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Abstract
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well, Schmidt and Sickles (1990) and generalizes Park and Simar (1994) by exam-
ining the semiparametric efficient estimation of panel models in which the random
effects and the regressors have certain patterns of correlation. A model in which
this estimator may have particular promise is the stochastic panel frontier model.
In that model inefficiency may be correlated with certain determinants of technol-
ogy or proxies for heterogeneity in the application of that technology. Generalized
least squares or other estimators that fail to address this dependency structure are
inconsistent. We examine semiparametric efficient estimation for three different
models based on differing dependency structures. Efficiency of the slope parame-
ters and the asymptotic properties of the level of the frontier function are explored.
We illustrate our new estimator in an analysis of productive efficiency between se-
lected North American and European airline firms after domestic deregulation in
the U.S. and prior to recent European reforms implemented in the course of EC
integration.
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1 Introduction!

In this paper, we analyze the semiparametric efficient estimation of stochastic
panel frontiers in which the random effects (capturing economic inefficiency of the
firms) and the regressors have certain dependency structures. We extend the Park
and Simar (1994) model wherein the effects and regressors were assumed to be
independent by considering three classes of error and regressor dependency. The
first assumes no particular structure of dependence between the effects and the
regressors. In the second, structure is imposed by allowing dependency between
the effects and a subset of regressors. The third allows for dependency between
the effects and long run movements in a subset of regressors. Although the models
we consider are intended to apply to generic panel data problems, an appealing
empirical motivation for the appropriate treatment of them is in the estimation of
firm specific efficiency levels in a stochastic panel production frontier model (c.f.
Schmidt and Sickles, 1984; Cornwell, Schmidt and Sickles, 1990).

Section 2 discusses the three alternative models considered in our paper and
derives the asymptotic lower bound and the efficient estimator for different depen-
dency structures, termed Models 1-3. It appears that the within estimator is
efficient for the general setup of Model 1. However, due to the structure of de-
pendence in Model 2 and Model 3, the within estimator can be improved upon.
Under the setup of Model 2, which is our main contribution, we propose in sec-
tion 3 predictors of the individual effects whose construction utilizes the efficient
estimator of the slope parameters 6 and provide proofs of their asymptotic prop-
erties. We also discuss an estimator of the level of the frontier function B, which
is the upper boundary of the support of the marginal density of the effects o, and
examine its rate of convergence to the desired quantity. It is this boundary estima-
tor on which is based the estimates of firm specific relative technical efficiency. We
are unaware of any asymptotic results (beyond consistency) involving the level of
the frontier function when such dependence structure between regressors and ef-
fects exist. Section 4 uses the Model 2 estimator to illustrate our semiparametric
paradigm by studying efficiency differentials between North American and Euro-
pean airline firms during the period 1976-1990. Section 5 concludes. In appendix
1 we present briefly the general theory of efficient estimation of slope parameters
in the presence of nuisance parameters. Proofs of major theorems are in appendix

2.

2 Efficiency Bound and Efficient Estimators

The basic model we analyze, under its more general form, can be written as:

}/;t:tha-i-aZ-i-Elt 121,,N,t:1,7T (21)

IThe authors would like to thank Robert Adams for his valuable contributions to this and
earlier versions of the paper.



where X;; € RY, 0 € RY . The ¢;; are assumed to be iid random variables
from a N(0,0%). Let X; = (X/4,...,X[r). We assume that the (a;, X;)’s are
iid random variables having unknown density h(-,-) on R'™T. The support of
the marginal density of « is assumed to bounded above (or below). This bound
B provides the upper level of the production frontier or the lower level of, e.g.,
the cost frontier. Finally we assume that ¢’s and («, X)’s are independent. For
the stochastic panel production frontier model Yj; is the ¢-th observation on the
output of the i-th firm, X;; is a vector of the ¢-th observation of the d inputs of
the i-th firm and «; is an unobservable random effect that captures firm specific
inefficiency. The availability of panel data allows identification of realizations of «;
for a particular firm and thus overcomes the limitation of a single cross-section (or
time series) which allows only the identification of the expectation of a; conditional
on stochastic noise (Jondrow, Lovell, Materov and Schmidt, 1982). Normality is a
rather natural assumption for the within disturbance term based on central limit
arguments, while particular parametric distributions for the inefficiency terms are
less easily motivated. We will return to this issue below.2We consider below three
different structures of dependency between X and a. Model 1 refers to equation
(1.1) when no particular structure of dependence is assumed between X and a.
Model 2 refers to the case in which there is dependency between a subset of
regressors (Z) and the effects. The final model we analyze is one in which the
dependence between Z and « is through long run movements in Z, that is, Z
depends on « through Z. This is our Model 3.

The choice of which variables should be included in Z;; (Model 1 vs. Model
2/3) and the type of dependency structure for (a,z) (Model 2 vs. Model 3)
is contingent on the model and empirical setting. In the context of the stochastic
panel frontier production function, specification of Model 1 would lead to a semi-
parametric efficient estimator analogous to the dummy variable or fixed effects
estimator where no orthogonality restrictions are imposed between regressors and
effects and thus no time invariant regressors can be identified. Models 2 and 3
lead to semiparametric efficient estimators which are analogous to the estimator
of Hausman and Taylor (1981). Model 2 allows for general dependencies between
the effects and the regressors with which they are correlated, while Model 3 al-
lows dependencies only between the effects and average (long run) movements in
the regressors with which they are correlated. In a stochastic frontier production
function setting, this last dependency structure may be appropriate if the system-
atic shortfall in production (identified by the firm effect) due to misapplication of
technology by a firm, or to the presence of mismeasured binding constraints which
interfere with the application of best practice technology, tends to rise or fall only
when accompanied by systematic (long run) changes in factors which contribute

2A referee has pointed out two promising alternatives to our model in which the parametric
assumption of the normality of the population disturbance, the ”within” error, is replaced by
either a pure independence assumption yielding an adaptive estimator which is efficient or a zero
conditional mean assumption yielding a weighted least squares version of the within component.
Utilizing the latter assumption also would require nonparametric estimation of the conditional
variance (Robinson, 1988).



to its presence in the first place.

Throughout this section except in the discussion concerning Theorem 3.4, the
time period T is considered fixed. We now proceed to derive the asymptotic
lower bound for estimating # = (3,7)’ in the presence of nuisance parameters o2
and h for our three classes of dependency structure. The efficient semiparametric
estimator of 6 attains this lower bound.

2.1 Model 1

Now we will make explicit the information bound for the Model 1. Recall that
Model 1 is:

Y;;t:the-FOéi-i-Eit izl,...,N;tzl,...7T (22)
Let Y = (Y1,...,Yp), X = (X{,..., X)) for the generic observation (X,Y).

Let S¢(0) = Y; — X0 and U;(0) = S;(0) — S(6) where S(0 -1 Z S¢(0). Simi-

T T

larly, X =771 X, Y =T7'Y V,and7 = 0/VT. Let Sy = E(T~" Z(Xt—
t=1 t=1 =

X)(X;— X)') which is assumed to exist and to be nonsingular. Utilizing the basic

results on construction of semiparametric efficient estimation discussed in appendix

1 as well as the notation contained therein, we have the following theorem:

Theorem 2.1

The efficient score function and the information bound for estimating 6 in
Model 1 are given by

T

f* = 0'_2 Z Ut(O)Xt

t=1

The proof is in the appendix. The efficient estimator of # for Model 1 is given
by the following:
Corollary 2.1

The within estimator

N T
HN— NTZW 122 ’Lt_ z 'Lt ?z)

N T
where Sy = (NT) ™! Z Z i — X)) (X — X3)'



is efficient in Model 1.

Proof: The within estimator is the OLS estimator of 6 obtained by regressing

(Yie —Y) on (X;: — X). It is indeed straightforward to show that as N — oo, we
have B
Lp(VN(y —0)) — N(0,7 25}

Remark 2.1. When there is no correlation between the effects and the regressors
the within estimator is no longer semiparametric efficient. In this case the semi-
parametric efficient estimator for the pure random effects model is the one derived
in Park and Simar (1994).

2.2 Model 2

This model can be written as:
Yie = X,B+ Zj,y +a; +ei (2.3)

where X;; € R and Z;; € R? where d = p +q. Given Z; = (Z},,...,2Z;), we
add a further assumption that «; and X; are conditionally independent. In other
words, the density of the («;, Z;, X;)’s may be written

fla,z,2) = h(a, 2) g(x]2) (2.4)
where h(-,-) is the unknown joint density of («y, Z;) and g(+|-) is the conditional
density of X; given Z;. As in Model 1, the support of the marginal density of «

is bounded above (or below). We see from (2.2) that Z and o may be dependent
but the dependence between X and « passes through Z.

Consider as above the generic observation (X, Z,Y"). Here S;(0) =Y; — X|8— Z}~,
T

again U;(0) = S;(0) — S(0) and Z =T} Z Zy. Let

t=1
w(s, z) = /(b;(s —u)h(u, z)du = ¢z * h(-, 2)(s)
be the joint density of (S(6), Z) on R**77 and

w'(s,2) = %w(s, 2).

Ioz/(wul))Q (s,2)dsdz

Let




Define

(X — X) (X — X))

N

Yw(X)=FET!

o~
Il
—

Sw(Z)=E(T ") (Z—Z)(Z:— Z)")

M=

o~
Il

1
T

Sw(X,2) = BT Y (X, - X)(Z ~ Z))
t=1
S5(X|2) = E(X ~ E(X|2))(X ~ B(X|2)))

Throughout this paper we will assume that Iy < oo and that the within moment
matrices Xy and the between moment matrix exist and are nonsingular.

Theorem 2.2

Let ¢* = (é;;l, é;l)’ . The efficient score function and the information bound for
Model 2 are given by

T
=07 Y U0~ (X — B(X12)) (56),2)

SN

T
=02 "U(0)Z
t=1

572zw(X)+IozB(X|Z) 67221/[/()(, Z)
I(P;0,P) =
7Y (X, Z) 7 22w (2)

The proof is in the appendix.

Remark 2.2. The normality assumption simplifies the derivation of the
semiparametric efficient estimator and allows us to focus our attention on two
questionable assumptions often made in the production efficiency literature, spe-
cific a priori parametric forms for the distribution of inefficiency and independence
of ineffiency and regressors. Moreover, we are unaware of any stochastic frontier
models which utilize parametric distributions for the disturbance other than the
normal (see, e.g., the extensive surveys by Schmidt, 1985; Bauer, 1990; Greene,
1996). However, as pointed out in section 1, this assumption could in principle
also be lifted. To outline one approach for such an estimator consider the model
of Park and Simar (1994). In addition to the independence assumption between
Zit, €, and «, let us assume that (e — &, ..., ;7 — &) is independent of a; + €;.
Let g, fuw, and f; be the density of (X1,...X7), (€ix — €, ..., €i7 — €), and «; + €;,
respectively.



Then the log likelihood of the generic observation (X,Y) = (Xy,..., X7,Y) is:

LY, X3, fu, fo) = log g(X) + log fu(Ur(B),...,.Ur(B)) +log f5(S(8))

The efficient score for estimating 5 can be shown to be

= (X - BX)— (X - EX)}" }”—jwm, Uz (8) —(X—E(X))%(g(ﬁ))

where {-}" denotes the transpose. The information bound then can be obtained
from this efficient score.?

Remark 2.3. When h and o2 are known, the ¥5(X|Z) in the information bound
is replaced by EX X

Remark 2.4. It can be seen that the information bound I in Theorem 2.2 co-
incides with I(P;6,1Pg) where Py is a regular parametric submodel obtained by
parameterizing the density of (a, Z) by hy, (e, 2) = h(a—p—n'z, z) where h(a, z)
is the fixed density of (v, Z) under P. This is the least favorable regular parametric
submodel of IP.

For later use let us define

Sw(X)  Sw(X,2)
Sw =
Sw (X, Z) Sw(Z)

We now construct an efficient estimator of 6. The idea is to proceed as in the
classical estimation of the location problem: Let ¢ = I —Lgx, This is called the
efficient influence function having the properties E[¢] = 0 and E[(¢'] = 1.

(a) Find a consistent estimator 6y of 0.

(b) Consider { as Z(m, 2,9,0,0%,h, g). Construct a suitable estimator
E('v %y '79;X17 ZI7Y17 e 7XN7 ZN7YN) of é(? ) '797027h7g)‘

(¢) Form

N
On =On + N UXi, 2, Y5, 083 X1, 20, Y0, X, 2, V)

i=1

3We test the within residuals for departures from normality in the empirical illustration in
section 5 below and find no evidence of nonnormality.



as the efficient estimator. The above construction is motivated by the fact that

N
N=V2ST WX, Z0,Y3,60,0% b, g)

i=1

is asymptotically N(0,171).

For a preliminary estimator On of , we can use the within estimator obtained
from regressing Y;; — Y, on X;; — X; and Z;; — Z; by the ordinary least squares
method. In fact,

éN=<ﬁN> (NTSw) {NjZ( Zt_i )(Yit—ﬁ)

i=1 t=1

where Sy is the sample version of Xy . As pointed above, as N — oo (with fixed
T), we have

Lp(VN(ly —0)) — N(0,5°S,1).

In view of Theorem 2.2, the within estimator is not efficient. However, it al-
ready lies in a N'/2-neighborhood of 6, which is enough for the final estimator
given below to be efficient. An alternative preliminary estimator of ¢ is the Haus-
man and Taylor (1981) efficient instrumental variables estimator®. Let M project
the data into individual means and ) project it into deviations from individual
means, i.e. M = IN®eTe/T/T, Q = In7— M, where ey is a (T x 1) column vector
of ones. If we use the standard stacking conventions for the data in Yj;, X, Z; so
that the first 7" observations contain the time series for the first cross-sectional unit
and so on, then the within estimator for 6 is 6 = [(X, Z2)'Q(X, Z)]7! (X, Z)'QY .
The Hausman and Taylor estimator is

é — [(X*, Z*)'(X*,Z*)]fl(X*,Z*)’Y*
where, e.g. Y7 = [Viy — (1 — ow/VTop)Y;] and the instrument set for Z is
[QX,QZ, MX]. In view of the efficiency gain due to the use of additional instru-
ments M X, the Hausman-Taylor estimator is more efficient than within, but in
light of Theorem (2.2) it is not efficient. It can serve, however, as an alternative
root-N consistent estimator on which the efficient estimator is based®.

To construct the efficient estimator, define an estimator of w by the (1 4+ Tq)
dimensional kernel estimator,

T q
w(s, z,0) 1ZKSN s—i—(&))HH sn (Ztk — Zitk) + N
t=1 k=1

4Other consistent first step estimators could also be used, e.g. Amemiya and McCurdy (1986)
and Breusch, Mizon, and Schmidt (1989).

50f course the within estimator could be preferred on the gounds of robustness with respect to
misspecified orthogonality between effects and selected regressors and/or low power of standard
tests to detect such misspecified orthogality.




where K(t) = K(t/s)/s, K(t) = e '(14+e7%)72 and sy, cy tend to zero at some
proper rates as specified below. Note that we use the same kernel function K and
the bandwidth sy for both S and Zy, (t =1,...,T;k = 1,...,q). One may use
two different kernels and bandwidths here, but we avoid this just for the simplicity
of presentation. A straightforward extension to the latter case is possible.

Define v
=SS vRO)/NT - D)

i=1 t=1
To estimate at v/N-rate F(X|Z) in ¢ and Xp(X|Z), we need a parametric
form for E(X|Z). So, we assume, for example®,
E(X|Z)=a+ AZ

where a is a p x 1 vector and A is a p x T'q¢ matrix.

Then, one can estimate a and A at the V/N-rate by the standard least squares
methods. Call the estimates by @ and A and let p(Z) = a+ AZ, p(Z) =4+ AZ.
Define

B(X12) = 5 Z (X~ p(Z0))

The efficient estimator, as prescrlbed above is now defined by

where

TSw(X)/62 + 103p(X|2) TSw(X,Z)/52

j =

TSw(X,Z) 52 TSw(Z))62
. 1 /a\2 _
10:N2(E) (Si, Zi, On)

and 52, Uy, S; are used for &2(§N), Uit(éN), gi(éN).
Let {¢n}, {sn} be such that

en — 0, sy —0, Ncxsh — oo

SHigher order polynomial in Z or other parametric forms could also be used but for simplicity
we propose a linear model for E(X|Z).



as N — oo. Let hy and ho denote the marginal density of @ and Z respectively.

Theorem 2.3. Assume E(e”y') < oo for some ¢t > 0, and /|u|2h1(u)du < 00.
If Ay, hy are bounded, then

Lp(VN(By —0)) — N(0,I71).

The speed of the bandwidth sy required for Theorem 2.3 is not dependent on the
value of T and ¢ since how fast sy should go to zero is determined by the value k

such that .
@)

k 7(8,279)’ < 00 (2.5)

sup Sir
s,z,0

. K
where, W) (s, z,0) = ﬁw(s, z,0) and it is easy to see that the value of k ensuring

S
(3.5) is k = j.

Remark 2.5. The conditions imposed on h in the statement of the above theorem
do not affect the form of the information bound in Theorem 2.1 if the underlying
probability distribution P belongs to the reduced model IP; (C IP) induced by those
conditions and on extra one [ | z |? ha(z)dz < oo. This is clearly seen from the
fact that the least favorable regular parametric submodel Py described in Remark
2.3 is contained in Py so that I(P;6,1P1) = I(P;6,IP).

It would be interesting to investigate the asymptotic properties of 6y when T

also goes to infinity. For this, we need to assume that R; = (X/,, Z],)" are i.i.d.

p + g-dimensional random vectors from unknown density function ¢;. Append
the subscript T' (in addition to N) in all the corresponding sequences of random
vectors and numbers. The following theorem will be useful in the next section. It
requires additional assumptions on the consistency of the first step estimator Oy 7
which are shared by the within estimator of 6.

Theorem 2.4. Let R denote the generic observations R;;. Suppose E|R|? < oo
and E(R— E(R))(R— E(R))’ is nonsingular.
(i) If

VT(On1 —0) = 0,(1) when N is fixed and T — oo (2.6)

then, when N fixed, T — oo and T's}, ; — o0,
VT (Onr —0) = 0y(1)
(ii) Further if
V(NT)(@yx 1 —6) = Op(1) when both N,T — oo (2.7)

then, when N, T — oo, TS?V’T — 00 and NT_ls;,?T = 0(1),

VNT (67 —0) = 0,(1).

10



2.3 Model 3

This model differs from Model 2 by the addition of the following restriction on
the joint density of (¢, z) :

ha, 2) = ha (e, Z)p(2) (2.8)

The theory is essentially the same as in Model 2 but due to the additional
restriction (2.3) , we have here to consider

w(s,z) = /qb;(s —u)hp(u, z)du,

the density of (S(), Z). As in section 2.2. we have the theorem analog to theorem
2.2. Let B o S o
25(X[2) = B(T™Y(X - E(X[2))(X - E(X|Z))")

and as above let N2
Ip= / LG iy
w(s,Z)

We have the following result:

Theorem 2.5. The efficient score function, £* = (KZ,/,Q), and the information
bound for Model 3 are given by:

g |8

05 =023 U0)X, — (X — B(X|Z))>(5(0),Z)
t=1

T
f: = 0'_2 Z Ut(H)Zt
t=1

72w (X) + [S5(X|2) 725w (X, 2)
I(P;0,IP) =
7Y (X, 2) 7 2w (2)

The efficient estimator in this case may be derived, mutatis mutandis, as in
Model 2.

3 Individual effects and level of frontier function

In this section, we analyze, under the setup of Model 2, the predictors of the
individual effects and the estimator of the level of frontier function. The adaptation
for the other models is straightforward. We append the subscript 7" in all the
related quantities to stress their dependence on T'. Given the efficient estimator
HAN,T at hand, it would be natural to predict «; by

& = Si(On 7).

11



In this section, we investigate how fast &; — «; goes to zero as T' (and/or N) goes
to infinity. Note that, with fixed T', it is easy to see, from the results of Section 3,

di — QG = Op(N_l/Q)

for each i. As in Theorem 2.4, we need to assume that R; are i.i.d. p + ¢-
dimensional vectors from unknown density g;. In the following theorem, N may
be fixed or tend to infinity.

Theorem 3.1. Under the assumptions of Theorem 2.4., as T' — oo and Ts?\hT —

oo,

Lp(VT(&; — a;)) — N(0,02).

Remark 3.1. When one is interested in predicting the difference a; — «; (the
relative technical inefficiencies of the i-th firm with respect to the j-th firm),
one can predict this by &; — &;. This predictor has the asymptotic N (0,202)
distribution when normalized by v/T under the same assumptions of the above
theorem.

If we let B denote the upper boundary of the support of hy, then the frontier
function will be B + '3 + z’v. Since we already have an efficient estimator of 6,
it remains to estimate B to get an estimator of this function. A natural estimator
of this quantity would be

B = max Ei(éNﬂ").
1<i<N
The following two theorems will be useful to investigate the asymptotic property
of this estimator. For this let a(y) = 1r<nia<>§v Q;.

t|R|)

Theorem 3.2. Under the assumptions of Theorem 2.4 and if E(e < oo for

some t > 0, as T — oo and T's%, 7+ — 00,

(i) when N is fixed,

(ii) when N goes to infinity,
VT(B — a(n)) = Op(log N).

How close o) is to B is illustrated by the following theorem. For this, suppose
the density hy satisfies
hi(B —u) > Cu® (3.9)
as u | 0 for some constant C' > 0 and § > 0. This condition requires that the
density h; should have a certain amount of mass near the boundary point B.

Theorem 3.3. Under the assumptions of Theorem 2.4 and the condition (3.9),
as N — oo,
1
a(N) - B= Op(Nim).

12



The implication of Theorem 3.2 and 3.3 is clear. For example, when 6 = 0
(the case where the density at the boundary stays away from zero, such as shifted
half-normal and exponential),

B—B=0,(T""%logN + N71)

if both N and T go to infinity.

4 An empirical illustration

We next implement the semiparametric efficient estimators in the stochastic panel
frontier model using data from fifteen North American and European airline firms
during the period 1976-1990 to ascertain the relative efficiency of particular carriers
as well as the relative efficiency of the North American and European airline
industries. One might expect that inefficiencies existed in the European airline
industry during this period while the regulatory reforms from European Union
were not yet in place but those from U. S. airline deregulation largely were. We
specify a Cobb-Douglas production function in which the natural logarithm of
output is specified to be a linear function of the natural logarithms of factor inputs.
As with Schmidt and Sickles (1984) and Cornwell et al. (1990) we interpret the
firm effect in the panel production function as technical inefficiency.

The airline data set consists of an annual panel of the eight largest European
carriers (Air France, Alitalia, British Airways, Iberia, KLM, Lufthansa, SAS, and
Sabena) and seven American carriers (American, Continental, Delta, Eastern,
Northwest, TWA, and United) which operated during the period 1976 and 1990
and which supply virtually all of the scheduled international traffic of the U.S.
airline industry. The primary source for our data is the The Digest of Statistics
from the International Civil Aviation Organization (ICAQ). Using this source,
we construct a set of four airlines inputs: Labor, Energy, Materials and Aircraft
Fleet. In addition, aggregate airline outputs and several of its characteristics are
constructed. Details of data construction for a subset of carriers and a shorter
panel can be found in Good et al. (1993).

The labor input is an aggregate of five separate categories of employment used
in the production of air travel. These categories include pilots (as well as copilots
and other cockpit crew), flight attendants, mechanics, ticketing and passenger
handlers, and other employees. A Tornqvist multilateral index number is used to
aggregate these subcomponents.

Expenditures on supplies, services, ground based capital equipment and energy
are combined into a single residual input aggregate called materials. Purchasing
power parity exchange rates are adjusted by allowing for changes in market ex-
change rates and changes in price levels. Fuel expenses are given for each carrier in
ICAOQO’s Financial Data Series. The airline’s fuel price is estimated as a weighted
average of the domestic fuel price (weighted by domestic available ton-kilometers),
and regional prices (weighted by international available ton-kilometers in the rel-
evant region). These subcomponents are aggregated using the same multilateral

13



index number procedure and are termed materials.

Detailed information for aircraft fleets is provided in ICAQ’s Fleet and Person-
nel Series. In addition to counts of the total number of aircraft, we construct the
percentage of the fleet which is widebodied (a measure of average equipment size)
and the percentage of the fleet which is turboprop (a measure of aircraft speed).

Information regarding the carrier’s physical outputs are obtained from ICAO’s
Commercial Airline Traffic Series. We consider three subcomponents of airline
output: passenger service, cargo operations, and incidental services (which in-
cludes equipment leasing, maintenance provided to other carrier’s equipment, etc.).
Revenues for passenger, cargo and incidental outputs are obtained in ICAO’s Fi-
nancial Data Series. The country’s purchasing power parity is used as a price
deflator for incidental output. Revenue ton-kilometers is used as a quantity de-
flator for passenger and cargo outputs. These three components are aggregated
into a single output using a multilateral index number procedure. Capacity ton
miles is then derived as the ratio of revenue ton mile and passenger load factor.
Two characteristics of airline output are also calculated - average stage length
which provides a measure of the length of individual route segments in the car-
rier’s network and the number of route kilometers which provides a measure of
total network size.

The specific form for the Cobb-Douglas production function has ¥ = In (ca-
pacity ton mile service); X = {In (capital), In (materials), percentage of the fleet
turboprop, percentage of the fleet wide bodied, In (average stage length), In (net-
work size), In (loadfactor), time}. For Model 1 [eq. (1.1)], whose semiparametric
efficient estimator is within, we include In(labor) in the X vector. For Mod-
els 2 and 3 [eq. (1.2)] we focus on correlation between the inefficiency effects
and the single regressor Z = In(labor). Roeller and Sickles (1994) examined pat-
terns of misallocation of factor inputs for the European airline industry and found
that there was substantial over-use of labor by the European carriers due to the
presence of strong unions and the difficulty with which those firms could lay-off
workers, a fact brought home by the recent (1993) aborted attempt by Air France
management to reduce its labor force. We also focus on a single regressor due to
the “curse of dimensionality” problem of multivariate kernel density estimation in
higher dimensions than those examined herein. Product kernels can be specified
in principle for arbitrary numbers of correlated regressors. Estimation of two-
dimensional kernels is possible with our cross-section of 15 firms, but estimation
of higher dimensional kernels does not appear to be. The dimensionality problem
is also a constraining factor in the implementation of the semiparametric efficient
estimator for Model 2 since it requires a (1+Tq) dimensional kernel estimator,
which for the international airline example is a sixteen dimensional kernel estima-
tor (T=15, q=1). Model 3, however, in which the effects a (technical efficiencies)
are correlated with Z (long run changes in In labor), can be implemented since
it only requires a (1+q)=2 dimensional kernel estimator. Clearly, the types of
data sets which would be most promising for the Model 2 estimator in frontier
productive efficiency modeling would be ones in which the number of firms was
large relative to the number of time periods. Public use data of this sort is not
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widely available. The applicability of the large sample theory developed in the
earlier sections should thus be viewed with some skepticism and thus our results
should be viewed as illustrative.”

Efficient semiparametric estimates and standard errors for Model 1 (within)
and for Model 3 (along with the first step Hausman-Taylor estimates) for the
stochastic panel frontier production function are provided in Table 1.2 ° A plot
of the within residuals in Figure ?? reveals a strong normal pattern which is
confirmed by a Kolmogorov-Smirnov (KS) statistic for the within residuals of
0.0409 (K Sp.05 = 0.0907). We base the efficient estimator of # on a bandwidth s
chosen by a bootstrap procedure. The bootstrap choice of s is s* = arg, min C(s)
where

M !
C) = (/M) & [0 )~ e ()] I () — ()]
m=
and é;‘v(?)(s) denotes the m-th pseudo sample bootstrap version of 6y 7(s) using
bandwidth s. Our estimates are based on M = 1000 and consisted of a grid search
in the interval [0.1,2.0]. The optimal value of s* was 0.271'%. We then reestimated
0 using this selected bandwidth on the original data.

As Table 1 indicates, output elasticities of the factor inputs are stable across
the different estimators. Technology was assumed to have long run constant re-
turns to scale with respect to these factor inputs. The test of constant returns to

7A referee has pointed out that comparability of the number of regression coefficients to both
N and T may explain why the additional ”"between” component of the efficient estimator doesn’t
add much to the results. We have conducted a limited Monte Carlo experiment based on Model
3 using regressors and correlation structures similar to those in our empirical illustration. In
these experiments we vary N and T from 15 to 500 and utilize both our kernel estimator as well
as higher order bias reducing kernels. There is no evidence of bias with sample sizes of N=15 and
T=15. Root mean squared error and absolute mean deviations based on 500 simulations range
from 10% to 1% of the value of the parameter estimates. These fall to between 7% to .6% for
N=50 and T=15. Bias-reducing kernels did not appear to have any systematic advantage over
other kernels.

8 As pointed out by referees and as discussed in Sections 3 and 4, our semi-parametric efficient
estimator requires large N and T for both consistency of the boundary function which allows us
to identify the most efficient firm and of our coefficient estimates. Our estimates should thus be
viewed as illustrative. However they also point to inefficiency gaps between Europe and American
firms which are in keeping with the 10%-15 % cost reductions recently put in place (or attempted)
by a number of the European firms in our sample. Our estimator also requires independence of
different cross-section observations. This may be particularly suspect in the European industry
were collusion may vitiate the integrity of this assumption. However, in recent work by Roeller
and Sickles (1994) using a two stage product-differentiated game, the European industry was
found to have relatively little market power due to collusion. In fact, firms compete significantly
more than a standard Nash game would suggest. On the other hand, significant monopoly power
is identified in domestic markets. Price mark-ups appear to be due to inefficiency which firms
can pass on to consumers as well as to market niches.

9A referee has raised the question of why firm effects and not time effects are emphasized in
our empirical illustration. Our motivation is basically an empirical one. Earlier work by Sickles
(1985) and Good et al. (1993) have found time effects to be of marginal significance and neglible
relative to firm effects for both the U.S.and European carriers.

10The average standard deviation for S and Z was 0.315. Our bootstrapped bandwidth is in
the range of standard bandwidths used in two-dimensional density estimation (see, for example,
Table 4.1 of Silverman, 1986).
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Figure 1: Plot of the within residual’s empirical cdf versus a normal cdf.

scale in the provision of capacity service is accepted at conventional significance
levels using the within estimates, a finding in keeping with the bulk of empiri-
cal work in this industry, and is imposed in the three sets of estimates. Average
annual productivity growth over the sample was a relatively healthy 2.2-2.3% for
these firms. Owing to their clear size disadvantage, fleets of turboprop aircraft
were unable to provide the route capacity enjoyed by jet aircraft. A 10% increase
in density (ten percent reduction in number of route kilometers flown) would tend
to increase the provision of route capacity by about 1.6 percent. The model fits
for the three estimators are quite comparable. A Hausman-Wu specification test
on the orthogonality conditions embedded in our efficient semiparametric (versus
those of the within estimator) yielded a x2-statistic of 11.67 which is significant at
only the 11% level and indicates that the orthogonality of firm efficiency levels with
variables other than long-run movements in the labor force cannot be rejected at
conventional significance levels. Finally, Table 1 points to 17-33% efficiency gains
of the semiparametric efficient estimator over the efficient instrumental variables
estimator of Hausman-Taylor. Table 2 presents the firm specific relative efficiency
levels [(see Remark 3.1)] and rankings based on the three estimators!!. The levels
and rankings vary only marginally and point to an efficiency gap of 10 to 15% be-

1Standard errors for the relative ineffiiciencies are not available because they involve the
asymptotic distribution of the difference between the random inefficiency and the maximum of
the random inefficiency terms over the N firms in the sample. Such an asymptotic distribution has
not yet been developed. We can, however, provide measures of samplying variation of (&\Z - o/[J)
and calculate this variation conditional on a particular selection for o’:j — —the maximum of the
@ (i=1,...,N). Based on estimates from the within, Hausman-Taylor, and the semiparametric
efficient estimator, the standard errors of these differences are 77?7 0.0253, 0.0262, 0.0233777.
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tween the European and American carriers. The lowest ranked European carriers
are Alitalia, Iberia, and SAS and they have been hemorrhaging financially during
the 1990’s. Of the lowest ranked American firms, Eastern has left the industry,
and Continental emerged from bankruptcy just after the sample period ended.

5 Conclusions

This paper has introduced a new set of semiparametric efficient estimators which
can be used to model random effects in panel data models. If all the regressors are
allowed to be correlated with the effects (Model 1) then we have shown that the
semiparametric efficient estimator is the traditional within estimator. When infor-
mation is available that the effects are orthogonal to selected regressors (Models
2 and 3) within is no longer semiparametric efficient and we have derived the
estimator under two different assumptions about short-run/long-run correlations
between selected regressors and the effects. We have illustrated one of our new
estimators (Model 3) by considering a newly constructed panel of European air-
lines and their American competitors to ascertain efficiency differentials in the
provision of capacity service while allowing for inefficiency to be correlated with
long-run adjustments in the personnel of national flag carriers. Often the national
flag carriers are viewed by their governments as an extension of government and,
as such, the potential for labor slack is quite real. Efficiency differences between
the European and American carriers in our sample point to a gap of approximately
15% over the sample period 1976-90.
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Table 1

Within, Efficient IV, and Efficient Semiparametric Estimates

Variable

InCapital

InLabor

InMaterials

Percent Turbo

Percent Wide

InStagelength

InNetworksize

InLoadfactor

time

Adjusted R?

Parameter

and Standard Errors

Within

Error

0.2952 0.0526

0.5204 0.0543

0.1844 0.0349

—0.4979 0.1336

0.0074 0.1216

0.1947 0.0751

—0.1600 0.0277

1.5351 0.1417

0.0230 0.00262

0.8710

20

Standard

Efficient 1. V.

Parameter Standard

0.3341 0.0477

0.4943 0.0507

0.1716 0.0345

—0.4495 0.1282

0.1065 0.1148

0.2687 0.0697

—0.1625 0.0259

1.5286 0.1408

0.02220 0.00256

0.8437



Table 1 (continued)

Efficient Semiparametric'?

Variable Parameter Standard

Error
InCapital 0.3353 0.0395
InLabor 0.4939 0.0408
InMaterials 0.1708 0.02618
Percent Turbo —0.4459 0.1003
Percent Wide 0.1122 0.0913
InStagelength 0.2727 0.0563
InNetworksize —0.1624 0.0208
InLoadfactor 1.5282 0.1064
time 0.02216 0.00197
Adjusted R? 0.8452

12The efficient instrumental variables estimator of Hausman and Taylor is used as the prelim-
inary estimator to form the efficient semiparametric estimates.
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Table 2

Relative Efficiency Levels and Rankings of
European and American Airlines in the
Provision of Capacity Service (1976-1990)

European
Carriers

Air France
Alitalia
British Air
Iberia
KLM
Lufthansa
SAS
Sabena

American
Carriers

American
Continental
Delta
Eastern
Northwest
TWA

United

Within

Level

0.799

0.663

0.738

0.565

0.851

0.764

0.546

0.716

0.765

0.737

0.767

0.727

1.000

0.828

0.826

Rank

13

14

15

12

10

11

22

Hausman-Taylor

Level Rank
0.816 5
0.696 13
0.766 9
0.609 14
0.862 2
0.806 7
0.589 15
0.754 12
0.784 8
0.756 11
0.812 6
0.760 10
1.000 1
0.845 3
0.844 4

Efficient Semiparametric

Level Rank
0.815 5
0.698 13
0.766 9
0.611 14
0.861 2
0.808 7
0.591 15
0.755 12
0.785 8
0.757 11
0.814 6
0.762 10
1.000 1
0.846 3
0.845 4



Appendix 1

The notion of efficient estimation in semiparametric models is well established
in Begun, Hall, Huang and Wellner (1983), Bickel, Klaassen, Ritov and Wellner
(1993), and Pagan and Ullah (1994). An excellent survey may be found in Newey
(1990). Below we briefly outline the basic ideas in our context. Throughout this
section the time period T is considered fixed.

Write (X, Z,Y) for “generic” observations. Let IP be the set of all possible
joint distributions of (X, Z,Y). Let 8 = (3’,7)’. One calls IP a regular parametric
submodel of IP if IPo(C IP) can be represented as {Py,) : 0 € R%, 7 € S open
c R*} and at every (6o, 7o) the mapping (8,7) — Py, is continuously Hellinger
differentiable (see Ibragimov and Has’minskii 1981, Section 1.7).

Suppose P(= Py, ,)) belongs to a regular parametric submodel Py of IP.
Then the notion of information bound and efficient estimation of 6 are well de-
fined. Let L(X, Z,Y, 6,n) denote the log likelihood of an observation from P .
and let £o(X,Z,Y) = 0/00|(9, 5, and £, (X, Z,Y) = 0L/On;|(9,,n,) Where n =
(m,...,mk). Then,

k k
I(P;0,1Py) = Elty — Zc;enj]w@ - Z cily,)
j=1 j=1

where ¢j is a d-dimensional vector uniquely determined by the orthogonality con-
dition:

k
Ellg = cily )y, =0 j=1,... .k
j=1

In fact, the information I(P;60,Py) given above is nothing else than the inverse of
d x d top-left partition of [E(¢¢')]~! where £ = (£, Ly, ... Ly, ).
Moreover, it can be also written as

I(P;0,Py) = EC*¢*

where

0 =Ly — m(lo[6y)),

[¢,] denotes the linear span generated by {£,, }*_,, and 7(¢|.S) denotes the vector of
projections of each component of £ onto the space S in La(P). In other words, we
project the scores with respect to the slope parameters onto the nuisance parameter
tangent space and then purge the scores of these projections to get the efficient
score, which is then orthogonal to the nuisance parameters. An estimator of
0 is called efficient if it is asymptotically normal with mean zero and variance
N=I7Y(P;0,1P).

The above discussion applies when P ranges over IPy. Clearly, if we only
assume that P € IP we can estimate no better than if we assumed that P € IPy.
Accordingly, let I(P;0,IP) = inf{I(P;0,1Py) : Py is a regular parametric submodel
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of P, P € Py} be the information bound for estimating § under IP. An estimator
0 is now called efficient in IP if

Lp(VN(y —6)) — N(0,I"(P;6,P)).

A method of finding I(P;0,1P) is well explained in Bickel, Klaassen, Ritov and
Wellner (1993). Let C denote the class of all regular parametric submodels con-
taining P, and let [¢,(IPy)] denote the linear span generated by ¢, for a submodel
IPy. Then I(P;6,P) can be obtained by

I(P;0,P) = EC*0* (X, Z,Y)

where
= ég - 7T(€9|V)

and V is the closed linear span (called tangent space) of the union of [¢, (IP)] when
Py ranges over C. The random variable ¢* is called the efficient score function.

Appendix 2

Proof of Theorem 2.1.
With the notations of section 2.1., the log likelihood of (X,Y’) can be written:

T
> (v, - Xx[0)

T — (Y_Y’ey
0 52 _ 2\ t=1
L(X,Y;0,0%,h) = —Elog(27m ) — o3 L
= </
Y — X 0 —u)?
+10g/eXp{—%}h(u,X)du

Let
w(s,z) = /¢5(5 —u)h(u,z)du = ¢z * h(-,z)(s)

be the joint density of (S(#), X) on R**7? and w'(s,z) = gw(s,x)
s
Then,

T

56:% = 0722Ut(a)xt—f%(§(9),)<)
T
- U L CORSES

(@ (S(0) — u))h(u, X)du/w(S(9), X)}
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Now
V=Vi+V

where

Vi = {a(S,X);a € Ly(p), Ea(S, X) = 0}
‘/2 = [&72]

Lemma A.1. ,
E [Z)(?(G),X) | X} =0

Proof: Note first that conditional pdf of S(6) given X = x is given by

/(b;(s — u)h(u|z)du

where h(u|x) denotes the conditional pdf of a given X = x. We can write

B[ 00.%) | x]
_ /{ %Q)?Z(i;; (quXd;iu /% s —u) (u|x)du}
/83{/¢U — u)h(u|X)du}ds

= L[] onts — whtulx)dupas]

0
=—1
551
=0
Lemma A.2. B
E(U(9) | 5(0),X) =0
Proof: First, note that (ey — g,...,er — &) is independent of £ since g; ~

IID N(0,0?), and of course is independent of o and X too. This means that
Ui(0) = e — € is independent of S(0) = oo+ and X. Hence,

E(U.(9) | 8(9), X) = E(U()) =0
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Now, from Lemma A.1. and Lemma A.2., we get E({g) = 0. Thus,

m(lg | V1) = E(lg |I§7X) — E(ts)

- _7%(3)()

Hence,
= lg—m(ls|V1) —7(lg —m(lg | V1) | W)
T T
= 02 U)X, —n(0™2) U)X, | W)

t=1 t=1

where

W = [502 - 7r(€(,z | Vl)]

Now, one can write

T
lyr = (e | V1) = (20%) 3" U2(6) + (S, X)

t=1
for some function c¢. Note that
T B T B B
EQ)_U(0)X:-¢(S, X)) = E[EQ Ui0)X;-c(S,X) | 5, X)]
t=1 t=1
T
t=1
=0
by lemma A.2. And,
T T T
EQ U)X, Y U6) = —EQ_U0)X, -y UZ())
t=1 t=1 t=1 t=1
since (U1(0),...,Ur(0)) = (e1—%,...,er —E)
d —(e1 —%,...,er —E)
— —(U(0).....Ur(0))
Here, “g” means the distributions are the same. Hence

T T
EQ_U0)X, -y UZ®) =0
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The results (A.1) and (A.2) imply that

T
0'_2 Z Ut(H)Xt 1 W

t=1

or equivalently
T

(o2 Ui(0)X: [ W) =0

t=1

Therefore .
E* = 0'72 Z Ut(G)Xt
t=1

And the information is

I(P;0,P) = EC¢*
T T
= o EQ (& -9)X) () (et —9)X])
T
= o *EQ a(Xi - X)) _a(X: - X))
T

= 0'74E(Z 6? (Xt — Y) (Xt — Y),)
t=1

Proof of Theorem 2.2.
With the notations of section 2.2., we have the log likelihood of (XY, Z):

L(X’ Z7 Y; /87 PY? 02’ h, g)
T
=logg(X | Z) — 3 log(2m0?)

T
i = Xi8-Zpy)?
; Y X7y
202 252
Y - X3 7'y u)?
—Hog/exp[—( ﬁ252 il 1h(u, Z)du
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Then,

oL ZT '
— — —2 S
f.y o 87'7 —7 =1 Uf(o)Zt —4 w (S(9>7 Z)

@ (S(0) - U))h(u, Z)du/w(S(9), 2)}

In this model,
V=Vi+V+V;

where
Vi ={a(X,Z);a € La(p), FE(a(X,Z)|Z) =0}
Vo = {b(S,Z);b € La(p), E(b(S,Z)) = 0}
VE’) = [&72]

Lemma A.3.

w/

E[(5(0).2)| X.2) =0

Proof: Since X and « are independent conditionally on Z,

Y 50.2)| X.2| =8| 50).2) | 7

w

And the rest of the proof is the same as that of Lemma A.1.

Lemma A.4.

Proof: The same as Lemma A.2.

Note
0y = s —m(l | Vi + Va) = m(Ls — (L | Vi + Vo) | W)
where
Wi =[ly2 —w(ly2 | VI + V)]
Furthermore,

bg—m(lsg | Vi+Va) = Lg—7(lg| V1)
—n(lg —m(lg | V1) | Wa)
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where

Wy = Vin(W+W)

= {b(5,2) - E(b(S,Z) | Z);b € La(p)}
By Lemma A.3. and Lemma A.4., 3 L V; hence
7Ly | Vi) =0

Hence by (A.3), (A.4) and (A.5)

0y = s — (s | Wa) — (s — n(ls | Wa) | W)
From Lemma A.4.

T
0'_2 Z Ut(H)Xt 1 WQ
t=1
Thus,

m(lg | W2) = w(-X—(S,2)| W)

Since X and « are independent conditionally on Z,

—_w — — — w —
w' —
= -B(X|2)"(5.2)
and
—w — . w'
B-X(5.2)2) = B(-X|2)B(2(5.2)|2)
=0
by Lemma A.3. These imply
!/
w(ty | We) = —E(X | 2)=-(5.2)
Therefore
T
lg—m(ls | Wa) = o 2> U0)X,
=1
t— B o
—(X - E(X [2))_-(50),2)



Now, observe that

T
by = m(lp2 | Vi + Vo) = (201) 71 Y U2 Uz (0))]

t=1
which is perpendicular to {3 — w(¢3 | W3). Thus from (A.6) and (A.7) we get
T W
=072 U0)X, — (X - B(X | 2))—(5(0), 2)
Parallel arguments leading to {5 can be applied to ¢, which yields

eo= —2214 Z-B(Z|2)2E0).2)

g8

= J_2ZUt(9)Zt
t=1

The information is now

I(P;6,P) = E0*

525w (X) + [1Sp(X|Z2) 722w (X, Z)

E*QZW(X, Z)I 67221/[/(2)

Proof of Theorem 2.3. Let f; x fo denotes the convolution of 14 7'q dimensional
density functions f; and f, i.e., for ; € R’ and zo € RY,

J1#* fo(xr,22) = /f1(331 — 1,02 — y2) f2(y1, y2)dy1dyo.

Then we can write
wn(s,z) = FEw(s,z) = Ls, *xw(s,z)+cn
= /gb;(s —u)hy(u, z)du + cy (A.8)

where hy = hx Lg, and L, (s,2) = K, () Hf:l {1 Kqy (2t1). We begin by
showing

[“’N(E(f» 2~ 50).2)] —o. (A.9)
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From (A.8), we can write

why(s,2) =33 /(u —8)o[a (s — u)|hn(u, 2)du.

The absolute value of the above term is now bounded by the term
2 / |u— slhn(u, z)du - wy (s, 2)

due to an inequality of Chebyshev [Hardy, Littlewood and Pdélya (1952), page 43].
Hence

(%s,z)f < 20 [ P a2+ [ 1520 (0,2l

wN

The fact that wh /wn(s,z) — w'/w(s, z) and hn(s,z) — h(s, z) for every (s, z)
reduces, by dominated convergence, the proof of (A.9) to showing

E/|u|2h?v(u, Z)du—>E/|u|2h2(u,7)du (A.10)

E/\?Fh%v(u, Z)du—>E/|§|2h2(u, Z)du (A.11)
For (A.10), by exchanging the order of integrations,
E/|u|2hfv(u, Z)du://[/|u|2h?\,(u,z)w(s,z)ds]dudz.

Since hy and the marginal densities of w are bounded, the integral inside the
bracket is bounded by C|u|*hy (u, z). Furthermore,

//|u|2hN(u, 2)dudz = El|a|? + O(s%)

—>E|a|2://\u|2h(u,z)dudz.

By dominated convergence, (A.10) is verified. Finally, (A.11) is an immediate
consequence of boundedness of hy and dominated convergence.
Now, note that the theorem is implied by

N¥ {éN —(0+ IjglN—%QN(e))} .0 (A.12)
Iy =1 (A.13)

1 N wh —
NES (02 - o2 | 250,20 20 (A1
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where

S 5 Ui (6)Zis o

i=1t=1

o2 ZW(X)+IONEB(X|Z) 5722W(X7Z)
Iy =
T Ew(X, Z) 72y w(2)

Iy = /(wﬁv/wN)zw

The convergence (A.13) is immediate consequence of (A.9). For (A.14), note that
the left hand side is equal to

a—a)N~'/? S YN (5,(0), Z)| + (A — AN-12 2, N (5,(0), 2
@S [ NE0.20] + (A= N2 S 0).20)

where a, a, A, and A are defined in section 2.2. Again, by (A.9), the above two
terms goes to zero in probability as N — oo. Now (A.12) is implied by

sup | Qn(0) — Qn(0) + INNZ(0' — 0) |- 0

sup | N2 Z{K(E(@'), Zi,0') — U/—N(gz'(@/)’ Z)HX: —p(Z)) |- 0

NS o (30) =0,

where all“sup” mean supremum over all 6 such that N2 | §' — @ |< M for some
M > 0. The proofs of all of these can be carried out in similar fashion as in Park
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and Simar (1994). Utilizing these facts sample splitting is not necessary to avoid
complicated asymptotic arguments such as uniform convergence.

Proof of Theorem 2.4. For simplicity drop the subscript (N,T) in éN,T, QAMT
and sy 7. Note that one can write

=A +A+ A3

Since 62(0) = O, (1) we have I = O,(T), hence | A3| is bounded by O, (T~ 's~1).
Observe that

N T ) N T
> S Uil@)Riy = —NTSw (0 — 0) +> > Usn(0)Rie (A.15)
i=1 t=1 i=1 t=1

0w /62(0) = J 4 O, (T~ 's2) where J is the identity matrix, we

Noting that Ti~
have by (A.15)

T
Ay + Ay = (0—0)0,(T's72) + NP S " Us(0) Rie /52 (6) (A.16)

i=1 t=1

Combining (A.16), (2.7) and the fact that (NT)~1/2 Z Z Uit(0)Rir = O,(1), we
i=1 t=1
get (NT)'Y/2(A; + Ay) = O,(1). This establishes (ii).
The proof of (i) is virtually the same, hence omitted.

Proof of Theorem 3.1. Since o; = S;(#) — &; and &; = E(é) we have:
TYV?(&; — o) = —=T*R,(6 — 0) + TY/*(5,(0) — o)

The first term tends to zero by Theorem 2.4. The second term is T'/%g; which has
the N(0,0?) distribution.

Proof of Theorem 3.2. Case (i) is obvious from Theorem 3.1. Case (ii) follows
since E max |X;|, E max |Z;| and E max |T"/?g;| are O(log N).
1<i<N 1<i<N 1<i<N

Proof of Theorem 3.3. For any given M > 0,

PIN#|a(y) — B(h)| < M] = Plagy) < B(h) - MN~51]
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=[1—h(B(h) — 6MN -5 1)MN 51|V

where 0 < § < 1. Using condition (3.9), we can bound the probability by

(1—Dy MTIN—1)N for some D; > 0. Since this can be bounded by exp(— Do M%+1)
for some Dy > 0, the theorem follows.
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