk > Ks vVt € [to,to + T],
Lf( u(t) = f(E ur()]] < e (10.229)

Indeed, by definition of an uniform continuous function on the normed
space K one has
36 > 0, ||(t1,x1) — (tg,xg)H <d=> ||f(t1,x1) — f(tg,xg)H <e€ (10230)

Now, since the sequence is uniformly convergent, one has

3K, Vk > Ko, Wt € [to, to + T1, |lun(t) —u(®)|l2 <6 (10.231)

Combining the two former equations one obtains Eq. 10.229. Com-
bining Eq. 10.228 and Eq. 10.229 one gets

Vk > InaX(KQ, Kl),Vi S [0, vy Nip — 1],Vt E]ti’k, ti+1,k[;
[|ur,(t) = f(t, u®))]] < 26 (10.232)

After integration and for all k > max(Ks, K1), one gets

IIAUk(t)—/ fFEu@))at || < ||| up () = f(,u(t))dt’]] - (10.233)

to to

< [lup (") — F(#,u(t))||dt”  (10.234)

to
t

g/ 2edt’ (10.235)
to

< 2T (10.236)

where Aug(t) = ur(t) — 9. The transition from Eq. 10.233 to
Eq. 10.234 is performed using the Prop. 10.2.8. Finally, again by the
uniform convergence of uy one gets

K5 € N,k > K3, Vt € [to, to + T), [|ur(t) — u(t)|| <e  (10.237)
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Combining the two later results, Vk > max(K7, K3, K3) one gets

[lu(t) — zo — /t F(t u(t)dt' || < e(2T +1) (10.238)

Since u(t) is a continuous function by property of the uniform con-
vergence, it implies from the fundamental theorem of analysis that u(t) €
Cl[to,to —I—T]

Now let us prove that a sequence of EEM solutions for which the max-
imum time step length tends toward zero converges uniformly toward a
solution.

Definition 10.8.5:

Let E, F' be two metric spaces and let f : E — F be an application. The
application is said to be a k-Lipschitz continuous function if there exists
k > 0 such that

Va,y € E,dist(f(x), f(y)) < k dist(z,y) (10.239)

Proposition 10.8.6:

Let U C RxR™ be an open subset, let K = [to—To, to+To] X Blzo,r] C U
be a compact, and let f : U — R, (t,2) — f(¢t,z) be a continuous and
local Lipschitz continuous function in z. In particular, the function is k-
Lipschitz continuous in = on the compact K. Let I C R be an interval
and let u; : I — R™ and us : I — R™ be two piecewise C! functions
such that ||f(¢,u1(t)) — wi(8)|| < €1, ||f(t,ua(t)) — ub(t)]| < €2 (except at
the points where the derivatives are not defined), to € I an inner point
and uq (to) = ua(to) = xo, then VO < T < min(Tp, H_#(Elm)) such that
[to —T,to+T] C I then Vt € [ty — T,to + T'] one has

ek‘t*to‘ -1

10.24
- (10.240)

Jur(t) —ua(t)]] < (€1 + €2)
and K' = [to — T,to + T| x Blzo,r] is a safe cylinder for which wu; ([t —
T, to + T]) S B[x(),’l"] and UQ([tO — T tg + T]) S B[xo,’l"], k > 0 is the
constant of the local Lipschitz function on K.

Demonstration 10.8.7:
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First, let wus show that a safe cylinder exists such that

ul([to — Tty + T]) S B[xo,r] and ’LLQ([tQ — Tty + T]) S B[xo,r].
r— r . o

Let us define 7" = min(To, ymmaieey) With M = gg}({”f(;t)” Let

us take 0 < T < T’ such that [to — T,to + T] C I. Let us define
K' =[tog—T,to+T] x Blzg,r] a compact. If u; and us do not escape the
compact domain Blxg,r] for any ¢ € I then K’ is a safe cylinder for wu;
and us.

Let us show this result by reductio ad absurdum. Let us assume that
uy escapes the domain B[z, r] and let us define 7 = inf{t € R |u; (to+t) ¢
Blzo, 7], |t| < T}. Since Vt € [to, to + 7], ||u1(¢) — zo|| < r by continuity of
uq one has ||ui (to+7)—zo|| < rand 7 ¢ {t € Rt |ui(to+t) ¢ Blzo, 7], |t| <
T}. Indeed, let us assume a series t,, converging toward ¢y + 7, then with
the help of the norm property and the definition of continuity one has that
Ve > 0,dN € N,Vn > N,

Jur(tn) —ur(to +7)|[| <e  (10.241)
[Aus(to + 1) = [|Aus ()] <[lua(tn) — us(to + 7)]| (10.242)
= ||Auy(to + 7)|| — ||Aur(tn)]| < € (10.243)

Where Aui(t) = u1(t) — zo. This implies that ||uq(to + 7) — xo|| <
€+ ||ur(tn) — xol| < €+ 1, Ve ie. |Jus(to + 7) — zo|| < r. It implies that
7 < T. Now, we are going to show that uy(to + 7) € B(zo,r) using the
fact that f is bounded on K. For all ¢ € [to,to + 7] one has

[ Aur ()] = | / ()| (10.244)
< t||u’1(t')||dt' (10.245)

< / 1 wa ()] (10.246)
+||u'1(t') — f(t',ul(t’))||dt’ (10.247)
</t(M—|—61)dt’, (10.248)

= (t—to)(M +e), (10.249)

This means that if 7 < T < min( it implies that

r
To, M+max(eq,€e2) )
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[|Aup (t)|| < rie. ui(t) € B(xo,r). By continuity of the function u; there
exists an open subset U with 7 4+ ¢ty € U such that «;(U) C B(xo,r)
which is a contradiction with the definition of 7. The same reasoning can
be done the lower bound of the interval and for us.

Now, let us try to bound the distance between the two functions wu;
and us. One has for all t € [tg, tg + T that

mm%wwm=nluwvﬂamwn (10.250)

< [ () —up(@)|lat! (10.251)

g/ I, (2) — £ un ()]

) - £t )
P w) — i@l (1025
< [ W) - 5wt ot
0 + (€1 4+ €2)(t — to) (10.253)
< [ W) ~ vty
- (€1 + €2)(t — to) (10.254)

Let us define z(t) = Li [lui(t') — ua(t')||dt’. The inequality reads

z'(t) < ka(t) + (e1 + e2)(t — to) (10.255)

Now, let us try to obtain an easy integrable inequality

(' (t) — ka(t)e P10 < (e + €2)(t — to)e FE—t0) (10.256)
(z(t)e FE0)Y < (&) + €g)(t — to)e Rt (10.257)

t
2(D)eFE10) _ a(t0) < (61 + €) / (' = to)e =)y (10.258)

to

Let us integrate the right part of the latter equation
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1
a:(t)e*k(tfto) —x(to) < (€1 + €2)( — E(t _ to)e*k(t*to)

1/t ,
+E/ e k(¥ =to) g4 (10.259)
to

z(t)e FEt0) — (1) < (e + €2)( — %(t — tg)ek(t=t0)

—k(t—to) _ 1

- GT) (10.260)

1 — (k(t — to) + 1)eFt—t0)
k2

z(t)e FEt) _ 2(ty) < (€1 + €2) (10.261)

Since z(to) = 0 one ends up with

1 — (k(t —to) + 1)e~k(t=to)

z(t)e™F ™t < (e + €9) e (10.262)
Rt=to) — (k(t —to) + 1
2(t) < (e1 + €2)= (kg o) +1) (10.263)

Injecting this result in the first inequality given by Eq. 10.255 one
gets

ek(t—to) _ _
l[ug (t) — ua(t)|| <k(e1 + €2) (l]zgt to) + 1)

+ (e1 + €2)(t — to) (10.264)
ek(tfto) -1
k

< (e1+e2) (10.265)

For the negative value of the interval, the demonstration is done in
the same way through a change a variable t — —t.

10.8.2.3 Uniqueness and existence of a local solution: The Cauchy-
Lipschitz theorem

We have now all the tools to prove the famous Cauchy-Lipschitz theorem.

Theorem 3:

Let U C R x R™ be an open subset, and let f: U — R, (¢t,z) — f(t,x)
be a local Lipschitz continuous function in z. Let K = [to — T,to +
T] x Blzo,r] C U be a safe compact cylinder on which the function f
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is k-Lipschitz continuous in z. Then, there exists a unique C' function
w: [t — T, to + T) — Blxzg, r] such that

W) = f(t,ut)),Vt e to—T,to+T] (10.266)
u(to) = X, (to,xo) e K (10.267)

u is called the local solution of the differential equation.

Demonstration 10.8.8:

First let us prove the existence. Let us take a sequence of EEM
solution wuy : [to — T.,to + T] — R™ such that ||u)(t) — f(¢, ux(t))|| <
ex,Vt € [to — T,to + T, limg—oo €k = 0. Under proposition 10.8.6,
the sequence is a uniform Cauchy sequence on [tg — T,to + T]. Since,
ug([to — T, to + T) € Blzo,r] a compact domain and therefore a com-
plete metric space, the sequence converge uniformly toward a function
w: [to—T,to+T] — Blxo,r],t = limg_ 0o ug(t). Under proposition 10.8.5
the function u(t) = limy_ oo uk(t) is a solution of the differential equation.
This proves the existence.

The uniqueness of the solution is a straightforward application of
proposition 10.8.6. Let us assume two solutions wuy, us : [to — T, to + T] —
Blxzg,r] such that wui(tg) = wuz(te) then one has ||lui(t) — uz(t)|| <

eR(t—t0)

(61 + 62) T =0.

10.8.2.4 Uniqueness and existence of a global solution

Theorem 4:

Let U C RxR"™ be an open subset and f : U — R", (¢t,x2) — f(¢,x) alocal
Lipschitz continuous function in z. Let u1,us : I — R™ be two solutions of
the differential equation u'(t) = f(¢,u(t)) where I is an interval of length
different of zero then if there exists t € I such that ui(t) = wua(t) the
solutions are equal everywhere on 1.

Demonstration 10.8.9:

Let us assume that uq(tp) = u2(to) and that the solutions are not equal
everywhere. Let us define 7 = inf{t|u1(¢) # ua(t),t € [to,sup I|}. Since
u1(t) = uz(t),Vt € [to, 7[ by continuity of the solutions one has u; (1) =
u2(7). Now, since U is an open subset, there exists a safe cylinder K =
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[T —T,7+T] % Blui(7), 7] such that the function is k-Lipschitz continuous
on it. The Cauchy-Lipschitz theorem tells us that the solution w; and s
must be equal on the safe cylinder which is therefore a contradiction.

corollary 2:

Let be U € RxR™ an open subset and f: U — R”, (¢,z) — f(¢,z) alocal
Lipschitz continuous function in x. Then, there exits a unique maximal
solution w : I — R™ where I is an open interval such that u/(t) = f (¢, u(t))
and u(tp) = xo-

10.8.3 The Floquet theory

In this section, we focus on a special family of ODE: A spacial linear and
time periodic EDO. Let A : R — R™*™ be a continuous and periodic appli-
cation, and let f: R x R™ — R" be a function defined by

flit,x) = Alt)x (10.268)

Let us consider the following EDO u/(t) = f(t,u(t)) = A(t)u(t). Let
u1,u2 : I — R be two solutions of the EDO. Because of the spacial linearity
of the equation is is straightforward to observe that a linear combination
of these two solutions u = ajuy + asusg, a1, as € R is still a solution of the
equation

u(t) = au)(t) + agub(t) (10.269)
= a1 f(t,ui(t)) + azf(t, ua(t)) (10.270)
f(t, arui(t) + azua(t)) (10.271)

Now, since the function A is continuous and of period T, it is bounded.
Indeed, the maximum is defined by

M = At 10.272
amax {14 (10272)

where the norm is the operator norm. M is independent of ¢ by period-
icity of A i.e. ||A(t)]] < M, V¥t € R. By definition of the operator norm, one
has ||A(t)z|| < M||z||,Vx € R™. It means that the function f is a Lipschitz
continuous function in the spacial coordinate. This implies that for any
T € R™ there exists a safe cylinder K = [to — T, to+ 7] x Blzo, r|. Indeed, a
sufficient condition to have a safe cylinder is T' < 7. Therefore, for a chosen
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T, an appropriate radius r is chosen to satisfy this condition. This implies
directly that there exists a global unique solution by the Cauchy-Lipschitz
theorem.

Theorem 5:

Let A : R — R™ " be a continuous and periodic function of period T,
let f: R xR" — R"™ be a function defined by f(t,z) = A(t)z and let
(to,x0) € R x R™ be an initial condition then the ODE defined by

u'(t) = f(t,u(t)) (10.273)

has a unique solution v : R — R"™ passing by the initial condition
u(to) = X9.

Let {x1,...,x,} be a basis of R". For any basis vector, there exists a
unique solution u; : R — R™ passing by (¢o,z;). Let (to,z¢) be a given
initial condition. By definition of the basis, there is a unique decomposition
of o in the basis {@1,...,xn}, To = Y i, &z, ; € R. As stated at the
beginning of this section, any linear combination of some solutions is still
a solution. Therefore, the solution for any given initial condition is given
by u = Y | a;u;. Moreover, the solutions u; never intersect each other
according to the uniqueness property. In other words, the vectors w;(t) are
linearly independent at any time.

Definition 10.8.6:

Let {u1,...,u,} be some functions such that each function is a solution of
the ODE and at a given time ¢, the vectors {ui(t),...,u,(¢)} are linearly
independent. Such a set of functions is called a fundamental system of
solutions.

Proposition 10.8.7:

Let {u1,...,u,} be a fundamental system of equations, then the vectors
{ui(t),...,un(t)} are linearly independent at any time ¢t € R.

Demonstration 10.8.10:

This a direct consequence of the uniqueness of the solution. By definition,
at a given time to, the vector {uy(to), ..., un(to)}, i.e. each solution has a
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different initial condition. By uniqueness of the solution the proposition
is demonstrated.

Proposition 10.8.8:

Let {uy, ..., un } be a system of solutions of the basis {z1, ..., z, } and for the
initial time to. The set of functions given by {377 Tijuj, ..., 27— Tnjus}
with 7" € R™ "™ a non-singular matrix is still a fundamental system of
solutions.

Demonstration 10.8.11:

This is straightforward by linearity of the ODE. Since 7' is non-singular,
the functions remain linearly independent and correspond respectively to
a new basis vector.

Proposition 10.8.9:

Let {ui,...,u,} be the solutions of the basis vector {z1,...,z,} at the
initial time ¢o, then the solutions {ui(t + T), ..., u,(t + T)} are also a set
of fundamtental solutions of the ODE.

Demonstration 10.8.12:

This is again a straightforward demonstration. Let us inject the function
u;(t +T) in the ODE and verify it is a solution
w(t+T)=At +T)u(t +T) = A{t)u;(t + T) (10.274)

The linearly independent initial conditions for this new set of solutions
are given by {u1(to + 1), ..., un(to + T)}.

Proposition 10.8.10:

Let {u1,...,un} and {v1, ..., v, } be two sets of fundamental solutions, then
there is a non-singular matrix 7' € R™*™ such that u; = ;.‘:1 Ajjv;.

Demonstration 10.8.13:

Let us chose a time t; € R, and let us observe that the two fun-
damental systems provide respectively two basis of R™ at ty namely
{u1(to), ..., un(to)} and {vi(to),...,vn(to)}. Therefore, there exists a
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non-singular matrix Ty € R™"™ such that wu;(to) = 327, T;;v;(to)-
By prop. 10.8.8, one can define a fundamental system by {w; =
> i1 T1jvjy ooy wy = 307 Tojv;}. This fundamental system has the same
initial conditions as {u1, ..., u, } and therefore by uniqueness they must be
equal.

Theorem 6:

Let {u,...,un} be a fundamental system, there exists a non-singular
matrix X € R™ " such that {v; = Z?Zl U/ijl,...,Z?:lUijn} with
{v1=uw1(t+T),...,vn =u,(t+T)}.

Demonstration 10.8.14:

This a direct consequence of prop. 10.8.9 and prop. 10.8.10.

This is important to strike that this theorem is the heart of the Floquet
theory. Indeed, it allows to highlight a periodic term in the fundamental
solution as shown in the next theorem 8. Before going any further let us
recall a result about the exponential of a Matrix that can be found in [8§]
and in [89].

Theorem 7:

Let C be a real square matrix, then there exists a real solution X to the
equation C' = eX if and only if C is non-singular.

Theorem 8:

Let A : R — R™™"™ be a continuous and periodic function, and let us
consider the differential equation u'(t) = A(t)u(t), then any fundamental
system of solutions {uy, ..., u,} can be expressed as follows

U(t) = P(t)e (10.275)

where U (t) is the matrix where a column ¢ corresponds to a vector u;,
ReR"™™ and P: R — R™™ "™ a periodic function.

Demonstration 10.8.15:

From theorem 6, one has
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Ut+T)=U(t)X (10.276)

where X € R™*™ is a non-singular matrix. From theorem 7 there
exists a matrix R such that X = e®T. Let us define P(t) = U(t)e f* and
let us show that P is periodic

P(t+T) = U(t+T)e BT (10.277)
= U(t+T)e e it (10.278)
= U@t+T)Xx e (10.279)
= U(t)e B (10.280)
= Pt (10.281)

Therefore, one ends up with X (t) = P(t)e® where P is periodic.

There is a similar theorem considering the eigenvalues of the matrix X.

Theorem 9:

Let A : R — R™ " be a continuous and periodic function, and let us
consider the differential equation w'(t) = A(¢t)u(t). Let {uy,...,u,} be
a fundamental system of solutions and let X € R™ be a non-singular
matrix such that {1}1 = Z?:]_ Uijl, veey E;‘L:1 U,ijn} with {Ul = U1 (t +
T),...;vn = un(t+T)} as given by theorem 6. Let e € R™ be an eigenvector
of X with a corresponding eigenvalue A € R then there exists a solution
of the ODE given by

z(t) = p(t)et (10.282)

where p : R — R™ is a periodic function of period T, e*” = X\ and
x(t) = U(t)e.

Demonstration 10.8.16:

Let us define the solution x(t) = U(t)e. Because of the relation U(t+T) =
U)X, one has x(t +T) =U({t+T)e = U(t)Xe = AU(t)e = Az(t). Let
us define p(t) = e #!x(t) where e#T = X\ and let show that p is a periodic
function of period T
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p(t+T) = e M+t 4+ 1) (10.283)
e ety (t +T) (10.284)

= e*“tix(t +1T) (10.285)

= e Mg(t) (10.286)

= p(t) (10.287)

corollary 3:

Under the hypotheses of theorem 9, let ey, ..., ex be some eigenvectors of
X with £ < n and let Ay, ..., \; be their respective eigenvalues such that
A1 # ... # Ai then there exists a set of linearly independent solutions given

by
zi(t) = pi(t)er (10.288)

where p; : R — R"™ are periodic functions of period T and e*” = );
and z;(t) = U(t)e;.

Demonstration 10.8.17:

The only thing to show here is the independence of the solutions. This
a direct application of the uniqueness. Since each eigenvalue is linearly
independent of the others (because they have different eigenvalues), each
eigenvalue constitutes a linearly independent initial condition from the
others.

Let us try to characterize the eigenvalues starting by recalling a well
known theorem.

Theorem 10:

Let X € C™*" be a complex matrix, and let Aq,..., Ay € C be the eigen-
values with their respective multiplicities 71, ...,7x € IN then
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k

det(X) = [N (10.289)
=1
k

trace(X) = Zri)w (10.290)

i=1

Demonstration 10.8.18:

Let us define the polynomial p(A) = det(X — AI). Since the field is
the complex number, the polynomial can be expressed as follows p(\) =
I1%_, (\i — A\)". Therefore, one has

k
p(0) = det(X) = [[ A" (10.291)
i=1

Now, let us investigate the coefficient of \»~! in the polynomial.
From the polynomial splitting one has (—1)""!(ryA\; + ... + 76 Ax). Now,
regarding the determinant, only the terms on the diagonal produce a
power of \»~!'. Indeed, the determinant can be expressed as follows
det(X — M) = Y cp €(0) [[{1(X — M)g(),; where P, is the set of
permutations of dimension n and € is the signature of the permutation.
Clearly, to make appear a coefficient of A»~! at least n — 1 terms of the
permutation must satisfy o (i) = ¢. The only permutation that can fulfil
this condition is the identity permutation o(i) = ¢,Vi. Hence, the coef-
ficient is (—=1)""%(X11 + ... + Xyn). Identifying the two coefficients one
has

trace(X) =riA + ... + g (10.292)

Proposition 10.8.11:

Let A : R — R™ "™ be a continuous and periodic function, and let us
consider the differential equation v'(t) = A(¢t)u(t). Let {u1,...,un} be a
fundamental system of solutions and let U : R — R™ ™ be a function
where the column 7 of U is given by a vector u;. The Wronskian is defined
by W(t) = det(U(t)). Then, one has
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W(t) = W(to)effg trace(AWNAY o (10.203)

Demonstration 10.8.19:

The demonstration can be found in [75].

corollary 4:

Let A : R — R™ "™ be a continuous and periodic function and let us
consider the differential equation u'(t) = A(t)u(t). Let {u1,...,u,} be
a fundamental system of solutions and let X € R™ be the non-singular
matrix such that {v; = Z?Zl u; X1, ...,Z?Zl u; X} with {v; = u(t +
T),...,vn = un(t+T)} as given by theorem 6. Then, one has

det(X) = eli"" trace(A@))dt (10.294)

Demonstration 10.8.20:

Since U(t+T) = U(t)X one has det(X) = det(U(t+T))det(U~1(t)). Now,
by prop. 10.8.11, one has det(U(t + T)) = det(U(t))eli" trace(At))d’,
Since det(U(t)) = m the demonstration is complete.

The next result shows that the characteristic multipliers and exponents
are an intrinsic property of the differential equation and therefore does not
depend on the fundamental system of solutions chosen.

Proposition 10.8.12:

The characteristic multipliers and exponents do not depend on the choice
of the fundamental system.

Demonstration 10.8.21:

Let us consider two fundamental systems on their matrix form U; and Us.
One has by Theo. 6 that there exists X1, Xo € R™*"™ such that

U(t+T) = U)Xy (10.295)
U(t+T) = Uy(t)X, (10.296)
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Now, since U; and Us are two fundamental systems one has from
prop. 10.8.10 there exists C € R™ ™ non-singular such that Us(t) =
Ui(t)C. Therefore, one has

X; = U7t +T)Ui(t) (10.297)
= CU ' (t+T)Uy(t)C™? (10.298)
= O0X,07! (10.299)

Since C' is non-singular the eigenvalues of X; and X» are equal.

10.8.4 Hill’'s Equation

The Hill equation is probably one of the most important equation in the
accelerator community.

Definition 10.8.7:

Let f : R — R be a continuous and periodic function, then the Hill
equation is defined by

o (t) + f)u(t) =0 (10.300)

with u: R — R a C?(R) function.

Let us first rewrite the equation as a first order differential equation.
Let v : R — R be a C*(R) be a function defined by v(t) = u'(t), then the
second order differential equation can be written as follows

u’ u . 0 1
=A , with A(t) = (10.301)
v v —f@) 0

Let us apply the Floquet theory to investigate the condition of stability
of such equation. Let us take the two following initial conditions

1

up,1 = (10.302)
0
0

up2 = (10.303)
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at time tg = 0. The two unique solutions corresponding to the two
initial conditions up,1 and ug,2 are denoted respectively s; and sp and they
constitute a fundamental system. The matrix form of the fundamental
system is written U (t) = [s1(t)s2(¢)]. The matrix X € R?*? is defined by

X=U{t+T)Ut)=U(T)U0) (10.304)
Since U(0) = I the identity, one ends up with
X =U(T) = (10.305)

where [u1(t);v1(t)] = s1(t) and [ua(¢); v2(t)] = s2(t). The eigenvalues
of X are denoted by A1 and Ao. It is important to keep in mind that they
might be equal. From the former subsection one knows that

AL+ Ao trace(U(T)) = w1 (T) + v2(T) (10.306)
Mo = det(X)=elo 0% =1 (10.307)

Let us define ¢ = M then

A =20 — o (10.308)
= Aa(20— X)) =1 (10.309)
SN 200 +1=0 (10.310)

By symmetry, the equation is the same for A\; and A. Therefore one has

JENEUE A el V24¢2_4 —p+\/? -1 (10.311)

10.8.4.1 Case ¢ €| —1,1]

This case correspond to trace(U(T)) < 2 and the absolute values of the
eigenvalues are equal to one

A=V +1-9¢2=1 (10.312)

The trigonometric complex decomposition reads
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A = |A|(cos(a) + isin(a)) = cos(a) + i sin(«) (10.313)

where ¢ = v/—1 and « € R. By the way, the decomposition is obviously
not unique. This implies that the two characteristic exponents are purely
complex. From the Floquet Theory, the general solution is given by

(t) = c1e*py(t) + coe™ Hpa(t) (10.314)

with p;(t) and p2(t) two periodic functions. Therefore the solution is
stable! Since A(t) is real, one has

(2'(1)" = (A@D()* = A* (0" (t) = A" (1 (10.315)

for any solution x(¢). On another hand, if A\; and e; are respectively an
eigenvalue and an eigenvector of X, one has

(Xe1)" = (Mier)” (10.316)
& Xel = Ae) (10.317)
& Xel = Ael (10.318)

This shows that the second eigenvector of X is equal to ej. Therefore, if
x1(t) = p1(t)e is the solution corresponding to an initial condition given
by the first eigenvalue, the solution corresponding to the second eigenvector
must be x5 (t) = p}(t)e~ . Indeed, Eq. 10.315 shows that z7(t) is a solution
of the ODE and that at time ¢y = 0 it matches the second eigenvector
21(0)* = e}. The general solution is given by

a(t) = cre™p(t) + coe” M p* (1) (10.319)
with p(t) a periodic solution. Using the trigonometric complex decom-

position, one can rewrite p(t) = |p(t)|e’?") with ¢ : R — R a function as
regular as p. The two solutions x1(t) and x2(t) read

r(t) = |p(t)e® (10.320)
zo(t) = |p(t)]e”® (10.321)

where v(t) = ut + ¢(t). Since the solution is real, one has
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z(t) = [p(t)|R(cre™® + e 1) (10.322)
= [p()[ { c1,r cos(y(t)) — crisin(y(2))+

ca,r cos(7y(t)) + coisin(y(t)) } (10.323)

= lp®){(c1,r + car) cos(y(t) + (c2.i — cri) sin(y(£))}  (10.324)

= [p(t)| {Acos(v(t)) + Bsin(7(t))} (10.325)

where A = ¢y, + ¢c2r and B = ¢ ; — ¢1;. Now, let us define

cos(a) = A (10.326)
VAR +[BP? '
. . B
sin(a) = W (10.327)
The solution becomes
z(t) = VIA]? + |B]?|p(t)|{ cos(a) cos(y(t))
+ sin(a) sin(y(t)) } (10.328)
| AP + | BJ?|p(t)] cos(y(t) — ) (10.329)
= e/ B(t) cos(y(t) — ) (10.330)

where 8(t) = |p(t)|? and € = |A|?> + |B|?. This equation is called the
betatron function. It is very well known and widely used in the accelerator
community. Let us investigate the relation between 5(¢) and ~y(t). In order
to achieve that, one is going to inject the solution z(¢) in the differential
equation. First, the first and second derivative must be calculated

21 (1) = [p(®)'e™ ™ + |p(t)[i/ ()™ (10.331)
2 (t) = |p(&)]" e + |p(t)|'iv/ ()™
+ ()] ()" + |p(t)]iy" (1))

— [p(t)| (7 () (10.332)
= {lp(®)|" +i2[p(t)|"¥'(t) + [p(t) Y (1))
— [p®)|(' (£))* } 7@ (10.333)

Now, the second derivative can be injected in the ODE zf (¢t) = — f(¢)z1(t)
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{Ip®1" = Ip@®I('®))* + FB)p()+

2lp()["' () + Ip(t) " (1))i } 7 =0 (10.334)
)" = [Py () + £ () lp(t)]
+i2lp@®)' () + Ip(HY"() =0 (10.335)

After separating the real part and the imaginary part one gets

O" = p®)| (' @)* + fO)|p@)] = 0
POI" = OG0 + FOIp() 10336)
2[p(O)|"Y'(t) + [p(t)|y"(t) =0
The last equation can be rewritten as follows
2lp(t)|'+'(8) + [p() " (2) = (Ip(B)[*4(t)') = 0 (10.337)
This implies
p()*y'(t) = K (10.338)
where K € R is a constant. After integration one gets
'K 'K
Y(t) =7(to) + | ——=dt' =~(to) + ! 10.339
O =)+ | ep® =710 | 5w (10:539)

One can chose p(t) such that K = 1 without lost of generality. This
later relation is also fundamental in the accelerator community.
10.8.4.2 Other cases

Other cases lead to an unstable solution at the exception of the case ¢ =1
that may lead to a periodic solution. Therefore, the stability condition used
in the accelerator community is trace(U(T)) < 2.

10.8.5 Twiss parameters

Let us investigate the betatron solution in the phase space.
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ﬁ

= ) cos(y (10.340)
()—{%jL_ms
—/B#)Y () sin(y(t) — a) } Ve (10.341)
1 ﬂ’()
At
L sin(y(t) — ) } Ve (10.342)

_a)

{

cos(y(t) - a)

N |
S~—

H
SR
=

= { 5F 0 cos(t) — )

. 1
—sin(y(t) — a) }\/E\/M (10.343)
(10.344)
Let us get rid of the cosine and sine
cos(y(t) — a) () (10.345)
Vey/B(t)
sin(y(t) —a) = /1—cos2(y(t) —a) (10.346)
_ 120 (10.347)
eB(t) '
_ Vel —22() (10.348)
eB(t)
, 11, .
() = Wﬁﬁ )z(t) — VeB(t) — 2(1)) (10.349)
& ef(t) — 2*(t) = («'(t)B(t) - %ﬁ’(t)m(t))z (10.350)
S eBt) —a’(t) = 2/(1)°5(1)
—B(t)B (1) (t)=(t) + i(ﬁ/(b‘))zxz’ (t) (10.351)

22(t) (10.352)
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Let us define

at) = _%5'@) (10.353)
a?
b(t) %t)@ (10.354)

The Eq. 10.352 can be rewritten as follows

€= (2/(t))2B(t) + 2a(t)’ (t)x(t) + b(t)2?(t) (10.355)

This is the equation of an elipse. Since a(t), b(t), 8(t) are periodic func-
tions of period T, this equation means that the ellipse comes back to the
same shape after a period of 7. The three parameters a(t), b(t), 5(t) are
called the Twiss parameters.

10.8.6 Mathieu’'s differential equation

Let us focus now on a particular case of Hill’s equation. Let us consider the
following differential equation

uw”’(t) + (6 + 2esin(2t))u(t) = 0 (10.356)

where §,¢ € R are two constants. In passing, this equation is used in
this thesis to validate the beam dynamics solver. From the Floquet theory,
one knows that a stable solution is of the form

r1(t) = e*ip(t) (10.357)
zo(t) = e Hp*(t) (10.358)

where p(t) is a periodic function. The goal is to determine the stability
region of the differential equation. The stability condition only depends on
the two parameters € and ¢. It has been shown by O.Haupt [30] that the
points satisfying trace(U(T")) = 2 fill out curves in a J, e-plane separating it
into regions in which (4, €) give stable or unstable solutions of the Mathieu
differential equation. There exists several methods to obtain the stabil-
ity region namely the Fourier method, the perturbation method, the direct
method (Meissner Equation) or numerical approaches. The Fourier method
is explained in [90]. The idea is to inject the periodic function correspond-
ing to trace(U(T')) = 2 and then to find the condition on € and ¢ such that
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this solution can exist. Since the solution is periodic a Fourier series can be
used to express it. Using a finite number of terms as an approximation, the
values of § and e can be calculated.

The stability regions for the Mathieu equation are presented in Fig. 10.5

Stability chart of Mathieu Equation
€

Figure 10.5: Stability chart of Mathieu’s equation.
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