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Abstract
The econometric analysis of cost functions is based on the analysis of the conditional
distribution of the cost Y given the level of the outputs X ∈ R

p
+ and given a set

of environmental variables Z ∈ R
d . The model basically describes the conditional

distribution of Y given X ≥ x and Z = z. In many applications, the dimension of Z
is naturally large and a fully nonparametric specification of the model is limited by
the curse of the dimensionality. Most of the approaches so far are based on two-stage
estimations when the frontier level does not depend on the value of Z . But even in
the case of separability of the frontier, the estimation procedure suffers from several
problems,mainly due to the inherent bias of the estimated efficiency scores and the poor
rates of convergence of the frontier estimates. In this paper we suggest an alternative
semi-parametric model which avoids the drawbacks of the two-stage methods. It is
based on a class of model called the Proportional Incremental Cost Functions (PICF),
adapted to our setup from the Cox proportional hazard models extensively used in
survival analysis for durations models. We define the PICF model, then we examine
its properties and propose a semi-parametric estimation. By this way of modeling, we
avoid the first stage nonparametric estimation of the frontier and avoid the curse of
dimensionality keeping the parametric

√
n rates of convergence for the parameters of

interest. We are also able to derive
√
n-consistent estimator of the conditional order-m
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robust frontiers (which, by contrast to the full frontier, may depend on Z ) and we
prove the Gaussian asymptotic properties of the resulting estimators. We illustrate the
flexibility and the power of the procedure by some simulated examples and also with
some real data sets.

Keywords Cost efficiency · Nonparametric robust frontier · Proportional hazard
model · Environmental variables

JEL Classification C10 · C14 · C51 · D22

1 Introduction and the setup

The econometric analysis of cost functions is based on the analysis of the conditional
distribution of the cost Y given the level of the outputs X ∈ R

p
+ and given a set of

environment variables Z ∈ R
d . As often the case in economic literature, we consider

a univariate cost Y . The model basically describes the conditional distribution of Y
given X ≥ x and Z = z e.g. through the survivor function

S(y|x, z) = Prob(Y ≥ y | X ≥ x, Z = z), (1.1)

and the cost frontier is the lower bound of the support of this survivor [see Cazals et al.
(2002)]:

ϕ(x, z) = sup{y | S(y|x, z) = 1}= inf{y | S(y|x, z) < 1}, (1.2)

the latter is often referenced as a “conditional to z” frontier, since it gives for a level of
outputs x theminimal achievable cost for a firm facing environmental conditions z.We
see that the basic object of interest is the conditional survivor function S(y|x, z), where
we note the peculiar form of the conditioning for X which guarantees themonotonicity
of ϕ(x, z) with respect of x . This specification does not cover the case where some X
or Z are “endogenous”.1

Nonparametric estimators have been proposed, based on envelopment estimators
(like DEA-FDH type estimators), but they suffer from the curse of the dimensionality.
See, e.g. Cazals et al. (2002), Daraio and Simar (2005), Jeong et al. (2010) and Daraio
et al. (2018). The basic idea is to plug in (1.2) a nonparametric estimator of S(y|x, z),
e.g. the kernel estimator

̂Sn(y|x, z) =
∑n

i=1 1I(Yi ≥ y, Xi ≥ x)Kh(Zi − z)
∑n

i=1 1I(Xi ≥ x)Kh(Zi − z)
, (1.3)

1 Endogeneity means that the parameters of interest are not determined by the conditional distribution but
by the joint distribution of Y and some variables. [see Cazals et al. (2016) or Simar et al. (2016)].
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where Kh(u) = h−d ∏d
j=1 K (u j/h) and K (·) is a univariate kernel with compact

support. We simplify here the notation by choosing h j = h, j = 1, . . . , d.2

The resulting estimator of the conditional frontier is then the conditional FDH
estimator

ϕ̂n(x, z) = min{Yi | Xi ≥ x, |Zi − z| ≤ h}, (1.4)

whereas by convexifying the local condition set we obtain the conditional DEA esti-
mator [for details, see, e.g. Jeong et al. (2010)].

To fix the ideas, it is shown in this literature that the conditional frontier estimator
achieves the rates of convergence equal to (nhd)κ , where κ is the usual rate for the
unconditional envelopment estimators, i.e. κ = 1/(p + 1) for the FDH and 2/(p +
2) for the DEA estimator. This means that the errors of estimation have the order
Op

(

(nhd)−κ
)

. When the bandwidths are driven by LSCV, we have h ∝ n−1/(d+4), as
a consequence, the nonparametric conditional frontier has then an order for the error
given by Op

(

n−4κ/(d+4)
)

. So the usual nonparametric rate κ is still deteriorated by
a factor 4/(d + 4) by conditioning on Z = z. In many applications, the dimension
d of Z is naturally large and thus a fully nonparametric specification of the model is
jeopardized by the curse of the dimensionality.

“Partial”, as opposed to “full”, versions of the conditional frontiers have also been
proposed, they share the nice properties of being more robust to extreme observa-
tions or outliers than the traditional full envelopment estimators. We have the order-m
frontier, introduced by Cazals et al. (2002), defined for a given integer m ≥ 1 as

ϕm(x, z) = E [min(Y1, . . . ,Ym) | X ≥ x, Z = z] , (1.5)

i.e., the expected minimum cost among m firms drawn randomly from the population
of firms producing more outputs X than x and facing the environmental conditions z.
Cazals et al. (2002) show that

ϕm(x, z) =
∫ ∞

0
Sm(y|x, z) dy = ϕ(x, z) +

∫ ∞

ϕ(x,z)
Sm(y|x, z) dy, (1.6)

where it is clear from the second equation that ϕm(x, z) → ϕ(x, z) when m → ∞.
An alternative partial version of frontiers is based on the order-α quantiles of

S(y|x, z), introduced by Aragon et al. (2005) and Daouia and Simar (2007a, b). They
define the order-α conditional frontier for some α ∈]0, 1] as

ϕα(x, z) = sup{y | S(y|x, z) ≥ α} = S−1(α|x, z), (1.7)

where S−1(α|x, z) is the “α-quantile” of S(y|x, z). It is clear that ϕα(x, z) → ϕ(x, z)
when α → 1. So there is a probability α of observing a firm producing more outputs

2 Of course, in practice we use individual bandwidths h j for each components of Z . So, in the notations

that follow, hd has to be understood as
∏d

j=1 h j . By doing so, and using product kernels, we are able to
detect irrelevant components in the conditioning, see, e.g. Hall et al. (2004) and Li et al. (2013) for details.
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X than x and facing the environmental conditions z having a cost greater or equal to
ϕα(x, z). Since Y is univariate, it means the frontier allows to have a probability 1−α

of these firms to have a lower cost than ϕα(x, z).
For finite m and α < 1, the partial frontiers and their nonparametric estimators

will not envelop all the data points, and so they are robust against extreme data points.
Hence, if m or α are large, they provide robust estimators of the full frontier.3 These
estimators are obtained by plugging ̂Sn(y|x, z) for S(y|x, z) in the definition above.
It is shown that the resulting estimators have an asymptotic normal distribution with
an estimation error of the order Op

(

(nhd)−1/2
)

, where h is the bandwidth used to
estimate S(y|x, z). Again with the optimal bandwidth computed by LSCV, we have
h ∝ n−1/(d+4), resulting to an order for the estimation error given by Op

(

n−2/(d+4)
)

,
which is better than the rates obtained for the full frontier estimators but still deterio-
rates quickly as d increases.

A large stream of the literature of efficiency analysis is devoted to investigate how
the environmental factors Z may influence the production process and in particular
the distribution of the inefficiencies. Most of the approaches so far have been based on
two-stage estimations where the efficiency scores are nonparametrically estimated in
a first stage and then regressed in a second stage on Z by some appropriate parametric
regression model. As explained in Simar and Wilson (2007, 2011) this approach
assumes a “separability” condition on the frontier, i.e. the frontier level does not
depend on the value of Z , i.e.

ϕ(x, z) = ϕ(x), for all z. (1.8)

This allows to interpret the resulting distance y − ϕ(x) of a firm operating at the
level (x, y) from the “marginal” frontier ϕ(x), and facing environmental conditions
z, as its real cost inefficiency. In practice most of these studies estimate in a first stage
individual nonparametric efficiency scores, e.g. for the FDH case:

̂θ(Xi ,Yi ) = inf{θ | ̂Sn(θYi |X ≥ Xi ) < 1}. (1.9)

Then in a second stage, these estimated efficiencieŝθ(Xi ,Yi ) are regressed on Zi ,
like ̂θ(Xi ,Yi ) = g(β ′Zi ) + εi with various appropriate specifications for g, εi [see
Simar and Wilson (2007) for details].

But even if the “separability” condition (1.8) holds, the estimation procedure suffers
from several problems, as described in Kneip et al. (2015), mainly due to the inherent
bias shared by the estimated efficiency scores in the first stage. The coefficients β,
estimated in the second stage, allow to analyze the sensitivity of the efficiency to the
environmental variable Z . However, the traditional tools of inference cannot be used
[as explained in Simar and Wilson (2007) and described in details in Section 5 of
Kneip et al. (2015)]. In addition, in the best cases, after correcting for the bias and
using subsampling techniques, i.e. using only n2κ observations in the second stage,
the estimators of β achieve the rate κ of the chosen nonparametric estimators, which
may be far from the parametric rate 1/2 when p increases.

3 This explains some abuse of language in this literature, where the partial frontiers are sometimes con-
sidered as robust versions of the full frontier. We try to avoid this confusion.
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In this paper we suggest an alternative semi-parametric model which avoids the
drawbacks of the two-stage semi-parametric methods. It is based on a class of model
called the Proportional Incremental Cost Functions (PICF), adapted to our setup from
the Cox proportional hazard models extensively used in survival analysis for durations
models. We define the PICF model in Sect. 2, and we examine its properties. Section3
develops the semiparametric estimation. By this way of modeling, we respect the
separability condition but we avoid the first stage nonparametric estimation of the
frontier and so, we avoid the curse of dimensionality keeping the parametric

√
n rates

of convergence for the parameters of interest. As a byproduct, we are also able to
derive

√
n-consistent estimator of the order-m robust frontiers (which, by contrast to

the full frontier, may depend on Z ) and we prove the Gaussian asymptotic properties
of the resulting estimators of the m-frontiers. Section4 illustrates the flexibility of the
procedure by a simulated example and with some real data sets.

It may be useful to exemplify the practical gain of precision in estimating the effect
of Z by avoiding the curse of dimensionality, in term of the size of the sample size
needed to get the parametric precision obtained, say with 100 observations, in our
approach. We would need for the two stage approach 1001/2κ , i.e. 1000 observations
if p = 2 (κ = 1/3) or even 10000 observations if p = 3 (κ = 1/4). So we see the
gain by using our approach compared with the traditional two-stage approaches.

2 Themodel and basic concepts

2.1 The PICFmodel

If we assume that S(y|x, z) has a derivative with respect to y, the density of the cost
Y given X ≥ x and Z = z is then given by

f (y|x, z) = − ∂

∂ y
S(y|x, z). (2.1)

It is well known that the survivor function is completely characterized by its “hazard”
function, which in our setup here can be interpreted as an incremental cost probability,
i.e.

h(y|x, z) = lim
	→0+ Prob (Y ∈ [y, y + 	] | Y ≥ y, X ≥ x, Z = z) . (2.2)

This function h represents the probability of a small increment of the cost for a
firm having a cost Y ≥ y producing more outputs X than x and facing environmental
conditions Z = z. Like in duration models, it is the risk function for a firm having a
cost greater than y (given X ≥ x and Z = z) to face a cost Y in an infinitely small
increment above y. In duration models [see, e.g. Kalbfleisch and Prentice (1980)], Y
represents a life time, the risk function is known as the (conditional) “instantaneous
rate of failure” at the age y. Everything else being the same, we hope in general, this
rate being as small as possible. In our setup of cost processes, on the contrary, if the
firm encours a cost Y ≥ y, we hope the (conditional) “instantaneous rate” at y will
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be as large as possible to be “cost efficient”, i.e. we do not want to observe values Y
bigger than the value y already achieved.

The fact that the function h characterizes completely the cost process is seen by
writing

h(y|x, z) = f (y|x, z)
S(y|x, z) = − ∂

∂ y
log S(y|x, z). (2.3)

We may then define the integrated (or cumulative) incremental cost probability by

H(y|x, z) =
∫ y

0
h(u|x, z) du = − log S(y|x, z). (2.4)

So that we can recover the survivor function and the density of Y given X ≥ x and
Z = z:

S(y|x, z) = e−H(y|x,z) (2.5)

f (y|x, z) = h(y|x, z) e−H(y|x,z). (2.6)

As in durations models, the specification of the function h has many interests. Any
function h on R+ is a hazard function if and only if ∀y ≥ 0, h(y|x, z) ≥ 0 and
∫ ∞
0 h(u|x, z) du = limy→∞ H(y|x, z) = ∞. The latter condition ensures that the
probability of an infinite cost is zero. Note also that the characterization through h
is very convenient for the treatment of possibly censored data (only the minimum
between y and some censoring value is observed). We will not consider this latter case
in our setup.

We can now introduce the main definition of our PICF model, inspired from the
Cox proportional hazard model, Cox (1972).

Definition 2.1 A cost function satisfies the Proportional Incremental Cost Function
(PICF) assumption if there exist (i), an unknown function β : Rp

+ → 
 with 
 ⊆ R
k

for some k > 0, (ii), a known function a : Rd × 
 → R+\{0} and (iii), a baseline
survivor function S0(y|x) = Prob(Y ≥ y | X ≥ x) corresponding to some probability
law on (Y , X), characterized equivalently either by H0(y|x) = − log S0(y|x) or by
h0(y|x) = ∂

∂ y H0(y|x), such that one of the 3 equivalent properties is satisfied:

S(y|x, z) = S0(y|x)a(z,β(x)) (2.7)

H(y|x, z) = a(z, β(x))H0(y|x) (2.8)

h(y|x, z) = a(z, β(x))h0(y|x). (2.9)

The Cox proportional hazard model is very popular in survival analysis for dura-
tion models, due to its great flexibility. Here, the PICF assumption corresponds to a
particular specification of the effect of the environmental variable. The cost process is
viewed as a cost model including only the output level x (the baseline model) and an
action of the environmental conditions which multiply by a(z, β(x)) > 0 the incre-
mental cost probability. We note that the function a is a known parametric function
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Fig. 1 Survivor functions S(y|x, z) = S0(y|x)a(z,β(x)) for a(z, β(x)) = 1 (solid), > 1 (favorable to
efficiency: dashed) and < 1 (unfavorable to efficiency: dot-dashed)

of z, depending also of unknown parameters β(x) ∈ 
, these parameters may be
x-dependent. This function links the baseline model (which does not depend on z) to
the conditioning by Z = z model.

A particular case is to assume that β(x) = β which is a common (implicit) assump-
tion done in most of the two-stage approaches. Here we allow β to be x-dependent. Of
central interest for the sensitivity analysis of the environmental variables Z on the cost
process will be the analysis of this function a(z, β(x)). To see this, Fig. 1 illustrates
three cases, when a(z, β(x)) = 1, so that S(y|x, z) = S0(y|x) and Y is independent of
Z given X ≥ x , when a(z, β(x)) > 1, pushing the mass of S(y|x, z) near the efficient
boundary (so Z is favorable to efficiency) and the opposite case where a(z, β(x)) < 1
expanding S(y|x, z) to the right, with more probability of being far from the efficient
boundary (so Z is unfavorable to efficiency).

Note also that the baseline survivor function S0(y|x) is not the marginal survivor
on Y given X of the general model. Indeed the latter is given by

S(y|x) =
∫

z∈Rd
S(y|x, z) fZ |X (z|X ≥ x) dz

=
∫

z∈Rd
S0(y|x)a(z,β(x)) fZ |X (z|X ≥ x) dz, (2.10)

which in general is not equal to S0(y|x), unless a(z, β(x)) = 1 for all z ∈ R
d , and so

S(y|x, z) = S0(y|x), i.e. Y |X ≥ x is independent of Z .4

4 If a is normalized such that for some (z0, x0), a(z0, β(x0)) = 1 the baseline model represents the cost
process for this particular production unit.
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A common choice, very often used in duration models, is

a(z, β(x)) = eβ ′(x)z, with 
 ⊆ R
d . (2.11)

Clearly, with this specification, if β(x) = 0 for all x , then S(y|x, z) = S0(y|x) for
all (x, z), and Y |X ≥ x is independent of Z for all x . If for some j , β j (x) > 0, this
indicates that an increase of Z j will favor the efficiency at this value of the output x .

Our aim is to provide from a sample of observations {(Yi , Xi , Zi )}ni=1 estimates
of β(x) and of S0(y|x) and these will provide estimators of the conditional survivor
function S(y|x, z).
Remark 2.1 It should be noticed that, as in any regression model, the variables Z
can contain qualitative factors, with or without interactions between them or with the
continuous regressors. There aremanyways to achieve this, by selecting an appropriate
design matrix for these factors. A flexible and easy way to achieve this is described in
details in Section 8.1 in Härdle and Simar (2019).We illustrate this below in Sect. 4.2.3
with a real data example.

Remark 2.2 OurPICFmodel can also be formalized in terms of a semiparametric “non-
separable”model,where “non-separable” is used in the general econometric sense (and
not in the “frontier” sense). Indeed, define U = S(Y |x, z). The variable U is uniform
on (0, 1) and independent of X ≥ x and Z . Then H(Y |x, z) = − log S(Y |x, z) = V
where V is an exponential: V ∼ Exp(1) independent of X ≥ x and Z . So we have the
“non-separable” form of the model for Y given X ≥ x and Z = z,

Y = H−1(V |x, z) = �(V , x, z), (2.12)

where �(V , x, z) is monotone in V . It is easy to show that our PICF model assumes
that

Y = �0

(

V

a(z, β(x))
, x

)

, (2.13)

where �0(·, x) = H−1
0 (·|x). This model is a semiparametric “non-separable” model

characterized by the two functions �0 : R+ ×R
p
+ monotone in its first argument and

the function β : Rp
+ → 
. The parametric part of the model is shared by the known

function a.

2.2 Cost frontiers and their robust partial versions

The PICF model has some implications on the cost frontier and their partial versions.
Since a(z, β(x)) > 0, S(y|x, z) = S0(y|x)a(z,β(x)) = 1 if and only if S0(y|x) = 1.
From the definition of the full conditional cost frontier in (1.2) we have,

ϕ(x, z) = sup{y | S(y|x, z) = 1} = sup{y | S0(y|x) = 1} = ϕ0(x). (2.14)
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So our PICFmodel implies the separability condition of the frontier, in the terminol-
ogy of Simar and Wilson (2007).5 In particular, we see also that the lower boundary
of the support of the baseline survivor function S0(y|x), ϕ0(x), coincides with the
marginal cost frontier ϕ(x) = sup{y | S(y|x) = 1}. But as seen below, the main
advantage of our approach is the fact that we do not need to estimate this frontier to
make inference on the effect of Z on the cost process.

If the distribution of the conditional inefficiencies is of interest, one can analyze
the distribution

Prob(Y − ϕ0(x) > ε | X ≥ x, Z = z) = S(ε + ϕ0(x)|x, z)
= S0(ε + ϕ0(x)|x)a(z,β(x)), for ε ≥ 0.

(2.15)

A very particular case is to assume the homoskedasticity of the inefficiency
distribution. In this case S0(ε + ϕ0(x)|x) does not depend on x , and we have
S0(ε + ϕ0(x)|x) = ˜S0(ε) for some survivor function ˜S0 with support on R+. In
this case, due to the definition of ˜S0, the conditional survivor function simplifies as

S(y|x, z) = (

˜S0(y − ϕ0(x))
)a(z,β(x))

. (2.16)

Even if the model is a cost frontier which does not depend on the environmental
variables Z (separability condition), the order-m frontier may depend on Z , since
S(y|x, z) may depend on z. For the order-m conditional frontiers we have from (1.6)
and our PICF model in Definition 2.1:

ϕm(x, z) =
∫ ∞

0
S0(y|x)ma(z,β(x)) dy (2.17)

= ϕ0(x) +
∫ ∞

ϕ0(x)
S0(y|x)ma(z,β(x)) dy. (2.18)

So we see that the conditional m-frontier is the unconditional Mx,z-frontier of the
baseline model S0(y|x), with Mx,z = ma(z, β(x)). So we may apply previous results
of Daouia et al. (2012) which allow to compare ϕm(x, z) with ϕ(x, z) = ϕ0(x).

Lemma 2.1 Under the regularity condition

1 − S0(y|x) = �x
(

y − ϕ0(x)
)ρx + o

(

(

y − ϕ0(x)
)ρx

)

, as y ↓ ϕ0(x), (2.19)

5 In practice, the separability condition is an empirical issue, even if some argue that it may be a reasonable
assumption in many situations for economic or technical reasons. In practice this assumption is easy to test,
as described in Daraio et al. (2018) and Simar and Wilson (2020). In all the real data examples in Sect. 4.2
below, the test was applied and the separability assumption was not rejected.
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where �x > 0, ρx > p and ϕ0(x) being differentiable in x with strictly positive first
partial derivatives, we have as m → ∞,

ϕm(x, z) = ϕ0(x) + �(1 + 1/ρx )

(

1

ma(z, β(x))�x

)1/ρx
+ o

(

(ma(z, β(x)))−1/ρx
)

.

(2.20)

The proof derives from equation (3.5) in Daouia et al. (2012), where it is shown that
condition (2.19) implies that the conditional baseline density f0 of Y given X = x is
given by

f0(y|x) = cx
(

y − ϕ0(x)
)ηx + o

(

(

y − ϕ0(x)
)ηx

)

, as y ↓ ϕ0(x), (2.21)

with cx > 0 and ηx = ρx − (p + 1) > −1. As a particular case, if this density has a
jump at the frontier, ηx = 0 and ρx = p + 1, which is a common assumption in the
literature on frontiers (parametric and nonparametric).

A similar result holds for the order-α conditional quantile frontier defined in (1.7).
Since a(z, β(x)) > 0, here we have under the PICF model

ϕα(x, z) = S−1(α|x, z) = S−1
0

(

α1/a(z,β(x))|x). (2.22)

So the conditional order-α frontier ϕα(x, z) is the order-α1/a(z,β(x)) frontier of the
baseline model S0(y|x). Similar approximation results as Lemma 2.1 are established
in Daouia et al. (2010), by using appropriate sequences of α → 1 and under the same
regularity condition.

In the rest of this paper we will focus on the order-m frontiers: we propose an
estimator and we analyze its asymptotic properties. Analog results should be available
for the order-α case.

3 Semiparametric estimation

3.1 Estimation of the components of the PICFmodel

The interest of our model is that it allows a complete separation of the estimation of
its components: the cost frontier and the parameters allowing to analyze the impact
of the environmental variables on cost process. We will first consider the estimation
of the three components of our model: the cost frontier ϕ0, the functional parameters
β(x) and the baseline survivor S0. Then we will see how these provide an estimator
of the conditional order-m frontier, sharing better properties than the classical one.

3.1.1 Estimation of the frontier

Since the frontier does not depend on Z , we can estimate the frontier ϕ0(x) by standard
nonparametric envelopment estimators from the sample of observations {(Xi ,Yi )}ni=1.
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The most flexible is the FDH estimator defined as

ϕ̂0(x) = inf{Yi | Xi ≥ x}. (3.1)

This is a well-known estimator with well-known properties [see Park et al. (2000)].
We will not discuss further this estimator since we do not need to use it for the
estimation of the pieces of the PICF model. This underlines the major difference of
our method with the classical two-stages methods where the estimated inefficiencies
Yi − ϕ̂0(Xi ) are regressed on the variables Zi by some appropriate model, with the
various drawbacks mentioned above.

3.1.2 Estimation of the parameters

The estimation of the functional parameters β(x) has been intensively analyzed in
the duration models literature. It is based on the marginal likelihood approach of Cox
(1972) [see, e.g. Kalbfleisch and Prentice (1980) for discussion and justifications]. We
consider a particular value of the output x ∈ R

p
+ and we define the set Ix = {i | Xi ≥

x} which determines the set of observations {(Yi , Zi )}i∈Ix with output larger or equal
to x . It is the latter subsample that will be used to estimate β(x). The Cox marginal
likelihood is then defined as

�(β(x)) =
∏

i∈Ix

a(Zi , β(x))
∑

j∈Ix
a(Z j , β(x))1I(Y j ≥ Yi )

, (3.2)

where 1I(B) is the usual indicator function, i.e. 1I(B) = 1 if B is true and 0 otherwise.
We remark that the baseline S0 does not appear, so the vector β(x) can be estimated
without the need of the baseline model.6 It has been noticed in the literature that only
the orderings (the ranks) of the observations Yi matter and so �(β(x)) is referred to
as the distribution of the rank statistics of the observations Yi , i ∈ Ix [see details in
Section 4.2.2 of Kalbfleisch and Prentice (1980)]. For any given x , the estimator is
defined as

̂β(x) = argmax
β(x)

log �(β(x)), (3.3)

where standard nonlinear optimization routines can be used in practice.7

It should be noticed that the number of observations used in Ix is the number of
observations such that Xi ≥ x , i.e. nx = ∑n

i=1 1I(Xi ≥ x). Note that, by the Strong

Law of Lare Numbers, nx
n

a.s.−→ SX (x), so that nx
a.s.−→ ∞ as n → ∞.

6 We limit our presentation for the case of no ties in the Yi and no censoring which is mostly the case in
our setup of cost efficiency analysis. The marginal likelihood can easily be extended to the case of ties and
censored data (only the minimum between Y and some censoring value is observed). See, e.g. Kalbfleisch
and Prentice (1980).
7 In the simple case where a(z, β(x)) = eβ

′(x)z , the expression of �(β(x)) simplifies [see equation (4.6)
in Kalbfleisch and Prentice (1980)] and explicit expressions for the gradient and the hessian can be derived.
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The asymptotic properties have been established, we know that if SX (x) > 0, as

n → ∞, ̂β(x)
p−→ β(x) and that

√

nSX (x)
(

̂β(x) − β(x)
) L−→ Nk

(

0,
[

−∂2 log �(β(x))
]−1 )

, (3.4)

where ∂2 log �(β(x)) denotes the matrix of second derivatives. Note that only nx
observations are used but we keep the parametric rate of convergence

√
n (no curse

of dimensionality, as for the traditional two-stage approaches). Most of the statistical
packages provide efficient algorithms for solving (3.3) for the particular and popular
choice suggested by Cox (1972), a(z, β(x)) = eβ ′(x)z , where k = d. With this latter
choice, the score function and the hessian are indeed easy to derive. The asymptotic
result in (3.4) can be used for practical inference, where SX (x) is estimated bŷSX (x),
so that

√
nSX (x) is replaced by nx .

In many applications, it may be reasonable to assume that β(x) is constant, i.e.
β(x) = β for all x . If this is the case, we can do the estimation above for only x = 0
so that nx = n.

3.1.3 Estimation of the baseline survivor function

The last element of the model is the baseline survivor function S0(y|x). We may use
the Nelson–Aalen estimator, which is a discrete survivor function with jumps at the
observed Y(i), where Y(i) is the order statistic of the Yi , i ∈ Ix (Y(1) < . . . < Y(nx )).
It can be written as [see, e.g. Kalbfleisch and Prentice (1980) for details]

̂S0(y|x) =
nx
∑

i=1

p̂i 1I(y < Y(i)), (3.5)

where the jumps are the probabilities p̂i given by the equations

p̂i =̂λi
∏

j∈{Ix∩Y( j)<Y(i)}
(1 −̂λ j ), (3.6)

i.e. p̂1 =̂λ1, p̂2 =̂λ2(1 −̂λ1), p̂3 =̂λ3(1 −̂λ1)(1 −̂λ2), etc…, and

̂λi = 1 −
(

1 − a(Zi , ̂β(x))
∑

j∈Ix
a(Z j , ̂β(x))1I(Y( j) ≥ Y(i))

)a−1(Zi ,̂β(x))

. (3.7)

The properties of ̂S0(y|x) have been established [see Tsiatis (1981)] and we know
that for all y in the support of S0(y|x), as n → ∞, we have

√

nSX (x)
(

̂S0(y|x) − S0(y|x)
) L−→ N (0, σ 2

xy), (3.8)

for some finite σ 2
xy .
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Finally, if an estimate of the conditional survivor is needed for some given value of
the environmental variables z, it is given by

̂S(y|x, z) = (

̂S0(y|x)
)a(z,̂β(x))

. (3.9)

3.1.4 Functional convergence

We have even a stronger asymptotic result. As above denoting H0(y|x) =
− log S0(y|x), Tsiatis (1981) has shown (see proof of Lemma 6.1) that, as n → ∞,

√

nSX (x)

(

̂H0(y|x) − H0(y|x)
̂β(x) − β(x)

)

−→
(

V1,x (y) + φx (y)V2,x
V2,x

)

, (3.10)

where V1,x (y) is an independent increments Gaussian process with mean zero, V2,x
is a normal random variable with mean zero independent of V1,x (y) for all y and
φx (y) is a function. The covariance structure of V1,x (y), Cov(V1,x (y), V1,x (ỹ), and
the variance of V2,x are given in equation (5.7) of Tsiatis (1981).

Since S0 = exp(−H0), by using a Taylor expansion we obtain as n → ∞,

√

nSX (x)

(

̂S0(y|x) − S0(y|x)
̂β(x) − β(x)

)

−→
(

S0(y|x)
[

V1,x (y) + φx (y)V2,x
]

V2,x

)

. (3.11)

This result can also be applied to the estimator of S(y|x, z). We come back to these
results in Sect. 3.2.

3.1.5 A bootstrap algorithm

The relation (3.4) is useful to produce inference on the components of β(x), if the
covariance matrix ∂2 log �(β(x)) has been derived. An alternative is to use a bootstrap
approach to evaluate the covariance matrix. Note that for the estimators of the sur-
vivor functions, the variances are more complex to evaluate, hence the bootstrap will
be particularly useful. The asymptotic result in (3.11) is sufficient to prove that the
bootstrap is consistent for both β(x) and S0(y|x) [see, e.g. Theorem 1 in Mammen
(1992)].

The algorithm for generating bootstrap samples in the setup here is very simple. The
idea is to use the representation of the PICFmodel defined in the semiparametricmodel

(2.13), i.e. Y = �0

(

V
a(z,β(x)) , x

)

, where �0(·, x) = H−1
0 (·|x) and V ∼ Exp(1).

The estimates of the model provide ̂β(x) and ̂H0(y|x) = − loĝS0(y|x). So the so-
called Cox-Snell residuals are given for each i ∈ Ix , by ̂Vi = ̂H0(Yi |x)a(Zi , ̂β(x)).
After rescaling these residuals to have a mean 1, we obtain the “centered” residuals
˜Vi = ̂Vi/V nx , where V nx = n−1

x
∑

i∈Ix
̂Vi .

So one bootstrap sample is generated according to the following steps for a given
x .

[1] Draw randomly with replacement nx values V ∗
i among the centered residuals ˜Vi .
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[2] Define the bootstrap value for i ∈ Ix ,

Y ∗
i = ̂�0(V

∗
i /a(Zi , ̂β(x)), x) = ̂H−1

0 (V ∗
i /a(Zi , ̂β(x))|x). (3.12)

The latter equation (3.12) can be solved numerically by y = argminy | ̂H0(y|x) − ξ |
where ξ = v/a(z, ̂β(x)).

This provides a bootstrap sample {(Y ∗
i , Zi )}i∈Ix which leads to the estimates

̂β∗(x),̂S∗
0 (y|x) by applying the procedures described above. Repeating all of

this B times produces the bootstrap distribution of the quantities of interest:
̂β∗,b(x),̂S∗,b

0 (y|x), for b = 1, . . . , B.
Note that due to the property of V , the step [1] above can be replaced by drawing

the nx values V ∗
i from an Exp(1).

3.2 Estimation of conditional order-m robust frontier

The results of the preceding sections can be used to provide estimator of ϕm(x, z),
the conditional order-m cost frontier defined in (1.6) and to derive its asymptotic
properties. Indeed even under the separability assumption of the full frontier (for all
z, ϕ(x, z) = ϕ0(x)), the conditional order-m frontier may still depend on z since
S(y|x, z) may depend on z.8

Under our PICF model, and using (2.17), we may define the following estimator
of ϕm(x, z)

ϕ̂m(x, z) =
∫ ∞

0

̂S0(y|x)ma(z,̂β(x)) dy. (3.13)

For analyzing its asymptotic behavior, we can use Taylor expansion of this function
of ̂S0(y|x) and ̂β(x) around the true values S0(y|x) and β(x), to approximate, for a
given (x, z), ϕ̂m(x, z) − ϕm(x, z) by a linear expression in ̂S0(y|x) − S0(y|x) and
̂β(x) − β(x). We can indeed show that

ϕ̂m(x, z) − ϕm(x, z) =
∫ ∞

0

(

̂S0(y|x)ma(z,̂β(x)) − S0(y|x)ma(z,β(x))) dy

≈
∫ ∞

0
ma(z, β(x))S0(y|x)ma(z,β(x))−1(

̂S0(y|x) − S0(y|x)
)

dy

+
∫ ∞

0
m log S0(y|x)S0(y|x)ma(z,β(x))(a(z, ̂β(x)) − a(z, β(x))

)

dy.

(3.14)

Under regularity conditions on the function a, the difference between a(z, ̂β(x))
and a(z, β(x)) can also be linearized and written as a function of ̂β(x) − β(x).

Due to the asymptotic property given in (3.11), we obtain the desired result

√

nSx (x)
(

ϕ̂m(x, z) − ϕm(x, z)
) → N (0, ωx,z), (3.15)

8 Similar developments could be done for the conditional order-α frontiers.
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where ωx,z has a sophisticated expression, but for practical inference we can use the
bootstrap method described above.

We see that, under our PICF semiparametric model, we can provide estimates
of ϕm(x, z) with

√
n-rate of convergence and we avoid the curse of dimensionality

shared by the traditional direct localized estimator which has a rate
√
nhd , where

d is the dimension of z, as derived in Cazals et al. (2002). If least-squares cross-
validation methods are used for obtaining optimal bandwidths of order n−1/(d+4) [see
Li et al. (2013)], this leads to the optimal rate n2/(d+4) for the traditional nonparametric
estimator, which deteriorates quickly as d increases.

In practice, for selecting a value form, we follow the traditional approach described,
e.g. in Simar (2003) and analyzed in details in Daouia and Gijbels (2011) from the
perspective of robustness theory. We can tune the percentage of points that remain
outside the order-m frontier as a function of m, knowing that when m → ∞ all the
points will be above the cost frontier. A reasonablem is when this curve, as a function
of m, shows an elbow effect.

Of course of particular interest for the practitioner is the order-m conditional cost
efficiency for a unit operating at the level (x, y) and facing the environmental condi-
tions z, this would be given by ϕm(x, z)− y, or some appropriate transformation of it.
This is easy to obtain since the conditional frontier function ϕm(x, z) can be computed
at any point (x, z). Then we can derive a measure of efficiency for any particular unit
and, by using the bootstrap described above, we can also derive confidence intervals
of these measures.

4 Numerical illustrations

4.1 Simulated sample

In Appendix A we explain that care has to be taken for simulating a data set
{(Xi ,Yi , Zi )}ni=1 according to some PICF model: the difficulty may arise when
we simulate, as usual data from conditional models for Y |X = x, Z = z, which
is standard in the frontier literature but we want to satisfy the PICF condition
S(y|X ≥ x, Z = z) = (S0(y|X ≥ x))a(z,β(x)) for some S0 and a(z, β(x)). We
illustrate this through a simple example.

We select a frontier function given by y = ϕ0(x) = x with only one output x . We
choose the most popular Cox specification for a(z, β) = exp(β ′z). We select for the
baseline f0(x) an exponential density with mean 1 and for the baseline ˜S0(y|X =
x) = Prob(Y ≥ y|X = x) we define an exponential survival of mean 1, shifted
above the cost frontier y ≥ ϕ0(x) = x . So we have ˜S0(y|X = x) = e−(y−x)1I(y ≥
x) + 1I(y < x).9 Simple algebra leads by (A.6) to

S0(y|X ≥ x) = 1 − Fγ (y − x, 2, 1), (4.1)

9 As explained in the Appendix, we use the˜S notation for survivor functions when we condition to X = x ,
to distinguish form S where we condition on X ≥ x .
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Fig. 2 A simulated data set of size n = 400

where Fγ (t, a, b) is a cumulative distribution of a Gamma density with shape param-
eter a and scale b. To be explicit the gamma density is defined here for t > 0 as

fγ (t, a, b) = t (a−1)bae−bt

�(a)
.

In the numerical example we select d = 2 with β = (0.5 0.25)′ and Zi as
independent uniform variable on [0, 1], then by our model, Xi |Zi ∼ Exp(exp(β ′Zi )),
i.e. an exponential with mean 1/ exp(β ′Zi ). Then we generate the Yi by simulating
Ui ∼ Unif(0, 1) and solving Yi = Q(Ui , Xi , Zi ) where Q is the inverse function
of Q−1 given in (A.8). In our case here, we have Q(Ui , Xi , Zi ) = ˜S−1(Ui |X =
Xi , Z = Zi ) and ˜S(y|X = x, Z = z) = [S0(y|X ≥ x)]a(z,β)−1

˜S0(y|X = x), see
(A.8).10 So to summarize, since β j > 0, j = 1, 2 large values of Z will produce on the
average small values of the output X and higher efficiency since ∂/∂z j (a(z, β)) > 0
for j = 1, 2.

Figure2 displays one such particular sample of size n = 400. The figure displays
also the true frontier function ϕ0(x) = x and its FDH estimator. Note that the latter is
not used in the estimation of our model (i.e. for estimating β and S0(y|X ≥ x)).

4.1.1 Estimation ofˇ(x)

We give in Table 1 the estimation of β(x) at 4 values of x = 0, 0.5, 1 and 2. If we
assume that β(x) = β, as in most of the two-stage approaches, only the case x = 0
has an interest since all the n data points are used in the estimation procedure. As
expected, when the value of x increases we have less available data and so the quality
of the estimation of β is deteriorated (the rate of convergence is

√
nx ). In particular for

10 Since Q−1(y, x, z) is specified, the value of y corresponding to a quantile u ∈ [0, 1] is given by
y = Q(u, x, z) and can be found numerically by solving y = argminy |Q−1(y, x, z) − u|, which is easy
since Q−1 is monotone in y.
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Table 1 Estimation of β for 4 values of x in the simulated example

True β x = 0, nx = 400 x = 0.5, nx = 196 x = 1.00, nx = 101 x = 2.00, nx = 29
̂β(x) σ̂β

̂β(x) σ̂β
̂β(x) σ̂β

̂β(x) σ̂β

0.50 0.4942 0.1752 0.7203 0.2615 0.9614 0.3770 2.6765 0.8929

0.25 0.0465 0.1797 −0.0370 0.2661 −0.0462 0.3817 −0.1650 0.8393

x = 2, only 29 observations are available. We see indeed that the estimated standard
deviations increases when x becomes larger. But we will see that the estimation of the
basis survivor is fair even in the latter case, the same will be true for the estimation of
the order-m frontier ϕm(x, z) (see below).

Note that we also computed the standard deviation of the estimates by using the
bootstrap algorithm described above and obtained, as expected, very similar values
with B = 2000 replications. We have σ̂boot = (0.1732 0.1756)′ for x = 0, σ̂boot =
(0.2440 0.2623)′ for x = 0.5 and σ̂boot = (0.3455 0.3846)′ for x = 1 and σ̂boot =
(0.8850 0.7066)′ for x = 2.

4.1.2 Estimation of the basis survivor S0(y|X ≥ x) and of S(y|X ≥ x, Z = z)

We display in Fig. 3, the true baseline survivor S0(y|X ≥ x) and its estimates. For
illustrative purpose we also display the estimate of the survivor S(y|X ≥ x, Z = z)
for z = Znx , the mean of Z for observations such that Xi ≥ x . So we have ̂S(y|X ≥
x, Z = Z̄nx ) = [

̂S0(y|X ≥ x)
]exp(̂β ′Znx )

.
We observe here that even if x increases, the estimation error remains reasonable.

We observe that for the survivor conditional on Z = Znx , the estimation error is
smaller, in particular near the boundary point. As shown below, this has important
(good) consequences when estimating order-m frontiers (when m is large, Sm(y|X ≥
x, Z = z) takes values near zero when y leaves the boundary value).

4.1.3 Estimation of conditional order-m frontiers'm(x, z)

We also estimate, for illustration, several order-m frontiers ϕm(x, z) by using the
estimator ϕ̂m(x, z) defined in (3.13). We select here the same values of x = 0, 0.5, 1
and 2 and we condition again on z = Znx . The results are displayed in Table 2 where
the case m = ∞ corresponds to the true full frontier values ϕ0(x) = x and the
estimates are the corresponding FDH values. We observe that as expected the level of
the error increases with x , as above and as shown in the length of the 95% confidence
intervals (CI) of ϕm(x, z), but that still the estimation errors are rather small even when
x = 2 and only nx = 29 observations are available. We see also, as it should, when
m increases, order-m frontiers approach the full frontier values (m = ∞). Note also
that with our simulated sample, the 95% bootstrap CIs cover the true value in most
of the cases of Table 2. Here we used 2000 bootstrap replications and the “robust”
basic-bootstrap method for building the confidence intervals.
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Fig. 3 Survivor functions in the simulated examples for several values of x = 0, 0.5, 1 and 2. The respective
used sample size is nx = 400, 196, 101 and 29. The dashed is the true function and the solid is its
estimates. The dash-dotted is the conditional to Z survivor for an average value of Z = Zn , the dotted is
the corresponding true value

4.2 Some real data examples

We illustrate in this section the flexibility and the power of the PICF model for inves-
tigating the effect of environmental variables on the production process. We first use
two popular data sets already discussed in the literature and a new data set coming
from GRDF, the French company of the network for gaz distribution.

4.2.1 Bank efficiency

Wefirst show how ourmethodworkswith the data set used in Simar andWilson (2007)
for illustrating two-stage models. We select as in Simar and Wilson (2007); Bădin
et al. (2012) and Florens et al. (2014) a subsample of 303 banks. There are 3 inputs
(purchased funds, core deposits and labor) and 4 outputs (consumer loans, business
loans, real estate loans and securities helds). In the two latter papers, it is shown how
the inputs (being highly correlated) can be aggregated in a one-dimensional input
without losing much information and the same is true for the 4 outputs [see Bădin
et al. (2012) for details]. In our example we investigate the effect of the variable Z =
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Table 3 Estimation of β for 4
values of x in the Bank example

x 0.1401 0.5570 1.1330 2.1567

nx 303 227 152 76
̂β(x) 1.2157 1.2771 1.2871 1.5950

σ̂βx 0.3026 0.3480 0.4241 0.6023

“Diversity”, a measure of the diversity of the services proposed by the banks. Bădin
et al. (2012) and Florens et al. (2014), using traditional conditional efficiencymeasures
recognize that this variable has little effect on the frontier level, but may influence the
inefficiency (Bădin et al. (2012) noticed, in a descriptive way, a slight favorable effect,
i.e. banks with more diversity seemed to have a distribution of their efficiency slightly
more concentrated near the efficient frontier).

We first test the “separability” condition and we apply the test introduced in Daraio
et al. (2018) and improved in Simar andWilson (2020). According to the terminology
of the latter, we used 100 splittings of the sample with 20 shuffles for the jackknife
bias corrections, and we used 200 bootstrap replications to evaluate the p-value which
is around 0.46. So there is indeed no evidence against the separability assumption.

Then we estimate our PICF model and we will focus in this illustration, on the
minimal input (or cost) frontier and we choose the traditional exp(βz) for the propor-
tionality factor. The results of the estimation are shown in Table 3 for four values of
x ∈ {min(Xi ), Q1(X), Q2(X), Q3(X)}, i.e. the minimal observed output X and its 3
quartiles.

We first note that in each case, ̂β(x) > 0 which confirms in our model the favorable
effect of “Diversity” on the distribution of the efficiencies, and the standard deviations
show it is significant. Of course when x = Q3(X) we only have nx = 76 and the
standard deviation of the estimator is larger, but still, the value of β(x) seems to be very
stable over the various values of x . So in practice the analysis could be concentrated
on the first case, with nx = 303.

The Cox proportional hazardmodel offers a battery of graphical diagnostic to check
the validity of the model. We have first a ProbPlot of the “Cox-Snell” residuals ̂Vi ,
defined above, which are supposed to be distributed as an Exp(1) random variable. In
our case here we display the plot in Fig. 4 for the minimal value of x = 0.1401. We
see indeed a reasonable fit by our model.

The Cox model also provides the scaled Schoenfeld residuals for the Z variables
when x = 0 (we could do the same for other values of x). As explained in Grambsch
and Therneau (1994), these pictures provide graphical diagnostic of the validity of
the Cox proportional model as they reveal if the coefficients β(x) follow a particular
pattern as a function of y. Here, as seen in Fig. 5, there is no clear pattern confirming
that the PICF model seems to be reasonable to fit our conditional survival functions.

Finally we can look at the estimates of the basis survivor function S0(y|x) and the
conditional ones S(y|x, z), when (case 1) x is the minimum of X , for 4 selected values
of z. We have also the pictures for the larger values of x , the functions are quite similar
except a shift to the right since the cost frontier increases with the value of the output.
To save space we only provide the case (case 3) where x is the median of X . The
results are shown in Figs. 6 and 7.
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Fig. 4 ProbPlot of the Cox-Snell residuals when x = 0 versus an Exp(1), Bank example
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Fig. 5 Scaled Schoenfeld residuals for the variable Z when x = 0 as a function of Yi (horizontal axis), for
the Bank example

Finally, we alsomay provide estimates of the conditional order-m frontiersϕm(x, z)
and confidence intervals at any selected value of (x, z). For the point estimates, Table
4 displays the estimates for 2 values of x : the minimum of X and the median of X and
the 4 selected values of z described in Figs. 6 and 7 for both values of x . For choosing
a value for m we follow the traditional approach described at the end of Sect. 3. We
select m = 300 which left around 16% of the banks below the order-m input frontier
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Fig. 6 Estimates of the survival functions S0(y|x) and S(y|x, z), when (case 1), x is the minimum of X ,
for 4 selected values of z. From left to right and top to bottom panels, the minimum and the 3 quartiles of
Z

(much larger values of m would finally get all the data points above the frontier, e.g.
when m → ∞). We see the effect of Z on the order-m frontiers which is switched to
the left when z increases, since, as noticed above, z is favorable to efficiency.

Note that, just for illustrative purpose, at x = min(X) and z = z3, the bootstrap
provides a 95% confidence interval for ϕm(x, z3) given by [0.1059, 0.1420] (2000
bootstrap loops and basic bootstrap method).

4.2.2 The CCR schools data

We illustrate now the flexibility of the PICF model with the popular data set from
Charnes et al. (1981), referred to as the CCR data, where the performance of 70
schools is analyzed, 49 of them benefited from Program Follow Through (PFT) and
21 called the No-Follow Through (NFT). This CCR-paper gives the data for 3 outputs
(achievements of students on some tests) and 5 inputs describing 4 characteristics of the
family and the number of teachers. In our illustration, and due to the limited number
of data points, we limit our model, as in Simar and Wilson (2011) or Simar et al.
(2016), to the simplest production model with one input (X :the number of teachers)
and one output [Y : a weighted average of the 3 achievement tests which are highly
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Fig. 7 Estimates of the survival functions S0(y|x) and S(y|x, z), when (case 3), x is the median of X , for
4 selected values of z. From left to right and top to bottom panels, the minimum and the 3 quartiles of Z

Table 4 Estimation of conditional order-m frontiers ϕm (x, z) for 2 values of x and 4 values of z, in the
Bank data set. Here m = 300

x min(X), nx = 303 median(X), nx = 152

ϕ(x) 0.1253 0.8345

ϕm (x, z1) 0.1439 0.8452 z1 = 0.3652

ϕm (x, z2) 0.1359 0.8389 z2 = 0.8518

ϕm (x, z3) 0.1338 0.8375 z3 = 1.0055

ϕm (x, z4) 0.1322 0.8365 z4 = 1.1417

correlated, using factorial methods as described in Section 6.2.3 of Daraio and Simar
2007a]. We will consider rather three characteristics of the family (Z1: Education
level of the mother, Z2: Highest occupation of a family member and Z3: Parental
counseling index) as environmental variables and we will investigate their eventual
role on the production process. We also eliminate the observation for units #44 and
#59, considered as outliers in many studies [see e.g. Wilson (1993) and Simar (2003)].
We will focus in this illustration, as in the preceding sections, on the minimal input
(or cost) frontier and we choose again exp(β ′z) as the proportionality factor.
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Table 5 Estimation of β for 2
values of x in the School data set

x = 0, nx = 68 x = 3.34, nx = 34
̂β(x) σ̂β

̂β(x) σ̂β

Z1 0.0003 0.0181 0.0007 0.0240

Z2 −0.1518 0.2380 −0.2329 0.3324

Z3 0.0045 0.0514 0.0400 0.0668

First we investigate if the three Z variables influence the shape of the efficient
frontier. We apply the test of separability (we used 100 splittings of the sample with
20 shuffles for the jackknife bias corrections, and we used 1000 bootstrap replications
to evaluate the p-values) and we obtained a p-values near 1, indicating that there
is no reason to reject the null hypothesis of separability. Due to the small sample
size (n = 68) we estimate the β(x) only for x = 0 and for x = 3.34 which is
the median of the Xi . The results for the estimation of β(x) are shown in Table 5,
where we see a very small positive effect (favorable to efficiency) for Z1 and Z3 and
a more important unfavorable effect for Z2, which dominates the two other effects.
In addition, the effects seem rather “stable” relative to the two values of x . However,
in this illustration, the number of data points is too small to detect significant effects
(too large standard deviations).

Still, to illustrate the possibilities of the method, we also provide the scaled Schoen-
feld residuals for the three Z variables when x = 0 (we obtained qualitatively similar
picture for the case x = 3.34). Here, as seen in Fig. 8, there is no pattern confirming
that the Cox model seems to be reasonable to fit our conditional survival functions for
the 3 components.

Also, even if in this example the β does not seem to be really significant, still it is
useful to look at the basis survivor function S0(y|x) and at the conditional survivor
functions S(y|x, z) for selected values of x and of z. Figures9 and 10 display the
results for x = 0 and x being the median of the output X , respectively. In each
figure the values of z are chosen from small to large: from the minimum of each
components and the 3 quartiles of each components (see Table 6 for these 4 values).
The pictures indicate a global (jointly) unfavorable, negative effect of the Z variables
on the efficiency distribution, because as seen in Table 5, the unfavorable effect of
Z2 dominates. We see also that the two figures are qualitatively similar for the two
selected values of x .

Here too, we provide estimates of the conditional order-m frontiers ϕm(x, z) and
confidence intervals at any selected value of (x, z). For the point estimates, Table 6
displays the estimates for x = 0 and x = 3.34 at the 4 selected values of z described in
Figs. 9 and 11. We fix m = 10 which left around 5% of the schools below the order-m
input frontier. We see the global effect of Z on the order-m frontiers which is switched
to the right when z increases.

Note that, just for illustrative purpose, at x = 0 and z = z3, the bootstrap provides
a 95% confidence interval for ϕm(x, z3) given by [1.9068, 2.9610] (2000 bootstrap
loops and basic bootstrap method).

Finally, since the original study in CRR-paper was focused on the comparisons
between PFT and NFT schools, we complete our illustration by selecting this qualita-

123



Proportional incremental cost probability functions and…

2 4 6 8 10 12 14 16 18 20 22
-0.4

-0.2

0

0.2
Scaled Schoenfeld Residuals for the component 1 of Z

2 4 6 8 10 12 14 16 18 20 22
-5

0

5
Scaled Schoenfeld Residuals for the component 2 of Z

2 4 6 8 10 12 14 16 18 20 22
-1

0

1
Scaled Schoenfeld Residuals for the component 3 of Z

Fig. 8 Scaled Schoenfeld residuals for the three components of the Z variables when x = 0 as a function
of Yi

tive factor as an environmental factor. First the test of separability (200 random splits,
20 shuffles for jackknife bias corrections and 200 bootstrap replications) provides
high p-values of the order 0.60, so no reason to reject the separability assumptions.
Applying then the PICF model with the qualitative factor (Z = 1 for PFT schools and
Z = 0 for NFT schools) we obtain the following results for x = 0: ̂β(0) = 0.5503
with σ̂β = 0.2849 and a p-value slightly above 0.05, so not very significant but still a
positive value of β indicating a possible favorable effect of being a PFT school. Again,
more data would be required to get more discriminant results. We computed the val-
ues of ̂β(x) for higher values of x with similar magnitude but even less significance,
since the number of used observations decreases when x increases. We display below,
for x = 0 the plots of the basis survivor function and the conditioning on Z = 1
(PFT schools) one. In this case, the basis survivor is also the conditional to Z = 0
survivor function. We see clearly the favorable effect of being in the PFT group since
the conditional survivor is shifted to the left.

As a conclusion, it is clear that in this illustration, no definite conclusions can be
drawn due to the limited sample size, except the almost significant role of the effect of
being a PFT or a NPT school. But the exercise shows the flexibility of the method and
the possibilities of various analyses. Note that the effect of the family descriptors in
the CCR data seems to play a very weak role on the efficiency distributions but not on
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Fig. 9 Estimates of the survival functions S0(y|x) and S(y|x, z), when x = 0 (case 1), for 4 selected values
of z. From left to right and top to bottom panels, the minimum and the 3 quartiles, simultaneously for the
3 components of Z (see Table 6)

the shape of the frontier (the separability condition is not rejected). So it is certainly
better to use these descriptors as environmental variables rather than as “inputs”, as in
the original study of Charnes et al. (1981). In particular the variable Z2, the highest
occupation of a family member, does not seem, at first glance, to be favorable to
efficiency.

4.2.3 The data from GRDF

The next data set comes from the company “Gaz Réseau de Distribution de France”
(GRDF): we have information on 1241 distribution units for the year 2019. In this
illustrative example we will consider a cost variable Y (the annual cost of the pip-
ing network) and two outputs X1, X2 being the gaz consumption by the customers
(in kWH) and the length of the piping network (in kms). The managers at GRDF
consider the latter as a cost driver which induces the cost and not as an input. As
continuous environmental variables, we have Z1 the minimal yearly temperature in
the area covered by the unit and Z2 the surface of the area covered by the unit (in
km2). The variables Y , X and Z2 behaves like log-normal variables so we transform
these variables in logs. We have also for illustration a qualitative variable that is the
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Fig. 10 Estimates of the survival functions S0(y|x) and S(y|x, z), when x = 3.34 (case 3, the median of
X ), for 4 selected values of z. From left to right and top to bottom panels, the minimum and the 3 quartiles,
simultaneously for the 3 components of Z

Table 6 Estimation of conditional order-m frontiers ϕm (x, z) for 2 values of x and 4 values of z, in the
School data set

x = 0, nx = 68 x = 3.34, nx = 34
ϕ(x) 2.0000 3.0000

ϕm (x, z1) 2.3360 3.5774 z1 = 3.2400 1.8500 5.4600

ϕm (x, z2) 2.5923 3.7106 z2 = 12.2700 5.0950 18.5700

ϕm (x, z3) 2.7829 3.8068 z3 = 25.1900 7.1100 26.6700

ϕm (x, z4) 3.2789 4.1235 z4 = 37.4750 11.3700 40.8850

Here m = 10

region of France in which the units belong (they are 6 regions). We will show below
how to handle this kind of variable.

There are also some outliers in the data for Y and X (even in logs) so we use
the robust technique to eliminate these points that might create numerical instability
(we used the boxplots approach as described, e.g. in Section 1.1 of Härdle and Simar
(2019)). This reduces the sample size to 1186 units. Preliminary tests of separability
indicate that both Z1 and Z2 do not influence in a significant way the frontier level (p-
values between 0.66 and 1.00, according the chosen test statistics). So we implement
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Fig. 11 Estimates of the survival functions S0(y|x) and S(y|x, z), when x = 0 (case 1) for the PFT schools
(z = 1). The basis survivor is also the conditional to Z = 0 (NFT schools) survivor function

Table 7 Estimation of β for 2
values of x (min and median) in
the GRDF data

(x1, x2) (2.2809, 0.8007) (5.9134, 3.7209)
nx 1186 526

̂β1 0.0379 0.0176

σ̂β1 0.0193 0.0289

p-value 0.0490 0.5424
̂β2 −1.3501 −1.4471

σ̂β2 0.0411 0.0755

p-value 0.0000 0.0000

our PICF model to investigate the effect of these variables on the cost efficiency. We
use again the traditional exp(β ′(x)Z) as proportionality factor.

We computed the estimation of β(x) at 4 values for x : the minimum of the observed
Xi for each component (Case 1), and at the quartiles of the observed Xi for each
component (Case 2 to 4). To save space we present here only the value for Case 1 (the
min) and Case 3 (the median), corresponding to a median size unit (the two outputs
are highly correlated). The results are summarized in Table 7.

We see clearly that the variable Z2, the surface of the area has a negative effect for
the efficiency distribution which is highly significant and seems rather stable across
the 2 values of x considered. The minimal temperature (Z1) has a slightly significant
positive effect on efficiency, for small units only but even in this case, the effect is
quite negligible compared to the effect of Z1 which dominates.
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Fig. 12 ProbPlot of the Cox-Snell residuals when x is the min(Xi ) versus an Exp(1), GRDF data

As explained above, the literature on Cox model offers a battery of graphical diag-
nostic tools to check the validity of the model. We first may look to the ProbPlot of
the Cox-Snell residuals versus an Exp(1). To save space we present in Fig. 12 only
the case for x being at its minimal level (that would be sufficient if we assume that
β(x) = β, as in most of the traditional two-stage approaches). We see a reasonable
plot with only some discrepancy with the Exp(1) for high values. In a real analysis,
the practitioner would identify these few points and try to understand the reason of
these isolated discrepancies.

We can also have a look on the Schoenfeld residuals for both components Z1 and
Z2 to check the proportional hazard assumption. Figure13 does not indicate any clear
pattern, so the PICF model seems to be reasonable to fit our data.

We did the same plots for larger x equal to the median of each component and the
pictures are qualitatively quite similar.

To appreciate the effect of Z on the conditional efficiency, Figs. 14 and 15 display
the basis survivor function and the conditional to Z = z survivor functions, for two
values of x , as above (Case 1) the minimum of X and the median value of X (Case 3),
respectively. In each Figure we display the results for 4 different values for z. Since
the effect of Z1 is weakly significant and negligible compared to the effect of Z2, we
fix z1 = median(Z1) and for z2, we select the minimum and the 3 quartiles of Z2.

We see clearly the shift to the right of the conditional survivor function when Z2
increases, indicating larger probabilities to be far from the frontier. We observe also a
change of the basis survivor function which becomes steeper descendent for x larger,
indicatingmore concentrated distribution of the cost near the boundary for these values
of X ≥ x .
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Fig. 13 Scaled Schoenfeld residuals for the two variables Z when x is the min(Xi ), as a function of the
cost Yi (horizontal axis), for the GRDF data

Of course of particular interest for the practitioner are the conditional frontier
functions ϕm(x, z) that can be computed at any point (x, z), allowing to derive, e.g.
the order-m conditional cost efficiency for a unit operating at the level (x, y) and facing
the environmental conditions z. We fix the value of m = 350 which left around 5% of
the data points outside the order-m cost frontier. The estimates have been computed
here for the two selected values of x and the 4 values of z described in Figs. 14 and
15. The results are shown in Table 8, showing, as expected that the order-m frontiers
move to the right when Z2, the surface of the area covered by the units increases.

We can also provide confidence intervals for the values of ϕm(x, z) and of course
for the values of the derived efficiency measures. Just for illustration we did it for the
case where x = min(X) and z = z3 in Table 8.We obtain by bootstrap (1000 bootstrap
loops and basic bootstrap method) the 95% confidence interval [11.6214, 12.0597] for
ϕm(xmin, z3), which is rather narrow due to the large number of observations used for
this value of x .

Finally, to illustrate the flexibility of themethod, we analyze the effect of the regions
on cost efficiency, if any, by considering in our PICF model the conditional survival
function, given a qualitative variable. Since there are 6 regions we need to build a
design matrix Z with n rows and 5 columns to identify the effect of the 6 regions. We
adopt here the approach described, e.g., in Section 8.1 of Härdle and Simar (2019).
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Fig. 14 Estimates of the survival functions S0(y|x) and S(y|x, z), when (case 1), x is the minimum of the
2 components of X . For 4 selected values of Z , we have z1 which is fixed at its median and from left to
right and top to bottom panels, z2 is the minimum and the 3 quartiles of Z2

For instance we would have as row of Z for the region j , j = 1, . . . , 5, the j th row
of the identity matrix I5, whereas for the region j = 6, the row of Z is −i5, i.e.
minus a vector of ones of length 5. Then we may use the proportionality factor as
above, exp(β ′Zi ) with β ∈ R

5. Then the effect of the first 5 regions is directly given
by (β1, . . . , β5) and the effect of the 6th region is given by β6 = −∑5

j=1 β j [see
details in Härdle and Simar (2019)]. In our case here, the exercise gives the values
for x = xmin, ̂β(x) = (0.0425,−0.0234, 0.0213, 0.0885,−0.0687,−0.0177), but
none of these values are significantly different from zero, all the standard errors lie
between 0.11 and 0.48 so that all the p-values are above 0.50. So we do not develop
this analysis further, but it indicates how easy it is to handle with qualitative variables.

5 Conclusions

We have introduced the PICF model for analyzing cost efficiency and in particular the
effect of environmental variables on the production process. This can be viewed as a
semiparametric alternative to the semiparametric popular two-stage methods in this
literature. As for these two-stage production models, the “separability” assumption is
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Fig. 15 Estimates of the survival functions S0(y|x) and S(y|x, z), when (case 3), x is the median of the 2
components of X . For 4 selected values of Z , we have z1 which is fixed at its median and from left to right
and top to bottom panels, z2 is the minimum and the 3 quartiles of Z2

Table 8 Estimation of conditional order-m frontiers ϕm (x, z) for 2 values of x and 4 values of z, in the
GRDF data set. Here m = 350

x = min(X), nx = 1186 x = median(X), nx = 526
ϕ(x) 11.4275 14.0003

ϕm (x, z1) 11.4277 14.0003 z1 = 7.8857 1.1990

ϕm (x, z2) 11.7525 14.0316 z2 = 7.8857 3.5127

ϕm (x, z3) 11.9604 14.1708 z3 = 7.8857 4.1454

ϕm (x, z4) 12.2639 14.3759 z4 = 7.8857 4.8575

implicit in the PICF model. The methodology avoids to estimate in a first stage the
nonparametric frontier and due to that, it avoids the drawbacks of the semiparametric
two-stage approaches: poor rates of convergence like nκ , where κ is the rate of the
nonparametric estimator of the frontier (κ = 1/(p + 1) for the FDH case) and bias
correction problem in the frontier estimates.

We keep the
√
n-rates of convergence for the parameters of interest β (that may

be x-dependent, i.e. β = β(x)) and asymptotic normality which makes inference
quite easy. We provide also a semiparametric estimator of the order-m conditional
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frontier, with
√
n rate of convergence and asymptotic normality (compared to the rate

n2/(d+4) obtained for traditional nonparametric estimators, but of course at a cost of
our semiparametric flexible assumption). Here also the bootstrap is easy to implement
and provides the estimation of the variance of the estimators, when needed.

These various examples have shown the flexibility and the power our tool in con-
junction with the battery of existing simple graphical diagnostic checks for the validity
of the Cox proportional hazard model.

Straightforward extension is the use of Lasso methods for variables selection as
described in Tibshirani (1997). Future work would include testing methods for the
hypothesis β(x) = β and more generally, adapting the existing literature on Cox
model to develop a formal test for the validity of the PICF model.

A Appendix: Simulation of data

Simulating a data set {(Xi ,Yi , Zi )}ni=1 should be done with care. Usually researchers
specify a model for the frontier function ϕ0(x) then select a model to simulate values
of Xi and Zi and finally generate Yi for X = Xi and Z = Zi . Here we have to
generate the sample according to our PICF model which specifies that the survival
function S(y|X ≥ x, Z = z) = [S0(y|X ≥ x)]a(z,β(x)) for some basic survival func-
tion S0(y|X ≥ x) and some given functions a(·, ·) and β(·). So we need to recover
from our model the conditional distribution of Y given X = x and Z = z derived
from the PICF. We will denote by ˜S(y|X = x, Z = z) this conditional survival func-
tion where we use the ˜S notation when we condition on X = x , to distinguish from
S(y|X ≥ x, Z = z) defined above, where we condition on X ≥ x . Consider for
instance the corresponding quantile function

y = Q(u, x, z) = ˜S−1(y|X = x, Z = z), (A.1)

where Q is monotone decreasing with u. We know thatU = Q−1(Y , x, z) is uniform
on [0, 1] and independent of X and Z , so an easy way to simulate Y given X = x and
Z = z, is to generate Ui as uniform on [0, 1] and then define Yi = Q(Ui , Xi , Zi ).

The general form of Q(u, x, z) can be obtained as follows in order to satisfy the
PICF model. Some simple algebra leads to the equation

Prob(Y ≥ y | X ≥ x, Z = z) =
∫ ∞
x Q−1(y, t, z) fX (t |z)dt

SX (x |z) . (A.2)

So, for the PICF model, the function Q must satisfy

∫ ∞

x
Q−1(y, t, z) fX (t |z)dt = SX (x |z) [S0(y|X ≥ x)]a(z,β(x)) . (A.3)

Taking the derivativewith respect to x (with some abuse of notations below, for x ∈ R
p

the derivative ∂
p
x has to be understood as ∂ p/(∂x1 . . . ∂xp)) and equating both sides
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we obtain

− Q−1(y, x, z) fX (x |z) = − fX (x |z) [S0(y|X ≥ x)]a(z,β(x))

+SX (x |z)∂ p
x

{

[

S0(y|X ≥ x)
]a(z,β(x)

}

. (A.4)

After some tedious but simple mathematical developments, this leads to the equation

Q−1(y, x, z) = ˜S(y|X = x, Z = z)

= [S0(y|X ≥ x)]a(z,β(x)) − SX (x |z)
fX (x |z)∂

p
x

{

[

S0(y|X ≥ x)
]a(z,β(x)

}

,

(A.5)

which allows to define (at least numerically) its reciprocal Q(u, x, z) for any (u, x, z).
The expression is greatly simplified if we introduce additional assumption in themodel
we want to simulate.

Indeed, if we assume that the joint conditional survival function satisfies the Cox
model, i.e. SXY (x, y|z) = [S0(x, y)]a(z,β(x)) where S0(x, y) = S0(y|X ≥ x)S0(x),
we have

S0(y|X ≥ x) =
∫ ∞
x

˜S0(y|t) f0(t)dt
S0(x)

, (A.6)

where again ˜S0(y|x) is ˜S0(y|X = x), the correspondent of the baseline survivor
S0(y|X ≥ x) when conditioning on X = x . We also have SX (x |z) = (S0(x))a(z,β).
Therefore, Eq. (A.3) simplifies into

∫ ∞

x
Q−1(y, t, z) fX (t |z)dt =

[∫ ∞

x

˜S0(y|t) f0(t)dt
]a(z,β(x))

. (A.7)

In addition if we assume that β(x) = β, the derivative of both sides of (A.7) with
respect to x simplifies. Note also that fX (x |z) = a(z, β) f0(x)(S0(x))a(z,β)−1. After
some simplifications this leads to the equation

Q−1(y, x, z) =˜S(y|X = x, Z = z)

= [S0(y|X ≥ x)]a(z,β)−1
˜S0(y|X = x). (A.8)

So given the function a(z, β), the survival ˜S0(y|X = x) and the baseline density of
X , f0(x), we can compute S0(y|X ≥ x) by (A.6), and then the conditional survival
˜S(y|X = x, Z = z). By inverting (A.8), we have the quantile function y = Q(u, x, z)
for any u (at least numerically) and thenwe can simulate a valueYi , for a given (Xi , Zi )

according to the PICF model.
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