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Chapter 1

Introduction

This thesis deals with the multiscale modelling of the covariance pattern of
discrete time series with time-varying autocovariance function.

Discrete time series are sequences of random variables with a natural tem-
poral ordering. A random variable is a variable whose possible values are
numerical outcomes of a random phenomenon. We limit our analysis to
real-valued random variables and hence in this work a random variable X is
defined as a measurable function from the sample space €, that is the set of
possible outcomes of the random phenomenon, to the set of real numbers R.
To any random variable corresponds a probability distribution, which assigns
a measure of likeliness to each measurable subset of the sample space. If
the image of a random variable is finite or countably infinite, we refer to
the latter as a discrete random variable and the corresponding probability
distribution can be described by a probability mass function which assigns a
probability to each value in the image of the random variable. For example,
the possible outcomes of a coin toss can be described by the sample space
Q = {heads, tails}. We can introduce a real-valued random variable X such

that ‘
Xw:{ 1 if @ = heads

0 if o =tails

If the coin is a fair coin, the probability mass function, denoted as fx(x) is
given by
ifx=1

fx(®) :{ if x=0

If the image of a random variable is uncountably infinite, we refer to the

D=0 =
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latter as a continuous random variable and the probability distribution can
be described by a cumulative distribution function which describes the
probability that the random variable X will be found to have a value less
than or equal to x, which we denote as fx(x) = P(X < x). Examples of
continuous random variables are the price in Euros of a given stock in a
weeks time, the total power output in megawatt of a wind farm over the
coming month or the accumulated liquid precipitation in liters within a given
area during the coming year.

As it has been mentioned above, a time series is a sequence of random
variables in which the constituent elements have an inherent order according
to a time index. We denote as X,, a time series of length n, such that

X, ={X(1)}'=, . (1.1)

From a probability theoretical viewpoint, X, is a vector-valued function
from the sample space of its constituent elements to R”. Consequently, any
given time series gives rise to a joint probability distribution. In this thesis
we focus on time series that consist of jointly continuous random variables,
in which case the probability distribution function takes the form of a joint
cumulative distribution, that is

Fx, (xn) =P (X(0) <x(0),....,X(n—1) <x(n—1)). (1.2)
One of the main objectives of the statistical analysis of time series is to design
estimators of the joint cumulative distribution. The approaches designed to
do this can be divided into two big classes, parametric approaches on the
one hand and and non-parametric approaches on the other hand. Parametric
approaches assume that the time series has a certain underlying structure
which can be described using a small number of parameters. In that sense
parametric approaches are based on the assumption that the family of the
function in (1.2) is known. For example if we assume that the elements
of X,, follow a joint normal distribution and that they are zero mean, the
probability distribution of X, is entirely defined given the set of covariances
of all the pairs of random variables.

The covariance is a measure of linear dependence of two random variables.
More precisely, consider a pair of random variables of the sequence in (1.1),
let us say X (7) and X (¢ 4+ 7). Under the assumption of zero-mean random
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variables the covariance between X (¢) and X (¢ 4 7) is given by the expected
value of their product and hence if we denote as f(x(¢),x( + 7)) the joint
normal density of X),(¢) and X (¢ + 7), we have that

Cov (X (1),X(t+7))
(

(X
= EX(OX(t+7)
:_fmfm x()x(t+7)f (x(t),x(t 4+ 7)) dx(t)dx(t + 7)

If positive values of X (¢) mainly correspond with positive values of X (t + 7),
and the same holds for the negative values, which means that the variables
tend to show similar behavior, the covariance is positive. On the contrary,
when positive values of one variable mainly correspond to the negative
values of the other, and hence if the variables tend to show opposite behavior,
the covariance is negative. The sign of the covariance therefore shows
the direction in the linear relationship between the variables. The set of
covariances of the elements of a given time series forms the autocovariance
function of the time series

Ca(1,7) = E (Xn ()X (2 + 7))

t=0,....n—Lit=—t,....n—1—t¢ (1.3

Time-varying autocovariance function

Many well-established models in the field of time series analysis are based
on the assumption that the autocovariance function is stationary in time and
hence

C(t,7)=Cy(7)

fort =0,...,n—1and T = —¢,...,n— 1 —t with C,(7) = C,(—7). The
hypothesis of stationarity is an appealing concept in the sense that the
autocovariance function can be estimated by computing the corresponding
sample averages, which then allow to build an asymptotic theory based
mainly on some version of the Central limit theorem. If we denote as C,,(7)
the sample estimator of C,(7), we have that

G (1) = Y X(k)X(k+1) (1.4)
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for 0 < 7 <n— 1. In most cases, the assumption of stationarity represents a
mere mathematical idealization which leads to an oversimplified viewpoint
of the underlying second-order properties of a time series. However, to
build an asymptotic theory in the nonstationary case, we cannot simply
drop the assumption of constant cross-covariances of the increment terms
without replacing it with something else. Priestley (1965) [101] provides a
characterization of stochastic processes with non-stationary second-order
structure by introducing a form of time series that are globally non-stationary
but have a locally stationary behavior relying on the theory of evolutionary
spectra. In this sense, the first step allowing to move from stationary to
nonstationary time series modelling, is to replace the assumption of constant
covariances of the elements of X,(¢) by a more flexible regularity assumption.
One example of a more flexible regularity assumption is to suppose that the
cross-covariance function is Lipschitz continuous, in which case |C (7,7 +
k) —C(t,t)| < Ck with C > 0. However, the regularity assumption alone
does not suffice to build a rigorous asymptotic framework. Dahlhaus (1997)
[27] defines an adequate asymptotic theory for the estimation of locally
stationary time series, based on the concept of rescaled time. Rescaled
time, denoted as z, is defined as the ratio of the real time index by the
length of the random sequence, and hence z = % Based on the rescaled
time notation, we can rewrite the covariance function in (1.13) as C(7,z).
Analogously to nonparametric regression analysis, the notion of rescaled
time makes use of the idea that as the number of data points increases the
time-varying parameters of the locally stationary process are observed on
the same interval but on a finer grid. If we combine the Lipschitz continuity
assumption of the covariance function and the rescaled time notation, we
get the upper bound

'C (r#) _C (r, 5) ‘ < Gk (1.5)

n n

which means that as the length of the random sequence increases, more
information about the local behavior of the time-varying parameters can be
collected.

Recall from the representation in (1.4) that the estimator of the autocovari-
ance function in the stationary case takes the form of an uniformly weighted
average of all the random variables in (1.1). In the nonstationary case, the
estimation procedure needs to take into account the fact that the second-
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order pattern of the time series is locally constant but globally nonstationary.
Hence, as a uniform weighting of the elements of (1.1) does not allow to
capture the local behavior of the time series, we need to replace the latter
with a weighted averaging scheme. More precisely, in the nonstationary
case the sequence of uniform weights is replaced by a sequence in which the
t—th component and the components close to the latter take on larger values
than the ones far away from component ¢. For example, we can consider the
identity function

1 ift—M<k<t+M

I(t—M<k<t+M) :{ 0 otherwise

where 0 < M < n—1 and to define the estimator

n—1—-1

= M1 Z‘o I(t—M<k<t+M)X(k)X(k+7). (1.6)

C(t.1)

If the covariance function of a given time series was time invariant, the
estimator in (1.6) should be approximately constant in time. On the contrary,
if the covariance pattern of the time series is characterized by a nonstationary
behavior we should observe a time-varying behavior in the estimator. To
illustrate this, we consider the daily log-returns of the German stock index
between November 2004 and April 2015 plotted in Figure 1.1. Figure 1.1

contains the estimated variance, that is CA‘,SM’V) (0,¢), of the German stock
index using the estimator in (1.6) with M = 30. Note that from the third
quarter 2008 until summer 2009 which roughly delimits the period of the
Global financial crisis and during the height of the Euro crisis in 2011,
the variance of the log-returns takes on very large values compared to
the remaining intervals of the period of analysis and hence indicating the
presence of a time-varying second-order pattern in the log-return series.

Mandelbrot (1963) [87] points out the insufficiency of the normal distribu-
tion for modelling the marginal distribution of log-returns because of the
apparent fat-tailed character of the latter. Since then, the non-Gaussian char-
acter of the distribution of log-returns has been observed on many occasions
in various studies (see for example Fama (1965) [46] and Cont (2001) [26].
A fat-tailed distribution is a probability distribution that has the property
that it exhibits large skewness or kurtosis, where the skewness is a measure
of the asymmetry and the kurtosis is a measure of the “peakedness” of the
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distribution. Hence, a common way of quantifying the deviation from the
normal distribution is by computing the empirical versions of the kurtosis
and the skewness of a given sample and compare its values to the corres-
ponding theoretical values of the skewness and kurtosis in the case of a
normal distribution through the Jarque-Bera test statistics (see Jarque and
Bera, 1980 [73]), which is

JB = g (yz+%(x—3)2>

where v and k are the estimators of skewness and kurtosis respectively.
We use the Jarque-Bera test to verify the normality assumption on the log-
returns of the German, French and Belgian stock indices using a sample
which stretches out from November 2004 to April 2015 containing 2500
data points. For the testing procedure we split the sample into K sub-
samples of size ¢ and carry out a Jarque-Bera test for each one of these
subsamples. Table 1.1 contains the proportion of subsamples for which the
p—value of the respective Jarque-Bera test is smaller than o = 0.05 and this
for z = 250,125,100, 50,25. The idea behind this approach is that if the
observed log-returns within each of the subsamples are generated from a
normal distribution with variance remaining constant throughout the entire
subsample the proportion of rejections should be close to the value of .
Table 1.2 contains the results when applying the same testing procedure
using the Shapiro-Wilk test (see Shapiro and Wilk, 1965 [111]) instead of
the Jarque-Bera test. For both testing procedures, the number of subsamples,
for which the normality testing procedure leads to a rejection of the null hy-
pothesis, tends towards the chosen value for & as the size of the subsamples
tends to zero.

The null hypothesis of both, the Jarque-Bera and the Shapiro-Wilk testing
procedure, is that all the random variables within the same subsample
follow the same normal distribution. However, if we suppose that the
underlying time series is locally stationary and hence that the variance
function is expressed in rescaled time notation and is Lipschitz continuous,
the absolute difference between the variances of any given pair of elements
of the subsample is bounded from above by % Hence, if K is large the
absolute difference between the variances of some elements within the
subsample can be potentially very large, ultimately resulting in a rejection
of the null hypothesis of the normality testing procedures. Hence, even
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though each of the random variables within a given subsample follows
a normal distribution the strong differences in terms of their respective
variances leads to a rejection of the assumption of a single underlying
normal distribution. However, if K is small the distribution of the elements
within a given subsample can be well-approximated by a single normal
distribution under the null hypothesis, leading to a non-rejection of the
latter in most subsamples. Hence, the detection of non-Gaussianity in the
log-return series of financial assets may, in some cases, merely be an artifact
of an underlying nonstationary behavior of the time series’ second-order
structure. For a more detailed discussion on the link between nonstationary
covariance pattern and non-Gaussianity see Mikosch and Stdrica (1999) [92]
and Fryzlewicz (2005) [57].
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Time series of log-retums of the DAX index
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Figure 1.1: Time series and estimated variance of the log-returns of
the DAX stock index from November 2004 to April 2015
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Sample Size | Proportion of rejections
250 0.8
125 0.35
100 0.2
50 0.16
25 0.07

Sample Size | Proportion of rejections
250 0.8
125 0.35
100 0.2
50 0.06
25 0.04

Sample Size | Proportion of rejections
250 0.9
125 0.4
100 0.4
50 0.18
25 0.07

Table 1.1: Jarque Bera-testing of the log-returns of the German, the
French and the Belgian stock index from November 2004
to April 2015
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Introduction

Sample Size

Proportion of rejections

250
125
100
50
25

0.8
0.35
0.2
0.06
0.04

Sample Size

Proportion of rejections

250
125
100
50
25

0.8
0.35
0.24
0.12
0.06

Sample Size

Proportion of rejections

250
125
100
50
25

0.7
0.35
0.24

0.1

0.078

Table 1.2: Shapiro-Wilk testing of the log-returns of the German, the

French and the Belgian stock index from November 2004

to April 2015
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Multiscale time series modelling

We can push the parametric modelling paradigm further by assuming that
the elements of the time series in (1.1) are generated by an underlying
time series model. As for the assumption of joint normality, supposing the
existence of an underlying time series model, aims at reducing the numbers
of parameters of the joint probability distribution of the time series Xj,.

A common approach in parametric time series modelling is the class of
stationary moving average (MA) models (see Brockwell and Davis, 2009
[20]) in which each random variable is represented as a convolution of a
sequence of independent normal random variables, denoted as {g} > and
referred to as increment terms, which means that for some / such that
0 <1 < 4+, we have

l
X(t)=Y wk)e_ (1.7)
k=0

where the increment terms &, are such that E (&_;) =0 and Var (&_;) = S.
According to the MA representation of the time series, the corresponding
autocovariance function takes the form

C,(t)=S8¥(7) (1.8)

with W(7) taking the form of an autocorrelation of the sequence of coeffi-
cients of the linear filter representation, that is ¥(7) = Y1 _, w(k)w(k+ 7).
Hence, the autocovariance function is entirely defined given the / filter coeffi-
cients of the MA and the variance of the increment terms, that is S. Thus, the
main advantage of the moving average decomposition of the time series is
the highly sparse representation of its autocovariance function in terms of a
small set of parameters. However, the number of lags of the moving average
model has to be fixed a priori or needs to be derived using data driven model
selection procedures. In addition to that, the sparse representation of the
decomposed time series does not allow for a profound analysis of the data
generating process.

One way of solving these issues is to drop the idea of decomposing the
time series with respect to a single MA model representation and to adopt a
decomposition based on multiple models. Multiscale modelling refers to a
mathematical approach in which multiple models at different scales of resol-
ution are used simultaneously to describe a given system. The multiscale
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approach presents several advantages compared to classic single-scale mod-
elling approaches. First, note that a given system might be the aggregated
outcome of a multitude of different phenomena. If these phenomena are
homogeneous in their nature and behavior, modelling their combined out-
come at an aggregated level might be a good compromise. However, if
the sub-systems are characterized by strong heterogeneity, finding an ap-
propriate model specification at the macro-level is not always possible. In
that case, it might be easier to define individual models for the different
sub-systems at different scales of resolution and model the system at the
macro-level by aggregating the individual modelling approaches. Secondly,
if the system at the macroscale is a result of various types of heterogeneous
phenomena, the aggregation of the latter might hide a lot of valuable in-
formation. Given that multiscale approaches provide insights from different
scales of resolution, they allow to reveal patterns within a given system
that are hidden at the macroscale representation. Finally, if only a few of
the constituent sub-systems render good approximation to the aggregated
system, multiscale methods allow to distinguish the informative from the
non-informative building blocks and to obtain significant compression for
the representation of the original system.

Multiscale time series modelling approaches use a set of MA models to
represent one single time series. More precisely, each random variable of
the time series is expressed as a sum of random variables as

—1
X(t)=) X;(t) (1.9)

=

where each of the random variables X_(¢),...,X_;(¢) has a stationary MA
representation as

Xj(t) = Z Vi (k)€ k- (1.10)
k=0

where the increment terms €, 4 are such that E(g;,_4) = 0 and
Var (g;,_¢) = S;. If, in addition to that, we assume that the increment
terms belonging to different MA representations in 1.10 are independent,
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the covariance function of the time series is given by

C(r) = _zl Cov (X;(1),X;(t + 7))
= (1.11)

= ¥ S¥(7)
j=—J

o0

With\Pj(T)Z Z l[/j(k)l//j(k‘f‘f).

—=—00

High-dimensional time series modelling

In most cases, statisticians are not only interested in modelling and estimat-
ing the autocovariance function of a single time series but of a collection of
p different series in the context of a multivariate time series model, that is

X = {xwn}" (1.12)

The autocovariance function of a multivariate time series

) (1,7) = E (XWX (1 +7))
t=0,....n—1;T=~t,....n—1—t (1.13)
u,v=1,...,p.

In classic multivariate time series modelling, the number of constituent
time series is supposed to be much smaller than the length of the latter and
hence p << n. The inherent assumption on which all methods of classic
multivariate analysis are based, is that statisticians can use some a priori
knowledge to specify a small subset of variables which are relevant for the
analysis. However, in most statistical data analysis procedures the subset of
relevant variables is not known beforehand. Hence in most cases, we face a
large set of possibly relevant variables instead of a small set of effectively
relevant variables. This potentially leads to a high number of variables within
the model framework and hence to a high-dimensional dataset. This shift in
the modelling paradigm of multivariate time series goes hand in hand with a
change in the type of asymptotic reasoning. Asymptotic theory in classic
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multivariate modelling is based on the idea that the number of variables
p is fixed with the sample size n going to infinity. In high-dimensional
settings the number of variables is supposed to be such that p = O (n%*) with
o > 0, which leads to a high-dimensional asymptotic reasoning in which the
number of variables increases along with the sample size. However, in most
cases the assumption that ¢ is merely larger than zero is not enough. These
kind of settings require another type of increasing dimension asymptotics,
in which the number of variables increases along with the sample size such
that the ratio ‘—}; tends to a constant, which means that « is supposed to be
larger than or equal to one.

Contributions of the thesis

Locally stationary wavelet (LSW) processes, introduced in the seminal paper
of Nason et al. (2000) [94], are a specific type of multiscale time series
models, which combine the multiscale modelling paradigm with the idea of
nonstationary autocovariance functions which vary smoothly in time. LSW
processes decompose the time series into a sum of random variables as in
(1.9) with each of its elements admitting a MA representation as in (1.10).
However, the sequence of coefficients of each of the MA representations is
set to be equal to a discrete wavelet function in the sense that the sequence of
the representation at scale j is given by the discrete wavelet function at scale
J,with j = —1,...,—J. The wavelet functions at the different scales stem
from the same multiresolution analysis which is supposed to be known in
advance. The variances of the increment terms are assumed to be Lipschitz
continuous which reflects in the slowly changing autocovariance function of
the time series at the macro-scale. Sanderson et al. (2010)[108] expand the
LSW model framework to the bivariate setting. A multivariate LSW model
is introduced in Park et al. (2014) [98] and Cho and Fryzlewicz (2015) [24].
Note that these models use Lipschitz continuity as a regularity assumption
on the variance and cross-covariance functions of the increment terms. Van
Bellegem and von Sachs (2008) [129] introduce a univariate LSW process in
which the Lipschitz continuity assumption is replaced by the more general
notion of bounded total variation. Fryzlewicz et al. (2003) [60] addresses
the issue of forecasting univariate LSW processes.

The contributions of this thesis are build around one major drawback of the
current approach to LSW process modelling. The vectors of coefficients
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of the multiscale moving average filter in the LSW representation are time-
varying vertical stretchings or compressions of discrete wavelet functions
at different scales of resolution, which puts some serious limitations on the
form of the autocovariance function of the time series. This becomes appar-
ent in the multivariate LSW framework, which uses the same collection of
wavelet functions in each of the constituent LSW processes of the multivari-
ate model framework. Note that even though the form of the time-varying
stretchings or compressions of the wavelet functions is different for each of
the constituent time series, the assumption of identical wavelet functions
across the constituent LSW processes leads to an autocovariance function
which is such that foru,v=1,...,p

Ci*(t,2) = " (1,2) forteZandt € L.

In this thesis we propose a novel approach to LSW modelling. To do this,
we start from the representation in 1.9. As it is the case for most multiscale
modelling approaches, LSW processes are based on the assumption that
the components of the sum of random variables are independent from each
other. We expand the LSW model framework by allowing for correlation
between these random variables by introducing a correlation pattern within

the multiscale increment process such that for j = —J+1,...,—1 and —J —
J<i<-—1
Sii(z) ifk=1
Cov (gj,ka‘gj-i-i,l) = { 01,] ifk#1 (1.14)
with z = £

E.

To see the impact of the more flexible covariance pattern among the incre-
ment terms, denote as S(z) the covariance matrix matrix of the sequence
of increments {€;x} ;. ! ,. U(z) is a matrix composed of the eigenvectors
of S(z) and A(z) is a diagonal matrix containing the eigenvalues of S(z).
Hence, we can write each random variable of the time series as

S

J n—1
X, (t) = ;](Z()Am(k)zm,k (1.15)

-1
where Ay, (k) = An(z) ¥ ujm(z)y;(k) and Z,, ; are independent increment
j==

terms with zero mean. Thus, we obtain a representation as in (1.9) and (1.10).
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However, the vectors of coefficients of the multiscale MA representation
are time varying linear combinations of the set of discrete wavelet functions
instead of mere time-varying stretchings or compressions of the latter.

Outline of the thesis

The thesis is divided into five parts, covering different fields of statistical
analysis

Chapter 2: Wavelet analysis

Chapter 3: Univariate time series modelling
Chapter 4: Multivariate time series modelling
Chapter S: Factor modelling

Chapter 6: High-dimensional statistics

We now provide a short overview of the main results derived in each of these
chapters.
We focus on the problem of measur-

Chapter 2 ing the level of redundancy which exists
Cross-correlations of within a given collection of discrete non-
discrete wavelet functions decimated wavelet functions, denoted as
vy ={y; i}, with j=—1,...,—J, where

Jj represents the dilation index and k is the translation index. For that pur-
pose we introduce the novel concept of classes of cross-correlation wavelet
functions (CCWF) of non-decimated wavelets, which are defined as inner
products of the elements of y;. We denote as ¥; = {¥; ]}ljji I—j with

j=—1,...,—J the set of CCWF where

—+o0
Wi (1) = L Vio(O)Wjsic(t) withTeZ

We derive several properties of the class of cross-correlation wavelet func-
tions and show that the elements of W¥; are independent for any integer
J > 0.
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Chapter 3 We introduce the class of LSW(gq) pro-
Generalized locally cesses, consisting of doubly-indexed se-
stationary wavelet quences of random variables, denoted as

processes Xn = {Xu(t) }}Z 0’ n > 0, such that

—1 n—1
P RAC PR
Jj=—o0k=0

with the correlation pattern among the increment terms being given by

i (%) if—g<i<Oandk=I
Cov (&4, €j1i1) = { 0 s(3) ifi<—qork#1

for some integer g > 0. We show that the autocovariance function of X,
converges towards the local autocovariance function

—1 -1 -1

Co(r.2)= Y, Soj(@%Po (D) + Y, ¥ Sij(@) (Wij(0)+¥ijpi(D)),

j=—e I=—qj==
€(0,1), t€Z

where W = {Wo ;, {W¥;;, ¥Y_i j+i i;l_ g J;l_oo are a set of CCWF introduced
in Chapter 2. We prove that in the case of the Haar basis there exists § > 0
such that the smallest eigenvalue of the inner product operator A of the set
¥ behaves as Ay (A) > 0. We derive a consistent estimator of the vector
of coefficients {{S; ;}%_ } = g J_foo using a smoothed and corrected wavelet
periodogram approach. In the applied section, we use LSW(g) processes to
define a coherence measure for time series of financial assets. We compute
the coherence measure for the German, the Greek and the Irish stock indices
using log-return data from 2003 to 2015.

We introduce the class of multivariate

Chapter 4 LSW(g) processes, consisting of doubly-
Multivariate locally indexed sequences of random variables, de-
stationary wavelet noted as X, = {Xrg”’) (1) :’;01, n>0,u=

processes I,...,p, such that

¥ zw( el

Jj=—c0k=0
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with the correlation pattern among the increment terms being given by

(uy) (k o . .
COV<€(~IQ:8(XF)-1> _ )L (%) %f. g<i<Oandk=1 '
PRSI 0 ifi<—qork#I

foru,v=1,..., p and some integer g > 0. We show that the autocovariance
function of X,, converges towards the local autocovariance function

—1 (u,v) B (u,v)
ct(tz) = ¥ So (@)¥o(1)+ ¥ ¥ 557 (2)¥i(1)

)

Jj=—o0 l:—qufoo

—1 —1
+ Y Y S QW)
[=—q j=—0

z€(0,1); 7€Z; u=1,....p; v=1,....p

where ¥ = {Wo i{W¥i;, ¥Y_i j+i l-;l_ g ;:1_00 are a set of CCWF introduced

in Chapter 3. We derive consistent estimators of the set of coefficients

{{SEZ.’V) ?:_q ]7:1700 with u,v = 1,..., p, using a smoothed and corrected
wavelet periodogram approach. We show that the consistency result remains
valid if p = O0(n%) with0 < a < % In the applied section, we derive the
impulse response functions of the MLSW(g) process model. We compute
the cosine similarity of the impulse response functions of Euro interbank
offered rates (Euribors) of different maturities on the one hand and the Euro
currency exchange rate on the other hand using log-return data from 2003 to

2015.

Consider the vectors of increments of

Chapter 5 the MLSW(g) model framework €;; =
Locally stationary wavelet (81(7113, o 8}(_5{)); with j = —1,..., —log,(n)

factor model and & = (€_14,... 78—10g2(n),k)t and denote

as S(z) = E(&€]) the EWS matrix.
We decompose & as

& = Bn(2)Fic+ Gk (1.16)

where B, (z) is a Jp x K matrix of factor loadings, F, is a K x 1—dimensional
random vector of common factors and & is a Jp x 1 —dimensional random
vector of idiosyncratic components. We derive a consistent estimation pro-
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cedure of the number of common factors and the standardized factor loadings
as n — +oo with p — +eoas p = 0(n%) with0 < a < %, given persistence
assumptions for the common factors and the idiosyncratic components, us-
ing a singular value decomposition of the estimated evolutionary wavelet
spectrum matrix. In the applied section, we use LSW factor processes to
model the degree of economic integration of the founding members of the
European currency area.

We denote as {X(¢)}"-, a p—dimensional

Chapter 6 random process with independent and
Wavelet-based estimator of identically distributed random vectors
high-dimensional X(t) € R? such that E(X(t)) = u, and
covariance matrices Var(X(¢)) = X,. We propose a multiscale

estimator of X, using an unbalanced Haar
wavelet decomposition. We prove that the multiscale estimator is consistent
in operator norm under mild moment conditions of the elements of X (¢) and
given conditions on the degree of sparsity of the wavelet transform of the
population covariance matrix. In the applied section, we use the proposed
estimator within mean-variance portfolio optimization settings. We show
the good performance of the latter compared to shrinkage-type estimators in
simulation studies and real-data examples using the log-returns of the stock
prices of thirty US companies from 1990 to 2014.






Chapter 2

Cross-correlations of discrete
wavelet functions

Multiscale analysis is based on the idea that a given function can be ap-
proximated, or under certain conditions be fully represented, as a weighted
sum of a collection of functions whose elements are obtained through a set
of transformations of a single basis function. Fourier (1822)[56] provides
the first mention of the underlying idea of multiscale analysis by stating
that the elements of the class of periodic functions can be expressed as
a weighted sum of dilations of the complex exponential function, that is
€20 = cos(2rwt) + isin(2mwt) with x € R, @ € [0,1) and i = /1.

The Fourier decomposition of a given function allows to reveal the frequency
content of the latter. However, given that the elements of {¢?>7®}, are mere
dilations of the complex exponential, the Fourier decomposition does not
provide any information on the variations of the frequency content on the
standard domain. In contrast to Fourier analysis, wavelet multiscale analysis
decomposes the frequency domain into discrete scales. The functions used in
wavelet analysis are not only dilated versions of the underlying basis function
but are generated upon the combined use of dilations and translations. Hence,
at each scale of the wavelet decomposition there exists a collection of
functions with elements being shifted versions of a single function which
itself is obtained through a dilation of the basis function. The existence of a
collection of shifted functions within each of the scales is the key element
for studying the changing pattern of the frequency content within each of
the scales.
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A common starting point of wavelet analysis can be found in Grossman
and Morlet (1984) [64] which uses window functions that were generated
by dilation or compression of a prototype Gaussian to decompose seismic
signals . Meyer (1986) [91] discovered that the basis functions proposed
by Morlet and Grossman contained a great deal of redundancy and hence
started working on developing wavelets with better localization properties
resulting ultimately in the construction of orthogonal wavelet basis functions
with very good time and frequency localization. However, the honor of
having discovered the first orthonormal wavelet basis functions goes way
back to Alfréd Haar (1910) [65]. Meyer and Mallat (1986) [91] developed
the concept of multiresolution analysis for compactly supported wavelet
functions which is the underlying design scheme for most discrete wave-
let transforms (DWT) and the theoretical justification for the algorithm
of the fast wavelet transform (FWT). Daubechies (1990) [31] and Mallat
(1989a,b,c) [83][84][85] are credited with developing the transition from
continuous to discrete signal analysis.

The first part of this chapter aims at providing an overview of the field
of wavelet analysis by introducing some of its fundamental concepts such
as multiresolution analysis (see Section 2.1.1), the dilation equation (see
Section 2.1.2) and the construction algorithm for discrete wavelet functions
(see Section 2.1.4). In the second part of this chapter we focus on the problem
of measuring the level of redundancy within a given collection of wavelet
functions. Saito and Beylkin (1992) [107] study the notion of autocorrelation
wavelet functions which allow to capture the redundancy of sets of wavelet
functions belonging to the same scale of resolution. However, given that
autocorrelation wavelet functions do not take into account any potential
redundancy between two sets of functions belonging to different wavelet
scales, the latter are not sufficient to capture the degree of redundancy of an
entire system of wavelet functions. In this chapter we introduce the class of
cross-correlation wavelet functions which allows to capture both, intra-scale
and inter-scale redundancies and study the properties of the latter.

2.1 Wavelet Analysis

In this section we summarize some results on orthogonal wavelet systems.
To begin with, we recall the concept of multiresolution analysis. We then
show how the basic properties of the multiresolution analysis lead to the
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dilation equation of the scaling function. In the same context we introduce
the notion of wavelet function. An exhaustive introduction to these concepts
can be found in Daubechies (1992) [32] and Mallat and Mallat (2008) [86].

2.1.1 Multiresolution analysis of L?(R)

Multiresolution analysis (see Meyer, 1986 [91] and Mallat, 1989b [84])
constitutes the conceptual framework for the construction of orthogonal
wavelet bases and provides the design method for the discrete wavelet
transform introduced in Section 2.1.4.

Definition 2.1. Let V}, j € Z be a sequence of subspaces of L* (R). We say
that {Vj}j 7, Is a multiresolution analysis (MRA) of L*(R) if

Vi CViy (nestedness)
UV,=L*R) (density)
JEZ
NV;=0 (separation)
jez
fx)eVie f(2x) e Vi (scaling)

fx) eV e f(x—k) eV, (translation invariance)
forallk € Z

and there exists a function ¢ (x) € Vo, with [ ¢ (x)dx # 0, called a scaling
function such that the set {¢(x — k) },cy, is an orthonormal basis for V.

We will assume hereafter that all scaling functions ¢ (x) are real-valued
functions with [p ¢ (x)dx = 1. Note however, that all the results mentioned
in this section could be generalized to multiresolution analyses with complex-
valued scaling functions.

Given the scaling property and the translation invariance property of the
MRA we define the functions ¢; x(x) € V; as

9;4(x) = 239 (2/x—k). 2.1.1)
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The multiplication by 2/ with corresponds to the scaling of the initial func-
tion. Suppose for example that the support of ¢ (x) was given by the interval
[0,1]. The support of ¢(2/x) is then given by [0,27/]. Subtracting k leads
to a shifting of the initial function and hence the support of ¢(x — k) is
[k, 1+ k]. Combining dilation and translation produces the function ¢; x(x)
with support 277k, 27/ (k+1)].

We now show that given the properties of the MRA in Definition 2.1, the
set of functions {¢> ik (x) } xez 18 an orthonormal basis of V;. To begin with,
using the scaling property and the translation invariance property of the
MRA, the inner product in L*(IR) of two functions in V; is such that

< Pjx(x),9j0(x) > = [p@jx(x))1(x)dx
=2/ [ (2/x—k)¢(2/x —)dx

= Jp0(u)9(u— (I—k))du.

for every scale j € Z and each shift k € Z. Given that {¢ (x — k) };ez is a
collection of orthonormal functions we thus have that < ¢; x(x),¢; ;(x) >
is equal to 1 if k =/ and equal to O if k # [. Hence, {¢; ¢(x)}ez is an
orthonormal set of functions on V;. Moreover, let f(x) be any element in
V;. Then by the scaling property of the MRA we know that f (277x) €Wy
for every j € Z. Using again that {¢ (x — k) }xc7 represents an orthonormal
basis for Vp, we thus have the decomposition f(27/x) = Yyez ard (x — k)
where a; € R. Replacing x by 2/x we can write

fo=Y (%) 229(2x—k)= Y (“—’j) 0;.4(x).

J J
kez \22 kez \22

Hence, we can write any given element f(x) of V; as a linear combination
of {jr(x)}rez. Moreover, given that the elements of {¢; (x)}rcz are
orthonormal to each other for fixed j, the latter represents an orthonormal
basis of V.

A multiresolution analysis provides an interesting way to decompose L> (R).
First, the approximation spaces V; are nested which gives us the ability
to zoom from one to another using the scaling property in Definition 2.1.
Secondly, we have an orthonormal basis for V; generated from one single
basis scaling function ¢ (x) € V} using the dilation and translation properties.



2.1 Wavelet Analysis 41

Moreover, the density property tells us that the multiresolution analysis
covers all of L (R).

2.1.2 Dilation equation of ¢ (x)

In this section we are going to derive the dilation equation of the function
¢ (x). The dilation equation plays a major role in wavelet theory given that it
allows to build the function ¢; x(x) from the set of functions {@;1,(x)} ez
and hence to design a recursive scheme to build the basis functions of all the
elements of the sequence of spaces V;, j € Z.

Using the nestedness property of the MRA we know that ¢ (x) € V. Given
that {9 x(x) } vz, forms an orthonormal basis of V}, we can represent ¢ (x)
as

O(x) = ¥ moi(x)
lez (2.1.2)

=V2 Y h¢(2x—1).

leZ

where 7 € R. Using that < ¢ (x), 91 x(x) >= Yezly < ¢14(x), 01 (x) >
and that < @ ;(x), ¢ x(x) > is equal to 1 if k = [ and equal to 0 if k # [, we
have that iy =< ¢(x), ¢ ;(x) > for every [ € Z.

The coefficients ... ,h_1,hg, hy,... form what is called the scaling filter of
the MRA. In general we can write for every scale j and every shift &

Oj(x) =Y ari9j14(x) (2.1.3)

I€Z
where a ; =< @ (x),9;41,(x) >. The coefficients a; ; can be expressed in
terms of the elements of the scaling filter
ay =<230(2x—k),2'T (27 x—1) >
=2/V2 [ (29x— k) (27 x — I)dx
= Jp ¢ (u)V2¢ (2u— (I - 2k))du
= Jr ¢ ()91 1—2k(u)du

= hy_o.
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Hence, the linear combination in (2.1.3) becomes

Oi(x) =Y hi_ok@ji1,(x). (2.1.4)

e

Hence, the basis functions of V; can be defined as a linear combination of
the basis functions of V;, | which themselves are linear combinations of the
basis functions of V; ;. This leads to a recursive scheme which allows to
link the basis functions of any element of the sequence {V;} jcz to the basis
functions of the remaining elements. We can express the relation in (2.1.4)
in terms of the scaling function, leading to the dilation equation of ¢ (x)

O(20x—k) =v2Y (27 x—1). (2.1.5)

IeZ

forevery j€ Z and k € Z.

2.1.3 The wavelet function y/(x)

Consider any function f(x) in V;. Given the nestedness property of the MRA
we have that f(x) € V;; with i > 0 and hence we can express f(x)asa
linear combination of the basis functions of V;; that is {¢ i k(X
express f(x) in terms of {@;;(x
type of functions.

}keZ

)} vz When i <0, we need an additional

Definition 2.2. Suppose that {V;} jcz forms a multiresolution analysis for
L?*(R) with scaling function ¢(x) that satisfies the dilation equation in
(2.1.5). The wavelet function y(x) € Vy is defined as

=V2Y gip(2x—1) (2.1.6)

e

and more generally the functions Y; i (x) € Vi1 by

Vi) =Y gi-udjr1(x) (2.1.7)
=7

for all integers j,k € 7. The wavelet filter is given by the coefficients
-9 8-1,80,815--- where

g = (—1)"n_. (2.1.8)
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Mallat (1989a [83], 1989b [84]) and Meyer (1986) [91] show that if W; =
span { y; (x) } rez then W; is the orthogonal complement of V; in V;yy
which we denote as

Visi=V,@W,; (2.1.9)

and that the set {y;(x)}, <z, forms an orthonormal basis of W;.

Given (2.1.9) we can write each function f(x) € Vj; as

fx) =Y adir(t)+ Y beyix(t). (2.1.10)

keZ keZ

The right-hand side of (2.1.10) contains two parts, where Y. ax¢; «(t) rep-
keZ

resents the approximation of f(x) in V;_; and where } ;<7 bry; «(t) is an
element of W;. Moreover, given that ¢ j}k(t) €V, we can write the latter as

Ojk(t) = Yiezar ®j—1x(t) + ZZZ b y;—1x(t) and hence
€

f) =Y a (Z ar9j-1(0)+ Y bk,ﬂl/j1,z(f)> + Y by (o).

keZ leZ leZ keZ

Again we can write ¢;_(¢) as a linear combination of {¢;_» ()}, .,
and {y;_o (1)} ., with {¢;_2,(t)}= . being a linear combination of
{9j—3x()}= . and {y;_34(t)}}= .. and so on. Repetitive use of this
recursive scheme then allows to write f(x) as an infinite series of elements
of W;,W;_1,W;_5,... respectively.

Example 2.1 (Haar basis). Haar (1910) [65] provides the first example of
an MRA. The scaling filter of the Haar basis is given by the sequence of
coefficients {hi}, = _ such that

V2 _
he=4{ 3 Jork=01 2.1.11)
0 otherwise

The wavelet functions have an analytic expression and take the form of
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stepwise constant functions

2% ifxe [~27(1—k),27k]
Vi) =4 —2% ifxe]27k 27 (k+1)] - 2.1.12)
0 otherwise

Example 2.2 (Daubechies basis). The Haar MRA in Example 2.1 is part
of the larger class of the so-called Daubechies MRA (see Daubechies, 1990
[31]). There are several types of Daubechies MRA, each of them using a
different scaling filter. Table 2.1 below contains the scaling filter for the D2
to D8 MRA. Note that the D2 scaling filter corresponds to the Haar scaling
filter. The wavelet functions of the D2 MRA has an analytic expression given
by (2.1.12). For the remaining Daubechies MRA, there exists no analytic
expression of the corresponding wavelet functions.

k D2 D4 D6 D8

0 ]0.7071 | 0.4830 | 0.3328 | 0.2304
1|0.7071 | 0.8365 | 0.8069 | 0.7148
2 0 0.2241 | 0.4599 | 0.6309
3 0 -0.1294 | -0.1350 | -0.0280
4 0 0 -0.0854 | -0.1870
5 0 0 0.0352 | 0.0308
6 0 0 0 0.0329
7 0 0 0 -0.0106

Table 2.1: Daubechies scaling filters (D2-DS8)

2.1.4 The discrete wavelet transform

Consider any deterministic sequence Sy, ...,S,—1 in [, where n = 27 with
J € N and define the continuous function

fx) :,:Zio coxp(x—k) xeR

withc()?k=skf0rk:0,...,n—1.
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Figure 2.1: (Haar wavelet functions) W, o, Y_10 and y_3 ¢

The function f(x) is in the space Vp. Using (2.1.9), the function f(x) can be

decomposed as

k=—oo

too oo
f) =Y coipd i)+ Y dogpy_ix(x)

k=—oo

where c_jx =< f(x),0_; x(x) > denote the scaling coefficients and

d_1x =< f(x),y_1 x(x) > represent the wavelet coefficients. Using (2.1.5)

and (2.1.7) we have that ¢_;x(x) = Y hx¢(x —1) and y_;i(x) =
Y. 812k (x — ) respectively. Hence, the coefficients c_; x and d_; ; take
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the form

C_ k= Zl:hl—ZkCOJ and d_l,k = Zl:gl—ZkCO,l' (2113)

withk=0,...,5 — 1. Note that the number of scaling coefficients at level —1
is half of the number of scaling coefficients at level 0. The discrete wavelet
function at level —1 and shift O is identical to the scaling filter vector, that is
V_10(t) =g fort € Zwith g; #0fort =0,...,L[h] — 1 where L[h] < +oo
denotes the length of the support of the scaling filter. From this follows that
the support of the discrete wavelet function at scale —1is 0 <z < L[h] — 1.
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Next consider the sequence of coefficients c_1 g, ... €181 and define the

continuous function

which again can be decomposed as

foi(x) = %C—l,k(])l,k(x) xeR

fo1(x) =Y cok@ ok (x)+ Y d oW (x)
k 3

with ¢ o, =< f1(x),0_2x(x) >and d 2 =< f_1(x), Y 2x(x) >. Using
(2.1.5) and (2.1.7) we have that ¢_ 5 (x) = ¥, Aok 91 1(x) and Y_5 i (x) =
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Y1 81—2k9—1,(x) respectively. Hence, the coefficients c_, ; and d_; 4 take
the form

Cox= Xlthkal,l and d_pj = Xl‘.glekal,l- (2.1.14)
Using the expressions for ¢_; in (2.1.14) we can write ¢_» ; and d_5 ;. as
Cok= ZCo,m)l:hm—zlhz—Zk d_oy= ZCQm)l:hm—Zlgl—Zk (2.1.15)
m m

with k = 0,...,7 — 1. The discrete wavelet function at level —2 and shift
0 then takes the form y_,o(t) =Y, h—oW_10(l) = X h—218; with | € Z.
Recall that h,_5; =0 for r < 2/ and ¢ > L[h] — 1 +2[ and that g; = 0 for
I <0and /> L[h]— 1. If we combine these constraints on the support of
the scaling filter and the wavelet filter we get that the support of the discrete
wavelet function at scale —2 is given by 0 <7 < 3(L[h] —1).

This procedure can be iterated leading to a recursive definition of the discrete
wavelet functions

v_10(t) =8 fort € Z
l[/j,L()(t) = th—Zkl//j,O(k) fort€Zand j=-2,...,—J. (2.1.16)
k

Hence, the wavelet functions at each scale of the discrete wavelet trans-
form are defined as repeated convolutions of the scaling and wavelet filters.
Moreover, the length of the support of the wavelet functions L; is a multiple
of the length of the support of &

Li=(27-1)(L[A]—1)+1. (2.1.17)
Figures 2.4 and 2.5 contain the discrete D4 wavelet functions for j =

—1,...,—2and k=0and j = —3,...,—4 and k = 0O respectively.

2.1.5 Non-decimated discrete wavelet system

In the decimated discrete wavelet system, the functions y; (¢) are shifted
versions of the function y; o(z) in (2.1.16) as

l//jjk(l‘) =Vo (l — 2_jk> . (2.1.18)
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Figure 2.4: Discrete wavelet functions of the D4 basis at shift for
j=—1,....,—2and k=0

Thus, the decimated wavelet system only allows for dyadic shifts of the
wavelet functions with the size of the shifts being dependent upon the
respective wavelet scale. As we have seen in Section 2.1.4, this scale-
variance of the shifting operation leads to the decimation phenomenon with
the number of coefficients at a given scale of resolution being half of the
number of wavelet coefficients at the previous scale.
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Figure 2.5: Discrete wavelet functions of the D4 basis at shift for
j=—-3,...,—4and k=0

Non-decimated wavelet systems (see Berkner and Wells, 2002 [15]) refer to
wavelet systems which are constructed such that the decimation phenomenon
does not occur. More precisely, non-decimated wavelet systems allow for
the wavelet functions to be shifted to any location and not just by shift of 2/.
Hence, in the non-decimated wavelet system, the wavelet function at scale j
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and shift 7 is given by

V() =wio(t—1). (2.1.19)

Hence, the decimated wavelet function at scale j and shift & is identical to
the non-decimated wavelet function at scale j and shift 27/k.

In contrast to the decimated wavelet system, the number of wavelet functions
at each scale of resolution does not depend on the wavelet scale. Hence, the
number of wavelet functions in the non-decimated wavelet system is always
larger than in the decimated system. Note however, that the larger number
of functions comes at a price in the sense that the constituent functions
of the non-decimated wavelet system are not linearly independent. The
linear dependence among the elements of the non-decimated wavelet system
leads to a redundant representation of a given signal in the wavelet domain.
In the next section we introduce the concept of cross-correlation wavelet
functions allowing to measure the degree of redundancy of given systems of
non-decimated wavelet functions.

2.2 Cross-correlations of discrete wavelet func-
tions

Consider two real sequences x(¢) and y(¢) indexed by ¢ € Z. The cross-
correlation of these two sequences, denoted as Cx7y(‘L'), takes the form

Cor(D) = ¥ x(t)y(t+1) forteZ. 2.2.1)

f—=—o0

The cross-correlation is a sliding sliding inner product of two signals and
hence represents a measure of similarity of x(z) and y(r) as a function
of the lag of one relative to the other. The autocorrelation is defined as
the cross-correlation of a series with itself. We denote as {Cy(7)}1>_,
the cross-correlation sequence of x(7) and y(z). Consequently, we refer to
{Cyx()}i2 ., and {Cy,,(7)}{= ., as the autocovariance sequence of x(¢)
and y(t) respectively. If both, x(¢) and y(¢) are discrete wavelet functions
originating from a common recursive scheme as in (2.1.16), the correspond-
ing sequence of cross-correlations is referred to as cross-correlation wavelet

sequences or cross-correlation wavelet functions (see Definition 2.3). Defin-
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ition 2.3 below formally introduces the notion of CCWF for of collections
non-decimated discrete wavelet functions.

Definition 2.3. Denote as {Yj}cez with j = —1,...,—J and J € N*
a collection of non-decimated wavelet functions. We denote as ¥; =
{{¥; j}i_:J:jjfl ;:1_ ; the set of cross-correlation functions of the collection
of non-decimated wavelet functions, such that

+o0
Y i(7) = [:;w Vio()Wjtiz(t) withteZ (2.2.2)

fori=—j—1...,—Jand j=—1,...,—J.

Note that if the wavelet functions are standardized as ¥, v 0( )=1

and Y77 l;/j+l. o(t) =1, the CCWF ¥, ;(7) is identical to the cosine of the
angle between the vectors y; o and V¥, z.

The function ¥ ; is identical to the autocovariance wavelet function
(ACWEF) studied in Saito and Beylkin (1992) [107]. The continuous father
wavelet autocorrelation function is the fundamental function of the Deslauri-
ers and Dubuc (1989) [34] interpolation scheme. Discrete autocovariance
wavelets functions play a crucial role in the LSW process model framework
which will be introduced in Chapter 3.

The ACWEF at each scale are symmetric about zero, that is ¥;(7) = ¥;(—7)
for all j, for any wavelet basis. To show this, set X’ = k + T which leads to

Vio(k)Wo(k+ 1) = yo(kK' — )y (k) and hence

+o0
Y, viokwjo(k+1)= Z VoK' —T)yjo(k')
k=—o0

forall T € Z.

To derive the upper and the lower bounds of the support of the autocor-

relation wavelets recall from (2.1.17) that the support of y; o(k) is given

by [0,(27/—1) (L[h]—1)] and that the support of y;o(k+ T) is given

by [-7,(27/=1) (L[] —1) —7|. Thus,if t> (27— 1) (L[A] = 1)+ 1 or
— (277 —1)(L[h] — 1) — 1 we have that

0.7 =1 @h-D]n[-7, @7 = 1) (LA -1)-7] =0
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and as a consequence Y, _ W o(k)y;jo(k+ 1) = 0. Thus, we have that
¥i(t)=0if || > (27/ = 1) (L[n] +1).

Example 2.3 (Haar autocorrelation wavelet functions). The autocorrel-
ation functions of discrete Haar wavelets have an analytic representation
given by

1-273|7] iftre (0,277 NZ
Yi(t) =S —3+2t| ifre 2771277 -1]NZ .
0 otherwise

Given that most discrete wavelet functions, as for example the members
of the Daubechies wavelet class (apart from the D2 basis), do not have an
analytic representation, their respective ACWF does not have an analytic
representation either. However, as Lemma 2.1 below states, there exists a set
of points given by T = 27/~!m with m € Z, for which the ACWF at level j
can be expressed as an autocorrelation of the wavelet filter and hence admits
a closed form expression.

Lemma 2.1. Denote as {Yj1}rez with j=—1,...,—J and J € NT a col-

lection of non-decimated wavelet functions and suppose that the associated
scaling filter fulfills

iy [ 1 ifs=0
k;whkhma _{ 0 ifSelu (2.2.3)

If we denote by ¥ ; the ACWF at the j—th wavelet scale, we have that for
j=—1,....,—JandmeZ

le (zijilm) = Zgugqum-
u

Based on the statement of Lemma 2.1 we can construct Table 2.2 containing
the values of the ACWF for © = 2~/~!'m with m = 0,...,5 for D2-D12
wavelet functions obtained by a direct computation of the autocorrelation
function of the wavelet filter.

As pointed out before, ACWF are only a special case of the more general
notion of cross-correlation wavelet functions. Unlike ACWE, the properties
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w0 w0 v 07) [¥,73) [ v,07F) [ ¥, (2771
D2 | 1 05 0 0 0 0
D4 | 1 0.5625 0 0.0625 0 0
D6 | 1 0.5859 0 0.0977 0 -0.0117
D8 | 1 10.5981 0 0.1196 0 -0.0239
DIO | 1 -0.6056 0 0.1346 0 -0.0346
DI2 | 1 0.6107 0 0.1454 0 -0.0436

Table 2.2: Point values for Daubechies-type ACWF

of cross-correlations of discrete wavelet functions have not been studied in
the literature so far. Hence, in the remaining part of this chapter we provide
an overview of some of the main properties of the class of CCWF.

To start with, Lemma 2.2 states that unlike ACWE, cross-correlation wavelet
functions are not symmetric about zero.

Lemma 2.2. Denote as Wy = {{¥;;};”~_};1_, with ] € N* a set of
cross-correlation wavelet functions as defined in Definition 2.3. The elements
of ¥ then have the following properties

(@) ¥;j(t) =Y j+i(—7)

)t =27 =1) (L)1)
(b) ‘Pi,j(f)—mf{ T> (2(—f—i_1))(L[h]—1)+1

~+oo
(c) The ACWF are given by Wy j(T) = L Wjo(t)y,(t)

t=—o0

Example 2.4 (Haar cross-correlation wavelet functions). The cross-
correlation wavelet functions of discrete Haar wavelet functions for j =
—1,-2,...and i=—1,-2,... take the following form

24 (273 -2 42 2] reen
—27t3 (27 |27 42 42 4 —|) ifTel
¥ j(t) = ,
/%3 (277 - 277 1) ifteh
0 otherwise

where I} = [2’i—1,2*i+2*j—3} N%Z bL = [2*i+1_|_2*j_37
27427t —5lnZand 3 = [0,27/ — 1| NZ.



2.2 Cross-correlations of discrete wavelet functions 55

Lemma 2.3 below states that for each element within a given collection
of cross-correlation functions there exists a non-empty set of values of
T between — (277" — 1) (L[] — 1)+ 1 and (277" —1) (L[h] — 1) — 1 for
which lP,}]‘(’L') =0.

Lemma 2.3. Denote as {Yj1}rez with j=—1,...,—J and J € N* a col-
lection of non-decimated wavelet functions and suppose that the associated
scaling filter fulfills the assumption in (2.2.3). Suppose moreover that

~+oo
Y Miosg =0 (2.2.4)

k=—oo

for any 6 € 7. If we denote as ¥; j the CCWF of order i at scale j, we have
that for j,l=—1,....,—J, i,s=—1...,—J—jand m € Z

Y272 = 1)m) =0 ifl+s=j+iands>i.

Lemma 2.4 states that for each CCWF there exists a non-empty set of values
of 7 for which W¥; ;(7) has a closed form expression as a product of a subset
of elements of the scaling filter and wavelet filter.

Lemma 2.4. Denote as {Wj 1}z with j=—1,...,—J and J € N* a col-
lection of non-decimated wavelet functions with scaling and wavelet filters
Sulfilling the assumptions in (2.2.3) and (2.2.4). If we denote as ¥; j the
CCWF of order i at scale j and as L[h] the length of the respective wavelet
filter, we have that for j=—1,....,—Jandi=—1...,—J—

Wi, (27127 1) (LR = 1) = gohipy 8L -1

Nason et al. (2000) [94] show that for any given value of J, the elements of
the collection of ACWF {W¥ J(T)}j_zl _; are linearly independent regardless of
the choice of the scaling filter. Theorem 2.1 below provides a generalization
of this statement to the larger class of CCWE.

Theorem 2.1. If {yj}rez with j = —1,...,—J and J € N denotes a
collection of non-decimated wavelet functions with scaling and wavelet
filters fulfilling the assumptions in (2.2.3) and (2.2.4), then the family of
cross-correlation wavelet functions

] -1
Y, = {lPOJ, {‘Pi,ja\P—ﬁj‘f‘i}i——./—j}j—_J
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is linearly independent.

The notion of CCWF will reappear in Sections 3.4.1 and 4.1.1 when dealing
with the covariance representation of univariate and multivariate LSW(gq)
processes. In Sections 3.4.2 and 4.1.2 we will use the statement of Theorem
2.1 to prove asymptotic uniqueness of the inverse representation of the
local autocovariance functions of both, univariate and multivariate LSW(gq)
processes.
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2.3 Proofs

2.3.1 Proof of Lemma 2.1

If j = —1 we obtain immediately ¥_;(m) =¥, _ w1 o(k)y_10(k+m)
which can be rewritten as W_j(m) = Y gigxrm using the recurs-
k

ive relation in (2.1.16). For j = —2 we have that ¥_,(2m) =
Y L Woo0(k)w_20(k+2m). Using again the recursive definition in
(2.1.16) we can write this as

~+oo
W oo(2m) =Y 8u) 8w Y, hk—uli—ouwiom
u

uW  k=—oo

~+oo
Given the assumption in (2.2.3), we have that ), hx_2,hx_0y10m = 1 1f
k=—oo
u' = u+m and 0 otherwise. This leads to ¥_»(2m) =Y, u&u-+m- Similarly,

if j = —3 we can write
+oc0
lP*3(4m) = Zguz Zhul 721,{2 Zgué Zhu/l —21/2 Z ]’lk_zul hk_zu/l +4m
uz uy i) u} k=—o0

Using that Z,‘Z’_m hk—2u1hk—2u’1+4m is equal to 1 if u} = u; +2m and 0
otherwise, this becomes ¥ _3(4m) =Y, gu, Yoty 8uty Yoy Mty =205 P, 20y 1 2m
where },,, hu1—2u2hu172u’2+2m is equal to 1 if u}, = up +m and is equal to 0
otherwise and hence W_3(4m) =Y gu, 8u, +m-

up

In general we have that
lI1] (27}71}7[1) = Z gu,j Z hu_j_leu,j---Zhu272u3
u_j U_j1 Us

J

Z guLj ,Z huLjfl—ZuL- .- Z.h ’2—2u’3Zhulfzuzhmqu'erZ*f’lm
u u Uy ui

where (2.2.3) allows to write

. e —j—1—1
§ s e oo L = 227
up—2up1 My —2u) 277 otherwise

Uj=—o0
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for/=1,...,—j, and hence ¥, (Zj*Im) =Y 8u_;8u_j+m-
U—j

2.3.2 Proof of Lemma 2.2

Set k' = k+ 7 which allows to write yjo(k)yjio0(k+ T) = yjo(k' —
T)Wjti0(k") and hence

~+oo
Z IVLO( w]+10k+T Z l/’jO '—1 ll/j-i-l()(k)
k=—c0

for all T € Z which means that ¥; ;(7) =Y¥Y_; j+i(—7).

Recall that the support of y; o(k) is given by [O, (27/—1)(L[n]—1)] and
that the support of W;;0(k+7) is [—7, (277" = 1) (L[h] — 1) — 1]. Thus,
ift>(277""=1) (LA —1)+1ort<—(27/—1) (L[h] — 1) we have that

0.7 - 1) @i - D] N [~7. @ 1) L 1) -] =0

and hence Y./~ _ W o(k)¥jti0(k+7) =0. This means that ¥; j(7) = 0 if
—(27=1)(L[h]—1)ort> (2777 "= 1) (L[h])— 1)+ 1.

The cross-correlation wavelets of order O are given by

Wo,;(t Z Vio(—k)yjo(—k+7)
k=—c0

and hence are equal to the ACWE.

2.3.3 Proof of Lemma 2.3

Using the recursive definition of the discrete wavelet functions in (2.2.3) we
can write

qliJ(T): Z 8u i Z hu’ =2 Zhué—Zug

iy —j—i—1 —Jj—i
71 i U_j i1

Zgu,j Z hu,j,l—Zu,, Zhuz 2M3Zhu1 2u —H‘hul —2up

u_j u_jq u



64 Cross-correlations of discrete wavelet functions

Given that for any m € Z we have that }., hy—24hy 244 25 With K > 1 is
equal to 1 if ' = u+2%"'m and equal to 0 if «’ # u — 2%~ m this reduces to

T) = Z guij+1 Zhu,j—2u’_j+]+2/'“1gu7j
u .. u,j
L
ifi=—1and to

T) /Z gu/,j,i l,j i1 *I i Z u_j— 2u' j+l+2]+lrgu_j
u ..

/
U_j_i1

ifi < —1.
Set T = mYy ;27757177 and hence 2/t = my f 2/ =
2727 41 l)m. Thus, if I < j then 2/7!7 is even for any value of

m € Z which means that —2u’_ s 27+ 7 s always even. Hence given

the assumption in (19), we get that Z h, A28 = 0 for every
—j J

: /
possible value of u”_ 41

2.3.4 Proof of Lemma 2.4

Using again the recursive definition of the discrete wavelet functions in
(2.1.16) and that for any m € Z we have that }., hy—2,hg 2,425 With K > 1
is equal to 1 if ' = u+2""'m and equal to 0 if u’ # u—25"'m, we can

write
Z gu—j+1 Z u—j M j+1+2j+lfgu7j
ifi=—1andto

Z 8 i /Z Ljiiil—Zu’_j_i'"Zhu,j72ulj+l+2f+lrgu_j

U_;
7]1 1 J

ifi<—1. Setm=L[h]—1and put T=mY!_,27/7"1=" In that case

7é01f and only if 0 </ L Sm. Slmllarly, h’-,-,— / 7&0
1f and only if 2u <u . ., < 2u _j+m. In general we have that
h// 2l #Olfandonly1f2u i 1 Sl jmie , <2 i v+1+

m. By solvmg these inequalities recursively we obtain that forv=1,...,—i



2.3 Proofs 65

the coefficients i, ., are equal to zero if
7/ i—v

u/—j—i—v—H > (ZV — 1) m

Thus, if ' ;,; > (27'=1)m we have that hy . = 0. Moreover,

huﬂ,_wf_ jtte Suy = 0 if —.21/_ i T2 > om Using
that 2l = mYy!l_ 27" = (2*l+1—1)m‘ this becomes u’ ;,; <
27" =1)m. If we set u’_jJrl = (27"=1)m we obtain that

Yu_;h u_j-2u 42128 =Yu_; hu_+m8u_; which reduces to i, go.

Similarly, if u’ ;, , > (27— 1) m we have that A, o = 0. Moreover,
hy j-ou,,, =01l =2u”; 5 >m. Giventhatu' ; ;= (27 —1)m
this means that u’_ +2 < (27 - m. If wesetu ; ,=(27""=1)m
we obtain that }.,, ., 2y T h.

This procedure can be iterated to obtain that go/,,'g,,.

2.3.5 Proof of Theorem 2.1

—J- 1 —J 2
Denote as ¥ / 121_7171 l(J)‘P (1) and ¥; PR Y ]j 1 lj)‘P (1) two
linear combmatlons of the family of autocorrelatlon wavelets. To prove

linear independence of W we have to show that

_ (1 _ 2
Z]*—IZz*—] 1 1]) () 217_1217_] 1 1])\11 (T) forteZ
impli o) o2 . - L.
plesthatAw—Si.j Si’j—Ofor]— I,....,—J...and i = —j

l,....,—J—]. ’

To start with, split ¥ into three subsets defined as p0.-7) — {‘Po’, ]},
\il(ov_-])
{¥;;:i+j=—J,i<0}and PO~ =g,

jii+j>—J}. Recall that
Y i(t)=0ift<—(27/—1)(L[A]—1)ort> (2777 = 1) (L[A] — 1)+ 1.
Hence, W; ; (2’71 (L[n] — 1)) =0 for ¥; j(1) € ¥(0.=7) Moreover, using
Lemma 2.3 we know that ¥; ; (2/~1 (L[] — 1)) =0 for ¥; ;(t) € ¥,
Lemma 2.4 then tells us that ¥y _; (2/~1 (L[n] - 1)) = gr[n—180 With
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8gr[n—180 # 0. Thus, for 7= (2/=1) (L[h] — 1) we get that

—J I

Y ) A7) = Ao —s808m
Je—li=—j—1

Thus, for Ag,_y%¥o,—s (27" (L[h] — 1)) = 0 to hold we need to have Ay _; =
0.

Next, define the sets WL/ = {\P_L_J} and WG-L-Y) —
{Wij:i+j=—J,i<—1}. Using Lemma 2.3 we know that
Wi (277142772 (LA - 1)) = 0 for ¥, (1) € W(-1.~J) " Thus, for
= ((2/""+2/72) (L[h] — 1)) we get that

—J I

Y Y AGY(T)=Al1—sg08m
j=—li=—j—1

Thus, for Ay ;¥ —; ((2/7'4+2/72) (L[] — 1)) = 0 to hold we need to
have Ay _; = 0.

This procedure can be generalized by defining the sets gls—)) =
(P s} and P& = {¥;;: i+j=—J, i<s} with s < —1 with
(202" 7") (LA - 1)) = 0 for W, ;(7) € P7) and W, (1) €
¥=/) Thus, if we solve the system of equations iteratively for
s =—2,-3,—4,... by setting at each step 7 = (¥, %2/~ 1") (L[n] — 1) we
get that

—J =

Y, Y AW (T) = A -sg08m

j=—li=—j—1
Thus, for As ¥ ((L,292'7""") (L[h] —1)) = 0 to hold we need to
have Ay _; = 0.
Similarly, we define the sets W(O—/+1) — {Wo,—s41}, PO, —J+1) —
(¥ i+j=—J,i<0}, PO+ = Iy, .+ i j=—J,i>0} and
PO+ = g, .1 j+j>—J+1}.  Given the supports of the
CCWF we know that ¥; ; (2/=2(L[h] - 1)) = 0 for ¥, ;(1) € PO—~/+1)
and ¥, ;(t) € PO+, Moreover, given Lemma 2.3 we have
that W;; (22(L[h] 1)) = 0 for ¥;;(r) € ¥O~/+D.  Thus, for



2.3 Proofs 67

T=(272) (L[h] — 1) we get that

—J —J-j

Y )Y AYL(T) =A0—s1808m
Jeli=—j-1

Thus, for Ag_y41Wo,—s+1 (272 (L[h] — 1)) = 0 to hold we need to have
Aog,—y+1=0.

In general we define the sets WO/ — {Ws i1}, Pls,—J+1) =
(W i+j=—J i<s}h, PO = {@, .+ it j=—J, i>—s} and
Plo—I+) = {Wij:itj>—J+1}with ¥ ((E202"27) (Lln) - 1)) =
0 for ‘Pi’j(’f) c \P(S’_J—H), IPW'(T) - IP(S’_J—H) and lPi’j(T) - \P(s’_J—H).
Thus, if we solve the system of equations iteratively for s = —1,—-2, -3, ...
by setting at each step 7 = (¥, %, 2/ 7>7") (L[h] — 1) we get that

T

Y, Y ALY(T) = A s11808m
1=yt

Thus, for Ay _y+ 1% —s41 ((L,252/7>7") (L[h] — 1)) = 0 to hold we need
to have A; ;1 = 0. Similarly, for ¥; ; ((¥, 2’ 27") (L[n] — 1)) = 0 for
¥, (1) € P W (1) € PO and W (1) € P/, Thus, if
we solve the system of equations iteratively for s = 1,2,3,... by setting at
each step 7= (— Y, %2/ 727") (L[h] — 1) we get that

—J ==

Y Y ALYL(T) =A—sr1808m
j=—li=—j—1

Thus, for Ag —j1¥s—s+1 ((X,292/727") (L[h] — 1)) = 0 to hold we need
to have Ay ;41 =0.






Chapter 3

Generalized locally stationary
wavelet processes

This chapter deals with the analysis of univariate discrete time series of zero-
mean random variables. Many well-established statistical models are based
on the assumption that the time series is second-order stationary and hence
that its autocovariance function is invariant over time. The hypothesis of
stationarity is an appealing notion since it allows to estimate the autocovari-
ances and autocorrelations by computing the corresponding sample averages
and hence to build a sound asymptotic theory for the estimation procedure
based mainly on some version of the Central limit theorem. However, in
most cases relevant for practical purposes, the assumption of stationarity
represents a mere mathematical idealization which leads to an oversimplified
viewpoint of the underlying second-order properties of a time series.

If we drop the stationarity assumption we need to replace the latter with a
more general notion which allows to carry out meaningful statistical ana-
lysis and to develop consistent estimation procedures. Priestley (1965)
[101] provides a characterization of stochastic processes with non-stationary
second-order structure by introducing a form of time series that are globally
non-stationary but have a locally stationary behavior relying on the theory
of evolutionary spectra. Dahlhaus (1997) [27] introduces a modelling frame-
work which allows to build an adequate asymptotic theory for the estimation
of locally stationary time series, based on the concept of rescaled time.
Analogously to nonparametric regression analysis, the notion of rescaled
time makes use of the idea that as the number of data points increases the
time-varying parameters of the locally stationary process are observed on
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the same interval but on a finer grid. Thus, as the sample size increases more
information about the local behavior of the time-varying parameters can be
collected.

A specific form of nonstationary stochastic processes are the so-called
locally stationary wavelet (LSW) processes which have been defined first
in Nason et al. (2000) [94]. LSW processes provide a representation of
nonstationary time series with smoothly changing autocovariance functions
based on discrete non-decimated wavelets and an orthogonal Gaussian
increment process. Van Bellegem and von Sachs (2008) [129] expand the
class of LSW processes to processes whose autocovariance function changes
abruptly in time. Fryzlewicz and Nason (2006) [59] suggest the use of a
Haar-Fisz method for the estimation of the evolutionary wavelet spectrum
by combining the Haar wavelets and the variance stabilizing Fisz transform.
Fryzlewicz et al. (2003) [60] address the issue of forecasting univariate
LSW processes.

Note that in all the LSW model specifications introduced in the literature so
far, each element of the univariate time series at the macroscale is represen-
ted as a linear combination of an orthonormal, multiscale increment process.
The objective of this chapter is to introduce a new class of univariate LSW
processes that allows for correlations among the increment terms. Nason
et al. (2000) [94] show that for the case of orthonormal increment terms
the covariance representation of the LSW model is asymptotically unique
and derive a consistent estimation procedure of the evolutionary wavelet
spectrum (EWS). We show that the asymptotic uniqueness of the autocov-
ariance representation remains true in the presence of correlated increment
processes and derive a consistent estimation procedure of the corresponding
EWS.

The chapter is divided into seven sections. Section 3.1 contains a general
introduction to the use of multiscale representation methods in the modelling
of time series with non-stationary autocovariance function. In that context,
we will have a closer look at locally stationary stochastic processes and the
concept of evolutionary spectrum of a time series (Priestley, 1965 [101]).
Section 3.2 discusses the notion of rescaled time (Dalhaus, 1997 [27]).
Section 3.3 introduces the locally stationary wavelet process model as it is
defined in Nason et al. (2000) [94]. The remaining sections of this chapter
contain original work. In Section 3.4 we propose an extension of the standard
LSW processes by allowing for more flexible correlation patterns in the
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increment process. In that context we define LSW processes of order g with
q representing the degree of complexity of the correlation structure within
the increment process. We show that the autocovariance representation
of the extended model framework is asymptotically unique given that the
model complexity g does not increase along with the sample size. Section
3.5 deals with the estimation of the generalized LSW model framework.
We present a consistent estimation procedure of the evolutionary wavelet
spectrum based on a generalized version of the smoothed and corrected
wavelet periodogram (see Nason et al, 2000 [94]). In Sections 3.6 and 3.7
we study the performance of the proposed estimator using simulation studies
and a real data analysis respectively.

3.1 Multiscale modelling of locally stationary
time series

Consider a stochastic process X = {X(¢)},- . such that E (X (¢)) = 0 for
all # € Z and denote as

C(t,t) =Cov(X(t),X(t+7)); t€Z; T€Z

its autocovariance function.

Denote as { @, (¢) } ocr a collection of functions whose elements are obtained
through a set of transformations of a single basis function. The idea of
multiscale time series analysis is to decompose the process {X (t)};“:’_m with
respect to {@y(?)},, and a zero-mean process of potentially complex-valued
increments, denoted as {de(®)} . which leads to

X(0) = [ bo(t)de(w), 1€ 3.1.1)

If the process can be represented as in (3.1.1), its autocovariance function
also admits a multiscale decomposition

C(t,t)=[ [ (o) (0)S(0,0")dode', t€Z, T€Z 3.1.2)

o

where S (0, 0') = E (ds(w)de(w’)) with de(®') being the complex con-
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jugate of de(®'). Thus, the multiscale decomposition of {X (¢)};7° __ allows
to represent its autocovariance structure as a quadratic form of the set of func-
tions {¢y(t)}, with coefficients given by the components of the covariance
kernel {S(®, ®)} yg o Of the increment process.

The multiscale representation of the covariance function allows to discover
underlying patterns in the second-order properties of {X (¢)}.=° . which are
hidden in the single-scale representation. Moreover, provided an appropriate
choice of the set of functions {¢y(?)},cp. the covariance pattern of the
increment process might have a higher degree of sparsity compared to the
covariance structure of {X(¢)},=" ... In that case, the multiscale decom-
position of {X ()} . allows to represent its second-order properties in a
compressed form which makes the analysis of the latter easier.

3.1.1 Spectral representation of second-order stationary
processes

We say that {X (t)}:;wfoo 1s covariance-stationary if its autocovariance func-
tion does not depend upon time and hence if

C(t) = Cov (X(1),X(t + 7))

fort € Z and 7t € Z. The spectral representation theorem (see Priestley,
(1981a)[102] for example) states that each covariance stationary stochastic
process can be written as an integral of mutually orthogonal complex expo-
nential functions with random weights given by the elements of an orthonor-
mal increment process. Thus we have that

/ Alw)e®dZ(o) (3.1.3)

where A() is a possibly complex-valued function, {e~"®'} ' denotes the
set of complex exponential functions with varying frequencies @ and dZ(®)
denotes a zero-mean orthonormal process of complex-valued increments
and hence E (dZ(w)dZ(®")) is equal to 1 if @ = @" and equal to 0 if @ # @',
Given the spectral representation of the stationary process, its autocovariance
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function can be decomposed as

—+o0

C(1)= [ e *7S(w) (3.1.4)

—o00

where S(®) = |A(®)]* denotes the spectrum of the process with |A(w)|
being the modulus of A(w).

The spectral representation is a good example to illustrate the advantages of
having a multiscale viewpoint of {X(¢)},” . Indeed, given the orthonor-
mality of the increment process, we can study the second-order properties of
the initial process by a simple scale-wise analysis of the spectral coefficients
{S(w)}, in the frequency domain.

3.1.2 Piecewise-stationary stochastic processes

The spectral decomposition described above is only valid for stationary
processes. So the natural question at this point is if something similar
to the spectral representation for stationary processes can be done in the
non-stationary case?

Arguably the most basic form of second-order non-stationary processes are
piecewise-stationary processes (see Priestley, (1981a) [102] for example).
The most basic representation of a piecewise-stationary process {X (¢) teo

[—=—o0
takes the form »
X)) it <y
X (1) _{ Xo(t) ift>19

where both, {X; ()} __ and {X,(t)},= So+1 are stationary processes but with
different autocovariance functions. The process {X (¢)},=° __ is globally non-
stationary since its second-order properties change within time. However,
given that the two sub-processes {X;(t)}' . and {X; (t)};:;’o 1 are both
stationary on the intervals [—oo, 9] and [to + 1,+o0] respectively we say that
{X(#)};= .. is piecewise stationary. Given that the process {X (¢)},=° _, is
non-stationary, it has no spectral representation as in (3.1.3). However, if
is known we can decompose both processes as X (t) = [ A (w)e'® dZ(o)

and X(1) = [ Ax(0)el® dZ (o).

The reasoning above can be extended to a more general form of piecewise
stationary processes for which X (f) = Xy () fort_ <t <trandk=1,...,N,
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where the processes {X;(t)} . ,+1 are stationary processes with different

autocovariance functions and w1th spectral representatlons given by X; (1) =
[T Ar(w)e'® dZ(w) respectively. Thus, {X(r)},=° .. admits a multiscale
representation with

t*—oo

/A edZ(w). (3.1.5)

with A;(@) = Ag(w) for 4 <t <t and k = 1,...,N.Thus, the time-
varying second-order structure of piecewise stationary processes leads to a
spectral representation of the latter with time-varying spectrum and Fourier
representation of the covariance function given by

C(1,1) = / Si () dw (3.1.6)

with S, (@) = |Ag(@)|> fort_ <t <trandk=1,...,N.

3.1.3 Evolutionary spectrum

The simple representation in terms of time-varying spectrum of the spe-
cific class of piecewise-constant process in (3.1.5) has been generalized by
Priestley (1965) [101] by introducing the concept of evolutionary spectrum.
Priestley shows that if there exists a family of functions {@y(?)}, defined
on the real line such that the autocovariance function admits a representation
of the form

Clt,7) = / 00 ()90l + T)S(0)dw (3.1.7)

where ¢4 (¢ + T) denotes the complex conjugate of @y (¢ + 7), the corres-
ponding process can be represented as

X(t)= +fmcpw(z)dz(a)); teZ (3.1.8)

where {dZ(®)}, is an orthogonal process with E(dZ(w)dZ(w) = S(w). If
{X ()} is in the class of oscillatory processes, the functions ¢, (¢) can be
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decomposed as .
o(t) = Ho(t)e"™ (3.1.9)

for all @ where H;(®) = [72°¢"9dK,(0) with K, (6) having an absolute
maximum at @ = 1. The evolutionary spectrum at time ¢ is then defined as

Si(®) = |H(0)]*S(o). (3.1.10)

3.2 Locally stationary processes and asymp-
totic theory

We denote as X, = {X(¢)}"—, with n > 0 a doubly-indexed sequence of ran-
dom variables. For an extensive discussion of the notion of doubly-indexed
random sequences we refer to Serfling (2002) [110]. The autocovariance
function of X, is defined as

Cu(7,t) =Cov(X,(1),Xp(t+7)); 0<t<n;, —t<7<n—1-t.

Given that in the case of second-order stationary time series, the autocovari-
ance function is time invariant, we can gather more and more information
about the autocovariance structure simply by increasing the sample size. In
the non-stationary case, the autocovariance function is time-varying and
hence extending the process into the future, will not give any information
on the behavior of the process at the beginning of the time interval. Hence,
in the non-stationary case we need a different asymptotic concept.

To set ideas straight consider an AR(1) model with time-varying lag coeffi-
cient

X({t)=p®)X(t—1)+&(t) with&(r) ~N(0,0?)

fort =0,...,n— 1. The first element that we need in order to design an
appropriate asymptotic framework for non-stationary time series is some
kind of regularity in the behavior of the autoregressive coefficient p(z). A
natural extension of the stationary case would be to assume that the absolute
difference between the autoregressive coefficients at two different time
points p(¢) and p(¢’) is bounded by the absolute difference between ¢ and
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multiplied by a real-valued constant K such that K > 0
lp(")—p(1)| <K' —1|. 3.2.1)

The regularity conditions on p(¢) imply that the closer two random variables
X (t) and X (¢') are located in the time domain, the slower the value of the
autoregressive coefficient can change. However, in order to be able to build
a sound asymptotic theory, the upper bound in (3.2.1) needs to decrease as
the sample size n increases.

In order to do this we need the concept of rescaled time introduced in
Dahlhaus (1997) [27]. Rescaled time is defined as the ratio of the real time
unit ¢ over the sample size n

z=-. (3.2.2)
n

The AR(1) model above can be rewritten in terms of rescaled time as
Xt)=pL)X(t—1)+&(t) with&(r) ~N(0,02).

Note that according to the rescaled time notation, p(z) is now a function on
(0,1) which means that as n increases, the process is observed on the same
interval but on a finer grid. Hence, we obtain that

‘p (l_)_p(£>‘§K|t_tl, (3.2.3)
n n n

Thus, as n increases, we obtain more and more information about the local
behavior of p(t).

3.3 Locally stationary wavelet processes

Locally stationary wavelet (LSW) processes are a class of multiscale time
series models defined first in Nason et al. (2000). Definition 3.1 specifies
the class of LSW processes based on the characterizations in Nason et al.
(2000) [94] and Van Bellegem and von Sachs (2008) [129].

Definition 3.1. A sequence of doubly-indexed stochastic processes
{X,(t)}*=5, n > 0, with mean zero elements is in the class of locally
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stationary wavelet (LSW) processes if there exists a representation

Xo(t)= Y. Y Wi(R)ejyu(t). (3.3.1)

The collection {W;i}jw j=—1,-2,..., k=0,....,n—1is a set discrete
non-decimated wavelet functions. The ratio 7 = % denotes rescaled time. For
each j < —1 the evolutionary wavelet spectrum (EWS) functions, denoted as

Si(z) = sz (z), are assumed to be Lipschitz continuous on (0, 1) such that

Y. Sj(z) <eouniformlyinze (0,1)

and with the Lipschitz constants L; satisfying Zj;l_oo L*C i < oo where L;

denotes the support of the wavelet functions at level j. The increment
terms €y are Gaussian random variables such that E <£j,k> =0 and
Cov (8j7k,£i71) = 0,0 where 0j; = 1 if j = i and O otherwise.

In the LSW model framework, each element of the doubly-indexed sequence
X, (t) is defined as a linear combination of the increments W; (z) € x with
the coefficients of the linear combination being given by the collection of
non-decimated wavelet functions {y; x}; x and hence

Cov (Xn(l‘), gj,k) = Wj7k<t>Wj (Z) .

Recall from Section 2.1.4 that the length of the support of the discrete wave-
let functions at a given wavelet scale is given by L; = (277 — 1) (L[h] — 1) + 1,
where L[h] denotes the length of the corresponding wavelet filter. Hence,
fork=0,....n—1and j= —1,-2,... we have that Cov (Xn(t),8j7k) =0
ift > k+ L;. Hence, the larger the support of the wavelet function y; (z),
the larger the subset of random variables of {X,(¢)}"— that are affected by
the random fluctuations of €; ;. Thus, LSW processes allow for a multiscale
representation of the sequence {X,(z)},, with the increments at coarser and
finer wavelet scales having an interpretation as long term and short term
random shocks respectively.

The variance of the increments, e.g. Sj(z) = sz(z), depends on k which
leads to the time-varying second-order structure of the time series. The
Lipschitz continuity assumption on the EWS functions combined with the
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rescaled time notation leads to a smoothly changing autocovariance structure
of {X,(¢)}. Finally, the assumption that for all value of j the Lipschitz
constants behave such 27:71 27%iC i < oo, implies that the rates of change
of the EWS functions at finer scales are larger compared to the ones for the
coarser scales.

Recall from Section 2.1.5 that the collection of non-decimated wavelet
functions {Y i}k j=—1,...,—o, k=0,...,n—1 is not linearly inde-
pendent. Thus, the wavelet coefficients W;(z) are not uniquely defined given
a fixed collection of wavelet functions. However, Nason et al. (2000) [94]
and Van Bellegem and von Sachs (2008) [129] prove that, even though the
multiscale time series representation of the LSW model is not unique, the
multiscale representation of the autocovariance functions is asymptotically
unique. For a more profound discussion of the asymptotic uniqueness of the
autocovariance representation, we refer to Section 3.3.2.

Example 3.1. We consider an LSW process for which

cos?(0.5mz) ifj=—1
W;(z) =< cos?(0.251z) if j=—2 (3.3.2)
sin?(0.5mz)  if j=—3

The collection of discrete non-decimated wavelet functions is generated from
a Haar basis. Figure 3.1 contains the functions in (3.3.2) and one realization
of the LSW process. Recall from Section 2.1.4 that the support of the dis-
crete wavelet functions is given by (2/ — 1)(L[h] — 1) and that for the Haar
basis L[h] =2 (see Example 2.1). Thus, we can write each random variable
X(t) =X_1(t) +X_o(t) +X_3(t) where X_1 (t) = L33 W_1(2)€_1 s W1 (1)
represents an MA(1) process, X ,(t) = ):Z;(l) W_o(2)€_2xW_2x(t) is an
MA(3) process and X_3(t) = ZZ;(l) W_3(z)e_3,xW_3x(t) is an MA(7) pro-
cess.

3.3.1 Autocovariance representation

According to the LSW representation and using the rescaled time notation,
the covariance between X, (¢) and X, (¢ 4+ t) can be written as C,(7,z) =
Cov[X,(nz),X,(nz+7)]. Denote as C(7, z) the local autocovariance function
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~ W_4(2)
~ W_x(2)
o \\ //,,,_\\ /,m\\ /_\ p
. wr \ // - \ //
W_3(2)
Xt
oo 20 . 200 w0 200

Figure 3.1: (Example 3.1) Wavelet coefficient functions and
simulated time series

defined as

C(7,2) ZjZZ_ij (2)¥(7) 333)
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where {¥ j}lefoo is a family of autocorrelation wavelets functions (ACWF),
which have been introduced in Section 2.2. Recall that the ACWF are
symmetric about zero. Thus, the local autocovariance function, being a
linear combination of symmetric functions, is also symmetric about zero.
Proposition 3.1 can be found in Van Bellegem and von Sachs (2008) [129].

Proposition 3.1. Given the assumptions in Definition 3.2 and if n — o we
have that C,(7,z) = Cov (X, (nz),X,(nz+ 7)) converges to the local autoco-
variance function (3.3.3), given that

too b N
Z O/|CH(T7Z)_C(T,Z)|CZZ—O( )

T—=—o00 n

Thus, asymptotically the covariance between X (7) and X (z + 7) is a lin-
ear combination of a family of autocorrelation wavelets with time-varying
coefficients given by S; (z) with j = —1,-2,....

Note that if the time series is covariance stationary, we have that W;(z) =

W; for all j = —1,—2,... and hence each element of the doubly-indexed
stochastic process can be written as

-1 n—1
X (1) = Z WjZ8j,kll/j,k(f)~

j=—e k=0

The time-invariant wavelet coefficients lead to an EWS which is invariant in
z, thatis Sj(z) = S for j = —1,—2,... and hence the local autocovariance
function of covariance stationary time series is given by

C(t) = _Zl Si¥i(t), T€Z.

]:—OO

3.3.2 Uniqueness of the autocovariance representation

Define the operator A := (A(j,1)) <o such that

A, D) =Y ()% (1) (3.3.4)

TEZ
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and the J— dimensional matrix Ay = (A(j,1))i=—1,...—s. Recall from Sec-
tion 2.2 that the family of ACWF {¥ j(’c)};:]_ ; is linearly independent (see

Theorem 2.1). As a consequence, the operator norm of AJ_1 is bounded from
above by some constant 0 < §; < +oo for all J > 1. Thus, we can write
the evolutionary wavelet spectrum as the inverse representation of the local
autocovariance function

—1
Six)="Y A7, Y, Pi(r)C(1,2) (3.3.5)

[=—c0 TEZ

Hence, even though the wavelet coefficients W;(z) are not uniquely defined
given the corresponding LSW process, the local autocovariance function has
a unique representation in terms of the evolutionary wavelet spectrum.

Denote as S, the inverse representation of the autocovariance function
Cu(7,2)

—1
Sni@) =Y, AT, Y, il(1)Ca(1,2). (3.3.6)
[=—0c0 TEL
Proposition 3.2 can be found in Van Bellegem and von Sachs (2008) [129]
and states that C,, (7,z) converges towards (7,z) as n increases.

Proposition 3.2. Assume that the local autocovariance function is such
that ¥ 17 |C(7,z)| < 4oo for each z € (0,1). If the Gramian matrix Ay is
such that there exists an absolute lower bound § > 0 with Ayin(Ay) > 0
for J > 1 where Awin(Ay) denotes the smallest eigenvalue of A; and if
Z];l_w A=Y (j,1)| < +oo, we have that

n—oo

1
lim /0 S0, (,2) = S(z)| =0.

Hence, in order to have convergence of C, (7,z) towards (7,z), there needs
to exists an absolute lower bound 6 > 0 such that Ay, (Ay) > 6 for J > 1.
Nason et al. (2000) show that 6 > 0 exists for both, the Haar wavelet basis
and the Shannon wavelet basis. As the Shannon wavelet is the limiting
wavelet in the Daubechies’ compactly supported series with number of
vanishing moments going to infinity, the authors conjecture that Proposition
3.2 is also valid for the rest of Daubechies’ compactly supported wavelets.
Frylzewicz et al. (2003) show that for Haar wavelet functions we have that

Y L IALN (D] < €22 with € >0,
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3.4 Locally stationary wavelet processes of or-
der ¢

There is a fundamental difference between the spectral representation of
second-order stationary processes in (3.1.3) and the LSW model specific-
ation in (3.3.1). In the spectral representation, one starts from the class
of second-order stationary processes. The form in (3.1.3) can then be de-
rived using Szegd’s limit theorems (see Szego, 1915 [125]) describing the
asymptotic behavior of the determinants of large Toeplitz matrices. Hence,
the collection of functions, e.g. the set of complex exponentials, and the
covariance pattern of the increment process is fixed by the class of covari-
ance stationary processes defined, independently from its representation in
the frequency domain. In the case of LSW processes things are different,
in the sense that the classes of LSW processes are defined on the basis of
their representation in the wavelet domain. Thus, in contrast to the class
of covariance stationary processes, the definition of the class of LSW pro-
cesses and its representation in the wavelet domain are identical, leading
to a tautological relationship between the class and its representation in the
wavelet domain.

In this section we are going to define new classes of LSW processes, con-
taining the class defined in Nason et al. (2000) [94] as a subclass, using
correlated increment processes. To start with, note that there are three differ-
ent forms of correlation patterns that may exist within a multiscale increment
process

1. Inter-scale contemporaneous correlation: Cov (8 ik € j+,-7k) =
Sijk
2. Intra-scale serial correlation: Cov (€ 4,€j 1) =Sk

3. Inter-scale serial correlation: Cov (€ x,€1ix—1) = Sijx—i

The advantage of having an orthogonal increment process is that it leads to
a highly sparse representation of {X (t)}:l:_ol in the wavelet domain. In order
to maintain a high degree of sparsity, we only consider contemporaneous
correlations between the increments terms belonging to different scales of
resolution. The degree of inter-scale contemporaneous correlation determ-
ines the order of the multiscale increment process and hence we say that an
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increment process is of order ¢ if for j = —1,-2,...and i =0,...,—¢q
Cov (&, €j+iy) = Lij(%) if—g<i<Oandk=I
R ifi<—qork#1

with I'g ; (%) = 1. The order of the increment process determines the order
of the corresponding LSW process (see Definition 3.2).

Definition 3.2. A sequence of doubly-indexed stochastic processes
{Xa(2) ;1:—01 , n > 0, with zero-mean elements is in the class of locally
stationary wavelet processes of order q if there exists a representation

Z ZW )€ kWik(t). (3.4.1)

J=—0k=0

The collection {W;i}jx j=—1,-2,...,k=0,...,n—1is a set of discrete
non-decimated wavelet functions. The ratio 7z = % denotes rescaled time. The

increment terms €;  are Gaussian random variables such that E(€g; ) = 0,
Var (Sj,k) =1, and

() if—g<i<—landk=1
Cov (ej,k,8j+i,l) = { O’J (n) ifi<—qorktl
with j = —1,-2,..., i = —1,-2,.... The EWS functions S;;(z) =

W;(2)Wj+i(z)Ti j(z) are assumed to be Lipschitz continuous on (0, 1) with
Lipschitz constants C; j satisfying

Z Z LJ+1CIJ<°°

i=—q j=—o

where L ; denotes the support of the wavelet functions at level j+i.

3.4.1 Autocovariance representation
The local autocovariance function of the LSW(g) model is given by

-1 -1

Z SOJ ‘PO,J )+ Z Z Sll (1) +¥_i ,]+z( >)
. T (3.4.2)
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e(o 1), T€Z

where {¥o j{W¥; ;, Vi ﬁ_,}l_f g J_ .. is a family of cross-correlation wave-
lets which have been introduced in Section 2.2. For the sake of notation
simplicity, we write the family of CCWF as

-

Py = {CDOJ(T) =P0,i(7), {®i(7) = Wi;(7) +¥i j1i(7) l-:,q} o
(3.4.3)
Proposition 3.3 states that the autocovariance function of the LSW(g) pro-
cess model converges asymptotically to the local autocovariance function

given in (3.4.2) and hence generalizes the statements of Proposition 3.1 to
LSW processes of order larger than zero.

Proposition 3.3. Given the assumptions in Definition 3.2 and if n — oo we
have that C,(7,z) = Cov (X, (nz),X,(nz+ t)) converges to the local autoco-
variance function, given that

/]C nq (T,2) —Cy(T,2)|dz= 0 <%) : (3.4.4)

’L‘——oo

3.4.2 Uniqueness of the autocovariance representation

Define the operator A; , := (A; (j,1)) ;. such that

Jil<

Air(ji1) =Y ®ij(7) (3.4.5)

TEL

and define A, := {A;,} g<ir<0 a8 the inner product operator of the family
of functions in (3.4.3).

Denote as A,y the Gramian matrix of the sub-family of functions

0
B = {{®1;}] ijq)}jzl. (3.4.6)

such that .
Agy = (cpg”) o) (3.4.7)

According to Theorem 2.1, the family of CCWF CI>£ is linearly independent.
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Thus, we have that the operator norm of A - 7 J is bounded from above by some
constant 9, 7 > 0 for / > 1 and g > 0 which implies that A is an invertible
operator. Hence the EWS can be written as the inverse representation of the
local autocovariance function that is

Sg.ij(2 Z ZA,, DY ®.(1) (3.4.8)

I=—cor=—¢q T€Z

Denote as S, , the inverse representation of the autocovariance function
Cn4(7,2), that is

Sqmij(z Z ZA,, DY ®,(1)C (1,2). (3.4.9)

[=—oc0r=—¢q T€L

Proposition 3.4 below states that for S, ,; j(z) to converge to the EWS, there
needs to exists an absolute lower bound 6 > 0 such that § < Ayin(A4.s)

where Apin (Aq, 7) denotes the smallest eigenvalue of the Gramian matrix
AgJ.
qs

Proposition 3.4. Consider the Gramian matrix in (3.4.7) and suppose that
0 < g < +oo. If there exists 6 > 0 such that for the smallest eigenvalue
of Ay , denoted as Amin(Aq,7), we have Amin(Agy) > 0 for J > 1 and if
Y Xl A ()| < oo, we obtain that

I 1
/0‘56171171',1'( Sq.i,j(z ’dz_ (r_z)

Note that Proposition 3.4 generalizes the statements of Proposition 3.2 to
the class of LSW(gq) processes.

3.4.3 Examples of LSW(g) processes

As seen in Section 3.4.1, the properties of the LSW(g) process model given
in Definition 3.2, lead to an asymptotic representation of its autocovariance
function in which for all value of z there exists a vector Sy(z) = {Si (z }

such that C,(z) = {Cy(7,z }reZ can be expressed as C ( ) = Dy8,(z )
Given that Aq = @/ ®, is invertible we can write S,(z) = A;lCIDIqC (2).
Note that if we denote as ||Cy(z) — P4S,(2)||2 the Lr-norm of the vector
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Cy(z) — ®4S4(z), the order of a given LSW process can be obtained by
solving

*

g = argmin min [|C;r () ~ DS, ()]
q Sq(Z)

with the set of functions ®, being fixed by the a priori choice of the collection
of non-decimated wavelet functions. Consider ¢ > 0 and ¢’ > 0 such that
g > ¢'. Given that the collection of functions @, is a subset of ®, we
have that ||Cy(z) — @ySy(2)||2 < [|Cy#(2) — Py Sy (2)|]2- Note that due to
the linear independence of the elements of ®,, we have that if ||Cy(z) —
D,S,(z)||2 = ||Cy+ (2) — DySy(2)||2 the vectors Sy(z) and Sy (z) are such
that S,(z) = {S,(2),0,...,0}.

Note that for each value of ¢ we have that ||Cy+ (2) — D,S,(2)||2 > ||Cy(z) —

q)qu—lcp;c (z)||2 which means that we can write the optimization setting in
(3.4.10) as

(3.4.10)

*

q" = argmin [|Cy(2) = P,Cy (2)]]2

34.11
q ( )
with Py = @A @
Write ||Cy+(2) — P,Cy (2)| 3 = C(2) (I —P,) C(z) and consider
Ry(z) =1—- ( )t( 1) Cr (2 (3.4.12)
Cy (2)Cq(2)

Using that C}..(z) (I — P;) C(z) is bounded by C}.(z)C(2)||I — Py||2 and that
I — P, is an idempotent matrix and hence that all its eigenvalues are either
equal to 0 and 1, we have that C},.(z) (I — P;) C(z) < €/ (2)Cy+(z) and hence
that

0<R,(z) <1

Consider ¢ > 0 and ¢’ > 0 such that ¢ > ¢’. Given that the collection of
functions @ is a subset of &, we have that R,(z) < Ry(z).

We are now going to study several classes of LSW processes in more details.
For each one of them we will analyze the spectral behavior of the Gram
matrix of the respective collection of second-order wavelets. At each time
we will provide a specific example of the respective class of LSW processes
and compute R,(z) for LSW processes of lower order.
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3.4.4 LSW(eo) processes

The covariance pattern of LSW (o) processes is given by

Ii(z) ifi<Oandk=1
Cov (8j7k78j+i,l) = { Ol"]( ) lfk%l

with Toj (z) = 1 for j=—1,-2,....i=—1,-2,....

Theorem 3.1. Consider the Gramian matrix in (3.4.7). If we let J depend
on n as J(n) =log,(n) and set q(n) =log,(n) — 1, we have that for Haar
wavelet functions Amin(Ag(n).s(n)) = O (%)

According to Theorem 3.1 the smallest eigenvalue of A, ; does not a have an
absolute lower bound and hence S, does not converge to the evolutionary
wavelet spectrum as n — +oo. Thus, the autocovariance representation of
LSW (o) processes is not asymptotically unique.

If we look at the proof of Theorem 3.1 we see that the smallest eigenvalue
of A, ; converges towards zero at rate % because the norm of the function
iYW _ 00, (n)=1,1(T) + Plogs () +1,—l0gs (n) (T) tends to zero as n increases for /
fixed and log, (n) growing along with n. From this we can conclude that, for
the LSW processes to have a unique second-order representation, the order
of the increment process cannot increase with the length of the time series
n. In the next sections we will study the spectral behavior of the Gramian
matrix of the collection of functions in (3.4.6) of LSW processes for which
the order ¢ is fixed in advance.

3.4.5 LSW(1) processes

The covariance pattern of the increment process of the LSW(1) model is
given by

Ti(z) if—1<i<Oandk=1
Cov (&) k. Ej4iy) = { 0 ! ifi<—lork#1l

withIg j(z) =1for j=—1,-2,...,i=—-1,-2,...
The local autocovariance function of the LSW(1) model is given by

—1 —1
C(t,2) = .Z So.j(2)®@o j(T) + .Z S_1-j(x)®_1(1).  (3.4.13)

J=—o0 J=—00
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I'y

F1 F2 F3 F4 F5 F6 F7 F8 F9F10

J=10/=8 |=8 |=7 |=6 |=5 |=4 |=3 |=2 |=1

Figure 3.2: (LSW(1) model) Covariance pattern of the increment process

Theorem 3.2 states that for the Haar wavelet basis, the absolute lower bound
of the sequence of Gram matrices is finite and can be derived explicitly.

Theorem 3.2. Denote as A, j the Gramian matrix of the family of functions
in (3.4.6) and consider the absolute lower bound 0 such that § < Amin(Ag,7)
for J > 1. If we set g = 1 and for Haar wavelet functions we have that
0 = 0.0202.

Corollary 3.1. Denote as A,y the Gramian matrix of the family of functions
in (3.4.6). If we set ¢ = 1 and for Haar wavelet functions we have that

Y0 X LA )Y < €23 with € > 0 and 1,1 < 0.

If we combine the statements of Proposition 3.4, Theorem 3.2 and Corollary
3.1, we can conclude that the inverse representation of the autocovariance
function of the LSW(1) model converges asymptotically towards the cor-

responding EWS. Hence, the autocovariance representation of the LSW(1)
model is asymptotically unique in the case of Haar wavelet bases.

Example 3.2. We consider a stationary LSW(1) process with EWS given by

(1 ifi=0
Si:f(z)_{ 09 if—1<i<—1
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Figure 3.3 shows the true local autocovariance function of the LSW(1)
process and the projection of the latter onto the space spanned by the CCWF
of the LSW(0) process model for the D6 wavelets basis. Tables 3.1 contains
the R(z) coefficients, defined in (3.4.12), for LSW(0) processes for wavelet

bases D2-D10.

4.03

- CTr
—PoCrr

1.96

0.92

0.12

15

T T T
75 -45 -15

Figure 3.3: (Example 3.2) True and projected local autocovariance func-

tion
Wavelet Basis | R(z)
D2 0.98
D4 0.85
D6 0.80
D8 0.84
D10 0.84

Table 3.1: (Example 3.2) R,(z) of LSW(0) processes

T
7
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3.4.6 LSW(2) processes

The covariance pattern of the increment process of the LSW(2) model is
given by

Iij(z) if2<i<Oandk=I
Cov (&, €+i1) :{ 0 itic 2 ork #1

withIgj(z) =1for j=—1,-2,...,i=—-1,-2,...

I'y

F1 F2 F3 F4 F5 F6 F7 F8 F9F10

J=10/=8 |=8 |=7 |=6 |=5 |=4 |=3 |=2 |=1

Figure 3.4: (LSW(2) model) Covariance pattern of the increment
process

The local autocovariance function of the LSW(2) model is given by

(3.4.14)

Theorem 3.3 states that for the Haar wavelet basis, the absolute lower bound
of the Gram operator is finite and can be derived explicitly.

Theorem 3.3. Denote as A,y the Gramian matrix of the family of functions
in (3.4.6) and consider the absolute lower bound & such that § < Amin(Ag,7)
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for J > 1. If we set q =2 and for Haar wavelet functions we have that
0 = 0.004.

Corollary 3.2. Denote as A,y the Gramian matrix of the family of functions
in (3.4.6). If we set ¢ =2 and for Haar wavelet functions we have that

Y0 Y LA (D)] < €22 with C > 0 and 1,1 < 0.

If we combine the statements of Proposition 3.4, Theorem 3.3 and Corollary
3.2, we can conclude that the inverse representation of the autocovariance
function of the LSW(2) model converges asymptotically towards the cor-
responding EWS. Hence, the autocovariance representation of the LSW(2)
model is asymptotically unique in the case of Haar wavelet bases.

Example 3.3. We consider a stationary LSW(2) process with EWS given by

{1 ifi=0
&A@_{oggﬁagig—l

Figure 3.4 shows the true local autocovariance function of the LSW process
and the projection of the latter onto the space spanned by the CCWF of the
LSW(0) and LSW(1) process models for the D6 wavelets basis. Tables 3.2
and 3.3 contain the R(z) coefficients, defined in (3.4.12), for LSW(0) and
LSW(1) processes for wavelet bases D2-D10.

Wavelet Basis | R(z)
D2 0.97
D4 0.85
D6 0.83
D8 0.83
D10 0.82

Table 3.2: (Example 3.3) R,(z) of LSW(0) processes
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4.03

- CTr
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Figure 3.5: (Example 3.3) True and projected local autocovariance func-
tion

Wavelet Basis | R(z)
D2 0.99

D4 0.98

D6 0.99

D8 0.99

D10 0.99

Table 3.3: (Example 3.3) R,(z) of LSW(1) processes

3.4.7 Discussion

From a conceptual point of view, the scheme of proofs of Theorems 3.2 and
3.3 could be used to prove the existence of an absolute lower bound for the
smallest eigenvalue of A, in cases where g > 2. However, the number of
blocks within the matrices 7 and T is equal to the square of the order of the
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corresponding LSW process plus one. Computing the analytic form of the
components within each one of these blocks might is out of reach for large
values of g. However, we can obtain the absolute lower bounds numerically.
The table below contains the lower bounds for the smallest eigenvalues of
A, for the Haar wavelet basis with g=0,...,5.

q] 0 1 2 3 4 5
8 | 0.6926 | 0.1238 | 0.0248 | 0.0053 | 0.0012 | 0.0003

Table 3.4: Smallest eigenvalues of A, for LSW models of different orders

In general, we have that if the order of the LSW processes is fixed as g < oo,
then the series of matrices {A% J} /=0 18 such that the corresponding series
of lowest eigenvalues {ﬂmin(A% 7) } = fulfills Amin(A4,7) > 0 with 6 > 0,
leading to a unique autocovariance representation of the corresponding LSW
process.

In the next section we will see that the existence of an absolute lower bound
for the eigenspectrum of A, ; is also a necessary condition for the consistency
of the periodogram-based estimator of the EWS of the LSW(q) processes.

3.5 Estimation of the LSW(g) process model

Consider the representation in (3.4.1). If the elements of the collection
of discrete wavelet functions {y;«(¢)}; x were orthonormal to each other
we could express the increment terms as a projection of the time series
{X,(t)}"=, on the set of wavelet functions, that is

W (S) Ejk = g Wik (1)Xn(1).

Given this unique representation of the random process in the wavelet

domain, we can estimate the covariance pattern of the increment terms using
k

the elements of the random sequence W; (%) €; 4.

As it has been mentioned in Section 2.1.5, the elements of a collection of

non-decimated wavelet functions are not linearly independent and which
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means that in the case of LSW processes the time series does not have a
unique representation in terms of a sequence of random variables being
projections of the time series on {y/; x(¢)} j «. Nevertheless, as for the case of
orthonormal wavelet functions we start of by defining the random variables

djjn= Z v k(t) (3.5.1)

for j=—1,...,—J and k =0,...,n— 1, which we refer to as the set of
empirical wavelet coefficients.

3.5.1 Raw wavelet periodogram

The raw wavelet periodogram of the LSW(g) model consists in a

set of random variables, denoted as [; jr, with j = —1,...,—J, i =
—1,...,max(—J — j,—¢q) and k =0,...,n— 1, such that
d? ifi=0
I ikn = J7k7” . . . (3.5.2)
LK { 2dj,k,ndj+i,k,n if maX(—J—], _Q) <i<-1

~1
We refer to the random sequence {Ii7 jdon }Z:O as a layer of the raw wavelet
. . -1, . .
periodogram with {107 jﬁkvn}zzo being the intra-wavelet scale layers and
-1 . . .
{Ii, JPkﬂ}Z:O’ i < 0, being the inter-wavelet scale layers.
Theorem 3.4 states that the raw wavelet periodogram is an asymptotically

biased estimator of the EWS of the LSW(g) process model.

Theorem 3.4. Given the assumptions in Definition 3.2, the expectation of
the raw wavelet periodogram is

1
(£ j k) Z ZSrz ,rJ,)+0(;> (3.5.3)

[=—ccr=—¢q

forj=—1,...,—J,i=—1,... max(—J — j,—q) and k=0,...,n— 1 with
zf,J>0andq20.

Thus, given the statement of Theorem 3.4, the expected value of the raw
wavelet periodogram can be written asymptotically as a linear combination
of the EWS functions with weights given by the elements of the inner
product operator of the set of CCWEFE.
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Theorem 3.5. Given the assumptions in Definition 3.2, the variance of the
raw wavelet periodogram is

2
Var (Ljx) =1 (;;Snl (Z)Ai,r(jal))
FEE S (2) Ao, () EX S (2) Aoy (4 1,1) 40 ()

forj=—1,...,—J,i=—1,....max(—J — j,—q) and k=0,...,n— 1 with
z=%7>0andg>0.

Note that Theorem 3.4 states that the variance of the raw wavelet periodo-
gram does not vanish as n increases.

3.5.2 Smoothed wavelet periodogram

An intuitive approach in order to get an estimator of the EWS with vanishing
variance, would be to construct a smoothed version of the raw wavelet peri-
odogram. Hence, we consider the smoothed wavelet periodogram, whose
elements are defined as moving averages of the elements of the raw wavelet
periodogram within each layer leading to the sequences of random variables

1 M
Ii7j7k7n7M - 2M+ 1 S;Mlll,j7k+s7l’l (3.5.4)
forj=—1,...,—J,i=—1,...,max(—J — j,—¢q) and k =0,...,n— 1 with
ZZ%,J>OandO§q<+oo,
Theorem 3.6. Given the assumptions in Definition 3.2 and if |S; j(z)| < ﬁ

foranyi=0,...,—qwithq < 4+~ and j=—1,-2,..., the variance of the
smoothed wavelet periodogram is

2772
Var (Ii,j,k,n,M) =0 ( MJ >

forj=—1,...,—J,i=—1,... max(—J — j,—q) and k=0,...,n— 1 with
Z=§,J>0and0§q<+oo.

Note from the proof of Theorem 3.6 that, a necessary condition for
the smoothed wavelet periodogram to have vanishing variance with
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. . . M
increasing M, is that the elements of {I; iy} are such that

s=—M
Y |Cov (Ii, ks i, j7k+s+,<7n) | < +eo. This condition of not verified how-
K

ever, given that Y |Cov (; j s Li.jk+s+xn) | = O (277) reflecting into the
K

layer dependent variance of the smoothed wavelet periodogram. The latter
has some serious consequence for the asymptotic al behavior of the variance
of the smoothed wavelet periodogram at the coarser scales. Take for ex-
ample the estimator at layer j = —J. If we let J grow along with n such that
J(n) =log,(n) we have that Var (I s g nm) = O (%) and hence the
variance at the coarsest scale of resolution does not vanish with increasing
values of the smoothing parameter. Hence, we can conclude from this that

the smoothing of the raw wavelet periodogram does not lead to an estimator
with vanishing variance at all the layers of resolution.

Theorem 3.7 below states that the asymptotic bias of the raw and the
smoothed wavelet periodogram are identical.

Theorem 3.7. Given the assumptions in Definition 3.2, the expected value
of the smoothed wavelet periodogram is

M
E(Ljnm) =E(Lijxn)+O (—)

n

forj=—1,...,—J, i=—1,....max(—J — j,—q) and k=0,...,n— 1 with
z=7,J>0and 0 < g < +oo.

S|

3.5.3 Smoothed and corrected wavelet periodogram
The smoothed and corrected wavelet periodogram is defined as
~ 0 -
Ii,j,k,n,M = Z Z AiTr (jvl)lr,l,k,n,M-
r=—ql=—J

forj=—1,...,—J,i=—1,...,max(—J — j,—¢q) and k =0,...,n — 1 with
= ’ﬁ‘ ,J>0and 0 < g < +o0 where A is the inner product operator of the
collection of CCWF (see Section 3.4.2).

Theorem 3.8. Given the assumptions in Definition 3.2 and if |S; j(z)| <
ﬁ for any i =0,...,—q with g < +o and j = —1,-2,..., and
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provided that there exists 6 > 0 such that Anin(Aqy) > 6 and that

Z(r):,qu_:tw A;rl (j,l)‘ < €25, we have that
. Mlog,(n)
E (I jjnm) = Sij(z) +0O —)
forj=—1,...,—J,i=—1,....max(—J — j,—q) and k=0,...,n— 1 with

ZZ%,J>OandO§q<+oo.

Theorem 3.9. Given the assumptions in Definition 3.2 and if |S; j(z)| <
ﬁ for any i =0,...,—q with g < +o and j = —1,-2,..., and
provided that there exists § > 0 such that Ayin(Agy) > 0 and that

9:_qz,;[m A;rl(j,l)) < C2%, we have that
- 2/1og, (n)
Var (I jnm) = O <—M :
forj=—1,...,—J, i=—1,....max(—J — j,—q) and k=0,...,n— 1 with

ZZ%,J>OandO§q<+oo.

If wesetM =0 (nB> and given the statements of Theorems 3.8 and 3.9,

the mean squared error of the smoothed and corrected wavelet periodogram
at each layer is given by

- 1 2J
. _ 2
MSE (I, j g nm) = O (logz(n) <n2(1 5t oz (1) >) . (35.5)

Hence, the optimal convergence rate of the MSE can be obtained by solving
max (min (2(1 — f),8)) with respect to 3 leading to f = % in which case

2
3

MSE (; jknm) = O (
n

Using Markov’s inequality, we have that for all € > 0

~ MSE (T; i
P (|L jnm—Sij(z)] > €) < (E’J’k’ M)
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which, given the result in (3.5.5), proves convergence in probability of the
smoothed and corrected wavelet periodogram.

3.6 Simulation Studies

In this section we use Monte Carlo simulations to compare the performances
of LSW models of different orders in small sample settings.

To start with, we denote as C,4(z) = ®j 4l nq the estimator of the
local autocovariance function C,(z) of the LSW(q) process with ly ;.4
being the vector of smoothed and corrected periodograms, that is I~M7,7n7q =
{Ijinm} for j=—1,...,—J, i = —1,...,max(—J — j,—q). Define
as 0(Cy(z),Cr4(z)) the angle between the two vectors with cosine of
0(C,(z),Cn4(2)) being given by

G (2)Cy(2)
V/Chg@Ca@),/Cy(2)Cy(2)

Denote as F; and Fj the cumulative distribution functions of the random
variables cos [6(C(z),Cpq(2))] and cos [8(C(z),C,4(2))] respectively. We
say that Cy, 4(2)) has a first-order stochastic dominance over C, (z)) if for
any value of p we have that

(3.6.1)

cos [9 (Cy(2), Cn,q(z))} =

Fo'(p) = F, ' (p)

Example 3.4. We consider a stationary LSW(3) process with D8 wavelet
basis and with EWS given by Sy j(z) =1 for j=—1,...,—3 and S; j(z) =0.9
forj=—1,....,—2andi=—-1,...,—3— .

Figures 3.6, 3.7 and 3.8 plot the autocovariance function of the LSW(3)
model in Example 3.4 and the projections of the latter on the space spanned
by the CCWF of the LSW(0), LSW(1) and LSW(2) models respectively.
Table 3.5 contains the cosine similarities between the autocovariance func-
tion of the LSW(3) model and the projections on the space spanned by the
CCWEF functions of the lower order LSW models.
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q | Cosine Similarity
2 0.9999
1 0.9980
0 0.9434

Table 3.5: (D8-Wavelets) n = 30

ACF and Projected ACF
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Figure 3.6: (Example 3.4) C(z) and projection on the space spanned by
the CCWF of the LSW(0) model

For the simulation studies we draw observations from the process described
in Example 3.4 and compute the local autocovariance function estimators of
four different LSW models with orders g = 0, 1,2, 3 respectively. Thus, if
we generate L scenarios we obtain L observations of the cosine similarity in
(3.6.1), denoted as

L

{cos [6(C3(T,Z), ~IS{Z1(T7Z))} }

=1
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ACF and Projected ACF
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Figure 3.7: (Example 3.4) C(z) and projection on the space spanned by
the CCWF of the LSW(1) model

with ¢ = 0,1,2,3. We use these observations to compute the empirical
distribution functions F,(x) of the random variables

Ef i I(cos [0(C3(7.2).Cliy(z,2))] <)
B L

Fy(x

where I denotes the indicator function.

Tables 3.6, 3.7, 3.8 and 3.9 contain the quantiles Fq_l(p) forq=0,1,2,3
and p =0.1,0.2,0.3,0.4,0.5 for different sample sizes.



3.6 Simulation Studies

101

ACF and Projected ACF

28 2.99
L

o.e7
L

-0.04

-1.08
L

Figure 3.8: (Example 3.4) C(z) and projection on the space spanned by
the CCWF of the LSW(2) model

0.1

S = N Wa

0.05

0.8840
0.8738

0.9098
0.8951

0.2

0.9358
0.9220

0.3

0.9508
0.9331

0.4

0.9611
0.9411

0.5

0.9700
0.9482

Table 3.6:

D8-Wavelets: n = 30

0.05

0.1

0.2

0.3

0.4

0.5

S = N W

0.8687
0.8769
0.8699

0.8873
0.9004
0.8872

0.9102
0.9217
0.9058

0.9268
0.9375
0.9180

0.9392
0.9510
0.9262

0.9497
0.9594
0.9323

Table 3.7:

D8-Wavelets: n = 60
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0.05 0.1 0.2 0.3 0.4 0.5

0.9043 | 0.9166 | 0.9341 | 0.9449 | 0.9545 | 0.9630
0.9145 | 0.9278 | 0.9432 | 0.9538 | 0.9631 | 0.9699
0.8941 | 0.9086 | 0.9199 | 0.9272 | 0.9332 | 0.9373

S = N Wa

Table 3.8: D8-Wavelets: n = 90

0.05 0.1 0.2 0.3 0.4 0.5
0.8495 | 0.8697 | 0.8965 | 0.9107 | 0.9251 | 0.9382
0.8539 | 0.8774 | 0.9017 | 0.9161 | 0.9308 | 0.9429
0.8721 | 0.8937 | 0.9182 | 0.9312 | 0.9457 | 0.9546
0.8568 | 0.8749 | 0.8942 | 0.9061 | 0.9150 | 0.9220

S = D Wha

Table 3.9: D8-Wavelets: n = 120

For each sample size, the local autocovariance function estimator of the
LSW(1) model stochastically dominates the estimators provided by the three
others LSW models. The LSW(2) stochastically dominates the LSW(0)
model for n =90 and n = 120. The LSW(3) does not manage to outperform
the LSW(0) model. If we have a look at Figure 3.7 as well as Table 3.5,
we see that the projection of the true autocovariance function on the space
spanned by the CCWF of the LSW (1) model, which means that the model
bias of the LSW(1) model is relatively low. Moreover, the correlation pattern
of the increment process of order 1 is still characterized by a high-degree
of sparsity resulting in a low variance of the periodogram-based estimator.
The covariance structure of the increment processes of the LSW(2) and
LSW(3) models are less sparse which translates into a larger variance of the
corrected and smoothed wavelet periodogram, resulting in a larger variance
of the corresponding cosine similarity relative to the LSW (1) model.

3.7 Real Data Analysis: Modelling the log-
returns of European stock indexes
In this section, we use LSW(q) processes to study the second-order behavior

of the time series of log-returns of the stock indexes of Germany, Ireland and
Greece. The covariance patterns of returns and log-returns of financial time
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series play an important role in many portfolio optimization algorithms and
are a major keystone in financial risk management models (see for example
Markowitz (1952) [89], Fama and French (1993) [47] and Fan et al. [48]).

We denote as P(t) the value of a given stock index at time point ¢ and denote
as X (1) its log return at time ¢, such that

X(t) =In(P(t)) —In(P(t — 1)).

Figures 3.9, 3.10 and 3.11 plots the German, the Irish and the Greek
stock indexes and the corresponding log-returns for the period 04/01/2001-
11/03/2014. Note that for all three series of stock indexes there has been an
important increase between the beginning of the second quarter of 2003 up
to end of the second quarter 2007, marking the beginning of the financial
crisis of 2007-2008. Uncertainties regarding bank solvency, declines in
credit availability and damaged investor confidence had a negative impact
on economic activities in the US and most European countries. This eco-
nomic downturn lead to a sharp decline of the three stock indexes until
the third quarter of 2009. Governments and central banks responded with
unprecedented financial stimulus programs and monetary policy expansion
combined with bank bailouts which explains the recovery of the German and
the Irish stock market from the end of 2009 on. However, we can observe
a different dynamics in the Greek stock market which is mainly due to the
Greek government-debt crisis which had been triggered at the aftermath of
the financial crisis by a combination of structural weaknesses of the Greek
economy along with a decade of high structural deficits and debt-to-GDP
levels on public accounts.

We assume that the three stock indices are in the class of LSW(1) processes
with non-decimated wavelet functions stemming from a D6 wavelet basis
and the number of wavelet scales given by J = 5. Figures 3.12, 3.13 and 3.14
plot the smoothed and corrected periodogram estimators of the inter-scale
EWS functions. As far as the German stock index is concerned, the most
striking feature is the steady decline of the periodogram at scale —1,—1
from the beginning of 2005 on up to the second quarter of 2008 marking
the starting point of the global financial crisis. Note moreover, that the
periodograms at the remaining scales are very close to zero. As for the Irish
stock index, there are two periods during which the periodogram at scale
—1,—1 takes on strong negative values, that is around 2006 and 2011. Note
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that the year 2006 marks the height of the Irish housing market bubble and
that 2011 is considered as having been the peak of the debt crisis which
affected the Irish economy after the global financial crisis. As far as Greece
is concerned, the periodogram at scale —1, —1, remains negative between
the start of the analysis period until the end of the financial crisis to become
positive between the second quarter of 2009 and the second quarter of 2013
with a peak around spring 2011. Note that this period is characterized by
the first and the second bailout launched by the so-called Troika, that is
the Eurozone countries, European Central Bank (ECB) and International
Monetary Fund (IMF). From the second quarter of 2013 on, the periodogram
at scale —1,—1 turns negative again.

The analysis of the wavelet periodogram of the LSW (1) model involves the
study of J + (J — 1) different layers. However, it is not always obvious how
to interpret the combined information provided by these layers. Hence, the
aim of the last part of this section is to discuss a possible way of summing up
the information contained in the different layers into one single coefficient.

To start with, consider the random vector of increment terms

k= (Wo1(2)esik,- - 7W—J(Z)8—J,k)t

with />0 and k =0,...,n— 1. Denote as Sy 4(z) = E(1,xn},) the cov-
ariance matrix of 1), and as Iy 4(z) the estimator of S; ,(z) based on the
corrected and smoothed wavelet periodogram. Denote as {A,, (S74(z))}/ _,
the set of ordered eigenvalues of S;,(z) with A; (S74(z)) being the largest
eigenvalue and as {u, (Sy4(z))}/,_, the associated set of eigenvectors.

We write each increment W;(z)€;  as a linear combination of independent
zero-mean Gaussian random variables with unit variance, as

J
W;(z)€jx = Z A jq(2)Zmi- (3.7.1)

m=1

where Ay, j 4(2) = 1/ A (S7.4(2))um (S1,4(2)) and define the coherence meas-
ure

J —1 0
CG=3) )Y ) (Bjig(@) = Amjrig(2))” (3.7.2)

m=0 j=—J+1i=—J+j
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Note that 6;(z) is equal to zero if and only if the correlation of all pairs of
elements of the random vector 7, is equal to one. In that case we say that
the random vector 1, as a perfectly coherent.

Denote as I74(z) the estimator of S;(z) based on the corrected and

smoothed periodogram. Moreover, denote as {um (i IMq (z)) }i: | the set
of eigenvectors associated with the set of ordered eigenvalues of Iy 4(2),

denoted as { A (I7m,4(z)) };:1. We define the estimator of the form in
(3.7.2) as

J —1 0
(f(Z) = Z Am (ij,M,q (Z)) Z Z (umd' (iJ,M,q(Z)) — U, jti (iJ,M,q(Z)))Z ‘
m=0 j=—J+1li=—J+j

(3.7.3)

Figure 3.15 contains the estimates given in (3.7.3) for the DAX, the ISEQ
and the ATHEX stock indices based on the corresponding log-return data.
Note that for all three log-return series, the coherence measure is character-
ized by a strong increase from the beginning of the period of analysis up
to the aftermath of the global financial crisis. However, from the second
quarter of 2009 on, the coherence measures of the German and the Irish
stock index start decreasing again, while the coherence measure of the Greek
stock index continues to increase up to the second quarter of 2015.
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9387

DAX stock index
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Log-returns of the DAX stock index
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Figure 3.9: German stock index and its log-returns from 04/01/2001 to
11/03/2014
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0081

ISEQ stock index
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Figure 3.10: Irish stock index and its log-returns from 04/01/2001 to
11/03/2014
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“ ATHEX stock index
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_Log-returns of the ATHEX stock index
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Figure 3.11: Greek stock index and its log-returns from 04/01/2001 to
11/03/2014
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Figure 3.12: (German stock index) Estimated inter-scale EWS function

Jrom 11/04/2003 to 11/03/2014
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Figure 3.13: (Irish stock index) Estimated inter-scale EWS function from
11/04/2003 to 11/03/2014
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Figure 3.14: (Greek stock index) Estimated inter-scale EWS function
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Figure 3.15: Coherence Measures from 11/04/2003 to 11/03/2014
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3.8 Proofs

3.8.1 Proof of Proposition 3.3

The covariance between X () and X (f + 7) takes the form

Ci(1,2) = Z,Z_] Y S0 (5) wik(®)we(t+1)
+ 21—71 Zj—fl Zk__oo (n) ll/ch(t) le—i—i,k(t + T)
H L N S i () Wiria (O Wit + 1)

where So; () = W7 (F)and Si; () = S-ijui (3) = Wi () Wi () T (5)-
Given that y;,«(t + 7) = ¥ (7) and using a change of variables, we
can write fol |Cn (7,2) —C(7,2)] as

1| — )

of A):lkJrZ Wik(0) W (7) (So.j (z+ %) = S0, (2))
e
g = o

+¥r X Z (Vi O Wik (T) + Winin (0) (7)) (Sij (z+ %) = Sij (2))

i=—1j=—1k=

where z = L. Given the assumption that the functions S; ;(z) are Lipschitz
continuous and hence that [y |S;; (z+ ) —8; ; (z)] < C’#‘k' we can bound
fol |Cn (7,2) — C(7,7)| from above by

Z]___lc,(i’ k,_oo’kH%k Wik(7)]

+ x T S K W)W £(0) + W34 O 4(7)

where

k_foo’k“WJk V’Jk( )}<sz_—oo‘w]k ij( )}

Y k] W;k Wj-ﬁ-lk( )+‘l’j+i,k(0)‘lfj,k(f)| <
Livi¥ = | vik(O)wipin(T) + Wi (0)w; (7))
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—+oo
and hence we can bound Y., |C,(7,2) —C(7,z)| from above by

T=—o0

C()J

Y= 'Y k——oo|‘/’1k )Wjx(7)]

oo oo C, Ly
"‘21—712]—71 ]nl+ r_—oo kf_oo‘llf]k W]-Hk( )+Wj+i,k(0)l//j7k(7)|

Using that k— m‘%k YWik(T )} < 1 and that

k_—oo ‘IV] k ll/j-H k( )+ Wj—f—z,k( )V’ch( )| < Il for 7 € Z we have that

ﬁ_w kf_w Vi (0)y; ()| <2L;
e T Wik OV Wik (T) + Wik (0) W ()| < 2L

Hence, Yo G (1,2) — C(t,2)|dz < p X 2L5C
+%):l; qfl):,];leL? ..;Ci,j which leads to the result in 3.3 given the
assumption that Zizo j__1L§ - Cij < oo

3.8.2 Proof of Proposition 3.4

To begin with, consider the two inverse representations

0
Seij@ =Y Lt AGD T Y P (0)C(1,2)

r=—q

0
Sn,q,i,j(z) = rzzfqzl_ZI_WA”(j,l) ZT ( ) (T Z)

Using that |¥,,;(7)| < 1 we can establish the upper bound

1 1

[ I5uast Sl < ¥ E Wi [ 60 - (s

0 r=Tgl=—e 0

Using the statement of Proposition 3.3 we have that fol |Cn(7,2) — C(7,2)|dz
= O(1). Thus, given the assumption that ):,f_q):J;l_w A (.07 <

C(q+ 1)22 with C > 0 and if ¢ < o0 we obtain that

1

1
/ |Sn.q..j(2) = Sq.,j(z)|dz= O (n)

0
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3.8.3 Proof of Theorem 3.1

Recall from Chapter 3 that for Haar wavelet functions the cross-correlation
wavelets for j = —1 and i = —J(n) + 1 are given by

275 (22|01 — 1 —q]) ifre [ 1 2/=1 ]
2 (1= [0 1~} ifre [ —1,2/00 1]

J(n)—1

—27 T (1-|1-1)) if T € [1,1]

0 otherwise

Hence, we have that A(_ () +1,-1),(=(n)+1,-1) = Leeoe P—ymy41,-1(7)* =

10-2~7M =1 and hence if J(n) =log, (n) this becomes A (_ ()41, 1) (—s(n)+1,-1)

=3 Thus, using Horn’s theorem we have that App(A) <

n

A(—J(n)—H7—1),(—J(n)+17_1) and hence

5
0 < Amin(4) < —
3.8.4 Proof of Theorem 3.2
Consider the matrix Ay = (A(i,j),(m,l))’ Jj = —1,...,—J, i = —1, [ =
—1,...,—J, m = —1 and define the matrix
oo oo
A = ¥ %o, %o, AR = ¥ Wo,¥_y,
— T=—0o0 T——o0
B A B~ @ _ 1
Ar,s — Z ‘Pfl,r(f)‘PO,s(T) Ar,s - Z ‘Pfl,r(f)lpfl,s(f)
T——o0 T——o0

withr=1,...,Jand s = 1,...,J such that
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The components of the four submatrices are given by

(22141 1

251 —+ 3 if r <s
1 2r .
Aﬁ,s) = %2:? + % ifr=s
25—1 .
L 22,+ﬂ'1—|—% ifr>s
¢ 1 if
—W mHr<s
) _ ) 2 1 1 e
Ars = 3 g ifr=s
___1 ifr>
\ 23+r72s r N
( 22" V2 1 .
<_ \/;8 - 96_2r72> T s—r—1 ifr<s
_V222t V2 e
3 o7 5orT ifr=s
Ar,s =
V2 .o ifr=s+1
\ %EQS_I 2,,13,2 ifr>s+1
(2ol L ifr<s—1
v2.or-l ifr=s—1
AW _
J .
22" 2 e
_f24 - 12§—1 ifr=s
V225 V2 1 .
\ (_ B T oep) w1 Mr>s

Ay can be written as as sum of three matrices

Aj=DTD+EZ+©

o

where
o)
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with ®(k), k=1,2,3,4 being J x J—dimensional matrices such that @&}Q =
%, V(r,s) and that @5?, G)g) and (957? are null matrices.

with 2® k=1,2,3,4 being J x J—dimensional matrices defined as
ZJ—IH ifr<s

5 : —
Zrs = EW Rl ifr=s

2,% ifr>s

1 : _
W ifr=s

=(2) _
—rs —
0 elsewhere
¢ ﬂ 1 .
—geor 2yt fr<s
=(3) _ .
—rs —122% lfr:S
0 ifr>s
( 0 ifr<s
—(4 V2 e
d;(,7s) = _W lfl’ =S
V2 1 .
\ T 9622 " 3T ifr>s

T is a block-Toeplitz matrix such that
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where T®) k =1,2,3,4 are Toeplitz matrices given by

( 2%r—l .
= ifr<s
ZZS-H
1 .
Tr,(s): % ifr=s
3s—l
2 ifr>s
k 2§r+]
( 1 .
_23+%r_%s lfl"<S
2 .
Tn(s): 1—12 ifr=s
- ifr>s
L 23+%r—%s
(Va2
275—1
—‘2/7? ifr=s
3
Tr,(s): L
1o .
‘/?222—1 ifr=s4+1
22"
3.\@ 2%5*1 .
=5 ifr>s+1
\ 222
( 3rfl
¥~2§Y2 ifr<s—1
22°
lrfl
\/?5-221 ifr=s5s—1
T(4)_ 22°
s
—y2 ifr=s
V223"
—v22 L ifr>
\ 22!

D:diag<\/§,...,\/?,\/§,...,\/?>
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We can decompose A further in the sense that Z can be written as & = DTD.

i 1 11 1
D=diag( —=,...,—=,—=r .., —=
g(ﬁ V27 V2 \/21)

T is again a blockwise Toeplitz matrix such that
. F) 703
A
7@ 72

where T®) k =1,2,3,4 are Toeplitz matrices given by

s
S lfl’ <S8
22s+1
~(1 )
Tr,(S) = % ifr=s
b
- if r > s
\ 22!
Lifr=s
= (2) 6
Ts,r —
0 elsewhere
( lrJr2
—ﬂz—f ifr<s
96~27S71
~ 3)
73— .
nS \ —\2/—45 ifr=s
L 0 ifr>s
( 0 ifr<s
FO_) =4 ifr=s
ls+2
V22T g
{ 9622"!

Hence, A can be decomposed as

A=DTD+DTD+®

(3.8.1)
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Now denote as A,,i,(A) the smallest eigenvalue of the matrix A. Using
Weyl’s inequalities we can write

)Lmin(A) 2 lmin(D) ')Lmin(T) ')Lmin(D) "’)Lmin(D) ')Lmin(T) 'lmin(b) +)Lmin(®)

with i, (D) = V2, Amin (D) = \/%7 and A i, (®) = 0. Thus, in order

to prove that A has an absolute lower bound & that does not depend on J
we will show that the smallest eigenvalues of the two blockwise Toeplitz
matrices T and T have absolute lower bounds &7 and &7 respectively.

Define T = ( gt g ) as a symmetric blockwise Toeplitz matrix with four

blocks and consider a quadratic form in the vector ( X z )l where x and

z are both vectors of dimension J x 1 with ( X Zz )t ( )ZC > — 1 where x

denotes the complex conjugate of x

k=0 j=0 0 j=0
J J J J

+ Ch—j 2k Xj+ X X dj g2k zj
k=0 j=0 k=0 j=

Using Parseval’s identity for each one of the components of the

) b ci_ ) )
matrix J=k ®J=k ) \ye can write this as
Ck—j dj—k

k=0 j=0 Ke(o) Kp(o Zj
5 erio
4 xXie
:szn L () - Ke() = do
2% kgoxke E’ ke kc(0) Kkp(o) 1o
Z e o]
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Now define A (®*) as the smallest eigenvalue of the matrix

4{0 b ik Eo iok
4 Ci-ée
Q(w) = ka(@) Ke(w) \ _| 77 o
kc(w) xp(o) Foo oo
Y ciemiOk Y g ei0k
k=—co h=—ee
Using that
1-1
< 31 -1 >t< k() Ke(w) ) A lwk > A(@)
—iwk —iwk > - - @
kgoxw k{,OZke kc(w) xp() %ilee iok
k=0

we have that
t X N
>
(x z) T(Z>_l(a))

The closed form expressions of the geometric series contained in Q(®) are
given by

+oo 3
— ok _ 1 , 1 16—22cos(w)
kp(w)= Y by =—3+7 —5——
k=—oo 9—22 cos(w)
~+o0 .
_ iok _ V2 _ &2 36—v/2v/8
Ke(@)= Y cx-e =48 8% T /3 N\
k=—oc0 48( 22 —¢i@
o0
= _ —iok _ V2 _ e 36—v2V38
Ke()= ¥ cr-e _K_T_ﬁ
k=—oo 48( 22 —¢—i@
e b1 (@) 1 16-23 cos()
o iok cOs —22 cos
k=—o0 9—22 cos(w)

Denote as
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with A7 (@) > 0.0783 and A~ (®) > 0.0101 and hence A(w*) = dr
=0.0101.

As far as T' is concerned, the closed form expressions of the geometric series
are given by

Denote as

sy Re(@) R ()4 (Re(@)—Fp (@) +4-RE(0)
- 2

~ ch(w)JrﬁD(w)*\/(kB(w)*kD(w))2+4-kg(w)

A (w) =

with A*(®) > 0.5184 and A~ (®) > 0.0673 and hence A(0*) = &z
= 0.0673. The absolute lower bound of A is obtained by plugging these
values into Weyl’s inequality

1 1
Amin(4) > v2:0.0101 - V2 + — -0.0673 - — +0 > 0.0202
V2 V2

3.8.5 Proof of Corollary 3.1

-1 -1
Define the vector D = { {2_5 } ) {2_§ } . J} and consider the matrix
J== J==

Q =D 'AD'. Given the decomposition of A in (3.8.1), we have that
Q=T+D?TD 24+ D 'ZD!. Using Weyl’s inequality we can establish
the lower bound

/lrnin(Q‘) > )Lmin(T)

Using the results of the proof of Theorem 3.3 we have that

Amin(Q) > 0.0101
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Thus, given that |Q; (j,1) 7! < 0.01W we can write YO ¥ 1A (.07

pA . .
< %22;_%2% with r,/ < 0 and where ):;:1_00 23 < 4oo. Hence, we have
that

0 —1 .
Y Y AT < ezt

rzfql:—oo

3.8.6 Proof of Theorem 3.3

k() is a 3 x 3 dimensional matrix

kp(®) kc(w) ke(o)
k(@)= | k(o) kp(®) kr(o)
Ke(®) Kp(o) Ko(o)
where
kg () =3 — ﬂ—z;ti%%ﬂ.ﬁ e 4 3. ﬁ
\/i\
K'F((D) _ 54\? + 4-\/§+\/§-\[]22+81.f/~§\@+2~\/§~\@ . ol® + % ]_lew)
\/53
_ =T2—V8V2 1 i 36—v8+v2 1
Ke(w) = YT g €'+ e T

\/53

with A(D (@) >0.1103, 1®) (@) > 0.0211 and 1) (@) > 0.002 and hence
A(@*) = 67 = 0.002. Thus, the absolute lower bound of A is given by

A;(A) >0.004
Using the same argument as in the proof of Theorem 3.2 we get that

Amin (€) >217%.0.002

3.8.7 Proof of Corollary 3.2

N —1 N —1 N —1
Define the vector D = {{2_5 } , {2_%} , {2_%} } and con-
j=—J j=—J j=—J

sider the matrix Q = D~ 'AD™!. Given the decomposition of A in (3.8.1),
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we have that Q = T+ D 2TD2+ D 'ED~!. Using Weyl’s inequality we
can establish the lower bound

Afmin(Q) > )Lmin(T)
Using the results of the proof of Theorem 3.3 we have that
Aunin(€2) > 0.004

Thus given that [Q; (7,1) 1| < 5oz We can write YO, ¥ |A;,(j. )]

< G j_fwzz with r,/ < 0 and where 2 2% < +o0. Hence, we have
that
2 2 [Air(j, 1)1 < 3023
r=—ql=—oo

3.8.8 Proof of Theorem 3.4

The expected value of I; ;  takes the form

E (I )
=2E (;wjk(t)X(t)ijm( X (t )>
=21 vulr )Z%m« ZZSOl(m) DY (t

+2;Wj7k( );‘Ifmk ZZZSH(%) lI/Zm Wl+rm( )+W17m(t/)1//1+r7m(t))

If we put z = % and set#’ = 1 + 7 this can be written as

2% Vik(t) L Vitik(t+7) ;5071 (2) Pou(7)
+2§ Vik(t) ; Vitik(t+7) ZrlleSr,z (2) (P (T) +¥ (7))
+2;Wj7k(t);‘//j+i,k(t +T)R(1,7)

where

R(t,7)
—oo n—1—k—t
= 1—21 —)—:k—; (Sos (z+2) —S0. () Vim+k(0) Wy ik (T)
- —oo n—1—k—t
+ Zq Y X (S =50) (Wimek (O Wigrmsk (T) + WVitrmik (0) Wi m44(7))

r=—1l=—1 m=—k—t
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Hence, using the assumption that the functions Sp j(z) and S; j(z) are

Lipschitz continuous we have that |R(z,7)| can be bounded from above
by

Co, 7ik7 | [ Wms 5 (0) Wimi i (T)]

G Xm0 Yharm k() + Vi O) Wi (7))

1 m=—k—t

n—1—k—t n—1—k—t
Y m |V O Wimek(D| <L X Wik (0) Wy mgk (7))

m=—k—t m=—k—t

):k | (W14 (0) Wit rk (T) + Wi rk (0) Wi4(7)) | <
m=—k—t
n—1—k—t
Lr-‘rl Z ‘ (Wl,m+k(0) Wl-i—r,m—O—k(T) + II/I—O—r,m-i-k(o) Illl.,m—&-k(f)) ‘

m=—k—t
Given that

n—1—k—t
L t|W1,m+k(O)‘Vl,m+k(7)| <1
n—1—k—t
Y | (Wimk O Wi k() + Wi 1k (0) Wi (7)) | < 1

m=—k—t

we can bound 2 ’): Vi) L Witik(t+T)R(t,7)| from above by
t T

T=—Lj+1 ¢ r=—ll=-1

Ljyi-1 1 24 ==
2( Y, Y |vikO)wisik(+ 1) \) ( Z C01L1+n Y )Y Crer+1>
where ¥ |W; x(t1)Wj4ix(t + 7)| < 1 and hence
t

Lji-1

Y Y|k jrin(t 1) <2Lj

T=—Ljy+1 t
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Thus, we have that

—g -

1
<= Z ACo L7+~ Y. Y 4cuL?y,
== n="1="

(t) Z Vitik(t+T)R(t,7)

Using that ): Z 2C, lLr ' < oo we thus have that

r=0[=-—1
1
o)
n
Moreover, note that Y y; x (t) Wik (t +7) =¥, j(7). Using that W ;(—7) =
t

¥, i(0) =¥, ;(0)+W¥_; j+i(0) = 0 we thus have that

1)) Wikt +0)R(1,7)

2;%1& )lefj+zk(f+f)):501( ) Wo.(7)
+2Z Vit )Z%+zk(1+f)):):5rl( ) (Wt (7) + W11 (7))

22;50,1 (Z);‘PH:( )\PO,I( )+2;;5r1( )Z\Pj+l( 7) (P () + ¥ r14(1))
= XSos (2) 2x (Wjri() + i ji(7) Pou(T )

+)r:;5r,l () 23;0 (Wjri(7) + Wi i (7)) (P (T) + ¥ (T))
= ;So.z (2) L (Wj+i(7) + Wi ji(7)) Wou (1)

+ZrlleSr,z (z) Zrl (W)ri(7) + Wi jri (7)) (Pt (T) + Wi (7))
=LY (2)Air(ji1)

rl

3.8.9 Proof of Theorem 3.5

Write the variance of the raw wavelet periodogram as Var (IL j,k) =

2
E (),
the multivariate normal distribution, we have that

) (E (I,~7 M))z. Using Isserli’s theorem for higher moments of

E(2) =2+ (E (@) + E (dad ) E (dysaads)
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2
and hence Var(f;jx) = (E (djxdjyix))” + E (djxdjx) E (djrixdjrik)-
Given the results of Theorem 3.4 we hence have that
2
Var (I ) =1 (ZX[:S}’,Z (Z>Ai,r(j>l)>
FEL S () Ao (:) LSy (2) Ao (j+0,1) +0 (%)

3.8.10 Proof of Theorem 3.6

Bound the variance of the smoothed wavelet periodogram as

| M
5 Z Z‘COV (L jkrso i jerst) |

Var (I, 1 ay) < ————
(Z.jjem) TR

Using Isserli’s theorem (Isserli (1918)) for higher moment of zero-mean
Gaussian random variables we can write

Cov (L jatsi Lijprsin) =E (Ljirshjprsin) —E (I jts) E (I j rstx)
=E (dj,k+sdj,k+s+1<) E (d j+i,k+sd JAik+s+x
+E (dj ksdjsirsin) E (djgiprsdjirsix)

Using similar techniques as in the proof of Theorem 3.4 we can show that

forzz%

0 1
E (dj jssdjyiktstx) Z Y Suz l)+0(z>

|=—o0 r=—q

where

Z )+ ,J+l( )) (lPr,l(T+ K) +\Pfr,l+r(7:+ K))

T

Note that |A (], )| < 4min(Lj4i,Li+,)I [|k| < max(Lj4i,Lis,)], which
means that we can write

LS ()4 ><J,z>\ <4t <Ll T zqsrmmr

+4Lj+t Z Z Srl( ) HK’ SLl-ﬁ-r}

|[=—ocor=—¢q
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This means that ‘E (dj7k+sdj+,~7k+s+,() E (dj+,-’k+sdj’k+s+,() ‘ can be bounded
by

_1 1 0
HK’<L1+1]Z Z !Srz\( iy X X [Ser|(z)Lyyr

_‘]r—fq l’—jr:—q

+AL[|K| < Ljyi]L; Sri (2 )|L1+rl Z ¥ Sy (2) L[| K| < Lyr.r]
—]”**q /=—o0p/=—q

+4l[[k| < Ljvi] Lj+i Z Z 1Sy (2) L] x| < Ly4] Z Z S0 (2) |Lyrr

[=—o0r=—q I'=jr=—q

+4LJ+, Z Z \Srz()!HHKISLHr] Z Z 1S, (2) [1]|%] < Ly ]

7—00 r=—q :—ocr——q

Summing this over k then leads to

-1 0 -1 0
Bij= 8Liwi ¥ X ISu(@liyr X X Ser(2)[Lysr
I= jr——q I=jr=—q

-1 0
BELE Y Su@be LY 50

_] —7q '=—cor'=—q

0 —1 0
+8L]+l Z )y |Srl( ) | Y X ’Sr’.,l’ (Z) |Ll’+r’
:—‘X’r—_q I'=jr=—q

0
+16L]+l Z Z Z Y ‘Sr,l (Z) HSI’/J' (Z) ]min(LH,,Ll/H/)

|=—o0 *—q[’:—oo r/:—q

Given the assumption that for all / and r the EWS functions
are such that |S,;(z)| < ﬁ with L; 14, = 2L;;,, we obtain that

-1 0

Y Y [S.(2)] < Kj(g+1). Moreover, we can establish the upper
I=jr=—q

bound Z]_l ,,_q|Srl( 7)| < (q;r]). Next, we write the expression

Zl_iwz 7qzl/: wzoz_q ’Srl ( ) HSV',I’ (Z) ‘min(Ll+r7Ll/+r/) under the
form

-1 0 0 0
MDY N MDTIRINES Yl WA 3 JTHE

[=—oc0cr=—q I'>lr=—q '=—cor'=—¢q I>l'r=—q

which can be bounded from above by the sequence of upper bounds

Ut 2K%(g+1
Kz(q—f—l)z( 7 Y L,/> —(L. )
I'=— J

|=—o0
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Thus, we have that B; j = O (chlz)- Hence, using that Var (Ii,j,k,M) <
L2
#1810 (5) we get that Var (I jx ) = O ( i >

3.8.11 Proof of Theorem 3.7

To begin with, write E (1 jxm) = 55777 Lo m E (Iijk+s)- According to
Theorem 3.4 we have that E (; j i) = L XS (2+2)Ai(,1) + O (3)
lr

with z = % Thus, we can write

E(lijkss) = XL (2)Air(J,1)
FEL (S (23) =5u (2) 4ir (1. + 0 ()

Using the Lipschitz continuity properties of the functions S, (z), we have
that

zllzr: (Sr,l (Z‘f‘%) _Srl( )) ir (J,1) ZZ‘,;

First of all note that |A; ,(j,/)| <2L;;,. Thus, using that ZZC L7

l+r

ol

Consider the sequence of second-order wavelet functions and the associated
sequence of EWS coefficients

1 (r=1)(—logy(n)+q)—1
{{q)lj i=max(—q,—log,(n)— )}J——r10g2( )+a(r—1)

and that YM _ |s| = (M + 1) M we have that

(S (2 ) =00 2)) Aurl )

3.8.12 Proof of Theorem 3.8

2M-|—1 Z

. (r—1)(~ loga(o)-+4)-1
$10) = {{81/62 )

= rnax( Q7710g2(n)7] jzfrlogz(n)ﬁ»q(r—l)
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with r = 1,2,.... Denote as {Alm}r the sequence of matrices containing

the cross-inner products between the elements of ®; and ®,. Denote as
-1

-1
Ly = { L i . . } the vector of smoothed
k’”{ { l’j’k’”‘[}l:max(f17.10g2(”?J) j=—logy(n)
periodogram estimators at time point k. Given the statement of Theorem 3.7

we can write the expected value of I} 5 as

E(Ly)= fALrS,(z) +0 (Al)
r=1

n

The expected value of the smoothed and corrected wavelet periodogram then
takes the form

+oo
E(lim) =A7; <E1A1’,Sr +0 (1‘74))

~+o0
= S1+A7; ZZAL,SA—A;’}O(%)
r=

Thus, the L, norm of the vector E (Ik7 M) — 81 can be bounded from above
by

(A~ . Mlog,(n)
Y 1AL AL AISr b + gl 47 120 (_z)
r=2

Consider a generic constant such that ||[A; 1A ,||» < ¢ for all r which allows
to write the upper bound as

™= _ Mlog,(n
c Y [IS[2+8 10(—%12( )q)
r=2

where & denotes the absolute lower bound of the eigenvalues of A ;.
Given the assumption that |S; ;(z)| < ﬁ with L;_1;; = 2L;,; we have
r—1 +oo
that ||S,||2 < glog,(n) (2n_q> for r = 2,3,... and hence Y ||S/|]2 =
r=2
24
qlog,(n) "z Thus, we obtain that

n

M1
E (lopt) = Si]l2 < 570 (ﬂ)
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3.8.13 Proof of Theorem 3.9
Bound the variance of the smoothed and corrected wavelet periodogram as
0 —1

0 —1
Var(Tsa) < Y X A2 G0y Var (lusar) ¥ X [A2G0)
J

r=—ql=—J H=—ql'=—

Var (Ir’,l/,k,M)

Using Theorem 3.6, this can be written as

Var (iivj’k7M) S % Z;=qo 2;117] )A;rl (-]’ l) ’ \V BR,I 29’17(1 Z;i_j A;rl’ (]> ll) ) vV Br’,l/
+0(H) AT AL G0 STt A G|

Given the statement of Theorem 3.6 we have that /B, =

0 (%) Moreover, recall that L; = (27'—1) (L[] —1). Hence, if

Z(r):,qzl;l_m A (j,D)71 < €2} and if we set J = log,(n), we have that
Var (T, ) = 0 (5.






Chapter 4

Multivariate locally stationary
wavelet processes

In the previous chapter we have focused on the modelling of the time-varying
autocovariance function of univariate time series. In this section these
univariate time series are considered to be components of a vector-valued
process in the context of a multivariate time series model. Vector-valued
stochastic processes are defined as a sequence of random vectors with an
inherent order according to a time index, that is

n—1

Xnp = {Xp(f)}t:o

with X,(¢) = (XU (¢),...,XP)(¢)). In contrast to univariate time series
modelling, multivariate time series analysis does not merely focus on the
modelling of the autocovariance function of each of the constituent processes
but also on the representation of the dynamic interdependence between them.
The analysis of multivariate time series data is of crucial importance in many
different fields in finance or economics. For example, understanding the co-
movements of the returns of large numbers of assets is the key for portfolio
allocation and risk management. In macroeconomics, panel time series
models allow to study economic processes while accounting for dynamic
effects that are not visible in cross sections. Moreover, understanding the
pattern of dependence between the series of the vector-valued process also
helps to better understand the behavior of each of the component series
leading to more adequate forecasting results. Finally, multivariate stochastic
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processes are one of the main building blocks of dynamic factor modeling
approaches which will be dealt with in Chapter 5.

As in the univariate case, we focus on the modelling of the time-varying
aspects of the second-order structure of the vector-valued process. Priestley
and Tong (1973) [105] propose an extension of the theory of evolutionary
wavelet spectra to the case of bivariate non-stationary processes. Ombao et.
al. (2005) [96] propose an approach to model multivariate non-stationary
time series based on the smooth localized complex exponential (SLEX)
transform, which forms a library of orthogonal complex-valued transforms
that are simultaneously localized in time and frequency. Sanderson et
al. (2010) [108] extend the univariate LSW model framework to bivariate
processes by defining the notion of evolutionary wavelet cross-spectrum and
proposing a locally stationary wavelet coherence measure. This bivariate
LSW model framework has been extended to a multivariate setting by Park
et al. (2014) [98] and Cho and Fryzlewicz (2015) [24].

Both, the bivariate approach defined in Sanderson et al. (2010) and the
multivariate settings in Park et al. (2014) and Cho and Fryzlewicz (2015)
[24], are based on the use of orthogonal vector-valued increment processes.
As we are going to show in Section 4.1.4, the use of these orthogonal
increment processes leads to a highly restrictive assumption on the form of
the autocovariance function by implying that the autocovariance function of
the time series at the macro-scale is such that

Cov (X, (1),X,(t+71))=Cov(X,(t+7),X,(t))

fort =0,....n—11t€Z,u=1,...,pand v=1,..., p. However, these
symmetry constraints might actually never be fulfilled in any multivariate
time series relevant for practical purposes which puts a serious limitation on
the use of the existing MLSW process models.

In this chapter we extend the LSW(q) process model, introduced in Section
3.4 to the multivariate setting. In the multivariate framework, each of the
p constituent time series is associated with a specific increment process,

denoted as {81(’2)} jk with u=1,...,p. In the existing multivariate LSW
frameworks, the elements of two separate increment processes are inde-
pendent from each other whenever they belong to different wavelet scales

which means that Cov(ej(.fg : 8}%7 P = FE-M’V) (z) and Cov (ej(bj() , 8}?1‘,1) =0 for

eachi< —landk,[=0,...,n— 1. We allow for a more flexible correlation
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pattern between the constituent increment processes such that

COV<()7£(M) )_ I (%) if —g<i<Oandk=1
ko 0 ifi<—gork+#Il

with j = —1,-2,...,i=—1,-2,.... We show that the insertion of a cor-
relation pattern between the increment processes at the different wavelet
scales allows to get rid of the symmetry constraints of the autocovariance
function of the existing MLSW processes. The chapter is divided into four
sections. In Section we introduce the notion of MLSW processes of order g.
Section 4.2 proposes a consistent estimation procedure for the evolutionary
wavelet spectrum of this new type of processes. In Section 4.3 we extend
the MLSW(q) framework to high-dimensional settings in which p = O(n%).
Section 4.4 contains an application of the MLWS(g) process model.

4.1 Multivariate locally stationary wavelet pro-
cesses of order g

Definition 4.1 below extends Definition 3.2 into the multivariate setting.

Definition 4.1. A sequence of doubly-indexed stochastic processes
{(X,gl)(t),...,X,gp) ())'}'=g, n > 0, with zero-mean elements is in the
class of multivariate locally stationary wavelet processes of order q if there
exists a representation

Z ZW ka,k() (4.1.1)

J=—k=0

The collection {W;x}jx j=—1,-2,...,k=0,...,n—1is a set of discrete
non-decimated wavelet functions. The ratio z = % denotes rescaled time. The

(u)

increment terms €: ik

Var(g; e )) =1and

are Gaussian random variables such that E (SJ(L;C)) =0,

(u,v) ; .
el o)y _ 77 () if —q<i<0andk=1
COV(Ik?'g]-Hl)_{ 0’ ifi< —qork+l
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with j=—1,-2,...,i=0,—1,. u—l ..,pandv=1,...,p. The EWS

functions Sl(ftj’v)( )= WJ( )((z)V;/( +)l (Z)Fl ¥ ") are Lipschitz continuous on (0, 1)

with Lipschitz constants C; j satisfying

Z Z LG e

i=—q j=—c0
where L ; denotes the support of the wavelet functions at level — j —i.

According to Definition 4.1, MLSW processes take the form of a collection
of univariate LSW processes as defined in Definition 3.2. The correlations
between the multiscale increment processes of the individual LSW models

lead to the correlations between the elements of {X,Efg (t)}F_, and {X,Ez(t +
T) 5:1 for all u,v =1,..., p. Note that as in Sanderson et al. (2010) [108],
Park et al. (2014) [98] and Cho and Fryzlewicz [24], we suppose that the
collection of non-decimated wavelet functions is identical for all constituent
univariate LSW processes.

4.1.1 Autocovariance representation

If we use the rescaled time notation we can write the covariance between
X(t) and X" (¢ + 1) as C)(1,2) = Cov[X\" (nz), X" (nz + 7)] where
z = L. The local autocovariance function of the MLSW g) model is given
by

—1 -
Co(eg) = § S Q%0+ T L S8 @0
oo ; =g j=— (4.1.2)
> U (2) ¥ jei(T)
i=—gq j=—c°

€(0,1); t€Z; u=1,....p; v=1,...,p

where {Wo j, {Wij, ¥_i j+i i_:l_q};:_l are families of cross-correlation

wavelets (see Section 2.2). For the sake of notation simplicity, we denote

{®i (1) = Wi, ; (1)} _ ) 72w and {{®_i (1) = Wi ji(D) 1} 2
and write the family of cross-correlation functions as

@y = {{®:(7) ,q_q}l (4.13)

J=—00
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Similarly, we set {{S("’v)( ) = S(u’v)( ) ?__q j=—o and {{S_,J( 2) =

S(_”i"vj) (@) i;l_ q J_ .. Which allows to write the LACF in (4.1.2) as

i Z st (1) (4.1.4)

i=—q j=—

Given that Sl('i u) S( o j), we obtain

-1 -1
> So @00+ Y, X 85 (@) +@-i(D))

j=—o0 i=—q j=—c

which corresponds to the local autocovariance function of univariate LSW(q)
processes in (3.4.2).

Proposition 4.1. Given the assumptions in Definition 4.1 and if n — o we
have that C,(,u’v)( z) =Cov [ X, )(nz) x,\") (nz+ T)} converges to the local

autocovariance function, given that
1
/yc ) (g,2) — (1, 7)|dz = O (—) L (415
‘L'_—oo n

4.1.2 Uniqueness of the autocovariance representation

Define the operator A := (A;(j, 1)) ;o such that

lr]l Zq)lj

TEL

and define A, := {A; ,} g<ir<q a8 the inner product operator of the family
of functions in (4 1.3). Denote as A,y the Gramian matrix of the sub-family

of functions |
min J+] q) -
{{(Dl J}l maX —J— J7 }J:J' (4-1.6)

such that .
A= (o) o) 4.1.7)

According to Theorem 2.1, the family of CCWF CIDé is linearly independent.
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Thus, we have that the operator norm of A - 7 J is bounded from above by some
constant 9, 7 > 0 for / > 1 and g > 0 which implies that A is an invertible
operator. Hence the EWS can be written as the inverse representation of the
local autocovariance function that is

q
syl Z Y AL DY @u(7) 7.2). 4.1.8)

[=—ocor=—¢q TEZ

Denote as S, the inverse representation of the autocovariance function
Cu(7,2)

qnl,J Z ZA” Js1 Zq)rl ) 4.1.9)

|=—cor=—¢q TEZ

Proposition 3.4 below states that for S, ,; j(z) to converge to the EWS, there
needs to exists an absolute lower bound 6 > 0 such that § < Ayin(A4.)

where Amin(Ag, 7) denotes the smallest eigenvalue of the Gramian matrix
AgJ.
qs

Proposition 4.2. Consider the Gramian matrix in 4.1.7 and suppose that
q < +oo. If there exists 6 > 0 such that for the smallest eigenvalue of
Ay , denoted as Amin(Agy), we have Amin(Agy) > O for J > 1 and if
Zf-’:_q Z;ZI_OO |Ai_7r1 (J,1)] < oo, we obtain that

/ ‘Sq”nvw — s )‘a’z—O(%)

As in Section 3.4, we are going to study some classes of MLSW(g) processes
in more details.

4.1.3 MLSW() processes

MLSW (e0) processes allow for correlations between the increments of all
the wavelets scales and hence

(u,v) ip
e ¢ [ (z) ifi<Oandk=1
COV(jk’gj-i-zl) {O:j -y

forj=—1,-2,..,i=—-1,-2,..,u=1,...,pandv=1,...,p.
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Theorem 4.1. Consider the Gramian matrix in (4.1.7). If we let J depend
on n as J(n) =log,(n) and set g(n) =log,(n) — 1, we have that for Haar
wavelet functions Amin(Ag(n).J(n)) = O (%)

Thus, using the statements of Proposition 4.2 and of Theorem 4.1, we can
conclude that the autocovariance representation of the MLSW (0) process
model is not unique. Thus, as for the univariate case, the degree of inter-
scale correlation within the increment process cannot increase along with
the sample size n.

4.1.4 MLSW/(0) processes

MLSW(0) processes only allow for correlations between the increments
within each wavelet scale which means that

Cov (.e”,,) = I (@) ifi=0Oandk =1
Pk 0 ifi<Oork#1l

forj=—1,-2,...,i=—1,-2,..,u=1,...,pandv=1,...,p.

According to the representation in (4.1.2), the local autocovariance function
of the MLSW(0) model is given by

-1
G (w2 = X 8oy (@00,

]:—OO

I1£S3 (2) = 504 (z) forallu =1,..., p,v=1,..., p, and if the collections
of non-decimated wavelet functions are identical for each process u =
1,...,p, we have that

i (z,z) =™ (1,z). (4.1.10)

4.1.5 Discussion

The symmetry constraint of the MLSW (0) model is a direct result of the
orthogonality assumption on the vector-valued increment process com-
bined with the use of the same set of non-decimated wavelet functions
for each of the constituent time series. There are two possible ways in
order to get rid of the symmetry assumption, we could use different sets
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of wavelet functions for each constituent time series or allow for a more
flexible correlation structure among the increment terms. Indeed, recall that

SI(L;V)( ) = Cov(e ](;3,8](2;{) and S,(vju)( ) = Cov(e ](k),e](ﬁlk) and consider

the representatlon of the local autocovariance function in (4.1.2). Given

that §; ; () (z) # Slvju (z) the local autocovariance representation of the cor-
respondmg MLSW/(g) process is not symmetric.

For the sake of argument consider the spectral representation of a second-
order stationary multivariate time series (see Brockwell and Davis, 2009)
[20]

X\ () = / ¢ q7) (@) 4.1.11)

[0

where {{dZ")(®)}"_,}o denotes a complex-valued multiscale increment
process of dimension p. At first glance the representation in (4.1.11) might
seem similar to the MLSW(0) process model. However, given that the
increment process in (4.1.11) is complex-valued and that ' = cos(®t) +
isin(@t), we can write (4.1.11) as

X\ (t) = / cos(wt)dZ\" (@) +i / sin(wr)dZ" (o) (4.1.12)

(0] (0]

Thus, X,g") (t) is a sum of two multiscale processes with two separate collec-

tions of increments {dZ%”)(a))}w and {dZéu) (w)} respectively. Based on
the representation in (4.1.12) we can write the autocovariance functions of
the process at the macro-scale as

(1) = [cos(t)cos(a(t +7)E |dZ" (w)dZ" (w)]
+ [ sin(or) sin(@(t + 7))E |dZ)" (0)dZ)" (o)
@ - 1 (4.1.13)
—i [ cos(@t)sin(@(t +1))E |dZ\" (0)dZ}" (w)
+i [ cos(@(t + 7)) sin(0)E [dZ3") (0)dZ" ()]

if we fix E[dZ"(0)dz" (o) = Edz"(0)dz"(®)] and

E[dZ\" ()dZ)"(0)] = E[dZ}" (0)dZ!" (»)] and given that cos(wT) =
cos(t)cos(@(t+ 7)) +sin(wr)sin(w(r+17)), sin(wt) = sin(wr) cos(w(r+
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7))+ cos(ot) sin(w(z + 7)) we can write (4.1.13) as

i) (7) = / E[az!" (@)dz)" ()| cos(07) i / £ [z (0)dZ" (@)] sin(@1)

(4.1.14)
Using the same type of reasoning we can show that

i (7) = / E[az{"(0)az}"(0) | cos(w7) +i / £ [az{"(0)az!" (0)| sin(w7)

w (0]

(4.1.15)
Thus, the covariance matrix of the stationary time series is a Hermitian
matrix.

If there was no intra-frequency correlation between the two increment pro-
cesses, that is E dZE”) (w)dZév) (a))} = 0 we obtain that

M (z) = ™ (¢) = / E[az" (0)az" ()] cos(o(x))

and hence C*" (1) = ci (7). Hence, linking the two multiscale represent-

ation models in (4.1.12) is crucial to obtain a non-symmetric autocovariance
function.

Finally, note that the order of the MLSW model has an impact on the
eigenspectrum of the Gramian matrix of the collection of functions in (4.1.6).
Table 4.1 contains the values of the smallest eigenvalues of A, for MLSW
models of order zero to five.

q 0 1 2 3 4 5
Amin)(Ag) | 0.6925 | 0.06779 | 0.0128 | 0.0027 | 0.0006 | 0.0001

Table 4.1: Smallest eigenvalues of A, for MLSW(q) models with
q=0,...,5

The order of the increment process increases the level of model complexity.
Thus, an increase in g leads to a decrease in the lowest eigenvalue of the
corresponding inner product operator A,.
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4.2 Estimation of the MLSW(¢q) model

The estimation procedure of the EWS of LSW(g) models in the univariate
and the multivariate framework are similar. Thus, as in the univariate setting
(see Section 3.5), we start off with defining sets of wavelet coefficients and
use the latter to define the raw wavelet periodogram. We then generate
a smoothed version of the raw wavelet periodogram by taking moving
averages of the latter within each of its layers. Finally, we correct the
smoothed wavelet periodogram to obtain a consistent estimator of the EWS.
Most of the Theorems derived in this section are direct extensions of the
corresponding Theorems in the univariate framework.

We first define the collection of wavelet coefficients
() n—1
dfl, =Y wi)x“@) (4.2.1)
t=0
with j=—1,...,—J,k=0,....n—landu=1,...,p.

4.2.1 Raw wavelet periodogram

The raw wavelet periodogram of the MLSW (g) model consists in a set of ran-
dom variables denoted as [; j x , with j = —1,...,—J,i=—1,... ,max(—J —
J,—q),k=0,...,n—Tland u,v=1,..., p, such that for u # v

(wy) _ L) S(v)
Ii7j7k7n - d]k,ndj+l‘k7n (4.22)

Theorem 4.2 below states that the raw wavelet periodogram is a biased
estimator of the EWS of the MLSW(g) process model.

Theorem 4.2. Given the assumptions in Definition 4.1, the expectation of
the raw wavelet periodogram is

w SRR . I
E (Ii(,j:k?n) - Z_Z r:ZqSil’ )(Z)Ai,r(]al) +0 (;) (4.2.3)

forj=—1,...,—J, i=—1,... max(—J — j,—¢q), k=0,....n— 1 and u,v
=1,....,pwithu+#v,J >0and g > 0.
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Theorem 4.3. Given the assumptions in Definition 4.1, the variance of the
raw wavelet periodogram is

2
var (1)) =4 (;)l:sﬁf;”) (Z)Ai,r(j,D)
+22S5 (@) Ao (1) Z§SE,”Z’”) (2) Ao (j+i.0)+0(5)

forj=—1,...,—J,i=—1,....max(—J — j,—q), k=0,...,n—1 and u,v
=1,...,pwithJ > 0and q > 0.

4.2.2 Smoothed wavelet periodogram

As in the univariate setting, we define the smoothed wavelet periodogram es-
timators as moving averages of the elements of the raw wavelet periodogram
within each layer, that is we consider the sequence of random variables

wy) 1 M (u.v) R R
Ii,j,k,n,M = W ZsszIl.’LkH’n withk=0,...,n—1
forj=—1,...,—J,i=—1,...,max(—J— j,—q),k=0,....,n—1and u,v =

1,...,p with u # v.

Theorem 4.4. Given the assumptions in Definition 4.1 and if |S§I;~’V) (z)] <
ﬁforanyi:O,...7—q withqg < 4o, j=—1,-2,...andu,v=1,...,p,
the variance of the smoothed wavelet periodogram is

)
(u,v) (27
Var (11., ch,n,M) — 0( — >

forj=—1,....—J,i=—1,....max(—J — j,—q), k=0,...,n—1 and u,v
=1,...,pwithJ >0and q > 0.

Theorem 4.5. Given the assumptions in Definition 4.1, the expected value
of the smoothed wavelet periodogram is

£ (150m) =E (152,) +o (%)

forj=—1,...,—J,i=—1,....max(—J—j,—q), k=0,...,n—landu,v =
1,...,pwithu##v,J >0and 0 < g < oo,
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4.2.3 Smoothed and corrected wavelet periodogram

The smoothed and corrected wavelet periodogram of the MLSW (g) model

is defined as
*(uv
,Jan Z ZAH‘ ’ rlkM

j=—Ji=—q
with j=—1,...,—J,i=0,..., max(—J—j,—¢q),k=0,....n—land u,v =
L,...,p.
Theorem 4.6. Given the assumptions in Definition 4.1 and if \SEZ-’V) (z)| <
ﬁforanyizo,...,—qwithq< oo, j=—1,-2,...andu,v=1,...,p,

and provided that there exists 8 > 0 such that Amin(Agy) > 6 and that
Zri_qu;l_m |A,-7r(j, l)’l| < C2%, we have that

v Mlog,(n)
E(I5) ) =5t @+ 0 (—2>

n

forj=—1,...,—J, i=—1,... max(—J — j,—¢q), k=0,....n— 1 and u,v
=1,....,pwithJ >0and g > 0.

Theorem 4.7. Given the assumptions in Definition 4.1 and if ‘ng,v) (z)] <
ﬁforanyizo,...,—qwithq< oo, j=—1,-2,...andu,v=1,...,p,
and provided that there exists 8 > 0 such that Amin(Agy) > 6 and that
Zr*—qzl_:l—oo A (j, D)7 < C2%, we have that

uy 2710gy (n)
Var (140, ) = O(T)

forj=—1,....,—J, i=—1,....max(—J — j,—¢q), k=0,....n— 1 and u,v
=1,....,pwithJ >0and g > 0.

As for the univariate LSW model we can derive the optimal convergence
rate of the smoothed and corrected wavelet periodogram by first setting
M=0 (nB ) Given the statements of Theorems 3.8 and 3.9, the mean

squared error of the smoothed and corrected wavelet periodogram at each
layer is given by

() > 1 2/
MSE (1 ,an> 0 (1og2(n) (n2<1—ﬂ> 5 1og2(n)>> . 424)
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Hence, the optimal convergence rate of the MSE can be obtained by solving
max (min (2(1 — ), B)) with respect to 3 leading to f = % in which case

2
Huv) \ _ o (loa(n)
MSE (17),,/) =0 (n—§

Using Markov’s inequality, we have that for all € > 0
MSE (77, 1)
P(

i’j7k7n7M
which, given the result in , proves convergence in probability of the smoothed
and corrected wavelet periodogram.

#u,v) (u,v)
L finmn = Sij (@) > 8) = -

4.3 High-dimensional MLSW processes

In Definition 4.1 we have considered MLSW processes in which the di-
mension of the constituent random vectors is fixed. Note that this type of
multivariate settings are based on the inherent assumption that the relevant
variables for given analysis are known beforehand. However, in most cases
the set of relevant variables needs to be derived a posteriori on the basis
of some kind of data driven model selection procedure. In these settings
the initial set of potentially relevant variables may be quite large. In this
section we adapt the MLSW setting, introduced in Definition 4.1, to these
high-dimensional cases by considering triply-indexed instead of doubly-
indexed random sequences, and hence we consider stochastic processes such
that {(X\"(1),.... X" (1)) 1=}, n > 0 and p = O(n®) with a > 0. Note
that given the fact that p grows along with the sample size, the estimation
of triply-indexed MLSW processes requires a different type of asymptotic
reasoning in which both, n and p, go to infinity. The objective of this
section is to adapt the consistency result of the smoothed and corrected
wavelet periodogram obtained in Section 4.2.3 to the multivariate modelling
framework.

(1) (p)

To start with, consider the random vectors g, = (ej’t v €y )
with j = —1,...,—log,(n) and define the increment vector & =
(E-145-++€ 1og,(n),)" and denote as S(z) = E(&¢g) the EWS matrix.
Define as I, y(z) the estimator of S(z) based on the smoothed and corrected
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wavelet periodogram described in Section 4.2.3 and define the random
matrix

Zn(2) = L) — S(2) (43.1)

Theorem 4.8. Denote as ||Z, y(z)||2 the spectral norm of the random matrix
defined in (4.3.1). Given the statement of Theorem 4.7 and if we set p =
O(n%), we then have that

E(1Zm (1) =0 (rosttn) (U + g7 )

n? " Mlog,(n)
If the dimensionality of the process is fixed and under the as-
sumption that M = O(nP), we obtain that E([|Eam(2)|3) =

o0 (log‘z‘(n) <n2<llfﬁ> + -5 1022(,1))) If we set B = 2, we get that

1 4
E(Eam()IB) = 0 (L”) | 432)

n

In the high-dimensional case, we assume that the dimensionality of the
vector process is such that p = O(n%), which, given that § = %, leads to

4
E(|Zam()IR) = 0 ( log; () ) | 433)

n2(§—a)

Using Markov’s inequality, we have that for each € > 0

E (|21 (2)[13)

PIEnu(ll2 > &) < =

Hence, given (4.3.3), we have that ||, 4(z)||>» — 0 given that 0 < ¢ < 1.
p

4.4 Real Data Analysis: Modelling the log-
returns of the EURIBOR yield curve

In this section we use MLSW(g) processes to model the cross-covariance
pattern between Euro Interbank Offered Rates (Euribors) with maturities
1 week, 1 month, 3 months, 6 months, 9 months, 12 months on the one
hand and the aggregated nominal exchange rate between the Euro and the
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currencies of the nineteen leading trade partners of the Euro zone, forming
the so-called EWK-19 group, on the other hand. We denote as E*) (1) the
value of the Euribor of a given maturity at time point t, withu =1,...,6
and as R(t) the value of the Euro exchange rate at time 7. Figure 4.1 plots
the Euribors between 21/07/2003 and 02/04/2015. The most striking feature
is the steep decline of the Euribors from the third quarter 2009 on, which
is mainly linked to the subsequent cuts in interest rates of the base rate by
the European Central Bank (ECB). These subsequent cuts have been part of
a major stimulus package designed to face the downturn of the economic
activity within the Euro zone during and after the global financial crisis of
2008-2009. Another interesting observation is that before the financial crisis
the yields belonging to different maturities are relatively close to each other,
leading to an approximately flat shape of the Euribor yield curve. After the
crisis however, the yield curve takes on a "normal” shape, characterized by
rising yields as maturity lengthens. Note however, that from the end of the
fourth quarter 2013 the yield curve flattens again which may reflect market
expectations of future declines of the Euribor rates. Figure 4.2 contains the
aggregated exchange rate between the Euro and the respective currencies
of the EWK-19 group. As for the Euribors there is a sharp decline in the
exchange rate at the beginning of the financial crisis and more precisely
between the third quarter 2007 until the start of the fourth quarter 2008.
This sharp decrease is followed by a strong increase which lasts until the
beginning of 2010. However, from the first quarter 2010 on we can observe
a gradual decrease in the exchange rate up to December 2013. This period
of gradual decrease is followed by a sharp decrease of the exchange rate
between the end of 2013 and April 2014.

We denote the log-returns of the Euribors and the exchange rate as

X®(r) = 1In E(”)(t)>—ln<E(“)(t—l)> foru=1,...,6
XD (1) = In (R® (t)) ~In (R<u> (r— 1)) .

We assume that the vector process of log-returns belongs t some class of
MLSW q) processes and write each element of the increment process as

() J(n)p »
€k = ; A j(2)Zm k- (4.4.1)
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where Z,, ; are independent Gaussian random variables with mean zero and
unit variance. If we plug the representation in (4.4.1) into (4.1.1) we obtain

Z Z Zn Z A (2w a(0). 4.4.2)

=0 m=1 j=—00

According to the representation in (4.4.2) the covariance between the random
variables X,E”)( t) and Z,, i is glven by Z]_ - ,(n)]( )W k(t). Consider the
random vectors Yn(k = {{Xn ( V., k} p "y withu=1,...,6and Yn(? =
{{Xy) (t)Zm_‘k};(Z)lp "~ and define cosine 51m11ar1ty between the vectors

E(Yn(bltc)) and E(Yn(?) as
¢ =cos]o (£ (x).E(r7))]

Lo TV E(X <“><> 2k )E (X (020

(st o2 (6 020)) (1w 2 (7 02))
(4.4.3)
with u = 1,...,6. Note that ¥"= ! v/’ g (X,E“) (t)z,mk) E (X,S” (t)Z,mk)
can be written as

n)p n—1
Z Z Z A ,SZ,EI(Z)t:ZO‘I/j,k(f)‘I’j',k(f)-

m=1 J_f‘]
Given the orthonormality of the elements of {y; (¢ )}_ ) this becomes
Z ): J_l_ Itn ,,? )J(Z)A,S:?j (z). Using the same kind of reasoning for the

terms in the denommator of the representation in (4.4.3) we can write

ZJ(")P -1 A(M)-(Z)A(7)~(Z)

€W (z) = m=1 &j=—J(n) “m,j\*/"m,j
1 1
J()p 1 @\ [ )p -t ™A\
<Zm:1 j:—](n) <Am,J(Z)> ) (Zm:l j:—](n) (Am,j(z)> )
(4.4.4)

withu =1,...,6. Note that the vector E(Y, (u k)) could be interpreted as a kind
of 1mpu1se response function, given that the elements of the latter provide
an indication of the output of a given time series at time point ¢+ when
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submitted to m random shocks at time k represented by the random variables
Ziks--->Zmx. For a detailed discussion on impulse response functions see
Liitkepohl (2008) [79] and Liitkepohl and Poskitt (1991) [80]. Consequently,
the coefficient in represents the cosine of the angle between the impulse
response functions of a given Euribor log-return time series and the Euro
log-return time series.

Consider the corrected and smoothed periodogram vector I, /(z), as defined

in 4.3. Define as {lm}ﬁl)lp the set of ordered eigenvalues and as {um};@lp
the set of associated eigenvectors. We define the estimator of the consistency
measure in (4.4) as

J(n)p —1
g A hont(@) Lt Unpt (2)) e 7 (Bt (2))

(é)A(ll)(Z) _ Jj=—J(n)

J(n)p -1 2 % J(n)p 1 5 %
L (@) L (1, G @) ) (L A sn@) L (155 U ()
m=1 j=—J(n) m=1 j=—J(n)

(4.4.5)

For the real data analysis we use the time series of log-returns of the Euribors
between from 21/07/2003 to 02/04/2015 and the log-returns of the Euro-
EWK exchange rate for that same period. We assume that the vector process
of log-returns is in the class of MLSW(1) processes with D8 wavelet basis.
Figure 4.3 plots the estimate of the cosine similarity in (4.4.5) between
the Euro-EWK exchange rate and each of the Euribors from 21/07/2003 to
02/04/2015.

Note first that at the start of the period of analysis, that is 2003 to 2004,
the cosine similarities between the Euro exchange rate and the different
Euribors are all relatively low and take on rather similar values. However,
from the beginning of 2005 on, the cosine similarities start to increase apart
from the one for the Euribor with maturity one month. Moreover, note the
very strong increase of the cosine similarities for maturities 9 months and
12 months from the second quarter of 2007 on. If we compare two periods,
July 2003 - December 2004 on the one hand and August 2012 - April 2015
on the other hand, we notice three key elements. First, the cosine similarities
for maturities 3 months to 12 months take on much larger values in the
second period than during the first one. Secondly, the cosine similarities for
maturities 1 week and 1 month take approximately the same values within
both periods. Thirdly, the differences between the cosine similarities of
different maturities is much more important in the second period than in the
first one.
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4.5 Proofs

4.5.1 Proof of Proposition 4.1

The covariance between X (¢) and X ") (¢ + 1) takes the form

i (z.2) =YX LS o] ) (%) Vik(t) Wikt +7)
21—71 Z]_—oi1 Zk__oo ,J ) (lz() ll/j k( )Wj+i,k(t+ T)
+Zz—qflzji—flzk_—oo l] ) (%)

where 5557 (3) = W ()W (O 6. 85 (G) = w7 ()
WM (4) wd 00) =0 QWG ). G

J JHi i,j \n
that y; 4« ( V(T ) and using a change of variables, we can write

Jo 1Ga (1,2) = C(7,2)] as

T L v (86 (e +5) -ty )

= el e u,v u,v
L L L vy (55 45 -5 )

+ XL X vl (S e+ 5) sl <z>)‘

i=—1j=—1k=

where z = L. Given the assumption that the functions SI(L;-’V) (z) are Lipschitz

(u,v)
C: 7k
Sl(jf;vv) (Z+ %) _S(MV) (Z)’ S %H we can

continuous and hence that fol i j
bound fol |Cp (7,2) — C(7,2)| from above by

e C(”V)
Zj__1 On] Zk——oo|k||wjk ij(fﬂ

+ Z Zj__oo_l lé Zk——oo|k”llljk WJ—Hk( )‘

(v,u)
—o0 Cl
+~21 o B Wik (0) wa (7))
i=—
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where

L kWi wa (D) < Ly L Wi (0)yja(t))|
i o kWO Wiin (0)| < Lisi B o | W 4(0) Wjin (7]
Y Ik Wik )W (T) | S Lii X | Wik (0) Wik (T)|

and hence we can bound Y7~ \C,(l”’v) (t,2) — C"¥)(1,7)| from above by

(v,v)
e L
Yo L W L | Wi (0)y k(7))
(zu)L
+Zz—71277—71 l]n L ?—— k_—oo‘lll_]k l//]—l—zk( )|
ctv)

_ _ ," L_' i
+X X0 ’nl+ 2 o i | Wik (0) Wi (7))

Using that 1, |y x(0)yj(7)| < L I L |Wia(0)Wjpin(7)] < 1 and
Y o Wik (0)y i (T)| < 1 for T € Z we have that

1—_0021(7_00 v, k( )Wj—Hk(T) <2Ljyi

T_—oozkf_oo V/j+tk( )W],k(ﬂ S2Lj+i

Hence, L= [y |G\ (1,2) — Cl(z,2)ldz < Ly;= 260412
Ly e 20+ by Yo 2012 which leads to
the result in (1) given the assumptions that }.. ™ | ;:_1 G (w, V)L§ i

4.5.2 Proof of Theorem 4.1

Given the form of the Haar autocorrelation wavelets (see Section 3.3) we
have that A(_ () 11— jn)41),(~1,-1) = L oo By 41,1 =3-27/" T and
hence if J(n) = log,(n) this becomes A(_ () 41,—1(n)+1),(~1,—1) = 23—n Thus,
using Horn’s theorem we have that Amin(A) <A () 41,-1),(—J(n)+1,—1) @nd
hence

3
0 < Amin(4) < >
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4.5.3 Proof of Theorem 4.2
(u, )

The expected value of I takes the form

()
E (1))

_E <z VDX D0 (X <z'>)

:;ij( )ZWjthk(t ZZS()MIV (%) t ‘I’lm )
+Ztlllfjk( )Z%Jrzk(f ZZ;.%S,';V () Wi (1) Wi (1)
"‘;‘ij( )Z‘Ifmk(f’ ZZZSeru () Y () Wit (1)

If we put z = % and set t' = + 7 this can be written as

;Wj,k(l) X Vitik(t+7) ZS(()MZV) (2) Wou ()
+Zt‘,1l’j,k(f)§ll’j+zk(f+7)225uv (2) ¥ri(T)
+;Wj,k(t));llfj+zk(f+T)ZZS,V1M (2) ¥ —ri4r(7)
+;Wj,k(t);ll’j+lk(t TRV (1,7)

where
R(u,v) I,T)
& okt (u,v) (u,v)
=L E (S e sy (z)) Yiunok(0) Y 4(%)
=—1 m=—k—t
—q —o n—1—k—t
+ Z Z Z ( ) ( )) WI,m+k(0)V/l+r,m+k(T)

r=—1l=—1 m=—k— t
—q —o n—1—k—

(et
S W CVRICRI ><>)1m+r,m+k<o>w,,m+k<r>

r=—1l=—1m=—k—t

Hence, using the assumption that the functions S%’V) (z) are Lipschitz con-

tinuous we have that [R(“") (¢, 7)| can be bounded from above by

—o0 n—1—k—t
< %z IC(<),/ ) Zk m| W14 (0) Wi m 4 (7))
=— m=—k—t
1 —q —oo (uv) n—1—k—t
+; Z] Zlcr’/ Zk ‘m’ ‘Wl,m+k<0)l//l+r7m+k(7)|
r=—1ll=— m=—Kk—t
| —q —oo (vt) n—1—k—t
+ Y G X m Wik (0) Wimk (7))

r=—11l=— m=—k—t
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where
n—1—k—t ne1—k—t
Zk t|m| Wik (0) Wik (T)| < Ly ] W14 (0) Wik (7))
m=—k— m=—k—t
7Zk tlm\ | (W1 (0) Wi (T) 4+ Wik (0) W4 (7)) | <
n—1—k—t
Ly Zk | (W1mtk (O) Wirmk (T) 4 Wirm (0) Wi mk (7)) |
m=—k—t
Given that
n—1—k—t
) Wik (0) Wy ek (T)| < 1
m=—k—t
n—1—k—t

7§H | (W6 O) Wit (T) + Wik (0) Wik (7)) | < 1

we can bound

Zt:‘l/j,k(t) ; Viyik(t+T)R(t,7)

from above by

Lj+ - 1 ) 1 v v,
Y YlwiOwpsir(e+ 1) < Y Coili+- Z Z Ly ( w4 el ”))>
T=—Lj+1 1 n, ==, n

r=—1l=—1

where ¥ |W; (1)W1 x(t + )| < 1 and hence
t

Ljyi—1

Y YO wii+7)| <2Ljs.

T=—Lj+i+1 ¢

Thus, we have that

ZV[]ﬂk t+7

1
ZCOlLl—i-n y ZL,H( Ve

== r=—1l=—

Using that Z Z Lr " (C (1) —I—ij’”)> < oo we thus have that

r o)

)Y viyik(t+T)R(,7)
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Note that Y y; 1 (1) ¥4k (t +T) = ¥; j(7), which allows to write
t

Vi) T Wsinlt+9) 2 (2) Wou ()

+; V(1) ; Virik(t+7) ;;Sg;w) (2) ¥, (7)
FEViOE Wikt +7) ;;sg’“) (2) ¥y (2)
=285 @) Air(j:1)

4.5.4 Proof of Theorem 4.3

Write the variance of the raw wavelet periodogram as Var (If'j?) =

2 2
E <(I fi?) ) — (E (I l“;?)) . Using Isserli’s theorem for higher moments

of the multivariate normal distribution (Isserli (1918)), we have that
W\ _ (u) 4(v) (u) 4(u) ) L)
£ (1)) =2 (e () (afa) £ ()

and hence Var (1)) = (E (d}d"), k)) +E (dd) ) B (df),db) ).
Given the results of Theorem 3.4 we hence have that

2
var (1)) =4 (228 @i
FLES @40 (D ZEST (A0 (410 +0(;)

4.5.5 Proof of Theorem 4.4

Bound the variance of the smoothed wavelet periodogram as

7w
ljk-i-Y’ i,],k+s+x

Var (1(’] k)M>

2M—|—
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Using Isserli’s theorem (Isserli (1918)) for higher moment of zero-mean
Gaussian random variables we can write

Cov (10 0 1) = E (1t o) = E (150, B (15700

i,j,k+s710,j k+s+x i,j,k+s"1,jk+s+K i,j,k+s i,jk+s+K

() () ) )
=E d] k+sd] k+s+K) E (dj+i.,k+sdj+i,k+s+x>

(W) () ») (u)
+E (d] k+sdj+l k+v+1<) E (dj+i,k+xdj,k+x+1<)

Using similar techniques as in the proof of Theorem 4.3 we can show that

forzz%

u 1
E<dj( /<)+de+1 k+S+K‘> Z Z S ( l)+0<n)

[=—occr=—¢q

where

=Y (ij(1) +¥-ij4i(7) (P (t+K) + ¥ (T+K))

T

Note that [A{¥)(j,1)| < 4min(Lj.;,Ly+,)I[|x| < max(Lj1:,Liy,)], which
means that we can write

‘;ZSS;’” (z)Aﬁfi)(j,l)‘ <4H[|K|<LJ+J>: ¥ s () Lis,
r =jr=—q

+A4Ljy i Z > S () Tll| < L)

[=—oor=—q

. (u)  4(u) ) )
This means that ‘E (dj7k+sdj+i7k+s+K)E<dj+i7k+sdj’k+s+,(> can be
bounded by
1 4 u,v
x| <L) ¥ Y IS5 |<>L,+rz ¥ 18 () L
[=jr=—4 r=jr :—q
! 1
ST <Ll B T 1857 @10 B L IS @Il < L
7Jr77q :—oor:—q
j 1 u,v
+4l[|x| < Lj]L i y oy IS ' (@) [Tllx| < Liss] Z y ’S'I' (2) |Lyyr
|=—oor =—q 7‘] :—q

+4L2+, Z y 54 (2 )\HHK!SLz+r] ): ¥ IS5 (2) [1]Je| < Liy]

|=—oc0r=—¢q /=—ocoy! =—q
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Summing this over Kk then leads to

d MV q u,v
B;j= 8L]+12 ) |Srl ()’LlJrrZ )3 ‘S/l/ ()‘Ll’+r’

—Jr——q 4 ]r:—q
+8L3+,z ¥ 15 ()L, b 1S4 (=)
_] =—q l’—foor—fq
+8LJ+1 Z Z |S ()|ZZ Z |S/l/ ()|Ll/+rl
=—cr=—q jr=—q

+16Lj+z Z Z Z Z ’Srb;v ( )HS N4 ( )|min<Ll+rle’+r’)

[=—o0 r——ql/:_oor/:_q

Given the assumption that for all / and r the EWS functions are
such that |S(L;’V)(z)| < % with L; ., = 2L;,,, we obtain that

Z Z |S ) (z)| < Kj(g+1). Moreover, we can establish the upper

I=jr=—q

bound ZJ ! r,_q |Srb; ) (2)] < %IH) Next, we write the expression

Zl*—oo r——qzl’:_oo F=—q |S£7 (z )HS/N (z) [min(Zy 4, Lyy ) under
the form

=1 4q q q
M IS 3 JCAICIRS T Y s Y Y 185 @)
[=—ocor=—q I'>lr=—q '=—cor'=—¢q [>I'r=—¢q
which can be bounded from above by the sequence of upper bounds
U R | 2K?(g+1
KZ(q+ 1)2 ( — Z > (C] )

L T Ly Lj

|=—o0

Thus, we have that B; j = O (L;jq*). Hence, using that Var (I (wy k)M> <
2B ;j+0 (1) we get that Var <Il(] k)M> =0 (#)

4.5.6 Proof of Theorem 4.5

To begin with, write £ (I(J k)M) = ﬁi T uwE (Il(] k)ﬂ> According to

Theorem 3.4 we have thatE(l(]kH) ZZS:}V (z+2)Ai (G, 1) +0 (1)
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with z = % Thus, we can write
(uv) . (u,v) .
E Ii7j7k+s - ;;Sr,l (Z) Ai7r(-]7 l)

FEE (857 @+ 2) -85 @) A0 0 ()

Using the Lipschitz continuity properties of the functions S%’V) (z), we have
that

LE (55" () -5 @) 40

i,r(jvl>|

s u,y
<Blyycs

l r

First of all note that |A; ,(j,/)| < 2L;;,. Thus, using that ZZC oY L12+r oo

of2

Consider the sequence of second-order wavelet functions and the associated
sequence of EWS coefficients

and that Y2, |s| = (M 4 1) M we have that
(557 (245 =501 @) Aur D)

4.5.7 Proof of Theorem 4.6

2M+1 Z

i@, (-1 min(glog(n)+)) (r=1)(~log; (n)+4)~1
P, = {{CI)I’](T }i:max( q,—logy(n)— )}J—rlogz( V+q(r—1)

(M,V) (uy) min(qvlogZ(n)+j) }
S; = Sl. ;
) {{”(@hmm q.—logy () —j)

with r = 1,2,.... Denote as {Al,r}r the sequence of matrices containing

the cross-inner products between the elements of ®; and ®,. Denote as
-1

" " min(g,log, (n)+)
IIE MV) = {{ Il.( .’Z)M} ? } the vector of smoothed
) J i=max(—¢,~10g,(n)=J) } j— _10g,(n)

periodogram estimators at time point k. Given the statement of Theorem 4.5

(r=1)(=logy(n)+¢)—1

Jj=—rlogy(n)+q(r—1)
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we can write the expected value of I} 3 as

n

oo
(1)) = ;Al,rSE”’V) (2)+0 (%>

The expected value of the smoothed and corrected wavelet periodogram then
takes the form

u,v — tee u,v
() -t (E st o)

~+oo
=5+ 411 L ALst Ao ()
r=

Thus, the L, norm of the vector E <I,EL;MV)> — 81 can be bounded from above
by

= " N Mlog,(n
. Il -+ gl (M52 )
r=2

Consider a generic constant such that ||A; 1A ,||» < c for all r which allows
to write the upper bound as

o0
() 1, [ Mlogy(n)q
cr:ZZHS, l|2+6 0( -

where 8 denotes the absolute lower bound of the eigenvalues of A; 1. Given
the assumption that |S§f4j’v) (2)| < ﬁ with L; 11; = 2L;;; we have that

r—1 too
HSS"’V)HZ < glog,(n) (27‘1) for r = 2,3,... and hence Y, ||S£”’v) |, =
r=2
24
qlog,(n) 7. Thus, we obtain that

n

u,v u,v — Ml
I8 (15)) - st < 5o (Mo
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4.5.8 Proof of Theorem 4.7

Bound the variance of the smoothed and corrected wavelet periodogram as

Var ( I l’)kM)

Var(hl(';lth) < Z Z

0 -1
i J, ’ Var rlkM Z Z ’Ai_,rl’(j’l/)
r=—ql'=—J

Using Theorem 4.4, this can be written as

var (I0,) < AL T A (i ]\ﬁ DY AR NG
+0 (4) 54T AL G| St X A5 G

Br/,l’

Given the statement of Theorem 3.6 we have that B, =

0 (%) Moreover, recall that L; = (27'—1) (L[] —1). Hence, if

Yo ,qzl__l_w A (j,D)71 < €2} and if we set J = log,(n), we have that
var (I, ) = 0 (25).

4.5.9 Proof of Theorem 4.8

We denote as ||E%7M(z)||mglX the max norm of E%7M(z) =& u(@D)Enm(2).
Given that E%7M(z) has p -log,(n) rows and columns we can bound the
spectral norm as ||Z, y(2)|[3 < plogy(n)[|Z; 4/(2)||max- Using the Cauchy-

Schwarz inequality we can bound each component of E ( s M(z)) as
u,v (u,v) #Hu',v) (o v)
ZZE (IthJ_Si,j ) (Ianj _Sl}j’ )
1
VA
< ;g( (iIEM)tJ_St(,j )) E <ir(1Ml)j _Slsjl’ )) )
2

with £ (17— ) = (£ (1%0,) - Sl?f;fv)) +Var (I15),)- Given

2
the statements of Theorems 4.6 and 4.7 we have that E (I;(lu’ﬁ,;)i i S,(I}’V)) =
2 2
0 (A%gz(”)) +0 (%) and hence that

E (|[Z501(2) Imax) = 0 <p10gg<n> (%ﬁm»
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which then leads to

E(|[Zm()]]) =0 (p210g3<"> (ILﬁ() >)






Chapter 5

The locally stationary wavelet
factor model

Over the past decade, factor models have become a standard econometric
tool to model the co-movement of the elements of multivariate macroeco-
nomic time series. Factor models present an interesting alternative to VAR
or VARMA models (see Sims, 1980 [117], Liitkepohl and Poskitt, 1991
[80], Toda and Phillips, 1993, [127] and Liitkepohl and Saikkonen, 1997
[81]) in that they provide a parsimonious parametrization of a multivariate
time series model in situations where the variables are driven by a small
number of factors. The parsimony of the factor representation is especially
important in high-dimensional settings in which the number of variables is
large compared to the sample size given that it allows to reduce the size of
the set of parameters to be estimated.

Take {X(¢)},-% to be a vector-valued Gaussian process such that X () € R?
and denote as X ) (r) the u—th element of X (¢) such that

X0y =Y o(k)e") (5.1)

where ¢ are zero-mean Gaussian random variables such that £ (glfu)glg,v)) =0

for all u,v =1,..., p. The underlying idea of factor modelling is that the
increment terms of the linear filter representation in (5.1) can be decomposed



166 The locally stationary wavelet factor model

as

K
e = ¥ BY) (k) Fp i+ &Y (5.2)
m=1

(u)

where By, ), (k) € R and with F,, ; and ék(u) being zero mean Gaussian random
variables. The random variables {ka}ln(;:l are referred to as common
factors since they impact several elements of the random vector X (7). On the

other hand, the elements of {ék(”)}i’:l are called idiosyncratic components,
since they are specific to only one of the elements of X (¢). The objective
of factor modelling is not so much to obtain an estimator of the covariance
pattern of the increment vectors, but rather to estimate the factor loadings

B,(,fz,(k) withu=1,...,pand m = 1,...,K. Note that if the focus lies on
the estimation of the covariance matrix of the increment terms, the number
of parameters that need to be estimated is p?, whereas in factor analysis this
number is reduced to pK with K << p.

We now provide an overview of the different subbranches of factor analysis,
starting with the factor model defined in Ross (1976) [106]. One of the main
assumptions in this class of factor models is that the coefficients in (5.1)
are such that ¢ (k) = 1 if k =0 and @ (k) = 0 otherwise. This assumption
on the coefficients of the moving average representation leads to a static
representation, in the sense that the elements of the vector process {X ()}
are independent. Moreover, the factor loadings are supposed to be time-
invariant and hence we get that

K
Xy = Y B Fy + &Y (5.3)
m=1

The common factors F, are assumed to be uncorrelated with the idiosyn-

cratic components 5,(”). A convenient normalization is to assume that the
factors are uncorrelated to each other and that they have zero mean and
unit variance. Similarly, the idiosyncratic components are assumed to be
orthogonal to each other and they are supposed to be zero mean and have
time-invariant variance. Factor models which include the assumption of
independent idiosyncratic components, are commonly referred to as strict
factor models. Given the fact that the common factors and the idiosyncratic
components are uncorrelated, and that both, the factor loadings and the
variances of the idiosyncratic components are time-invariant, the covariance
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matrix of the random vector X () = (X;(¢),...,X,(¢))", denoted as S, can
be decomposed as

Sp=ByB,+X, (5.4)

where B, is the p x K-dimensional matrix whose (u,m)—th element is the
factor loading B,(qﬁ 3’7 and X, is the covariance matrix of the idiosyncratic
components. Note that given the strict factor model specification, X, is a
diagonal matrix containing the variances of the idiosyncratic components.
Thus, the covariances between the components of the random vector X (7)

are given by
K /
Cov (XW(1), XW(1)) = Y. BB
m=1

with u # «’. Hence, given the independence of the idiosyncratic components,
the covariance between all pairs of elements X (¢) is defined as the inner

product of the vectors of factor loadings {Bgff 1,}5:1 and {B,(n” 2}521.

Given that B,(wu, /1)7 = Cov(X™(t),Fy,), the strict factor model specification
leads to the assumption that the covariances of the elements of X (¢) are
purely a by-product of the covariances of the latter and the common factors.
However, as Chamberlain and Rothschild (1983) [23] point out, this assump-
tion might be unrealistic in most cases relevant for practical purposes and
propose an approximative factor representation instead. The latter allows
for correlations between the idiosyncratic components. Thus, in this type of
models the off-diagonal components of S, are given by

Cov (X (1), x")(r)) = " B B s (5.5)
ov N Z m,p m,p+ uu' :
m=1

where ¥, ,, denotes the covariance between 5,(") and ét(”l). Note however
that in the approximate factor model, the assumption of independence of the
idiosyncratic components is replaced by the assumption that {Ep};:l isa
sequence of positive-definite matrices with uniformly bounded eigenvalues.
Thus, the diagonality assumption on X, of the strict factor model is replaced
by a less restrictive assumption on the behavior of the eigenvalues of ¥,
allowing for a limited amount of correlation between the idiosyncratic
components.

For most economic or financial time series, the assumption of serial inde-
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pendence of the elements of the p—dimensional vector process {X(¢) ;:01 ,

underlying the static factor model, is not valid. Hence, for this type of data,
a dynamic model specification seems to be more appropriate. The transition
from a static to a dynamic factor model is obtained by dropping the assump-
tion that the moving average coefficients in (5.1) satisfy ¢; (k) = 1 ifr =k
and ¢, (k) = 0 otherwise. The dynamic factor models defined in Forni and
Lippi (2001) [53] and Stock and Watson (2002) [121] use time-invariant
factor loadings in (5.2) which leads to a representation of the elements of
X(t) as

X0 = Y BY (f SO, ) £ o(0e®)
m,p m,it—k —k
m=1 k=0 k=0

The authors adopt an approximative factor model specification and hence
allow for time-invariant serial correlations between the idiosyncratic com-
ponents.

As it has been mentioned in Chapters 3 and 4, the assumption of station-
arity appears to be unrealistic for most economic and financial time series
especially if the period of analysis is large. Indeed over large time intervals
which may contain transitions between recessions and booms, economic
and financial crises, changes in the monetary policy of the central bank, it
seems unlikely that either the factor loadings or the covariance pattern of
the idiosyncratic components remain constant in time. Motta et al. (2011)
[93] propose an approximate factor model for large cross-sectional and time
dimension based on a locally stationary model framework with smoothly
changing factor loadings and covariance function of the idiosyncratic com-
ponents. They define a static factor model specification such that

S ()
X(M)(z) — Z B p(t)Fs + &
m=1

which means that they do not allow for serial correlation in the multivariate
time series. Eichler et al. (2011) [43] extend the idea of smoothly changing
factor loading of Motta et al. (2011) [93] to the class of dynamic approximate
factor models. Motivated from the stationary case (see Forni et al., 2000
[52]), the authors suggest an estimator of the factor loadings based on a
time-varying principal components approach in the frequency domain using
the eigenvectors of the estimator of the time-varying spectral density matrix.
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In this chapter we propose a new kind of factor model representation based
on a multiscale decomposition of vector processes using the high dimen-
sional MLSW(g) model framework defined in Chapter 4.3. The chapter
is divided into four sections. In Section 5.1 we introduce the LSW factor
model. Section 5.2 deals with the link between the LSW factor model and
principal components analysis of the evolutionary wavelet spectrum matrix.
In Section 5.3 we present a consistent estimation procedure of both, the
number of common factors and the standardized factor loading vectors, of
the LSW factor model. Section 5.4 contains an application in which we use
the LSW factor model to measure the degree of economic integration within
four different groups of countries.

5.1 LSW Factor Model

Definition 5.1. A sequence of triply-indexed stochastic processes
{(X,gl)(t),...,X,gp)(t))}, t=0,....n—1, n>0, p=0(n%), with mean
zero elements is in the class of LSW factor models if there exists a represent-
ation

UG ZW o) el yalo).
Jj=—logy(n) k=
The collection {W;i}ix j=—1,...,—logy(n), k=0,...,n—1is a set of
non-decimated wavelet functions. The ratio 7 = 5 denotes rescaled time. The

(u) (u)

increment terms €; - are Gaussian random variables such that E (€ ik ) =0,

Var(g; el )) =1and

(u,v) . . -
Cov (8(7) o) ):{ 77 () if—q<i<Oandk=1 5.1.1)

ok €jtil 0 ifi<—qork#I
forj=—1,...,—logy(n), i=0,...,—log,(n)— j, u,v=1,...,p and where
(u) s (u) (u)
ik = Z B <Z)Fm,k+§j7k (5.1.2)
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with F,, \ and ‘5](73 being zero-mean Gaussian random variables such that

1 ifm=m
Cov( Funjes B ,’k) _{ 0 otherwise (5.1.3)
Cov (éj(k),é‘(:,)c) = GJ(Z.’,V) (z) forj,j)=—1,...,—logy(n)andu,vy=1,...,p
(5.1.4)
Cov( Fng & )) —0 forallm, j, kand u (5.1.5)

The factor loadings and the covariance functions of the idiosyncratic com-
ponents are Lipschitz continuous on (0,1).

Consider the random vectors 8,5",3 = (8(u1)k, e Siuli)g ), Jiwithu=1,....p

and define €,y as a collection of the vectors el k) ,u=1,...,p, that is

p

u

8,17/{ = {gzgk)} .
’ u=1

Moreover, define the vectors of common factors Fy = (Fi g, ..., Fx ) and
idiosyncratic components &, = (gn,—l,ky...,5,,7,1%,2(")7,() where &, j x =
(é;lk),. 51( k)) such that
Enk = B, (Z)Fk + &n,k (516)
where B, (z) is a logz( ) p x K matrix such that B, ( ) (Bn 1(2),...,Bnk(2))
squared Euclidean norms of the vectors Bmm( ), m= 1 K, are such that
||Bn7m(z)|| = 0(pK>- (5.1.7)

0 < k < 1. Moreover, we have that forallm=1,...,K and m' > m

B;7m(z)B;7m/ (z)=0. (5.1.8)
The covariance matrix of &, denoted as Sy(z) = E (.5‘,,7;(8,’1 k), is given by

Sn(z) = Bu(2)B,(z) + Zu(2) (5.1.9)
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where ¥,,(z) denotes the covariance matrix of the idiosyncratic components.
The largest eigenvalue of ¥,,(z) is such that for all n

Am (Za(2)) = O(1) (5.1.10)
Moreover, we have that

log, (n)p

Z Am o(p™) (5.1.11)

with0<n <1

Note that the representation in (5.1.6) is in itself meaningless. Indeed, we
could set B,(z) to be the null matrix of dimension log,(n)p x K in which
case €, = &, and hence the vectors of increment processes would merely
be collections of idiosyncratic components. This reveals the importance of
the assumption in (5.1.7). Indeed if k¥ > 0, we assume that the common
factors are persistent in the sense that each factor has a non- negligible effect

on the elements of a non-vanishing sub-collection of the set {8 _;as
p increases. Thus, the representation in (5.1.6) has an underlymg factor
structure only if the degree of persistence is such that k¥ > 0.

The assumption in (5.1.10) states that a given idiosyncratic component can
only be correlated to a finite set of other idiosyncratic components. To
illustrate this a bit further, suppose that there exists a collection of subsets

u)

of the random variables é X and that within these subsets the constituent
random variables are correlated to each other. The assumption in (5.1.10)
states that the cardinalities of these sets cannot increase along with p. Hence,

(u)

it is only due to this assumption that the random variables j';c represent
circumstances which are unique to a given element or a small group of
€, k. Thus, it is only due to the in (5.1.10) that we can refer to the random

variables & J(';() as idiosyncratic components.
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5.2 LSW factor model and principal compon-
ents analysis

5.2.1 Eigendecomposition of S,(z)

Denote as A (By(z)) = {Am (Bn(z)) }X_, the set of ordered singular values of
the log, (n) p x K matrix B, (z) in (5.1.9) such that A,,,(B,,(z)) > Aps1(Bu(z)).
Note that, given the orthogonality assumption in (5.1.8), the set of ordered
singular values of A(B,(z)) is identical to the set of Euclidean norms
{11Bpm(2)|? } |- Moreover, note that the set of associated eigenvectors is

given by { HBnm ‘2}

Theorem 5.1 states that if both, the degree of high-dimensionality (o) and
the degree of persistence (k), are larger than zero, the number of common
factors K is identical to the number of eigenvalues of S,(z) that diverge as p
increases.

Theorem 5.1. Consider the EWS matrix S,(z) in (5.1.9) and denote
as Am (Sn(z)) its eigenvalues with Ay (S,(2)) > Ant1 (Sn(z)) for m =
1,...,log,(n) X p. Given the assumptions of the factor model represent-
ation in Definition 5.1, we have that

An(Sn(z)) =0 (n**) form=1,....K
An (Sn(z))=0(1)  form>K

Theorem 5.2 states that if & > 0 and k > 0, the m-th eigenvector of Sy(z)
converges in Euclidean norm towards the standardized vector of factor
Bn,m(z)

[1Bam (2]

loadings

Theorem 5.2. Consider the EWS matrix S,(z) in (5.1.6) and denote
as An(Sn(z)) its eigenvalues with Ay (Sy(z)) > Aut1(Sn(z)) for m =
1,...,log,(n) x p. Moreover, denote as u,(S,(z)) the eigenvector asso-
ciated with the m—th eigenvalue. Given the assumptions of the factor model
representation in Definition 5.1, we have that

i (Sn(2)) — ||B,,m§||H ( )
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5.2.2 Local factor inertia

We define the local inertia function as I(z) = Y7, C*#)(0,z), which, ac-
cording to the factor representation in (5.1.2), is glven by

X 2
=X Bl P+ Y Z (o1 (2))". (5.2.1)

u=1 j=—log,(n)

The local factor inertia, denoted as Ir(z), represents the part of /(z) which is
accounted for by the common factors and hence

K
L (B2
IF(Z) == I(Z)

Theorem 5.3. Consider the EWS matrix S,(z) in (5.1.6) and denote
as Am(Sn(z)) its eigenvalues with Ay (Sn(2)) > Ams1 (Sn(2)) for m =
1,...,log,(n) X p. Given the assumptions of the LSW factor model in Defin-
ition 5.1 we have that

(5.2.2)

K
Y. A (Sn)

m=1 . 1
logy (n)p ~Ir(@) =0 <n0‘maX(K,n)) .
Am (Sn)

m=1

5.2.3 Local distance measure

According to the factor model representation in Definition 5.1, each element
of an LSW process can be represented as

-1 K —1
WM—22< Y, wi)BY >mwz z Wik
k=0m=1 \ j=—log,(n) k=0 j=—1log,(n)

(5.2.3)
() _

To start with, consider the random vectors X,, = {X,E")}ﬁzl where X,

x\ (1)}'—y and Fy = {F,.x}X_,. Define the vector of covariance coeffi-
cients Cov(X,, F;,x) and denote as ||Cov(X,,F, )||2 its Euclidean norm,
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that 1s

||COV (XnaFm,k) HZ

1

(B4 e (0.0

= (ZZZ (B (=B @) (BY), )= BY, () Evie v <r>>
u j J' t
Using that ¥ y; (1) yy (1) is equal to 1 if j = j" and equal to 0 if j 7 ;' this
t

reduces to

)

2
ICov (X, Fuge) |2 = (%g (Bgf‘,ii (z) — 3% (Z)> )

= |1Bum(2)]]2
() C (u)
() Cov(x, ,F17k> ov(X,, ,FK7k>
Define the matrix &, (z) = (HCOV(XnvFl,k)h,H" ICov (% Fe) and con-

sider the Frobenius norm

= (£, reovin  (Cov (380 Fus) ~cov (570, s) ) |

"= 1
(¥ 1 () DI
- (,El |Bn‘,m<z>%§<vam @-B0) ) -
Thus, if we define the vectors Bﬁ,”,% (z) = {Bﬁ”,)n(z) i :1_10& (n) and consider
(u) ()
: (”) _ Bml (Z) Bn,K(Z) s
the matrix A, ' (z) = (|Bml(2)”2,..., Bl ) Ve obtain that
1= (@) - =8 @)l = 11837 — A I
() B")(2) B4 (2)
Theorem 5.4. Define the matrix Ay’ (z) = (|B n;I(Z)‘|27."’ I ”f(z)h). De-

note as {lm(Sn(z)};?jl(n)p the set of ordered eigenvalues of the EWS
matrix such that Ay (Sp(z)) > Amt1(Sn(z)) for m = 1,...,log,(n)p, and

let {um(Sn(z))}L?izl(n)p be the set of associated eigenvectors. Define the
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vectors Ur% = {(um (Sn(2)))_ jt(u=1)p ;:l—logz(n) and consider the matrix

K,gu) (z) = (U(u) (2) (z),...,UrE:z(z)). Given the assumptions of the factor

n,1
model representation in Definition 5.1 and if we define the Frobenius norms

1A% (2) =AY (2)| | and |[A) (2) - A (2)|

. r, we have that

1816) - @l 11880~ A @l | =0 5 )

5.3 Estimation of the LSW factor model

Denote as I, y(z) the corrected and smoothed periodogram estimator of the
EWS matrix S,(z) as defined in Section 4.3. In this section we illustrate
how the eigenvalues and the eigenvectors of 7, j/(z) can be used to design a
consistent estimation procedure of the LSW factor model.

To start with, recall from Section 5.2.1 that the number of common factors in
the LSW factor model is identical to the number of diverging eigenvalues of
the EWS matrix. Thus, a natural way of estimating the number of common
factors is to count the number of eigenvalues of I, ;(z) being larger than a
certain threshold, with the latter growing along with p. Hence, if we denote
as I [x] the indicator function, the estimator of K can be defined as

. logy(n)p _
K=Y T[An(Iip) >n"] (5.3.1)
m=1

with y > 0. Theorem 5.5 states that the estimator K converges in prob-
ability to the number of common factors as long as the degree of high-
dimensionality fulfills a < 1.

Theorem 5.5. Denote as Ay(Iom(z)), with m = 1,...,log,(n)p, the de-
creasingly ordered eigenvalues of fn,M(z) and consider the random variable
K= Zi;izl(")p LAm (Im(z)) > n"). If we denote as K the number of com-
mon factors and if Y < K, with the assumptions of the LSW factor model in
Definition 5.1 being verified, we have that

K—K
p
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given < o < %

Theorem 5.5 tells us that the convergence of K depends on the appropri-
ate choice of y which depends on an a priori knowledge of the degree of
persistence of the common factors. However, note that ¥ could also be
obtained based on a data-driven selection procedure using cross-validation
or bootstrap approaches. We will not discuss these issues in this work and
leave this question open for further research.

Theorem 5.6 states that if o < l , the m-th eigenvector of I, .M converges in

Euclidean norm towards the standardlzed vector of factor loadings H§ E ;H

Theorem 5.6. If we denote as Ay(lyy(2)), with m = 1,... log,(n)p, the
decreasingly ordered eigenvalues of me(z) and as u,, (INan (z)) the associ-
ated eigenvectors. Given the assumptions of the factor model representation
in Definition 5.1, we have that

—0

tim (Iy.1(2)) _ Bum(z) -

[1Bam(2)]|

. 1
given0 < o < 3

Theorems 5.7 and 5.8 show convergence in probability of the estimators of
the local factor inertia and the local distance measure respectively.

Theorem 5.7. If we denote as Ay(lyp(2)), with m = 1,...,1og,(n)p, the
decreasingly ordered eigenvalues of I~n7M(z) and given the assumptions of
the factor model representation in Definition 5.1, we have that

K 3
);1 Am (Lom(2))

-1
TG e
2" o (Fr(2)

given < o < %

(u) (w)
Theorem 5.8. Define the matrix A,(Q”)( ) = <| If - 11((Z))H2 ] II: ":((Zz))h) De-

note as { Ay, (I M(z))}lng( " the set of decreasingly ordered eigenvalues of

Iy m(z) and let {uy (1 n,M(z))}:Sizl( P be the set of associated eigenvectors.
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Define the vectors ,S,% = { (U (I, m(2))) - j-(u=1 p}j——log (n) @nd consider
( )

the matrix A} )( ) = A’Eul (2)(2),.. "I%( )) If we define the Frobenius

norms HA&") (z) — ( )||F and HA )( ( )||F given the assumptions
of the factor model representation in Deﬁmtlon 5.1, we have that

5
)=

181 @) =AY @l — 147" (&) A @)l | - 0

. 1
given0 < o < 3-

5.4 Real Data Analysis: Modelling the degree of
economic integration of the European cur-
rency area

Economic integration is commonly described as a process whereby countries
coordinate and link their economic policies. For a more detailed discussion
on the notion of economic integration see for example Lipsey (1957) [77],
Johnson (1965) [71] and Balassa (1967) [13]. The stronger the harmoniza-
tion of fiscal, economic and monetary policies between countries the higher
the degree of economic integration. The degree of economic integration can
be roughly categorized into seven stages (see for example Balassa, 2013
[14]), that is

Preferential Trade Area: Preferential trade areas consist in several coun-
tries within a geographical region agreeing to reduce or eliminate
tariff barriers on selected goods imported from other members of the
area.

Free Trade Area: Free trade areas exist when several countries within a
given region agree to reduce or eliminate barriers to trade on all goods
coming from other members (see for example the North Atlantic Free
Trade Agreement (NAFTA) including USA, Canada, and Mexico).

Customs Union: In contrast to the free trade areas, customs union do not
only remove tariff barriers for its members but also accept a unified
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external tariff against non-members. This also implies that the mem-
bers if a customs union negotiate as a single bloc with third parties,
such as the WTO.

Common Market: A common market occurs when member countries trade
freely in all economic resources such as goods, services, capital,
and labour. As well as removing tariffs, non-tariff barriers are also
reduced and eliminated. Common markets are also characterized
by a significant level of harmonisation of micro-economic policies,
and common rules regarding monopoly power and anti-competitive
practices and common policies affecting key industries, such as the
Common Agricultural Policy (CAP) and Common Fisheries Policy
(CFP) of the European Single Market (ESM).

Economic Union: Economic Union is a term applied to a trading bloc that
has both a common market between members, and a common trade
policy towards non-members but where members are free to pursue
independent macro-economic policies.

Monetary Union: Monetary union involves adopting a single, shared cur-
rency, such as the Euro for the Euro-16 countries, and the East Carib-
bean Dollar for eleven islands in the East Caribbean. This means that
there is a common exchange rate, a common monetary policy set up
by a single central bank, such as the European Central Bank or the
East Caribbean Central Bank.

Fiscal Union: A fiscal union is an agreement to harmonize tax rates, to
establish common levels of public sector spending and jointly agree
on national budget deficits or surpluses. Note however that control
over fiscal policy and public spending is considered central to national
sovereignty, and hence in the world today there is no substantial fiscal
union between independent nations.

Economic and Monetary Union: Economic and Monetary Union in-
volves a single economic market, a common trade policy, a single
currency and a common monetary policy.

Complete Economic Integration: Complete economic integration in-
volves a single economic market, a common trade policy, a single
currency, a common monetary policy (EMU) together with a single
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fiscal policy, tax and benefit rates and hence a complete harmonization
of all policies, rates, and economic trade rules.

In this section we use both, the local factor inertia (see Section 5.2.2) and the
local distance measure (see Section 5.2.3), to model the degree of economic
integration of four groups of countries

Group 1: Belgium, France, Germany, Netherlands and Spain
Group 2: Brazil, Canada, Chile, Mexico and United States
Group 3: Australia, China, India, Japan and Singapore

Group 4: Eleven members of the European currency area

The dataset contains the log-returns of the stock indexes of these countries
on a period ranging from 2003, 2004 or 2005, depending on the respective
group of countries, to April 2015.

The local factor inertia provides an indication of the potential presence
of common factors in the sense that the larger the local factor inertia at a
given point in time and for a given sample, the higher the likelihood that
there are some common factors in the underlying increment process of the
MLSW model. The presence of common factors among the members of a
group of countries is a necessary condition for a high degree of economic
integration within a group of countries. Indeed, the elimination of tariff
barriers, a common market or a single monetary policy all have the objective
to enhance the economic activity among the member states. Given these
strong economic bounds between the member states this should reflect in the
exposition of the latter to the same random economic shocks leading to the
factor model representation in Definition 5.1 and hence eventually to a non-
vanishing local factor inertia as the number of variables p increases. Note
however that the presence of common factors is not a sufficient indicator for
the presence of a strong economic integration among countries. Indeed, note
that a group of countries could be affected by the same economic shocks
even if they economies are not integrated at all. It may for example be
argued that the state of the economy of nearly every country in the world is
influenced by major factors such as global financial crises and the current
state of the world economy.

Thus, we define an additional criterion based on the local distance measures
and refer to the lattera as average local distance measure. To do this we first
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compute the Frobenius norms [|A{) (z) — A% (2)||r defined in Section 5.2.3

foru,v=1,..., p. After this we compute the average distance measure by
taking the mean over v = 1,..., p for each u which leads to the vector
p
1 2 ~(u ~
Y IEY@ -0l (5.4.1)
Py=i u=1

The average local distance is a measure of homogeneity of a group of coun-
tries with small values of the latter indicating a high level of homogeneity.
Note that a small value of the local distance measure is a necessary but
not a sufficient condition for the presence of economic integration. How-
ever, a joint use of both indicators, the local factor inertia and the local
distance measure, can provide a good description of the state of the process
of economic integration within a given group of countries.

5.4.1 Belgium, France, Germany, Netherlands and Spain

We consider the stock indices of five Central and Western European coun-
tries.

Index Country
AEX Netherlands
BEL20 | Belgium
CAC40 | France
DAX Germany
IBEX | Spain

Table 5.1: Stock indices of Belgium, France, Germany, Netherlands and
Spain

Figure 5.1 plots the local factor inertia between June 2005 and April 2015.
To start with, note that the local factor inertia reaches its peak during the
third quarter of 2008. Recall that September 2008 has been marked by
two key events, which have unfolded the late-2000s global financial crisis,
that is the bankruptcies of Lehman brothers and American International
Group (AIG). Lehman Brothers constituted the fourth largest investment
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bank in the US at that time. AIG was the world’s largest insurance company
during the late 2000s and was a major issuer of credit default swaps (CDS)
on collateralized debt obligations. From the third quarter of 2008 on the
lhe local factor inertia decreases from a peak value of 0.43 to an absolute
minimum of 0.27 attained during the start of the third quarter of 2010. After
this, the local factor inertia increases again to reach a value of 0.43 in April
2015 which is identical to the value it had in September 2008.

Figure 5.2 plots the average local distance measures for these five countries
between June 2005 and April 2015. Note that during the entire period of
analysis the distance measures remain below 0.1.
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Figure 5.1: (Local factor inertia) Belgium, France, Germany, Nether-
lands and Spain
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Figure 5.2: (Local distance measure) Belgium, France, Germany, Nether-

lands and Spain

5.4.2 Brazil, Canada, Chile, Mexico and United States

We consider the stock indices of five different countries from the Americas.

Index Country
BONESPA | Brazil

DIJIA United States
IPC Mexico
IPSA Chile

TSX Canada

Table 5.2: Stock indices of Brazil,

States

Canada, Chile, Mexico and United
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Figure 5.3 plots the local factor inertia between January 2004 and April
2015. Note that as for the countries analyzed in Section 5.4.1 the local factor
inertia reaches its peak in the third quarter of 2008 and is characterized by a
sharp decline which lasts until the start of the third quarter in 2010. After
this the local factor inertia recovers and rises again. Note however that, in
contrast to the countries in 5.4.1, the local factor inertia does not attain its
pre-crisis values during summer 2008.

Figure 5.4 plots the average local distance measures for these five countries
between January 2004 and April 2015. First of all note that during most
of the period of analysis, the average local distance measures are above 0.1
which marks the main difference between the two groups of countries studies
in 5.4.1 and 5.4.2 respectively. The smaller values of the average local
distance measures might be indicate a higher level of economic integration
of the countries in 5.4.1. Another striking feature is that, apart from the
period 2007-2008 marking the peak of the financial crisis in the US, the
factor loading pattern of the Brazilian stock index reveals to be very different
from the factor loading patterns of the remaining countries.

5.4.3 Australia, China, India, Japan and Singapore

We consider the stock indices of five different countries from South-East
Asia and Australia.

Index Country
ASX Australia
BSE India
NIKKEI Japan
SHCOMP China
STRAITS TIMES | Singapore

Table 5.3: Stock indices of Australia, China, India, Japan and Singapore
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Figure 5.3: (Local factor inertia) Brazil, Canada, Chile, Mexico and
United States

Figure 5.5 contains the local factor inertia between April 2003 and April
2015. Note that as for the countries analyzed in Sections 5.4.1 and 5.4.2 the
local factor inertia reaches its highest value during the third quarter of 2008.
However, in contrast to the two other groups of countries, the decline after
September 2008 is not as sharp. Moreover, note that throughout the entire
period of analysis the local factor inertia is never as strong as for the two
other groups of countries.

Figure 5.6 plots the average local distance measures between April 2003
and April 2015.
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Average local distance measures
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Figure 5.4: (Local distance measure) Brazil, Canada, Chile, Mexico and
United States

5.4.4 European currency area

We consider the stock indices of ten members of the European currency
area.

Figure 5.7 contains the local factor inertia between July 2002 and April
2015 and Figure 5.8 contains the average local distance measure on that
same time span. First, note that the average distance measures of all the
countries are characterized by a more of less steady decrease up to the start
of the financial crisis in the third quarter 2008. Second, there is a very strong
increase in the average distance measure of the Greek stock index from the
aftermath of the financial crisis in 2009 on until April 2015.
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Figure 5.5: (Local factor inertia) Australia, China, India, Japan and
Singapur

We now briefly illustrate how the local distance measure can be used in
a multivariate time series clustering setting. The objective of time series
clustering is to classify the members of the Euro area into homogeneous
groups using the local distance measure as a measure of similarity. More
precisely if we adopt a k-means clustering approach (see Lloyd, 1982 [78]),
we aim at partitioning the vectors of factor loadings at any point z,

B (z) = {B’(:)j(z) m=1,...,K; j= _1;---7_10g2(n>}
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Figure 5.6: (Local distance measure) Australia, China, India, Japan and
Singapur

withu =1,..., p, into L sets denoted as M(z) = (M (z),...,M(z)) so as to
minimize the within-cluster sum of squares

argmin i ZM( ) ’ ‘B(M) (z) —BY (Z)H
i\Z

i=1 B (5)e 2
M(z)

where BU (z) is the mean factor loadings vector of the elements in M;(z).

We use this adaptive clustering approach to provide a time-aggregated meas-
ure of the degree of similarity of the factor loading structure of pairs of
countries by counting the number of time points for which two given coun-
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Index Country
AEX Netherlands
ATHEX | Greece
ATX Austria
BEL20 | Belgium
CAC40 | France
DAX Germany
MIB Italy
IBEX Spain
ISEQ Ireland
OMX Finland
PSI Portugal

Table 5.4: Stock indices of ten of the founding members of the European
currency area

AEX ATHEX ATX BEL20 CAC40 DAX MIB IBEX ISEQ OMX PSI

AEX 1 0.01 0.15 0.68 0.89 0.64 0.74 0.76 0.22 0.38 0.32
ATHEX 0.01 1 0.38 0.04 0.01 0.04 0.02 0.01 0.30 0.22 0.34
ATX 0.15 0.38 1 0.28 0.16 0.26 0.26 0.28 0.52 0.45 0.34
BEL20 0.68 0.04 0.28 1 0.77 0.66 0.68 0.71 0.27 0.32 0.22
CAC40 0.89 0.01 0.16 0.77 1 0.72 0.75 0.79 0.25 0.32 0.22
DAX 0.64 0.04 0.26 0.66 0.72 1 0.65 0.65 0.40 0.29 0.15
MIB 0.74 0.02 0.26 0.68 0.75 0.65 1 0.81 0.36 0.26 0.27
IBEX 0.76 0.01 0.28 0.71 0.79 0.65 0.81 1 0.32 0.37 0.22
ISEQ 0.22 0.30 0.52 0.27 0.25 0.40 0.36 0.32 1 0.47 0.27
OMX 0.38 0.22 0.45 0.32 0.32 0.29 0.26 0.37 0.47 1 0.45

PSI 0.32 0.34 0.34 0.22 0.22 0.15 0.27 0.22 0.27 0.45 1

Table 5.5: Adaptive k-means clustering of Euro member states

tries are located within the same cluster. Thus, we compute the proportion

o ERL M 20

n

where I(x) denotes the indicator function. The larger the proportion P(")
for a given pair of countries, the more similar their factor loading patterns
over a given time horizon. Table 5.5 contains the computed values of py)
for all pairs of countries using the log-return data from July 2002 until April
2015. Figure 5.9 contains the representation of the information contained in
Table 5.5 under the form of a pixel image.
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Figure 5.7: (Local factor inertia) European currency area

Note for example that within the group of countries, Netherlands. Belgium,
France, Germany, Italy and Spain, the value of PY) never drops below
0.65, which may allow to conclude that the economic integration among
those countries is quite strong compared to the group of remaining countries
for which P(*") does not exceed 0.47.
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Average local distance measures
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Figure 5.8: (Local distance measure) European currency area
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Figure 5.9: Adaptive k-means clustering of Euro member states
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5.5 Proofs

5.5.1 Proof of Theorem 5.1

Given the factor model representation of the increment process we can write
Sn(z) = Bu(z)B!,(z) + Z,(z). Given the assumption that S,(z), B,(z)B(z)
and ¥, (z) are definite positive matrices we have that for any log,(n)p x
1—vector x the inequality x'S,,(z)x > x'B,(z)B!,(z)x holds. Hence, we have
that A, (Su(z)) > ||Bum(z)||>. Thus, given the persistence assumption on
the common factors in Definition 5.1 and using that p = O (n*) we obtain
that A, (S,(2)) = O (n**) form=1,... K.

Moreover, given that only the first K eigenvalues of B,(z)B,(z) are non-
zero, we have that for m > K the equality A, (S,(z)) = An (£,(z)) holds.
Hence, given the non-persistence assumption on the idiosyncratic factors in
Definition 5.1, we have that 4,, (S,(z)) = O(1).

5.5.2 Proof of Theorem 5.2

The Davis-Kahan sin(6) theorem for Hermitian matrices (see Davis and
Kahan (1970)) allows to write

e (52(2)) — e || <

e AG|
min ([ A1 (Sn (2)) = 1|Buan (2) 2] [1Basn ()| P—Zon+1 (S (2))])

Use the triangle inequality to establish the lower bounds as follows

Zon1 (Su(2)) = [|Bam(2)I?| =
[1Brn—1 I = 11Ban(2) ] = [1Baamn1 (P = -1 (S2(2))]

|1Bam(2)] > = Ans1 (Su(2))| >
[1Bun (@)* = [1Bams1 ()| = [Ams1 (Sa(2)) = [1Bams1 ()]

Using Weyl’s inequalities, we have that ||[Bym—1(2)||* — Am—1 (Sa(2))|
and |Anui1 (Su(z)) = ||Bams+1(2)|[*| can be bounded from above by
An (Z4(2)). Given the assumption that A, (X,(z)) = O(1) for all m we
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thus have that

11Bam1(2)I12 = Am-1 (Sa(2))| = O(1)

| A1 (Sn(2)) = |1Bumr1(2) || = O(1)
Hence, under the assumption that |||Bn,m71(Z>||2 . ||Bnm(z)||2| —0
and

H\Bnm @[> = ||Bum+1()[]*| = O(p¥) for m =1,...,K and given that
O (n%*), we obtain that

Um (Sn(2)) — HBnmiHH ( )

5.5.3 Proof of Theorem 5.3

K
Z A’"l(Sn)
To start with, we bound k);”;(‘)pi — Ir(z) |from above by

gl A (Sn)

K

X (822~ 1B ()] |

logy (n)p
A (Sn(2))

m=1

ZIIBnm H22|HBnm @I =An(Sn(2))]

m=

K -1 () logy (n)p
X [1Ban ()| +f X ()(a,‘jf ) T An(S)

u=1 j=—logy

Based on the decomposition of the EWS matrix in (5.1.9) and using Weyl’s
inequalities, we obtain that A, (Su) — ||Bum(2)||*| < A1 (Za(2)). Given the
assumption in (5.1.10) we have that A; (£,(z)) = O(1). Using the persist-
ence assumption in (5.1.7) we have that Y5 _, ||B,.n(2)||> = O (p¥). Thus,
given that Zlog2 P A (Sn) = O(p™*(<1)) and using that p = O (n%), we
have that

K
L A (Sn)

=t =0 —
logy (n)p ~Ir(2)| = pomax(k,n)
Y An(Sy)

m=1
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5.5.4 Proof of Theorem 5.4

The inverse triangle inequality of the Frobenius norm allows to establish the
upper bound

18, @) =8 @)l — 184 (@)~ AL @)l | <
132 (2) — A (@) + A (2) - B (@) I
Using the triangle inequality of the Frobenius norm we can write the
upper bound as A (2) — AY )|k + 1A 2) — A ()||F. Tf we de-

(u) —(u
note ASZM,L( ) = ”lf”’”(( ))Hz and A( ) m(2) = U,%(Z), we can write HAEI )(Z) —

2)||F = \/): 4 ||A A (2)|2. Hence, we have that

- \u u K - \u u
\|A£)<z>—A£><z>|| <y A (2) = A @) 2

1A (2) — AV ()| < zuAnmo AL

m=

Given Theorem 5.2 we have that HZ(M) (z) — A,(l",),l(z)Hz — O(na%) and
HZS,%( )— Aglm( )||2 = O (=) and hence

18 @)~ 31" @)le - 12) - @l | = 0 ()

5.5.5 Proof of Theorem 5.5

Take { A (INmM(z))}lOiz( and {A,, (Sn(z ))}}ng( P to be the sets of de-
creasingly ordered eigenvalues of I, /(z) and S, (z) respectively. First, note
that

[RAKY & Dk (fou(2) <17 Uk (@) > n?)

and he~nce that P ({K -+ K}) < P (7LK (I:LM (z)) < n”)
+P (AK—H (In,M(Z)) > I’l}/).
Consider the random variable Y, (z) = Ax (I.m(2)) — Ak (Sa(z)) with
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E(Yyu(z) = 0 (1"%5“”) and Var (¥, (2)) = O ( ‘;(g%("))) and write

3-a

3

P (Ak (Im(z)) <n")
_ Yn,M(Z)*E(Yn,M(Z)) nY—Ak (S, (z))fE(Yn_M(z))
\/Var(YmM(z)) ¢Var(Yn7M(z))

Given the statement of Theorem 5.1 we have that Ak (S,(z)) = O (n*)
n?— A (Sn(2)—E (Yau(2))

\/Var(Y,,,M(z))

and hence if k¥ > v we have that — —oo and thus

P (A‘K (INmM(Z)) < I’ly) — 0.

Next, use the triangle inequality of the absolute value and Markov’s inequal-
ity to establish the subsequent upper bounds

P (Aks1 (om(2)) >n?) <P (A1 (Bm(2)) — Aks1 (Sn(2) |+ Aks1 (Su(2)) > n")
< VEQuen (Tuar(@) ~Aaeir (n() +hac 11 52(0)

— n’}’

Using the statement of Theorem 5.8 we have that Ax; (S,(z)) = O(1).
~ 2
Moreover, \/ E (Ak+1 (Tom(2)) — Akt (S,l(z)))2 =0 (logf(z)) and hence

n3

if y > 0 we obtain that

P (Ak+1 (Tom(z)) >n?) — 0.

5.5.6 Proof of Theorem 5.6

Use the triangle inequality of the Euclidean norm to write

i By (2)
tn (@) == ]

Um (Sn(2)) —

< i () = 522+

Bn,m (Z) ‘ ‘
||Bn,m @Il

Thus, we can bound P <

tm (Do (2)) — Hﬁ:i:gg” ‘ ‘ > 8) from above by

P (\ (Bt (2)) =t (S(2))] | +

n(52(6)) - eS| > )

B (
HBnm(Z
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Using the Davis-Kahan sin(0) theorem and the Cauchy-Schwarz inequality
we have that

1

} (11 (Tom(2) —S,I(Z))Q) ’
E |y (Lyp(2)) — tm (Sn(z < -
[ (B (2)) = (S (2| (Emm(Mm ot @) = (52 @) o (52(2)) — s (e () 1)

Use the triangle inequality to establish the lower bounds as follows

A1 (Tnp(2)) = A (Sa(2)) | =

An (Sn(2))
A1 (Sn(2)) = A (Sn(2)) | = [Am—1 (Sn(2)) = A1 (o (2)) |
A (Sn(2)) = A1 (Inm(2)) | =

A (Sn(2)) = At (Su(2)) | = A1 (Inpa (2) = A1 (Sn(2)) |

Using Wey!’s inequality, we have that both, [A,—1 (S,(2)) — Am—1 (lom(2)) |
and

]7Lm+1( m(2)) — Amy1(Su(z))|, can be bounded from above by
A (Do (z ) Sa(z)). This allows to bound

E min (|7Lm_1 (imM(Z)) — An (Sn(2)) |5 [Am (Sn(2)) = A1 (in,M(Z)) |)2

from below by

E (min (|21 (Sx(2)) = A (Sa(2)) s | (Su(2)) = At (Su@) ) = At (T (2) = Sa(2))) 7

Given the assumption in (5.1.7) we have that 7Lm 1(8n(2)) = A (Su(z))| =
O (n**) and |4, (S1(2)) — Ams1 (Su(2))| = @K). Thus, the lower bound

can be rewritten as E (O (n®*) — Ay (Iym ( ) SJ(H)(Z)))2 = O (n**%) —
20 (0¥ E (A1 (B (z) = Su(2))) + E (M (L(2) = Su(2)))?. Using the

statement of Theorem 4.8 we have that
E (b (@) =S50 ) =0 (42 ) and £ (b1 (n(2) Sy 1)) =

4
0 ( lzo(gf(")) > . Thus, we obtain that

3-a

Emin (|An—1 (51 (2)) = Xn (Sy) () 121 (S5) () = At (Bra (2) )* = 0(n¥).
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Using Chebyshev’s inequality we hence have that
7 B m(z lo 2 n
P (| ) = el > ¢) =0 (220

|[Bnm(2)]
5.5.7 Proof of Theorem 5.7

2«m(in,M)
Ty —1F(2)
r )Vm(SI n))

m=1

Use the triangle inequality of the absolute value to bound

from above by

K 5 logy (n)p 5

L (Ao (T (2) =R (8())) my: Tn($2(2)) L (st () = 2n($1(2))
logy (n)p . + logy (n)p N logy (n)p
= 2'm(In,M(Z)) = Z'm In.M(Z)) ”El 2411(5‘;1(1))

5 An(S,()
2 —Ip(2)
"

Given the Cauchy-Schwarz inequality we can write the expected value of
the random variable above as

EE () aatsu))’) (£ (o)A 510 +
L e 9)) (G G ))
é i, A (S (@) (Sn(z )loizé"])p 10:2,2:)') (E(hn (T @)~ Am(5(21))?) : (B (Tat ) =2 (52()°) :
: ,g:z:(l)l " ng< :I (E(n(Tn(@))*) : (E(hy (T (2))?) : loi?zz(':)plijz:)pz,,,(sn(z))zm, (S2(2)

K
)il Am(Sn(2))

1082 ()P
by

—Ir(z)

A 1(Sn (Z))

m=1

5.5.8 Proof of Theorem 5.8

Use the triangle inequality of the absolute value to establish the upper bound
139(2) - A0 ) 1r ~ 14Y (2) - AV Q)| <
144 (2) = AW @)|[F +[|AM (2) = AV ()|

with  [JA(z) — A ()HF < JJAW(z) — AW( )IIF + [A )(Z) -
(2)||F and [|AV)(z) — ()|F<||A()<) A_( ()||F+||AV(Z)_
AM(z)||p.  Note that HA '(z) = A ()r + 1A% (z) = A¥(2)[|F <
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K (185 @) - B @l + 1A% (2
K
L

— AW (z)Hz) and that

r( :1<"A'(5)<Z>—M)<Z>Hz+HM(z)—Aﬁ:,‘)(z)Hz) >e)

< ¥ (184 @) - B9 @)l + 185 () - 8 )ll) = e).
A

< & E(1183(2) =35 @)l +I1B% (2)-A% @) 2
m=1

4




Chapter 6

Wavelet-based estimator of
high-dimensional covariance
matrices

Classic multivariate analysis is based on the assumption that, given some a
priori knowledge, the set of relevant variables for a given statistical analysis
can be derived in advance. However, in most statistical models the subset of
relevant variables is not known beforehand. In these cases, we face a large
set of possibly relevant variables instead of a small set of effectively relevant
variables. This potentially leads to a large number of variables within the
model framework and hence to a high-dimensional dataset. In Section 4.3
we have introduced high-dimensional MLSW processes. We have proven
that in order for the smoothed and corrected periodogram estimator of the
EWS matrix to be spectral norm consistent in high-dimensional settings, we
need to have that 0 < o < % with p = O(n%*) where p denotes the number of
constituent time series of the MLSW framework and n denotes the sample
size. Hence, even though the number of constituent time series in the MLSW
model can be potentially quite large, the ratio £ still needs to take on low
values and tend to zero as both, n and p go to infinity. The small upper
bound for o has negative effects on the performance of the LSW factor
modelling approach introduced in Chapter 5. Indeed, if we have a look
at the statements of the theorems in Section 5.3 , we see that a necessary
condition for the convergence in probabilities of the respective estimators
is given by 0 < o < % In order to obtain a larger upper bound for @ we
have to move away from standard multivariate modelling techniques and to
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adopt a high-dimensional viewpoint. The latter consists in introducing some
kind of model selection procedure with the aim of reducing the number of
parameters to be estimated.

This chapter deals with the general topic of the use of model selection
procedures in the estimation of covariance matrices in high-dimensional
settings. The concepts developed in this chapter differ from the concepts of
the preceding chapters in the sense that we leave the LSW model framework
and introduce the assumption that the underlying multivariate process is
white noise and hence has no serial correlation.

As it has been mentioned above, the main difference between classic mul-
tivariate and high-dimensional time series analysis is that the cardinality
of the set of variables that play a role in the analysis is not limited per se.
One classic problem in which the set of variables could be very large, is
the issue of optimal asset allocation in finance. Indeed, apart from settings
in which the analyst discards some financial assets or even whole asset
classes in advance, the set of variables, which might have a relevance for
the the construction of optimal portfolios, potentially contains all existing
assets. In general, asset allocation and portfolio optimization are one of
the fundamental problems of modern finance. Market participants base
their investment decisions on a balance between risk and return in the at-
tempt to maximize portfolio expected return for a given amount of portfolio
risk, or equivalently minimize risk for a given level of expected return, by
carefully choosing the proportions of various assets. The ground-breaking
work on mean-variance analysis by Markowitz (1952) [89] proposes a math-
ematical formulation of this concept of diversification by translating the
trade-off between risk and return into a quadratic programming problem.
Since then, one of the main theoretical and practical criticism that has been
leveled against the mean-variance approach is the ill-conditionedness of the
optimization framework which manifests itself in a very high sensitivity
towards estimation errors in the input parameters. Due to this large degree
of sensitivity even small estimation errors in the input parameters can lead
to a very large error in the solution vector of the optimization framework.
However, most portfolio optimization problems involve a very large set of
assets compared to a relatively small number of data points which leads
to important estimation errors and hence to wrong investment decisions.
Hence, reducing these estimation errors in the input parameters, especially
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in high-dimensional settings is one of the fundamental issues in modern
portfolio optimization.

Several methods have been suggested to reduce the estimation error of the
input parameters. Ledoit and Wolf (2004) [74] proposes a shrinkage-type
estimator of the covariance matrix using a factor model as a shrinkage target.
El Karoui (2008) [44] and Bickel and Levina (2008) assume that the popu-
lation covariance matrix has a sparse structure and propose a thresholding
approach for the sample covariance matrix. Cai and Liu (2011) [17] propose
a thresholding procedure which is adaptive to the variability of individual
entries. Brodie et al. (2009) [20] reformulate the portfolio optimization prob-
lem as a constrained least-squares regression problem under an L{-penalty.
They illustrate that the L1-penalty stabilizes the optimization framework
and leads to sparse asset allocation schemes. Fan et. al (2012) [49] uses
an approximate factor model combined with a sparsity assumption on the
covariance matrix of the idiosyncratic components.

6.1 Maximum likelihood estimator in high-
dimensional settings

We denote as {X (¢)}"—, a p—dimensional random process with independent
and identically distributed random vectors X () € R” such that E(X (¢)) = u,
and Var(X(¢)) = Z,. Denote as T(X,) some estimator of the covariance
matrix £,. Define the matrix £, = T(£,) — X, and denote as ||Z,|| =
Amax(Ep) its spectral norm with Amax(E,) being the largest eigenvalue of

—_
Zp-

Definition 6.1. We say that T (ip) is a spectral norm consistent estimator
of X, if for any € > 0 we have that

lim  P(||g,]| >€)=0.
n— +oo
P oo

Denote as A; (T (il,)) and as A; (X,) the decreasing eigenvalues of the es-
timated covariance matrix and the population covariance matrix respectively
withi=1,..., p. Using Weyl’s inequality for the sums of Hermitian matrices
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(see Weyl, 1912) [130] we have that

m?XMi (T (ip)) —Ai (Zp)‘ <=

=P

Hence given Definition 6.1, this means that if 7’ (2,,) is a spectral norm
consistent estimator of X, we have that

lim P (max |4 (T (flp)) —Ai(Zp)| > 8) =0
n— +oo !
p— oo

asn — +oo and p — +oo. Denote as u; (T (ZA‘,],)) and u; (X,) the eigenvectors

of T (ip) and X, respectively with i = 1,..., p. Using the Davis and Kahan
sin( @) theorem (see Davis and Kahan, 1970 [29]) we have that the Euclidean
norm of the vector u; (T (£,)) — u; (£p) is bounded from above as

H”i (T (ip)) — U (ZP)H <
V2||E, ||
(B (7 (57)) (5 )| A ) et (T ()

where

At (T (£ )) | > A
| Ai- Zp)| = |41 (Zp) = Aiet (T (5p))]
|4 (Zp) = A (T (Z ))
12 (Zp) — A1 (Zp)| = [Ais1 (T (£))) — Aig1 (Ep)] -
Thus, if T (ip) is a spectral norm consistent estimator of X, we obtain that

fori=1,....,p

im P (|ju (T (£,)) - ui(S,)| > €) =0,

n— 4oo
p— oo

The maximum likelihood estimator (MLE) of X is given by

¥ =

n—1
1 X, (X(0) - ) (X() - ) 6.L1)

n—1%5
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where [l = %Z?:_Ol X (t) denotes the sample mean. The MLE estimator is
not consistent in spectral norm. To illustrate this consider for example the
case of a stationary p—dimensional time series with X ~ N (0,1,) where
I, denotes the identity matrix of dimension p x p with eigenvalues given

by A;=1fori=1,...,p. Let i,- denote the decreasing eigenvalues of the
MLE estimator X. We denote as p, = % the ratio of number of assets to
the sample size with the assumption that p, — p € (0,1] as n — 40 and

P
p — +oo. Consider the random measure F),(x) = 1—17 ¥ I(A; <x). Marchenko
i=1

and Pastur (1967) [88] show that as n — o0 and p — +o0

F,—F (P) in probability

2 2
where F(P) has known density with support [(1 — p%> , (1 + p%) } .

Histogram of empirical eigenvalues (p=1000,n=2000)

|

i Population Eigenvalues
T

|

———  Marchenko-Pastur Density (p=0.5)

00 05 10 15 20 25 30
Eigenvalues

Figure 6.1: Illustration of the Marchenko-Pastur law
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6.2 Sparse estimation of covariance matrices in
high-dimensional settings

Bickel and Levina (2008) [17] propose an estimator of the population co-
variance matrix which consists in putting to zero the components of the
sample estimator which are far away from the diagonal by defining a banding
operator, taking the form

W [0 ifli—jl>k
TB(Z“)_{ £y ifli—jl <k

The authors show that if £ belongs to the class of approximately bandable
matrices that is

= Z:max{ Z Zi,j}<Cma,Vm

J Uijl>m
| a
with m < (n_i log( p)) “ and given certain tail decay conditions for the

elements of X (¢) then X
oS5, 0

as n — oo and p — +oo.

Note that the form of the sparsity described in Bickel and Levina (2008) [17]
depends on the order of the variables in the random vector X (¢). El Karoui
(2008) [44] defines a notion of sparsity that is order-independent based on
the concept of B—sparsity. This more flexible type of sparsity allows to
define a componentwise thresholding operator

0 if|%;[<6
61 if[Lil>0

(i) = {

The author shows that under the assumption that X is B-sparse with 8 <
%—n andn >0.1f 0 =Cn~% where ¢ = f + ¢, 8<gthen

[e6(E) - 5,]] 0

as n — +oo and p — oo,
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Note that the estimators introduced in Bickel and Levina (2008) [17] and El
Karoui (2008) [44] are based on the inherent assumption that the population
covariance matrix X, is characterized by some form of sparsity. However,
when it comes to asset return series, the assumption of zero-values com-
ponents within X, may be unrealistic. Indeed in a global economy, there
exists a small set of common factors affecting all the market participants.
To explain this a bit further, take the factor model representation introduced
in Section 5.1. The exposure of all market participants towards the same
common factors generates dependencies among the latter even if the market
participants are not directly linked to each other through correlations of their
corresponding idiosyncratic components. For a more detailed discussion on
the inadequacy of the sparsity assumption in the case of financial time series
see Fan et al. (2012) [49].

Thus, in order to account for the potential inadequacy of the sparsity assump-
tion when dealing with covariance matrices of series of asset returns, we are
going to develop an estimator of covariance matrices in high-dimensional
settings which does not rely on an underlying sparsity of the population
covariance matrix. Instead we assume that the population covariance matrix
is blockwise constant which, given an appropriate choice of the wavelet
basis, leads to a sparse representation of the latter in the transform domain.

6.3 Multiscale estimation of covariance
matrices in high-dimensional settings

As mentioned above, the estimator relies on the presence of a blockwise
constant pattern within the population covariance matrix. Section 6.3.1
introduces the notion of blockwise constant covariance matrices.

6.3.1 Blockwise constant matrices

Definition 6.2. We say that the covariance matrix of the random vector X (t)
has a blockwise constant form if the elements of X (t) can be partitioned into

K random vectors X(t) = (XU, ..., XK where X\ = (Xl(i),...,Xzs,?)’
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with YK | N; = p such that

Cov(X,(i)(t),Xs(j)(t)):piJ forr,s=1,....Niandi,j=1,.... K withi # j
Cov(X,(i)(t),Xs(i)(t)):p,»,,- fori=1,...;Kandr,s=1,... N;withr #s

To begin with, note that there is no natural order to the elements of the
vector of asset returns. Hence, a given matrix might not have a block-
wise constant form under some given permutation of the assets but, after a
well-chosen rearrangement of its rows and columns, reveal an underlying
blockwise constant form. Thus, we say that a covariance matrix X, has
an underlying blockwise constant form if there exists some permutation of
XW(r),...,XP)(r), denoted as &, with permutation matrix P

P(i,j)=1 if j=mn(i)
P(i,j)=0 if j#m(i).
such that PZth is blockwise constant as described in Definition 6.2.

In order to find 7 in the presence of an underlying blockwise constant
form we proceed as follows. To begin with, denote as D the p X p matrix
containing the pairwise Euclidean distances between the columns of X.

Dij=1(%-%) (Z-%)
i=1,...,p
j=1,...,p.

The permutation 7 is then defined as the shortest path between the columns
of X by associating each column of X to its nearest neighbor

n(l)=1
7 (2) = argmin g (z(1)} (Dr(1).))
7 (k) = argmin gz 1) zge—1) (Prie—1).j)

Denote as 7 the permutation and as P the corresponding permutation matrix
obtained when applying the algorithm described above to the MLE of ¥,
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instead of the population covariance matrix itself. Theorem 6.1 below states
that P converges in probability towards P as both, n and p go to infinity
given some moment constraints on the random variables in X (7).

Theorem 6.1. Suppose that the random variables Xi,...,X, have finite
moments up to order 8q. We then have that

P—p
p

as n — +ooand p — +oo, given that P(f # 1.) = 0 ().

n4

6.3.2 Unbalanced Haar wavelet functions

Girardi and Swelden (1997) [63] introduce the unbalanced Haar wavelet
basis. In contrast to the standard Haar basis, the breakpoints of the unbal-
anced Haar wavelet vectors do not necessarily occur in the middle point of
the support

(S — ifte[s B }
(k) Bikj)
\/ E(j,kj) _S(.Lk_,‘) o
Wj,kj (t) = - 1 i“E}BU.k )vE(f.kﬂ
VEGK) ~S(k;) S

0 otherwise

where B(;  is the breakpoint of the wavelet vector and where S ) and
E(j; are the lower bound and the upper bound of its support. The lower and
upper bounds are defined according to a recursive scheme across the different

wavelet scales. To begin with, denote as & J(l)l the subset of wavelet functions

at scale j— 1 such that B(; s,y —S(jx;) > 0and E(; ;) — B(j ;) — 1 > 0 with

and as %1(2)1 the subset of wavelet functions at scale j — 1 such that such that

. 1
B(ij) — S(j.,kj) =0 or E(ij) — B(ij) — 1 =0 with Kj—l = Card(%l( )1) +

Card(¥ El) where K;_; is the total number of wavelet functions at scale

J
j—1.

Each wavelet function Vi—1k € % j(i)] leads to two new wavelet functions
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at the adjacent scale j denoted as y/; x, and y/; 4, + 1 with

S(idy) = S(j-1.2k5-1-1)

(kj) = B(j-1.2;--1)
(okj+1) = Bj—12k;p) +1
(k) = E(j-12k;-1)-

D‘JC’JDﬁ

On the other hand, each wavelet vector Vi-tk . € % (1 )1 leads to one new
wavelet vector at the adjacent scale j denoted as yj x; W1th

S(iky) = S(j—1,26; 1)
E(jk;) = B(j—126-1)-

Thus, the number of wavelet vectors at scale j is given by K; =
2Card(% ")) + Card(%%)).

Hence, in contrast to the standard Haar wavelet basis (see Haar, 1910 [65])
the breakpoints of the unbalanced Haar wavelet vectors are not fixed in
advance. We do this on the basis of a segmentation procedure which aims at
clustering the neighboring elements of X () into smaller and smaller classes.
To do this we first, denote as d the vector of Euclidean distances of all pairs
of adjacent columns of a given matrix. Based on the length of the support of
Y « there are three possible scenarios

* IfBjy; —'Sj,kj > land Ej i, — Bk, > 1 then y;;, leads to two vectors
at level j+ 1 with Sj+l,kj = Sj,kj’ Ej+1,kj = Bj,kj’ Sj+1,kj+1 = Bj,kj +1
and Ej—l—l,kj—I—l = Ej,kj and

Bjiik; :l’l’liln(dl-) i =Sjkj>--- Bjk;

Bji1kj1 = miin (di) i=Bjx+1,....Ejx;.

* IfBjx;, —Sjk, > 1 and.Eij —Bj; = 1 then yj;, leads to one single
vector at level j+ 1 with Sj+1,kj = Sj,kj, Ej+1,kj = Bj,kj’ Sj+1,kj+l =
BJ'J(]. + 1 and Ej+1,kj+1 = Ej,kj and

Bjiix; = ml.ln(di) i =Sjkjs--Bjk;-

* IfBjx;,—Sjk; =1and Ej, — B, > 1 then y;; leads to one single
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vector atlevel j+ 1 with S 1k, = Sjk;. Ejr1k; = Bjk; Sjt1h+1 =
Bj7kj + 1 and Ej—&—l,kj—ﬁ—l = Echj and

Bjiik; = m,m (di) i= Bjk;+ 1, Ejg;e

o If Bj7kj — Sj7k, =1and Ej7k,- —Bj,kj =1 then Yk leads to no vector
at level j+ 1

Denote as B the vector of breakpoints and as { the corresponding matrix
of unbalanced Haar wavelet vectors obtained when applying the algorithm
described above to the MLE estimator of X, instead of the population
covariance matrix itself. Theorem 6.2 states that { converges to Y as both n
and p go to infinity with p = O(n%).

Theorem 6.2. Suppose that the random variables Xi,...,X, have finite
moments up to order 8q. We then have that

U=y
P

as n — +oo and p — +oo, given that P (E’ =+ B.) =0 (i)

nd

6.3.3 Thresholding operator

Suppose that the covariance matrix of X (¢) is blockwise constant and con-
sider the sequence of unbalanced Haar wavelet functions

Yijkis Vi2k—1, Vj2k;s Wjak;—3, Vjak;—2, YViaki—1, Vjdkjy---

with supports given in Figure 6.2.

Define the groups of wavelets coefficients G4, = {1//,’(21//1}52 , forall y;
such that its support is contained in [S ki E j.,k_,-}- Now suppose that the
lower bound and the upper bound of the support of v are given by
Sik; = Zf;% N;and E k= Zf: | Ni. We then have that all the elements of
G, are equal to 0.

Denote as G jk; as the empirical counterparts based on a projection of the
sample covariance matrix on the same set of functions as used to construct
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[Sj,k, ) Ej,k/]
|:Sj+l,2kj—l 7Ej+172kj71] [Sj+lA2kj~,Ej+l,2k,»]
{S,i+2‘4k,—37 E_j+2‘4k,—3] [S_/+2.4k‘,»727E_/+2,4k‘,»72} [S!'”v‘“‘j—‘ 7E!“rz-‘“‘j—l] {S.i+2>4k/ ’ E!'+2v4’<j]

Figure 6.2: Tree-structure of supports of wavelet functions

the group G x;. The group-structured thresholding operator then takes the

form (| 5 |)
R [0 ifmax (|Gj;|) <6
To (Gj,kj) = { éﬁkj if max (|Gj,kj-|) >0

with the threshold 6 being defined as

—147

GIC-n 2

Theorem 6.3. Denote as S = W' PXP'y and S = y' PSP'y. Suppose that
p = 0(n*) with o € R" and that the random variables X,,...,X, have

nite moments up to order 4q with g >2-o. If we set 0 =C - nr with
fi p q q
C > 0 and where % <n < 1, we have that

76 (5) =70 ()

| =0
p
where Tg is an oracle operator defined as
sy ) O ifSi;=0
o (Sij) = { Sij ifSij#0
6.3.4 Spectral norm consistency

In this section we discuss the convergence in spectral norm of the wavelet
estimator ' PLP " towards y'PLP y.

To begin with, we discuss the link between the blockwise constant structure
of X, and the sparsity of the latter in the wavelet domain when projected on a
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collection of unbalanced Haar wavelets. Denote as Y'Y,y the projection of
Y, onto the matrix of unbalanced Haar wavelet vectors y with decreasingle
ordered with respect to the lengths of the support of the corresponding
wavelet vector. Given that X, is blockwise constant with K x K blocks and if
the breakpoints of the first K wavelet vectors of y are equal to By = Zle N;,
then Y'Y,y takes the form

Ly 0p
[K x K] [K x (p—K)]
VEp= (6.3.1)
0, D,
[(p—K) xK] | [(p—K) < (p—K)]

where I'), is a full matrix of dimension K x K, 0,, denotes the null matrix of
dimension (K) x (p—K) and (p — K) x K respectively, and D), is a diagonal
matrix of dimension (p —K) x (p — K). Define y'%,y as the projection of
the sample estimator and consider the oracle thresholding operator

& v [ WPLPY ifWE,u#0
T (VIy) = { 0 if YE,p =0

and denote £, = 7o (V',y) — 'L, .

Theorem 6.4. Suppose that p = O (n*) with o € R™ and that the elements
of X,,(t) have finite moments up to order 4q. If ¥ is a blockwise constant
matrix with the number of blocks given by K> where K = O(pﬁ) and if
B < ﬁ, we have that
Es—0
[
as n — +oo and p — +oo given that E||Ep||2 =0 (%)

nda(1-2af

Proposition 6.1. The spectral norm consistency of W'PL,P'{' can be
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proven by showing that

1. lim P (||to (V'PE,P'y) — W' PE,P Y| >€) =0
n— oo

p—e
2. lim P(Py#Py)=0

n— oo

p—e
3. lim  P(t(y'PL,P'y) # 10 (WPL,Py)) =0
n— oo

p—eo

Hence, combining the statements of Theorems 6.1, 6.2, 6.3 and 6.4 allows to
conclude that the wavelet estimator ' ISZPISt ' converges in spectral norm
towards y'PL,P'y' as n — +oo and p — oo,

6.4 Portfolio optimization in the wavelet do-
main

Markowitz (1952) [89] defines the optimal portfolio as the vector w* which
solves the quadratic program

min  [W'X,w]

p
weRP 6.4.1)
st. wl,=r

wle =1

where e = (1,...,1).

We transfer the Markowitz optimization algorithm into the wavelet domain
by decomposing the solution vector as

W=y (6.4.2)

with v being a vector of dimension p. The optimal portfolio in the standard
domain is then given by w = yv* where v* solves the quadratic program in
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the wavelet domain

min [V ((y'Z,y))V]

v eR?
st V(yup) =r
V(ye)=r

6.5 Simulation Studies

In this section we compare the performance of the wavelet estimator to the
performance of shrinkage type estimators using simulation studies. The
basic idea of shrinkage estimation is to combine the sample estimator of the
covariance matrix with some a priori information about the stock returns
process. For a detailed overview of shrinkage estimators of covariance
matrices we refer to Ledoit and Wolf (2004) [74]. The general form of the
shrinkage estimator is given by

Ya)=(1-a)-L+a-Ir

where £ is the sample estimator and I denotes the so-called target estimator
with 0 < o < 1. We consider two different target estimators, truncated SVD
estimators and the identity matrix. The truncated SVD estimators are given
by Xr = Z,‘j: | Akugl, where Ay denotes the k-th eigenvalue and uy is the
associated eigenvector of the sample covariance matrix with 6 = 1,5, 10.

We use two different portfolio optimization schemes, smallest variance
portfolios and mean-variance portfolios. For minimum variance portfolios
the optimal asset allocation scheme is defined as the vector w for which
leads the random variable has minimum variance. Hence, the optimization
framework is defined as

min [w'Xx(0)w]
w e RP
st. we=1.

We focus on two different forms of population covariance matrices, the first
one being the blockwise constant matrices introduced in Section 6.3.1. We
refer to the second type of matrices as blurred blockwise constant matrices
in the sense that these matrices are obtained by adding noise to the blockwise
constant matrices. The latter are obtained according to a two-step procedure.
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For a given iteration / of the simulation studies, the training set

{Xl(l), e ,)_(l(")} consists of n independent realizations of a p—dimensional
normal distribution N(u,,X,). The training set is used as an input of the
mean variance or the minimum variance optimization algorithm which leads
to the solution vector w;. The evaluation set contains one single realization
X; of the same distribution. We use the evaluation set to construct the
out-of-sample portfolio return W?Xl. The out-of-sample mean and variance
are given by

1X)

||
=
I ™M~

iy
1

~

“\
_

W
Lo o _\2
; (wﬁXl—xw) )

Tables 6.1 and 6.2 contain the out-of-sample standard deviation for the
minimum variance optimization setting with p = 20 and n = 20 for both,
blockwise constant matrices and blurred blockwise constant matrices.

Estimator SD
Wavelet 0.7875
Sample

Shrinkage: Single-Factor | 0.8730
Shrinkage: Five-Factor 0.9216
Shrinkage: Ten-Factor 1.0641
Shrinkage: Identity 0.9782

| Population [ 0.7373 |

Table 6.1: Minimum variance portfolio
Blockwise constant matrix
p=20
n=20

In both cases the wavelet estimator outperforms the shrinkage-type estimat-
ors by quite a large margin. Note that the good performance of the wavelet
estimator for blurred blockwise constant matrices illustrates the robustness
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Estimator SD
Wavelet 0.8304
Sample

Shrinkage: Single-Factor | 0.9867
Shrinkage: Five-Factor 1.1095
Shrinkage: Ten-Factor 1.3935
Shrinkage: Identity 1.2185

| Population [ 0.7604 |

Table 6.2: Minimum variance portfolio
Blurred blockwise constant matrix
p=20
n=20

of the latter towards deviations from the blockwise constant matrix assump-
tion.

Tables 6.3 to 6.6 contain the same type of results but for the mean variance
optimization framework with known and unknown mean return vector. Note
that in all scenarios the wavelet estimator outperforms the shrinkage-type
estimators.

Estimator Mean SD
Wavelet 0.9492 | 0.8592
Sample - -

Shrinkage: Single-Factor | 0.9574 | 0.8935
Shrinkage: Five-Factor 0.9530 | 0.9674
Shrinkage: Ten-Factor 0.9543 | 1.1165
Shrinkage: Identity 0.9528 | 1.0276

| Population [ 0.9954 | 0.7669 |

Table 6.3: Mean-variance portfolio with known mean vector
Blockwise constant matrix
p=20
n=20
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Estimator Mean SD
Wavelet 0.9481 | 0.7972
Sample

Shrinkage: Single-Factor | 0.9392 | 0.8827
Shrinkage: Five-Factor 0.9442 | 0.9423
Shrinkage: Ten-Factor 0.9544 | 1.0985
Shrinkage: Identity 0.9518 | 0.9971

| Population | 1.0005 | 0.7293 |

Table 6.4: Mean-variance portfolio with known mean vector
Blurred blockwise constant matrix
p=20
n=20

Estimator Mean SD

Wavelet 0.9749 | 0.8434
Sample - -
Shrinkage: Single-Factor | 0.9739 | 0.9076
Shrinkage: Five-Factor 0.9744 | 0.9856
Shrinkage: Ten-Factor 0.9754 | 1.1329
Shrinkage: Identity 0.9753 | 1.0437

Population | 1.0067 | 0.7793 |

Table 6.5: Mean-variance portfolio with unknown mean vector
Blockwise constant matrix
p=20
n=20
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Estimator Mean SD
Wavelet 0.9481 | 0.7972
Sample

Shrinkage: Single-Factor | 0.9392 | 0.8827
Shrinkage: Five-Factor 0.9442 | 0.9423
Shrinkage: Ten-Factor 0.9544 | 1.0985
Shrinkage: Identity 0.9518 | 0.9971

Population | 1.0005 | 0.7293 |

Table 6.6: Mean-variance portfolio with unknown mean vector
Blurred blockwise constant matrix
p=20
n=20

6.6 Adaptive asset allocation

One of the underlying assumptions of the mean-variance optimization frame-
work is that the mean return vector i, and the cross=-covariance matrix X,
do not change in time. However, as it has been discussed in Sections 3, 4,
and 4 the covariance stationarity assumption may not be a valid assump-
tion especially when dealing with financial or economic data. Consider the
random vector X () = {X;(¢)}/_, and denote as 1, (¢) and X,(r) the time-
varying mean return vector and covariance matrix of X (¢). Write as w*()
the solution vector of the mean-variance framework

min [WZ(t)w]

w e RP
st. wu(t)=r (6.6.1)
we=1.

Recall that the random variable w'(7)X (¢) is such that it has the smallest
variance among all possible vectors w for a given value of mean return r.
The optimal asset allocation scheme for period ¢ 4/ is defined as the solution
vector of (6.6.1) with input given by u, (¢ +1) and X,(z + ) respectively.
Given the non-stationary behavior of the time series {X (¢)}"—, we have that
w(t) # w(t +1). Thus, in a non-stationary setting the investment portfolio

has to be rebalanced on a constant basis in order to take into account the
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current values of the time-varying behavior of the mean return vector and
the covariance matrix.

In this section we build an adaptive portfolio optimization scheme using
the log-return data of the companies in Table 6.7 from 1990 to 2014. As
for the simulation studies in Section 6.5 we do a comparative study of the
wavelet estimator on the one hand and shrinkage type estimators on the other
hand. To evaluate the performance we again use the out of sample mean and
variance, defined as

n—1

A0 =4 T WWX(@+)
n—1

A 1 N ~ 2

6(1) = t);() WOOX@e+1)—[()).
Tables 6.8 to 6.13 contain the values of the out-of-sample mean and variance
for both, minimum variance and mean-variance portfolios, and show the
good performance of the wavelet estimator compared to the shrinkage-type
estimators for different sample sizes.

3M CO. American Express CO.
AT&T Boeing CO.
Caterpillar Inc. Chevron
Cisco Systems Inc. Coca-Cola Co.
E.I. DuPont de Nemours & CO. Exxon Mobil
General Electric Co. Home Depot Inc.
Intel Corp. IBM Corp.
Johnson&Johnson JPMorgan Chase
McDonald’s Corp. Merck & Co. Inc.
Microsoft Corp. Pfizer Inc.
Procter & Gamble CO. Travelers Cos.
Verizon Communications United Technologies Corp.
UnitedHealth Group Inc. Visa Inc.
Wal-Mart Stores Inc.

Table 6.7: Components of the Dow Jones Industrial Average
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Estimator SD

Wavelet 0.0127
Sample 0.0452
Shrinkage: Identity 0.0163

Shrinkage: Single-Factor | 0.0139
Shrinkage: Five-Factor 0.0150
Shrinkage: Ten-Factor 0.0159

Table 6.8: Minimum variance portfolio: n=30

Estimator SD
Wavelet 0.0123
Sample -
Shrinkage: Identity 0.0174

Shrinkage: Single-Factor | 0.0137
Shrinkage: Five-Factor 0.0151
Shrinkage: Ten-Factor 0.0164

Table 6.9: Minimum variance portfolio: n=15

Estimator SD
Wavelet 0.0120
Sample -
Shrinkage: Identity 0.0152

Shrinkage: Single-Factor | 0.0135
Shrinkage: Five-Factor 0.0148
Shrinkage: Ten-Factor -

Table 6.10: tab:Minimum variance portfolio: n=8
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Estimator Mean SD
Wavelet 0.00032 | 0.0135
Uniform 0.00028 | 0.0120

Sample 0.00015 | 0.0397
Shrinkage: Identity 0.00025 | 0.0149
Shrinkage: Single-Factor | 0.00024 | 0.0144
Shrinkage: Five-Factor | 0.00025 | 0.0154
Shrinkage: Ten-Factor | 0.00022 | 0.0163
Table 6.11: Mean variance portfolio: n=30

Estimator Mean SD
Wavelet 0.00046 | 0.0131
Uniform 0.0028 | 0.0120
Sample - -

Shrinkage: Identity 0.00021 | 0.0149
Shrinkage: Single-Factor | 0.00027 | 0.0141
Shrinkage: Five-Factor | 0.00021 | 0.0155
Shrinkage: Ten-Factor | 0.00014 | 0.0170

Table 6.12: Mean variance portfolio: n=15

Estimator Mean SD
Wavelet 0.00045 | 0.0132
Uniform 0.00028 | 0.0120
Sample -

Shrinkage: Identity 0.000028 | 0.0147

Shrinkage: Single-Factor | 0.00025 | 0.0139

Shrinkage: Five-Factor | 0.00026 | 0.0154
Shrinkage: Ten-Factor -

Table 6.13: Mean variance portfolio: n=8

6.7 Proofs

6.7.1 Lemma 6.1

Lemma 6.1. Define {X(t):t€T} as a p—dimensional stationary
stochastic process with iid random variables. Furthermore, consider



6.7 Proofs 221

the matrix of unbalanced Haar wavelet vectors Y defined as

Vs = (5 ) 118, <1< B — (15 ) 1B+ 1 <1< )

[=1,...,p
r=1,....p—1

where S;, B; and E; represent the starting point, the break point and the end
point respectively.

Define the random variables

The wavelet coefficient M, is given by
E (Yi(t)Y;(t)) = v E{[X(1) —E(X)][X(t) = E(X)]'} w;=yi Z ;.

Consider the random matrix

n-ifne]  —vifeo -0 - (2Ex0-Em)]
=1 t=1,...n =1 . t=1,...,n
no-fne] - =|wo-rw-(tExo-ew)] v
If we define
= 1 L XNOY (0~ 5k £ KOy

=1

we have that E [Ml;j —F (Mi7j)}2q = S
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IfE (Mw) =0, we can write

[ = E ()]

E (M) )
n n n 4

_ (%E (Y1) = i & ZK(t)Yj(f’))

tlt’l

) A

Define the set T, = { (11,...,t24+4) } € [1 and write

29 2!

77];)%, Yy E( I1 vy I1 Y (tr) Y (1 +A))
o )&Tk [

. )24 _ k
E(Mi-/) - Z n2q+k =1 2
k=0 q Hotagir)€ rell,2g—k] re2g—k+1.2q]
..... 2

Moreover, consider the sets

SO ={1,....2g+k}

and
s 0 ¢
hy
(ki)
ns;”> =0
j=1
Card (Sﬁ"”) >2
it kD) et (kD)
Denote Vi = U S with Card (Vi) = ¥, Card <s].’ ) <2g+k
=1 =1

On the basis of V; ; we then define T ; as

TkJ = {(tla---7t2q+k) € [l,...,n]2q+k

where t, = 1, if E|S§.k’l) la€ Sg-k’l) andb € stkd)
ta # 1y it ASY! |ae st andb e Sﬁ."’”}

with | TkJ =T, N Tk,l = and
=1 =1

Card (Tk l) = n! =y lnz‘ﬁ'k_xk,l
' (n—2q+k—|—xk71)! '
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it (k1)
where x;; = ), Card (Sj ’ ) —hy
j=1

Thus, we have that

(;1 seldg ik re(l,2qg—k| re2q—k+1,24]

Z) E( [I Yi(@)Y;() 11 Yi(tr)Yj(fr+k)>
€T,

)y x E [T Y (tr) Yj (tr) I1 Y; (tr) Yj (tr+k)
l (tlv-"thzﬁ»k)ETk,l rell,2g—k]| rel2q—k+1,24q]
= Z Z H E(Yl (tr)Yj(tr))
U (t1,tagik ) €Ty :EE/I‘((;Iquk]
n EM@) 0 EWw)
revg rkevs
re2g—k+1,2q] re2g—k+1,2q]

E [T Yi(@)Y(n) I1 Yi () I1 Yj (tr+k)
reVy reVi r+keVi
re(l,2g—k| re2g—k+1,2q) re2g—k+1,2q)

= | Lxon0 - 5y £ £ xn()
n n 71 26]
(s £ rono -ty £ £ none)]

Denote as P({l,...,2¢q}) the power set of {l,...,2¢} and as

P({1,...,2q}),s its «/'~th subset with Card (P({l,...,2q})u’u, _—

If we define the set T, = {(t1,...,t2q+k)} € [1,...,n]2q+k we can write
E [Mi.,j —FE (Mid')}zq as

2 201 2
Lo D om L Y(-D"E n Yi (1) Y (tr) n Yi (tr)Y; (1)
K=o Heningi )€l =0 reP{l,.,20)), reP{1,.,20)),
re(l,2g—k re2q—k+1,2q]
1 E (Y (r) Y (1r)) 1 E (Y () Y (tr44))
repP({L....2q})¢, reP({L...2q)¢,
re(l,2g—k re2q—k+1,2q

If we denote as P (Vi) the power set of Vi; and as P (Vi) , its v/—th
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subset with Card (P (Vi) ; V/) = v, this can be written as

r r rx (-D)'E 11 Y (er) Y (1r) I1 Yi (tr) Y (trs1)
(11 tg i) Tis =0 reP (Vi) r€P (Vi)
re(l,2g—k re2q—k+1,2q|
I E(Y; (1) Y} (tr)) 1 E (Y (7)Y} (tr40))
reP(Vin)Sy reP(vVi)Sy
re(l,2g—k re2qg—k+1,2q)

X
wu P(V“)m, cpP({l,..., 2g})
and

PVi)Sy cPL,....2q))C

Card(v“) 2 2
“rx Y s Yy (C1)E VAT IATS n i)Y Gr10)
Mg ) ety ™0 Rad reP (Vi) reP(Vig),
re(l,2g—k re2q— k+12q]
I1 E (Y[ (t)Y; (71')) I1 E (Yx (t)Y; (’r+k))
reP(Vig)sy reP(r)oy
re(l,2g—k| re2g—k+1,2q)

Now write E [M,-J —F (M,J)] 24 as

k_ 2q!
= Z (_1) (2q qk k! n2q+k Z Z Pk,l (t17---7t2q+k)
0 (t17-~712q+k)€Tk,l
(using the iid assumption)

2q Card(T;
2q! :
= kgo <_1) (2q qk 7! Z nzqgkkopk,l

Note that Card (Vi) < 2¢ -+ k leads to P; = 0 and hence we can write

. z Card
2q 2g! ara( 7,
E (Ml'd') = k;o(_l) 2q qk 73l Z nzqgkkl)Pk,l
2q Card
k2! ard(7;
=Y (=) g om > #Pk,z
k=0 l|Card(Vk7,):2q+k
Zq 2q+k—xi g
k2! :
=Y (V' mom X APy
k=0 l|Card(Vk71):2q+k
2q
k2! c,
=LV aom L R

1|Card(Vy;)=2g+k
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As it has been mentioned above, we have that

hy g
Card (VkJ) — th = Xk,
j=l1

If Card (VkJ) = 2q + k this becomes

2g+k—hip=xp

If 2g + k is an even number and if we set Card <S§k,l)> =2,j=1...,55—,
we have that

k
Xk,z=61+§

Note that if there exists Sg.k’l) such that Card (Sg.k’l)> > 2, we have that
hiy < # and hence

q-+ g < Xk,
Thus, we can establish the lower bound

— <
X,
Q+2 k|l

Given that x; ; < 2g +k — 1 we can write

k
q+5 <xp<2q+k—1

If 2g+ k is an odd number and if we set Card <S(k’l)

i

>:3 and

Card (S§.k”)) =2, j=1...,2*% _ 1 we have that
k1

xk,IZQ+T

Note that if Card (Sl(kJ) ) > 3 or if there exists Sg.k’l) such that Card <S§k’l)) >

2, we have that h; < g+ % and hence

k+1
q-l-T < Xkl
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Thus, we can establish the lower bound
k+1
— <
q-+ 5 SNkl
Given that x; < 2g+k — 1 we can write

k41
q+% <y <2q+k—1

A

Thus, we can write E [M; ; — E (M, ;)] % as

L (-DF 2 r kL Py
k=0 (amh I\Card(VM>:2q+k ki
2 , ¢ k
= ¥ (0 g L KL Py + L e
k=0 2g+k even " 2g+k odd "
g+ 5% <x <2g+k—1 g+ 5 <xy <2g+k-1
2q c C
_ k29! 1 ki p _ %kl p
]‘EO( : (ke n‘”% Zq+keven): n'rk-’ﬂF% b 2g +k odd r nxkjiqi% o
a+4 <xy<2q+k-1 g+ 55 <y <2g+k—1
a2 1 U p U p
" "EO( ) (2q7k)!k!”% 2q+keven): /xA"-’ﬂF% b 2g+k odd r n”‘-’iqf% o
g+ 5 <xy<2q+k—1 a+ 5L <y <2g+k-1
6.7.2 Lemma 6.2
Lemma 6.2. If we define as
p n 2
A _1 1 yvn 1 /
D =4 £ (AEm 0 - X0 - £ K6 -x0150))
j= =
p n 2
1 1 1 /
1 £ (1 Eroxo -k £ roxe)
j=1 \"1=1 =1
LD
=r L9
J=1

the distance measure between the i-th and the i'-th column of the sample
covariance matrix we have that
Cii

E[Diy—E(Diy)] 24

2q
Write E [D;y —E (lA)iyi/)}zq as E % Zp‘, Qj—E(Qj)| and use Hoelder’s
=1
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inequality to establish the upper bound

2q 2

<[1(ele;-E (Qj)]2q>21q

J=1

Ly 0,-E(0))
E|-Y 0,—E(Q;
P j j

Note that £ [Qj —E (Qj)} 2 can be written as

t
1
S =

L X)X, (0)%(02)X,(0)

t :ltgltélYi(tl)Yj(fl)Yi(tz)Yj(t3)

Y L Y Y Yi(n)Yj(t)Yi(13)Yj(ta)

H=lbh=1H=113=1

_E (rll )’f )If Yi(tl)Xj<t1)Yi(t2)Xj(t2)>

t1=112=1

tl=1¢

Jro

M=M=

S
o

+

=-J>| —_

n n n

+E (n% Y ¥ E(tl)Yj(fl)K(fz)Yj(%))

Hh=1n=11=1
n

2q
E (,%4 LYYy E(tl)Yj(tz)E(%)Yj(M))]

Hh=1ln=1n=11n=1
Thus, using Lemma 1, we have that E [Q; — E (Qj)}zq = nCT’q Hence,

2q 2
E

1 14
;ZQJ—E(Q/')
=

6.7.3 Proof of Proposition 6.1

AN A

Write {|[§r7 (' PEP' ) §' — PEP'|| > €} as

AL A

{||wt (W' PEP'§) ¢ — PLP'|| > e} N [{Py =Py} U{PY # Py}]

or
{11 (9 PSP 9 — PEP| > €} 1 {P = Py} U
[z (9 PEPY) O — PEP'|| > e} 1 { PV # Py}
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Using that

{||1/71(1i/’ﬁflﬁt1/7)1i/—PZPi|| > e} A
N{PW +# Py} C {Py# Py}

we have that

AA A

{7 (9'PEP' ) — PEP'|| > e} )
C {llyt (v'PLP'y) y — PLP'|| > e} U{PY # Py}

Note that

{llwe (9 PEL'Y) y' — WPZP‘WII>8}
C {[lwll |7 (¢ PEP'Y) ' — wy' PP | ||y]| > €}

with ||y|| = 1 and hence

AL A

{97 (¢ PEP' W) — PEP'|| > €}
C {||t (y'PEP' y) — yPEP'Y'|| > e} U{ Py # Py}

Decompose the event { ||t (y' PP y) — w'PLP y|| > €} as
y yv)—y

{[ll (v'PEP'y) — W' PLP'y|| > e} N {7 (W' PLP'y) = 1o (y'PLP'y)] }
U
{{II (v'PLP'y) — W' PLP y|| > e} N {1 (W' PEP'y) # 10 (W' PEP' y)] }
which means that
{|lyt (' PLP'§) y' — PEP!|| > €}

C {||7o (y'PEP'y) — W' PIP y|| > €}
U{Py # Py} A
U{t (y'PLP'y) # 10 (y'PLP'y)}

6.7.4 Proof of Theorem 6.1 and Theorem 6.2

By construction the event {P¥ =Py} is equivalent to the event
{31 :Rk(D;) # Rk(D, ) }. Thus, we have that

P({P¥=Py}) =P({3A#1':Dy <D, and Dy > D;.})
<Y z P({D,L <Djsand Dy > Dy })
AA
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Denote 8y, = E (D; —Dy/) and write

Z/'L Z?L’<7LP (6&}/ —l—ﬁx —EDA < Dl’ —ED/'L/ and D/’L > D/'L’)
< ZA Z)V<Z,P <D7L —EDA < —% and D?L > D?L’)

R NS,
+¥a Y P (D/l —ED) > % and D; > D/l’)

(1)

/
Note that the cardinality of the double sum is 2 Pp-1) =5 D with p= and
hence
R A S '(p—1) 2%
yY P<D,1—ED,1 < =222 and Dy, >D;L,> L) 2% <
7 Al<A 2 254 ni

6.7.5 Proof of Theorem 6.3

Consider the projected matrices S = w/ PLP"y and S = y! PLP'y and denote
~ A ~ 12N
as {Ck}izl a collection of subsets of the coefficients S with S = |J C;.
=1

k=
Moreover define M; = max (C‘k) and denote as 6y the threshold for M.

Type I Error

The event of a type [ error on the individual level is defined as
{|Mk| > 6 and M), = 0} Write

P ({INt] > 6 and M = 0})  =2P ({77 > 6} and M, = 0} )

()

2q
6;

5

2q
nd- Ok

If we denote ¢ = maxy (cx) and 6 = min (6) then the probability of at least
one type I error occurring can be bounded as

P (3k : {|My| > 6, and My =0}) <SP on

Using that p = F - n® and if we set 6 = Kn = the upper bound becomes

c _F-c

: — %14
n4 - K2qn—§'261 . n%'zq qu

F-n%.
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Thus, for > % we have that

lim P (3k: {|My| > 6 and My =0}) =0
n— o
p—

Type 11 Error

The event of a type II error is defined as {|My| < 6|M; # 0} with
£ (1) _ 6.~ (11"

¢E<M,gq_E(ng>) - ¢E(M,gq_E(ng>)

Lemma 6.1 we have that

\/E (M,fq —E <M,§q>> = % and put 6; = Kn~2*1 which allows to write

P(IM| < 6) = 2P

Using

P(|My| <6)=P (|Mk] <c.! (an‘m —E <M£q> n")). Thus, given that
if M;, # 0 we have that £ (M,Eq) >0andifn < % we obtain

lim P (|Mk| <c! (Kan" —E (M,fq> rﬂ> My # 0) ~0.

n— oo

6.7.6 Proof of Theorem 6.4

To start with, we bound P (||Z|| > €) as

E [trace(E%)]

P([[E]l > &) = P(|[E[|*" > &) < P(race(2™) > £*) < —— 1

Given the oracle property of the operator 7(, ), the matrixZ,, has the same
sparsity structure than the projected population matrix in (6.3.1). Moreover,
for any power ||Z||?? with ¢ € N* the sparsity pattern is also given by the
form in (6.3.1). Thus, ford = 1,...,K we have that

2g

5 K K
HIES YD M |

=1 iy =11=1
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Taking the expectation leads to

—2q K K 2q —_
EG%» —E| Y ... Y 2«

) , L |
11=1 lzq,|:1121 e

K K 2q
=Y .. Y% EQHE. w)

Il
=1 irg—1=1 =1 e

K K 2q 5 zi
<y..r nme(=y )"

i1=1  iyy1=11=1 yesing—1,0
1
2 ; . 2q
. § g I_Li <Czlf ..... 12q1,1>2‘1
— ... —q
i1=1 iy 1=1I=1 n
X K C"]f g1
el
<y ..y e
i]zl izq_lzl
S KZq—l;_z

Ford=K+1,...,p, we have that

2
=24\ _ o
E (Hd,d> - E (ll:I] h1117“-7124117[)

2q €1

- 2

<TE(g)"

=1
4

<

Hence,

K p
E [trace(E%)] = dg K*-'4 +d—%+1 &

2 /
< KM 1KS

Thus, if we set K =M pﬁ we have that

Cqu Z(Zﬁ C/'M ﬁ
E [trace(Ezq)] < nqp -+ nqp

Given that p = Fn® this becomes

CM2ap2aBplaBa . p2qB B0
E [trace(Ezq)} < ¢ " 46 "

n4 n4
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If B < ﬁ then 2¢g- B - @ — ¢ < 0 and hence
lim P(||to (y'PEP'y) — y'PLP'y|| > €) =0

n— oo

p—ee



Chapter 7

Conclusion

In this thesis we introduce several new concepts in different fields of statist-
ical analysis.

Wavelet Analysis: We generalize the notion of autocorrelation wavelet
functions of discrete wavelet vectors by introducing the concept of cross-
correlation functions.

Time Series Modelling: All existing LSW model frameworks in both, the
univariate and the multivariate setting, are based on the use of an orthogonal
increment process. As we have seen in Chapters 3 and 4, the orthogon-
ality assumption leads to restrictive assumptions on the form of the local
autocovariance function, especially in the multivariate case. We show that
the local autocovariance function of LSW processes with non-orthogonal
increment processes remains asymptotically unique. Thus, we introduce an
enlarged class of locally stationary processes which contains the standard
LSW process model as a sub-class. In Chapter 5 we illustrate how intro-
ducing a factor model specification of the increment process in the MLSW
framework leads to a dynamic factor model specification with time-varying
factor loadings. Based on the LSW factor model we introduce new concept
such as the local factor inertia.

Estimation: In Chapters 3 and 4 we provide a periodogram-based estimator
of the evolutionary wavelet spectrum for the generalized LSW process
model. We show that the smoothed and corrected version of the estimator is
consistent. Chapter 6 defines an estimator of the projections of covariance
matrices projected on an unbalanced Haar wavelet basis in the case of
white noise processes. We show that our estimator is consistent in operator



234 Conclusion

norm as both, the sample size and the number of variables goes to infinity,
given that the population covariance matrix has a sparse representation in
the wavelet domain. Simulation studies and real data analyses show the
good performance of the thresholding estimator compared to shrinkage-type
estimators.

Application: This thesis contains two main applications. In Chapter 5 we
use the LSW factor model to define the notion of local factor inertia and
local distance measure between pairs of time-varying factor loadings. These
two concepts are then used to model the degree of economic integration of
the European currency area. Moreover, we propose an adaptive clustering
approach of the Euro member states based on a combined use of the local
distance measure and the k-means clustering algorithm. In Chapter 6 we use
the thresholding estimator to build an adaptive asset allocation scheme for
the components of the Dow Jones Industrial Average.

We conclude this thesis by discussing some possible future research dir-
ections. In terms of LSW modelling a very important extension would be
to consider LSW processes with serially correlated increments. A short
inspection of the asymptotic autocovariance representation of these kind
of processes reveals that the local autocovariance function would involve
shifted versions of the autocorrelation wavelets of the standard LSW model
framework. Hence, showing asymptotic uniqueness of the covariance rep-
resentation of these kind of processes would first of all involve the deep
study of the dependence structure of autocorrelation wavelets at both, dif-
ferent scales and different shifts. A study of the literature on time series
models with correlated increment terms, especially on fractional Brownian
motion, shows that including serial correlation among the increments could
be important when trying to model processes with long-range dependence.
Another key issue would be to combine the sparse modelling approaches
described in Chapter 6 and some aspects of LSW modelling. For example, in
Chapter 5 we have seen that the inverse representation of the autocovariance
function of multivariate LSW processes converges in operator norm to the
EWS matrix only if the number of variables in the MLSW model remains
constant as the length of the time series goes to infinity or at least grows at a
lower rate. If we include sparsity assumptions on the EWS matrix, we could
define a MLSW model framework suitable for high-dimensional settings
where the number of variables grows at a larger rate than the length of the
time series.
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