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ABSTRACT: It has been recognized for some years but remains
controversial that hydrodynamic interactions are in fact not screened
beyond the monomeric scale in polymer melts. This study adapts the so-
called viscoelastic hydrodynamic interaction (VHI) effect to explain the
center-of-mass (c.m.) diffusion of a polymer tracer of length Ntra diluted
in an unentangled matrix of the same chemistry but different chain
length Nmat, which disproves the classic Rouse model from the existing
experimental data. The theory of the matrix effect on the tracer’s c.m.
diffusion is introduced, which decouples the total diffusion into the
localized and hydrodynamic parts. The localized contribution is
described from the diffusion of a monomer tracer in the same matrix.
The time-dependent generalized Oseen tensor is used to predict the hydrodynamic contribution. The theory predicts that before the
Fickian diffusion regime, the profile of the transient hydrodynamic diffusion constant relies on the parameter Nmat/Ntra

1/3. Subdiffusion
is predicted to occur when Nmat/Ntra

1/3 ≫ 1 until the matrix relaxation time. The total diffusion constant in the Fickian regime
superposes Rouse-like and Zimm-like processes. Momentum-conserving molecular dynamics simulations that cover the entire range
of unentangled polymers are performed, and they show excellent agreement with theoretical predictions. The tracer’s monomeric
diffusion and a discussion on the nonmomentum-conserving dynamics coupled with a Langevin damping effect further support the
VHI theory.

I. INTRODUCTION
The dynamics of a polymer tracer of length Ntra diluted in a
matrix of the same chemistry but different chain length Nmat not
only play an essential role in understanding the rheology of
polydisperse samples,1 but also provide invaluable insights into
the nature of multichain interactions.2−5 One of the most
straightforward ways to tailor the matrix effect is to measure the
center-of-mass (c.m.) diffusion constant of the tracer chain Dtra.
Abundant experiments,6−9 theories,10−14 and computer simu-
lations15−17 have been reported on this subject and have
initiated extensive discussions.

Tracer’s diffusion depends on the relative size of the tracer and
the matrix chains, as well as their comparison with the
entanglement length Ne. When either the tracer or the matrix
chains are below the entanglement length, there will be no
topological interaction. In the unentangled regime, the diffusion
of a very long tracer in a short-chain matrix is dominated by the
hydrodynamic interaction (HI). This regime is also known as
the Zimm regime. The tracer’s c.m. diffusion constant can be
expressed as

D
k T

Rtra
Z

tra mat

( ) B

(1)

where Rtra∼Ntra
ν is the size of the tracer chain, and ηmat is the

matrix viscosity. The above expression is also known as the
Stokes−Einstein (SE) relation. The tracer’s dimensional
exponent is equal to ν = 0.588 for good solvent and ν = 0.5

for θ solvent, depending on the effective intrachain excluded
volume (EV) interaction. The crossover from a good solvent to a
θ solvent with the increase of matrix chain length is governed by
the factor Nmat/Ntra

1/2, according to the classic Flory theory.18

That is, the matrix behaves as a θ solvent when Nmat ≫ Ntra
1/2.

Otherwise, it should be regarded as a good solvent. The onset of
HI is thought to be consistent with the onset of EV,11 which
means eqn 1 is valid when Nmat ≪ Ntra

1/2. Thus, this regime is also
called the swollen hydrodynamic Stokes (SHS) regime.11

In the other case of Nmat ≫Ntra
1/2, HI is thought to be screened,

and the tracer is expected to follow the Rouse dynamics. The
self-diffusion of a monodisperse unentangled melt is a special
case of this type. The corresponding tracer’s diffusion constant is
expressed as

D
k T
Ntra

R

tra

( ) B

(2)

where ζ is the monomeric friction coefficient. In a polymer
matrix, ζ depends on the distance from the glass transition
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temperature Tg according to the free volume theory.1 Thus, if
the matrices of different chain lengths are maintained at
temperatures having the same distance from Tg, which is the so-
called iso-Tg condition, the monomeric friction coefficient is
thought to be constant and the tracer’s diffusion should be
independent of the matrix.

Although the theoretical concept about tracer’s diffusion in
the unentangled regime is well recognized, a systematic
validation on the crossover from the Zimm to Rouse regime is
still missing. In the literature, only limited experimental data for
the unentangled regime have been reported. Moreover, the
existing data show significant disagreement with the theory.
Green et al.7 measured tracer’s diffusion in polystyrene (PS)
samples with a careful iso-Tg correction. They found that tracer’s
diffusion constants in unentangled matrices scale as
Dtra∼Ntra

−(0.5 ∼ 0.6)Nmat
−1 , in agreement with the Zimm dynamics,

given that ηmat ∼ Nmat for Nmat < Ne. However, they did not
observe a Rouse-like regime before the onset of entanglement,
where Dtra should be independent of Nmat, although their
shortest tracer satisfies Nmat/Ntra

1/2 ≫ 1. The Rouse-like diffusion
was also missing in the experimental data by Smith et al.6 on
poly(propylene oxide) (PPO), who reported Dtra∼Nmat

−(0.70 ∼ 0.93)

when Nmat < Ne and the tracer length varies from Ntra ≈ Ne to
5Ne.

The disagreement between theory and experimental data in
terms of tracer’s diffusion indicates an insufficient understanding
of HI in unentangled polymers. It used to be common sense that
HI is negligible in polymer melt and concentrated solutions,
because it is screened at the level of the concentration
correlation length comparable to the size of a segment.1,19

This concept is supported by the fact that many dynamic
properties of an unentangled melt agree quite well with the
Rouse model. However, in a series of publications by Farago,
Semenov et al.,20−23 it was systematically demonstrated that this
concept is not correct. A new theory incorporating a time-
dependent hydrodynamic effect, which is called viscoelastic
hydrodynamics interaction (VHI), was raised.

The VHI theory was motivated by the anomalous transient
diffusivity of unentangled polymers. For the transient mean-
squared displacement (MSD): g3(t) � ⟨[Rc. m.(t) − Rc. m.(0)]2⟩,
where Rc. m. is the c.m. position of a polymer chain, the Rouse
model assuming a time-independent monomeric friction
coefficient predicts that the c.m. diffusion is Fickian beyond
the segmental relaxation time τ0, which means g3(t)∼t when t >
τ0. However, it is widely observed in experiments24,25 and
simulations26 that the transient c.m. MSD contains a long-
persistent subdiffusive regime before the Rouse time τR:
g3(t)∼t0.75 ∼ 0.85 when τ0 ≪ t ≪ τR.

This anomalous diffusion was explained by Farago, Semenov
et al.20,22 from the hydrodynamic-based mode coupling theory
(hMCT) approach. They showed that in the monodisperse
unentangled melt of chain length N, the hydrodynamic coupling
with the viscoelastic matrix can lead to a negative tail in the c.m.
velocity autocorrelation function (VAF) defined as Cc. m.(t) �
⟨Vc. m.(t) · Vc. m.(0)⟩ = 6∂2g3(t)/∂t2, where Vc. m. is the c.m.
velocity. This negative tail ofCc. m.(t) scales as −N−1/2t−3/2 when
t ≪ τR and thus suggests the sublinear behavior: g3(t)∼t1/2. It
overlays with Fickian diffusion due to monomeric friction
coefficient, leading to the apparent power-law exponent of g3(t)
between 1/2 and 1.22 The authors also proposed an alternative
approach to account for the effects of VHI from a scale-
dependent relaxation modulus and the time-dependent
generalized Oseen tensor.22,23 Their theory agrees quantitatively

with the momentum-conserving molecular dynamics (MD)
simulations. Besides, other evidence of long-range hydro-
dynamic coupling in unentangled melts has been reported.
For example, the collective intermolecular motion was observed
by Morhenn et al.27 from neutron scattering. In a very recent
study by Aponte-Rivera et al.,28 the induced flow of a
nanoparticle diluted in polymer melts was identified.

It was also explained21 that although the density-based mode-
coupling theory (dMCT) accounting for density fluctuation also
predicts a subdiffusion regime, the amplitude of the velocity
correlation functionCc. m.(t) is significantly underestimated. The
insufficiency of dMCT was also proved in the case of
nonmomentum-conserving dynamics (Monto Carlo (MC)
simulation or MD simulation coupled with a Langevin
thermostat). hMCT predicts qualitatively different behaviors
of Cc. m.(t) from the momentum-conserving dynamics, in
agreement with simulation data. However, dMCT does not
predict this change.

In this study, I will explain the theory of the tracer’s diffusion
in unentangled matrices of different lengths after including the
effect of VHI via the generalized Oseen tensor. The theory
predicts that the total diffusion of a polymer tracer superposes
Rouse-like and Zimm-like processes. Before reaching the Fickian
diffusion regime, the transient c.m. diffusion constant as a
function of time can be qualitatively different, depending on the
relative value of the tracer and matrix chain lengths. Subdiffusion
occurs when the matrix chain is beyond a critical length. The
theoretical predictions are then compared with the momentum-
conserving MD simulations based on the widely used Kremer-
Grest (KG) model.29 The discussions will cover the entire
regime of unentangled polymers. The simulation data show clear
evidence of the invalidity of the classic Rouse model for
unentangled melts but are well consistent with the theoretical
predictions based on VHI. I also extend the discussions to the
nonmomentum-conserving dynamics. The VHI theory predicts
a qualitatively different picture of the matrix effect on tracer’s
diffusion. The predictions are also supported by the MD
simulations using the Langevin thermostat.

One of the main motivations for revisiting tracer’s diffusion in
unentangled matrix comes from recent discussions on the
nonlinear extensional rheology of unentangled polymers.30−36 A
mechanism called reduction of friction coefficient has initiated
extensive discussions as an explanation of the nonlinear rheology
data from experiments and simulations. This mechanism
accounts for the increase of chain mobility when polymers are
highly aligned with each other in the melt or concentrated
solutions under fast flows. For example, the steady-state
extensional viscosity of an unentangled polymer melt exhibits
extension-rate thickening followed by thinning.37 The variation
of extensional viscosity has been explained by a finitely
extensible chain model whose monomeric friction coefficient
decreases with the segmental orientation.37,38 However, up to
now, there is no predictive theory of friction reduction. In a
recent study by the current author,39 it was found that the
magnitude of friction reduction under nonlinear flows agrees
with the global projection area in the plane normal to the
direction of stretching. It was further proposed to relate the
change of mobility to the so-called reduced Kuhn density
defined as the ratio of Kuhn length to packing length. However,
there is still a lack of solid explanation for this phenomenological
relationship.

The previous discussions about friction reduction are based
on the concept that the unentangled polymers follow the Rouse
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dynamics assuming no HI. However, the recognition of the long-
range VHI by previous studies20−23 and further proofs from the
current work indicate that the nonlinear rheology of
unentangled polymers should be understood from a different
standpoint. It also suggests that by incorporating the effect of
VHI, it should be promising to address the remaining
inconsistencies of nonlinear extensional rheology.

The rest of the paper is organized as follows: in Section II, the
theory of tracer’s c.m. diffusion in unentangled matrix is
explained, accounting for VHI via the time-dependent
generalized Oseen tensor. In Section III, the theoretical
predictions are compared with momentum-conserving MD
simulations. Two additional aspects are discussed in Section IV
as further proofs of VHI in unentangled polymers: the tracer’s
monomeric diffusion and matrix effect on tracer’s c.m diffusion
in nonmomentum-conserving dynamics. The conclusions are
summarized in Section V.

II. THEORY OF THE TRACER’S C.M. DIFFUSION IN AN
UNENTANGLED MATRIX
II.1. Generalized Oseen Tensor. In this work, the effect of

VHI is introduced from the generalized Oseen tensor. It starts
from the generalized Navier−Stokes equation (GNSE):22,23

v r r v r

f r
t

t E t t t t

P t

( , ) ( , ’) ( , ’)d ’

( , )

mass mat

ext

= ·

+ (3)

and the incompressible condition:

v r t( , ) 0· = (4)

where v(r, t) is the fluid velocity. ρmass is the mass density of the
fluid. P is pressure. Emat(r, t) is the length-scale dependent linear
relaxation modulus of the matrix fluid. This concept pioneered
by Brochard-Wyart and de Gennes40 describes the response to a
flow which is inhomogeneous at a length scale smaller than the
matrix molecules. fext(r, t) is the external force. The integral term
in the right-hand-side of eqn 3 is the viscoelastic force.

The generalized Oseen tensor r t( , ) defines the linear
response of the flow field to the perturbative external force acting
on the fluid at t > 0:

v r f r rt r r t( , ) ( ’ , ) ( ’)d ’ext= | | · (5)

T h e i s o t r o p i c p a r t o f t h e O s e e n t e n s o r ,
r t r t( , ) Tr ( , )/3= , is the focus of this work.

In a simple fluid, the classic form of the Oseen tensor is widely
recognized:19

r t
r

r l t( , )
1

6
, ( )

s
s=

(6)

where ηs is the fluid viscosity. The validity of eqn 6 in the
transient regime is limited by the so-called vorticity diffusion
length l t t( ) /s s mass . Beyond ls(t), r t( , ) is exponentially
small. r⩽ ls(t) can be regarded as the condition where the inertia
term in the left side of eqn 3 becomes negligible. It can also be
understood from the scenario of applying shear on the fluid
between two plates. The shear field diffuses from the moving
plates initially with a diffusion constant of ηs/ρmass until it
becomes homogeneous in the fluid.

A viscoelastic fluid like a polymer melt is characterized by a
time-dependent viscosity. If we look at a length scale much larger

than the matrix molecules, i.e., the tracer molecule is much larger
than the matrix molecule, the length-scale dependent feature of
the matrix modulus can be ignored, which means Emat(r, t) ≈
Emat(r → ∞, t). In this case, the generalized Oseen tensor can be
expressed as a natural extension of its classic form:22

r t
t r

r l t( , )
1

6 ( )
, ( )

mat
v= *
*

(7)

where ηmat* (t) � ∫ 0
t Emat(r → ∞, t ′)dt′ is the transient matrix

viscosity at large length scales. The corresponding vorticity
diffusion length changes to l t t t( ) ( )/v mat mass

* * .
If the matrix is an unentangled melt, the transient viscosity is

l
m
ooo
n
ooot

t t

t
( )

( / )
mat

mat

mat mat

0 0
1/2

0* =
(8)

where τmat = Nmat
2 τ0 is the Rouse relaxation time of the matrix

chain. The matrix viscosity is linearly proportional to the chain
length: ηmat = Nmatη0, where η0 = (ρmass/m)kBTτ0 means the
monomeric viscosity. Thus, the vorticity diffusion length will
show two power-law regimes in terms of time: lv*∼t3/4 for t ≪
τmat and lv*∼t1/2 for t ≫ τmat.

If the tracer is smaller than the matrix molecule, the tracer can
only feel an effective viscosity up to a length scale comparable to
its size.41 Thus, in this case the global matrix viscosity in eqn 7
should be replaced by an effective viscosity ηef f* (t). For a polymer
tracer with Ntra ≪ Nmat in the unentangled regime, it means
ηef f(t) = η0(t/τ0)1/2 for τ0 ≪ t ≪ τtra and ηef f ≅ Ntraη0 for t ≫ τtra,
where τtra ≅ Ntra

2 τ0 is the Rouse time of the tracer.
II.2. Matrix Effect on the C.M. Diffusion of a Polymer

Tracer. Using the generalized Oseen tensor, we can construct
the theory of matrix effect on tracer’s c.m. diffusion. Suppose
that a weak perturbative force F is applied to each monomer of
the tracer at t > 0. Due to the linearity of the Stokes flow, the
velocity response is additive. Thus, the c.m. velocity can be
written as

F FV t t t t( ) ( ) ( ) ( )c m h. . 1= = [ + ] (9)

The response function χ(t) is divided into two terms: χl(t) for
the local flow-to-force response, and χh(t) for the hydrodynamic
contribution. The hydrodynamic part is calculated by involving
all the monomer pairs via the generalized Oseen tensor:

t
N

r t( )
1

( , )h
tra i j

i j

ij
,

=

(10)

where rij = |ri − rj| is the distance between the ith and jth
monomers.

Based on the fluctuation−dissipation theorem (FDT), which
imposes a rigorous relation between the flow-to-force response
function and the c.m. velocity correlation function: Cc. m.(t) =
(kBT/Ntra)∂χ(t)/∂t, and the Green−Kubo relationship: Dtra* (t)
= ∫ 0

t Cc. m.(t ′)dt′, the transient c.m. diffusion constant of a
polymer tracer can be expressed as

D t
k T
N

t t D t D t( ) ( ) ( ) ( ) ( )tra
tra

h l h
B

1
* = [ + ] * + *

(11)

where Dl*(t) � kBTχl(t)/Ntra and Dl*(t) � kBTχh(t)/Ntra,
respectively. The Fickian diffusion constant is the value at large
times: Dα = Dα*(t → ∞), where “α” can be “tra”, “l”, and “h”.

Macromolecules pubs.acs.org/Macromolecules Article

https://doi.org/10.1021/acs.macromol.5c02590
Macromolecules XXXX, XXX, XXX−XXX

C

pubs.acs.org/Macromolecules?ref=pdf
https://doi.org/10.1021/acs.macromol.5c02590?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


Localized (Rouse-Like) Contribution.The local flow-to-force
response function χl(t) is the inverse of monomeric friction
coefficient, which depends on the effective potential acting on a
monomer of the tracer. The pairwise interaction originates from
intratracer and tracer-matrix interactions. The former is
proportional to the density of tracer monomers inside the tracer
coil, Ntra/Rtra

3 ∼Ntra
−1/2 for a θ solvent. Thus, the monomeric

friction coefficient at long-time scales can be expressed as21 ζ =
ζ0[1 − const/(ρNtra

1/2b3)], where ζ0 is the monomeric friction
coefficient due to tracer-matrix interaction, being the dominate
factor for a long polymer tracer.

To estimate the monomeric friction coefficient of the tracer
polymer, here I propose to consider a monomer tracer in the
same matrix. The motions of monomer tracers are not affected
by HI from other tracers in the dilute limit. A monomer tracer is
trapped in a “cage” of the matrix molecules. The effective
potential of the monomer tracer is not equivalent to that of a
monomer in a polymer tracer in the same matrix, because in the
latter case, at least two cage molecules are from the tracer chain if
the monomer is not at the chain end. The monomer
coordination number in a fluid is z ≈ 12.42 That means, after
ignoring the intrachain loops, the difference between the
effective potentials acting on a monomer tracer and a monomer
in a polymer tracer is within a factor of (z− 2)/z, which does not
deviate much from 1. Thus, the diffusion of a monomer tracer
can give a reasonable estimation of the local response function:
χl(t) ≈ Dmono* (t)/kBT, and the localized contribution for a
polymer tracer can be expressed as

D t
N

D t( )
1

( )l
tra

mono* = *
(12)

It represents the Rouse-like contribution to the total diffusion.
A monomer tracer can be seen as a spherical nanoparticle of

small radius. Its diffusion in a polymer matrix has been
extensively discussed in many studies.41,43,44 Quantitatively
successful but nonanalytical theories have been proposed.43−45

The monomer tracer’s diffusion is also time-dependent in a
polymer matrix and exhibits subdiffusion, due to the slow
relaxation of the memory kernel.46 A thorough discussion on this
subject is out of scope of the current work. In the rest of
discussions, I will take the diffusion of a monomer tracer as a
quantity to measure to account for the localized contribution of
a polymer tracer. This enables us to focus on the hydrodynamic
contribution which remains controversial.

In the papers by Farago, Semenov et al.,20−23 the monomeric
friction coefficient is treated as a constant without further
explanation. To highlight the hydrodynamic contribution to be
discussed in the following, they designed simulation models
containing very long but unentangled chains by allowing chain
crossing. These models showed better quantitative agreement
with the theoretical predictions compared to the topology-
conserving chains. In the later sections of this work, I will show
that after careful estimation of the local response from the
monomer tracer’s diffusion, the predicted scaling behaviors of
the hydrodynamic contribution can be generally observed in
simulation models with finite chain length and showing a normal
unentangled to entangled transition. This strategy should
promise a further validation of the VHI theory from
experimental data.

Hydrodynamic (Zimm-Like) Contribution. When the tracer
polymer is much longer than the matrix chains, the generalized
Oseen tensor is inversely proportional to the distance and the
matrix viscosity, analogous to its classic form in a small-molecule
solvent. Using r t( , ) in eqn 7, we have

D t
k T

N t r
( )

6 ( )
1

h
tra mat i j

i j

ij

B
2

,

* = *
(13)

It must be noted that if the matrix viscosity has no time
dependence, eqn 13 is also known as the Kirkwood’s expression
of diffusion constant.19

The expression of Dh*(t) in its transient regime further relies
on how the vorticity diffusion length lv*(t), beyond which HI is
negligible, compares with the tracer’s size. Using rij = |i − j|1/2b
and the preaveraging approximation, Dh*(t) can be rewritten as

l
m
ooo
n
oooD t

k T
t R

l t R l t R

l t R
( ) 0.196

( )

( )/ ( )

1 ( )
h

mat tra

v tra v tra

v tra

B* = *
* * <

* (14)

where Rtra = Ntra
1/2b is the tracer’s size. The numerical coefficient

0.196 approximates 8/3/(6π3)1/2, first derived by Zimm.47Eqn
14 is valid when the vorticity diffusion length lv*(t) is much larger
than the Kuhn length of the tracer, lv*(t) ≫ b, since it describes a
nonlocal effect. For lv*(t) < Rtra, eq (14) is the same expression
for the diffusion in a semidilute solution whose concentration
correlation length is equal to lv*(t), under the concept of
hydrodynamic screening.1 When lv*(t) ⩾ Rtra, eqn 14 becomes
the SE relation consistent with eqn 1. Because lv*(t) increases

Figure 1. (a) Illustration of time-dependent hydrodynamic coupling between tracer (red) and matrix (blue) in two cases, as explained in the context.
The green blobs represent the vorticity diffusion length lv*(t). (b) Theoretical prediction on the transient hydrodynamic diffusion constant for a fixed
tracer in different matrices in the unentangled regime.
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with time and it always become larger than tracer’s size at some
moment, eqn 14 returns to the Zimm model prediction at large
times.

The time-dependence of the transient c.m. diffusion constant
Dh*(t) needs to be considered in two cases, as illustrated in
Figure 1(a).
Case A. lv*(τmat) ≪ Rtra, the vorticity diffusion length is still

smaller than the tracer’s size after the full relaxation of the matrix
chains. This case corresponds:

N N b/ ( / )mat tra mass
1/3 2

0 0
1/3

(15)

The profile of Dh*(t) as a function of time is controlled by the
parameter Nmat/Ntra

1/3. This case represents the limit of small-
molecule solvent. The critical time τ* when momentum spreads
the tracer’s size Rtra is larger than the matrix chain relaxation time
τmat. It is defined by l R( ) /v mat mass tra* * * , which
means τ* ≅ ρmassRtra

2 /ηmat ≫ τmat. The corresponding transient
c.m. diffusion constant Dtra* (t) is written as

l

m
ooooooo

n
ooooooo

D t
k T
R

l t t R t

l t R t

t

( )

( )/ ( )

( )/

1/

h
tra

v mat tra mat

v mat tra mat

mat

B*

* *

* *

*
(16)

At short times, t ≪ τmat, the transient hydrodynamic diffusion
constant Dh*(t) as a function of time depends on the vorticity
diffusion length lv*(t) and the transient matrix viscosity ηmat* (t).
In the intermediate time regime, τmat ≪ t ≪ τ*, only the time
dependence of lv*(t) matters.

Substituting the expressions of lv*(t) and ηmat* (t) of the
corresponding regimes into eqn 16, the dependence of Dh*(t) is
(omitting the chemistry-dependent parameters):

l

m
ooooooo

n
ooooooo

D t

N t t

N N t t

N N t

( )h

tra mat

tra mat mat

tra mat

1 1/4

1 1/2 1/2

1/2 1

* *

* (17)

which means Dh*(t) increases with time monotonically. Because
the transient viscosity ηmat* (t) is not well described by Rouse-like
behavior when Nmat is small, the change in the time exponents of
Dh*(t) may not be readily distinguishable from the data.
However, it should be clear that the onset of Fickian diffusion
is irrelevant with matrix relaxation.
Case B. lv*(τmat) ≫ Rtra, the vorticity diffusion length becomes

comparable to tracer’s size before the terminal relaxation of
matrix. Correspondingly, it requires Nmat/Ntra

1/3 ≫ (b2ρmass/
η0τ0)1/3. In this case, the critical time τ** from which the
vorticity diffusion length lv*(t) becomes comparable to the
tracer’s size Rtra is smaller than the matrix chain relaxation time
τ m a t . I t i s d e t e r m i n e d b y t h e f o r m u l a :
l R( ) ( )/v mat mass tra* ** ** * ** , which gives τ** ≅
(ρmassη0

−1τ0
1/2Rtra

2 )2/3 ≪ τmat. It is independent of matrix chain
length but increases with the tracer’s length. The transient c.m.
diffusion constant Dh*(t) is described as
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t t
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h
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(18)

The difference between eqns 16 and (18) for Dh*(t) lays in the
intermediate times before reaching the Fickian diffusion regime.
In the matrix of very short chains, the time dependence ofDtra* (t)
depends on the vorticity diffusion length lv*(t) which is smaller
than the tracer’s size. In contrast, when the matrix chain is
beyond critical length, momentum has spread over the entire
tracer chain by τ** ≪ τmat, and the slow viscoelastic relaxation of
the matrix chains controls the transient diffusion of the tracer in
the time window τ** ≪ t ≪ τmat.

The time and chain length dependences of the transient
hydrodynamic diffusion constant Dh*(t) is

l

m
ooooooo

n
ooooooo

D t

N t t

N t t

N N t

( )h

tra

tra mat

tra mat mat

1 1/4

1/2 1/2

1/2 1

*

**

**

(19)

Thus,Dh*(t) decreases with time in the regime τ** ≪ t≪ τmat.
The exponent is close to the prediction of the tube model for
entangled polymers in the regime between the entanglement
time and the terminal relaxation time. However, in the
unentangled regime, after superposing with the localized
contribution, the total transient diffusion constant of the tracer
should exhibit a weaker time dependence than predicted.
Another interesting property predicted by eqn 19 is that the
onset of Fickian diffusion is explicitly related to the relaxation
time of the matrix chain τmat. This will be important proof of this
hydrodynamic-based approach for tracer’s diffusion.

When a short tracer is put into a longer matrix Nmat > Ntra, it is
predicted that the tracer will feel an effective viscosity ηef f in a
scale comparable to the tracer. The profile of Dh*(t) should be
similar to the cases of Nmat > Ntra

1/3, but the subdiffusion regime
persists up to the tracer’s relaxation time τtra and no longer
changes with the increase of matrix length.

The theoretical prediction for a fixed tracer in different
matrices is summarized in Figure 1(b). The total diffusion
constant in the Fickian regime is predicted to be the following:

D D D
D
N

k T
R

0.196tra l h
mono

tra tra eff

B= + = +
(20)

where ηef f = ηmat for Ntra ≫Nmat and ηef f ≅Ntraη0 for Ntra ≪Nmat.
The localized part is consistent with the Rouse model, Dl∼Ntra

−1,
given that the diffusion of the monomer tracer is constant, Dmono
≈ const. Thus, for a fixed tracer in different matrices, Dtra will
depend on the matrix chain length Nmat with an exponent value
between − 1 (Zimm model) and 0 (Rouse model). When
considering different tracers in the same matrix, Dtra should
depend on the tracer’s size Rtra with an exponent value between
− 2 and − 1. With the increase of tracer chain length or the
decrease of matrix chain length, the hydrodynamic contribution
will become more important, and thus, the tracer’s diffusion will
be more Zimm-like.

Given that the localized contribution can be affected by the
nonbond potential between monomers and by the distance to
the glass transition, the observed power-law dependence of total
diffusion constant on tracer and matrix length relies on
chemistry and reference temperature. However, if we can
exclude localized contribution by tracking the diffusion of a
monomer tracer, the hydrodynamic contribution should satisfy a
universal expression.

From the above expression, the self-diffusion constant of a
monodisperse unentangled polymer is predicted tobe
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D
D
N

k T
R N

0.196self
mono

tra tra tra

B

0

= +
(21)

The hydrodynamic part is proportional to Ntra
−3/2. Thus, in the

unentangled regime, the overall self-diffusion constant should
scale with chain length with an exponent between − 3/2 and −
1. The exponent of self-diffusion in the entangled regime is
predicted to be − 2 by the tube model.19 Consequently, an
exponent value slightly smaller than − 1 could have been
recognized as the crossover from unentangled to entangled
regimes in the existing literature.

III. MOMENTUM-CONSERVING MD SIMULATIONS OF
THE TRACER’S C.M. DIFFUSION
III.1. Simulation Methods. The above theoretical pre-

dictions are then compared with the MD simulation data. The
classic KG model is used for simulation.29 The monomers of the
polymer chain are coarse-grained beads interacting with each
other via the repulsive 6−12 Lennard-Jones (LJ) potential:
ULJ(r) = 4ε[(r/σ)−12 − (r/σ)−6]. Quantities are expressed
relative to the length and energetic parameters in the LJ
potential. In this study, two sets of simulation data are examined.
One has pure repulsive beads with a cutoff distance of rc = 21/6.
The other includes attractive interactions by setting the cutoff
distance to rc = 2.50. The bonded pairs are connected by a
finitely extensible bond potential: UFENE(r) = − kRm

2 /2 ln [1 −
(r/Rm)2] for r < Rm, where k = 30 and Rm = 1.50. All simulations
are performed with LAMMPS.48 All supplementary discussions
on simulation methods are provided in the Supporting
Information (SI).

In the simulations, a total of 105 beads are placed in a periodic
cubic box. The motions of the matrix molecules are integrated
under the NPT ensemble, using the Nose-́Hoover (NH)
thermostat and barostat. The constant pressure simulations
are more relevant to experimental measurement. I compared the
NPT simulation with other momentum-conserving simulations,
using the NH thermostat or the dissipative particle dynamics
(DPD) thermostat under the constant-volume ensemble. It is
found that these simulation methods generate almost identical
results, as shown in Figure S1 of SI. The NH thermostat and
barostat conserve the total momentum of the simulation if it is
set to zero in the initial snapshot.49 To prove that, the total c.m.
motion of the simulation box is monitored, and no drift is
observed, as illustrated in Figure S2. The target static pressure is
set to P = 5.0 for repulsive beads. Under this pressure and a
reduced temperature kBT = 1.0, the average monomer’s mass
density in the long-chain limit is ⟨ρmass⟩ ≈ 0.85 with a fluctuation
of ⟨δρmass

2 ⟩1/2 ≈ 5 × 10−4 (the mass of a bead is m = 1.0 and thus
the mass density is equal to the number density). For attractive
beads, the target pressure is set to P = 0.0. The corresponding
density and fluctuation are ⟨ρmass⟩ ≈ 0.89 and ⟨δρmass

2 ⟩1/2 ≈ 6 ×
10−4.

The equations of state of the simulation models are examined
for their glass transition behaviors, which is shown in Section B
of SI. The KG model with repulsive chains is widely used as a
standard simulation model in the community. However, it is also
known to exhibit unusual glass transition behavior. The
coherent energy between monomers is necessary to show
qualitatively similar glass transition as experimental data.50

Although the VHI theory does not involve any glass transition
property, testing in the two sets of simulation data will show the
robustness of the theoretical argument and the validity of the
simulation model. Because the chain models are flexible, the

glass transition temperature only shows a weak dependence on
the chain length under a fixed pressure, in agreement with
previous simulation studies on a similar model.51,52 In the rest of
the discussions, a fixed temperature kBT = 1.0 (iso-Tmp) is used
for repulsive chains, which almost reminisces the iso-Tg
condition. For attractive chains, I adopt a condition where a
monomer tracer has the same diffusion constant (iso-Dmono). As
mentioned previously, this condition should indicate an
identical normalized monomeric interaction. Under this
condition, the change of tracer’s diffusion with the matrix will
directly indicate a deviation from the Rouse dynamics. It is not
consistent with the iso-Tg condition. The corresponding
temperatures are kBT = 0.75, 0.88, 0.95 for Nmat = 2, 5, 10,
respectively, and kBT = 1.0 for Nmat ≥ 20.

In this study, the length of tracer is varied as Ntra = 20, 50, 100,
and 200. The matrix chain length Nmat ranges from 2 to 200. The
size of the longest tracer satisfies Rtra < L/2, where

R Rtra tra
2= represents the root of mean-squared end-to-

end distance and L is the length of simulation box. For the
flexible KG simulation model, the number of beads per
entanglement is Neb ≈ 65 ± 7.53 Thus, our discussions will
cover the entire unentangled regime. The repulsive and
attractive polymers have similar monomer density, and thus,
their entanglement properties are also close to each other. The
linear relaxation modulus and zero-shear-rate viscosity of the
matrices are shown in Figure S4. The linear relaxation modulus
of the matrix Emat(t) is measured from the time-correlation
function of the stress component based on the Green−Kubo
relation. The zero-shear-rate viscosity ηmat is the plateau value of
the transient viscosity ηmat* (t) = ∫ 0

t dtEmat(t). The crossover from
the unentangled to entangled regime is identified from the
matrix viscosity, as shown in Figure S5(a). Below the onset of
entanglement, the viscosity grows linearly with the chain length
in the iso-Tmp repulsive chains. The relaxation times of the
tracer and matrix chains, τtra and τmat, are calculated from the
time correlation function of the end-to-end vector. The
correlation function is fitted via the exponential decay function:
⟨Rmat(t) · Rmat(0)⟩∼ exp (− t/τmat). The corresponding value of
τmat are presented in Figure S5(b), which also agrees with the
unentangled to entangled transition. In repulsive chains, the
best-fit values of the monomeric viscosity and relaxation time is
η0 = ηmat/Nmat ≈ 0.781 and τ0 = τmat/Nmat

2 ≈ 0.883.
Tracer’s c.m. diffusion is measured at different concentrations

to identify the dilute regime. This step is tested in the matrix of
Nmat = 2, where the tracer takes a swollen configuration. This test
will give a safe estimation of the dilute regime in a θ solvent. The
corresponding data are presented in Figure S6. The critical
concentration of the dilute regime is found to be c/c* ≈ 0.330,
where c* = Ntra/Rtra

3 is the theoretical overlap concentration. It
corresponds to a critical volume fraction of 2.5% for the tracer
Ntra = 100 and 1.4% for Ntra = 200. For the simulation data to be
presented later, the tracer’s volume fraction is set to 2% for Ntra
≤ 100 and 1% for Ntra = 200.
III.2. Tracer’s Size in Different Matrices. Before

discussing tracer’s diffusion, it is worth noting the change of
tracer’s size in different matrices. The classic Flory’s mean-field
theorem for excluded volume interaction54 predicts that, when
Nmat ≪ Ntra

1/2, the matrix will be a good solvent to the tracer. The
tracer swells with the decrease of matrix chain as Rtra∼Nmat

−1/5.
When Nmat ≫ Ntra

1/2, the matrix is a θ solvent and the tracer’s size
is independent of the matrix chain length. However,
experimental and simulation data from literature55,56 have
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reported a much weaker dependence in the good solvent regime:
Rtra∼Nmat

−0.1. The disagreement has been addressed by Lang et
al.56 who took into account of the long-range bond correlations
in polymer melt and corrections to excluded volume. In my
simulation data with a tracer length Ntra = 200, the relation
Rtra∼Nmat

−0.1 is reproduced. The corresponding data of tracer’s size
are plotted in Figure S6(a). The θ to good solvent transient is
also tracked from the dependence Rtra∼Ntra

ν , and the change of ν
from 1/2 to 3/5 is well confirmed, as shown in Figure S6(b).

To derive the hydrodynamic diffusion constant Dh*(t) in eqn
14, no excluded volume interaction is assume, i.e., Rtra = Ntra

1/2b.
However, eqn 14 remains valid even though the θ to good
solvent transient with the decrease of matrix chain length. The
Zimm model predicts the same scaling expression for the
diffusion constant in a good solvent, and the numerical factors
are also very similar (0.203 for good solvent compared to 0.196
for θ solvent).19

III.3. Tracer’s C.M. Diffusion in the Fickian Regime
from Simulations. The tracers’ c.m. diffusion constants in the
Fickian regime Dtra in different matrices are summarized in
Figure 2. First, for the monomer tracer, or saying Ntra = 1, a weak
dependence on the matrix is observed in iso-Tmp repulsive
chains when Nmat ⩽ 10. The main factor is the change of density
with chain length under constant pressure. This effect is
corrected in the attractive chains, as shown in Figure 2(b). For
polymer tracers in unentangled matrices Nmat ⩽Neb, a power-law
relationship is found Dtra∼Nmat

−0.543 for the short tracer Ntra = 20,
and Dtra∼Nmat

−0.60 for longer tracers Ntra ⩾ 50 in the repulsive
system. In the attractive system, weaker dependences are found:
Dtra∼Nmat

−(0.201 − 0.262) after the iso-Dmono correction. It shows that
the decrease of Dtra in Figure 2(a) is partly due to the change of
monomeric potential in different matrices. But it is still necessary
to include other mechanisms to describe the data. The
simulation data is within the theoretical prediction of eqn 20.
This indicates that the matrix dependence of tracer’s c.m.
diffusion in the unentangled regime is neither purely Rouse-like
nor purely Zimm-like, but exhibits an intermediate behavior
between the two limits.

In entangled matrices, the diffusivity of the tracer is
determined by its entanglement state. The diffusion constant
of an unentangled tracer (e.g.,Ntra = 20) is nearly independent of

the matrix chain size in the entangled regime. In contrast, Dtra of
an entangled tracer (e.g., Ntra = 200) drops significantly with
Nmat when Nmat > Neb, indicating the effect of topological
interaction. The transition from the unentangled to entangled
regime can also be noted from the self-diffusion constants Dself in
the monodisperse melts, which are also plotted in Figure 2. The
two classic dependences, Dself∼Ntra

−1 for the unentangled regime,
and Dself∼Ntra

−2 for the entangled regime, well approximate our
simulation data. Meanwhile, it is also noticed that in the
unentangled regime, the exponent describing the chain-length
dependence of Dself is slightly smaller than − 1. This deviation is
predicted by eqn 21 as the superposition of the Rouse-like and
the Zimm-like processes.

Figure 3 plots the tracer’s diffusion constants as a function of
tracer’s size for different tracers in the same matrix. In the
unentangled matrices of repulsive beads, the dependence
changes from Dtra∼Rtra

−1.206 for Nmat = 2, which is close to the
Zimm model, to Dtra∼Rtra

−1.738 for Nmat = 50. An exponent
consistent with the Rouse model is observed only when the

Figure 2. C.m. diffusion constants in the Fickian regime Dtra of a fixed tracer as a function of the matrix chain length Nmat with (a) repulsive and (b)
attractive interaction. The vertically dotted line represents the entanglement length Neb. The dashed lines are the best fits of the power-law function in
the range of Nmat ⩽ min (Ntra, Neb), with the values of the exponent shown in the figure. The star scatters represent the self-diffusion constant in the
monodisperse melt, Ntra = Nmat. The dash-dot lines with the slope of −1 and −2 are the predictions of the Rouse model and reptation model for
unentangled and entangled dynamics, respectively.

Figure 3. C.m. diffusion constants Dtra of different tracers diluted in the
same matrix as a function of the tracer’s size Rtra.
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matrix chains are near the onset of entanglement. The plot
further proves that tracer’s c.m. diffusion in the unentangled
matrix always superposes the Rouse and Zimm dynamics, in
agreement with the VHI theory proposed in this work. When the
matrix is entangled, the exponent value becomes smaller than −
2.

The hydrodynamic contribution of the c.m. diffusion is
further highlighted to compare with the theory. The localized
part of diffusion constant for the polymer tracer is Dl = Dmono/
Ntra from eqn 12. The hydrodynamic contribution is calculated
as the difference between the total diffusion and the localized
diffusion, Dh = Dtra − Dl. The simulation data confirms that the
localized contribution is insufficient to predict the total
diffusion, and the hydrodynamic diffusion in the unentangled
matrix is always nontrivial. Figure 4(a) presents the ratio of the
hydrodynamic and localized diffusion constants, Dh/Dl. In the
short-chain matrix, the hydrodynamic part is more important.
The value of Dh/Dl also increases with the tracer’s length Ntra.
Dh/Dl decreases as the matrix chain length increases, and beyond

a certain point, the localized contribution overwhelms the
hydrodynamic part. However, Dh remains non-negligible
throughout the entire unentangled regime. Even near the
onset of entanglement (Ntra = Nmat = 50), Dh/Dl is found to be
0.502. When the matrix becomes entangled, the total diffusion of
a long tracer that can be entangled with the matrix (e.g., Ntra ⩾
100) is smaller than the localized diffusion from the monomer
tracer. Thus, it results in a negative value of the apparent
hydrodynamic diffusion.

The hydrodynamic diffusion constants Dh in Figure 4(a) are
plotted with the Zimm-like prediction kBT/ηmatRtra in Figure
4(b). The simulation data exhibits excellent agreement with the
theoretical prediction, regardless of the monomer’s interaction.
Moreover, the numerical factor from the current simulations has
the same order of magnitude as Zimm’s theory, although smaller
by 36% (0.126 ± 0.002 compared to 0.196). There are several
explanations for the difference in numerical factors. One is the
finite size effects in simulations. When simulating a fluid with
periodic boundary condition, the diffusion constant is under-

Figure 4. (a) Ratio of the hydrodynamic and localized contributions to the tracer’s c.m. diffusion. The localized diffusion constant is based on the
diffusion of the monomer tracer in the same matrix, Dl = Dmono/Ntra, as shown in eq 12. The hydrodynamic diffusion constant is the difference between
the total diffusion and the localized diffusion, Dh = Dtra − Dl. (b) Hydrodynamic diffusion constant Dh compared to the theoretical prediction of eq 20.
The solid and dashed lines represent the linear relation. The theory predicts a numerical coefficient of 0.196. The best fit value of the simulation data
(short tracers in the longer matrices excluded) is 0.126 ± 0.002.

Figure 5. (a) Transient c.m. diffusion constants Dtra* (t) = ∂g3(t)/6∂t for the tracer of fixed length Ntra = 100 in different matrices with repulsive
interaction. The blue-hexagonal and red-star scatters represent the end-to-end relaxation time of the tracer and matrix chains, τtra and τmat, respectively.
(b) Transient hydrodynamic diffusion constants normalized by the corresponding values in the Fickian regime, Dh*(t)/Dh, as a function of time
normalized by the matrix chain relaxation time, t/τmat. The solid lines with different power-law relations are the prediction of the VHI theory in eqn 19.
The other crossover times from the predictive expressions are shown in the figure (τ* for Ntra = 2 and τ** for Ntra = 50).
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estimated and converges as 1/L.57 Meanwhile, it must be noted
that the experimental data in small-molecule θ solvents reported
a numerical factor around 15% smaller than the prediction.19

Thus, there are also physical origins of the discrepancy, like non-
Gaussian distribution and hydrodynamic fluctuation.19 In spite
of these factors, the general agreement among theory,
experiments and simulations is remarkable. The main finding
of this study is that the consistency can still hold even if an
unentangled polymer melt is used as the solvent, provided that
the localized contribution is carefully estimated.

For a short tracer (Ntra = 20) in a longer matrix (Nmat = 100 or
200), a finite value of Dh is found. It is independent of the matrix
and larger than kBT/ηmatRtra with the best-fit numerical
coefficient. The result supports the idea that in the Fickian
regime, the HI for a short tracer in a long matrix is still not
screened but coupled with an effective viscosity smaller than the
bulk matrix viscosity, ηef f < ηmat. The simulation data show that
the prefactor should be ηef f/Ntraη0 ≈ 2.103. It suggests that a
tracer can be coupled with a matrix strand up to twice its own
length, consistent with the simple scaling argument.
III.4. Tracer’s C.M. Diffusion in the Transient Regime.

Direct evidence of the VHI in unentangled polymer is also
identified from the tracer’s transient diffusion before reaching
the Fickian diffusion regime. In the simulations, the transient
diffusion constants are calculated as the time derivative of the
c.m. MSD, Dtra* (t) = ∂g3(t)/6∂t. Figure 5(a) plots Dtra* (t) for a
fixed tracer of Ntra = 100 in different matrices with repulsive
interaction. The matrix and tracer relaxation times, τmat and τtra,
are marked in the figure for clarity.

Qualitatively different behaviors of Dtra* (t) are found when
varying the lengths of matrix chains, consistent with the VHI
theory prediction in Figure 1(b). In the matrix of very short
chains, e.g., Nmat = 2, Dtra* (t) increases monotonically with time.
Fickian diffusion is onset at a time between τmat and τtra. Beyond
a certain matrix chain length, we will find a regime where Dtra* (t)
decreases with time as Dtra* ∼t−1/4, which means a subdiffusion
g3∼t3/4. The theory predicts that whether the tracer contains a
subdiffusion regime is determined by the factor Nmat/Ntra

1/3, as
shown in eqn 15. Substituting the corresponding values of the
simulation model into eqn 15 (b ≈ 1.80, ρmass ≈ 0.85, τ0 ≈ 0.883
and η0 ≈ 0.781), it shows that for a tracer of Ntra = 100, the
critical matrix chain length is around 6. The theoretical
expression excellently predicts the simulation data, where the
critical matrix length is close to 5, as shown in Figure 5(a).
Subdiffusion occurs when Nmat ≥ 10. In this case, the onset of
Fickian diffusion is well consistent with the matrix relaxation
time, in agreement with the theoretical prediction. In contrast,
the tracer’s relaxation time τtra is irrelevant to the transient
behavior of Dtra* (t) except the cases of monodisperse melt.

To further compare with the theoretical prediction, we need
to focus on the hydrodynamic contribution by subtracting the
localized contribution from the total diffusion. Figure 5(b) plots
the transient hydrodynamic diffusion constant normalized by
the corresponding values in the Fickian regime, Dh*(t)/Dh, as a
function of time normalized by the matrix chain relaxation time
t/τmat. In this figure, the scaling Dh*∼t−1/2 following Dh*∼t1/4 is
well identified, in comparison to Dtra* ∼t−1/4 for the total
diffusion. It further proves that, to obtain quantitative agreement
with the VHI theory, the localized contribution of diffusion
needs to be excluded from the total diffusion in general cases. At
very short times, Dh*(t) belongs to the so-called ballistic regime
and increases linearly with time. In this regime, the tracer has not
felt the surrounding molecules. In the matrix of Nmat = 50, the

crossover from Dh*∼t1/4 to Dh*∼t−1/2 is τ**/τmat ≈ 0.0036 by
extrapolating the power-law regime in the simulation data. The
predictive value for this characteristic time is τ** ≅
(ρmassη0

−1τ0
1/2Rtra

2 /6)2/3 ≈ 9 (a numerical factor of 1/6 is to
replace end-to-end distance by radius of gyration as a more
reasonable estimation of the tracer’s size), corresponding to
τ**/τmat ≈ 0.0041. The difference is quite small, as indicated in
the figure. In shorter matrices with Nmat = 20 and 10, the regime
showing Dh*∼t1/4 is not very clear, and the crossover from a
positive to a negative exponent is quite flat. The reason is that,
for these short matrices, the Rouse-like description of transient
viscosity, ηmat* (t) = ηmat(t/τmat)1/2 for t ≪ τmat, is not well
satisfied. In the matrix of Nmat = 2 where Dh*(t) does not exhibit
subdiffusion, the theoretical expression predicts that the onset of
Fickian diffusion is τ* ≅ ρmRtra

2 /6ηmat ≈ 15, or τ*/τmat ≈ 5, in
reasonable agreement with simulation data.

IV. DISCUSSIONS
IV.1. Tracer’s Monomeric Diffusion. The influence of

matrix chain size on tracer’s monomeric diffusivity is also
investigated. The monomeric MSD is defined as g1(t) � ⟨[ri(t)
− ri(0)]2⟩. The idea of thinking about monomeric diffusion is
that by the time t, a monomer in the tracer chain can “feel” that it
belongs to a strand whose relaxation time is equal to t.1 Suppose
that this strand consists of g monomers. For the Rouse model,
τ0g2 ≅ t, which means g ≅ (t/τ0)1/2 for τ0 ≪ t ≪ τtra. Then the
monomeric MSD is predicted tobe

g t t
k T

g
t( )1

(R) B 1/2

(22)

For the Zimm model, the relaxation time of the strand is τ0g3v

≅ τ0(ξ/b)3 ≅ t, where ξ ≅ gvb is the size of the strand. The
corresponding monomeric MSD is

g t t
k T

t( )
S

1
(Z) B 2/3

(23)

The exponent value is independent of the solvent quality.
In a viscoelastic matrix, the theory proposed in this work

suggests that the tracer’s diffusion superposes Rouse-like and
Zimm-like processes, originating from the localized and
nonlocalized flow-to-force responses, respectively. Thus, it can
be expected that the tracer’s monomeric MSD in an unentangled
matrix exhibits a power-law exponent between 1/2 and 2/3. The
start of the scaling regime should be consistent with the Fickian
regime of c.m. diffusion, so that the time-dependence of the
matrix viscosity can be neglected, as assumed by the Rouse and
Zimm models. For a matrix that is not too short, i.e., Nmat/Ntra

1/3

≫ 1, it means τmat ≪ t ≪ τtra.
The exact exponent value of monomeric MSD can be

predicted from the c.m. diffusion. The relaxation time of the
strand of size ξ ≅ gvb in the unentangled matrix is τg ≅ ξ2/Dg,
where Dg is the c.m. diffusion constant of this strand. In Figure 3
for c.m. diffusion, I have shown the power-law relation between
Dg and the strand size for different tracers in a fixed matrix: Dg ∼
ξα, where − 1.206 ⩾ α ⩾ − 2.156 for 2 ⩽ Nmat ⩽ 100. Thus, if τg
≅ t, ξ ∼ t1/(2 − α). The time dependence of monomeric MSD is

g t t( )1
2 2/(2 )

(24)

The simulation data of tracer’s monomeric MSD g1(t) for the
fixed tracer of Ntra = 100 in different matrices with repulsive
interaction is presented in Figure 6. The end-to-end relaxation
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times of the tracer and matrix chains are also marked. When
calculating g1(t) from simulations, I performed averaging over
10 monomers near the middle of the tracer chain. For clarity of
the exponent value in the transient regime, g1(t) is divided by
t2/3. In this case, the horizontal line is the Zimm model
prediction. The Rouse model prediction is represented by the
exponent value − 1/6 ≈ − 0.167. Fickian diffusion corresponds
to an exponent of 1/3. In the simulations, unlike c.m. diffusion,
the onset of Fickian monomeric diffusion is always consistent
with the tracer’s end-to-end relaxation time τtra. The simulation
data lay between the Rouse and Zimm scaling when t ≪ τtra, as
expected. Tracer’s monomeric diffusion in the matrix of Nmat = 2
is very close to the Zimm-like scaling, showing a nearly plateau
regime in Figure 6. The time dependence of g1(t) in longer
matrices is always stronger than t1/2 until the onset of
entanglement (Nmat > Neb ≈ 65). Thus, the tracer’s monomeric
diffusion further supports that HI is a non-negligible factor in
unentangled dynamics. Moreover, the exponent values agree
well with the predictions of eqn 24, which are shown as solid
lines in Figure 6. The results show that in the simulations the
tracer’s monomeric and c.m. diffusions in the unentangled
matrix are well consistent with each other. It also proves that the
theoretical argument about monomeric MSD based on the
relaxation time of a strand is valid in general cases.
IV.2. Tracer’s C.M. Diffusion Coupled with Langevin

Thermostat. In MD simulations, it is common strategy to use
the Langevin thermostat to mimic the effect of heat bath.49 It
introduces an additional friction force f L = − γmivi on the
motion of particles, where γ is a damping parameter in the unit of
frequency. With this thermostat, the initial momentum
fluctuation is dissipated within the characteristic time γ−1. The
advantage of using the Langevin thermostat is that it can
effectively equilibrate stiff degrees of freedom, and thus, it is
more reliably ergodic.49 However, the resulting dynamics is not
momentum-conserving. As explained by Farago, Semenov et

al.,22,23 this artificial Langevin friction significantly modifies
VHI. Here, I will explain its effect on tracer’s diffusion in
unentangled matrices. The objective of discussing this part is 2-
fold: one is to further support the effect of VHI as the principal
mechanism of the anomalous tracer’s diffusion in unentangled
regime; the second is to remind of the potential artifact when
relating theory and experimental data from simulations.

The Langevin thermostat modifies the GNSE in eqn 3 by
replacing ρmass∂v(r, t)/∂t with ρmass(∂/∂t + γ)v(r, t). If the length
scale is much larger than the matrix chain, the generalized Oseen
tensor r t( , ) can still be expressed as eqn 7, which is
proportional to 1/rηmat* (t). But its validity is limited by not only
the vorticity diffusion length r l t t t( ) ( )/v mat mass< * * , but

also an additional length scale, r l t t( ) ( )/L mat mass< * * ,
called the Langevin screening length. It defines the maximum
length to which momentum can diffuse at time t due to the
Langevin damping effect.58 Unlike the vorticity length, the
Langevin screening length does not increase to infinity at large
times.

With the Langevin friction force, the time dependence of the
transient hydrodynamic diffusion Dh*(t) can still be expressed in
terms of the hydrodynamic screening length, as eqn 14. But here,
we need to compare the tracer’s size Rtra with two screening
lengths, lv*(t) and lL*(t). Let us focus on the case of Ntra

1/3 ≪ Nmat
≪ Ntra, where there is a subdiffusion regime and the onset of
Fickian diffusion is determined by the matrix relaxation time τmat
(Case B in Section II.2). The theoretical predictions are
summarized as the following:

i)t ≪ γ−1: At such short times, the Langevin screening length
lL*(t) is larger than the vorticity diffusion length lv*(t), so that we
only need to consider hydrodynamic screening from lv*(t). Thus,
the tracer’s c.m. diffusion will be the same as the momentum-
conserving dynamics in this regime. Moreover, if γ−1 ≫ τmat,
there is no difference between the two types of dynamics in the
entire transient regime of tracer’s diffusion. To observe the effect
of the Langevin damping, it requires γ ≫ τmat−1 .

ii)t ≫ γ−1: Starting from the time γ−1, lL*(t) becomes the
limiting parameter for tracer’s diffusion. Like momentum-
conserving dynamics, two conditions need to be considered. In
the first condition, the Langevin screening length is smaller than
the size of the tracer by the matrix relaxation time, lL*(τmat) ≪
Rtra, which means γ ≫ ηmat/(ρmassRtra

2 ). The transient hydro-
dynamic diffusion constant Dh*(t) is expressed as

D t
k T
R

l t
t

t( )
( )

( )
,h

B

tra

L

mat
2

1* *
* (25)

for γ ≫ max [τmat−1 , ηmat/(ρmassRtra
2 )]. It can be expanded as

l
m
ooo
n
oooD t

N t t

N N t
( )h

tra mat

tra mat mat

1 1/4 1

1 1/2
*

(26)

In this case, the onset of Fickian diffusion is controlled by the
matrix relaxation time τmat. Before that, Dh*(t) decreases with
time, showing the power law of − 1/4. The Fickian diffusion at
large times is Rouse-like since it is inversely proportional to the
tracer’s length.

If γ ≪ ηmat/(ρmassRtra
2 ), the Langevin screening length becomes

comparable to the tracer’s size at a time smaller than the matrix
r e l a x a t i o n t i m e , l R( )L mat tra* , w h e r e

R( / ) 1tra mass mat
2 2 . The condition γ ≫ τmat−1 can still

Figure 6. Simulation data of the tracer’s monomeric MSD g1(t) divided
by t2/3 for the fixed tracer of Ntra = 100 in different matrices with
repulsive interaction. The solid lines are the predictions of eqn 24, with
the exponent value 2/(2 − α) − 2/3 ranging from −0.043 to −0.185. α
is the exponent value describing the dependence Dtra∼Rtra

α , as shown in
Figure 3. The dashed line with the exponent of 1/3 represents Fickian
diffusion. Like Figure 5a, the blue-hexagonal and red-star scatters
represent the end-to-end relaxation times of the tracer and matrix
chains, τtra and τmat, respectively.
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be satisfied, because Nmat
3 /Ntra ≫ ρmassb2/η0τ0 is assumed. The

transient hydrodynamic diffusion constant is expressed as

l

m
ooooooo

n
ooooooo

D t
k T
R

l t t R t

t t

t

( )

( )/ ( )

1/ ( )

1/

h
B

tra

L mat tra mat

mat mat mat

mat mat

*

* *

*

(27)

for τmat−1 ≪ γ ≪ ηmat/(ρmassRtra
2 ). The detailed dependences of

Dh*(t) are

l

m
ooooooo

n
ooooooo

D t

N t t

N N t t

N N t

( )h

tra mat

tra mat mat mat

tra mat mat

1 1/4 1

1/2 1 1/2

1/2 1

*

(28)

Thus, Dh*(t) contains two negative power-law regimes with
time before Fickian diffusion: Dh*(t)∼t−1/4 followed by
Dh*(t)∼t−1/2.

The predictions are compared with simulation data. In Figure
7(a), I first compare the tracer’s c.m. total diffusion constants in
the monodisperse melt, Ntra = Nmat = 100, from momentum-
conserving (NPT) and nonmomentum-conserving simulations
(Langevin) of the same model. The Langevin simulations are
performed at constant density ρmass = 0.85. The damping
parameters are set to γ = 0.5 and 5 in the Langevin simulations.
The comparison confirms that tracer’s c.m. diffusion is
significantly modified in the presence of the Langevin damping
effect. The Fickian diffusion constant decreases with the
damping parameter. In the transient regime, the maximum of
Dtra* (t) occurs at a smaller time compared to momentum-
conserving simulations. The subdiffusion regime persists, but
the Langevin simulations exhibit a weaker time dependence.
The magnitude of the exponent decreases as the damping
parameter increases.

I measured the diffusions of a monomer tracer and a polymer
tracer of Ntra = 100 in different matrices with the Langevin
thermostat. Like the simulations discussed previously, the
hydrodynamic contribution of diffusion Dh*(t) is obtained by
subtracting the localized contribution based on the diffusion of
the monomer tracer from the total diffusion of the polymer
tracer. The results of Dh*(t) are presented in Figure 7(b). The

data is also compared with the momentum-conserving
simulation. With the Langevin damping γ = 0.5, the maximum
of Dh*(t) occurs at t ≈ 2 = γ−1, in agreement with the prediction.

For the subdiffusion regime, whereDh*(t) decreases with time,
the theory predicts two qualitatively different behaviors,
depending on the damping parameter, the tracer’s size and the
matrix viscosity (whether R( / )tra mass mat

2 2 is larger than 1
or not). For the simulation parameters discussed in Figure 7(b),
in the long matrix like Nmat = 50 or 100, is in the order of unit.
The theory predicts a change of power-law exponent with time,
from Dh*(t)∼t−1/4 to Dh*(t)∼t−1/2, as shown in eqn 28. In the
simulation data, this enhanced time dependence is observed. In
comparison, the NPT simulation is effectively described as a
single dependence, Dh*(t)∼t−1/2. In a short matrix like Nmat = 20,

becomes much larger than 1. For this case, the theory predicts
only one power-law regime Dh*(t)∼t−1/4 before reaching the
plateau, as shown in eqn 26, which also agrees with the
simulation data.

V. CONCLUSIONS
In summary, the current study reported unambiguous evidence
that HI is non-negligible in unentangled polymer melts, by
tracking the diffusion of a polymer tracer in the matrices of
different chain lengths. The so-called viscoelastic hydrodynamic
interaction (VHI), as proposed by Farago, Semenov et al.22,23

some years ago, was accounted for via the time-dependent
generalized Oseen tensor derived from the GNSE for
incompressible viscoelastic fluid. The current study explained
the predictive theory of the matrix effect on tracer’s diffusion in
the unentangled regime regarding VHI. The theory decoupled
the total tracer’s c.m. diffusion constant Dtra* (t) into the localized
and the hydrodynamic contributions, Dl*(t) and Dh*(t). One
essential argument of this study was to describe the localized
contribution, which is chemistry-dependent, as the diffusion of a
monomer tracer in the polymer matrix. When Ntra ≫ Nmat, the
qualitative feature of the hydrodynamic contribution Dh*(t) in
the transient regime was predicted to rely on the parameter
Nmat/Ntra

1/3. This parameter determines whether momentum can
spread over the entire chain before the full relaxation of the
matrix chains. For Nmat/Ntra

1/3 ≪ 1, Dh*(t) increases monotoni-
cally with time. When Nmat/Ntra

1/3 ≫ 1, a subdiffusive regime was
predicted, and the transient hydrodynamic diffusion scales as

Figure 7. (a) Comparison of the tracer’s total c.m. diffusion constants in the monodisperse melt Ntra = Nmat = 100 with repulsive chains, from
momentum-conserving (NPT) and nonmomentum-conserving (Langevin with γ = 0.5 and 5) simulations of the same model. The exponents values for
the subdiffusion regime are crude estimations of simulation data. (b) Matrix effect on the transient hydrodynamic diffusion constant for a fixed tracer
Ntra = 100. The line-scatter plot is the data from NPT simulation of Nmat = 50.
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Dh*(t)∼Ntra
−1/2Nmat

−1 t−1/2 in this regime. The onset of Fickian
diffusion is controlled by the matrix relaxation time. At large
times, the theory proposed a formula that superposes the Rouse-
like and Zimm-like processes for tracer’s c.m. diffusion in the
Fickian regime.

The predictions of the VHI theory were strongly supported by
the momentum-conserving MD simulations that covered the
entire range of unentangled polymers. By simulating the
diffusions of the monomer tracer and the polymer tracer, and
excluding the localized contribution from the total diffusion, the
hydrodynamic diffusion constant in the Fickian regime exhibited
excellent agreement with the Zimm-like expression, Dh ≅ kBT/
ηmatRtra, as predicted by the current theory. In the transient
regime, simulations confirmed the qualitatively different profiles
ofDh*(t) in different matrices, and the critical matrix chain length
determining the shape of Dh*(t) was also consistent with the
theory’s prediction. The scaling dependence at different time
scales as predicted by the theory was well identified in the
simulation data. Further proofs of the VHI effect were discussed
from the tracer’s monomeric diffusion and the nonmomentum-
conserving dynamics coupled with an artificial Langevin
damping effect. The VHI theory, together with the simulation
results, explains the experimental data on tracer diffusion in
unentangled matrices, demonstrating that the classic Rouse
description is insufficient for unentangled dynamics.

A direct test of the VHI theory from experiments is possible.
The essential idea is to measure simultaneously the diffusions of
a monomer tracer and a polymer tracer in the same polymer
matrix, as performed in the simulations of this work. It is
necessary to carefully exclude the localized contribution from
the total diffusion to observe a Zimm-like dependence, because
the localized and hydrodynamic contributions can be com-
parable with each other in the unentangled regime.

To this end, it is instructive to revisit the classic theory for
unentangled polymer dynamics. The idea that HI is trivial in
unentangled melts is extended from the concept of hydro-
dynamic screening in semidilute solutions. The key assumption
of this picture is that the hydrodynamic screening length is
proportional to the static concentration correlation length.1

Thus, in a polymer melt or a concentrated solution, where the
static correlation length is comparable to the size of a segment,
HI is expected to be a trivial effect. However, there is no rigorous
explanation why the simple proportionality between the
hydrodynamic screening length and the static correlation length
should hold at all concentrations. The proof of VHI effect
suggests that this assumption should break at some point.
Moreover, the time dependence of the hydrodynamic screening
length is important in melts or concentrated solutions. Thus, the
time-independent concentration correlation length is insuffi-
cient to describe the effect of VHI. A systematic investigation
into the relation between the two length scales is an interesting
subject to the current author for future studies.

The current work also provides significant insight into the
recent active discussions on the nonlinear extensional rheology
of unentangled polymers. The reduction of monomeric friction,
which has been widely used as an explanation of nonlinear
rheology and other related nonlinear phenomena when
polymers are highly stretched, needs to be seriously revised,
since its standpoint is the absence of long-range HI. If a polymer
is deformed at the large scale, but remains undisrupted in its
local scale, the effect of VHI should be the dominant factor to
consider. In contrast, the localized flow-to-force response
represented by the monomeric friction coefficient should

remain unchanged. In this case, the related change of dynamic
properties can be explained from a predictive theory. This
subject will be systematically investigated in the follow-up
studies.
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