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Chapter 1

Introdu
tion

The aim of this thesis is to attempt to redu
e the 
omputational time of

present solvers for the simulation of a

elerator 
avities that 
onstitute LIN-

ear AC
elerators (LINAC) while 
onserving the a

ura
y of a full wave

solver. Cavity has to be understood in a large sense namely any RF res-

onator that 
onstitutes a LINAC and not only 
losed resonators. Redu
ing

the 
omputational time may o�er the possibility to perform numeri
al op-

timizations of these 
avities. A Radio-Frequen
y Quadrupole (RFQ) is an

a

elerating 
avity pla
ed at the very beginning of a LINAC. It is a very


riti
al 
omponent of an a

elerator be
ause it a�e
ts the quality and stabil-

ity of the beam in all the further se
tions of the a

elerator. Unfortunately,

the 
onditions of stability of the beam inside a RFQ are very sensitive to

the geometri
al parameters, to the input beam parameters and to the RF

sour
e parameters. Therefore, the design of a RFQ must be performed as


arefully as possible. In general, it is validated with the help of several

independent solvers. In this thesis, the RFQ will be the 
avity of test for

our solver. In parti
ular, the referen
e RFQ design used in this thesis is the

MYRRHA RFQ, designed at the University of Goethe (Frankfurt).

The Myrrha proje
t [1℄, [2℄ 
onsists of building a 
hallenging A

elera-

tor Driven System (ADS) [3℄, in parti
ular to study the transmutation of

nu
lear waste. One of the biggest issue with nu
lear plant is the long life

of radioa
tive a
tivity of the wastes [4℄,[5℄. At the present time, the wastes

are buried deep underground in 
lay. For instan
e the HADES [2℄ proje
t

aims at investigating the burying of wastes at 220 meters underground in


lay. However, this solution is not without risks. Indeed, earth quakes and

underground �ooding might at any time spread radio
ative isotopes in na-

ture. An ADS is a sub-
riti
al 
ore stimulated by an external sour
e of fast

neutrons. Fast neutrons 
an be produ
ed by proje
ting fast ions onto a

9
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Figure 1.1: ADS system.

target 
ontaining heavy atoms, whi
h in turn eje
ts fast neutrons. Fast ions


an, for instan
e, be obtained with the help of a linear parti
le a

elerator

(LINAC) [6℄ fed by an Ion Sour
e (IS). In the framework of the Myrrha

proje
t, the ions 
hosen are protons. Fig. 1.1 shows the three parts of an

ADS system. The LINAC on the top of the �gure is made of many di�erent


avities. Most of the 
avities are designed to a

elerate the beam of protons.

At the very beginning of the a

elerator, one spe
ial 
avity, known as the

Radio-Frequen
y Quadrupole (RFQ) [6℄, performs the initial bun
hing (a

bun
h is set of parti
les gather together as a group) and a

eleration while

guaranteeing a strong fo
using. The design of the Myrrha's LINAC [7℄ is


hallenging in terms of performan
es. Indeed, it shall deliver a Continu-

ous Wave (CW) proton beam up to 4 mA with an energy of 600 MeV.

At the beginning of the a

elerator su
h as in the RFQ, fo
using parti
les

at low speed and high density is a 
hallenging problem be
ause the mag-

neti
 �eld produ
ed by the parti
les is too low to 
ompensate the repulsive

ele
trostati
 for
es. The ele
trostati
 repulsion is known as the the Spa
e

Charge(SC) [8℄ e�e
ts in the a

elerator 
ommunity. Presently, the optimi-

sation of the RFQ a

ounts for the SC e�e
ts in an approximate manner

only. A

urate simulations with 
omplete 
oupling of the ele
tromagneti


and dynami
 aspe
ts remains a 
hallenge, owing to the 
omplexity of the

non-linear problem. The sub-
riti
al 
ore of MYRRHA is very sensitive to

beam interruptions. If they are longer than three se
onds, thermal sho
ks


an appear inside the rea
tor [1℄. These sho
ks a�e
t the 
ladding materials

of the rea
tor and might 
ause some operational issues. A fault toleran
e

s
heme has been de�ned to avoid su
h failures. The �rst step in this s
heme

is to guarantee a high reliability of the 
omponents.
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LINAC Cy
lotron

Large spa
e requirement (few

hundred meters long) but light

Compa
t but heavy

Expensive Cheaper

Less e�
ient power 
onversion More e�
ient power 
onversion

Modularity provides redundan
y No intrinsi
 redundan
y

Upgradable in energy Di�
ult to upgrade in energy

Straightforward beam extra
tion Di�
ult extra
tion and related

beam losses

Capable of high beam 
urrent

(100 mA)

Modest beam 
urrent 
apability

(5 mA)

Table 1.1: Comparison between LINAC and 
y
lotron 
apabilities

A Linear A

elerator (LINAC) [6℄, [9℄, [10℄, [11℄ 
onsists of a

elerating


harged parti
les su
h as protons on a straight line path. Su
h an a

elerator

di�ers from a syn
hrotron, 
y
lotron or 
y
li
 a

elerators where parti
les

follow a 
ir
ular or ellipti
 traje
tory. In a syn
hrotron and a 
y
li
 a

el-

erator, parti
les must perform many loops before a
hieving the requested

energy. A 
ontinuous inje
tion is not possible for these a

elerator sin
e

the magneti
 �eld in the fo
using dipoles and quadrupoles is 
ontinuously

adapted to the energy of the beam. Therefore, these a

elerators are used

for high energy appli
ations and low 
urrent throughput. A 
y
lotron allows

a 
ontinuous inje
tion but su�ers from the relativist e�e
ts at high energy.

In short, the fo
using in the transversal plane is lost at high energy. Sim-

ilarly, LINACs are used for middle energy appli
ations with high 
urrent

throughput sin
e parti
les 
an be 
ontinuously inje
ted at the input of the

a

elerator. Tab. 1.1 enumerates several di�eren
es between 
ylotrons and

LINACs.

A LINAC is made of several stages ea
h of them with a spe
i�
 task.

The �rst few stages of the a

elerator 
onsist of an ion sour
e, a low en-

ergy beam transport se
tion (LEBT) and a Radio-Frequen
y Quadrupole

(RFQ) [6℄, [10℄. The ion sour
e produ
es 
harged parti
les that are inje
ted

in the LEBT at stable 
onstant energy but with a wide dire
tion velo
ity

distribution. The goal of the LEBT is to transport the parti
les to the RFQ

thanks to a high magneti
 �eld that fo
uses the beam and to fo
us the
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beam so that it mat
hes the RFQ input requirements. The RFQ has three

important tasks:

• Fo
using the beam

• Bun
hing the beam

• A

elerating the beam

The fo
using is done with the help of a quasi-ele
trostati
 �elds based

on a Paul Trap [12℄. The total transversal energy of the parti
les remains

pra
ti
ally 
onstant in a RFQ. The a

eleration is a
hieved by 
urving the

ele
trodes in the dire
tion of propagation of the beam. The a

elerator be-

ing based on a RF te
hnology, the beam must be bun
hed (i.e. grouped into

pa
kets). The RFQ bun
hes the beam in the �rst few se
tions of the RFQ

before any signi�
ant a

eleration. The following paragraphs detail ea
h of

these three steps.

One assumes all along this thesis that the ele
tri
 �eld in the a

elerator


an be de
omposed as the sum of a sour
e �eld and a self �eld. The sour
e

�eld 
orresponds to the ele
tri
 �eld produ
ed by the RF sour
e when the

a

elerator is unloaded (i.e. without beam load). It is 
omputed with a full

wave solver. The self �eld is the ele
tri
 �eld s
attered by the parti
les i.e.

by the spa
e 
harge. The self �eld might 
hange the impedan
e seen by the

RF sour
e if the spa
e 
harge is too strong. In turn, this 
ould a�e
t the

sour
e �eld. A RF regulation is required to guarantee the stability of the

sour
e �eld. The thesis is divided into two parts 
orresponding respe
tively

to the 
omputation of the sour
e �eld and to the 
omputation of the beam

dynami
s a

ounting for the spa
e 
harge. The magneti
 �eld 
an be ne-

gle
ted as shown further in the thesis.

The Method of Moments (MoM) [13℄, [14℄ is a Boundary Element

Method (BEM) that 
an be used to simulate ele
tromagneti
 �elds s
at-

tered by obje
ts pla
ed in linear media. The strength of the MoM lies

partially in the fa
t that the solver is based on the solution of Maxwell's

equation for a Dira
 
urrent distribution [15℄, [16℄. Be
ause of the linearity

of the Maxwell equations, the linearity of the 
onstitutive equations and

with the help of the equivalen
e theorem, the �elds 
an be obtained by the


onvolution of the latter solution with the 
urrent distribution in the me-

dia. The equivalen
e theorem allows one to obtain equivalent 
urrents at

the boundaries of a given medium su
h that the ele
tromagneti
 �elds verify

the Maxwell equations and the 
onstitutive equations of the given medium

everywhere in spa
e i.e. for all R

3
. In other words, with the equivalen
e

theorem, one only needs to solve the Maxwell equations as if there was only
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a single medium. The equivalent 
urrents themselves depend on the lo
al

ele
tromagneti
 �elds at the boundaries. The 
onvolution is 
alled the s
at-

tering operator and it is an integro-di�erential equation. The MYRRHA

RFQ 
an be assumed as a Perfe
t Ele
tri
 Condu
tor (PEC) in free-spa
e.

Sin
e one deals with PEC, the 
urrents 
an be approximated as surfa
e 
ur-

rents. The equivalent 
urrents are dire
tly linked to the real 
urrent on a

PEC. In parti
ular, the magneti
 
urrent is equal to zero while the ele
tri



urrent mat
hes the real 
urrent. Therefore, stru
ture involving only PEC

implies a 
onvolution that 
ontains only surfa
e integrals. The s
attering

operator involves unknown 
urrents. The MoM 
onsists in imposing the

boundary 
onditions between di�erent media in order to invert the s
atter-

ing operators and obtain the 
urrent distributions in ea
h medium. The


urrent distributions are approximated by linear 
ombinations of primitive


urrent distributions 
alled the basis fun
tions. The boundary 
onditions

are imposed by 
omputing a lo
al average �eld using some fun
tions pla
ed

on the surfa
e of the s
atterer and 
alled testing fun
tion. If the set of test-

ing fun
tions is identi
al to the set of basis fun
tions, the testing pro
edure

is 
alled a Galerkin test. Be
ause of the linearity of the s
attering operators,

one ends up with a linear system of equations to be solved. There are sev-

eral MoM solvers whi
h di�er from one another depending on the s
attering

operator used. There exists two s
attering operators, one for the ele
tri


�eld 
alled in this thesis the Ele
tri
 Field S
attering Operator (EFSO) and

one for the magneti
 �eld 
alled in this thesis the Magneti
 Field S
attering

Operator (MFSO). They depend both of magneti
 and ele
tri
 
urrents.

The parallel 
omponent of the ele
tri
 �eld must vanish on the PEC. This

implies by de�nition that the magneti
 
urrent is equal to zero. Therefore,

a natural 
hoi
e is to use the EFSO and enfor
ing the boundary 
onditions.

The resulting integral equation in this 
ase is so-
alled the Ele
tri
 Field

Integral Equation (EFIE) [13℄, [16℄ and is the most widely used integral

equation in the antenna 
ommunity. One 
ould also use the MFSO and im-

pose the boundary 
onditions on the magneti
 �eld. In this 
ase the integral

equation is the so-
alled Magnetif Field Integral Equation (MFIE) [13℄, [16℄.

The EFIE and MFIE o�er di�erent numeri
al stability. Sometimes, both

might by used to solve PEC problems for numeri
al stability reasons [17℄.

One of the advantages of the MoM in 
omparison to Volume Element Meth-

ods (VEM) is that the number of unknowns is relatively small. Indeed, for

VEM one needs to mesh in 3D the volume where the ele
tromagneti
 �elds

have to be 
al
ulated. These methods are only used for 
losed stru
tures

sin
e the boundary 
onditions for open stru
tures are imposed at in�nity.

Therefore, another advantage of the MoM is the ability of the solver to solve

free-spa
e problems and in parti
ular antenna problems. If the number of

unknowns is relatively small, the MoM produ
ed however a dense system
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of equations. Hen
e, fast solvers for sparse matri
es produ
ed by a VEM

solver 
annot be used to solve a MoM problem. Although an RFQ is a


avity of �nite dimension, the method applied in this thesis is the EFIE

used for s
attering problems. The RFQ is simulated without its en
losure

shield making it a s
atterer. To the knowledge of the author, it is the �rst

time a RFQ is simulated with the MoM. On this spe
i�
 subjet the liter-

ature is therefore empty and no 
omparison with other authors was possible.

The main a
tivity of the antenna group at UCL 
on
erns the develop-

ment of fast solvers based on the MoM and in parti
ular the EFIE. The lab-

oratory is spe
ialized in antenna 
oupling [18℄. Most of the MoM algorithms


an be separated in two 
ategories. The �rst one 
onsists in 
omputing, for

ea
h pair of basis and testing fun
tions, the integration of the ele
tri
 �eld

s
attered by a basis fun
tion on a testing fun
tion. In general, the set of

testing fun
tions is identi
al to the set of basis fun
tions. One 
alls this step

the �lling up of the impedan
e matrix and its 
omplexity is O(N2) with N
being the number of basis fun
tions. The se
ond step 
onsists in solving

the MoM system of equations. If one 
omputes a full matrix inversion, the


omplexity of this step is O(N3). When the MoM solver 
al
ulates the so-

lution by doing dire
t inversion of the impedan
e matrix the method is said

to be a brute for
e method or a dire
t method. A brute for
e solution has

been 
al
ulated for the Myrrha RFQ. This solution is used to validate the

behaviour of the MoM itself without any approximation. The laboratory

has been using several methods to redu
e the 
omplexity of these two steps.

The simulation of a RFQ with the MoM involves two big 
hallenges. First,

due to the small stru
ture size relative to the wavelength the EFIE under-

goes the so-
alled Low-Frequen
y Breakdown (LBF) [19℄, [20℄,[21℄, [22℄, [23℄

whi
h leads to an ill system of equations i.e. 
a system of equations with a

bad 
ondition number. A bad 
ondition number implies in pra
ti
e a very

poor 
onvergen
e of iterative solvers and a

ura
y problem either in the im-

age spa
e (
urrents) of in the sour
e spa
e (average �eld). Se
ond, the basis

fun
tions being small in 
omparison to the wavelength, typi
al fast methods

su
h as the Multi-Level Fast Multipole Algorithm (MLFMA) [24℄ 
annot be

used to redu
e the 
omplexity of the system solving. In this thesis, these

two issues have been over
ome using respe
tively an existing low-frequen
y

pre
onditioner and a new fast method for near �eld intera
tions whi
h is our


ontribution regarding the improvement of the MoM solver 
omputational

time.

The beam dynami
s are 
al
ulated separately from the MoM solver. Of


ourse, the sour
e �eld obtained with the MoM is required by the beam

dynami
s solver. Other solvers based on di�erent methods 
ould be used to
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simulate the sour
e �eld su
h as for instan
e a solver proposed by the Com-

puter Simulation Te
hnology (CST). The beam dynami
s solver 
onsists in

integrating the equation of motion and evaluate at ea
h step of the integra-

tion the intera
tion between parti
les. Di�erent approa
hes 
an be used to

simulate the beam motion. For instan
e, a 
ontinuous distribution of the

beam 
ould be assumed and plasma solvers based on the well known Vlasov

equations [25℄ 
ould be used. Another well known approa
h 
onsists in as-

suming that parti
les 
an be grouped together into several ma
ro-parti
les,

ea
h ma
ro-parti
le having a 
harge and a mass respe
tively equal to the

sum of the 
harges and masses of all the parti
les 
onstituting it. For ea
h

ma
ro-parti
le the equations of motion must be solved. This latter approa
h

will be used in this thesis. The 
hallenge of the solver lies in its ability to


al
ulate the ma
ro-parti
les intera
tions with a reasonable 
omplexity. At

the present time, most of the solvers make use of the so-
alled Parti
le in

Cell (PIC) approa
h [26℄. The idea is to approximate the 
harge distribu-

tion by ma
ro-parti
les lo
ated on a regular grid of points. A 
ell is de�ned

as a parallelepiped region of spa
e for whi
h ea
h node 
orresponds to a

grid point. The ele
tri
 �eld is 
al
ulated on all the grid points and then

an interpolation is performed for any ma
ro-parti
le inside a 
ell based on

the values of the ele
tri
 �eld on the grid points surrounding it. The beam

dynami
s solver developed in this thesis does not use this regular grid ap-

proximation. Instead the real positions of the ma
ro-parti
les are used and

an a

urate �eld 
al
ulation is performed dire
tly on these ma
ro-parti
les.

This is known as the parti
le to parti
le intera
tion method in the litera-

ture [26℄. We also refer to this method as a dire
t solver in this thesis. This

strategy 
an be a�orded be
ause of the very e�
ient hardware sele
ted for

this solver namely a Graphi
 Pro
essor Unit (GPU). Additionally, several

physi
al hypotheses will be adopted in order to obtain a reasonable 
om-

plexity. The novelty of the method resides in an e�
ient implementation

of a dire
t method on a GPU. Implementing su
h a solver on a GPU is a


ompli
ated and tri
ky work. Indeed, the implementation must a

ount for

the hardware design of the GPU in order to be e�
ient. There are sev-

eral levels of memories in a GPU and the transfers of data between them

must be well 
ontrolled in order to 
ome reasonably 
lose to the theoreti
al

performan
es of the GPU. Furthermore, the parallelization is done at the

level of arithmeti
 operations. It implies that bran
hing 
odes and spe
ial

operations may dramati
ally slow down the 
omputation and must be used

with 
aution.

This thesis is subdivided in di�erent 
hapters. First, a general intro-

du
tion about the RFQ is presented in 
hapter 2. Then, the MoM solver


hallenges are investigated in di�erent 
hapters. A 
hapter reviewing the
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MoM and giving all the prerequisite notations and results is presented in


hapter 3. The MoM 
hallenges are then investigated in 
hapter 4. A short

review about fast solvers based on iterative solvers is �rst presented. Then,

the Low-Frequen
y Breakdown (LFB) and the matrix-ve
tor produ
t eval-

uation issue are both studied and solved in separate se
tions. The beam

dynami
s solver is addressed in two di�erent 
hapters. First, a 
hapter re-

viewing the fun
tioning of a GPU is presented. Then, the beam dynami
s

solver and all the numeri
al results are presented in 
hapter 6. Several re-

sults about the physi
s of parti
le dynami
s (spe
ial relativity), ordinary

di�erential equations (ODE) and basi
 mathemati
s are re
alled in the ap-

pendix.



Chapter 2

Radio-Frequen
y

Quadrupole

2.1 The prin
iple of the RFQ

The prin
iple of the RFQ [27℄ is based on the well known ele
trostati


quadrupole. It is made of four rods ea
h of them set at a given potential

whi
h 
onforms to the quadrupole symmetry. In this se
tion the ele
tro-

stati
 quadrupole is re
alled and the modi�
ations to obtain an RFQ from

it are explained. Before getting into the heart of the subje
t, let us de�ne

a few useful variables. The dire
tion of propagation of the beam is in the

dire
tion −x̂3. The perpendi
ular plane to the dire
tion x̂3 is spanned by

two perpendi
ular ve
tors x̂1 and x̂2. These ve
tors are represented by re-

spe
tively the axes Z,X, Y .

In order to fo
us the beam, one needs an ele
tri
 �eld whi
h tends to keep

the parti
les around the ideal path. Intuitively, this 
ould be a
hieved with

a linear for
e su
h as in an harmoni
 os
illator. In the following paragraphs

one will show how to obtain su
h a �eld. By design, one 
onsiders the 
ase of

a quasi-stati
 �eld in va
uum (the 
harge of the beam itself being negle
ted).

In this 
ase, the �elds must satisfy the stati
 Maxwell's equations in va
uum

∇× E = 0 (2.1)

∇×H = 0 (2.2)

∇ · E = 0 (2.3)

∇ ·H = 0 (2.4)

17
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where E is the ele
tri
 �eld and H is the magneti
 �eld.

There is a more 
ompa
t way to rewrite Maxwell's equations. Sin
e

∇×E = 0 the ele
tri
 �eld is equal to the gradient of a potential E = −∇φ
(this is a 
onsequen
e of the Helmholtz de
omposition theorem or the so-


alled Poin
aré lemma [28℄, [29℄). Then applying the divergen
e, one gets

the well known equation of Poisson in va
uum ∇2φ = 0. By symmetry, one

gets the same expression for the magneti
 �eld.

As proposed previously, let us try to inje
t a linear expression of the

ele
tri
 �eld in the stati
 Maxwell's equations.

E = k1x1x̂1 + k2x2x̂2 (2.5)

with k1, k2 ∈ R two 
onstants. Let us �rst inje
t the �eld in the 
url

∇× E =

3
∑

i=1

3
∑

j=1

3
∑

k=1

∂Ei

∂xj
ǫjikx̂k (2.6)

∇× E =

3
∑

k=1

(
∂E1

∂x1
ǫ11k +

∂E2

∂x2
ǫ22k)x̂k = 0 (2.7)

Where ǫijk is the Levi-Civita symbol. The �eld trivially satis�es the


url. Then let us inje
t the ele
tri
 �eld in the divergen
e

∇ ·E =

3
∑

i=1

∂Ei

∂xi

∇ ·E =
∂E1

∂x1
+

∂E2

∂x2
= 0

∇ ·E = k1 + k2 = 0 (2.8)

This implies that k1 = −k2 ≡ k. The eq. 2.8 means that it is not pos-

sible to have a fo
using �eld in both planes simultaneously. Therefore, as

it will be dis
ussed later in the RFQ, the �elds must os
illate over time in

order to reverse the fo
using and defo
using e�e
ts. But, in order to keep

the approximation of quasi-stati
 �elds, the os
illation frequen
y must be

low enough in order to have a wavelength that is long with respe
t to the

dimensions of the 
ross se
tion of the RFQ.
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From the equations of the �elds, it is easy to get the expression of the

potential

φ(x1, x2, x3) =φ(0, 0, 0) +

∫ (x1,0,0)

(0,0,0)

E1dx
′
1 +

∫ (x1,x2,0)

(x1,0,0)

E2dx
′
2

+

∫ (x1,x2,x3)

(x1,x2,0)

E3dx
′
3 (2.9)

φ(x1, x2, x3) =φ(0, 0, 0) +

∫ (x1,0,0)

(0,0,0)

kx′
1dx

′
1 −

∫ (x1,x2,0)

(x1,0,0)

kx′
2dx

′
2

+

∫ (x1,x2,x3)

(x1,x2,0)

0dx′
3 (2.10)

φ(x1, x2, x3) =φ(0, 0, 0) +
k

2
x2
1 −

k

2
x2
2 (2.11)

A perfe
tly 
ondu
ting medium has the parti
ular property to have a


onstant potential value everywhere inside the 
ondu
tor and on its surfa
e

only perpendi
ular ele
tri
 �eld may exist. Indeed, let be x : R → R

3
a

regular path lying on a 
onstant potential, one has the following property

∇φ = −E (2.12)

dφ(x(l))

dl
=

∂φ

∂xi

dxi

dl
= −E

dxi

dl
= 0 (2.13)

This suggests that perfe
t 
ondu
tors might be pla
ed to generate the

ele
trostati
 �eld. This is motivated for bounded domain by the uniqueness

theorem of Poisson's equation [15℄. In appendix, the uni
ity theorem is

re
alled (Th. 1) and demonstrated for 
losed stru
ture.

The equipotential paths of the potential given by Eq. 2.11 are hyperboli
.

A parametri
 representation of this equation is given by

x1 = A sinh(l)

x2 = B cosh(l)
(2.14)

where l ∈ R is the parametri
 variable. Let us inje
t these parametri


equations in the potential 2.11

2

k
φ(x(l)) = A2 sinh(l)2 −B2 cosh(l)2 (2.15)
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-

-

++

X

Y

Figure 2.1: RFQ - ele
trodes

Re
alling that cosh(l)2 − sinh(l)2 = 1, imposing A = B leads to

2

k
φ(x(l)) = A2

(2.16)

Four hyperboles must be pla
ed around the 
enter in order to guarantee

a good distribution of the ele
tri
 �elds as shown Fig. 2.1. In reality, the

ele
trodes must have a �nite dimension. This implies that the ele
tri
 �eld

has a di�erent expression than the ideal one. However, it 
an be shown that

if the shape of the ele
trodes are mat
hing the ideal shape near the region

of interest the ideal ele
tri
 �eld remains a very good approximation.

As it has been said previously, the potential of the ele
trodes must os-


illate over time. Indeed, the alternated fo
using is required in order to be

able to obtain a global fo
using e�e
t in both planes [30℄. Fig. 2.2 shows

the prin
iple of the alterating voltage in order to swap the fo
using and de-

fo
using e�e
ts. At time t0, a bun
h of parti
les is fo
used in the plane Y Z
while it is defo
used in the plane XZ. Then at the time t1, it is the other
way around. The dynami
s equations obtained in the transverse plane XY
is the famous Hill di�erential equation (see appendix, subse
tion 10.8.3).

The RFQ has another task than fo
using the beam; it should a

elerate

the beam. In order to a

elerate the beam, a 
ertain �eld in the −x̂3 dire
-

tion must be 
reated. A simple way to do so, is to 
urve the ele
trodes in the

x̂3 dire
tion. Without getting into the details, Fig. 2.3 shows the internal

geometry of the RFQ with the a

elerating �eld. On the pi
ture, the a

el-

erating �eld is shown in the right dire
tion. Sin
e the RFQ must be supplied

with an alternative power sour
e, the a

elerating �eld will os
illate with
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t0 t1

Figure 2.2: RFQ - Inversion prin
iple.
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Figure 2.3: RFQ - Implementation of the a

eleration task

time as well. Therefore, the beam of parti
les must be bun
hed and the

bun
hes must be syn
hronized with the os
illating �eld as prerequisite for

a

eleration. The 
ontinuous beam of parti
les is inje
ted at the entran
e

of the RFQ and then some parti
les of the beam are a

elerated and some

others are de
elerated. Thus, bun
hes appear naturally at the beginning of

the RFQ. There are two prin
ipal ways to build an RFQ: The four-Vane

RFQ and the four-Rod RFQ. The four-Vane RFQ is rather used for higher

power density designs sin
e the heat extra
tion for su
h a stru
ture is eas-

ier. It is based on four weakly 
oupled 
avities as shown on top Fig. 2.3.

It 
an be designed for a wide range of frequen
ies (from 50Mhz to 500Mhz)

but preferably for higher frequen
ies than a four-Rod RFQ sin
e it tends

to take a huge amount of spa
e (
opper) at lower frequen
ies in 
ompari-

son to a four-rod RFQ. For Myrrha's LINAC the four-rod RFQ will be used.

For a four-rod RFQ, the rods are supported by the so-
alled stems. The

stems are made of 
opper and are 
onne
ted all together through a ground

plane. They transport 
urrent that �ows between rods of di�erent polar-

ities. Fig. 2.4 shows the 
urrent �ow in a four-Rod RFQ. The rods and

the stems form a resonant 
ir
uit. The stems 
an be modelled as equiva-

lent indu
tan
es while the four rods 
an be modelled lo
ally as equivalent


apa
itors. Sin
e there are many stems (40 stems for Myrrha's RFQ), the

RFQ behaves approximatively as a transmission line. The positions and

dimensions of the stems and rods determine the resonant frequen
y of the
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Stems

4 rods

Connection of two rods to a stem

Current flow

Same potential

opposite potential

Figure 2.4: Four-rod RFQ supported by stems

system. More information 
an be found in [31℄, [32℄.

The frequen
y of Myrrha's RFQ is set to 176.1MHz. Its nominal 
urrent

is 5mA, the input beam energy is 30keV and it shall deliver an output energy

beam of 1.5MeV. The a

elerator is 4m long.
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2.2 The Spa
e Charge issue

In the previous se
tion, the 
harge of parti
les was fully negle
ted in the

RFQ. However, for a high-
urrent LINAC, the e�e
ts of the Spa
e Charge

(SC) [33℄ 
an strongly a�e
t the distribution of the �elds. Nowadays, the

e�e
ts of SC are not in
luded in the simulation of the �eld dire
tly. The

problem is solved in two steps. The �rst step is the 
omputation of the �eld

due to the external RF sour
e and without any beam load in the a

elerator.

This �eld is assumed dominant in the RFQ. In the Maxwell's equations, only

equivalent 
urrent distributions appear sin
e there is no beam load.

∇× Es = −µ
∂Hs

∂t
+ Jm (2.17)

∇×Hs = −ǫ
∂Es

∂t
+ Je (2.18)

∇ ·Es = ρe (2.19)

∇ ·Hs = ρm (2.20)

These equations 
an be solved with the Method of Moments (MoM) a

Boundary Element Method (BEM) presented in the 
hapter 3.

Then, the se
ond step 
onsists in solving lo
ally the stati
 Maxwell's

equations at ea
h integration step of the equations of motion. The stati


Maxwell's equation are given by

∇× El = 0 (2.21)

∇×H l = J (2.22)

∇ · El = ρ (2.23)

∇ ·H l = 0 (2.24)

where the subs
ript l stands for lo
al. The idea is to take into a

ount

the Coulombian repulsion for
e and the magneti
 for
e. A given bun
h of

parti
les 
reates a stati
 ele
tri
 �eld due to its 
harge and a quasi-stati


magneti
 �eld due to its 
harge in motion. Hen
e, a for
e appears on the

surrounding bun
hes due to these �elds. The for
e undergone by a given

parti
le is given by the Lorentz for
e

F = q(Et + v ×B) (2.25)

where the subs
ript t stands for total. For a given bun
h, the total �eld

is given by the superposition of the sour
e �elds and the stati
 �elds due to

some neighbour bun
hes.



2.2. The Spa
e Charge issue 25

Figure 2.5: Magneti
 �eld due to spa
e 
harge.

Et = Es + El (2.26)

Ht = Hs +H l (2.27)

In the assumption of quasi-stati
 �eld for the SC 
onsideration, the

problem of the SC at low speed 
an be understood easily. Let us take

two bun
hes of parti
les with an identi
al speed as shown Fig. 2.5. The

�rst bun
h (top bun
h) 
reates a magneti
 �eld whi
h is felt by the se
ond

bun
h. The expression of the magneti
 �eld is given by

B =
µ0

4π

qv × x

x3
(2.28)

The for
e applied on the se
ond bun
h due to the magneti
 �eld is

obtained by the Lorentz for
e

F
magneti


= qv ×B = − µ

4π

q2v2

x2
x̂ (2.29)

Hen
e, the total for
e a

ounting for the Coulombian for
e is equal to

F = (
1

ǫ0
− µ0v

2)
q2

4πx2
x̂ (2.30)

=
1− µ0ǫ0v

2

ǫ0

q2

4πx2
x̂ (2.31)

=
1− (vc )

2

ǫ0

q2

4πx2
x̂ (2.32)
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Clearly, if the speed is low, the Coulombian e�e
t is less 
ompensated

by the magneti
 for
e. Unfortunately, in a RFQ the energy of the parti-


les is low and the e�e
ts of the magneti
 �eld are negligible in 
omparison

to the Coulombian �eld. Therefore, at low speed the magneti
 �eld does

not 
ompensate for the repulsive Coulomb for
e. For high 
urrent beam

throughput, the e�e
ts of spa
e 
harge 
an be
ome very important in the

low energy se
tions of the a

elerator su
h as the RFQ where the magneti


�eld 
an be 
ompletely negle
ted.

Due to the bun
hes, 
harges appear on the surfa
e of the a

elerator

in the vi
inity of these bun
hes. Indeed, in order to maintain an uniform

potential on the rods, some 
harges of opposite sign than the beam par-

ti
les appear to 
ompensate for the non-uniform potential 
reated by the

bun
hes. These 
harges tend to de
rease the fo
using �eld whi
h is of 
ourse

unwanted. If the geometry is simple, the te
hnique of image parti
les 
an

be used to 
al
ulate the �eld generated by these new surfa
e parti
les. It


onsists in �nding image 
harges in the vi
inity of the perfe
t 
ondu
tor

su
h that the boundary 
onditions are enfor
ed. It 
an be shown that be-


ause of these image 
harges the intera
tion range of a bun
h is relatively

short. In this thesis, the e�e
ts of the a

elerator boundaries are negle
ted

in the spa
e 
harge solver.
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Method of Moments

3.1 Introdu
tion

In this 
hapter the Method of Moments (MoM) prin
iple is explained in

details. The pure mathemati
al aspe
ts su
h as the regularities of the fun
-

tions, uniqueness and existen
e of solutions are not dis
ussed here but 
an

be found in following book [16℄. The book 
overs all the theory regarding

the uniqueness and the existen
e of the solution of the Helmholtz equation

within the appropriate Sobolev spa
e. The integro-di�erential solution is

also analysed in details. As stated at the very beginning of the book, the

surfa
e operators are presented in a very simpli�ed form in order to avoid all

the 
ompli
ated settings of di�erential geometry. If one wants to go futher,

additional readings about di�erential geometry 
an be found in [34℄,[28℄.

In the following se
tions, the algebrai
 operations performed to obtain the

integro-di�erential operators of the MoM are shown. The obje
ts in these

equations may be fun
tions in a smooth fun
tional spa
e, fun
tions in a

Lebesgue or Sobolev spa
e or even distributions. Again, we send ba
k the

reader to the referen
es here-above for more details about these obje
ts.

The MoM is a Boundary Element Method (BEM). It is based on the

impulse response of the Helmholtz equation in R

3
enfor
ed with the Som-

merfeld radiation 
ondition. This implies that all the media must have a

linear ele
tromagneti
 behaviour. In order to obtain a Helmholtz equation

valid on R

3
, the equivalen
e theorem is used [13℄. It allows to shadow some

media by using equivalent 
urrents on the surfa
es surrounding them. The

equivalen
e theorem 
an be demonstrated with the help of distributions.

27
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3.2 Ele
tri
 Field Integral Equation

Thanks to the linearity of Maxwell's equations, the equivalen
e theorem

and the theory of distribution one may express the ele
tri
 and magneti


�eld everywhere in spa
e as a integro-di�erential equations. For perfe
t


ondu
tors only, the ele
tri
 �eld expression is given by the following formula

E(r) = −µ(jω − 1

jωǫ
∇∇·)

∫

S

J(r′)G(r′, r)dr′ (3.1)

where

� G : R3 → C, r → ejk||r′−r||

||r′−r|| the Green's fun
tion

� E : R3 → C

3
the harmoni
 ele
tri
 �eld

� V ec(S) the spa
e of ve
tor �elds (or one-form) on S
� J : V ec(S) → C

3
the harmoni
 
urrent distribution on the surfa
es of

the perfe
t 
ondu
tors

� S the perfe
t 
ondu
tor boundary surfa
es assumed as a pie
ewise 
om-

pa
t orientable Ck
manifold (k > 1)

� µ is the permeability of the medium

� ω is the impulsion frequen
y

� ǫ is the permittivity of the medium

The Method of Moments [13℄, [14℄ 
onsists in inverting this integro-

di�erential equation in order to obtain the 
urrent distribution. In turn,

the 
urrent distribution 
an be used to 
al
ulate the �elds s
attered every-

where in spa
e. The idea is simply to approximate the 
urrent distribution

as a linear 
ombination of basis fun
tions and to �nd the best 
oe�
ients

in a sense that must be de�ned. Let {J i}i∈[1,...,N ] be the set of basis fun
-

tions and E = span < J1, ..., JN > be the ve
tor spa
e spanned by these

basis fun
tions. Any approximated 
urrent on the stru
ture is given by

J =
∑N

i=1 αiJ i. Let T : CN → V ec(S), α → ∑N
i=1 αiJ i be the linear ap-

pli
ation that provides the 
urrent distribution on V ec(S) of a given set of


oe�
ients x ∈ C. It is trivial to show that this operator is an isomorphism

and will be extensively used in this thesis. Let J ∈ E be a 
urrent, the

inverse operation of T is denoted by [J ] = T−1(J) and will be used inten-

sively as well.

Let L : V ec(S) → V ec(S) be the integro-di�erential operator that gives
the ele
tri
 �eld ve
tor �eld (i.e. the parallel 
omponent of the ele
tri
 �eld

to the embedded surfa
e) for a given 
urrent distribution on S. Let || || :
V ec(S) → V ec(S) be the norm de�ned by
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||x|| =
√

< x|x > (3.2)

where the s
alar produ
t is de�ned on the pie
ewise manifold by

< | >: V ec(S)× V ec(S) → C, (f, g) →
∫

S

f · g∗dS (3.3)

Let Es : V ec(S) → V ec(S) be the sour
e �eld (in general s
attered by far

away sour
es). The total ve
tor �eld on S is the sum of the sour
e �eld

and the �eld s
attered by the 
urrent distribution. The total �eld must be

equal to zero on a perfe
t 
ondu
tor. Sin
e the 
urrent is approximated by a

�nite number of basis fun
tions, the boundary 
ondition 
annot be ful�lled

for every point on the surfa
e. However, the boundary 
ondition 
an be

approximated by the minimization of the norm

min
J∈E

||L(J) + Es|| (3.4)

Using the basis fun
tions used to span the ve
tor spa
e E, the minimiza-

tion is equivalent to

min
α1,...,αN∈C

||L(
N
∑

i=1

αiJ i) + Es|| (3.5)

⇔ min
α1,...,αN∈C

√

√

√

√< L(

N
∑

i=1

αiJ i) + Es|L(
N
∑

i=1

αiJ i) + Es > (3.6)

The ve
tors Ii ≡ L(J i) are the image ve
tors of the basis fun
tions.

Let F = span < I1, ..., IN >= L(E) be the image ve
tor spa
e. The

minimization of the norm 
an be rewritten

min
I∈F

||I + Es|| (3.7)

In other words, one wants to �nd the best ve
tor in the sub-spa
e F su
h

that Es is best approximated in the sense of the norm. Sin
e the square

root fun
tion is monotoni
ally in
reasing it 
an be omitted. Using the linear

property of the s
alar produ
t and of the L operator, one gets
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min
α1,...,αN∈C

N
∑

i=1

N
∑

j=1

αiα
∗
j < Ii|Ij >

+
N
∑

i=1

αi < Ii|Es > +
N
∑

i=1

α∗
i < Es|Ii >

+ < Es|Es >

(3.8)

Sin
e < Es|Ii >=< Ii|Es >
∗
one gets

min
α1,...,αN∈C

N
∑

i=1

N
∑

j=1

(αi,rαj,r + αi,iαj,i)R(< Ii|Ij >)

+
N
∑

i=1

N
∑

j=1

(αi,rαj,i − αi,iαj,r)I(< Ii|Ij >)

+ 2
N
∑

i=1

αi,rR(< Ii|Es >)− 2
N
∑

i=1

αi,iI(< Ii|Es >)

+ < Es|Es >

(3.9)

Now, the minimization may be obtained using derivatives of the fun
-

tion f : R2N → R, (α1,r, α1,i, ..., αN,r, αN,i) → f(α1,r, α1,i, ..., αN,r, αN,i)

de�ned by f ≡ ||∑N
i=1 αiIi − Es||2.

∂f

∂αk,r
= 2

N
∑

i=1

αi,rR(< Ik|Ii >)

+ 2

N
∑

i=1

αi,iI(< Ik|Ii >)

+ 2R(< Ik|Es >)

= 0 (3.10)

This 
an be rewritten as

R(

N
∑

i=1

α∗
i < Ik|Ii >) = −R(< Ik|Es >) (3.11)

Now, let us fo
us on the 
omplex part of the indi
es
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∂f

∂αk,i
= 2

N
∑

i=1

αi,iR(< Ik|Ii >)

+ 2

N
∑

i=1

αi,rI(< Ii|Ik >)

+ 2I(< Es|Ik >)

= 0 (3.12)

This 
an be rewritten as

I(

N
∑

i=1

αi < Ii|Ik >) = −I(< Es|Ik >) (3.13)

Using Eq. 3.11 and Eq. 3.13 one obtains

N
∑

i=1

αi < Ii|Ik >= − < Es|Ik > ∀k ∈ [1, ..., N ] (3.14)

We let the reader verify that it 
orresponds to a minimum using Prop. 10.2.6.

If the ele
tri
 �eld s
attered by any 
urrent 
an be approximated relatively

well in the sense of the norm, then the orthogonality 
ould be approximated

by

N
∑

i=1

αi < L(J i)|Jk >= − < Es|Jk > ∀k ∈ [1, ..., N ] (3.15)

Sin
e it is expensive to 
ompute the matrix < L(J i)|L(Jk) > the former

approa
h is used. It is important to noti
e that even in the ideal 
ase where

the ele
tri
 �eld s
attered by a 
urrent distribution J ∈ E would live in

F , Eq. 3.14 and Eq. 3.15 involve two systems of equations with most likely

two di�erent spe
tra. In other words, even if these two systems would be

mathemati
ally equivalent they would not be numeri
ally equivalent in the

sense that an iterative solver would most likely give di�erent solutions. The

approximation of any ele
tri
 �eld Ik in E in the sense of the minimization

of the norm given by Eq. 3.2 is given by
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< Ii −
N
∑

j=1

βi,jJj |Jk > = 0, ∀k ∈ [1, ..., N ] (3.16)

⇔
N
∑

j=1

βi,j < Jj |Jk > = < Ii|Jk > (3.17)

where βi,j ∈ C are the 
oe�
ients of the approximation of the ele
tri
 �eld

s
attered by the basis fun
tion i in the basis {Ji}i∈[1,...,N ]. Let us rewrite

Eq. 3.14 with the former approximation for the �eld Ik, one has

N
∑

i=1

αi

N
∑

j=1

β∗
k,j < Ii|Jj >= −

N
∑

j=1

β∗
k,j < Es|Jj > ∀k ∈ [1, ..., N ] (3.18)

Let Gjk ≡< Jj |Jk > be the Gram matrix of the basis fun
tions, let

Zji ≡< L(J i)|Jj > be the so-
alled EFIE impedan
e matrix and let ej ≡
− < Es|Jj > be the ex
itation ve
tor. Eq. 3.18 
an be rewritten in a matrix

form

β∗Zα = β∗e (3.19)

Let us inje
t the expression of β∗
given by β∗ = ZhG−1

in Eq. 3.19

ZhG−1Zα = ZhG−1e (3.20)

The spe
trum of the EFIE is therefore a�e
ted by the spe
trum of

ZhG−1
in Eq. 3.20.

On a purely physi
al approa
h the EFIE 
onsists in enfor
ing the bound-

ary 
onditions approximatively in the sense of an average of the parallel


omponent of the total ele
tri
 �eld in the tangential plane of the boundary

surfa
es.

After some additional analysis [13℄, the impedan
e matrix is given by

Zkl = jµc

∫

∂S

∫

∂S

[

k < Jk|J l > − 1

k
[∇ · Jk][∇ · J l]

]

G(r′, r)dr′dr (3.21)
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external sources

E
ext

E
int

E
tot

Figure 3.1: The Ele
tri
 Field Integral Equation in pi
ture

Fig. 3.1 summarizes the EFIE in a single �gure. The 
urrent on the

basis fun
tions s
atters an ele
tri
 �eld denoted Eint where the index "int"


orresponds to "internal". A basis fun
tion 
ontributing to this ele
tri
 �eld

is shown on the left of the pi
ture. The total ele
tri
 �eld is given by the

sum of the external ele
tri
 �eld denoted Eext and the internal ele
tri
 �eld

Eint. The total ele
tri
 �eld is tested on the test fun
tions. A test fun
tion

is shown on the right side of the pi
ture.

The basis fun
tions used for the approximation of the 
urrent distribu-

tion are the so-
alled Rao-Wilton-Glisson basis fun
tions(RWG) [13℄. The

de�nition is given by the following equations for a basis fun
tion at index n

Jn ≡







Ln

2S−
(r − v−n ) r ∈ T−

n

Ln

2S+
(v+n − r) r ∈ T+

n

(3.22)

where r is the position, S−, S+ are the surfa
es respe
tively of T−
n and

T+
n and the other variables are de�ned on Fig. 3.2. The basis fun
tion 
an

be seen as the union of two half basis fun
tions de�ned respe
tively on T−
n

and T+
n . The RWG basis fun
tions are div-
onforming (i.e. the divergen
e

is �nite) whi
h is required for the EFIE. Unfortunately, they are not 
url-


onforming whi
h is an important point to understand for the low-frequen
y
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Tn
-

Tn
+

J
-

n

J
+

n

Ln

+
vn

-
vn

Figure 3.2: The Rao-Wilton-Glisson basis fun
tion

breakdown se
tion. The 
harge distribution of a given basis fun
tion is given

by

Jn ≡







Ln

S−
r ∈ T−

n

−Ln

S+
r ∈ T+

n

(3.23)

It means that the total 
harge produ
ed by a basis fun
tion is equal

to zero. Therefore, the total 
harge remains equal to zero on whole the

s
atterer when approximating the 
urrent with RWG basis fun
tions. An

other important aspe
t to keep in mind is that the 
harge distribution on a

given triangle is 
onstant. Indeed, the 
harge distribution on a triangle is

equal to the sum of the 
onstant 
harge distributions produ
ed all the half

basis fun
tions 
overing it (maximum 3 for a triangle).



Chapter 4

Iterative solvers

4.1 Introdu
tion

In this 
hapter an iterative solver is proposed to solve the MoM system of

equations. The General Minimal RESidual method (GMRES) is the itera-

tive solver used in this resear
h and will be re
alled in se
tion 4.2. The EFIE

su�ers from the so-
alled Low-Frequen
y Breakdown (LFB) whi
h 
auses

GMRES to 
onverge very slowly. In order to improve the 
onvergen
e of

GMRES, a pre
onditioner proposed by [21℄ is used. The theory related to

this pre
onditioner is explained in se
tion 4.3. Computing the whole EFIE

impedan
e matrix is of 
omplexity O(N2) with N the number of basis fun
-

tions. This 
omplexity is a

eptable for a single simulation of the a

elerator

but be
omes less a

eptable in the 
ontext of a numeri
al optimization of

the a

elerator. Indeed, for ea
h new modi�
ation of the geometry the

impedan
e matrix must be re
al
ulated (at least partially). GMRES, as

most iterative te
hniques, requires at ea
h step the multipli
ation of a 
ol-

umn ve
tor to the left by the matrix of the system of equations. This is

generally 
onsidered 
omputationally too expensive, and several methods

have been developed to obtain this produ
t without a
tually 
omputing the

matrix itself [35℄,[36℄,[37℄,[38℄,[39℄,[38℄,[40℄. However, these methods 
annot

be used when the stru
ture be
omes too small in 
omparison to the wave-

length (< 2 wavelengths) whi
h is the 
ase with our a

elerator. In order

to improve the 
omputation time of the solver a new method is proposed

in se
tion 4.4. The 
omplexity of this new method 
ontains still a term in

O(N2) but with a mu
h smaller 
onstant than the one in the full matrix


al
ulation.

35
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4.2 General Minimal Residual Method

Dire
t inversion of the linear MoM system of equations is of 
omplexity

O(N3). In order to improve the 
omplexity, iterative solvers are 
ommonly

used for MoM solution. Unfortunately, the MoM impedan
e matrix does

not have any ni
e 
ommon property, namely it is not a diagonal dominant

matrix nor a positive de�ned matrix. Hen
e, several iterative solvers su
h

as the 
onjugate gradient 
annot be applied for MoM solution [41℄,[42℄. A

natural 
hoi
e when the matrix does not seem to have any ni
e property

is the Krylov iterative solver family a parti
ular 
ase of proje
tion meth-

ods [42℄, [41℄. Sin
e the �nal goal of our simulations is to obtain an a

urate

ele
tromagneti
 �eld, GMRES [43℄ is retained. Indeed, GMRES 
onsists in

minimizing the residual error in the image spa
e of the matrix. Hereun-

der, the GMRES method is re
alled in a way that 
onsists in introdu
ing

the method by ful�lling our need namely obtaining an a

urate ele
tri
 �eld.

Let A ∈ C

N×N
be an invertible matrix. One wants to solve Ax = b

where x, b ∈ CN
. Let assume that one has a �rst guess of the solution that

one 
alls x0 ∈ CN
. The initial residual error is de�ned by

r0 = b −Ax0 (4.1)

Now, the question is what one wants to approximate? One 
ould try

to approximate either the ve
tor b or the ve
tor x. On
e this question is

answered, another question 
omes dire
tly, how does one measure the ap-

proximation i.e. what norm should one use?

Sin
e one wants to obtain an a

urate simulation of the ele
tri
 �eld in

the a

elerator, the minimization is performed in the image spa
e (i.e. on

b). The a

ura
y of the 
urrents might be important if the ohmi
 losses

have to be evaluated. An upper bound of this a

ura
y 
an be obtained

with the help of the 
ondition number of the matrix A 
al
ulated for the

operator norm. Let us re
all the de�nition of the operator norm

||A|| ≡ sup
||x||2=1

||Ax||2 = max
||x||2=1

||Ax||2 (4.2)

where the last equality 
omes from the fa
t that one deals with �nite

dimensional ve
tor spa
e i.e. B[0, 1]\B(0, 1) is 
ompa
t and A is 
ontinuous.

Now, let us assume that b is approximated by b̃ one has by de�nition

||x− x̃||2 ≤ ||A−1|| ||b − b̃||2 (4.3)
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with x̃ ≡ A−1b̃. Again, by de�nition one has

||A|| ||x||2 ≥ ||b||2 (4.4)

A bound for the relative 
urrent error 
an be obtained by 
ombining

Eq. 4.3 and Eq. 4.4 as follows

||x− x̃||2
||x||2

≤ ||A−1|| ||A|| ||b− b̃||2
||b|| (4.5)

The 
ondition number is de�ned by k(A) ≡ ||A−1|| ||A||. The Eq. 4.5

be
omes

||x− x̃||2
||x||2

≤ k(A)
||b − b̃||2

||b|| (4.6)

A small 
ondition number guaranty a good 
urrent estimation. If the


ondition number is large, no 
on
lusion 
an be made based on the bound

given by Eq. 4.6. It is important to stress that the norm two of the 
urrent

ve
tor and the ex
itation ve
tor do not represent the norm 2 of the physi
al


urrent and the physi
al ex
itation on the manifold.

Let us assume a sear
h subspa
e K of C

N
and an initial guess solution

x0 ∈ CN
, the solution 
an be expressed as follows

x = x0 + α, α ∈ K (4.7)

The approximation is expressed as

min
α∈K

||b −Ax||2 = min
α∈K

||r0 −Aα||2 (4.8)

The norm two is the 
anoni
 norm indu
ed by the following s
alar prod-

u
t

< x|y >≡
N
∑

i=1

x∗
i yi with x, y ∈ CN

(4.9)

where ∗ means 
onjugate. One 
an prove easily that the minimization

is equivalent to �nd α ∈ CN
su
h that
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< β|r0 −Aα >= 0, ∀β ∈ AK (4.10)

i.e. the residual error is orthogonal to the spa
e AK. The question

now is how to 
hoose the ve
tor spa
e K. The generation of new ve
tors

must ensure that if the generation pro
ess stops growing the ve
tor spa
e K
then the exa
t solution must be inside the spa
e. Indeed, if this 
ondition

is not satis�ed then one might never rea
h the minimum threshold error


hosen. This 
ondition 
an be ful�lled be trying to generate an invariant

subspa
e (AK = K) where r0 is inside this invariant subspa
e. Indeed, in

su
h situation, sin
e A is inje
tive one has ∃α ∈ K su
h that Aα = r0.
A natural way to generate su
h a spa
e is to build the following subspa
e

Km(A, r0) =< r0, Ar0, ..., A
m−1r0 > known as the Krylov subspa
e. If

the spa
e stops growing at a 
ertain iteration k, it means by de�nition

that AKk ⊂ Kk sin
e the ve
tor Akr0 is a linear 
ombination of the for-

mer ve
tors. By inje
tivity, one has dim(AKk) = dim(Kk) and therefore

AKk = Kk.

Now, one 
an reformulate the problem 
onsidering the Krylov subspa
e

Km. Any solution is given by the following equation

α =

m−1
∑

i=0

αiA
ir0 (4.11)

The orthogonality 
ondition be
omes

< Akr0|r0 −A
m−1
∑

i=0

αiA
ir0 > = 0, ∀k ∈ [1, ...,m] (4.12)

⇔
m
∑

i=1

< Akr0|Air0 > αi−1 =< Akr0|r0 > ∀k ∈ [1, ...,m] (4.13)

In order to solve this equation numeri
ally, one should be 
areful to the

�oating point errors. Some ve
tors Air0, i ∈ [1, ...,m] 
ould be almost lin-

early dependent. By almost linearly dependent one means that the absolute

value of the s
alar produ
t between two normalized ve
tors spanning the

Krylov subspa
e is 
lose to one. One way to improve and ensure the numer-

i
al linear independen
e of basis ve
tors is to orthogonalize them with the


anoni
 s
alar produ
t. If the orthogonalization fails, the iterative solver is

stopped.
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The orthogonalization 
an be performed in a smart way i.e. let's try

to obtain an orthonormal basis v0, ..., vm−1 su
h that the expression Avk
is simply expressed as linear 
ombination of vl obtained in the orthogo-

nalization pro
ess. The important observation that one should do is the

following: let us assume v0, ..., vm−1 an orthonormal basis of Km obtained

with Gram-S
hmidt i.e.

vk ≡ xk

||xk||
(4.14)

xk ≡ Akr0 −
k−1
∑

i=0

< vi|Akr0 > vi (4.15)

then it is stri
tly equivalent to repla
e Akr0 by the ve
tor Avk−1. Indeed

let us inje
t Avk−1 (giving up the normalization) in the expression of xk

repla
ing the original Akr0

x′
k =Avk−1 −

k−1
∑

i=0

< vi|Avk−1 > vi (4.16)

=Akr0 −
k−2
∑

j=0

< vj |Akr0 > Avj

−
k−1
∑

i=0

< vi|Akr0 −
k−2
∑

j=0

< vj |Akr0 > Avj > vi (4.17)

=Akr0 −
k−2
∑

j=0

< vj |Akr0 > Avj

−
k−1
∑

i=0

< vi|Akr0 > vi +

k−1
∑

i=0

k−2
∑

j=0

< vj |Akr0 >< vi|Avj > vi (4.18)

The double sum 
an be rewritten as follows

k−1
∑

i=0

k−2
∑

j=0

< vj |Akr0 >< vi|Avj > vi =

k−2
∑

j=0

< vj |Akr0 >
k−1
∑

i=0

< vi|Avj > vi

(4.19)

Sin
e Avj ∈ Km(A, r0) = sev < v0, ..., vm−1 >, one has

∑k−1
i=0 <

vi|Avj > vi = Avj . Inje
ting this result in x′
k one gets
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x′
k = Akr0 −

k−1
∑

i=0

< vi|Akr0 > vi = xk (4.20)

Therefore, the equation be
omes

vk =
Avk−1 −

∑k−1
i=0 < vi|Avk−1 > vi

||Avk−1 −
∑k−1

i=0 < vi|Avk−1 > vi||
(4.21)

The expression of Avk is therefore given by

Avk = ||Avk −
k

∑

i=0

< vi|Avk > vi||vk +
k
∑

i=0

< vi|Avk > vi (4.22)

One de�nes the (modi�ed) Hessenberg matrix by

Hk,l = < vk|Avl > (4.23)

Hl+1,l = ||Avl −
l

∑

i=0

< vi|Avl > vi|| (4.24)

One has therefore AVm = Vm+1H where Vm is the orthonormalized ba-

sis of the Krylov spa
e Km.

Let us rewrite the GMRES equation in term of Hessenberg matrix. Let

be α =
∑m−1

i=0 αivi, one has

m−1
∑

i=0

< vk|Avi > αi = < vk|r0 > ∀k ∈ [1, ...,m] (4.25)

In matrix form, one has

(AVm)aAVmα = (AVm)ar0 (4.26)

⇔ (Vm+1H)aVm+1Hα = (Vm+1H)ar0 (4.27)

⇔ HaVm+1]
aVm+1Hα = (Vm+1H)ar0 (4.28)

⇔ HaHα = Ha(:, 1)||r0|| (4.29)

The derivation of error bounds to evaluate the 
onvergen
e of GMRES

is a 
ompli
ated subje
t for general matri
es (non-normal matri
es) [44℄.

Under the hypothesis of an self-adjoint operator there exists an e�
ient

error bound [45℄. In the following paper [46℄, di�erent GMRES bounds are


ompared and the non-normal matrix 
ase is addressed as well.
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4.3 Low-Frequen
y-Breakdown and pre
ondi-

tioner

4.3.1 Introdu
tion

The EFIE su�ers from what is 
ommonly 
alled a low-frequen
y-breakdown.

Let us re
all the EFIE equation [13℄

Zkl = jµc

∫

S

∫

S

[

k < Jk|J l > − 1

k
[∇ · Jk][∇ · J l]

]

G(r′, r)dr′dr (4.30)

One may noti
e two terms in this equation; one whi
h is proportional

to k and one inversely proportional to k. Let us de�ne two bilinear forms


orresponding respe
tively to these two terms

Σ(Jk, J l) ≡
∫

S

∫

S

< Jk|J l > G(r′, r)dr′dr (4.31)

Γ(Jk, J l) ≡
∫

S

∫

S

[∇ · Jk][∇ · J l] G(r′, r)dr′dr (4.32)

The EFIE be
omes therefore

Zkl = jµc(kΣ(Jk, J l) +
1

k
Γ(Jk, J l)) (4.33)

From the Γ and Σ forms, one may de�ne for a given set of testing

fun
tions two operators that we 
all Γ and Σ as well sin
e the identi�
ation

is unambiguous

Γ : V ec(S) → C

N : J → (Γ(J1, J), ...,Γ(JN , J)) (4.34)

Σ : V ec(S) → C

N : J → (Σ(J1, J), ...,Σ(JN , J)) (4.35)

When the frequen
y in
reases, the Σ operator be
omes dominant while

when the frequen
y de
reases the Γ operator is dominant. When the fre-

quen
y is low, the magneti
 �eld and the ele
tri
 �eld tend to un
ouple.

The Σ operator 
orresponds to the 
ontribution of the magneti
 �eld while

the Γ operator 
orresponds to the 
ontribution of the ele
tri
 �eld in this

limit 
ase. The magneti
 �eld does not 
ontribute to the ele
tri
 �eld at

low frequen
y. Sin
e the EFIE is based on the test of the ele
tri
 �eld on S,
the Σ operator tends to vanish (but not entirely) in front of the Γ operator.



42 Chapter 4. Iterative solvers

1

2

3

4

5

6

7

8

Q
1-

Q
1+

Q
8+

Q
8-

Q
2-
Q
2+
Q
3-

Q
3+

Q
4-

Q
4+

Q
5-

Q
5+

Q
6-Q

6+

Q
7-

Q
7+

Figure 4.1: Kernel of the Γ operator

Let us investigate a bit 
loser the operator Γ. A �rst very important

observation is that the operator is not inje
tive. Indeed, let us take the

very simple example of 
urrent distribution as shown Fig. 4.1, where 8

RWG are 
ombined to form a quasi-
ir
ulating 
urrent. All the elements

are isometri
. By de�nition of a RWG basis fun
tion, it is easy to build

a 
urrent distribution su
h that the divergen
e of the �eld is equal to zero

everywhere. Physi
ally, it means that the harmoni
 
harge density is equal

to zero everywhere. Using the notation of Fig. 3.2, one 
an easily obtain

that

∇ · J−
n =

Ln

2Sn
−

(4.36)

∇ · J+

n = − Ln

2Sn
+

(4.37)

In passing, the global 
harge of a 
urrent distribution approximate by

linear 
ombination of RWG is always equal to zero.

The arrows show the orientation of the basis fun
tions. Sin
e the trian-

gles are all isometri
 one gets

∇ · J−
n =

L

2S
(4.38)

∇ · J+

n = − L

2S
(4.39)
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It is easy to see that the following 
urrent distribution J =
∑8

i=1 J i

ensures a divergen
e free fun
tion everywhere. The 
urrent representing a

loop and for whi
h the divergen
e is equal to zero is 
alled a 
urrent loop.

It is 
lear by de�nition that Γ(Jk, J) = 0, where Jk is any test fun
tion i.e.

J ∈ ker(Γ).

The Helmholtz de
omposition theorem (also known as the lemma of

Poin
aré [28℄,[29℄) ensures that any ve
tor �eld 
an be written as the unique

sum of a 
url-free ve
tor �eld and div-free ve
tor �eld

1

. Furthermore, the


url-free and div-free ve
tor �elds are orthogonal in the sense of the following

s
alar produ
t

∫

S

C(J) ·D(J)dr (4.40)

where C(J) is the 
url-free 
omponent of J and D(J) is the div-free


omponent of the 
urrent.

By de�nition, divergen
e-free 
urrents are in the kernel of the Γ operator.

It is relatively easy to see that the div-free 
urrent 
an only be a loop 
urrent.

Indeed, a non-
losed 
urrent line made of RWG would indu
e a non-zero

divergen
e at the tail and head of the 
urrent line. Re
ipro
ally, a loop


urrent is always div-free. Hen
e, the set of div-free 
urrents is 
ompletely

identi�ed for RWG basis fun
tions. It is straightforward to see that it is a

ve
tor spa
e. A natural question arises: is there a set of basis fun
tions that

spans the div-free spa
e? Based on the linear 
hara
teristi
 of the RWG and

the Helmholtz de
omposition theorem, it is possible to �nd su
h a set of

basis fun
tions. Let L ⊂ span< RWG1, ..., RWGn > be the sub-spa
e of

div-free basis fun
tions and J l ∈ L then on ea
h triangle of the mesh one

has ∇ · J l = 0. It means, that on 
losed oriented manifold one 
an �nd a

s
alar fun
tion [19℄ M ∈ S
al(S) whi
h is a pie
ewise linear fun
tion

2

su
h

that

J l = ∇t × (n̂M) (4.41)

where n̂ is the normal ve
tor to the oriented pie
ewise manifold S and ∇t is

the 
ovariant gradient operator on S. Choosing a set of basis fun
tions that
spans M allows one to generate basis fun
tions for the L sub-spa
e. A basi


and simplest representation of M is to employ the s
alar linear Lagrange

1

The hypotheses of the Poin
aré lemma are not dis
ussed here but a very important

attention must be addressed 
on
erning the regularity of the ve
tor �elds.

2

This is imposed by the regularity of RWG fun
tions
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(or nodal interpolating) basis, i.e. the pie
ewise linear fun
tions Λk that has

a unit value on the node k and zero value on the dire
t neighbouring nodes

of the node k. Now, the basis fun
tions for L 
an be generated thanks to

the ones for M

Lk = ∇t × n̂Λk (4.42)

For 
ompa
t manifolds with boundaries and eventually with holes, the

value of M at the nodes on boundaries must be 
onstant. This is be
ause

the 
urrent 
annot �ow outside the geometry. Therefore, spe
ial M fun
-

tions must be used for the generation of basis fun
tions tou
hing boundaries

and the Λk fun
tions 
an only be used for inner nodes of the mesh. After

some analysis, it turns out that the di�eren
e between two loop 
urrents

around the same hole loop is equal to a linear 
ombination of some inner

loops. The number of loop basis fun
tions is therefore equal to the number

of inner nodes plus the number of holes. Additional details 
an be found in

[19℄. Without details, for general 
ompa
t manifolds, the number of basis

fun
tions is equal to the number of nodes minus one, plus the number of

handles. The inner node loops Jk are 
alled primary loops, while the handle

and hole loops are simply 
alled handle loops.

Sin
e the Γ operator is not inje
tive, the Σ operator will never be 
om-

pletely numeri
ally negligible even at very low frequen
y. One 
an show

that the MoM impedan
e matrix is ill 
onditioned at low frequen
y. Let

J ∈ ker(Γ) be a 
urrent, one has

< Jk|L(J) >= jµc

(

kΣ(Jk, J) +
1

k
Γ(Jk, J)

)

= jµckΣ(Jk, J) (4.43)

One ends up with a ve
tor in C

N
proportional to k. Let be J ∈ ker⊥(Γ),

one has

< Jk|L(J) >= jµc

(

kΣ(Jk, J) +
1

k
Γ(Jk, J)

)

(4.44)

For a given set of RWG basis fun
tions, it turns out that when k → 0
some image ve
tors tend to zero while some others tend to in�nity. This

implies a 
ondition number of the impedan
e matrix that grows to in�nity

as k tends toward zero.
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4.3.2 Loop-Tree and Loop-Star

At low frequen
y GMRES has a poor 
onvergen
e when applied to the EFIE

be
ause of the ill 
onditioned system of equations. One identi�ed the reason

of the bad 
onditioning of the impedan
e matrix; some ve
tors in the image

spa
e are proportional to k while some are (negle
ting k) proportional to
1
k . The natural idea to solve this problem is to use the spa
e L of loop basis

fun
tions and the basis fun
tions that span a 
omplementary spa
e to L
and to res
ale them a

ordingly before using them for the dis
retization of

the EFIE.

Let E = span< RWG1, ..., RWGN > be the ve
tor spa
e of all the 
ur-

rent distribution generated by a linear 
ombination of RWG basis fun
tions.

Let L = span< L1, ..., LM >⊂ E be the sub-ve
tor spa
e of loop 
urrents

generated with M loop basis fun
tions and let S = span < S1, ..., SK >⊂ E
be a 
omplementary spa
e of L generated by the k basis fun
tions su
h as

E = L
⊕

S. Let

Z ll
kl ≡ < Lk|L(Ll) > (4.45)

Z ls
kl ≡ < Lk|L(Sl) > (4.46)

Zsl
kl ≡ < Sk|L(Ll) > (4.47)

Zss
kl ≡ < Sk|L(Sl) > (4.48)

be the matrix blo
ks of the impedan
e matrix su
h that

Z ≡





Z ll Z ls

Zsl Zss





(4.49)

One has

Z ll
kl ∝ k (4.50)

Z ls
kl ∝ k (4.51)

Zsl
kl ∝ k (4.52)

Zss
kl ∝ kΣ(Sk, Sl) +

1

k
Γ(Sk, Sl) (4.53)

In order to improve the 
ondition number of the impedan
e matrix, the

following res
aling is applied on the basis fun
tions
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L
′
k =

1√
k
Lk (4.54)

S
′
k =

√
kSk (4.55)

The matrix blo
ks be
ome therefore

Z ll
kl ∝ 1 (4.56)

Z ls
kl ∝ k (4.57)

Zsl
kl ∝ k (4.58)

Zss
kl ∝ k2Σ(Sk, Sl) + Γ(Sk, Sl) (4.59)

The question is now what kind of 
omplementary spa
e S should one

uses, and what kind of basis fun
tions for L and S spa
e should be used.

Two 
omplementary spa
es will be investigated in the two next sub-se
tions.

It is important to understand that the method proposed here does not 
ure

the undesirable s
aling of the matrix 
ondition number with h (the average

size of the basis fun
tions) [21℄,[20℄.

4.3.2.1 Loop-Tree

A �rst natural 
hoi
e for the 
omplementary spa
e would be the span of the

set of all the RWG basis fun
tions in whi
h one removes on distin
t RWG

per 
urrent loop. In order to �nd a set of distin
t RWG for whi
h ea
h

RWG belongs to a loop, a tree or several trees are built. The trees pass

through all the nodes of the mesh. Ea
h edge, 
orresponds to one RWG to

be removed.

The Loop-Tree [22℄, [23℄, [47℄, [20℄ algorithm 
onsists in

� Finding all the primary loops and handle loops in order to generate

the L subspa
e.

� Taking the set of all the RWGs and removing one RWG per basis

fun
tion loop. This resulting set 
onstitutes the basis fun
tions for S.
This is done thanks to a tree or several trees passing through all the

nodes of the mesh.

� Dis
retizing the impedan
e matrix with the basis fun
tions that spans

these two 
omplementary spa
es.

� Building the pre
onditioner for the dis
retized impedan
e matrix.

� Solving the system of equations iteratively.

For a manifold without holes and handles, primary loops 
an be built

easily. A Tree (or several trees if the geometry is dis
onne
ted) that passes
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Figure 4.2: Loop-Tree method on a simple 
onne
ted, 
ompa
t surfa
e S

through all the nodes of the mesh allows one to sele
t one RWG that should

be removed from the set of all RWG basis fun
tions. Fig. 4.2 shows a


ompa
t, simply 
onne
ted manifold S in whi
h the loop-tree algorithm is

used. The red lines represent the tree and the green arrows represent the

RWG fun
tions that must be removed from the set of all the RWG basis

fun
tions used to span the S spa
e.

The di�
ulty with this method is the generation of the handle loops.

Another method [21℄ is propose in the next se
tion to avoid loops generation.

4.3.3 Loop-Star and Quasi-Helmholtz proje
tors

For pie
ewise manifolds with holes and/or handles one must add the loops

around the handles and holes to have a 
omplete set of basis fun
tions for

the L spa
e. Instead of trying to 
ompute the loops, one 
onsiders L⊥
the

orthogonal spa
e of L for the 
anoni
al s
alar produ
t on C

N
, N being the

number of RWGs. The idea 
omes from the Helmholtz de
omposition the-

orem; as explained previously, it states that ea
h 
urrent distribution 
an

be uniquely de
omposed as the some of a div-free fun
tion and a 
url-free

fun
tion. But, be
ause of the RWG de�nition, it is impossible to be 
url-


onforming. Therefore, it is impossible to build 
url-free 
urrent with RWG.

The Helmholtz de
omposition theorem 
annot be resorted using ex
lusively

RWGs. However, a similar orthogonal property 
an be re
over in the spa
e

of 
oe�
ients i.e. in T−1(L) and T−1(S).

Let us investigate the remainder of the 
urrent distribution de�ned by

Js ≡ J − J l where J l ∈ L. A �rst property of the remainder is that its
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divergen
e 
annot vanish everywhere on the surfa
e. Furthermore, sin
e the

RWGs are pie
ewise linear, the divergen
e is 
onstant on ea
h triangle 
ells

[19℄. Let pi be the 
onstant unit fun
tion on the triangle indexed i, then
one has

∇ ·
N
∑

i=1

xiRWGi =

Nc
∑

j=1

yjpj (4.60)

where Nc is the number of triangles (or 
ells). The 
oe�
ients yj 
an

be 
al
ulated simply by testing the divergen
e of the 
urrent distribution

Js on the 
orresponding 
onstant fun
tion pi as follows

yj =

N
∑

i=1

xi < pj |∇ ·RWGi > (4.61)

Let us de�ne the 
harge matrix

Qji ≡< pj |∇ · RWGi > (4.62)

Q ∈ CNc×N
. Let us assume that the stru
ture is made of k dis
onne
ted

surfa
es and let Nc,i be the number of 
ells for the 
onne
ted domain i ∈
[1, .., k]. Let σ : [1, ..., k] ×N → N be the fun
tion that give the 
ell index

for a 
orresponding index of this 
ell in its domain. Let Ii : C
Nc → C

Ni
be

a matrix de�ned by

Iij,k = 1 if σ(k, i) = j (4.63)

Sin
e the global 
harge must be equal to zero on ea
h dis
onne
ted

surfa
es, ea
h line of ea
h matrix IiQ is linearly dependent on the others

and rank(IiQ) = Nc,i − 1. Indeed, on a 
onne
ted surfa
e, it possible to

set the 
harge of any 
ell ex
ept one that will take the opposite sign of

the total 
harge on the other 
ells. Sin
e rank(Q) =
∑k

i=1 Nc,i one has

rank(Q) =
∑k

i=1 Nc,i − k.

It is straightforward to see that

ker(Q) = L (4.64)

On the other end, by de�nition of S, one has
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Qy 6= 0 with y ∈ T (S) (4.65)

and Q is inje
tive on T (S) and therefore rank(Q) = dim(S). In passing,

sin
e N = dim(L) + dim(S) one has N = dim(E) = M +
∑k

i=1 Nc,k − k
[19℄. This suggests to take Qt

as the 
oe�
ients of the fun
tions that 
an

be used to span the 
omplementary spa
e S. More pre
isely, for ea
h 
on-

ne
ted domain i, this suggests to take Nc,i − 1 lines as 
oe�
ients of the

basis fun
tions to span the spa
e S. Let Σ be the matrix de�ned by these

lines but transposed su
h that a 
olumn of Σ 
orrespond to a line of 
oe�-


ients of a star fun
tion in Q.

Let J ∈ L be any loop 
urrent, then the Eq. 4.64 is equivalent to

Q[J ] = 0 (4.66)

Eq. 4.66 shows that the orthogonal property of the Helmholtz theorem

is re
overed in the 
oe�
ient spa
e. This implies that the 
omplementary

spa
e T (S) generated by the lines of Q is orthogonal (in the 
oe�
ient

spa
e) to loop subspa
e T (L). This orthogonality in the 
oe�
ient spa
e


an be very useful. Indeed, as it was stressed the di�
ulty with the loop-tree

method is the generation of handle loops. On the 
ontrary, the generation

of star fun
tions is relatively straightforward. Thanks to the orthogonality

property, it is possible to 
al
ulate the unique 
omponent of a given 
urrent

distribution in S and L based only of the star matrix. Let x ∈ C

N
be a


urrent and let be xs ∈ T (S) and xl ∈ T (L) the unique ve
tors su
h that

x = xs + xl. For any ve
tor z ∈ T (S), one has z = 0 ⇔< z|si >= 0∀i ∈
[1, ...,K] where S = span < s1, ..., sk >. This is easy to show by linearity

of the s
alar produ
t. Using this property and the fa
t the T (L) and T (S)
are orthogonal, one has

x− xl − xs = 0 (4.67)

⇒ < x− xl − xs|si > = 0 (4.68)

⇔ < x− xl|si > =< xs|si > (4.69)

⇔ < x|si > =< xs|si > (4.70)

Now, let us assume that si is a basis for T (S) and let be {αi}i∈[1,...,K]

the unique 
oe�
ients su
h that

xs =

K
∑

j=1

αisi (4.71)
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Inje
ting this expression in the later equation one gets

< x|si >=

K
∑

j=1

αj < sj |si > (4.72)

Let Gji ≡< sj|si > the Gram matrix of the basis fun
tions si (whi
h is

invertible sin
e si is a basis). The ve
tor xs is given by

xs =

K
∑

j=1

sj

K
∑

i=1

G−1
ji < x|si > (4.73)

The operator de�ned by

Ps : T (E) → T (S), x →
K
∑

j=1

sj

K
∑

i=1

G−1
ji < x|si > (4.74)

and is 
alled the orthogonal proje
tor of T (S). Similarly, the orthogonal

proje
tor of T (L) is given by Pl ≡ I − Ps. The loop 
urrent is given by

xl = x − Ps(x). Let us take si the 
olumns of Σ, the proje
tor be
omes in

a matrix form

Ps ≡ Σ(ΣtΣ)−1Σt
(4.75)

Pl ≡ I − Ps (4.76)

Now, one 
an apply the res
aling fa
tors respe
tively on the loops and

the stars. The pre
onditioner [21℄ is therefore given by

P =
√
kPs +

1√
k
(I − Ps) (4.77)

The MoM system of equations be
omes

P tZP [J ] = P te (4.78)

If the loops don't need to be 
al
ulated, an inverse should be 
omputed.

Indeed, one must 
al
ulate (ΣΣt)−1
. However, the matrix ΣΣt

is sparse

and is a graph Lapla
ian matrix. The pre
onditioner is used in an iterative

s
heme and therefore one only wants to evaluate the produ
t of a given
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ve
tor by this inverse matrix. A fast iterative solver 
an be used as well to


al
ulate the result. It 
an be shown that the solution 
an be 
al
ulated

with a linear 
omplexity with the help of an Algebrai
 MultiGrid (AGM)

solvers [21℄, [48℄, [49℄, [50℄.

Before �nishing this se
tion, it is important to noti
e that the spe
trum

of a proje
tor takes only two values: zero and one. The basis fun
tion size

and the size of the problem have no in�uen
e on the spe
trum of our two

proje
tors. It means that the loop and star res
aling have respe
tively the

same amplitude impa
t for all the loop basis fun
tions and all the star basis

fun
tions.

4.4 Fast Near Field MoM Solver

4.4.1 EFIE at low frequen
y

The 
omplexity of a dire
t solution of system of equations is given by O(N3).
An the other hand, 
omputing a full EFIE impedan
e matrix is of 
omplex-

ity O(N2). With these 
omplexities, EFIE problems be
ome very qui
kly

infeasible as the number of unknown grows. Several solutions were used

to over
ome these di�
ulties. In parti
ular, iterative solver su
h as GM-

RES [45℄, [43℄ are now widely used sin
e they have shown a very good


omplexity regarding the dire
t inversion of the MoM system of equations.

Furthermore, the 
onstru
tion of a Krylov subspa
e does not require the

knowledge of the impedan
e matrix. On the 
ontrary, only the evaluation

of the impedan
e matrix produ
t a given ve
tor has to be 
al
ulated for ea
h

iteration. This observation has led the 
ommunity to 
on
eive several fast

solvers. There are two 
ategories of fast methods: The Kernel-dependent

methods and the Kernel-free methods.

In the kernel-dependent methods, one famous method is the well known

Fast Multipole Method (FMM) [35℄, [36℄, [37℄, [51℄, [39℄ of 
omplexityO(N1.5).
An updated version of the FMM is the so-
alled and well-known Multi-Level

Fast Multipole Algorithm (MLFMA) [24℄. The MLFMA method is a dire
t

improvement of the FMM whi
h 
onsists in subdividing the domain into an

o
t-tree of parents and 
hildren domains. Using some tri
ks, the 
omplex-

ity of the aggregation operations and the disaggregation operations 
an be

redu
ed. The 
omputation of the produ
t of the impedan
e matrix with

a given ve
tor is a
hieved with the impressive 
omplexity of O(Nlog(N)).
However, the basis and test fun
tions must be pla
ed apart from ea
h other

at a minimum distan
e of a one wavelength. For basis and test fun
tions

separated of a distan
e smaller than that, the FFM-MLFMA undergoes a
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breakdown [38℄, [40℄. At low frequen
y, the translation operator 
ompu-

tation be
omes unstable i.e it is said that the translator operator su�ers

from a numeri
al breakdown when the domains be
ome smaller than one

wavelength. A 
lassi
 
omputation of the impedan
e matrix for su
h a 
lose

basis and test fun
tions must be performed, at least if using only the 
lassi


formulation of the FFM-FLFMA. When the size of the basis and test fun
-

tions be
omes relatively small (smaller than a hundredth of a wavelength),

the 
omputation of the impedan
e matrix be
omes 
umbersome be
ause of

its 
omplexity in O(N2). Several authors have been trying to stabilize the

FMM-FLFMA breakdown in the past de
ade [38℄, [40℄, [52℄, [53℄. However,

all these methods su�er from un
ontrolled approximations and sometimes

even from in
onsistent hypotheses su
h as in [40℄ where two 
onditions 
on-

tradi
t ea
h other and require a tedious empiri
al tuning as 
learly stated

in the paper.

For low-frequen
y problems, several authors have fo
used on Kernel-free

methods. Basi
ally, they rather fo
us on the algebrai
 property of the rank

de�
ien
y of the o�-diagonal blo
ks of the impedan
e matrix itself than

the kernel used to 
al
ulate it. These methods are said to be kernel free

be
ause they 
an be applied to any matrix that 
ontains rank-de�
ient o�

diagonal blo
ks. For instan
e, in [54℄ a multi-level SVD method is used

to improve the 
omputation time of the matrix ve
tor produ
ts. However,

if the iterative solver 
onverges faster be
ause of the improved 
omplexity

of the matrix-ve
tor produ
ts, the full impedan
e matrix is still required.

A method 
alled Adaptive Cross Approximation (ACA) used for asymp-

toti
ally smooth kernel is also well known in the literature [55℄. Several

methods has been developed based on the ACA and in parti
ular the Mul-

tilevel Adaptive Cross Approximation (MLACA) method [56℄. This method

is based on the observation that a s
atterer emitting in testing regions of

same solid angles (as seen from the sour
e) have the same degree of freedom

i.e the same impedan
e matrix rank. The matrix is re
ursively approxi-

mated using an o
t-tree style method a

ounting for the former observa-

tions with the solid angle and using the ACA-SVD method at ea
h level.

The ACA-SVD method 
onsists in applying a low-
ost SVD on an ACA de-


omposition to futher redu
e the two low rank matri
es obtained with the

ACA. However, although this method provides a matrix-ve
tor multipli
a-

tion in O(Nlog(N)) the 
omputation 
omplexity of the matrix 
ompression

(pre-pre
essing) is in O(N2log(N)). The kernel-free methods su�er from an

important default: the 
ontrol over the a

ura
y of the solution. The pro-


ess that 
onsists in stopping the 
olumns and lines generation is somewhat

empiri
al. In parti
ular, it is relatively easy to imagine a PEC shape that

breaks down the ACA when applied to a MoM problem.
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In this thesis, an alternative non-kernel free method is proposed in order

to redu
e the 
omputation time due to the dire
t 
omputation of the EFIE

impedan
e matrix and due to the matrix-ve
tor produ
ts in the iterative

solver. The relative error in 
omparison to a MoM dire
t method 
an be


ontrolled whi
h is an important di�eren
e with present fast methods. The

method is based on lo
al approximations of the Kernel on a pre-de�ned grid.

On the top of that, a SVD 
ompression is performed on global matri
es in

whi
h ea
h entry 
orresponds to a lo
al 
al
ulation. These pre-
al
ulated

and 
ompressed matri
es are stored on the disk.

4.4.2 Separable EFIE at low frequen
y

4.4.2.1 Introdu
tion

The idea resides in the observation that for basis fun
tions mu
h smaller

than the wavelength (< λ
1000 ) the Green's fun
tion variations are relatively

small. Therefore, sampling the Green's fun
tion for ea
h integration point

is useless in terms of a

ura
y and expensive in terms of 
omputational 
ost.

An alternative approa
h 
onsists in using a Taylor expansion of the Green's

fun
tion for sour
e and test points given on a regular grid and in 
ombining

this approximation with a SVD 
ompression te
hnique. Using a regular grid

of only few di�erent sizes allows one to pre-
al
ulate the SVD 
ompressions

on
e and for all. It will be shown in the following se
tions that the method

allows the separability of the integral.

4.4.2.2 Lo
al separable Green's fun
tion approximation on a pre-

de�ned grid

First, let us re
all and de�ne some notations. Let Z : E → F be a linear

operator between two Hermitian ve
tor spa
es E and F , and let us 
onsider

the following problem Zα = e that is solved with GMRES. Le α0 be an

initial solution guess and let r0 = Aα0 − e be the initial residual error, then
the Krylov's subspa
e of order n 
orresponding to this operator is de�ned

by

Kn(Z) ≡ span(r0, Z(r0), ..., Z
n−1(r0)) (4.79)

Let E be a subspa
e spanned by the RWG basis fun
tions

E ≡ span(J1, ..., JN ) (4.80)
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where J i is a RWG basis fun
tion. The test fun
tions used in the EFIE

are identi
al to the basis fun
tions i.e it is a Galerkin test. The spa
e

domain of a basis fun
tion is denoted by Si ⊂ R

3
with i ∈ [1, ..., N ]. The


hara
teristi
 fun
tion ΠB : R3 → [0, 1] with B ⊂ R

3
is de�ned by

ΠB(x) =

{

1 if x ∈ B

0 otherwise

(4.81)

(4.82)

The 
onstants j,µ,c, 
orrespond respe
tively to the imaginary number√
−1, the permeability of free spa
e and the speed of light. F (Kn,Km

2 )
denotes the ve
tor spa
e of all the fun
tions where the domain lies in K

n

and the image values lie in K

m
2 where K,K2 are �elds (here, either R or C).

The green's fun
tion is de�ned by

g : R3\{0} → C, x → ejk||x||

||x|| (4.83)

Let us �rst 
onsider the following simple example: the 
al
ulation of an

entry of the EFIE impedan
e matrix. The numeri
al 
omputation of su
h

an entry 
an be formulated as follows [13℄

Zba ≡ < Bb|E(Ba)

=jµc

4
∑

l=1

∫

Sa

∫

Sb

fl(Bb)(r
′)fl(Ba)(r)g(r

′ − r)drdr′ (4.84)

with fl : F (R3,C3) → F (R3,C) some linear fun
tions de�ned by

B → f1(B) ≡
√
kB1 (4.85)

B → f2(B) ≡
√
kB2 (4.86)

B → f3(B) ≡
√
kB3 (4.87)

B → f4(B) ≡ j√
k
∇ · B (4.88)

The integral 
annot be separated into two independent integrals be
ause

of the Green's fun
tion. Fig. 4.3 illustrates the numeri
al integration pro-


edure; the Green's fun
tion is sampled for pairs of integration points on

the test fun
tion and on the basis fun
tion. Several quadrature 
an be used

depending on the desired a

ura
y.
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G(rj,s,ri,t)rj,s

x

y

rj,t

Source basis function

Test basis function

Figure 4.3: Brute for
e impedan
e matrix entry 
omputation: Sampling of

the Green's fun
tion.

But, sin
e the basis fun
tions are supposed to be really small in 
ompar-

ison to the wavelength, the Green's fun
tion is not �u
tuating a lot over the

integration domain assuming the fun
tion enough far away of ea
h other

to avoid the singularity. Therefore, one may think of approximating the

Green's fun
tion by a simple 
onstant over the two domains. This simple

assumption would lead to a separable integral at the level of a given pair

of test and basis fun
tions. Let us take two non-overlapping lo
al regions

of spa
e A,B ⊂ R

3
pla
ed relatively far away from ea
h other to avoid the

strong variation of the Green's fun
tion due to the

1
r singularity. Let us

assume that the Green's fun
tion between these two lo
al regions 
an be

approximate as

ga(y − x) ≈ g(Rb −Ra)ΠA(x)ΠB(y) (4.89)

where Ra ∈ A and Rb ∈ B are two sampling points. Let us take a testing

fun
tion in region B and a basis fun
tion in region A, and let us 
al
ulate

the EFIE entry of the impedan
e matrix using approximation 4.89. One

ends up with
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Zba ≈ jµc
4

∑

l=1

∫

S

∫

S

fl(Bb)(r
′)fl(Ba)(r)

g(Rb −Ra)ΠA(r)ΠB(r
′)drdr′ (4.90)

≈ jµc

4
∑

l=1

∫

Sb

∫

Sa

fl(Bb)(r
′)fl(Ba)(r)g(Rb −Ra)drdr

′
(4.91)

Using the Fubini theorem one gets

Zba ≈ jµcg(Rb −Ra)

4
∑

l=1

[

∫

Sb

fl(Bb)(r)dr][

∫

Sa

fl(Ba)(r)dr] (4.92)

In an iterative solver spirit, one wants to evaluate the produ
t of the

impedan
e matrix with a given ve
tor. For the EFIE it means that one

wants to test the ele
tri
 �eld produ
ed by a given 
urrent distribution on

all the testing fun
tions su
h as

(Z[J ])k =

N
∑

i=1

< Bk|E(Bi) > αi =< Bk|E(J) > (4.93)

Therefore, from now on let us 
onsider a more general situation with a

test 
urrent distribution denoted by T in the lo
al region B and a sour
e


urrent distribution denoted by B in the lo
al region A.

This simple 
onstant approximation is not satisfa
tory in the sense that

the lo
al Green's fun
tion error 
annot be 
ontrolled e�
iently. Indeed, the

only way to 
ontrol the error is to redu
e the size of the lo
al regions A and

B whi
h makes the method very limiting and a posteriori very ine�
ient.

One must �nd a tri
k to preserve the lo
al separability of the problem while

improving the a

ura
y. The Taylor expansion 
an be used to a
hieve this

goal. Indeed, the Taylor expansion expresses a given fun
tion as the sum

of terms 
ontaining only monomial fun
tions of the variables. The Taylor

expansion of order n of the Green's fun
tion around a given point X is given

by

g ≈
n
∑

|α|=0

1

α!

∂αg

∂xα |X
xα

(4.94)
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with α ∈ N

3
, α! = α1α2α3, xα = xα1

1 xα2
2 xα3

3 . Now let us 
onsider

the approximation of the (6 variables) Green's fun
tion with this Taylor's

expansion for two points Ra ∈ A and Rb ∈ B, one ends with with

ga(r
′ − r) ≈

n
∑

|α|=0

Kα(r′ − r)αΠB(r
′)ΠA(r) (4.95)

where Kα ≡ 1
α!

∂αG3

∂xα |R2−R1
. Be
ause the di�eren
e between two ve
tors

is a linear operation, inje
ting su
h an operation in the Taylor expansion

does not harm the separability. Indeed, let us 
onsider the following term

(r′i − ri)
α1
. Thanks to the Newton binomial formula this 
an be rewritten

as follows

(r′i − ri)
αi =

αi
∑

ki=0





αi

ki



 (r′i)
αi−ki(−r′i)

ki
(4.96)

=

αi
∑

ki=0





αi

ki



 (−1)ki(r′i)
αi−ki(ri)

ki
(4.97)

(4.98)

Therefore, the Green's fun
tion approximation be
omes

g(r′ − r) ≈
n
∑

|α|=0

Kα
α
∑

k=0

Bα,k
3
∏

i=1

(r′i)
(αi−ki)(ri)

kiΠB(r
′)ΠA(r) (4.99)

with

α
∑

k=0

≡
α1
∑

k1=0

α2
∑

k2=0

α3
∑

k3=0

and Bα,k ≡
3
∏

i=1





αi

ki



 (−1)ki
. Inje
ting this

expression in the EFIE equation for a test 
urrent T into region A and a

sour
e 
urrent J in region B, one ends up with
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< T |E(J) > =jµc

4
∑

l=1

∫

S

∫

S

[

n
∑

|α|=0

Kα
α
∑

k=0

Bα,k
3
∏

i=1

ΠB(r
′)ΠA(r)

fl(T )(r
′)fl(J)(r)(ri)

(αi−ki)(r′i)
kidrdr′

]

(4.100)

=jµc

4
∑

l=1

n
∑

|α|=0

Kα
α
∑

k=0

Bα,k

∫

S

fl(T )(r))
3
∏

i=1

(ri)
kiΠB(r)dr

∫

S

fl(B)(r)

3
∏

i=1

(ri)
(αi−ki)ΠA(r)dr (4.101)

In order to simplify this expression, let us de�ne this following fun
tion

that 
orresponds to the di�erent moments of a given 
urrent T in region A

Ml,k,A(T ) ≡
∫

S

fl(T )(r)

3
∏

i=1

(ri)
kiΠA(r)dr (4.102)

where k = (k1, k2, k3). Now, the previous equation 
an be rewritten as

follows

< T |E(J) >= jµc

4
∑

l=1

N
∑

|α|=0

α
∑

k=0

KαBα,kMl,k,A(T )Ml,α−k,B(J) (4.103)

The lo
al regions A and B 
orrespond to respe
tively a lo
al sour
e

region and a lo
al test region, whi
h must be separated by a reasonable dis-

tan
e in order to limit the bad behaviour of the Taylor expansion 
lose to

the singularity. Therefore, a dead region must be de�ned around a sour
e

region in whi
h the brute for
e method is applied. Obviously, the dead

region in
ludes the sour
e region. Therefore, in order to apply the approxi-

mation, the geometry of the whole MoM problem must be split into several

lo
al sour
e domains, to whi
h 
orrespond respe
tively several lo
al test

domains. The �eld s
attered by the 
urrent in the sour
e domain is tested

in the test region, where the approximation remains valid. The rest of the

geometry where the approximation is not valid is 
alled the dead zone. For

this region, the impedan
e matrix has to be 
al
ulated.
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Figure 4.4: De�nition of the di�erent domains.

In order to make the solver more e�
ient, one de�nes a sour
e domain

by the union of several lo
al sour
e domains. Of 
ourse, doing so extends

the dead region of a given lo
al sour
e domain whi
h means more brute for
e


omputations. This is 
ompensated by an improvement of the 
omputation

of Eq.4.103, as shown further.

Fig. 4.4 shows the sour
e domain, the test domain and the dead zone

domain de�nitions used here. The domains are re
tangular parallelepipeds.

The un
overed region is the region where the MLFMA 
an be applied and

therefore there is no need to use the near-�eld Green's fun
tion approx-

imation. The test zone is marked in gray and 
orresponds to whole the

region 
overed by the Green's fun
tion approximation for any sour
e 
ur-

rent present in the sour
e zone marked in green. The blue zone is the dead

zone where the impedan
e matrix must be 
al
ulated in a 
lassi
 way (brute

for
e). The sour
e domain and the test domain are 
omposed of respe
tively

the union of lo
al test domains and lo
al sour
e domains. A lo
al domain

is de�ned by a re
tangle parallelepiped. A single sampled point is pla
ed

at the 
enter of ea
h lo
al domain. Fig. 4.4 shows all the sampling points

used in the sour
e domain and the test domain.

Let us 
onsider a sour
e region S and a test region T . Let us de�ne

the sour
e sampling points by the fun
tion So : [1, ..., O] → R

3
and the
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test sampling points by the fun
tion T p : [1, ..., P ] → R

3
. Let us de�ne

the re
tangular parallelepiped regions around ea
h sour
e sampling point

by Bo : [1, ..., O] → P (R) and the re
tangular parallelepiped regions around

ea
h test sampling point by Ap : [1, ..., P ] → P (R) where P (R) is the set

of parts of R

3
. Any �eld radiated by a 
urrent distribution S in the sour
e

region and tested over a test 
urrent T in the test region 
an be reformulated

as follows

< T,E(S) > = <
P
∑

p=1

ΠApT ,E(
O
∑

o=1

ΠBoS) > (4.104)

=

P
∑

p=1

O
∑

o=1

< ΠApT ,E(ΠBoS) > (4.105)

Now, the �nal result of our former se
tion 
an be used. Let us de�ne

Gα
p,o = 1

α!
∂αg
∂xα |Tp−So

. One has

< T,E(S) > ≈jµc

O
∑

o=1

P
∑

p=1

4
∑

l=1

n
∑

|α|=0

Gα
p,o

α
∑

k=0

Bα,kMl,k,Ap(T )Ml,α−k,Bo(S) (4.106)

Sin
e the number of points M + P is far larger than n, let us swap the

sums and fo
us on the double sum

O
∑

o=1

P
∑

p=1

< T,E(S) > ≈jµc

4
∑

l=1

n
∑

|α|=0

α
∑

k=0

Bα,k

P
∑

p=1

Ml,k,Ap(T )

O
∑

o=1

Gα
p,oMl,α−k,Bo(S) (4.107)

In order to speed up the evaluation of this expression, a trun
ated SVD

de
omposition [57℄ 
an be performed on the matrix [Gα]po = Gα
p,o. The size

of the matrix is redu
ed by sele
ting the singular values larger than 
ertain

given threshold. The SVD de
omposition theorem states that any matrix

M ∈ CN×M

an be de
omposed into a produ
t of three matri
esM = USV

with U ∈ CN×N
, S ∈ RN×M

, V ∈ CM×M
and where U, V are two normal

matri
es and S a diagonal real positive matrix. It 
an be re-interpreted
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through an alternative formulation. Let {ci}i∈[1,...,N ] ∈ C

N
be the set of


olumns of U . Let {lk}k∈[1,...,M ] ∈ CM
be the set of lines of V . The SVD

de
omposition is equivalent to

M =

min(N,M)
∑

i=1

ciSii < li| > (4.108)

where < li| >: CM → C is the linear form built from the 
anoni
al

Hermitian produ
t namely

< x|y >≡
N
∑

i=1

aib
∗
i with x, y ∈ CN

(4.109)

The ve
tors ci and li 
onstitute respe
tively an orthonormal basis of

C

N
and C

M
for the 
anoni
al Hermitian produ
t. Let us approximate the

matrix by sele
ting the P singular values su
h that Sii > ǫ where ǫ >
0, ǫ ∈ R is a given threshold value. The approximate matrix is given by the

following expression

Ma ≡
P
∑

i=1

ciSii < li| > (4.110)

This expression 
an be rewritten as the produ
t of two matri
es. Let us

de�ne Ur ≡ [c1, ..., cp] ∈ C

M×P
and Vr = [S11l1; ...;SPP lP ] ∈ C

P×N
then

the approximate matrix reads

Ma = UrVr (4.111)

An upper bound for the error undergone in the image spa
e 
an be easily


al
ulated. ∀v ∈ CM
one has

||(Ma −M)v||2 = ||
min(N,M)

∑

i=P+1

ciSii < li|v > ||2 (4.112)

=

min(N,M)
∑

i=P+1

S2
ii < li|v >∗< li|v > (4.113)

≤
min(N,M)

∑

i=P+1

S2
ii||v||22 (4.114)
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with ||.||2 : CN → R

+, x → ||x|| =
√

∑N
i=1 xix∗

i the 
anoni
al norm.

The SVD de
omposition is of 
omplexity O(N3). However, it is impor-

tant to noti
e that the 
ompression of matri
es Gα
needs to be performed

only on
e for any geometry and any frequen
y. This will be
ome 
learer

in the next se
tion. The matri
es 
an be rewritten as follows Gα = Uα
r V

α
r

where Uα
r and V α

r are the redu
ed form produ
ed by the SVD redu
tion

method explained aforesaid. The equation 4.107 with the SVD redu
tion

be
omes

< T,E(S) >= jµc
4

∑

l=1

n
∑

|α|=0

α
∑

k=0

Bα,kM t
l,k(T )U

α
r V

α
r M s

l,α−k(S) (4.115)

where M t
l,k(T )o ≡ Ml,k,Ao(T ) and M s

l,k(S)o ≡ Ml,k,Bo(S).

4.4.2.3 Global separable Green's fun
tion approximation on a pre-

de�ned grid

In this se
tion, the Lo
al Near-Field Intera
tion Method (LNFIM) des
ribed

in the former se
tion is used to perform of full EFIE simulation. At ea
h

iteration step, the iterative solver requires the test of a given 
urrent distri-

bution on every testing fun
tions. In order to use the LNFIM, the geometry

is divided into di�erent sour
e regions. The sour
e region size is prede�ned

in order to be able to pre-
al
ulated the 
ompressed matri
es. A uniform

grid that 
overs the stru
ture is �rst generated. The spa
e 
overed by all

the sour
e regions is 
ontained inside a 
ompa
t subset D ⊂ R

3
. The grid is

generated in the way that ea
h sour
e domain 
ontains the same amount of

sampling points. Around ea
h sampling point, a re
tangular parallelepiped

de�nes the lo
al region of validity of the Green's fun
tion approximation

as explained in the former se
tion and as shown Fig. 4.5. Ea
h lo
al re-

gion of validity of the Green's fun
tion approximation (the region of spa
e

around a sampling point) is indexed by a unique and global index. Let

Dr : [1, ..., R] → P (R3) be the fun
tion that represents these regions where

[1, ..., R] ⊂ N and P (R3) is the set of parts of R

3
. This global index is

also used to point to the 
enter of the region whi
h is a by de�nition a

re
tangular parallelepiped. Let Rk : [1, ..., R] → R

3
be the 
enter of these

regions. Ea
h sour
e domain is given by Sg,s : [1, ..., S] → P (R3) where

[1, ..., S] ⊂ N, S < R. For ea
h sour
e domain 
orresponds a test domain

and a dead zone domain given respe
tively by Tg,s : [1, ..., S] → R

3
and

DZg,s : [1, ..., S] → R

3
. One has the following property asso
iated to these

fun
tions
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R
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source i-1 source i source i+1

x1
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x3

Figure 4.5: The sour
e domains with their sampling points

µ(Sg,s1

⋂

Sg,s2) = 0 if s1 6= s2 (4.116)

⋃

s∈[1,...,S]

Sg,s = D (4.117)

µ(Dr1

⋂

Dr2) = 0 if r1 6= r2 (4.118)

∀Sg,s, ∃A ⊂ N su
h that Sg,s = ∪r∈ADr (4.119)

∀Tg,s, ∃A ⊂ N su
h that Tg,s = ∪r∈ADr (4.120)

∀DZg,s, ∃A ⊂ N su
h that DZg,s = ∪r∈ADr (4.121)

where µ : P (R3) → R is the Lebesgue measure. Now, let us rewrite the

EFIE equation
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< T |E(S) > = < T |E(

S
∑

s=1

ΠSg,sS) > (4.122)

=

S
∑

s=1

< T |E(ΠSg,sS) > (4.123)

=

S
∑

s=1

< Π(Tg,s∪DZg,s)T |E(ΠSg,sS) > (4.124)

=
S
∑

s=1

< ΠTg,sT |E(ΠSg,sS) > +

S
∑

s=1

< ΠDZg,sT |E(ΠSg,sS) > (4.125)

Let us de�ned two bilinear fun
tions

Is,1(T , S) = < (ΠTg,sT |ΠSg,sE(S) > (4.126)

Is,2(T , S) = < (ΠDZg,sT |ΠSg,sE(S) > (4.127)

Is,1(T , S) =
∑

s∈[1,...,S]

4
∑

l=1

∫

S

∫

S

fl(T )(r
′)fl(S)(r)G(r′, r)Sg,s(r)Tg,s(r

′)drdr′ (4.128)

Is,2(T , S) =
∑

s∈[1,...,S]

4
∑

l=1
∫

S

∫

S

fl(T )(r
′)fl(S)(r)G(r′, r)Sg,s(r)DZg,s(r

′)drdr′ (4.129)

The �rst integral is 
omputed with the fast near �led intera
tion method,

while the se
ond integral is 
omputed with the 
lassi
 brute for
e s
heme.

The 
urrent distribution is given by a linear 
ombination of RWG basis

fun
tions. For obvious reasons, 
utting a basis fun
tion between two integra-

tion domains 
annot be performed easily. By assumption, the basis fun
tion

are smallers than a domain Dr (there exists a sphere that 
ontains the basis

fun
tion and that 
an be 
ontained in any domain Dr). Therefore it seems
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Figure 4.6: Asso
iation of the half basis fun
tion to a region

reasonable to asso
iate a basis fun
tion to a unique domain. In order to

improve this pro
edure, instead of working dire
tly on RWG, we de
ided to

work on the half RWG basis fun
tions i.e 
urrents de�ned on a triangles.

Ea
h half basis fun
tion (ea
h triangle) is asso
iated uniquely to domain

Dr. Ea
h triangle is asso
iated to the region Dr for whi
h its bary
entri



enter is the 
losest to the bary
entri
 
enter of region. This is illustrated

Fig. 4.6. The half basis fun
tion are denoted by Hi : [1, ..., Nh] → R

3
and

any 
urrent distribution is given by H =
∑Nh

i=1 βiHi. By linearity, one 
an

write

< Hv|E(

Nh
∑

i=1

βiHi) > =

Nh
∑

i=1

< Hv|E(Hi) > βi (4.130)

=
S
∑

s=1

Nh
∑

i=1

(Is,1(Hv, Hi) + Is,2(Hv, Hi))βi (4.131)

Let us fo
us ba
k on the �rst integration Is,1. Ea
h set of domains

(Sg,s, Tg,s, DZg,s) 
orrespond to a translation of the sour
e,test and dead

zone model presented in the former se
tion. A mapping between the two


an be performed. Let us de�ne the matrix IS,s : CR → C

O
the linear

appli
ation that sends ea
h point of the sour
e domain Sg,s to the 
orre-

sponding point of the sour
e domain of the model. Similarly, we de�ne

IT,s : CR → C

P
the linear appli
ation that sends ea
h point of the test

domain Tg,s to the test domain of the model. Let Ml,k,r,i ≡ Ml,k,Dr (J i) =
∫

S

fl(J i)(r)
∏3

m=1(rm)kmΠDr (r)dr be the global moments ve
tor. The prod-

u
t Is,1β 
an be expressed as
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Is,1β = jµc

4
∑

l=1

n
∑

|α|=0

α
∑

k=0

Bα,k

Mg,l,kI
t
T,sU

α
3 V

α
3 IS,sMg,l,α−kβ (4.132)

where IS,s and IT,s are the matrix form of the respe
tively IS,s and IT,s

for their 
anoni
al basis. The matri
es IS,s, Ml,α−k and ItT,s are sparse

matri
es. The number of non-zero elements in Ml,α−k is equal to N . The

matri
es Uα
3 and V α

3 are the 
ompressed matri
es that remain of small �xed

dimension. The 
ontribution of all sour
e domains to the matrix-ve
tor

produ
t is given by

S
∑

s=1

Is,1β = jµc
4

∑

l=1

n
∑

|α|=0

α
∑

k=0

Bα,k

Mg,l,k

S
∑

s=1

ItT,sU
α
3 V

α
3 IS,sMl,α−kβ (4.133)

The se
ond integral requires the brute for
e 
omputation of the impedan
e

matrix. However, the number of half basis and test fun
tions in the sour
e

and dead-zone domain remains small in 
omparison to the overall number

of half basis and test fun
tions.

4.4.3 Complexity of the method

As shown in the former se
tion, the matrix-ve
tor produ
t of the impedan
e

matrix with a sour
e 
urrent is given by

< Hv|E(

Nh
∑

i=1

βuHi) > =

Nh
∑

i=1

< Hv|E(Hi) > βi (4.134)

=

S
∑

s=1

Nh
∑

i=1

(Is,1(Hv, Hi) + Is,2(Hv, Hi))βi (4.135)

It is assumed that the sour
e, dead-zone and test domains are of a �xed

size. The 
omplexity under this general hypothesis is evaluated for two

di�erent assumptions. First, let us assume that the minimum size of any

mesh 
ell is of �xed size. In this situation, the number of domains grows in

the worse 
ase as O(Nh) with Nh being the number of half basis fun
tions
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(i.e twi
e the number of RWG basis fun
tions). Let us investigate the �rst

integral namely

S
∑

s=1

[Is,1][β] = jµc
4

∑

l=1

n
∑

|α|=0

α
∑

k=0

Bα,k

Ml,k

S
∑

s=1

ItT,sU
α
3 V

α
3 IS,sMl,α−kβ (4.136)

Let us de�ne the intermediate results of this equation and 
al
ulate their


omplexities

βl,α,k ≡ Ml,α−kβ O(Nh) (4.137)

βs,l,α,k ≡ IS,sβl,α,k O(1) (4.138)

βs,l,α,k,1 ≡ V α
3 βs,l,α,k O(1) (4.139)

βs,l,α,k,2 ≡ Uα
3 βs,l,α,k,1 O(1) (4.140)

βs,l,α,k,3 ≡ ItT,sβs,l,α,k,2 O(1) (4.141)

γl,α,k ≡
S
∑

s=1

βs,l,α,k,3 O(S)O(Nh) (4.142)

γl,α,k,2 ≡ Bα,kMl,kγl,α,k O(Nh) (4.143)

γl,α,k,3 ≡ jµc

4
∑

l=1

n
∑

|α|=0

α
∑

k=0

γl,α,k,2 O(Nh)O(f(n)) (4.144)

The number of terms used in the Taylor series is dire
tly a fun
tion of

the desired a

ura
y. However, this number is independent of the num-

ber of unknowns. Therefore, the 
omplexity of the 
omputation of this

integral is given by (O(Nh)+4O(1)O(S)+O(Nh)O(S)+O(Nh))O(f(n)) =
O(Nh)O(S)O(f(n)) = O(N2

h). Let us assume that the number of unknowns

per sour
e domain is simply given by ns ≡ Nh

S . Sin
e the number of domains

is assumed to grow linearly with the number of unknowns, the number of

basis fun
tions in ea
h sour
e domain is 
onstant. This reasoning holds for

the dead-zone region. Therefore, the 
omplexity for the brute for
e integral

is given by O(Nh). Therefore, the overall method is of quadrati
 
omplexity

O(N2
h).

Now, let us assume that the volume 
ontaining the whole geometry is

�xed. In this 
ase, the number of sour
e domains is �xed. The 
omplex-

ity for the integral given by Eq. 4.136 is given by (O(Nh) + 4O(1)O(S) +
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O(Nh)O(S) + O(Nh))O(f(n)) = O(Nh)O(S)O(f(n)) = O(Nh). The num-

ber of unknowns per sour
e domain is still given by ns ≡ Nh

S by sin
e S
is 
onstant the 
omplexity of the brute for
e for the dead-zone domains is

O(N2
h). Again, the method under this assumption is of quadrati
 
omplex-

ity O(N2
h).

The method is stu
k with a quadrati
 
omplexity be
ause of the �xed size

of the sour
e domains. Changing the sour
e domain size implies a variability

in the SVD 
ompression whi
h might be di�erent for ea
h approximation

matrix asso
iated to a spe
i�
 Taylor order. However, if one 
an prove that if

the SVD 
ompression remains the same under a homotheti
 transformation

then a multilevel s
heme 
ould be 
onsidered. Using a multilevel s
heme

still requires an e�
ient 
omputation of the moments for di�erent grid sizes.

4.4.4 Fast Near Field MoM Solver on a singularity-free

kernel

In order to improve the 
omplexity, the sour
e domain size must be variable.

The 
ould be a
hieved by pre-
al
ulated global matri
es for respe
tively

di�erent models having respe
tively di�erent sour
e domain sizes. Another

approa
h 
ould be to try to get rid of the integral Is,2 or in other words

to make the lo
al approximation valid everywhere on the domain su
h that

no dead-zone would be required. In this se
tion, the se
ond approa
h is se-

le
ted to improve the 
omplexity. Some 
lues about how this improvement


ould be a
hieved are explained but not validated numeri
ally.

First of all, the Taylor approximation performed lo
ally in the former

se
tions 
an be generalized. The only 
ondition for the method to work

is to approximate the kernel lo
ally by a sum of monomials. The 
oe�-


ient in front of ea
h monomial 
an be 
al
ulated using di�erent te
hniques

su
h as the Taylor expansion approa
h. One 
ould also use an interpola-

tion/extrapolation te
hnique. Whatever the approximation method used,

the singularity of the kernel must be extra
ted in order to get rid of the

dead-zone. Let us separate the Green's fun
tion into the sum of two fun
-

tions, one singular and one 
ontinuous

g(x) =
ejkx

x
= f(x) + h(x), x ∈ R\{0} (4.145)

f(x) ≡ ejkx − 1

x
, x ∈ R\{0} (4.146)

h(x) ≡ 1

x
, x ∈ R\{0} (4.147)
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The singular kernel h(x) is 
alled the ele
trostati
 kernel. The matrix-

ve
tor produ
t of the matrix obtained from the EFIE with su
h a kernel


an be evaluated with a method based on the ele
trostati
 multipoles with

an impressive linear 
omplexity [58℄. Let us extend the fun
tion f(x) as

follows

f(x) =







ejkx−1
x x ∈ R\{0}

0 x = 0
(4.148)

The fun
tion f(x) is a 
ontinuous fun
tion on R and it is smooth (i.e

C∞
) on R\{0}.

4.4.4.1 Taylor expansion

In this se
tion, one 
onsiders the Taylor expansion as the lo
al approxima-

tion method. Let us try to 
al
ulate the derivatives of this fun
tion numer-

i
ally and at any order su
h that analyti
al 
al
ulations of the derivatives

of f are avoided. By de�nition of the 
omplex exponential, one has

f(x) =

∞
∑

i=0

(jkx)i

i! − 1

x
(4.149)

=

∞
∑

i=1

(jk)ixi−1

i!
(4.150)

First, let us noti
e that the series 
onverges uniformly on R. Now, let

us 
onsider the approximate series

f̃ ≡
L
∑

i=1

(jk)ixi−1

i!
(4.151)

The nth
derivative of f̃ with L > n is given by

dnf̃(x)

dxn
=

L
∑

i=1+n

(i− 1)...(i− n)
(jk)ixi−1−n

i!
(4.152)

=

L−n−1
∑

i=0

(i+ n)...(i + 1)
(jk)i+1+nxi

(i + 1 + n)!
(4.153)

=

L−n−1
∑

i=0

(jk)i+1+nxi

(i + 1 + n)i!
(4.154)
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Sin
e the fun
tion f̃ is 
onvergent and the derivative f̃ is uniformly


onvergent, by theorem 10.2.7 (see appendix) the fun
tion f is di�erentiable

at any order and the limit of

dnf̃
dxn 
onverges toward the derivative of f . Now,

let us �nd an error bound of the derivative in fun
tion of L in order to be

able to 
al
ulate it numeri
ally

|d
nf(x)

dxn
−

L
∑

i=0

(jk)i+1+nxi

(i + 1 + n)i!
| = |

∞
∑

i=L+1

(jk)ixi

(i+ 1 + n)i!
| (4.155)

≤
∞
∑

i=L+1

(k)i+1+n|x|i
(i+ 1 + n)i!

(4.156)

≤ k1+n
∞
∑

i=L+1

|kx|i
i!

(4.157)

≤ k1+n(ek|x| −
L
∑

i=0

|kx|i
i!

) (4.158)

The Eq. 4.158 is not really useful numeri
ally. Indeed, the evaluation of

ek|x| is itself performed by a Taylor series. The referen
e point of the Taylor

approximation is obviously not 
onstant and depends on the value of |x|.
Let us try to �nd an error bound that would be independent of any fun
tion

that is 
al
ulated by a trun
ated series from the 
omputer. Let ai ≡ |kx|i
i!

be the 
oe�
ient at index i in the error series. Let us observe that

∃b ∈ N su
h that ∀i ≥ b, ri < 1 (4.159)

where ri ≡ |ai+1|
ai

. Indeed, by de�nition of the 
oe�
ients one has ri =
|kx|
i+1 . This implies that

∞
∑

i=L+1

|kx|i
i!

≤
b−1
∑

i=L+1

|kx|i
i!

+

∞
∑

i=0

(rb)
i |kx|b

b!
(4.160)

The latter series 
an be easily 
al
ulated as follows

∞
∑

i=0

(rb)
i |kx|b

b!
=

|kx|b
b!

1

1− rb
(4.161)

Let us 
hose L su
h that L > b. The error bound be
omes
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|d
nf(x)

dxn
−

b
∑

i=0

(jk)i+1+nxi

(i+ 1 + n)i!
| ≤ k1+n |kx|b

b!

1

1− rb
(4.162)

The relative error is given by

|d
nf(x)
dxn −

b
∑

i=0

(jk)i+1+nxi

(i+1+n)i! |

|
b
∑

i=0

(jk)i+1+nxi

(i+1+n)i! |
≤

|kx|b
b!

1
1−rb

|
b
∑

i=0

(jk)ixi

(i+1+n)i! |
(4.163)

A su�
ient 
ondition to use this formula is

|kx|b+1

(b+1)! ≤ ǫ < 1. Indeed, one

has

1 > b+1
√
ǫ ≥ b+1

√

|kx|b+1

(b + 1)!
≥ b+1

√

|kx|b+1

(b + 1)b+1
=

|kx|
b+ 1

(4.164)

Eq. 4.163 
an be used to evaluate the derivatives at any order of the

fun
tion f .

4.5 Pre
onditioner based on the Ma
ro Basis

Fun
tion 
on
ept

The Ma
ro Basis Fun
tion (MBF) [59℄, [60℄, [61℄, [62℄, [63℄, [64℄ 
on
ept


onsists simply in isolating a se
tion of the geometry, that one 
alls ma
ro

domain, and 
al
ulate a set of MoM solutions of this isolated geometry for

di�erent ex
itations. This set of solutions 
onstitutes the new set of basis

fun
tions for the isolated se
tion that are used to solve the whole MoM

problem. Re
alling that the low-frequen
y-breakdown pre
onditionner pre-

sented in se
tion 4.3 does not improve the 
ondition number due to the

variation of basis fun
tions size. Solvers based on MBFs su�er less from

this issue if only few basis fun
tions per domain are required and if the

domains are relatively large in 
omparison to the geometry.

Be
ause the geometry is 
onne
ted, the ma
ro domains must overlap

ea
h-other in order to ensure the 
ontinuity of 
urrent between ma
ro do-

mains. In order to generate ma
ro 
urrents, an external ex
itation should

be provided for ea
h of them. The prin
iple of the so-
alled primary and

se
ondary 
urrents approa
hed is to re-use the ma
ro 
urrents 
al
ulated as
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Figure 4.7: Ma
ro 
urrents generation based on the primary and se
ondary


urrents method.

a sour
e s
atterer for the other ma
ro domains. The �rst 
urrent 
al
ulated

is 
alled the primary 
urrent. It is generated by the ma
ro domain that


ontains the sour
e �eld. If the sour
e �eld 
annot be isolated in a given

ma
ro domain, several primary 
urrents 
an be generated in several ma
ro

domains. Fig. 4.7 illustrates the primary and se
ondary 
urrents generation

pro
ess.

The MBF solver have been tested on the a

elerator but many MBFs had

to be generated in ea
h domains in order to have a low relative residual error.

Therefore, this solver has not been investigated any further. We believe the

problem 
omes from the 
onne
ted stru
ture. MBFs have shown a very

good behaviour in an array of antenna made of identi
al elements when the

elements are separated of a distan
e larger than a �fth of wavelength.

4.6 Numeri
al results

4.6.1 Brute for
e simulations of the a

elerator

The a

elerator has been solved using the MoM and a dire
t inversion of the

impedan
e matrix. The number of unknowns for the whole a

elerator is

70000. The impedan
e matrix takes 78400 MB whi
h is too large for most

of the 
omputers. Therefore, a blo
k inversion solver swapping data with

the disk has been used. It has been implemented in way that limits the

transfers of data between the DRAM and the disk.

Fig. 4.8 shows the whole a

elerator viewed from the top. The parti
les


ome in from the right. The feeding is performed with a dire
t bias at the

inje
tion level. In pra
ti
e, the a

elerator is fed with the help a 
oupler.

Unfortunately, no geometry design �le of this 
oupler has been provided.

Therefore, we ended up with the dire
t bias alternative that seems rea-

sonable in terms of time of implementation and of physi
al a

ura
y. The
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Beam Input

-1 1

x3

Figure 4.8: Current distribution in x̂3 dire
tion for a se
tion of the a

eler-

ator.

frequen
y of the simulation is 176 MHz and the voltage applied between

two neighbouring rods is 30 kV. The results presented here 
on
ern only the

ele
tromagneti
 �elds. Simulations related to beam dynami
s are presented

in the 
hapter devoted to it.

Fig. 4.9 shows the 
urrent distribution in dire
tion −x̂3 in the rods. One


an 
learly see that two opposite rods have a 
urrent �owing in the same

dire
tion. This is 
onsistent with the fa
t that two opposite rods are at the

same potential and with the symmetry of the design. Fig. 4.10 shows the

ele
tri
 �eld in a 
ross se
tion of the a

elerator. The quadrupole symmetry

is 
learly visible in the ele
tri
 �eld.

4.6.2 Low-Frequen
y pre
onditioner

The pre
onditioner has been tested without the help a the fast near �eld

solver. Sin
e the impedan
e matrix of the whole a

elerator is too big to

�t in DRAM and be
ause swapping the blo
k of the whole matrix with the

disk for a GMRES solution takes a 
umbersome amount of time, a se
tion

of the a

elerator has been used to test it. The frequen
y of the simultion

is 176MHz and the size of the se
tion 
onsidered here is around 10 
m. Fig.

4.11 shows the mesh of the a

elerator used for this test. The solution has

been 
al
ulated for the EFIE with and without the pre
onditioner. For both


omputations, the GMRES 
onvergen
e has been re
orded and 
ompared.

The relative residual a

ura
y 
hosen in both simulations is 10−6
. Fig. 4.12

shows the 
onvergen
e rate of these two 
omputations. Clearly, GMRES


onverges mu
h faster when the EFIE is 
ombined with the pre
onditioner.

Finally, Fig. 4.13 shows the 
urrent distribution in the dire
tion x̂3 (re-


alling that −x̂3 is the dire
tion of a

eleration of the beam). The 
urrent

amplitude is normalized su
h that it lives in the interval [−1, 1]. The pure
red 
olor represents a normalized 
urrent of amplitude one in −x̂3 while the

pure green 
olor represents a normalized 
urrent of amplitude one in x̂3.
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x3

x1

x
2

Figure 4.9: Current distribution in x̂3 dire
tion in the rods.

x
3

x
1

x
2

Figure 4.10: Ele
tri
 �eld in a 
ross se
tion of the a

elerator.



4.6. Numeri
al results 75

Figure 4.11: A

elerator mesh used for the low-frequen
y pre
onditioner

test.
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Figure 4.12: Comparison of the GMRES 
onvergen
e rate between the non-

pre
onditioned impedan
e matrix and the pre
onditioned impedan
e ma-

trix.
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-1 1

x3

Beam Input

Figure 4.13: Component of the 
urrent distribution in x̂3 at a given time

obtained with the Low-Frequen
y-Breakdown pre
onditioner.

Clearly, one 
an see the 
urrent �owing between two rods and two stems of

opposite signs.

4.6.3 Fast Near Field MoM Solver simulations

In this se
tion, simulation results using the Fast Near Field MoM Solver

(FNFMMS) 
ombined with the low-frequen
y pre
onditioner are presented.

The method has been tested on a sphere of radius one and for a frequen
y of

176MHz. The ex
itation is provided by a plane wave irradiating the whole

stru
ture. The method has been tested for di�erent 
ombinations of sour
e

and dead-zone domains sizes. The test domain size was 
hosen su
h that the

whole sphere was 
overed by the sampling points of the grid for any sour
e

domain. Two distan
es between sampling points have been tested namely a

tenth of the wavelength and a twentieth of the wavelength. A Taylor order

up to 3 was used. The di�erent domain size given as multiple of grid step

will be denoted by XxYxZ, where X represents the sour
e domain size, Y

the dead-zone domain size and Z the test domain size.

19000 RWG basis fun
tions were used in this simulation. The spe
trum

of the impedan
e matrix 
ould be still evaluated and is presented in Fig.

4.14. One 
an 
learly see the step in the spe
trum due to the relatively

small overall obje
t size in 
omparison to the wavelength. Therefore, it is

expe
ted that the low-frequen
y pre
onditioner is going to be of a great

help to improve the 
onvergen
e speed of GMRES. In order to improve the


onvergen
e speed of the solver when it is used with Taylor approximation

of order n, the solution for a Taylor approximation at order n − 1 is used

as an initial guess solution. The a

ura
y of the solution for a Taylor ap-
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Figure 4.14: Spe
trum of the impedan
e matrix.

proximation of order n − 1 should be 
hosen smaller than the one for the

solution for a Taylor approximation of order n as the results of simulations

presented hereunder suggest.

The relative 
urrent error per basis fun
tions will be presented in the

following subse
tions. It is de�ned by

error ≡ |αi − α′
i|

maxi∈[1,...,N ](|αi|)
(4.165)

where αi are the 
oe�
ients of the brute for
e solution, α′
i the 
oe�
ients

of the solution 
al
ulated with the FNFMMS solver (with or without the

low-frequen
y pre
onditioner) and N the number of RWG basis fun
tions.

The brute for
e method is 
al
ulated as follows: The impedan
e matrix

is obtained with a dire
t method of 
omplexity O(N2) and the solution

is obtained with GMRES. Similarly, the relative ex
itation error per basis

fun
tions will be also presented. It is de�ned by

error ≡ |βi − β′
i|

maxi∈[1,...,N ](|βi|)
(4.166)

where β = Zα, β′ = Zα′
, βi = (β)i, β

′
i = (β′)i and Z the brute for
e

impedan
e matrix. It is important to keep in mind that this error 
an be
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Figure 4.15: Presentation of a sour
e domain (red) and its asso
iated dead-

zone (green) and test domains (blue).

presented be
ause an a

urate impedan
e matrix has been 
al
ulated with

a brute for
e method.

4.6.3.1

λ
10 grid step, Taylor order 3, SVD 
ompression 10−4

and

grid size 3x7x31

Fig. 4.15 shows a given sour
e domain in red and its asso
iated dead-zone

domain in green and the test domain in blue. The number of sour
e domains

require to 
over the whole stru
ture is 74.

The FNFMMS has been tested with and without the low-frequen
y pre-


onditioner. Fig. 4.16 shows the GMRES 
onvergen
es for the di�erent or-

ders of Taylor approximation for the Green's fun
tion between grid points.

The a

ura
y of the relative residual error is 
hosen identi
al for the di�er-

ent orders. The relative error a

ura
y was set to 10−5
. Fig. 4.17 shows

the relative 
urrent error per basis fun
tion index. The relative error on

the ex
itation is presented Fig. 4.18. The same simulations were performed

using the low-frequen
y pre
onditioner. Fig. 4.19 shows the GMRES 
on-
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Figure 4.16: Convergen
e of GMRES without the low-frequen
y pre
ondi-

tioner - The a

ura
y for ea
h order is set to the same value of 10−5
.
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Figure 4.17: Relative 
urrent error between the brute for
e solution and the

FNFMMS solver without any low-frequen
y pre
onditioner.



80 Chapter 4. Iterative solvers

0 0.5 1 1.5 2

x 10
4

0

0.2

0.4

0.6

0.8

1

1.2
x 10

−3

Excitation coefficient index

R
el

at
iv

e 
er

ro
r

Figure 4.18: Relative ex
itation error between the brute for
e solution and

the FNFMMS solver without any low-frequen
y pre
onditioner.

vergen
es. Clearly, GMRES 
onverges at any Taylor order mu
h faster that

when the system of equations is solved without any pre
onditioner. Fig.

4.20 and Fig. 4.21 respe
tively show the relative 
urrent error and the rela-

tive ex
itation error. The a

ura
y is slightly better than the one obtained

without the low-frequen
y pre
onditioner. The 
omputer time required for

the GMRES solver using all the Taylor approximation orders is not bet-

ter than using right away the Taylor approximation of the highest order.

Instead of using the same a

ura
y for ea
h order, the a

ura
y has been

de
reased for lower-order approximations as follows

errorn =
errorn−1

10
(4.167)

error3 = 10−5
(4.168)

Fig. 4.22 shows the GMRES 
onvergen
es for this relative residual error


riterion.

Tab. 4.1 shows the GMRES 
omputation time for ea
h order of Tay-

lor approximation. Interestingly, the 
omputational time required for the

third order is lower for the FNFMMS pre
onditioned v2 than for the 
lassi


FNFMMS pre
onditioned. Tab. 4.2 shows the total 
omputational time for

ea
h method. The brute for
e solution with the low-frequen
y solver has
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Figure 4.19: Convergen
e of GMRES with the low-frequen
y pre
onditioner

- The a

ura
y for ea
h order is set to the same value of 10−5
.
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Figure 4.20: Relative 
urrent error between the brute for
e solution and the

FNFMMS solver solution with the low-frequen
y pre
onditioner.



82 Chapter 4. Iterative solvers

0 0.5 1 1.5 2

x 10
4

0

1

2

3

4

5

6
x 10

−4

Excitation coefficient index

R
el

at
iv

e 
er

ro
r

Figure 4.21: Relative ex
itation error between the brute for
e solution and

the FNFMMS solver solution with the low-frequen
y pre
onditioner

0 50 100 150
−6

−5

−4

−3

−2

−1

0

1

2

3

Number of iterations

R
el

at
iv

e 
re

si
du

al
 e

rr
or

 (
lo

g1
0)

 

 

Taylor order 0
Taylor order 1
Taylor order 2
Taylor order 3

Figure 4.22: Convergen
e of GMRES with the low-frequen
y pre
onditioner

- The a

ura
y for ea
h Taylor order approximation is set a

ording to the


riterion de�ned by Eq. 4.167 and Eq. 4.168.
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type \ Taylor order 0 1 2 3

FNFMMS Non pre
onditioned 250s 305s 602s 1211s

FNFMMS Pre
onditioned 109s 102s 213s 439s

FNFMMS Pre
onditioned v2 49s 68s 154s 315s

Table 4.1: GMRES Convergen
e times

GMRES DeadZone Total

FNFMMS Non pre
onditioned 2368s 324s 2692s

FNFMMS Pre
onditioned 863 324s 1187s

FNFMMS Pre
onditioned v2 586 324s 910s

Brute For
e 229s 2784s 3013s

Brute For
e Pre
onditioned 122s 2784s 2907s

Table 4.2: Comparison of total simulation times

been 
al
ulated as well to show the improvement of GMRES 
onvergen
e

on the a

urate impedan
e matrix. Brute for
e means that the impedan
e

matrix has been 
al
ulated entirely and solve with GMRES. It is impor-

tant to stress that the low-frequen
y pre
onditioner is ne
essary for the

good behaviour of the FNFMMS method. Indeed, as shown in Tab. 4.2 the


omputational time without the pre
onditioner and using the FNFMMS

method is 
omparable to a brute for
e method. On the 
ontrary, when the

low-frequen
y pre
onditioner is used, the FNFMMS method is more than

three times faster than a brute for
e method. It is important to say that the


omputational times for the GMRES 
onvergen
es of respe
tively the brute

for
e method with and without the pre
onditioner are so low be
ause one

used an optimized LAPACK library for Intel CPU. The FNFMMS method

has been implemented in C++ but without optimized instru
tions for the

underlying hardware.
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Chapter 5

GPU Programming

5.1 GPGPU programming and 
hallenges

A Graphi
al Pro
essor Unit (GPU) is a devi
e used in a Personal Computer

(PC) that allows fast 
al
ulation of 3D rendering s
enes. In order to under-

stand why a spe
i�
 hardware has been built for 3D rendering, one must �rst

understand the prin
iple of rendering. This se
tion is subdivided in several

subse
tions. The �rst subse
tion 
on
erns the 3D rendering with OpenGL

[65℄. OpenGL is a library used to perform 3D rendering of 
omplex s
enes

by making use of the dedi
ated spe
i�
 hardware for this task namely the

GPU. OpenGL has been used in this thesis to display 
urrent distributions

on the a

elerator, ele
tromagneti
 �elds and the beam dynami
s motion.

The se
ond subse
tion explained the GPU hardware and how it 
an be so

e�
ient for 3D rendering and for s
ienti�
 
omputations. Finally, the last

se
tion dis
usses the OpenCL library [66℄ and its fun
tioning.

In this thesis, GPU are used for the 
omputation of the beam dynami
s.

In the next 
hapter, it will be
ome 
lear why the hardware of a GPU is

parti
ularly well suited for su
h a solver.

5.1.1 3D rendering with OpenGL

First of all, a 3D s
ene is always dis
retized into a surfa
e mesh before be-

ing rendered by a graphi
 engine. In 3D gaming, the s
enes are in general

drawn with spe
ial software that allows parametri
 representation of the

obje
ts (su
h as 3ds Max). When the drawing is 
ompleted, it is meshed

and the result is saved under a 3D model format. The rendering pro
ess

in 
omputer gaming is never performed on parametri
 representation (B-

85
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Rep) su
h as a NURBS [67℄ be
ause a GPU is designed to render points,

lines and polygons. For the movements and deformations of meshed obje
ts,

some te
hniques su
h as the well-known skeletal animation [68℄ 
an be used.

At the border between two bones, the positions of the verti
es are 
al
ulated

based on several transformation matri
es summed up with di�erent weights.

3D rendering based on rasterisation is subdivided into three main tasks:

• Vertex pro
essing

• Rasterisation

• Fragment pro
essing

Fig. 5.1 illustrates these three steps.

5.1.1.1 Vertex pro
essing

The �rst step 
onsists in proje
ting the 3D points also 
alled points in

the eye spa
e onto the proje
ted plane 
alled the viewport. The proje
ted


oordinates are 
alled the window 
oordinates. The proje
tion matrix is

relatively simple to 
al
ulate. Fig. 5.2 illustrates the proje
tion of a 3D

point for the x̂1 in the viewport plane. Opengl works with homogeneous


oordinates. Let us 
al
ulate the proje
tion matrix that asso
iates uniquely

eye points to proje
ted points. The frame used by OpenGL is a right-handed


oordinates system. The viewport plane is lo
ated at a distan
e −n from

the origin. The dimension of the viewport is de�ned by the ordered pair

(2l, 2h). The s
reen aspe
t ratio is de�ned by r = l/h and in full s
reen is

in general equal to 16/9. This ratio is a 
onstraint for
ed by the view frame

of our 3D appli
ation. The viewport plane is de�ned by

Π ≡ {x ∈ R3|x = −nx̂3 + α1x̂1 + α2x̂2, α1 ∈ [−l, l], α2 ∈ [−h, h]} (5.1)

The proje
tion is given by the interse
tion between this plane and the

line passing through the origin and the observation point. Therefore, the

interse
tion is given by the parametri
 resolution of the following equation

βxo = −nx̂3 + α1x̂1 + α2x̂2 (5.2)

With the x̂3 
omponent one 
an dire
tly �nd the value of β = −n
x3
. From

there, one 
an get α1, α2
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RGB =
∑n

i=1 αiRGBi

Fragment pro
essing

RGB = texture2D(x, texture), x =
∑n

i=1 xiα
′
i

Depth test

Set 
olors

b

b

Rasterisation

Pixel (fragment)

(p1, c1)

(p2, c2)

(p3, c3)

α′
j =

αj
zj∑n

i=1
αi
zi

, i, j ∈ [1, .., n]

f =
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i=1 fiα
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p =
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∑n

i=1 αi = 1, αi ≥ 0
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Figure 5.1: Rasterisation prin
iple.
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Viewport
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View domain

3D point

Proje
ted point

Figure 5.2: Proje
tion prin
iple.

α1 = − n

x3
x1 (5.3)

α2 = − n

x3
x2 (5.4)

The frame in the window is de�ned naturally by (Of , x̂1, x̂2) with Of =
O − nx̂3. Therefore, (α1, α2) are the 
oordinates in the window frame.

OpenGL works with normalized 
oordinates in the interval [−1, 1]. The


hange of variable asso
iated with this res
aling is given by

x1,w =
α1 + l

2l
= − nx1

2lx3
+

lx3

2lx3
(5.5)

x2,w =
α2 + h

2h
= − nx2

2hx3
+

hx3

2hx3
(5.6)

The x3,w is used for the depth bu�er. Let us determine p33, p34 of the

proje
tion matrix su
h that any point on the viewport would lead to a

value of x3,w = −1 and any point on the far plane would lead to a value of

x3,w = 1.



5.1. GPGPU programming and 
hallenges 89

x3,w =
p33x3 + p43

x3
(5.7)

⇒ −1 =
−p33n+ p43

−n
(5.8)

⇒ 1 =
−p33f + p43

−f
(5.9)

This leads to

p33 =
n+ f

f − n
(5.10)

p43 =
2fn

f − n
(5.11)

The proje
tion matrix is therefore given by

P ≡

















−n
2l 0 1

2 0

0 −n
2h

1
2 0

0 0 n+f
f−n

2fn
f−n

0 0 1 0

















(5.12)

The proje
tion matrix as it is involves only negative values for the ho-

mogeneous 
oordinate. However, OpenGL only a

epts by design positive

number for the 
lipping 
oordinate. The proje
tion matrix used in pra
ti
e

with OpenGL is therefore

P ≡

















n
2l 0 1

2 0

0 n
2h

1
2 0

0 0 −(n+f)
f−n

−2fn
f−n

0 0 −1 0

















(5.13)

The 
lip 
oordinates are de�ned by the image ve
tor of the eye 
o-

ordinates transformed by the proje
tion matrix xc ≡ Px. The window


oordinates in this 
ontext are given by
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









x1,w

x2,w

x3,w











=











x1,c/x4,c

x2,c/x4,c

x3,c/x4,c











(5.14)

A 
ommon way to designate any point in a 
onvex polygon is the use the

bary
entri
 
oordinates of the points de�ning it as 
laimed by the proposi-

tion 10.3.6. It is, in parti
ular, useful to obtain the value a a linear fun
-

tion for whi
h the values are known at the polygon points. Indeed, let be

f : E → F with F a normed ve
tor spa
e and f a linear fun
tion, then

f(
∑

i=1

αixi) =
n
∑

i=1

αif(xi) (5.15)

Let us inje
t the expression of a point on the primitive in terms of

bary
entri
 
oordinates in order to investigate the image spa
e of the pro-

je
tion. Let us de�ne Pr ≡ P (1 : 3, 1 : 4) and let be x =
∑n

i=1 αixi a point

in a given primitive

xw =

∑n
i=1 αiPr(xi)
∑n

i=1 αix3,i
=

∑n
i=1 αixi,wx3,i
∑n

i=1 αix3,i
(5.16)

Let us de�ne α′
i by

α′
i ≡

αix3,i
∑n

i=1 αix3,i
(5.17)

Clearly,

∑n
i=1 α

′
i = 1 and α′

i > 0. Therefore, the images are always

expressed as a bary
entri
 
ombination of the window 
oordinates. Let us

prove the surje
tivity of the appli
ation. For a set of α′
i > 0 su
h that

∑n
i=1 α

′
i, let us �nd a set of αi > 0 su
h that

∑n
i=1 αi = 1 and su
h that

the appli
ation send α → α′
. It is relatively straightforward to see that


hoosing αi = − α′
i

x3,i
would give the expe
ted result through the appli
a-

tion. However, the 
ondition

∑n
i=1 αi = 1 is not guaranteed. In order to

guarantee this 
ondition, let us simply res
ale the αi as follows

αi =

α′
i

x3,i

∑n
i=1

α′
i

x3,i

(5.18)
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Therefore, the appli
ation is surje
tive and the image spa
e 
orrespond

to the whole 
onvex skull generated by the vertex window points. In order

to prove the surje
tivity, one 
reated a appli
ation that gives the bary
en-

tri
 
oordinates in the eye spa
e in fun
tion of the bary
entri
 
oordinate

in the window spa
e. The 
omposition of the two appli
ations gives the

identity appli
ation and therefore they are both a bije
tion. It is important

to noti
e that even if these relations give a way to 
onvert the bary
en-

tri
 
oordinates uniquely, the primitive 
onvex skull in the window spa
e

is not ne
essary in bije
tion with the primitive 
onvex skull in the eye spa
e.

Before 
losing this subse
tion, let us noti
e an important 
onsequen
e

about these observations. The third window spa
e 
oordinate is used for

the depth analysis and therefore 
ontains a dire
t information about the

x3 value in 3D spa
e. This information about x3 is 
al
ulated in the win-

dow spa
e by the bary
entri
 
ombination i.e by a linear 
ombination. It is

remarkable that the depth information is 
al
ulated simply by a linear 
om-

bination in the window spa
e. However, it is important to noti
e that the

depth information provided by x3,w is not the depth itself as the following

equations show

x3,w =

n
∑

i=1

α′
ix3,i,w = p33 +

p34
x3

(5.19)

⇒
n
∑

i=1

α′
i(p33 +

p34
x3,i

) = p33 +
p34
x3

(5.20)

⇔
n
∑

i=1

α′
i

1

x3,i
=

1

x3
(5.21)

5.1.1.2 Rasterisation

On
e the window spa
e 
oordinate of ea
h vertex of a given primitive has

been 
al
ulated and the x3,i is kept somewhere in memory, the rasterisation

of this primitive takes pla
e. This operation 
onsists in �nding all the pixels

tou
hing the 
onvex skull of the primitive and 
al
ulate for ea
h of these

pixels respe
tively the value of the di�erent fun
tions at the position of the

pixel. In order to 
al
ulate these values, the bary
entri
 
oordinates are


al
ulated. Then the formula developed in the previous subse
tion allow

one to �nd the bary
entri
 
oordinates in the eye spa
e and therefore the

value returned by the di�erent fun
tions at the pixel 
orresponding position

in the eye spa
e. For the depth bu�er, the

1
x3,w

is 
al
ulated by a simple

bary
entri
 
ombination in the window spa
e. For ea
h primitive pro
ess by



92 Chapter 5. GPU Programming

the rasterisation stage, several fragments asso
iated respe
tively uniquely

to a pixel are generated. A fragment is de�ned by a pixel and a set of

informations asso
iated with this pixel.

5.1.1.3 Fragment pro
essing

The values of the di�erent fun
tions 
al
ulated at the rasterisation stage

are sent to the fragment pro
essing stage. At this stage, these values are

used to de�ne the 
olor of the pixel and to �lter the hidden pixels with the

help of the depth bu�er.

5.2 GPU inside

The 3D rendering of a s
ene based on rasterisation involves a lot of inde-

pendent 
omputations on a set of small data. First, ea
h vertex is proje
ted

into the 
lip spa
e by 
al
ulating the produ
t of the proje
tion matrix with

ea
h eye spa
e vertex 
oordinate. Then, in the same stage, the window


oordinate are 
al
ulated. This stage 
omputation is independent for ea
h

vertex. Then, ea
h primitive is rasterized. Again, for ea
h primitive, the


omputation is independent. Finally, ea
h fragment is pro
essed indepen-

dently in the last stage of the OpenGL pipeline. The GPU hardware needs

to perform a lot a 
al
ulation on a set of small data. Furthermore, a give

set of data undergo a 
ouple of instru
tions before being 
opied ba
k to

memory. In other words, this means that several instru
tions are exe
uted

on lo
ally loaded data before 
opying it ba
k to the main memory. Three


hara
teristi
s of rasterisation have been identi�ed: 
ompute intensity, data

parallelism and data lo
ality. Compute intensity means a good ratio be-

tween the number of operations performed per I/O on the main memory.

Data parallelism means a good independen
e between the many sub-tasks of

a given algorithm. Data lo
ality means that ea
h sub-task performs 
ompu-

tation on data lo
ated in the same memory region. These three 
onditions

allowed engineers to design a spe
i�
 hardware for the rasterisation.

One may wonder if the instru
tions set used for the three rendering tasks

are the same. Before 2006, the GPU hardware designs were built based on

di�erent instru
tions sets for the di�erent task of the rasterisation pro
ess.

In parti
ular, the vertex pro
essing had a lot more instru
tions than the

fragment pro
essing. Programmers were therefore using di�erent instru
-

tions for these two stages. At the present time, ea
h steps of the rendering

pipeline 
an use the same set of instru
tions. This is 
alled the Uni�ed

Shader Model (USM). A shader is pie
e of program from the rendering

pipeline of an API. If a shader 
an use any kind of instru
tions, spe
i�
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hardware might still be used to perform spe
i�
 a
tion from the graphi
s

pipeline. For instan
e, many GPU in
lude a raster engine and a tesselation

engine be
ause these operations are almost always intensively used by the

game engine, they are mu
h faster on dedi
ated hardware than running on

the main ar
hite
ture of the GPU and a dedi
ated hardware represent a

reasonable amount of sili
on i.e a good performan
e to pri
e ratio. ATI

released the �rst GPU following this model in 2006 with its HD2000 board

based on the TeraS
ale ar
hite
ture. Qui
kly after the release of this board,

Nvidia released the Gefor
e 8 series in 2007 based on the Tesla ar
hite
ture.

This allowed gaming 
ompany to develop more realisti
 graphi
s and to

improve the ease of programming on GPU. The di�erent API have followed

the evolutions of the ar
hite
tures. There was a major step in the OpenGL

evolution that happened at the transition between the version 2.1 and 3.0;

the programmer using OpenGL has to program at least the vertex shader

and the fragment shader. The vertex shader allows to user to perform the

most important 
omputation of the vertex shader. For instan
e, the prod-

u
t of the proje
tion matrix

1

with the homogeneous 
oordinates happens

there. The user 
an de�ne several variables that are going to be interpolated

in the rasterisation stage and therefore a

essible in the fragment stage and

in parti
ular in the fragment shader. In the fragment shader, the 
olor for

the pixel asso
iated to this fragment is 
al
ulated. If the 
olor is simply de-

�ned by the linear interpolation of the RGB 
olors de�ned at ea
h vertex,

the value 
al
ulated by the rasterisation stage 
an be used dire
tly and the

vertex shader is one line of 
ode. For texture, the 2D texture 
oordinates

interpolated by the rasterisation stage are also dire
tly used by 
alling a

texture fun
tion that mat
h the texture 
oordinate to the right pixel of the

pi
ture. For these two 
ases, the fragment shader is very simple. You may

wonder in what kind of situation the fragment shader might be tri
ky. A

example of a more 
omplex shader is for instan
e a pi
king fragment shader.

The pi
king pro
ess 
onsists in sele
ting element in the 3D s
ene by 
li
k-

ing on it. In oder to perform a fast pi
king, a
tual game engines use the

GPU. A false pi
ture using a spe
i�
 
olor for ea
h primitive is rendered

in a o�-s
reen bu�er. The 
olor seen by the mouse is then mat
hed to the

primitive sele
ted.

The ar
hite
ture this is des
ribe in the next se
tion is the Pas
al ar-


hite
ture from Nvidia. This is the latest Nvidia ar
hite
ture at the time

of writing of this thesis. The reader is invited to read interesting aspe
ts

1

In general, the matrix used in the vertex shader is not only the proje
tion matrix.

Indeed, in general, 
omplex geometry are des
ribe with the help of several frames. The

general transformation matrix is therefore �rst 
omputed (the produ
ts of the proje
tion

with several transformations matri
es) and then used in the vertex shader.
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Figure 5.3: The GP104 
hip based on Pas
al ar
hite
ture [69℄.

about the former ar
hite
tures by himself. In parti
ular, the Tesla, Fermi

and Maxwell ar
hite
tures might help the reader to understand the former

strategies of GPU. All informations related to the di�erent Nvidia ar
hite
-

tures 
an be found on their website [69℄.

5.2.1 Nvidia Pas
al ar
hite
ture

The GP104 
hip is 
onsidered through all this se
tion to illustrate the fun
-

tioning and the features of a Pas
al ar
hite
ture. The GP104 is made of

several Graphi
s Pro
essor Clusters (GPC). Ea
h GPC is made of several

Streaming Multipro
essor (SM) and a Raster Engine (RE), as shown in Fig

5.3. The RE is a dedi
ated hardware used to perform the rasterisation stage

of the rendering pipeline. Typi
ally, this allows the GPU to rasterise sev-

eral triangles per 
lo
k 
y
le. An L2 
oherent 
a
he is used to a

elerate the

transfer between the main memory and the SM. There are height memory


ontrollers for the GP104, ea
h 
ontroller has a 256 KB of L2 
a
he i.e a

total of 2MB of 
oherent L2 
a
he is available. Next to the L2 
a
he they

are height Render Operations Pipelines (ROP) that perform transa
tions
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between bu�ers in lo
al memory and also perform antialiasing [70℄ opera-

tions.

The Streaming Multipro
essor is made of several pie
e of hardware

namely:

• CUDA 
ore

• Shared memory

• Texture/Ca
he memory

• Registers

• Load and Store blo
ks

• Spe
ial Fun
tion Unit (SFU)

• Texture spe
i�
 hardware

• Instru
tion Bu�er

• Wrap S
heduler

Fig. 5.4 illustrates all the 
omponents.

5.2.1.1 CUDA 
ore, SFU and DPU

A CUDA 
ore is a simple pie
e of hardware 
apable of performing basi


integer and �oating-point operations. It does not de
ode instru
tions whi
h

is the task of the Wrap S
heduler and Dispat
h Units. They are made of

an Arithmeti
 Logi
 Unit (ALU), and Floating-Point Unit (FPU), poten-

tially sour
e operand registers and destination operand registers as shown

in Fig 5.5. The latter two are not always used in ea
h implementation of the

ar
hite
ture. They are link lo
al bu�er that 
an be used to read or write

data from the registers and use this data later on. The SFU allows fast


omputation of spe
i�
 operations su
h as the evaluation of trigonometri


fun
tions and the exponential. When performing 3D rendering, the 
om-

putation are always done with �oating numbers. However, s
ientists often

need to use double pre
ision numbers. Performing pre
ision operations on

GPU without spe
i�
 hardware to do it 
osts more than twi
e the 
ompu-

tation time of the same operations with �oating numbers. In order to avoid

su
h performan
e loss, Nvidia pla
ed dedi
ated hardware to handle double

pre
ision 
al
ulations, the DPU.
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Figure 5.4: Streaming Multipro
essor of the Pas
al ar
hite
ture [69℄.

Figure 5.5: Cuda CORE hardware [69℄.
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5.2.1.2 Instru
tions de
oder and s
heduler

The instru
tion de
oder and s
heduler is the part of the SM that de
oded

the instru
tions present in the instru
tion bu�er and s
hedule the exe
ution

of these instru
tions on the 
ores for several threads. The GP104 SM is

separated in two blo
k of identi
al hardware made ea
h of one s
heduler,

two dispat
hers and one instru
tions bu�er. An instru
tion is exe
uted for

a group of 32 threads and if their are less threads to be exe
uted some idle

threads are run instead. This is 
alled a wrap exe
ution and it 
onsists

in running a single instru
tion for 32 di�erent set of data. The s
heduler

fet
hes an instru
tion and try to �nd a warp available to run it. Depending

on the instru
tion, it will look for 8 or 16 available 
ores, 8 available LD/ST

units, 8 or 16 available DP Units or 8 SFU units. For instan
e, if the data are

already loaded in registers (or in the sour
e operands) and the instru
tion


onsists in an arithmeti
 operation, the s
heduler looks for 8 or 16 available


ores to run the instru
tion. In this 
ase, the instru
tion is run for 4 or

2 
lo
k 
y
les respe
tively in order to have the 32 exe
utions of the wrap.

On
e the wrap is identi�ed, the s
heduler uses its dispat
hers to run the

same instru
tion on these 
ores. In 
ase of load or store instru
tion on the

global memory the LD/ST unit 
al
ulates the sour
e or destination address

for 8 threads. On
e these addresses are known, the L1 
a
he is used to fet
h

theses data. If the data are 
ontiguous in memory and aligned, the fet
h

operation might be grouped. The memory se
tion explains in details the

fun
tioning of the di�erent memories.

5.2.1.3 Memory prin
iple

In this se
tion, one fo
uses on the physi
al memory in the GP104. Ea
h

API for GPU 
omputing might have a memory model that slightly diverges

from the physi
al pattern. However, it is relatively easy to guess how the

memory model of a given API is linked to the physi
al memory.

Their are 3 types of memory in a SM: Registers, L1 Ca
he (uni�ed with

the texture 
a
he), shared memory.

The registers are the private memory of the threads. Their are registers

also used to hold the status of the thread itself su
h as the index of the

thread being run on a given 
ore. A given SM 
an run a limited number of

threads that is �xed by the manufa
turer. Typi
ally, around 1024 threads


an run in a given SM. For ea
h of these threads, several registers will be

used. There is no swit
h 
ontext when the s
heduler de
ide to run a new

wrap in the SM. For ea
h threads the number of registers allo
ated to it

hold the values of these threads till 
ompletion of the task (more spe
i�
ally
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till the 
ompletion of a kernel de�ned a bit further in the text). It is possible

that the number of registers is not su�
ient to hold the private variables of

the n threads that run on a given SM. In this 
ase, the 
ompiler is going

to use global memory to store the private data. This very important point

to understand be
ause global memory is more than 100 times slower than

registers although lo
al a

esses are 
a
hed by the L1 
a
he. When the

programmer is not 
ertain that the 
ompiler is going to use only registers,

he will likely used to shared memory whi
h is of a speed 
omparable to reg-

isters and is fully 
ontrolled by the user. Arrays dynami
ally indexed are

always store on global memory be
ause the 
ompiler 
annot �gure out the

register to use at 
ompile time. Therefore, it uses global memory a pointer

arithmeti
.

The L1 
a
he memory is used to 
a
he the a

ess to global memory. It

is the se
ond level of the 
a
he system sin
e there is a L2 
a
he used at the

global level. The L1 
a
he is however a non 
oherent 
a
he while the L2


a
he is 
oherent. No 
oherent 
a
he means that the value held by the 
a
he

might not be the same as the one held by other 
a
hes of the same level and

that any write operation from a 
ore to global memory does not warn any

other L1 
a
he pointing to the same memory area been written to. This

is a major di�eren
e with 
a
he system on a x86 CPU be
ause ea
h 
a
he

on a x86 is 
oherent. The speed of L1 
a
he is 
omparable to the speed of

the shared memory be does not work exa
tly the same way. When a thread

requests memory from the global memory it �rst uses a LD/SD unit to 
al-


ulate the sour
e address. This is done in parallel for a 
ouple a threads (a

fra
tion of a wrap). On
e the sour
e or destination addresses are known,

the memory 
ontroller 
he
ks whether or not this addresses are 
ontiguous

in memory. If they are, the fet
h or write operation 
an be grouped. This

is known as 
oales
ing memory a

ess. Fig /refCoales
ing illustrates this


on
ept for 8 threads (instead of 32 threads) for the sake of 
learness. For

the 
learness of the pi
ture, only the end of the address is represented. At

the address 0x04 starts a new 
a
he word of 128 bytes. The addresses are

given in hexade
imal basis. The sub�gure (a) shows a situation where two

L1 
a
he fet
hes of 128 bytes are required. Indeed, the thread 7 requests

a word in the region of memory just after 0x104 whi
h means a full fet
h

of 128 bytes is performed for the data between 0x104 and 0x204. In the

sub�gure (b), all threads request memory in the region 0x04 and 0x104. A

single fet
h is performed. Most likely, the reason of having a 128 
a
he line

is that a LD/ST unit performs I/O operation on 4 words. Sin
e a word is

32 bits or 4 bytes and their are 8 LD/ST units 
onne
ted on a 
a
he line,

the bus width 
hosen by Nvidia is simply the width of an optimal memory

a

ess where the 8 LD/ST units would read 
ontiguous data in memory. L1
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T1 T2 T3 T4 T5 T6 T7 T8

T1 T2 T3 T4 T5 T6 T7 T8

2x 128 bytes fet
hed

1x 128 bytes fet
hed

(a)

(b)

0x04 0x84 0x104 0x184 0x204

0x04 0x84 0x104 0x184 0x204

Figure 5.6: Coales
ing for global memory a

ess.
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a
he is not always enable by default. There are two reasons for disabling

the L1 
a
he. First, if the kernel a

ess the global memory at pla
es that

do not allow grouping read or write, it is better to bypass the L1 
a
he and

use the 32 bytes line of the L2 
a
he in order to avoid the waist of band-

width. The se
ond reason is that former nvidia GPU were designed with a


ommon L1 
a
he and shared memory. The user 
ould 
hoose to allo
ate

more memory for the 
a
he or for the shared memory. For these devi
es, in

CUDA programming a spe
ial �ag had to be used at 
ompilation for using

more memory for the L1 
a
he (see Programming guide on nvidia website).

With OpenCL, the user does not have to �ne 
ontrol of the devi
e sin
e

OpenCL is a devi
e independent API.

The shared memory is a fast memory entirely 
ontrolled by the pro-

grammer. It 
an be used to perform very qui
k random data a

ess if used


orre
tly. The shared memories in ea
h SM are not 
onne
ted therefore it


an only be used by a group of threads running on the same SM. The shared

memory is divided into several banks that 
an be a

essed simultaneously

by any thread of the SM. Several threads trying to a

ess the same bank

at the same time and for di�erent addresses undergo a bank 
on�i
t and

several 
lo
k 
y
les will be used to read/write the data. However, if the a
-


esses are performed on the same address and for the same operation only

one 
lo
k 
y
le is required to perform the a
tion. On the GP104, 64 KB

of shared memory is available per SM. Fig. 5.7 shows 3 di�erent situations

for bank a

ess. In the �rst sub�gure (a) the �rst and se
ond thread a
-


ess two di�erent data in the �rst bank resulting in a bank 
on�i
t. The

sub�gure (b) shows almost the same situation but this time the �rst and

se
ond thread a

ess the same data. If the operation is identi
al (read or

write) then there is no bank 
on�i
t 
reated by the �rst and the se
ond

thread. The last sub�gure (
) shows a situation where the �rst and the

se
ond threads address two di�erent banks so there is no 
on�i
t 
reated by

these two threads.

5.3 OpenCL

OpenCL is a language that aims at running massively parallelisable pro-

gram. Nvidia developed their own language 
alled CUDA. However, CUDA

is a proprietary language and 
an only be used for Nvidia devi
es. Let us


ompare the two languages
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Figure 5.7: Shared memory and bank 
on�i
ts.
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Type CUDA OpenCL

Portability Only for Nvidia de-

vi
es

For all devi
es sup-

porting OpenCL and

in parti
ular: ATI,

Nvidia, Intel, Altera

(FPGA), AMD

Li
ense Proprietary language Open sour
e. Any


ompany 
an imple-

ment OpenCL for their

devi
es.

Performan
es High performan
e due

partially to the �ne


ontrol of the hardware

10% less performan
e

on Nvidia.

Do
umentation Very well do
umented Very well do
umented

The biggest advantage of OpenCL over CUDA is the portability. Indeed,

on
e the 
ode is written it 
an be run on many di�erent devi
es. In parti
-

ular, the Intel Xeon Phi is a very interesting 
hip for massive parallelisable

algorithm. It is also very interesting to 
ompare the performan
es on di�er-

ent hardware for the same implementation. Of 
ourse, the implementation

of OpenCL plays a role on the performan
es.

In the following se
tion, the OpenCL model is presented.

5.3.1 OpenCL devi
e abstra
tion model

Fig. 5.8 illustrates the devi
e abstra
tion of OpenCL. Their are 3 types of

memory in the model. A global memory whi
h is in general huge but mu
h

slower than the other memories. Then there is the lo
al memory shared by

a group of work items (threads) asso
iated to a Compute Unit (CP). This

memory is mu
h faster than the global memory but is also mu
h smaller.

Finally, ea
h work item has its own private memory spa
e. The private

memory is supposed to be the fastest memory as long as the user does not

use more private memory than available. A work item represent a thread

and there are several groups of work items ea
h group being asso
iated

uniquely to a CU. The lo
al memory is shared by all the WI in the WG.

5.3.2 OpenCL API

A fun
tion that runs on an OpenCL devi
e is 
alled a kernel. When the

programmer request a kernel to be run on a devi
e, OpenCL �rst 
ompile
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Global Memory

Lo
al memory

Compute Unit

Compute Unit

Compute Unit

Lo
al memory

Compute Unit

Lo
al memory

Work Item

Work Group

Private memory

Ex
e
ution

Lo
al memory

Figure 5.8: Devi
e abstra
tion OpenCL.
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the kernel (and save the 
ompilation to gain time for the next use). Then

the programmer pla
e the kernel in a 
ommand queue asso
iated to the

devi
e. The devi
e s
heduler then laun
h the kernel when resour
es are

available for this kernel. It is possible to syn
hronize the kernels inside a

given 
ommand queue. For instan
e, it is possible to forbid a kernel to be

run until one or several other kernels are done. The 
ommand queue 
an

be set in two di�erent modes: A random mode and a First In First Out

(FIFO) mode. In the �rst mode, the s
heduler runs the kernels in the order

that suits it.

On a given 
omputer, their maybe several devi
es that supports OpenCL.

Devi
es from the same manufa
ture might be able to share data dire
tly be-

tween one another. In OpenCL, devi
es are own by a 
ontext. A 
ontext

gather all devi
es that 
an share their data without the need to pass by the


ompute main memory. Ea
h 
ontext is asso
iated to a platform whi
h is

an OpenCL spe
i�
 implementation provided by the manufa
ture of one or

several devi
es embedded in the 
omputer. Fig 5.9, Fig 5.10 summarizes

these explanations.

5.3.3 Work partition 
on
ept

As explained previously, ea
h Compute Unit (CU) runs a number of work

items that 
omposes the group asso
iated with it. Open
l imposed that

ea
h group has the same number of work items. For ea
h devi
e, there is a

preferred group size denoted Lpref ∈ N. When running kernels on Nvidia

hardware, the preferred group size is 32 whi
h is not a big surprise sin
e the

warp size is 32 threads. If the number of elements running in the group size

is smaller than the preferred one then usually some idle work items are 
re-

ated on the devi
e whi
h means that the e�
ien
y de
reases. For ea
h CU,

there is also a maximum number of work items that 
an be pla
ed in the

group. For instan
e, on re
ent Nvidia GPU this number is 1024. Below, the

maximum number of work items that 
an be pla
ed in a group is denoted β.

OpenCL provided n dimensions to partition the work. For ea
h dimen-

sion there is a maximum number of work items that 
an be pla
ed in a group.

Let us denote these limits by the ordered pair Lmax = (Lmax,1, ..., Lmax,n) ∈
N

n
where Li ≤ β. There is also a limits for ea
h dimension on the global

number of work items given by the size of a site_t variable for a spe
i�


devi
e. This number 
an be determined on the devi
e address bit width

(for instan
e 32 bits, then the max number for a given dimension is given

by 232 − 1).
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Figure 5.10: This �gure illustrates the possible data �ow between devi
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Let us assume that a kernel has a global work load given for ea
h di-

mension by (G1, ..., Gn) where Gi ≤ sizeof(sizet). One must partition this

global work load into groups. Let us denote by L = (L1, ..., Ln) ∈ N

n

the group size or the so-
alled lo
al size. Ea
h group should 
ontain if

possible a multiple of the preferred group size for the targeted devi
e i.e

Πn
i=1Li = kPpref with k ∈ N\{0}. Of 
ourse, for ea
h dimension, the

group size must be a multiple of the global work size i.e Gi = kiLi with

ki ∈ N\{0}. Inje
ting this last relation into the preferred size 
ondition one

gets Πn
i=1Gi/ki = kPpref . There might be many ordered pairs of (k1, ..., kn)

that satis�es these 
onstrains. There is still however one 
riterion left to

a

ount for, the amount of lo
al memory required by the group. Sin
e the

lo
al memory is relatively small, it might take a dominant part in the par-

tition. Therefore, optimizing an OpenCL partitioning might be very tri
ky

and there is no re
ipe for it, the optimal partitions of a kernel is spe
i�
 to

it. Fig 5.11 shows the di�erent relations between these 
on
epts.
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Global ID

T = (i1, ..., in + Ln − 1)
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Figure 5.11: The pi
ture illustrates the relation between global ID, group

ID and lo
al ID in an OpenCL partition.
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Chapter 6

Beam dynami
s

6.1 Introdu
tion

In this 
hapter, the implementation of the beam dynami
s solver on a GPU

is explained in details. The equations of motion of the parti
les in an ele
tro-

magneti
 �eld 
an be solved in parallel if the parti
les are assumed indepen-

dent from one another. In parti
ular, a GPU is a perfe
t pie
e of hardware

for this problem. In
luding the intera
tions between parti
les breaks this

independen
e. However, using some approximations, it is possible to main-

tain a GPU implementation whi
h is still very favourable in terms of the

ratio between performan
e and pri
e to a CPU.

6.2 Physi
al hypotheses of the motion solver

6.2.1 Geometri
 
ontext

The beam dynami
s 
omputations are performed in a region of spa
e de-

limited by a 
ylinder that we 
all the a

elerating tunnel. It is pla
ed right

in the middle between the rods where the parti
les are physi
ally present.

A default a

elerating tunnel has been de�ned at suitable �xed position in

order, for instan
e, to 
al
ulate easily the unique 
ell of ea
h parti
le. The


ells are a subdivision of the a

elerating tunnel as it will be explained in

subse
tion 6.2.4.

The default global frame is de�ned by F1 ≡ (O, x̂1, ..., x̂3) where the

basis is an orthonormal basis for the geometri
 s
alar produ
t. Homoge-

neous 
oordinates are used in order to express any a�ne transformation

(see proposition 10.3.4) as a linear appli
ation in a four-dimensional ve
tor

109
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spa
e. Let F2 ≡ (O′, x̂′
1, ..., x̂

′
3) be another frame pla
ed on the a

elerating

tunnel in the a

elerator. The default 
oordinates (used in the default tun-

nel) are therefore expressed in F2. The transformation matrix between the

two system of 
oordinates is given by

T2→1 ≡





Rt T

0 1





(6.1)

where R is the rotation matrix de�ned by x̂′
i =

3
∑

j=1

Rij x̂j and the translation

ve
tor by T ≡ [OO′]. The inverse transformation is given by

T1→2 ≡





R −RT

0 1





(6.2)

Fig. 6.1 illustrates these transformations. Let us de�ne a set of sampling

points as follows

G ≡ {x|x0 +

3
∑

i=1

αisix̂
′
i, αi ∈ [0, ..., Ni]} (6.3)

where Ni ∈ N and si ∈ R is the grid step in the dire
tion x̂′
i. They represent

the points on whi
h the sour
e ele
tri
 �eld must be extra
ted from the MoM

simulation. These sample points are de�ned in the default a

elerating

tunnel and therefore must be transported to the real a

elerating tunnel

position. The set of true positions of the grid points is given by T2→1G ≡
{T2→1(x)|x ∈ G}. The �eld extra
ted with the MoM at these positions

must be transported ba
k to the default a

elerating tunnel. Let fα1,α2,α3

be the �eld extra
ted at the grid position (α1, α2, α3) then the �eld in the

default tunnel is given by [f
′
α1,α2,α3

] = R[fα1,α2,α3
].

6.2.2 Ele
tri
 �eld separation hypothesis

The ele
tri
 �eld inside the a

elerator is generated by two di�erent sour
es:

The RF sour
e feeding the a

elerator and the spa
e 
harge. The spa
e


harge is the ele
tromagneti
 �eld generated by the parti
les inside the

a

elerator. Sin
e the velo
ities of the parti
les are small, the total magneti


�eld produ
ed by them 
an be negle
ted. The ele
tri
 �eld s
attered by

the parti
les intera
ts with the a

elerator (i.e. it is a wideband external

sour
e). Therefore there is a 
oupling between the RF sour
e feeding the

a

elerator and the beam. This 
oupling 
an also be understood with the
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(a)

(b)
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


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0 1




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2

x̂ ′
3
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



R −RT

0 1





O′
r

X3,left ≡ − l
2

x̂′
2

x̂′
1

x̂′
3

Inje
tion zone

BEAM

Figure 6.1: (a) Transformations between the main frame F1 and the frame

of the default a

elerating tunnel F2. (b) De�nitions of some elements of

the a

elerating tunnel.
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help of the energy 
onservation prin
iple. Sin
e some energy is transferred

from the RF sour
e to the beam there must be an ele
tromagneti
 
oupling

between the two sour
es by 
onservation of energy. The 
oupling between

these two sour
es is negle
ted in this thesis as it is 
ommonly done in the

a

elerator 
ommunity(see for instan
e [71℄). Therefore, the sour
e �eld

produ
ed by the RF sour
e and simulated with the Method of Moments

(MoM) is independent from the spa
e 
harge �eld 
al
ulated separately.

The ele
tri
 �eld at any point in the a

elerator reads

E(x, t) = Es(x, t) + Eb(x, t) (6.4)

where s stands for sour
e and b stands for beam (spa
e 
harge ele
tri
 �eld).

The spa
e 
harge ele
tri
 �eld is 
omputed with the help of the Coulomb

law. The a

elerator surrounding the parti
les generates a stati
 ele
tri


�eld in their presen
e. Indeed, sin
e the ele
tri
 potential on and in a per-

fe
t ele
tri
 
ondu
tor must be 
onstant, 
harges appear on the surfa
e of

the a

elerator to enfor
e this 
ondition. Therefore, to obtain an a

urate

ele
tri
 �eld, one should solve the full ele
trostati
 problem taking into a
-


ount the a

elerator. In this thesis, the a

elerator is negle
ted in the


omputation of the spa
e 
harge �eld. Only the �eld s
attered by the par-

ti
les themselves is a

ounted for.

6.2.3 Ma
ro-parti
le Model

The beam is inje
ted in the RFQ at an energy of 30keV and with a 
ur-

rent of 4mA. It means that the number of inje
ted parti
les is given by

I/Q = 4∗10−3

1.6∗10−19 = 2.5 ∗ 1016p/s. Let us take a 
riti
al time transport in

the a

elerator 
orresponding to a parti
le not gaining any energy

1

. The

non-relativist velo
ity is given by

v =

√

2E

m0
=

√

2 ∗ 30 ∗ 103 ∗ 1.6 ∗ 10−19

1.6 ∗ 10−27
= 2.45 ∗ 106m/s (6.5)

where m0 is the mass of a proton and E is the total kineti
 energy. The a
-


elerator is 4m long, therefore the transfer time is given by ∆t = 4
2.45∗106 =

1.6 ∗ 10−6s. The number of parti
les for this 
riti
al 
ase is given by

∆t ∗ I
Q = 4 ∗ 1010. If the 
omputer were to solve the equations of mo-

tion for ea
h parti
le, the required memory to hold the positions and the

velo
ities of ea
h parti
le would be around 1TB whi
h is too big for present


omputers. Moreover, if ea
h intera
tion should be 
omputed, the naïve

brute for
e method s
ales as O(n2) with n the number of parti
les. This is

1

It may happen if the input beam is unmat
hed with the a

elerator.
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(m0, q0)

(m0Nk, q0Nk)

Bullet k

Figure 6.2: Ma
ro-parti
le approximation.

obviously impossible to handle within a reasonable 
omputation time.

The model we de
ided to follow for the beam dynami
s simulation is

the so-
alled ma
ro-parti
le approximation [72℄, [73℄. It is also 
alled bullet

approximation in this thesis. It 
onsists in gathering a 
ertain amount of

parti
les into a bullet and treat this bullet as a single parti
le. This virtual

parti
le has a mass and a 
harge 
orresponding respe
tively to the sum of

masses and the sum of 
harges of all the parti
les 
on
entrated in it. Fig. 6.2

shows this approximation. The for
e experien
ed by a ma
ro-parti
le lo-


ated at a position x1 due to the presen
e of another ma
ro-parti
le lo
ated

at a position x2 is given by the following well-known Coulomb formula

F =
q1q2
4πǫ0

r

r3
(6.6)

with r ≡ x1−x2, r = ||r||2 the distan
e between the parti
les, ǫ0 the permit-

tivity of free-spa
e, q1, q2 the 
harges respe
tively of the two ma
ro-parti
les.

Let us strike the attention of the reader to the fa
t that the motion of a

ma
ro-parti
le in a given ele
tri
 �eld is identi
al to the motion of a proton

in the same ele
tri
 �eld. Indeed, this is a simple observation in the third

Netwon's law

F k = m0Nk
d2O′Xk

dt2
(6.7)

F k = NkqE (6.8)

⇒ m0
d2O′X

k

dt2
= q0E (6.9)

where Nk is the number of parti
les gathered in the ma
ro-parti
le k and q0
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b b b b b b

Cell i

Cell i− 1 Cell i+1

beam

−ẑ

Figure 6.3: Intera
tion of 
ell i with its two neighbours namely the 
ell i−1
and the 
ell i + 1.

is the 
harge of a proton. Therefore, the beam dynami
s errors due to the

bullet approximation 
ome from the approximation of the ele
tri
 �eld map

generated by the approximative parti
le density distribution. Intuitively, if

the number of ma
ro-parti
les is very large, the ele
tri
 �eld distribution

should not be too far from the real one in the sense of a lo
al average ele
tri


�eld.

6.2.4 Short distan
e intera
tion approximation

Without a

ounting for the spa
e 
harge e�e
ts the motion solver 
on-

sists simply in solving independent ordinary di�erential equations. When

the spa
e 
harge e�e
ts are taken into a

ount, one should 
ompute the

Coulomb intera
tion between ea
h bullet whi
h is therefore an algorithm

that s
ales as O(M2) where M is the number of bullets. However, sin
e the

Coulomb intera
tion de
reases in

1
||R||2 where R is the distan
e between two

bullets, it makes sense to limit the region of intera
tion of ea
h parti
le to a

small fra
tion of spa
e. One potential implementation of this idea 
onsists

in dividing the a

elerator into small longitudinal 
ells and the parti
les in

a given 
ell intera
t only with their two dire
t neighbour 
ells. Fig 6.3 illus-

trates this 
on
ept where the 
ell i intera
ts with its two dire
t neighbours

namely the 
ell i− 1 and the 
ell i+ 1.

6.2.5 Sour
e Field Computation

For ea
h parti
le position, the sour
e ele
tri
 �eld has to be 
al
ulated. Sin
e

it would be 
umbersome to perform an ele
tri
 �eld extra
tion for ea
h new

parti
le position during the integration pro
ess another strategy had to be

used. The ele
tri
 �eld is 
al
ulated for ea
h sampling point pla
ed in a

regular grid as de�ned in the se
tion 6.2.1. The value of the ele
tri
 �eld

for any position in this grid is given thanks to a simple Lagrange 3-linear

interpolation in 3 dimensions. The 3-linear Lagrange interpolation 
onsists
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simply in interpolating linearly in ea
h dimension re
ursively. Additional

informations 
an be found in Appendix in se
tion 10.4.1.

6.2.6 Summary and di�erential equations

The goal of this se
tion is to formalize a mathemati
al model of the problem

taking into a

ount the approximations of the former se
tions and investi-

gate the good behaviour of these equations. By good behaviour, one means

the existen
e and the uniqueness of the solution.

Let F : U ⊂ R × R

6n → R

6n
be a fun
tion with n the total amount

of parti
les allowed in the simulation. The fun
tion gives the derivatives of

the phase spa
e variables for ea
h parti
le. Hen
e, the di�erential equation

to solve is given by

x′ = F (t, x) (6.10)

In order to model the beam dynami
s through a global di�erential equation,

the fun
tion F takes a zero value for the parti
les that are not yet inje
ted

in the a

elerator at a given time. Sin
e parti
les are inje
ted 
ontinuously

with time and sin
e the intera
tions for a given parti
le are 
al
ulated only

for its two dire
t neighbour 
ells, the fun
tion F is not a 
ontinuous fun
tion.

However, assuming that one performs the inje
tion at dis
rete time, and

that parti
les are sorted into 
ells at dis
rete time, one ends up with a

pie
ewise 
ontinuous fun
tion f . Let t0, ..., tn ∈ R be a sequen
e of time

points for whi
h an inje
tion and/or a sorting is performed (t0 being the �rst
inje
tion). For ea
h interval [ti, ti+1[, the fun
tion fi : Di ≡ [ti, ti+1[×U2 →
R

6Mi
, where

U2 ≡ R

6Mi\ ∪Mi

j=1 ∪Mi

k=1{((x, v)1, ..., (x, v)Mi) ∈ R6Mi |xj = xk} (6.11)

with Mi being the number of bullets present in the a

elerator during the

time interval [ti, ti+1[ and (x, v)i being the phase spa
e ve
tor (position-

velo
ity) of bullet i, is de�ned by

fi(t, x) ≡((v, 0)1, ..., (v, 0)Mi)

+
q0
m0

((0, Es(t, x1) +

Mi
∑

i=2

Q

4πǫ0
||x1 − xi||), ...,

(0, Es(t, xMi) +

Mi−1
∑

i=1

Q

4πǫ0
||xMi − xi||)) (6.12)

where q0,m0 are respe
tively the 
harge and the mass of a proton and Q the


harge of ma
ro-parti
le. It this de�nition of fi one omitted the variables of
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the non-existing parti
les by 
onvenien
e. This is the only di�eren
e with

the fun
tion F .

Now let us try to show the uniqueness and the existen
e of a solu-

tion for a time interval [ti, ti+1[ using well-known theorems of di�erential

equations theory re
alled in Appendix se
tion 10.8. First, let us prove

that U2 is an open subset. Let us take x ∈ U2 and let us show that

there exists δ > 0 su
h that B(x, δ) ∈ U2. Sin
e x ∈ U2 it means that

||xi − xj ||2 6= 0, ∀i 6= j. Let us de�ne b ≡ min{||xi − xj ||2|i 6= j}. Let

us assume that the norm 
hosen for the spa
e R

6M
is de�ned by x ∈

R

6M , ||x|| ≡
√

||x1||22 + ||v1||22 + ...+ ||vM ||22 = ||x||2. Now if ||x − y|| < b
2

it implies that ||xi − yi||2 < b
2 ∀i. Thanks to the triangular inequality,

one has ||xi − xj ||2 ≤ ||xi − yi||2 + ||yi − yj ||2 + ||yj − xi||2. This leads to
0 < ||yi − yj ||2, ∀i 6= j i.e B(x, b

2 ) ⊂ U2.

Unfortunately, the interval [ti, ti+1[ is not an open subset of R. However,
the appli
ation fi is naturally de�ned on R sin
e the ele
tri
 �eld Es(t, x) is
de�ned on R. By 
onvenien
e, the domain 
onsidered for the investigation

of the existen
e and uniqueness of the solution is given by U ≡ R × U2.

The appli
ation fi : R× U2 → R

6Mi
is C1

and therefore a lo
al 
ontinuous

Lips
hitz fun
tion in x. One knows that for a given (ti, xi) there exists a

unique maximal solution (see Appendix se
tion 10.8). Let us prove that

this solution is global i.e. it exists on R. Let us assume that u :]a, b[→ R

n
is

the maximal solution. One may noti
e that if the solution is maximal then

the interval must be an open subset. Indeed, if it was not the 
ase, then the

solution 
ould be extended lo
ally (there exists a safe 
ylinder around any

given the point in R×U2) and therefore the solution would not be maximal.

Now, let us prove that b = ∞ with a Redu
tio ad absurdum argument

and by symmetry the result will be the same for a. This 
omes from the

fa
t that the for
es 
an be bounded for any time in this interval. Using

an energy 
onservation prin
iple, one 
an obtain the minimum distan
e

between two parti
les i.e. the maximum �eld due to the Coulomb for
es on

a given parti
le. Sin
e the sour
e �eld is a periodi
 bounded fun
tion, the

overall for
e is bounded. Additional informations on this statement 
an be

found in Appendix se
tion 10.6. The for
es being bounded, the fun
tion fi
is bounded too. Let L < ∞ be the upper bound of fi and let t1, t2 ∈ [ti, b[
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one has

||u(t2)− u(t1)|| = ||
∫ t1

t2

f(t′, x)dt′|| (6.13)

≤ u(tl) +

∫ t1

t2

||f(t′, x)||dt′ (6.14)

≤ (t2 − t1)L (6.15)

≤ (b− t1)L (6.16)

Again, by the energy 
onservation prin
iple, one has that there exists r > 0
su
h that ∀t ∈ I, B(u(t), r) ⊂ U2 where I is the interval of the unique

maximal solution. Let us take t1 su
h that b−t1 <
r
2L . Eq. 6.16 implies that

u(t2) ∈ B[u(t1),
r
2 ] for all t2 ∈ [t1− r

2L , t1+
r
2L ]. It means that [t1− r

2L , t1+
r
2L ] × B[u(t1),

r
2 ] is a safe 
ylinder. Using the Cau
hy-Lips
hitz Theorem

(see Theo 3) one knows there exists a unique solution de�ned on the whole

interval [t1− r
2L , t1+

r
2L ]. Sin
e b < t1+

r
2L one just 
onstru
ted an extension

of the solution whi
h is a 
ontradi
tion. This ends the demonstration.

6.3 Sele
tion of a sorting method

Sorting parti
les into 
ells requires to 
al
ulate for ea
h parti
le the 
ell


ontaining it and then pla
e the parti
le in the 
ell 
ontainer. A 
ell 
on-

tainer is a region of memory allo
ated to store all the elements 
ontained in

the 
ell. There is no need to 
ompare the positions of the parti
les between

them i.e. there is no need to sort the parti
les in a given 
ell. When using


ells of same size, it is straightforward to 
al
ulate the position of a given

parti
le in the appropriate 
ell

index =
x3,i −X3,left

CS
(6.17)

where X3,left is the extreme left 
orner of the a

elerator (the smallest x3


oordinate of the a

elerating tunnel as shown Fig. 6.3), CS is the 
ell size

and x3,i is the x̂′
3 
oordinate of the bullet i. This 
omputation is of linear


omplexity with the number of ma
ro-parti
les. The tri
ky part 
onsists in


opying the bullets into their 
ell 
ontainer in a multithreaded way. The fol-

lowing subse
tions explained how to a
hieve su
h a sorting algorithm 
alled

the radix-sort algorithm [74℄.

Let A1, ..., An ⊂ R

3
be some regions of the 3-dimensional Eu
lidean

ve
tor spa
e with Ai ∩ Aj = ∅ if i 6= j. Let us de�ne A ≡ ∪n
i=1Ai and

let An+1 ≡ R

3\A be the rest. Let x1, ..., xm ∈ R

3
be some points in the
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Figure 6.4: The sequential radix sort algorithm.

3-dimensional ve
tor spa
e. Let us de�ne a pre-order relation on R

3
as

follows

x ≤ y ⇔ x ∈ Ai, y ∈ Aj , i ≤ j (6.18)

The radix sort algorithm 
onsists in sorting a given list of 
oordinates a
-


ording to the pre-order relation de�ned here-above.

The sequential radix sort algorithm 
onsists in the following three steps

• 
ounting the number of elements respe
tively inside ea
h spa
e domain

Ai

• 
reating an o�set ve
tor that holds the 
urrent free positions of ea
h


ell 
ontainer

• 
opying the elements in the new list with the help of the o�set ve
tor

Fig. 6.4 illustrates the fun
tioning of the sequential radix sort algorithm.
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6.4 A parallel implementation of the motion

solver for GPU

6.4.1 Introdu
tion

The algorithm 
onsists of four di�erent parts:

• Sorting parti
les into 
ells

• Computing for
es

• Integrating with an expli
it integral method [75℄

• Rendering the results and/or save some results

In the following subse
tions ea
h step of the solver implementation is

explained in detail. Most of the kernel 
odes are shown and explained. The

host 
ode is not shown sin
e it does not add any important implementation

subtlety. GPU hardware 
onstrains are 
onsidered in order to have an

e�
ient implementation. The �rst subse
tion introdu
es the data stru
tures

used on the GPU. The radix sort algorithm implementation is explained in

the se
ond subse
tion. The GPU implementation of a Runge-Kutta expli
it

integration method of order n is provided in the third subse
tion. Finally,

the spa
e 
harge 
omputation is addressed in the fourth and last subse
tion.

6.4.2 Data stru
ture

There are several data stru
tures used by the kernels. First a data stru
ture

that 
ontain the position, velo
ity and 
ell position of ea
h parti
le is 
re-

ated. This stru
ture is 
alled the Kinemati
 Stru
ture of a Parti
le (KSP)

and is presented in Fig. 6.7. Two memory blo
ks of same size 
ontaining

KSP elements are allo
ated. A single KSP is a
tive at a given time step

of the integration pro
ess. The maximum number of parti
les that 
an be

inje
ted is set by the user. This determines with the preferred group size the

total size of these two twin memory blo
ks (the 
losest lower value that is a

multiple of the preferred group size). The sort algorithm takes the former

a
tive KSP, sorts the data and 
opies it into the new a
tive KSP. Then the

Runge-Kutta integration is performed for a single time step and the KSP

data is updated. The Runge-Kutta integration uses the kernel responsible

for the ele
tri
 �eld 
omputation.

The radix sort algorithm uses two data stru
tures to store the 
ounts

and o�sets of parti
les in ea
h 
ell. There is one data stru
ture said to be

global and one data stru
ture said to be private to a work item. A data
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Figure 6.5: Radix Sort internal data stru
tures.

stru
ture gathering the whole information 
on
erning the 
ounts and o�-

sets of parti
les for the set of 
ells (in
luding the 
omplementary 
ell for

the lost parti
les) is 
alled Radix Sort Counts and O�sets (RSCO). When

this stru
ture is private to a thread (or equivalently to a work item) the

stru
ture is 
alled Private Radix Sort Counts and O�sets (PRSCO). These

data stru
tures are presented in Fig. 6.5. Futher explanations are provided

in the subse
tion related to the radix sort algorithm 6.4.3.

The Runge-Kutta algorithm uses a data stru
ture to 
al
ulate the new

positions and velo
ities of all the parti
les. Depending on the order of the

method, the data stru
ture size is larger or smaller. An expli
it Runge-

Kutta method (see [75℄) of a given order needs to evaluate at ea
h inte-

gration step one or several evaluations of the fun
tion f de�ned by 6.12.
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A
tually, the expli
it Runge-Kutta methods of higher order than one real-

ized several intermediate (or lo
al) integration steps. These intermediate

integration steps are used to evaluate the 
urrent global integration step

(see se
tion 6.4.5). Let (f(x1, t1), ..., f(xk, tk)) be k evaluations of f dur-

ing a Runge-Kutta integration step. The fun
tion variable is de�ned by

xi = (x1,i, v1,i, ..., xM,i, vM,i) where the index i ∈ [1, ..., q] refers to the


urrent intermediate Runge-Kutta integration step in the 
urrent global in-

tegration step. Its derivative is de�ned by ẋi = (v1,i, a1,i, ..., vM,i, aM,i). All
the data relative to a ma
ro-parti
le are gathered together in a 
ontiguous

region of memory for optimal 
a
he use in the �nal integration step where

all the intermediate results are used. For ea
h parti
le, the 
ell index is


opied too. This stru
ture is 
alled the Kinemati
 Rung-Kutta Stru
ture

of a Parti
le (KRKSP) and is presented in Fig. 6.6. The velo
ity appears

twi
e for 
onsisten
y and uniformity reasons and also in order to be used

with the general Runge-Kutta implemenation.

Fig. 6.7 shows the data �ow between the di�erent tasks. Ea
h data

takes four bytes (a word for present GPU) i.e. a �oat is four bytes and an

unsigned integer is four bytes too.

6.4.3 Radix sort strategy and implementation

6.4.3.1 GPU radix sort

Let us partition the set of points into subsets. Let S1, ..., Sk ⊂ N be

k subsets of indexes of parti
les su
h that Si ∩ Sj = ∅ if i 6= j and

[1, ...,M ] = ∪k
j=1Sk, where M is the total number of parti
les. Ea
h sub-

set is asso
iated to a thread. The �rst operation 
onsist in 
al
ulating the

total number of elements in ea
h domain so that one 
an foreseen the ne
-

essary amount of memory spa
e for ea
h domain. Cal
ulating the domain

asso
iated to ea
h point is an independent task. Therefore it is a fully par-

allelisable problem. But, in
rementing a given 
ount variable asso
iated to

a domain from di�erent threads 
annot be performed without ra
ing prote
-

tion. Indeed, even if ea
h 
a
he level were 
oherent, in
rementing a memory

blo
k from multiple threads would require a lo
k that allows only one thread

to run at a time the operations prote
ted by it. Ca
he 
oheren
y su
h as,

for instan
e, the MESIF proto
ol (see [76℄, [77℄) on Intel CPU only ensures

that at any given time the data is seen 
oherently by ea
h thread in memory.

Fig 6.8 shows a pie
e of 
ode where at some point a variable at address &i
is in
remented by a value of one. The pseudo-assembly 
ode shows what are

the instru
tions a 
lassi
 CPU would have to exe
ute: �rst fet
h the value

of &i in main memory and pla
e it in register Rk, then in
rement the value

of the register Rk by one and �nally store the value of register Rk ba
k into
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Figure 6.6: Runge Kutta internal data stru
ture.
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Figure 6.8: An example of 
ode with an in
rement operation performed in

several threads.

memory. Imagine now that this pie
e of 
ode is running on many threads

simultaneously. Imagine the OS s
heduler stops a given thread k just after

the read operation. The other threads keep running and updating the value

at the address &i. When the thread k resumes and fet
hes its 
ontext on

the sta
k, the value held by the register Rk is an old value but it will be

used to perform the in
rementation of the variable. This shows the need to

use of an ex
lusive lo
k system su
h as mutex to ensure the 
orre
tness of

the operation.

Now, imagine another situation where all the threads run on a separate

physi
al 
ore and that the s
heduler is programmed to let them run till


ompletion (no 
ontext swit
hing then). Let us assume that the system is


a
he 
oherent, for instan
e a MESIF 
a
he system. Ea
h memory opera-

tion on the address &i is 
oherent at any time. Let us imagine now that two

threads are perfe
tly syn
hronized i.e. the load operations are performed at

the same time. If all 
a
hes are in shared mode (a mode that indi
ates a


oherent share value), then the read operation sees the same value in both

syn
hronized threads. Therefore, the updated value of &i after the write

operations of the two threads ends up to be the value of &i in
remented of

one instead of two. Fig. 6.9 illustrates this phenomenon on a 32 bits x86

system for a dire
t 
a
he system (see for instan
e [78℄). Two CPU fet
h at

the same time the value pointing by &i. The L1 
a
hes return both the

value 5 sin
e they are in a shared status for this 
a
he line. Both CPU then

in
rement this value by one before writing it ba
k to 
a
he. The �nal value

in memory will be therefore 6 instead of 7. This shows again the need in

this 
ase of an ex
lusive lo
k system.
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Figure 6.9: An example of a syn
hronized load operation performed by two

di�erent threads in an in
rementation pro
ess on a 32 bits x86 CPU with a

MOSIF 
a
he system.

The need of a mutex for the in
rement operation slows down a lot the

parallelization. In fa
t, if the number of operations before the in
rement

operation is relatively small, the multi-threaded program does not gain any

speed as the number of threads used for this task in
reases. Indeed, most

of the threads will be stu
k waiting for the lo
k region of memory to be

available to 
omplete the operation. Therefore a naïve implementation of

the 
ounting is highly ine�
ient.

A solution to this problem is to use a private 
ounter for ea
h thread.

Ea
h value stored in these 
ounters are then summed up sequentially. On a

GPU, ea
h thread has a limited amount of private memory. If this amount

of private memory is higher than the available number of registers then the

global memory (through the L2 
a
he and optionally through the L1 
a
he)
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is used. A solution to this problem would be to use the lo
al memory but the

lo
al memory is not a large memory either. Let us assume the a

elerator is

divided in 1000 
ells and in ea
h half-SM 64 threads use the registers. The


ounters are four bytes memory blo
k. Therefore, the amount of memory

required for the 
ounters is 250KB. It's more than the available amount of

registers and shared memory on a half-SM in the Pas
al ar
hite
ture. But,

the list is almost sorted at any time (indeed, a parti
le enters and exits its


ell by its two dire
t neighbours). Hen
e, if the subsets of indexes of parti-


les are 
hosen su
h that the indexes in ea
h of them 
orrespond to parti
les


lose (in spa
e) from one another, one 
an assume that 
lose threads are go-

ing to use 
lose 
ounters. Therefore, using global 
a
hed memory for these


ounters is a

eptable sin
e it will unlikely 
ause many 
a
he misses.

To summarize, a �rst kernel using its own global memory 
ounters is

used to 
al
ulate the number of parti
les in ea
h 
ell domain Ai. Then an

other kernel is used to sum-up ea
h lo
al thread 
ounters asso
iated to the

same region of spa
e Ai. This kernel might be ine�
ient in terms of mem-

ory a

ess. However, the number of domains being mu
h smaller than the

number of parti
les, this thread has to do a negligible job. For the same

reason, the 
reation of an o�set ve
tor for ea
h spa
e domain Ai is also

performed sequentially by an other kernel. Copying the elements using a

massive amount of threads (more than the number of domains) requires to

have for ea
h thread its own o�sets table. Indeed, let us 
onsider the o�set


ounter of a given region Ai. This o�set has to be in
remented ea
h time

a data is 
opied in its asso
iated 
ontainer. Therefore, an ex
lusive lo
k

would have to be used to prote
t the in
rementations of this o�set variable

but also to prote
t the 
opy operations performed by ea
h thread. In order

to avoid this problem, a lo
al o�sets table is 
reated for ea
h thread. The

lo
al 
ounters used in the �rst kernel 
ontain for ea
h domain the number

of elements to be 
opied in ea
h 
ontainer for their lo
al subset of indexes

of parti
les. For ea
h domain, one asso
iates a thread that sums up these

lo
al values taking into a

ount the global values 
al
ulated with the se
ond

kernel.

Now ea
h kernel is going to be explained step by step. The memory

o

upation for the 
ounters and o�set 
ounters and their relations with the

kernels is shown Fig 6.10.

The �rst kernel is shown in the 
ode se
tion 6.1. Tt takes 7 arguments

namely: the pointer to the position of the parti
les "pv", the pointer to lo
al


ounters (
ounters and o�sets data are pointing toward the same memory

region) "o�set", the number of domains (or 
ells) "nBDomains" whi
h does
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al and global variables in the GPU radix
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not a

ount for the outside domain An+1 ≡ R

3\ ∪n
i=1 Ai, the number of

parti
les (elements) handled by a single work item (by a single thread)

"nBEWI", the extreme left Z 
oordinate of the a

elerator "Z_left" as

de�ned Fig. 6.2.1, the size of a 
ell "dZ" and the radius of a 
ell "radius".

The �rst line of 
ode fet
hes from the private registers of the work item

its index. Then the pointers for the parti
le positions and for the o�sets

are pla
ed to point into the memory region foreseen for the 
urrent thread.

Sin
e there are "nBEWI" parti
les pro
essed by a given thread and sin
e

the memory spa
e used to store the position, velo
ity and 
urrent 
ell index

of a given parti
le represents seven words of four bytes the number of four

bytes words the position pointer has to be in
remented is given by nBEWI∗
7 ∗ index. For the 
ounter pointer, the work item index is multiply by the

number of domains added by a value of 2. The number of domains in
luding

the rest domain is given by n = nBDomains+1 and an additional integer is
used to store the number of parti
les for whi
h the radial 
omponent ex
eeds

the 
ell radius (in order to tra
k parti
les lost inside the a

elerator). The

�rst operation on the data 
onsists in initializing the 
ounters to zero. Then

for ea
h parti
le handled by the work item "index", the 
ell position of ea
h

parti
le is 
al
ulated. On
e the 
ell is found, the lo
al 
ounter relative to

this 
ell is in
remented.

Code 6.1: Kernel 1 of radix sort algorithm

__kernel void Parti
leRadixSortCounting(__global float *pv,

__global unsigned int *offset,

unsigned int nBDomains ,

unsigned int nBEWI ,

float Z_left ,

float dZ ,

float radius){

int index = get_global_id(0);

pv += 7*index*nBEWI;

offset += index*( nBDomains+2);

for(unsigned int i=0;i<=nBDomains+1;i++){

offset[i℄ = 0;

}

for(unsigned int i=0;i<nBEWI;i++){

int z_pos = 
onvert_int_sat((pv[3℄ - Z_left)/dZ);

float R = sqrt(pv[1℄*pv[1℄+pv[2℄*pv[2℄);

if(z_pos < nBDomains && z_pos >=0){

if(R < radius){

offset [z_pos℄ += 1;

}

else{

offset [nBDomains+1℄ += 1;

offset [nBDomains℄ += 1;

}

}
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else{

offset[nBDomains℄ += 1;

}

pv += 7;

}

}

The se
ond kernel is relatively simple and is shown in 6.2. It takes four

arguments namely: the 
ounters pointer "o�set", the global 
ounters pointer

"domain_o�set", the number of 
ells whi
h does not a

ount for the outside


ell and the number of work items (threads) laun
hed for the �rst kernel. A

work item is 
reated for ea
h domain (hen
e for nBDomains+ 1)and one

for the lost parti
les 
ounter. Ea
h work item sums up the lo
al 
ounters


orresponding to the 
ell asso
iated to it and also for the lost parti
les


ounter whi
h is an independent 
ounter.

Code 6.2: Kernel 2 of radix sort algorithm

__kernel void Parti
leRadixSortOffset1(__global unsigned int *offset ,

__global unsigned int *

domain_offset ,

unsigned int nBDomains ,

unsigned int nBWI){

int index = get_global_id(0);

offset += index;

unsigned int total = 0;

for(unsigned int i=0;i<nBWI;i++){

total += offset [0℄;

offset += (nBDomains+2);

}

domain_offset[index℄ = total;

}

The third kernel shown in the 
ode se
tion 6.3 is also very straight-

forward. It takes 2 arguments namely the pointer pointing to the global

domain o�sets "domain_o�set" and the number of domains "nBDomains".

The kernel is run only on a single 
ore and it performs a very little job in


omparison to the overall job. One may think this job 
ould be performed

on the CPU. However, performing the work on the CPU requires a mem-

ory transfer whi
h �nally would 
ost more than just running this sequential

work on the GPU. It 
reates the o�sets for ea
h 
ell. The o�set of a given


ell is equal to the o�set of the previous 
ell plus the amount of parti
les in

the previous 
ell.

Code 6.3: Kernel 3 of radix sort algorithm
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__kernel void Parti
leRadixSortOffset2(__global unsigned int *

domain_offset ,

unsigned int nBDomains){

unsigned int next = 0;

for(unsigned int i=0;i<=nBDomains;i++){

unsigned int 
ount = domain_offset[i℄;

domain_offset[i℄ = next;

next += 
ount;

}

}

The fourth kernel of the radix sort algorithm is shown in the 
ode se
-

tion 6.4 and it takes the same arguments as the se
ond kernel. Its goal is

to 
al
ulate the private o�sets of ea
h work item. Ea
h domain is asso
i-

ated to a work item and on is asso
iated to the lost parti
les 
ounter. For

a given domain, the kernel simply 
al
ulates the lo
al o�set value of ea
h

subset of indexes of parti
les. The o�set of a given 
ell Ai in a work item

j (
orresponding the the subset of indexes of parti
les j) is simple given by

the lo
al o�set position of the 
ell Ai in the work item j−1 plus the number
of parti
les in the domain Ai of the work item j−1. For the �rst work-item
and for a given domain Ai, the lo
al o�set is given by the global o�set.

Code 6.4: Kernel 4 of radix sort algorithm

__kernel void Parti
leRadixSortOffset3(__global unsigned int *offset,

__global unsigned int *

domain_offset ,

unsigned int nBDomains ,

unsigned int nBWI){

int index = get_global_id(0);

offset += index;

unsigned int 
ount = offset [0℄;

if(index <= nBDomains){

offset [0℄ = domain_offset[index℄;

}

else{

offset [0℄ = 0;

}

unsigned int next = offset [0℄ + 
ount;

for(unsigned int i=1;i<nBWI;i++){

offset += nBDomains+2;


ount = offset [0℄;

offset [0℄ = next;

next += 
ount;

}

}

Finally, the �fth kernel is shown in the 
ode se
tion 6.5 and takes 10

arguments: the sour
e pointer "pv_sr
" and destination pointer "pv_dst"

pointing to respe
tively the a
tive and ina
tive KSP data, the destination

pointer for storing the positions of the lost parti
les "lp_dst", the lo
al
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o�sets pointer "o�set", the address of the �rst available memory blo
k for

storing the lost parti
les in the memory blo
k allo
ated for them, the number

of domains "nBDomains" again whi
h does not a

ount for the external

domain, the number of parti
les (elements) handled by ea
h work item

"nBEWI", the extreme left position of the a

elerator "Z_left", the 
ell

size "dZ" and the 
ell radius. The �rst operations on the pointers are the

same as the ones performed for the �rst kernel. Then, as in the �rst kernel,

the 
ell position is found for ea
h parti
le handled by a work item. On
e

the 
ell is found, the private o�set value for this 
ell is used to determine

the new position of the parti
le KSP data in memory. The lost parti
les are

also 
opied in their spe
i�
 memory region using the entry asso
iated to the

rest domain in the o�sets table. It is not important to know the kinemati


informations of the lost parti
les. Therefore, instead of 
opying a full KSP

data for the rest 
ell, a default identi
al value is written avoiding some read

operations for the velo
ities and the 
ell positions. It is important to write

a full 
onsistent KSP data even for lost parti
les sin
e the total number of

threads laun
hed on the GPU does not mat
h in general the exa
t number

of parti
les in the a

elerator. Indeed, as explained in the former 
hapter

se
tion 5.3.3, ea
h group must have the same size and ea
h group size should

be a multiple of the preferred group size. Sin
e there is a single dimension

used here, the total number of work items must be a multiple of the preferred

group size.

Code 6.5: Kernel 5 of radix sort algorithm

__kernel void Parti
leRadixSortMoving(__global float *pv_sr
 ,

__global float *pv_dst ,

__global float *lp_dst ,

__global unsigned int *offset ,

unsigned int start_index_l ,

unsigned int nBDomains ,

unsigned int nBEWI ,

float Z_left,

float dZ,

float radius){

int index = get_global_id(0);

__global float *sr
 = pv_sr
 + 7*index*nBEWI;

offset += index*( nBDomains+2);

for(unsigned int i=0;i<nBEWI;i++){

int z_pos = 
onvert_int_sat_rtz((sr
[3℄ - Z_left)/dZ);

float R = sqrt(sr
[1℄*sr
[1℄+sr
[2℄*sr
[2℄);

if(z_pos < nBDomains && z_pos >=0){

if(R < radius){

__global float *dst = pv_dst + 7* offset[z_pos℄;

#pragma unroll

for(unsigned int j=1;j<7;j++){

dst[j℄ = sr
[j℄;

}



132 Chapter 6. Beam dynami
s

__global unsigned int *pd = (__global unsigned int*)(dst)

;

pd[0℄ = z_pos;

offset [z_pos℄ += 1;

}

else{

__global float *dst = pv_dst + 7*offset[nBDomains℄;

__global float *l_dst = lp_dst + 3*(offset[nBDomains+1℄+

start_index_l);

l_dst [0℄ = sr
[1℄;

l_dst [1℄ = sr
[2℄;

l_dst [2℄ = sr
[3℄;

#pragma unroll

for(unsigned int j=1;j<7;j++){

dst[j℄ = 0.0f;

}

dst[3℄ = 2.0f * Z_left;

__global unsigned int *pd = (__global unsigned int*)(dst)

;

pd[0℄ = nBDomains;

offset [nBDomains℄ += 1;

offset [nBDomains+1℄ += 1;

}

}

else{

__global float *dst = pv_dst + 7* offset[nBDomains℄;

#pragma unroll

for(unsigned int j=1;j<7;j++){

dst[j℄ = 0.0f;

}

dst[3℄ = 2.0f * Z_left;

__global unsigned int *pd = (__global unsigned int*)(dst);

pd[0℄ = nBDomains;

offset[nBDomains℄ += 1;

}

// Set old data to a 
onsistent non-used ve
tor

#pragma unroll

for(unsigned int j=1;j<7;j++){

sr
[j℄ = 0.0f;

}

sr
[3℄ = 2.0* Z_left;

__global unsigned int *pd = (__global unsigned int*)(sr
);

pd[0℄ = nBDomains;

sr
 += 7;

}

}

A similar implementation of the radix sort algorithm 
an be found in

[74℄. But, sin
e the SM are limited in amount of lo
al memory, for large

number of 
ells the implementation proposed in this paper fails. As ex-

plained above, in our 
ase we 
an let the L1 
a
he handling the a

esses

for the 
ounts and o�sets tables in global memory without any signi�
ant

additional 
omputation time sin
e the lists are almost sorted at any time.

Sin
e our approa
h uses the global memory, the amount of memory being
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mu
h larger, one does not su�er from large number of 
ells.

6.4.4 Ele
tri
 �eld 
omputation

The ele
tri
 �eld experien
ed by ea
h parti
le is divided into two indepen-

dent 
omponents: The sour
e �eld and the spa
e 
harge �eld. The �rst sub-

subse
tion explains the strategy used to 
al
ulate the sour
e ele
tri
 �eld

and the se
ond sub-subse
tion explains the implementation of the Coulomb

ele
tri
 �eld 
omputation.

6.4.4.1 The sour
e �eld 
omputation

In order to avoid the heavy 
omputation of the sour
e �eld for ea
h new po-

sition of the parti
les, the sour
e �eld is 
al
ulated on a prede�ned grid and

the data are then linearly interpolated with a 3-linear Lagrangian te
hnique

explained in se
tion 6.2.5. Sin
e the parti
les might es
ape the internal 
ells

of the a

elerator during the Runge-Kutta pro
ess, the grid must ex
eed the

dimensions of the 
ells in order to avoid multiway bran
hes 
ode in the ker-

nel.

The 
ode se
tion 6.6 shows the kernel responsible for 
omputing the

sour
e �eld. It takes 9 arguments namely: A pointer to the KRKSP blo
ks

"position", a pointer to the ele
tri
 �eld values "in_�led", an o�set to point

to the right position in the KRKSP blo
ks "position_o�set" depending

on the intermediate Runge-Kutta step, the size of a KRKSP blo
k "po-

sition_blo
k_size", the phase of the �eld at the 
urrent integration time

"phase", the extreme lower left point 
oordinates of the �eld samples grid

given by the pointer "F_P_low", the memory lo
ation of the ve
tor 
ontain-

ing the grid steps for x̂′
1, x̂

′
2, x̂

′
3 (see Fig. 6.1) given by the pointer "F_step"

and �nally the number of samples for x̂′
1, x̂

′
2, x̂

′
3 given by the pointer "F_SS".

One may noti
e that all the loops have a 
onstant number of iterations.

Therefore, many loop unrolling has been used to improve the performan
es

of the 
ode. The implementation is relatively straightforward and 
onsists

basi
ally in the translation of the formula provided by Prop. 10.4.1.

Code 6.6: Ele
tri
 �eld interpolation kernel

__kernel void EFieldInterpolation(__global float *position ,

__global double2 *in_field ,

unsigned int position_offset ,

unsigned int position_blo
k_size,

float phase ,

__global float *F_P_low , // Field lower


oordinates

__global float *F_step , // Field step
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__global int *F_SS , // Field sample

size

float Q){

int index = get_global_id(0);

position += position_blo
k_size*index+position_offset;

float P[3℄;

int f_pos [3℄;

int bound [3℄;

#pragma unroll

for(int i=0;i<3;i++){

P[i℄ = position [i℄;

f_pos[i℄ = 
onvert_int_sat((P[i℄ - F_P_low [i℄)/F_step[i℄);

bound[i℄ = F_SS[i℄-2;

}

float Field [3℄ = {0.0f,0.0f,0.0f};

if(f_pos [0℄ < bound [0℄ && f_pos [0℄ > 0 && f_pos[1℄ < bound [1℄ &&

f_pos [1℄ > 0

&& f_pos [2℄ < bound[2℄ && f_pos [2℄ > 0){

float FPA[6℄; // Field position index around the sampling point

#pragma unroll

for(int i=0;i<3;i++){

FPA[i℄ = F_P_low [i℄ + f_pos[i℄ * F_step[i℄;

FPA[3+i℄ = F_P_low [i℄ + (f_pos[i℄+1) * F_step[i℄;

}

for(int i_x=0;i_x <2;i_x++){

for(int i_y=0;i_y <2;i_y++){

for(int i_z=0;i_z <2;i_z++){

float E[3℄;

int index = 3*(i_z + f_pos [2℄

+ (f_pos [1℄ + i_y + (f_pos [0℄+i_x) * F_SS

[1℄) * F_SS[2℄);

E[0℄= in_field [index℄.s0 * 
os(phase) - in_field [index

℄.s1 * sin(phase);

E[1℄= in_field [index +1℄.s0 * 
os(phase) - in_field [

index +1℄.s1 * sin(phase);

E[2℄= in_field [index +2℄.s0 * 
os(phase) - in_field [

index +2℄.s1 * sin(phase);

#pragma unroll

for(int j=0;j<3;j++){

if(i_x == 0)

E[j℄ *= (P[0℄ - FPA[3℄)/(FPA[0℄ - FPA[3℄);

else

E[j℄ *= (P[0℄ - FPA[0℄)/(FPA[3℄ - FPA[0℄);

if(i_y == 0)

E[j℄ *= (P[1℄ - FPA[4℄)/(FPA[1℄ - FPA[4℄);

else

E[j℄ *= (P[1℄ - FPA[1℄)/(FPA[4℄ - FPA[1℄);

if(i_z == 0)

E[j℄ *= (P[2℄ - FPA[5℄)/(FPA[2℄ - FPA[5℄);

else
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E[j℄ *= (P[2℄ - FPA[2℄)/(FPA[5℄ - FPA[2℄);

Field[j℄ += E[j℄;

}

}

}

}

}

position += 9;

position [0℄ = Q * Field [0℄;

position [1℄ = Q * Field [1℄;

position [2℄ = Q * Field [2℄;

}

6.4.4.2 The spa
e 
harge 
omputation

The implementation of the spa
e 
harge kernel has been done following two

di�erent strategies. The main di�eren
e between them lies in the use of

lo
al memory for speeding up the 
omputation. As it will be dis
ussed,

using lo
al memory in our situation did not improve the 
omputation time

and on the 
ontrary harmed the performan
es mainly be
ause of the extra


omputation time required to enqueue more kernels.

Let us �rst start with the approa
h avoiding the use of lo
al memory.

The 
ode in se
tion 6.7 shows the implementation of the kernel. The kernel

takes 6 arguments namely: The KRKSP blo
ks pointer "data", the global

o�sets "o�set", the size of a whole KRKSP blo
k, the number of domains

minus the rest domain "nBDomains", the 
onstant K that is equal to

Q2

4πǫ0
where Q is the total 
harge of a ma
ro-parti
le, ǫ0 is the va
uum permit-

tivity.

Ea
h parti
le is assigned to a work item (some fake parti
les might be

used to use a number of work-items multiple of the preferred group size,

see se
tion 5.3.3). The index of the parti
le is fet
hed by the �rst operation

and stored in the index private variable. The "test" pointer is set to point

to the parti
le KRKSP stru
ture. The domain index is then retrieved at

the top of the stru
ture and stored in the "index_t" variable. On
e the 
ell

is retrieved, the test pointer is pla
ed at the parti
le position thanks to the

dataO�set variable that depends on the order to the Runge-Kutta method

and the index of the intermediate integration step. The map variable will

be used in a loop to visit the neighbour 
ells and its own 
ell. The private

variable R is used to store the distan
e between two parti
les, the F variable

is used to store the total spa
e 
harge �eld and the T variable is used to

store the position of the 
urrent parti
le. The �rst loop is used to visit the

3 
losest 
ells surrounding the parti
le. The index value "k" 
ontains the
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urrent 
ell index being visited. A test is performed be
ause of the two

extreme 
ells whi
h respe
tively do not 
ontain a left and right neighbour.

Then, the position of ea
h parti
le inside the 
urrent 
ell is fet
hed and

used to 
al
ulate the Coulomb �eld. The o�set RSCO stru
ture obtained

with the radix sort algorithm is used to get the lower and upper indexes

of parti
les inside the 
ell "k". In order to limit the round-o� ina

ura
ies

when summing up the ele
tri
 �eld 
ontributions, the two neighbour 
ells

are �rst visited sin
e they will likely provide smaller values than the self 
ell

of the parti
le.

Code 6.7: Spa
e 
harge kernel implementation

__kernel void Parti
leIntera
tion2(__global float *data ,

__global unsigned int *offset ,

unsigned int blo
kSize ,

unsigned int nBDomains ,

unsigned int dataOffset ,

float K){

int index = get_global_id(0);

__global float *test = data + blo
kSize*index;

__global unsigned int *domain_pt = (__global unsigned int *)(test);

int index_t = (int)(domain_pt[0℄);

test += dataOffset; // Pla
ing test to the right phase spa
e data

int map[3℄={-1,1,0};

float R[3℄;

float F[3℄ = {0.0f,0.0f,0.0f};

float T[3℄;

T[0℄ = test[0℄;

T[1℄ = test[1℄;

T[2℄ = test[2℄;

for(int i=0;i<3;i++){

int k = map[i℄ + index_t ;

if(k>=0 && k < (int)(nBDomains)){

unsigned int low = *(offset+k);

unsigned int up = *(offset+k+1);

__global float *sour
e = data + low*blo
kSize + dataOffset;

for(int j=low;j<up;j++){

R[0℄ = T[0℄ - sour
e [0℄;

R[1℄ = T[1℄ - sour
e [1℄;

R[2℄ = T[2℄ - sour
e [2℄;

float r = sqrt(R[0℄*R[0℄+R[1℄*R[1℄+R[2℄*R[2℄);

if(r != 0.0f){

float r3 = r*r*r;

F[0℄ += R[0℄/r3;

F[1℄ += R[1℄/r3;

F[2℄ += R[2℄/r3;

}

sour
e += blo
kSize;
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}

}

}

F[0℄ *= K;

F[1℄ *= K;

F[2℄ *= K;

test += 9;

test[0℄ += F[0℄;

test[1℄ += F[1℄;

test[2℄ += F[2℄;

}

One may wonder if lo
al memory 
ould improve the 
omputation time.

Ea
h work item is going to a

ess many times the global memory to fet
h

the positions of the parti
les in the 2 or 3 
ells surrounding the parti
les

asso
iated to it. If the work items are exe
uted in random way at di�er-

ent stages of their exe
utions, the global a

esses might end up in very far

lo
ations from ea
h other i.e. a lot of 
a
he misses might o

ur. Sin
e the

open
l implementation is a 
losed box, it is impossible to know how the


ompiler foresees the exe
ution of the kernel. If one makes the assump-

tion that work items laun
hed are running till 
ompletion (kernel without

barriers or fen
es) and are syn
hronous in terms of exe
ution of their in-

stru
tions, the data fet
hed from the global memory are the same. More

pre
isely, assuming than the threads of a group (or even several wraps) are

run virtually syn
hronously (as explained in the 
hapter 
on
erning GPU

programming, for Nvidia GPU, in general only a fra
tion of a given wrap

is run simultaneously in a SM, but the registers on the SM remain entirely

allo
ated to the work items of this group until another group is exe
uted

on the same SM) the fet
hed values in global memory at a given time are

the same. Therefore there is no bandwidth loss in this spe
i�
 exe
ution

s
heme. In order to 
he
k whether or not this exe
ution s
heme might be

employed by Nvidia another kernel was written making use of the lo
al

memory. A maximum amount of positions of parti
les were 
opied in lo
al

memory and then for these positions ea
h work item was 
omputing the

intera
tions. Sin
e the number of positions might be higher than the total

amount of lo
al memory available an automati
 subdivision of the parti
les

was used. This leads to more potential idle threads than in the �rst strat-

egy be
ause of the in
rease number of independent bran
hing 
onditions.

For the sake of 
ompleteness the 
ode of this kernel is given on the 
ode

se
tion 6.8 but no further explanations are provided. One may noti
e the

lo
al memory barrier required to syn
hronize the 
opies.

Code 6.8: Spa
e 
harge kernel making use of lo
al memory

__kernel void Parti
leIntera
tion3(__global float *data ,
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unsigned int blo
kSize ,

unsigned int dataOffset ,

unsigned int start_test_index ,

unsigned int start_sour
e_index,

unsigned int stop_sour
e_index,

unsigned int max_lo
al_size ,

__lo
al float *
p,

float K){

int index = get_global_id(0);

int index_l = get_lo
al_id(0);

int WGSize = get_lo
al_size(0);

__global float *test = data + blo
kSize*(index+start_test_index) +

dataOffset;

float R[3℄;

float F[3℄ = {0.0f,0.0f,0.0f};

float T[3℄;

T[0℄ = test[0℄;

T[1℄ = test[1℄;

T[2℄ = test[2℄;

unsigned int total = stop_sour
e_index - start_sour
e_index;

unsigned int nBSteps = total/max_lo
al_size;

unsigned int rest = total - nBSteps * max_lo
al_size;

if(rest != 0){

nBSteps ++;

}

__global float *sour
e = data + start_sour
e_index*blo
kSize +

dataOffset;

for(int i=0;i<nBSteps ;i++){

unsigned int test = total/max_lo
al_size;

unsigned int lo
al_size = 0;

if(test != 0){

lo
al_size = max_lo
al_size;

total -= max_lo
al_size;

}

else{

lo
al_size = total;

}

unsigned int size_
p = lo
al_size/WGSize;

unsigned int rest_
p = lo
al_size - size_
p * WGSize;

unsigned int start_
p = 0;

unsigned int stop_
p = 0;

if(index_l +1 == WGSize){

start_
p = index_l * size_
p + rest_
p ;

stop_
p = lo
al_size;

}

else{

start_
p = index_l * size_
p ;

stop_
p = (index_l +1) * size_
p ;

}

__global float *sour
e_pt = sour
e + blo
kSize * start_
p ;

__lo
al float *
p_pt = 
p + 3 * start_
p ;
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for(int j=start_
p ;j<stop_
p ;j++){

for(int k=0;k<3;k++){


p_pt[k℄ = sour
e_pt[k℄;

}

sour
e_pt += blo
kSize;


p_pt += 3;

}

barrier (CLK_LOCAL_MEM_FENCE);


p_pt = 
p;

for(int j=0;j<lo
al_size;j++){

R[0℄ = T[0℄ - 
p_pt [0℄;

R[1℄ = T[1℄ - 
p_pt [1℄;

R[2℄ = T[2℄ - 
p_pt [2℄;

float r = sqrt(R[0℄*R[0℄+R[1℄*R[1℄+R[2℄*R[2℄);

if(r != 0.0f){

float r3 = r*r*r;

F[0℄ += R[0℄/r3;

F[1℄ += R[1℄/r3;

F[2℄ += R[2℄/r3;

}


p_pt +=3;

}

}

F[0℄ *= K;

F[1℄ *= K;

F[2℄ *= K;

test += 9;

test[0℄ += F[0℄;

test[1℄ += F[1℄;

test[2℄ += F[2℄;

}

6.4.5 Integration method and implementation

Let us �rst re
all the Runge-Kutta method (see [75℄). Let f : A ⊂ R

6M ×
R → R be a fun
tion where A is an open subset and M the number of

parti
les. The Cau
hy problem is given by

ẋ = f(x, t) (6.19)

x(t0) = x0 (6.20)

where x : I ⊂ R → R

6M
with I the maximal open interval of the max-

imal solution. The Runge-Kutta method 
onsists in solving this problem

numeri
ally following the integration s
heme hereunder
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(6.21)

where hn is the time step, ci, Aij are prede�ned 
oe�
ients. The �rst 3

equations are the intermediate integration steps of the Runge-Kutta method.

The last equation 
orresponds to the integration of the fun
tion over a full

time step. The fourth equation is simply an update of the 
urrent integra-

tion time. Sin
e the method 
onsidered here is an expli
it method, one has

aij = 0 if j ≥ i (see [75℄).

The Runge-Kutta kernel performs the 
omputation of the se
ond equa-

tion and the �fth equation. Both of them perform exa
tly the same 
al
ula-

tion although they are presented separately to distinguish the intermediate

lo
al integration steps from the global integration step. Between ea
h inte-

gration step, the kernels responsible for the 
omputation of the f fun
tion

are run (the kernel for the Coulomb intera
tion, the kernel for the sour
e

�eld evaluation and �nally a kernel summing up the two 
ontributions and


omputing the for
es). The intermediate times tn,i, tn are 
al
ulated on the

host (CPU).

The 
ode se
tion 6.9 shows the Runge-Kutta kernel. It takes 5 argu-

ments: The pointer to the KRKSP blo
ks, the variable "N" 
orresponding

to q + 1, the level of integration "level" 
orresponding to the index i in the

equations 6.21, the But
her tabular "A_ij" and the time step "time_step"


orresponding to hn. The kernel is a straightforward implementation of the

se
ond and �fth equations. The loop 
orresponding to the sum is unrolled in

order to avoid useless logi
 tests and bran
hing. The arithmeti
 operations

performed on the pointers 
an be easily understood from the KRKSP data

stru
ture de�nition as shown Fig. 6.6.

Code 6.9: Runge-Kutta kernel

__kernel void RungeKutta(__global float *qf,

unsigned int N,

unsigned int level ,

__global float *A_ij ,

float time_step){
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int index = get_global_id(0);

__global float *q = qf + index * (12*N-5) + 1;

float Q[6℄;

#pragma unroll

for(unsigned int i=0;i<6;i++){

Q[i℄ = q[i℄;

}

A_ij += (N-1) * level;

for(unsigned int i=0;i<level;i++){

float 
oef = A_ij[i℄;

if(
oef != 0.0f){

__global float *f = q + i * 12 + 6;

#pragma unroll

for(unsigned int j=0;j<6;j++){

Q[j℄ += (time_step * 
oef) * f[j℄;

}

}

}

q += 12*level;

#pragma unroll

for(unsigned int i=0;i<6;i++){

q[i℄ = Q[i℄;

}

}

6.5 Complexity

Let Nc ∈ N be the number of 
ells, N be the number of ma
ro-parti
les. Let

us assume a uniform distribution of parti
les inside the a

elerator su
h that

the number of parti
les in one 
ell is given by n = N
Nc

. The 
omputational


omplexity of a single 
ell is given by Cc = 3n2
and for the two extreme


ells by Cc = 2n2
. The overall 
omplexity is therefore bounded by

C < 3Ncn
2 = 3

N2

Nc
(6.22)

In order to determine the 
omplexity of the method, one must link Nc

to the number of parti
les in the a

elerator. Let us de�ne a 
riterion of

error that will allow us to determine su
h a link. Let us 
onsider a parti
le

pla
ed at the 
enter of a referen
e frame and on whi
h a for
e appears due

to some neighbour parti
les pla
ed in a regular grid as shown Fig. 6.11.

The parti
les in this regular grid represent an ideal bun
h. The grid steps

for ea
h dire
tion (x̂, ŷ, ẑ) are equal. It is assumed that the distribution is

going till the in�nite negative z, while in a 
ross se
tion plane one has a

�nite number of parti
les given by (2N ′+1)2. The total ele
tri
 �eld at the
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Figure 6.11: Ideal representation of a bun
h.

position of the parti
le is given by

F = − 1

4πǫ0
√
∆x

−∞
∑

k=−1

N ′
∑

i=−N ′

N ′
∑

j=−N ′

(i, j, k)

||(i, j, k)||3/22

(6.23)

Let us �rst show that the eq. 6.23 is well de�ned i.e the limit for ea
h

dimension 
onverges. It is 
lear that it is equivalent to show that the limit

lim
L→∞

g(i, j, L) exists with g(i, j, L) ≡ ∑L
k=1

k

||(i,j,k)||3/22

. Let us prove that

g(i, j, L) is a Cau
hy series in L.

|g(i, j, L)− g(i, j, L′)| ≤
L′
∑

k=L

k

(i2 + j2 + k2)3/2
≤

L′
∑

k=L

1

k2
(6.24)

It is 
lear that

∑L
i=1

1
i2 ≤ 1 +

∫∞
1

1
x2 dx = 2. The series is bounded

and monotoni
ally in
reasing and therefore is a Cau
hy series. Be
ause of

the 
ompleteness of R the series 
onverges. In passing, with the help of

the Residue theorem (see for instan
e [79℄) the value of the series 
an be

analyti
ally 
al
ulated and reads

∑∞
i=1

1
i2 = pi2

6 .

By symmetry, only the 
omponent of the �eld in the dire
tion ẑ remains.

Therefore one has
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F =
1

4πǫ0
√
∆x

fẑ (6.25)

f ≡
∞
∑

k=1

N ′
∑

i=−N ′

N ′
∑

j=−N ′

k

||(i, j, k)||3/2 (6.26)

The approximate for
e is de�ned by

F a =
1

4πǫ0
√
∆x

faẑ (6.27)

fa ≡
L
∑

k=1

N ′
∑

i=−N ′

N ′
∑

j=−N ′

k

||(i, j, k)||3/2 (6.28)

The error 
riterion is de�ned by

||F − F a||
||F || < ǫ (6.29)

It is straightforward to observe that ||F − F a|| = 1
4πǫ0

√
∆x

|f − fa| and
||F || = 1

4πǫ0
√
∆x

|f |. It is also straightforward to see that |f − fa| = f − fa

and |f | = f . Therefore, the 
ondition be
omes

1− fa
f

=
|f − fa|

|f | < ǫ (6.30)

⇔ (1− ǫ)|f | < |fa| (6.31)

Sin
e f 
ontains an in�nite sum it 
an't be 
al
ulated numeri
ally. How-

ever, it is possible to obtain a 
riterion of error to 
al
ulate this limit.

By de�nition of g(i, j, L) one has f =
∑N ′

i,j=−N ′ lim
k→∞

g(i, j, L). Let f̃L =
∑N ′

i,j=−N ′ g(i, j, L) be an approximation of f . Let us de�ne g(i, j) ≡ lim
L→∞

g(i, j, L).

Let us try to bound the error |g(i,j) - g(i,j,L)|

δǫi,j ≡ |g(i, j)− g(i, j, L)| (6.32)

≤
∞
∑

k=L+1

k

(i2 + j2 + k2)3/2
(6.33)

≤
∞
∑

k=L+1

1

k2
=

pi2

6
−

L
∑

k=1

1

k2
(6.34)
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Now the error on f 
an be easily bounded as follows

δǫ = f − f̃L = |f − f̃L| <
N ′
∑

i,j=−N ′

|g(i, j)− g(i, j, L)| (6.35)

< (2N ′ + 1)2(
pi2

6
−

L
∑

k=1

1

k2
) (6.36)

⇔ f < f̃ + (2N ′ + 1)2(
pi2

6
−

L
∑

k=1

1

k2
) (6.37)

A su�
ient to satisfy the 
ondition given by Eq. 6.31 is given by

(1 − ǫ)|f | < (1− ǫ)(f̃ + (2N ′ + 1)2(
pi2

6
−

L
∑

k=1

1

k2
)) < |fa| (6.38)

It is important to noti
e that if f is not 
al
ulated enough a

urately,

the 
ondition given by Eq. 6.38 might not have a solution. In parti
ular,

if ǫ = 0, it does not have a solution. Moreover, in order to �nd the less


onstraining bound, the value of f should be as a

urate as possible. A

numeri
al simulation gives the bound L in fun
tion of N ′
. As observed on

Fig. 6.12, L depends linearly on 2N ′ + 1. Let us overestimate this linear

relation by L = 8(2N ′ + 1).

Now, let us assume that the parti
les populating the a

elerator are

distributed on a regular uniform grid similar to the one used to represent

an ideal bun
h. If L(2N ′ + 1)2 << N , The number of parti
les in a 
ell

is given by n = L(2N ′ + 1)2 = 8(2N ′ + 1)3. Hen
e, the number of 
ells is
given by

Nc =
N

L(2N ′ + 1)2
=

N

8(2N ′ + 1)3
(6.39)

Inje
ting this result in Eq. 6.22 one gets

C < 3Ncn
2 = 24(2N ′ + 1)3N (6.40)

Now, we 
an establish two di�erent 
omplexities based on two di�erent

situations. The �rst situation 
orresponds to the 
ase of a fully populated

a

elerator with a given density of parti
les. In this 
ase, we want to know
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Figure 6.12: L in fun
tion of N ′
for ǫ = 0.1.
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what is the 
omplexity of the method if the density of parti
les is in
reased.

In this situation N ′
depends also on N . In parti
ular one has the following


onstrains

(2N ′ + 1)∆x = r (6.41)

Nz∆x = l (6.42)

(2N ′ + 1)2Nz = N (6.43)

where r is the size of the beam in the 
ross-se
tion (length of the square),

l is the length of the a

elerator and Nz is the number of parti
le grid steps

plus one along the ẑ axis. This implies that

(2N ′ + 1) = (
Nr

l
)

1
3

(6.44)

The �nal 
omplexity is given by

C < 3Ncn
2 = 3k

r

l
N2

(6.45)

The se
ond situation 
orresponds to the 
ase of an a

elerator not fully

populated and with a �xed level of density of parti
les. In this 
ase, we want

to know the 
omplexity of the method in fun
tion of the number of parti
les

inje
ted. In this 
ase N ′
is 
onstant and the 
omplexity is therefore linear

as shown by Eq. 6.40.

6.6 Numeri
al Results

6.6.1 Validation of the beam dynami
s solver with a

Paul trap simulation

The well known Paul trap or ion trap [12℄ 
onsists in a quadrupole fed by

an RF sour
e. It aims at keeping an ion beam between the rods. The ex-

tension of the Paul trap is the RFQ. The di�eren
es between a Paul trap

and a RFQ is that the RFQ a

elerates the beam and bun
hes it.

The �eld produ
ed by an ion trap is given by the following equation

E(x, t) = (kx1x̂1 − kx2x̂2) cos(ωt+ φ) (6.46)

where k ∈ R is a 
onstant, x̂1, x̂2 are two orthonormal ve
tors, x1, x2

are the 
omponents respe
tively of x̂1 and x̂2, ω is the angular frequen
y of
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the RF sour
e and φ the initial phase. The ele
trostati
 equation of the ion

trap has been developed in the RFQ prin
iple se
tion 2.1.

Applying the Newton third law, one gets

d2x

dt2
− q0

m0
(kx1x̂1 − kx2x̂2) cos(ωt+ φ) = 0 (6.47)

where q0 is the 
harge of the parti
le, m0 is the mass of a the parti
le.

This 
an be rewritten 
omponent by 
omponent

d2x1

dt2
− kq

m
cos(ωt+ φ)x1 = 0 (6.48)

d2x2

dt2
+

kq

m
cos(ωt+ φ)x2 = 0 (6.49)

d2x3

dt2
= 0 (6.50)

Let us rewrite these two �rst equations, su
h that it has the form of the

Mathieu's equation given by 10.356. Let us de�ne 2t′ = ωt, the equations
be
ome

d2x1

dt′2
− 4kq

mω2
cos(2t′)x1 = 0 (6.51)

d2x2

dt′2
+

4kq

mω2
cos(2t′)x2 = 0 (6.52)

d2x3

dt′2
= 0 (6.53)

Let us de�ne ǫ ≡ 4kq
mω2 and δ = 0 so that the equations have the form

of Mathieu's di�erential equation. Now, let us the In
e-Strutt diagram pre-

sented in Appendix, se
tion 10.8.6, Fig. 10.5 to obtain a stable solution. Let

us 
hose of value of ǫ right in the middle of a stable region. For instan
e, let

us 
hose ǫ = 0.5 = 4kq
mω2 for δ = 0. The simulation is performed for protons,

therefore m0 = 1.672622 10−27
and q0 = 1.602176565 10−19

. Let us 
hose

the frequen
y of the RF sour
e to f = 176MHz. The equation of ǫ gives
k = 1.6 109.

The simulations were performed with a Runge-Kutta method of order

four. Fig. 6.13 shows the ele
tri
 �eld in a 
ross-se
tion of the ion trap.

Fig. 6.14 shows the beam inside the ion trap. The input beam is generated
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Figure 6.13: Ele
tri
 �eld in a 
ross se
tion of the Paul trap.

by a Gaussian distribution in the X-Y plane and by an uniform distribution

in the Z dire
tion. The is no initial velo
ity in the X-Y plane by there is an

initial velo
ity in the Z dire
tion given by the initial energy of 30 keV. One


an observe on Fig. 6.14 the stability of the beam inside the a

elerator as

expe
ted. Fig. 6.15, 6.16, 6.17 show the phase spa
e respe
tively for the

dire
tions x̂ = x̂1, ŷ = x̂2,−ẑ = −x̂3 at a given time for a thi
kness of 1
m

of 
ross-se
tion and at a distan
e of 20
m from the inje
tion. One 
an see

on this pi
ture the ellipse form of the beam in the transversal phase spa
es.

Sin
e there is no �eld in the dire
tion ẑ the longitudinal phase spa
e will

be always �at. Therefore, the longitudinal phase spa
e won't be shown in

the next �gures. Sin
e the inje
ted beam does not have any emittan
e (the

volume of the beam in the phase spa
e is zero), by the Liouville's theorem,

the beam should not have an emittan
e anywhere else in the a

elerator.

This theorem is true as long as there is no spa
e 
harge e�e
ts. The reason

why there is a non zero emittan
e in the �gures 6.15, 6.16 is be
ause one

takes a thi
kness of 
ross-se
tion of 1
m whi
h is large and therefore the

phase spa
es 
orrespond to the superposition of zero emittan
e pie
es of

beam inje
ted at di�erent time. Let us take a 
ross-se
tion smaller than

the distan
e travels by the beam for an integration step and let us observe

the phase spa
e in this 
ase. Fig. 6.18 and Fig. 6.19 show the transversal

phase spa
es of the beam in a 
ross-se
tion of 2mm. One 
an see that the

emittan
e is equal to zero whi
h is 
onsistent with the Liouville's theorem.
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Figure 6.14: Paul trap transversal beam dynami
s.

Figure 6.15: X Phase spa
e of a 
ross-se
tion of 1 
m in the Paul trap.
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Figure 6.16: Y Phase spa
e of a 
ross-se
tion of 1 
m in the Paul trap.

Figure 6.17: Z Phase spa
e of a 
ross-se
tion of 1 
m in the Paul trap.
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Figure 6.18: X Phase spa
e of a 
ross-se
tion of 2 mm in the Paul trap

This 
on�rmation validates the numeri
al integration. Let say that the

time observation of the parti
les presented in former �gures is t0. Let us

observe the phase spa
e of the same 
ross-se
tions but at a time t = t0 +
T
4

where T ≡ 1
f . Fig. 6.20 and Fig. 6.21 show the transversal phase spa
e

respe
tively for ea
h dire
tion x̂, ŷ. The ellipses have been rotated by a

rotation of 90 degrees. If one takes a time t0 + T , the parti
les distribution
in ea
h transversal spa
e phase 
omes ba
k to the same distribution as the

one at time t0. This is again 
onsistent with the Twiss parameters analysis

presented in Appendix subse
tion 10.8.5.

Now let us add some spa
e 
harge e�e
ts into the simulation. There is

non-linear term in the di�erential equation. Therefore, the Floquet's theory

presented in Appendix se
tion 10.8.3 
annot be applied anymore or at least

not dire
tly

2

. Let us observe the phase spa
es in this 
ase. Fig. 6.22,

2

If the non-linear fun
tion 
an be linearized, one may in some situations use the

Floquet's theory
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Figure 6.19: Y Phase spa
e of a 
ross-se
tion of 2 mm in the Paul trap
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Figure 6.20: X Phase spa
e of a 
ross-se
tion of 2 
m in the Paul trap at a

time t0 +
T
4 .
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Figure 6.21: Y Phase spa
e of a 
ross-se
tion of 2 
m in the Paul trap at a

time t0 +
T
4 .
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Figure 6.22: X Phase spa
e of a 
ross-se
tion of 2 
m in the Paul trap with

spa
e 
harge.

6.23, 6.24 show the phase spa
es respe
tively for ea
h dire
tion (x̂, ŷ, ẑ).
The �rst thing to observe and without surprise is that the emittan
e in

the longitudinal phase spa
e is not zero anymore. In the transversal phase

spa
es, the emittan
e is slightly bigger than for the 
ase without spa
e


harge. The beam remains stable with spa
e 
harge e�e
ts and its maximal

radius in the 
ross se
tion remains pra
ti
ally identi
al. Therefore, one 
an


on
lude that at 4mA and for su
h a Paul trap design, the spa
e 
harge

does not in�uen
e signi�
antly the stability and the size of the beam.

6.6.2 Gain fa
tor between the CPU and the GPU im-

plementations

OpenCL is a portable langage. Therefore, the 
omparison of performan
es

between CPU and GPU 
an be done using the same OpenCL implemen-

tation. In order to perform 
al
ulations on the GPU, a GPU devi
e data

stru
ture is passed to the OpenCL fun
tions while for 
al
ulations on the

CPU a CPU devi
e data stru
ture is passed. The OpenCL API provides
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Figure 6.23: Y Phase spa
e of a 
ross-se
tion of 2 
m in the Paul trap with

spa
e 
harge.
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Figure 6.24: Z Phase spa
e of a 
ross-se
tion of 2 
m in the Paul trap with

spa
e 
harge.
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Figure 6.25: GFLOPs GPU vs CPU.

fun
tions to measure the 
omputation time of a given kernel. Therefore, it

is relatively easy to 
ompute the FLOPs on
e the number of operations ex-

e
uted by a kernel is known. The simulations where performed on a DELL

workstation equiped with a Xeon E5 1660 v3 CPU and a Nvidia Quadro

k620. To the knowledge of the writer, there is no ben
hmark or spe
i�
a-

tions providing the theoreti
al maximum FLOPs of the CPU. However, the

Xeon E5-2640 v3 is very 
lose to the spe
i�
ations of the E5 1660 v3 and

the arti
le [80℄ 
laims that its theoreti
al peak GFLOPS performan
e is 300

GFLOPs. The Nvidia quadro k620 
an provide a theoreti
al peak of 812

GFLOPs as the arti
le [81℄ 
laims.

Fig. 6.25 shows the GFLOPs obtained with the GPU and the CPU in

fun
tion of the number of parti
les inside the Paul trap. The red 
urve


orresponds to the CPU while the blue 
urve 
orresponds to the GPU. The

average FLOPs obtained on the GPU is 130 GFLOPs while the average

FLOPs for the CPU is 15 GFLOPs. Fig. 6.26 shows the ratio between the

GFLOPS obtained on the GPU divided by the GFLOPS obtained on the

CPU. The GPU outperforms the CPU by a average fa
tor of 9.35 with a

standard deviation of 3.46. The ratio between the average FLOPs is equal

to 8.61. Now, let us take into a

ount the pri
e of the CPU versus the pri
e

of the GPU. The advi
e pri
e of the Xeon E5 1660 v3 provided by intel is
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Figure 6.26: GFLOPs GPU divided by GFLOPs CPU.

1080$ altought the best pri
e found in Europe for this ship is 1310e. The

Nvidia quadro K620 
an be found for 160$ on the newegg website and for

188e on Amazon Fran
e. The ration FLOPS/$ for the CPU is therefore

13.9 MFLOPs/$ while for the GPU it is 800 MFLOPs/$. It means the GPU

is 57 times more e�
ient in terms of FLOPs/Pri
e.

6.6.3 Beam dynami
s

In this subse
tion, the beam dynami
s results are presented. The sour
e

ele
tri
 �eld has been 
al
ulated from the MoM 
urrents obtained with a

brute for
e method (
omputation of the full impedan
e matrix + dire
t

inversion of the impedan
e matrix). Fig. 6.27 shows the bun
hes 
reated

at 50 
m from the inje
tion. The spa
e 
harge has been disabled in this

simulation. The bun
hes start fading away around the longitudinal middle

of the a

elerator. The reason of the failure of the simulation 
omes probably

from the strong variations of the ele
tri
 �eld in fun
tion of the longitudinal


oordinate as shown Fig. 6.28. We believe the strong variation of the

ele
tri
 �eld is due partially to the 
oarse regularity of the RWG basis

fun
tions. Another sour
e of error 
omes from the singular behaviour of the

ele
tri
 �eld operator. Hen
e, using smoother basis fun
tions potentially

in 
onjun
tion with an analyti
al extra
tion of singularities might solve the

problem.
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Figure 6.27: Transversal beam dynami
s view.
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Figure 6.28: Longitudinal ele
tri
 �eld in fun
tion of the longitudinal 
oor-

dinate at a given time.



Chapter 7

Con
lusion

The Myrrha proje
t aims at building an A

elerator Driven System (ADS)

for nu
lear waste transmutation. The a

elerator feeding the sub-
riti
al

nu
lear 
ore is a LINear AC
elerator (LINAC) a

elerating a proton beam

of 4mA to an energy of 600MeV. At the very beginning of the a

elerator a


avity known as the Radio-Frequen
y Quadrupole (RFQ) plays a very im-

portant role in the overall stability of the beam. Its goal is to fo
us, bun
h

and give a �rst a

eleration to the beam. Be
ause the RFQ is a very 
riti-


al 
omponent of a LINAC, a

urate simulations are performed in order to

validate the designs but also to have a better understanding of the physi
al

phenomenons implied in su
h a te
hnology.

The ele
tromagneti
 �elds simulation of a RFQ is 
hallenging in terms

of 
omputational 
ost. The Method of Moments (MoM) has been used with

the �nal goal of improving the 
omputation time of present solvers while

maintaining the a

ura
y of a full-wave solver. One of the �nal goals is the

numeri
al optimization of su
h an a

elerator. The ele
tromagneti
 �elds

simulation of the Myrrha RFQ with the MoM fa
es several 
hallenges. First,

the impedan
e matrix of the EFIE is ill-
onditioned, mainly be
ause of the

small size of the a

elerator in 
omparison with to the wavelength. The bad


ondition number of the impedan
e matrix implies a poor 
onvergen
e of

iterative solvers su
h as GMRES and therefore a long 
omputation time.

Se
ond, the dire
t 
omputation of the impedan
e matrix is of 
omplexity

O(N2) where N is the number of basis fun
tions. The mesh of the RFQ

must be �ne in order to 
apture the rods 
urvature a

urately. This im-

plies a relatively large number of basis fun
tions. Iterative solvers entail

matrix-ve
tor multipli
ation at ea
h iteration. Classi
 matrix-ve
tor a

el-

erators for ele
tromagneti
 solvers 
annot be used here sin
e these methods

fail when the overall stru
ture is smaller than two wavelengths. Finally, the

161
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ele
tri
 �eld a

ura
y su�ers from the singularities of the basis fun
tions

and their dis
ontinuities when it is evaluated in the very near �eld (i.e very


lose to the boundaries). The �rst issue has been solved with the help of an

e�
ient and fast pre
onditioner proposed in [20℄ and des
ribed in se
tion

4.3. The se
ond issue has been solved with the help of a newly proposed

method 
alled the Fast Near Field MoM Solver (FNFMMS) presented in

se
tion 4.4. The low-frequen
y pre
onditioner is ne
essary to guarantee

good performan
e of the FNFMMS as shown by the 
omputation time ta-

bles 4.2 and 4.1. The third issue has not been solved in this thesis but an

idea that 
onsists in using smoother basis fun
tions have been proposed to

solve it.

There exists two prin
ipal ways to simulate the beam dynami
s. The

�rst one 
onsists in 
onsidering the parti
les as a 
ontinuum of 
harges. In

this 
ase, the well-known Vlasov's equation is often used to 
al
ulate the

motion of this 
ontinuum of 
harges. Another method 
onsists in 
onsider-

ing ma
ro-parti
les and applying the laws of motion dire
tly on them. The

latter approa
h has been sele
ted in this thesis. It is mathemati
ally simpler

to handle than the �rst approa
h and therefore it allowed us to fo
us on an-

other aspe
t whi
h is the e�
ient implementation of the solver on Graphi
al

Pro
essor Unit (GPU). Negle
ting the spa
e 
harge, any parti
le traje
tory


an be 
al
ulated independently of the others. In this 
ase, a GPU is a

perfe
t pie
e of hardware to solve massively all these independent di�eren-

tial equations. A

ounting for the spa
e 
harge implies a 
oupling between

parti
les whi
h breaks the independen
e between the di�erential equations.

The di�erential equations be
ome a single huge di�erential equation to solve.

Be
ause the 
omputation of the for
e experien
ed by ea
h parti
le implies

a

esses to all the positions of all the other parti
les, this problem seems at

�rst glan
e not any-more adapted for GPU. Indeed, all these large memory

a

esses are not handled very well by a GPU. Furthermore, the positions of

all parti
les must be updated at the same time whi
h implies a lower level

of parallelism. However, using some approximations presented in se
tion

6.2, the memory a

esses 
ould be improved su
h that 16% of the theoreti-


al GPU performan
e was a
hieved. The GPU outperforms the CPU by a

fa
tor of 60 in terms of ratio between performan
e and �nan
ial 
ost. The

GPU solver has been validated for a Paul trap or Ion trap presented in se
-

tion 6.6.1. The beam dynami
s simulation of Myrrha's RFQ was performed

with the ele
tri
 �eld 
al
ulated with the MoM. However, be
ause of several

issues regarding the ele
tri
 �eld extra
tion, the simulations did not su

eed

to produ
e an overall valid solution. The 
reation of bun
hes has been ob-

served till the middle of the a

elerator to fade away slowly as the parti
les

were getting 
loser to the end of the a

elerator. No signi�
ant a

eleration
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was observed, probably due to the destru
tion of bun
hes but also be
ause

of the very strong variations of the ele
tri
 �eld due to the extra
tion issues.

We believe the problem 
omes from the weak regularity of the Rao-Wilton-

Glisson (RWG) basis fun
tions. In parti
ular, by de�nition of the RWG,

the density of 
harges is approximated by a 
onstant fun
tion over a mesh


ell. Hen
e, a prospe
tive solution would be to use smoother basis fun
tions.

To 
on
lude, the MoM has been applied for the simulation of a four-

rod RFQ for the �rst time. Some of the 
hallenges have been solved and

some are still present. Two new methods 
ame out of the resear
h per-

fomed in this thesis. The new FNFMMS method 
an be applied for a wide

range of problems. In parti
ular, it 
an be used for simulations 
on
erning

the 
omputation of the ele
tromagneti
 �elds s
attered by small obje
ts in


omparison to wavelength and in preferen
e with a dense mesh.
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Chapter 10

Appendix

10.1 Limits

De�nition 10.1.1:

Let E be a set and dist : E × E → R

+
a fun
tion. The fun
tion is 
alled

a distan
e on E if

dist(x, y) = 0 ⇔ x = y (10.1)

dist(x, y) = dist(y, x) (10.2)

dist(x, z) ≤ dist(x, y) + dist(y, z) (10.3)

where x, y, z ∈ E. The set E is 
alled a metri
 spa
e when a distan
e is

de�ned for all its elements.

De�nition 10.1.2:

Let E be a metri
 spa
e, let x ∈ E be a point and let δ > 0 be a real

s
alar then

B(x, δ) ≡ {y|dist(x, y) < δ} an open ball of E (10.4)

B[x, δ] ≡ {y|dist(x, y) ≤ δ} an 
losed ball of E (10.5)

C(x, δ) ≡ B[x, δ]\B(x, δ) (10.6)

Let O ⊂ E be a subset, then if
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∀x ∈ O, ∃δ > 0, B(x, δ) ⊂ O (10.7)

O is 
alled an open subset of E.

Proposition 10.1.1:

Let E be a metri
 spa
e, and let T ≡ {O|O ⊂ E, O is an open subset} be
a set of parts of E 
alled the indu
ed topology on E by the distan
e. Let

{Oi}I be a family of open subsets of E and let {Pi}J be a �nite family of

open subsets of E then

E ∈ T (10.8)

∪IOi is an open subset (10.9)

∩JFi is an open subset (10.10)

Demonstration 10.1.1:

The �rst assertion given by Eq. 10.8 is dire
t. Let us show the assertion

given by Eq. 10.9. Let be x ∈ ∪IOi, then there exists Oi su
h that x ∈ Oi.

Sin
e Oi is an open subset then by de�nition there exists B(x, δ) ⊂ Oi

and therefore B(x, δ) ⊂ ∪IOi. Let us show the last assertion given by

Eq. 10.10. Let be x ∈ ∩JFi, then x ∈ Fi, ∀i ∈ J . By de�nition, for ea
h

Fi there exists B(x, δi) ⊂ Fi. Let us de�ne δ = minJ δi whi
h is stri
tly

positive sin
e J is �nite. Then, one has B(x, δ) ⊂ Fi for all i ∈ J and

therefore B(x, δ) ⊂ ∩JFi.

The property given by Eq. 10.8,10.9,10.10 are a
tually the 
ore of the

de�nition of a topologi
al spa
e. The topology theory is more general than

the theory of metri
 spa
es.

De�nition 10.1.3:

Let E be a ve
tor spa
e on the �eld K, and let ||.|| : E → R

+
be a positive

fun
tion on the ve
tor spa
e. Then, this fun
tion is 
alled a norm if

||x|| = 0 ⇒ x = 0 (10.11)

||αx|| = |α|||x|| (10.12)

||x+ y|| ≤ ||x||+ ||y|| (10.13)

where x, y ∈ E and α ∈ K.
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Eq. 10.11 is equivalent to ||x|| = 0 ⇔ x = 0 using Eq. 10.12 with α = 0.

Proposition 10.1.2:

Let E be a ve
tor spa
e, and let ||.|| : E → R

+
be a norm, then the ve
tor

spa
e is naturally a metri
 spa
e with the distan
e de�ned by

dist(x, y) ≡ ||x− y|| (10.14)

Demonstration 10.1.2:

Let us show the �rst assertion given by Eq. 10.1. This is dire
t 
onse-

quen
e of the de�nition

dist(x, y) = ||x− y|| = 0 ⇔ x− y = 0. (10.15)

The symmetry (Eq. 10.2) is obvious from Eq. 10.12

||x− y|| = || − 1(y − x)|| = | − 1|||y − x|| (10.16)

The last assertion given by Eq. 10.3 is a dire
t property of Eq. 10.13

dist(x, y) + dist(y, z) = ||x− y||+ ||y − z||
≤ ||x− z|| = dist(x, z) (10.17)

De�nition 10.1.4:

Let E be a ve
tor spa
e on a �eld K. Let < .|. >: E × E → K be an

appli
ation. The appli
ation is said to be a bilinear form if it is linear

for its both variables. In the 
ase of K = C, the appli
ation is said to be

sesquilinear on the right (or on the left) if it is linear for its �rst (its se
ond)

variable and sesquilinear for its se
ond (its �rst) variable. A sesquilinear

form α : E → C on E is de�ned by

λ(x + y) = λ(x) + λ(y) (10.18)

λ(αx) = α∗λ(x) (10.19)

where x, y ∈ E and α ∈ C.

De�nition 10.1.5:

Let E be a ve
tor spa
e on a �eld K and < .|. >: E × E → K an
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appli
ation. In the 
ase of K = R, the appli
ation is said to be a s
alar

produ
t if it is a bilinear form and if

< x|x > ≥ 0 (10.20)

< x|x > = 0 ⇒ x = 0 (10.21)

< x|y > = < y|x > (10.22)

where x, y ∈ E.

In the 
ase of K = C, the appli
ation is said to be a s
alar produ
t

if it is a sesquilinear form on the right (or on the left depending on the


onvention) su
h that

< x|x > ≥ 0 (10.23)

< x|x > = 0 ⇒ x = 0 (10.24)

< x|y > = < y|x >∗
(10.25)

If E is a �nite dimensional ve
tor spa
e on R or on C then E is said

to be respe
tively an Eu
lidian spa
e or a Hermitian spa
e if there is a

s
alar produ
t de�ned on it.

If E is ve
tor spa
e (possibility of in�nite dimension) on R or on C

then E is said to be a pre-Hilbert spa
e if there is a s
alar produ
t de�ned

on it.

The se
ond assertion given by Eq. 10.21 and Eq. 10.24 is equivalent to

< x|x >= 0 ⇔ x = 0 using the linear or sesquilinear property of the s
alar

produ
t with a s
alar value equal to zero. The s
alar produ
t is also often

denoted (.|.). Both notations are used in this manus
ript.

Proposition 10.1.3:

Let E be a ve
tor spa
e on a �eld K whi
h is either R or C. Let < .|. >:
E×E → K be a s
alar produ
t then E is naturally a normed ve
tor spa
e

with the norm de�ned by

||x|| ≡
√

< x|x > (10.26)

In parti
ular, one has the well known Cau
hy-S
hwartz inequality
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| < x|y > | ≤ ||x||||y|| (10.27)

Demonstration 10.1.3:

Let us prove the �rst assertion given by Eq. 10.11

||x|| =
√

< x|x > = 0 ⇒< x|x >= 0 (10.28)

By de�nition of the s
alar produ
t x = 0. Let us prove the se
ond

assertion given by Eq. 10.12

||αx|| =
√

< αx|αx > (10.29)

=
√

αα∗ < x|x > (10.30)

= |α|||x|| (10.31)

Finally, let us prove the last assertion given by Eq. 10.13

||x+ y||2 = < x+ y|x+ y > (10.32)

= < x|x > + < x|y > + < y|x > + < y|y > (10.33)

= ||x||2+ < x|y > + < y|x > +||y||2 (10.34)

Using the Cau
hy-S
hwartz inequality one has

||x+ y||2 ≤ ||x||2 + 2||x||||y||+ ||y||2 = (||x||+ ||y||)2 (10.35)

Let us prove the Cau
hy-S
hwartz inequality. It is 
learly true if x = 0
or y = 0. Now, let us 
onsider the following equation

||x+ ty||2 =< x+ ty|x+ ty >= ||x||2 + 2t < x|y > +t2||y||2 (10.36)

where we supposed without lost of generality that < x|y > is real.

Indeed, let us de�ne x′ ≡ x<x|y>∗

|<x|y>| , then < x′|y >=< x|y > <x|y>∗

|<x|y>| is

real. Let us assume that the inequality is proven for < x′|y > using the

following equalities
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| < x′|y > | = | < x|y > | | < x|y >∗ |
| < x|y > | = | < x|y > | (10.37)

||x′|| = ||x|| | < x|y >∗ |
| < x|y > | = ||x|| (10.38)

we have that | < x|y > | = | < x′|y > | ≤ ||x′||||y|| = ||x||||y||.
Now, sin
e by de�nition of the s
alar produ
t we have ||x+ ty||2 ≥ 0, the
dis
riminant of the se
ond order polynomial in t must be smaller or equal

to zero

4 < x|y >2 −4||x||2||y||2 ≤ 0 (10.39)

This is equivalent to the Cau
hy-S
hwartz inequality.

De�nition 10.1.6:

Let E be a metri
 spa
e and let un : R→ E be a sequen
e. The sequen
e

is said to be 
onvergent if there exists a value u ∈ E su
h that

∀ǫ > 0, ∃N ∈ R su
h that ∀n > N ⇒ dist(un, u) < ǫ (10.40)

The value u is 
alled the limit value of the sequen
e. When the limit

exists, the notations lim
n→∞

un = u or un → u are often used.

De�nition 10.1.7:

Let f : E → F be a fun
tion where E,F are two metri
 spa
es. Let x0 ∈ E
and L ∈ F be two points, then the fun
tion is said to be 
onvergent in x
toward L if

∀ǫ > 0, ∃δ > 0, ∀x ∈ B(x0, δ)\{x0} ⇒ dist(f(x), L) < ǫ (10.41)

The value L is 
alled the limit value. When the limit exists, the

notations lim
x→x0

f(x) = L or x0 → x, f(x) → L are often used.

When f(x0) = L the fun
tion is said to be 
ontinuous in x for the

distan
es de�ned on E and F .

De�nition 10.1.8:
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Let fn : E → F be a sequen
e of fun
tion where E,F are two metri


spa
es. The sequen
e of fun
tions is said to be pointwise 
onvergent if

there exists f : E → F a fun
tion su
h that

∀x ∈ E, lim
n→∞

fn(x) = f(x) (10.42)

The sequen
e is said to be uniformly 
onvergent if there exists f :
E → F su
h that

∀ǫ > 0, ∃N ∈ N, ∀n > N ⇒ ∀x ∈ E, |fn(x)− f(x)| < ǫ (10.43)

This is equivalent to

lim
n→∞

sup
x∈E

|fn(x)− f(x)| = 0 (10.44)

Proposition 10.1.4:

Let be un, vn : N→ E with E a normed ve
tor spa
e. Let us assume that

un → u and vn → v then

• un + vn → u+ v

• (un|vn) → (u|v) where (.|.) is a s
alar produ
t on E, if ∃N ∈ N su
h

that ||un|| < K < +∞, ∀n > N

Demonstration 10.1.4:

The �rst relation is a dire
t 
onsequen
e of the norm de�nition

||un + vn − (u+ v)|| = ||(un − u) + (vn − v)||
≤ ||un − u||+ ||vn − v|| (10.45)

Now, one has

∀ǫ > 0, ∃N ∈ N su
h that ∀n > N ⇒ ||un − u|| < ǫ

2
(10.46)

∀ǫ > 0, ∃M ∈ N su
h that ∀n > M ⇒ ||vn − u|| < ǫ

2
(10.47)
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Choosing Nmax = max(N,M) one has

∀n > Nmax ⇒ ||(un + vn)− (u+ v)|| < ǫ (10.48)

The se
ond relation is proven using the Cau
hy-S
hwartz inequality.

The idea is to bring out the norms of ||vn − v|| and ||un − u||. The �rst

step is to bring out vn − v and un − u in the s
alar produ
t as follows

|(un|vn)− (u|v)| = |(un|vn)− (un|v) + (un|v)− (u|v)| (10.49)

= |(un|(vn − v)) + (un − u|v)| (10.50)

≤ |(un|(vn − v))| + |(un − u|v)| (10.51)

Using the Cau
hy-S
hwartz inequality one has

|(un|vn)− (u|v)| ≤ ||un||||vn − v||+ ||un − u||||v|| (10.52)

Using the 
ondition ||un|| < K for n > N one has

|(un|vn)− (u|v)| ≤ K||vn − v||+ ||un − u||||v|| (10.53)

Then by 
onvergen
e of un and vn, for ǫ > 0 one 
an �nd M,O ∈ N
su
h that

∀n > M ⇒ ||vn − v|| <
ǫ

2K
(10.54)

∀n > O ⇒ ||un − u|| <
ǫ

2||v|| (10.55)

Let us de�ne Nmax = max(N,M,O) then one has

∀n > Nmax ⇒ |(un|vn)− (u|v)| < ǫ (10.56)

This ends the proof of the proposition.

The same proposition 
an be formulated for fun
tions.

Proposition 10.1.5:

Let be u, v : F \ {x0} → E with E,F two normed spa
e. Let us assume
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that lim
x→x0

u(x) = U and lim
x→x0

v(x) = V then

• lim
x→x0

u+ v = U + V

• lim
x→x0

(u|v) = (U |V ) where (.|.) is a s
alar produ
t on E, if ∃δ > 0 su
h

that ||u|| < K < +∞, ∀x ∈ B(x0, δ)

Demonstration 10.1.5:

The �rst relation is a dire
t 
onsequen
e of the norm de�nition

||u(x) + v(x) − (U + V )|| = ||(u(x)− U) + (v(x)− V )||
≤ ||u(x)− U ||+ ||v(x) − V || (10.57)

Now, one has

∀ǫ > 0, ∃δ > 0, ∀x ∈ B(x0, δ) ⇒ ||u(x)− U || < ǫ

2
(10.58)

∀ǫ > 0, ∃δ′ > 0, ∀x ∈ B(x0, δ
′) ⇒ ||v(x) − V || < ǫ

2
(10.59)

Choosing δmin = min(δ, δ′) one has

∀x ∈ B(x0, δmin) ⇒ ||(u(x) + v(x)) − (U + V )|| < ǫ (10.60)

The se
ond relation is proven using the Cau
hy-S
hwartz inequality.

The idea is to bring out the norms of ||v(x) − V || and ||u(x) − U ||. The

�rst step is to bring out v(x) − V and u(x) − U in the s
alar produ
t as

follows

|(u(x)|v(x)) − (U |V )| = |(u(x)|v(x)) − (u(x)|V )

+(u(x)|V )− (U |V )| (10.61)

= |(u(x)|(v(x) − V )) + (u(x)− U |V )| (10.62)

≤ |(u(x)|(v(x) − V ))|+ |(u(x) − U |V )| (10.63)

Using the Cau
hy-S
hwarz inequality one has

|(u(x)|v(x)) − (U |V )| ≤ ||u(x)||||v(x) − V ||+ ||u(x)− U ||||V || (10.64)
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Using the 
ondition ||u(x)|| < K for x ∈ B(x0, δ) one has

|(u(x)|v(x)) − (U |V )| ≤ K||v(x) − V ||+ ||u(x)− U ||||V || (10.65)

Then by 
onvergen
e of u(x) and v(x), for ǫ > 0 one 
an �nd δ′, δ′′

su
h that

||v(x) − V || <
ǫ

2K
(10.66)

||u(x)− U || <
ǫ

2||V || (10.67)

Let us de�ne δmin ≡ min(δ, δ′, δ′′) one has

∀x ∈ B(x0, δmin) ⇒ |(u(x)|v(x)) − (U |V )| < ǫ (10.68)

10.2 Derivative

De�nition 10.2.1:

Let f : O ⊂ E → F be a fun
tion where E,F are two normed ve
tor

spa
e of �nite dimension. Let a ∈ O be a given point, then the fun
tion is

di�erentiable at the point a if there exists a linear appli
ationDfa : E → F
su
h that

∀ǫ > 0, ∃δ > 0,||x− a|| < δ and x ∈ O ⇒
||f(x+ a)− f(a)−Df(a)(x− a)|| < ǫ||x− a|| (10.69)

Dfa is 
alled a derivative of f at a (not ne
essarily unique). When

the derivative is unique one refers it as the derivative of f at the point a.

De�nition 10.2.2:

Let E be a metri
 spa
e, let U ⊂ E be a subset and let x ∈ U be a point.

The point is an inner point if there exists an open subset O su
h that

x ∈ O and O ⊂ U .

Proposition 10.2.1:
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Let f : O ⊂ E → F be a fun
tion where E,F are two normed ve
tor spa
e

of �nite dimension. Let a ∈ O be an inner point then if the derivative of

f exists at a it is unique.

Demonstration 10.2.1:

Let A,B : E → F be two linear appli
ations su
h that they both respe
t

the de�nition of the derivative of f at a given point a. Let us show that

A = B. We know that ∀ǫ > 0,

∃δ′ > 0,||x− a|| < δ′ and x ∈ O ⇒
||f(x+ a)− f(a)−A(x− a)|| < ǫ||x− a|| (10.70)

∃δ′′ > 0,||x− a|| < δ′′ and x ∈ O ⇒
||f(x+ a)− f(a)−B(x− a)|| < ǫ||x− a|| (10.71)

Let us de�ne δ′′′ ≡ min(δ′, δ′′). Sin
e a is an inner point, there exists

β > 0 su
h that B(a, β) ⊂ O. Let us de�ne δ ≡ min(δ′′′, β). Then, for all
||x− a|| < δ one has

||f(x+ a)− f(a)−A(x− a)|| < ǫ||x− a|| (10.72)

||f(x+ a)− f(a)−B(x− a)|| < ǫ||x− a|| (10.73)

Using the norm property Eq. 10.13 one gets

||(A −B)(x− a)|| < 2ǫ||x− a|| (10.74)

⇔ ||(A−B)
(x− a)

||x− a|| || < 2ǫ (10.75)

Therefore, for any unitary ve
tor x̂ ∈ C[0, 1] one has

||(A−B)x̂|| < 2ǫ (10.76)

Sin
e the left part of the equation is independent of ǫ, one gets

||(A−B)x̂|| = 0 , ∀x̂ ∈ C[0, 1] (10.77)

This implies A = B and the uniqueness is shown.
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When dealing with derivative, it is natural to assume the fun
tion de-

�ned on a open subset in order to guarantee the uniqueness. However,

sometimes derivative 
an be de�ned uniquely on non-opened domain. A


ommon parti
ular 
ase is the 
lose interval [a, b] ⊂ R.

De�nition 10.2.3:

Let f : O ⊂ E → F a fun
tion where E,F are two normed ve
tor spa
e of

�nite dimension. The fun
tion is said to be di�erentiable if the derivative

exists and is unique for ea
h point in O. The fun
tion is said to be C1(O)
if the derivative is a 
ontinuous fun
tion in O.

Let Lin(E,F ) ≡ {A|A : E → F and A is linear } be the set of linear

appli
ations between E and F two normed ve
tor spa
es of �nite dimension.

It is straightforward to show that it is a ve
tor spa
e of �nite dimension.

De�nition 10.2.4:

Let E and F be two normed ve
tor spa
es. Let ||.|| : Lin(E,F ) → R

+
be

a norm de�ned by

||A|| ≡ sup
x∈E,x 6=0

||Ax||
||x|| (10.78)

It is 
alled the operator norm.

Proposition 10.2.2:

The operator norm is well de�ned.

Demonstration 10.2.2:

Let us prove the �rst assertion given by Eq. 10.11.

sup
x∈E,x 6=0

||Ax||
||x|| = 0 ⇒ ∀x ∈ E, ||Ax|| = 0 (10.79)

From Eq. 10.11 this implies that ∀x ∈ E,Ax = 0. The assertion given
by Eq. 10.12 is dire
t
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sup
x∈E,x 6=0

||αAx||
||x|| = sup

x∈E,x 6=0
|α| ||Ax||||x||

= |α| sup
x∈E,x 6=0

||Ax||
||x|| (10.80)

Finally, the assertion given by Eq. 10.13 is also a dire
t observation

sup
x∈E,x 6=0

||(A+B)x||
||x|| ≤ sup

x∈E,x 6=0

||Ax|| + ||Bx||
||x||

≤ sup
x∈E,x 6=0

||Ax||
||x|| + sup

x∈E,x 6=0

||Bx||
||x|| (10.81)

Based on the property of Lin(E,F ) one 
an de�ne higher order deriva-

tive by a re
ursive approa
h.

De�nition 10.2.5:

Let f : O ⊂ E → F a fun
tion where E,F are two normed ve
tor spa
es of

�nite dimension and O is an open subset. f is said to be a Cn(O) fun
tion
if its derivative of order n exists everywhere on O and is 
ontinuous.

Proposition 10.2.3:

Let f : O ⊂ R → R a fun
tion where O is an open subset. Let be

a ∈ O su
h that f(a) is a lo
al minimum (or a lo
al maximum) i.e ∃δ >
0, |x − a| < δ ⇒ f(x) ≥ (≤)f(a). If the fun
tion is di�erentiable in a
then Dfa = 0. Re
ipro
ally, if Dfa = 0 and if ∃δ > 0 su
h that for all

|x− a| < δ if Dfx < (>)0 when x < a and Dfx > (<)0 when x > a then

f(a) is lo
al minimum (or a lo
al maximum) on B(a, δ).

Demonstration 10.2.3:

Let us prove it for the minimum without lost of generality. The impli
ation

is a simple appli
ation of the de�nition of the di�erential, ∀ǫ, ∃δ > 0 su
h

that |x− a| < δ it implies

|f(x)− f(a)−Dfa(x − a)| < ǫ|x− a| (10.82)

⇔ |f(x) − f(a)

x− a
−Dfa| < ǫ (10.83)
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if x > a we have

f(x)−f(a)
x−a ≥ 0 whi
h implies Dfa ≥ 0. On the


ontrary if x < a we have

f(x)−f(a)
x−a ≤ 0 whi
h implies Dfa ≤ 0. The only

solution is Dfa = 0.

Now, let us assume Dfa = 0 and ∃δ > 0 su
h that for all |x− a| < δ
if Dfx < 0 when x < a and Dfx > 0. Then, by the fundamental theorem

of analysis one has for all x ∈ B(a, δ)

f(x) = f(a) +

∫ x

a

Dfx′dx′
(10.84)

Now, in the interval ]a − δ, a] it is 
lear that f is stri
tly de
reasing.

On the 
ontrary, in the interval [a, a+δ[ it is stri
tly in
reasing. Therefore,
f(a) is a lo
al minimum on B(a, δ).

Proposition 10.2.4:

Let f : O ⊂ R→ R be a fun
tion whereO is an open subset. Let us assume

that the se
ond derivative of f exists and is 
ontinuous on B(a, r) ⊂ O
where r > 0. Then, by de�nition, the �rst derivative exists too on B(a, r).
If Dfa = 0 and D2fa > 0 (D2fa < 0) then f(a) is a lo
al minimum (a

lo
al maximum).

Demonstration 10.2.4:

Let us show it for the minimum without lost of generality. By 
ontinuity

of the se
ond derivative, there exists δ > 0 su
h that D2fx > 0 for all

x ∈ B(a, r). From the fundamental theorem of analysis then one has

Dfx = Dfa +

∫ x

a

D2fx′dx′ =

∫ x

a

D2fx′dx′, ∀x ∈ B(a, r) (10.85)

Clearly, Dfx < 0 for x < a and Dfx > 0 for x > a. Using prop. 10.2.3
the demonstration is 
omplete.

Proposition 10.2.5:

Let f : O ⊂ E → R be a fun
tion where O is an open subset and E a

normed ve
tor spa
e of �nite dimension. Let a ∈ O be a point su
h that

f(a) is a lo
al minimum (lo
al maximum). If f is di�erentiable on a then

Dfa = 0. Re
ipro
ally, if Dfa = 0 and if there exists δ > 0 su
h that

∀x ∈ B(x, a) one has Dfx(x− a) > (<)0 then f(a) is a lo
al minimum (a
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maximum) on B(a, δ).

Demonstration 10.2.5:

This 
an be shown 
onsidering the dire
tional derivative. Let α ∈ E be

an unitary ve
tor. Let f̃ = f(a + tα) be the fun
tion restri
ted to the

dire
tion α and passing by a. Sin
e f(a) is a lo
al minimum, f̃(a) is also
a lo
al minimum. Using prop. 10.2.3 one has Df̃a = Dfaα = 0. This

must be true for any unitary ve
tor α and therefore Dfa = 0.

Re
ipro
ally, using again this dire
tional restri
tion and prop. 10.2.3,

one has f̃a is a lo
al minimum for |t| < δ. Indeed, one has Df̃a+αt =
Dfa+αtα. When t > 0 then α = x−a

||x−a|| and when t < 0 then α =

− x−a
||x−a|| . Therefore, when t < 0, Df̃a+αt = −Dfa+αt

x−a
||x−a|| < 0. and

where t > 0, Df̃a+αt = Dfa+αt
x−a

||x−a|| > 0. This true in all dire
tion and

δ is independent of the dire
tion therefore f(a) is a minimum on B(a, δ).

Proposition 10.2.6:

Let f : O ⊂ E → R a fun
tion where O is an open subset and E a

normed ve
tor spa
e of �nite dimension. Let us assume that the se
ond

derivative of f exists an is 
ontinuous on B(a, r) ⊂ O where r > 0. Then,
by de�nition, the �rst derivative exists too on B(a, r). If Dfa = 0 and

D2fa(α, α) > 0, ∀α ∈ E where α is a unitary ve
tor (D2fa(α, α) < 0) then
f(a) is a lo
al minimum (a lo
al maximum).

Demonstration 10.2.6:

By 
ontinuity of D2f , ∀ǫ > 0 there exists δ > 0 su
h that for all

x ∈ B(a, δ) one has max
α∈C(0,1)

max
β∈C(0,1)

|D2fx(α, β) −D2fx(α, β)| < ǫ. Sin
e

C(0, 1) is 
ompa
t, there exists β ∈ C(0, 1) su
h that D2fa(β, β) =

min
α∈C(0,1)

D2fa(α, α). Let us 
hose ǫ = |D2fa(β,β)|
2 . Therefore, for all

x ∈ B(a, δ) one has ∀α,D2fx(α, α) > 0.
Let us de�ne f̃ = f(a + tα) with α ∈ C(0, 1) an unitary ve
tor. Let

us 
al
ulate the �rst and se
ond derivative of this fun
tion

Df̃a = Dfa(α) = 0 (10.86)

D2f̃a = D2fa(α, α) > 0 (10.87)

Using the fundamental theorem of analysis one has
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Df̃a+tα = Df̃a +

∫ t

0

D2f̃t′dt
′

=

∫ t

0

D2f̃t′dt
′, ∀|t| < δ (10.88)

Clearly, for t < 0 one has Df̃a+tα < 0 and for t > 0 one has Df̃a+tα >
0. Using prop. 10.2.3 the fun
tion f̃ has a lo
al minimum at a and valid on
B(0, δ). Sin
e the range of t is independent the dire
tion α, the fun
tion
f(x) has a lo
al minimum at a and valid on B(a, δ).

Proposition 10.2.7:

Let A ⊂ R

n
be an open subset, let {fn}n∈N with fn : A → R

m
be a

sequen
e of fun
tions and let T : A → Lin(Rn,Rm). If for all n the

fun
tion fn is di�erentiable on A, if fn 
onverges simply toward a fun
tion

f : A → R

m
for ea
h point in A and if the sequen
e (Dfn)n∈N 
onverges

uniformly toward T , then f is di�erentiable on A and for all a ∈ A one

has

Dfa = T (a) (10.89)

Proposition 10.2.8:

Let f : I ≡ [a, b] → R

n
be a 
ontinuous fun
tion, then one has

||
∫ b

a

f(t′)dt′|| ≤
∫ b

a

||f(t′)||dt′ (10.90)

Demonstration 10.2.7:

Sin
e f is 
ontinuous on a 
ompa
t domain, it is uniformly 
ontinuous i.e.

for all ǫ > 0, exists δ > 0 su
h that

∀x, y ∈ [a, b], ||x− y|| < δ ⇒ ||f(x)− f(y)|| < ǫ (10.91)

Let us de�ne a �nite family of 
losed intervals {[ai, ai+1]}i∈[1,...,N ]

su
h that ai+1 − ai < δ and a1 = a, aN+1 = b. Let us de�ne the fun
tion
f̃ : I → R

n
as follows
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f̃(x) ≡
N
∑

i=1

f(ai)Π[ai,ai+1[(x) (10.92)

where Π is the 
hara
teristi
 fun
tion. By de�nition of the fun
tion,

one has ||f̃(x) − f(x)|| < ǫ for all x ∈ I. Hen
e, for all n ∈ N, one 
an

de�ne f̃n su
h that ||f̃n(x) − f(x)|| < 1
n for all x ∈ A. This is true for

any norm sin
e on a �nite dimensional spa
e all norms are equivalent. In

parti
ular this is true for the norm two. This implies that ea
h 
omponent

of the fun
tion f̃n 
onverges uniformly toward the same 
omponent of f .
It also implies that for the norm two, for any ǫ > 0, there exists M ∈ N
su
h that for all n > M one has

||
∫ b

a

f(t′)dt′ −
∫ b

a

f̃n(t
′)dt′||2 < ǫ (10.93)

One 
an take for instan
e M = integer(1ǫ ). Sin
e it is true for the

norm two again it is true for any other norm. By property of the norm

one has

||
∫ b

a

f(t′)dt′|| ≤ ||
∫ b

a

f̃n(t
′)dt′||

+||
∫ b

a

f(t′)dt′ −
∫ b

a

f̃n(t
′)dt′|| (10.94)

≤ ||
∫ b

a

f̃n(t
′)dt′||+ ǫ (10.95)

Now by de�nition of f̃n one has
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||
∫ b

a

f̃(t′)dt′|| = ||
∫ b

a

Nn
∑

i=1

f(ai)Π[ai,n,ai+1,n[(t
′)dt′|| (10.96)

= ||
Nn
∑

i=1

f(ai)

∫ b

a

Π[ai,n,ai+1,n[(t
′)dt′|| (10.97)

≤
Nn
∑

i=1

||f(ai)|||
∫ b

a

Π[ai,n,ai+1,n[(t
′)dt′| (10.98)

≤
∫ b

a

Nn
∑

i=1

||f(ai)||Π[ai,n,ai+1,n[(t
′)dt′ (10.99)

where Nn is the number of intervals de�ned by [ai,n, ai+1,n[ on whi
h

the step fun
tion f̃n is de�ned. Let us de�ne the fun
tion gn(t
′) ≡

∑Nn

i=1 ||f(ai,n)||Π[ai,n,ai+1,n[(t
′). By de�nition, one has | gn(t′)−||f(t′)|| | <

ǫ. Indeed, let us assume without lost of generality that t′ ∈ [ai,n, ai+1,n[,
then one has

| gn(t′)− ||f(t′)|| | = | ||f(ai)|| − ||f(t′)|| | (10.100)

≤ ||f(ai)− f(t′)|| < ǫ (10.101)

After integration, one gets

|
∫ b

a

gn(t
′)dt′ −

∫ b

a

||f(t′)||dt′| < ǫ(b− a) (10.102)

This implies that

||
∫ b

a

f(t′)dt′|| ≤
∫ b

a

||f(t′)||dt′ + ǫ(1 + b− a) (10.103)

Sin
e it is true for any ǫ the demonstration is 
omplete.

10.3 A�ne geometry

De�nition 10.3.1:

Let E and F be two ve
tor spa
es on the same �eld K (in general R or
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C). An isomorphism between E and F is a bije
tive linear appli
ation.

Proposition 10.3.1:

Let E and F be two ve
tor spa
es of �nite dimension. Let A : E → F be

a linear appli
ation, then if f is inje
tive and dim(E) = dim(F ), f is an

isomorphism.

Demonstration 10.3.1:

Let show that the appli
ation is surje
tive. Let be x1, ..., xn ∈ E a basis,

if one shows that y1 = A(x1), ..., yn = A(xn) is a basis then the proof

is 
omplete. Let us show that y1, ..., yn is a linear independent family of

ve
tors. Let us assume that exists α1, ..., αn ∈ K su
h that

n
∑

i=1

αiyi = 0 it

implies that α1A(x1) + ... + αnA(xn) = A(α1x1 + ... + αnxn) = 0. Sin
e
the appli
ation is inje
tive, one has α1x1 + ...+αnxn = 0. Sin
e x1, ..., xn

is a basis of E it implies that α1 = ... = αn = 0. Sin
e the dimension of

the spa
es are equal, the linear independent family y1, ..., yn is a basis of

F .

Proposition 10.3.2:

Let E be a ve
tor spa
e on a �eldK and of dimension n. Let x1, ..., xn ∈ E

be a basis. Let us de�ne the linear appli
ation i : E → R

n,
n
∑

i=1

αixi →
(α1, ..., αn) then the appli
ation is an isomorphism.

Demonstration 10.3.2:

The linearity is easily shown

i(αx+ βy) = i(α

n
∑

i=1

αixi + β

n
∑

i=1

βiy)

= i(

n
∑

i=1

(ααi + ββi)xi)

= (αα1 + ββ1, ..., ααn + ββn)

= α(α1, ..., αn) + β(β1, ..., βn)

= αi(x) + βi(y) (10.104)
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The inje
tivity is also straightforward

i(x) = (α1, ..., αn) = 0 ⇒ α1 = ... = αn = 0 ⇒ x = 0 (10.105)

Sin
e the ve
tor spa
es have the same dimension by proposition 10.3.1

the demonstration is 
omplete.

On a �nite ve
tor spa
e, on
e a basis is de�ned the isomorphism given

in proposition 10.3.2 is denoted [x] = i(x). The isomorphism depends on a

basis (it's not a 
anoni
 isomorphism). Hen
e, when a 
onfusion 
an o

ur

the notation is a bit di�erent namely [x]x1,...,xn.

De�nition 10.3.2:

Let E be a set and V a ve
tor spa
e on a �eld K of �nite dimension.

The pair (E, V ) is 
alled an a�ne spa
e of dire
tion V if there exists an

appli
ation : E × E → V su
h that one has

AC = AB +BC, ∀A,B,C ∈ E (10.106)

∀A, ∀v ∈ V, !∃B su
h that AB = v (10.107)

De�nition 10.3.3:

Let (E, V ) be an a�ne spa
e, and let +,− : E×V → E be two appli
ations

de�ned by

A+ v = B, su
h that AB = v (10.108)

A− v = B, su
h that BA = v (10.109)

where A,B ∈ E, v ∈ V .

Proposition 10.3.3:

The de�nition 10.3.3 is well de�ned.

Demonstration 10.3.3:

The uniqueness of B in Eq. 10.108 and Eq. 10.109 is a dire
t 
onsequen
e

of the de�nition 10.3.2. Indeed, let us assume there exists B1, B2 su
h

that AB1 = AB2 = v. This is a 
ontradi
tion with Eq. 10.107.
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De�nition 10.3.4:

Let E,E′
be two a�ne spa
es asso
iated respe
tively to the ve
tor spa
e V

and V ′
on the same �eld K. A fun
tion f : E → E′

is an a�ne appli
ation

if exists f : V → V ′
su
h that

∀X ∈ E, f(X) = O′ + f(OX) (10.110)

Proposition 10.3.4:

Let E be an a�ne spa
e with a dire
tion V . Let (O, x1, ..., xn) be a frame

of V . Let f : E → E be an a�ne appli
ation then, the a�ne appli
ation

expressed in these two frames has the following form

[Of(X)] = T +A[OX ] (10.111)

where A ∈ R

n×n
, Aij = fi(xj) with fi the i 
omponent of f in the

base x1, ..., xn and T ≡ [OO′]i.

Demonstration 10.3.4:

By de�nition of an a�ne appli
ation one has

∀X ∈ E,Of(X) = OO′ + f(OX) (10.112)

This ve
torial expression 
an be expressed in R

n
thanks to the iso-

morphism given by 10.3.2 as follows

[Of(X)] = [Of(X)] + i(f(i−1([OX ]) (10.113)

The matrix is identi�ed by the linear appli
ation A : Rn → R

n, x →
A(x) = i(f(i−1(x)) in its 
anoni
 basis and the translation ve
tor by

T ≡ i(Of(X)).

De�nition 10.3.5:

Let E be a normed ve
tor spa
e on �eld K. It is said that V ⊂ E is 
onvex

if
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∀x, y ∈ E, {z|z = x+ α(x− y), α ∈ [0, 1]} ⊂ V (10.114)

De�nition 10.3.6:

Let E be a normed ve
tor spa
e and x1, ..., xn ∈ E some points in E.
The 
onvex hull of V ⊂ E is given by the interse
tion of all 
onvex subset


ontaining V .

Proposition 10.3.5:

Let E be a normed ve
tor spa
e and x1, ..., xn ∈ E some points in E. The

onvex hull of these points is a 
onvex subset of E.

Demonstration 10.3.5:

Let {Ai}i∈I ⊂ E be a family of 
onvex subset of E (not ne
essar-

ily �nished). Let us de�ne A ≡ ∩IAi and let us proof that A is


onvex i.e ∀x, y ∈ A, {z|z = x + α(x − y), α ∈ [0, 1]} ⊂ A. Sin
e

{z|z = x+ α(x − y), α ∈ [0, 1]} ⊂ Ai, ∀i ∈ I the proof is 
omplete.

Proposition 10.3.6:

Let E be a normed ve
tor spa
e and x1, ..., xn ∈ E some points in E. Let

V ⊂ E be the 
onvex skull of these points then

V = {x|x =

n
∑

i=1

αixi,

n
∑

i=1

αi = 1, αi > 0} (10.115)

Demonstration 10.3.6:

Let us prove it by re
urren
e. For n = 1 it is obvious. Let us assume it is

true for n− 1 and let us proof this true for n.

First, let us prove that x =
n
∑

i=1

αixi with

n
∑

i=1

αi = 1, αi > 0 implies

x ∈ V . This a simple rewriting of the expression
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x =
n−1
∑

i=1

αixi + αnxn (10.116)

If αn = 1 by de�nition one has x ∈ V . If αn < 1 this implies

∑n−1
i=1 αi = 1− αn 6= 0. Therefore one may write

x = (1 − αn)
n−1
∑

i=1

αi

1− αn
xi + αnxn (10.117)

with

n−1
∑

i=1

αi

1−αn
. By hypothesis, x′ =

n−1
∑

i=1

αi

1−αn
xi ∈ V . Therefore one

has

x = (1− αn)x
′ + αxn (10.118)

By de�nition of the 
onvex set one has that x ∈ V .

Now, let us prove that V = {x|x =
∑n

i=1 αixi,
∑n

i=1 αi = 1, αi > 0}
is a 
onvex set. Let us take two points x, y ∈ V and let us prove that

xα+ (1− α)y ∈ V for any α ∈ [0, 1]

x =

n
∑

i=1

αixi (10.119)

y =
n
∑

i=1

βixi (10.120)

⇒ αx + (1− α)y =

n
∑

i=1

ααixi + (1− α)βixi (10.121)

⇔ αx + (1− α)y =

n
∑

i=1

(ααi + (1− α)βi)xi (10.122)

Sin
e,

n
∑

i=1

ααi + (1 − α)βi = 1 and ααi + (1 − α)βi > 0 the proof is


omplete.
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10.4 Interpolation

10.4.1 3-linear Lagrange interpolation

De�nition 10.4.1:

Let E be a ve
tor spa
e on a �eld K of dimension n and let (b1, ..., bn) a
basis of this spa
e. Let G ≡ {x|x = X0 +

∑n
i=1 αisibi, αi ∈ [0, ..., Ni]} be

a grid with N1, ..., Nn ∈ N and the steps si ∈ R+\{0}. Let f : E → R be

a fun
tion known at the grid points. The n-linear Lagrange interpolation

is de�ned for ea
h x ∈ env(G) by the following re
urren
e formula

fj(x1, ..., xj , Xj+1,k1 , ..., Xn,kn−j) ≡

fj−1(x1, ..., xj−1, Xj,l, Xj+1,k1 , ..., Xn,kn−j )
xj −Xj,l+1

Xj,l −Xj,l+1
+

fj−1(x1, ..., xj−1, Xj,l+1, Xj+1,k1 , ..., Xn,kn−j )
xj −Xj,l

Xj,l+1 −Xj,l
(10.123)

f0 ≡ f (10.124)

where Xj,l ≡ X0,j + lsj, ki ∈ [1, ..., Nj] and xj ∈ [Xj,l, Xj,l+1].

Fig 10.1 illustrates this re
urren
e in the 
ase of an Eu
lidean ve
tor

spa
e of dimension 3 and for an orthonormal basis b1, ..., b3.

Proposition 10.4.1:

The re
urren
e formula 
an be expressed as

fn(x1, ..., xn) =
1

∑

i1=0

...
1

∑

in=0

f(X1,l1+i1 , ..., Xn,ln+in)

n
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

(10.125)

where l1, ..., ln ∈ N su
h that xi ∈ [Xi,0 + lisi, Xi,0 + (li + 1)si].

Demonstration 10.4.1:

This 
an be shown easily by re
urren
e on the ve
tor spa
e dimension. For

a one-dimensional ve
tor spa
e it's dire
t. Let us assume that it's true for
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f(X1,i, X2,j , X3,k)

b

b

b

b

b

b

b

b

b

b

b

b

f(X1,i, X2,j+1, X3,k) f(X1,i+1, X2,j+1, X3,k)

f(X1,i+1, X2,j , X3,k)

f(X1,i, X2,j+1, X3,k+1) f(X1,i+1, X2,j+1, X3,k+1)

f(X1,i, X2,j , X3,k+1) f(X1,i+1, X2,j , X3,k+1)

b

f3(x)

f2(x1, y1, X3,k+1)

f2(x1, y1, X3,k)

b f3(x) = f3(x1, y1, z1)

b

b

f1(x1, X2,j , X3,k)

b

b

b

b

f1(x1, X2,j+1, X3,k)

f1(x1, X2,j , X3,k+1) f1(x1, X2,j+1, X3,k+1)

b

f3(x)

b

b

Figure 10.1: 3-linear Lagrangian interpolation for a 3 dimensional ve
tor

spa
e.
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n− 1 and let us show it is true for n. By de�nition one has

fn(x1, ..., xn) =fn−1(x1, ..., xn−1, Xn,l)
xn −Xn,l+1

Xn,l −Xn,l+1
+

fj−1(x1, ..., xn−1, Xn,l+1)
xn −Xn,l

Xn,l+1 −Xn,l
(10.126)

The fun
tions fn−1(x1, ..., xn−1, Xn,l) and fj−1(x1, ..., xn−1, Xn,l+1)

an be seen as a fun
tion de�ned one an n-1-dimensional ve
tor spa
e

with respe
tively one parameter Xn,l and Xn,l+1. Inje
ting the formula

for these two fun
tions for the sub-grid de�ned by G′ = proj(G) where

proj is the parallel proje
tion de�ned by proj(
n
∑

i=1

αibi) =
n−1
∑

i=1

αibi one gets
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fn(x1, ..., xn) =
1

∑

i1=0

...
1

∑

in−1=0

f(X1,l1+i1 , ..., X1,ln−1+in−1 , Xn,l)

n−1
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

xn −Xn,l+1

Xn,l −Xn,l+1

+

1
∑

i1=0

...

1
∑

in−1=0

f(X1,l1+i1 , ..., X1,ln−1+in−1 , Xn,l+1)

n−1
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

xn −Xn,l

Xn,l+1 −Xn,l
(10.127)

fn(x1, ..., xn) =

1
∑

i1=0

...

1
∑

in−1=0

0
∑

in=0

f(X1,l1+i1 , ..., X1,ln−1+in−1 , Xn,l)

n
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

+

1
∑

i1=0

...

1
∑

in−1=0

1
∑

in=1

f(X1,l1+i1 , ..., X1,ln−1+in−1 , Xn,l+1)

n
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

(10.128)

fn(x1, ..., xn) =
1

∑

i1=0

...
1

∑

in=0

f(X1,l1+i1 , ..., X1,ln+in)

n
∏

i=1

xi −Xi,li+1−ii

Xi,li+ii −Xi,li+1−ii

(10.129)

This proposition is used in the subse
tion 
on
erning the implementation

of the interpolation kernel.


orollary 1:

The n-linear interpolation is invariant under any permutation of 
oordi-

nates.

Demonstration 10.4.2:

This is dire
t 
onsequen
e of the proposition 10.4.1 that leads to a formula
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independent of the order of 
oordinates.

10.5 Uni
ity theorem of Poisson equation - Clas-

si
 analysis

Theorem 1:

Let D ⊂ R

3
be a 
ompa
t domain with regular pie
ewise oriented bound-

ary surfa
es ∂S (i.e a di�erential oriented manifold) and let V ⊂ R

3
be a

neighbourhood of D on whi
h the poisson equation lives then, the Poisson

equation has an unique solution if the Diri
hlet 
onditions are imposed on

the boundaries.

Demonstration 10.5.1:

This is relatively straightforward using the �rst Green's identity. Let us

�rst re
all the Green's identity. Let α : V → R be a C1
fun
tion and

β : V → R be a C2
fun
tion. Let us de�ne γ ≡ α∇β and let us apply the

Ostrogradski's theorem

∫

D

∇ · γdV =

∫

∂S

γdS (10.130)

The divergen
e of γ 
an be rewritten as follows∇·α∇β = α∇2β+∇α·
∇β. The �rst Green's identity 
onsists simply in inje
ting this expression

in the Ostrogradski's theorem

∫

D

α∇2β +∇α · ∇βdV =

∫

∂S

α∇βdS (10.131)

Let φ1, φ2 : V → R be two C2
fun
tion satisfying ∇2φ1 = ∇2φ2 = 0

and φ1 = φ2 on ∂S. Let us de�ne ξ ≡ φ1 − φ2 and let us set α = β = ξ in
the �rst Green's identity. One ends up with

∫

D

(∇ξ)2dV =

∫

∂S

ξ∇ξdS = 0 (10.132)

Sin
e ∇ξ is a 
ontinuous fun
tion, this implies that ∇ξ = 0 on D or

in other words that ξ is 
onstant on D. Therefore, sin
e ξ = 0 on ∂S
surrounding D, this implies that ξ = 0 everywhere and the uniqueness is
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demonstrated.

10.6 Coulomb potential energy and energy 
on-

servation

Let us assume one deals with N ma
ro-parti
les. Let xi : O ⊂ R → R

3

be the position of a ma
ro-parti
le indexed i ∈ [1, ..., N ]. Let us assume

that xi ∈ C2(O), ∀i ∈ [1, ..., N ]. Let t1, t2 ∈ O be two time points. Let

F : D × O → R

3
be a 
ontinuous for
e �eld with D ⊂ R

3
su
h that

xi(O) ⊂ D, ∀i ∈ [1, ..., N ]. Let vi ≡ dxi

dt and ai ≡ dvi

dt be respe
tively the

velo
ities and the a

elerations. Let (.|.) : R3 × R

3 → R be the 
anoni


s
alar produ
t. The variation of kineti
 energy of a ma
ro-parti
le indexed

i between t1 and t2 is given by

∆Ec,i ≡
∫ t2

t1

(F (xi(t
′), t′)|vi(t′)dt′ (10.133)

= m

∫ t2

t1

(ai(t
′)|vi(t′)dt′ (10.134)

= m

∫ t2

t1

1

2

d||vi(t′)||2
dt′

dt′ (10.135)

=
mv2(t2)

2
− mv2(t1)

2
(10.136)

Now, the for
es (or equivalently the ele
tri
 �eld, the magneti
 �eld

being negle
ted) are split into two 
omponents: the sour
e �eld denoted Es

and the Coulomb �eld. The latter leads to a potential while the �rst 
annot

in general be assumed as su
h.

∆Ec,i = q

∫ t2

t1

(Es(xi(t
′), t′)|vi(t′)dt′

+q

M
∑

j=1,j 6=i

∫ t2

t1

q

4πǫ0

(xi − xj |vi(t′))
||xi − xj ||3

(10.137)

Let us de�ne ∆Es,i ≡ q
∫ t2
t1
(Es(xi(t

′), t′)|vi(t′)dt′ and ∆xij(t) ≡ xi(t)−
xj(t). Sin
e, ∇xi

−1
||xi−xj || =

xi−xj

||xi−xj ||3 and ∇xj

−1
||xi−xj || = − xi−xj

||xi−xj ||3 one has
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Ec,i ≡∆Es,i +
q2

4πǫ0

M
∑

j=1,j 6=i

∫ t2

t1

(∇xi

−1

||∆xij(t′)||
|vi(t′))dt′ (10.138)

=∆Es,i +
q2

4πǫ0

M
∑

j=1,j 6=i

∫ t2

t1

d

dt′
−1

||∆xij(t′)||
− (∆xij(t

′)|vj(t′))
||∆xij(t′)||3

dt′

(10.139)

=∆Es,i +
q2

4πǫ0

M
∑

j=1,j 6=i

(
1

||∆xij(t1)||
− 1

||∆xij(t2)||
)

− q2

4πǫ0

M
∑

j=1,j 6=i

∫ t2

t1

(∆xij(t
′)|vj(t′))

||∆xij(t′)||3
dt′ (10.140)

Now, the total variation of kinetri
 energy is given by

∆Ec ≡
M
∑

i=1

∆Es,i +
q2

4πǫ0

M
∑

i=1

M
∑

j=1,j 6=i

(
1

||∆xij(t1)||
− 1

||∆xij(t2)||
)

− q2

4πǫ0

M
∑

i=1

M
∑

j=1,j 6=i

∫ t2

t1

(∆xij(t
′)|vj(t′))

||∆xij(t′)||3
dt′ (10.141)

One 
an observe that

∆Ec =

M
∑

i=1

∆Es,i +
q2

4πǫ0

M
∑

i=1

M
∑

j=1,j 6=i

(
1

||∆xij(t1)||
− 1

||∆xij(t2)||
)

− q2

4πǫ0

M
∑

i=1

M
∑

j=1,j 6=i

∫ t2

t1

(∆xij(t
′)|vj(t′))

||∆xij(t′)||3
dt′ (10.142)

=

M
∑

i=1

∆Es,i +
q2

4πǫ0

M
∑

i=1

M
∑

j=1,j 6=i

∫ t2

t1

(∆xij(t
′)|vi(t′))

||∆xij(t′)||3
dt′ (10.143)

This leads to the identity

M
∑

i=1

M
∑

j=1,j 6=i

(
1

||∆xij(t1)||
− 1

||∆xij(t2)||
)

= 2

M
∑

i=1

M
∑

j=1,j 6=i

∫ t2

t1

(∆xij(t
′)|vi(t′))

||∆xij(t′)||3
dt′ (10.144)
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The total kineti
 energy is therefore given by

∆Ec ≡
M
∑

i=1

∆Es,i +
q2

4πǫ0

M
∑

i=1

M
∑

j=i+1

(
1

||∆xij(t1)||
− 1

||∆xij(t2)||
) (10.145)

10.7 Spe
ial relativity

One may wonder if the spe
ial relativity theory should be used for the

beam dynami
s solver. This short 
hapter is devoted to answer this ques-

tion. First, a brief re
all about the origin of spe
ial relativity is presented in

se
tion 10.7.1. Then the theory is applied to our spe
i�
 appli
ation in se
-

tion 10.7.2. The theory of spe
ial relativity 
an be found in many books and

publi
ations. We suggest the reader to refer to [15℄ for any 
omplementary

reading.

10.7.1 Spe
ial relativity origin and main results

The Galilean invarian
e 
laims that all laws of physi
s should be invariant

between inertial frames. An inertial frame is a system of 
oordinates for

whi
h any free body (i.e no external for
e applied on it) has a 
onstant uni-

form re
tilinear motion relative to it. Before the theory of spe
ial relativity,

the spa
e-time (four-ve
tor) relation between two inertial frames was given

by the Galilean transformation namely





x′

t′



 =





R v′

0 1









x

t



+





δx′

δt′





(10.146)

where R is a rotation matrix, δt′ and δx′
respe
tively the time shift

between the 
lo
ks in ea
h frame and the initial displa
ement between the

two inertial frames. One 
onsiders an orthonormal basis in the sense of the


anoni
 s
alar produ
t on R

3
for the geometri
 
oordinates.

Maxwell's equations under this transformation are not invariant. Ad-

ditionally, around the beginning of the twentieth 
entury several physi
ists

dis
overed that the speed of light is invariant in an inertial frame. These

dis
overies pushed Albert Einstein to formulate the two famous prin
iples

of spe
ial relativity

• The laws of physi
s must be invariant in an inertial frame
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v
x̂

ŷ

x̂′

ŷ′

ẑ ẑ′

O O′

t t′

Figure 10.2: Example of two intertial frames

• The speed of light is invariant in an inertial frame

The se
ond postulate allows one to obtain the well-known Lorentz trans-

formations that links the spa
e-time 
oordinates of two inertial frames. Let

us give this transformation for the frames shown Fig. 10.2. In 
ase the

spa
e-time orientations is preserved, it reads

















c∆t′

x′

y′

z′

















=

















γ −βγ 0 0

−βγ γ 0 0

0 0 1 0

0 0 0 1

































c∆t

x

y

z

















(10.147)

where γ ≡ 1√
1−β2

, β ≡ v
c and v ≡ ||v||. The ve
tors on the left and right

of the Lorentz transformation are 
alled four-ve
tors. It 
an be shown that

under this transformation, Maxwell's equations are invariant. Now, New-

ton's laws of dynami
s must be still invariant. A simple way to try to obtain

this generalization is to 
onsider the 
ollision of two rigid bodies observed

in two distin
t inertial frames. Sin
e an elasti
 
ollision between two rigid

bodies involves 
onservation of momentum and energy whi
h themselves in-

volve velo
ities, let us �rst try the �nd the relation between the velo
ities

of a given body as observed in di�erent inertial frames.

One may wonder if it is possible to obtain su
h a relation as a linear

transformation of a four-ve
tor through the Lorentz transform. In order to

do that, let us try to �nd a s
alar spa
e-time invariant. The proper frame is

de�ned by the frame lying on the body so that the velo
ity and the position

expressed relatively to it and at any time is equal to zero. The proper time

is de�ned as the time in the proper frame and is by de�nition an invariant.

If one 
an obtain a s
alar invariant that would be related dire
tly to the

proper time and therefore to the time itself in ea
h frame one might be able

to 
al
ulate the derivative of the positions relative to this invariant. Noti
e
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that a proper frame might undergo some a

elerations and therefore is not

a inertial frame. But, at a given time, an inertial frame 
an be pla
ed on

the body in motion. Therefore, a proper frame is de�ned at any time by

su
h an intertial frame.

The invariant bilinear form under Lorentz's transformation is given by

M ≡

















−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

















(10.148)

This bilinear form is not a s
alar produ
t sin
e it is not positive de�nite.

However, it de�nes a pseudo-metri
 
alled the Minkowski metri
. It 
an

be shown that the Lorentz transformation is in fa
t a parti
ular element

of the Poin
arré's group that is de�ned by the group of isometries of the

Minkowski spa
e. In passing, it is a Lie group. One may de�ne a new

invariant quantity given by

∆s2 = c2∆t2 −∆x2 −∆y2 −∆z2 = Mµη∆xµ∆yη (10.149)

using the Einstein notation for the indi
es. The proper time 
an be


al
ulated with

τ(t) = τ(t0) +

∫ t

t0

1

c

√

Mµηdxµdxη
(10.150)

Sin
e the velo
ity in the proper frame is equal to zero, and

dx0

dt = 1
γ one

gets

τ = τ0 +

∫

1

γ
dt (10.151)

Using the invariant with the four-ve
tor position, one may obtain a new

four-ve
tor. For instan
e, one may obtain the four-ve
tor velo
ity as follows
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V ≡ lim
∆t→0





c2 ∆t
∆s

c∆x
∆s





(10.152)

V = lim
∆t→0







c2 ∆t√
c2∆t2−∆x2−∆y2−∆z2

c ∆x√
c2∆t2−∆x2−∆y2−∆z2






(10.153)

V = lim
∆t→0







c2 1√
c2−(∆x

∆t )
2−(∆y

∆t )
2−(∆z

∆t )
2

c
∆x
∆t√

c2−(∆x
∆t )

2−(∆y
∆t )

2−(∆z
∆t )

2






(10.154)

By assumption, the fun
tion x : T ⊂ R→ D ⊂ R

3
with T,D two open

subsets is di�erentiable. Therefore, one has

lim
∆t→0

∆x

∆t
= v (10.155)

By 
ontinuity of the square power, the addition property of the limits

given by proposition 10.1.5, the 
ontinuity of the square root fun
tion and

the 
ontinuity of the inverse fun
tion everywhere ex
ept at zero one has

lim
∆t→0

1
√

c2 − (∆x
∆t )

2 − (∆y
∆t )

2 − (∆z
∆t )

2

=
1

√

c2 − v2x − v2y − v2z

(10.156)

Now, by the property of the produ
t of two limits again given by propo-

sition 10.1.5 one has

V =







c2 1√
c2−v2

x−v2
y−v2

z

c v√
c2−v2

x−v2
y−v2

z






(10.157)

V =





cγ

γv





(10.158)

(10.159)

In order to �nd the new laws of dynami
s, let us write the equations of


onservation of the momentum and the energy of two rigid bodies 
olliding

(elasti
 
ollision) as show Fig. 10.3. We know that the momentum and the
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v1,0

v2,0

v1,1

m1

m2

v2,1

m1

m2

Figure 10.3: Elasti
 
ollision between two bodies

energy must be preserved and we have an approximation of what should be

the momentum and the energy at a speed relatively low in 
omparison to

the light speed. Thanks to the four-ve
tor velo
ity, we have a 
lue of what

should be the new de�nitions of momentum and energy. Indeed, we have

p1,0 + p2,0 = p1,1 + p2,1 (10.160)

E1,0 + E2,0 = E1,1 + E2,1 (10.161)

Be
ause of the linearity of the Lorentz's transformation, it is natural

to 
onsider the four-ve
tor velo
ity as the ve
tor 
ontaining partially the

information on the momentum and the energy. Indeed, let us assume that

there exists a quantity 
alled the mass m0 invariant in ea
h inertial frame,

let us de�ne the four-ve
tor momentum by

P ≡ m0V (10.162)

Let us postulate that the four-ve
tor momentum has to be 
onserved

in 
ase of an elasti
 
ollision of two rigid bodies. Then, be
ause the four-

ve
tor momentum is transformed linearly from one inertial frame to another

through Lorentz's transformation the invarian
e is trivially shown

m1,0V 1,0 +m2,0V 2,0 = m1,0V 1,1 +m2,0V 2,1 (10.163)

⇓ L

m1,0V
′
1,0 +m2,0V

′
2,0 = m1,0V

′
1,1 +m2,0V

′
2,1 (10.164)

Furthermore, when the velo
ities of the bodies are mu
h lower than the

speed of light, the approximation of γ at the �rst order reads

γ(v) ≈ 1 +
v2

2c2
(10.165)
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Inje
ting this �rst order approximation in the four-ve
tor momentum

one gets

m0V ≈





(m0c
2 + m0v

2

2 )1c

m0v





(10.166)

Sin
e m0 is invariant, m0c
2
is also invariant. Therefore, for low velo
-

ities, the 
lassi
 
onservation of energy and momentum is respe
ted. All

these observations suggest to postulate the following new de�nitions for the

momentum and energy

p ≡ γm0v (10.167)

E ≡ γm0c
2

(10.168)

where m0 is the mass, v the velo
ity. The famous formula E0 = m0c
2
is

the so-
alled energy at rest. This formula links the mass to the energy at

rest. Hen
e, there is an equivalen
e between mass and energy. This is one

of the greatest dis
overy of the twentieth 
entury.

The total energy E = γm0c
2
is equal to the energy at rest plus the

kineti
 energy. Therefore, the kineti
 energy is given by

T ≡ E − E0 = (γ − 1)m0c
2

(10.169)

It is interesting to 
al
ulate the expression of the for
e

f =
dp

dt
= m0

dγv

dt
= m0

dγ

dt
v +m0γa (10.170)

The derivative of γ 
an be easily 
al
ulated and reads

dγ

dt
= γ3< v|a >

c2
(10.171)

The expression of the for
e is therefore

f = m0γ(
γ2

c2
< v|a > v + a) (10.172)

It would be 
onvenient to obtain the expression of the a

eleration in

fun
tion of the for
e. The expression of the for
e is equal to the addition
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of two 
omponents, one parallel to the speed ve
tor and one parallel to the

a

eleration. This equation 
an be split into the some of two orthogonal


omponents. Let a‖ ≡< a|v̂ > v̂ be the parallel 
omponent of the a

el-

eration relatively to the speed ve
tor and let a⊥ ≡ a− < a|v̂ > v̂ be the

orthogonal 
omponent of the a

eleration to the speed ve
tor. It is 
lear

that

< v|a > v̂ = < v|a‖ > v̂ (10.173)

= ||v||||a‖||v̂ (10.174)

= va‖ (10.175)

where v ≡ ||v||. Inje
ting this result in the expression of the for
e one

gets

f = m0γ(
γ2

c2
v2a‖ + a) (10.176)

Now, using the orthogonal de
omposition of the a

eleration one obtains

f = m0γ(
γ2

c2
v2a‖ + a‖ + a⊥) (10.177)

= m0γ((1 +
γ2

c2
v2)a‖ + a⊥) (10.178)

= m0γ(
c2

c2 − v2
a‖ + a⊥) (10.179)

= m0γ(γ
2a‖ + a⊥) (10.180)

= m0γa⊥ +m0γ
3a‖ (10.181)

This expression allows one to easily 
al
ulate the expression of the a
-


eleration in fun
tion of the for
e. Indeed, using the orthogonal property

of the two 
omponents and the fa
t that a‖ is 
ollinear by de�nition to the

speed ve
tor one gets

a‖ =
1

m0γ3v2
< f |v > v (10.182)

a⊥ =
f −m0γ

3a‖
m0γ

(10.183)

After some trivial algebrai
 manipulations the a

eleration is given by

a =
1

m0γ
(f − < f |v > v

c2
) (10.184)
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10.7.2 RFQ and spe
ial relativity

This se
tion aims at answering the following question: should the spe
ial

relativity be 
onsidered for our RFQ simulations. Considering the fa
t that

the output kineti
 energy of the parti
les should be 1.5MeV, the spe
ial

relativity parameters read for this worse 
ase

γ =
E

m0c2
=

1.5 ∗ 106 ∗ 1.6 ∗ 10−19 +m0c
2

1.7 ∗ 10−27 ∗ (3 ∗ 108)2 = 1.0015 (10.185)

The β parameter is given by

β =

√

1− 1

γ2
=

√

1− 1

1.00152
= 0.055 (10.186)

In order to evaluate the impa
t of the relativist e�e
ts on the a

eleration

let us try to bound the relative a

eleration fa
tor de�ned by

|ai − ac,i|
|ac,i|

(10.187)

where a =
3
∑

i=1

aix̂i and ac =
3
∑

i=1

ac,ix̂i the a

eleration obtained by the

third Newton's law.

By de�nition of the Newton's law, one gets

a− ac =
1

m0
(f(

1

γ
− 1)− < f |v >

c2
v

γ
) (10.188)

By de�nition of the norm, an upper bound 
an be 
al
ulated as follows

|ai − ac,i| =
1

m0
|fi(

1

γ
− 1)− < f |v >

c2
vi
γ
| (10.189)

≤ 1

m0
(|fi||

1

γ
− 1|+ | < f |v > |

c2
|vi|
γ

) (10.190)

≤ 1

m0
(|fi||

1

γ
− 1|+ ||f ||v

c2
|vi|
γ

) (10.191)

≤ 1

m0
(|fi||

1

γ
− 1|+ β2

γ
||f ||) (10.192)
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Dividing this upper bound by the 
orresponding absolute value 
ompo-

nent of the a

eleration provided by the Newton third law, one obtains

|ai − ac,i|
|ac,i|

≤ | 1
γ
− 1|+ β2

γ
(10.193)

Using the values obtained at the beginning of this se
tion, one gets

|ai − ac,i|
|ac,i|

≤ 0, 0045 (10.194)

From the relative error of the a

eleration one 
an obtain an upper

bound error for the beam deviation without knowing the integration time

∆t required for a parti
le to 
ross the a

elerator

ǫi ≡ |
∫ t0+∆t

t0

∫ t0+∆t

t0

(ai − ac,i)dt
′dt′′| (10.195)

≤
∫ t0+∆t

t0

∫ t0+∆t

t0

|ai − ac,i|dt′dt′′ (10.196)

≤ 0, 0045

∫ t0+∆t

t0

∫ t0+∆t

t0

|aci |dt′dt′′ (10.197)

≤ 0, 0045L (10.198)

where L is the length of the a

elerator. Therefore, the value 0, 0045 is

too large to 
on
lude that the relativist e�e
ts are negligible with this global

s
ale upper bound. The problem has to be investigated more lo
ally. As it

will be shown in the 
hapter devoted to di�erential equations (se
tion 10.8)

the equations of motion obtained for the RFQ (negle
ting the spa
e 
harge)

are the so-
alled Hill's equations. The design parameters of the a

elerators

have been 
hosen su
h that the solutions to these equations have a good

stability. A good stability means in parti
ular that a small perturbation

in the initial 
onditions of a parti
le won't impa
t signi�
antly its traje
-

tory. Hen
e, if lo
al perturbations due to the relativist e�e
ts are not too

large, they should not impa
t signi�
antly the parti
les traje
tories. There

is no easy way to quantify these 
onsiderations. Simulations have shown

that relativist e�e
ts 
an be negle
ted for the RFQ simulations. But, for

downstream 
avities following the RFQ relativist e�e
ts must be 
onsidered.
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10.8 Theory of ordinary di�erential equations

10.8.1 Introdu
tion

All the theory of ordinary di�erential equations fo
uses on solving the so-


alled Cau
hy problem. Most of the results shown in the following se
tions


an be found in [75℄.

De�nition 10.8.1:

Let U ⊂ R × R

n
be an open subset and f : U → R

n
a 
ontinuous

fun
tion. Let u : I → R

n
be a fun
tion with I ⊂ R an interval and

(t, u(t)) ∈ U, ∀t ∈ I. Then, u is 
alled a solution of the di�erential equation
if

u′(t) = f(t, u(t)), ∀t ∈ I (10.199)

The Cau
hy problem 
onsists in �nding a solution passing by an initial


ondition (t0, u(t0) ∈ U .

Ordinary means that the equation depends only on one variable. If the

equation were depending on several variables that one would 
all it a partial

di�erential equation. The theory for this family of equations is relatively

di�erent from the theory of ordinary di�erential equations.

10.8.1.1 An intuitive explanation of ordinary di�erential equations

Before getting in the theory itself, a short intuitive explanation about how

an ordinary di�erential equation 
an have an unique existing solution. Let

us �rst re
all the de�nition of a derivative of a fun
tion of a single variable

De�nition 10.8.2:

Let f : I → R be a fun
tion and let t0 ∈ I be a given point, then the

derivative of the fun
tion at this point t0 exists if there exists a value

f ′(x0) su
h that

∀ǫ > 0,∃δ > 0, |x− x0| < δ and x ∈ I ⇒
|f(x)− f(x0)− f ′(x0)(x − x0)| < ǫ|x− x0| (10.200)
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x0 x0 + δ′

f(x)

fa(x) = f(x0) + f ′(x0)(x− x0)

< ǫδ′

δ′

3
δ′

3
δ′

3

< ǫ 2δ
′

3
< ǫ δ

′

3

x

Figure 10.4: Analysis of the derivative de�nition

One knows that from prop. 10.2.1 the derivative is unique if a is an

inner point. When dealing with intervals de�ned by |a, b| ⊂ R where |
means either ] or [, then the derivative is also de�ned uniquely. For the in-

ner interval ]a, b[ this a dire
t 
onsequen
e of prop. 10.2.1. For an extreme

point whi
h is in
luded in the interval, the demonstration is exa
tly the

same as for prop. 10.2.1 at the ex
eption that one deals with half-balls (i.e.

B+(a, δ) ≡ {x|0 ≤ x− a < δ} and B−(a, δ) ≡ {x| − δ < x− a ≤ 0}).

Now let us investigate the meaning of this de�nition. Fig 10.4 illustrates

the de�nition of the derivative. Let us take an ǫ smaller than the deriva-

tive f ′(x0). Let us de�ne δ′ < δ, where δ 
omes from the de�nition of the

derivative. The de�nition of the derivative means that for all the values

x ∈]x0 − δ, x0+ δ[ the gain of information given by f ′(x0)(x−x0) 
ompares

favourably to the error ǫ|x − x0|. Thanks to this analysis, one 
an under-

stand how a derivative gives a lo
al information about the fun
tion. The

fundamental theorem of analysis

1


on�rms this intuition but on a global

s
aling by linking the derivative of a fun
tion to its primitive.

Theorem 2:

Let I ⊂ R be an interval and f : I → R a 
ontinuous fun
tion, and let us

de�ne F (x) ≡
∫ x

a
f(x′)dx′

where x, a ∈ I and

∫

is the Riemann integral,

then F is di�erentiable and F ′(x) = f(x).

1

Here one fo
uses only on the �rst version of the fundamental theorem. A stronger

version exists for the Lebesgue integral
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Let G : I → R be a fun
tion, then G is said to be a primitive of f
if G′(x) = f(x). One has that F (x) − G(x) = C, ∀x ∈ I where C is a


onstant.

Demonstration 10.8.1:

Let us 
al
ulate lim
x→x0

F (x)−F (x0)
x−x0

= lim
x→x0

∫ x
x0

f(x′)dx′

x−x0
. Sin
e f is a 
ontinu-

ous fun
tion, by de�nition one has

∀ǫ > 0, ∃δ > 0,|x− x0| < δ and x ∈ I ⇒
f(x0)− ǫ < f(x) < f(x0) + ǫ (10.201)

Let us assume that there exists x ≥ x0 su
h that [x0, x] ⊂ I. Using

the monotoni
 property of the integration and integrating Eq. 10.201 one

gets

∫ x

x0

(f(x0)− ǫ)dx′ <

∫ x

x0

f(x′)dx′ <

∫ x

x0

(f(x0) + ǫ)dx′
(10.202)

⇔ (f(x0)− ǫ)(x− x0) <

∫ x

x0

f(x′)dx′ < (f(x0) + ǫ)(x− x0) (10.203)

⇔ −ǫ <

∫ x

x0
f(x′)dx′

x− x0
− f(x0) < ǫ (10.204)

The same 
on
lusion holds if one assumes that there exists x ≤ x0

su
h that [x, x0] ⊂ I. This proves that F ′(x0) = f(x0).

Now, let us assume that G is a primitive of f and let us de�ne h(x) ≡
F (x)−G(x). Let us apply the mean value theorem i.e. let [x1, x2] ⊂ I be

an interval then

∃x ∈ [x1, x2], h
′(x) =

h(x2)− h(x1)

x2 − x1
(10.205)

Sin
e h′(x) = 0, ∀x ∈ I one gets

h(x2) = h(x1), ∀x1, x2 ∈ I (10.206)

Now, let us take a fun
tion f : I → R where I ⊂ R an interval and let
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us assume that the fun
tion is C1
. Let us take a 
losed interval [a, b] ⊂ I,

then the derivative f ′(x) is uniformly 
ontinuous on I

∀ǫ > 0, ∃δ > 0,∀x1, x2 ∈ [a, b],

|x1 − x2| < δ ⇒ |f ′(x1)− f ′(x2)| < ǫ (10.207)

Choosing an ǫ > 0, one 
an 
over the interval [a, b] with intervals Ii =
[ai, bi] of length stri
tly smaller than δ and su
h that I = ∪N

i=1Ii. Let us

de�ne the middle point of ea
h of these interval by ci =
bi+ai

2 then one has

N
∑

i=1

f ′(ci)(bi − ai)− ǫ(b− a) <

∫ b

a

f ′(x′)dx′ = f(b)− f(x)

<
N
∑

i=1

f ′(ci)(bi − ai) + ǫ(b − a) (10.208)

This means that knowing the derivative of a fun
tion and an initial 
on-

dition f(x0) one may re
over with a pre
ision as a

urate as desired the

fun
tion at any point f(x). The fun
tion f(t, x) de�ned by Eq. 10.199 gives

the value of the derivative at any point (t, x) ∈ U . Naturally, one wants to
use this fun
tion to evaluate the derivative of u(t) and integrate it to obtain

an approximation of the Cau
hy problem solution. However, the fun
tion

f(t, x) depends itself on the position. Intermediate approximate positions


ould be used to obtain an approximation of the derivative. The next se
-

tion is devoted to the study of this intuition rigorously.

Let us noti
e that one 
ould have 
hosen any other point in the interval

[ai, bi] sin
e the error is bounded for all |x − y| < δ. The famous Euler

Expli
it Method (EEM) 
onsists in 
hoosing the �rst point in ea
h interval

[ai, bi] namely ai. The Eq. 10.208 be
omes in this 
ase

N
∑

i=1

f ′(ai)(bi − ai)− ǫ(b− a) <

∫ b

a

f ′(x′)dx′ = f(b)− f(x)

<
N
∑

i=1

f ′(ai)(bi − ai) + ǫ(b− a) (10.209)

The approximation is given by

∫ b

a

f ′(x′)dx′ ≈
N
∑

i=1

f ′(ai)(bi − ai) (10.210)
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This form is parti
ularly well suited for solving the di�erential equation

de�ned by Eq. 10.199. Indeed, at ea
h step of the integration the value of u
is known and therefore the derivative 
an be evaluated by the approximate

value of u.

10.8.2 Uniqueness and existen
e of a solution

10.8.2.1 Maximal solution

De�nition 10.8.3:

Let I1, I2 be two intervals of R and let u1 : I1 → R

n
and u2 : I2 → R

n

be two fun
tions, then u2 is 
alled an extension of u1 if I1 ⊂ I2 and

u1(x) = u2(x), ∀x ∈ I1.

A solution u1 : I1 → R

n
of Eq. 10.199 is said to be maximal if any

extension u2 : I2 → R

n
of u1 implies that I2 = I1.

Proposition 10.8.1:

Let U ⊂ R × R

n
be an open subset and f : U → R

n
a 
ontinuous

fun
tion. Let I ⊂ R be an interval and u : I → R

n
a solution of the

di�erential equation u′ = f(t, u). Then, there exists a maximal solution

(not ne
essarily unique).

Demonstration 10.8.2:

Let us bring the bounds of I out, I = |a, b| where the notation | means

either ] or [. It is su�
ient to show that there exists a maximal extension

for the upper bound sin
e the lower bound proof 
onsists in doing the

same operations.

Sin
e one does not have the uniqueness of the extension, let us

build a sequen
e of extensions 
ompatible with ea
h other by re
ur-

ren
e. Let uk : |a, bk| → R be an extension and Sk ≡ {x|∃e : |a, x| →
R an extension of uk} ⊂ R. Let us de�ne ck ≡ supSk. By de�nition

of the supremum, there exists e : |a, x| → R and extension su
h that

ck − x < 1
k . Let us de�ne uk+1 ≡ e. The idea behind this de�nition is

to for
e the sequen
e to take larger b if possible while in the same time

making this bound 
onverging to a value. Let us proof this last part. Sin
e

Sk+1 ⊂ Sk one has ck ≥ ck+1. One the other hand, one has bk ≤ ck and

bk ≥ bk−1. Let us summarize this observation
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b = b0 ≤ b1 ≤ b2 ≤ ... ≤ bn ≤ ... ≤ ... ≤ cm ≤ cm−1 ≤ ... ≤ c1 (10.211)

Now let us assume that lim
k→∞

ck = C < ∞. Then, by def-

inition of bk one has lim
k→∞

bk = C. Let us de�ne the extension

e : |a, C| → R, x → e(x) = uk(x) su
h that x ∈ Ik. Sin
e the exten-

sions uk are 
onsistent, the extension e is well de�ned. Furthermore,

there is no extension 
ompatible with e that has a larger upper bound

than C. Indeed, if it was the 
ase, by de�nition this extension would be

in ea
h Sk and therefore any ck would be larger than C whi
h is a paradox.

Let us assume that lim
k→∞

ck = ∞. Then, by de�nition of bk one has

lim
k→∞

bk = ∞. One 
an de�ne an extension e : |a,∞| → R, x → e(x) =

uk(x) su
h that x ∈ Ik. Again, the extensions uk are 
onsistent and there-

fore the extension e is well de�ned. The upper bound is maximal and

therefore there is no way to extend it any further.

10.8.2.2 Constru
tion of a lo
al solution

Let us try to build a lo
al solution of the di�erential equation de�ned

in 10.8.1. The idea is to build an approximate solution with the Euler

expli
it method and take the limit toward zero of the integration steps to


onverge toward the exa
t solution. First, one must �nd a domain of in-

tegration whi
h ensures that the solution remains in the domain U of the


ontinuous fun
tion f . Sin
e the integration must be performed in a �-

nite number of steps, the interval of integration is bounded. Let us take

a time domain of the following form Dt ≡ [t0 − T, t0 + T ]. Let us assume

a solution of the di�erential equation u : [t0 − T, t0 + T ] → R

n
su
h that

(t, u(t)) ∈ U, ∀t ∈ [t0 − T, t0 + T ]. The fundamental theorem of analysis

Th. 2 tells us that

u(t)− x0 =

∫ t

t0

u′(t′)dt′ =

∫ t

t0

f(t′, u(t′))dt′ (10.212)

Let us de�ne the norm ||.|| : R × R

n → R, (t, x) → |t| + ||x||2. Let us

de�ne a 
ompa
tK ≡ [t0−T0, t0+T0]×B[x0, r] ⊂ U . Sin
e f is a 
ontinuous

fun
tion and K is a 
ompa
t there is a maximal value of the norm of this

fun
tion on the 
ompa
t, M ≡ max
(t,x)∈K

||f(t, x)||2. After integration one has
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||u(t)− x0||2 = ||
∫ t

t0

f(t′, u(t′))dt′||2 (10.213)

≤
∫ t

t0

||f(t′, u(t′))||2dt′ (10.214)

≤
∫ t

t0

Mdt′ (10.215)

= M(t− t0) (10.216)

The transition from Eq. 10.213 to Eq. 10.214 is performed using Prop. 10.2.8.

It 
an also be done with the help of the Hölder inequality [87℄ working on

ea
h 
omponent of f . In order to make sure the solution remains in the


ompa
t domain so that the 
ontinuous fun
tion f is bounded and the

equation above remains valid, one must ensure that u(t) ∈ B[x0, r] and
t ∈ [t0 −T0, t0 +T0]. The �rst 
ondition is ensured if M(t− t0) ≤ r. There-
fore, taking a time domain [t0−T, t0+T ] with T ≡ min(T0,

r
M ) ensures that

the solution remains in the 
ompa
t domain. Let us formalize this result.

De�nition 10.8.4:

Let C ≡ [t0 − T, t0 + T ] × B[x0, r] ⊂ U be a 
ompa
t domain, then C is

said to be a safe 
ylinder if T ≤ r
M where M ≡ max

(t,x)∈C
||f(t, x)||.

Proposition 10.8.2:

Let K = [t0 − T0, t0 + T0]×B[x0, r] be a 
ompa
t su
h that K ⊂ U , then
there exists a safe 
ylinder C ⊂ K.

Demonstration 10.8.3:

It su�
ient to take T ≤ min(T0,
r
M ) as explained here-above.

Let us try to build a solution thanks to the Euler Expli
it Method (EEM)

approximation. Let I ⊂ R be an interval and uk : I → R

n
a sequen
e of

approximate EEM solutions. One wants to show that lim
k→∞

uk = u where

u : I → R

n
is a solution of the di�erential equation. Let us try to �nd the


onditions su
h that u is a solution of the di�erential equation passing by

(t0, x0). The pun
tual error between the potential exa
t solution and an

EEM approximation is de�ned by

E(t) ≡ ||uk(t)− u(t)||2 (10.217)
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Now let us bring the fun
tion f in this error equation. If u is a solution

of the di�erential equation then one would have by de�nition u(t) = u(t0)+
∫ t

t0
f(t′, u(t′))dt′. Now, u′

k(t) is the approximate integration of the fun
tion

f(t, uk(t)). Let us de�ne a global error

E2 ≡ ||
∫ t

t0

f(t′, u(t′))− u′
k(t

′)dt′|| (10.218)

= ||
∫ t

t0

(f(t′, u(t′))− f(t′, uk(t
′))) + (f(t′, uk(t

′))− u′
k(t

′))dt′||

(10.219)

≤ ||
∫ t

t0

f(t′, u(t′))− f(t′, uk(t
′))||+ ||

∫ t

t0

f(t′, uk(t
′))− u′

k(t
′))dt′||

(10.220)

If the solution (t, uk(t)) are entirely 
ontain in a 
ompa
t domain then f
is uniformly 
ontinuous on this domain. If the solution uk where 
onverging

uniformly toward u then for any error one 
ould �nd an index from whi
h

the �rst part of the error is bounded. Con
erning the se
ond part of the

error, again if the EEM solutions are 
ontained in a 
ompa
t domain, sin
e

the fun
tion is uniformly 
ontinuous on this domain one 
ould de�ne a

minimum step su
h that this norm is smaller than a given epsilon. Let us

formalize this idea.

Proposition 10.8.3:

Let u : [t0 − T, t0 + T ] → R

n
be an EEM solutions and let [t0 − T, t0 +

T ]×B[r, x0] be a safe 
ylindri
al domain. Then, the EEM solution image

is entirely 
ontained in B[r, x0].

Demonstration 10.8.4:

Let u be an EEM solution that is a pie
ewise C1
and 
ontinuous fun
tion

with t0 < t1, ..., tN a subdivision of [t0, t0 + T ]. By de�nition, u is C1
on

ea
h [ti, ti+1] interval. The interval steps are de�ned by hi ≡ ti+1−ti. The
proposition 
an be proven by re
urren
e as follows: for ea
h interval of time

[t0, tn] let us show that |u(t) − x0| ≤
n−1
∑

i=0

hiM ≤ r. The last inequality


omes from the fa
t that

n−1
∑

i=0

hi ≤ T . For the �rst integration step of

the EEM one has ||f(t0, x0)|| ≤ M and therefore one has ||u(t) − x0|| =
||f(t0, x0)(t − t0)|| ≤ M |t − t0| ≤ Mh0 ≤ r. Now, let us assume that
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this property is true till tn−1 and let us prove this is true till tn. By

hypothesis, one has |u(t)− x0| <
n−2
∑

i=0

hiM < r, ∀t ∈ [t0, tn−1]. Let us take

t ∈ [tn−1, tn], one has |u(t)−x0| ≤ |u(t)−u(tn−1)|+ |u(tn−1)−u(t0)|. But
sin
e ||f(tn−1, x0)|| ≤ M on
e again one has |u(t)−u(tn−1)| ≤ M |t−tn−1|
and hen
e |u(t)− x0| ≤

n−1
∑

i=0

hiM ≤ r.

Proposition 10.8.4:

Let [t0 − T, t0 + T ] × B[r, x0] be a safe 
ylindri
al domain, let t0 <
t1, ..., tN−1 < tN ∈ R a subdivision of [t0, t0+T ] and let u : [t0−T, t0+T ] →
R

n
be an EEM solutions 
al
ulated for this subdivision, then

∀ǫ > 0,∃δ > 0, su
h that hi < δ, ∀i ⇒
∀t ∈]ti, ti+1[, ||u′(t)− f(t, u(t))|| < ǫ (10.221)

Demonstration 10.8.5:

First, let us substitute the value of u′(t) = f(ti, u(ti)), ∀t ∈]ti, ti+1[ in the

inequality, one has to prove that

∀ǫ > 0, ∃δ > 0, su
h that hi < δ, ∀i ⇒
∀t ∈]ti, ti+1[, ||f(ti, u(ti))− f(t, u(t))|| < ǫ, ∀i (10.222)

Sin
e any EEM solution de�ned on [t0, t0 + T ] it is 
ontained in the


ompa
t K ≡ [t0 − T, t0 + T ]× B[x0, r], and sin
e the fun
tion f is 
on-

tinuous by the uniform 
ontinuity of f on this 
ompa
t one has

∀ǫ > 0, ∃δ > 0, su
h that ||(t1, x1)− (t2, x2)|| < δ ⇒
||f(t1, x1)− f(t2, x2)|| < ǫ (10.223)

In passing, this is true for any norm sin
e ea
h norm is equivalent

on a �nite dimensional ve
tor spa
e. Let us use the norm de�ned by

||(t, x)|| ≡ |t|+ ||x||2. Sin
e the fun
tion f is bounded on the 
ompa
t K,

one has
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||u(t)− u(ti)|| ≤ M |t− ti| ≤ Mhi, ∀t ∈ [ti, ti+1] (10.224)

This implies

||(t, u(t)) − (ti, u(tn))|| ≤ M |t− ti|+ |t− ti| ≤ hi(M + 1) (10.225)

Hen
e, if one 
hooses hi su
h that hi <
δ

M+1 , ∀i, by de�nition of the

norm one has

||(t, u(t))− (ti, u(ti))|| < δ (10.226)

This ends the demonstration.

Now let us demonstrate the lo
al existen
e of a solution.

Proposition 10.8.5:

Let uk : [t0, t0 + T ] → R

n
be a sequen
e of EEM solutions 
ontained

in the safe 
ylindri
al K = [t0 − T, t0 + T ] × B[x0, r] and su
h that

lim
k→∞

max
i∈[0,...,Nk−1]

hi,k = 0 where Nk is the number of steps relative the

k

th

EEM solution, hi,k ≡ ti+1,k − ti,k where t0,k < t1,k < ... < tNk,k is the

subdivision of [t0, t0+T ] relative to the kth EEM solution. If the sequen
e

uk 
onverges uniformly toward a fun
tion s : [t0, t0 + T ] → R

n
then this

fun
tion is a solution of the di�erential equation and is 
ontained in the


ompa
t domain K.

Demonstration 10.8.6:

Let us prove that

||
∫ t

t0

f(t′, u(t′))dt′ − u(t)||2 = 0 (10.227)

Let us de�ne ǫ > 0. From proposition 10.8.4 one has

∃K1 ∈ N, ∀k > K1, ∀i ∈ [0, ..., Nk − 1],∀t ∈]ti,k, ti+1,k[,

||u′
k(t)− f(t, uk(t))|| < ǫ (10.228)

Now, sin
e f is uniformly 
ontinuous onK and uk 
onverges uniformly,
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it implies that

∃K2 ∈ N, ∀k > K2,∀t ∈ [t0, t0 + T ],

||f(t, u(t))− f(t, uk(t))|| < ǫ (10.229)

Indeed, by de�nition of an uniform 
ontinuous fun
tion on the normed

spa
e K one has

∃δ > 0, ||(t1, x1)− (t2, x2)|| < δ ⇒ ||f(t1, x1)− f(t2, x2)|| < ǫ (10.230)

Now, sin
e the sequen
e is uniformly 
onvergent, one has

∃K2, ∀k > K2, ∀t ∈ [t0, t0 + T ], ||uk(t)− u(t)||2 < δ (10.231)

Combining the two former equations one obtains Eq. 10.229. Com-

bining Eq. 10.228 and Eq. 10.229 one gets

∀k > max(K2,K1), ∀i ∈ [0, ..., Nk − 1],∀t ∈]ti,k, ti+1,k[,

||u′
k(t)− f(t, u(t))|| < 2ǫ (10.232)

After integration and for all k > max(K2,K1), one gets

||∆uk(t)−
∫ t

t0

f(t′, u(t′))dt′|| ≤ ||
∫ t

t0

u′
k(t

′)− f(t′, u(t′))dt′|| (10.233)

≤
∫ t

t0

||u′
k(t

′)− f(t′, u(t′))||dt′ (10.234)

≤
∫ t

t0

2ǫdt′ (10.235)

≤ 2ǫT (10.236)

where ∆uk(t) ≡ uk(t) − x0. The transition from Eq. 10.233 to

Eq. 10.234 is performed using the Prop. 10.2.8. Finally, again by the

uniform 
onvergen
e of uk one gets

∃K3 ∈ N, ∀k > K3, ∀t ∈ [t0, t0 + T ], ||uk(t)− u(t)|| < ǫ (10.237)
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Combining the two later results, ∀k ≥ max(K1,K2,K3) one gets

||u(t)− x0 −
∫ t

t0

f(t′, u(t′))dt′|| < ǫ(2T + 1) (10.238)

Sin
e u(t) is a 
ontinuous fun
tion by property of the uniform 
on-

vergen
e, it implies from the fundamental theorem of analysis that u(t) ∈
C1[t0, t0 + T ].

Now let us prove that a sequen
e of EEM solutions for whi
h the max-

imum time step length tends toward zero 
onverges uniformly toward a

solution.

De�nition 10.8.5:

Let E,F be two metri
 spa
es and let f : E → F be an appli
ation. The

appli
ation is said to be a k-Lips
hitz 
ontinuous fun
tion if there exists

k > 0 su
h that

∀x, y ∈ E, dist(f(x), f(y)) ≤ k dist(x, y) (10.239)

Proposition 10.8.6:

Let U ⊂ R×Rn
be an open subset, let K = [t0−T0, t0+T0]×B[x0, r] ⊂ U

be a 
ompa
t, and let f : U → R

n, (t, x) → f(t, x) be a 
ontinuous and

lo
al Lips
hitz 
ontinuous fun
tion in x. In parti
ular, the fun
tion is k-

Lips
hitz 
ontinuous in x on the 
ompa
t K. Let I ⊂ R be an interval

and let u1 : I → R

n
and u2 : I → R

n
be two pie
ewise C1

fun
tions

su
h that ||f(t, u1(t)) − u′
1(t)|| < ǫ1, ||f(t, u2(t)) − u′

2(t)|| < ǫ2 (ex
ept at

the points where the derivatives are not de�ned), t0 ∈ I an inner point

and u1(t0) = u2(t0) = x0, then ∀0 < T ≤ min(T0,
M

r+max(ǫ1,ǫ2)
) su
h that

[t0 − T, t0 + T ] ⊂ I then ∀t ∈ [t0 − T, t0 + T ] one has

||u1(t)− u2(t)|| ≤ (ǫ1 + ǫ2)
ek|t−t0| − 1

k
(10.240)

and K ′ ≡ [t0 − T, t0 + T ] × B[x0, r] is a safe 
ylinder for whi
h u1([t0 −
T, t0 + T ]) ∈ B[x0, r] and u2([t0 − T, t0 + T ]) ∈ B[x0, r], k > 0 is the


onstant of the lo
al Lips
hitz fun
tion on K.

Demonstration 10.8.7:
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First, let us show that a safe 
ylinder exists su
h that

u1([t0 − T, t0 + T ]) ∈ B[x0, r] and u2([t0 − T, t0 + T ]) ∈ B[x0, r].
Let us de�ne T ′ ≡ min(T0,

r
M+max(ǫ1,ǫ2)

) with M ≡ max
x∈K

||f(x)||. Let

us take 0 < T ≤ T ′
su
h that [t0 − T, t0 + T ] ⊂ I. Let us de�ne

K ′ ≡ [t0 − T, t0 + T ]×B[x0, r] a 
ompa
t. If u1 and u2 do not es
ape the


ompa
t domain B[x0, r] for any t ∈ I then K ′
is a safe 
ylinder for u1

and u2.

Let us show this result by redu
tio ad absurdum. Let us assume that

u1 es
apes the domain B[x0, r] and let us de�ne τ ≡ inf{t ∈ R+|u1(t0+t) /∈
B[x0, r], |t| ≤ T }. Sin
e ∀t ∈ [t0, t0 + τ [, ||u1(t)− x0|| ≤ r by 
ontinuity of

u1 one has ||u1(t0+τ)−x0|| ≤ r and τ /∈ {t ∈ R+|u1(t0+t) /∈ B[x0, r], |t| ≤
T }. Indeed, let us assume a series tn 
onverging toward t0 + τ , then with

the help of the norm property and the de�nition of 
ontinuity one has that

∀ǫ > 0, ∃N ∈ N, ∀n > N ,

||u1(tn)− u1(t0 + τ)|| < ǫ (10.241)

||∆u1(t0 + τ)|| − ||∆u1(tn)|| ≤||u1(tn)− u1(t0 + τ)|| (10.242)

⇒ ||∆u1(t0 + τ)|| − ||∆u1(tn)|| < ǫ (10.243)

Where ∆u1(t) ≡ u1(t) − x0. This implies that ||u1(t0 + τ) − x0|| <
ǫ + ||u1(tn) − x0|| ≤ ǫ + r, ∀ǫ i.e. ||ut(t0 + τ) − x0|| ≤ r. It implies that

τ < T . Now, we are going to show that u1(t0 + τ) ∈ B(x0, r) using the

fa
t that f is bounded on K. For all t ∈ [t0, t0 + τ ] one has

||∆u1(t)|| = ||
∫ t

t0

u′
1(t

′)dt′|| (10.244)

≤
∫ t

t0

||u′
1(t

′)||dt′ (10.245)

≤
∫ t

t0

||f(t′, u1(t
′))|| (10.246)

+||u′
1(t

′)− f(t′, u1(t
′))||dt′ (10.247)

<

∫ t

t0

(M + ǫ1)dt
′, (10.248)

= (t− t0)(M + ǫ1), (10.249)

This means that if τ < T ≤ min(T0,
r

M+max(ǫ1,ǫ2)
) it implies that
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||∆u1(t)|| < r i.e. u1(t) ∈ B(x0, r). By 
ontinuity of the fun
tion u1 there

exists an open subset U with τ + t0 ∈ U su
h that u1(U) ⊂ B(x0, r)
whi
h is a 
ontradi
tion with the de�nition of τ . The same reasoning 
an

be done the lower bound of the interval and for u2.

Now, let us try to bound the distan
e between the two fun
tions u1

and u2. One has for all t ∈ [t0, t0 + T ] that

||u1(t)− u2(t)|| = ||
∫ t

t0

u′
1(t

′)− u′
2(t

′)dt′|| (10.250)

≤
∫ t

t0

||u′
1(t

′)− u′
2(t

′)||dt′ (10.251)

≤
∫ t

t0

||u′
1(t)− f(t′, u1(t

′))||

+ ||f(t, u1(t
′))− f(t, u2(t

′))||
+ ||f(t′, u2(t

′))− u′
2(t

′)||dt′ (10.252)

≤
∫ t

t0

||f(t′, u1(t
′))− f(t′, u2(t

′))||dt′

+ (ǫ1 + ǫ2)(t− t0) (10.253)

≤
∫ t

t0

k||u1(t
′)− u2(t

′)||dt′

+ (ǫ1 + ǫ2)(t− t0) (10.254)

Let us de�ne x(t) ≡
∫ t

t0
||u1(t

′)− u2(t
′)||dt′. The inequality reads

x′(t) ≤ kx(t) + (ǫ1 + ǫ2)(t− t0) (10.255)

Now, let us try to obtain an easy integrable inequality

(x′(t)− kx(t))e−k(t−t0) ≤ (ǫ1 + ǫ2)(t− t0)e
−k(t−t0)

(10.256)

(x(t)e−k(t−t0))′ ≤ (ǫ1 + ǫ2)(t− t0)e
−k(t−t0)

(10.257)

x(t)e−k(t−t0) − x(t0) ≤ (ǫ1 + ǫ2)

∫ t

t0

(t′ − t0)e
−k(t′−t0)dt′ (10.258)

Let us integrate the right part of the latter equation
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x(t)e−k(t−t0) − x(t0) ≤ (ǫ1 + ǫ2)(−
1

k
(t− t0)e

−k(t−t0)

+
1

k

∫ t

t0

e−k(t′−t0)dt′) (10.259)

x(t)e−k(t−t0) − x(t0) ≤ (ǫ1 + ǫ2)(−
1

k
(t− t0)e

−k(t−t0)

− e−k(t−t0) − 1

k2
) (10.260)

x(t)e−k(t−t0) − x(t0) ≤ (ǫ1 + ǫ2)
1− (k(t− t0) + 1)e−k(t−t0)

k2
(10.261)

Sin
e x(t0) = 0 one ends up with

x(t)e−k(t0−t) ≤ (ǫ1 + ǫ2)
1− (k(t− t0) + 1)e−k(t−t0)

k2
(10.262)

x(t) ≤ (ǫ1 + ǫ2)
ek(t−t0) − (k(t− t0) + 1)

k2
(10.263)

Inje
ting this result in the �rst inequality given by Eq. 10.255 one

gets

||u1(t)− u2(t)|| ≤k(ǫ1 + ǫ2)
ek(t−t0) − (k(t− t0) + 1)

k2

+ (ǫ1 + ǫ2)(t− t0) (10.264)

≤ (ǫ1 + ǫ2)
ek(t−t0) − 1

k
(10.265)

For the negative value of the interval, the demonstration is done in

the same way through a 
hange a variable t → −t.

10.8.2.3 Uniqueness and existen
e of a lo
al solution: The Cau
hy-

Lips
hitz theorem

We have now all the tools to prove the famous Cau
hy-Lips
hitz theorem.

Theorem 3:

Let U ⊂ R ×Rn
be an open subset, and let f : U → R

n, (t, x) → f(t, x)
be a lo
al Lips
hitz 
ontinuous fun
tion in x. Let K ≡ [t0 − T, t0 +
T ] × B[x0, r] ⊂ U be a safe 
ompa
t 
ylinder on whi
h the fun
tion f
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is k-Lips
hitz 
ontinuous in x. Then, there exists a unique C1
fun
tion

u : [t0 − T, t0 + T ] → B[x0, r] su
h that

u′(t) = f(t, u(t)), ∀t ∈ [t0 − T, t0 + T ] (10.266)

u(t0) = x0, (t0, x0) ∈ K (10.267)

u is 
alled the lo
al solution of the di�erential equation.

Demonstration 10.8.8:

First let us prove the existen
e. Let us take a sequen
e of EEM

solution uk : [t0 − T, t0 + T ] → R

n
su
h that ||u′

k(t) − f(t, uk(t))|| ≤
ǫk, ∀t ∈ [t0 − T, t0 + T ], limk→∞ ǫk = 0. Under proposition 10.8.6,

the sequen
e is a uniform Cau
hy sequen
e on [t0 − T, t0 + T ]. Sin
e,

uk([t0 − T, t0 + T ) ∈ B[x0, r] a 
ompa
t domain and therefore a 
om-

plete metri
 spa
e, the sequen
e 
onverge uniformly toward a fun
tion

u : [t0−T, t0+T ] → B[x0, r], t → limk→∞ uk(t). Under proposition 10.8.5

the fun
tion u(t) = limk→∞ uk(t) is a solution of the di�erential equation.

This proves the existen
e.

The uniqueness of the solution is a straightforward appli
ation of

proposition 10.8.6. Let us assume two solutions u1, u2 : [t0 − T, t0 + T ] →
B[x0, r] su
h that u1(t0) = u2(t2) then one has ||u1(t) − u2(t)|| ≤
(ǫ1 + ǫ2)

ek(t−t0)

k = 0.

10.8.2.4 Uniqueness and existen
e of a global solution

Theorem 4:

Let U ⊂ R×Rn
be an open subset and f : U → R

n, (t, x) → f(t, x) a lo
al
Lips
hitz 
ontinuous fun
tion in x. Let u1, u2 : I → R

n
be two solutions of

the di�erential equation u′(t) = f(t, u(t)) where I is an interval of length

di�erent of zero then if there exists t ∈ I su
h that u1(t) = u2(t) the

solutions are equal everywhere on I.

Demonstration 10.8.9:

Let us assume that u1(t0) = u2(t0) and that the solutions are not equal

everywhere. Let us de�ne τ = inf{t|u1(t) 6= u2(t), t ∈ [t0, sup I|}. Sin
e

u1(t) = u2(t), ∀t ∈ [t0, τ [ by 
ontinuity of the solutions one has u1(τ) =
u2(τ). Now, sin
e U is an open subset, there exists a safe 
ylinder K ≡
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[τ −T, τ+T ]×B[u1(τ), r] su
h that the fun
tion is k-Lips
hitz 
ontinuous

on it. The Cau
hy-Lips
hitz theorem tells us that the solution u1 and u2

must be equal on the safe 
ylinder whi
h is therefore a 
ontradi
tion.


orollary 2:

Let be U ⊂ R×Rn
an open subset and f : U → R

n, (t, x) → f(t, x) a lo
al
Lips
hitz 
ontinuous fun
tion in x. Then, there exits a unique maximal

solution u : I → R

n
where I is an open interval su
h that u′(t) = f(t, u(t))

and u(t0) = x0.

10.8.3 The Floquet theory

In this se
tion, we fo
us on a spe
ial family of ODE: A spa
ial linear and

time periodi
 EDO. Let A : R→ R

n×n
be a 
ontinuous and periodi
 appli-


ation, and let f : R×Rn → R

n
be a fun
tion de�ned by

f(t, x) = A(t)x (10.268)

Let us 
onsider the following EDO u′(t) = f(t, u(t)) = A(t)u(t). Let

u1, u2 : I → R be two solutions of the EDO. Be
ause of the spa
ial linearity

of the equation is is straightforward to observe that a linear 
ombination

of these two solutions u = α1u1 + α2u2, α1, α2 ∈ R is still a solution of the

equation

u′(t) = α1u
′
1(t) + α2u

′
2(t) (10.269)

= α1f(t, u1(t)) + α2f(t, u2(t)) (10.270)

= f(t, α1u1(t) + α2u2(t)) (10.271)

Now, sin
e the fun
tion A is 
ontinuous and of period T , it is bounded.
Indeed, the maximum is de�ned by

M ≡ max
t′∈[t,t+T ]

||A(t′)|| (10.272)

where the norm is the operator norm. M is independent of t by period-

i
ity of A i.e. ||A(t)|| ≤ M, ∀t ∈ R. By de�nition of the operator norm, one

has ||A(t)x|| ≤ M ||x||, ∀x ∈ Rn
. It means that the fun
tion f is a Lips
hitz


ontinuous fun
tion in the spa
ial 
oordinate. This implies that for any

T ∈ R+
there exists a safe 
ylinder K = [t0−T, t0+T ]×B[x0, r]. Indeed, a

su�
ient 
ondition to have a safe 
ylinder is T ≤ r
M . Therefore, for a 
hosen
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T , an appropriate radius r is 
hosen to satisfy this 
ondition. This implies

dire
tly that there exists a global unique solution by the Cau
hy-Lips
hitz

theorem.

Theorem 5:

Let A : R → R

n×n
be a 
ontinuous and periodi
 fun
tion of period T ,

let f : R × R

n → R

n
be a fun
tion de�ned by f(t, x) = A(t)x and let

(t0, x0) ∈ R×Rn
be an initial 
ondition then the ODE de�ned by

u′(t) = f(t, u(t)) (10.273)

has a unique solution u : R → R

n
passing by the initial 
ondition

u(t0) = x0.

Let {x1, ..., xn} be a basis of R

n
. For any basis ve
tor, there exists a

unique solution ui : R → R

n
passing by (t0, xi). Let (t0, x0) be a given

initial 
ondition. By de�nition of the basis, there is a unique de
omposition

of x0 in the basis {x1, ..., xn}, x0 =
∑n

i=1 αixi, αi ∈ R. As stated at the

beginning of this se
tion, any linear 
ombination of some solutions is still

a solution. Therefore, the solution for any given initial 
ondition is given

by u =
∑n

i=1 αiui. Moreover, the solutions ui never interse
t ea
h other

a

ording to the uniqueness property. In other words, the ve
tors ui(t) are
linearly independent at any time.

De�nition 10.8.6:

Let {u1, ..., un} be some fun
tions su
h that ea
h fun
tion is a solution of

the ODE and at a given time t, the ve
tors {u1(t), ..., un(t)} are linearly

independent. Su
h a set of fun
tions is 
alled a fundamental system of

solutions.

Proposition 10.8.7:

Let {u1, ..., un} be a fundamental system of equations, then the ve
tors

{u1(t), ..., un(t)} are linearly independent at any time t ∈ R.

Demonstration 10.8.10:

This a dire
t 
onsequen
e of the uniqueness of the solution. By de�nition,

at a given time t0, the ve
tor {u1(t0), ..., un(t0)}, i.e. ea
h solution has a
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di�erent initial 
ondition. By uniqueness of the solution the proposition

is demonstrated.

Proposition 10.8.8:

Let {u1, ..., un} be a system of solutions of the basis {x1, ..., xn} and for the
initial time t0. The set of fun
tions given by {∑n

j=1 T1juj , ...,
∑n

j=1 Tnjuj}
with T ∈ R

n×n
a non-singular matrix is still a fundamental system of

solutions.

Demonstration 10.8.11:

This is straightforward by linearity of the ODE. Sin
e T is non-singular,

the fun
tions remain linearly independent and 
orrespond respe
tively to

a new basis ve
tor.

Proposition 10.8.9:

Let {u1, ..., un} be the solutions of the basis ve
tor {x1, ..., xn} at the

initial time t0, then the solutions {u1(t+ T ), ..., un(t + T )} are also a set

of fundamtental solutions of the ODE.

Demonstration 10.8.12:

This is again a straightforward demonstration. Let us inje
t the fun
tion

ui(t+ T ) in the ODE and verify it is a solution

u′
i(t+ T ) = A(t+ T )ui(t+ T ) = A(t)ui(t+ T ) (10.274)

The linearly independent initial 
onditions for this new set of solutions

are given by {u1(t0 + T ), ..., un(t0 + T )}.

Proposition 10.8.10:

Let {u1, ..., un} and {v1, ..., vn} be two sets of fundamental solutions, then

there is a non-singular matrix T ∈ Rn×n
su
h that ui =

∑n
j=1 Aijvj .

Demonstration 10.8.13:

Let us 
hose a time t0 ∈ R, and let us observe that the two fun-

damental systems provide respe
tively two basis of R

n
at t0 namely

{u1(t0), ..., un(t0)} and {v1(t0), ..., vn(t0)}. Therefore, there exists a
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non-singular matrix T0 ∈ R

n×n
su
h that ui(t0) =

∑n
j=1 Tijvj(t0).

By prop. 10.8.8, one 
an de�ne a fundamental system by {w1 ≡
∑n

j=1 T1jvj , ..., wn ≡ ∑n
j=1 Tnjvj}. This fundamental system has the same

initial 
onditions as {u1, ..., un} and therefore by uniqueness they must be

equal.

Theorem 6:

Let {u1, ..., un} be a fundamental system, there exists a non-singular

matrix X ∈ R

n×n
su
h that {v1 =

∑n
j=1 ujXj1, ...,

∑n
j=1 ujXjn} with

{v1 = u1(t+ T ), ..., vn = un(t+ T )}.

Demonstration 10.8.14:

This a dire
t 
onsequen
e of prop. 10.8.9 and prop. 10.8.10.

This is important to strike that this theorem is the heart of the Floquet

theory. Indeed, it allows to highlight a periodi
 term in the fundamental

solution as shown in the next theorem 8. Before going any further let us

re
all a result about the exponential of a Matrix that 
an be found in [88℄

and in [89℄.

Theorem 7:

Let C be a real square matrix, then there exists a real solution X to the

equation C = eX if and only if C is non-singular.

Theorem 8:

Let A : R → R

n×n
be a 
ontinuous and periodi
 fun
tion, and let us


onsider the di�erential equation u′(t) = A(t)u(t), then any fundamental

system of solutions {u1, ..., un} 
an be expressed as follows

U(t) = P (t)eRt
(10.275)

where U(t) is the matrix where a 
olumn i 
orresponds to a ve
tor ui,

R ∈ Rn×n
and P : R→ R

n×n
a periodi
 fun
tion.

Demonstration 10.8.15:

From theorem 6, one has
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U(t+ T ) = U(t)X (10.276)

where X ∈ R

n×n
is a non-singular matrix. From theorem 7 there

exists a matrix R su
h that X = eRT
. Let us de�ne P (t) ≡ U(t)e−Rt

and

let us show that P is periodi


P (t+ T ) = U(t+ T )e−R(t+T )
(10.277)

= U(t+ T )e−RT e−Rt
(10.278)

= U(t+ T )X−1eRt
(10.279)

= U(t)e−Rt
(10.280)

= P (t) (10.281)

Therefore, one ends up with X(t) = P (t)eRt
where P is periodi
.

There is a similar theorem 
onsidering the eigenvalues of the matrix X .

Theorem 9:

Let A : R → R

n×n
be a 
ontinuous and periodi
 fun
tion, and let us


onsider the di�erential equation u′(t) = A(t)u(t). Let {u1, ..., un} be

a fundamental system of solutions and let X ∈ R

n
be a non-singular

matrix su
h that {v1 =
∑n

j=1 ujXj1, ...,
∑n

j=1 ujXjn} with {v1 = u1(t +
T ), ..., vn = un(t+T )} as given by theorem 6. Let e ∈ Rn

be an eigenve
tor

of X with a 
orresponding eigenvalue λ ∈ R then there exists a solution

of the ODE given by

x(t) = p(t)eµt (10.282)

where p : R → R

n
is a periodi
 fun
tion of period T , eµT = λ and

x(t) = U(t)e.

Demonstration 10.8.16:

Let us de�ne the solution x(t) ≡ U(t)e. Be
ause of the relation U(t+T ) =
U(t)X , one has x(t + T ) = U(t + T )e = U(t)Xe = λU(t)e = λx(t). Let

us de�ne p(t) ≡ e−µtx(t) where eµT = λ and let show that p is a periodi


fun
tion of period T .
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p(t+ T ) = e−µ(t+T )x(t+ T ) (10.283)

= e−µte−µTx(t+ T ) (10.284)

= e−µt 1

λ
x(t+ T ) (10.285)

= e−µtx(t) (10.286)

= p(t) (10.287)


orollary 3:

Under the hypotheses of theorem 9, let e1, ..., ek be some eigenve
tors of

X with k ≤ n and let λ1, ..., λk be their respe
tive eigenvalues su
h that

λ1 6= ... 6= λk then there exists a set of linearly independent solutions given

by

xi(t) = pi(t)e
µit

(10.288)

where pi : R → R

n
are periodi
 fun
tions of period T and eµiT = λi

and xi(t) ≡ U(t)ei.

Demonstration 10.8.17:

The only thing to show here is the independen
e of the solutions. This

a dire
t appli
ation of the uniqueness. Sin
e ea
h eigenvalue is linearly

independent of the others (be
ause they have di�erent eigenvalues), ea
h

eigenvalue 
onstitutes a linearly independent initial 
ondition from the

others.

Let us try to 
hara
terize the eigenvalues starting by re
alling a well

known theorem.

Theorem 10:

Let X ∈ Cn×n
be a 
omplex matrix, and let λ1, ..., λk ∈ C be the eigen-

values with their respe
tive multipli
ities r1, ..., rk ∈ N then
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det(X) =
k
∏

i=1

λri
i (10.289)

trace(X) =
k
∑

i=1

riλi (10.290)

Demonstration 10.8.18:

Let us de�ne the polynomial p(λ) ≡ det(X − λI). Sin
e the �eld is

the 
omplex number, the polynomial 
an be expressed as follows p(λ) =
Πk

i=1(λi − λ)ri . Therefore, one has

p(0) = det(X) =

k
∏

i=1

λri
i (10.291)

Now, let us investigate the 
oe�
ient of λn−1
in the polynomial.

From the polynomial splitting one has (−1)n−1(r1λ1 + ... + rkλk). Now,
regarding the determinant, only the terms on the diagonal produ
e a

power of λn−1
. Indeed, the determinant 
an be expressed as follows

det(X − λI) =
∑

σ∈Pn
ǫ(σ)

∏n
i=1(X − λI)σ(i),i where Pn is the set of

permutations of dimension n and ǫ is the signature of the permutation.

Clearly, to make appear a 
oe�
ient of λn−1
at least n − 1 terms of the

permutation must satisfy σ(i) = i. The only permutation that 
an ful�l

this 
ondition is the identity permutation σ(i) = i, ∀i. Hen
e, the 
oef-

�
ient is (−1)n−1(X11 + ... + Xnn). Identifying the two 
oe�
ients one

has

trace(X) = r1λ1 + ...+ rkλk (10.292)

Proposition 10.8.11:

Let A : R → R

n×n
be a 
ontinuous and periodi
 fun
tion, and let us


onsider the di�erential equation u′(t) = A(t)u(t). Let {u1, ..., un} be a

fundamental system of solutions and let U : R → R

n×n
be a fun
tion

where the 
olumn i of U is given by a ve
tor ui. The Wronskian is de�ned

by W (t) ≡ det(U(t)). Then, one has
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W (t) = W (t0)e
∫

t
t0

trace(A(t′))dt′
, ∀t0 ∈ R (10.293)

Demonstration 10.8.19:

The demonstration 
an be found in [75℄.


orollary 4:

Let A : R → R

n×n
be a 
ontinuous and periodi
 fun
tion and let us


onsider the di�erential equation u′(t) = A(t)u(t). Let {u1, ..., un} be

a fundamental system of solutions and let X ∈ R

n
be the non-singular

matrix su
h that {v1 =
∑n

j=1 ujXj1, ...,
∑n

j=1 ujXjn} with {v1 = u1(t +
T ), ..., vn = un(t+ T )} as given by theorem 6. Then, one has

det(X) = e
∫ t+T
t

trace(A(t′))dt′
(10.294)

Demonstration 10.8.20:

Sin
e U(t+T ) = U(t)X one has det(X) = det(U(t+T ))det(U−1(t)). Now,

by prop. 10.8.11, one has det(U(t + T )) = det(U(t))e
∫ t+T
t

trace(A(t′))dt′
.

Sin
e det(U(t)) = 1
det(U−1(t)) the demonstration is 
omplete.

The next result shows that the 
hara
teristi
 multipliers and exponents

are an intrinsi
 property of the di�erential equation and therefore does not

depend on the fundamental system of solutions 
hosen.

Proposition 10.8.12:

The 
hara
teristi
 multipliers and exponents do not depend on the 
hoi
e

of the fundamental system.

Demonstration 10.8.21:

Let us 
onsider two fundamental systems on their matrix form U1 and U2.

One has by Theo. 6 that there exists X1, X2 ∈ Rn×n
su
h that

U1(t+ T ) = U1(t)X1 (10.295)

U2(t+ T ) = U2(t)X2 (10.296)
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Now, sin
e U1 and U2 are two fundamental systems one has from

prop. 10.8.10 there exists C ∈ R

n×n
non-singular su
h that U2(t) =

U1(t)C. Therefore, one has

X1 = U−1
1 (t+ T )U1(t) (10.297)

= CU−1
2 (t+ T )U2(t)C

−1
(10.298)

= CX2C
−1

(10.299)

Sin
e C is non-singular the eigenvalues of X1 and X2 are equal.

10.8.4 Hill's Equation

The Hill equation is probably one of the most important equation in the

a

elerator 
ommunity.

De�nition 10.8.7:

Let f : R → R be a 
ontinuous and periodi
 fun
tion, then the Hill

equation is de�ned by

u′′(t) + f(t)u(t) = 0 (10.300)

with u : R→ R a C2(R) fun
tion.

Let us �rst rewrite the equation as a �rst order di�erential equation.

Let v : R → R be a C1(R) be a fun
tion de�ned by v(t) ≡ u′(t), then the

se
ond order di�erential equation 
an be written as follows





u′

v′



 = A





u

v





, with A(t) ≡





0 1

−f(t) 0





(10.301)

Let us apply the Floquet theory to investigate the 
ondition of stability

of su
h equation. Let us take the two following initial 
onditions

u0,1 ≡





1

0





(10.302)

u0,2 ≡





0

1





(10.303)
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at time t0 = 0. The two unique solutions 
orresponding to the two

initial 
onditions u0,1 and u0,2 are denoted respe
tively s1 and s2 and they


onstitute a fundamental system. The matrix form of the fundamental

system is written U(t) ≡ [s1(t)s2(t)]. The matrix X ∈ R2×2
is de�ned by

X ≡ U(t+ T )U−1(t) = U(T )U−1(0) (10.304)

Sin
e U(0) = I the identity, one ends up with

X = U(T ) =





u1(T ) u2(T )

v1(T ) v2(T )





(10.305)

where [u1(t); v1(t)] = s1(t) and [u2(t); v2(t)] = s2(t). The eigenvalues

of X are denoted by λ1 and λ2. It is important to keep in mind that they

might be equal. From the former subse
tion one knows that

λ1 + λ2 = trace(U(T )) = u1(T ) + v2(T ) (10.306)

λ1λ2 = det(X) = e
∫

T
0

0dt′ = 1 (10.307)

Let us de�ne φ ≡ u1(T )+v2(T )
2 then

λ1 = 2φ− λ2 (10.308)

⇒ λ2(2φ− λ2) = 1 (10.309)

⇔ λ2
2 − 2λ2φ+ 1 = 0 (10.310)

By symmetry, the equation is the same for λ1 and λ2. Therefore one has

λ =
2φ±

√

4φ2 − 4

2
= φ±

√

φ2 − 1 (10.311)

10.8.4.1 Case φ ∈]− 1, 1[

This 
ase 
orrespond to trace(U(T )) < 2 and the absolute values of the

eigenvalues are equal to one

|λ| =
√

φ2 + 1− φ2 = 1 (10.312)

The trigonometri
 
omplex de
omposition reads
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λ = |λ|(cos(α) + i sin(α)) = cos(α) + i sin(α) (10.313)

where i =
√
−1 and α ∈ R. By the way, the de
omposition is obviously

not unique. This implies that the two 
hara
teristi
 exponents are purely


omplex. From the Floquet Theory, the general solution is given by

x(t) = c1e
iµtp1(t) + c2e

−iµtp2(t) (10.314)

with p1(t) and p2(t) two periodi
 fun
tions. Therefore the solution is

stable! Sin
e A(t) is real, one has

(x′(t))∗ = (A(t)x(t))∗ = A∗(t)x∗(t) = A(t)x∗(t) (10.315)

for any solution x(t). On another hand, if λ1 and e1 are respe
tively an

eigenvalue and an eigenve
tor of X , one has

(Xe1)
∗ = (λ1e1)

∗
(10.316)

⇔ X∗e∗1 = λ∗
1e

∗
1 (10.317)

⇔ Xe∗1 = λ∗
1e

∗
1 (10.318)

This shows that the se
ond eigenve
tor of X is equal to e∗1. Therefore, if
x1(t) ≡ p1(t)e

iµt
is the solution 
orresponding to an initial 
ondition given

by the �rst eigenvalue, the solution 
orresponding to the se
ond eigenve
tor

must be x2(t) ≡ p∗1(t)e
−iµt

. Indeed, Eq. 10.315 shows that x∗
1(t) is a solution

of the ODE and that at time t0 = 0 it mat
hes the se
ond eigenve
tor

x1(0)∗ = e∗1. The general solution is given by

x(t) = c1e
iµtp(t) + c2e

−iµtp∗(t) (10.319)

with p(t) a periodi
 solution. Using the trigonometri
 
omplex de
om-

position, one 
an rewrite p(t) = |p(t)|eiφ(t) with φ : R → R a fun
tion as

regular as p. The two solutions x1(t) and x2(t) read

x1(t) = |p(t)|eiγ(t) (10.320)

x2(t) = |p(t)|e−iγ(t)
(10.321)

where γ(t) ≡ µt+ φ(t). Sin
e the solution is real, one has
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x(t) = |p(t)|R(c1eiγ(t) + c2e
−iγ(t)) (10.322)

= |p(t)| {c1,r cos(γ(t))− c1,i sin(γ(t))+

c2,r cos(γ(t)) + c2,i sin(γ(t)) } (10.323)

= |p(t)| {(c1,r + c2,r) cos(γ(t)) + (c2,i − c1,i) sin(γ(t))} (10.324)

= |p(t)| {A cos(γ(t)) +B sin(γ(t))} (10.325)

where A ≡ c1,r + c2,r and B ≡ c2,i − c1,i. Now, let us de�ne

cos(α) ≡ A
√

|A|2 + |B|2
(10.326)

sin(α) ≡ B
√

|A|2 + |B|2
(10.327)

The solution be
omes

x(t) =
√

|A|2 + |B|2|p(t)| { cos(α) cos(γ(t))

+ sin(α) sin(γ(t)) } (10.328)

=
√

|A|2 + |B|2|p(t)| cos(γ(t)− α) (10.329)

=
√
ǫ
√

β(t) cos(γ(t)− α) (10.330)

where β(t) ≡ |p(t)|2 and ǫ = |A|2 + |B|2. This equation is 
alled the

betatron fun
tion. It is very well known and widely used in the a

elerator


ommunity. Let us investigate the relation between β(t) and γ(t). In order

to a
hieve that, one is going to inje
t the solution x1(t) in the di�erential

equation. First, the �rst and se
ond derivative must be 
al
ulated

x′
1(t) = |p(t)|′eiγ(t) + |p(t)|iγ′(t)eiγ(t) (10.331)

x′′
1 (t) = |p(t)|′′eiγ(t) + |p(t)|′iγ′(t)eiγ(t)

+ |p(t)|′iγ′(t)eiγ(t) + |p(t)|iγ′′(t)eiγ(t)

− |p(t)|(γ′(t))2eiγ(t) (10.332)

= {|p(t)|′′ + i(2|p(t)|′γ′(t) + |p(t)|γ′′(t))

− |p(t)|(γ′(t))2 } eiγ(t) (10.333)

Now, the se
ond derivative 
an be inje
ted in the ODE x′′
1 (t) = −f(t)x1(t)
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{ |p(t)|′′ − |p(t)|(γ′(t))2 + f(t)|p(t)|+
(2|p(t)|′γ′(t) + |p(t)|γ′′(t))i } eiγ(t) = 0 (10.334)

|p(t)|′′ − |p(t)|(γ′(t))2 + f(t)|p(t)|
+ i(2|p(t)|′γ′(t) + |p(t)|γ′′(t)) = 0 (10.335)

After separating the real part and the imaginary part one gets







|p(t)|′′ − |p(t)|(γ′(t))2 + f(t)|p(t)| = 0

2|p(t)|′γ′(t) + |p(t)|γ′′(t) = 0
(10.336)

The last equation 
an be rewritten as follows

2|p(t)|′γ′(t) + |p(t)|γ′′(t) = (|p(t)|2γ(t)′)′ = 0 (10.337)

This implies

|p(t)|2γ′(t) = K (10.338)

where K ∈ R is a 
onstant. After integration one gets

γ(t) = γ(t0) +

∫ t

t0

K

|p(t′)|2 dt
′ = γ(t0) +

∫ t

t0

K

β(t′)
dt′ (10.339)

One 
an 
hose p(t) su
h that K = 1 without lost of generality. This

later relation is also fundamental in the a

elerator 
ommunity.

10.8.4.2 Other 
ases

Other 
ases lead to an unstable solution at the ex
eption of the 
ase φ = 1
that may lead to a periodi
 solution. Therefore, the stability 
ondition used

in the a

elerator 
ommunity is tra
e(U(T )) < 2.

10.8.5 Twiss parameters

Let us investigate the betatron solution in the phase spa
e.
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x(t) =
√
ǫ
√

β(t) cos(γ(t)− α) (10.340)

x′(t) = { 1

2

β′(t)
√

β(t)
cos(γ(t)− α)

−
√

β(t)γ′(t) sin(γ(t)− α) }√ǫ (10.341)

= { 1

2

β′(t)
√

β(t)
cos(γ(t)− α)

− 1
√

β(t)
sin(γ(t)− α) }√ǫ (10.342)

= { 1

2
β′(t) cos(γ(t)− α)

− sin(γ(t)− α) }√ǫ
1

√

β(t)
(10.343)

(10.344)

Let us get rid of the 
osine and sine

cos(γ(t)− α) =
x(t)

√
ǫ
√

β(t)
(10.345)

sin(γ(t)− α) =
√

1− cos2(γ(t)− α) (10.346)

=

√

1− x2(t)

ǫβ(t)
(10.347)

=

√

ǫβ(t)− x2(t)
√

ǫβ(t)
(10.348)

x′(t) =
1

β(t)
(
1

2
β′(t)x(t) −

√

ǫβ(t)− x2(t)) (10.349)

⇔ ǫβ(t)− x2(t) = (x′(t)β(t) − 1

2
β′(t)x(t))2 (10.350)

⇔ ǫβ(t)− x2(t) = x′(t))2β2(t)

−β(t)β′(t)x′(t)x(t) +
1

4
(β′(t))2x2(t) (10.351)

⇔ ǫ = x′(t))2β(t) − β′(t)x′(t)x(t)

+
(14 (β

′(t))2 + 1)

β(t)
x2(t) (10.352)
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Let us de�ne

a(t) ≡ −1

2
β′(t) (10.353)

b(t) ≡ 1 + a2(t)

β(t)
(10.354)

The Eq. 10.352 
an be rewritten as follows

ǫ = (x′(t))2β(t) + 2a(t)x′(t)x(t) + b(t)x2(t) (10.355)

This is the equation of an elipse. Sin
e a(t), b(t), β(t) are periodi
 fun
-
tions of period T , this equation means that the ellipse 
omes ba
k to the

same shape after a period of T . The three parameters a(t), b(t), β(t) are


alled the Twiss parameters.

10.8.6 Mathieu's di�erential equation

Let us fo
us now on a parti
ular 
ase of Hill's equation. Let us 
onsider the

following di�erential equation

u′′(t) + (δ + 2ǫ sin(2t))u(t) = 0 (10.356)

where δ, ǫ ∈ R are two 
onstants. In passing, this equation is used in

this thesis to validate the beam dynami
s solver. From the Floquet theory,

one knows that a stable solution is of the form

x1(t) = eiµtp(t) (10.357)

x2(t) = e−iµtp∗(t) (10.358)

where p(t) is a periodi
 fun
tion. The goal is to determine the stability

region of the di�erential equation. The stability 
ondition only depends on

the two parameters ǫ and δ. It has been shown by O.Haupt [30℄ that the

points satisfying tra
e(U(T )) = 2 �ll out 
urves in a δ, ǫ-plane separating it
into regions in whi
h (δ, ǫ) give stable or unstable solutions of the Mathieu

di�erential equation. There exists several methods to obtain the stabil-

ity region namely the Fourier method, the perturbation method, the dire
t

method (Meissner Equation) or numeri
al approa
hes. The Fourier method

is explained in [90℄. The idea is to inje
t the periodi
 fun
tion 
orrespond-

ing to tra
e(U(T )) = 2 and then to �nd the 
ondition on ǫ and δ su
h that
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this solution 
an exist. Sin
e the solution is periodi
 a Fourier series 
an be

used to express it. Using a �nite number of terms as an approximation, the

values of δ and ǫ 
an be 
al
ulated.

The stability regions for the Mathieu equation are presented in Fig. 10.5

Stability chart of Mathieu Equation
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Figure 10.5: Stability 
hart of Mathieu's equation.
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