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Abstract

Building electricity consumption highly varies due factors such as occupancy behavior, weather
conditions, and operational practices. In this study, we develop a novel statistical framework
to model these complex consumption patterns using an extensive set of probability distributions.
Specifically, we systematically evaluate twenty candidate models — including fourteen canonical con-
tinuous probability distributions, Gaussian mixture models, 2-parameter Weibull mixture models,
and kernel-density estimation using Gaussian kernels — across three distinct temporal clustering
granularities. Our analysis is conducted on three sets of datasets that cover UK households and
two Renewable Energy Communities from Brussels, Belgium, encompassing both residential and
business energy consumption profiles. For each data cluster, probability distributions are fitted
using maximum likelihood estimation or the Expectation-Maximization algorithm. We assess the
goodness-of-fit of each model by combining multiple metrics: log-likelihood, Akaike information
criterion, likelihood-ratio tests, and a parametric bootstrap-based Kolmogorov—Smirnov test that
adjusts for parameter estimation uncertainty. Our findings indicate that clustering granularity
plays a crucial role in the effectiveness of probability distribution fitting for electricity consumption
data. At coarser granularities, mixture models (MMs) consistently outperformed other methods.
However, as granularity became finer, the performance landscape became more varied. While
MMs maintained strong performance, other models (such as the log-normal) also demonstrated
competitive results in specific scenarios. Our approach enhances electricity consumption modeling
accuracy while offering valuable insights for demand management and energy policy. By integrat-
ing diverse datasets and a rigorous evaluation framework, we set a new benchmark for analyzing
building energy use and supporting more efficient energy systems.

Keywords:
Building electricity consumption, Statistical modeling, Probability distributions, Probability
density functions, Goodness-of-Fit, Energy efficiency

1. Introduction

Energy consumed by the building sector, encompassing energy used for construction, heating,
cooling, lighting, and the operation of appliances and equipment, accounts for 30% of global final
energy consumption and 26% global energy-related emissiond] In Europe, buildings are the largest
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energy consumer, making this sector pivotal in achieving EU’s ambitious energy and climate goald?
Given this critical role, optimizing energy efficiency in buildings is increasingly recognized as a cor-
nerstone for sustainable development. A new trend emerging within this context is the promotion
of Renewable Energy Communities (RECs), where groups of users collaboratively produce, share,
and consume renewable energy. RECs are a way to decentralize the energy network management,
distribute and use energy more efficiently and reduce energy costs. They enhance local energy
autonomy and facilitate the integration of renewable energy sources into the grid, contributing
to decarbonization efforts. As energy efficiency and sustainability demand intensifies, advancing
data-driven methods for understanding and optimizing local building energy consumption becomes
imperative. This approach offers potential pathways to reduce emissions and foster greener, more
resilient communities.

Research on modeling electricity consumption patterns in buildings is essential for advancing
energy efficiency and sustainability. By accurately capturing consumption patterns, models enable
better demand-side management, inform energy policy, and guide the design of energy-efficient sys-
tems and appliances. These models are particularly critical in RECs, where localized production,
sharing, and renewable energy consumption depend on precise forecasts and adaptive strategies to
match supply with demand. In RECs, understanding consumption patterns is key to optimizing
energy distribution and maximizing the use of renewable sources such as solar and wind, which
are inherently variable.

Modeling electricity consumption patterns in buildings using probability distributions provides
a statistical framework to analyze and predict energy usage behavior. Each probability distribution
is characterized by a probability density function (PDF), which describes the likelihood of a con-
tinuous random variable taking on specific values. These functions enable the characterization and
quantification of variability, trends and uncertainties in electricity consumption, which are critical
for effective energy management. Probabilistic models account for variability and uncertainty in
energy use, supporting tasks such as load shedding, planning for peak demands, and simulating
various scenarios to assess their impact on energy use. In general, the estimation of PDFs serves as
an intermediate step for other tasks, including machine learning tasks, such as clustering, regres-
sion, forecasting, and anomaly detection [I], 2, B]. For instance, PDFs are valuable for detecting
anomalies such as equipment malfunctions or unauthorized energy use, by highlighting deviations
from expected patterns. In the context of RECs, probabilistic modeling helps to optimize the bal-
ance between electricity production and consumption over different time scales, enabling strategies
such as maximizing self-consumption and minimizing losses. For example, these models can be
used to notify community members when surplus production is expected, encouraging efficient use
of energy. By leveraging the descriptive and predictive power of PDFs, we can develop smarter,
data-driven strategies to enhance sustainability, resilience, and energy efficiency in the building
sector.

This paper extends the current body of literature on modeling electricity consumption pat-
terns in buildings at the individual level, particularly by building upon the influential work of
Munkhammar et al. [4, [5]. Their study [4] modeled household electricity load using only two
probability distributions (2-parameter Weibull and 2-parameter log-normal) and a single temporal
resolution. While impactful, it left several avenues unexplored. Following directions suggested in
their future work, such as evaluating a broader range of probability distributions, we significantly
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expand the scope of analysis by assessing 20 probability models, including canonical, mixture,
and non-parametric distributions, across three temporal clustering granularities and three diverse
sets of datasets (UK households and two Belgian RECs). In addition, their evaluation method
was primarily based on the percentage of times the fitted models passed the Kolmogorov—Smirnov
(KS) test without accounting for parameter estimation uncertainty. Although they complemented
the KS test with visual assessments, their reliance on this single statistical metric led them to
conclude that the 2-parameter Weibull distribution was the best-fitting model. As a result, their
subsequent work [5] focused exclusively on this distribution. Relying on a more robust evaluation
framework, we provide a more comprehensive, data-driven reassessment of established practices in
electricity consumption modeling. This systematic extension provides practical insights for model
selection and energy management, particularly in the context of RECs.

Our study systematically reassesses established practices in building energy consumption mod-
eling to evaluate how well commonly used probability distributions perform under varying con-
ditions and whether more flexible alternatives should be considered. While prior works have pri-
marily relied on simpler versions of common distributions (e.g., 2-parameter Weibull), we extend
this analysis by testing both their more complex variants (e.g., 3-parameter Weibull) and addi-
tional distributions, such as exponentially modified normal and inverse Gaussian, to better capture
right-skewed consumption patterns. We further explore Gaussian and Weibull mixture models
(MMs) to accommodate multimodal behaviors and employ kernel density estimation (KDE) as a
non-parametric alternative. Through this comprehensive assessment, we refine best practices for
energy consumption modeling, ensuring that model selection is guided by empirical performance
rather than convention, ultimately leading to more accurate and reliable statistical representations
of electricity consumption patterns.

Our study also stands out for its consideration of diverse datasets. We analyzed three dis-
tinct sets of data, encompassing electricity consumption profiles from households in the UK Power
Networks’ Low Carbon London project [6] and two active RECs in Brussels, Belgium. These
RECs include profiles from households and workshops (e.g., catering kitchen, garage, atelier, etc.).
Unlike prior studies that focused solely on residential or commercial contexts, our inclusion of
both household and business profiles introduces a broader spectrum of consumption dynamics.
Households tend, for instance, to display peak usage in the morning and evening, while small busi-
nesses exhibit irregular patterns influenced by their specific operations. This diversity makes our
modeling approach more representative of varied real-world consumption behavior. Additionally,
our analysis of RECs introduces an unexplored perspective, as probability distribution fitting for
energy consumption patterns in RECs has, to our knowledge, not been previously studied.

In this study, we focus on electricity consumption rather than instantaneous load, as considered
in Munkhammar et al. [4, [5]. While both perspectives offer valuable insights, modeling consump-
tion, defined as energy use aggregated over time, aligns more closely with the objectives of our
analysis. Consumption data is increasingly central to modern energy systems, particularly in the
context of RECs, where aligning demand with variable renewable generation requires an under-
standing of temporal usage patterns. This choice enables us to capture behavioral trends, support
billing and efficiency analyses, and reflect the type of data most commonly available through smart
metering infrastructure. By adopting this perspective, our work complements and extends prior
studies, offering a broader and more application-oriented evaluation of probabilistic models for
energy use in buildings.

Another contribution is our approach to clustering consumption profiles. Inspired by the tem-
poral resolution-based strategy used by Munkhammar et al. [4, 5], we expanded the scope to
include three categories of temporal resolution, providing different clustering granularities. This



approach addresses a key challenge for new RECs, which lack sufficient data to implement finer-
grained clustering. Our work facilitates the broader adoption of probabilistic modeling in diverse
REC contexts by offering a flexible framework adaptable to varying data availability.

Finally, our evaluation framework establishes a new standard for robustness in assessing model
performance. We integrated multiple metrics, including the KS test (with parameter estimation
adjustments), log-likelihood, Akaike information criterion (AIC), likelihood-ratio tests, and visual
assessments of data histograms and fitted PDFs. Many prior studies relied on the KS test without
accounting for its sensitivity to sample size or the need for adjustments when parameters are
estimated |4, (5, [7]. By addressing these methodological oversights, we ensure a more rigorous and
reliable evaluation of the models. Our findings further highlight the importance of reassessing
established practices through comprehensive assessments. For instance, despite the popularity of
the 2-parameter Weibull distribution, our results suggest that it may not be a reliable choice for
general use, emphasizing the need for a more data-driven approach to model selection.

To sum up, this work’s contributions include:

¢ Expanded and flexible modeling approaches: we evaluate both simpler and more com-
plex forms of common parametric distributions (e.g., 2- and 3-parameter Weibull), incorpo-
rate additional right-skewed models (e.g., exponentially modified normal and inverse Gaus-
sian), use Gaussian and Weibull MMs to capture multimodal behaviors, and apply KDE as
a non-parametric alternative.

¢ Refined clustering approach: we introduce three different temporal clustering granular-
ities, offering a flexible framework that accounts for data availability constraints, making
probabilistic modeling more accessible to new RECs.

e Diverse dataset analysis: our study includes electricity consumption profiles from UK
households and two RECs in Belgium, spanning both residential and business consumption
patterns to ensure broader applicability.

e Rigorous and multi-metric evaluation framework: We integrate log-likelihood, AIC,
likelihood-ratio tests, and a bootstrap-adjusted KS test to assess model fit, addressing
methodological gaps in prior studies that used unadjusted or single-metric evaluations.

e Comprehensive, data-driven evaluation of modeling practices: We systematically
reassess commonly used probability distributions under diverse conditions, revealing the lim-
itations of convention-driven choices (e.g., 2-parameter Weibull), and offer practical guidance
for selecting appropriate models — balancing complexity, performance, and clustering granu-
larity.

The remaining sections of this paper are organized as follows. Section [2] introduces some basic
concepts. Section [3| presents the related works. Section [4] describes our temporal-based strategies
for clustering energy consumption profiles, the models tested in our experiments, and our evaluation
framework for goodness-of-fit (GoF). Section [5| presents the experimental setup. Section @ presents
the experimental results. Section [7] discusses our results, and Section [§| concludes our work.

2. Background

Probability distributions provide a statistical framework for analyzing and predicting elec-
tricity consumption patterns in buildings. Each probability distribution is characterized by a



probability density function (PDF), which describes the likelihood of a continuous random
variable taking on specific values. In our work, the continuous random variable is electricity con-
sumption (energy usage in kilowatt-hours, kWh) at a given time interval. The PDF describes the
likelihood of different electricity consumption levels occurring within those intervals, allowing for
the characterization of consumption patterns over time.

To estimate the parameters of our chosen distributions, we employ maximum likelihood
estimation (MLE) [8], a statistical method that identifies the parameter values that maximize
the likelihood of observing the given sample data. This approach ensures that our models are the
best possible fit to the observed data, based on the likelihood principle [9].

In scenarios where the data exhibits complex patterns that cannot be adequately described by a
single probability distribution, mixture models (MMs) [9] offer a versatile and powerful solution.
An MM represents a combination of multiple probability distributions, each corresponding to a
different subpopulation within the overall data set [10]. These subpopulations, or components, may
each follow their own unique distribution, allowing the MM to capture the underlying heterogeneity
in the data [9].

The Expectation-Maximization (EM) algorithm [9, [I0] is a key technique we utilize for
parameter estimation in MMs. By iteratively alternating between the expectation (E) step, which
estimates the distribution of latent variables, and the maximization (M) step, which updates the
parameters, the EM algorithm efficiently converges to a local maximum of the likelihood function.

Assessing the goodness-of-fit (GoF) [11],[12] of our models is crucial to validate their accuracy
and reliability. GoF tests provide a quantitative measure of how well the model’s predictions align
with the observed data [11], [12]. This alignment is essential for identifying any discrepancies and
refining our models accordingly. In our methodology, we employed various GoF metrics to ensure
the robustness of our models.

3. Related Work

In this section, we focus on related work that addresses probability distribution fitting and
its evaluation in the context of modeling building electricity use. These studies are particularly
relevant as they explore the suitability of various statistical distributions to represent electricity
consumption patterns and their validation methodologies. For an in-depth review of the current
state and future challenges of profile models for building electricity use, we recommend Kang et
al.’s work [I3]. Their paper differentiates between electricity use profile models (to which our
contribution belongs) and electricity use prediction models. It then examines research papers,
focusing on four aspects: (i) the temporal and spatial characteristics of the used datasets, (ii) the
distinction between statistical and bottom-up modeling approaches, (iii) the validation metrics,
and (iv) the practical applications of these models in building energy system design and energy
policy development. Bottom-up modeling approaches refer to models that typically apply physics-
based or elemental methods to analyze the composition of building electricity use profiles. Among
the most traditional bottom-up models are those built using building modeling programs, such
as EnergyPlus [14]. On the other hand, feature analysis, clustering, regression, classification, and
probability distribution fitting are named statistical models by the authors. Clearly, our proposal
belongs to their category of statistical models.

Our study’s most closely related work is that of Munkhammar et al. [4]. They used 2-parameter
Weibull and 2-parameter log-normal distributions to model individual household electricity load
profiles. Each electricity load profile were clustered and analyzed considering month, weekday,
and hour of the day, resulting in 12 x 7 x 24 = 2016 groups (datasets for the distribution fitting)



per profile. The analysis was also extended to multiple households via convolution of individual
electricity use profiles. Household electricity load profiles from Sweden [I5] were used in the
experiments, consisting of 200 detached houses (20 households were measured for a whole year and
the rest for approximately one month only). Measurements were made on a 10-minute resolution for
each household. The distributions were fitted using the entire dataset rather than, for instance,
splitting it into training and test data. In machine learning, dividing the dataset like this is
common. However, their goal was simply to fit a distribution to the data, so using the entire
dataset was more appropriate. The parameters of the probability distributions were estimated
using maximum likelihood estimation (MLE). The fitted distributions were analyzed in terms of
relative variation estimates of electricity use and standard deviation, as well as success in the KS
test. Visual assessment of some solutions were also provided. Apparently, the authors did not
adjust the KS test to account for the fact that the parameters were estimated from the data [16].
Overall, the Weibull distribution provided a better fit than log-normal, with 74% and 67% pass
rates in the KS tests, respectively.

In a follow-up paper, Munkhammar et al. [5] extended their earlier paper by presenting a
probabilistic distribution model that integrates household electricity consumption, electric vehicle
home-charging, and photovoltaic power production. The model employs a convolution approach
to combine three distinct probability distribution models: a 2-parameter Weibull distribution for
household electricity use, a Bernoulli distribution for electric vehicle home-charging, and a bimodal
normal distribution clear-sky index model for photovoltaic power production. This integrated
model was analyzed at two system levels: the individual household level and the aggregate level
across multiple households.

Michalkova et al. [7] modeled the electricity consumption of a manufacturing company that
provides hot and cold bending. The data covers the consumption of electric energy (in kW) during
working hours throughout one year, consisting of 3,984 observations. Five probability distributions
were fitted to these observations: normal, 2-parameter Weibull, 1-parameter Rayleigh, logistic, and
2-parameter Gamma. The parameters of the probability distributions were estimated using MLE.
The evaluation of the models included the Akaike information criterion (AIC), the coefficient of
determination (R?), the root mean square error (RMSE), and the KS test (both R? and RMSE
were computed based on the empirical and estimated cumulative distributions). Apparently, the
authors did not adjust the KS test either. The authors also included a plot showing the PDFs of the
five fitted probability distributions alongside a histogram of their data. The Weibull distribution
provided the best fit to their data.

Xu et al.’s work [I7] proposed a method to simulate individual-level electricity use curves
in residential buildings. Using monthly electricity consumption data from residential sectors of
the Jiangsu Province in China, the authors developed a stochastic model to simulate synthetic
electricity use curves. The modeling process consisted of three main steps: feature extraction, two-
step cluster analysis, and distribution fitting. Three feature types were extracted to characterize
household energy use: monthly averaged electricity consumption (i), coefficient of variance of
monthly electricity consumption (CV), and monthly electricity consumption (aq, as, ..., a2). The
first-step clustering grouped all samples into m clusters based on p and CV. The second-step
clustering further divided each cluster from the first step into n sub-clusters based on the monthly
electricity consumption. Thus, after the two-step clustering, data samples were split into m X
n sub-clusters. For each sub-cluster, 14 distributions were fitted: 12 normal distributions to
model the monthly electricity consumption (one for each month); and 2 log-normal distributions
to model the mean (u) and CV. The quality of the distribution fitting was evaluated using the
Student’s t-test. Visual assessment of some distribution fittings was also provided. Their two-step



clustering-based grouping strategy contrasts with the time-based grouping approach adopted by
Munkhammar’s [4, 5] and our proposal, highlighting different methodologies for structuring data
in building electricity use modeling.

A study by E. Carpaneto et al. [I8] modeled aggregated residential load power using the
following distributions: 1-parameter exponential, 1-parameter Rayleigh, 2-parameter gamma, 2-
parameter Gumbel, 2-parameter Weibull, normal, and 3-parameter beta (with the third parameter
set to the maximum value of the data). Their experiments used synthetic data generated via
Monte Carlo simulation based on a previous study [19]. The simulation inputs included number of
customers, hour of the day, season, and working/weekend day (e.g., 100 customers, 10:00, winter,
working day). x?, KS, and geometrical adaptation statistical tests were used to investigate the GoF
of the distributions. The x? test is intended for comparing theoretical and observed categorical
distributions. The authors thus used discretization to assess the (continuous) distributions. The x?
test outcomes are sensitive to the chosen binning (discretization) strategy and can become invalid
if the observed or expected frequencies in any category are too small. It is unclear how the authors
addressed these challenges. However, the authors did account for the estimation of distribution
parameters when performing the KS tests. Additionally, visual assessments of some results were
provided. Their findings indicated that the gamma distribution achieved the best results.

Gonzalez-Longatt et al [20] explored the application of the mean-variance mapping optimiza-
tion (MVMO) algorithm [21] to estimate the parameters of GMMs representing the variability of
power system loads. Real-world load data measurements from two substations in the Venezuelan
power system (Punto Fijo and Judibana) were used to investigate the suitability of the proposed
MVMO approach in modeling complex load patterns. The study found that the GMMs obtained
using MVMO and the standard Expectation-Maximization (EM) algorithm produced similar re-
sults. However, based on the chi-squared test, the authors identified a slight advantage for the
model trained with MVMO. Additionally, simpler models, including normal, gamma, Weibull,
exponential, and Rayleigh distributions, were also tested but failed to pass the KS test. Visual
inspection of the resulting CDFs further confirmed that these simpler models were not suitable for
accurately capturing the complexity of the load data.

Jordan et al [22] conducted a comprehensive study on parametric PDF characterization of
single household peak electrical loads. They tested six typical PDFs (Weibull, gamma, normal,
log-normal, generalized extreme value (GEV), and beta) and one Gaussian mixture model (GMM).
The study utilized high-resolution electrical consumption data from an energy monitoring project in
Edmonton, Canada, with data sub-metered into different channels including total, HVAC, and plug
load consumptions. The researchers evaluated the GoF using visual inspection through quantile-
quantile plots and numerical evaluation via the 2-sample KS test. The results showed that GMM
consistently outperformed the typical PDFs, especially for minutely resolution data. While GEV
and Weibull distributions performed adequately for hourly data, particularly for top 1% and daily
peak datasets, they failed to fit minutely data profiles. The study highlighted the stark difference
in fitting results between hourly and minutely resolution data, emphasizing the importance of
high-resolution data in capturing peak load behavior accurately.

Bandoria et al [23] conducted a comprehensive statistical analysis of electricity consumption
patterns across 128 buildings within the University of Campinas (UNICAMP) smart campus,
Brazil. The study employed multiple statistical models and tests to characterize Electricity Use
Profiles. Specifically, they utilized five hypothesis tests for normality (Shapiro-Wilk, Anderson-
Darling, D’Agostino’s K-squared, Monte Carlo and Lilliefors’ tests), four tests for stationarity
(Kwiatkowski-Phillips-Schmidt-Shin, Augmented Dickey-Fuller, Osborn-Chui-Smith-Birchenhall

and Canova-Hansen tests), and two tests for autocorrelation (Durbin-Watson and Ljung-Box tests).



The authors also fitted the data to five parametric probability distributions (beta, normal, skew-
normal, log-normal and Weibull) and used KDE. The dataset comprised 28 months of electricity
consumption data from January 1, 2022, to April 1, 2024, resampled at 15-minute intervals. Re-
sults were evaluated by comparing the performance of different models across various time intervals
and building types, considering both working and non-working days. The study found that no sin-
gle distribution model could accurately represent electricity consumption patterns over time for
all buildings, highlighting the need for tailored assessments in smart campus energy management.

Existing literature on modeling electricity consumption patterns in buildings typically exhibits
four key limitations:

e Limited model diversity: Most studies evaluate fewer than ten probability distribution
functions (PDFs) [4, B [7, 17, 18, 20, 22, 23], often focusing on standard choices like the
2-parameter Weibull or 2-parameter log-normal.

e Restricted temporal resolution: Prior works, such as Munkhammar’s [4, 5], generally
apply a single clustering granularity, limiting insights into how temporal resolution affects
model performance.

e Narrow dataset scope: Many studies rely on data from a single region or consumer type
(e.g., households or offices) [4, [7, 17, 18, 20, 22 23|, which restricts the generalizability of
their findings.

e Simplistic evaluation methodology: Prior studies often rely on few GoF metrics [4], 20].
Also, it is common to use statistical tests without accounting for their sensitivity to sample
size or the need for adjustments when parameters are estimated[4] [7, 22]. This can lead to

misleading conclusions about model performance and hinders a robust comparison across
different PDFs.

Our study addresses these limitations through a systematic and comprehensive approach. We
evaluate 20 different probability models — including canonical, mixture-based, and non-parametric
distributions — across three temporal clustering granularities. We apply this framework to three
diverse sets of datasets, including UK households and Belgian RECs, which cover both residential
and business profiles. Furthermore, we integrate a robust set of GoF metrics — such as the KS
test (adjusted for parameter estimation uncertainty), log-likelihood, AIC, likelihood-ratio tests,
and visual assessments — into a unified evaluation framework. While some of these metrics have
been used individually in prior studies, our work systematically combines them to provide a more
rigorous and holistic analysis. These contributions collectively fill important methodological and
practical gaps in the literature on electricity consumption modeling.

4. Methodology

This section outlines our methodological approach for modeling building electricity consump-
tion. We begin by describing our clustering strategy, which groups energy consumption data into
distinct temporal-based clusters to capture inherent usage patterns. Next, we detail the suite of
probability distributions — including canonical distributions, Gaussian mixture models (GMMs),
2-parameter Weibull mixture models (WMMSs), and kernel density estimation (KDE) — applied
to each data cluster. Finally, we present our comprehensive evaluation framework that employs
multiple GoF metrics to assess model performance. This structured methodology enables us to
rigorously analyze consumption behavior while providing practical insights for energy efficiency
improvements.



4.1. Clustering granularity

Clustering is applied before fitting probability distributions to group time periods with po-
tentially similar energy consumption patterns, enhancing the accuracy and interpretability of the
distribution fitting process. Electricity consumption may vary based on factors such as time of day,
weekday, month, and seasonality, leading to distinct consumption behaviors. Without clustering,
a single probability distribution would have to capture multiple overlapping patterns, potentially
resulting in poor fits. Thus, clustering helps mitigate the impact of extreme variations, allowing
for more robust parameter estimation and facilitating the identification of well-suited probability
models for different temporal contexts.

Previous studies that inspired our work [4], 5] clustered data considering month, weekday, and
hour of the day, resulting in 12 x 7 x 24 = 2016 groups per energy consumption profile. A
possible limitation of this strategy is that it can lead to clusters with very few samples, potentially
compromising the reliability of the evaluation. To address this limitation, we introduce two coarser
clustering granularities. The coarser one considers only weekdays and hours of the day. The
intermediate one considers the season instead of the month. Thus, the data of each dataset (i.e.,
energy consumption profile) is clustered and analyzed considering three different categories of
temporal resolution:

1. DH: weekday x hour of the day. This results in 7 x 24 = 168 groups.
2. SDH: season x weekday x hour of the day. This results in 4 x 7 x 24 = 672 groups.
3. MDH: month x weekday x hour of the day. This results in 12 x 7 x 24 = 2016 groups.

This means that, for instance, for a single energy consumption profile under the DH category, each
model (such as a normal distribution) will be fitted 168 times (each time in a different data cluster,
such as Monday and hour of the day between 14h and 15h).

The three clustering categories offer different trade-offs between temporal resolution and the
number of samples per cluster. The MDH category provides the finest granularity, segmenting the
data into 2,016 clusters per energy consumption profile, which allows for highly detailed analysis
but may result in clusters with very few data points, potentially compromising the reliability of
distribution fitting. In contrast, the SDH category, with 672 clusters per profile, serves as an
intermediate approach, striking a balance between capturing seasonal variations and maintaining
a sufficient number of samples per cluster for robust modeling. The DH category, with only 168
clusters per profile, benefits from even larger cluster sizes, reducing the risk of insufficient data in
each cluster. However, this coarser granularity increases the variability within clusters, which may
make probability distribution fitting more challenging.

4.2. Models

In our experiments, we considered: fourteen canonical continuous probability distributions;
Gaussian mixture models (GMMs); 2-parameter Weibull mixture models (WMMs); and kernel-
density estimation (KDE) using Gaussian kernels. Table [1| presents the PDFs for the models used
in our experiments, along with their parameters. Each probability distribution is associated with
a concise label for reference in the [Experimental results| section.

Observe that regarding the PDF of a mixture model (MM), the mixture components are normal
distributions in the case of GMMs, whereas for WMMSs, the components are 2-parameter Weibull
distributions.




Table 1: Models used in the experiments.
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modified normal where erfc(.) is the complementary error function
. 2-parameter ) o X AMz—p)?
invgauss2 o C Gaussian Flzip, A) = /5553 exp (72”721> pw>0,A>0
. 3-parameter . o ~ Az—0—p)>
invgauss inverse Gaussian flxypu, A, 0) =4/ (s —)F OXP (— 202 (2=0) > w>0,A>0x>6

. — (z=a)* (b—m)f ! — D))
beta beta f(I,Oé,ﬁ,a,b) - (b—a)“+ﬁ_lB(a,ﬁ) ) where B(O‘:ﬁ) - F(Ot+ﬁ) a > 07 B > 07
and I'(.) is the gamma function a<z<b
gamma2 2-parameter gamma flz; k,0) = % k>0,0>0
[ L
gamma 3-parameter gamma flx; k, 0, 1) = BRI k>0,0>0,z>pn
Gumbel right-skewed Gumbel  f(z;u, 8) = %67(Z+5_Z), where z = zg“ HER, B>0
Rayleighl  1-parameter Rayleigh f(z;0) = ;—2 exp (—;’—22) oc>0
2
Rayleigh 2-parameter Rayleigh f(z;0,0) = IT}Q exp (f (12;92) ) oc>0,z>0
_ k(zyb=1l —(@/NF ip >

Weibullg ~ 2-parameter Fasak) =43 (R)7 e ifz20 A>0, k>0

Weibull minimum 0 ifx <0

3-parameter k (ﬂ)k_l exp [ — <ﬂ>k ifx >0
Weibull b o flaAk,0) =4 AU B) = A>0,k>0,0€R

Weibull minimum .

0 ifx <0
k
; _ <k Ty ) . . . m >0, >0 m =1,
MM mixture model fx) = > mifi(x;0;), where f;(.) is the i-th mixture component 9; parameters of f;(.)
KDE kernel-density flx) = Ly K (x_hxi), where K(.) is the kernel function, h is
i i the bandwidth, and {x1,x2,-- ,x,} are the data used for the
estimation he bandwidth, and he d d for the KDE
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The selection of probability distributions in our study is motivated by the need to comprehen-
sively model the complex and highly variable nature of building energy consumption. Previous
works have explored a subset of these distributions — normal, log-normal, beta, gamma, Gumbel,
Rayleigh, and Weibull — primarily in their simpler forms (e.g., 2-parameter Weibull). We expand
on this by evaluating these distributions across diverse datasets and clustering granularities, using
a more rigorous evaluation framework. By systematically reassessing established practices, we aim
to determine how well commonly used models perform under varying conditions and whether alter-
native or more flexible models should be considered. This comprehensive assessment helps refine
best practices for energy consumption modeling, ensuring that the selected distributions align with
the underlying data characteristics rather than being chosen solely based on convention.

To provide greater flexibility in capturing skewness, heavy tails, and overall distributional
shape, we also include more complex variants (e.g., 3-parameter Weibull). Additionally, we incor-
porate the exponentially modified normal and inverse Gaussian distributions, which are well-suited
for modeling right-skewed data — an expected characteristic of energy consumption patterns.

Beyond single distributions, we explore Gaussian and Weibull mixture models, which offer
greater adaptability by accommodating multimodal distributions. This is particularly relevant
when energy usage exhibits multiple distinct behavioral patterns. Finally, we consider KDE as
a non-parametric alternative, allowing data-driven distribution modeling without imposing rigid
parametric assumptions.

By systematically evaluating this diverse set of models, our study establishes a more robust
statistical foundation for modeling electricity consumption in buildings, helping to identify the
most appropriate models for different scenarios.

4.8. Goodness of fit

In this study, we do not apply a training and test data split, cross-validation, or similar methods
commonly used in machine learning. This is because our focus is not on predictive modeling but
on evaluating the goodness-of-fit (GoF') of probability distributions to the data. Instead, we focus
on GoF measures to rigorously assess how well the fitted distributions represent the observed data.
This approach is more appropriate for the goal of distribution fitting, where the emphasis lies in
capturing the underlying data characteristics rather than generalizing to unseen data.

The GoF of a model describes how well it fits a set of observations. It is typically assessed by
quantifying the discrepancy between the observed values and those predicted by the model. We
used the following tools to evaluate the GoF of a model: log-likelihood; information criteria, in par-
ticular the Akaike information criterion (AIC) [24]; likelihood-ratio test when a model is a special
case of another one (for instance, 2- and 3-parameter Weibull distributions); Kolmogorov—Smirnov
(KS) test (we performed a parametric bootstrap KS test [16], 25] since we are dealing with the case
of fitted parameters); and visual assessment.

Log-likelihood is a natural choice for evaluating models trained using MLE and EM, as it
measures how well the model explains the observed data. Given n observations {xi,za, -+, x,}
and a model with parameters ©, the log-likelihood L is given by:

L=2 Wn(f(z:0)), (1)

where f(z;;©) is the PDF of the model evaluated at x; with parameters ©. The higher the value of
log-likelihood, the better. In addition to the log-likelihood, we considered the AIC, which provides

11



a measure of model quality by balancing the fit of the model with its complexity. The AIC is
calculated as: )
AIC =2k — 2L, (2)

where k represents the number of estimated parameters in the model. The AIC introduces a
penalty for models with more parameters, which helps prevent overfitting by favoring models that
achieve a good fit with fewer parameters. The preferred model is the one with the smallest AIC
value.

Using the log-likelihood and AIC metrics provides a balanced approach to model evaluation,
where the log-likelihood assesses the fit, and the AIC introduces a complexity trade-off, encouraging
parsimonious models. However, these two metrics do not test whether the data follows the assumed
distribution shape across all regions (e.g., tails vs. center). For instance, a high log-likelihood could
occur even if the model fails to capture specific features of the data distribution. On the other
hand, the KS test examines whether the model distribution is consistent with the data. Using the
KS test ensures that the chosen model not only fits well (log-likelihood) and balances complexity
(AIC) but also adheres to the overall distributional shape of the data. Combining these measures
provides a more robust GoF evaluation framework.

The KS test is a widely used GoF method for evaluating how well a sample matches a specified
distribution [16]. Let {1, s, -, x,} be a random sample of size n from a continuous distribution.
The null hypothesis Hy is that x;’s follow a reference distribution. The KS statistic D,, quantifies
a distance between the empirical cumulative distribution function (eCDF) of the sample, denoted
here as F),(.), and the CDF of the reference distribution, denoted here as F'(.):

D, = \/ﬁsgp |[Fa(z) — F()]. (3)

However, when the reference distribution has unknown parameters (common in GoF statistical
tests), the standard KS test cannot be directly used. Replacing true parameters with estimated
ones in the KS test is known to produce inaccurate results [16]. This issue can be addressed using a
parametric bootstrap method, where bootstrap samples of the test statistics are constructed from
samples generated from the fitted hypothesized distribution [16, 25]. Accordingly, we performed
parametric bootstrap KS tests to evaluate the GoF of our models.

The likelihood-ratio (LLR) test is a hypothesis test that involves comparing the GoF of two
competing models, where one of them is a particular case of the other. The test statistic, denoted
by Drrr, is given by:

Dirr =2 (fmt — znull) ; (4)

where L,y is the log-likelihood of the alternative model, and Ly is the log-likelihood of the
null model. The model with more parameters (here, alternative) will always fit at least as well
(i.e., have the same or greater log-likelihood) than the model with fewer parameters (here, null).
To determine whether the more flexible model provides a significantly better fit, we calculate
the test p-value, which tells us how likely it is to observe the difference in fit, Dy, purely by
chance if the simpler model (null hypothesis) is true. When the simpler model is a special case
of the more complex one, the test statistic approximately follows a x? distribution with degrees
of freedom equal to the difference in the number of free parameters between the two models:
df = nparamsq; — nparams,,;. If the p-value is small, it suggests that the observed difference is
unlikely to have occurred by chance, favoring the more complex model.
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Fuvaluation procedure. The evaluation of our methodology follows a step-by-step process. First, we
assess whether the model fitting was successful. This requires satisfying the following conditions:
(1) the fitting procedure completes without errors, (2) the estimated parameter values are valid,
i.e., they do not include not a number (NaN) or infinity values, and (3) the log-likelihood value is
also valid (it is finite and it is not a NaN). Naturally, if the fitting process fails, it would not be
significant to calculate any subsequent metrics. Second, we assess whether the p-value of the KS
test is greater than the significance level, indicating insufficient evidence to reject the hypothesized
model. Thus, the hypothesized model is accepted as a good candidate to represent the data.
Given these two conditions (success in the fitting procedure and in the KS test), we analyze the
log-likelihood and AIC values of the tested models. Additionally, we analyze the LLR test results
for models of the same family.

Fig. [1] presents flowcharts summarizing the experimental process, which is divided into two
phases. In the first phase, the input datasets (i.e., energy consumption profiles) are clustered
according to DH, SDH, or SDH. In Phase 2, each cluster generated in Phase 1 is an input dataset
for the distribution fitting and evaluation process.

Dataset Clustering »
(energy (DH, SDH, MDH) Clusters
consumption

profile)

(a) Phase 1: clustering of the energy consumption profiles.

Dataset . _
Fit Success in
O e iy distribution > the Fiting? % KS Test
N

. . Compute
P v S remanng Goe
’ metrics

(b) Phase 2: distribution fitting and evaluation.

Figure 1: Flowcharts summarizing the experimental process.

5. Experimental setup

5.1. Datasets

Three different sets of datasets were considered in the experiments. The first set, named UK,
is public and comprises a selection of 10 energy consumption profiles from London households
participating in the UK Power Networks” Low Carbon London project, conducted from November
2011 to February 2014 [6]. These 10 profiles were selected because they contain the highest number
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of data points and do not include negative values. The other two sets are from active RECs in
Brussels, Belgium. They were supplied by the partner company WeSmartf], which collects them
for the day-to-day management of the RECs. For privacy reasons, these datasets are anonymized,
and we will refer to them as REC1 and REC2 datasets. REC1 comprehends consumption profiles
of 10 households collected from April 2023 to March 2024. REC2 includes consumption profiles
from 5 workshops (including, for instance, catering kitchen, garage, atelier, etc.) collected from
April 2021 to September 2024.

We highlight that our selection of energy consumption profiles was guided by the need for
datasets with a sufficient number of samples to enable analysis across different clustering granular-
ities. For example, the energy consumption profiles used in [4] consist of household data collected
over relatively short periods, such as one year or even just one month, limiting their suitability for
our purposes.

The consumption data were recorded at 15-minute intervals for REC1 and REC2 profiles, and
at 30-minute intervals for the UK profiles. To ensure a consistent resolution across all profiles,
we adjusted the UK profiles by halving each recorded value. Since our analysis does not rely
on detecting fine-grained temporal variations, any impact of smoothing within these intervals is
considered negligible.

Each dataset (i.e., each energy consumption profile) within the UK, RECI1, and REC2 sets
has an identifier. In the UK and REC1 sets, these identifiers are numerical but do not follow a
sequential order, as they correspond to specific profiles selected from the respective sets. In the
REC2 set, the identifiers are represented by letters (A to E).

Table [2a) shows the cluster sizes for each one of the UK datasets under the three clustering
granularities considered in this study (DH, SDH, and MDH). Its column names are as follow: “D.”
stands for dataset and contains the identifier of the dataset (energy consumption profile), “Min.”
stands for minimum value, “Max.” stands for mazimum value, “Q1” stands for first quartile, and
“Q3” stands for third quartile. For instance, considering the dataset 0 and the DH category, the
cluster with the fewest data points has 568, while the cluster with the most data points has 588.
Similarly, Table [2bf shows the cluster sizes for the REC1 and REC2 datasets. For these two sets,
under a same cluster category, the clusters have the same size across their datasets.

Our experiments did not consider the MDH category for REC1 due to its limited sample
size. Fitting models to datasets with such a small number of instances produces results that are
effectively meaningless.

5.2. Implementation details and parameter settings

We implemented our own version of the Mixture Models (MMs) and used the Expectation-
Maximization (EM) algorithm to estimate their parameters. For GMMs, we relied on the scikit-
learn library’s EM implementation[] In the case of WMMs, we employed our custom EM imple-
mentation. We evaluated MMs with configurations of 2 and 3 components.

Regarding the fourteen canonical probability distributions, we used the Scipy Python libraryﬁ,
and their parameters were estimated using maximum likelihood estimation (MLE). We also used
the Scipy Python library for KDE. We employed Scott’s and Silverman’s rules of thumb for setting
the KDE’s bandwidth.

3https://www.wesmart .com/
‘https://scikit-learn.org/1.5/modules/generated/sklearn.mixture.GaussianMixture.html
Shttps://docs.scipy.org/doc/scipy/reference/stats.html)
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Table 2: Cluster sizes for the datasets.

(a) UK
Cat. D. Min. Max. Median Q1 Q3
0 568 588 576 576 576
1 836 864 847 840 848
12 928 952 928 928 936
13 928 952 928 928 928
DH 14 924 952 928 928 936
15 925 952 928 928 935
16 919 952 928 928 936
17 924 949 928 928 931
18 920 952 928 928 932
20 924 952 928 928 928
0 104 189 142 104 184
1 204 224 208 208 216
12 208 296 216 208 244
13 208 296 216 208 244
14 208 296 216 208 243
SDH 15 208 296 216 208 244
16 208 296 216 208 242
17 205 296 216 208 240
18 200 296 216 208 244
20 200 296 216 208 244
0 32 80 40 32 64
1 61 84 72 64 72
12 64 116 72 64 85
13 64 116 72 64 85
14 63 116 72 64 85
MDH 15 60 116 72 64 85
16 61 116 72 64 84
17 64 116 72 64 85
18 56 116 72 64 85
20 56 116 72 64 85

15

(b) REC1 and REC2

Cat. Set Min. Max. Median Q1 Q3
DH REC1 192 192 192 192 192
REC2 728 732 732 728 732

REC1 36 56 52 45 52

SDH REC2 152 212 184 159 205
REC1 4 20 16 16 20

MDH REC2 48 76 62 52 68




We used the Scipy Python library implementation of the KS test’| when evaluating the canonical
continuous probability distributions described in Section [4.2 We used our own implementation
of the KS test to evaluate the MMs and the KDE. The number of bootstrap samples drawn from
the null hypothesized distribution to form the null distribution of the KS statistic was set to the
default value in the Scipy library (i.e., n_mc_samples = 9999).

For both the LLR and KS tests, we used a significance level equal to 0.05 in our experiments.

Our codes, datasets and figures (for clearer viewing) are available in our GitHub repository at
https://github.com/151564/Modeling-Electricity-Consumption-Patterns-in-Buildings
-Using-Probability-Distribution-Functions|

5.3. Hardware and computing environment

The experiments were conducted on machines of the Consortium des Equipements de Calcul
Intensif (CECI). Table [3| describes the machines used for the experiments. More details can be
found at https://www.ceci-hpc.be/clusters.html

Table 3: CECI machines used for the experiments.

Name Specifications Opertating System

28 computing nodes, 26 computing nodes with two Intel Sandy Bridge (2 x 8-cores
Dragonl  E5-2670 processors at 2.6 GHz) and 2 computing nodes with Intel Sandy Bridge (2
x 8-cores E5-2650 processors at 2.00GHz), 128 GB of RAM

NAME="CentOS Linux"
VERSION="7 (Core)"

Dragon?2 17 computing nodes, each with two Intel Skylake 16-cores Xeon 6142 processors at NAME="Rocky Linux"

2.6 GHz, with 15 nodes having 192GB of RAM and 2 with 384GB VERSION="8.10 (Green Obsidian)"
1536 cores spread across 30 AMD Epyc Naples and 32 Intel Sandy Bridge compute
nodes. The group of AMD nodes are composed of 24 ones with a single 32-core

Hercules2 AMD Epyc 7551P CPU at 2.0 GHz and 256 GB of RAM, 4 nodes with the same NAME="CentOS Linux"

CPUs and 512 GB of RAM and 2 nodes with dual 32-core AMD Epyc 7501 CPU at VERSION="7 (Core)"
2.0 GHz and 2 TB of RAM. The Intel nodes have dual 8-core Xeon E5-2660 CPU
at 2.2 GHz and 64 or 128 GB of RAM (8 nodes)

4672 cores spread across 73 compute nodes with two 32 cores AMD Epyc Rome 7542
Nich CPUs at 2.9 GHz. The default partition holds 70 nodes with 256GB of RAM, and
a second "hmem" partition with 3 nodes with 1TB of RAM is also available

NAME="Rocky Linux"
VERSION="8.10 (Green Obsidian)"

6. Experimental results

This section is organized into five subsections, each addressing a specific research question (RQ)
that guides our analysis and evaluation of the models.

In the first part, we address RQ1: What percentage of model fittings are successful
based on the criteria of (1) error-free completion, (2) validity of estimated parameters,
and (3) validity of log-likelihood values? This step is fundamental because a model that fails
to meet these criteria cannot provide reliable metrics or meaningful interpretations. Ensuring the
fitting process is successful establishes a foundation for all subsequent analyses.

The second part focuses on RQ2: What percentage of cases indicate the reference
model as a good candidate to represent the data (based on achieving a p-value greater
than the significance level in the KS test)? Evaluating the GoF through the KS test is
critical to determine if the hypothesized distributions are plausible representations of the observed
data.

Shttps://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.goodness_of_fit.html
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In the third part, we delve deeper into comparing the reference models using their log-likelihood
and AIC values. This analysis provides insights into the relative performance of the models,
balancing model complexity with GoF. It addresses RQ3: How do models compare in terms
of log-likelihood and AIC values when fitting the data?

The fourth part examines models within the same family using the LLR test, addressing RQ4:
Are there statistically significant differences between models of the same family in
their ability to represent the data? This step is essential for refining model selection by
identifying the best-performing variants within a family of similar distributions.

Finally, the fifth part presents a visual assessment to illustrate and evaluate the results, an-
swering RQ5: How well do the models visually capture the patterns and characteristics
of the observed data? Visual assessments provide an intuitive way to complement statistical
metrics, helping to identify patterns, anomalies, or areas where models perform well or poorly.

This section addresses these RQs and comprehensively evaluates the tested models, offering a
robust framework for understanding their performance and suitability for modeling energy con-
sumption in different types of buildings (houses, apartments, and workshops).

6.1. Successful model fitting
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Table 4: Percentage of successful model fitting for the UK datasets.
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Table 5: Percentage of successful model fitting for the REC1 datasets.
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28.0 28.6 100.0 28.0 100.0 100. 28.0 100.0 100.0 28.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
28.0 28.6 100.0 28.0 100.0 99.4 28.0 100.0 100.0 28.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Mean 280 286 28.0 28.0 28.0
Std 0.0 0.0 0.0 0.0 0.0 0.0 0.6 0.0 0.0 0.0 0.0

Rank 170 160 17.0 170 [ 170

61

100.0 100.0 100.0 99.6 100.0 100.0 100.0 9. 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0  99.9 100.0 100.0 100.0
100.0 100.0 100.0  99./ 10 100.0 100.0 g 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0 100.0 100.0 95.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0 100.0 100.0 97, 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0  100.0 100.0 . 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 100.0 100.0 100.0 100.0 95.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Mean RE0NI 100.0 100.0 100.0 1 100.0 100.0 100.0 100.0
Std 0.0 0.9 0.9 0.0 0.9 0.0 0.3 0.9 0.0 0.0 0.9 2.1 0.0 0.0 0.0 0.0 0.0

Rank 160 160 16.0 16.0 16.0 101010 10
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Table 6: Percentage of successful model fitting for the REC2 datasets.

L v g
R A N I A
& & bY < N N ¥ & S & & F & & & &
Cat. D. % A - A A O ¢ &y v & &P
scott silv
100.0 100.0 100.0 100.0  100.0 100.0  100.0  100.0 100.0
100.0 100.0 100.0 100.0 100.0  100.0  100.0 100.0
DH 99.4 99.4 99.4 4 994 994
100.0 100.0 100.0 100.0
98.8 98.8 98.8 98.8 98.8
Mean 39.8 39.8 99.6  99.6 I 46.8
Std 05 544 465 0.5 54.4 54.4 .
Rank 17.0 17.0 17.0
YN 100.0 100.0  100.0 100.0  100.0 100.0  100.0 100.0 100.0 100.0
13 100.0 100.0  100.0 100.0  100.0 100.0 100.0 100.0 100.0
SDH C [EERY : 99.9  99.9 99.9  99.9 999 ' 9 99.9
1% 100.0 100.0  100.0 100.0  100.0 100.0  100.0 100.0 100.0
10l 99.7 99.7  99.7 99.7  99.7 99.7 99.7
Mean 45.4 45.4 45.4 45.4 99.9  99.9 99.9
Std 0.1 499 452 0.1 49.9 01 01 499 01 0.1 49.9
Rank 170 156 17.0 17.0 17.0
1000 999  100.0 100.0 100.0 99.9  100.0  100.0 100.0  100.0  100.0 100.0 100.0 100.0  100.0 100.0
1:3100.0  99.9  100.0  100.0 1000  99.9 99.9  100.0 100.0 100.0  100.0  100.0 100.0 100.0 100.0  100.0 100.0
MDH C JK) 100.0 100.0  100.0 100.0  100.0 100.0 [EEKR 1000 100.0 100.0 100.0  100.0 100.0
D [ 100.0 100.0  100.0 98.3 100.0 100.0 100.0 100.0 100.0 98.3
E EEK 99.9 99.9 994 99.9 : 99. 9 99.9 9 99.9
Mean 100.0 99.6 100.0  100.0  100.0  100.0 99.6
Std 0.8 435 42.0 0.0 43.5 0.0 03 435 08 0.8 43.5 0.8 392 00 00 00 00 0.0 0.8 0.8
16.8 16.8 16.8 16.8 10 1.0 10 1.0 1.0




Table [4] presents the percentage of successful model fitting for the UK datasets. Overall, the
results were very good for this group of datasets. The worst results are for the dataset 0 under the
category DH for the distributions lognorm2; invgauss2, gamma2, and Rayleighl, but their fitting
success was around 93%.

Table 5| summarizes the percentage of successful model fitting for the REC1 datasets. The
models lognorm2, lognorm, invgauss2, gamma2, and Rayleighl demonstrated the worst results,
with around 28% success for DH and 78% for SDH. This represented approximately a 2.8x im-
provement in the SDH category over the DH category. While Weibull2 did not achieve around
100% success across all cases, its performance was expressively better than the aforementioned
models. The fitting process for the other models was consistently successful. Results were largely
uniform across datasets, with Weibull2 showing the greatest variation: success rates ranged from
76.2% to 100% for DH and from 94.8% to 100% for SDH.

Table [6] presents the percentage of successful model fitting for the REC2 datasets. The results
varied significantly across datasets, with A and B being the easiest to model and C, D, and E pos-
ing greater challenges. Even among the more difficult datasets, there were noticeable differences,
with performance ranking as C < D < E. For datasets A and B, the fitting process was successful
for all models, achieving over 99% success. In contrast, datasets C, D, and E showed poor per-
formance for certain models, which are lognorm2, lognorm, invgauss2, gamma2, Rayleighl, and
Weibull2. Across these more challenging datasets, performance generally improved with increasing
granularity in the categories, following the trend DH < SDH < MDH. This highlights the influence
of dataset characteristics and modeling granularity on the success of the fitting process.

For clarity, the row labeled "Rank" in these tables represents the average ranking of each model,
computed across the datasets. The ranking ranges from 1 to 20, as our experiments included 20
models, with a rank of 1 assigned to the best-performing model. In cases where multiple models
achieved the same performance, the best rank among them was assigned to each tied models.

6.2. Kolmogorov-Smirnov test

Tables [7] to [0 present the percentage of model fittings that achieved a p-value greater than the
significance level in the KS test. Success in the KS test implicitly requires prior success in the
model fitting process. For readers who prefer an alternative perspective, Tables [A.13] to in
provide equivalent results, but the percentages are computed considering only cases
where the model fitting was successful. Notably, Table [7] can be interpreted as the product of
Table [4] (percentage of successful model fittings) and Table @ Equivalently, for Tables |8 and @
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Table 7: Percentage of Kolmogorov-Smirnov (KS) tests with p-values exceeding the significance level for the UK datasets.

R A L N e P S S
& & £ L & & o & F F £ ¥ F & é\@ é@s &y F PP
Cat. D. ¥ 9 N & & & N4 & & < F Q Q G G 4 & &
scott silv.
0 0.0 1.8 2.4 1.8 1.8 2.4 4.2 3.6 4.8 0.0 0.0 0.0 1.8 2.4 13.1 10.1 9.5
1 0.0 3.6 3.6 6.0 2.4 2.4 1.8 1.8 2.4 1.2 0.0 0.0 0.0 0.6 11.3 22.6 18.5
12 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 3.6 0.0 0.0
13 0.0 1.2 1.2 0.6 1.2 1.2 1.2 1.2 1.2 0.0 0.6 0.6 1.2 1.2 8.3 32.7 28.0
DH 14 1.8 6.5 6.5 8.3 7.7 8.3 1.8 1.8 1.8 0.0 0.0 0.0 0.6 1.2 8.3 13.7 12.5
15 0.0 0.0 0.0 0.0 0.0 0.0 1.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 22.0 13.1 12.5
16 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
17 0.0 0.0 0.0 1.2 0.0 0.0 1.2 0.6 1.2 0.0 0.0 0.0 1.2 1.2 0.0 0.6
18 0.0 0.6 0.6 0.0 2.4 3.6 0.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
20 0.0 3.0 3.0 4.8 3.0 3.0 2.4 3.0 4.2 2.4 0.0 0.0 0.6 0.6 7.7 8.3
Mean 0.2 1.7 1.7 2.3 1.8 2.1 1.4 1.2 1.5 0.4 0.1 0.1 0.5 0.7 7.4 9.0
Std 0.6 2.2 2.2 3.0 2.4 2.6 1.2 1.3 1.8 0.8 0.2 0.2
Rank 12,1 (08209982 TSI 0T 85 TN 121 124 124
0 70 19.3 20.1 25.4 18.8 19.0 25.7 17.0 25.3 8.8 4.3 4.5
1 1.9 14.9 15.2 17.4 13.5 14.4 14.1 10.6 12.6 9.2 5.2 5.2
12 0.1 5.8 6.8 4.5 4.5 6.0 3.7 1.6 4.2 1.0 0.7 0.7
13 5.2 11.5 11.8 15.0 10.0 10.0 18.5 8.3 10.6 5.1 3.7 3.9
SDH 14 7.1 28.7 30.1 26.9 26.9 28.4 22.9 19.2 23.1 10.1 4.3 4.5
15 4.5 13.1 13.8 18.2 11.6 11.8 12.6 8.9 11.6 7.1 3.0 3.0 . .
16 0.1 2.1 2.1 2.7 2.2 2.4 4.6 0.9 2.2 0.9 0.4 0.4 . 5 . 39.6 23.1 35.7 . .
17 2.2 6.8 7.4 9.5 7.0 7.3 14.4 7.4 11.2 1.0 3.0 3.0 6.5 9.7 . 39.4 . 5.2
18 0.0 18.9 19.5 9.1 20.1 22.0 17.3 11.0 15.8 0.3 0.0 0.0 8.5 13.4 . 33.2 . 0.7
20 5.8 21.7 23.2 21.1 19.3 20.1 19.0 15.6 16.8 12.6 4.8 4.8 12.2 14.3 23.4
Mean 3.4 14.3 15.0 15.0 13.4 14.1 15.3 10.1 13.3 5.6 2.9 3.0 8.6 11.4 . . 17.7
Std 2.9 8.1 8.5 8.4 7.8 8.2 7.1 6.0 7.3 4.6 1.9 1.9 4.5 6.0 14.7 13.2 10.7 11.6 14.2 13.7
Renk 156 [OANIS NS SI 109 ISRl 141 W05 170 157
0 28.8 34.4 27.6
1 16.0 37.7 38.9 40.7 36.6 37.3 36.6 26.3 20.1
12 3.3 18.2 21.1 19.8 17.4 21.1 21.1 12.9 31.7 6.8 5.0
13 20.9 32.2 34.2 39.1 30.0 31.3 31.4 20.0 20.1
14 19.3 20.3
MDH 15 15.8 36.5 38.8 36.0 37.1 36.3 31.2 17.9
16 6.3 14.5 15.9 19.8 13.7 15.4 22.0 12.3 24.8 . 6.8
17 12.6 29.0 31.1 37.0 27.5 29.3 39.4 24.6 18.0 15.5
18 3.2 29.4 40.2 7.9 4.4
20 214 37.1 31.0 24.1
Mean 14.8 35.4 37.5 37.9 34.1 36.1 39.1 32.5 - 20.6 16.2 16.2 30.1 _ 31.3 29.9
Std 8.4 12.1 12.3 11.8 12.0 12.0 10.0 12.9 9.3 10.2 8.2 8.2 11.1 10.9 12.7 8.5 11.1 10.4 15.5 14.9

Rank 195 (1107 IUS2INSSIN 129 10000937 128 S 171 186 183 145 1.0 13.5
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Table 8: Percentage of Kolmogorov-Smirnov (KS) tests with p-values exceeding the significance level for the REC1 datasets.

,"& ,‘& < 0‘?) 0‘”0% :;1’ > ~o®\ \%0‘» .~§ §W 0\\ Q3 G @‘1‘ @‘b
& & d %‘\o Qoo <& & X2 4&0 && & %\e 3\0 & & é\’é < s> & QQ) Q@
Cat. D. &° 9 ° & & & & & G <* <* N N G G 4 < A

scott silv.

0 0.0 0.6 1.2 0.0 1.2 1.2 1.2 0.6 1.2 0.6 0.0 0.0 0.0 0.6 22.6 49.4 8.3 19.0 3.0 24

10 3.0 3.6 3.6 7.1 1.8 4.2 5.4 1.2 3.6 3.0 0.0 0.6 7.1 8.9 30.4 55.4 19.0 25.0 26.2 25.0

12 0.0 5.4 5.4 2.4 3.0 4.8 4.8 1.8 3.0 1.8 0.6 1.2 3.6 4.2 25.0 42.3 19.0 214 2.4 2.4

13 0.0 0.6 1.8 0.0 1.2 1.8 0.6 0.0 0.6 0.0 0.0 0.0 0.0 0.6 5.4 23.2 16.1 16.7 0.0 0.0

DH 18 0.0 0.6 0.6 0.6 0.6 0.6 1.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 28.0 38.1 20.2 22.0 06 0.6
20 0.6 0.0 0.0 0.0 0.0 0.0 3.0 0.0 0.6 0.0 1.2 1.2 0.0 0.0 28.6 47.6 155 25.0 13.7 12.5

21 8.3 4.8 4.8 22.6 5.4 16.1 22.6 6.0 20.8 14.9 54 10.7 13.1 21.4 47.6 50.0 19.6 21.4 29.2 274

22 0.0 1.8 1.8 7.1 2.4 6.0 2.4 0.6 1.8 2.4 0.0 0.6 3.0 1.8 18.5 54.2 16.1 22.6 42 3.0

8 0.0 4.2 4.2 1.8 4.2 4.8 0.0 0.0 0.0 0.6 0.0 0.0 0.6 3.0 14.3 36.9 22.6 22.6 06 0.6

9 0.0 0.0 0.0 0.0 0.0 0.0 0.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 11.3 31.5 1.8 1.2 7.1 6.0
Mean 1.2 2.1 2.3 4.2 2.0 3.9 4.2 1.0 3.2 2.3 0.7 1.4 2.7 4.0 23.2 42.9 15.8 19.7 8.7 8.0
Std 2.7 2.1 2.0 7.1 1.8 4.8 6.7 1.8 6.3 4.5 1.7 3.3 4.3 6.7 11.9 10.4 6.3 7.0 10.8 10.3
Rank 14.3 10.1 9.3 9.5 10.1 _ 13.9 10.6 12.1 14.7 14.0 11.1 9.8
0 85 16.5 19.0 20.7 18.0 22.2 20.2 129 22.9 10.1 7.1 7.3 11.3 25.1 40.5 54.8 26.3 43.9 109 10.0

10 13.7 35.4 38.7 39.4 35.9 41.5 38.5 34.5 40.6 18.3 12.6 14.1 32.6 49.1 54.5 42.0 54.3 30.2 28.1

12 10.1 33.8 36.9 32.6 31.5 39.0 39.7 40.6 39.1 23.1 14.6 16.8 34.1 45.1 56.8 41.7 56.0 229 21.9

13 4.5 12.8 14.1 19.5 14.9 17.9 19.8 222 20.8 4.8 3.7 3.6 18.8 24.6 38.1 38.5 49.7 10.7 10.1
SDH 18 8.9 13.1 15.6 15.9 14.3 18.0 20.1 16.8 15.2 6.8 4.2 4.3 14.0 19.3 38.8 41.8 58.2 12.6 124
20 18.9 29.2 29.2 30.8 20.2 27.7 28.1 24.1 33.0 18.8 17.0 17.3 30.1 35.6 24.1 289 34.8 34.5

21 29.6 35.6 36.9 50.7 33.9 41.5 408 314 49.4 34.1 26.0 30.2 33.0 52.4 45.2 51.3 454 44.0

22 8.8 26.9 28.6 25.4 25.6 32.4 26.5 299 30.4 15.5 7.6 9.8 24.6 29.2 41.7 54.0 18.3 16.5

8 8.3 28.1 31.8 28.4 31.5 41.2 27.5 34.2 29.2 14.3 7.6 11.3 25.1 35.9 43.2 58.2 17.3 16.2

9 164 28.9 29.0 35.6 21.1 284 35.6 23.2 37.6 20.5 18.8 19.2 22.9 36.6 13.4 134 36.5 35.0
Mean 12.8 26.0 28.0 29.9 24.7 31.0 29.7 27.0 31.8 16.6 11.9 13.4 24.6 35.3 51.6 35.8 46.8 24.0 229
Std 7.3 8.8 8.9 10.4 8.1 9.6 8.4 8.6 10.3 8.5 7.2 8.0 8.0 11.0 9.5 10.7 146 12.1 11.9

Rank 184 [ 118 9.9 8.9 12.6 84792 103 moW 164 195 183 | 127 13.6
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Table 9: Percentage of Kolmogorov-Smirnov (KS) tests with p-values exceeding the significance level for the REC2 datasets.

< & 00&& &éb & > > &> ; ‘5}& & 0\@ > » ) @‘1‘ é\‘b
g g > >

P T T T AT R R G P

Cat. D. < ° e & & g g © 2 < & <& <) O < < &
scott silv.

A 0.0 0.0 0.0 0.0 0.0 00 00 00 0.6 0.0 0.0 0.0 0.0 0.0 0.0 5.4 [1482 0.0 0.0

B 00 3.6 3.6 3.6 3.0 30 12 24 3.0 6.0 0.0 0.0 0.0 00 179 238 20.8 19.0

DH C 00 0.0 0.0 0.0 0.0 00 00 00 0.0 0.0 0.0 0.0 0.0 00  19.0 | 50.0 0.0 00 0.0 00
D 0.0 0.0 0.0 0.0 0.0 00 00 00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 4.2 0.0 00 0.0 00

E 00 0.0 0.0 0.0 0.0 00 00 00 0.0 0.0 0.0 0.0 0.0 0.0 1.2 4.8 1.8 06 0.0 00
Mean 0.0 0.7 0.7 0.7 0.6 06 02 05 0.7 1.2 0.0 0.0 0.0 0.0 76 176 211 279 42 38
Std 0.0 1.6 1.6 1.6 1.3 1.3 05 11 1.3 2.7 0.0 0.0 0.0 0.0 99 199 282 390 93 85
Rank
A 19 2.1 2.2 2.5 0.9 1.0 22 21 2.1 0.0 0.1 0.1 1.8 1.2 135 238 | 436 427 52 49

B 141 19.0 19.8 24.1 17.4 174 241 167 19.8 11.0 9.4 9.5 182 193 421 [ 609 463 539 36.6 35.7
SDH C 0.0 0.1 0.1 1.3 0.3 09 09 03 0.9 0.3 0.0 0.1 0.9 0.7 118 257 1.3 09 01 01
D 00 2.2 2.8 8.9 2.7 58 2.8 22 2.2 3.1 0.3 1.6 4.6 3.3 147 192 4.2 43 06 06

E 00 0.0 0.0 1.0 0.1 03 1.8 1.0 0.9 0.0 0.1 0.1 0.9 09 161 226 86 95 03 03
Mean 3.2 4.7 5.0 7.6 4.3 51 64 45 5.2 2.9 2.0 2.3 5.3 51 19.6 304 208 223 86 8.3
Std 6.2 8.1 8.4 9.8 7.4 72 99 6.9 8.2 4.7 4.1 4.1 7.4 80 127 172 222 243 158 154
Rank 17.2 132 11.6 B2 136 100 [7.00 112 9.0 150 18.0 162 90 @ 104 10.4 10.8
A 106 123 13.2 15.8 12.3 12.8 209 147 173 75 7.4 7.4 140 173 289 376 391 421 152 15.0

B 335 416 43.3 48.1 40.2 40.9 487 405 498 315 29.2 29.3 40.3 476 50.4 523 53.2 521
MDH C 0.9 0.8 0.7 5.2 1.4 39 29 33 3.6 2.8 0.5 2.1 3.8 2.6 164 268 5.3 53 19 18
D 37 9.5 9.2 15.5 11.3 133 106 132 100 9.2 4.5 6.2 145 117 302 368 145 148 51 438

E 50 5.9 5.1 10.5 7.7 6.6 126 142 100 53 4.5 5.7 9.1 85 288 438 286 320 6.7 6.5
Mean 10.7 14.0 14.3 19.0 14.6 155 191 172 181 113 9.2 10.1 16.3 175 | 342 | 457 276 293 164 16.1
Std 132  16.0 16.8 16.8 15.0 148 177 139 184 116 11.4 10.9 141 176 191 219 182 193 212 20.7
Rank 180 146 150 JINGANN 136 | 10.6 U800 94 U820 156 196 163 [196 110 124




For the UK datasets, the percentage of successful model fittings achieving a p-value greater
than the significance level in the KS test followed the trend MDH > SDH > DH. For DH, the best-
performing models were (in terms of mean percentage and standard deviation): WMM3 (59.9 +
18.6), WMM2 (49.9 £ 17.8), and GMM3 (26.5+10.9), KDE_scott (10.1 +11.0), KDE _ silverman
(9.0+9.4), and GMM2 (7.4+7.0). For SDH, the best models were: WMM3 (60.9 £+ 11.6), GMM3
(54.5413.2), WMM2 (46.0=10.7), GMM2 (28.6+14.7), and KDE_ scott (18.7414.2). For MDH,
the best models were: GMM3 (76.6 £+ 8.5), WMM3 (61.1 &+ 10.4), GMM2 (57.9 £+ 12.7), WMM2
(44.1£11.1), gamma (43.8 £ 9.3), and Weibull (42.5 + 10.9). Performance varied among datasets
and models, reflecting the influence of dataset-specific characteristics on modeling success.

For the REC1 datasets, the percentage of successful model fittings achieving a p-value greater
than the significance level in the KS test was consistently higher for SDH compared to DH. The
best-performing models for DH were GMM3 (42.9+£10.4), GMM2 (23.2+11.9), WMM3 (19.7+7.0),
WMM2 (15.846.3), and KDEscott (8.7£10.8). For SDH, the best models were GMM3 (67.7+11.9),
GMM2 (51.6 £9.5), WMM3 (46.8 + 14.6), Weibull (35.3 + 11.0), and WMM?2 (35.8 £+ 10.7). The
improvement of SDH over DH varied significantly across models and datasets, ranging from 1.1x to
59.8x better. Additionally, performance varied substantially among datasets; for example, dataset
21 exhibited much better results than dataset 13, highlighting variability in model effectiveness
across different data scenarios.

For the REC2 datasets, MMs once again emerged as top performers. For DH, the best models
were WMM3 (27.9+39.0), WMM?2 (21.1+28.2), GMM3 (17.6 £19.9), and GMM2 (7.6+9.9). For
SDH, the leading models were GMM3 (30.4 £+ 17.2), WMM3 (22.3 £ 24.3), WMM2 (20.8 £ 22.2),
and GMM2 (19.6 £ 12.7). For MDH, the best results were achieved by GMM3 (45.7 £ 21.9),
GMM2 (34.2 £19.1), WMMS3 (29.3 4+ 19.3), and WMM2 (27.6 &+ 18.2). While the trend MDH >
SDH > DH was observed overall, it did not hold consistently across all cases (e.g., for datasets A
and B, we had MDH < SDH < DH for WMM3). In terms of datasets, the results for A and B
outperformed C, D, and E, with B having better results than A.

6.3. Log-Likelihood and AIC

Figs. 2] to [4] and [ to [7] display the log-likelihood and AIC values, respectively, for the UK,
RECI1, and REC2 datasets. Note that a box is absent if the percentage of success in the KS test
equals 0%. We fixed the y-limits to prevent scaling issues caused by some distributions yielding
very poor results.
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Figure 2: Log-likelihood for the UK datasets (part 1 of 2).
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Figure 2: Log-likelihood for the UK datasets (part 2 of 2).
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Figure 3: Log-likelihood for the REC1 datasets (part 1 of 2).




6¢

REC1 21 - log_likelihood REC1 22 - log_likelihood
1000 - ]
I DH
= SDH
500 - 1
= ii-;i-;p -I-'I'-Ij-l-;-l-'}-l-*-} L& “: 2 & = -I-+-I- -}+ III-I- + +
cEFEFEFFFEEFEeF i
—500 .
—1000 1
_1500 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
REC1 8 - log_likelihood REC1 9 - log_likelihood
1000 ]
500 - 1
g i T ? i ‘
E¥LL & FLEE =@ e 2
0 R R KRR T2 283 F s+ & &£ FF &5+ 5
B ¥ = @
—-500 - -
—1000 - 1
_1500 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
LI LI PP PRI NI IO Y LI LIPS 'b.e'..\
£ & & & SR RIS S TN &SP CHR P PR RS N
S Qo“ o°°°,°° & v &&g’&o"‘&.;\"\qs\@ é&,-,s"'\v S “"";9 & & Q«o" o“oa,’o & v" “409’&0"'& *\0\9’_\\@‘ é°$¢$° FOSTS LK
& ¢ é‘_QC' RS & & EN & ° é‘g“ S . & EN 49

Figure 3: Log-likelihood for the REC1 datasets (part 2 of 2).




0€

REC2 A - log_likelihood

REC2 B - log_likelihood

1000 -

o_

—1000 -

—2000 -

—3000 -

I DH
3 spH
/1 ™MDH

-!-I--I-.-%-I-_-I-‘éi:iﬁl-I-_-I-_-I-i-x-_-I-F E-I-!-E

_fffffffff:fffF;Fflff

—-4000

REC2 C - log_likelihood

REC2 D - log_likelihood

1000 A

o_

—1000 -

—2000 -

—3000 -

—-4000

REC2 E - log_likelihood

1000 A

—1000 -

—2000 -

—3000 -

2 o, -i- -i-_. _I- _-i- i. +-I-¥ii* i* —-- .-I

—4000

A< LA %
\b é\@ é@ éiﬂ)oo Q?\\
&€

Figure 4: Log-likelihood for the REC2 datasets.
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Figure 6: AIC for the REC1 datasets (part 1 of 2).
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Figure 7: AIC for the REC2 datasets.



The log-likelihood results for the UK datasets reveal notable patterns across different levels of
clustering granularity (DH, SDH, and MDH). Overall, the performance can be summarized as DH
> SDH > MDH, with some exceptions, such as the case where Weibull in dataset 0 performed
better under SDH than DH. Additionally, increasing the clustering granularity (i.e., transitioning
from DH to MDH) led to more stable log-likelihood results, as evidenced by decreasing variance.

Identifying the more competitive models for the UK datasets under the DH category was
easier. For datasets 0 and 13, GMMs, WMMs, and KDE achieved the highest log-likelihood
values, with WMMs standing out due to their superior KS test success rates. For datasets 1 and
20, most models (excluding norm, Rayleighl, Rayleigh, Weibull12, and Weibulll) demonstrated
competitive log-likelihood results (when considering both log-likelihood values and KS test success
rates, WMMs consistently outperformed the other models). For dataset 12, GMMs outperformed
WDMDMs in log-likelihood, but WMMs achieved higher KS test success rates, while other models
failed to perform adequately. For dataset 15, GMMs and KDE had better log-likelihood values
than WMDMSs, but the latter excelled in KS test success rates, while other models also failed to
perform adequately. For dataset 14, several models, including norm, exponnorm, beta, gamma
variants, Weibull variants, GMMs, and KDE, delivered high log-likelihood values; however, only
exponnorm, GMMs, and KDE had KS test success rates above 2%, with GMM3 demonstrating
more than double the rate of the others. For dataset 16, GMM3 achieved the best log-likelihood
results and KS test success rates, while WMMSs were the only other models with a KS test success
rate greater than 0%. For dataset 17, WMMs outperformed all other models in both log-likelihood
and KS test success rates. For dataset 18, invgauss, GMM3, and WMMs excelled in log-likelihood
values, but only WMMs surpassed a 50% KS test success rate.

For the UK datasets under the SDH category, the log-likelihood discrepancy among models
decreased, making it harder to identify clear winners. Despite this, some observations stand out.
For dataset 0, KDE emerged as the best model, though its KS test success rate remained below
25%. Norm also performed competitively for dataset 0 but with only a 7% KS test success rate.
For dataset 1, norm achieved the highest log-likelihood value but with a KS test success rate of only
1.9%, followed by KDE. For dataset 12, KDE was the top performer, though its KS test success
rate was below 2.5%. For dataset 13, MMs and KDE achieved the best log-likelihood results. For
dataset 14, gamma2, Gumbel, Rayleigh, and KDE stood out as the top-performing models. For
dataset 15, norm was the best, albeit with a KS test success rate of only 4.5%. For dataset 16,
GMM?2 and WMMs were among the best performers. For dataset 17, WMMs stood out among
the top models. For dataset 18, KDE achieved the best log-likelihood values but with a KS test
success rate below 1%. For dataset 20, KDE models were among the top performers.

For the UK datasets under the MDH category, the log-likelihood results showed even greater
stability across models, with lower variability than SDH. The differences between models were
subtler. For instance, for dataset 0, norm and KDE showed slight superiority over other models.
For dataset 12, Rayleighl was identified as the worst-performing model. For dataset 14, norm
emerged as the best-performing model. For dataset 18, KDE was among the top performers. For
dataset 20, norm and KDE were among the best results.

The log-likelihood results for the REC1 datasets under the DH category demonstrated signifi-
cant variability across datasets and models. GMMs and WMMSs consistently achieved the highest
log-likelihood values, but their performance varied depending on the dataset. For dataset 0, the
MDMs were the standout performers, achieving the best KS test success rates and good likelihood
values. While KDE and gamma models also showed good log-likelihood values, their low KS test
success rates (e.g., gamma: 1.2%; KDE scott: 3.0%; KDE_silverman: 2.4%) can limit their
practical applicability. Dataset 8 followed a similar pattern, with the MMs again dominating the
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log-likelihood rankings. However, while KDE and exponnorm achieved competitive log-likelihoods,
they were hampered by extremely low success rates in the KS test (0.6% and 1.8%, respectively).
The more difficult datasets, such as 9, 13, 18, and 20, continued to highlight the dominance of
MMs in log-likelihood performance. For dataset 9, 13 out of 20 models failed completely in the KS
test (not having subsequent analysis). GMM2, GMM3, and KDE provided the best log-likelihood
results. The WMM models displayed significant variability in the log-likelihood results, with also
lower success rates in the KS test. In dataset 13, GMM2’s log-likelihood results were among the
best ones but it had only a 5.4% KS test success rate, while other models like KDE completely
failed. Dataset 18 showed similar trends, with the MMs outperforming other candidates, though
many models achieved valid log-likelihood values with only a 0.6% KS test success rate. In dataset
20, while GMMs and KDE performed best in log-likelihood, the WMM models suffered substantial
variability, undermining their overall applicability. The modeling task appeared easier for datasets
10, 12, and 21. All models except Rayleighl achieved valid log-likelihood values for dataset 10, with
the MMs and KDE leading in performance. While the other models showed good log-likelihood
values, their KS test success rates remained modest (1.8% to 7.1%). Similarly, dataset 12 saw
strong performance from MMs, while most other models also produced valid log-likelihoods, albeit
with low KS test success rates (0.6% to 5.4%). All tested models achieved valid log-likelihood val-
ues for dataset 21 (with success rates ranging from 4.8% to 50.0%); and log-likelihood values were
generally stable across models (except for Weibull distributions). For dataset 22, the MMs again
achieved the best log-likelihood values, while other models provided valid results but struggled
with low KS test success rates.

The log-likelihood results for the REC1 datasets under the SDH category were generally lower
than for DH, except for datasets 9, 20, and 21, where SDH outperformed DH. Notably, SDH results
were more stable, with lower variability in log-likelihood values and all models achieving KS test
success rates above 0%. This stability made it easier to identify the worst-performing models in
certain cases. For instance, Rayleighl consistently performed poorly for datasets 0, 9, and 20.
However, identifying clear distinctions between the best and worst models was more challenging
for most datasets, as log-likelihood values were more uniform across models. Overall, the DH
category showcased a broad range of performance, while the SDH category offered a more uniform
performance.

The log-likelihood results for the REC2 datasets reveal distinct patterns that highlight the in-
fluence of data specificity and dataset complexity on model performance. A general trend observed
across all datasets is that log-likelihood improves with increased specificity, where MDH > SDH
> DH. This pattern aligns with the percentage of success in the KS test, which also increases with
specificity. Notably, this trend differs from the UK and REC1 datasets, where SDH generally out-
performed DH in terms of the KS test success rate, but log-likelihood values tended to be higher
for DH (the same for SDH compared to MDH in the UK datasets). Additionally, the variability
in log-likelihood results decreased with greater specificity.

The log-likelihood results for the REC2 datasets under the DH category are limited for some
datasets, such as A, C, D, and E, where very few models achieved a percentage of success in the KS
test above zero. Consequently, no meaningful log-likelihood values are available for these datasets.
For dataset A, the WMMs and GMMS3 showed the best log-likelihood performance. However,
GMMS3 had a success rate in the KS test of only 5.4%, and the log-likelihood values exhibited
significant variability. For dataset B, considering both log-likelihood values and the percentage of
success in the KS test, the MMs and KDE models emerged as the best performers. In dataset C,
GMM2 achieved the best log-likelihood results, although its success rate in the KS test was less
than half that of GMM3 (GMM2 and GMM3 were the only models with any KS test success).
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GMM3 was the only model with a KS test success rate above zero for dataset D. For dataset E,
GMM2 and GMMS3 achieved the best log-likelihood results, albeit with small success rates in the
KS test.

For the REC2 datasets under the SDH category, the log-likelihood results were more balanced
across models than DH. In dataset A, the MMs again delivered the best results, although their
log-likelihood values exhibited significant variability. For datasets C and D, GMMs consistently
outperformed other models. For dataset E, MMs, particularly GMM3, achieved the best log-
likelihood values.

For the REC2 datasets under the MDH category, the log-likelihood results were more balanced
across models than SDH. Beta, gamma, and the MMs were among the best-performing models for
dataset A. The log-likelihood results were more similar across the models for datasets B and E.
For dataset C, the GMMs once again demonstrated superior performance, while Weibull2 showed
significant variability in its results. For dataset D, GMMs achieved the best log-likelihood values.

As expected, the AIC results were strongly related to the log-likelihood results since AIC
is directly computed from the log-likelihood. Consequently, many trends observed in the log-
likelihood analysis were reflected in the AIC outcomes. However, AIC offers additional insights
into the relative performance of models by penalizing complexity, which can help differentiate
models with similar log-likelihoods.

The analysis of AIC values for the UK datasets highlights distinct trends across clustering
granularities. Under DH, WMMs consistently demonstrated good AIC performance, though they
were not always the top-performing models - for instance, GMM2 and KDE outperformed WMMs
for dataset 0. For challenging datasets with limited KS test success rates (e.g., datasets 12, 15, and
16), WMMs maintained strong AIC results, though GMM2 achieved better outcomes for dataset
12 and KDE for dataset 15. Under SDH, KDE exhibited consistently good AIC values, but MMs
were clearly superior for dataset 16. The norm model also performed well, especially for datasets
14 and 15. Similarly, under MDH, KDE continued to provide reliable AIC results, with the norm
model also excelling, particularly in datasets 14, 15, 16, and 20.

Regarding the REC1 datasets under the DH category, for the easier datasets (10, 12, and 21),
AIC values were generally more competitive across models. In dataset 10, for example, AIC results
were relatively close among models, though Gumbel and Rayleigh models were clearly overcome.
Similarly, for dataset 21, GMMs and WMM2 occasionally surpassed other models, with Rayleigh
distributions being consistently overcome again. For the more challenging datasets (9, 13, 18, and
20), GMMs consistently emerged among the best performers. In datasets 9 and 13, GMMs achieved
the lowest AIC values, underscoring their effectiveness in modeling these complex distributions.
Dataset 18 also favored MMs overall, while dataset 20 highlighted GMMs and KDE as the top-
performing models. For the remaining datasets, AIC results largely mirrored the trends observed
for log-likelihood. For example, GMMs and WMMs were among the best models for dataset 0.
Dataset 8 highlighted GMMSs as the best models, while MMs dominated the AIC ranking for
dataset 22.

For REC1 datasets under the SDH category, AIC results again followed similar patterns to
those observed for log-likelihood. Typically, AIC values for DH were better than those for SDH,
except in datasets 9, 20, and 21. Also, AIC values under the SDH category presented less variation
and more similarity across models. For datasets 0, 9, and 20, Rayleighl was consistently overcome
by other models, indicating its limitations in these cases.

For REC2 datasets under the DH category, WMM3 was the best model in terms of AIC for
dataset A. GMMs, and KDE emerged as top contenders for dataset B. For datasets C and E,
GMMS3 stood out as the best model. Regarding the SDH category, MMs were the best performers

38



for dataset A, but they exhibited significant variability in AIC values compared to other models.
GMDMs were the best models for dataset C. GMMs were also the best models for dataset D, besides
showing substantial variability in their AIC results. For dataset E; GMM3 was identified as the
best model. Under the MDH category, GMMs were consistently identified as the best models for
datasets C and D. However, determining the best models was more challenging for datasets A, B,
and E, suggesting that no single model consistently outperformed others in these cases.

6.4. Likelihood-ratio test

Tables [10] to |12] present the percentage of cases where the likelihood-ratio (LLR) test identified
a statistically significant improvement (p-value < 0.05) in the fit of more complex models over
their simpler counterparts. The percentages are calculated based solely on cases where the fitting
process was successful, and the KS test indicated a valid model (empty cells denote instances where
these conditions were not met for the models being compared). For example, the table shows the
proportion of cases where the 3-parameter gamma distribution (gamma) significantly outperformed
the 2-parameter gamma distribution (gamma2). This analysis highlights the situations where
increased model complexity provides a measurable benefit in representing the data.

Table 10: Percentage of cases where the likelihood-ratio test favored the more complex model (p-value < 0.05) for
the UK datasets.

Cat. D. lognorm invgauss gamma Rayleigh Weibull GMM2 GMM3 WMM2 WMM3

0 100.0
1 25.0 . 100.0
12 100.0 100.0
IRy 100.0 100.0 100.0 100.0
iE’y  100.0 100.0

DH 15 100.0 97.8 97.9
16 100.0 100.0
17 100.0
18 100.0 100.0
20 . . . 100.0 97.1 97.0

100.0
96.2
100.0

SDH 100.0

100.0

] 100.0

MDH

Overall, the LLR test results for the UK datasets favored more complex models, with the effect
diminishing as clustering granularity increased. Notable exceptions include: lognorm, invgauss,
and gamma for dataset 20, where their improvement over simpler counterparts was more pro-
nounced in SDH than DH; and Rayleigh for datasets 16 and 20, where its gains were greater in
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Table 11: Percentage of cases where the likelihood-ratio test favored the more complex model (p-value < 0.05) for
the REC1 datasets.

Cat. D. lognorm invgauss gamma Rayleigh Weibull GMM2 GMM3 WMM2 WMM3

100.0

100.0

100.0

100.0
100.0
100.0
100.0

100.0
100.0 100.0

100.0

100.0
100.0

100.0
100.0

100.0

100.0 100.0

100.0

100.0

100.0

100.0
100.0
100.0

100.0
100.0
100.0

100.0
96.9

SDH

100.0

100.0
100.0

33.6
35.9
38.8
37.4
37.9
32.0
30.1
39.7
34.0
3.3

Table 12: Percentage of cases where the likelihood-ratio test favored the more complex model (p-value < 0.05) for

the REC2 datasets.

Cat. D. lognorm invgauss gamma Rayleigh Weibull GMM2 GMM3 WMM2 WMM3

A . 100.0 100.0
BT 600 600 1000

DH C 100.0 100.0
D 100.0
E 100.0 100.0 100.0
A 100.0 100.0 100.0 100.0 100.0
B

SDH C 100.0 100.0 100.0 100.0
D 100.0 100.0 100.0 100.0
E 100.0 100.0 100.0
A 33.9
B 20.5

MDH C 38.7
D 16.8
E 37.6
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MDH than SDH. Among the models, GMM?2 demonstrated the most substantial improvement over
its simpler counterpart (norm), with more than 90% of cases showing improvement under DH, over
85% under SDH, and over 68% under MDH. Conversely, WMMS3 typically outperformed WMM?2
in fewer than 50% of cases under MDH, except for dataset 12, reflecting varying levels of benefit
from increased model complexity across different datasets and clustering granularities.

For the REC1 datasets, the LLR test results generally favored the more complex models,
particularly for the DH category. However, there were notable exceptions. For example, in datasets
0 and 8 under DH, the Weibull model showed no improvement over Weibull2; and in dataset 20
under DH, the gamma model also showed no improvement over gamma2. Similarly, in dataset
9 under SDH, the improvements were minimal: 3.3% of the cases for WMM2 over Weibull2 and
3.3% for WMM3 over WMM2. The results were not particularly strong in some cases, such as
23.1% of the cases with improvement of WMM?2 over Weibull2 for dataset 20 under DH; 33.3% of
the cases with improvement of WMM?2 over Weibull2 for dataset 9 under DH; 38.1% of the cases
with improvement of WMM3 over WMM2 for dataset 10 under DH; and 30.6% of the cases with
improvement of WMM3 over WMM2 for dataset 21 under DH. Under SDH, datasets 20 and 21
showed also moderate improvements for lognorm over lognorm2; invgauss over invgauss2; GMM3
over GMM2; and WMM2 over Weibull2. Improvements for WMM3 over WMM2 under SDH were
also moderate across all datasets. Overall, while the results favored more complex models, the
level of improvement varied considerably by dataset, category, and model.

The LLR test results for the REC2 datasets generally favored more complex models too. How-
ever, there were notable instances where simpler models outperformed or matched their more
complex counterparts, challenging the assumption that added complexity always yields better fits.
In some cases, the simpler models consistently outperformed their complex versions. For example,
in dataset A under DH and dataset E under SDH, the gamma model failed to show any improve-
ment over its simpler variant gamma2, with 0% of cases indicating superiority. Similarly, in dataset
D under SDH, WMM2 only improved upon Weibull2 in 3.6% of the cases. There were also less
extreme cases where simpler models were favored. For instance, WMM3 under the SDH and MDH
categories often did not outperform WMM2, with improvement observed in only 16% to 48.8% of
cases. A similar trend was seen in dataset B under SDH and MDH, where models like lognorm,
invgauss, and gamma failed to be superior to their simpler counterparts in most cases. Another
example is dataset E under SDH and MDH, where Weibull did not demonstrate superiority over
Weibull2 in the majority of cases.

These findings emphasize that while complexity often leads to better performance, it is not
universally advantageous. The success of simpler models in some cases highlights the importance
of balancing complexity with parsimony, especially in datasets or conditions where additional
parameters do not substantially improve the model fit.

6.5. Visual assessment

Figs. |8 to illustrate data histograms and fitted PDFs for the datasets (UK, REC1, and
REC2) across the clustering granularities (DH, SDH, and MDH) analyzed in our experiments.
For each dataset (energy consumption profile) and clustering granularity, we identified the cluster
with the best fitting for a particular distribution. The best fitting was determined based on a
distribution that successfully passed the KS test and ranked in the top in terms of log-likelihood
and AIC values. For the selected cluster, we plotted the other distributions that also passed the
KS test, with their order in the plot reflecting a rank based on log-likelihood and AIC values. To
enhance the clarity of the visualizations, we limited the graphs to the top five distributions for
each cluster.
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Figure 8: Examples of histograms of electricity use data along with fitted distribution(s) for the UK datasets under
the category DH.

The examples of distribution fittings presented in Figs. [§] to [I7 illustrate the diversity of data
shapes and the varying performance of models across datasets and clustering granularities. The
histograms reveal a wide variety of energy consumption patterns, highlighting the importance of
testing multiple probability distribution models to accommodate the varying characteristics of
the data. Notably, all 20 tested models appear in these plots, demonstrating that each achieved
good fits in at least a few scenarios. However, the WMMs frequently emerged among the selected
distributions for the UK datasets, while GMMS3 consistently stood out for the REC1 and REC2
datasets.
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Figure 9: Examples of histograms of electricity use data along with fitted distribution(s) for the UK datasets under
the category SDH.

For the UK and REC1 datasets, which consist entirely of household energy consumption profiles,
we observed that the clusters with the best fitting for a specific distribution were most frequently
associated with periods when individuals are typically asleep, specifically between midnight and 6
a.m. During these hours, energy consumption patterns tend to be more stable and less variable,
likely due to minimal household activity. This reduced variability may explain why these clusters
were selected — as the underlying data exhibited smoother and more predictable patterns compared
to clusters representing periods of higher activity during the day.

For the REC2 datasets, which consist of energy consumption profiles from workshops (small
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Figure 10: Examples of histograms of electricity use data along with fitted distribution(s) for the UK datasets
under the category MDH.

businesses), we observed that the clusters with the best fitting for a specific distribution pre-
dominantly corresponded to periods when the businesses were likely closed — such as Sundays or
outside typical business hours on weekdays. Although we lack precise information about the op-
erating schedules of these businesses, this pattern also suggests that periods of minimal activity,
characterized by lower and more stable energy consumption, offered the more predictable patterns.

It is important to note that these observations pertain specifically to the clusters identified as
the best-fitting for each energy profile. This does not imply that good fittings were absent for
clusters corresponding to periods when individuals are not typically asleep or when businesses are
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Figure 11: Examples of histograms of electricity use data along with fitted distribution(s) for the REC1 datasets
under the category DH.

likely open. In fact, several models demonstrated good performance across a range of clusters
representing different times of day and activity levels. For both the UK and REC1 datasets
across the three clustering granularities, we observed cases where the majority of the best-fitting
clusters did not correspond to periods when individuals are typically asleep. Similarly, for the
REC2 datasets, some energy profiles exhibited the majority of their best-fitting clusters during
periods when businesses are likely open. Thus, strong model performance is not strictly confined
to periods of minimal activity, such as late-night hours. However, the consistency of stable energy
consumption patterns during these periods made these clusters particularly favorable for achieving
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Figure 12: Examples of histograms of electricity use data along with fitted distribution(s) for the REC1 datasets

under the category SDH.

the best fits in our analysis.

7. Discussion

7.1. Clustering granularity

We analyzed the data under three levels of temporal resolution: DH, SDH, and MDH, corre-
sponding to different cluster sizes. For instance, for the REC2 datasets, clusters range from 728 to
732 instances under DH, 152 to 212 instances under SDH, and 48 to 76 instances under MDH. So,
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Figure 13: Examples of histograms of electricity use data along with fitted distribution(s) for the REC2 datasets

under the category DH.

we need to interpret the results concerning the number of instances used during the distribution
fitting. Larger datasets can provide more information for parameter estimation, enabling models
to capture underlying patterns better, while smaller datasets may limit the reliability of statistical

tests.

The sample size influences the sensitivity of the KS test. The test becomes more sensitive
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Figure 14: Examples of histograms of electricity use data along with fitted distribution(s) for the REC2 datasets
under the category SDH.

with more instances. Thus, for a small number of instances, the lack of sensitivity may allow
distributions to pass the test even if they are not ideal.

The bootstrap moderates the tendency of the standard KS test to over-penalize models in large
datasets because it considers parameter estimation variability. However, although the bootstrap
improves the accuracy of the p-value by adjusting for parameter estimation, it does not entirely
eliminate the influence of dataset size. For smaller datasets, the lack of sensitivity may allow distri-
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Figure 15: Examples of histograms of electricity use data along with fitted distribution(s) for the REC2 datasets

under the category MDH.

butions to pass the test even if they are suboptimal, as the resampling process generates datasets
with broader variability around the null hypothesis. This broader variability means that larger
deviations between the empirical and theoretical CDFs may still result in (p > 0.05), reducing the
test’s power to reject poorly fitting models. In contrast, larger datasets reduce the variability in re-
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sampling, leading to more consistent p-values and enabling the detection of smaller deviations. So,
while the bootstrap procedure accounts for parameter estimation variability, it does not eliminate
the effect of dataset size, with larger datasets still resulting in stricter evaluations.

In our results, KS test pass rates were higher for MDH compared to SDH and higher for SDH
compared to DH. However, this does not necessarily indicate better fits for MDH, as the reduced
sensitivity in smaller datasets can mask subtle but meaningful deviations. On the other hand,
the stricter evaluations in larger datasets may reject models for minor mismatches that are not
practically significant. This highlights the importance of interpreting KS test results alongside
other metrics to avoid misleading conclusions.

Metrics like log-likelihood and AIC can also benefit from larger sample sizes. Larger datasets
provide more data for parameter estimation, improving the models’ ability to capture the underly-
ing data structure. Consequently, log-likelihood values can be higher, and AIC scores — balancing
fit and model complexity — tend to improve as the penalty for additional parameters becomes less
significant with increased data. These metrics indicate that models fitted to larger datasets can
be more accurate overall, even if the stricter KS test evaluations reject some models for minor
discrepancies.

Our findings highlight the necessity of using multiple metrics to evaluate the GoF comprehen-
sively. While the KS test pass rates for smaller datasets may reflect reduced sensitivity rather than
genuinely better fits, the superior log-likelihood and AIC results indicate better alignment with the
data’s underlying structure. Combining metrics like the KS test, log-likelihood, and AIC ensures a
balanced assessment of model performance, particularly when comparing datasets of varying sizes.
This multi-faceted approach provides a better understanding of model behavior across different
temporal resolutions.

With all that said, and despite the intuitive expectation that a finer clustering would lead to
better results, our findings revealed that DH outperformed SDH for the UK and RECI["| datasets
(with the exceptions of datasets 9 and 20 of REC1 and a less prominent exception for dataset
21 of REC1), and SDH outperformed MDH for the UK datasets. It is important to note that in
real-world applications, more data could be collected over time, potentially altering these findings.
However, for REC2 datasets and REC1 datasets 9 and 20, the opposite trend was observed. This
suggests that, despite the limited amount of data in these cases, the optimization routine (used
for parameter estimation) produced more accurate distribution fittings for the finer clustering. It
suggest that none of the 20 tested models possessed sufficient flexibility to adequately capture
the data patterns inherent in the coarser clustering categories, particularly when contrasted with
the improved performance observed under finer clustering. This observation is further supported
by the fact that the most complex models were the only ones to achieve some success for these
datasets particularly under the DH category.

While coarser clustering outperformed finer clustering in the aforementioned cases, it is impor-
tant to note that this approach also led to a higher rate of KS test failures. This is likely due to
the increased heterogeneity within broader clusters, making it more challenging for distributions to
achieve statistically significant fits. Therefore, a practical strategy for practitioners is to initially
apply a coarser clustering approach to identify general consumption patterns and assess model
performance. If the KS test fails or the fitted distributions do not adequately capture the data,
refining the clustering granularity for these cases tends to help achieve better results by isolating

"We did not analyze REC1 datasets under the MDH category, as the resulting clusters would contain too few
data points (e.g., clusters with only four data points), making such analysis infeasible.
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more homogeneous consumption patterns. However, the user must consider the amount of data
available since finer clustering reduces the number of data points per cluster, which can hinder the
ability to obtain reliable parameter estimates and stable model fits.

7.2. Models

Computational resources are crucial when selecting models to fit data, especially when conduct-
ing robust evaluations such as those performed in this work. The accuracy of bootstrap-based KS
tests, for instance, is influenced by the number of resampling iterations, which can substantially
increase computational demands. While a detailed runtime analysis was not the primary focus of
this study — due to the use of multiple machines and implementations — the significant variations
in computational cost among models cannot be ignored. During our experiments, we observed a
substantial computational burden associated with fitting and evaluating certain models, particu-
larly the WMMs and beta distributions. For a general understanding of runtime differences among
the tested models, readers can refer to Table in the [Appendix A] which provides the runtime
of experiments conducted on the Dragonl machine for the UK datasets under the MDH category.

The fitting speed of a model depends on several factors, including the complexity of the model,
the optimization procedure, and the data itself. Although our WMM implementation may not be
fully optimized, models like GMMSs generally fit faster due to the simplicity of the Gaussian PDF,
efficient closed-form updates in the EM algorithm, and reduced reliance on numerical optimization
compared to WMMs. These factors make GMMs a more accessible choice than WMMs when
computational resources are limited. Thus, the user’s decision to use a particular model should
weigh resource availability against the model’s expected performance.

It is also challenging to provide definitive recommendations because, for certain datasets, mul-
tiple models performed similarly. However, we attempt to outline some general guidelines for
model selection based on the comprehensive set of metrics employed in this study, including fitting
success, KS test outcomes, log-likelihood, AIC, and LLR tests.

Overall, the mixture models (both GMMs and WMMs) demonstrated strong performance
across all tested scenarios, regardless of dataset group or clustering granularity. This success
can likely be attributed to their multimodal nature, which allows them to effectively model energy
consumption patterns with multiple peaks. In our experiments, we tested models with 2 and 3
components, enabling them to capture patterns with up to 2 or 3 distinct peaks. Users can extend
this approach by opting for models with additional components to accommodate even more com-
plex patterns. However, it is essential to balance this flexibility with considerations of overfitting
and computational cost, as increasing the number of components may lead to excessive complexity
and higher resource demands.

Among the three clustering categories, the DH category is the easiest one for us to provide
some recommendations. Under the DH category, characterized by coarser clustering granularity,
our results suggested that MMs, particularly GMMs, effectively balance computational efficiency
and model performance. While WMMSs delivered superior results in several cases, their higher
computational demands make GMMs a more practical choice, especially if computational resources
are a limitation for the user. Therefore, GMMs emerge as a reliable choice under DH, delivering
strong results across all evaluation metrics while remaining computationally feasible. However, if
computational resources are not a concern, WMMs can be a strong alternative.

While MMs continued to perform robustly under SDH and MDH categories, particularly in
terms of passing the KS test, their dominance becomes less pronounced as clustering granularity
increases. When additional metrics, such as log-likelihood and AIC, are considered, the perfor-
mance landscape became more diverse, with several models showing competitive results in spe-
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cific scenarios. The visual assessment provided in Section illustrates well how several models
achieved good results in specific situations. However, the overall weak performance of certain mod-
els (such as Gumbel, and 1- and 2-parameter Rayleigh), even under the MDH category, provides
a clear indication of their limitations in capturing the data complexity. These models struggled to
provide adequate fits across multiple cases, making them unsuitable for general recommendations.
Despite its generally poor performance, the normal distribution remains a convenient option for
quick testing — particularly under finer clustering granularities — due to its simplicity and low
computational cost during training and evaluation.

Another important finding is that despite its popularity in other works related to building
energy consumption modeling [4 5] [7], the 2-parameter Weibull distribution may not be a reliable
choice for general use, particularly considering that its computational cost for fitting and evaluation
is relatively high. For instance, GMMs often provided better results while being significantly more
computationally efficient. The findings in [4] suggested that the 2-parameter Weibull distribution
outperforms the 2-parameter log-normal, but our results do not support this conclusion either. In
our evaluation, both the 2-parameter log-normal and its 3-parameter counterpart performed better
in many cases, particularly when considering both GoF and computational efficiency together.
Furthermore, several other canonical distributions — such as the exponentially modified normal,
2- and 3-parameter inverse Gaussian, 2- and 3-parameter gamma, and the 3-parameter Weibull —
frequently outperformed the 2-parameter Weibull distribution. It highlights the importance of re-
evaluating established practices in light of comprehensive performance assessments across diverse
datasets.

When selecting between a simpler and a more complex version of a model (e.g., norm vs.
GMM2 vs. GMM3 or gamma2 vs. gamma), our overall LLR test results also indicate that the
advantage of using more complex models increases as clustering granularity becomes coarser.

Thus, our overall recommendation for model selection begins with choosing the appropriate
clustering granularity, which should be guided by the amount of available data as well as the
specific requirements and constraints of the system. Once the granularity is determined, the
selection of the probability model should follow accordingly. GMDMSs consistently emerge as a
strong default choice, offering a favorable balance between performance and computational cost
across all clustering levels. However, when finer clustering is feasible — enabled by larger datasets or
higher temporal resolution — canonical distributions become a more viable and efficient alternative.
Among these, the log-normal distribution stands out as a particularly effective option due to its
good performance and low computational cost.

7.8. Data

Our analysis of the UK, REC1, and REC2 datasets revealed both shared patterns and notable
differences in the effectiveness of probability distribution models for energy consumption modeling.
One of the consistent trends across all three datasets was the positive impact of increased clustering
granularity on the KS test success (despite it can be due the decrease on the number of instances
available). However, despite this general trend, differences in model performance emerged when
evaluating log-likelihood and AIC values. Specifically, for the UK and REC1 datasets, coarser
clustering (DH) generally outperformed finer clustering (SDH and MDH), whereas the opposite
trend was observed for REC2 datasets. These contrasting behaviors indicate that while increased
granularity can enhance distribution fitting in some cases, the optimal level of clustering depends
on the nature of the dataset.

We also identified internal patterns within each dataset group. For instance, in terms of fit-
ting success, certain models — such as lognorm2, lognorm, invgauss2, gamma2, and Rayleighl —
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demonstrated consistent behavior across REC1 datasets. Under the DH clustering category, these
models only achieved fitting success in specific cases, such as weekday 1 (all hours) and weekday
7 (all hours except hour 22). Additionally, lognorm achieved fitting success for weekday 6 at hour
23 across all REC1 datasets. This pattern suggests that REC1 datasets share some common tem-
poral characteristics, making these time periods more favorable for fitting. Interestingly, similar
trends emerged under the SDH clustering category, reinforcing the coherence among certain tem-
poral clusters within REC1. However, REC2 datasets displayed a clear division between energy
profiles A and B and energy profiles C, D, and E. While these models struggled to fit the latter
three datasets, they encountered fewer challenges with datasets A and B. A similar distinction
was observed with the Weibull2 model, which had good fitting success on datasets A and B but
faced difficulties with datasets C, D, and E. These findings suggest that within each dataset group,
energy consumption patterns exhibit both shared characteristics and considerable variation.

While our results highlight these variations in energy patterns across datasets, they do not
provide conclusive evidence that diversity is necessarily greater between dataset groups (UK vs.
RECI vs. REC2) than within them. Instead, our observations indicate that regardless of dataset
origin, energy profiles contain clusters where model fitting is significantly easier than in others,
independent of clustering granularity. This underscores the importance of carefully selecting clus-
tering strategies and model evaluation criteria to account for the complexity of energy consumption
patterns.

8. Conclusion

This study presents a structured and comprehensive extension of prior work on electricity con-
sumption modeling in buildings. Our contributions are fivefold: (1) we benchmark 20 probability
distributions — including both simpler and more complex forms of canonical distributions, addi-
tional right-skewed distributions, mixture models, and KDE as a non-parametric alternative; (2) we
introduce three levels of temporal clustering granularity to accommodate varying data availability
and support adaptable modeling strategies; (3) we conducted a diverse dataset analysis, incor-
porating both residential and business electricity consumption profiles from the UK and Belgian
RECs; (4) we introduce a robust evaluation framework that integrates multiple statistical metrics
— log-likelihood, AIC, likelihood-ratio tests, and a bootstrap-adjusted KS test—for rigorous model
comparison; and (5) we provide practical guidance for model selection based on clustering granu-
larity, model complexity, and computational cost. These contributions address key methodological
and practical gaps in the literature.

Our findings emphasize the critical role of clustering granularity in determining model per-
formance for electricity consumption modeling. Mixture models — particularly Gaussian Mixture
Models (GMMs) — demonstrated consistently strong results across all datasets and clustering levels.
In coarser clusters (DH), GMMs provided an optimal trade-off between accuracy and computa-
tional cost. At the same time, Weibull Mixture Models (WMMs), despite occasionally achieving
better fits, were a less practical choice due to their higher computational demands.

As clustering granularity increases (SDH and MDH), the dominance of mixture models dimin-
ishes. Model performance becomes more context-dependent, with several canonical distributions
performing adequately in specific scenarios. However, models such as Gumbel and Rayleigh often
underperformed and are not recommended for general use. Notably, the widely used 2-parameter
Weibull may not be a reliable choice given its performance in our experiments and its relative
complexity.
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We recommend selecting the appropriate clustering granularity based on data availability and
system constraints, and then choosing the probability distribution accordingly. GMMs serve as
a robust general-purpose option across all levels, but when finer clustering is possible, canonical
distributions — especially the log-normal — offer an effective and efficient alternative.

Future work could explore dynamic clustering strategies that adapt resolution based on the
characteristics of the dataset. Another promising direction is the development of hybrid or com-
posite models — such as mixtures with additional components or combinations of different distri-
bution types — to improve fitting accuracy in challenging clusters. Expanding the dataset scope to
include more diverse consumption profiles, particularly from non-residential sectors like schools,
hospitals, and industrial facilities, would also enhance the generalizability of the findings.
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Table A.13: Percentage of KS tests with p-values exceeding the significance level for the UK datasets, based only on successful model fittings.
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Table A.14: Percentage of KS tests with p-values exceeding the significance level for the REC1 datasets, based only on successful model fittings.
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Table A.15: Percentage of KS tests with p-values exceeding the significance level for the REC2 datasets, based only on successful model fittings.
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Table A.16: Runtime in hours for experiments in the Dragon 1 machine — UK datasets under the MDH category.
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12 0.07 12.55 18.38 298.07 207.23 119.25 553.15 198.92 309.16 5.12 3.05 3.13 139.58 313.55 36.83 46.06 447.09 962.41 29.71 29.87

16 0.07 12.46 32.37 168.50 196.95  231.59 474.56 195.76 316.73 5.28 3.12 3.15 151.73 241.80 34.99 62.67 449.05 919.94 28.44 28.46
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18 0.07 13.17 43.76 369.95 116.64 119.13 547.99 240.85 329.43 5.13 2.96 2.93 254.20 330.83 37.98 45.25 400.87 891.11 27.82 30.47
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