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Abstract

In view of the well known core equivalence results in atomless economies, coincidence of mar-
ket game equilibrium allocations with competitive allocations is tantamount to a three way
equivalence between market game mechanisms, competitive equilibria and the core. Based on
this idea I propose an equilibrium refinement of market games which allows me to use the
core equivalence machinery to provide an exact market game characterization of competitive
equilibria.
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1 Introduction

In view of the fact that competitive equilibria can be approximated by equilibria of the
market game mechanism, it seems that these games can provide the description of price
formation that the Arrow-Debreu model lacks. This would be the case if one could
establish equality between the sets of competitive (Walrasian) equilibrium allocations
and equilibrium allocations resulting from market game mechanisms in ideal models of
competition. Attempts in this direction have been moderately successful. In atomless
economies competitive equilibria can be obtained as outcomes of a market game, but at
the same time market game mechanisms support outcomes dramatically different from
the competitive ones. In particular, the no trade allocation is always a market game
equilibrium but it is not a competitive allocation unless the distribution of endowments
is Pareto optimal.

It has been conjectured! that an equilibrium refinement might eliminate those
unpleasant equilibria. Elsewhere it has been conjectured that some minimal amount of
cooperation is needed in order to get trade started in a market game (Mas Collel [8]). In
this note I attempt to combine the above conjectures with the following observations:
The construction of market games is based on the concept of trading posts where
individuals place their orders. However, there is no reason why we should be confined
to a model where each commodity is traded in ezactly one post. Consequently, in
this note I will allow any group of agents to form a trading post and involve in trades
independently from others. This idea draws inspiration from [7] where it is pointed out
that the number of trading posts postulated at the outset of a market game is crucial.
It was suggested there that one way out of this was to leave the number of trading posts
unspecified and modify the equilibrium concept accordingly. Another observation that
should guide the analysis is that the well known core equivalence results in atomless
economies?, make the equivalence of market game mechanisms and the core necessary
in order to obtain exact equivalence with the competitive mechanism. In other words,
equilibrium allocations of the market game mechanism that remain bounded away from
the core cannot converge to competitive equilibria. This observation is also evident in
[9], where the author discusses the limit price mechanism. Much of the purpose of this
note is to stress those two messages.

Intuitively, I would like to think of agents as being free to aggregate their bids and
offers in groups, independently of others. It should not be surprising that with such a
formulation of trade, trivial equilibria are automatically eliminated once endowments
are not Pareto optimal®. I think of agents as setting up posts and propose bids and
offers within groups, where they can exercise some market power. This is what gets
trading posts going. An equilibrium of such a process of setting up trading posts has
been reached when the setup of another post has no potential benefit. Alternatively,
one may think of a sustainable market game outcome as one where, disintegrating the
set of agents into smaller groups and matching bids and offers within groups gives no
potential advantage to some group. In other words there is no "better’ way to match

!Personally, I have heard this conjecture from J-F. Mertens.
2See [1] for a comprehensive review of core equivalence results.

3This is true even in economies with finite numbers of agents.



agents in the game. It turns out that, in an atomless economy, the set of undominated
market game allocations coincides with the set of competitive allocations. This is the
main result in this note.

Market games in atomless economies have been studied in [4] and in [3]. It is
evident in those papers that even in atomless economies the equivalence is problematic.
Another paper that is related to the approach taken here is [2] where the authors
study exchange within groups of agents via market game mechanisms. In that paper
the authors use a similar equilibrium refinement, as I do here, with the difference that
they postulate that groups of agents must trade in the same trading post for each
commodity. By contrast, in what follows I leave the number of trading posts within
any group unspecified. In this way groups of agents are allowed to trade in subgroups,
if necessary, in order to exhaust the benefits of using the market game mechanism.
Furthermore, the object of study there is the structure of trading groups of agents,
which is a meaningful problem in economies with a finite number of agents. In what
follows it will become clear that in atomless economies the structure of trading groups
is irrelevant in equilibrium, because the trading ratios within any group, as well as
across trading posts for the same commodity, are equal. This is a consequence of the
equivalence result that we provide here: undominated commodity allocations and the
corresponding trading ratios within any group are in fact competitive.

In the section that follows I develop the model in which my equilibrium concept is
embedded. Next I proceed to prove an exact equivalence result. An interpretation of
the model and some discussion as well as possible extensions are discussed in section
four.

2 Model

Let (A, A, ) be a measure space of agents. There are L commodity types in the
economy and the consumption set of each agent is identified with %i Each individual
is characterized by a preference relation, which is representable by a utility function
uq : RY — R, and an initial endowment e(a) € RE. In order to be able to use some
standard results we impose the following assumptions:

Assumption 2.1 e(a) >> 0 ae.

Assumption 2.2 Preferences are continuous, strictly monotonic and indifference sur-
faces through the endowment do not intersect the axis.

Let P denote the set of utility functions satisfying the above assumption endowed
with the appropriate topology (see [11]). An economy is defined as a measurable
mapping £ : A — P x %i A standard definition of a competitive equilibrium for such
an economy is as follows:

Definition 2.1 A competitive equilibrium is a price system p € §RJLF and a measurable
assignment x : A — §Ri such that:
(i) Jaz(a) < [yela)

(#3) z(a) € argmaz{uy ((z(a)):p-z(a) <p-e(a)} ae



Let CE (A) denote the set of competitive equilibria for this economy.

Remark 2.1 In what follows it will be important to recall that, due to the mono-
tonicity of preferences, if (p,xz) € CE (A) then p € §Ri+.

We now develop another equilibrium concept which will be based on market games.
For each T' € A consider the measure space (T,7,v) where T = {T'NC:C € A}
and v (D) = p(DNT) for each D € A. Trade is organized via systems of trading
posts where individuals offer commodities for sale and place bids for purchases of
commodities. A possible scenario for the rules of exchange which is attributed to [12]
is presented below. The interested reader should consult the original source or [13] for
a detailed account of this formulation.

In this setup bids are placed in terms of a unit of account. The strategy sets
of agents are described by a measurable correspondence S : T — OREXRL such that

S(a) = {(b, q) € §Ri X QRI; 1k <eli= 1,2,...,L}. A strategy profile is a pair of
measurable mappings b : T — R% and ¢ : T — R such that (b(a),q(a)) € S(a) ae.
Such mappings exist by Aumann’s measurable selection theorem. Given a strategy
profile let By, = [, ., b'(a) and Q% = [, ¢'(a).

Allocation assignments are determined as follows:

¢'(a) ~ ¢'(a) + V() FF i B} #0
q

(a) if BL. =0
By

7 (0(a), 4'(a), B, Q) = {
0 it T, gi(a) g < TE (o)

for i =1,2,..., L. Moreover, it is postulated that if Q% = 0 then B%/Q% = 0 and all
bids are lost.
Consumers are viewed as solving the following problem:

max {ua (24 (b (a),¢'(a), B, Q1)) + (b(a),q(a)) € S(a)} (1)

An equilibrium for the market game is defined as a strategy profile (b, q) that forms a
Nash equilibrium. For each T € A the set of Nash equilibria is denoted by NE (T').

Notice that, due to the bankruptcy rule above, in an equilibrium with positive bids
and offers individuals can be viewed as solving the following problem:

L L
max {ua((wi(bi(a),qi(a),B%’QiT))Z-L1) 2 Y (Brd'(a)/Q) > Zbi(a)} (2)

i=1 i=1
Notice that I have used a distribution mechanism that, for any group of agents, it
aggregates the orders (bids and offers) in one spot for each commodity. This seems to
contradict my initial statement that I leave the number of trading posts within any
group unspecified. However, this is done without loss of generality as the following

fact shows:

Fact 2.1 Given an atomless measure space (T, 7T ,v), the equilibrium allocations which
are attainable through any (finite) number of trading posts are also attainable through
one trading post for each commodity.



Proof:

Let K; be an integer denoting the number of trading posts for each commodity
1 =1,2,..., L. The allocation accruing to each agent who places simultaneous orders
in each post is given by:

a'(a) = ¢'(a) = Y _ai(a) + Y _bi(a) -~
k=1 k=1 By

From the first order conditions of (2), using the modified allocation rule, one obtains
that in equilibrium the following condition should be satisfied for each agent a € T
and each pair of trading posts ki, ko for a commodity:

ik1\ 2 ik1 ik ik \ 2

(o) - ot 5t (o)
i,k1 - i,k1 i,ko i,ka
T —a B—a T

It follows from the non-atomicity of (7,7, v) that:

i,k1 i,ko

B By
i,k1 i,k ?
T T

V Ky, ko (3)

Define b'(a) = ZkK:"l bi(a) and ¢'(a) = EkK:il ¢t (a). Since each term in the summa-
tion is measurable we have that b* and ¢ are measurable mappings on 7' so we can
define:

B%:/TW:/Tibz(a), Q%=/Tqi(a):/T§1q;i(a)

From (3) above we can conclude that:

K; ik i
Y1 By Bp

K oiF Qb
Y@ Qr

Hence, with the strategy profile (bi(a), qi(a))aeT each agent receives the same allo-
cation x'(a) as before. We leave it to the reader to verify that this profile of strategies
forms a Nash equilibrium with one trading post for each commodity O

Thus, augmenting the number of trading posts within any group makes no dif-
ference. It remains to ensure that the group which trades in each trading post is
irrelevant. This is the idea behind the following definition, which states that a given
‘market structure’ is in equilibrium if there is no group of agents can derive a potential
benefit from a trading post.

Definition 2.2 A trading posts equilibrium is a profile of strategies (b, q) such that:
(i) (b,q) € NE(A) for some A C A of full measure

(1) AT e A where u(T) >0 and (I;, (j) e NE(T) such that

ua((yé(i)i(a)? di(a)7 B%‘? QZT))ZLzl) > ua((xfz(bi(a)v qi(a)7 B,i47 Qfﬁl))zljzl) ae.
Let TPE (A) denote the set of trading posts equilibria. With this setup I am now
ready to proceed to the main argument of this paper.



3 Results

I begin with a result parallel to the ones obtained in [3] and in [4].

Proposition 3.1 Let x : A — RY be a competitive allocation, i.e., (p,x) € CE (A)

for some p € §Ri+. There exists a profile of strategies (b,q) € TPE such that
L

(@4(0), ¢'(0), By Qi) = (a), ae.
Proof : 1 start by reporting that, by a standard result, since x is a competitive assign-
ment it belongs to the core.

Let Ly = {i:2%(a) (a)} and Ly = {i:x = ¢'(a) ae} For each 7 € L; define
¢'(a) = — (2%(a) — e (a))_ and bi(a) = p* ( —é'(a) )T, For each i € Ly extract
from S a measurable selection ¢° : A — R% so that e'(a) > ¢'(a) > 0 on a set of positive
measure (for example ¢'(a) = €'(a) ae) and define b'(a) = p'qi(a). Clearly, b and q are
measurable and by construction ¢*(a) < e’(a) fori =1,2,..., L so (b'(a),q'(a)) € S(a),
ae. Let By = [,b'(a) and Q% = [, ¢'(a). Notice that BY/Q% = p' > 0. For this
profile of strategies we have:

For i € Ly:
(0 (0), ). By, Q) = ) — o) + (e 3!
= &(a)+ (2'(a) — €(a)) " + (2i(a) ~ €i(a)
= a'(a)
For i € Lo:
(0 (a),4'(a), By, Q) = ¢/(a) — q'(a) + b(a) - 24 = €i(a) ac
A
Thus, we have that (2 (b'(a), ¢'(a), BY, Q%))Ll = z(a).
I claim that (b,q) € 7PE. To this end we have:
Lo
By
L o) = (@
; QA i€y QA Z€L2
= Z—pl(xi( —é' a) +qu
i€l 1€Lo
= Y (2 @) + X b(a)
i€l 1€ Lo
L
i€l 1€ Lo =1

Let A C A be the set of agents for which z is a competitive allocation. Consider any
a € A. Suppose that for some (bi, Q’) € S(a), the corresponding allocation, given by

it = ei(a)—§' +b'QY / BYy, is such that u, (&) > ue(x(a)). By definition of a competitive



equilibrium it follows that p- > p-e(a) which implies that 35 | bi(a) > 325 S;“ -4*(a).
A

Same reasoning establishes that u, (&) > ue(x(a)) implies YF | bi(a) > YL, g%‘ -G'(a).
A

Thus, we conclude that (bi(a), ¢'(a)) solves (2) for all a € 4, i.e., (b,q) € NE (A).
To complete the proof suppose that for some T" C A where pu(T) > 0 there exists

(13, Lj) € NE (T) such that the corresponding assignment y : T — §RJLr is improving for

T, iew wa (5 (6(a), 4 (a), Bl Q) > wal(ah (4(a), ¢ (), By, Q)E,), ae in T
Since (l;, cj) € NE(T) we have [;y(a) < [pe(a). But then = cannot be in the core,
which contradicts our initial statement.
Thus, we conclude that (b,q) € TPE (A) O

The result that follows establishes that the converse is also true. It is a consequence
of the equivalence of competitive equilibria and the core.

Proposition 3.2 Let (b,q) € TPE and x : A — %i be the corresponding commodity
assignment z(a) = (:L‘Z(bi(a),qi(a),BA,Q?A))Z.LZI, ae. Then z is a competitive alloca-
tion, i.e., there exists p € ﬂ%i such that (p,z) € CE (A).

Proof: Let (b, q) € TPE (A) and denote by x the corresponding commodity assignment.
Suppose that = is not a competitive allocation, i.e., there is no p € §Ri such that
(p,x) € CE(A). Then z is not in the core of the economy so there is 7' € A, where
1 (T) > 0, and a measurable assignment & : T — R% such that ug(2(a)) > uq(z(a)),
ae in T

By a result of Mas Collel [11] [proposition 7.3.2, p.269] it can be assumed that Z is a
competitive allocation for the coalition T, i.e., there is a p € R% so that (p, %) € CE (T).
Clearly, by a construction similar to the one in the previous proposition we can find
(b, Lj) € NE& (T) such that (z%(b(a),q'(a), BY, Qi‘))f:l = #(a), ae.

Thus, we have found 7' € A and (l;, cj) € N&(T) so that:

ua((2h(b'(a), 4" (a), By, Q7)) = ua(@(a)) > ua(z(a)), aein T.

which contradicts the fact that (b,q) € TPE (A) ]
Putting together the conclusions of the last two propositions we can state the
following result.

Theorem 3.1 The set of allocations which are trading posts equilibria equals the set
of competitive allocations.

In this sense the trading posts mechanism developed here is equivalent to the
competitive mechanism. In order to highlight the fact that the equilibrium refinement
defined herein avoids ’trivial’ equilibria of the market game mechanism I report the
following result:

Theorem 3.2 (0,0) € TPE(A) if and only if the endowment assignment is Pareto
optimal.

Proof : - (0,0) € TPE (A) = Endowments are Pareto optimal.

Notice that the allocation resulting from (0,0) is precisely the endowment allocation,
which by the previous theorem is a competitive allocation so by the first welfare theo-
rem it is Pareto optimal.



- Endowments are Pareto optimal = (0,0) € 7PE (A).
Since endowments are Pareto optimal, by the second welfare theorem they can be

supported as a competitive assignment for some prices and hence the endowment as-
signment is in the core. Suppose now that (0,0) &€ 7PE (A). Clearly, (0,0) € NE (A).
Then there must be some T € A and (l;Z, (ji) € NE(T), so that the corresponding as-
signment, say &', is preferable: u,(2(a)) > uq(e’(a)), ae in T. Since [;3(a) < [re(a)
we conclude that the endowment assignment is not in the core, a contradiction to the
initial statement. O

4 Concluding remarks

In this note I have established the equivalence of the competitive mechanism with non
cooperative trade within groups of agents. This equivalence has been obtained via
equality of the equilibrium allocations corresponding to the two mechanisms. I believe
that there are two points that validate my approach: First, that one may replace
the hypothesis of a single trading post where all bids and offers are placed, with the
hypothesis that any group of traders can replicate the mechanism by which prices and
allocations are calculated. In that case the definition of equilibrium must require that
the structure of trading posts be in equilibrium. Although the structure of trading posts
is not explicitly described, an equilibrium structure of trading posts is implicit in my
definition of a trading posts equilibrium. Second that, in view of the well known core
equivalence results, the quest for exact equivalence between market game mechanisms
and the competitive mechanism is, in fact, a pursuit of a three way equivalence between
market game mechanisms, the core and the competitive mechanism. This fact has
motivated the refinement of market game equilibria chosen and, of course, drives the
result from a technical point of view.

I think of agents coming together in groups, proposing bids and offers and calculat-
ing the corresponding allocations accruing to them. This may be interpreted as agents
agreeing to meet at spot and trade or as groups of agents meeting randomly and pro-
pose bids and offers. This is the meaning of exclusion of some agents from economic
activity in a trading post. An equilibrium in all this process occurs when no group can
use the trading mechanism to achieve improving allocations. Notice that the structure
of equilibrium trades is abstract: Agents could end up either trading all together in
the same trading post or in groups trading in different posts or trading simultaneously
in many posts for each commodity. In other words the number of trading posts where
commodities are exchanged is indeterminate in equilibrium. This is natural in view of
the equivalence result that I showed: One trading post is as good as a hundred, since
the bid-offer ratios are the same in all of them. Equilibrium in the structure of trading
posts has the meaning that no group of traders should be interested in establishing an
extra trading post and involve in trades among themselves.

Finally, it should be noted that in this paper, I have used a rather crude model to
drive the points made in the introduction. I believe that the modeling of my ideas can
be improved in two ways: One might try to exploit the equivalence between compet-
itive equilibria and the f-core (see [10]) in economies with anonymous externalities.
The market game structure involved in our definition makes the f-core an appealing



concept. Alternatively one might think of a ’trading post’ as a bilateral trade and
develop an elaborate model of exchange as in Gale [5]. That model seems even more
interesting in that it provides a matching process by which trading posts (understood
as bilateral trades) are set up.
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