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Abstract

A common approach for pricing insurance contracts consists to represent the insured's

health status by a Markov chain. This article extends this framework by observing this chain

on a random scale of time, de�ned as the inverse of an α-stable process. This stochastic clock
induces sub-exponential waiting times spent in each state. We �rst review and extend the

properties of this time-change to a conditional �ltration at time t > 0. Next we evaluate a

general type of insurance contract from inception to expiry.

1 Introduction

Insurances provide various coverages for all of life's mishaps as disability, unemployment, illness or
death. A standard approach for modeling an insurance contract consists to represent the insured's
health status by a Markov chain. In this framework, bene�ts and premiums are contingent upon
the state of this chain. Bene�ts may be lump sums paid at transitions of states or annuities.

Markov chain models have a high level of analytical tractability but some of their properties
limit their �eld of applications. For instance, the number of transitions between two states is a
Poisson process with a variance growing linearly with time. For many natural phenomena, this
assumption is unrealistic. Musson and al. (2002) point out that earthquake arrival processes have
a variance increasing in time in accordance with a power law tγ (γ 6= 1). Kumar et al. (2020)
arrive to similar conclusions in a study of inter-arrival times of claims caused by �re, recorded in a
Danish dataset. A way to circumvent this drawback consists to work with non-homogenous semi-
Markov processes as in Janssen and De Dominicis (1984), Janssen et Manca (1997) or D'Amico
et al. (2009). An alternative is o�ered by fractional processes since their variance growths as a
power law. We observe a growing interest in applications of these processes to insurance from the
actuarial community. For instance, Kumar et al. (2020) or Biard and Saussereau (2018) examine
the properties of fractional risk insurance processes and their long-range dependence.

On the other hand, the inter-arrival times of Markov chain transitions are exponential random
variables. This distribution is memoryless, i.e. the distribution of the waiting time until a certain
event does not depend on how much time has elapsed already. In life or healthcare insurance,
this feature is not observed in many circumstances. For instance, the disability durations often
display a sub-exponential instead of a exponential distribution. This point is emphasized by Zadeh
et al. (2014) who propose to model the duration of disability with a phase-type distribution. For
this purpose, they add arti�cial states of decreasing vitality up to death. Albrecher et al. (2020)
instead consider a chain with inter-arrival times that are Mittag Le�er distributed. They show
that in presence of an absorbing state, the time needed to reach this state has a Matrix Mittag
Le�er distribution. In this article, we instead consider a time-changed version of a Markov chain,
establish the convergence to the model of Albrecher et al. (2020) and present several new features
using fractional calculus.

In this article, the insured's health status is modeled by a Markov chain observed on a random
scale of time. The stochastic clock is the inverse of an α-stable Lévy process. This clock, also
called subordinators, has for particularity to allow for periods during which the time stops. The
chain being trapped in a state when the clock is stopped, the distribution of the time of stay is
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sub-exponential. The properties of inverse stable subordinators are studied in Meerschaert and
Straka (2013). This time-changed may be combined with Brownian motions (Piryatinska et al.,
2005, Magdziarz, 2009), jump-di�usions and shot noise processes (Hainaut, 2020 and Hainaut et
Leonenko, 2021), or with Ornstein-Uhlenbeck processes (Leonenko et al., 2013). Beghin and Ors-
ingher (2009), Aletti et al. (2018) investigates the properties of fractional Poisson processes.

Inverse stable subordinators present a major drawback: the time-changed processes are neither
Markov nor semi-martingales. As consequence, most of their properties hold only at the birth
of the process. Conditionally to information at a later time, subordinated processes lose most of
their analytical tractability. In applications to insurance, it means that a policy can be priced at
inception, but its mathematical provision does not admit any analytical expression. An alternative
consists to perform simulations. As the provision is the expected discounted di�erence between
bene�ts and premiums, we have nevertheless to implement a computationally intensive method of
simulations in simulations. This article remedies to this issue by showing that properties at birth
of the subordinator may be adapted at later times at the condition to observe the �ltration of the
α-stable process before inversion. This assumption allows us to estimate not only the fair premium
but also the provision of a wide variety of contracts.

This article contributes to the literature in several directions. Section 3 establishes useful proper-
ties of the inverse stable subordinator conditionally to the �ltration after the birth of the process.
In Section 4, we show that the subordinated chain is solution of a fractional Kolmogorov equation
and that waiting times in each state have a Mittag-Le�er distribution. If the chain has an absorb-
ing state, the entry time in this chain is a fractional Phase-Type random variable. We also �nd
the instantaneous transition probabilities of the fractional chain. Section 5 focuses on insurance
pricing and on the valuation of provisions. Results are compared with the non-fractional approach
introduced in the second section.

2 The non-fractional model

In many forms of insurances of persons, bene�ts and premiums are typically contingent upon tran-
sitions of the policy between certain states speci�ed in the contract. The evolution of the insured
through these di�erent states can be assimilated to the sample path of a Markov chain. A detailed
presentation of Markov chains in discrete and continuous time is available in Chapters 7 and 8
of Rolski et al. (1999). The reader interested by applications of Markov chain in life insurance
can refer to lecture notes of Norberg (2002). The book of Denuit and Robert (2007) provides a
complete overview of valuation techniques for life and healthcare insurances, based on Markov and
semi-Markov chains. We review in this section the classical Markov chain framework that is the
foundation of the fractional model studied in Section 5.

The health status of an insured is represented by a continuous-time Markov chain, (θt)t≥0 taking

its value in a �nite states space, E = {e1, ..., el}, where ek = (0...0, 1, 0...0)> is the kth unit basis
vector of Rl. The states correspond e.g. to disability, illness, or death. The probability space is
noted Ω whereas (Ft)t≥0 is the natural �ltration of θt and P is the measure of probability. The
probability of transition from state i to j between times s and t is noted

pi,j(s, t) = P (θt = ej |θs = ei) .

The matrix of these transition probabilities is denoted by P (s, t) = (pi,j(s, t))i,j=1,...,l. This matrix

admits a representation in terms of instantaneous probabilities Q = (qi,j)i,j=1,...l. The qi,j 's are

such that qi,j > 0 for i 6= j and qi,i = −
∑
i6=j qi,j . If we remember that the exponential of a matrix

M is de�ned as exp (M) =
∑∞
k=0

Mk

k! , P (s, t) is related to Q by the following relation1

P (s, t) = exp (Q (t− s)) , (1)

1Notice that Q(t− s) is the element wise product of Q and (t− s).
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and therefore ∂P (s,t)
∂t = QP (s, t), which is the Kolmogorov equation. The number of transi-

tion from state i to j 6= i is a counting process noted N i,j
t . The intensity of this process is

E
(
dN i,j

t |Ft−
)

= 1{θt−=ei}qi,jdt where 1{θt−=ei} is an indicator variable.

We assume that premiums and annuities are respectively collected or paid in continuous time
and depend upon the state of θt. The vector of premium rates is denoted by c = (c1, ..., cl)

>

whereas the annuity rates are a = (a1, ..., al)
>. An insurance contract can also foresee lump sum

payments when the insured changes of state. The matrix of these bene�ts is D = (di,j)i,j=1,...,l
where di,j is the amount paid if θt switches from state i to j. We consider that dj,j = 0 for
j = 1, ..., l. The discount rate is noted r ∈ R+. If the insurance contract is signed at time 0 and is
valid up to T , premiums and bene�ts must ful�ll the actuarial equilibrium equation

E0

(∫ T

0

e−ruθ>u cdu

)
= E0

(∫ T

0

e−ruθ>u adu

)
(2)

+

l∑
i=1

l∑
j=1, i 6=j

E0

(∫ T

0

e−ru1{θu=ei}di,j dN
i,j
u

)
,

where Et(.) stands for E(.|Ft). This equation ensures that collected premiums are on average
su�cient to fund bene�ts. At time t > 0, this equilibrium is not satis�ed and the di�erence between
expected discounted bene�ts and premiums, is the mathematical provision of the contract, noted
Vt,

Vt = Et

(∫ T

t

e−r(u−t)θ>u adu

)
+

l∑
i=1

l∑
j=1, i 6=j

Et

(∫ T

t

e−r(u−t)1{θu=ei}di,j dN
i,j
u

)
(3)

−Et

(∫ T

t

e−r(u−t)θ>u cdu

)
.

This provision is accounted as a liability in the balance sheet of the insurer. Let us denote by
I is the identity matrix of dimension l. The expectation in Equation (2) can be reformulated as
follows:

Et

(∫ T

t

e−r(u−t)θ>u du

)
=

∫ T

t

e−r(u−t)θ>t P (t, u) du (4)

=

∫ T

t

e−r(u−t)θ>t e
Q(u−t) du

=

∫ T

t

θ>t e
(Q−rI)(u−t) du .

The integral of a matrix exponential of the type eMu where M is invertible, is a matrix equal to∫ T

t

eMudu = M−1
(
eMT − eMt

)
.

Therefore, we infer that equation (4) is equal to

Et

(∫ T

t

e−r(u−t)θ>u du

)
= θ>t (Q− rI)

−1
(
e(Q−rI)(T−t) − I

)
. (5)

Notice that when T → ∞, this becomes: Et
(∫∞
t
e−r(u−t)θ>u du

)
= θ>t (rI −Q)

−1
. If θ0 = ek, the

second expectation in Equation (3) becomes

Et

(∫ T

t

e−r(u−t)1{θu=ei}di,j dN
i,j
u

)
=

∫ T

t

e−r(u−t)pk,i(t, u) qi,j di,j du .
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Since dj,j = 0, the double sum of these expectations for i, j ∈ {1, ..., l} admits a matrix represen-
tation

l∑
i=1

l∑
j=1, i 6=j

Et

(∫ T

t

e−r(u−t)1{θu=ei}di,j dN
i,j
u

)
(6)

= θ>t

(∫ T

t

e(Q−rI)(u−t)Q⊗Ddu

)
e

= θ>t (Q− rI)
−1
(
e(Q−rI)(T−t) − I

)
Q⊗D e .

where ⊗ is the element wise product and e = (1, ..., 1)> is a l vector of ones. From Equations (2),
(5) and (6), the provision is then equal to

Vt = θ>t (Q− rI)
−1
(
e(Q−rI)(T−t) − I

)
((a− c) +Q⊗D e) .

We deduce that the fair premium rate c guaranteeing the actuarial equilibrium at inception of the
policy is

θ>0 (Q− rI)
−1
(
e(Q−rI)T − I

)
c = θ>0 (Q− rI)

−1
(
e(Q−rI)T − I

)
(a +Q⊗D e ) (7)

The fair premium rate if T =∞ is such that

θ>0 (rI −Q)
−1

c = θ>0 (rI −Q)
−1

(a + Q⊗D e) . (8)

Notice that for given bene�ts a and D, this equation admits multiple solutions for c. One possible
solution of Equation (7) is

c = a +Q⊗D e , (9)

but usually premiums are exclusively paid in a one or two predetermined states. In the remainder
of this section, we consider a contract that remains in force till the insured's death. The decease of
insured is modeled as an absorbing state, i.e. a state that the Markov chain would not leave after
reaching it. If this state is the �rst one, the matrix of instantaneous probabilities has the form

Q =

(
0 0
b B

)
, (10)

where b = (b1, ..., bl−1)> is a l− 1 vector of non negative components whereas B = (bij)i,j=1,...,l−1

is a (l − 1)× (l − 1) matrix with bij ≥ 0 for i 6= j and bii ≤ 0. 0 is here a null vector of dimension
l − 1. The matrix B and the vector b satisfy the following relation

b = −Bel−1 . (11)

where el−1 is here a (l − 1) vector of ones. This ensures that Q is a matrix of instantaneous
probabilities. The time of decease is noted ζ and is a stopping time with respect to the �ltration
Ft. It is distributed as a phase-type random variable and the probability that the insured survives
up to time t is given by

P (ζ > t) = θ
′>
0 exp (tB) el−1 . (12)

where θ
′

0 ∈ θ0 is the vector containing the last l− 1 values of θ0. The probability density function
(pdf) of ζ is then

f(t) = θ
′>
0 exp (tB) b t ≥ 0 .

In this particular case, the matrix of bene�ts paid at transition is given by

D =

(
0 0
d D̄

)
, (13)
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where d is a l−1 vector and D̄ is the l−1× l−1 identity matrix. One possible solution of Equation
(7) is in this case,

c = a +

(
0 0

b⊗ d B ⊗ D̄

)
e . (14)

The Markovian framework presented in this paragraph presents a major drawback: the sojourn
time in certain state j ∈ {1, ..., l} is distributed as an exponential random variable of parameter
−qj,j . As the exponential distribution is memoryless, the remaining duration before leaving a state
is independent from the time already spent in this state. There exist many solutions to circumvent
this drawback. E.g. we could introduce time dependent transition probabilities. In this article, we
explore an alternative approach based on stochastic clocks.

3 Stochastic clocks

A subordinator is a stochastic process noted (Ut)t≥0, with positive, non-decreasing sample paths

and taking values in R+. We consider here α-stable Lévy subordinators. They are Lévy processes
with independent and homogeneously distributed increments. We refer the reader to Applebaum
(2009) for an introduction to this category of processes. Subordinators can be used directly as
stochastic clocks but since their increments are independent, it limits the type of memory (condi-
tionally to Ut, the sojourn time in a state is still exponential). For this reason, we instead consider
a stochastic clock based on an inverse α-stable subordinator. In order to understand how we
build this inverse, we �rst review the main features of Lévy subordinators. The process Ut is a

1
α

self-similar process, meaning that for all a > 0

Uat
d
= (at)

1
α U1 .

From the Lévy-Khintchine formula, the Laplace transform of α-stable Lévy subordinators has the
following structure

E
(
e−ωUt

)
= e−tω

α

. (15)

The inverse of a Lévy subordinator is a process denoted by (St)t≥0 de�ned by the following relation

St = inf{τ > 0 : Uτ ≥ t} .

It corresponds to the hitting time of Ut to the barrier t. This inverse is not anymore a Lévy
process. However (St)t≥0 is positive and non-decreasing and is then also a subordinator. In the
next sections, we use St as time-change for the Markov chain θt, i.e. we consider θSt instead of θt.

By construction, the process St may be constant over relatively short periods of time. Therefore,
any process subordinated by St exhibits motionless periods. In particular for θSt , this extends on
average the time spent in each state and the duration of sojourn has a sub-exponential distribution.
We will see in Section 4 that the time-changed Markov chain may be characterized by a fractional
di�erential equation similar to Equation (1).

The remainder of this section reviews the properties of the stochastic clock, needed to evalu-
ate insurance liabilities when the health status of the insured is driven by θSt instead of θt. There
is an overlap between results presented in this section and the existing literature on fractional pro-
cesses. Nevertheless, the literature mainly focuses on properties of St conditionally to the initial
information, at time 0. These are not adapted for actuarial or �nancial applications because we
must also be capable to evaluate again a contract after its inception e.g. for risk management.
Therefore, we extend in this section existing properties by conditioning them to the �ltration at
later times. Since increments of St are not independent, their construction requires a particular
care and additional information about the process (Ut)t≥0 is needed.

The natural �ltration of (St)t≥0 is denoted by (Gt)t≥0. The probability density functions of Ut and
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St are denoted by pU (t, u) = d
duP (u ≤ Ut ≤ u+ du) and g(t, τ) = d

dτ P (τ ≤ St ≤ τ + dτ). On the
other-hand, the self-similarity leads to the relation

P (Uτ ≤ t) = P (τ
1
αU1 ≤ t)

= P (U1 ≤ tτ−
1
α ) .

If we derive this last expression with respect to t, we obtain the following scaling property

pU (τ, t) = τ−
1
α pU (1, tτ−

1
α ). (16)

This distribution is required for pricing insurance contracts at their inception. However for the
calculation of provisions at a later time s > 0, we have to establish the features of St − Ss condi-
tionally to the available information up to s. To the best of our knowledge, most of articles focus
on properties of St seen from time 0, when U0 = S0 = 0. We have then to extend these features
when the process St is considered from a later time. However St is by nature not Markov and
its �ltration up to time s < t is not su�cient to draw any conclusions about St − Ss. We have
then to adjunct additional information about the α-stable process that is inverted. In following
developments, we show that most of properties available at time 0 admit an extension at later time
s if the available information is the value of Ss and Uss . In this case, we will see in Section 5 that
the provision of an insurance contract admits an analytical expression. If USs is not observed, an
average provision can be calculated either by simulating Ut and St. Nevertheless, in comparison
to an evaluation fully based on a Monte-Carlo method, we do not have to perform simulations in
simulations, which are computationally intensive.

Let us recall that P (St ≤ τ) = P (Uτ ≥ t). Therefore, for 0 ≤ s ≤ u ≤ t and v ≤ τ , the cdf
of St − Ss is related to the pdf of Ut throught the relation

P (St − Ss ≤ τ |Ss = v , USs = u) (17)

= P (St ≤ τ + v |Ss = v , USs = u)

= P (Uτ+v ≥ t |Ss = v , USs = u)

= P (Uτ ≥ t− u) .

If u > t then the clock is stopped between t and s and P (St − Ss ≤ τ |Ss = v , USs = u) = 1 for
all τ ≥ 0. As P (Uτ ≥ t − u) does not depend on v, this leaves us wondering about the utility of
the condition Ss = v. To understand this, we rewrite the conditional probability (17) as

P (St − v ≤ τ | Uv = u) = P (Uτ ≥ t− u) .

This last equation emphasizes that P (Uτ ≥ t− u) is the cdf of St − v, conditionally to Uv = u for
all v ∈ R+. This also explains why v does not explicitely appear in many results detailed in the
remainder of this section.

The conditional pdf of St − Ss, denoted by g(t, τ |s, v , u) for t ≥ s, is the derivative of Equa-
tion (17) with respect to τ ,

g(t, τ |s, v , u) =
∂

∂τ
P (St − Ss ≤ τ |Ss = v , USs = u) (18)

= − ∂

∂τ
P (Uτ ≤ t− u)

= − ∂

∂τ

∫ t−u

0

pU (τ, x)dx .

The Laplace's transform of g(.|.) with respect to time t is therefore equal to

g̃(ω, τ |s, v , u) = − ∂

∂τ
L
(∫ t−u

0

pU (τ, x)dx

)
(ω) , (19)
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where L
(∫ t−u

0
pU (τ, x)dx

)
(ω) is here the Laplace's transform of the integral of pU (.). The process

(Ut)t≥0 being strictly positive, its density is null on R−. Integrating by parts leads to the following
expression for this Laplace transform,

L
(∫ t−u

0

pU (τ, x)dx

)
(ω) =

∫ ∞
u

e−ωt
∫ t−u

0

pU (τ, x)dx dt

=

[
−e
−ωt

ω

∫ t−u

0

pU (τ, x)dx

]t=∞
t=u

+
1

ω

∫ ∞
u

e−ωtpU (τ, t− u) dt

=
1

ω
e−ωu

∫ ∞
0

e−ωzpU (τ, z) dz

=
1

ω
e−ωup̃U (τ, ω) .

where p̃U (τ, ω) = e−τω
α

. From Equation (19), we infer that the Laplace transform of g(.) is equal
to

g̃(ω, τ |s, v , u) = ωα−1e−ωu−τω
α

.

On the other-hand, from the self-similarity of Ut we know that P (Uτ ≤ t−u) = P (U1 ≤ (t−u)τ−
1
α ) .

If we derive this last expression with respect to τ and using Equation (16), we obtain that

∂

∂τ
P
(
U1 ≥ (t− u) (τ)

− 1
α

)
=

(t− u)

ατ
pU (τ, t− u) , (20)

because Ut is α stable. From Equations (18) and (20), we infer an important relation linking the
conditional pdf of increments to the pdf of Ut:

g(t, τ |s, v , u) =
(t− u)

α τ
pU (τ, t− u) . (21)

In the next proposition, we establish a kind of conditional self-similarity for the density g(.|.) :

Proposition 3.1. For 0 ≤ s ≤ u ≤ t, the pdf of St − Ss|Ss = v , USs = u, is self-similar in the
following sense:

g(t, τ |s, v , u) =
1

(t− u)
α g(u+ 1,

τ

(t− u)
α |s, v , u) . (22)

Proof Applying Equation (21) to g
(
1, τtα

)
leads to the relation

g

(
u+ 1,

τ

(t− u)
α |s, v , u

)
=

(t− u)
α

α τ
pU

(
τ

(t− u)
α , 1

)
. (23)

Using twice the self similarity of pU (τ, t) = τ−
1
α pU (1, tτ−

1
α ) allows us to infer that

pU

(
τ

(t− u)
α , 1

)
= (t− u)τ−

1
α pU

(
1, (t− u)τ−

1
α

)
(24)

= (t− u)pU (τ, (t− u)) .

Combining Equations (23) and (24) provides the equality

g

(
u+ 1,

τ

(t− u)
α |s, v , u

)
= (t− u)

α (t− u)

α τ
pU (τ, (t− u))

= (t− u)
α
g(t, τ |s, v , u) ,

which allows us to conclude.
�

Notice that for 0 ≤ s ≤ t ≤ u, the Markov chain is motionless since the stochastic clock is stopped.
Using this last result allows us to calculate the moments of Su+1 − Ss.
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Proposition 3.2. for 0 ≤ s ≤ u ≤ t, the moments of Su+1 − Ss, conditionally to Ss and USs , for
n ∈ N are given by

E ((Su+1 − Ss)n |Ss = v , USs = u) =
Γ(n+ 1)

Γ(nα+ 1)
. (25)

Proof Using the self-similarity property of Proposition 3.1, the Laplace transform of Ut−u is
rewritten as

e−(t−u)ωα =

∫ ∞
0

e−ωxpU (t− u, x) dx

=

∫ ∞
0

e−ωx (t− u)
− 1
α pU (1, x (t− u)

− 1
α )dx .

From Equations (21) and (16), we infer that

pU (1, x (t− u)
− 1
α ) = (t− u)

1
α pU (t− u, x)

=
α

x
(t− u)

1
α+1 g(u+ x, (t− u) |s, v , u) .

The Laplace transform of Ut−u becomes then

e−(t−u)ωα = α

∫ ∞
0

e−ωx
(t− u)

x
g(u+ x, t− u |s, v , u)dx.

From Equation (22) of Proposition 3.1, we rewrite this last integral as

e−(t−u)ωα = α

∫ ∞
0

e−ωx
(t− u)

xα+1
g(u+ 1, (t− u)x−α |s, v , u)dx. (26)

Multiplying the left hand side by (t− u)
n−1

and integrating it with respect to t give us (as Γ(z) =∫
tz−1e−tdt ) ∫ ∞

u

(t− u)n−1e−(t−u)ωαdt =

∫ ∞
0

tn−1e−t ω
α

dt

=
1

ωnα

∫ ∞
0

(ωαt)
n−1

e−t ω
α

d (ωαt)

=
Γ(n)

ωnα
. (27)

We multiply by (t − u)n−1 the right hand side of Equation (26) and integrate it, using again the
self-similarity Equation (22):

α

∫ ∞
u

∫ ∞
0

e−ωx
(t− u)

n

xα+1
g(u+ 1, (t− u)x−α |s, v , u)dx dt

= α

∫ ∞
0

∫ ∞
0

e−ωx
τn

xα+1
g(u+ 1, τx−α |s, v , u)dx dτ

= α

∫ ∞
0

∫ ∞
0

e−ωx
xnα

xα+1

(
τx−α

)n
g(u+ 1, τx−α |s, v , u) dx dτ

= α

∫ ∞
0

e−ωx
xnα−1

xα

∫ ∞
0

(
τx−α

)n
g(u+ 1, τx−α |s, v , u) dτ dx

= α

∫ ∞
0

e−ωxxnα−1

∫ ∞
0

zng(u+ 1, z |s, v , u) dz dx

= α

∫ ∞
0

e−ωxxnα−1 dxE ((Su+1 − Sv)n |Ss = v , USs = u)

= α
Γ(nα)

ωnα
E ((Su+1 − Sv)n |Ss = v , USs = u) .
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Combining this result with Equations (26), we obtain that

E ((Su+1 − Ss)n |Ss = v , USs = u) =
Γ(n)

Γ(nα)α
=

Γ(n+ 1)

Γ(nα+ 1)
,

which is Equation (25).
�

From moments of Su+1 − Ss, we infer the Laplace transform of the stochastic clock increments.

Corollary 3.3. for 0 ≤ s ≤ u ≤ t , the Laplace's transform of St−Ss conditionally to Ss and USs
is:

E
(
e−ω(St−Ss)|Ss = v , USs = u

)
= Eα (−ω (t− u)

α
) , (28)

where Eα(X) =
∑∞
n=0

Xn

Γ(nα+1) is the Mittag-Le�er function. The moments of order n ∈ N are

given by

E ((St − Ss)n |Ss = v , USs = u) =
Γ(n+ 1)

Γ(nα+ 1)
(t− u)

nα
. (29)

If A is a l × l matrix such that limt→∞At exists, then

E
(
eA(St−Ss)|Ss = v , USs = u

)
= Eα (A (t− u)

α
) , (30)

where Eα(X) =
∑∞
n=0

Xn

Γ(nα+1) is the matrix Mittag-Le�er function.

Proof Using again the self-similarity property 3.1 and performing a change of variable, we
rewrite the Laplace transform as

E
(
e−ω(St−Ss)|Ss = v , USs = u

)
=

∫ ∞
0

e−ωτg(t, τ |s, v , u)dτ

=

∫ ∞
0

e−ωτ
1

(t− u)
α g(u+ 1,

τ

(t− u)
α |s, v , u)dτ

=

∫ ∞
0

e−ωγ(t−u)αg(u+ 1, γ |s, v , u) dγ

= E
(
e−ω(t−u)α(Su+1−Ss)|Ss = v , USs = u

)
.

The Taylor's development of the Laplace's transform around ω = 0 combined with Proposition 3.2
allow us to rewrite this transform as the following in�nite sum

E
(
e−ω(t−u)α(Su+1−Ss)|Ss = v , USs = u

)
=

∞∑
n=0

E ((Su+1 − Ss)n |Ss = v , USs = u)

Γ(n+ 1)
(−ω (t− u)

α
)
n

=

∞∑
n=0

(−ω (t− u)
α

)
n

Γ(nα+ 1)

which is precisely the Mittag-Le�er function at point −ω (t− u)
α
. Moments are obtained by de-

riving the Laplace transform. Equation (30) is proved in the same way as the �rst statement.
�

Notice that for 0 ≤ s ≤ t ≤ u, E
(
e−ω(St−Ss)|Ss = v , USs = u

)
= 1. To conclude this section, we

calculate the conditional expectation of the in�nitesimal variation of St.

Proposition 3.4. For 0 ≤ s ≤ u ≤ t , v ≥ 0, the expectation of dStdt is equal to

E
(
dSt
dt
|Ss = v , USs = u

)
=
α (t− u)

α−1

Γ(α+ 1)
. (31)
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Figure 1: Two sample paths of an inverse α stable process (α = 0.95).

Proof From corollary 3.3, we deduce that

E (St+∆ − St|Ss = v , USs = u)

= E (St+∆ − Ss + Ss − St|Ss = v , USs = u)

=
(t+ ∆− u)

α − (t− u)
α

Γ(α+ 1)
.

Taking the limit leads to Equation (31).
�

Figure 1 presents two simulated sample paths of an α stable process and of its inverse when
α = 0.95. As expected, we observe periods over which St is constant. These periods are due to
sharp increases of Ut.

4 The fractional chain

In a similar manner to Section 2, we consider in the sequel that the insured's health status is rep-
resented by a Markov chain observed on the random time scale de�ned by St. The time-changed
chain, noted (θSt)t≥0 is no more a Markov process but presents several interesting properties de-
veloped in this section. The natural �ltration of the inverse Lévy subordinator St is denoted by
(Gt)t≥0 and is independent from the �ltration (Ft)t≥0 of (θt)t≥0. The subordinated Markov chain
θSt is then adapted to a �ltration Gt ∨ FSt . This is the smallest �ltration at the intersection of Gt
and FSt . By de�nition, the �ltration of St is embedded into the �ltration of Ut up to time St.

For 0 ≤ s ≤ u ≤ t and v ≤ τ , we denote by P (t | s, v, u) the matrix of transition probabilities
of a time-changed Markov chain,

P (t | s, v, u) = (P (θSt = ej |Ss = v , Us = u , θSs = ei))i,j=1,...,l .

From Equation (1), this matrix is equal to the following conditional expectation

P (t | s, v, u) = E (P (Ss, St) |Ss = v , USs = u) (32)

= E
(
eQ(St−Ss) |Ss = v , USs = u

)
.

From Corollary 3.3, we immediately infer that P (t | s, v, u) is a matrix Mittag-Le�er function

P (t | s, v, u) =

{
Eα (Q (t− u)

α
) 0 ≤ s ≤ u ≤ t

I 0 ≤ s ≤ t ≤ u
. (33)

The second statement in this equation emphasizes that the chain is motionless when s ≤ t ≤ u.
This allows us to underline the link with fractional calculus. The Caputo's derivative of order
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α ∈]0, 1[ for a function h(x) : R+ → R, C1 with respect to t is de�ned by

∂αh(x)

∂xα
=

1

Γ(1− α)

(
∂

∂x

∫ x

0

(x− s)−α h(s)ds− h(0)

xα

)
. (34)

An alternative writing is

∂αh(x)

∂xα
=

1

Γ(1− α)

∫ x

0

(x− s)−α ∂h(s)

∂s
ds . (35)

When α = 1, this derivative corresponds to the derivative with respect to time. Let h̃(ω) be the
usual Laplace's transform of a function h(x) with respect to x. A direct calculation shows that
∂̃αh
∂xα (ω), the Laplace's transform of the Caputo's derivative ∂α

∂xαh(x), is equal to

∂̃αh

∂xα
(ω) = ωαh̃(ω)− ωα−1h(0) ,

which reduces to the familiar form when α = 1. The next proposition shows that the transition
matrix is solution of a fractional Kolmogorov equation.

Proposition 4.1. Let us momentarily denote by P (x) = P (u + x | s, v, u) the conditional matrix
of transition probabilities from θSs to θSu+x

with x ≥ 0. This matrix is solution of the fractional
di�erential equation

∂αP (x)

∂xα
= QP (x) , (36)

where the derivative is the Caputo's derivative (35).

Proof From Equation (35) and by de�nition of the matrix Mittag-Le�er function,we deduce
that the fractional derivative of P (x) is

∂αP (x)

∂xα
=

1

Γ(1− α)

∞∑
n=1

nαQn

Γ(nα+ 1)

∫ x

0

(x− s)−α sαn−1ds .

If we perform the change of variable s = x z, the integral in the right hand term becomes∫ x

0

(x− s)−α sαn−1ds = x(n−1)α

∫ 1

0

(1− z)−α znα−1dz

= x(n−1)αB(nα, 1− α) ,

where B(x, y) =
∫ 1

0
zx−1(1 − z)y−1dz is the Beta function. Since the Beta function is a ratio of

Gamma functions,

B(nα, 1− α) =
Γ (nα) Γ (1− α)

Γ (nα+ 1− α)
,

we deduce that P (x) satis�es Equation (36).
�

Fractional derivatives are essentially analytic continuation of the concept of the di�erential opera-
tor (or the antiderivative) into a uni�ed di�erintegral operator, in the same way that the gamma
function is the analytic continuation of the factorial function, so grasping for intuitive explanations
isn't easy. It is used in physics of materials and replaces the gradient e.g. for porous materials.
They present by nature strong irregularities and when we want to explain the evolution of heat in
such a material, the derivative with respect to time (α = 1) in the heat equation, is replaced by a
fractional one with α < 1. Brociek et al. (2017) illustrate this for porous aluminum. Compared
to non-porous aluminum, its conductivity is lower and the heat di�uses less quickly than in the
porous metal. In view of Equation (36), when α=1, the chain is a Markov process and transition
times are exponential random variables. When α < 1, as for the non-porous aluminum, transitions
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are slowed down. This point will be con�rmed in Corollary 4.2 that requires some intermediate
developments.

If the Markov chain has a �rst state that is absorbing, its matrix of transition probabilities has
a structure by blocks such as in Equation (10). In this case, we denote by ζ the remaining time
before θSt enters into this absorbing state. The probability that the process θSt has not reached
this state at time t is noted

P (ζ > t− s | v, u, θv) = P (θSt 6= e1 |Ss = v, USs = u, θSs = θv) .

Let us denote θ
′

v ⊂ θv the subvector of the last l− 1 elements of θv and el−1 a l− 1 vector of ones.
Given that

Qn =

(
0 0

Bn−1b Bn

)
,

and from Equation (33), the probability P (ζ > t− s | v, u, θv) is given by

P (ζ > t− s| v, u, θv) = θ>v Eα(Q(t− u)α)

(
0

el−1

)
(37)

= θ
′>
v

( ∞∑
n=0

Bn(t− u)nα

Γ(nα+ 1)

)
el−1

= θ
′>
v Eα(B(t− u)α)el−1 .

Corollary 4.2. At time s, the remaining sojourn time of θSt in the jth state, denoted by ζj, is
distributed according to a Mittag-Le�er random variable i.e. its cumulative distribution function
is given by

P (ζj ≤ t− s |Ss = v, USs = u, θSs = ej) = 1− Eα(−λj(t− u)α) ,

where λj =
∑
i 6=j qij and for 0 ≤ s ≤ u ≤ t.

Proof Let us de�ne a Markov chain, (γt)t≥0with two states. The second state corresponds to

the sojourn of θt in the jth state and the �rst state to all other events. The �rst state is absorbing
by de�nition. The transition matrix of γ is therefore

Qγ =

(
0 0
λi −λi

)
.

From equation (37), we infer that

P (ζj ≥ t− s |Ss = v, USs = u, θSs = ej) = Eα(−λj(t− u)α) ,

which is the desired result.

�
Notice that Albrecher et al. (2020) establish the pdf of the fractional Phase-Type process by con-
sidering directly a chain with waiting times that are Mittag-Le�er distributed. In this article, we
�nd this pdf with an alternative approach that is subordination. The next corollary is needed in
later developments and relates the derivative of the matrix Mittag-Le�er function to the condi-
tional density of St.

Corollary 4.3. For 0 ≤ s ≤ u , v > 0 and Q a transition matrix, we have that

Q

∫ ∞
0

z g (u+ x, z |Ss = v , USs = u) eQzdz (38)

=
x

α

dEα (Qxα)

dx
.
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Proof We momentarily denote the conditional density g (., . |Ss = v , USs = u) by gs,u,v(., .).
We expand the matrix exponential and use Corollary 3.3, in order to rewrite the integral

Q

∫ ∞
0

z gs,u,v (u+ x, z) eQzdz =

∞∑
n=0

Qn+1

n!

∫ ∞
0

zn+1 gs,u,v (u+ x, z) dz

=

∞∑
n=0

Qn+1

n!
E
(

(Su+x − Ss)n+1 |Ss = v , USs = u
)

=

∞∑
n=1

Qnn

Γ (nα+ 1)
xnα .

On the other hand, by de�nition of the matrix Mittag-Le�er function, we have

x

α

d

dx
Eα (Qxα) =

x

α

∞∑
n=0

d

dx

(
Qnxnα

Γ (nα+ 1)

)

=

∞∑
n=1

k Qnxnα

Γ (nα+ 1)
.

Note that this result is also a direct consequence of Equation (30).

�
In order to ligthen notations in further developments, we denote by Et,u,v(.), the expectation
conditionally to the knowledge of St = v, USt = u and the state of the fractional chain at time t,
θSt = θv,

Et,u,v(.) = E (. |St = v , USt = u, θSt = θv) .

Let us recall that P (St ≤ τ) = P (Uτ ≥ t). Therefore, for 0 ≤ s ≤ u ≤ t1 ≤ t2 and v ≤ τ1 ≤ τ2, the
joint conditional cdf of St1 and St2 is equal to

P (St1 ≤ τ1 , St2 ≤ τ2|Ss = v , USs = u)

= P (Uτ1 ≥ t1 , Uτ2 ≥ t2|Ss = v , USs = u)

= P (Uτ1−v ≥ t1 − u , Uτ2−v ≥ t2 − u) .

We denote by h(t1, τ1, t2, τ2 |s, v , u) the bivariate density of the pair (St1 , St2) conditional to Ss = v
and USs = u. The next proposition allows us later to calculate the matrix of transition probabil-
ities from times t to t + ∆, conditionally up to information available at time Ss. This is also a
matrix version of the proposition 3.1 in Leonenko et al. (2013).

Proposition 4.4. For 0 ≤ s ≤ u ≤ t1 ≤ t2 , the expectation of eQ|St2−St1 | conditionally to Ss = v
and USs = u is equal to

Es,u,v
(
eQ|St2−St1 |

)
=
−αQ

Γ(α+ 1)

∫ t1−u

0

yα−1Eα (Q (t2 − y − u)
α

) dy (39)

+ Eα (Q (t2 − u)
α

) .

Proof We momentarily denote by h(µ, λ) = h(t1, µ, t2, λ |s, v , u) and H(µ, λ), the bivariate
pdf and cdf of the pair (St1 , St2) conditionally to Ss = v and USs = u. By de�nition H(µ,∞) =
P (St1 ≤ µ |Ss = v, USs = u), H(∞, λ) = P (St2 ≤ λ |Ss = v, USs = u) and H(∞,∞) = 1. The
expectation is hence equal to

Es,u,v
(
eQ|St2−St1 |

)
=

∫ ∞
0

∫ ∞
0

eQ|λ−µ|︸ ︷︷ ︸
f(µ,λ)

H(dµ, dλ) .
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Using a bivariate by part integration leads to∫ ∞
0

∫ ∞
0

f(µ, λ)H(dµ, dλ) =

∫ ∞
0

∫ ∞
0

H([µ,∞]× [λ,∞])f(dµ, dλ) (40)

+

∫ ∞
0

H([µ,∞]× [0,∞])f(dµ, 0)

+

∫ ∞
0

H([0,∞]× [λ,∞])f(0, dλ)

+f(0, 0)H([0,∞]× [0,∞]) ,

where f(0, 0)H([0,∞]× [0,∞]) = 1. On the other hand,

H([µ,∞]× [0,∞]) = P (St1 ≥ µ|Ss = v, USs = u)

= 1− P (St1 ≤ µ|Ss = v, USs = u) ,

therefore, the second term in Equation (40) becomes∫ ∞
0

H([µ,∞]× [0,∞])f(dµ, 0)

= Q

∫ ∞
0

eQµ (1− P (St1 ≤ µ|Ss = v, USs = u)) dµ

=
[
eQµ (1− P (St1 ≤ µ|Ss = v, USs = u))

]∞
0

+ Es,u,v
(
eQSt1

)
= Eα (Q (t1 − u)

α
)− I .

In a similar way, we �nd that the third term in Equation (40) is∫ ∞
0

H([0,∞]× [λ,∞])f(0, dλ) = Eα (Q (t2 − u)
α

)− I .

The �rst term of Equation (40) is a double integral. Since St is increasing and discontinuous and
that Ps,u,v (µ ≤ St1 , λ ≤ St2) = Ps,u,v (µ ≤ St1) for µ > λ, this integral may be split as follows:∫ ∞

0

∫ ∞
0

Ps,u,v (µ ≤ St1 , λ ≤ St2) f(dµ, dλ) = (41)

−
∫ ∞

0

∫ λ

0

Ps,u,v (µ ≤ St1 , λ ≤ St2)Q2eQ(λ−µ)dµdλ

+

∫ ∞
0, u=λ

Ps,u,v (µ ≤ St1 , λ ≤ St2) f(dµ, dλ)

−
∫ ∞

0

∫ ∞
λ

Ps,u,v (µ ≤ St1)Q2eQ(µ−λ)dµdλ .

Integrating by parts allows us to rewrite the third term of Equation (41),

−
∫ ∞

0

∫ ∞
λ

Ps,u,v (µ ≤ St1)Q2eQ(µ−λ)dµdλ (42)

= −
∫ ∞

0

Ps,u,v (µ ≤ St1)

∫ µ

0

Q2eQ(µ−λ)dλ dµ

= −Q
∫ ∞

0

Ps,u,v (µ ≤ St1)
(
I − eQµ

)
dµ

= −Q
∫ ∞

0

Ps,u,v (µ ≤ St1) dµ−Q
∫ ∞

0

Ps,u,v (µ ≤ St1) eQµdµ .

The �rst and second integrals of (42) are respectively equal to

−Q
∫ ∞

0

Ps,u,v (µ ≤ St1) dµ = −QEs,u,v (St1)

= −Q (t1 − u)
α

Γ (1 + α)
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and

Q

∫ ∞
0

Ps,u,v (µ ≤ St1) eQµdµ = I −Eα (Q(t1 − u)α) .

The third term of Equation (41) is hence given by

−
∫ ∞

0

∫ ∞
λ

Ps,u,v (µ ≤ St1)Q2eQ(µ−λ)dµdλ

= −Q (t1 − u)
α

Γ (1 + α)
+ I −Eα (Q(t1 − u)α) .

Since for µ = λ, the following function

f(dµ, λ) = QeQ(µ−λ)1{µ>λ} −QeQ(λ−µ)1{µ<λ}

has a jump of −2Q, the second term of Equation (41) is given by∫ ∞
µ=ν

Ps,u,v (µ ≤ St1 , λ ≤ St2) f(dµ, dλ) = −2Q

∫ ∞
0

Ps,u,v (µ ≤ St1) dµ

= −2QEs,u,v (St1)

= −2Q
(t1 − u)

α

Γ (1 + α)
.

On the other hand , for µ ≤ λ and t1 ≤ t2, given that Ut has independent self-similar increments,
the cdf of (St1 , St2) is such that

Ps,u,v (µ ≤ St1 , λ ≤ St2) = P (Uµ−v ≤ t1 − u, Uλ−v ≤ t2 − u)

= P (Uµ−v ≤ t1 − u, Uµ−v + (Uλ−v − Uµ−v) ≤ t2 − u)

=

∫ t1−u

y=0

pU (µ− v, y)dy

∫ t2−y−u

0

pU (λ− µ, x)dxdy

From equation (21), we know that the pdf of Ut is related to the one of St , momentarily noted
gs,u,v(t, τ), as follows:

gs,u,v(t, τ) =
(t− u)

ατ
pU (τ, t− u) .

Then if τ = µ− v and t− u = y, we have then

(µ− v) gs,u,v(u+ y, µ− v) =
y

α
pU (µ− v, y) ,

(λ− µ) gs,u,v(u+ x, λ− µ) =
x

α
pU (λ− µ, x) .

The �rst term of Equation (41) is developped as follows:

−
∫ ∞

0

∫ λ

0

Ps,u,v (µ ≤ St1 , λ ≤ St2)Q2eQ(λ−µ)dµdλ (43)

= −Q2

∫ ∞
µ=0

∫ ∞
λ=µ

∫ t1−u

y=0

pU (µ− v, y)dy

∫ t2−y−u

x=0

pU (λ− µ, x)dxdy eQ(λ−µ)dλdµ

= −Q2

∫ t1−u

y=0

∫ t2−y−u

x=0

∫ ∞
µ=v

pU (µ− v, y)

∫ ∞
λ=µ

pU (λ− µ, x)eQ(λ−µ)dλdµdxdy

= −Q2

∫ t1−u

y=0

α

y

∫ t2−y−u

x=0

α

x

∫ ∞
µ=v

(µ− v) gs,u,v(u+ y, µ− v)∫ ∞
λ=µ

(λ− µ) gs,u,v(u+ x, λ− µ)eQ(λ−µ)dνdµdxdy
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After simpli�cation, we obtain that

−
∫ ∞

0

∫ λ

0

Ps,u,v (µ ≤ St1 , λ ≤ St2)Q2eQ(λ−µ)dµdλ (44)

= −Q2

∫ t1−u

y=0

α

y

∫ t2−y−u

x=0

α

x

∫ ∞
w=0

wgs,u,v(u+ y, w)dw∫ ∞
z=0

z gs,u,v(u+ x, z)eQzdzdxdy .

Using corollary 4.3 and the relation,∫ ∞
w=0

wgs,u,v(u+ y, w)dw = E (Su+y − Ss |Ss = v , USs = u)

=
(u+ y − u)

α

Γ (α+ 1)
=

yα

Γ(α+ 1)
,

leads to the following simpli�cation of Equation (44):

−
∫ ∞

0

∫ λ

0

Ps,u,v (µ ≤ St1 , λ ≤ St2)Q2eQ(λ−µ)dµdλ (45)

=
−αQ

Γ(α+ 1)

∫ t1−u

y=0

yα−1

∫ t2−y−u

x=0

d

dx
Eα (Qxα) dxdy

=
−αQ

Γ(α+ 1)

∫ t1−u

y=0

yα−1 (Eα (Q (t2 − y − u)
α

)− I) dy

=
−αQ

Γ(α+ 1)

∫ t1−u

y=0

yα−1Eα (Q (t2 − y − u)
α

) dy +
Q (t1 − u)

α

Γ(α+ 1)
.

Collecting all terms allows us to deduce Equation (39).

�

From the previous proposition, we can calculate the probability that the time-changed Markov
chain transits from state ei at time t to state ej at time t + ∆, conditionally to the information
available at time s ≤ u ≤ t. Let us recall that the �ltration of St is denoted by Gt . Therefore
using nested expectations and since θSt is a Markov chain conditionally to Gt, we deduce that:

P
(
θSt+∆

= ej |θSt = ei , Ss = v, Us = u , θSs = θv
)

= Es,u,v
(
E
(
1{θSt+∆

=ej |θSt=ei}|Gt+∆, Us = u , θSs = θv

))
= e>i Es,u,v

(
eQ(St+∆−St)

)
ej ,

where Es,u,v
(
eQ(St+∆−St)

)
is given by Equation (39). The next proposition shows that this expec-

tation admits a limit when ∆→ 0.

Corollary 4.5. The instantaneous probabilities of transition at time t, conditionally to Ss and Us
is de�ned as the limit

Q(t | s, u, v) = lim
∆→0

Es,u,v
(
eQ(St+∆−St)

)
− I

∆
(46)

=
αQ (t− u)α−1

Γ(α+ 1)
.

Proof From Proposition 4.4 in which we set t1 = t2, we infer that the identity matrix is equal
to the following sum

I =
−αQ

Γ(α+ 1)

∫ t−u

0

yα−1Eα (Q (t− y − u)
α

) dy

+ Eα (Q (t− u)
α

) .

16



Injecting this expression in Eq. (46) and passing to the limit gives us

lim
∆→0

Es,u,v
(
eQ(St+∆−St)

)
− I

∆
=

−αQ
Γ(α+ 1)

∫ t−u

y=0

yα−1 ∂Eα (Q (x)
α

)

∂x

∣∣∣∣
x=t−y−u

dy (47)

+
∂Eα (Q (x)

α
)

∂x

∣∣∣∣
x=t−u

.

By de�nition, ∂Eα(Q(x)α)
∂x =

∑∞
n=1

αnQn xαn−1

Γ(nα+1) . The integral in Eq. (47) after the change of

variable y = (t− u)z becomes∫ t−u

y=0

yα−1 ∂Eα (Q (x)
α

)

∂x

∣∣∣∣
x=t−y−u

dy

=

∞∑
n=1

αnQn

Γ(nα+ 1)

∫ t−u

y=0

yα−1(t− u− y)nα−1dy

=

∞∑
n=1

αnQn

Γ(nα+ 1)
(t− u)

(n+1)α−1
∫ 1

0

zα−1(1− z)nα−1dz

=

∞∑
n=1

Qn

Γ(nα)
(t− u)

(n+1)α−1
B(α, nα) .

where B(α, nα) is the beta function. Since B(x, y) = Γ(x)Γ(y)
Γ(x+y) , this last expression is rewritten as

follows: ∫ t−u

0

yα−1 ∂Eα (Q (x)
α

)

∂x

∣∣∣∣
x=t−y−u

dy

=

∞∑
n=1

Γ(α)Qn (t− u)
(n+1)α−1

Γ((n+ 1)α)
.

The �rst term in Equation (47) is then equal to the following sum

−αQ
Γ(α+ 1)

Q

∫ t−u

0

yα−1 ∂Eα (Q (x)
α

)

∂x

∣∣∣∣
x=t−y−u

dy

= − 1

(t− u)

∞∑
n=1

Qn+1 (t− u)
(n+1)α

Γ((n+ 1)α)

= − 1

(t− u)

∞∑
n=2

αnQn (t− u)
αn

Γ(nα+ 1)
.

Given that the derivative of the Mittag-Le�er function is

∂Eα (Q (x)
α

)

∂x

∣∣∣∣
x=t−u

=

∞∑
n=1

αnQn (t− u)αn−1

Γ(nα+ 1)

=
1

(t− u)

∞∑
n=1

αnQn (t− u)αn

Γ(nα+ 1)
,

we infer Equation (46).

�
If we set α = 1, Equation (46) becomes Q(t | s, u, v) = Q that is well the instantaneous proba-

bility of transition of the non-time changed Markov chain.
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5 Actuarial valuation with the fractional chain

The next proposition presents the conditional expectation of integral over [t, T ] of the discounted
chain vector. This result is required to calculate the value of future discounted premiums and
annuities.

Proposition 5.1. For 0 ≤ t ≤ u ≤ T , v ≥ 0, and if Γ(t, ω) =
∫ t

0
e−zzω−1dz is the lower

incomplete Gamma, we have the following equality

Et,u,v

(∫ T

t

e−r(x−t)θ>Sxdx

)
=
θ>v
r

(
1− e−r(u−t)

)
(48)

+ e−r(u−t)θ>v

∞∑
n=0

QnΓ (r(T − u), nα+ 1)

Γ(nα+ 1)rnα+1
.

If T =∞, at inception of the contract (t = 0, v = 0 and u = 0), this expectation becomes

E0

(∫ T

0

e−r(x−t)θ>Sxdx

)
=

θ>0
r

(
I −Qr−α

)−1
. (49)

Proof Using the Fubini's theorem, the expectation (48) is the integral of expectations, and
from (33) we obtain that

Et,u,v

(∫ T

t

e−r(x−t)θ>Sxdx

)
=

∫ u

t

e−r(x−t)Et,u,v
(
θ>Sx
)
dx+

∫ T

u

e−r(x−t)Et,u,v
(
θ>Sx
)
dx

= θ>v

∫ u

t

e−r(x−t) I dx+ e−r(u−t)θ>v

∫ T

u

e−r(x−u)Eα (Q (x− u)
α

) dx

=
θ>v
r

(
1− e−r(u−t)

)
+ e−r(u−t)θ>v

∫ T

u

e−r(x−u)Eα (Q (x− u)
α

) dx .

We replace the Mittag-Le�er function by its de�nition and rewrite the integral in this last equation
as an in�nite sum∫ T

u

e−r(x−u)Eα (Q (x− u)
α

) dx =

∞∑
n=0

Qn

Γ(nα+ 1)

∫ T

u

e−r(x−u) (x− u)
nα
dx .

Performing the change of variable z = r(x− u) and by de�nition of the lower incomplete Gamma
function, the integral in this sum is rewritten as∫ T

u

e−r(x−u) (x− u)
nα
dx =

1

rnα+1

∫ r(T−u)

0

e−zz(nα+1)−1dz

=
Γ (r(T − u), nα+ 1)

rnα+1
,

which allows to obtain Equation (48). At inception, t = 0 and u = 0. Under the assumption that
T =∞, the integral of discounted matrix Mittag-Le�er function becomes an in�nite sum

lim
T→∞

∫ T

0

e−rxEα (Qxα) dx =

∞∑
n=0

Qn

Γ(nα+ 1)rnα+1

∫ ∞
0

e−zz(nα+1)−1dz

=
1

r

∞∑
n=0

(
Qr−α

)n
.

As all eigenvalues of I −Qr−α are strictly di�erent from zero, its inverse ,(I −Qr−α)−1 exists. In
order to conclude, we have to show that (I −Qr−α)−1 admits a representation as an in�nite serie
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∑∞
n=0 (Qr−α)

n
. This may be proven by showing that the product of I−Qr−α times

∑∞
n=0 (Qr−α)

n

is equal to the identity matrix as follows:

(
I −Qr−α

) ∞∑
n=0

(
Qr−α

)n
=

∞∑
n=0

(
Qr−α

)n − ∞∑
n=0

(
Qr−α

)n
+ I

= I .

We deduce therefore that ∫ ∞
0

e−rxEα (Qxα) dx =
1

r

(
I −Qr−α

)−1
,

and obtain Equation (49).
�

In order to estimate the present value of bene�ts paid at transitions of the Markov chain, we

evaluate the expectation of 1{θSt=ei}
dNi,jSt
dt . We denote by δi,j = 0 if i 6= j and δi,j = 1 if i = j.

Conditionally to the �ltration Gt of St, θSt is a Markov chain. For s ≤ u ≤ t, we nest expectations
in order to obtain that for all i, j = 1, ..., l

Es,u,v

(
1{θSt=ei}

dN i,j
St

dt

)

= Es,u,v

(
Es,u,v

(
1{θSt=ei} lim

∆→0

(
1{θSt+∆

=ej |θSt=ei} − δi,j
∆

)
|Gt+∆

))

= Es,u,v

(
P (θSt = ei|θSs = θv,Gt+∆) lim

∆→0

(
P
(
θSt+∆ = ej |θSt = ei,Gt+∆

)
− δi,j

∆

))

= Es,u,v
(
θ>v e

Q(St−Ss)ei e
>
i lim

∆→0

(
eQ(St+∆−St) − I

∆

)
ej

)
.

The sum of this expectation multiplied by bene�ts with respect to i = 1, ..., l is then rewritten in
a matrix form

l∑
i=1

Es,u,v

(
di,j1{θSt=ei}

dN i,j
St

dt

)
(50)

= θ>v Es,u,v
(
eQ(St−Ss) lim

∆→0

(
eQ(St+∆−St) − I

∆

))
�Dej

= θ>v

(
lim

∆→0
Es,u,v

(
eQ(St+∆−Ss) − eQ(St−Ss)

∆

))
�Dej .

For s ≤ t ≤ u, the chain is motionless and therefore Es,u,v
(
1{θSt=ei}

dNi,jSt
dt

)
= 0. The following

proposition shows that the limit in Equation (50) is well de�ned.

Proposition 5.2. For 0 ≤ s ≤ u ≤ t and v ≥ 0, the expectation of the limit in Equation (50) is
equal to

Es,u,v

(
lim

∆→0

(
eQ(St+∆−Ss) − eQ(St−Ss)

)
∆

)
=

∞∑
n=1

Qn (t− u)
nα−1

Γ (nα)
. (51)

For 0 ≤ s ≤ t ≤ u, this limit is null.
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From Corollary 3.3, this expectation is

Es,u,v

(
lim

∆→0

(
eQ(St+∆−Ss) − eQ(St−Ss)

)
∆

)

= lim
∆→0

Eα (Q (t+ ∆− u)
α

)−Eα (Q (t− u)
α

)

∆

=
∂Eα (Qxα)

∂x

∣∣∣∣
x=t−u

.

This derivative is equal to Equation (51).

�

Proposition 5.3. For 0 ≤ t ≤ u ≤ T and v > 0 , the expected sum of discounted bene�ts,
conditionally to St and USt , is given by

l∑
i=1

l∑
j=1, i 6=j

Et,u,v

(∫ T

t

e−r(x−t)1{θSx=ei}di,j dN
i,j
Sx

)
(52)

= θ>v e
−r(u−t)

∞∑
n=1

QnΓ (r(T − u), nα)

rnαΓ (nα)
�D e ,

where Γ(x, y) is the lower Gamma incomplete function. If T = ∞, at inception of the contract
(t = 0, v = 0 and u = 0), we have

E0

(∫ ∞
0

e−rx1{θSx=ei}di,j dN
i,j
Sx

)
=

θ>0
rα
(
I −Qr−α

)−1
Q�D e . (53)

Proof From Proposition 5.2, the sum of discounted expected bene�ts paid at transitions is
rewritten as an in�nite sum

l∑
j=1

Et,u,v

(∫ T

t

e−r(x−t)1{θSx=ei}di,j dN
i,j
Sx

)
(54)

=

l∑
j=1

θ>v

∞∑
n=1

Qn

Γ (nα)

∫ T

u

e−r(x−t) (x− u)
nα−1

dx�D ej .

If we perform the change of variable, z = r(x − u), the integrals in this last equation may be
rewritten as incomplete lower Gamma functions:∫ T

u

e−r(x−t) (x− u)
nα−1

dx =
e−r(u−t)

rnα

∫ r(T−u)

0

e−zznα−1dz (55)

=
e−r(u−t)

rnα
Γ (r(T − u), nα) .

Combining Equations (54) and (55) leads to the expression (52). If T = ∞, t = u = 0 then∫∞
0
e−zznα−1dz = Γ (nα) and we infer that

l∑
j=1

E0

(∫ ∞
0

e−rx1{θSx=ei}di,j dN
i,j
Sx

)
=

l∑
j=1

θ>0

∞∑
n=1

Qn

rnα
�Dej .

Using a similar reasoning to the proof of Proposition 5.1, we deduce that

∞∑
n=1

Qn

rnα
=

1

rα

( ∞∑
n=0

(
Qr−α

)n)
Q

=
1

rα
(
I −Qr−α

)−1
Q,
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which concludes the proof.
�

From Propositions 5.1 and 5.3, the provision at time t conditionally to St = v, USt = u and
θSt = θv, denoted by Vt,u,v, is given by the following expression

Vt,u,v = e−r(u−t)θ>v

∞∑
n=0

Qn
Γ (r(T − u), nα+ 1)

Γ(nα+ 1)rnα+1
(a− c) (56)

+e−r(u−t)θ>v

∞∑
n=1

Qn
Γ (r(T − u), nα)

Γ (nα) rnα
�D e

+
θ>v
r

(
1− e−r(u−t)

)
(a− c) .

The third term on the right hand side of this equation accounts bene�ts and premiums paid or
collected when the stochastic clock is stopped.

At inception of the contract, U0 = S0 = 0, the fair premium rates that ensure the actuarial
equilibrium between bene�ts and premiums, satisfy the relation

0 = θ>0

∞∑
n=0

Qn
Γ (rT, nα+ 1)

Γ(nα+ 1)rnα+1
(a− c) + θ>0

∞∑
n=1

Qn
Γ (rT, nα)

Γ (nα) rnα
�D e . (57)

One natural possible solution is given by

c = a +

( ∞∑
n=0

Qn
Γ (rT, nα+ 1)

Γ(nα+ 1)rnα+1

)−1( ∞∑
n=1

Qn
Γ (rT, nα)

Γ (nα) rnα

)
�D e . (58)

If premiums are exclusively paid when the chain is in the initial state, the premium rate, noted c0,
is given by

c0 =
θ>0

(∑∞
n=0Q

n Γ(rT,nα+1)
Γ(nα+1)rnα+1

)
a + θ>0

(∑∞
n=1Q

n Γ(rT,nα)
Γ(nα)rnα

)
�D e

θ>0

(∑∞
n=0Q

n Γ(rT,nα+1)
Γ(nα+1)rnα+1

)
θ0

. (59)

Of course, the model is much more �exible and allows for various schemes of premiums payment.
if c = (c1, ..., cl) where ck 6= 0 for k = 1, ..., l, the fair premium vector solves Equation (57). In this
case, the solution is not unique and we must add a constraint on c in order to ensure identi�ability.
For instance, we can impose that

c = cb × (β1, ..., βl) ,

where cb ∈ R+ is a baseline premium rate that is modulated by a priori coe�cients (βk)k=1,...,l ,
depending on the insured's state.

When T = ∞, the fair premium rates that guarantee the actuarial equilibrium between bene-
�ts and premiums are solutions of the equation

θ>0
(
rI −Qr1−α)−1

c = θ>0
(
rI −Qr1−α)−1

a + θ>0 (rαI −Q)
−1
Q�D e . (60)

A comparison with Equation (8) clearly emphasizes the impact of the time change on the valuation
equation. One natural solution of Equation (60) is

c = a + r1−αQ�Dej . (61)

This premium rate is similar to the one obtained in the non-fractional model, excepted that the
third term is adjusted by a factor r1−α. If premiums are exclusively paid when the chain is in the
initial state, the premium rate, noted c0, is given by

c0 =
θ>0
(
rI −Qr1−α)−1

a + θ>0 (rαI −Q)
−1
Q�D e

θ>0 (rI −Qr1−α)
−1
θ0

. (62)
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If we consider a contract that remains in force till the insured's death, the decease of the insured
is modelled by an absorbing state. In this case, the transition matrix has the block structure (10)
and the survival probability is provided by Equation (37). One possible solution of Equation (60)
is in this scenario

c = a + r1−α
(

0 0
b⊗ d B ⊗ D̄

)
e . (63)

When processes (Ut)t≥0 and (St)t≥0 are not observed, the provision is computed by simulations
for instance with the method proposed by Chambers et al. (1976). In comparison to a full Monte-
Carlo method, this approach avoids to perform time consuming simulations in simulations. This
point is illustrated in the next section.

To close this section, we brie�y discuss the estimation of the fractional Markov chain. As the
chain is ruled by a hidden stochastic clock, obtaining accurate parameter estimates is a chal-
lenging task, unless we dispose of an educated guess about the matrix of transition probabilities,
P (t | 0, 0, 0), for di�erent times horizons t ∈ {t1, ...tm}. In this case, the calibration is trivial thanks
to Equation (33). Let us de�ne the matrix

A(t |Q , α) = P (t | 0, 0, 0)−Eα (Qtα) ,

of spreads between modeled and observed transition probabilities. The estimates Q̂, α̂ of Q and α
are obtained by least square minimization as follows:

Q̂ , α̂ = arg min
Q ,α

m∑
k=1

tr
(
A(t |Q , α)>A(t |Q , α)

)>
e ,

where e is a l-vector of ones. We can eventually weight the matrix of spreads in function of the
reliability of guessed transition probabilities.

6 Numerical illustration

We consider that the health status of an individual is modeled by a Markov chain with three states.
The �rst one is absorbing and reached when the insured dies. The second state corresponds to
disability whereas the third regime is in force at the inception of the contract. Premiums are
exclusively paid in this third regime. When the insured deceases, the insurance policy pays a lump
sum of 10 monetary units. During a disability period, the insured receives a continuous annuity
rate of 1 monetary unit. The matrix of one-year transition probabilities (before time-change) and
the corresponding matrix Q are set to:

P (0, 1) =

 1.0 0.0 0.0
0.2 0.8 0.0
0.05 0.05 0.9

 Q =

 0.0 0.0 0.0
0.2231 −0.2231 0.0
0.0465 0.0589 −0.1054

 .

The matrix D and vector a are in this case given by:

D =

 0 0 0
10 0 0
10 0 0

 a =

 0
1
0

 .

We use Equation (56) to calculate the premium rate of this contract for maturities ranging from

1 to 20 years. We impose that c = (c0, 0, 0)
>
in order to take into account that premiums are

only paid when the chain is in the third state. The risk-free rate is set to r = 5%. The left plot
of Figure 2 shows the premium rates for maturities that range from 1 to 20 years and for various
levels of α. For most of maturities, we observe that the lower is α, the lower is the premium rate.
This may be explained by the fact that the chain stays further in the same regime in a fractional
setting than in the corresponding Markov chain. This point is emphasized by the right plot of
Figure 2 presenting the survival probabilities for di�erent time horizons and when the individual is
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α T = 1 T = 5 T = 10 T = 20 T =∞
0.5 0.673 0.407 0.353 0.322 0.302
0.7 0.638 0.544 0.533 0.526 0.514
0.9 0.585 0.714 0.805 0.868 0.882
1.0 0.554 0.813 0.991 1.122 1.161

Table 1: Premium rates for di�erent time horizons and values of α.
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Figure 3: Histograms of provisions at time t = 10 if α = 0.9 and α = 0.5.

initially in state 3. This graph clearly reveals that survival probabilities are inversely proportional
to α.
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Figure 2: Left plot: premium rates for T =1 to 20 years. Right plot : survival probabilities.

Table 1 reports some premium rates presented in the left plot of Figure 2 and compare them
to the asymptotic premium when T →∞. This underlines the convergence of premiums to these
asymptotic values for policies with an initial maturity longer than 15 years.

In the previous section, we have found a closed form expression for provisions, conditionally to
St and USt . In practice, processes (Ut)t≥0 and (St)t≥0 are not observable but they can be simu-
lated with the method proposed by Chambers et al. (1976), e.g. implemented in the R package
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α Mean Standard Percentiles
Vt=10 Deviation 5% 95%

1.00 11.06 - - -
0.90 10.497 0.827 7.911 11.027
0.70 9.503 0.976 7.965 10.323
0.50 8.818 0.741 8.079 9.718

Table 2: Provisions at time t = 10 for di�erent levels of α.

�stabledist�. We perform 1000 simulations and estimate the provisions of a 20 years contract at
time t = 10 with Equation (56). The left and right plots of Figure 3 respectively show the empirical
probability density functions of these provisions for α = 0.9 and α = 0.5, when the individual is in
the disability regime. This density is bimodal and exhibits a �rst mode around 7.89= 1

r

(
1− e−r10

)
,

that is the cost of a continuous annuity for a period of 10 years. This peak is directly related to
simulations in which US10 ≥ 20. In these scenarios, the clock St is stopped between t =10 and t =20
years. The chain being frozen in the disability regime during this period, the insurer's liability is
a pure �nancial annuity. Table 2 reports the means, standard deviations and percentiles of the
distributions of provisions. The provisions are on average lower in the fractional case than in the
Markov setting. Again, this is explainable by the higher survival probabilities yield by fractional
models.

7 Conclusions

This article explores the features of a fractional multi-states model and its applications to insur-
ance. This fractional process is built as a Markov chain that is subordinated by the inverse of
an α stable process. Compared to a classical Markov framework, the sojourn time in a state is
distributed according to a Mittag-Le�er probability law that is a sub-exponential distribution.
We show that the matrix of transition probabilities is solution of a fractional Kolmogorov di�eren-
tial equation and that instantaneous probabilities are time-dependent, as for a non-homogeneous
Markov chain.

Results obtained in this article rely on original extensions of well-known properties of an inverse
α-stable process conditioned by its �ltration at birth. Conditionally to information about the
time-change and the inverted α-stable processes, most of them can be adapted up to later times.
This allows us not only to price insurance policies but also to evaluate their provisions at any
times before expiry with closed-form expressions. As illustrated in the last section, in absence of
information about the stochastic clock, our results can be combined with Monte-Carlo simulations
in order to estimate the distribution of provisions. We observe that under certain circumstances,
this distribution is bimodal due to periods during which the chain is motionless.
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