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Abstract
Economically responsible mitigation of multivariate extreme risks – extreme

rainfall in a large area, huge variations of many stock prices, widespread breakdowns
in transportation systems – requires estimates of the probabilities that such risks will
materialize in the future. This paper develops a new method, Wasserstein–Aitchison
Generative Adversarial Networks (WA-GAN), which provides simulated values of
future d-dimensional multivariate extreme events and which hence can be used to
give estimates of such probabilities. The main hypothesis is that, after transforming
the observations to the unit-Pareto scale, their distribution is regularly varying
in the sense that the distributions of their radial and angular components (with
respect to the L1-norm) converge and become asymptotically independent as the
radius gets large. The method is a combination of standard extreme value analysis
modeling of the tails of the marginal distributions with nonparametric GAN modeling
of the angular distribution. For the latter, the angular values are transformed to
Aitchison coordinates in a full (d− 1)-dimensional linear space, and a Wasserstein
GAN is trained on these coordinates and used to generate new values. A reverse
transformation is then applied to these values and gives simulated values on the
original data scale. The method shows good performance compared to other existing
methods in the literature, both in terms of capturing the dependence structure of
the extremes in the data, as well as in generating accurate new extremes of the data
distribution. The comparison is performed on simulated multivariate extremes from
a logistic model in dimensions up to 50 and on a 30-dimensional financial data set.
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1 Introduction

Dependence between extreme events is often of crucial importance. Extreme rainfall will
be even more dangerous if it occurs at the same time at many spatial locations; costs
associated with breakdowns in transportation systems are more harmful if they happen
in many parts of the system; and extreme fluctuations in financial markets can cause
much more damage if they occur in many parts of the economy. During the last decades
the statistical research on dependent, or multivariate, extremes has grown rapidly and
now contains many useful methods to model dependence between extreme values.

These methods typically build on parametric statistical models. However in the last
three years papers using neural networks to simulate new multivariate extremes have
started to appear. Often, but not always, these papers aim at nonparametric modeling of
the dependence structure of the multivariate extreme values. The end result in the papers
is an algorithm which can produce simulated values from the neural network “model”
for the observations. A common approach is to transform the marginal distributions to
some standard scale, then to combine nonparametric neural network modeling of the
dependence structure with a parametric model from extreme value analysis (EVA) to
simulate values on the standard scale, and finally to apply the inverse of the marginal
transform to get simulated values on the real scale. Section 2.1 below gives a brief survey
of some of this literature. We refer to [3] for a more extensive theoretical and simulation
based overview of the area.

Here we develop a new method, WA-GAN, which combines parametric modeling of the
marginal tails with nonparametric modeling of dependence in multivariate extremes. Our
main assumptions are that the tails of the marginal distributions asymptotically follow a
one-dimensional Generalized Pareto (GP) distribution and that after transformation to
the unit-Pareto scale, the observations are multivariate regularly varying. Our method
proceeds by the following main steps.

1. The d-dimensional observations are transformed to the unit-Pareto scale using the
empirical marginal distribution functions.

2. Using the L1-distance and a suitably large radius r, the transformed observations with
radius larger than r are separated into a one-dimensional radial value and an angular
value on the L1-sphere.

3. Using Aitchison coordinates from compositional data, the angular values are trans-
formed to values on the full Rd−1 space.

4. A Wasserstein GAN is trained to use the Aitchison coordinates to produce simulated
values on the L1-sphere.

5. A result on multivariate GP distributions is used to transform the simulated values
back to multivariate GP values on the original scale.

The next section contains the background needed for this together with a result
(Proposition 1) providing the theoretical tool to transform the angular data of step 4
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above to the real GP scale as described in step 5. Section 3 describes the details of
WA-GAN, and provides the algorithms which are used by it. In Section 4.2 WA-GAN is
compared to HTGAN [18] and GPGAN [28] on simulated data with a logistic dependence
structure in dimension d ∈ {10, 50} and, in Section 4.3, on financial data consisting of
daily returns for d = 30 industry portfolios. Section 5 sums up the results of this paper.

2 Background

This section starts with a brief survey of the literature on neural network modeling
of multivariate extremes. Section 2.2 gives background on regular variation and EVA
and develops some new theory. Sections 2.3 and 2.4 contain brief recapitulations of
Wasserstein GANs and of Aitchison coordinates. These are the building blocks which we
use in Section 3 to construct the WA-GAN method.

2.1 A brief literature survey

For the terminology used in this survey see Section 2.2 below and see monographs on
extreme value theory such as [7], [11] and [37].

In [2] a one-layer Re-LU network is combined with a new parametrization of a GAN
to generate multivariate extreme data from heavy-tailed distributions. The method is
called EV-GAN and is shown to be superior to a standard GAN.

ExtVAE [27] is based on the assumption that the observations are multivariate regularly
varying and that the latent variable in the variational autoencoder (VAE) follows an
inverse Gamma distribution and, applying some further constraints to insure regular
variation, simulates values of the radial component. It then uses another VAE to produce
simulated angles on the unit L1-sphere using a VAE with Dirichlet distributed latent
variables. Simulated observations are then obtained by multiplying the radial variable
with the the angular value.

Under the assumption that estimates of the true marginal tail indices are are available,
HTGAN [18] transforms multivariate observations to the unit-Pareto scale, trains a GAN
with heavy-tailed latent variables and transforms simulated variables back to original
scale. It generates samples from the entire data set, not just from the extreme part.

GP-GAN [28] adaptively selects exceedance levels, fits univariate GP distributions
to the excesses of these levels, uses a standard GAN to propose a spectral value on the
exponential scale, and then uses the fitted univariate GP distributions and the spectral
value to generate a multidimensional value on the original scale. This value is then sent
to the discriminator for optimization of the spectral GAN.

The evtGAN [8] is aimed at multivariate block maxima observations. It uses one-
dimensional Generalized Extreme Value (GEV) distributions to transform marginals
to approximately uniform [0, 1] distributions, then trains a convolutional GAN on the
uniform scale, and finally applies the inverse transform of the marginal distribution to
obtain simulated values on the scale of the observations. The structure of a multivariate
GEV distribution is not used in the simulation of the uniform variables.
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The paper [21] uses the GEV model to transform observations of block maxima to
the Pickands dependence function scale and then uses either the spectral measure or the
Pickands measure restrictions to train a GAN to simulate from the dependence function.
The simulated observations are then transformed back to original scale. The authors
argue that this approach also is useful for efficient simulation from parametric models.

Finally, DeepGauge [24] applies a different framework than the references above
derived from the theory of geometric extremes. It uses a multi-layer perceptron with
ReLu activation function to first model radial thresholds and then another multi-layer
perceptron to find a gauge function which describes the boundary of the deterministic
limiting shape of scaled sample clouds.

2.2 Regular variation and extreme value analysis

Multivariate regular variation and angular measure. Let X = (X1, . . . , Xd)
be the random vector of interest with values in Rd. Based on a random sample of the
(unknown) distribution of X, we wish to generate new samples with the same tail behavior
as X, even at levels beyond those encountered in the sample. Such extrapolation is
possible only if we are willing to make some regularity assumptions. Our core assumptions
to obtain accurate modeling of the tail of X are founded in the theory of multivariate
regular variation [36]. There are two approaches to use this hypothesis.

1. Either we postulate it on the random vector X itself. This implies that all univariate
tail indices are same.

2. Or we postulate it on a transformed vector V = v(X), where v is a coordinatewise
transformation of X so that the d components of V all have the same distribution. This
implies that the multivariate assumption only depends on the dependence structure of
X and not on the margins, which can be assessed separately.

Here we choose the second approach and transform to unit-Pareto margins using the
transformation

v : x = (xj)
d
j=1 7→ v(x)

def
=

(
1

1− Fj(xj)

)d

j=1

,

where Fj denotes the distribution function of Xj . We assume throughout that these
marginal distribution functions are continuous. It is straightforward to see that after this
transformation the margins of V = v(X) have unit-Pareto distributions, P(Vj > y) = 1/y
for y ≥ 1. Our first assumption describes the asymptotic dependence structure of V .

Assumption 1 (Multivariate regular variation). There exists a non-zero Borel measure
ν on E def

= [0,∞)d \ {0} which is finite on Borel sets bounded away from 0 and such that

lim
t→∞

t P
(
t−1V ∈ B

)
= ν(B)

for all Borel sets B of E bounded away from 0 with ν(∂B) = 0, with ∂B the topological
boundary of B.
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Intuitively, the measure ν helps in describing the tail behavior of V as for large
t > 0, we have P(V ∈ tB) ≈ ν(B)/t where tB

def
= {tx : x ∈ B}. The measure ν is often

referred to as the exponent measure of V , because of its appearance in the exponent of
the expression of the multivariate extreme value distribution to which the law of V is
attracted [11, Definition 6.1.7].

Our procedure below will benefit from an equivalent formulation of Assumption 1
in polar coordinates with respect to the L1-norm |x|1

def
=
∑d

j=1 |xj | for x ∈ Rd. More
concretely, it can be shown [37, Theorem 6.1] that due to a convenient homogeneity
property of ν [11, Theorem 6.1.9], if we put

R
def
= |V |1 and W

def
= R−1V , (1)

where W takes values in the unit simplex ∆d−1
def
= {x ∈ [0, 1]d : |x|1 = 1}, there exists a

probability measure Φ on ∆d−1 such that

lim
t→∞

P (W ∈ A | R ≥ t) = Φ(A) (2)

for any Borel set A ⊆ ∆d−1 such that Φ(∂A) = 0.
The measure Φ is often referred to as the angular (probability) measure of V as it

describes how its “angular” component W behaves when its radial part R becomes large.
The set of possible probability measures that can be obtained in such a way forms a
nonparametric class as the only constraint they should satisfy—due to the unit-Pareto
margins of V —are ∫

∆d−1

wj dΦ(w) =
1

d
, j ∈ {1, . . . , d}, (3)

wich in turn implies

P(R > t) ∼ d

t
, as t→∞. (4)

It is possible for Φ to have positive mass on one of the faces of the simplex ∆d−1,
that is, sets for which at least one of the coordinates is zero. In terms of extremes, it
corresponds to scenarios where some components of X are large while others are small.
These are called extreme directions and have to be treated by specific methods which our
methodology is not able to handle, see, e.g., [31]. We exclude this situation here.

Assumption 2. The measure Φ in (2) is concentrated on the open simplex ∆o
d−1

def
= {x ∈

(0, 1)d : |x|1 = 1}, that is, if Θ ∼ Φ, then

P
(
Θ ∈ ∆o

d−1

)
= 1.

Univariate generalized Pareto distributions. Assumption 1 is not sufficient by
itself to model the tail behavior of X as it only concerns the dependence structure. Our
second main assumption concerns the tails of the margins Xj and allows for heterogeneous
tails. Here and below, u∗j denotes the (possibly infinite) upper endpoint of Xj .
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Assumption 3 (Generalized Pareto limit of marginal tails). For every j ∈ {1, . . . , d},
there exist ξj ∈ R and a function σj(·) : (−∞, u∗j)→ (0,∞) such that for all y > 0,

lim
u↗u∗j

P

(
Xj − u

σj(u)
> y

∣∣Xj > u

)
= (1 + ξjy)

−1/ξj
+ ,

where a+
def
= max(a, 0) for a ∈ R; if ξj = 0, the limit is to be understood as exp(−y).

By the Pickands–Balkema–de Haan theorem [6, 34], Assumption 3 is equivalent to the
assumption that Xj is in the maximum domain of attraction of a GEV distribution. The
limit in Assumption 3 holds uniformly in y > 0. The assumption justifies the following
approximation for y > 0 such that 1 + ξjy/σj > 0:

P
(
Xj − u > y

∣∣Xj > u
)
≈
(
1 +

ξjy

σj

)−1/ξj

, (5)

where σj > 0 is a scale parameter that accounts for the unknown function σj(·). Estimation
of the bivariate parameter (σj , ξj) is typically performed by the method of maximum
likelihood. This is the well-known Peaks-Over-Threshold (PoT) approach for modeling
the tails of real-valued data, see for instance [42] and [7, Section 5.3]. A random variable
with distribution function

Hσ,ξ(y)
def
= 1−

(
1 +

ξy

σ

)−1/ξ

+

, y > 0,

for some (σ, ξ) ∈ (0,∞)× R is said to have a generalized Pareto (GP) distribution.
Remark 1 (Equivalent formulations of Assumption 3). As already explained, Assumption 3
is equivalent to the hypothesis that Xj is in the maximum domain of attraction of a
GEV distribution. As a consequence, Xj satisfies all the equivalent formulations of this
condition as presented, e.g., in Theorem 1.1.6 of [11]. As some of them will be needed
below, we recall them here. Let bj(t)

def
= F−1

j (1 − 1/t) = (1/(1 − Fj))
−1(t), for t > 1,

be the tail quantile function of Fj . Then, the following statements are equivalent to
Assumption 3.

(i) There exist ξj ∈ R and a scaling function aj(·) : (1,∞)→ (0,∞) such that

lim
t→∞

P

(
Xj − bj(t)

aj(t)
> y | Xj > bj(t)

)
= (1 + ξjy)

−1/ξj
+ , y > 0.

(ii) There exist ξj ∈ R and a scaling function aj(·) : (1,∞)→ (0,∞) such that

lim
t→∞

bj(ty)− bj(t)

aj(t)
=

yξj − 1

ξj
, y > 0,

where the right-hand side is to be interpreted as log y if ξj = 0. The convergence
also holds locally uniformly in y ∈ (0,∞), see Section 1.2 in [11].

The scalar ξj ∈ R in (i) and (ii) is equal to the one in Assumption 3, while the scaling
function aj(·) in (i) and (ii) is related to σj(·) in Assumption 3 via σj(u) = aj(1/(1−Fj(u)))
for u < u∗j .
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Multivariate generalized Pareto distributions. What do Assumptions 1–3 tell us
about the tail behavior of X? The answer can be conveniently formulated in terms of
multivariate generalized Pareto (MGP) distributions, which extend Assumption 3 to the
multivariate case. These distributions have been introduced in [40] and are reviewed in [32].
Below, we provide an introduction to their usage in modeling multivariate extremes along
with a theoretical result (Proposition 1) which will be useful for sampling from a MGP
distribution.

In arbitrary dimension, it is not clear how to define an “extreme” point. Some authors
are interested in modeling the vector of componentwise maxima of the data, leading to the
multivariate GEV distributions, studied extensively in the literature after the pioneering
work of [12]. Recently, see e.g. [39], more attention has been given to an extension of
the standard PoT procedure in a multivariate context. The approach relies on the fact
that the excess of X above a large threshold vector u asymptotically follows an MGP
distribution, with an appropriate definition of when an exceedance over a multivariate
threshold takes place.

More concretely, given a vector u ∈ Rd of “high thresholds”, i.e., below but close to
u∗ = (u∗j)

d
j=1, we consider the random vector of excesses

Yu
def
= X − u |X ≰ u, (6)

where X − u
def
= (Xj − uj)

d
j=1 and where ≰ means that, for at least one j ∈ {1, . . . , d},

we have Xj > uj . Here and below, operations on real numbers are extended to vectors in
Rd in a coordinate-wise manner. Under the aforementioned assumptions, we can establish
the asymptotic distribution of Yu as u → u∗, in a particular way made precise in the
statement of the result. Weak convergence in Rd is denoted by L→.

Proposition 1 (Weak convergence of excesses to the MGP distribution). Under Assump-
tions 1–3, we have

X − b(t)

a(t)

∣∣∣X ̸≤ b(t)
L→ Y ξ − 1

ξ
, t→∞, (7)

where Y is a multivariate Pareto random vector, with distribution

Y
L
= (YΘ | YΘ ≰ 1) (8)

with Y a unit-Pareto random variable independent of Θ ∼ Φ, and where ξ = (ξj)
d
j=1 is the

vector of marginal coefficients as in Assumption 3; a(·) = (aj(·))dj=1 and b(·) = (bj(·))dj=1

are the same functions as the one introduced in Remark 1. Consequently, along the curve
u : t ∈ (1,∞) 7→ u(t)

def
= b(t) we have,

Yu(t)

σ(u(t))

L→ Y ξ − 1

ξ
, t→∞, (9)

where σ(·) = (σj(·))dj=1 contains the scaling functions in Assumption 3.
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The proof of Proposition 1 is provided in Appendix A.
Typically, as for the univariate case, the scaling function in (9) is viewed as a scaling

parameter and Proposition 1 leads to the approximation in distribution for

Yu(t)
L
≈H

def
= σ

Y ξ − 1

ξ
, t→∞ (10)

with σ ∈ (0,∞)d and ξ ∈ Rd containing, respectively, the scale and shape parameters
from the marginal GP distributions in Assumption 3 and where Y is Multivariate Pareto
distributed as in (8).

Remark 2 (Standard MGP random vectors). The random vector H in (10) is MGP(σ, ξ,S)
distributed, in the sense of [32, Definition 2.2], with spectral generator S having distribu-
tion

P (S ≤ x) =
E [exp(Q) I{U ≤ x+Q}]

E[exp(Q)]
, x ∈ Rd, (11)

where U
def
= log(Θ), with Θ ∼ Φ, and Q

def
= max(U). In other words, the random vector

U is a U -generator of H in the sense of Proposition 9 of [38]; see also equation (12) in [32].
Note in particular that the moment condition 0 < E[exp(Uj)] <∞ for all j ∈ {1, . . . , d}
is satisfied as we have, from (3),

E[exp(Uj)] = E[Θj ] =

∫
∆d−1

wj dΦ(w) =
1

d
, j ∈ {1, . . . , d}.

Here, since we work mainly with the angular measure Φ in our procedure, we decided
to consider the multivariate Pareto random vector Y , as in (8), to be the “standard”
MGP, that is with ξ = 1 and σ = 1 instead of the choice ξ = 0 made in [38, 32, 39], for
example. This approach has also been considered in [17]. Of course, it suffices to take
Z = log(Y ) to obtain an MGP random vector with parameter ξ = 0, as can be seen from
comparing (10) to Equation (4) in [32].

Tail modeling and rare event probabilities. Thanks to Proposition 1, we have
now a clear path to modeling the tail of X. Suppose we are interested in estimating a
probability P(X ∈ C) for some C ⊆ {x ∈ Rd : x ≰ u(t)} for some large t > 1, with the
same u(t) as in (9), so that the approximation of Yu(t) = X − u(t) | X ≰ u(t) by the
MGP H as in (10) is accurate. In such a region, there may be no or few observations
available, so that an empirical estimate is not reliable. Instead, we write the probability
of interest as

P(X ∈ C) = P(X ≰ u(t)) P
(
Yu(t) ∈ C − u(t)

)
≈ P(X ≰ u(t)) P (H ∈ C − u(t)) . (12)

The first probability can be estimated using an empirical evaluation on the sample while
the second one will be computed using an estimate of the MGP distribution of H.
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As can be seen from (10), the MGP random vector H is a simple transformation of the
standard MGP random vector Y introduced in (8), involving only marginal parameters
for which estimation is well developed mathematically and numerically. Therefore, the
main challenge to obtain informative samples to evaluate tail probabilities related to X
is to obtain realizations of Y . By Proposition 1, this is possible if we are able to simulate
from Φ—at least approximately since it is a limit distribution by nature, so that no direct
observation of it will ever be available.

We propose to use a specific GAN structure to achieve this goal. The main principles
underlying this framework are recalled in the following section.

2.3 Wasserstein Generative Adversial Networks

GANs have been introduced by Ian Goodfellow and co-authors in [19]. Initially, they have
been proposed for synthetic image generation but since then, they have been applied to any
kind of data, in particular tabular data which are of particular interest to statisticians [4].

Suppose we are interested in estimating the unknown distribution P of some, potentially
complex, data on a large vector space X . For instance, think of the angular measure Φ in
Section 2.3 supported on the simplex ∆d−1 for large d. Then, the standard parametric
approaches based on densities may not be satisfactory as they are often too restrictive to
take into account all the possible characteristics of a complex angular measure in large
dimension. An alternative direction is to start from a simple random variable Z ∈ Z in
some “latent” space–typically, of lower dimension than X –whose distribution is known and
to look for a parametric transformation gθ : Z → X such that gθ(Z) has a distribution
sufficiently close to P. Practically, this has several advantages. We get more flexibility as
the map gθ can be virtually anything if we consider a sufficiently rich family of parametric
functions and the latent space/distribution can also be selected freely. It is easier to
simulate from P as it suffices to obtain a sample of Z (easy) and transform it based on gθ
rather than more costly algorithms based on the knowledge of the density values.

A Wasserstein GAN (WGAN) architecture [5] follows this path to estimate P by
considering gθ to be a neural network and by measuring the difference in distribution
between the real data distribution P and the law of gθ(Z) via the Earth Mover’s Distance
(EMD), which is a particular instance of the Wasserstein distance in optimal transport [44].

A WGAN consists of two neural networks: a so-called “Generator” G = Gθ : Z 7→ X
and a “Discriminator” D = Dw : X 7→ R (also sometimes called “Critic” depending on
the authors). These two networks play an opposite role: Gθ aims to produce samples
as realistic as possible and close to the target distribution and Dw aims at efficiently
discriminating samples and determining which ones are generated by Gθ and which ones
are real. This “game” can be formulated as a min-max optimization problem in the EMD
setup that we recall know.

The EMD is simply a distance between probability measures with finite first moment
defined on a metric space (X , ρ). If P and Q are two such distributions, it is equivalently

9



defined as

W1(P,Q)
def
= inf

π∈Π(P,Q)

∫
X×X

ρ(x, y) dπ(x, y) (13)

= sup
f∈Lip1

{∫
X
f(x) dP(x)−

∫
X
f(x) dQ(x)

}
, (14)

where Π(P,Q) is the set of probability measures on X × X with P and Q as first and
second margins and Lip1 is the set of functions f : X → R that are 1-Lipschitz continuous,
that is, functions that satisfy

sup
x,y∈X ,x ̸=y

|f(x)− f(y)|
ρ(x, y)

≤ 1.

If X is an open subset of RN for some N ∈ N, this implies

|∇f(x)|2 ≤ 1 for almost every x ∈ X , (15)

that is, for every x ∈ X except for a subset of Lebesgue measure zero. The equivalence
between (13) and (14) is known as the Kantorovich–Rubinstein duality theorem, the proof
of which is to be found in, e.g., [44, Section 1.2].

In formulation (14) of the EMD, the discriminator Dw will play the role of the
“separating” function f and Q will correspond to the measure generated by the generator
Gθ, that is, the distribution of Gθ(Z), while P will again be our target measure from
which we observe a random sample. This leads to the following min-max procedure:

min
θ∈SG

max
w∈SD

{∫
X
Dw(x) dP(x)−

∫
Z
Dw (Gθ(z)) dPZ(z)

}
, (16)

where PZ denotes the law of the latent vector Z and SG and SD denote the (finite-
dimensional) parameter spaces of the generator and the discriminator respectively. Op-
timization is performed in the respective parameter spaces of the generator and the
discriminator, which contain all the weights in their respective network structures. Typi-
cally, the expectations are replaced by averages over batches of real data with distribution
P and fake data with distribution PZ . The joint minimization/maximization of the objec-
tive function is performed by gradient descent based on the standard backpropagation
algorithm. The whole GAN procedure is summarized in Figure 1.

In practice there is no need for the neural network Dw to be Lipschitz continuous
as required in definition (14) of the EMD. Initially, in [5], authors proposed to clip the
weights, that is, forcing them to lie in a fixed compact space, typically [−c, c]|SD| for some
small c > 0. One may show that if the discriminator consists of a multilayer perceptron,
which will always be the case here, its Lipschitz norm will be bounded by a finite constant
depending only on c. Even though this constant may not be equal to one, replacing Lip1
by LipC for C > 0 in (14) only amounts to multiplying the value of the resulting distance
by C > 0 and it does not play a role in the optimization of the generator.
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Figure 1: Illustration of a Wasserstein GAN with gradient-based optimization

Since then, it has been shown that in some cases it is preferable to enforce the
Lipschitz constraint in a soft manner, using (15). Of course, controlling the gradient
∇Dw everywhere on X is not possible, so what is usually done is to add a penalty term
to the objective function of the form

λ

∫
X
(|∇Dw(x)|2 − 1)2 dµ(x), λ > 0, (17)

where µ is a probability measure on X . The standard approach in [20] is to take µ as the
law of the mixture U ·Xr + (1− U) ·Gθ(Z) where Xr ∼ P follows the data distribution,
Z ∼ PZ is random noise and U is uniformly distributed on [0, 1] and independent of the
rest. This choice is motivated by Proposition 1 in [20] and we follow this approach here.

As explained at the end of Section 2.2 and in the beginning of this section, our aim is
to use this architecture to obtain accurate samples from the angular measure Φ on ∆d−1.
Since the simplex structure of such observations makes their distribution a bit non-standard
and could prevent the generator from producing high-quality output, we propose to apply
the procedure on a transformation of the angular data to coordinates in an orthonormal
basis of the simplex and to transform the coordinates back to angles afterwards. The
next section and Appendix B provide more details about this transformation.

2.4 Aitchison coordinates

A core idea of compositional data analysis [1, 13], mainly developed by John Aitchison
(1926–2016), consists of transforming raw simplex data in Rd to coordinates with respect
to an orthonormal basis of a certain (d − 1)-dimensional subspace of Rd. This makes
interpretation more complicated, but having data on a full linear (d − 1)-dimensional
sample space instead of on the unit simplex in Rd can improve statistical and neural
network modeling substantially. Since we are not all that concerned with interpretation
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in the WGAN architecture described in Section 2.3 but instead with obtaining the highest
possible efficiency in producing accurate new multivariate extreme samples, we will apply
this idea in our context.

Infinitely many orthogonal bases exist for the open simplex ∆o
d−1 equipped with its

inner product space structure. Here, we work with the one proposed in Proposition 2
of [13]. Details of the underlying construction and more information on the Aitchison
simplex, i.e., the unit simplex equipped with a certain vector space structure and an
inner product, can be found in Appendix B. The essence of the matter is to map ∆o

d−1

to H = {x ∈ Rd :
∑d

j=1 xj = 0} by means of the centered logratio function (clr) in (28).
The set H is a (d− 1)-dimensional linear space equipped with the standard Euclidean
inner product, the structure of which carries over to ∆o

d−1 through the function clr.

Proposition 2 (An orthonormal basis for the Aitchison simplex). The vectors e∗1, . . . , e
∗
d−1

defined by

e∗i
def
= softmax(ei) ∈ ∆o

d−1 with ei
def
=

√
i

i+ 1

i−1, . . . , i−1︸ ︷︷ ︸
i times

,−1, 0 . . . , 0

 ∈ Rd

for i ∈ {1, . . . , d− 1} form an orthonormal basis of the Aitchison simplex.

Now that we have constructed an orthonormal basis of the Aitchison simplex in
Proposition 2, we are able to decompose any vector u ∈ ∆o

d−1 in this basis as

u =

d−1⊕
i=1

⟨u, e∗i ⟩A ⊙ e∗i =

d−1⊕
i=1

⟨clr(u), clr(e∗i )⟩ ⊙ e∗i =

d−1⊕
i=1

⟨clr(u), ei⟩ ⊙ e∗i .

the notation being defined in Appendix B. The coordinates u∗
i

def
= ⟨clr(u), ei⟩ for i ∈

{1, . . . , d− 1} are sufficient to completely describe the vector u. These coordinates will
be the quantities entering the WGAN structure described in Section 2.3 as they typically
have a nicer distribution than the original simplex random vectors of interest and hence
will be easier to “learn”, which helps facing the difficulty that sample sizes in extreme
value analysis are often not very large.

3 Combining GAN, Aitchison coordinates and Extremes

Recall that our main objective is to provide an algorithm which is able to accurately
sample from the tail of a random vector X ∈ Rd. We do this by combining Algorithm 1
and Algorithm 2 described below.

• Algorithm 1 develops a Wasserstein GAN to simulate from the dependence structure
of the unit-Pareto transformed observations.

• Algorithm 2 uses estimates of the marginal GPD parameters to transform these
simulated values to the original scale.
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The simulated values can then be used to obtain accurate estimates of probabilities of
the form P(X ∈ C) where C ⊆ {x ∈ E : x ≰ u(t)} for some “high” threshold vector
u(t) ∈ Rd as in (9), close to u∗.

The main challenge lies in simulation from the angular measure Φ of V in Assumption 1,
since moving from Φ to the MGP distribution is a matter of scaling and marginal tail
estimation, for which theory and practice are well developed. Consequently, we propose
to use the WGAN architecture of Section 2.3 to obtain accurate samples from Φ. This is
done via the Aitchison coordinates, Section 2.4, as detailed in Algorithm 1 below.

The input to Algorithm 1 is a set of training observations X1, . . . ,Xn, with Xi =
(Xi1, . . . , Xid), which will be empirically converted to their unit-Pareto margins version
using the empirical marginal cumulative distribution functions

F̂j(x)
def
=

1

n+ 1

n∑
i=1

I{Xij ≤ x}, x ∈ R, j ∈ {1, . . . , d}. (18)

Division by n+ 1 instead of n is there to prevent division by zero in the standardization.
The angles associated to “large” observations are supposed to provide an approximate
sample from Φ in view of Assumption 1. The output of Algorithm 1 is a trained generator
Gθ which is able to produce new coordinates in the Aitchison orthonormal basis, defined
by the orthonormal basis {e1, . . . , ed−1} of H, that are hopefully close in distribution to
the coordinates of angles associated to the large observations in the training set.

The WA-GAN procedure in Algorithm 1 only uses the observations for which R = |V |1
is larger than t = n/k1 so that, by (4), the number of observations used by the algorithm
is asymptotically binomial with parameters n and (dk1)/n. Here k1 is a value to be
chosen by the user, with larger k1 meaning that more observations are used and hence
the variance is smaller, and with smaller k1 (hopefully) making the approximation in
Assumption 1 more accurate. Finite sample bounds on the quality of this approximation
are given in [9]. The relatively low effective sample size makes it important that the
architectures of the generator and the discriminator are simple enough so that their
parameters can be learned from a moderate number of examples. Those considerations
are further explored in the numerical sections.

Algorithm 2 uses for each margin the k2 largest observations, so that between k2 and
dk2 of the multivariate observations are used. According to Remark 4, the value of k2
should not be larger than k1. A natural convenient choice is to take k1 = k2.

Algorithm 1 is essentially the standard WGAN algorithm with gradient penalty of [20]
applied to the coordinates of the large angles in an orthonormal basis of the Aitchison
simplex. The ADAM optimizer which is used to update the weights of the generator
and the discriminator at each step is a popular gradient descent algorithm with adaptive
learning rate introduced in [26]. The function Adam() in the algorithm is one such gradient
step and is the default optimizer proposed for the WGAN architecture with gradient
penalty. Compared to the standard algorithm, one additional regularization term

ρ

∣∣∣∣∣ 1m
m∑
i=1

softmax (V Gθ(zi))−
1d
d

∣∣∣∣∣
2

(19)
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Algorithm 1 WA-GAN for tail dependence estimation
Require: observations X1, . . . ,Xn, orthonormal basis {e1, . . . , ed−1} of H, and k1 ∈
{1, . . . , n}

Require: gradient penalty coefficient λ > 0, marginal penalty coefficient ρ > 0, the
number of discriminator iterations per generator iteration nD, the batch size m, Adam
hyperparameters α > 0 (learning rate), β1, β2 ∈ [0, 1), the latent space dimension ℓ ∈ N,
the number of epochs nE

Require: discriminator initial parameters w0 ∈ SD, generator initial parameters θ0 ∈ SG
t← n/k1
for i = 1, . . . , n do

V̂i ←
(
1/(1− F̂j(Xij)

)d
j=1

Ri ← |V̂i|1 and Wi ← V̂i/Ri

if Ri ≥ t then
W ∗

i ← ⟨clr(Wi), ei⟩
end if

end for
K ←

∑n
i=1 I{Ri ≥ t}

V ← (e1 | . . . | ed−1) ∈ Rd×(d−1)

θ ← θ0 and w ← w0

for epoch e = 1, . . . , nE do
for t = 1, . . . , nD do

for i = 1, . . . ,m do
sample w∗

i from {W ∗
1 , . . . ,W

∗
K}, sample zi from a standard multivariate

normal distribution on Rℓ, sample ui from an uniform distribution on [0, 1]
w̃∗

i ← Gθ(zi)
ŵ∗

i ← ui w
∗
i + (1− ui) w̃

∗
i

end for
LD ← 1

m

∑m
i=1

{
Dw(w̃

∗
i )−Dw(w

∗
i ) + λ (|∇w∗Dw(ŵ

∗
i )|2 − 1)2

}
w ← Adam(LD, w, α, β1, β2)

end for
for i = 1, . . . ,m do

sample zi from a standard multivariate normal distribution on Rℓ

end for
LG ← − 1

m

∑m
i=1Dw (Gθ(zi)) + ρ

∣∣ 1
m

∑m
i=1 softmax (V Gθ(zi))− 1d

d

∣∣
2

θ ← Adam(LG, θ, α, β1, β2)
end for
Output: Trained generator Gθ
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is added to enforce the marginal constraint (3) in the generator in a soft way and thus to
enforce sampling from a genuine angular measure.

Algorithm 1 focuses solely on the extremal dependence of X and is independent of any
marginal assumptions besides continuity of the marginal distribution functions. Therefore,
if one is interested in computing a quantity which only depends on Φ in Assumption 1,
such as the coefficients θJ introduced in the beginning of Section 4, this can be done
independently of Algorithm 2. This is not the case for methods such as [28] which directly
evaluate sample quality on the scale of the MGP distribution. Note also that even though
Algorithm 1 only considers the angular measure Φ with respect to the L1-norm, a simple
post-processing step allows for any norm on Rd, as explained in Appendix C.
Remark 3 (Standardization of the margins to unit-Pareto). The procedure in Algorithm 1
is based on data standardized to unit-Pareto margins, in accordance with Assumption 1.
As in (18), we work with an empirical standardization F̂j for each margin j = 1, . . . , d,
resulting in a procedure using only the marginal ranks of the original data and solely
focusing on dependence, not requiring any assumption on the tail of Fj as in Assumption 3.
The same approach was followed in [14, 16] and, more recently, in [9], for example. An
alternative would be to use the empirical distribution function F̂j only up to a threshold
uj < u∗j and fit a univariate GP distribution above this threshold, relying on Assumption 3.
Doing so could improve the quality of the transformation to unit-Pareto margins, but at
the price of making Algorithm 1 also require marginal assumptions. Furthermore, this
route has already been explored in [15] and the same authors advocate in [14] for the
pure nonparametric approach. Therefore, we stick to the rank-based procedure.

Some care needs is needed when sampling from X |X ≰ u(t) for t > 1 large, where
u(t) is the vector of thresholds such that for each component separately, the excess
probability is 1/t. For example, a common situation is the case where X represents some
positive multivariate risks, that is, X takes values in [0,∞)d. If we directly make use
of the formula u(t) +H, with estimated quantities, as suggested by formula (10), we
risk generating “extreme” points for which some coordinates are negative. Our approach
avoids this issue.

Algorithm 1 permits to sample from the multivariate Pareto distribution Y associated
to X using (8). Let Y ∗ denote such a generated quantity. From (25), we have

Y ∗ L
≈
(
k

n
V | V ≰

n

k

)
,

where
L
≈ means an approximation in distribution. Equivalently,

V ∗ def
=

n

k
Y ∗ L
≈
(
V | V ≰

n

k

)
.

Now, to pass from V to X one needs to apply the transformation b described in
Proposition 1, which is based on the marginal quantile functions. Let b̂ denote an
estimator of this quantity. The final output of our next algorithm will be

X∗ = b̂(V ∗) = b̂
(n
k
Y ∗
) L
≈
(
X | V ≰

n

k

)
=
(
X |X ≰ b

(n
k

))
,
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by the continuity of margins. The estimator b̂j((n/k)y) for y > 0 depends on whether
y ≤ 1 or y > 1. For y ≤ 1 we simply use the estimator based on the empirical cumulative
distribution function F̂j . For y > 1, the estimator is obtained through Assumption 3,
more precisely its equivalent formulation (ii) in Remark 1. This leads to

b̂j((n/k)y)
def
=


X(⌈n−k/y⌉∨1):n,j , 0 < y ≤ 1,

b̂j(n/k) + âj(n/k) ·
yξ̂j − 1

ξ̂j
, y > 1,

(20)

where X1:n,j < . . . < Xn:n,j are the ascending order statistics in the j-th sample, and
where âj(n/k)

def
= σ̂j and ξ̂j are obtained by maximum likelihood for the GP distribution.

Algorithm 2 Sampling from the tail of X
Require: observations X1, . . . ,Xn, orthonormal basis {e1, . . . , ed−1} of H, trained gener-

ator Gθ, the size of the latent space on which Gθ has been trained ℓ, and k2 ∈ {1, . . . , n}
Require: desired number of samples n∗

for j = 1, . . . , d do
uj ← Xn−k2:n,j

Compute the maximum likelihood estimator (σ̂j , ξ̂j) of an univariate GPD
end for
V ← (e1 | . . . | ed−1) ∈ Rd×(d−1)

i← 1 and G an empty list of size n∗

while i ≤ n∗ do
sample z from a standard multivariate normal distribution on Rℓ

W ← clr−1 (V Gθ(z))
sample Y from a unit-Pareto distribution
Y ← YW
if max(Y ) > 1 then

for j = 1, . . . , d do
if Yj ≤ 1 then

(G[i])j ← X(⌈n−k2/Yj⌉∨1):n,j
end if
if Yj > 1 then

(G[i])j ← uj + σ̂j(Y
ξ̂j
j − 1)/ξ̂j

end if
end for
i← i+ 1

end if
end while
Output: List of n∗ random variables G approximately distributed as X |X ≰ u

Remark 4 (Relation between thresholds in both algorithms). When combining Algorithm 2
with the output of Algorithm 1, one actually uses two different thresholds: on the one
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hand, the threshold t1 = n/k1 > 0 which has been used to fit the angular measure in
Algorithm 1, and, on the other hand, the threshold vector u(t2) = b(n/k2) for which we
aim to sample from X |X ≰ u(t2). As Algorithm 2 relies on the output of Algorithm 1,
one should ensure that u(t2) is large enough so that the approximation of the angular
measure Φ in Algorithm 1 is valid. In terms of the random variable R in (1), it means
that we must ensure R = |V |1 > n/k1 given that X ≰ u(t2), which is equivalent to
V ≰ n/k2, i.e., |V |∞ > n/k2. Since we have |V |1 ≥ |V |∞, it suffices to take k2 ≤ k1.
This is illustrated in Figure 2 for d = 2.

V1

V2

|V |1 = n
k1

|V |∞ = n
k1

Figure 2: Relation between thresholds in the V space. The gray zone is where we can
safely sample using Algorithm 2.

4 Numerical experiments

We use both simulated and real data sets to explore the performance of our proposed
method and to compare it to other existing methods. We start with providing the details
of how the different methods are compared and how the the computations are made. The
next section uses simulated data to compare WA-GAN with HTGAN and GPGAN. In
the final section these methods are applied to a financial data set.

4.1 Performance and computation

Performance measures. To assess the quality of the generated sample XG , we will
typically compare it with a sample from the data XT (test set) which has not been used
for training. We propose to use measures that are inspired by multivariate extreme value
theory since our focus is on the tail of X.

A first set of measures that we propose is based on the extremal coefficients [7,
Section 8.2.7]. For any non-empty subset J ⊆ {1, . . . , d} with at least two elements
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|J | ≥ 2, we define its extremal coefficient θJ as

θJ
def
= d ·

∫
∆d−1

∨
j∈J

wj dΦ(w) ∈ [1, |J |]. (21)

The closer θJ is to 1, the stronger the dependence in the tail of (Xj)j∈J , while θJ close
to |J | corresponds to weaker tail dependence. For a given coefficient order k = |J |, to
compute a summary score of their difference in the test set XT and the generated set
XG , we compute their relative absolute difference as follows:

Eθ(k)
def
=

1(
d
k

) ∑
J⊆{1,...,d}

|J |=k

∣∣∣∣∣1− θGJ
θTJ

∣∣∣∣∣ . (22)

The coefficients are estimated for the test set using the empirical angular measure in (21)
and for the generative methods using the sampled realizations of Φ. For the test set, the
radial threshold n/k is the same as for the training set. Typically, we will consider the
bivariate coefficients, with k = 2, as in [8], and the trivariate coefficients, with k = 3.
This measure focuses on the extremal dependence structure only and aims to measure
the quality of Algorithm 1.

A second measure that we propose, which also focuses on the tail of X, aims at
evaluating the output of Algorithm 2. Let XT denote a set of observations distributed
like X, which typically have not been used for training, and let XG

u denote a set of
observations generated by Algorithm 2 based on the threshold vector u = b(n/kn) ∈ Rd.
Then if the MGP approximation is accurate enough, we expect XT

u
def
= XT |XT ≰ u

to be close in distribution to XG
u . Hence, we propose to compute their difference in

distribution using a simple extension of the EMD in Section 2.3 which is known as the
2-Wasserstein distance [44, Chapter 7]. If nG and nT denote, respectively, the size of the
test set and the generated set of observations, the measure can be expressed as

W2(X
G
u ,X

T
u )

def
= inf

π∈Π
(
1nG
nG

,
1nT
nT

)
√√√√ nG∑

i=1

nT∑
j=1

∥(XG
u)i − (XT

u )j∥22 πij (23)

where, for (probability) vectors a ∈ Rk and b ∈ Rℓ, we use the notation

Π(a, b)
def
=
{
π ∈ Rk×ℓ

+ : π1ℓ = a and πT1k = b
}
.

We can view πij as the amount of mass transferred from (XG
u)i to (XT

u )j . In a similar
way as in definition (13) of the EMD, W2(X

G
u ,X

T
u ) measures, among all the possible

ways to transport the empirical distribution of the vectors in XG
u to the one of the vectors

in XT
u , the cheapest way to do so if the cost of unitary transportation is equal to the

squared Euclidean distance between points. In the case where we would have normally
distributed quantities, this quantity would reduce to computing the well-known Fréchet
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inception distance, which is popularly used to assess the quality of generated images [23]
using generative systems like the GAN, also used in [28] to assess the quality of the MGP
output of their algorithm. As we compare quantities that are far from being normally
distributed, we think it makes more sense to compute the 2-Wasserstein distance instead.

Architectures. For both the generator and the discriminator in Algorithm 1, we
consider fully connected multilayer perceptrons with leaky rectified linear unit activation
function [30] which applies the map

x ∈ R 7→

{
x if x ≥ 0,

αx else,
(24)

to each component of the linear transformation in a given layer, where α ∈ [0, 1] is
typically set to 0.01. Taking α = 0 leads to the rectified linear unit activation function
and α = 1 leads to a simple linear layer. We refer to [30] for a comparison with other
standard activation functions. Here, we consider α = 0.01 for any hidden layer while we
take α = 1 for the final layer in each network. More recently, α has been considered as a
learnable parameter in the optimization process [22] but this option is not considered in
this work. Other architectures are possible if the data have some structure. For example,
the authors of [8] consider convolutions in their network as they work with spatial data
on a grid, and this could be adapted to our framework too, but here we only consider
basic multivariate data and keep this extension for future work.

Hyperparameter search. In addition to the learnable parameters of the generator
and discriminator networks in Algorithm 1, many external parameters (hyperparameters)
can be chosen by the user. We consider the following values for the hyperparameters:

• batch size m ∈ {⌊n/k⌋ : k = 1, 2, 4, 8, 16};

• dimension of the generator’s latent space ℓ ∈ {⌊(d− 1)/k⌋ : k = 0.25, 0.5, 0.75, 1, 2};

• maximum number of neurons in a hidden layer in {32, 64, 128, 256, 512};

• number of hidden layers in {1, 2, 4, 8};

• learning rate for the ADAM optimizer in {0.01, 0.005, 0.001, 0.0005, 0.0001} and
coefficients β = (β1, β2) used for computing running averages of gradient and its
square in {(0.0, 0.9), (0.5, 0.9), (0.5, 0.99)};

• the gradient penalty coefficient λ ∈ {0.1, 1, 3, 5, 7, 9};

• the marginal penalty coefficient ρ ∈ {0.001, 0.01, 0.1, 1, 3};

• the number of discriminator iterations per generator iterations nD ∈ {1, 3, 5, 10}.
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Inside the space of possible values for those hyperparameters, we perform a random search.
Typically, we consider around 2000 different models in this space for a given dataset. We
train them with ne = 5000 epochs, since training them even longer did not significantly
improve the performance, but greatly affects the computation time. Evaluation of the
associated models is based on the extremal coefficient metric Eθ(k) in (22) with k = 2 and
k = 3. Validation and final performance assessment of the models are always performed
on separate datasets.

Comparison with existing methods. As reviewed in Section 2.1, numerous methods
already exist in the rapidly growing field that combines generative approaches with extreme
value theory, each with its own advantages and limitations. Therefore, an exhaustive
comparison with all existing methods is not feasible, even less so as the software code
underlying the numerical results is often not available from the papers. Instead, we choose
to compare our approach with versions of two recent methods: HTGAN from [18] and
GPGAN from [28]. We discuss our specific implementations in Appendix D.

Software. The code used to produce the results of this section was written in Python—
in particular, the PyTorch [33] framework was used to train the generative models—and in
R [35], which was mainly used for data preprocessing and computation of the performance
measures associated with the generated data, notably via the transport [41] package for
the computation of the Wasserstein distance W2 in (23).

Hardware. The training of the various algorithms and the computation of performance
metrics have been performed on the CPUs of the Lemaitre4 and the NIC5 computer
clusters, which are managed by the Consortium of Équipements de Calcul Intensif (CÉCI).
Details and more specifications related to these computers can be found on the CECI
website https://www.ceci-hpc.be/.

4.2 Simulated data: logistic dependence structure

As an illustration of the method’s performance in a controlled setting, we start by
considering simulated data. To keep things simple, we consider the same experimental
setup as in Section 3.2 of [18], with whom we are going to compare our method.

The random vector X is generated using a d-dimensional Gumbel copula with pa-
rameter θ ∈ [1,∞) and Pareto distributed marginals with parameter α > 0. It is easy to
verify that this data-generating process satisfies Assumptions 1 to 3 in Section 2.2. In
particular, the extremal coefficient introduced as a performance measure at the beginning
of Section 4 is θJ = |J |1/θ. Hence, θ → 1 corresponds to less dependence in the tail X,
while θ →∞ corresponds to perfect tail dependence.

We consider various scenarios in which we assess the performance of WA-GAN and
compare it to HTGAN and GPGAN. For HTGAN we follow [18] and make the unrealistic
assumption that α is known. We take d ∈ {10, 20, 50} and θ ∈ {4/3, 2, 4} leading to a
Kendall’s tau of τ ∈ {1/4, 1/2, 3/4}. For the margins, we consider α = 2 in any scenario.
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The models are trained on ntrain = 10 000 observations and validated on nval = 5000
observations. The performance assessment is done on ntest = 20 000 points.

Results. For each method and each scenario, two scores are computed. On the one hand,
a dependence score equal to {Eθ(2) +Eθ(3)}/2, with Eθ(k) as in (22), is used to validate
the hyperparameters and to assess the performance of the tail dependence in the generated
data. On the other hand, to assess the quality of generated extremes X | X ≰ u, the
2-Wasserstein distance as defined in (23) is computed, where uj = b̂j(n/k2) with b̂j as
in (20), for some k2 ∈ {1, . . . , n} which satisfies k2 ≤ k1 where k1 ∈ {1, . . . , n} is used to
train the generator in Algorithm 1. Here we take n = ntrain and k1 = k2 = [

√
n ].

The results are reported in Table 1 below.

Dependence score Extremes score
τ Model d = 10 d = 20 d = 50 d = 10 d = 20 d = 50

τ = 1
4

WA-GAN 0.0103 0.0074 0.0054 67.311 62.905 42.825
HTGAN 0.0146 0.0185 0.0199 1479.9 3106.7 1170.7
GPGAN 0.0262 0.0321 0.0326 66.663 65.429 52.133

τ = 1
2

WA-GAN 0.0176 0.0207 0.0097 66.734 52.832 32.468
HTGAN 0.0247 0.0179 0.0126 2725.3 1447.9 2367.4
GPGAN 0.0511 0.0671 0.0672 67.841 55.308 46.996

τ = 3
4

WA-GAN 0.0208 0.0266 0.0158 59.548 44.602 31.808
HTGAN 0.0284 0.0338 0.055 891.62 612.44 440.45
GPGAN 0.0497 0.0726 0.0818 59.919 53.758 45.541

Table 1: Dependence and extremes scores for different dependence τ and dimensions d.
For each scenario and each score, the best score (i.e., the lowest) is indicated in bold.

These results show that WA-GAN is competitive with other methods, from the tail
dependence perspective as well as from the quality of the generated extremes. The
advantage of WA-GAN seems to increase as the dimension d increases. Large values of
d is often at the center of interest when generative models for the dependence are used.
Note also that it may be surprising at first glance that the scores become better when d
increases, but this is probably due to the dependence structure of the data generating
process being the same for all pairs of variables, making it easier to learn it when the
dimension of the space increases.

Some additional comments can be made for each method. For WA-GAN, the penal-
ization coefficient ρ in (19) is typically selected to be large among the possible values
(ρ = 1 or ρ = 3) showing that it is a good idea to enforce marginal constraints (3) in
the generative model. For HTGAN, the obtained values of the hyperparameters match
the discussion on pages 13–15 in the paper [18] proposing this method. In particular,
we get big batch sizes, big latent space dimensions, and low values of the learning rate
included in the range recommendend by the authors. For GPGAN, the training phase is
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quicker since, as illustrated on Figure 2, we have a lower training size in this case as this
method is trained on points with |V |∞ > n/k while WA-GAN is trained on points with
|V |1 > n/k, which is less restrictive. This can be an asset if we have enough data, but
can harm GPGAN’s performance if d is large and n is not too big.

As an illustration of the performances of the different methods to accurately reproduce
the tail dependence of the data, we plot the empirical bivariate and trivariate extremal
coefficients (|J | = 2 and |J | = 3 in (21)) of the test set against the ones of the training
set, and against those of all the generative methods for d ∈ {10, 50} and τ = 0.5. In this
setting, we know that the true values of these coefficients are

√
|J |. This is displayed

n Figure 3 for d ∈ {10, 50}. There is no clear visual difference between WA-GAN and
HTGAN, both performing well at representing the coefficients of the test set. GPGAN,
however, fails to do so, and even more when the dimension increases. When d gets larger,
the empirical extremal coefficients are below their true values, even in the test set. The
reason is that the empirical estimator of Φ in (21) becomes less accurate as d increases [9].
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Figure 3: Top: d = 10; bottom: d = 50. – Extremal coefficients of order k = 2 (blue)
and k = 3 (red). Solid black line is the diagonal. Dashed blue and red lines are the true
values of the coefficients for k = 2 and k = 3 respectively.
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Next, to illustrate the accuracy of generated extremes by each method, we plot the
projection of each generated sample on the first two margins and compare it to the
first two margins of the extremes in the test set. We take again τ = 0.5. Results for
are displayed on Figure 4. WA-GAN seems to perform well, whatever the dimension.
The results of HTGAN are less satisfying as it is clear from the figure that the angular
measure associated with this method is discrete (this corresponds to the “directions” that
we observe in the generated extremes) and this does not match the true angular measure
which is logistic. This is theoretically justified by Proposition 2.10 in [18] introducing
this method, and already visible from their Figure 2 on page 14. GPGAN also performs
well even though its performance decreases in comparison to WA-GAN as the dimension
increases; see Table 1.

0 50 100 150

0
50

10
0

15
0

Test
0 50 100 150

0
50

10
0

15
0

WA−GAN

0 50 100 150

0
50

10
0

15
0

HTGAN
0 50 100 150

0
50

10
0

15
0

GPGAN

0 50 100 150

0
50

10
0

15
0

Test
0 50 100 150

0
50

10
0

15
0

WA−GAN

0 50 100 150

0
50

10
0

15
0

HTGAN
0 50 100 150

0
50

10
0

15
0

GPGAN

Figure 4: Top: d = 10; bottom: d = 50. – First two margins of extremes in the test set
and the different generative methods.
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4.3 Financial data: daily returns of industry portfolios

We apply our methodology to analyze the tail behavior of the “value-averaged” daily
returns of d = 30 industry portfolios compiled and posted as part of the Kenneth French
Data Library. The data in consideration span between 1950 and 2015 with n = 16 694
observations. This data set is very widely used; for analyses in an extreme value context
see e.g. [25] and [10]. Details about the portfolio constructions can be found online.1

Since we are interested in extreme losses we first multiply all returns by −1.
As illustrated by the Kendall’s correlation matrix in Figure 5, the daily losses are

positively related between the portfolios. We aim to investigate this dependence in the
tail part of the distribution.
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Figure 5: Kendall’s correlation matrix between daily losses of the portfolios.

To sample extremes from the joint distribution, we first compute the maximum
likelihood estimators of the univariate GPD parameters for each margin. Boxplots
illustrating the values of those parameters are reported in Figure 6. The estimated shape
values clearly indicates the presence of heavy tails in the marginal distributions. The
GPD qq-plots of the marginal fits are to be found on Figures 9, 10 and 11 in Appendix E.
They indicate a relatively good fit, even though some extreme quantiles are larger than
the ones associated with the GPD model.

For comparison, we start by computing the test scores for WA-GAN, HTGAN and
GPGAN. The training and validation procedures are exactly the same as described in
Section 4.2. Here, we train on ntrain = 7 000, we validate on nval = 3000 and compute the
scores on ntest = 6694 observations. We again consider k =

√
ntrain for WA-GAN. For

HTGAN, we do not compute the scores on extremes because the marginal distributions
1https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_30_ind_port.

html
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Figure 6: Boxplots of estimated marginal GPD parameters

are not know, see Appendix D. Table 2 shows that WA-GAN seems to be the best at
capturing the dependence between extremes in the data while GPGAN has a better
2-Wasserstein distance score.

method dependence extremes

WA-GAN 0.018 11.93
HTGAN 0.026 /
GPGAN 0.043 8.46

Table 2: Test scores of each method on the d = 30 financial dataset. The best score (i.e.,
the lowest) is indicated in bold.

As already pointed out in the analysis of [25], the extreme losses of those portfolios
can be clustered into different kind of industries. For example, the tobacco industry
exhibits asymptotic independence to all other categories (e.g., to the textile industries)
while the extreme losses of the business and IT-related industries are dependent. We
illustrate the fact that WA-GAN also captures those phenomena in Figure 7 by displaying
the two-dimensional projections of the estimated angular measure on those margins. We
see that the generated “angles” associated with tobacco/textile portfolios are much more
concentrated around the axes than for business/IT, showing that WA-GAN captures this
complex tail dependence.

As a further illustration we consider a portfolio obtained by combining the mines
industry portfolio with the coal industry portfolio (with equal weight). It is intuitive
and has been shown in [10, 25] that the mines and coal industries exhibit asymptotic
dependence. If one wants to sample the losses associated to the portfolio we propose,
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Figure 7: Two-dimensional projections of the generated “angles” from Φ by WA-GAN.

this tail dependence should be taken into account. Figure 8 represents the densities of
simulated values of the extreme losses of the combined portfolio (i.e., both marginal
losses exceeds a large threshold) based on WA-GAN (in black) and based on independent
simulations from the marginal GPDs (in blue). Not taking the tail dependence into
account leads to underestimation of the risk associated with this portfolio.

5 Conclusions

This paper develops the WA-GAN method which is built on the L1-norm and on the
asymptotic independence of the angular and radial parts of a d-dimensional regularly
varying random vector. An important component is the use of Aitchison coordinates
which transforms values on the unit simplex in Rd to the entire linear space Rd−1. The
method provides simulated extreme values and can hence be used to estimate probabilities
of extreme events, even more extreme than those already observed.

The method is tried out on simulated extreme value data sets of dimensions d = 10,
20 and 50 with 10 000 observations in the training set and 5 000 observations in the
validation set. Plots and two performance measures which (i) score the dependence
between extremes using extremal coefficients and (ii) score the quality of the simulated
values on the real scale using the 2-Wasserstein distance show that WA-GAN performs
well. Further, in Table 1 WA-GAN is shown to have better values of these performance
scores than the HTGAN and GPGAN methods.

The methods are also applied to a financial data set from the Kenneth French Data
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Library. Again WA-GAN performs well and underlines the importance of being able
to handle dependence between different financial portfolios. In terms of performance
measures, WA-GAN has the best dependence score, while GPGAN has a better 2-
Wasserstein score than WA-GAN.

In this paper we do not quantify the uncertainty in the estimated probability of an
extreme event. However, provided enough computational power is available, this could be
done using a approach similar to a parametric bootstrap. For this one would repeat the
following, say, 100 times: first use the fitted WA-GAN to simulate a new extreme data
set of the same size as the original one, then fit a new WA-GAN to this simulated data
set and use the new WA-GAN to estimate the probability of interest. This will provide
100 estimated probability values which can be used to find “confidence bounds” for the
original estimated probability.

Code and data availability

The code is available from the first author and will be made publicly available in a
software repository. The data underlying the analysis in Section 4.3 is publicly available
from the Kenneth R. French data library https://mba.tuck.dartmouth.edu/pages/
faculty/ken.french/data_library.html.
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A Proof of Proposition 1

Proof. We start by noting that X L
= b(V ) and, by the continuity of the margins Fj , each

tail quantile function bj is strictly increasing, so that {X ̸≤ b(t)} = {V ≰ t} for any
t > 1. Consequently,

X − b(t)

a(t)

∣∣∣X ̸≤ b(t)
L
=

b(t(t−1V ))− b(t)

a(t)

∣∣∣V ≰ t.

Furthermore, it follows easily from Assumption 1 that(
t−1V | V ̸≤ t

) L→ Y , t→∞, (25)

where, for Borel set B ⊆ E, writing L1
def
= {x ∈ [0,∞)d : x ̸≤ 1}, we have

P(Y ∈ B) =
ν(B ∩ L1)

ν(L1)
. (26)

The exponent measure ν is connected to the angular measure Φ introduced in (2). More
precisely [7, Chapter 8], for any bounded, measurable function f : E→ R that is zero in
a neighborhood of the origin, we have

ν(f)
def
=

∫
E
f(x) dν(x) = d

∫
∆d−1

∫ ∞

0
f(yw)

dy

y2
dΦ(w). (27)

In particular, for any for Borel set B ⊆ E,

d−1ν(B ∩ L1) =

∫
∆d−1

∫ ∞

0
IB∩L1(yw)

dy

y2
dΦ(w)

=

∫
∆d−1

∫ ∞

1
IB∩L1(yw)

dy

y2
dΦ(w)

= P(YΘ ∈ B ∩ L1),

where Y is unit-Pareto distributed and independent of Θ ∼ Φ. Whence, by (26),

P(Y ∈ B) =
dP(YΘ ∈ B ∩ L1)

dP(YΘ ∈ L1)
= P (YΘ ∈ B | YΘ ∈ L1) ,

From the local uniformity of the convergence in point (ii) of Remark 1, guaranteed
by Assumption 3, and the fact that P(Yj > 0) = 1 for any j ∈ {1, . . . , d} by the
previous computations and Assumption 2, the extended continuous mapping theorem [43,
Theorem 1.11.1] applies, yielding

b(t(t−1V ))− b(t)

a(t)

∣∣∣V ≰ t
L→ Y ξ − 1

ξ
, t→∞.

This concludes the proof of (7) and (8). Equation (9) is a direct consequence of (7) by
noting that

σj(uj(t)) = aj

(
1

1− Fj(bj(t))

)
= aj(t), t > 1

since Fj(F
−1
j (p)) = p for all 0 < p < 1 by continuity of Fj .
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B The Aitchison simplex

The open simplex ∆o
d−1 is equipped with an inner product space structure with the

following operations [1]: for v = (v1, . . . , vd),w = (w1, . . . , wd) ∈ ∆o
d−1 and α ∈ R, define

the following operations:

• Addition:

v ⊕w
def
=

(
vjwj∑d
i=1 viwi

)d

j=1

• Scalar multiplication:

α⊙ v
def
=

(
vαj∑d
i=1 v

α
i

)d

j=1

• (Aitchison) inner product:

⟨v,w⟩A
def
=

d∑
i=1

log

(
vi

g(v)

)
log

(
wi

g(w)

)
,

where g : u ∈ ∆o
d−1 7→ g(u)

def
= (

∏d
i=1 ui)

1/d is the geometric mean.

It is an easy exercise to verify that (∆o
d−1,⊕,⊙) forms a real vector space with zero

element 0A = 1d/d ∈ ∆o
d−1, where 1d = (1, . . . , 1) ∈ Rd, and that ⟨·, ·⟩A defines an inner

product on it. The open simplex equipped with this structure is often called the Aitchison
simplex.

A trivial but useful observation is that if one introduces the so-called Centered LogRatio
(CLR) operator

clr : u ∈ ∆o
d−1 7→ clr(u)

def
=

(
log

(
uj
g(u)

))d

j=1

∈ H ⊂ Rd, (28)

where H def
= {x ∈ Rd : ⟨x,1d⟩ = 0} with ⟨·, ·⟩ being the standard inner product in Rd,

then
⟨v,w⟩A = ⟨clr(v), clr(w)⟩, v,w ∈ ∆d−1,

so that clr naturally defines an isometry between (∆o
d−1, ⟨·, ·⟩A) and (H, ⟨·, ·⟩). The inverse

transformation clr−1 : H 7→ ∆o
d−1 is the well known softmax function

clr−1(x) =

(
exp(xj)∑d
i=1 exp(xi)

)d

j=1

= softmax(x), x ∈ H.

The above considerations lead to a clear and easy way to construct an orthonormal
basis of the Aitchison simplex:
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1. Take any linearly independent family {x1, . . . ,xd−1} in H.

2. Apply the Gram–Schmidt procedure to produce an orthonormal basis {e1, . . . , ed−1}
of H with respect to the standard inner product on Rd.

3. Compute {e∗i
def
= clr−1(ei) : i = 1, . . . , d− 1}, which forms an orthornormal basis of

the Aitchison simplex.

Applying the above procedure to the free family{
xi

def
= (0, . . . , 0, 1,−1, 0, . . . , 0) ∈ H : i = 1, . . . , d− 1

}
,

where in xi the 1 element lies at the i-th position, leads to the orthonormal basis of the
Aitchison simplex presented in Proposition 2.

C Angular measure with respect to another norm

The angular measure Φ introduced in (2) can be introduced with respect to an arbitrary
norm ∥ · ∥ on Rd, that is, if we let

R̃ = ∥V ∥ and W̃ = R̃−1V ,

one can consider the measure Φ̃ on ∆̃d−1
def
= {x ∈ [0, 1]d : ∥x∥ = 1} obtained by taking,

as in (2),
Φ̃(A) = lim

t→∞
P
(
W̃ ∈ A | R̃ ≥ t

)
, (29)

for any Borel set A ⊆ ∆̃d−1 such that Φ̃(∂A) = 0. Popular choices for ∥ · ∥ consist of the
Lp norms | · |p on Rd for p ∈ [1,∞], see, e.g., [14, 16, 9]. Even though we only consider
the norm | · |1 in Algorithm 1, we show that a simple post-processing step permits to
provide an estimate for Φ̃ also.

From (29), one may show that Φ̃(A) = Ψ(A)/Ψ(∆̃d−1) where Ψ is the finite Borel
measure on ∆̃d−1 obtained by taking

Ψ(A) = lim
t→∞

t P
(
W̃ ∈ A, R̃ ≥ t

)
provided Ψ(∂A) = 0. From (27), for any bounded, measurable f : E→ R vanishing in a
neighborhood of 0, we get

d

∫
∆d−1

∫ ∞

0
f(rw)

dr

r2
dΦ(w) =

∫
∆̃d−1

∫ ∞

0
f(rw̃)

dr

r2
dΨ(w̃),

Taking f(x) = g(x/∥x∥)I(∥x∥ ≥ 1) for x ∈ E, where g : ∆̃d−1 → R is some bounded
function, we get

d

∫
∆d−1

g

(
w

∥w∥

)
∥w∥dΦ(w) =

∫
∆̃d−1

g(w̃)dΨ(w̃).
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Picking g(w̃) = I(w̃ ∈ ∆̃d−1) gives

Ψ(∆̃d−1) = d

∫
∆d−1

∥w∥ dΦ(w),

so that for any bounded g : ∆̃d−1 → R we have

∫
∆̃d−1

g(w̃) dΦ̃(w̃) =

∫
∆d−1

g
(

w
∥w∥

)
∥w∥ dΦ(w)∫

∆d−1
∥w∥dΦ(w)

. (30)

In particular, Φ̃ is fully determined by Φ.
Suppose that we observe Θ1, . . . ,Θn ∼ Φ as it would be (approximately) the case

via the trained generator in Algorithm 1. They lead to the empirical estimator Φ̂ =
(1/n)

∑n
i=1 δΘi for Φ. Relation (30) then justifies the approximation

∫
∆̃d−1

g(w̃) dΦ̃(w̃) ≈

∫
∆d−1

g
(

w
∥w∥

)
∥w∥ dΦ̂(w)∫

∆d−1
∥w∥ dΦ̂(w)

=

n∑
i=1

Λig

(
Θi

∥Θi∥

)
=

∫
∆̃d−1

g(w̃) d
̂̃
Φ(w̃),

where ̂̃
Φ

def
=

n∑
i=1

ΛiδΘi/∥Θi∥, Λi
def
=

∥Θi∥∑n
i=1 ∥Θi∥

.

Said otherwise, a sample Θ1, . . . ,Θn ∼ Φ can be used to produce an estimator for Φ̃ by
considering the weighted empirical distribution of the rescaled angles Θi on ∆̃d−1, where
the weights are proportional to the norm ∥Θ∥i.

D Implementation of competing methods

HTGAN is follows a standard GAN architecture [19] with heavy-tailed latent variables
that are Pareto(α) distributed for some α > 0. It does not make use of (multivariate)
extreme value theory at all and rests on the capacity of the GAN to accurately capture
the dependence of the data, also in the tail. As advised in their paper, we base our
implementation on the one in [29]. Their preprocessing step in their Algorithm 1 on
page 10, equation (3.11), requires an estimate of γ = 1/α which is not provided in their
methodology. They use the true value in their simulations, which is why we will also
do so here, in Section 4.2. For real data applications, we will consider γ = 1/1.5 as
recommended by the authors in their results on page 19. Note also that it is not clear to
us how step (3.12) in their Algorithm 2 is supposed to work as X̃

(i)
j is not an element

of [0, 1] so that it does not make sense to apply the inverse of the estimated marginal
distribution function Fj . Since in this simulation setting the output of their generator is
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supposed to live in the same space as the original data, we do not apply any transform
to compute the score (23). The score (22) is, of course, not affected by any marginal
transformation. In real data applications, we do not compute the W2 score and only
consider the dependence score as done in the original paper. In terms of architectures
and hyperparameters, we consider the same setting as for our method. This is very close
to what the authors also do in their paper, besides the hyperparameter search which is
performed through a Bayesian search in their numerical section. Both the generator and
the discriminator are trained on 5000 epochs. The final layer of the discriminator has a
sigmoid activation function, as it is commonly applied in GAN architectures.

The GPGAN is closer to our approach as it is also based on the MGP distribution to
accurately sample from the tail of X, even though the approach in [28] is quite different.
The authors also rely on a GAN architecture so that we also rely on [29] to implement
their methodology. The main differences between their approach and ours are as follows:

• In [28], the dependence is captured by the spectral vector S as introduced in (11),
while our techniques rely on sampling from Φ after a transformation to the Aitchison
coordinates which helps simplifying the distributions.

• The discriminator in the GPGAN procedure directly evaluates sample quality on
the MGP scale (after evaluating the marginal parameters), while our technique
separates the dependence structure, for which we rely on the WGAN architecture
(Algorithm 1), and the marginal considerations that permit to transform the output
back to the MGP scale (Algorithm 2). Our approach has the advantage that if
one is only interested in evaluating a tail dependence measure, like the extremal
coefficients in (22), it is possible to do so without putting any assumptions on the
marginal tail behavior and to work only with Algorithm 1.

The adaptive procedure in [28] to pick the threshold u based on the “extremeness” function
E was not entirely clear to us. Therefore, we decided to pick the same u as we do to
compute the marginal parameters, so that we work with the same estimates of the
parameters σ and ξ. Also, as in [28] the latent distribution is not indicated, we consider
a multivariate standard normal distribution on the latent space. The architectures and
hyperparameters are also treated in the same way as for our method and the HTGAN
method. Both the generator and the discriminator are trained on 5000 epochs, based on
the Adam optimizer, as done in the original paper [28]. The final layer of the discriminator
has a sigmoid activation function, as it is commonly applied in GAN architectures. Note
that computing the score (23) poses no problem with this method as it outputs directly
on the scale of X |X ≰ u(t); however, for the score (22), one needs to be more cautious.
For this, we rely on the fact that if X∗

1 , . . . ,X
∗
n forms a sample from X |X ≰ u(t), then

V ∗
i

def
= b(X∗

i ) ∼ V | V ≰ t = V | |V |∞ > t, i ∈ {1, . . . , n}.

For t > 1 large enough, it means that

Θ∗
i
def
=

V ∗
i

|V ∗
i |∞

L
≈ Φ∞, i ∈ {1, . . . , n}
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where Φ∞ the angular measure with respect to the L∞-norm. Relying on the change
of norm explained in Appendix C, we get an estimate for Φ by considering the discrete
measure

Φ̂∗ def
=

n∑
i=1

Λ∗
i δ Θ∗

i
|Θ∗

i
|1

, Λ∗
i
def
=

|Θ∗
i |1∑n

i=1 |Θ∗
i |1

.

The estimator can be plugged in the formula of extremal coefficient (21) which is used in
computing the score (22).

E Additional figures
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Figure 9: GPD-qqplots for margins 1 to 10 in the financial dataset.
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Figure 10: GPD-qqplots for margins 11 to 20 in the financial dataset.
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Figure 11: GPD-qqplots for margins 21 to 30 in the financial dataset.
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