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Abstract

Let p be a positive measure supported on a planar domain 2. We consider the behavior of
the balayage measure v := Bal(u, Q) near a point zo € 92 at which Q has an outward-pointing
cusp. Assuming that the order and coefficient of tangency of the cusp are d > 0 and a > 0,
respectively, and that du(z) =< |z —20|**"2d?z as z — 2o for some b > 0 (here d?z is the Lebesgue
measure on C), we obtain the leading order term of v near zo. This leading term is universal
in the sense that it only depends on d, a, and b. We also treat the case when the domain has
multiple corners and cusps at the same point. Finally, we obtain an explicit expression for the
balayage of the uniform measure on the tacnodal region between two osculating circles, and we
give an application of this result to two-dimensional Coulomb gases.
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1 Introduction

The balayage v := Bal(u, 092) of a measure p defined on a planar domain € is a measure supported
on € whose potential outside 2 coincides with that of u (up to a constant if Q is unbounded). The
balayage measure is conveniently defined in terms of harmonic measure: If €2 is an open subset of the
extended complex plane C* = CU{oco} and p is a non-negative measure on €2, then v is the measure
on Jf) defined whenever it exists by

v(E) = / w(z, E,Q)du(z) for Borel subsets E of 02, (1.1)
Q

where w(z, E, ) is the harmonic measure of E at z in ). Balayage measures are important in
potential theory, where they can be used, for example, to solve the Dirichlet problem, to calculate
capacities, to study obstacle problems, to characterize regular boundary points and polar sets, to
analyze the boundary behavior of superharmonic functions, to compute hole probabilities for two-
dimensional point processes, and to analyze the zeros of orthogonal polynomials, see e.g. [2, 7, 11,
13,17, 19, 20, 25, 27, 34]. Balayage theory has been generalized in various ways: a theory of balayage
on locally compact spaces is developed in [32-34]; discrete balayage measures were applied to the
boundary sandpile model in [4]; and partial and inverse balayage methods are valuable tools for the
study of Hele-Shaw flows and free boundary problems [18, 19, 21].

In this paper, we consider the behavior of the balayage v = Bal(u, 9€2) near a point zp € 092 at
which € has a cusp. Assuming that the density of the non-negative measure p on €2 vanishes or grows
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at a certain power rate at zg, we determine the asymptotic behavior of v near zy. More precisely, if
du(z) < |2 — 20|?72d%z as z — 2o for some b > 0 (where d?z = dxdy is the Lebesgue measure on C),
then we determine the leading order term of v(0Q2N B,.(zp)) as r — 0, where B,.(z) is the open disk
of radius r centered at zo. It turns out that the leading order term of v(9Q N B,.(z)) as r — 0 is
universal in the sense that it only depends on b and on the geometry of the cusp (more precisely, it
only depends on b and on the order and coeflicient of tangency of the cusp; these notions are defined
in Section 2.1 below). In particular, the vanishing rate of v is independent of the global structure of
2 and of the restriction of u to 2\ B,(z0) for any fixed r > 0.

We also treat the case when 2 has an arbitrary finite number of corners and an arbitrary finite
number of cusps at the same point zg € 9. If there are only cusps at zg, then it turns out that the
cusp with the lowest order of tangency determines the vanishing rate of v(0Q N B,.(zp)). If there are
also corners at zg, then the vanishing rate is determined by the corner with the largest opening angle.
Since the “width” of a cusp increases with decreasing order of tangency, this means that corners and
cusps contribute to the balayage measure near zy according to their width.

The present work is a continuation of [12], which deals with the case where  has a corner of
opening angle ma, 0 < a < 2, at zp. The results of [12] with @ = 2 cover the case of an inward-
pointing cusp, i.e., inward-pointing cusps are included as special cases of corners. In this paper, we
consider cusps pointing outwards in the sense that the interior angle of € vanishes at the cusp (as
opposed to inward-pointing cusps for which the interior angle of 2 equals 27). Precise definitions of
the classes of corners and cusps that our results apply to are given in Section 2.

The analysis of cusps presents a number of differences compared to that of corners. For example,
for any fixed z € Q, the harmonic measure w(z, Q2 N B,.(z0),2) has exponential decay as r — 0 in
the case of a cusp, whereas it has only polynomial decay in the case of a corner. In view of (1.1),
one might expect that this would lead to a much faster decay rate for v(9Q N B(2p)) in the case of
a cusp. However, there are other effects that also need to be taken into account: (1) if |z — zo| S 7,
then w(z, 00 N B, (2p), ) can be quite large (i.e. close to 1) for a cusp in the small r limit, and (2)
the integral in (1.1) runs over a smaller area near zg if 2z is a cusp. Taken together, these effects
imply that the vanishing rate of (922N B, (20)) at a cusp is only smaller by a factor r¢, where d > 0
is the order of tangency of the cusp, compared with the case of a corner with a small opening angle,
see Theorems 2.1 and 2.2.

1.1 Balayage of the uniform measure on a tacnodal region

There are few domains with cusps for which the balayage measure v in (1.1) can be computed
explicitly. However, if p is the uniform (Lebesgue) measure and €2 is the tacnodal region between
two osculating circles, we are able to determine v exactly, see Theorem 2.3. Such a region has two
cusps with order of tangency 1 at the point zg where the circles intersect. By extracting the small r
behavior of v(9Q N B,(z)) from the obtained explicit formula, we verify in Remark 3 the obtained
general asymptotic formulas for v(9Q N B,.(2)) in this special case.

1.2 Two-dimensional Coulomb gases

As another application of Theorem 2.3, we consider a Coulomb gas model with n points in the
presence of an external potential. We choose the external potential corresponding to the elliptic
Ginibre point process. To leading order, the points of this process distribute themselves uniformly
on the region S enclosed by an ellipse as n — oco. If one imposes the hard wall constraint that no
points are allowed to lie in a specified subset €2 of S, then the probability that no points lie in 2 can
be expressed in the large n limit in terms of the balayage measure v = Bal(ul|q, 92) where u is the
uniform measure [1, 2, 11]. Using Theorem 2.3, we compute the large n behavior of the probability
that no points lie on a tacnodal region between two osculating circles.



Figure 1: Tllustration of a finitely connected Jordan domain €2 with an analytic cusp at zg.

1.3 Organization of the paper

Our four main theorems are stated in Section 2. Theorem 2.1 gives the leading term of the balayage
near a single cusp, while Theorem 2.2 treats the case of multiple corners and cusps at the same
point. Theorem 2.3 gives an explicit expression for v = Bal(ul|n, 92) where 2 is the tacnodal region
between two osculating circles and u is the uniform measure. Theorem 2.4 gives the probability that
the elliptic Ginibre point process with n points has no points in a tacnodal region in the large n
limit. The proofs of the four main theorems are presented in Sections 3-6, respectively.

2 Main results

Before stating our main results, we need to introduce some notation. In particular, we need to
specify what we mean by a cusp. We will first introduce the concept of an analytic cusp with small
perturbation of angles as defined in [23]. Our main results will apply to cusps which locally are images
of analytic cusps with small perturbation of angles under power maps of the form z — zg+ (2 — 20)?,
p>0.

2.1 Definition of a cusp

Let B, (z) C C denote the open disk of radius r centered at z. Let C* = CU{o0} denote the extended
complex plane. If € is an open connected subset of C* such that 02 is a finite union of pairwise
disjoint Jordan curves, then we say that Q is a finitely connected Jordan domain. A regular analytic
arc in C* is the image of a closed interval I C R under an analytic function w : I — C* such that
w'(t) #0 for all ¢t € 1.

A finitely connected Jordan domain 2 has an analytic cusp at zp € IQ N C if O near zy consists
of two regular analytic arcs C+ C 052 such that the interior angle of  at zy vanishes, see Figure 1.
This means that there is an € > 0 and analytic functions w4 : Bg.(0) — C such that wy(0) = zo,
w', (0) = w’ (0) # 0, and such that the boundary of € near z is given by C} U C_ with Cy =
w4 ([0, €]). We choose Cy so that if they are oriented outwards from zg, then Q lies to the left of C.
and to the right of C_. After applying a rigid rotation if necessary, we may assume that the cusp



is tangent to R>¢ in the sense that w/ (0) = w’ (0) > 0. Furthermore, shrinking e > 0 if necessary,
we may after a reparameterization assume that w4 (r) = 7€'+ for r € [0, €], where 64 (r) are real
analytic functions of r in a neighborhood of r = 0 such that 64 (0) = 0, see [23, p. 37].

If h(r) = Y07, hyr™ is a non-vanishing power series, we define ord(h) as the smallest value of n
for which h,, is nonzero; if h(r) = 0, we set ord(0) = co. The function O(r) := 4 (r) — 0_(r) admits
a power series representation that converges near r = 0,

o(r) = i anr",
n=1

and the order of tangency of the cusp is the integer d := ord(6(r)) > 1. The first nonzero coefficient,
aq, is the coefficient of tangency of the cusp. Note that O(r) = agr? + O(r?t!) as r — 0. Following
[23], we say that the cusp has small perturbation of angles if min{ord(64(r)),ord(0_(r))} = d and
the coefficients agy1, ..., asq are all zero, i.e., O(r) = agrd + O(r?¥*1) as r — 0.

We say that a finitely connected Jordan domain 2 has a cusp at zo € 02 N C if there is a radius
r > 0 and a p > 0 such that the map p(z) = 2o + (2 — 20)? is bijective on Q N B,.(zp) and its image
©(Q2N By (z0)) has an analytic cusp at zo with small perturbation of angles. This definition of a cusp
implies that ©(r) = ar? + O(r?¥*P) as r — 0 for some a > 0 and d > 0, where rO(r) is the length
of QN IB,(z). We call d and a the order of tangency and the coefficient of tangency of the cusp,
respectively.

Whereas the order of tangency of an analytic cusp always is an integer, the order of tangency of
a cusp can be any positive real number.

Example 2.1. Let d > 0, a > 0, and p € (0,(7/(2a))/%). Then Q = {z € C:0 < |z| < p,0 <
arg z < a|z|?} has a cusp at 0 with order of tangency d and coefficient of tangency a. Moreover, if
d > 1 is an integer, then Q has an analytic cusp at 0 with small perturbation of angles.

Similarly, the domain in the right half of C ~ R? between the x-axis and the graph of the function
y = ax®™ has a cusp at 0 with order of tangency d and coefficient of tangency a. Moreover, if d > 1
is an integer, then this domain has an analytic cusp at 0 with small perturbation of angles.

2.2 A single cusp

We first state our main result in the case of a single cusp at zg, see Figure 1. The result will then be
generalized in Section 2.3 to the case of arbitrary finite numbers of corners and/or cusps at zp.
Recall that d?z = dady is the Lebesgue measure on C. We write

du(z) = (1 +0(1))|z — 20| 2d?2 as z — zp € 0% (2.1)

if for every € > 0, there exists py > 0 so that

‘M(A) - / |z — 20|?*72d22
A

< e/ |z — 20|?*72d22 (2.2)
A

holds for all measurable subsets A of QN B, (zp). Similarly, we write
du(z) < |z — 20|**2d%z as z — 29 € 012

if there exist pg > 0 and ¢y, co > 0 such that

cl/ |z — 20?7 2d%2 < w(A) < 02/ |z — 20|?72d22 (2.3)
A A



for all measurable sets A C QN B, (20). Given two positive functions f and g, we also write
flr) =<g(r) asr —0
if there exist an ry > 0 and constants c1, co > 0 such that
c1g(r) < f(r) < cag(r) for all r € (0, 7).

In the case of a single cusp, our main result is the following. We assume that w(-; E,Q) is
p-measurable for any Borel subset E of 0€2, so that the integral in (1.1) is well-defined.

Theorem 2.1 (A single cusp). Let Q be a finitely connected Jordan domain in C* = C U {oo}.
Suppose Q has a cusp with order of tangency d > 0 and coefficient of tangency a > 0 at a point
zo € 0 NC. Let u be a non-negative measure of finite total mass on Q such that du(z) = (1 +
o(1))|z — 20|**72d?z as z — 2z for some b > 0. Then, the balayage v := Bal(u,09) of u onto 09
obeys the following estimate as r — 0:

V(00N By(20)) = (1 + 0(1))%+dr%+d. (2.4)

In particular, if du(z) < |z — 20|?*2d?z as z — 29, then
v(0Q N By(20)) = r2+d asr — 0.
The proof of Theorem 2.1 is presented in Section 3.

Remark 1. The asymptotic formula (2.4) can be rewritten as follows: for every e > 0, there exists
an rg > 0 such that, for all r € (0, rg],

(1—e) P24 < (00 N B,y (20)) < (14 €) e r2+, (2.5)

2b+d 2b+4d

We will prove the upper and lower bounds in (2.5) separately. The assumptions we have imposed on
the cusp in Theorem 2.1 (i.e., that € locally is the image under a power map of an analytic cusp with
a(l—e)

small perturbation of angles) are needed to prove the lower bound mr%'*‘d < v(0Q2N By(2)) in

(2.5). The upper bound in (2.5), v(IQN B, (z0)) < aéiiifl)r%”, holds even without these assumptions

as long as O(r) < (1 + o(1))ar? as r — 0; see the proof in Section 3.

Remark 2. (Consistency check.) Suppose that ; is a Jordan domain with a corner of opening 7o
at zp, and that €25 is a Jordan domain with a cusp of order d and coefficient of tangency a at zy. In
particular, as r — 0,

O1(r) :== %|Ql NIB-(20)] = ma(l + o(1)), O2(r) := %|Qg N OB, (20)| = ar(1+ o(1)).

Let 4 be a non-negative measure of finite total mass on 23 U Qg such that du(z) = (1 + o(1))]z —
20|?*72d%z as z — z for some b > 0. Note that the leading term in (2.4) is universal in the sense
that it only depends on d, a, and b. Hence, if o and d are small (but fixed) and a = wa, one expects

v1(0 N By (20)) &~ v2(022 N B, (20)) for small r > 0, (2.6)

where v; := Bal(ulq,,09Q;), j = 1,2. We verify here that this is indeed the case. By [12, Theorem
2.1], for any € > 0,

tan(rab)

1
(I—¢) TE 72 < v (001 N By(2)) < (1+ 6)@ (1 + 7r(6b>r2b

2b 1 9p)
(03



00

) sz

00

Figure 2: Left: an open set Q with m; = 0 corners and my = 3 cusps at zp. Right: an open set )
with mq = 2 corners and msy = 2 cusps at zg.

holds for all sufficiently small > 0. As a — 0,

tan(rad) T 3 TQ 160 TQ 9
ke e iy ——2 =12 .
202 % 1O 5 ( e —2b)) 2 T O

Hence, if a = 0, then

(094 N B, (20)) ~ %T% for small 7 > 0. (2.7)

On the other hand, if d ~ 0 and a = ma, Theorem 2.1 implies that
TQ o
v2 (02 N By (z0)) = 5" for small r > 0. (2.8)

Taken together, (2.7) and (2.8) confirm the expectation (2.6).

2.3 Multiple corners and cusps

Our second theorem treats the case when 2 has my corners and mqy cusps at zg, see Figure 2.

We define a corner as follows. The image of a closed interval I C R under an injective continuous
map I — C* is a Jordan arc in C*. A Jordan arc C C C is of class C17, 0 < v < 1, if it has a
parametrization C' : w(t), 0 < t < 1, such that w’(¢) exists, is nonzero, and is Holder continuous
with exponent v on [0,1]. A finitely connected Jordan domain €2 in C* has a corner of opening 7,
0<a<?2 at zg € N2 NC if there are Jordan arcs C+ C 992 ending at zg and a ¢ € R such that

0] as Cy 2 z — 2o,

(2.9)
o+ma as C_ >z — 2o,

arg(z — z9) — {

and such that € lies to the left of C'; and to the right of C_ if C are oriented outwards from zp. In
(2.9), the branch is such that arg(- — z¢) is continuous in (2N B,,(20)) \ {20} for some small enough
po > 0. The corner is Hélder-C! if the Jordan arcs Cy can be chosen to be of class C17 for some
v > 0.

Theorem 2.2 (Multiple corners and/or cusps at the same point). Let Q2 be an open subset of C*,
let zg € O NC, and let mi,mo > 0 be integers such that m := my + mo > 1. Suppose there is a
radius po > 0 such that



(i) the open set QNB,,(z0) has m connected components {U;}7* satisfying U;NUy = {20} whenever
j # k, and such that for each j = 1,...,mq, U; has a Hélder-C* corner at zy of opening
ma; € (0,27], while for each j = mq+1,...,m, U; has a cusp at zo with order of tangency
d; > 0 and coefficient of tangency a; > 0.

(i1) Q\ Bp,(20) is a disjoint union of finitely connected Jordan domains.

Let
o:= max «; and d:= min d;.
1<j<my m1+1<j<m
Let u be a non-negative measure of finite total mass on Q such that du(z) = (1+0(1))|z — 20|?*~2d?z
as z — 2o for some b > 0. For every ¢ > 0, the balayage v := Bal(u, Q) of u onto 9 obeys the
following inequalities for all sufficiently small v > 0:

> jep 4 > jep 4j
1— JjE 2b+d < Q B < (1 JjE 2b+d . _
( 6)7%_’_(1 r <v(0QN B.(20)) < ( +€)72b+d r ifmy =0,
mi mi
tan(ma;b) T 16b
1-— AT 2 < QN B, < (1 ke (5 NS
(=9 3 B <vean B o) <149 1 ( ; W(O}j_%)>r
1
ifmi > 1 and 2b < ~
2 % 1 4 o 1 . 1
me(l — e)—br log() < v(0QN B(20)) < ma(l+ E)ET log () ifmi >1 and 2b = —,
™ o
1
cra <v(02N Br(2)) < Cra ifm; >1 and 2b > —,
o
(2.10)

for some constants ¢,C > 0, and where D = {j € {m1 +1,...,m} : d; = d} and mq = #{j €
{1,...,m1} 0 = a}.
In particular, if du(z) < |z — 20|?*~2d?z as z — 2o, then

P ifmy =0,
2b ' >1 and 2b < +
V(00N By () = ifmy 21 and 2b <3, (2.11)
T%log% ifmy >1 and?b:é,
ra z'fm121and2b>é.

The proof of Theorem 2.2 is presented in Section 4.

2.4 Balayage of the uniform measure on a tacnodal region
Let Qg . be the tacnodal region between two osculating circles of radii 0 < a < ¢ defined by
Qo ={z:|z—ci| <c}\{z:]|z—ai] <a}. (2.12)

Our next result gives an explicit expression for the balayage of the uniform measure on €, ., see
Figure 3 (right). The proof is presented in Section 5.

Theorem 2.3 (Balayage of the uniform measure on a tacnodal region). Let 0 < a < ¢ and let

v = Bal(u|a, ., 0Qa,c), where du(z) = %. Fork € Z and 0 € (—%,35)\ {%}, define
oif it
ful0) = (ic— (i + ) (c — a)k)2’ 9x(60) = (ia+ (i + €®)(c — a)k)2’



Figure 3: Left: the elliptic Ginibre point process with 7 = 0.2 and n = 2000. Middle: illustration
of the same point process, but conditioned on #{z; € zy + eiGOQa,c} = 0, where a = 0.3, ¢ =

0.55, 8 = 0 and zp = 0.2 — 0.6i. Right: the normalized density 6 w (blue) and

v(0(z0+e*?0Q, ¢
- 0
0 W (orange), i.e., the blue and orange curves show the normalized den51ty of the

balayage measure on the inner and outer circles of 9€, ., respectively. In accordance with Theorems

2.2 and 2.3, the density vanishes quadratically at the point where the circles intersect (corresponding
to 8 = —m/2).

a(i + et) c(i+e")
0) = . 0) = - . 2.1
pk( ) 1+k‘i(7:—|—6“9)(1—%), Qk( ) 1—|—k7;(i—|—6w)(1—§) ( 3)
Then the balayage v is given for z = ai + ae®, 6 € (—%,35)\ {2} by
dv(ai + ae®) c { S sin (S2r)
- : cm cos 6 c—2a
do (c—a)(1+sinb) | cosh (7(67@(1“1119)) cos (<247
2 3 CTC s
_ % s (cfa) a*em cosh ((cfg)(clojfin 0)) cos ( ) -1 }
cm cos 6 cr 2
cosh ((cfa)(1+sin0)) o8 (C*a) cTa (COSh ((cng)r(clojsein 0)) — C0s (cfa))
aC ipr (0 a2€2 = lpk 0)
+ Re Z (0 Z (0 } (2.14)
_ pr(0) — —ai
and for z =ci+ce?, 0 € (=Z,35)\ {3} by
dv(ci+ ce?) a { % sin (77)
- i am %) am
do (C B 0,)(1 +sin 9) cosh ((c—a)(i(fsin 9)) — CO8 (c—a)
a? am a cos 6 . ( am
o s (c—a) . a’er cosh ((c—a)(1+sin 9)) cos (c—a) -1 }
__amcosf an am cos am
cosh ((c—a)(ii—sin@)) — Cos (c—a) c—a (COSh (((:—(1)(17-&-301119)) — COS (c—a))Q
e 1qx(0) a2c? I 1qx(0)
Re | — 0 0)——————|. 2.1
e 2 O T 2 oee] (215)
In particular, as 0\ —73,
dv(ai+ae®)  a%(c—a) 9
= )4 (1 z 2.1
7 o 0+35)°(1+00+3), (2.16)



dv(ci+ce’®)  c2(c—a)

T i 051+ 00+3)), (2.17)
and, as r — 0,
v(0QN B, (0)N{z:Rez >0}) = %V(@Q N B.(0)) = C;Cag(l +0O(r)). (2.18)

Remark 3. Since

1
Og(r) = ;‘Qa,c NOB,(0) N {z:Rez > 0} = arcsin (22) — arcsin (;)

c—a
= or? -0,
2acr+ (r) as r

the region €2, . has two cusps with order of tangency d = 1 and coefficient of tangency - at the
origin. An application of Theorem 2.2 with b = 1, m; = 0, and mo = 2 therefore implies that
nv = Bal(d?z, 09Q,,.) satisfies

c—a
,',,3

(90N By(20)) = (1 + o(1)) (2.19)

as r — 0, which is consistent with (2.18).

2.5 Application to gap probabilities for Coulomb gases

The Coulomb gas model for n points on the plane with external potential @) : C — R U {+o0} is the
probability measure

1 n
— H |2; — z1,|P H e‘"gQ(zi)szj, 21,...,2n €C, (2.20)

" 1<j<k<n J=1

where Z,, is the normalization constant and § > 0 is the inverse temperature.
In this paper we will focus on the elliptic Ginibre point process, which corresponds to the external
potential

Q(z) =

1
ﬁ(|2|2—TR922), for some 7 € [0, 1).
-7
This model has been widely studied, see e.g. [8] for a recent review, and is illustrated in Figure 3
N > i i ) i 5 yr N
(left). As n — oo and to a first order approximation, the points 21 zn, accumulate uniformly on
the elliptical region S defined by

S:{zec;(Rez)2+<Imz)2§1}. (2.21)

1+7 1—71

Let p be the uniform measure on S given by

e ifzeS
du(z) = { 70= 1 2e (2.22)
0 itz¢S8S.

Large gap asymptotics for Coulomb gases are problems consisting in obtaining explicit asymptotic
formulas as n — +oo for the hole probability P(#{z; € Q} = 0), where Q is a given subset of the
plane. If 9Q C S, the leading order term is given in terms of the balayage measure Bal(ji|q, 09),
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Figure 4: The function x — F(z) defined in (2.25).

where fi is the equilibrium measure associated with the Coulomb gas (for the elliptic Ginibre point
process, i = p is given by (2.22)) [2, 11]. Large gap asymptotics have been widely studied; see
e.g. [1-3, 9-11, 14, 22] for results in the case where 0 C S has a smooth boundary, and [2, 11] for
some cases where { C S has a corner (see also [6] for related results on a constrained optimization
problem, and [24] for important applications to physics). Theorem 2.4 below provides the first large
gap result in a situation where €2 has a cusp.

Let zo+¢€ (), . denote the tacnodal region €2, . defined in (2.12) rotated by an angle 6y € (—, ]
and then translated by zy € C:

204 €0, . = {z: ]z — (20 + cie®®)| < e} \ {2 : |z — (20 + aie’®)| < a}. (2.23)

Let ¢(z) := % be the digamma function, where I'(z) := f0+oo t*~1le~!dt is the Gamma function.

The proof of the following theorem is presented in Section 6.

Theorem 2.4 (Gap probability). Let 3> 0. Let 7 € [0,1), 290 € C, 6y € (—7, 7], and 0 < a < ¢ be
such that the tacnodal region zo + €%, . in (2.23) is a subset of the elliptical region S defined in
(2.21). As n — 400, we have

P(#{2; € 20 + €% Q, .} = 0) = exp (—Cn® +o(n?)) (2.24)

with C = %F(%), where F(x) is defined for x € (0,1) by

1
F(x) =1—a* — 42/ () : (2.25)
1—=x
Using well-known special values of ' (see e.g. [28, 5.4.14, 5.4.15, 5.15.4]), we get

93 — 872 112 - 972, 245 — 2472
Clest =755 7% Cles=7r P Ol ="gg 7o

959 — 9672 2272 — 22572 23821 — 240072
Clacs = =0 B (Cla_s = 222200 et Ola_s = 22— 270 gt

o=t qoas ¢ Cle=t 500 e=2 45000

As 2 increases from 0 to 1 with ¢ fixed, the tacnodal region zp + €%, . shrinks to the empty
set, and hence the probability that there are no points in zy + e*% Q,,c increases to 1. This means
that F(z) should be a decreasing function of z € (0,1) that approaches 0 as  — 1. On the other
hand, when a = 0, zg + ewoﬂ,w is a disk, in which case it is known from [11, Remark 2.11 and
Theorem 2.24] that (2.24) holds with C' = %. Hence we also expect F'(0) = 1. We verify these
properties in the next proposition, whose proof is included in Appendix B; see also Figure 4.
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Proposition 2.5. The function F(x) defined in (2.25) for x € (0,1) extends to a continuous strictly
decreasing function of x € [0,1] with F(0) =1 and F(1) = 0. The behavior of F(x) near x = 0 and
r=11s

2m2 3
Fz)=1—- —uz°+ 0(a”) as v — 0, (2.26)

3
F(z)= ?(1 —2)? +O((x —1)*) as x — 1. (2.27)

3 A single cusp: proof of Theorem 2.1

The content of this section, as well as Section 4, relies on several estimates for harmonic measures,
which we present in Appendix A.

Let © be a finitely connected Jordan domain in C* with a cusp with order of tangency d > 0
and coeflicient of tangency a > 0 at a point zg € 02N C. By applying a translation, we may assume
without loss of generality that zg = 0. Fix € > 0 and b > 0. By choosing pg > 0 small enough, we
may assume that 2 N 9B, (0) is a connected set whose length r©(r) obeys

rO(r) < (1 + e)ardt! for 0 < r < pg (3.1)

and that (A.6) holds for a single cusp at 0, so that if » > 0 and z € , then

8 r=d—|z| ¢ .
(2,001 Bo(0),0) < ;exp(—7r7$+e)gg ) i 0 <7< |z| < po, (3.2)
B %exp(—ﬁr(p;)p;d) ifo<r<po <z

Let u be a non-negative measure on 2 of finite total mass such that du(z) = (1+0(1))|z|?**~2d?z
as z — 0. Shrinking pg > 0 if necessary, we may assume that

(1—¢) /A |22°72d%2 < pu(A) < (1 +¢) /A |2|?°72d? 2 (3.3)

for all measurable subsets A of QN B, (0). Let v = Bal(u, 09).

3.1 Proof of upper bound

We first prove the upper bound in (2.5).
Recall that, by definition, (02N B,.(0)) = [, w(z, 92N B.(0),Q)du(z). For r € (0, py) we write
(02N B,.(0)) as the sum of three integrals:

I/(aQ N BT(O)) == Il,'r' + IZ,T + IB,T7

w(z, 00N B,(0),2)du(z),

I, = / w(z, 00N B, (0),V)du(z), I,:= /
QNB,.(0) (2N By, (0)\Br(0)

Using the fact that the harmonic measure of any set is < 1, (3.3), and (3.1), we find

Iy S/ du(z) < (1+€)/ |2|2=2d22 < (1—|—e)2a/ -1
QN B, (0) QNB,-(0) 0

11



_ (4% 54
2b+d

for all r € (0, po), provided that py > 0 is chosen small enough. To estimate I ,., we use (3.1), (3.2),
and (3.3) to write, for r € (0, pg) (shrinking again pg if necessary),

—d _ |,|—d
I, < (1+e)/ §exp <7T7A|Z|>|Z|2b2d22
(N B, (0)\B(0) T (1 +€)ad

—d_ —d
<(1+¢) /po Sexp (=l Yapt(1+ ) Ldp
- . T (14 €)ad

< (146D, (3.5)

(3.4)

where

~ PO Q¢ r_d _ p—d
Ly=[ — — | p?"t " ldp.
> A wem< ”O+dw>p ?

Let R = 2% and ay := (1 + €)a. In what follows, we use C' > 0 and ¢ > 0 to denote generic strictly
positive constants. With the changes of variables p = rp and y = r~%(1 — 5~%), we get

R ~—d
I, = 8—ar2b+d/ exp <— m"_dil —P >ﬁ2b+d_1dﬁ
7r 1 aod

—dq_p—d
L =
wd 0 (1-— Tdy)%b+2

r—d ™ - —R™ s
8a op124 /T exp(iﬁyd) d +/’" R eXp(iﬁyd) d
= —7T B — e - s
nd R K A = S Rk R

i i3 r~4(1-RrR™? — r__
< B [T Ol [T O )
wd 0 (1/2)74_2 r—d R

2

s Tid
S C,r2b+2d <1 +T72673d€_m72 ) S C?"2b+2d

for all r € (0, pg). Finally, using (3.2) and the fact that p has finite total mass, we obtain

—d_ . —d -
I3, < 8 exp < ﬂ_rpo> / du(z) < Ce™ " ‘ (3.6)
U a2d Q\B,, (0)

for r € (0, po). Combining (02N B,.(0)) = I , + I, + I3, with (3.4), (3.5), and (3.6), we find after
shrinking pg if necessary that

(1 +€)3ar2b+d
2b+d

which is the desired upper bound on (9 N B,.(0)) stated in (2.5) (since € > 0 is arbitrary).

v(0Q N B,(0)) < for all r € (0, po),

3.2 Proof of lower bound

The open set U := QN B, (0) has a cusp at 0. By applying a rotation if necessary, we may assume
that the cusp is tangent to R>o. Furthermore, shrinking pg > 0 if necessary, we may assume that U
is simply connected and that there exists a p > 0 such that the map

plz) = 2"

12



is bijective on U and ¢(U) has an analytic cusp at 0 with small perturbation of angles.
Using that w(z,0U N B,(0),U) is everywhere nonnegative, we get

V(09N B, (0)) = /

w(z,0U N B,(0),Q)du(z) > / w(z,0U N B,.(0),Q)du(z).
Q

U

For r € (0, pgl, we have 90N B,.(0) = dUNB,.(0) and, by the maximum principle, w(z, 0UNB,.(0), ) >
w(z,0U N B.(0),U) for all z € U. Hence, using also (3.3), we obtain

wmmam»z/

w(z,0U N B,.(0),U)du(z) > (1 —e)/ w(z,0U N B,.(0),U)|2**2d?2.
U

U

To complete the proof of Theorem 2.1 it is therefore enough to show that
/ w(z,0U 0 B, (0), U)[2[2-2d22 > cor2v+d (3.7)
U

for all sufficiently small 7 > 0, where ¢y = (1 — €) 5%
The next lemma shows that (3.7) will follow if we can show a related bound where U is replaced

by ¢ (U).
Lemma 3.1. If

2b+d

I, = / w(z,0p(U) N BT(O),QD(U))\ZF%_Zdzz > cop’r e (3.8)
©(U)

for all sufficiently small r > 0, then (3.7) holds for all sufficiently small r > 0.

Proof. Making the change of variables z = ¢(v) = vP and using that ¢ : U — ¢(U) is a bijection, we
obtain

copr v <l = / w(p(v), 0p(U) N B (0), (U))|ip(v)[*» 2p? v~ 2d?v
U
= / w(v,dU N B,1/,(0), U)p?|v[**~2d>v,
U
where the second equality follows by the conformal invariance of harmonic measure. Replacing r by
rP, the desired conclusion follows. O]
We will prove (3.8) by applying the following result. Let H:= {z € C: Imz > 0}.

Lemma 3.2. Let 21 C C be a simply connected domain with an analytic cusp at 0 with small
perturbation of angles which is tangent to R>¢ at 0. Let f : H — Qy be a conformal map with
f(0) =0. Then, as w € H tends to 0,

10) = (= g ) (L o0) (39)
() = J(0) o (14 of1). (3.10)

where dy is the order of tangency and ay is the coefficient of tangency of the analytic cusp.
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Proof. The first identity (3.9) is a consequence of [23, Theorem 10]. The second identity (3.10) can
be proved as follows. By [23, Theorem 10 and proofs of Theorems 9 and 11], the functions f : H — Q4
and f~!:Q; — H satisfy

1
™ a 1 -
_ —(_ ] - - 3.11
f) = gtwie), )= (- 5T )T e e (G e G
where the principal branch is used for the log and the roots, £ : H — C is analytic and satisfies
&(w) =140(1) as w — 0 in H, and ¢ : 23 — C is analytic and satisfies ((z) = £+ o(1) as z — 0
in 4 for some ¢ € C\ {0}. Moreover, £ can be analytically extended to a slightly bigger domain, so
that
1 §w)
¢ (w) = —/ ————dw (3.12)
2mi JoB, o (w) (W — w)?

holds for all w € H that are sufficiently close to 0. A more precise asymptotic formula for &(w) as

w — 0 in H can be obtained as follows: as z — 0 in Qg,

FUTE) === (_ dia; log {exp (dla_;;dl)(ﬁ + 0(1))] ) )
(o) V7O = (1 A o e

It follows that £(f~1(2)) =1 — %zdl +o0(z%) as z — 0 in 1, or equivalently,

! log ¢ log ¢

{(w) =1 Flw)™ +o(f(w)™) =1+

o( L ) as H>w — 0.

dy logw log w

One can also rewrite the above as

log ¢ 1
=1 H 0
§(w) + di1og_ jo(w) 0(logw) as 3w
where log_, j5(w) := log|w| + iarg_ »(w) and arg_. »(w) € (=3, 37”) Since 1+ g5 logl‘igiz(w) is

analytic in Bj,/2(w) for all w € H, by combining the above with (3.12), we infer that ¢'(w) =
o(w™(logw)~™") as H > w — 0. Since ¢'(w) = g(w)7——, by (3.11) we have

diwlogw’

_ -t
diwlogw

f'(w) = g (w)é(w) + g(w)¢' (w) = f(w) (1+o0(1)) asH>w—0,

from which (3.10) follows. O
In view of Lemma 3.1, the next lemma completes the proof of Theorem 2.1.
Lemma 3.3. For any fized € > 0, the estimate (3.8) holds for all sufficiently small r > 0.

Proof. Let a > 0 be such that ©(r) = ar?(1 + O(r?*?)) as r — 0. Let 701(r) be the length of
©(U)NIB.(0). Then O4(r) = p@(r%) = parg(l + O(T%H)) as r — 0, so the cusp of p(U) at 0 has
order of tangency d; := d/p and coeflicient of tangency a1 := pa.

14



Let f : H — ¢(U) be a conformal map with f(0) = 0. By Lemma 3.2, f satisfies (3.9) and (3.10).
It follows that f obeys the following two estimates: for any fixed € > 0,

1
(dlﬂ;ll)dl 1—6

el log fu 7

)] > (1 )( @ )dl and [f/(w)] > (3.13)

| log [w]|

for all small enough w.
Performing the change of variables z = f(w), the integral I, defined in (3.8) can be written as

Ir:/“(f(U)),&P( ) N Bo(0), 0(U))|f ()5 72|/ (w)|PdPw
H

Using the conformal invariance of harmonic measure, the estimates (3.13), and the relations dip = d
and a; = pa, we deduce that

L>a-o¥( T *pi wlw, 7 @e(0) N BO)H)— Ly 1)
da d

[Log [u][F+2 [ul?
Solving (3.9) for w = f~1(z), we find
) = ¢ masan W) _ = o (o) as z € () tends to 0,

and so

(1+e)w (1+e)m
} (3.15)

PO N B, (0) 5 | -

for all sufficiently small r > 0. If [ag, bo] is an interval, then w(w, [ag, bo], H) is the angle (divided by
m) of the interval [ag, by] as seen from w, i.e.,

oo 1 = (et (L0 (Rt

Im w Imw

Let w = pet?. If [~u,u| is a symmetric interval around 0, then for all § € (0,7) and for all p € (0,u),
we have

w(w, [—u,u], H) > w(ip, [—u,u], H) = %arctan <Z> (3.16)

(4297
For p € (0,e «ar?/? ) and all sufficiently small r > 0, we have

(14e)m

2 e adard/p
—arctan| —— | > 1 —e.
™ 14

(1t+e)=

We conclude from (3.14), (3.15), and (3.16) with © = e «ar%/? that

(4207

. e “adrd/p

2b

I, >(1—¢)% ! //

=tmar <da> “ng|2b+2

(1420

2b d/p
25 T dp2 e adr 1
=(1— p+1 —_— — / 7(1
(1=¢ (da> " ), log ol F+25 "
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Since

(1429w (1426)m

adrd/1 _2b_ —2b_ " aard/ Ty —2b__

/e T Glog ) HE | (o p) F e e (G

0 P 1+%2 o 1+ %
we obtain

— )7t
i
(1+20F+H" 20+d

which is the desired estimate (since € > 0 is arbitrary). O

4 Multiple corners and cusps: proof of Theorem 2.2

Suppose € is an open subset of C* satisfying (i) and (i7) of Theorem 2.2 with 2y = 0. Shrinking
po > 0 if necessary, we may assume that the conclusions of Lemma A.3 hold. Let o := maxi<j<m, ¢
and d := min,,, +1<j<m d;. Then ma is the largest opening of the corners at 0 and d is the smallest
order of tangency of the cusps at 0.

Suppose p is a non-negative measure of finite total mass on Q satisfying du(z) = (1 + o(1))|z —
20 72d*z as z — 0. Let v := Bal(y,0Q) and let v; := Bal(ul|y,,0U;) be the balayage of the
restriction of u to the component U; of QN B, (20).

The leading behavior of v(0Q2N B,.(0)) as r — 0 receives contributions from the corners and cusps
at 0. The next lemma shows that the contributions of the corners and cusps decouple and can be
computed locally up to terms of order O(rl/ @). Furthermore, if there are no corners at 0, the cusps
decouple up to exponentially small terms. The reason behind the decoupling is that it is unlikely
that a Brownian motion starting from a point in U; first leaves Uj, then enters another component
U; with ¢ # j, and then makes it all the way to 0U; N B,.(0) without leaving 2. (We recall that
w(z, E,Q) can be interpreted as the probability that a Brownian motion starting at z exits ) at a
point in E, see e.g. [15, p. 73].)

In this section, we use C' > 0 and ¢ > 0 to denote generic strictly positive constants.

Lemma 4.1 (Decoupling and localization). If Q has at least one corner at 0 (i.e., if my > 1), then
(02N B,(0)) — Cra <> v;(8U; N B,(0)) < v(9Q2N B,(0)) (4.1)
j=1
for all sufficiently small r > 0. If Q has only cusps at 0 (i.e., if my =0), then

V(00N B, (0)) — Ce= " < zmj v;(dU; N B, (0)) < v(dQ N B,(0)) (4.2)

j=1
for all sufficiently small r > 0.

Proof. In the absence of cusps, the estimate (4.1) was proved in [12, Lemma 6.1]. The proof relies
on the estimate (A.4) of Lemma A.3 and the same arguments yield (4.1) also in the presence of a
finite number of cusps.

The proof of (4.2) follows the same steps, except that if U; has a cusp, then (A.4) implies that
w(z,0U; N B-(0),Q) < Ce=e ™" forall 0 < r < pg < |z|, z € Q. (If U; has a corner, then it instead
holds that w(z,dU; N B,(0),Q) < Cr/ for all 0 < r < py < |2], z € Q.) Since emer Y < g
for all j =mqy +1,...,m, the desired conclusion follows. O
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If U; has a cusp at 0, then we can estimate v;(0U; N B,(0)) by applying Theorem 2.1 to the
domain Uj;. This yields
a;

2 <y (QU; N B(0)) € (L4 €) 52 forj=my +1,..,m (4.3
2b + d

1—
(-6 2b+d,

and all sufficiently small 7 > 0. On the other hand, if U; has a corner at 0, then [12, Theorem 2.1]
implies that

tan(ma,b) o Ty 16b % . 1
A Skl S <y ) < e} v —
(1—¢) TR <v;(0U; N B-(0)) < (1+¢) 5% 1+7r($—2b) r if 2b < o’
(1- 6)37’21) log(1) < v;(0U; N B,(0)) < (1 + e)ér% log(1) if 2b = i,
b " b " o
BN L 1
er®i <v;(0U; N B,(0)) < Cr=i if 2b > —. (4.4)

aj

Summing (4.4) over j from 1 to my, and (4.3) over j from m; + 1 to m, we obtain, for all
sufficiently small r > 0,

(1— TR 0kt < $° (00, 1 B, (0) < (1-+ 0 SR v iy =0,
+ = +
X tan(mayb) - A Ta 16b
11— =22 <> y(0U; N B (0) < (14€) Y J(l + 1>r2b
e pa 2% (L —2b)
1
if my >1and 2b < —,
o
me(l — 6)37’217 log(1) < Em v;(0U; N Br(0)) < mq(l +e)ér2b log(1) if m; >1and 2b = 1
« b P 7].:1 7 J T =~ (oY b T 1= Oé’
ore < E v;(0U; N B-(0)) < Cra if my >1and 2b> —
i=1

Combining these inequalities with Lemma 4.1, the asymptotic estimate (2.10) follows. The estimate
(2.11) is a direct consequence of (2.10) (see also [12, end of Section 5]). This completes the proof of
Theorem 2.2.

5 Balayage of the uniform measure: proof of Theorem 2.3

Let ¢ > a > 0 and let Q, . be the tacnocal region defined in (2.12). Let p; be the measure defined

by duy(z) = §|z|2b’2d22. Even though our final result (Theorem 2.3) only applies to the uniform
measure (corresponding to b = 1), we first consider the more general case b > 0.

The balayage measure v := Bal(up, 0€4,) can be expressed in terms of the harmonic measure as
n (1.1). Equivalently, using e.g. [11, Theorem 4.6] (see also [15, Corollary 11.2.6] and [31, Theorem
I1.4.11]), v can also be expressed in terms of the Green function go, . of Qg as follows:

/ ‘Wdﬂb(w))w for all 2 € (92, ) \ {0}, (5.1)
Qae on,

dv(z) = (
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Figure 5: The conformal map ¢ from €2, . onto the upper half-plane, with ¢ = 0.45 and ¢ = 1.2.

where n_ is the normal at z pointing into €, .. Recall that the Green function gy of the upper
half-plane is given by

gu(z,w) = % log E_Z' (5.2)
The function ¢;(z) = i--2=2% maps , . conformally to the strip {z : Imz € (0,1)}. Since
2(z) = €™ is a conformal map from this strip onto the upper half-plane H = {z : Im z > 0},
. ¢ z—2al
o)1= palir(2)) = exp (mi 22 ) (5.3
is a conformal map from €, . onto H, see Figure 5. Using (5.2) and (5.3), we obtain
1 z) —p(w
Note that €2, . can be parametrized as
Qe ={ai+re? 0 € (—Z,30),r € (a,Re(0))} (5.4)
where
Re(0) = (¢ — a)sin @ + v/a(2c — a)(cos )2 + ¢2(sin §)2. (5.5)

For w = ai + ze'®, a € (-3, 2%), x € (a, Re(0)), we have d*w = zdzdo, and thus

) b2 )
dup(ai + ze') = —|ai + ze'|** " 2xdzda.
™
3 3 — 16 T 3
Using (5.1), we obtain, for z = ai 4+ ae’’ and 6 € (=7, 5F),
3m
d 5 Re(o‘) d X X X
|Vd(zz|) = / / [d?ﬂggw (ai 4+ xe'™, ai + re“g)} dpp(ai + xe'®)
-z Ja r=a

2¢cet? 3 Re(a) 1 b2 .
= Re Ce' 102 / / 24 iy _qeib 7|a2 + xeza|2b_2l‘d.13da.
alc—a)(i+ ) —z Ja L. iex _ ei%s—ac .

c—a (i+ei0)(a—icioz)
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From (5.4), we conclude that w € Q. whenever w = ai + ze'® for some o € (—%,3%) and = €
(a, Re()). Hence, the above can be rewritten as

i 2
dv(z) = Re 2ce , / ! . b—wb_lﬁb_ld%), (5.6)
Q

|dz] a(c—a)(i+e?)? Jo, 1_ efiﬁ 7azjfjfj);w

where the principal branch of the root is used if b ¢ N5.

The denominator of the integrand vanishes if and only if w = py, for some k € Z, where py = pi(0)
is given by (2.13). A direct analysis shows that either |py — ai| < a or |pr — ¢i| > ¢ holds, so that
Dr & Qa.c, see also Figure 6 (left). Note also that |pg — ai| = a.

a0

‘ o {agt
°, {rrdr>o L RIR<O

Figure 6: The points {py}rez (left) and {gx}rez (right) lie outside Q, . (yellow). (In the figure,
0 =0.22m,a=0.75and ¢ = 1.2.)

Since the integrand in (5.6) has no singularity in , ., we can apply Green’s theorem. However,
since the integrand has an essential singularity at 0 € 92, . and a simple pole at py € 98, ., extra
care must be taken. Using Green’s theorem, we obtain

1 b2 1 b2
b—1-—b—142  _ 1 b1 o
/ 2cn aitaei® —w —w w d*w = 61_1)%1 2cr aitaet? —w —w w d*w
Qa,c 1 —ec 9 (iteifyw +JQate,c—e\Be(0) 1— e (+eiw
1 bW

~ o hm 2 al+u.e7'9—w —w 7dw

22 e—04 Qateo—e\Be (0)) _ Cu; sfteerou T b

b 1
— b—1—b
- 2mi . . 2or aitac?—w ¥ W dw (5.7)
Cc—0+ (CZ) Ca+0+ (az) 1 _ ec,a (i+e’v'9)w

where C.(zp) denotes the circle of radius r centered at zp and oriented in the counterclockwise
direction. In the last equality above, we have used that

1 1 b? w®
- lim/ —— Lt 1Y g = lim O(e?) =0,
20 20 Jo(Quye e \B(0)NB(0) | _ EE G ma T b =0
which follows from the fact that
2cm ai + cuei"9 —w _ 2acm +00), as 1w — 0.
c—a (i+e®w (c—a)w
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We assume from now on that b = 1 (it is in principle possible to obtain explicit results for the

more general case b € N5, but it becomes technically more involved). For w € C,(ri), we have
—irw

W = "%, so the right-hand side of (5.7) can be rewritten as
1 1 —ciw 1 1 —atw
97 2 aitaett —w dw - 5 2 aitaet? —w dw' (5’8)
2mi Jo. o, (ei) | _ Rt ST W Cl 28 J G0, (ai) | _ 2Rt W — O
Asw — py, k€ Z,
2em ai+ ae’® —w 1
. =2mik + —(w — O((w —pr)?),
c—a (z’—i—ele)w + ak( pk) + (( pk) )
where

ac(c—a)(i +€¥)?
2n(ic — k(c — a)(i + €i?))2’

a = ag(0) := (5.9)

Hence, for any k € Z,

1 = Qg Tip
Res( — YT pk) =t ko r € {a,c}.

2cn aitaet® —w g
1 —ec@ (i+eie)w ™ ™ pk} T

Also, a computation yields

R 1 —atw a? 2mia?ce
— Res Jw =00 | = —
1 e?c'r’; azj:feel‘ei;w w — CLZ 1 _ ech(H) (C _ a)(l _ 6(;G(0))27

1 —ciw . 2
ReS T ;W = Cl = — - =
2cm az+a,ej‘ —w o — cl 27i m,—a,z—‘ae"
— e (itei®)w _ee—a itei®
e e

cG(0)

where G(0) := (1:11)2(% Deforming Cavo, (ai) toward oo and C._g, (ci) toward ci in (5.8), and
using (5.6) and (H_;e)z = 2(1+Sm9), we obtain, for z = ai + ae’’ and 6 € (-3, 37),
dv(z) c Im{ c? 3 a? 2mia®cec ()
do (¢ —a)(1+sinb) 1_ efjjl “1%{;9 1—e=cGO) " (c—a)(l —ecG0)2

Cipk aipy
. 5.10
+ Z —ci + Z DL — ai } ( )

he—oo Pk k=1

After further simplifications, we get (2.14). _
For the computation of dv(z) with z = ci + ce??, 0 € (— oz 37”), instead of using the conformal
map ¢ defined in (5.3), it is more natural to use

¢(z) := exp (ﬂ'i 4 2Ci>.

cC—a z

E}

This function is also a conformal map from Q, . onto H. The formula (5.1) yields

dv(z) 1 v io|2b—2
|d/Z‘ = Re (C— a 619 //>0 ae(—%,38): _ 2iax ey ceib ?‘CZ +ze ‘ rdrdor.

cz-&-xe“"eﬂa . — e 79 (iteif)(c—ielx)
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For b = 1, a similar analysis as above yields

dv(z) a I c? a? 2mia?ce?@ ()
= m __ —
do (c—a)(1+sinb) 1 effi st 1—e0G0) (¢ —a)(l - exG0))2

—+oo .
qu Clqg
+ -
Z 5/« ;ﬂqu_cz}v

k=—o0

where 8y = Bk (0) := 2W(;§j_(,:(;i)(§%ii)j))2 and gy is given by (2.13), and after further simplifications

we obtain (2.15). This completes the proof of the first part of Theorem 2.3.
It remains to prove (2.16), (2.17), and (2.18). From (2.14), we infer that

dv(ai + ae' Z fu(6 Zpk a262 if Zp/c + O T
de — k( pk )—ci K ) — ai ¢
a®(3c — 2a) ac? ip_r(6) a’c? ipr(0)
= LT g g omy2 (0 0 !
2cm 0+3) +ZRQ[ T J-xl )p_k(ﬁ)—ci+ ™ Tl )pk(ﬂ)—az} +0(0+3))
(5.11)
as 0\, —5. Let A\ := k(0 + 7). We observe from (2.13) that, for j =0,1,2,3,4,
‘ 50 C iﬂ" pr(0) C 873" pi(0) c (5.12)
007 [\TF\ | = 1—1—)\2’ 007 Ixpr(0) —ai| — 1+ |\’ 007 Iapr(0) —ci| — 1+ A

for all § > —7 sufficiently close to —F and all k¥ € R, where 55 | » denotes the partial derivative with

respect to 6 with A held fixed. Taylor expanding around ¢ = —% with )\ > 0 held fixed, and then

using (5.12) to bound the error term uniformly in A, we obtain, as 6 \, —

Re {a;gf—k(@) ip—k(0) a*c? ipk(0) ]

PENC B (g

=hﬂMw+§f+hde+§P+O(

©+3)"
1+ A3

uniformly for A > 0, where
a?(2¢ — a)c(c* — 6(c — a)?c®* A% + (c — a)*)\?)
(e + (c —a)?A?)4 ’
a?(c— a)*c3A(5ct — 10(c — a)?c2AN? + (c — a)*A?)
(2 + (c — a)2)2)> '

ha (M) =

h3(A) = —
Using the Euler-MacLaurin formula (in the form [10, Lemma 3.4 with n = 0—]) as 0\, —Z we get

2

+o00 . 2 . 0o
ZRQ [ajfk(Q) 2P—k(9) 4 a“c fk(e) Zpk(9) :| _ (9_,_ g)Q |:9iﬂ-‘/0 hg()\)d)\
k=1 2

p—k(0) —ci ™ pi(0) — ai
h22( ) +00+3% )] +(0+3)° [(”15 /0°° hg()\)d)\+(’)(1):| LO((0+ ).
Since
- _ _d’(2c—a) > ~ a*(c—a)
/O ha(NdA =0, hs(0) = ———, /O hs(NdA = ———=,
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we have

> e [0 o O] - OB 200+ )

and substituting the above into (5.11) yields (2.16). The proof of (2.17) is similar.
We now turn to the proof of (2.18). The first identity in (2.18) directly follows from the symmetry

dv(ai+ ae’“F0)  dv(ai+ ae 5 —0) dv(ci+ ce’“EH0)  dy(ci+ cel(5=0))

do do ’ do do '
which can be verified using (2.14) and (2.15). For all r € (0, 2a],

04(r) 0.(r)

v(0QN B, (0)N{z:Rez >0}) = / dv(ai + ae'™) +/ dv(ci + ce®), (5.13)

T —
2

[SE]

where

2 2
0,(r) = arcsin <%“2 - 1), 0.(r) = arcsin <2(:2 - 1).

Taking r — 0 in (5.13), and using (2.16)—(2.17), we find (2.18). This finishes the proof of Theorem
2.3.

6 Hole probabilities: proof of Theorem 2.4

Let § > 0 and 7 € [0,1). Let S and p be as in (2.21) and (2.22). Let zp € C, 6y € (—m, 7],
and 0 < a < ¢ be such that zy + €% Q, . € S. By [11, Theorem 2.5 (i)], as n — +oo we have
P(#{z; € 20 + €%Qq4 c} = 0) = exp ( — Cn? 4 o(n?)), where

d2
C= f( Q(z)dv ) (6.1)
89@ c
Q(z) = 1 172 (|z:|2 —7Rez ) and v = Bal(plq, ., 0Q4,c)-
By [11, Theorem 2.24], C' = C(r, z0, 6p) satisfies
1
C(T, 20, 60) = mC(O, 07 0) (62)

Hence in what follows we assume that zy = 0, 89 = 0, and 7 = 0.

6.1 Evaluation of [, Q(z)%

Let us compute the second integral in (6.1). Using the parametrization (5.4) of 2, ., we get

a2 TR0 drdf
/ Q(z)—'z:/ / (a2+r2+2arsin9)r !
Q m -z Ja m

2 1 (™ 2a [T 3a
2 - 4 it el
» R.(6)=d0 + 47T/ R.(6)*d0 + 3 R.(0)%sin 6 df 5 (6.3)

_a
Cor

—T —T
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Lemma 6.1. The following identities hold:

/ R.(0)%df = 27c?, (6.4)
/ R.(0)*d0 = 2nc?(2a* — 4ac + 3¢?), (6.5)
R.(0)*sin 0 df = 37(c — a)c?. (6.6)

—T

Proof. To compute these integrals, we define

Bo(z) = (c—a)z_'f“’_l N Va2 + 2 = 2ac /2 —,z\/z—zl\/z-f-,zl\/z_|_227
21 2 P

where the principal branch is used for the roots, and

c++/a(2c —a) c—/a(2c—a)
291 = —— = 7=
c—a c—a
Note that zp > 1 and 2; € (0,1). So R, is analytic in C \ ((—o0, —22] U [— zl,zﬂ u [22,—1-00)), and

has simple poles at 0 and co (on both sides of the cuts). It is easy to check that R.(e’) = R.(6) for
all € R (recall that R.(0) is defined in (5.5)).
For (6.4), we apply the change of variables z = e,

T N d
/ Ro(0)2d0 = 7( Re(2)?Z =1 + I,
-7 S 1z
where S7 is the unit circle oriented positively and
I - 7{ {((c—a)z_ %—1>2 . a?+c? —2ac (29 — z)(z—zl)gz+z1)(z+z2)}<?z7
S, 2 4 z 1z

va? 4+ c? — 2ac
s ¢

I, =(c—a) — 2 YWz — 2vVz — 2z + 2iVz F 22dz.

The integrand of I is analytic in C\ {0}, and can therefore be computed by a residue computation.
This gives I; = 2nc?. For I, by deforming the contour towards oo, we get

M —+o0

(/ / > NEREN z%dm] o,

since the first integral §CM(O) = ffCM(O)ﬁH + fCM(o)\H tends to m — 7 = 0 as M — +oo, and since the
integrand of the second integral is odd. Similarly, by deforming the contour towards 0, we get

d
% Yz — 2z — 2iVZ + 217 + 22dz = — 2 \/zg—xz\/z%—ﬁ—x:
S1

. x

dz
j{ 2732 — 2Vz — 2iVZ + 21VzZ + 22dz = lim [7{ Vs — 2z — 212+ V2 + 29— 3
S1 Car (0)

0, (6.7)

where { stands for “principal value integral”. For the first equality in (6.7), we have used that

Res < Y \/z — zl\/z+zl\/z+zg> =— Pjgs .(/ZQZ_Z\/zzl\/zszl\/erzQ),

z=041
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and for the second equality in (6.7) we have used the fact that the integrand is odd. (In the above
equation, the notation z = 044 (resp. z = 0_1) indicates that the residue is taken at z = 0 from the
upper (resp. lower) half-plane.) Thus I, = 0 and (6.4) follows.

The proofs of (6.5) and (6.6) are similar (albeit more involved), so we omit them. O

Substituting (6.4), (6.5), and (6.6) into (6.3), we conclude that the second integral in (6.1) is
given by

/ Q(z)% = 2(04 —a%). (6.8)
Qac

6.2 Evaluation of [y, Q(z)dv(z)

We compute the first integral in (6.1). Since 082, . = Cy(ia) U C.(ic), we have

3m 3m

: 62 i0 : 102 0
Q(2)dv(z) = / |ai + ae® |*dv(ai + ae®) + / |ci 4+ e |*dv(ci + ce*?)
% %

37

= 24> / ’ (1 + sin 0)dv(ai + ae®®) + 2¢2 / (1 + sin @) dv(ci + ce'?). (6.9)
%

_
2

ol

Let {ay}rez be as in (5.9). Using (5.10), we get

2
a
/ (1 + sin 0)dv(ai + ae® Im/ { T o
cC—a - 27rz ci—ai—ae —
— 5 1— e (c—a)(it+e')

1,+e“9

(M)

o
+ —2mc Tma ‘ 27c +c Z Oék + Zak } . (610)
(c — a)(eCa+e™) 4 elemaG+e®) — 2) Fe oo = Pk —ai
={0,1,...}.
(i) For ke ([2 E —21+N) N (-N), we have
—ia? ;2
/ o6 zpk ) do — ia 02 n ic .
) —ci (c+(c—a)k)?(k[+1)  (a—(c—a)lk])(1+][k])

(i) Fork € (fé__:ﬂ —1—N) N (-N), we have

/” ipr(6) —ia’c
—r pi(0) —ci (c+ (c = a)[k))? (k[ +1)°

Proof. Note tha % Zgé —N.

Let £ € —N. Recalhng the definition (5 9) of ai(d) and the expression (2.13) for py(¢), and

performing the change of variables z = €%’ we get
g ipr(0) _ f ac(c—a)(i+ 2)? ia(i+ 2) 1
/_7, awll) oy —a = s, 2m(ic — (c— a)k(i + 2))2 a(i + 2) — ci(1 + ki(i + 2)(1 — 2)) b

(6.11)
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If k € {—1,—2,...}, the first fraction has a double pole at

My, = —z'(l + L e ) (6.12)

—kc—a

and for any k£ € —N the second fraction has a simple pole at

My, = i(l + (C_a)(c_k)_a> (6.13)

_c
a—3

and |my, | > 1if [k > 2=2. Let

Note that |mq,| > 1 for all & < —1, while |m,, | < 1if [k| < =2
h(z) be the integrand of the right-hand side of (6.11). By deforming the contour towards 0 in (6.11),
and using

—ic?

" 2mi(k — 1) (a+ (c —a)k)’

—ia?c

Res(h(z); 2 = my,) )= 2mi(c+ (¢ — a)|k[)2(1 + |k])’

Res(h(z);2 =0

we find the claim. O

c

Lemma 6.3. Assume that 2 ¢ N.

c—a

(i) Forke{1,2,...,] 2 1 -1}, we have

c—a

- ak(e)m(ﬂ) —ai (c—a)k*(c+ (c—a)k) (c —a)k?*(c — (c — a)k)?

/7r ipr(0) B iac? B iac(c* — 3(c — a)ck + (c — a)?k?)

(ii) Fork € {[%],[ 2 1+1,...}, we have

. ipr(0) 7 iac?
L x5 = e e

Proof. The proof is similar to the proof of Lemma 6.2. O
Lemma 6.4. Assume that = ¢ N. Then
s . “+o0
1 cm cl 1 1
———df = 7 cot ( ) - . 6.14
/Wlem T+ 17 Cco —a Jrc—a Z; k:k:—ﬁ ( )
k=[221

Proof. After applying the change of variables z = €% to the left-hand side of (6.14), the integrand
has simple poles only at 0, co, and whenever

—27e

——— = 27ik for some k € 7Z,
(c—a)(i+2)

ie, if and only if 2 = 0, 2 = o0, or kK # 0 and z = m,,, where m,, is given by (6.12). Since

|ma,| > 1 for k < 2 ¢ N and |mgq, | < 1 otherwise, by deforming the contour towards 0 we get

c—a

after a residue computation
T . +oo
1 2m cl 1 1
/ =27 d9=1 me T, > Pk
-7 1 — e(c—a)(ite’?) —eca k:!—céa‘\ c—a
and the claim readily follows. O
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" 1 . cm
/ mMdﬁ—w—mcot(c_a) P kk . (6.15)

—T ] _eea  iteid

Proof. A calculation shows that the integrand in (6.15) is the complex conjugate of the integrand in

(6.14). Hence, the desired conclusion follows from (6.14). O
T 1 ™ c i R
— S —_ — e (6.16)
/_ﬂ 9 _ e(c—a)?i+ei9) _ e(cfa)Q(i;Feie) 1- COS 2 - 77(0 - a) k[z:é : k2 (k - E)Q

Proof. We first apply the change of variables z = € to the left-hand side of (6.14). Then the
integrand has simple poles at 0 and oo, and double poles at z = mq,, k € Z \ {0}, where m,, is
given by (6.12). By deforming the contour towards 0 and computing the residues at z = m,, for

k (6.16). O

Combining Lemmas 6.2, 6.3, 6.4, 6.5, 6.6 with (6.10),
that

el . . i0 c X7 a2 1 ac? 1
3 (1 + sin0)dv(ai + ae ):c—a Z c—a(k—ﬁ)z_kc—a( E

s
2 k=1 c— a

2+02 62 a2
c k)—‘r

—a c—a

G } —7(c? + a®) cot () — ore s } (6.17)

a
k- c—al—cosZtt

Using the relations [16, eqs 1.421.3 and 1.422.4], namely

—+o00

1 2 1 2 1 a® 4+ &
t -4+ = - =
cot(ne) - Z 2?2 —k?" 1—cos(2rz)  sin?(mx) 7721:2 Tz Z (z2 — k2)2

which are both valid for x € R\ Z, we can write (6.17) as

3 1 a262 = 1
1+ sin6)d + -
/,,( sin 0)dv(ai + ae’ ) (C_azkz::l k4 —2)2 (c—a)QkZ:l( —=)?

2z c—a

3

+oo 1
—2a% - ¢? 1
caz( “hr e ) a® —c¢ (6.18)

k=1 c—a

. The right-hand side of (6.18)
is contmuous at ¢ = ¢,. A direct analyblb using (5.10) shows that the left-hand side of (6.18) also is
continuous at ¢ = ¢,. We conclude that (6.18) is valid for all ¢ > a > 0.

The analysis for f (1 + sin 0)dv(ci + ce') is similar (so we omit details), and we find

3

/T(l + sin ) dv(ci 4 ce’?) = —a’c’ $= ! a’e ™
_ (c—a)zkzl(k—kﬁ) (c—a)? 1 <-)2

us
2
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ad X 1 1 )
3 - . (6.19
+C_ak_1<k+caa k+cca>+c (619

Substituting (6.18) and (6.19) into (6.9), we find that the first integral in (6.1) is given by

2a2c3 X 1 932 £ 1
dv(z) = —
e A c-a ; (k+ 22) g ; (k+25)?
2@262(C+a) “+oo 1 1
- 2¢* — da* — 2a%c%. 6.20
e g;(k+;g h+;¢>+ ¢ Tha e (6.20)

6.3 Final steps

The digamma function and its first derivative can be written as (see [28, 5.2.2, 5.7.6])
= z—1 X1
P I S A — =S ———  forall 2> 0, 6.21
¥(z) = =78 mz::()(m—kl)(m—i—z) ORD Dt (6:21)

m=0

where vg &~ 0.577 is Euler’s gamma constant. Using these identities, we can write (6.20) as

Q()dv(z) = — 2a203¢, (C a ) N 2a3621// ( c )

090 . c—a —a c—a c—a
2a*c*(c+a c a
e () o ()
c—a c—a c—a
—2(a* +a’c+a’c +ac® —2c*). (6.22)

Substituting (6.8) and (6.22) into (6.1) (evaluated at 7 = 0) and then using (6.2), we arrive at
1 153 2a%¢3 a 2a3¢? c
C o) = < = ! !
(7, 20,60) (17’2)24{ cfaw (ca)—i_caw c—a

) ()

)

-2 (a4 +ac+a?P +add - 264> —

N W

Simplification gives

4
C(7,20,00) = 8(16_072)217((1),

where

4z? 1 4z? 1
F(z) =5— 4z — 422 — 423 — 2% — — ¢'< —1)+ a w’( )

1—x 1—x

AL ) ()

Using the identities

{w@+n=;+w@x for = 0

P (y+1) =5+ (y),

which follow from repeated differentiation of logI'(y + 1) = logy + logI'(y), ¥ > 0, we see that the
function F(z) in (6.23) can be written as in (2.25). This finishes the proof of Theorem 2.4.
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A Estimates of harmonic measure

Suppose € is an open subset of C* fulfilling (i) and (i¢) of Theorem 2.2 with zy = 0. After shrinking
po if necessary, we may assume that the components {U;}7* of QN B, (zo) are such that U; N 0B, (0)
is a connected curve for every r € (0, pp) and j = 1,...,m, and such that QN B,,(0) = U}”zlﬁj.

Lemma A.1. Fiz j € {1,...,m} and let 0 < ro < Ry < po. Let z1 € Q be such that |z1| > Ry. If
r©;(r) is the length of the arc U; N 0B,(0), then

dr

8 —n [F0
w(z1,0U; 0 By, (0),Q2) < e "o 7507, (A1)
T

Proof. The idea of the proof is to estimate extremal distance (see e.g. [15, Theorem IV.6.2] and [15,
Theorem H.8]). In the case of an arbitrary finite number of corners but no cusps at zg, a proof is
presented in [12, Lemma 4.2]. The same proof applies also when cusps are present. O

For j =1,...,my, let ma; be the opening angle at the corner of U; at 0, and let v; > 0 be the
corresponding Hoélder exponent. For j = my +1,...,m, let d; > 0 and a; > 0 be the order and
coefficient of tangency, respectively, of the cusp of U; at 0.

Lemma A.2. Shrinking po > 0 if necessary, there is a constant C; > 0 such that, for j =1,...,m
and 0 <1 < po,

(1+ Cyri =1,...
©;(r) < mjd(. T d) T et (A.2)
a;r%(1+Cijr%), j=mi+1,...,m.
Proof. For j = 1,...,mq, the statement follows from [12, Lemma 3.1]. For j = m; + 1,...,m, the
statement is a consequence of the definition of the order and coefficient of tangency of a cusp. O

The proofs of our main results use the following lemma.

Lemma A.3. Suppose Q is an open subset of C* fulfilling (i) and (ii) of Theorem 2.2 with zo = 0
andm >1. Fiz j € {1,...,m} and let oj, Cj, 7;, dj and a;j be as in (A.2). If r >0 and z € Q are
such that 0 < r < |z| < po, then

1 1
%(é)ﬂﬁ (1+Oj|z|7j)0‘jﬂ‘{j7 j:17...,m1,
w(z, 8UJ N B,-(0),) < 8 r=4i |z~ 14050 |2]% % ) (A.3)
;exp(—ﬂ ajd; )(1+Cj|2|dj 9 ) 7 j:ml—’_l?"'ama

while if r > 0 and z € Q are such that 0 < r < py < |z|, then

a 1
U B0 ) < %(p%)uj(lJerPga)am, i j=1...,m, (A4)
w\z,0U; r\Y) = pmdi_ "4 P N B ) .
Soxp (— i) (HLR ), =1
Proof. For any o € (0,pp), Lemma A.1 yields
8 —=m fRO dr
w(z,0U; N B, (0),Q) < —e Jro " for all z € Q with |z] > r, (A.5)
T

where Ry := min(po, |2]). Suppose first that j € {m1 + 1,...,m}. Using (A.2), we see that
/Ro dr /RO dr I L Gy (1 + Ry 1y’ )
ro TO;(r) T Jry ajr® T+ Cird) a;d; a;d; 14 Cyrl RY
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Employing this inequality in (A.5) and replacing ro by r and Ry by min(po, |z|), we find the claim.
A similar argument using (A.2) gives the desired conclusion also in the case when j € {1,...,m}
(see also [12, Lemma 4.3]). O

Remark 4. Lemma A.3 gives slightly stronger estimates at a cusp than what we need in this
paper. Repeating the proof of Lemma A.3 with C; = 0 and a; replaced by (1 + €)a;, we see that if
j=mi+1,....,mand O;(r) < (1+e€)a;r% for all sufficiently small r > 0, then

r 4 7\2\7‘11

Sexp(—m ) if0<r<|z| < po,

w(z,0U; N B,(0),Q) < SR (A.6)
%exp(—ﬂﬁ&) if 0 <7< po <zl
It is this weaker form of the estimate that we use in the proof of the upper bound in Section 3.

B Proof of Proposition 2.5

The expansions in (2.26) follow from [28, 5.15.2-5.15.7] and the asymptotic formula [28, 5.15.8]. It
follows that F'(z) extends to a continuous function of z € [0,1] with F(0) =1 and F(1) = 0. It only
remains to show that F’(x) < 0 for z € (0,1). To show this, note that

y—1 Ay —1
F<yy ) (yy3 )G(y) for y € (1, +00),

where
G(y) = (y = D)y*v"(y) + (y = 1)* + 25°¢' (y).
Thus it is enough to show that G(y) > 0 for y € (1,+00). Suppose we can show that

V' (y) > i for y € (1, +00), (B.1)
1 1
V(y) = ROEEE for y € (1, +00). (B.2)
Then
1 5y — 4y + 1
G(y)Z—(y—l)y3m+(y—1)2+2y:ﬁ >0  forye(1,400),

which gives the desired conclusion. So it only remains to show (B.1) and (B.2). As y — +o00, we
have

1 1 1 1
VW) - =55 +0™), W)+ = 10+ O
1) = 7 = 503 + O W)+ o = gy O
implying that (B.1) and (B.2) hold for all sufficiently large positive y. Furthermore, the relations

Wy 1) = —y% L), Wy rl) = % (),

imply that, for all y > 0,

(o= —g) - (VO -1 ) = g =<0 (B3)
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1
and, for all y > 373

" ; _ " ; = 1 — 1
R e et ) R G v 1) R R e et v
216
v (L= 1)

The inequality (B.3) shows that if (B.1) holds at y +1 > 1, then it holds also at y. It follows that

(B.1) holds for all y > 0. Similarly, (B.4) shows that if (B.2) holds at y +1 > 1+ ﬁ, then it holds

also at y, implying that (B.2) holds for all y > ﬁ This completes the proof of (B.1) and (B.2),

(B.4)

and hence also of Proposition 2.5.
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