SHADOW LINKS

Manuel Foerster, Ana Mauleon, Vincent
Vannetelbosch

REPRINT | 3171

\ It fﬂn .

Il UCLouvain 4 LIDA

CORE | Louvain Institute of Data Analysis and
Modeling in economics and statistics



CORE

Voie du Roman Pays 34, L1.03.01
B-1348 Louvain-la-Neuve

Tel (3210) 47 43 04
Email:lidam-library@uclouvain.be

https://uclouvain.be/en/research-institutes/lidam/core/core-reprints.html


https://uclouvain.be/en/research-institutes/lidam/core/core-reprints.html

7,') Available online at www.sciencedirect.com
Ch‘eck/for
updates

. . JOURNAL OF
ScienceDirect Economic

e Theory
ELSEVIER Journal of Economic Theory 197 (2021) 105325 _—
www.elsevier.com/locate/jet
Shadow links
Manuel Foerster “*, Ana Mauleon ", Vincent J. Vannetelbosch ¢
& Center for Mathematical Economics, Bielefeld University, PO Box 10 01 31, 33501 Bielefeld, Germany
b CEREC and CORE, UCLouvain, Belgium
¢ CORE and CEREC, UCLouvain, Belgium
Received 11 June 2020; final version received 6 July 2021; accepted 26 July 2021
Available online 3 August 2021
Abstract

We propose a framework of network formation where players can form two types of links: public links
observed by everyone and shadow links generally not observed by others. We introduce a novel solu-
tion concept called rationalizable conjectural pairwise stability, which generalizes Jackson and Wolinsky
(1996)’s pairwise stability notion to accommodate shadow links. We first show that a network is stable if
there exist beliefs such that each player conjectures to be in a network that is stable under correct beliefs, and
in which she does not want to alter her links unilaterally. We then derive a mechanism to construct a stable
network that is not stable under correct beliefs. Third, we establish that the set of stable networks is shrink-
ing in the players’ observation radius. Finally, we illustrate our framework in the context of two specific
models and show that players may over(under)estimate others’ connections and hence under(over)connect.
© 2021 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

JEL classification: Al14; C70; D82; D85
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1. Introduction

People typically have incomplete information about others’ social connections. Expectations
about these connections might then influence an individual’s decisions with whom to connect.
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Such expectations might have a strong impact when the benefit from linking to another person
depends on the social environment. For example, in the presence of homophilic preferences peo-
ple want to associate with a certain group of people but not with others, such that it may be
advantageous if certain connections are not observed by everyone. In the business sphere, people
maintain weak tie relationships because they provide access to relevant information. However,
they are harder to observe than strong business ties. An individual’s decision whether to link to
another person in these situations will then heavily depend on her belief about others’ unobserved
links.

We propose a framework of network formation in which players can form public as well
as private relationships to model such situations. While public links are observed by everyone,
shadow links are private in the sense that they are generally not observed by others. We intro-
duce a novel solution concept called rationalizable conjectural pairwise stability (RCPS), which
generalizes the pairwise stability (PS) notion of Jackson and Wolinsky (1996, henceforth JW)
to incomplete information about the network structure and accommodates shadow links. Our
framework provides the foundation to model and understand richer situations of network forma-
tion when agents can form different types of relationships that vary in visibility and potentially
also in payoff consequences.

We first extend the PS concept of JW to incomplete information about the network structure
and shadow links. Players observe public links of everyone in the network but generally do not
observe shadow links. Instead, players receive a private signal that may contain information on
the shadow links or their own payoff in the network. We then adapt McBride (2006b)’s conjec-
tural pairwise stability for network formation with imperfect monitoring to accommodate two
types of links. A tuple of a network and beliefs for each player is conjectural pairwise stable
(CPS) if no player wants to sever a link, no two players jointly want to form or switch to a public
link or a shadow link, and beliefs do not contradict the players’ private signals similar to Bat-
tigalli and Guaitoli (1988, 1997)’s conjectural equilibrium. We can hence interpret the players’
beliefs as based on their monitoring of the network, which is perfect for public relationships but
only imperfect for private relationships. Notably, players do not necessarily have correct beliefs
about their own payoffs. !

This solution concept is weak in the sense that it does not impose any restrictions on beliefs
beyond consistency with private signals. In particular, beliefs may not be rationalizable. In a
second step, we therefore introduce a refinement of CPS that imposes common knowledge of
rationality 2 la Rubinstein and Wolinsky (1994).2 A network is rationalizable conjectural pair-
wise stable (RCPS) if there exist beliefs for each player such that the tuple of this network and
these beliefs is CPS, and additionally the same holds for each network supported by the players’
conjectures.

We then provide a sufficient condition for a network to be RCPS. We show that a network is
RCPS if there exist consistent beliefs such that each player conjectures to be in a network that
is CPS under correct beliefs, and in which she does not want to alter her links unilaterally. The

1 Allowing for incorrect beliefs about own payoffs appears reasonable in situations where unobserved exogenous vari-
ation would make inferences from realized payoffs hard or impossible. Nevertheless, equilibria in which beliefs about
own payoffs are correct can be viewed as more robust.

2 Rubinstein and Wolinsky (1994) study a non-cooperative game in which players receive imperfect signals about
others’ strategies. In equilibrium, each player’s strategy is optimal given her signal and that it is common knowledge that
all players maximize utility given their signals. See also Bernheim (1984), Gilli (1999) and Pearce (1984) for related
concepts.
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first condition ensures rationalizability of beliefs as networks that are stable under correct beliefs
are rationalizable. The second condition strengthens the requirements of CPS. Since players may
conjecture to be in different networks, CPS under correct beliefs is not sufficient for stability.
However, broadly speaking, it is sufficient that the network appears stable to everyone in the
sense that it would be stable if the own belief was correct and shared by everyone else. Building
on this result, we then derive a mechanism that yields an RCPS network that is not CPS under
correct beliefs but appears stable to everyone, if such a network exists. Furthermore, we inves-
tigate how the set of stable networks changes with the informativeness of private signals. We
establish that the set of RCPS networks is (weakly) shrinking in the players’ observation radius.
Increasing the observation radius implies more restrictions on beliefs such that equilibria which
rely on incorrect beliefs may not be rationalizable any more with these more informative private
signals. In particular, an RCPS network may only exist when the observation radius is small
enough.

Finally, we propose two specific models to illustrate the potential of our concept. The first
model considers friendship networks with homophily and perfect substitutes. Similar to de Mart{
and Zenou (2017), individuals belong to different communities and generally benefit from direct
and indirect connections to others, which can be interpreted as benefits from personal interac-
tions. However, homophily means interaction with strong adherents or partisans of the other
group is less beneficial or even detrimental. We first show that in equilibrium some agents may
overestimate others’ connections and hence underconnect (relative to stable networks under cor-
rect beliefs), while others underestimate connections and hence overconnect. Second, false yet
rationalizable beliefs may lead to segregation of partisans from the rest of society and lower so-
cial welfare if only homophily of partisans is large. Each group of partisans falsely believes that
the respective other group maintains shadow links to the other members of their community.

Second, we study a connections model in which shadow links represent weak ties and public
links represent strong ties. As in JW’s connections model, both types of relationship provide dis-
counted benefits from indirect connections to other agents, e.g., information about employment
opportunities. Additionally, a strong tie also provides other direct benefits that depend on its ex-
clusivity similar to Morrill (2011), because a personal recommendation becomes less helpful the
more people that person recommends. We first show that, if decay is low enough (relative to link-
ing costs), then stars with peripheral pairs are efficient and CPS under correct beliefs, and hence
also RCPS. In these networks, pairs of strong ties maintain weak ties to a central agent. How-
ever, we then show agents may over- or underestimate others’ relationships and hence under- or
overconnect in equilibrium.

There exists a large and growing literature on network formation, including refinements of
PS (e.g., Jackson and Watts, 2002; Jackson and Van den Nouweland, 2005) and extensions to
farsighted agents (e.g., Dutta et al., 2005; Herings et al., 2009; Page et al., 2005).3 These con-
tributions investigate the stability and efficiency of networks under complete information about
the network structure. McBride (2006a,b) relaxes this assumption by assuming that players im-
perfectly monitor the network. In particular, McBride (2006b) studies conjectural pairwise stable
networks when players do not observe the connections and payoffs of players that are located far
from them in the network, but does not consider rationalizability. To the best of our knowledge,
we are the first to study the strategic choice of players to form shadow links and to adapt the
rationalizability concept of Rubinstein and Wolinsky (1994) to networks.

3 We refer to Mauleon and Vannetelbosch (2016), Goyal (2012) and Jackson (2008) for overviews.
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The paper is organized as follows. In Section 2 we introduce the model and notation. We
define RCPS and present our general results in Section 3. Section 4 presents two specific mod-
els on friendship networks with homophily and on weak and strong tie relationships. Section 5
concludes.

2. Model and notation

We consider a set N = {1,2,...,n}, with n > 3, of players or agents. The network relations
among these players are captured by a symmetric matrix g € {0, 1, 2}"*", where each entry g;;
such that i # j captures the type of direct relation between players i € N and j € N. We refer to
gij = 1 as a public link and to g;; =2 as a shadow link between i and j, and g;; = O indicates
that no link is present. The collection of all networks is denoted by G = {g € {0, 1,2}"*" | g;; =
gji» &i =0foralli, j € N}. We say that there is a path (of length K — 1) from player i to player
J #1i in network g € G if there are players i =iy, i2,...,ix—1,ig = j such that g;;, , # 0 for
all k € {1,2,..., K — 1}. The number of links in the shortest path from i to j in g is denoted
1ij(g) (with #;;(g) = +o0 if there is no path from i to j in g). The number of links or the degree
of player i in network g is denoted d;(g) = #{j € N | gij # 0}; the number of her public links
and shadow links is denoted leUb(g) =#{jeN|gj;=1 and dM(g) =#{j € N | gij =2},
respectively.

For a given network g, the restriction to player i’s links is denoted g; = (g;j)jen, and the
restriction to links among players other than i is denoted g—; = (g;j7) j, i - With a slight abuse
of notation, we write g = (g;, g—;). The restriction of G to networks among players other than i is
denoted G_; = G|n\(i}, and the restriction to public links is denoted gPub — Gl(o,1y2xn . Moreover,
let g(ij — t) denote the network obtained from g when changing the relation between i and j
from g;; tot € {0, 1, 2}\{g;;}, i.e.,

t, ifi'j =ijori'j =ji

) foralli’, j' e N.
gijr»  otherwise J

(8Gj— )iy = {
The payoff allocated to each player i across networks is determined by a utility function u; :
G — R. We will frequently consider the case when public links and shadow links yield the same
payoffs and hence only differ in visibility.

Definition 1 (Perfect substitutes). We say that public links and shadow links are perfect substi-
tutes with respect to (u;);en if ui(g) = u;(g’) foralli € N and all g, g’ € G such that gjjr #0
iffg;.j, #0forall j, j € N.

Player i knows her own links g; in network g and receives a private signal s;(g) that may
contain information about others’ links, the payoffs, etc. Let (s;(g)) j;» denote the information
that player i observes about link g, for j, j’ # i. Players observe all public links of other
players, while shadow links may not be observed, i.e.,

(5i(8))jjr € { tgip) g €01} g all j, j' #1.

We will frequently employ private signal functions in the analysis where players observe shadow
links of all players that are located at most at distance K from them in the network.

4
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Definition 2 (Distance-K confirming private signals). We say that the signal function s; of player
i € N is distance-K confirming if, for all g € G and all j, j' # i with g;;y =2, (si(g)) jjr = 2 iff
the shortest path between either i and j or i and j’ has at most length K. We refer to K as the
observation radius. In particular, s; does not contain additional information if K =0, and s; is
completely informative it K >n — 1.

Note first that we can interpret distance-K confirming private signals as imperfect monitoring
of the network structure (McBride, 2006a,b). Second, if K = 1, then players only observe shadow
links of their neighbors or peers in the network, which yields beliefs that are peer confirming
similar to the notion of peer-confirming equilibrium (Lipnowski and Sadler, 2019).* To contrast
our results to those under complete information, we will assume that private signals contain
no additional information in most examples and the specific models in Section 4. The utility
functions and the signal functions are common knowledge, but the actual signals are private
information.

Let A(G—;) denote the set of probability distributions on G_;. Then

Uigin ) =Y, (g Duigi 8"y
g €G-
denotes the expected payoff of player i with links g; under the (subjective) belief pu; € A(G_;)
about the links among other players. We require the players’ beliefs not to contradict their signals.

Definition 3 (Consistent beliefs). We say that the beliefs (1;);cn are consistent with the private
signals (s;(g));en obtained in network g € G if s;(gi, g’ ;) =si(g) foralli e Nand g’ ; € G_;
such that u; (g” ;) > 0.

Finally, we introduce our measures of social welfare. The most common approach in the
literature is to use players’ expected utilities to measure subjective well-being. Alternatively, we
can evaluate social welfare based on actual utilities. Here, the idea is that what matters are the
actual benefits from a relationship.

Definition 4 (Social welfare).
(i) Subjective social welfare of a tuple (g, (ii)ien) such that (u;)ieny are consistent with
(5i(8))ien is defined as D", .y Ui (gi, ii)-
(ii) Objective social welfare of a network g € G is defined as ), . ui (g).

3. Conjectural pairwise stability and rationalizability

We first consider the case without shadow links and define JW’s PS concept under complete
information.

Definition 5 (Pairwise stability, JW). The network g € GP is pairwise stable (PS) with respect
to (u;)ien if

4 Lipnowski and Sadler (2019) augment a non-cooperative game with an exogenously given network and assume that
players have correct conjectures about the strategies of their neighbors, see also Frick et al. (2019) and Battigalli et al.
(2020) for related contributions.
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(i) for all distinct i, j € N such that g;; =1,

ui(g) Zui(g@ij — 0)) andu;(g) =u;(g@j— 0)), and
(ii) for all distinctZ, j € N such that g;; =0,

u;i(g) <u;i(g(ij — 1)) implies u;(g) > u;(g(ij — 1)).

A network is PS if no player wants to sever a link (condition (i)), and no two players jointly
want to form a link (condition (ii)).” Next, we extend this notion to incomplete information and
shadow links, adapting McBride (2006b)’s conjectural pairwise stability to accommodate two
types of links. Following JW and most of the literature, we assume that forming, and now also
switching to, a public link or a shadow link requires the consent of both players involved, while
severing a link can be done unilaterally. Furthermore, shadow links require the introduction of
beliefs or conjectures of the players about other players’ links. Players revise their links based
on their conjectures about other players’ behavior. In equilibrium, these conjectures are consis-
tent with the players’ private signals similar to Battigalli and Guaitoli (1988, 1997)’s notion of
conjectural equilibrium.

Definition 6 (Conjectural pairwise stability). The tuple (g, (i)icn) iS conjectural pairwise sta-
ble (CPS) with respect to (u;)ien and (s;)jen if

(i) for all distinct i, j € N such that g;; # 0,

Ui(gi, i) = Ui ((g(j — 0));, u) and Uj(gj, ;) = U;((g(j — 0))j, j),
(ii) for all distinct7, j € N and r € {1, 2}\{gi;},

Ui(gi, i) < Ui(g(ij — t)i, ;) implies U (g, uj) > Uj(g(ij —t);, u;), and

(iii) (ui)ien are consistent with (s;(g))ien-
Moreover, g is CPS under correct beliefs if additionally u;(g—;) =1 foralli € N.

Similar to PS, a tuple of a network and beliefs is CPS if no player wants to sever a link given
her conjecture about other players’ links (condition (i)), and no two players jointly want to form
or change to a public link or a shadow link given their conjectures (condition (ii)). Additionally,
we require that the players’ beliefs are consistent with their private signals (condition (iii)).

The next result provides some intuition and follows directly from the above definitions. First,
consistency requires correct beliefs with completely informative private signals. Second, if addi-
tionally links are perfect substitutes, then stability is as in JW under complete information.

Lemma 1.

(i) The network g € G is CPS with respect to (u;)ien and completely informative private sig-
nals (s;(g))ien iff it is CPS under correct beliefs.

5 We follow JW by assuming weak blocking of links, i.e., players only block a link if it would make them strictly worse
off.
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(ii) Suppose that links are perfect substitutes. The network g € G is CPS with respect to (u;)ien
and completely informative private signals (s;(g))ien iff  is PS, where

~ |1, ifg;#0 .
g”_{O, g =0 foralli,jeN.

Note also that, if links are not perfect substitutes and private signals are completely informa-
tive, then CPS is equivalent to a version of PS where agents can form two different types of links
(with different utilities).

CPS is weak in the sense that it does not impose any restrictions on beliefs beyond consistency.
In particular, a player’s belief may support a network that is not rationalizable, that is, there do not
exist beliefs such that the tuple of this network and these beliefs is CPS. We therefore introduce a
refinement of CPS that imposes common knowledge of rationality a la Rubinstein and Wolinsky
(1994).

Definition 7 (Rationalizable conjectural pairwise stability).

(1) The set of networks G C G is rationalizable with respect to (u;)icy and (s;)jen if for all
g € G there exist beliefs (i;);cn such that

(a) the tuple (g, (ni)ien) is CPS, and
(b) foralli e N andall g’ ; € G_; such that u;(g" ;) >0, (gi, 8" ;) €G.

(ii) The network g € G is rationalizable conjectural pairwise stable (RCPS) with respect to
(uj)ien and (s;);ep if there exists a rationalizable set G C G such that g € G.

First, a set of networks is rationalizable if for each network in the set, there exist beliefs such
that the tuple of network and beliefs is CPS. In addition, the support of these beliefs needs to be
restricted to this set. Second, a network is RCPS if it is contained in a rationalizable set. In other
words, a network is RCPS if there exist beliefs such that the tuple of network and beliefs is CPS,
and common knowledge of rationality requires that the same holds for each network supported
by these beliefs.

The following example illustrates our concept in the context of perfect substitutes and shows
that a network may be RCPS although it would not be stable under complete information.

Example 1. Consider n = 3 players and that public links and shadow links are perfect substitutes
with payoffs given in Fig. 1. The private signals do not contain additional information. Without
shadow links the set of PS networks consists of the “line” networks g°, g® and g’.

First, note that rationalizability refines the set of stable networks. The version of g2 in which
players 1 and 2 are connected with a shadow link, g2, is CPS under correct beliefs for these
players and a belief for player 3 that assigns more than weight 2/3 to the empty network g!
(u3 (g1_3) >2/3 and u3 (gi‘;) =1—us3 (g'_3)). However, gz’s is not RCPS, as the belief of player
3 is not rationalizable.

Second, we show that g8 is RCPS if all links are shadow links. Consider the set G =
{g"t*s foralli € N, g%} shown in Fig. 2 and note that g'*** is CPS under correct beliefs since
g'** is PS under complete information (Lemma 1) for all i € N. Furthermore, consider g®*% and
the following beliefs:
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0 0 2 0 2 -2 0 -2
2 @ ® 3 2 e 3 2 &——e 3 2 @ 3
1 gl 1 g2 1 g3 1 g4

0 4 0 4

8 4 4 4 8 0 7 3
2 3 2 3 2 3 2 3
1 g0 1 g° 1 g’ 1 g8

6 10 10 9

Fig. 1. Payoffs in Example 1. Links are perfect substitutes such that each link in the depicted networks can be either a
public link or a shadow link. Player names are given in italics.

i i+1 i i+1
®------ ° ®------ °
1 1 e

1 1 4

1 1 7

1 I ’

1 .

| . 1,7

° gt+4.s o g8 s
i+2 i+2

Fig. 2. The rationalizable set G in Example 1. Shadow links are indicated by dashed lines. Player names are given in
italics and payoffs are omitted.

i (g% > 172 and pi (8%7) = 1 — wi(g**) forall i € N.

Each player i conjectures that she is in the center of a line network (g/+**%) with at least proba-
bility 1/2, and otherwise in the actual network g8*. These beliefs are consistent with the private
signals as all links are shadow links, and no player wants to add or sever a link. Therefore, all
networks in G are CPS under beliefs with support on G, which implies that G is rationalizable
and g%% RCPS. Note that objective social welfare in g®° (19) is higher than welfare in the line
networks g>, g% and g7 under complete information (18), while subjective social welfare is lower
under beliefs that are rationalizable (at most 14.5).

3.1. Equilibrium analysis

We now investigate equilibria in the general model. We say that a player does not object a
network if she does not want to alter any of her links unilaterally.

Definition 8 (No objection). We say that player i € N does not object the network g € G if for
all jeN, j#i,andt € {0, 1,2\ {gi;}, ui(g) > ui(g(ij — 1)).
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The next lemma says that we can find beliefs such that the tuple of the actual network and
these beliefs is CPS if for each player there is a network that she does not object and that does
not contradict her signal.

Lemma 2. There exist beliefs (i;)ien such that (he tuple (g, (ui)ien) is CPS with respect to
(ui)ien and (s;)ien if for all i € N there exists g' ; € G_; such that i does not object (g;, g';)

and si(gi. 8" ;) = si(g).

Proof. Consider any i € N and the belief u,-(gi ;) = 1. By assumption, this belief is consistent

with s; (g). Additionally, since i does not object (g;, g’;l.), we have that for all j € N, j #1i, and
t €{0,1,2})\{gi;}

Ui(gi i) = ui(gir g-) = ui (i, g ) (ij — 1) = Ui(((ij — )i i),
i.e., the tuple (g, (i)ien) is CPS, which finishes the proof. O

A sufficient condition for a network to be RCPS that follows directly from Definition 7 is
that it is CPS under correct beliefs, because in this case the set that only contains this network is
rationalizable.

Lemma 3. The network g € G is RCPS with respect to (u;)ien and (s;)ien if it is CPS under
correct beliefs.

Note that, if links are perfect substitutes, this implies together with Lemma 1 that there is an
RCPS network if there is a PS network under complete information.

To obtain a weaker condition, the next result builds on Lemma 2 and shows that for a network
to be RCPS, it is sufficient that there exist beliefs such that each player conjectures to be in a
network that is CPS under correct beliefs, provided that she does not object this network and that
it does not contradict her signal. From the players’ point of view, the network appears stable in
the sense that it would be stable if the own belief was correct and shared by everyone else.

Proposition 1 The network g € G is RCPS with respect to (u;)ien and (s;)ien if for alli € N
there exists g' ; € G_; such that

(i) i does not object (g;, gii),
(ii) si(gi, 8" ;) =si(8), and
(iii) (gi,g" ;) is CPS under correct beliefs.

Proof. Consider the set G = {g, (g1, gll), (g2, g%z), ..., (gn, &",)} and suppose that gi,,- is as

desired for all i € N; notice that networks (g;, gi_i) and (g;, gj_j), i # j, may be identical. It is
left to show that G is rationalizable.

Consider first network g. It follows from (i) and (ii) and Lemma 2 that (g, (;)ien) is CPS,
where 1 (g ;) =1foralli € N.Furthermore, the second condition in Definition 7 (i) is fulfilled
as (gi, gii) € G forall i € N. Second, consider network (g;, gi,,-), for any i € N. Condition (iii)
implies that both conditions in Definition 7 (i) are fulfilled for correct beliefs, which finishes the
proof. 0O



M. Foerster, A. Mauleon and V.J. Vannetelbosch Journal of Economic Theory 197 (2021) 105325

Note that, if links are perfect substitutes, then condition (iii) means players conjecture to
be in a network that would be PS under complete information (Lemma 1). We now build on
Proposition 1 and derive a mechanism to construct an RCPS network that is not stable under
correct beliefs. To do so, consider a network that is not stable under correct beliefs and suppose
each player conjectures to be in a network that is stable under correct beliefs. We know from
Proposition 1 that the given network is RCPS if no player objects the network she conjectures to
be in. Otherwise, we need to check whether any two players who object have incentives to form
or switch to a shadow link or a public link.° If not, the given network is RCPS. Otherwise, it is
not RCPS, and we can repeat the procedure with a different network and/or different conjectured
networks.

Corollary 1. Fix (u;)icn and (s;)ien and let G denote the collection of networks that are CPS
under correct beliefs. The following mechanism yields an RCPS network g ¢ GB that is CPS
under degenerate beliefs over GCB, if such a network exists:

1. Take any network g ¢ GB and, for each i € N, a network g’;i € G_; such that (g;, gil-) €
G and 5;(gi, 8" ;) = 5i (8)- .
2a. If each player i does not object (g;, g';), then g is as desired. Otherwise, go to Step 2b.
2b. If any two distinct players i and j who object (g;, g’;i) and (g;, gi j), respectively, do not
have incentives to form or switch to a shadow link or a public link given u;(g' ;) =1 and
j (gii) = 1, respectively, then g is as desired. Otherwise, go to Step 3.

3. Go back to Step 1 and repeat the procedure with another combination of networks. If no
combination with the required properties is left, the mechanism terminates unsuccessfully.

Proof. Consider any combination of networks g ¢ GCB and gt ; €G_; for each i € N such that
the condition in Step 1 is fulfilled, i.e., (g;, 8" ;) € G*B and s;(g;, g",) = si(g) forall i € N. If
the condition in Step 2a is fulfilled, it follows from Lemma 2 that g is CPS under degenerate
beliefs w; (gi_i) =1 forall i € N, and from Proposition 1 that g is RCPS.

Otherwise, if the condition in Step 2a is not fulfilled, consider the set G = {g, (gl,gl_l),
(g2, g%z), ..., (gn. g",)} and degenerate beliefs u; (gi_i) =1 for all i € N. Players do not have
incentives to delete a link, as they conjecture to be in a network that is CPS under correct beliefs.
Hence, g is CPS under these beliefs if any two distinct players i and j do not have incentives
to form or switch to a shadow link or a public link. In particular, forming or switching to a link
requires them to object (g;, g~ ;) and (gj, g’ i)’ respectively. Thus, if the condition in Step 2b
is fulfilled, g is CPS under degenerate beliefs over G®B. In this case, G is rationalizable and g
RCPS, as (g, g' ;) € GB foralli € N.

Finally, note that the procedure terminates after finitely many iterations and iterates, for each
candidate network g ¢ GCB, over all consistent and degenerate beliefs over GCB, which finishes
the proof. O

Note that Step 2a serves to illustrate the connection to Proposition 1, it is not essential to the
mechanism and may hence be skipped. To illustrate these results, we now revisit Example 1.

6 Note that no player has incentives to delete a link, as the conjectured networks are CPS under correct beliefs.
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Example 2. Consider n = 3 players and the payoffs and private signals from Example 1. Recall
that without shadow links the set of PS networks consists of the line networks g°, g and g7, and
that g% (g® with all shadow links) is RCPS. We now derive this result applying the mechanism
described in Corollary 1. Note that the set GB = (g | § € {g°, g%, g”}} contains any “version”
of the PS networks g°, g and g’ (Lemma 1); in particular, any network g € GB is RCPS
(Lemma 3). Now, consider the network g&S ¢ GCB together with the conjectured networks gi_ ;=
gi_";4’s for all i € N shown in Fig. 2. It is straightforward to verify that these networks satisfy the
conditions in Step 1 and 2a of the mechanism described in Corollary 1, implying that g8 is
RCPS. Alternatively, one could also verify that the conjectured networks satisfy the conditions
in Proposition 1.

Finally, we investigate how the set of stable networks changes with the informativeness of the
agents’ private signals. Consider distance-K confirming private signals, such that the observation
radius K measures informativeness. We show that decreasing the observation radius “coarsens”
RCPS. Suppose that the network g is RCPS, then there exists a rationalizable set G > g. Now,
decreasing the observation radius implies less restrictions on beliefs to be consistent with the
private signals. Hence, G is still rationalizable, and g RCPS. This proves the following result. Let
RCPS(K) denote the set of RCPS networks with respect to (u;);en and distance-K confirming
private signals.

Proposition 2. Consider distance-K confirming private signals. Then the set of RCPS networks
with respect to (u;)ien is (weakly) shrinking in K, i.e., RCPS(K') C RCPS(K) if K' > K.

To illustrate Proposition 2, note that the network g8* in Example 1 is not RCPS any more if
we increase the observation radius from O to 1. We know that under complete information, a PS
network may not exist, and the same holds for RCPS with completely informative private signals.
The next example shows that an RCPS network may only exist when the observation radius is
small enough.

Example 3. Consider n = 5 players and that public links and shadow links are perfect substitutes
with payoffs given in Fig. 3. The private signals are distance-K confirming. Suppose further that
there exists an improving path (under complete information) from any other network to one of
the networks depicted in Fig. 3.7

Then there exists an RCPS network iff K = 0. In this case, the networks g*! and g*2 shown
in Fig. 4 are RCPS. To see this, first set G = {g*!, g*?}. Second, take g*! and assign correct
beliefs to everyone except the player in the center, i.e., u; (gi’il) =1 for i # 1. To player 1 we
assign the belief that she is in g% (gi’lz) = 1. Under these beliefs, g*! is CPS. Note that the

belief of player 1 would not be consistent if K > 0. Analogously, also g*2 is CPS under beliefs
with support on G. Therefore, G is rationalizable and its networks RCPS.

T An improving path (under complete information) from a network g € GPUP (6 a network g’ # g is a finite sequence
of networks g = g1, 82, ..., gk =g suchthatforallk=1,2,..., K — 1 either (i) gk+1 = gk (ij — 0) for some distinct
i, j € N such that u; (gg+1) > u;(gx) or uj(gx+1) > uj(gk), or (ii) gg+1 = gk (ij — 1) for some distinct i, j € N such
that u; (gr+1) > u; (g) and u j (gg+1) > u j(gk)-

11
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Fig. 3. Payoffs in Example 3 (up to permutations of the players). Links are perfect substitutes such that each link in the
depicted networks can be either a public link or a shadow link.

1 2 3 2 3 4
® e —e------ °
______ ® gt P
5 4 1 5

Fig. 4. The rationalizable set G in Example 3. Public links are indicated by solid lines and shadow links by dashed lines.
Player names are given in italics. Payoffs are omitted.

4. Two specific models

We propose two specific models of network formation with shadow links. These models il-
lustrate different ways how shadow links can enrich the framework. The first model considers
friendship networks with homophily and perfect substitutes. Second, we study a connections
model in which shadow links represent weak tie relationships and public links represent strong
tie relationships.

4.1. Segregation and homophily in friendship networks

Our social identity is determined by all the social groups or communities that we belong to.
Communities may be defined along categories such as language, religion, education, political
ideology, support of sports teams, etc. The degree of identification with the communities we
belong to likely affects our social interaction with people from other communities. In particu-
lar, people may be homophilic in the sense that they do not even want to indirectly associate

12
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with strong adherents of another community, e.g., because this may result in conflict/unpleasant
arguments during occasional encounters at social events organized by common friends.

To capture this, we consider a variation of the connections model of JW in which agents be-
long to different communities similar to de Marti and Zenou (2017).8 Additionally, we introduce
moderate and partisan types. Individuals generally benefit from direct and indirect connections
to others, which can be interpreted as benefits from personal interactions (meeting/socializ-
ing/discussing with friends, etc.). These benefits decay with distance, reflecting that indirect
connections’ influence is through friends. However, connections to partisans of the other group
are less beneficial or even detrimental. Forming links is costly, reflecting the time necessary to
maintain friendships. We further assume that links are perfect substitutes. Here, shadow links
may serve the purpose of concealing relations with partisans of the own group, to not deter the
possibility of connections to moderates of the other group.

Formally, each agent i € N belongs to a community (or group) y; € {A, B} and is of type
0; € {m, p}, where 6; = m if i is a moderate and 6; = p if i is a partisan. We denote the set
of agents who belong to community y by N, ={i € N | y; = v}, the subset of type 0 of this
group by Nf = {i € N, | 6; =6}, and the cardinalities by n,, = #N,, and n, = #N?, respectively.
Preferences are given by:

ui@)= Y 8O+ Y ;-8 —c-di(e),

jENyi\{i} j¢Ny;

where 0 < § < 1 captures the idea that the value of a connection is proportional to proximity, ¢ >
0 denotes the cost of forming a link incurred by each of the players, and ¢;; captures homophily.
In particular, we assume that ¢;; =1if 6; =m, ¢;j =¢ <c/5if 6; =m and 6; = p, and ¢;; =
P <oif 6 = 0; = p. That is, interaction with partisans of the other group is less beneficial,
both for moderates and even more so for partisans. We further assume that ¢ < § — 82, so that
agents prefer to be directly connected to everyone within their group in absence of connections
across groups. Moreover, the private signals do not contain additional information. Note that we
recover the classical version of the connections model studied in JW if all agents belong to the
same community, N = N4. To avoid some special cases, we consider n4 # np and ng > 1 for
all y € {A, B} and 6 € {m, p}, such that the communities are not of equal size and consist of
agents of both types. Finally, we employ a refinement of our solution concept in which agents
may sever multiple links at the same time, which avoids that they maintain harmful (indirect)
connections to partisans of the other group in equilibrium.

We begin our analysis by studying stable networks under complete information. We first show
that both communities may stay segregated if homophily (even of moderates) is large (low @).
In this case, moderates refrain from connections to moderates of the other group because such
connections would imply indirect connections to partisans of that group. On the other hand, there
exists an equilibrium in which both groups and the moderates are each fully intraconnected, i.e.,
any pair of agents from one of the groups or the moderates is directly connected, if homophily is
rather small (high ¢). Finally, we show that the partisans of one group may stay segregated from
the rest of society, while the other group is fully intraconnected, if homophily of partisans is large
(low ¢) but that of moderates is small (high ¢). Those partisans then refrain from connecting to
the moderates of their own group to avoid indirect connections to partisans of the other group.

8 See also Bjerre-Nielsen (2020) for a related model of network formation with multiple types.
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Fig. 5. PS networks in Proposition 3 (iii) for n = 7.

Proposition 3.

(i) The network g in which the agents in each of the sets Ny and Np are fully intraconnected
and no other links are present is PS iff

_ c—8—n"—1)8
v
< max
¢ Y nf 82
Otherwise, any PS network is such that the sets N4 and Np are (partly) connected.

(ii) The network g in which the agents in each of the sets Ny U Ny, Na and N are fully
intraconnected and no other links are present is PS iff

_ n(c —§) n™(c—8) —n"s?
¢>Zmaxyp7 andq&zmaxyp—y.
v nys? =T yy! ny,83

(iii) The network g in which the agents in each of the sets Ny U N}/, N,, and Nf,, withy,y’ €
{A, B} such that y # ', are fully intraconnected and no other links are present is PS iff

_ me _§ S (pym m __ 2
>ny(i )and¢<c 8 (nAp+nB ns*
nys? - ny83

<

Proof. See Appendix A. O

Note that the upper bound on ¢ in part (iii) is negative. Fig. 5 illustrates the stable networks
in this case. Next, we consider shadow links and perfect substitutes. We now refer to a set of
players as fully intraconnected if each pair of players from the set is connected by either a public
link or a shadow link. We build on Proposition 3 (iii) and derive conditions such that (some)
partisans of both groups stay segregated from the moderates, because they falsely believe that
the partisans of the other group are connected to the moderates. In particular, some partisans
overestimate others’ connections and hence underconnect (relative to PS networks), while others
underestimate connections and hence overconnect.

Corollary 2. For any N X cN 1{; and N g cN g, the network g in which

(i) the agents in each of the sets Ny U N, Nﬁ and Ng are fully intraconnected,
(ii) each pair (i, j) € ]\Alf X N)',”,for y € {A, B}, is connected with shadow links,
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Fig. 6. RCPS network in Corollary 2 in which NP = ]\711; =), for n = 7. Public links are indicated by solid lines and
shadow links by dashed lines.

and no other links are present is RCPS iff

_ n(c —§) c—8— " +n"— 15>
¢Zmaxyp7and¢)< ,( Ap pB )
¥ ny 82 - min{n’, n}83

Proof. See Appendix A. O

Corollary 2 shows that, if homophily of partisans is large but that of moderates is small, part
of the partisans of both groups may stay segregated from the moderates, because they suspect
the partisans of the respective other group to be connected to the moderates. Those partisans
falsely believe that all partisans of the respective other group maintain shadow links to the mod-
erates — they overestimate others’ links and hence underconnect. Conversely, the partisans who
are connected to the moderates with shadow links falsely believe that all partisans of the respec-
tive other group are segregated from the moderates — they underestimate others’ links and hence
overconnect. Thus, all partisans believe to be in a network whose complete information equiv-
alent network is PS (a version of Proposition 3 (iii)) and have no incentives to add or cut links
to the moderates. The moderates hold correct beliefs and also have no incentives to sever any
links. These beliefs are rationalizable and the network hence RCPS. Note that this requires links
between partisans and moderates to be shadow links.

Remark 1. Corollary 2 includes the network in which both groups of partisans are entirely seg-
regated from the moderates and all links are public links as a special case (1\7 P—N g =), see
Fig. 6 for an illustration. Note first that all partisans overestimate others’ links and hence under-
connect. Second, due to segregation, expected and actual payoffs nevertheless coincide. Third,
this network is not PS under complete information, as moderates and partisans of each group
would have incentives to add links between each other.

Finally, we establish that entire segregation of both groups of partisans reduces social welfare,
as compared to the case when one group of partisans is connected to the moderates (Proposition 3
(iii)), if homophily of moderates is not too large. Note that subjective and objective social welfare
coincide under the beliefs that we employ above to rationalize the network with segregation of
both groups. We therefore restrict attention to objective social welfare.

Proposition 4. Suppose that the agents in each of the sets N} U Nj, N X and N 5 are fully
intraconnected and no other links are present. Objective social welfare is strictly higher when

additionally also N4 is fully intraconnected iff
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—  2n%(c—9)
¢>W—l.

Proof. See Appendix A. O

Hence, false yet rationalizable beliefs may lead to segregation of partisans from moderates and
lower social welfare under incomplete information about the network structure if only homophily
of partisans is large.

4.2. A connections model with weak and strong ties

Consider agents who may form weak and strong tie relationships. Both types of relationship
provide discounted benefits from indirect connections to other agents, e.g., information about
relevant employment opportunities. Additionally, strong ties provide other direct benefits, e.g.,
personal recommendations or forwarding of applications. However, the value of a strong tie
depends on its exclusivity: a personal recommendation becomes less helpful the more people
that person recommends. Hence, while weak ties are only associated with positive externalities,
strong ties are also associated with negative externalities. We represent weak ties by shadow links
and strong ties by public links. This reflects the idea that a strong tie is easier to observe than a
weak tie, e.g., because people in a strong business relationship often interact in meetings or over
lunch. We hence also assume that strong ties are more costly to maintain than weak ties.”

Our model combines the connections model of JW with the degree-based model of Morrill
(2011); see also Mohlmeier et al. (2016) for a closely related model under complete information.
Preferences are given by:

. 1 b
ui(g) =7y §u&4+ " b, — PP (g) — M- A (g),
i g=14; (&)

where 0 < § < 1 captures discounted benefits from indirect connections, and cPub 5 sha 5
denote the costs of forming a public link and a shadow link, respectively, incurred by each of
the players. Links are thus not perfect substitutes. Moreover, the private signals do not contain
additional information. To simplify the analysis, we assume n > 4, csha — cpub /2 and consider
intermediate linking costs, § > ¢S > 1/2.

We focus on low decay of indirect benefits, such that — reminiscent of the star networks in the
connections model of JW — networks in which pairs of strong ties maintain weak ties to a central
agent will play a central role in our analysis. Let [ x| denote the greatest integer less or equal to
X.

Definition 9 (Star with peripheral pairs). A network g is a star with peripheral pairs if

(i) there exists i € N such that dfha(g) = L%J (the center),

(i) dﬁ.’Ub(g) =1 for all (except one, if n is odd) j € N, and
(iii) gjx #0 forany j, k #i implies that g =1 and (g;; = 2 or g;x = 2, but not both).

9 Note that otherwise agents would only form strong ties.
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Fig. 7. Star with peripheral pairs and center i for n = 8. Public links are indicated by solid lines and shadow links by
dashed lines.

Note that a star with peripheral pairs is a tree, see Fig. 7 for an illustration. We first investigate
efficient networks. Let

F,n) =8(1—38) (1 + (1 + 1y 0aa))d + Lg - 2J % +82)),

with 1, oaqy = 1 if n is odd and 1, odq) = O otherwise, denote the total gain in benefits from
adding another shadow link that involves the center, and note that F'(§,n) — 0 as § — 1. We
show that, if decay is low enough (relative to costs), then stars with peripheral pairs uniquely
maximize objective social welfare. First, in the cost range that we consider, each player will
maintain one strong tie (if possible). Second, similar to the connections model of JW, connecting
these peripheral pairs via a center agent is efficient if decay is low enough.

Proposition 5. Let 5(c*®, n) € (1/2, 1) denote the smallest value of § such that
14+8(1—8)— F(8,n)>c" > F(@&,n).

If 8 > 8(c*" n), then g maximizes objective social welfare iff g is a star with peripheral pairs.
Proof. See Appendix A. O

Next, we investigate stable networks under correct beliefs, which are also RCPS (Lemma 3).
Note that, as above, each player will maintain one public link (if possible). We first show that
any tree with this property is stable if decay is low enough relative to costs, because in this case
adding additional shadow links to reduce the decay does not pay off. Second, we determine the
weaker condition under which stars with peripheral pairs are stable.

Proposition 6.

(i) Any tree g such that df ub

beliefs if

(g) =1 for all (except one, if n is odd) i € N is CPS under correct

5 — sl D/2]

osha > (1 _8\_n/2j)
- 1-6
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(ii) A star with peripheral pairs g is CPS under correct beliefs iff

M > (1= 8%)(8 + 1in=6)82).

Proof. (i) Consider a tree g such that df ub (g) =1 for all (except one, if n is odd) i € N and
suppose that beliefs are correct. Note first that no player has an incentive to cut a link, as
1 > & > ¢™, Furthermore, players also have no incentives to switch from a public link to a
shadow link or vice versa, as 1 > ¢*"® > 1/2. For any agent, the gain from adding a shadow
link is at most

L(n—1)/2] n—1
2 Y F et lpeend? =M =) sk (1)
k=1 k=1

Note that, for at least one agent in any pair of agents, the gain from adding a public link is
strictly lower than (1), as the other agent already maintains one public link and ¢ > 1/2.
Hence, g is CPS under correct beliefs if

L(n—1)/2] n—1 L(n—1)/2]

) Z sk 4+ l{neven}S"/z _ osha _Z(Sk <0 ecth > (1 _8|_n/2j) Z sk
k=1 k=1 k=1

§ — sln+D)/2]
1-6

(i) Consider a star with peripheral pairs g and suppose that beliefs are correct. Analogously
to part (i), agents have no incentives to cut a link or switch from a public link to a shadow
link or vice versa. Since the center agent has no incentives to add a shadow link with a
peripheral agent, the additional shadow link that is most beneficial to both agents is between
two agents at distance two (one agent at distance one and one at distance two, if n < 6) from
the center. Adding this link is not beneficial iff

o s (1 _5Ln/2j)

8+ 1n26)8Y 2 8+ 1pagpd? — M & M > (1 -8 + 1{u=687). )

Analogously to part (i), the gain from adding a public link is strictly lower than (2), which
finishes the proof. 0O

Since F(8,n) > (1 — 82)(8 + 1{,,26}82), a star with peripheral pairs is stable under correct
beliefs whenever it is efficient:

Corollary 3. If § > 5(c™, n), then a star with peripheral pairs g is CPS under correct beliefs.
Next, we show that agents may both over- and underestimate others’ relationships in equilib-

rium. If stars with peripheral pairs are stable under correct beliefs, then a network is RCPS as
long as each player’s signal does not contradict being in such a network.

Corollary 4. Any network g such that dl.p ub(g) =1 for all (except one, if n is odd) i € N, and
dh(g) e {0, 1, |25 1} if d”"(g) = 1 and d?"“(g) = 1 otherwise, is RCPS if

> (1= 82)(8 + 1(n=682).
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Proof. Suppose that ¢ > (1 — §2)(8 + 1{,>6}8%) and fix any network g such that dl.pub(g) =1
for all (except one, if n is odd) i € N, and di"(g) € {0, 1, |5 |} if d}’”b(g) =1landd™(g) =1
otherwise. There exists a star with peripheral pairs g’ € G such that (g;, g D)= g forallieN.
Note that we can choose these networks such that if dfha (g)= djha( g) = 0 for two distinct agents
i,jeN and d;ha(gf ) = |%51] (j is the center in g'), then d?"(g/) € {0, 1} (i is not the center
in g/).

Next, consider the beliefs 11 (g ;) =1foralli € N. First, analogously to the proof of Propo-
sition 6 (ii), agents have no incentives to cut a link or switch from a public link to a shadow
link or vice versa under these beliefs. Second, the only agents who may have incentives to add a
shadow link under these beliefs are agents i such that dis}‘a(g) =0, with the center agent j in g'.
However, by construction, i is not the center in g/, and hence agent j has no incentives to add
this link. Third, for at least one agent in any pair of agents, the gain from adding a public link is
strictly lower than that from adding a shadow link, as the other agent already maintains one pub-
lic link and ¢*h > 1 /2. Hence, the tuple (g, (;i)ien) is CPS. Moreover, since gi is CPS under
correct beliefs for all i € N (Proposition 6 (i1)), the set G = {g, g' for all i € N} is rationalizable
and g RCPS, which finishes the proof. O

Hence, on the one hand, agents may overestimate others’ relationships in equilibrium and not
want to add any shadow links even though no such links are present. On the other hand, they may
underestimate others’ relationships, such that two (or more) agents believe to be the center agent
and maintain shadow links to about half of the other agents. The following example illustrates
these results.

Example 4. Consider n = 6 players. A star with peripheral pairs g! is CPS under correct beliefs,
and hence RCPS, iff ¢*h® > (1 — §2)(8 + §2), see Fig. 8 for an illustration. Furthermore, g1
both maximizes objective social welfare and is CPS under correct beliefs if § > 5(c*h2 6), where
5(ch2, 6) e (1 /2, 1) denotes the smallest value of § such that

14+8(1=8)(1— (148 > >8(1 —8)(148)%

The networks g2 to g* shown in the figure are also RCPS if cSha > (1 — §2)(§ + 82) because
players may conjecture to be in (a permutation of) g!. In g2 and g3, all players under- and over-
estimate the number of shadow links other agents maintain and hence over- and underconnect
(relative to stable networks under correct beliefs), respectively. Furthermore, in g*, some players
underestimate their strong ties’ shadow links and overconnect, while other players overestimate
their strong ties’ shadow links and underconnect.

5. Conclusion

We propose a framework of network formation in which players can form public links as well
as shadow links, which are generally not observed. Instead, players receive a private signal that
may contain information on the shadow links or their own payoff in the network. We introduce
the novel solution concept RCPS, which generalizes PS to incomplete information and shadow
links. RCPS requires deterrence of pairwise deviations and rationalizability of players’ beliefs a
la Rubinstein and Wolinsky (1994).

We first show that a network is RCPS if there exist beliefs such that each player conjectures
to be in a network that is CPS under correct beliefs, and in which she does not want to alter her
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Fig. 8. RCPS networks in Example 4 for n = 6 and esha > (1 = §2)(5 + 52). Public links are indicated by solid lines and
shadow links by dashed lines.

links unilaterally. We then derive a mechanism to construct a stable network that is not stable
under correct beliefs. Furthermore, we establish that the set of RCPS networks is shrinking in
the players’ observation radius.

Our framework provides the foundation to model and understand richer situations of network
formation. To illustrate this potential, we propose two specific models on friendship networks
with homophily and on weak and strong tie relationships. We show agents may over- or under-
estimate others’ connections and hence under- or overconnect in equilibrium, respectively.

Future research should further exploit the potential of our framework to enrich various settings
of network formation. Another avenue is to extend RCPS beyond pairwise deviations and my-
opic players. Furthermore, experimental investigations on network formation with incomplete
information and shadow links would advance our understanding of people’s behavior in such
situations.
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Appendix A

Proof of Proposition 3. (i) First, notice that if there are no links across groupsin g, i.e., g;j =
0if y; # y;, and g is PS, then Ny and Np are fully intraconnected, as ¢ < § — 52. Hence,
it is left to show that there are not two agents who want to add a link. Agent i € N,, strictly
prefers not to add a link with j € N)’Z with y; # y; iff

ui(g) > ui(g(ij > 1) & (ny, = 1)@ —¢) >ny (6 —c) + (ny, — 1 +$n§_,)62
c—8—(n) — )82

=
P o2
ny_,.B

> 9. 3)

Notice that (3) only needs to hold for y; = A or y; = B, which yields the desired upper
bound on ¢. As ¢ < ¢, agenti € Ny, also has no incentives to add a link with j € ij with
¥i # vj» which finishes the first part.

(ii) Consider any y € {A, B} and y’ # y. Notice that all links are either between agents from
the same group or between moderates. Hence, ¢ < 8 — 82 implies that severing a link is
beneficial only if it cuts indirect connections to partisans of the other group. First, for i €
N]’/", this implies cutting all links to agents j € N;”,. Agent i has no incentives to do so iff

ui(g) = ui(g(ij - 0VjeNy))

Sy — 1+n))( —c) +$n'y’,52 > (ny — )8 —¢)
“)

Second, fori € Nf, this implies cutting all links to agents j € Nl’,". Agent i has no incen-
tives to do so iff

ui(g) = ui(g(ij —>0VjeNy))
&y — 1D =) +n8> + ¢n?,8> = (n — 16 — )

&> 5)

Taking the maximum over y € {4, B}, y' # v, in (4) and (5) yields the desired lower
bounds on ¢ and ¢. Furthermore, as moderates are already fully intraconnected, adding a

link involves a partisan. Agent i € N;{? has no incentives to add a link with j € Nf/. with
vi # vj iff
ui(g) > ui(gij — 1)
Sy —1+4n))E—c) +$n1;152 > (ny, —14n))( =)+ @8 —c+$(nl) — )82
o> 6 -8, ©)

21



M. Foerster, A. Mauleon and V.J. Vannetelbosch Journal of Economic Theory 197 (2021) 105325

which is implied by ¢ < ¢/8. As ¢ < @, also agent i € Nf,; has no incentives to add a link

with j € ij with y; # y;, which finishes the second part.

(iii) Consider any y € {A, B} and y’ # y. Analogue to the second part, severing a link is bene-
ficial only if it cuts indirect connections to partisans of the other group. Agent i € N. 1’,", has
no incentives to cut all links to agents j € N! iff

ui(g) = ui(g(ij - 0VjeNy))
S (ny —1 +n;,”)(8 —0) —I—an)f(?z >y — 1B -0

_ n"(c—=9)
Y
sp>-L -
oz nls2

)

which is the desired lower bound on ¢. It is left to show that there are not two agents who
want to add a link. Agent i € N, prefers to form a link with j € N f,. However, j strictly
prefers not to form a link with i iff

uj(g)>uj(glij— 1))
&), — D@ =) >nl,(6 =)+ ()} +nf — D&+ ¢nls’

—§—(nm m _ 52
c (n Ap+%n B—1 - 6, )
nyd- -

which is the desired upper bound on ¢. Condition (7) implies that j also has no incentives
to add a link with an agent k € N,,. Finally, analogue to (6), ¢ < ¢/8 implies that j € N )’/"/

has no incentives to add a link with i € Nf , which finishes the proof. O

Proof of Corollary 2. As links are perfect substitutes, we can assume without loss of generality
that g consists of shadow links only. Let g7, y € {A, B}, denote the network in which the agents
in each of the sets NY U Ny, N, and N : ., v’ # v, are fully intraconnected with shadow links
and no other links are present. We show that the set G = {g, g, g%} is rationalizable, which then

implies that g is RCPS. Note that g4 is CPS under correct beliefs by Lemma 1 and Proposition 3
(iii) iff

- me._§ -5 — (n™ m_182
¢ > —nA(p 2 ) and ¢ < (nAP+3nB ) : ®
nyd - nyd
Analogously, g? is CPS under correct beliefs iff
— nB(c—2¢ c—8— " +nl—1)8?
520 g < O+~ DO ©
n’s8? - ns3

Combining (8) and (9) yields the desired bounds on ¢ and ¢, because the nominators are negative
since ¢ < § — 8.

Finally, consider g and the following beliefs: u;(g—;) =1if i € N¥ UNg, u; (gi.) =1if
ie ﬁg U Nf;\]\A/p, and u; (gfi) =1ifie ]\7£ U Ng\Ng. These beliefs are consistent and assign
probability 1 to networks from G. Notice that partisans have no incentives to sever any links
under these beliefs. Furthermore, it follows from the proof of Proposition 3 (iii) that moderates
have no incentives to sever any links and that partisans i € Ny \N} U N5\ N? have no incentives
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to form a link with a moderate of their group if conditions (8) and (9) hold. Hence, (g, (iti)ien)
is CPS, which finishes the proof. O

Proof of Proposition 4. First, objective social welfare in the network in which the agents in
each of the sets NJ UNY, N4 and N I’; are fully intraconnected and no other links are present is

ny(na+ng — 1D —c)+ng ((n'/'j +nlg—DE -0 ~|—$n£82)
(10)
+nl} ((nA -DE -0 +n'g52) +nh @l — 1) o).

Second, objective social welfare in the network in which the agents in each of the sets Ny U N/,
N ﬁ and N g are fully intraconnected and no other links are present is

M} + 1)’ +nyp — DG — ) +nl(n — 1D —o0)

+nh(nly — 1) —¢). (b

Finally, subtracting (11) from (10) yields

2n" (8 —¢) 1

205 (8 — ¢) + (1L + P)n'anhi s> > 0 & ¢ > — e

which finishes the proof. O

Proof of Proposition 5. Observe first that § > ¢*" > 1/2 implies that the network maximizing
objective social welfare g is connected. Second, each agent will maintain at most one public link
(otherwise switching one of them to a shadow link increases objective social welfare by at least

2¢ha _ 1 > 0). Third, if agents j and k are connected, then either d;mb(g) =1or dIbe(g) =1

(otherwise switching their link to a public link increases objective social welfare by 2 — 2¢%h? >
0). Hence, there are at most L%J public links in g, such that total direct benefits are at most
215] A=y,

Provided § is large enough, g will be a tree and contain L%J public links, as ¢$"® < 1. Note
because each agent maintains at most one public link, the diameter is at least 4 (3 if n € {4, 5}).
Note also that a tree contains n — 1 links. It is thus left to determine how the remaining n —
1 - L%J = L%J shadow links connect the L%J pairs connected with a public link (and the
singleton, if n is odd). Each public link yields a direct benefit of 2(1 + §), and a shadow link
between two pairs with a public link yields 2(8 4+ 26 + 8%). An indirect connection between
two pairs with a public link yields at most 28(8 + 282 + §3). Furthermore, if n is odd, then a
shadow link between the singleton and one of the pairs yields direct and indirect benefits of at
most 2(8 + 82) (l + L% — IJ (S). Hence, total benefits are at most equal to

L%J -2(1+a)+Lg—1J .2(5+232+53)+Lg—1J L%—zj 8(5 4282 + 6%
+ oaa) 26 +8) (1+] 5 - 1[8)

=V§’J 2(1+8) + Vz’—lJ (2(8+282+83)+ L% —2J .3(5+232+53))
+ sy 26 +89) (1+] 5 - 13).
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which corresponds to the total benefits from a star with L%J peripheral pairs. As any other tree
with |_’§'J public links and d?ub (g) <1forall j € N yields strictly lower benefits from indirect
connections, a star with |_%J peripheral pairs uniquely maximizes objective social welfare.

It is left to determine the threshold on § for g to be a tree with L%J public links. Let i denote
the center and j an agent at distance two from the center. First, note that adding a public link
will decrease objective social welfare. Adding a shadow link between j and another agent k # i
increases objective social welfare by at most

2((1 =86 +8Y - ™). (12)
Adding a shadow link between j and i increases objective social welfare by
26(1=8) (14 (1 + Ly oaa)d + [g —2|@+87) =2 =2F @, m) - 26™,

which (weakly) exceeds (12). Since the increase in objective social welfare decreases with the
number of shadow links that we add, the network maximizing objective social welfare g is a tree
if ¢ > F (8, n). Second, deleting a public link may increase objective social welfare, but only
if we then add a shadow link instead. As seen above, we only need to check whether deleting
the public link of agent j and instead adding a shadow link between j and i increases objective
social welfare. This is not the case if

M <1=801=8) ((1+ lwoaa)d + | 5 =2 | 6 +89) =1+6(1-8) = FG.m.

Finally, F(§,n) — 0 as § — 1 implies that the conditions are satisfied if § is large enough, which
finishes the proof. O
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