npj | computational materials

Article

Published in partnership with the Shanghai Institute of Ceramics of the Chinese Academy of Sciences

https://doi.org/10.1038/s41524-025-01587-5

Verification and validation of zero-point
electron-phonon renormalization of the
bandgap, mass enhancement, and

spectral functions

% Check for updates

Samuel Poncé'?0<, Jae-Mo Lihm'**® & Cheol-Hwan Park®*®

Verification and validation of methods and first-principles software are at the core of computational
solid-state physics but are too rarely addressed. We compare four first-principles codes: ABINIT,
Quantum ESPRESSO, EPW, ZG, and three methods: (i) the Allen-Heine-Cardona theory using density
functional perturbation theory (DFPT), (ii) the Allen-Heine-Cardona theory using Wannier function
perturbation theory (WFPT), and (iii) an adiabatic non-perturbative frozen-phonon method. For these
cases, we compute the real and imaginary parts of the electron-phonon self-energy in diamond and
BAs, including dipoles and quadrupoles when interpolating. We find excellent agreement between
software that implements the same formalism as well as good agreement between the DFPT and
WFPT methods. Importantly, we find that the Deybe-Waller term is momentum dependent which
impacts the mass enhancement, yielding approximate results when using the Luttinger
approximations. Finally, we compare the electron-phonon spectral functions between ABINIT and
EPW and find excellent agreement even away from the band edges.

The increasing difficulty in reproducing psychological experiments led to a
replication crisis', affecting all areas of science. The field of first-principles
calculations of materials properties has not been spared given the growing
complexity of software implementation, supporting heterogeneous archi-
tecture and multiple types of parallelization. As a result, many frameworks’,
initiatives’ and global efforts’ have been started in the last decade which
culminated in two large cross-validation studies of the equation of states of
elemental crystals’ as well as oxides’.

However, most of these verification efforts have been concentrated on
basic ground-state properties based on density functional theory (DFT).
Advanced features such as excited state properties have comparatively
received less attention’™"". In particular, the validation of first-principles
methods to compute the electronic bandstructure renormalization due to
electron-phonon coupling has only been investigated in the following list of
works, that we hope is exhaustive. Reference 12 studies a comparison
between adiabatic versus non-adiabatic versions of the Allen-Heine-
Cardona (AHC) theory" ™", ref. 16 compares perturbation methods based
on the density functional perturbation theory (DFPT) versus adiabatic

supercell methods, ref. 17 contrasts norm-conserving pseudopotentials
and the projector augmented wave (PAW) method" with long-range
Frohlich corrections, ref. 19 assess harmonic versus anharmonic effects
using ab-initio molecular dynamics (MD)", ref. 20 performed a com-
parison between the AHC method with and without bands off-diagonal
elements in the electron-phonon self-energy, and ref. 21 performed a
comparison against many-body methods with non-adiabatic effects.
There are nonetheless still many open questions.

In addition, the verification of codes, meaning the verification that
independent implementation of the same method gives the same result, is
almost non-existent despite being hugely important. To the authors’
knowledge, one verification of the zero-point renormalization (ZPR)
between the ABINIT**** and the Quantum ESPRESSO* plus YAMBO? has
been performed in ref. 26, a verification of the ZPR between FHI-AIMS”
and ABINIT has been done in ref. 28, and between VASP?’ and ABINIT
in ref. 17.

In this work, we verify the adiabatic and non-adiabatic'*'® AHC
implementation in ABINIT*** and Quantum ESPRESSO” by computing
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the ZPR, mass-enhancement, and spectral functions of the infrared-inactive
diamond and infrared-active BAs. We also validate the accuracy of alter-
native approaches based on Wannier function perturbation theory
(WFPT)’" as implemented in EPW**™**, various approximations inspired by
the Luttinger’s theorem™, and the adiabatic non-perturbative Zacharias and
Giustino (ZG)** approach based the special displacement method”. To
our knowledge, we note that among the free open source software allowing
first-principles calculations of electron-phonon coupling, PERTURBO™,
EPIq”, and Phoebe™ do not currently have the functionality of computing
the Debye-Waller self-energy. Therefore, we have not investigated them in
our study.

We first briefly present the theory of the different approaches,
including their approximation and how each method is expected to connect
with the others. To achieve this, we delve into the relevant technical details
and present numerical results for the case of diamond and BAs. We stress
that such verification and validation efforts are crucial and that, in the
context of this work, we have fixed some bugs, implemented missing fea-
tures, and improved the documentation of the codes. The details of these
improvements can be found in the commit history of the public respective
codes and are summarized in the Supplemental Information (SI).

Then, we discuss the specific case of the mass-enhancement due to
electron-phonon coupling. In this case, the electron momentum depen-
dence of the electron-phonon self-energy (and in particular that of the
Debye-Waller (DW) term) becomes important. However, in practice, the
momentum dependence or even the entire DW term is often neglected”*"**.
In passing we note that the DW factor, W = e%lAk2<U2(T’), used to describe
the attenuation of scattering due to thermal motion***, should not be
confused with the DW self-energy described here and used to compute the
zero-point renormalization in the AHC theory'*"*. In both cases, the mean-
squared vibrational displacement (U*(T)) is used, but in the case of the DW
self-energy, the electron-phonon coupling (EPC) matrix elements are also
involved. Interestingly, the DW factor was shown to be non-dispersive in
aluminum®. However, as we show in this manuscript, the EPC gives a
momentum dependence to the DW self-energy and we discover that such
dependence can be as large as 10%, questioning the momentum indepen-
dence approximation. Another important finding of this work is the
understanding why in diamond the ZPR of the conduction band minimum
converges much faster than the ZPR of the valence band maximum when
using a sum-over-state approach. We also clarified why spin-orbit coupling
isimportant for mobility** but not for ZPR* even though they are linked by a
Kramers-Kronig relation. Finally, we show the results for the electronic
spectral function due to electron-phonon coupling. Such quantity adds a
frequency dependence and is therefore more sensitive. For example, we note
that perfect fulfillment of particle conservation when integrating the spectral
function on the frequency axis up to the Fermi level is challenging and
requires a large frequency range. Nonetheless, beyond small differences
localized in momentum and energy space, we find excellent agreement on
the spectral function between the ABINIT and EPW code.

Results

Electronic bandstructure renormalization due to electron-
phonon coupling

The energy and momentum dispersion of electrons in bulk solids, the one-
particle spectral function A, (w), can be measured accurately by angle-
resolved photoemission spectroscopy (ARPES), as long as surface effects*
and photon-electron matrix elements® are correctly factored out. The
electronic spectral function can have a complex structure in frequency, often
consisting of a main quasiparticle peak with a certain broadening and
possible satellites. In this work, we mostly do not consider satellites and
focus on the renormalization of the main peak using the Dyson-Migdal
approximation’*****'. The renormalized quasiparticle eigenvalues E,; are
obtained by diagonalizing the renormalized Hamiltonian

Hnn’k(T) = enk6nn’ + zlrz{n/k(Enh En’k’ T)7 (1)

where n and #’ label bare electron eigenstates, k is the electron
momentum, &, is the electronic eigenenergy which accounts for
electron-electron interaction in a mean-field way but neglects electron-
nuclei interaction, T is the temperature, and X!, is the Hermitian
approximation®™* defined as

+
ZI:n’k(Enb En’k7 T) = i [znn/k(Enh T) + Znn’k(Enh T) (2)
+ z“nn’k(E“n’k’ T) + Zln’k(En/kv T):| ’

where 2, is the frequency-dependent electron-phonon self-energy.
By assuming that the off-diagonal terms of £, are negligible, which is
valid for large bandgap semiconductors, we obtain the usual formula

Ex(M) =¢ey +NE, (B, T). 3)

If the quasiparticle energies are close to the bare one, we can perform a
Taylor expansion of X, (E, T) around E = ¢, and evaluate it at E = E,;(T)
to obtain the linear approximation:

E4(T) = e + Z oy (DR Z, nc (€, T, 4)
9%, (E,T) B

Z(T)= |1 — f—mke— —2 . 5

nk( ) |: t BE E_snk:| ( )

Finally, one can approximate Z, = 1 and such approximation is often
called on-the-mass-shell or the Rayleigh-Schrédinger (RS) approximation:

EEIS((T) = &k + N znnk(snh T) (6)

For clarity, we present Egs. (3)-(6) in the diagonal approximation but they
can be solved via diagonalization as done in Eq. (1). In the case of semi-
conductors with large (>0.5 eV) bandgaps, such as the ones studied in this
manuscript, the diagonal approximation is excellent™.

From this temperature-dependence of the bandstructure, the
temperature-dependent renormalization is defined as the difference
between the bare and renormalized bands:

AE(T) = Ey(T) — - (7)

The zero-point renormalization (ZPR) is the renormalization at 0 K:

AEnk(o) = Enk(o) — &k (8)

Fan and Debye-Waller self-energies
The electron self-energy due to electron-phonon interaction can be, in the
lowest order, decomposed into Fan and static Debye-Waller (DW) self-
energies %, (E, T) = ZF (E, T) + ZD% (T)'>'%*%****>1 The non-
adiabatic and dynamical Fan self-energy is

Zgill?k(E7 T) = NLq Z ﬁg:{nnm(k7 q)
qum
rax'p
)
(T [1£0f (D -] 2

Efsmkﬂiwq,,Jriq )

x gmn’x’ﬂ(k’ q)ezau(q)ex’ﬁl/(q) Z e

where wy, is the energy of a phonon with wavevector q and mode index v,
nq,(T) the Bose-Einstein distribution, f,xq(T) the Fermi-Dirac distribu-
tion, 7 a positive real infinitesimal value for causality, N, the total number of
phonon momenta used to discretize the first Brillouin Zone, e,4,(q) the
mass-scaled eigendisplacement vector of atom « in the Cartesian direction «
due to a phonon mode v, and gk, q) the electron-phonon matrix
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element given by

gmmcoc(k7 q) = (umk+q|vqu|unk>7 (10)

where |u,; ) is the periodic part of the ground-state electronic wavefunction
with the associated nonlocal Kohn-Sham (KS) potential V(r, r’).

We note that the linearized quasiparticle spectral weight Z,,(T)
from Eq. (5) depends only on the Fan term and has a simple analytic
form:

(T) = 1+ Z 2wy, gmnm(k q)gmmcﬁ(k q)

1 qum
Kax'

§ {[nqu(T) 1= fraig(T] [(e"k

Emk+q — ‘qu/)z - (1 1)

2
ik = Enkrq ~ @uq)” 1]

ok = Emicrq +0))" =17
+ [1g,(T) +fmk+q(T)]M}.

(&4 — Entrg T @) + 12T

The adiabatic version of the Fan self-energy corresponds to assuming
that energy differences are larger than the characteristic phonon frequencies
E — &> wgq, which gives

Fan ad(E T)= 1 Z e KD 05 (K,Q)
nn'k

N, aom 2wg,

Kkax'p (12)
2ng, (T)+1
x eim/(‘l)ex'ﬁu(‘ﬂm-

Instead, the exact DW term is static, adiabatic and real:

U(T) +1/2
er?r}l’\ll((T) Z . nn’u(kaq)v (13)
q qv
where
~ KS «
Dy (k@) = Y (k10 gV )i (@i (D- (1)

Kax'ff

In practice, the term D is difficult to compute from perturbation theory as it
involves a second-order derivative of the KS potential.

The simplest approximation to avoid computing the DW term would
be to simply neglect the DW self-energy and keep only the Fan term:

Z“nnk(Ea T) 252?((5, T) (15)
However, this approximation is very inaccurate in practice. In fact, the Fan
and DW terms separately are large, momentum dependent, and of opposite
sign”. The cancellation between the two is crucial.

A better approximation™ is motivated by Luttinger’s theorem™, which
states that at T'=0, the volume enclosed by the Fermi surface must be
conserved after renormalization. For a homogeneous electron gas, this
theorem implies

B[z, 0)] + 30Y(0) =0, (16)

where &' is the Fermi energy and k" is the Fermi wavevector. This equation
relates the T'=0 DW self-energy at the Fermi wavevector with the Fan self-
energy:

3DV (0) = —R[SER(eF, 0)], (17)
which gives what we called the “Luttinger approximation™**
Toi(E, T) = ZoR(E, T) — T, 0), (18)

where in the case of insulators k" is the momentum location of the valence
band maximum (VBM) or the conduction band minimum (CBM), and in
the case of metals it is the average Fermi wavevector. We note that here the
Luttinger approximation uses Eq. (17) in regimes where it is not strictly
valid: solids, finite temperatures, multiple bands, and wavevectors away
from the Fermi surface.

Interestingly, one can make a further approximation to Eq. (18) [see
Egs. (28)—(30)] which then gives reasonable (albeit uncontrolled) results.
That approximation can be used to study mass enhancement of semi-
conductors and its validity will be studied later in this paper. In any case, for
zero-point renormalization and change of bandgap with temperature, one
cannot rely on this approximation and needs to find an alternative
approximation for the DW term.

Rigid-ion approximation

To overcome the challenge in computing D from perturbation theory, the
common strategy is to use the rigid-ion approximation (RIA)"** to express
the second-order matrix elements in terms of first-order one. This
approximation has been found to be quite accurate for solids®>” but to fail in
molecules”. The diagonal part of the DW term within the RIA can be
written as'?

(T) +1/2
(D)= Z = Dk, q), (19)
q q
where
€ )K,( )+ e, (Qeys,(Q)
DA, Q) = = 3 g, D)gpl, T) SVl 0000
m#n
Kl B
(20)

We note that in the fourth line of Eq. (16) in ref. 12, the authors erroneously
made the DW term in the RIA dynamical and the frequency dependence w
at the denominator of that term should be replaced by ¢, as correctly done
here in Eq. (20). An alternative form, developed in ref. 20, gives access to the
off-diagonal elements:

Dlr}}fz/(kV q) =i Zﬁ eim/(q)e;cﬁu(q)<unkI[VI'Kmi)ﬁ]Iun’k) (21)
=i Z eial/(q)exﬁu(q){ (unkl Vl"xoc | umk) (umk |ﬁ/§|un/k>
mxaf (22)

_<unk|ﬁﬂ|umk><umklvrmlun’k)}

=i Z eiocv(q)exﬂy(q) {gnmmx(k7 r)pmn’ﬁ (k)
mxafy (23)

_anﬁ(k)gmn’mx(k7 r) } ’

where p,.0(k) is the matrix element of the momentum opera-
tor p, = —id/or,.

Overall, the combination of Egs. (6), (12), and (19) form the original
adiabatic AHC theory. However, it was recognized in 2015'>'® that such
formulation would break down in infra-red active materials and that a non-
adiabatic version of the AHC should be used instead. The non-adiabatic
version is obtained by combining Egs. (6), (9), and (19).

Diamond and BAs

To illustrate various technical points made in this work and quantify the
level of agreement between first-principles codes, we chose two repre-
sentative simple materials: diamond and BAs. Diamond was chosen as one
of the few infrared (IR)-inactive materials and because it is one of the most
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studied materials with a large zero-point renormalization of its direct and
indirect bandgaps™. BAs was chosen as a representative example of IR-
active materials due to its exceptional thermal (~1000 W/mK) and carrier
(~1500 cm*/Vs) transport”® as well as a negligible impact of thermal
expansion on the band renormalization due to covalent bonding®. In
addition, zero-point renormalization and temperature dependence of the
electronic bandstructure have not yet been reported experimentally for BAs
and we found only one prior theoretical report using a frozen-phonon
method”.

Care was taken to perform exactly the same calculations in each code
with the same computational parameters. In particular, thanks to the recent
work by Matteo Giantomassi, the ABINIT code can now read pseudopo-

To overcome this challenge, the sum-over-state expressions in Egs. (9)
and (20) resulting from the first-order perturbed wavefunction can be
replaced by the iterative solutions to linear Euler-Lagrange equations. These
equations are often called Sternheimer equations and are commonly used in
DFPT**"**. However, these linear equations formally correspond to the
adiabatic Fan self-energy, Eq. (12) and not the non-adiabatic version Eq. (9).

This is a major issue as adiabatic formulation diverges in IR-active
materials'>"®. To circumvent it, the self-energies are divided into a non-
adiabatic sum-over-state expression on a small “active” space and an
adiabatic Sternheimer formulation corresponding to the contribution of the
infinite number of empty states above the active space A which yields the
complete renormalization using the RIA:

AE,(T) = Z [AERAT) 4+ AESES(T) + AERGAT) + AERGA(T)] (242)
q qv
+ T)—1
AE S NT) =9 Z Z G DL s (K, Q) Z T — [ffk“‘( ) ‘ d € (e, (Q), (24b)
Cav o Enk ~ Emicrq £ Wq T 11
AES?{an}j(T) =20— Z <P]C<+qutaxunk|qu’ﬁ|”nk>eim/(q)e;c/ﬂy(q) |:nq1/(T) + %:| ) (24¢)
9 xax'p
k,T k,T
El:/\ill;/\(T) gmmca(s )grzmc’ﬂ( ) (ezw(q)ekﬁy(q) + e;al,(q)e,dﬁ,,(q)) {l’lqy(T) + %:l 5 (24d)
(lV Kak'ff m#n nk mk
1 1
711)12/\;5(’1-‘) el 2 » ’;%<Plc(Armxunk|Vrk’ﬁlunk> (eﬁm/(q)ekﬁu(q) + e;av(q)ex’ﬁl/(q)> [”qu(T) + E:| . (246)
tential in the unified pseudopotential format (UPF) such that the same 250
pseudopotential was used in each code. We used modified versions of the
norm-conserving pseudopotential from the PseudoDojo" library v0.4.1 with 200 f
standard accuracy and the PBE exchange-correlation functional where the
. . . . 150
non-linear core correction (NLCC) was removed since the linear response
implementation of dynamical quadrupole in the ABINIT software does not 100 } o
support it yet™. The valence electrons 2s*2p” for carbon, 2s°2p' for boron, VBM (Abinit)
and 3d'%4s’4p’ for arsenic were explicitly treated. 50 | VBM (QE)

To focus on the electron-phonon renormalization, we neglect thermal % CBM (Abinit)
expansion and perform all calculations at a fixed lattice parameter of 6.7035 g ok CBM (QE) |
Bohr for diamond and 9.0850 Bohr for BAs. DFT yields an indirect and ~ —150 CB (Abinit)
direct bandgap for diamond of 4.2 €V and 5.7 eV, respectively, and for BAs NG —— CB (QE)
of 1.2 eV and 3.3 eV, respectively. The comparison between ABINIT and < -200
Quantum ESPRESSO for the total energy, bandgaps, dielectric constant,

Born effective charge, and zone center phonon frequencies are given in =250}

Table S1 of the SI. The quadrupole tensor is computed using linear response ;R

with ABINIT® and used both in ABINIT and Quantum ESPRESSO. In —300¢ 5 )

addition, we compare in Fig. S1 of the SI the electron and phonon band- —350 ko=o .p,\ / \ O

structure along high-symmetry lines between ABINIT, Quantum i J o4 -0

ESPRESSO and EPW. Overall, the agreement is good with the largest dif- _400 ° , , , , ,

ference (4%) being observed for the dielectric constant €™ between the codes. 0 100 200 300 400 500 600

Empty state convergence

In practice, when solving Egs. (9) and (20), the convergence with respect to
the number of bands m is extremely slow. For example, as seen in Fig. 1 for
the case of diamond, one needs 600 bands to converge the ZPR of the
bandgaps. To our knowledge, the slow convergence of the sum-over-state
approach was never reported in a journal paper. However we note that P.
Boulanger found in his PhD thesis that the second-order derivative of the
VBM eigenvalues of silicon required over 500 bands to be converged with
the sum-over-state approach®.

Number of bands

Fig. 1 | Band convergence of the zero-point renormalization in diamond. Con-
vergence with respect to the number of bands in the sum-over-state approach of the
zero-point renormalization (ZPR) in diamond at the valence band maximum
(VBM), conduction band at k = I' (CB), and conduction band minimum (CBM), see
Fig. S1 of the SI. We also show the ZPR computed with the Sternheimer method
using 9 bands in the active space (horizontal dashed lines) obtained using ABINIT.
The largest relative difference between ABINIT and Quantum ESPRESSO across all
data points s 1.1%. Dashed vertical lines indicate the place (upper band index) where
there is an energy gap in the electronic bandstructure at the zone center, see Fig. 3.
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Fig. 2 | Decomposition of the Allen-Heine-Cardona self-energy. It is split into an
active (A) and rest (R) space. The decomposition allows to define four practical
approximations to the total self-energy =, (i) the Fan only term =" with Eq. (15)
(green box), (ii) active space only Zn using Eq. (29) (mauve box), (111) the Fan term
on the active space only X, Fan,A using Eq. (30) (orange box), as well as (iv) the
Luttinger approximation Z;l":‘ A of Eq. (27).

Here, Py, is the complimentary projector to the active subspace A,
and | P, (Age¥,) i the solution to the Sternheimer equation™
(Hk+q - enk)lplc(Jrqumunk) = _Pi:(Jrq qualunk)' (25)
Using translational invariance, the active and rest DW terms within the
RIA can be exactly rewritten as™

DW A
nk qv (T)

zw Z E lgmmax(k r)pmn/} (k)axx’

" kK af m

x (e:ay@e,(ﬁxq) + el e (@) [ (T) + 3]

(26)

DW R
nk .qV (T)

Z i<unk|Vl"K0rPlc(Pﬁ|unk>6KK
" kK af (27)

x (eiw@exﬁy(q) + € (@es (@) [, (T) + 4],

where the matrix element (v, |V Pipgl¥,) in Eq. (27) can be easily
calculated in the plane-wave basis and where, due to the RIA, the two
phonon eigendisplacement terms in Egs. (26) and (27) can be written with a
factor two and the same atomic index .

In the case of a small active space region, and especially relevant in the
context of Wannier function downfolding, it has been suggested™ that the
Luttinger approximations of Eq. (18) could be performed in the active
subspace only:

T ME, T) = TN E, T) — R, T, (28)
which could perform better for intrinsic semiconductors due to error can-
cellation but does depend on the size of the active space chosen.

Based on this decomposition, one can make further approximations to
the self-energy. The idea is that the rest-space contribution to the Fan and
DW self-energies are both large and approximately cancel each other. Then,
one may approximate by dropping the rest-space contribution™:

SA(E, T) = 55N E, T) 4+ =V AE, T). (29)
One may further neglect the active-space DW term to find
=B, 1)~ S E, 1), (30)

Figure 2 summarizes the five decompositions of the self-energy and the
approximations we consider. One of the goals of this work is to assess the
accuracy of these five approximations when computing the electron-
phonon mass enhancement.

Coming back to Eq. (24), in the case of diamond, we choose an active
space composed of 9 bands, and the rest space contribution is computed
with the Sternheimer equation. We show the results in Fig. 1 with horizontal

Energy (eV)

Fig. 3 | Electronic bandstructure of diamond. Each color (gray, blue, green, yellow,
orange, red) indicates a block of 50 bands and where the vertical dashed lines show
the position of the valence band maximum (VBM) and conduction band minimum,
respectively. The VBM is located at 0 eV on the energy axis.

dashed lines, demonstrating a perfect agreement with the converged sum-
over-state approach, with a significant computational advantage. We note
that we have here used the interpolation of the perturbed potential® to
speedup the q-point convergence. Such validation of the sum-over-state
approach with respect to the Sternheimer approach has never been reported
in that case so far.

Remarkably, the CBM which is located at 72% of the I-X high-
symmetry direction, converges much faster than the VBM and conduction
band (CB) at I, requiring only 100 bands. The reason for this fast con-
vergence can be found by analyzing the electronic bandstructure of dia-
mond, shown in Fig. 3. At I, large energy gaps can be seen as a function of
energy. Due to the importance of the q = I' momentum in the DW term,
these gaps result in pinning of the bands above and below, which creates
over- and under-estimations of the ZPR when solving the sum-over-state
equation. In contrast, these energy gaps are absent at the CBM location
which explains the faster convergence. In both Figs. 1 and 3 we use a larger
plane-wave truncation of 60 Ha to be able to describe all the bands. For this
comparison, we use a non-converged Fourier-interpolated 40 x 40 x 40 q-
point grid with a CBM located at 0.8X instead of the true CBM located at
0.72X in diamond. We explain in more detail the Fourier interpolation of the
perturbed potential laterwards.

In the case of BAs, presented in Figs. S2 and S3 of the SI, the sum-over-
state convergence is even slower and reaches the Sternhimer values only
after 1200 bands have been included. The reason for this overall slower
convergence is due to the fact that the density of bands per energy is higher
than in the case of diamond, which explains why more bands are needed to
converge the sum-over-state expressions. Also in this case, the CBM which
islocated at 80% the I'-X high-symmetry direction, converges faster than the
states at the zone center for the same reason as diamond.

Momentum integral convergence

The convergence of the q-integral with respect to grid density has been
shown to be slow”. There exist at least three strategies to converge the q
integration: (i) direct explicit calculation of response function at finite q,
using the irreducible Brillouin zone; (ii) interpolation of the perturbed
potential; or (iii) interpolation of the electron-phonon matrix elements
using WFPT.
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Fig. 4 | Momentum convergence of diamond. Convergence of the valence band
maximum (VBM), which is at I', conduction band minimum (CBM) at 0.72I'X and
conduction band at the zone center (CB) of the non-adiabatic Rayleigh-Schrédinger
zero-point motion renormalization (0 K) as a function of inverse linear

q momentum density such that the grid size is N, x N, x N, and 1/N; = 0 corre-
sponds to an infinite grid density. We compare the interpolation of the perturbed
potential including quadrupoles, 9 active bands coupled with Sternheimer, an

8 x 8 x 8 coarse q grid, and a 5 meV fixed smearing as implemented in the ABINIT
and Quantum ESPRESSO software as well as interpolation of the Wannier inter-
polation using Wannier function perturbation theory as implemented in the EPW
code with 8 bands, an 8 x 8 x 8 coarse q grid, and a 5 meV fixed smearing. The data
with circles are from ref. 12, made 10 years ago, using direct calculation with ABINIT
v7.11 with a different pseudopotential (Perdew and Zunger parametrization of
LDA), a 10 meV smearing, a different lattice parameter of 6.652 Bohr and none-
theless show a remarkable agreement. Quadrupoles are intrinsically included since
there are no interpolation methods used. The convergence with the adiabatic frozen-
phonon approach is presented separately in Fig. 6 due to quite different axis scales.

In the first case, the convergence is computationally demanding but
possible since we are looking at the renormalized bandstructure for a few
selected k points. In addition, it was shown'” that the non-adiabatic ZPR of
IR-inactive materials has a typical rapid polynomial convergence while the
IR-active materials converge linearly on an inverse momentum-density
scale. That systematic convergence behavior allows for an efficient extra-
polation of the results to infinite q density. This strategy was used in the
following works'>'***7%%°%7% and, in particular, we show the results of ref. 12
in Fig. 4 for the case of the non-adiabatic solution for diamond. The results
converge smoothly with direct integration for the band edges but oscillate
more strongly for the conduction band (CB) at the zone center due to energy
resonances with other parts of the Brillouin zone.

In the second approach, we interpolate the perturbed potential Vg
from Eq. (10). This approach is based on the seminal idea of Eiguren and
Ambrosch-Draxl, developed as a private Fortran code’’, then in
ABINIT****”” and recently also implemented in Quantum ESPRESSO™*.
For the interpolation to be accurate, the Fourier transform of the perturbed
potential needs to be short-ranged. For this reason, one first needs to
separate the perturbed potential into nonlocal (NL), short-ranged (S) and

long-ranged (L) parts:

V(£ 1) = Vo (r,1) + 8(r — )V (1) + Vi (D). (31)

qro
The expansion of the long-range perturbed potential to order O(|q|°)
gives” 7"

4me f(Iq))

VE (1) ="—
we( =5 qe(q)

—iqT, 1 94 iqr : xC,
D iy 3 Qg [+ i, VP @),
B y
(32)

where Z are the Born effective charge, Q dynamical quadrupoles, VI*<E(r)
the self-consistent potential induced by a uniform electric field E which is
here neglected, Q) the unit-cell volume, and where the effective macroscopic
dielectric function is:

a®=q;fﬂMH4—ﬂm» (33)

|

where f(|q|) = e the range separation function and L the range

separation parameter that we here take L = 5~ where a is the lattice parameter.
Equations (32) and (33) as well as f can be extended for 2D materials”™"".

The short-ranged potential is Fourier transformed from a coarse q-

point grid to real space:

1 —ig(Ry—1) 1S
W (r, RP,) = N—p,z o i@ (Ry —) qu(r7 r), (34)
q

where, following ref. 78, we use p’ to denote vibrational supercells and p
(used later) to denote electronic supercells. N 18 the number of unit cells in
the corresponding Born-von Karman supercell. One can then perform a
subsequent Fourier interpolation of the short-ranged real-space potential to

an arbitrary q'-point

S _ iq (R, —r)
VD) = ; ¢IRIW, (1, R,), (35)
»
and add back the nonlocal and long-range potentials:
Vra(t¥) = Vi (r,0) + 80 — ¥)[Ve (0 + Ve (O (36)

For this work, we extended the original Quantum ESPRESSO
implementation to support quadrupoles and show the accuracy of the
interpolation in Fig. 5 for the case of diamond where the quadrupole tensor
was computed in ref. 78. Small deviations close to the I'-point can be
observed in the figure, in particular, the two carbon atoms moving in the z
Cartesian direction are incorrectly degenerate when going from I"to K if the
quadrupoles are not included. We remark that since diamond is IR-inactive,
the Born effective charges are null and there is no dipole contribution. In the
case of BAs, dipoles play an important role in describing the behavior of the
imaginary part of the interpolated perturbed potential close to the zone
boundary, while the quadrupoles are crucial for a correct description of the
real part: see Fig. S4 of the SI for more information.

We compare in Fig. 4 the convergence rate of the ZPR of the VBM,
CBM and CB of diamond with respect to the g-integration mesh using the
interpolation of the perturbed potential both in ABINIT (empty diamonds)
and Quantum ESPRESSO (empty squares). We find that the agreement
between codes is excellent for the band edges but is worse for other states due
to numerical resonances, making it more challenging to perfectly converge
the codes. In particular, we find that the largest relative difference at con-
vergence is 0.26% for the VBM and CBM, while the agreement worsens to
2.05% for the CB but is still reasonable. We present in Fig. S5 of the SI the
relative error as a function of integration grid density with respect to the
ABINIT converged result. Interestingly, for the band edges, not only are the

npj Computational Materials | (2025)11:117


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-025-01587-5

Article

(a)
0.4 o DFPT C'x
dipole 4
0.3 o—o quadrupole o ©
= o
< ° o
g 02 o o
; Cx,y,z o
£ 01 ° c
— 000 o,
S popmome e N e b
s o 009 Y
& % o 0%
-0.1 Cz
C'x,y,z
-0.2
(b)
0.4 Cxy
03F 9o Cxy,z o °
= o o
< o o
S 02 . .
n:; 0.1 0”90 g°o°e exy
= o 8 o o Cz o o
o
%— 0.0 o g g=9-9"% 0 0-0. g o
7 o
-0.1
o
-0.2 C'x,y,z
L r K

Fig. 5 | Fourier interpolated perturbed potential of diamond. a Real and

b imaginary part of the Fourier interpolated perturbed potential including long-
range quadrupoles (mauve) Q.qp, = 2.46|eqp,| eBohr, with e,4, being the Levi-Civita
symbol, or without any long-range treatments (green) compared with direct results
obtained from density functional perturbation theory (empty circles). The different
branches correspond to the movement of one of two carbon atoms (C and C’) in the
indicated Cartesian direction. The calculation is done with Quantum ESPRESSO
with an 8 x 8 x 8 coarse k and q grids.

converged results very close but close agreement is also found for each q
integration grid where we find the largest relative difference to be 2.16% for
the smallest grid of 20° g-points.

In the last case, the electron-phonon matrix elements are interpolated
directly in the Wannier gauge using WFPT’, as implemented in the
EPW™* code. The Wannier functions (WFs) of a crystal can be written as”

ik-R
|W Z W/mk mzke - ’

kmk

(37)

where the gauge transformation matrix U, rotates from Bloch wave-
function ¥, toa WE w;g with index i = 1 to N* and unit cell position R such
that the resulting WFs are spatially localized.

The corresponding Wannier function perturbations (WEPs) due to a
periodic displacement of atom « along direction & with momentum q can
then be given as:

&
|AqxocwiR) = \/—k Z(H P )|Aquthk> mik€ - R7 (38)
mk
where P is the projection operator to the Wannier subspace:
N\N
(39)

p" = ZZ'WI'R)<W1'R|'
R =1

For disentangled WFEs", the states not selected from disentanglement give
an additional correction’.

WEFPs form a spatially localized representation of the wavefunction
perturbation’’. Thus, WFPs can be used to interpolate the wavefunction
perturbation from a coarse grid of electron momentum to a dense grid. The

interpolated wavefunction reads

1A qea Vi) = ZR: [|AquiR) Upic + W) (A qea Uinic) kR
" ) (40)
= % |AqK(xWiR) Ui”ke’k'R —+ Z} |l//mk+q> M
1 m=

€k ~ Emktq

We substitute Eq. (40) into Eq. (24c) to compute the rest-space Fan term.
The matrix element to be interpolated is

<PC +quxa Yk | Vq;dﬁ 1//nk)

- Z Umk Aqxawzolvqx‘ﬁ|
ijR,

ik-R,
) ]nke

(41)

4 Z gmnm(k q.)gmn;c/a/(k Q)

Enk — mk+q
mk+qu‘: +q

We note that the first term is a correction coming from the change of the
Wannier function. This term is relevant only for the real part of the self-
energy and therefore can be neglected in the calculation of quasiparticle
lifetime. The matrix elements that appear in the DW term [Egs. (26) and
(27)] can be directly Wannier interpolated.

In contrast to the second method where the potential is interpolated
[Eq. (36)], here the full matrix element g(k, q) is interpolated which has the
benefit of allowing an efficient interpolation of both k and q. For the same
reasons as before, the electron-phonon matrix element has to be separated
into long and short-range parts for accurate interpolation. There are how-
ever two subtleties when interpolating the matrix element instead of the
potential”’. The first one is that the nonlocal part of the potential, Eq. (31), is
included in the short-range part and Fourier interpolated. The second one is
that the long-range matrix element reads

gmmcoc(k q) ZUmkarq l'k+q|vq}ca| ) ]nk7 (42)

where |u,;) = e" %ty ) = 3" Uk, [ul) is the periodic part of the Bloch
eigenstate and where the matrix elements are given, using Eq. (32), by

*tq”lx

W 4me f(Iql)
(u ﬂ(+q|V‘1’“" Wi ) = o |q|2€(q)

(43)
. 959
§ 5 Zap T D57 Quapy | (g log (DI,
Y

where (pqs(r) is the dressed short range basis function’. One can then Taylor
expand to first order the periodic part of the wavefunction in q as

(Uikrql = (x| + an ) (44)
to obtain
) Vch,E(r)
(), oS OIuY) = 8+ iq - [A,}Z 2 |, @)
where A,]k = 1<Bkk Iuk> is the Berry connection. The second term in

73,74

the square bracket of Eq. (45) has been found to be small”™* and thus is
neglected. For this work, we extended the original EPW implementation of
WFPT’' to support quadrupoles and Berry connection contributions.

The momentum convergence using that approach is also presented in
Fig. 4 for diamond and shows the same type of accuracy as the variation
observed between the two implementations of the perturbed potential in
ABINIT and Quantum ESPRESSO. This is actually remarkable as one
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would expect larger differences due to additional errors linked with the
Wannierization quality itself, which is absent in the other two. In particular,
the largest relative difference at convergence is 0.44% for the band edges and
1.81% for the CB, see Fig. S4 of the SI for more details. In addition, we have
performed a similar convergence analysis for BAs for the three cases using
ABINIT, Quantum ESPRESSO, and EPW and find a smooth linear con-
vergence where the CB still oscillate by less than 3 meV for our largest
200 % 200 x 200 q-points grids. We show the results in Fig. S5 of the SI
Notably, the AHC implementation inside ABINIT and Quantum
ESPRESSO gives similar results but the one using WFPT in EPW differs by
up to 5meV. We will discuss this difference in more depth in the next
subsection where we compare the different approaches.

Finally, we compute the ZPR of diamond using the adiabatic non-
perturbative special displacement method (SDM) using the ZG software™
which is a type of non-perturbative, supercell-based approach, comparable
to finite difference methods®* " including the thermal lines approach®** and
the use of non-diagonal supercells*’. We stress that a perfect agreement on
the ZPR between the SDM and the AHC or WFPT is impossible even under
the adiabatic approximation because the SDM includes some anharmonic
effects and the full Debye-Waller term, beyond the RIA.

The Williams-Lax theory”** is a semiclassical approximation whereby
the transition rate between a coupled electron-phonon state is evaluated
using Fermi’s golden rule. The transition rate at a finite temperature is then
obtained by performing a canonical thermal average. One can then obtain
the Kohn-Sham temperature-dependent electronic energies by averaging

the position-dependent energies over thermal fluctuations™:

el e, ((zg,)), (46)

e =11 | .
qu A/ nufly
where zg, are the normal mode coordinate, ufw = (2ng,(T) +
1)(h/ 2Mywy,) the mean-square displacement for the oscillator qv with
Bose-Einstein distribution #g,. The amplitudes in the normal mode
coordinate zgq, can be computed as a linear combination of atomic
displacements At,; for atom « in the supercell with cell index I

_ My _iq.
Z‘l” =N 2 Z ﬁke 4 Rlezu(q)ATKl ’
xal 0

and vice versa, where N is the number of unit cells in the supercell.

The SDM is based on the realization that the number of configurational
samples needed decreases with the size of the supercell. In the limit of an
infinite supercell size, a single configuration with atomic displacements is
sufficient””. The configurational average in Eq. (46) can be approximated by
a single optimal configuration 7, = 7% + A7%° where 7%, is the 0 K DFT

ground-state atomic position and Ar%” a displacement given by™

(47)

M )
AT =24 [ 2 Swha e ™ e, (@],

(48)
N, K qu

where M, is an arbitrary reference mass chosen to be the proton mass, M,
the mass of the atom x, e,,(q) the phonon eigendisplacement vectors, and
Sqv are alternating signs (1) that optimize the approximation to Eq. (46).

Using Eq. (46) and the SDM as implemented in the ZG code, we
compute the adiabatic ZPR of diamond as a function of supercell size. As
seen in Fig. 6, for the CB, the convergence of ZG with respect to supercell-
size is faster than that of the perturbative approaches with respect to the q-
point grid; in the former we approach convergence witha 9 x 9 x 9 supercell,
corresponding to only a 9 x 9 x 9 q-point grid. This faster convergence for
states that are not band edges has been explained in ref. 16 as a small
contribution from linear terms in the case of the non-perturbative approach
that smooths convergence. However, the cost is also larger as that supercell
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Fig. 6 | Comparison between methods for the adiabatic zero-point motion
renormalization of diamond. Convergence of the valence band maximum (VBM),
conduction band minimum (CBM) at 0.72I'X and conduction band at the zone
center (CB) at 0 K using adiabatic Allen-Heine-Cardona calculation with the
Quantum ESPRESSO (QE), EPW codes, and finite displacement with the ZG code as
a function of the number of atoms in the supercell. The largest supercellisa 9 x 9 x 9
one which includes 1458 atoms and corresponds to a 9 x 9 x 9 q-point grid. Due to
the very large number of bands in the supercell calculations (up to 2930 bands), we
increased the plane-wave energy cutoff to 80 Ry to describe them.

includes 1458 atoms which means 2930 bands, requiring a larger plane-
wave energy cutoff of 80 Ry to describe them. With the largest supercell size,
we obtain an adiabatic ZPR value of 136.5 + 4 meV, —284.6 + 10 meV, and
—267.0 £ 11 meV for the VBM, CB, and CBM, respectively.

Comparison between the different codes and approaches

We now assess the level of agreement between different codes implementing
the same equations as well as the validity of certain approximations. Based
on Figs. 4 and 6, and for the purpose of comparison, we consider a
momentum grid integration of 100 x 100 x 100 q-grid, Sternheimer, 9 active
bands, quadrupoles, and 5 meV smearing for the perturbative approaches
and a 9 x 9 x 9 supercell size for the non-perturbative one. We assume the
CBM to be located at 0.72I'X in all cases.

We start by investigating the adiabatic ZPR and show the results for the
four codes investigated in Table 1. We find an excellent agreement between
the ABINIT and Quantum ESPRESSO implementation of the AHC theory
for the VBM, CB, and CBM, with the largest absolute difference being
0.6 meV, therefore verifying that plane-wave codes that use the same
pseudopotential and implement the same theory do give the same result.
When comparing the EPW implementation of WFPT to the AHC theory,
we also find excellent agreement for the VBM and CBM with the largest
difference being 0.7 meV. However, surprisingly, we find that WFPT
overestimates the CB renormalization by 29 meV. We further decompose
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Table 1 | Non-adiabatic and adiabatic zero-point
renormalization (ZPR) of the valence band maximum (VBM),
conduction band at the zone-center (CB), and conduction
band minimum (CBM) for diamond using the Allen-Heine-
Cardona (AHC) theory as implemented in the ABINIT (AB) and
Quantum ESPRESSO (QE) codes, as well as using the Wannier
function perturbation theory (WFPT) within the EPW code

diamond adiabatic ZPR (meV)
AB AHC QE AHC WFPT ZG
VBM 154.5 155.1 154.7 136.5
CB —254.5 —254.2 —283.5 —284.6
CBM -218.0 -217.7 -218.7 —267.0
indirect gap 3725 372.8 373.4 403.5
direct gap 409.0 409.3 438.2 4211
diamond non-adiabatic ZPR (meV)
AB AHC QE AHC WFPT
VBM 131.9 131.8 131.7
CB —278.8 —278.4 —279.3
CBM —198.3 —-197.8 —199.2
indirect gap 330.2 329.6 331.0
direct gap 410.7 410.1 4111
BAs non-adiabatic ZPR (meV)
AB AHC QE AHC WFPT
VBM 451 45.9 43.4
CB —73.5 —73.8 —66.6
CBM —49.6 —49.9 -52.7
indirect gap 94.6 95.8 96.1
direct gap 118.5 119.7 110.0

In all cases, we use Sternheimer, 8 active bands, quadrupoles, a 100 x 100 x 100 g-grid integration,
and a5 meV smearing. The adiabatic ZPR is also shown using the special displacement method as
implemented in the ZG code.

the ZPR into its Fan and DW part and for each case, we also decompose the
active and rest subspace contribution and report the results in Table 2. For
the CB case, we find that 2/3 of the difference between adiabatic WFPT and
AHC theory comes from Fan term and 1/3 comes from the DW term in the
rest subspace, the active DW part being the same. We have not been able to
understand the precise source of discrepancy in that case but, as we will soon
see, the problem is not present in the case of the non-adiabatic solution.
Since in practice the non-adiabatic solution is always superior to the adia-
batic one, we do not try to fix this and simply report that we could not
validate the adiabatic WFPT with the adiabatic AHC.

We then compared our adiabatic AHC result with the adiabatic special
displacement methods. For the VBM, the ZG approach underestimates the
result by 18 meV but as can be seen on Fig. 6, the results are not fully
converged. As demonstrated in ref. 12, the result can be linearly extrapolated
to denser momentum grids. We therefore extrapolate the ZG results to
100 x 100 x 100 q-grid and obtain 158 meV, closer to the 155 meV of the
AHC results. We infer that the remaining 2% difference is mostly due to the
RIA, as the anharmonicity is expected to be small in silicon. We can perform
a similar analysis for the CBM which gives an extrapolated value of
—226 meV which is 4% away from the AHC value. We note that these values
will change with larger ZG supercells and that a potential small error
compensation with the anharmonic effect is possible. As a result, we can
confidently deduce that the effect of the RIA is below 10% for diamond.
These findings are in line with the recent ref. 57 that reports a sub 5%
contribution from the RIA in diamond and silicon.

In addition, for the CB we obtain —284.6 meV with the ZG method, in
quite good agreement with the AHC result of —254 meV. However, as
discussed previously and extensively in ref. 12, the CB is more challenging to

Table 2 | Non-adiabatic and adiabatic zero-point
renormalization (ZPR) decomposition into the Fan and Debye-
Waller in the rigid-ion approximation (DW) terms of the valence
band maximum (VBM), conduction band at the zone-center
(CB), and conduction band minimum (CBM) for diamond using
the Allen-Heine-Cardona (AHC) theory as implemented in the
ABINIT (AB) and Quantum ESPRESSO (QE) codes, as well as
using the Wannier function perturbation theory (WFPT) within
the EPW code

adiabatic ZPR (meV)
AB AHC QE AHC WFPT
Fan DW Fan Dw Fan DW
VBM-active 96.6 7.7 97.9 77.4 97.3 7.7
-rest —1673.3 1653.6 —1672.7 16525 —1663.5 1643.2
-full -1576.8 17313 —1574.8 1729.9 —1566.2 1720.9
CB-active —267.1 -30.7 —266.3 —30.6 —295.7 -30.7
-rest —-1580.6 1622.2 —-1580.2 16229 —1570.9 1613.8
-full —1847.6 1593.1 —1846.5 1592.3 —1866.6 1583.1
CBM-active —147.4 —78.6 —147.5 —78.3 —148.1 —79.1
-rest —627.0 635.1 —627.4 635.5 —619.4 627.9
-full —774.5 556.5 —774.9 557.2 —767.5 548.8
non-adiabatic ZPR (meV)
AB AHC QE AHC WFPT
Fan DW Fan DW Fan DW
VBM-active 74.0 7.7 74.5 77.4 74.4 7.7
-rest —-1673.3 1653.6 —1672.7 16525 —1663.5 1643.2
-full —-1599.4 1731.3 —1598.1 17299 —-1589.1 1720.9
CB-active —291.3 -30.7 —290.5 -30.6 —291.5 -30.7
-rest —-1580.6 1622.2 —1580.2 16229 —1570.9 1613.8
-full —-1871.8 1593.1  —1870.7 1592.3 —-1862.4 1583.1
CBM-active —127.7 —78.6 —127.7 -78.3 —128.6 —79.1
-rest -627.0 635.1 —627.4 635.5 -619.4 627.9
-full —754.7 556.5 —755.0 557.2 —748.0 548.8

In all cases, we use Sternheimer, 8 active bands, quadrupoles, a 100 x 100 x 100 g-grid integration,
and a 5 meV smearing.

converge due to energy resonances and we estimate that we are too far from
convergence to be able to perform any meaningful extrapolation of the ZG
ZPR. Overall, we note that the validity of the RIA was previously explored
for specific q-points by direct comparison to finite difference in ref. 26 but it
is the first time that a quantitative estimate is given for the impact of RIA on
the integrated ZPR.

We then compare the non-adiabatic results in Table 1. In that case, the
AHC as implemented in ABINIT and Quantum ESPRESSO as well as
WEPT all give excellent agreement. The largest absolute difference is
1.4 meV, occurring for the CBM. Actually, looking at Table 2 shows that the
agreement is also excellent for the decomposed quantities, therefore both
validating and verifying the theory and implementation of the non-adiabatic
AHC in IR-inactive materials.

In the context of this work, we also mention the work of Engel et al.’”
who computed the non-adiabatic ZPR of the indirect bandgap of diamond
using the projector-augmented-wave (PAW) method” in the VASP
software®™*” with a treatment of the long-range part of the potential deri-
vative. The authors obtained 323 meV, in close agreement with our
330 meV reported in Table 1.

We then perform the same comparison on BAs to assess the effect of IR
activity on the results. In that case, only the non-adiabatic ZPR can be
computed, as the q integral diverges in principle for the adiabatic ZPR". In
the case of the two AHC implementations, we verify that the agreement is
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excellent with a renormalization of the VBM at 0 K due to the zero-point
motion of 45.47 +0.4 meV and —49.74+ 0.2 meV for the CBM, giving a
sizable indirect bandgap reduction of 95 meV. We also find that the CB at
the zone center has a renormalization of —73.65 + 0.2 meV which yields a
direct bandgap reduction of 119 meV. Individual values and their decom-
position can be found in Table S1 of the SI.

Furthermore, we have also studied the impact of having semicore d
state explicitly included in the pseudopotential of arsenic and found very
little impact except for a 5 meV increase in the CB ZPR (see Table S2 of the
SI). We have nonetheless used As with semicore state for all this work for
definitiveness. We also note that in Table S1 of the SI there is a different
separation between active and rest space since the semicore states are part of
the active space in the Quantum ESPRESSO calculation and part of the rest
space in ABINIT. This, however, bears no consequences on the final
observable.

Moreover, we looked at the difference between the WFPT and the
AHC theory. In the case of BAs, we do observe a larger difference with values
of 43.37 meV, —66.60 meV, and —52.68 meV for the VBM, CB, and CBM,
respectively. These results yield a maximal difference of 9.6% between the
WEPT and the average AHC values between the two codes. Although
reasonable, this is a significantly larger difference than the one observed for
diamond. Looking at the Fan/DW decomposition, we find that the error
made is similar on both terms and between 3 meV and 17 meV. Interest-
ingly, in all cases, the errors compensate, and the resulting difference in the
observable ZPR is smaller and ranges from 1.7 meV to 6.9 meV. We
therefore conclude that describing the quantum state with Wannier func-
tions and their perturbation can yield errors of up to 10% in polar materials.

Finally, we compare our result to ref. 63 where they compute the ZPR of
BAs using a finite-displacement method and an 8 x 8 x 8 supercell. Inter-
estingly, since BAs has a weak LO-TO splitting due to highly covalent bond
resulting in small Born effective charges™”, see also Fig S1 of the SI, adia-
batic methods should remain quite valid'®. For this reason, we also com-
puted the ZPR of BAs using the adiabatic approximation with a
100 x 100 x 100 q-grid grid and obtained 50.2 meV, —47.7 meV, and
—57.1meV for the VBM, CB, and CBM, respectively. This gives us an
adiabatic ZPR reduction of the direct and indirect bandgap of 97.9 meV and
107.3 meV, respectively.

In the quadratic approximation, which consists of neglecting terms
beyond the second order the the eigenvalue expansion in terms of atomic
displacement, they obtain a 97 meV reduction of the indirect bandgap of
BAs due to the ZPR*, in almost perfect agreement with our non-adiabatic
96.1 meV value from Table 1 and 10% smaller than our adiabatic value. This
agreement implies that the RIA should be quite good in BAs as well. In that
work, they further study the effect of anharmonicity via Monte Carlo
integration and find a 10% increase in the ZPR as well as a further =10%
increase due to electron correlation using the hybrid Heyd-Scuseria-
Ernzerhof functional (HSE)”' instead of the PBE exchange-correlation
functional. They also find that both thermal expansion and spin-orbit-
coupling (SOC) have negligible (within the statistical uncertainty of their
stochastic calculations) effects on the ZPR®.

Impact of spin-orbit coupling
The inclusion of spin-orbit-coupling (SOC) in the calculation impacts the
electronic bandstructure and in particular, the VBM where the triple
degeneracy is lifted resulting in spin-spit bands. In the case of diamond, we
computed the split-off energy to be 13.5 meV, and the corresponding non-
adiabatic ZPR using WFPT to be 1304 meV, —270.7meV, and
—199.4 meV for the VBM, CB, and CBM, respectively. By comparing these
results with those without SOC in Table 1, we find that the effect of SOC on
the ZPR is small and reduces the ZPR by up to 3%. This is in line with
previous studies”** which shows that the effect of SOC is small and reduces
the ZPR. The largest reported reduction is 30% for CdTe which has a very
large SOC and a split-off energy of 0.85 eV?.

In contrast, the impact of SOC on the hole mobility is much larger and
may lead to a 70% increase even in materials with modest SOC™*"**. As the

split band goes down in energy, the available scattering phase space is
reduced, and the hole mobility is enhanced. Specifically in diamond, the
room temperature Boltzmann transport equation hole mobility increases
from 2265 cm’/Vs to 2290 cm*/V's when including SOC”. Instead, for BAs,
the room temperature hole mobility without SOC was reported to be
1387 cm*/Vs” and 2110 cm?*/Vs™ when including SOC due to the large
216 meV spin-off splitting. Indeed, the hole mobility with SOC is about 3/2
the one without due to the split-off bands going significantly down and not
contributing to the resistivity.

These two facts may appear contradictory as the carrier mobility in the
self-energy relaxation time approximation (SERTA)™ is directly propor-
tional to the inverse of the imaginary part of the Fan self-energy 22 (E) and
the real and imaginary parts are related by the Kramers-Kronig relation.
Therefore, to study this aspect, we have computed in Fig. 7 the energy-
dependent real and imaginary parts of the self-energy of BAs for the VBM
with and without SOC. Having established the agreement between codes, we
here use EPW and WFPT for this analysis and use the same 100 x 100 x 100
q-grid integration with 5 meV smearing. With such a small smearing, there
are visible oscillations that would require a denser q-grid to be reduced.
However, the solution is smooth around the VBM energy which is what is
used for the calculation of ZPR.

As pointed out by ref. 47 and shown with green lines in Fig. 7, the
relative reduction of the imaginary part of ,,,,(E) at the VBM due to SOC s
much larger than the relative reduction of the real part. At the VBM, the real
part is unaffected while the imaginary part is reduced by 23% when
including SOC. However away from the VBM, the real part shows changes
upon including SOC, ensuring that the Kramers-Kronig relation is
respected. To understand why the mobility is more affected by SOC, we also
show with mauve lines in Fig. 7 the %, (E) where we have only included in
the phonon q momentum integral the states for which the eigenvalues ¢, o
is within 0.3 eV of the VBM. Indeed, only the states close to the band edge
will contribute to carrier mobility and 0.3 eV is a conservative energy
window for the room temperature mobility”®. In that case, the real part is
reduced by 5% at the VBM while the imaginary part is reduced by 48% when
including SOC. Since SOC impacts mostly the states close to the band edges,
the mobility is impacted more strongly than the ZPR which has contribu-
tions from all the states. We have also performed the same analysis for
diamond, see Fig. S7 of the SI. In that case, the impact of SOC is very small
both for the real and imaginary parts of X, (E, T).

In conclusion, for states that are strongly impacted by SOC, it is
expected that the impact on mobility will be larger than on ZPR as the ZPR
has contributions from all the states, while the mobility solely comes from a
small energy region around the band edges. This fact explains why the effect
of SOC on the real and imaginary parts can be different, even though they
are related by the Kramers-Kronig relation. Given the small impact of SOC
on the ZPR, we neglect it for the rest of this manuscript.

Mass enhancement
The diagonal electron spectral function can be computed from the electron-
phonon self-energy as:

1
E— Enk — Znnli((E7 T) ’

1
AplE,T) = ——3 (49)

Due to the challenges in computing the DW term, many
authors*****™ (but not all’*””) have computed the spectral function by
approximating the electron-phonon self-energy by the Fan-Migdal one
sfan (E, T). The justification for such an approximation is that the DW term
is static and might contribute mostly to a rigid shift of the eigenvalues.
Therefore, we look at the k momentum dependence of the DW term and the
various approximations summarized in Fig. 2 to see if such an approx-
imation is sound.

One physical quantity associated with the momentum dependence is
the mass enhancement due to electron-phonon coupling, which can be
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(a) 80 Table 3| Non-adiabatic effective masses (in the unit of electron
AMAAA i re mass in vacuum) of diamond at 0 K due to electron-phonon
12 4 T coupling using the AHC theory as implemented in the ABINIT
s Total without SOC (L (AB) and Quantum ESPRESS_O (QE) codes as \{vell as the .
£ 40 At = 0.3 eV without SOC \ WFPT, active space, and Luttinger (Lut) approximations within
[m — Total with SOC the EPW code
N — Ae = 0.3 eV with SOC
& b PTECAR DFT AHC AB AHC QE WFPT Exp.
ﬁﬁﬁpﬁ_—\/ me 1.677 1.892 1.897 1.737 1.47
~20 me 0.300 0.336 0.360 0.323 0.36'®
(&) 102 mip -0729  —0.824 ~0.751 —0811  212%
e esuy mh 0192  —0.181 ~0214 —0177 07"
10t
s f mhh ~0.535 —0.603 —0.584 —0.661 2.121%
£
= 10 mh, —0.339 -0.325 —0.355 -0.333 7™
E’ N bare WFPT Active space approximation
n e
107 EPW Fan Fan+DW  Lut
\\ me 1.546 2 0.123 0.136 0.125 0.136
1077 1.0 05 0.0 0.5 mg 0.293 28 0.103 0.117 0.099 0.117
E—évam (eV) mP —0715 b 0134 0.140 0.131 0.140
Fig. 7 | Impact of spin-orbit coupling on the electron-phonon self-energy of BAs. mh ~0.192 puiy _0.077 —0.069 —0.081 —0.069
a Real and b imaginary part of the electron-phonon self-energy at the valence " o
band maximum as a function of energy integrated on a 100 x 100 x 100 q-grid Mrx Res Mx k) e ey e
integration with 5 meV smearing. At the VBM, the real partis unaffected whilethe ~ mlt —0.334 A —0.001 0.006 0.001 0.006

imaginary part is reduced by 23% when including SOC. With pink/mauve lines we
show the contribution to the self-energy from states mk + q within 0.3 eV of the
band edge.

obtained from the effective mass of the renormalized band:

I’E(T)

ok ,0k; (50)

() = n = mip(1 4 dop(T))-

Here, ER}(T) is the on-the-mass-shell renormalized energy from Eq. (6) and
Anap(T) denotes the mass-enhancement factor.

We computed the DFT bare hole effective mass of diamond using
Quantum ESPRESSO in the X and L direction for the light-hole and heavy-
hole bands, mh, mlt, mht, and mily, as well as the longitudinal and
transverse electron effective masses #1; and mg, respectively, and report
them in Table 3. We verified that we obtain the same (to 3 significant digits)
DFT effective mass with ABINIT. We obtain longitudinal and transverse
masses of 1.68 m, and 0.30 m, respectively, in relatively good agreement
with the experimental values of 1.4 m, and 0.36 m,'”. The hole effective
masses show larger deviations since we neglect SOC. However, due to
Wannierization, the bare effective mass for EPW is slightly different and its
value can be deduced from the mass enhancements A,qz reported in
the table.

We then compute the change of curvature due to electron-phonon
interaction. We find longitudinal and transverse effective masses of 1.89 m;
and 0.33 my, respectively, with some small variation depending on the
software, see Table 3. This corresponds to a mass enhancement of over 10%
in both directions. As a representative case, we show in Fig. 8 the renor-
malization of the bandstructure of diamond using Quantum ESPRESSO
and focusing on the band edges.

Interestingly, we note that the mass-enhancement due to electron-
phonon coupling typically tends to increase the effective mass, often over-
estimating the experiment. However, for diamond, Go W, and quasiparticle
self-consistent GW (qsGW) both decrease the effective mass by about
10%'". This effect is reminiscent of the overestimation of bandgaps using
qsGW which is then reduced closer to the experiment by the electron-
phonon ZPR".

We then compute the mass enhancement using the three active space
approximations of Eqgs. (28)-(30). We first show in Fig. 9 the

By construction, the active Fan only and active Luttinger have the same mass enhancement (A) but
different absolute values. In all cases, we use 9 active bands and quadrupoles.

4.4
m £1.325
\_/
a2} ]
a0} ]
S
\Q)/ y y
> .
2
(]
C
w
-0.695 1
-q.174
mp,=-0.527
m;,=-0.297
r 0.1MTX 0.66rX 0.87'X

Fig. 8 | Renormalization of the bandstructure of diamond due to electron-
phonon coupling. Valence and conduction bands computed using DFT (gray),
including the 0 K renormalization due to electron-phonon interaction (green). The
effective masses along specific high-symmetry directions are indicated, providing
the mass enhancement mz% = mys(1 4 Ayp). The calculations are made using the
on-the-mass shell approximation of the non-adiabatic AHC implementation of
Quantum ESPRESSO integrated on a 100 x 100 x 100 q-grid integration, including
quadrupole, and 5 meV smearing.

renormalization of the conduction band of diamond and find that the Fan
and DW terms taken separately are very large and of opposite curvature.
Therefore, the corresponding mass enhancement using Eq. (15), which
neglects the DW term entirely, is completely off. Instead, if we use Eq. (28) or
Eq. (30), applying the Luttinger or Fan only approximation on the active
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Fig. 9 | Study of the conduction band minimum of diamond. The top panel
presents a zoom-in around the CBM with DFT eigenvalues and including non-
adiabatic ZPR at 0 K due to electron-phonon coupling (E,x), the Fan term only
(EFan), and the Debye-Waller (DW) term only (EDV), respectively. Both the Fan and
DW terms are large and of opposite magnitude and anisotropy. Only the sum of both
terms is observable. The bottom panel presents a further zoom-in showing three
approximations using the active space (9 bands) only: (i) the Fan term on the active
space only =™ using Eq. (30), (i) active space only T4, using Eq. (29), as well as
(iii) the Luttinger approximation Zkﬁ"A of Eq. (28). The calculations are made using
the on-the-mass shell approximation of the non-adiabatic AHC implementation of
ABINIT integrated on a 100 x 100 x 100 q-grid integration, including quadrupole,
and 5 meV smearing.

space contribution and neglecting the rest-space contribution, we obtain an

effective mass that is on average 9.5% overestimated with respect to the

WEPT reference. We note that =5i* and =4 give the same mass

enhancement by construction but a different absolute value. As seen in the

Fan,A

lower panel of Fig. 9, £, gives an underestimated ZPR that depends

significantly on the size of the active space. The Luttinger approximation
ZE?A, which removes the ZPR by construction, might therefore be pre-

ferred to avoid confusion.

Interestingly, computing the Fan and DW terms on the active space
using Eq. (29) reduced the difference with respect to the WEPT to 5.8%. It
also gives an excellent ZPR (4% overestimation) that does not strongly
depend on the active space. This last option is therefore the recommended
approximation when working in a Wannier framework without a WFPT
implementation. We note that the main drawback is that the mass-
enhancement then depends on the number of states included in the active
space. We therefore recommend using the smallest active space that
includes the full description of the bands for which the mass enhancement is
computed.

Spectral functions

We conclude this study by taking a brief look at the spectral function
computed using the ABINIT and EPW codes to verify the accuracy of that
physical property. Indeed, the spectral function is a more sensitive quantity
than the ZPR as it includes the full description of the energy-dependent
electron-phonon self-energies. We compute the diagonal spectral function
from the self-energy as

1 SZ(E, T
Ank(E7 T)=— S nk( ’ )

T(E e —MIW(ET) + QIQE T O

We present in Fig. 10 the spectral function for the VBM, CB, and CBM
states around their respective bare energy eigenvalues. We show with dashed
lines in the top panels the geometrical solution of Eq. (3) which is obtained as
the intersection of the E — ¢, line and R, (E, T), where ¢, is the VBM,
CB, or CBM depending on the case. For diamond we obtain 119.7 meV,
—304.8 meV, and —185.0 meV for the VBM, CB, and CBM, respectively.
These values are comparable to the RS approximation EX(T) of Eq. (6)
values of 131.7 meV, —279.3 meV, and —199.2 meV for the VBM, CB, and
CBM, respectively.

Interestingly, overall the results are in excellent agreement between the
two codes with only small differences observed in the imaginary part of the
self-energy. The small oscillations seen away from the band edges are char-
acteristic and due to numerical resonances when states at k and k +- q + wq
have similar energies. These oscillations can be systematically reduced by
using denser momentum grids but we restrict ourselves to 100 x 100 x 100 q-
grid to be consistent with most of the results presented in this work.

DISCUSSION

In this work, we have successfully verified four first-principles codes and
validated three methods to compute zero-point renormalization of the
bandgap, mass enhancement, and spectral functions, which allowed us to fix
bugs and improve the functionalities of the software as well as giving more
insights into the accuracy and limitation of the different methods. We report
for the first time the slow sum-over-state convergence toward the
Sternheimer-based results in the case of solids and explain why certain
electronic states converge faster than others. We show that the rigid-ion
approximation is a good approximation in solids. We explained the small
impact of spin-orbit coupling on the real part of the electron-phonon self-
energy and the potential large impact on its imaginary part. We find that the
Debye-Waller term is momentum-dependent and should be included, at
least in the active subspace, to obtain accurate mass enhancement. We hope
that such an effort will stimulate a global effort from the community to
systemically verify and validate existing and new codes and methods.

Methods

DFT calculations

If not stated otherwise, all Brillouin-Zone integrals use a zone-centered
homogeneous 8 x 8 x 8 k-point grids for electrons and 8 x 8 x 8 q-point
grids for phonons. For diamond and BAs, we use a plane-wave energy cutoff
of 40 Ha. The DFT and DFPT self-consistent cycles are converged to tight
values of 107>’ Ry*/e” or smaller.

Optimization of EPW

To improve performance, we implemented an optimized Fourier transform
whereby a 3D Fourier transform is performed as a 1D nested Fourier
transform along the x, y, and z directions, respectively. This optimized
Fourier transform is the same as Eqgs. (8)-(9) of ref. 102 and allows for a cost
reduction for q points on a uniform mesh. In addition, we rewrote the
Fourier interpolation using Wigner-Seitz lattice vectors following the
WannierBerri code'” [see Egs. (21)-(23) of ref. 103]. This refactoring
enables an efficient call to LAPACK routines instead of a for loop. Both
optimizations were developed and used in ref. 31 and recently added
into EPW.
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Fig. 10 | Electron self-energy and spectral function of diamond due to electron-
phonon coupling. a Real and b imaginary part of the electron self-energy along
with (c) the corresponding spectral function, computed with ABINIT and EPW

using WEPT at 300 K. The calculations are made using a 100 x 100 x 100 q-grid
integration and 5 meV smearing for the calculation of the self-energies.

Software improvements resulting from this verification and
validation effort

For the ABINIT code, we have implemented the support for adiabatic AHC
band renormalization when using Fourier interpolation of the potential. We
introduced a new input variable eph _ahc_type for this.

For Quantum ESPRESSO, we have implemented support for adiabatic
AHC band renormalization when using Fourier interpolation of the
potential via the input adiabat ic = . true. We have also implemented
quadrupole support for the long-range part of the perturbed potential for
Fourier interpolation. The support for decomposing the Fan and Debye-
Waller terms inside the active space was also added. Also, we enabled the use
of symmetry and the irreducible q points for the band renormalization
calculation.

For the WEPT, the original implementation of ref. 31 was merged to the
EPW™ code (available since v5.8). Additional support for quadrupole, 2D,
and Berry connection” was added. We have fixed a bug in WFPT related to
the q vector representation in the addition of the long-range electron-phonon
coupling (fixed in EPW v5.9). We have also fixed a bug in EPW related to the
calculation of the Berry connection (fixed in EPW v5.9).

Data availability

The underlying code, pseudopotentials, all inputs and outputs, andthe
scripts to produce the figures for this work are available on the Materials
Cloud Archive for complete reproducibility and can be accessed with
{https://doi.org/10.24435/materialscloud:xr-ce}.

Code availability

All the codes used for this work are free and open-source.
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