A note on isopycnal/diapycnal diffusion for ocean modelling

Eric Deleersnijder, 20 September 2004 (improved 26 September 2004)

It is common knowledge that large-scale diffusion processes in the ocean occur mostly along
isopycnal surfaces, i.e. surfaces of equal density. There is also some diapycnal diffusion. The
latter is associated with a diffusion flux orthogonal to isopycnal surfaces. The diapycnal and
isopycnal diffusion fluxes are commonly parameterised a la Fourier-Fick, a formulation
involving a diffusion tensor that is not isotropic (Redi 1982). As was seen by Beckers et al.
(1998), many discretisations of the isopycnal diffusion term yield discrete operators that are
not monotonic — a problem which is particularly annoying.

In this note, the diffusivity tensor to be applied in large-scale ocean models is established
and atest case is suggested to assess discretisations of the diffusion term.

The diffusivity tensor

Let t and x denote time and the position-vector, respectively. The concentration C(t,x) of a
constituent of seawater is governed by local production/destruction phenomena and by
transport processes. Thisis modelled by the generic equation
aC
— = P-Veq, 1
p q 1)
where P is the production/destruction rate of the constituent under study, while q is the
relevant transport flux. The latter is due to processes that are resolved by the model, i.e.
advection, and processes that are not resolved. The latter are parameterised herein as
diffusion. Asis well known, the advective flux is uC, where the vector u denotes the fluid
velocity, i.e. the velocity obtained after filtering out the unresolved fluid motions. So, if d
represents the transport flux due to unresolved processes, (1) may be re-written as
% = P - Ve(@uC+d). 2
The most general Fourier-Fick parameterisation of flux d is a linear function of the

concentration gradient components:

d = -KeVC, 3
where K isthe relevant diffusivity tensor, which needs to be positive definite — otherwise the
associated transport would not necessarily tend to homogenise the concentration and, hence,
could not be viewed as being of adiffusive nature.

If the unresolved phenomena are only those occurring at microscopic, i.e. molecular,
scales, then the usual parameterisation of d is

d = -KVc, 4)
where K is termed the “molecular diffusivity”. Flux (4) may be cast into the general form (3)
provided the diffusivity tensor K is



(K 0 0

K =0 K 0f. (5)
0 0 K
Clearly, this tensor is invariant under arotation of the reference frame; thisiswhy it is said to

be “isotropic”.

If only large scales of motions are actually resolved, the unresolved motions comprise
much more that those giving rise to the molecular diffusion. The unresolved phenomena are
usually parameterised as non-isotropic diffusion. Such a formulation resorts to two diffusivity
coefficients, Ki and K9, which are the isopycnal diffusivity and the diapycnal diffusivity,
respectively. In the principal axes, the associated diffusivity tensor reads

(KI 0 0)
K =|0 K 0]. (6)
0 0 Kd

Then, lengthy calculations are needed in order to express the diffusion term in the commonly
used “horizontal-vertical” coordinate system (x,y,z). Fortunately, there exists a much simpler
approach to the derivation of the isopycnal-diapycnal diffusion term.

If p denotes the density, the diapycnal — i.e. orthogonal to isopycnal surfaces — unit
vector is
_Vp
Vel )
Then, the “diapycnal gradient” of C is defined as
ViC = ege*VQO), (8)
while the “isopycnal gradient” is, quite obviously, the remainder of the gradient, i.e.
vidc = (v-Vi)C. 9)
So, the isopycnal-diapycnal diffusion flux must be
d = - KIVIC - KdvdC , (10)

an expression which can be cast into the generic form (3) provided the diffusivity tensor K is
defined as

K = Ki(l —ee) + Kdee, (12)
with
(1 0 0
| = Lo 1 OJ, (12)
0 0 1
and

(66 &8 6&)
e - Leyex eyey e\/ezJ , (13)
&8 &8 ee
where e = e es (S5X,y,2). Thisyields



(pRKY + (pg +p2)K! (K9 - K')pxpy (K9 - Khpxpz )

1 : . .
K = 5—=——| (KI-Kpypx  pfKI+(pg+p2)Kl  (KI-Khpxpy |, (14
Px + Py + Pz

(K9 -~ K)pzpx (K4-KDppy  p2Ka+(pg +pf)K!
where ps = dp/ s (S=x,y,2). Simplifications of (14) have been suggested in order to take into
account the fact that the slope of the isopycnal surfacesis generally small (Cox 1987).
To seeif the diffusivity tensor derived above is positive definite, we consider the product
a*Kea = Kilaxd? + Kd(ase)?®. (15)
For any vector a = 0, the latter is positive and non-zero provided Ki, K9 > 0. QED.

A test case

We assume that the isopycnal surfaces are flat and equally spaced. As a consequence, the
vector e is a constant. Further assuming that the isopycnal diffusivity, the diapycnal
diffusivity and the velocity vector components are all constants, we consider the following
partial differential problem in an infinite domain:

‘Z—Ct:+ UsVC = Ve(K *VC)

, (16)
[C(t,X)];_o = 8(x-0)
where § denotes the Dirac function.
The solution to (16) reads

_ R

exp _(x ut) K4t (X = ut)
C(t,x) = , 17
() (4mt)"/2./detK (17

where detK denotes the determinant of K while n is the number of space dimensions
considered. In other words, n is equal to 1, 2 or 3 according to whether we work in a one-,
two- or three-dimensional domain. If thensor K represents iso- and dia-pycnal diffusionin a
three dimensional domain, then

K-t = (KI) (1 -ee) + (K9) e, (18)
and
detK = KIdKdKi . (19a)
Of course, if a two-dimensional “horizontal-vertical” problem is considered, then the
determinant of the diffusivity tensor is
detk = KAIKi, (19b)
Some of the properties of the solution (17) are readily established. First, the concentration
ispositive at any position x and any time t>0:

C(t,x) > 0. (20)
Next, the maximum of the concentration is located at
rit) = ut. (21)

Finally, the total mass of the tracer present in the domain of interest remains constant at time
progresses:



+00 400 00 +0 400 400
f f f C(t,x) dxdydz = f f f d(x-0) dxdydz = 1. (22)
It is desirable that a discrete solution of differential problem (16) exhibits the properties
(20)-(22).
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Checking the solution for a pointwise and instantaneous r elease of tracer

Eric Deleersnijder, 28 September 2004

We assume that the isopycnal surfaces are flat and equally spaced. As a consequence, the
vector e is a constant. Further assuming that the isopycnal diffusivity, the diapycnal
diffusivity and the velocity vector components are all constants, we consider the following
partial differential problem in an infinite domain:

< + U*VC = Ve¢(K*VC)

ot , 1)

[C(t,X)];_o = 8(x-0)

where § denotes the Dirac function.

The solution to (16) reads

(x —ut)* K-1e(x -ut)

- 4t @

(4nt)"/2./detK ’
where detK denotes the determinant of K while n is the number of space dimensions
considered. In other words, n is equal to 1, 2 or 3 according to whether we work in a one-,
two- or three-dimensional domain. If thensor K represents iso- and dia-pycnal diffusionin a
three dimensional domain, then

exp

C(t,x) =

K = Ki(l -ee) + Kdee, (3
K2 = (K -eg) + (K ee, @

and
detK = KIKIKI (5a)

Of course, if a two-dimensional “horizontal-vertical” problem is considered, then the
determinant of the diffusivity tensor is
detk = KAIKi, (5b)
Below, we will verify that expression (2) actually is the solution of (1).

Galilean transfor mation

Introduce new independent variables:

t =t
{ ®)

X' = X - ut’
Then, the differential operators transform as follows:
d ot" 9 ox’ d
PO A
: (7)

V - vv% b (VX)oV = V'



asot'/ot=1, ox'/ot=-u, Vt'=0and VX' =1.
Substituting (6)-(7) into (1) and (2) yields
aC

& Ve(KeVO)
at’ : )
[C(t'.x)]._o = 8(x'-0)
X’oK—lox’
exp _4—t’]
X = Gy idak ©

So, in the new coordinates ensuing from the Galilean transformation (6), the problem to be
solved involves diffusion only. We now have to see that (9) isindeed the solution of (8).
To smplify the notations, the primes will be omitted from here onward.

Thedifferential equation

After some caculations, we obtain

e K-1loe
%© . (—X s X-ﬂ)c (10)
ot 4t2 2t
and
_1.
ve = KX (11)
2t
Hence
[ ] _l.
Keve = _KoKZexo X (12)
2t 2t
so that
[ [ ] _l.
Ve(KeVC) = - Xeye - XX (u-ﬂ)c, (13)
2t 2t 4t2 2t

since V ¢ x = n. The righ-hand sides of (10) and (13) being equal, the expression (8) satisfies
the diffusion equation included in (8). Nonetheless, it remains to be seen that (8) satisfies the
initial condition and is associated with a unit mass of tracer.

I nitial value and mass conser vation

It isreadily seen that K -1 is positive definite, which implies that
IingC(t,x) =0 if x=0
t—
- 14
Iing)C(t,x) = o if x=0 (14)
t—
The domain of interest, R", isinfinite. Therefore, as the tracer is passive, the total mass of
the tracer,
M = f C(t,x) dx, (15)
ml’l



must remain constant. At the initial instant, the concentration should be equal to 3(x - 0), so
that

M = fé(x—O) dx = 1. (16)
gﬁn
It is convenient to rotate the axes to the principal axes of the diffusivity tensor, which is
then expressed as

K = diag(rs, A2, ), (17)
where Ay, (m=1,...n) denote the m-th eigenvalue of K. For atwo- or a three-dimensional iso-
/dia-pycnal diffusion problem, we have (A,A2) = (KI,K9) or (Ag,A2,A3) = (KI,KI,K9). As
the determinant is an invariant of atensor, we have

detkK = ﬁ Am - (18)

Thus, if the space coordinates associated with the principal axes are X, (m=1,...n), using (18),
the integral (15) may be transformed to

%2
ol
dXm -
H -[O AT mt "
If aisapositive constant, it iswell known that
+0o0
) e & de = E (20)

Therefore, each of the integral in the product (19) is equal to unity. As a consequence, the
total mass of the tracer is conserved, and is equal to unity at any time t=0.

(19)

Conclusion

Expression (2) isthe solution to the partial differentia problem (1). QED.
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A test case for a Lagrangian model of isopycnal diffusion with non-flat isopycnal
surfaces

Eric Deleersnijder, 14 October & 20 December, 2009

Spivakovskaya et al. (2007) considered Lagrangian methods for representing
isopycnal/diapycnal diffusion. However, the benchmark they proposed was based on a
situation in which the isopycnal surfaces are flat — but obviously not horizontal. Herein, a
two-dimensional “horizontal-vertical” test case is suggested in which diapycnal diffusion is
zero and the isopycnal surfaces are not flat.

Let x and z denote the horizontal and the vertical coordinate (increasing upwards),
respectively. If p is the density, the diffusivity tensor reads

p? —PxPz
K = pi+pZ P+ 7 Ki, (1)
~PxPz [

pi+p:  pi+p?
where K' is the isopycnal diffusivity.

The density field is such that density decreases as z increases, so that lighter water lies on
top of heavier water. The vertical density gradient is assumed to be constant, but the
horizontal one is not, so that the isopycnal surfaces are not flat. Accordingly, one may want to
consider the following density field

2
p(x.2) = po [1 - % ra sin(zcx)l : )

where po is a reference value of the density; N and g are positive constants respresenting the
Brunt-Vaisala frequency and the gravitational acceleration, respectively; a and k are
constants.

An isopycnal surface is a surface on which density is constant. Let the latter be denoted
p*, then the corresponding isopycnal surface may be represented as follows:

8 . 8 .
7 = F(l—p /po) + Fsm(Kx) . 3)
The horizontal and vertical density gradients are
Px = Pook cos(kx) 4
and
oN?
p. = -2 5)
8
Substituting (4)-(5) into (1) yields
N4 agkN2 cos(kx) K!
K = : (6)
agkN2cos(kx) a?g2k2cos(kx)) a?g?k?cos?(kx)+ N4
The following values of the parameters seem reasonable
Ki=103m2s1 | N2=10%s2, g=10ms?2, aa=103 , k=10°m . 7
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It is noteworthy that they lead to a slope of the isopycnal surfaces with an order of magnitude
comparable to that selected by Spivakovskaya et al. (2007):

Px akgeos(kx)|  akg
p: N2 | N2
At the initial instant, J particles' are released at (x,z)=(0,0). This point belongs to the

~ 1073 . (8)

isopycnal surface whose equation reads

;= ;—Zsin(m. 9)

The position vector of every particle is updated by means of an appropriate Lagrangian
scheme and is denoted

[x;(),z;(®)], j=12..J. (10)
Clearly, the particles should remain on the isopycnal surface represented by (9). However,
numerical errors are unavoidable. Their magnitude may be estimated by means of the
following error measure

J 2
uey = |y [z 50 =g sinfiec (]| (11)
j=1
which is approximately equal to the standard deviation of the distance’ of the particles to the
isopycnal surface on which they should remain.

It would be interesting to plot u(z) as a function of time. I suspect that u(z) will increase
almost monotonically as time progresses. However, the better the Lagrangian scheme, the
slower the increase of u(f). This provides a method for assessing various Lagrangian
schemes.

Reference

Spivakovskaya D., A.W. Heemink and E. Deleersnijder, 2007, Lagrangian modelling of
multi-dimensional advection-diffusion with space-varying diffusivities: theory and
idealized test cases, Ocean Dynamics, 57, 189-203

! The number of particles, J, should be sufficiently large.

2 Since the slope of the isopycnal surface defined by (9) is small, the expression |z ;(?) - %sin[i{x ()] is

approximately equal to the distance of the j-th particle to the isopycnal surface under consideration.
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A note on the nature of the isopycnal diffusion

Eric Deleersnijder, March 22, 2010

Let x and z denote the horizontal and the vertical coordinate (increasing upwards),
respectively. If p(x,z) is the density, the 2D “horizontal-vertical” isopycnal diffusivity tensor
reads (e.g. Redi 1982)

p? ~PxPz
K = p)zc"'pzz p)zc"'pzz Ki, (1)
~PxPz pi

pi+p: pi+p?
where K' is the isopycnal diffusivity. Then, the concentration C(t,x,z) of a passive tracer
subject to isopycnal diffusion alone obeys the following equations
oC

= Ve(K*VO) 2)
ot
or, equivalently,
dC _ 9| piK' IC pipK' 9C| = 9|-pxpK' IC piK' IC
dz| pF+p? ox  pi+p? dz)

ot x| p2+p% ox  pE+p? ooz
This expression is somewhat intricate, which is why it is appropriate to design a coordinate

3)

system in which it would become considerably simpler. To do so, it is first necessary to gain
insight into the geometry of the isopycnal curves and the nature of the isopycnal diffusion
flux.

Geometry of isopycnal curves

An isopycnal is a curve in the (x,z) space along which the density is a constant. The unit
normal vector to such a curve is (Figure 1)

- Vp - pxex + pZeZ (4)
Vol \p2+p2
where e, and e, are unit vectors associated with the x and z coordinate axes, while

ap 0p)
«=|—| and =—1. 5
o (a) -2 B

As density increases downwards (lighter water lies on top on heavier water), the derivative p,
is negative. On the other hand, p, may be either positive or negative. The unit vector that is

n

tangent to an isopycal is then (Figure 1)

—Pz€x + Px€;
t = (eyxe;))xn = ——————. (6)
\Vp} + p?
Let o be the arc length along an isopycnal, implying
do? = dx? + dz?. (7

As
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R
ox 0 Pz
it is readily seen that
(ﬁ_x) _ P 9)
90/ p P+ p?
and
9z ) Px
—| = = (10)
(‘?‘7 p ApPi+p?

5 cgor‘/c*'&[ curve

« (are lenghh)

Figure 1. Illustration of the unit
normal and tangential vectors to

. l_f-: \: 1= \ n ]
an isopycnal curve
n
Z)éL n=- ¢ cx*(olc_z
\ e
>’C/§x E‘A ‘f2§z+:cz
f> 6
Isopycnal tracer flux
The isopycal tracer flux is
q = -Ke*VC
—0xp-K! i, p2K! aC| - (11)

P2Ki 9C  pyp.Ki C
= — —_— —_— ex -

pi+pZ ox  pi+p? oz
Combining (6) and (11) yields

—e
pi+p2 ax  pi+p? az)

q = -Ki(t*VO)t, (12)
wich is in agreement with elementary physical intuition. This expression may also be
transformed to

q = —Ki(ﬂ) t. (13)

Jo
o
One has
9, - )65 )05,
Jdo/, do )\ 0x /., Jdo)p\ 0z ]«

Then, substituting (6), (9) and (10) into (12), it may be demonstrated that (13) is correct, so
that
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4 = —K*VC = —Kit* VOt = _Ki(ﬁ) ¢ (15)
Jo o

The tracer equation in isopycnic coordinate

It is now convenient to introduce the following coordinate system

T=1
E=x (16)
[0 = p(x,2)
Then, on has
o), - oG, - (o),
P P Y P Iy

Then, substituting (9) into (17) yields
(i) _ P (i) ) (18)
Jo P 1/P%+Pz2 g 0

ho tmc:r FC’-«/\ Hlfou.al‘t
Figure 2. Control surface as ssopy e uad

defined in (22). )

N

Combining (2) and (15) yields

9 _ V'K"(ﬁ) t|. (19)
ot do/,
Integrating the latter on a control surface €2 and using the divergence theorem leads to
ideQ = fKi(ﬁ) temdrl , (20)
dr, e do/,

where I is the boundary of € and m is the outward unit vector. Now assume that the control
surface is (Figure 2)
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Q = [E-AE/2,E+ AE2)1x[p-Ap/2,p+Ap/2] . (21)
If A§,Ap — 0, the mass budget (20) is asymptotically equal to
E+AE/2
AEAz£ ~ K’(ﬁ) (teey)Az (22)
Jt Jo)/,
E-AE /2
Given that
A= 2P (23)
—Pz
and
tee, = ——Pi (24)
\p3+ p?
(22) transforms to
) E+AE/2
B SR
aC NPZ+pZ 90) o
— ~ —p; , Afg‘eO . (25)
ot AE
Taking the limit of this expression for A§ — 0 yields
aC d K oC
— = - p; —|——. 26
o - P g | pre p2 do 20
By having recourse to (18), the equation above may be rewritten as
aC d | Kip, aC > 5 0 K aC
— = p;,— —| = p}+p:—|—— 27
- P p,%+pga§} PP 6 | o2+ p2 00 @7

Spivakovskaya (2007) considered a case in which isopycnal surface are flat, but not
horizontal, implying that p, and p, are constants. As a result, (27) simplifies to
£ — Coszei([{i &) = i(Ki %) , (29)
ot 0 0 Jdo Jdo
where 0 is an angle whose tangent is the slope of the isopycnals. In other words, this angle is
zero or /2 according to whether the isopycnals are horizontal or vertical, respectively.
That equation (27) reduces to a well-known formula in the particular case considered in
Spivakovskaya (2007) is reassuring as to its relevance.

Reference

Redi M.H., 1982, Oceanic isopycnal mixing by coordinate rotation, Journal of Physical
Oceanography, 12, 1154-1158

Spivakovskaya D., A.W. Heemink and E. Deleersnijder, 2007, Lagrangian modelling of
multi-dimensional advection-diffusion with space-varying diffusivities: theory and
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On the impact of isopycnal diffusion on the density field

Eric Deleersnijder, April 1, 2011

It is common knowledge that large-scale diffusion processes in the ocean occur mostly along
isopycnal surfaces, i.e. surfaces of equal density. There is also some diapycnal diffusion. The
latter is associated with a diffusion flux orthogonal to isopycnal surfaces. The diapycnal and
isopycnal diffusion fluxes are commonly parameterised a la Fourier-Fick, a formulation
involving a non-isotropic diffusion tensor (Redi 1982).

In most ocean models, density is not obtained from the solution of a transport equation.
Instead, it is evaluated by means of the relevant equation of state. For a simple version of the
latter, density may be seen to obey a remarkable property, which is established herein.

The diffusicity tensor

Let t+ and x denote time and the position-vector, respectively. The evolution of a scalar
variable y(z,x) is governed the generic equation

W oo PV, )
ot
where P is the production/destruction rate, while q is the relevant transport flux. The latter is
due to processes that are resolved by the model, i.e. advection, and processes that are not
resolved. The latter are parameterised herein as diffusion. As is well known, the advective
flux is wy, where the vector u denotes the fluid velocity, i.e. the velocity obtained after
filtering out the unresolved fluid motions. So, if d represents the transport flux due to

unresolved processes, (1) may be re-written as

oy

ar

The most general Fourier-Fick parameterisation of flux d is a linear function of the
concentration gradient components:

d = -K*Vy, 3)

where K is the relevant diffusivity tensor, which needs to be positive definite — otherwise the

=P - Ve@uy+d). (2

associated transport would not necessarily tend to homogenise the concentration and, hence,
could not be viewed as being of a diffusive nature.
If the unresolved phenomena are only those occurring at microscopic (i.e. molecular)
scales, then the usual parameterisation of d is
d = -kKVy, “4)
where K is termed the “molecular diffusivity”. Flux (4) may be cast into the general form (3)
provided the diffusivity tensor K is

K=

oS © XN

0 0
K 0]. (5)
0 K
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Clearly, this tensor is invariant under a rotation of the reference frame; this is why it is said to
be “isotropic”.

If only large scales of motions are actually resolved, the unresolved motions comprise
much more that those giving rise to the molecular diffusion. The unresolved phenomena are
usually parameterised as non-isotropic diffusion. Such a formulation resorts to two diffusivity
coefficients, K’ and K¢, which are the isopycnal diffusivity and the diapycnal diffusivity,
respectively. In the principal axes, the associated diffusivity tensor reads

Ki 0 0
K=|0 K 0]. (6)
0 0 K4

Then, lengthy calculations are needed in order to express the diffusion term in the commonly
used “horizontal-vertical” coordinate system (x,y,z). Fortunately, there exists a much simpler
approach to the derivation of the isopycnal-diapycnal diffusion term.

If p denotes the density, the diapycnal — i.e. orthogonal to isopycnal surfaces — unit

vector is
e = ﬂ . @)
Vel
Then, the “diapycnal gradient” of v is defined as
Vly = e(e*Vy), ®)
while the “isopycnal gradient” is, quite obviously, the remainder of the gradient, i.e.
Vly = (V-Viy. ©)
So, the isopycnal-diapycnal diffusion flux must be
d = - KiViy - KiVdy | (10)

an expression which can be cast into the generic form (3) provided the diffusivity tensor K is
defined as

K = Ki(I-ee) + Kee , (11)
with
1 0 0
1-lo 1 o, (12)
0 0 1
and

e = [ee, eyey eye;|, (13)
eze_x ezey ezez

where e5 = e *® es (s=x,y,7). This yields

| pIK? +(p7 + p2HK' (K9 -K)p.py (K9-K")pxp;
K = m (Kd—Ki)Pny Pyde"‘(P;zc"'Pzz)Ki (Kd—Ki)PxPy , (14)
T (K=K pops (K?~KDp.py  p2K9+(pi + pK’
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where pgs =dp/ds (s=x,y,z). Simplifications to (14) have been suggested in order to take into
account the fact that the slope of the isopycnal surfaces is generally small (Cox 1987).
To see if the diffusivity tensor derived above is positive definite, we consider the product

a*Kea = K”|a><e|2 + Kd(a'e)z. (15)

For any vector a = 0, the latter is positive and non-zero provided K, K¢ >0. QED.

A special case

Assume that temperature 6(#,x) and salinity S(z,x) behave as passive tracers, implying that
they obey the following evolution equations:

a0
— = -Vewlhf-K*Vo), (16)
ot
7
a_S = -Ve@uS-Ke*VS). (17)
t
Further assume that density is linear function of temperature and salinity, i.e.
p(6,8) = po + a(@-6) + b(S-So) , (18)
where a, b, pg, 6y and Sy are constants. Then, combining (16)-(18) yields
d
a—p — —Veup-KeVp). (19)
t

Then, by using (7) and (11), the “density flux” -K *Vp is seen to be be independent of the
isopycnal diffusivity:
-K*Vp

—[Ki(I-ee)+ K%e]® [—|Vp|e]

VoK (Lee-eese) +[VoK e (20)
-e =1 =1
= |[VplKe = -K4Vp
Finally, substituting (20) into (19) leads to

P __ye (up-K94Vp) (21)

ot

For the simplified density equation considered herein, isopycnal diffusion has no impact on
the evolution of density. Thus, if advection and isopycnal diffusion are negligible, the density
must remain constant, i.e. p(t,x) = p(0,x).
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A three-dimensional test case for Lagrangian models of isopycnal diffusion with non-flat
isopycnal surfaces

Eric Deleersnijder, April 30, 2013

Spivakovskaya et al. (2007) considered Lagrangian methods for representing
isopycnal/diapycnal diffusion. However, the benchmark they proposed was based on a
situation in which the isopycnal surfaces are flat — and obviously not horizontal.
Deleersnijder (2009) suggested a two-dimensional “horizontal-vertical” test case in which
diapycnal diffusion is zero and the isopycnal surfaces are not flat. This test case was dealt
with by Shah et al. (2011) and Shah et al. (2013). In the present working note, a three-
dimensional benchmark is designed, which is largely inspired by the aforementioned two-
dimensional test case.

Let x and y denote the horizontal coordinates, while z denotes the vertical coordinate
(increasing upwards). If p is the density, the isopycnal diffusivity tensor reads

. py + 07 _pxpy —PxP;
K- & | _ 2402 - (1)
p)%+p§+p22 pypx px pZ pypZ

_psz _pzpy ,0)% +p)2)

where K' is the isopycnal diffusivity.

Density decreases as z increases, so that lighter water lies on top of heavier water. The
vertical density gradient is assumed to be constant, but the horizontal one is not, so that the
isopycnal surfaces are not flat. Accordingly, one may want to consider the following density
field

N2z

p(x,2) = po|l+a,sin(k,x)+ a, sin(Kyy) -—, )
8

where pg is a reference value of the density; N and g are positive constants representing the

Brunt-Vaisala frequency and the gravitational acceleration, respectively; o, , a,, k, and K,

y b
are constants.
An isopycnal surface is a surface on which density is constant. Let the latter be denoted

p*, then the corresponding isopycnal surface may be represented as follows:

7 = %(1_/)* /Po) + g]\?zx sin(k,.x) + %sin(l(yy) . 3)
The horizontal and vertical density gradients are
Py = PoOKy COS(KX) , Py = PolyK, COS(K,Y) , 4)
and
_PoN?

(&)

Pz =

8

These formulas are to be substituted into (1) to obtain the actual expressions of the
components of the diffusivity tensor.
The following values of the parameters seem reasonable
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Ki=103m2s7!, N2=109s2, g=10ms~2, ag =~ 103, Kg =~ 10°m , (6)
with §=x,y.
At the initial instant, J particles are released at (x,y,z)=(0,0,0). This point belongs to the
isopycnal surface whose equation reads

80
N2

= 8% GinGic x) + S sin(ic, ) 7)
Z = sin(k . x +Wsm W) -

The position vector of every particle is updated by means of an appropriate Lagrangian
scheme and is denoted

;0,500,201 j=1.2...0 . (8)

Clearly, the particles should remain on the isopycnal surface represented by (7). However,
numerical errors are unavoidable. Their magnitude may be estimated by means of the
following error measure

J 2
ue) = | |20~ 5 singr ) - Srsintry )| ©)
j=1
which is approximately equal to the standard deviation of the distance of the particles to the
isopycnal surface on which they should remain.

It would be interesting to plot u(z) as a function of time. I suspect that u(z) will increase
almost monotonically as time progresses. However, the better the Lagrangian scheme, the
slower the increase of u(f). This provides a method for assessing various Lagrangian
schemes.
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