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Abstract: Extreme U-statistics arise when the kernel of a U-statistic has
a high degree but depends only on its arguments through a small number
of top order statistics. As the kernel degree of the U-statistic grows to in-
finity with the sample size, estimators built out of such statistics form an
intermediate family in between those constructed in the block maxima and
peaks-over-threshold frameworks in extreme value analysis. The asymptotic
normality of extreme U-statistics based on location-scale invariant kernels
is established. Although the asymptotic variance coincides with the one of
the Hajek projection, the proof goes beyond considering the first term in
Hoeffding’s variance decomposition. We propose a kernel depending on the
three highest order statistics leading to a location-scale invariant estimator
of the extreme value index resembling the Pickands estimator. This ez-
treme Pickands U-estimator is asymptotically normal and its finite-sample
performance is competitive with that of the pseudo-maximum likelihood
estimator.
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1. Introduction

Let Xi,...,X, be independent and identically distributed random variables
drawn from a common distribution F'. Consider the generalized average

U;’”L:(:l)_l S KalX)), (1.1)

IC[n],|I|=m

where K, : R™ — R with 1 < m < n is a permutation invariant function called
kernel, [n] := {1,...,n} and X7 is the vector (X;);cr indexed by the subset I.
The generalized average U]" is called a U-statistic and is an estimator of its
corresponding “kernel parameter” 6,,,

O = E[U’:Ln} = E[Km(Xlw . -aXm)]‘

By efficiently exploiting the information in the sample, U-statistics correspond-
ing to kernels that are not linked to a particular parametric model can attain
uniformly minimum variance among all unbiased estimators of 6,,, see [9] for
the earliest theoretical development and [12], [19, Chapter 5] or [20, Chapter 12]
for an overview of U-statistics.

In this work we adapt the theory of U-statistics to the setting of extreme
value analysis, which is concerned with the tail of a distribution function. If
the block size m is held fixed, as in the classic setup of U-statistics, there are
many blocks containing observations that cannot be considered as part of the
tail of the distribution. Therefore, we require that the block size m tends to
infinity as n — oo and we let the kernel function K, depend only on the top-¢g
observations in a block of m observations, i.e., there is K : {(z1,...,24) € R?:
1 > ... > x4} — R satisfying

Kn( X1, ., Xm) = K(Xmms -, Xm—g+1:m)s (1.2)
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where X;nm > Xon—1.m > ... > X1, denote the order statistics of X1,..., X,,.
Note that while m grows, the number of upper order statistics ¢ and the kernel
K on R? remain fixed. U-statistics corresponding to kernel functions as in (1.2)
where m := m(n) — oo and m = o(n) as n — oo are called extreme U-statistics.
The likelihood equation for the all-block maxima estimator in [14, eq. (2.3)] can
be seen as a particular instance of an extreme U-statistic with ¢ = 1.
Following usual practice in extreme value analysis, we assume that the ob-
servations are drawn from a common distribution function F' in the domain
of attraction (DoA) of a Generalized Extreme Value (GEV) distribution with
parameter v € R. For such F', there exist sequences a,, and b,, such that

lim F™(an,x + b,) = G (2) = exp(—(1 + yz)~V/7) (1.3)
n—oo
for z € R such that 1+~z > 0; notation F' € D(G,). The parameter  is called
the extreme value index and governs the tail behaviour of F'. We will show that
extreme U-statistics can be valid estimators of lim,, ,oc 0, = p(y) for some
function p. If the function pu is invertible, we can use the extreme U-statistic to
construct estimators of ~.

Extreme U-statistics corresponding to location-scale invariant kernels were
first explored in [17]. It was shown there that under suitable conditions the
extreme U-statistic is consistent for u(v). In this work, we study the asymp-
totic distribution of extreme U-statistics and we will show that, like classic
U-statistics [10], they are asymptotically normally distributed. The theory is
subdivided into two parts: in Section 2, to focus on the asymptotic variance, we
treat the case of an independent random sample drawn from the Generalized
Pareto (GP) distribution. In Section 3, our main result, Theorem 3.1, handles
random samples drawn from a distribution F' in the DoA of a GEV distribu-
tion, in which case an asymptotic bias term arises. In Theorem 3.2, we fix ¢ = 3,
the minimum number of top order statistics required to obtain a location-scale
invariant kernel, and we provide easily verifiable kernel integrability conditions
under which Theorem 3.1 applies. As an application of Theorem 3.2, we con-
sider in Section 4 a location-scale invariant kernel Kp : R® — R that we call
the Pickands kernel in view of its resemblance to the Pickands estimator [15].
The corresponding extreme U-statistic Up'p is called the eztreme U-Pickands
estimator and is shown to be an asymptotically normal estimator of . In a sim-
ulation study, we find that U"p is competitive with the Maximum Likelihood
(ML) estimator in the peaks-over-threshold approach based on the Generalized
Pareto (GP) distribution [3].

A technical challenge for extreme-U statistics is that their asymptotic distri-
bution cannot be obtained in the same way as for classical U-statistics. A new
approach is needed, which constitutes our main theoretical contribution. Recall
that, classically, one truncates the variance of the U-statistic to the first term
of the Hoeffding variance decomposition [10, equation (5.12)] and exploits that
the U-statistic’s Hajek projection has the same variance. In contrast, in Propo-
sition 2.2 we need to take into account more than the first term of the Hoeffding
decomposition to deal with the asymptotic variance of the extreme U-statistic.
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Estimators derived from extreme U-statistics are more efficient in the mean
square error sense than estimators based on other block techniques in extreme
value analysis. In the context of extreme value analysis, block techniques are of-
ten used to extract large observations, for example, in the classical block maxima
approach, which has received renewed interest in, for instance, [5, 7]. In addi-
tion, recent studies have proposed estimators based on the sliding block tech-
nique [1, 16]. To make the comparison, note that U}”* = E[K,,,(X1,...,Xm) |
X1y -y Xnwm)], see for instance [20, p. 161]. This means that the conditional ex-
pectation of disjoint and sliding block statistics given the order statistics is equal
to U;", while, by Jensen’s inequality for conditional expectations, the variance
of U] is not higher.

In Section 2, we develop the asymptotic theory of extreme U-statistics based
on samples of the GP distribution. The extension to samples from a distribu-
tion in the DoA of some GEV distribution is treated in Section 3. The Pickands
kernel leading to a novel estimator of the extreme value index is constructed in
Section 4, the finite-sample performance of which is reported in Section 5. After
a brief discussion in Section 6, the proofs of the results are given in a series of
appendices.

2. Asymptotic theory: sample drawn from the GP distribution
2.1. Conditions and theorem

In Theorem 2.1 we state the asymptotic normality of the extreme U-statistic

= () T s o)

n},|[I|=m

for K,, as in (1.2) and for independent random variables Z1, ..., Z, drawn from
the GP () distribution, i.e., P(Z; < z) = 1 — (1 4 v2)~ Y7 for z > 0 such that
1+ vz > 0, with the limiting interpretation P(Z; < z) = 1 — exp(—=z) if v = 0.
Usually, the GP family also includes a location and scale parameter, but these
will play no role here since the kernel K will be assumed to be location-scale
invariant. We start by listing the required conditions on the kernel K and the
degree sequence m := m,,.

Condition 1 is an integrability condition on the kernel K to be checked by
analysis. Condition 2 provides upper and lower bounds for the block sizes m.
Both are rather weak and are satisfied for m of the order n* for any 0 < x < 1.

Condition 1. The kernel K in (1.2) is location-scale invariant and not every-
where constant, implying g > 3. Moreover, for all p > 0 it holds that

EHK((Zq*j:qfl)?:l) ’p] < 00,
for independent GP(v) random variables Z,...,Z,—1 and Zy.q—1 := 0.

Condition 2. The degree sequence m := m,, satisfies m = o(n'=¢) and In(n) =
o(m'=%) as n — oo for some €,6 > 0.
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Because of the threshold-stability property of the GP distribution, the value
of 0,, = E[K,,(Z1,...,Z)] does not depend on m > ¢, see (A.2); we write
0 = 0,, in the remainder of this section.

Theorem 2.1. If Conditions 1-2 are satisfied, then the extreme U-statistic U}",
in (2.1) satisfies

VEUT, —0) L N(0,0%(7), 0 oo,

where k = n/m and 0% () depends only on K and v and is defined in (2.11)
below.

2.2. Background theory and sketch of the proof of Theorem 2.1

We start with a sketch of the derivation of the asymptotic distribution of a
U-statistic in the classical case where m is fixed [19, 20], which will provide
guidance in the case where m — oco. It will turn out that the same proof tech-
nique can be applied to the case where m — oo but m? = o(n) as n — oo,
leading to the asymptotic distribution of the extreme U-statistics. By contrast,
if m? = o(n) does not hold, a novel approach is required: in the Hoeffding vari-
ance decomposition, a growing number of terms needs to be taken into account.
The reader only interested in the main results can skip this subsection and jump
immediately to Section 3.

Classical theory for fixed m By Hoeffding’s decomposition,

m (0) = n\ "t /m\ (n—m
var U:Z,IZ = an,m (6) Cm,é with Pn,m \m l m—20)’
=1

Cmye = cov (K (Xs), Kn(Xs)),
(2.2)
where S and S’ are sets of positive integers with S| = |S’| = m and [SNS’| = .
For fixed m, we get from (2.2) the asymptotic relation

nom(f+ 1 _

Pn, ¢+ ):O(n 1)7
pn,m(é)

Provided (1 # 0, it follows that the first term of Hoeffding’s decomposition,

Pr,m(1)Cm,1, asymptotically dominates the value of the sum Y, pr.m (€)Cm.e-
For py,m(1), we find

as n — oo. (2.3)

m!(n —m)! n—m)! m2
pn,m(l) = ( - ) -m - (n— 2TEL+ l)lzm 1)! = 7am,n (2.4)
where
amn:(n—m)' (n—m)' _(n—m)(n—m_l)(n_2m+2)

(n—1)! (n—2m+41)! n—-1)n-2)---(n—m+1)
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Because the kernel degree m is fixed, we have a,,, — 1 as n — oc. It follows
that
var Uy, ~ (m?/n) ¢moa, as n — 0o, (2.5)

where x,, ~ y,, signifies that the ratio x,,/y, converges to 1 as n — co.
Recall that § = E[K,,(Z1, ..., Zy)]. Define the Héjek projection of U, — 0
as

TS SNy (Z>_1E[Km<zz>—o|zj}

=1 ICn],|1]=

i (n - 1) ( )_lf(m(Zj) = %Z:;f(m(zj) (2.6)

Jj=1
where k =n/m and

Kon(x) =B [Kn(Z1,. .., Zm1,7)] — 6.
Because the asymptotic variance of U}y, i.e., (m?/n)Cm.1, is equal to the vari-
ance of U,TZ, the asymptotic distribution of U}, — 60 is the same as that of
Um

nzs 1€, as n — 00,

um ur, —0
n,Zz _ n,Z ﬂ) 0.

2 m
\/Var Ug}z \/V&T Un,z

The Hajek projection U nz 1s asymptotically normal by the central limit theo-
rem, and thus

k

vV nCm,l ( TTZ

provided that the kernel is square-integrable and (,,,,; > 0. For more details, see
the proof of Theorem 12.3 in [20]. Note again that we assumed that m is fixed.

—9)i>N(0,1), n — 00,

Letting m — oo: first attempt We aim to adapt the above proof to an
extreme U-statistic, that is, when m — oo in such a way that m = o(n) as
n — 00. Such an adaptation is non-trivial because (y,,; varies as m — oo and
the combinatorial numbers p,, ,,(¢) no longer satisfy equation (2.3) in general,
which makes it difficult to establish the key variance approximation in (2.5).

If we consider again the first term py, ., (1) in (2.4), we need a further restric-
tion on the range of m to ensure a,, , — 1 as n — oo. Clearly,

m—1 \"" m—1\"""
1—— < <[(1- . 2.
( n—m+1> _am’n_< n—1> 27)

The lower and upper bound tend to 1 if and only if m? = o(n) as n — oo. The
condition m? = o(n) is also necessary to ensure that p, (1) is the dominant
term in the sum >, pp.m(¢) as n — oco. Taken together, these facts lead
to the variance approximation (2.5) but only under the additional restriction

m? = o(n) as n — oo.
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Case m — co: novel approach We overcome the restriction m? = o(n) and
obtain the desired asymptotic equivalence relation in (2.5) by further analyzing
the subsequent terms (,, , for £ > 1 in Hoeffding’s decomposition (2.2). For
integers a and b such that a < b write [a:b] = [a,b] NZ = {a,...,b}.

Without loss of generality, let the two blocks in (2.2) be S = [l:m] and
S" = [(m — €+ 1):(2m — £)]. Their overlap SN S’ = [(m — £ + 1):m] contains
exactly £ elements. It follows that, for £ € [1:m],

Cm,Z =E [Km(Z[lm]) Km(Z[(m—€+1):(27n—€)])] - 92~

The dependence between K,,(Zs) and K,,(Zg/) stems from observations Z;
with ¢ € SNS’ in the top-q of both Zg and Zg:. If £ is small compared to m, then
usually there will be at most one such observation. We can thus expect that ¢, ¢
can be approximated by £(,, 1. Recognizing the term p, n, (¢) as the probability
mass function of a hypergeometric random variable, we use the expectation
formula to find

mCm iy

an,m(g)ggm,l - Cm 1= k
=1

‘We obtain the bound

mCm 1
var Uy, —

an m () Gm,e = om 1| (2.8)

In order to formally derive (2.5) as well as the asymptotic distribution of the
extreme U-statistic U;",, we show three limit relations. First, we show that the
bound in (2.8) is o(1/k) as n — oo, that is,

hﬂm |kvar Uy — mCm1| = 0. (2.9)
Second, we show that
lgn Mlm1 =02 > 0. (2.10)

Note then that (2.9) and (2.10) imply (2.5) as well as

m m m
varUp'y, — varUp',  kvarUj'y, 1 S s o0
= = = , .

varUm,  (n/k?)Gn,1 MG, 1

Finally, we show the asymptotic normality of the Héjek projection ﬁ,TZ, which,
in the extreme value setting, is a centered and reduced row sum of a triangular
array of row-wise independent and identically distributed random variables.

Limit relation (2.9) is the content of Proposition 2.2. Limit relation (2.10)
and the asymptotic normality of the Hajek projection U 'z are the content of
Proposition 2.3. Together, Propositions 2.2 and 2.3 lead to the main result of
this section in Theorem 2.1.

Proposition 2.2. If Conditions 1 and 2 are satisfied, we have

var Uy, — %Qn,l =o(1/k), n — 00.
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Let K,,, = K,, — 0 denote the centered kernel. Recall that for integer g > 1,
the Erlang(q) distribution is the one of the sum E4 + - - - 4+ E; of ¢ independent
unit exponential random variables.

Proposition 2.3. If Condition 1 holds, then

. *° 57 2

Jim mGn :/O (E [Kq11((Zg—jiq—1)=1,hy (Sq/2))])" da := 0% (7),
(2.11)

where Sy is an Erlang(q) random variable, independent of the independent GP(v)

random variables Z1, ..., Zq_1, and where Zy.q—1 := 0. If, additionally, Condi-

tion 2 holds, the Hdjek projection U::Z in (2.6) satisfies

VEUD, 5 N (0,0%(7)),  n— . (2.12)

The proofs of Propositions 2.2 and 2.3 are long and are given in Sections B
and C, respectively. Together, the two propositions are the required ingredients
for deriving the asymptotic distribution of U, in Theorem 2.1.

3. Asymptotic theory: sample drawn from the DoA of a GEV
distribution

3.1. Conditions and general result

Consider again the U-statistic U™ in (1.1) based on a location-scale invariant
kernel, but, in contrast to Section 2, let X1,...,X,, be a random sample with
common distribution function F' that satisfies the DoA condition (1.3) with
shape parameter v € R. Our goal now is to prove the asymptotic normality of
U™ in full generality, not only for generalized Pareto distributed samples.

The technique relies on a coupling construction, leading to a GP(y) sample
Z1, ..., Zn associated to X1, ..., X,,. The extreme U-statistic U}, of the GP(v)
sample will be close to U}, up to an asymptotic bias term.

For a continuous distribution function F', define the tail quantile function as

Uly):==inf{z eR: (1 - F(z))""' >y}, y> 1 (3.1)
For instance, the tail quantile function of GP(~) distribution is
Y T—1 if 0,
i) = [ au= g 7007 (32)
1 Iny if y=0.
To establish asymptotic theory, we construct the i.i.d. sample as

(X1,...,Xn) = UOX),...,UY.))), (3.3)

n

for independent Pareto(1) random variables Y7*,...,Y,* ie, P(Y;* <y)=1-—
1/y for y > 1.
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Since the distribution function F' is in the DoA of a GEV distribution with
shape parameter v € R, there exists a measurable auxiliary function a : (1, 00) —
(0, 00) such that

i Ule) = U@)

00 a(x)

= h(y), locally uniformly in y € (0, c0), (3.4)

see for instance [4, Theorem 1.1.6]. Define
(Z1,..., Zn) = (hy(YT), ..., hy(Y)))).

for the same Pareto(1) random variables as in (3.3). As in Section 2, let the
U-statistic with kernel K, in (1.2) corresponding to the ii.d. GP(y) random
variables 71, ..., Z, be denoted by

-1
m n
Uy, = (m> S Kz,
IC|

n),|I|=m

We make the following assumptions on the tail quantile function U and the
intermediate sequence k.

Condition 3. The tail quantile function U in (3.1) is twice differentiable. Fur-
thermore, the function A defined by

tU”(t)
At) =
is eventually positive or negative for large t and satisfies lim;_, o, A(t) = 0, while
the function |A| is regularly varying with index p < 0.
Condition 4. The sequence k :=n/m satisfies Vk A(m) — X\ € R as n — oo.

—-7+1

Condition 3 is slightly stronger than the typical second-order condition; see [4,
Theorem 2.3.12]. Condition 4 is a typical assumption in extreme value statistics
leading to a finite asymptotic bias.

Recall that I is a set of m positive integers. Define

¢l = Ko (X1) — Km(Z1)
m A(m)

for A as in Condition 3 and simply write £, whenever only the marginal distri-
bution is of concern. We find

VR =) =VE() Y (0 (0) < K (20)

IC[n],|I|l=m

= VEA(m) U™,
where, for fixed m,
-1
m n
Un,£ = (m> Z fw{n,
IC[n],|I|=m

is another U-statistic.
The following condition assumes the weak convergence of the U-statistic U e
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Condition 5. As n — oo, we have U, 2 By for some constant B € R.

Theorem 3.1. Suppose that X1, ..., X, are i.i.d. random variables with a com-
mon distribution function F that satisfies the DoA condition (1.3) with shape
parameter v € R. Under Conditions 1-5, the corresponding extreme U-statistic,
U™, satisfies

n ’

VE(UT ~6) % N (ABr. 0% (7))
where 0% (7y) is as in Proposition 2.3 and 6 = u(v) is as in Theorem 2.1.

Proof of Theorem 3.1. Write

VEUT —0) =VE (U - UTy) +VE (U, - 0)
= VEAm) U +Vk (UL, - 0)
:211+12.

With Condition 1 and 2, we can apply Theorem 2.1 to get that I 4N (07 o2 ('y))
Condition 3-5 imply that I 4 \B k, which completes the proof. O

Note that 0% (y) does not depend on the distribution of X. Therefore, a
practical consequence of Theorem 3.1 is that, for kernels K satisfying the re-
quired conditions, one can do a parametric bootstrap using GP(%) distributed
random variables to obtain an estimate of 0% (y), where 4 can be any reasonable
estimator of ~y, provided that 0% (7) is a continuous function of +.

To make use of Theorem 3.1, one needs to verify that the kernel K and
the tail quantile function U satisfy Condition 5. In Section 3.2, we deal with
kernels where ¢ = 3 — the minimum value required to obtain a location-scale
invariant kernel that is not everywhere constant — and proceed to provide
verifiable sufficient conditions under which Condition 5 holds, giving in addition
an explicit expression for By.

3.2. Location-scale invariant kernels where q = 3

For a location-scale invariant kernel K : {(x1, 72, 73) € R3 : 21 > x5 > 23} — R,
we may write

K(z1,29,23) = K(x1 — 22,0, 23 — 22)
=K (22220,
$2—$3, )

L) e

for some function g : R — R, with z; > x2 > z3. We assume that F is
continuous, so that ties do not occur with probability one. Further, note that
a location-scale invariant function of one or two real arguments is necessarily
constant, which is why we consider ¢ = 3.
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Next we assume the existence of first-order partial derivatives of K, which
is equivalent to the differentiability of g. Let ¢’ denote the derivative of g. We
assume the following condition on ¢'.

Condition 6. The derivative g’ is continuous and satisfies one of the following
two properties:

(a) The function g’ is monotone and there exists € > 0 such that

/ In Xm:m - mel:m e < 00
g Xm—l:m - Xm—?:m ’

(b) The function g’ is bounded.

limsup E l

m>3

In addition, we assume that the moments of the kernel function do not grow
too quickly as n — oo.

Condition 7. There exist € > 0 and a > 0 such that
E |5, (X1, .. ,Xm)Fﬂ = 0(m%), m— o (3.6)

We obtain the following consequence of Theorem 3.1.

Theorem 3.2. For a kernel K : R® — R, Conditions 3, 6 and 7 imply Condi-
tion 5 with

Bi = BK(P, 7) =K [53_#} E ZKJ ({hv (Y3—j:2)}?:1) H%p(YB—jQ) ) (37)

j=1
where Ss is an Erlang(3) random variable and where H., , is defined in (D.3).
Under Conditions 1-4, 6 and 7, the extreme U-statistic U, satisfies

VEWUR —0) % N (ABk(p.7),0%(7)),  n— oo

where 0% (7) is the same as in Proposition 2.3 and for 6 = u(v) as defined prior

to Theorem 2.1.

4. Estimating the extreme value index

We develop a kernel depending on the top-3 observations in a block producing an
extreme U-statistic that is an unbiased estimator of the shape parameter v € R
when the observations are independently sampled from a GP(y) distribution.
For integer m > 3, define the permutation and location-scale invariant kernel
Kp ot R™ = R by

KP,m(‘rly cee 7xm) = KP(xm:my Tm—1:m» xm72:m)a (41)

with Kp : {(y1,¥2,y3) € R® : y1 > y2 > y3} — R given by

- — _ 2
Kp(y1.y2,53) = 2In (M) i <yly3) _ ln< (51— 1) > |
Y2 — Y3 Y2 — Y3 (y1 — v3)(y2 — y3)

(4.2)
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Because of the resemblance with the estimator of the extreme value index defined
in [15], we call Kp the Pickands kernel. It consists of two terms: the first one
keeps the so-called Galton ratios as small as possible, see [18], while the second
one was considered in [17].

The extreme U-statistic based on Kp has a particularly attractive property.

Proposition 4.1. For v € R, integer n > m > 3, and independent GP(y)
random variables Z1, ..., Z,, we have

E[Kpm(Z1s. .\ Zm)] = 7.

Consequently, the U-statistic

<ZL> - Z Kp m(Z5)

IC[n],|I|=m

is an unbiased estimator of .

For a random sample Xq,..., X, from a distribution F' with extreme value
index v, we need a weak additional condition on F' to guarantee the asymptotic
normality of vk (UZZ}P — ’y), where

Unp = (TZ)_l Y. Kew(X1) (4.3)

IC[n],|I|=m
is the extreme U-Pickands estimator.

Condition 8. The distribution function F admits a density function [ with
support £ ={x € R: f(z) > 0}, say. There exist € > 0 and p > 2 such that

/7 (In(—2))? f(z)dr < oo,

— 00

sup |F'(z) — F(x + e_Tl/p) = O(r~(+9), as r — oo. (4.4)
€&

Note that (4.4) holds as soon as the density f is bounded, since F'(y)—F(z) =
[Y f(t)dt < (y — ) sup,ce f(t) for real x < y.

Theorem 4.2. If Conditions 2, 3, 4 and 8 are fulfilled, then

VEUTs —7) 5 N (ABgp(7,0),0%, (7)), n— oo,

where the asymptotic variance oy, and the bias By, are given in equations (2.11)
and (3.7), respectively, with K to be replaced by Kp defined in (4.2).

The finite-sample performance of U;"p as an estimator of v will be explored
in Section 5 by a simulation study. For calculation purposes, it is convenient to
express U;"p explicitly as a linear combination of the log-spacings.
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Lemma 4.3. The U-statistic U] based on a random sample X1,..., X, can
be written in terms of the order statzstzcs as

n—m+3 (n—j . j—1
_ — 1
TTP = E (mn 3) (2” J* —j) E In(Xy—ir1:n — Xn—jrim). (4.5)
1=1

j=2 (’rn) m—2

For given n and m, the coefficients on the right-hand side of (4.5) lend them-
selves well for recursive calculation, without the need of invoking factorials:

(nos) _ _m(m—1)(m—2)
(™) n(n—1)Mn-m+1)’

ne n—(j-1) PR
(?nf) = @] )-”njo*“, j € [Bin—m+3).

5. Finite-sample performance

We compare the performance of the extreme U-Pickands estimator U}'p in (4.3)
of v € R to the location-scale invariant GP Maximum Likelihood (ML) estimator
[3] based on the k excesses over the (k + 1)-largest order statistic. While the
latter is also considered an estimator of v € R, the algorithm to compute the ML
estimator is theoretically constrained to v > —1 [8], see also [21]. We simulate
independent random samples of size n from a number of distributions and for
each sample we apply both estimators of v over a range of block sizes m and
threshold parameters k. To facilitate comparison between the two estimators we
fix the number of tail observations to be used in GP ML estimation to k = 3n/m,
where m is the block size of the kernel Kp ,,. The motivation for this choice is
as follows: theoretically, for estimators using the top-3 observations of a disjoint
partitioning of the dataset in blocks of size m, the number of data points used is
equal to 3n/m too; moreover, when m = 3, both U;""p and the GP ML estimator
use all data.

In Section 5.3, we also compare the extreme U-Pickands estimator with the
All Block Maxima (ABM) estimator in [14]. This estimator extracts the max-
imum out of every block of size m and then fits a two-parameter Fréchet dis-
tribution to the sample of all block maxima thus obtained; the two parameters
are the shape parameter v > 0 and the scale parameter ¢ > 0. The likelihood
equation (2.3) in that paper is a scale-invariant function of the block maxima.
Although the estimator of v is not an extreme U-statistic in the sense of our
paper, it is still close in spirit to it with ¢ = 1.

5.1. Samples from a GP distribution

We start by comparing the MSE of the GP ML estimator to U}"p in the case
that the data are sampled from the GP distribution with shape parameter
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(a) GP(y =10.5) (b) GP(y=0)
0.005 0.005
0.004 4 0.004 4
0.003 0.003 4
w w
o ]
= =
0.002 4 0.002 4
0.001 0.001
—&— Extreme U-Pickands estimator —&— Extreme U-Pickands estimator
~ GP ML estimator - GP ML estimator
0.000 0.000

10t 10? 10° 10t 10? 10°
Block length m Block length m

(c) GP(y = —0.5)

0.005

—8— Extreme U-Pickands estimator
GP ML estimator
0.004

0.003 4

MSE

0.002

0.001 4
A

10! 102 10°
Block length m

0.000

Fic 1. MSE comparison of UZSP and the GP ML estimator for 100 samples of size n. = 10 000
from GP(v)

~v € {-0.5,0,0.5}. Effectively, the comparison will be on the basis of estima-
tor variance, since, in the GP case, U}"p is unbiased and the GP ML estimator
is asymptotically unbiased.

Figure 1 shows that the MSE for both estimators is minimal when we use all
available observations in estimation (block length m = 3). Moreover, the MSE
of U;'p is significantly lower than that of the GP ML estimator over the largest
range of the block length m, except when v = —0.5. The apparent discrepancy
between the two cases v € {0,0.5} on the one hand and the case vy = —0.5 on
the other hand can be understood by a comparison of the asymptotic variance.

Recall that the GP ML estimator has asymptotic variance (1 + )2, provided
v > —1/2 [6]. For the asymptotic variance of U'p, we fix a grid of 50 equally
spaced values of v between —1 and 1 and approximate J%(p (v) by the sample
variance of U"p based on 1000 GP(7) samples of size n = 10 000, multiplied with
k = n/m = 100. The normalized asymptotic variance of the GP ML estimator
(14+)?/3 (like before, we divide by three to facilitate comparison) together with
the estimated asymptotic variance &%(P (7) corresponding to U;""p are depicted
in Figure 2. The asymptotic variances intersect around y ~ —0.25, with o%_ (7)
indeed being higher for lower values of v but lower for all higher values of ~.

In this context it is possible for the asymptotic variance af{P (7) to be lower
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——- Asymptotic Variance Extreme U-Pickands estimator
Asymptotic Variance (normalized) GP ML estimator

Asymptotic Variance
I g o g =
- o (== o N
Ay
N
\
\
<
S

o
~

T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00
A

F1G 2. Normalized asymptotic variance O'K (y) of Uip and (1+7)2/3, corresponding to the
one of the GP ML estimator

TABLE 1
Asymptotic variance ch (y) for v € [-1,1]

v TR () | v TR, () | Y Tk, () ] v TR, () | Y ok ()

—1.000 0.269 | —0.959 0.259 | —0.918 0.252 | —0.878 0.239 | —0.837 0.227
—0.796 0.214 | —0.755 0.206 | —0.714 0.208 | —0.673 0.192 | —0.633 0.188
—0.592 0.185 | —0.551 0.179 | —0.510 0.178 | —0.469 0.175 | —0.429 0.175
—0.388 0.177 | —0.347 0.183 | —0.306 0.189 | —0.265 0.193 | —0.224 0.198
—0.184 0.203 | —0.143 0.210 | —0.102 0.218 | —0.061 0.230 | —0.020 0.251
0.020 0.255 0.061 0.267 0.102 0.287 0.143 0.307 0.184 0.316
0.225 0.343 0.265 0.366 0.306 0.387 0.347 0.404 0.388 0.442
0.429 0.454 0.469 0.485 0.510 0.514 0.551 0.565 0.592 0.576
0.633 0.612 0.674 0.638 0.714 0.672 0.755 0.725 0.796 0.752
0.837 0.785 0.878 0.845 0.918 0.883 0.959 0.924 1.000 0.970

than the one of the GP ML estimator because U,"p uses more observations
than the GP ML estimator. For completeness the approximate values of O‘%(P ()
for v € [-1,1] can be found in Table 1. These can be used for constructing
asymptotic confidence intervals when using the extreme U-Pickands estimator,
at least when the bias term is negligible.

5.2. Random variables in the DoA of a GEV distribution

Next we consider data drawn from a distribution function in the DoA of a GEV
distribution. The optimal block length m in a MSE sense will then not be equal
to three, but will in general be a higher value that better balances bias and
variance.

In Figure 3 we illustrate the relative performance of U"p in terms of MSE
for a couple of well known distributions. The conclusions from the previous
section remain; the minimal MSE of U}y is competitive with that of the GP
ML estimator (sometlmes even lower) and the performance of U}"p is usually
better over a large range of block lengths.

MSE comparisons for observations from a distribution in the DoA of a GEV
distribution effectively net out the competing effects of changes in estimator vari-
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(a) Student-t(2), v = 0.5, p = —1 (b) Normal, y =0, p=0
0.08 0.12
—8— Extreme U-Pickands estimator —8— Extreme U-Pickands estimator
0.071 GP ML estimator GP ML estimator
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@

2004
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(c) Beta(2,2), vy = —0.5 (d) Frechét, vy =1/3, p=—1
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—8— Extreme U-Pickands estimator 0.010
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0.03 1
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w w
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0.004
0.014 0.002{ &—_
\ —8— Extreme U-Pickands estimator
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0.00 T T 0.000 T T
102 10° 102 10°
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Fic 3. MSE comparison of UmP and the GP ML estimator at k = 3n/m for 100 samples of
size n = 10000 from the stated dzstmbutwns with extreme value index v € R and second-order
parameter p < 0 (Condition 3) as indicated

ance (depending on ) to changes in estimator bias (depending on the second-
order parameter p as well as on v). For many distributions, v and p cannot be
controlled separately. This is why we study the Burr distribution to disentan-
gle the effects of p and . The Burr(), n) distribution has distribution function
F(z) =1— (1/(1+2"))" for n, A,z > 0, with extreme value index v = (An) ™
and second-order parameter p = —A71.

Figure 4 depicts the bias for several choices of m based on 1000 simulated
datasets of n = 10000 observations from a Burr distribution where the param-
eters are chosen such that v = 1/2 is fixed as we vary p. As expected, the
bias of both estimators approaches 0 as p decreases and increases steeply as
p approaches 0. While subplot (a) of Figure 4 shows that the bias of Up'p 1s
somewhat lower than that of the GP ML estimator when p is very negative,
subplot (b) shows that when p approaches 0, the bias of U, np 1s the higher one
for all values of m.

Finally, Figure 5 shows that a single trajectory of the estimator U’p as a
function of unit increments in m is smooth, in contrast to the characterlstlcally
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(a) y=10.5, p € [-2,-0.25] (b) v=05, p € [-1,-0.25]

—e— Extreme U-Pickands estimator, m=15
0251 —— GPML estimator, m=15

—e- Extreme U-Pickands estimator, m=100
0201 —e- GP ML estimator, m=100

--e-- Extreme U-Pickands estimator, m=630
0.157 ..o GP ML estimator, m=630

0.251

0.201

0.151

Bias

8
£ 0.0 0.10 {
0.051 0.05 1
0.00 0.00
~0.05 { ~0.05 1
=200 -175 -150 -125 -100 —-0.75 -050 -0.25 -10 -09 -08 -07 -06 -05 -04 -03 -02
P P

Fi1G 4. Bias of Up'p and the GP ML estimator based on 1000 samples of size n = 10000
from the Burr distribution with stated eztreme value index v and second-order parameter p.
Panel (b) provides a zoom of panel (a) in the range —1 < p < —0.25.

erratic “Hill plot” of the GP ML estimator as a function of the top-k order
statistics. Nonetheless, choosing the block size in practice remains a difficult
task even when the single trajectory of the estimator U, 'p Is smooth.

(a) U'p, m € [3:10000] (b) GP ML estimator, k € [15:2000]
0.69
20 —— Extreme U-Pickands estimator —— GP ML estimator
’ 051
1.5
0.44
1.0
0.31
> 054 >
: 0.24
0.04 014
0.5 0.0
-1.0 ~011
0 2000 4000 6000 8000 10000 0 250 500 750 1000 1250 1500 1750 2000

k

F1G 5. Single trajectories of the estimators as a function of m or k, based on a Student-t(4)
sample of size n = 10000

5.3. Comparison with ABM estimator

We compare the extreme U-Pickands estimator U;"p of v to the ABM estimator

in [14]. The latter estimator is restricted to the range v > 0 and is scale invari-
ant but not location invariant (although it can be made location invariant for
instance by first centering the data at the median). Thinking in terms of disjoint
blocks, the ABM estimator based on m-blocks uses n/m sample points while
U,'p uses 3n/m = n/(m/3), three times as many. To ensure a level playing field,
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(a) Fréchet(1), y =1 (b) Student(2), v =0.5

Fréchet(1) | 100 repetitions, sample size n = 1000 Student-t(2) | 100 repetitions, sample size n = 1000
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F1G 6. Comparison of MSE of ABM estimator [14] at block size m with that of UMy at block
size 3m, based on 100 samples of size n = 1000 from a number of sampling distributions and
for a range of m.

we compare the ABM estimator at block size m with the extreme U-Pickands
estimator at block size 3m. In other words, we compare both estimators at equal
values of m/q, where m is the actual block size used for the estimator and where
g = 1 for ABM while ¢ = 3 for the extreme U-Pickands estimator.’

For each of a range of distributions, Figure 6 shows the MSE over 100 samples
of size n = 1000. As the ABM estimator is designed as a quasi-MLE based on
the Fréchet distribution, its performance is superior for samples drawn from

INote that the recursive formula on page 5 of [14] should be p; = pi_lnzi__—i:’_‘f for

i € [2:(n —m+1)].
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that distribution. For samples drawn from other distributions, the extreme U-
Pickands estimator is competitive, despite its simple and explicit definition.

6. Discussion and open problems

In Theorem 2.1, as well as elsewhere in the paper, we have assumed that the data
are independently and identically distributed. Since 7 is a parameter belonging
to the marginal distribution of the observations, we expect that Theorem 2.1
can be adapted to the case where the Z; all follow the same GP distribution
but are weakly dependent. If the dependence is weak enough and the sample
size is large, one may still find that within a randomly chosen block Z; the
observations are approximately independent, so that 6 ~ E[K,,(Z)] and so
that the approximation (, ¢ ~ £(y,1 underlying Proposition 2.2 remains valid.
The asymptotic variance will be different, however.

Furthermore, in the simulation study, when data were sampled from the
GP(~) distribution, the estimator US,P turned out to have the lowest variance
among all unbiased estimators U, of v, for m > 3. Since the estimator U;‘ip is
also a function of the entire sample, it is an open question whether the estimator
UiP is the uniformly minimum variance unbiased estimator for v of the GP(7)
distribution. Because the GP distributions do not constitute an exponential
family, this question is left to further research.

Finally, note that a U-statistic may also be calculated based on all ex-
ceedances over a high threshold. If the kernel is location-scale invariant, this
amounts to applying a U-statistic only to a certain fraction of the largest ob-
servations in a sample. Doing so while keeping m = ¢ fixed would yield another
kind of extreme U-statistic, perhaps worth studying as well.

Appendix A: Preliminary distributional representations

Let £ denote equality in distribution. For a distribution function F', recall its
tail quantile function U in (3.1). The tail quantile function of the standard GP
distribution with parameter v € R is h, in (3.2). Recall that a random variable
Y is said to have a standard Pareto distribution if P(Y < y) = 1 — 1/y for
y > 1. The function h, has the property that if ¥ follows a standard Pareto
distribution, the variable Z = h,(Y") follows a GP(vy) distribution. Moreover,
the function h satisfies the functional equation

hy(zy) = hy(x) + 27 hy(y), x,y > 0.

Let Y1,Y7", Y5, Yy, ... be independent standard Pareto distributed random
variables. For integer 1 < ¢ < m, Rényi’s representation for exponential order
statistics implies that the vector of top-g order statistics of Y7*,..., Y admits
the representation

* d *
( mfiJrl:m)g:l :( quJrl:mY:]*iCQ*l)gzl (Al)
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where Yj.q—1 = 1. Then, we can represent the vector of top-g order statistics of
an independent random sample Z7, ..., Z} from the GP(v) distribution as

* d *
(meiJrl:m)g:l = (h’Y (Ym7i+1:m))g:1
(h’y (Yntfq+1:mYQ*i3¢I*1))g=1
= (A (Yor—grom) + (Vo —g1n) "y (Yomig—1)) L, -

N

We have thereby proved the following result.

Lemma A.1. Consider the integers 1 < g < m and the scalar vy € R. The vector
of top-q order statistics of an independent GP(y) random sample Z5,...,Z%,
admits the representation

q

* d * *
(Z )gzl = (Zm—q+1:m + (1 + ’yZm—q-l-l:m)Zq—i:q—l)i:l

m—i+1l:m

where Z1, ..., Zq—1 is another independent standard GP(y) random sample, in-
dependent from Z{,..., 2%, and where Zy.q—1 = 0.

y“m>

Recall that the kernel K, : R™ — R of the extreme U-statistic is such that,
for all integer m > ¢ and all (z1,...,z,) € R™,

Kﬂl(x17 cee 717m) = K(Im:ma ce 7xm—q+1:m)7

for some (symmetric) function K : R? — R. If the kernel is also location-scale
invariant, i.e., if the kernel satisfies

Km(axMIm + ba <oy A m—g+1:m + b) = K(xm:ma s 793m—q+1:m)-

for all @ > 0 and b € R, the representation derived in Lemma A.1 has a useful
consequence.

Lemma A.2. Consider integers 3 < g < m and v € R. If the kernel K : R? —
R is location-scale invariant and if Z5, ..., Z7%, are independent standard GP(7)
random variables, then

(Z* Km(Zik7 Tt Z:;L)) i (Z;—q-&-l:m? K((Zq—i3q_1)7?:1))

m—q+1:m>

with Z1, ..., Zq—1 as in Lemma A.1. In particular, K,,(Z5,...,Z},) is indepen-
dent of Zy,_ 1. and its distribution does not depend on m.

It follows from Lemma A.2 that
0:=0, =E[K,(Z{,....2Z")] = E[K((Zq_j:q_l)?zl)] = u(v), (A.2)

which does not depend on m, provided m > q.



Extreme U-Statistics 1133
Appendix B: Proof of Proposition 2.2
Recall the bound (2.8), which we state here for convenience again:

mC 1
m m,
varU,", —

Further, recall that

o= () () ()

for integer 1 < m < n and 0 < ¢ < m, represents the probability mass function
of the hypergeometric distribution counting the number of successes £ after m
draws without replacement out of an urn containing n balls of which m have
the desired colour. To prove Proposition 2.2, we will decompose the sum over
¢ € [1:m] in (B.1) into two pieces, ¢ < £, and ¢ > £,,, with £,, = o(m) determined
below.

e For ¢ < ¢, we will show that |(y.¢ — €(m, 1] is sufficiently small.
e For ¢ > {,, we use tail bounds on the hypergeometric distribution py, ,,, (£).

We make these statements precise in the proof below by listing a number of
properties that, in combination, imply that the bound (B.1) is o(1/k) as n — oc.

Proof of Proposition 2.2. By (B.1), we have, for any b > 0,
m Zn
n = = m < 8_1 m,l — Gm ! n,m ot
var U = | < ma 107 G = G 2 pnm(0)

Jremax 0~ ‘Cmf ng71|' Z pn,m(g)gb
el (=01

The expectation of the hypergeometric distribution in (B.2) is m-m/n = m/k.
The previous decomposition implies the following break-down of (2.9) into three
sub-goals: As n — oo,

[ 167 e = Gt | = o(1/m), (B.3)
ma‘X o |<ml ng,1| = ( )7 (B4)
Le[l:m

Z pn’m(f)ﬁb =o(1/k), (B.5)

=Ln+1

where we choose b such that 1/2 <b < 1.
If the above sub-goals are attained, we obtain that

var U = 2G| < o(1/m)m/k+ O(1)o(1/k) = o(1/k), s — oo,
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The proof of the three sub-goals (B.3), (B.4) and (B.5) for the choice

m Inn\ />
by, = — — , B.6
n + (2m> " (B-6)
with |x| the integer part of € R, is the content of Lemmas B.1, B.2 and B.3

below. O

We remark that the choice of ¢, is constrained by (B.3) and (B.5). On the
one hand, for (B.3) to hold, we will need that ¢, = o(m) as n — oo. On the
other hand, for (B.5) to hold, we will need that ¢, — oo sufficiently fast. Both
criteria can be met for the choice of ¢, in (B.6), provided m is not too small or
large as per Condition 2.

The proof of sub-goal (B.3) is somewhat involved and is developed in Sec-
tion B.1 via a series of lemmas. First, we establish sub-goals (B.4) and (B.5).

Recall that for the independent GP(~) random variables Z1, ..., Zom—1,

gm,[ =E [Km(Z[l:m]) Km(Z[(m—Z+1):(2m—£)])] - 027
for ¢ € [1:m]. For integer m > ¢ and real a > 0, define
1/
151l = (B[|E ((Zo-sa-03=1)[']) ",
which, by Lemma A.2, does not depend on m.

Lemma B.1 (Sub-goal (B.4)). If Condition 1 is satisfied, then, for every integer
m > q, we have, for any a > 2,

Gt < (20) 7K m?e (B.7)

As a consequence, we can take any b € (2/a, 1) to ensure that (B.4) holds.

Proof. To ensure (B.4), it is sufficient to have

SuUp max (¢ < 00, (B.8)
m>q £e[1:m]
sup m* (1 < o0, (B.9)
m>q

provided 0 < b < 1. By Hélder’s inequality, Lemma A.2 and Condition 1,

sup max G < I3 — 6 < oo,
m>q L€[l:m]

such that (B.8) is guaranteed.
For (B.9), consider the difference

Am = Km(Z[lm]) Km(Z[m(Qm—l)]) - Km—l(Z[l:(m—l)]) Km—l(Z[(m+1):(2m—1)])7
capturing the effect of omitting Z,, from Z1,..., Zs,,_1. It follows that

Cm,l =E [Km(Z[lm])Km(Z[m(2m—1)])] - 92 = E(Am)
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Further, if Z,,, does not belong to the top-q of Z|;.,,) nor to the one of Z,,.c2pm—1)];
Kn(Zj1:m)) = Km—1(Zj1:(m-1y) and Ko (Zimz2m-1)) = Km—1(Z](m41):2m-1)])>
which implies that A,, = 0. The probability that Z,, belongs to the top-q of
Zi1.m] O Z[m:(2m—1y] is not larger than 2¢/m. We find, by applying Hélder’s
inequality twice, for any a > 2,

a/2]\2/a 1-2/a
B < E(An]) < (B[ Kn(Zptom) Ko Ziszm-1)| %)) (20/m)' =
< IK3 - (2/m)' =",
which is the upper bound in (B.7). By multiplying the upper bound with m!~°
for some b € (2/a,1), we obtain (B.4). O

Lemma B.2 (Sub-goal (B.5)). If Condition 2 holds, the sequence £, in (B.6)
satisfies £y, — oo and £, = o(m) as n — oo, and sub-goal (B.5) holds.

Proof. The statements regarding the asymptotic order of ¢,, follow immediately.
Let H, be a hypergeometric random variable with probability mass function
Dn.m in (B.2). We have E(H,) = m/k. Put t = (¢, +1)/m —1/k for t > 0 to be
determined. We have

k Zm: pn,m(z)gbgkmb i pn,m(é)

(=tn+1 b=t +1
= kmPP[H, > (k™' + t)m)]
< exp (—2mt2 —Ink ' +bln m) ,
see [11] or [2]. Since ¢t > ((2m)~'Inn)/2 and b < 1, we get
2mt*> +1n1/k —bln(m) > Inn —Ink —blnm = (1 — b) Inm — oo,

as n — 00. The lemma follows. O

B.1. Proof of sub-goal (B.3)

It remains to prove the first sub-goal (B.3) for the choice of ¢, above. Recall
that ¢,, = o(m) and ¢,, — oo as n — oco. Throughout, since we handle ¢ < ¢,
we assume £, g, m are positive integers with m > ¢+ g and ¢ > 2 (if £ = 1 there
is nothing to prove).

Lemma B.3 (Sub-goal (B.3)). If Conditions 1 and 2 are satisfied, then sub-
goal (B.3) holds, i.e., as n — 0o,

-1 B _
eé?f?ii]w Cm.e Cm71| o(1/m).

Proof of sub-goal (B.3). Consider the counting variable

m
Nom = E L om,
i=m—L+1
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where

Liom = ]l{{Z,» is in the top-q of Z};.)}
U {Zi is in the top-q of Z[(m7£+1):(2m7€)]}}~ (BlO)

Define
Ef,m = Km(Z[lm]) Km(Z[(mfijl):(mef)])v

and write E[Z; A] = E[E14] for a random variable = and an event A. Then,

Cm,é = E[Ef,m; NZ,m = O] + ]E[Eé,m; Né,m = 1] + E[Eﬁ,m; Né,m > 2] —0°
and  Cma = E[E1m; Ny = 0] + E[Z) 3 Ny = 1] — 62,

We obtain the following decomposition of the left-hand side of (B.3) into three
terms:

|<m,€ - £§m71| < |]E[E€,m; Ne,m = O] - K]E[El,mQ Nl,m = 0} + (é - 1)92|
+ [E[Eem; Nem = 1] = LE[E1 m; N1m = 1]
+ |E[Ee,m; Nem > 2]|
=1 + 1 + 13 (B.11)

According to Lemmas B.4, B.5 and B.6 below, we have
I <€ (e/m?) " (B.12)

for j € {1,2,3} and any a > 2, where a,, < b, if and only if there exists a

constant ¢ > 0 such that a, < ¢b, for all n. Recall the choice of ¢, in (B.6).
Together with Condition 2, the bounds on I; will then imply, as n — oo and for
sufficiently large a, that

_1/ _ < 2 1—2/(1
Bl e = Gl 5 1, )
< 0?7t 4 (27 n(n)) 2 an3/a732 = o(1/m).

We conclude that sub-goal (B.3) is attained. O

We now list Lemmas B.4, B.5 and B.6, providing the bounds (B.12). The
proofs of these lemmas rely on counting variable inequalities which are developed
afterwards in Lemmas B.7 to B.11.

Lemma B.4 (Handling I in (B.11)). If Condition 1 is satisfied, then
E[E¢,m; Neym = 0] = P(Ng, = 0) 6°.

In addition,
e —1)

A
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Proof. Let r = m — £. If Ny, = 0, the top-q of Z[.p,) is the same as the
top-q of Z[1.(;m—e) and the top-q of Zj,_ry1).(2m—e)) is the same as the one of
Z(m+1):(2m—r)]- The event {Ny,,, = 0} is a function of the random variables
Z(r4+1):m) and the g-largest order statistics of Z.,) and Z(y41):(m+r))- These
statements taken together with a slight extension of the properties of the top
order statistics of a generalised Pareto sample in Lemma A.2 imply
E[Z¢m; Nem = 0] = E[K(Z[1:0) K (Z[(mt1):(m++))); Nem = 0]
=P(Ny,m = 0) 62

Thanks to that equality, we find

|E[E¢,m; Neym = 0] — LE[E1 03 Ny = 0] + (€ — 1)67|

= |P(Ngm = 0) — £P(Ny , = 0) + £ — 1] 62

= [0P(N1,m > 1) = P(Nem > 1)] 6%,

Apply Lemma B.10 to conclude. U

In case Ny, = 1, exactly one of the ¢ indicators 1;4,, in (B.10) for i €
[(m — £+ 1):m] is equal to one while the other £ — 1 indicators are zero. We find

{Nem =1} = U Bi¢m  where (B.13)
i=m—L+1
Bigm = {Liem =1} 0 N {Lj,0,m =0},

JE[(m—t+1):m\ {7}

and the union over 7 being disjoint. Note that B; ¢, is the event that Z; is
in the top-q of Z[1.;m) OF Z[(m—t41):(2m—¢)] While the other variables Z; for j €
[(m — £+ 1):m]\ {i} are not. Further, {Ny ,, =1} = {1,,1.m = 1}.

Lemma B.5 (Handling I, in (B.11)). If Condition 1 is satisfied, we have
0 1) 1-2/a
I < 456 — )2/ xp2e (1
2 < 4(5¢ q) KIS (m—€+1)2 ’
for all a > 2, provided that m is sufficiently large.

Proof. By symmetry and since the union in (B.13) is disjoint,

EEem; Nem =1= > E[E0m; Bie.m]
i=m—~+1
= E}E[EZ,WH Bm,f,m]-

On By, ¢,m, the top-q order statistics of Z(,,—¢41):(2m—¢)) are the same as those of
Z[m:(2m—€)]7 which implies Km(Z[(m—€+1):(2m—€)]) = Km—r+1 (Z[m:(Zm—Z)]) and
thus

E[Ef,m; Bm,Z,m] =E [Km(Z[lm]) KmflJrl(Z[m:(Qm—é)]); Bm,é,m] .
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On the right-hand side, we replace the indicator of the event B,, ¢, first by
1,.0,m and then by 1,, 1, using Lemmas B.11 and B.9, respectively. We find,
for a > 2, by the triangle inequality and Hoélder’s inequality,

‘E[El,m; Bm,l,m] —-E [Km(Z[lm]) Km—[-i—l (Z[m:(2m7€)]) ]lm,l,m] ‘

1-2/a —</a
<NKIZE (18,00 — Tl + 1K IZE [, = L1 l)
/1 1-2/a /-1 1-2/a
< 2 2 _ —
< Kl <2(2q 9 (m—1)(m -0+ 1)> * <(q+1)q(m+1)m>
o /-1 1-2/a
§2(5q2_Q)1 2/ Ki((m—l)(m—f—i— 1)) '

The top-g order statistics of Z[,,.(2m—¢) are the same as those of Z,.2m—1)]
unless at least one of the variables Z; for j € [(2m — £+ 1):(2m — 1)] is larger
than the g-largest order statistic of Z,,,.(2m—¢))- Let Cy,, denote the latter event.
It follows that, for a > 2,

|E [Km(Z1:m) Km—e41(Zimi@m—e)]) Lm,1,m]

~E [Kn(Zp1:m)) K Zpm: (2m 1)) Lin,1m] |
< E[| K (Zpm)| | Km—e1(Zpm:2m—) = K (Zmz@m—1)))| Lim,1,m]
< 2|K |2 E [Lm,1,m; Com] ™

Further, we have
E []lm,l,m; Cl,m}

:P({Zm is in the top-q of Z;.,) and/or Z[m:(gm,l)]}

2m—1
N U {Zj is larger than the g-largest order statistic of Z,.2m—g) })
j=2m—f+1

The latter probability is bounded by ¢ — 1 times the sum

P (Zp, is in the top-q of Zy.m, and

Zom—t+1 18 in the top-q of Zj(mi1):2m—r+41)))
+P (Zm and Za,,_¢41 are both in the top-q of Z[m:(gnl_g_;’_l)])

and thus by

q q q(q—1) 2 -1
= (E'm£+1+ (m£+2)(m€+1)> STy

Since,

E [Km(Z[lzm]) Km(Z[m:(Qm—l)]) ]]-m,l,m] =E [El,m§ Nl,m = 1} y
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a combination of the previous inequalities yields

|E[Z¢,m; Nem = 1] —LE[Z1 n; N1 = 1]
=/ |E[E£,m; Bm7£7m:| —-E [Km(Z[lm]) KTTL(Z[m(Qm—l)]) ]lm,l,m] |

/-1 1-2/a
< OIK2 254> — )2/ < ))

(m—1)(m—-4+1

+2(2 2 _ )172/0. 5771 12/
¢ 1 (m—(+1)2

e (E—l) 1-2/a
< 4(5¢° — q)' || K||2¢ (m 0

Lemma B.6 (Handling I3 in (B.11)). If Condition 1 is satisfied, then

e (152 ()

for all a > 2.

Proof. Since the kernel satisfies Condition 1, we have by Hoélder’s inequality
|]E[E€,m;N€,m > 2“ < E[|EZ,7rL|;N€,m > 2] < HKHE]P)(NE,m > 2)172/04
for a > 2. By Lemma B.7, we have

o —1)

]P)(Ne,m > 2) < ]E[]lm—l,é,m nm,[,m}-

In view of Lemma B.8, we conclude

B 1-2/a 2 1-2/a
[E[Z0,m; Nem > 2] < | KI2 (6(82 1)> <(m _Zg?m —qt2+ 1)) -

We now develop the required counting variable inequalities. In doing so, the
following preliminary lemma will be useful a number of times. No originality is
claimed.

Lemma B.7. Consider a counting variable N = .7 | 1; with indicator vari-
ables 14,...,1, satisfying E[1;1;] <€ for alli,j € [1:n] and i # j. Then

2P(N >2) <E(N)-P(N =1)
< 2 (E(N) — (N = 1))
<n(n—1e.

Proof. A case-by-case analysis reveals

—_

LN 22} < (V- 1{N=1}) SN~ 1{N >1} < JN(N - 1)
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and thus

i=1j=1 i=1 i,j€[Lin] i)
and thus ) ( N
n(n —
— (E(N?) —E(N)) € ——
> (BOV) —E(V) < T,
yielding the stated inequalities. O

Recall the indicator variables 1, ¢, in (B.10).
Lemma B.8. We have

2(2¢° — q)
E 17”— m ]lm m] = .
(n—.m L.t} (m—1)(m —£+1)

Proof. By symmetry,

E[ﬂm—l,é,m ]lm,é,m]
=P (Zm_1 and Z,, are both in the top-q of Z[;.,,) or Z[(,n_g_i_l):(gm_g)])
<2P (Zm,l and Z,, are both in the top-q of Z[l:m,])
+2P (Zm,l is in the top-q of Z1.
and Z,, is in the top-q of Z[(m7€+1):(2mfZ)]) .

The first probability on the right-hand side is equal to g(¢—1)/[m(m —1)] while
the second one is bounded by

P (Zm,l is in the top-q of Z[1.(;,—1y) and Z,, is in the top-q of Z[m:(gm_g)])
_a _q
m—1 m—-£+1

Add the two bounds and note that 1/m < 1/(m—£+1) to conclude the proof. O

Lemma B.9. We have
-1

E ([T, eim = Lim,1,ml] < (g + 1>Qm'

Proof. For events A and B, we have |14 — 15| = 14 Ao p where the symmetric
difference AAB = (A\ B) U (B \ A) is the event that exactly one of A and
B occurs. It follows that |1, ¢m — L, 1,m| is the indicator of the event that
exactly one of the two events

{Zm is in the top-q of Z[1.,,) or Z,, is in the top-q of Zj(m_r41):(2m—e)} and
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{Zm is in the top-q of Z[y.,,,) Or Zy, is in the top-q of Zjm:(2m—1)]}

occurs. In that case, Z,, is either in the top-q of Zj,,—r41):(2m—¢)) but not in
the top-q of Zj;,.(2m—1)) or the other way around, and thus

E [lﬂm,f,m - ILm,lﬂnH

< P (Zp, is in the top-q of Zj(n_r41):(2m—g) but not in that of Zp,,.2m-1y)
+P (Zm is in the top-q of Z,.c2m—1)] but not in that of Z[(m_g+1):(2m_g)])
=2P (Zm is in the top-q of Z,.c2m—1)) but not in that of Z[(m_[+1):(2m_g)]) .

For the probability of the latter event, note that there always needs to be at
least one of the £ — 1 random variables of Z|(;;,_g41):(m—1)) larger than Z,, for
Zm not to be in the top-q of Z|(;—¢11):(2m—r)- Thus, by the union bound, the
probability is bounded by (¢ — 1) times the probability that Z,,_; and Z,, are
both in the top-(q 4 1) of Zjn_1):(2m—1)] While Z,,_; is still larger than Z,,. It
follows that

(¢+1)q (-1

Elpmem—Tnmim]l<20-1) ————— = 1
Bt~ tnl] < 200 1) - 502 = (4 1)g

Lemma B.10. We have

0 —1)

> — = < 2. .
P(Ney 2 1) — (BN = D] €367 - i s

Proof. In view of Lemma B.7, we have

0e—1)

|P(N£,m > 1) - KE[]lm,Z,m” < 2

E[]lmfl,f,m ]]-m,Z,m]
and thus, since Ny, = Liy.1.m,

o —1)

|P(N€,m > 1) - E]P)(Nl,m = 1)| < E[]lm—l,f,m Ilm,l,m]

+ (E H]lm,é,m - ]lm,l,mH .

The two expectations on the right-hand side were treated in Lemmas B.8 and B.9,
respectively. Combine the bounds to obtain that

[P(Negm 2 1) = £P(Nym = 1)
00—1) 2(2¢%> — q) (-1
ST monmoern T T
3q%0(¢ — 1)
“(m=1)(m—-£+1)

Lemma B.11. We have

.O

(-1

—_ 2 —
E H]le‘@vm ]lm,l,mH S 2(2q q) (m _ 1)(m _ €_|_ 1) :
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Proof. We have 1, ¢m > 15, ., while the difference between the two indica-
tors is equal to the indicator of the event that 1,, ¢, = 1 holds together with
1;¢m =1 for some j € [(m — £+ 1):(m — 1)]. By the union bound, we obtain

E H]le,gmL - ]lm,é,mH S (E - 1) E[]lm—l,e,m 1m,£,m]~

Apply Lemma B.8 to conclude. O

Appendix C: Proof of Proposition 2.3

Proof of Proposition 2.3. The proof is divided in two parts. The first part will
deal with the expression for the asymptotic variance in (2.11) and the second
part with the asymptotic normality of the Hajek projection in (2.12).

Part 1: asymptotic variance Write K, := K,,, — u(7). We start by calcu-
lating the limit

hm T<r+1_’1, Where CrJrl’l = E I:FTJrl(Zl’ ey Zr, Z) . FT+1(Z{, ey Z;A, Z)]

T—00

and Z, 721,21, Z2, Z}, . . . are independent GP () random variables. The expecta-
tion defining ¢, 1,1 is finite by Condition 1 and the Cauchy—Schwarz inequality.
We will prove that

lim 71,1 =05 ¢ = /0 (E [Kq41 ((Zq*j:qfl)gzlvhv(Sq/‘T))DQ dz < oo,

T—00
(C.1)
where Zp.q—1 = 0 and Zy.4—1 < ... < Z,_1.4—1 are the order statistics of an
independent GP(y) random sample Z,...,Z,_1, while S, = Eq + --- + E,
with F1,..., E,; an independent unit-exponential random sample, independent

of Zl, ceey Zq—l-
To prove (C.1), we will show that we can rewrite r (111 as

(oo}

T Cr+1$1 = A (E [Kqul ((h,y(yq,j;qfl))?zl, h,y(’f’Uq;r/{E)) . ]l{’I"Uq;r > x}:l)Q de,

(C.2)
where Yp.q—1 :=1, Y1.q-1 < ... < Y;_1.4—1 are the order statistics of a standard
Pareto random sample of size ¢ — 1 and Uy.,. < ... < U,.,. are the order statistics
of a uniform(0, 1) random sample of size r, the two samples being independent.
Since rUy., converges in distribution to Sy, the remainder of the proof then
consists in justifying why the limit can be interchanged with the expectation and
the integral. We will do this in two steps: first we will show that the expectation
inside the integral in (C.2) converges, i.e., for all > 0, we have the convergence

TILH;OE [KQ‘H (<h7(Yq—j:q—1))?:1a h'y(qu:r/x)) : ]l{qu;r > 33‘}]
= E [Kgs1((hy (Yoojig-1))_1, hy(S/2)) - 1{Sy > z}], (C.3)
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where S, is as in (C.1). Second, we will apply Lebesque’s dominated convergence

theorem to show that the integral itself converges.
We start with the proof of (C.2). Condition on Z to get

(o)
7 Cri1 :/ E[Kri1(Z1,.... Zp,2) - Kra(Z4,...,Z),2)] -7 - dP(Z < 2)
0
:/ (B [K,41(Z1,- - 20y 2)]) 7 dP(Z < 2)
0

- /Ooo (E [?q-i'l((zr—j—&-l:r)?:l,Z)])2 cr-dP(Z < z2),

in terms of the ascending order statistics Zy., < ... < Z,.,. of Z3,...,Z,.. Here
we used the fact that the kernel K., only depends on the top-q values of its
argument. Note that if Y is a standard Pareto random variable, then the distri-
bution of h,(Y) is GP(7). Let Y1., < ... < Y, be the ascending order statistics

of a standard Pareto random sample Y7,...,Y,. It follows that
> — q 2 dy
TCTJrLl = : (]E [Kq+1 ((h'y(yrfijl:T))j:l,h’y(y)”) 'ry_g
*° — q 2 dt
= L/ (]E [Kq+1 ((h’Y(YT’—j-‘rl:T))j:l? h'y(rt))]) 20

where we have substituted y = rt in the last step. The vector of top-¢ standard
Pareto order statistics satisfies the distributional representation

d

(Yr—jr1r)j1 = (Yo—jig—1/Ugr) =1
where Yy.q—1 = 1 and where Uy, < ... < U, denote the ascending order
statistics of an independent uniform(0,1) sample Uy, ..., U,, independent of

Y1,...,Y,; note that 1/U,., has the same distribution as Y, _;4+1.,. The function
h., satisfies the functional equation

ha(y) = ha(2)

Vx,y > 07 h"/(y/x) = Y

By location-scale invariance of the kernel,

Ko ((hW(Yq—j:q—l/Uq:r))?:p h’y(rt))
= ?q+1 ((hv (quj:qfl))?:lv U;rhv (rt) + hw(Uq:r))
= Kgi1 ((h'y (Yq—j:q—l))?:p h'y(TUq:rt))-

Following the substitution x = 1/t, we obtain

TCT—H’I - /1/ (E [?q""l((h’)’(ytz—j!q—l))?:h h’y(TUq;rt))])z g

— [ E R e (0 Vs (U /)]
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By independence and Fubini’s theorem, the expectation inside the integral is
equal to

E [Fqﬂ ((hw(Yq—j:q—l))?:p hv(qu:,,/a:))]
1
= [ B[R (i) o /)] AP, < )

The expectation inside the integral on the right-hand side is zero as soon as
ru/x < 1, because in that case

E [Fqﬂ ((hv(quj:qfl))?:la hy(ru/x))]
=E [?q((hv(yq—j:q—l))?ﬂ)] =E [FQ((Zq—j:q—l)g':l)] =0.

Therefore, we obtain

E [Fﬁl((hv(yq—j:q—l))?:p h’y(qu:r/z))]
=E Wqul((hv(quj:qfl))?:lv hv(qu:r/x)) {rUgr > x}] :

Equation (C.2) follows as the integral is equal to 0 for values of = higher than
r.

Next, we show (C.3) and eventually (C.1). The well-known representation
of uniform order statistics in terms of partial sums of unit-exponential random
variables, i.e., Ug., 4 4/ Sr+1 where, for any integer a, S, = E1 + - + E, is
the sum of independent standard exponential random variables independent of
Yi,...,Y,_1, implies the weak convergence

rUg:r N Sq=FE1+---+ E, r — 00. (C.4)

The question is whether in (C.3), we can switch the limit and the expectation.
Under a suitable Skorokhod construction, we can assume that (C.4) holds
almost surely. By continuity of the kernel, the integrand inside the expectation
on the left-hand side then converges almost surely to the integrand on the right-
hand side. To show uniform integrability in (C.3) and eventually the validity
of switching the limit and integral in (C.1), it is sufficient to show that the
expectation of the square is bounded by an integrable function c¢(z), i.e.,

limsup E [sz ((hy(Yg—jig—1)) 11y hy (rUger /) - 1{1Uyey > x}} < e(z) < o0,

r—00

where ¢(x) is a function on [0, +00) such that f0+oo ¢(x)dx < oco. Then not only
the relation (C.3) follows immediately, but also the relation (C.1) follows from
the Lebesgue dominance convergence theorem.

To do so, we rely on a change-of-measure, replacing rU,.,/x on the event
{rUq.r > z} by a standard Pareto random variable, and compensating by the
likelihood ratio. For 0 < x < 7, let p,, be the probability density function
of rUgr/x and let Y be a standard Pareto random variable, independent of
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Yi,...,Y5—1. We have

E |:Ft21+1 ((hV(YQ*jiqfl))g‘:lv h’y(qu:r/x)) : ]l{qu:r > «75}}

2

= /100 E [Fq+1 ((h’Y(Yq—jiq—l))g’:la h’y(y)):| ’ p”az(y) dy
= [ R R (0 s s 0)] )47
= B[R 1 (0 (Vi) 3 (V) (V) - Y2

=B K, (hy (Y1), sy (Y1), By (V) < pra(V) - Y27 Y

for some 0 < € < 1/2.

Recall that the distribution of (h+(Y1),...,hy(Y4=1),hy(Y)) is equal to the
one of an independent GP(v) random sample of size ¢. In view of Condition 1,
and the fact that E[Y2¢] < oo, it is sufficient to show that

sup sup pr..(y) - y> = < é(z),
r>2qy>1

for some finite function é(x) such that f0+oo ¢é(x)dx < co. Since the distribution
of Uy is Beta(gq, 7 + 1 — ¢), we have, for y € [1, 00),

Pro(®) = S BTy < )

dy
— - Py <ay/r)
= &x P (1 — py/r)" 1z r
— /1) Fr gy /T () Ly < )
x4 7!
= . Yyt (1 —ay/r) 1 {zy < 7} (C.5)

(q=1! (r—g)'r
As 1 —h < e" for real h, we get, for r > 2¢, the inequalities

21
R Gl VL VL et
(g—1)! (g—1)!

Pra(y) < YT emm/2,

Hence,

2—¢ x? +l—e _—ay/2
< Y . Y

= -1 Yy € )
With straightforward calculation, we get that the upperbound is maximized at
y=1V2(qg+1—e)/z. It follows that we can choose

(2(g+1—¢€)ri
(q— Dtert1—
24

(¢ —1)!

which satisfies [ &(x) dz < co. This concludes the proof of (C.3) and (C.1).

Pra(Y)-y forall r > ¢, all z > 0 and all y > 1.

cxie if0<z <2(q+1-—¢),
&(x) =
cem/? ifex>2(g+1—e¢),
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Part 2: asymptotic normality It remains to show that the Hajek projection
U;Z?Z in (2.6) of U}}'; — 0 is asymptotically normal. Note that [77TZ is a centered
row sum of a triangular array of row-wise i.i.d. random variables, with total
variance (,,1m?/n. If Lyapunov’s condition is met, following the central limit

theorem, we have

koo
U, 5 N0,1),  n— .

vV nCm,l "

Therefore, we need to show that for some § > 0 we have

lm ——__.nE [\f(m(Z)

m—o0 ( /nCm,l)Q-Hs

First, by Jensen’s inequality,

{2”} = 0. (C.6)

— 246
gE[me(Zl,...,Zm_l,z)y }
Second, by Fubini’s theorem, location-scale invariance of the kernel and the
stability property of GP order statistics,

E[|Kn(2)]*"] B [[Kn(Z o 20| = B[Rz, 20 7)

A

which implies that the term E[|K,,(Z)|?>*°] is uniformly bounded over all m.
Since limyy, 00 MCn1 = 0% () > 0, the relation (C.6) holds provided we can
choose § > 0 such that

lim (—
n— oo

n =

(2+9)/
)

From Condition 2, this can be achieved by choosing 6 > 2/e. O

Appendix D: Proof of Theorem 3.2

We start by listing two preliminary lemmas.

Lemma D.1 (Potter’s bounds; see [4, Proposition B.1.9]). Let f € RV,. For all
01,02 > 0 there exists tg = to(d1,02) such that for any positive t and x satisfying
t >ty and tx > tg,

f(tz)
ft)

Lemma D.2. Let Y7, < Y5, < ... <Y} . be the order statistics of an
independent random sample of Pareto(1) random variables. For integer ¢ > 1
and for a real number v < q, the sequence {(Y,;_,41.m/m)” © m > mo} is
uniformly integrable for some mg depending on q and v.

(1 —41)z min (x‘527m_52) < < (14 61)z max (ac627m_52) .



Extreme U-Statistics 1147

Proof of Lemma D.2. Note that Y5 _ .., L Sg:l, where S; = 22:1 E; for
independent unit-exponential random variables F;. Since it is only the distribu-
tion of Y7 _ 1., that matters, we can change probability spaces to ensure that
the equality in distribution is in fact an equality between random variables.

We first deal with (Y,)_ . 1.,,/m)"” for v <0. We have

m

(Yﬂifq%»l:m/m)u < < Sq ) .

_ m—+41
(m+1) Y B

j=1

Note that H,, = (m+1)~! ZZ’:;l Ej is distributed as a Gamma(m + 1,m + 1)
random variable with value m -+ 1 for both the shape and rate parameter. By

Cauchy’s inequality,

E [(Yi—gt1m/m)*] < VEHZ]\E[S; ™).

We have E[S; "] < oo for all v < 0 while by direct calculation, provided m >
—2v —1,

(m+1)"2T(m+2v +1)
I'(m+1)

E[H?] = — 1 as m — oo.
Therefore, there exists mo(v) such that the sequence {(Y,,_, 1.,,/m)",m >
mo(v)} is bounded in £2 and thus uniformly integrable.

Next we consider (Y, 1.,,/m)” for 0 < v < q. Define po = (3v + ¢)/4 and
note that v < pg < (v + ¢q)/2. Also, define p; = (v + q)/(2po), which satisfies
p1 > 1, and define z > 1 by 1/z + 1/p; = 1. For sufficiently large integer m, we
find, using Holder’s inequality and the inequality 1/m < 2/(m + 1), that

E [V grrim/m)] < 2 B(H/,)")
< 2P0 (E[anqpo])l/z (E[S;plpo])l/pl .

From pop1 = (v + ¢q)/2 < q it follows that E[S,P°P!] < co. Similar to the case
where v < 0, for any a > 0 we have sup,,~; E[H,] < oc. It follows that

sSup E [(Yntfq+1:m/m)p0:| < o0.
mz2q

Since pg > v > 0, the sequence {(Y,,_,11.,,/m)",m > ¢} is uniformly inte-
grable. O

Proof of Theorem 3.2. Following Theorem 3.1, we only need to show that Con-
dition 5 holds with the function Bg (p,y) given in (3.7).
Recall from the discussion in Section 3 that

VR =) =VE() Y (0 () - K (20)

IC[n],|I|l=m
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=¢EA<m>(;§)_1 > ¢

IC[n],|I|=m

= VEA(m)Ul,

where ¢! = K, (X1) — K, (Z;7). In what follows, we write &,, to indicate a
generic ¢!, where the index set is not important.
By Hoeflding’s decomposition,

m

var (U:ng) = anym(ﬁ) .

=1

with pp.m(€) in (B.2) and ¥, , = cov(€l, €Y for index sets I, 1’ C [n] such
that [I’| = |I| = m and |I N I'| = {. Below we will show the limit relation

an’m(f)\lfm’g — 0, as n — oo. (D.1)
=1

Then it follows from Chebychev’s inequality that
ne — El&m] 250, as n — oo.

In addition, we will show that

lim E[&m} =E [ lim fm} = BK(P, ’Y)’ (D2)
m—0o0 m—»o0
with Bg (p,~) defined as in (3.7). Clearly, the last two limit relations imply that
UrTg converges in probability to Bk (p,7), yielding Condition 5. It remains to
show (D.1)—(D.2).

We start by proving (D.2). By exploiting the scale and location invariance of
K and Lemma A.2 for the GP(v) distributed random variables, &£ is equal in
distribution to

_ K ({h(Yq—j:q—1§Y;z—q-rlzm)}?:l) - K({h’y(Yq—j:q—l)}gzﬁ

Em : A(m) )

where Yp.q—1 = 1, Yy_1.g-1 > Yy_04-1 > ... > Y141 are Pareto(1) order
statistics independent of Y,7 ..., and h(z;t) is the function defined as

Ultz) — U(t)

hw;t) = tU'(t)

Under Condition 3, following Theorem 2.3.12 in [4], we have, for z > 0,

: g Ulte) —U@R)
Am hlast) = Jim —=7mm = = @),
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and

t—o0

lim h(a:;t / s 1/ uf~tduds =: H, ,(). (D.3)

By Condition 6 the function K is differentiable and all ¢ first-order partial
derivatives K7, . . K are continuous. The mean value theorem for several vari-
ables implies that there exists a point Z,m on the line segment between the points

{h(Yq—jig—1:Y q+1m)}J 1 and {Zg—jiq— 1}] 1= {7y (Yo—jig— 1)}] 1 such that
as m — 0o,

€ = A(Y q+1: m) ZK Z h(Yq—jiq—1; Y q*+1 om) — Py (Yg—jiq—1)
A<m) A(Ym q+1: m)
- S; pZK {h Yo—jig— 1)}?:1) Hy p(Yg—jiq—1) (D.4)
j=1

almost surely, where S, is a properly constructed Erlang(¢q) random variable
independent of Y,_1.q—1 > Yy_2.4-1 > ... > Yi.,_1. To see this, note that
in a suitable Skorokhod construction, m~1Y}* g+lim Sq almost surely. In
addition, A(mz)/A(m) — P as m — oc. Therefore it follows by the extended
continuous mapping theorem that A(Y,: .. m)/A(m) — S, P as m — oo.
In view of (D.4), we show that the sequence {&,, }1>m, is uniformly integrable

for sufficiently large integer mg. In particular, we will show that

sup E[|€m]1?] < o0

m>mg
for some positive integer mg, with € > 0 as given in Condition 7. Write n =
1+ ¢/2. We deal with &,, on the event

D'm = {Y;z—q—&-l:m > to}
and its complement D¢, for to > 1 to be defined later.
Firstly, we handle E(|{,|"; Dy,,). By independence of Y,%_ .., and Yi,...,
Y,—1, we have, by the Cauchy-Schwarz inequality, for any to > 1,
B[ Km (X" + [Km(Z1)|"; D7)
|A(m)["

{[E(‘Km(XI)Pn)]l/Q n [E(le(ZI)F")]l/?} [P(DE, )2 - 0,

c 2
E(|&m["; Dy,) <

91
= AP
as m — oo. To obtain the final step, we use the following three facts:
E(|Km(Z1)[*") is finite and does not depend on m, sup,,s, E(|Kn(X7)[*7) =
O(m®) for some a > 0 by Condition 7 and P(D¢,) tends to zero much faster
than any power of |A(m)| (exponentially versus polynomially).
Next, we handle E(|&,,|"; Dy, ). Consider again the expansion (D.4) of &, by
the mean value theorem with

Zm = (1= a){h(Y, a—i:a—15 Yom—gi1:m) Fi=1 + a{hy (Yg—jig—1) Yoy
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for some random 0 < @ < 1. Since ¢ = 3, we abbreviate (23_]32)1;-:1 = Zom,
where 22;2 > 21;2 > 20:2 =0.

Fix § > 0 to be determined later. Since |A| is regularly varying, the inequality
in Lemma D.1 implies that there exists some tq(d) > 0 such that

77]1 < (1 5 Y;:z—2:m ri(p==6) > K Z B(YB j:2) !
&ml" Ip,, < (140) — Z ( )m

j=1

where (2)* is short-hand for max{z’, z~%} and where h(Vi.2) = h(Yii2; Y5 5., )—
hy (Yi.2). With straightforward calculation, we obtain

Kl(x) - Wj@(x) - W’[g(m) - —fﬁ(x)—f(s(x)-

1 — T2 Tg — I3

By exploiting the derivative structure, we have

iKJ Zm)(Y3_j.2)
= K1(Zm) (h(Ya2) — h(Y1:2)) + K3(Zm) (R(Yo:2) — h(Y1:2))
_y (ln (22:2—25:2)) (h(Yz:z) — h(Yi12) L 1(¥o2) — h(Y1. 2))

Z . S x
1202 Zoa — L2 Zya — Zo 2

It follows that

* n(pEd) 5 5 n
&m|" Ip,, < (1+9) (M> g (2222
m Z1:2 — Zo:2
) n
Z h(Ys_j2) — h(Ya—j.2)

ji=1 (Z3 —7:2 = Z2 —7J: 2) A(Y':L—Q:m)

By Lemma D.3 below, any positive power of

2
h(Ys_j2) — h(Ya_j2)
Z:: (Zs-52 = Za-yi2) AV )

can be bounded by an integrable random variable not depending on m, pro-
vided Y.* > to for some sufficiently large tg. Consequently, to show that

m—2:m

SUP, 5 g E&m|"lp,, < 0o by the Hélder’s inequality, it suffices to prove that

Zoa — Zi0 (Y'r:; 2: m>rn(pi5)
In | == —=< mosm < 00
Zva — Zoa m

sup El

m>mgo

for some r > 1.
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Lemma D.2 shows that (YJLfZ:m/m) raled) is uniformly integrable for any
r > 1, with choosing 0 such that p + ¢ < 3/(rn). Therefore, it remains to prove
that there exists some 7 > 1 such that

’ 22:2 - 21:2
¢ [In| ===
212 — Zo:2

Note that the relation (D.5) holds trivially if part (b) of Condition 6 holds. We

show that it also holds if part (a) of Condition 6 holds. Write 2 := % and

]
sup E

m>mgo

< 00. (D.5)

d . h(Ya2sY o) —h(Yi2sY oin) Zyn—210 _ ab+(1=d)d . b
e " h(Yi2;Y _0.m)—h(Yo2;Y 5 _0.n)” Then Z1.o—Zoe  Gct(l—a)e is bounded by c

and g. By the assumed monotonicity of ¢’, we have

g [ In Zso — Z1 g (ln (Z2:2 — Zl=2>)
Z1a — Zo» Z12 = Zo2

vy <ln <h(Y2:2;YJL_2;m) - h(Y1:2;Y7ZL_2:m)>)
h(Yi.2:Y, ) — h(Yo:2; Vi o)

*
m—2:m

nr nr

<

nr

Together with Condition 6, it completes the proof of the relation (D.5).
By combining the uniform integrability of |¢,|" Ip,, and [&,|" Ip. , we con-
clude that &, is uniformly integrable. It follows that

lim E[,] = IE[ Tim gm}

m—r o0

3
=E[S;”]E ZK(j) ({hy (Ya—ji2)}i—1) Hyp (Ys—j2) | = Br(p,7),

which completes the proof of (D.2).

Finally, we turn to prove (D.1). Note that all steps above in conjunction with
Lemma D.3 can be adapted to prove uniform integrability of ¢2,, from which it
follows that

3
lim B[] =E [53_29} E | DKo ({hy (Yamjo)Yiy) Hyp (Yajo) | | =2 6
j=1

By classical theory on U-statistics [19, Chapter 5.2], we have

\IJm,mv

an,m(f)\llm,é S
(=1

s|3

where ¥, ,,, is the variance of &,,. The relation (D.1) follows immediately from
E[¢,n] — Br(p,v) and E[¢2)] — ¢ as m — oc. O
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Lemma D.3. Recall h(Yia) = h(Yia; Yy _9.n) — by (Vi) and Z,, = (1 —
a){h(Ysz_j0; Y Qm)}?:1 + a{hy (Yg_]_Q)}jzl for some 0 < @ < 1, where a
is a random variable. Recall that {ZAg,j;Q}?:l = T where Zoy > Z1.9 > Zoo
and Dy, = {Y,_ 4 11.m > to}. For sufficiently large to > 1, we have

2

sup 71(Y3_j:2) - B(Y2—j:2)

A : Ip, <B
m>3 j=1 (Z?,fj;Q - 2273':2) A(Y;L—%m)

for a random variable B satisfying E[|B|"] < oo for any r > 0.
Proof. For brevity, we only deal with the first term in the summation:

h(Ya.2) — h(Y1.2)
(Zoia — Z1:0) A(YF

m—2:m)

The second term can be handled using the same inequalities even though Yj.0 =
1.
Recall the function A(t) from Condition 3 as

LU (¢)

AW =T

—v+1

Following the proof of Theorem 2.3.12 in [4], we can write

h(Ya:2) — h(Yi:2) ez AV —omt) U' (Y _9imw)
A(Y> :/ s 1/1 AY: ) U(Yr

m— 2m) m—2:m m— Qm)

v~ Y duds.

Y12

By regular variation of the absolute value of A and U’ with indices p and v — 1
respectively and using Potter’s bounds in Lemma D.1, we get that for any do > 0
there exists a to(d2) such that if Y5 . > to(d2),

1

Yi:2 A(Y;L—Q:m) U/(Y’I;; 2m)

Y. s

§/ 57_1/ (1 + 82)uP~ 192 duds
Yi.2 1

140

R

146
p+ o2

(Pytpts (Ya:2) = Py pis, (Y1:2)) — (hy(Ya:2) = hoy(Y1:2)),

provided p + d2 # 0, and similarly,

e W) U (V)
Pl 1 m 2:m U m—2:m —y
~/Y1:2 / A m 2: m UI(Y"';:. 2: m) B duds
1—4, 1— 4
> 5, (Yo.2) — _s, (Y7.9)) —
—p_®WWp%(M)hWP%(M» P

(hy(Ya:2) = hoy(Y1:2)) -
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Accordingly, it suffices to prove that, for any r» > 0 and v € R, the term

hy(Yai2) — by (Y1) |
ZZ:Q - Zl:2

can be bounded by an integrable function not depending on m.
Note that
Zoo — Zno = (1 —a) (h(Ya2; Yy o) — h(Y12; Yy o))
+ @ (hy(Ya:2) = hy(Y12)) -

For any 6; > 0, there exists to(y,d1) > 1 such that, if Y% _,.. > to(7y,01),
following the Potter’s bounds in Lemma D.1, we have that

Ya:2 U’(tY* _ )
h(Y2:2: Y, o) — h(Y1:2: Y o) :/ +2'mdt
i ’ Yi:2 Ul(}/m—Q:m)

Ya.2
> (1 - 51)/ t’y_l_&l dt = (1 - 51) (h"/*él (Y2:2) - hvffh (Y1:2)> )
Y1:2

provided v — §; # 0. Define Yy = Y2.2/Y1.2. Recalling that 0 < a < 1, we get
that

22:2 - 21:2
=(1 = a)(1 = 61) (hy—s, (Yai2) = hy—s, (Y1:2)) + @ (B (Yai2) — Dy (Y1:2))
>(1 = a)(1 = 61) (hy—s, (Yai2) = hy—s, (Y1:2)) 4 (1 = 61) (hy(Yai2) — hy (Yi:2))

v

(1= 01)Ys5" (hy(Yai2) — hy(Y12)),

where the last inequality follows from the fact that for 0 < x < y < oo, for
v € R and for 0 < 6 < oo, we have

¥ (R s(y) — hys(2)) = o /

x

= /y 17 dt = hay(y) = hy(2).

) Yy
t”‘é_ldt:/ 7y /t)0 dt

We conclude with the bound

Ty (Yaiz) — by (Via) | _ by (Yao) — hey(Y12) _ vy
Zyo—Zra |7 (1=61)Y55" (hy(Ya) = hy(Yi)) — (1—01)
from which the lemma follows by choosing 6; < (2r)~*. O

Appendix E: Proofs for Section 4

To show Proposition 4.1, we use known formulas for the expectation of exponen-
tiated Generalized Pareto random variables and their order statistics in terms
of the digamma function .
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Lemma E.1. Let v € R and let Z1,7Z5 be two independent GP(y) random
variables, with order statistics Z1.0 < Za.5. We have

In(1/7y) + (1 ) Y(1/7) ify>0
EllnZ] = ¢ In(=1/7) + (1) =91 = 1/7) ify<0
Y(1) if v =0,
In(1/9) + (1) +(2/7) — 2¢(1/7) ify>0
Elln Za:o] = { In(=1/7) + (1) + (1 = 2/7) = 2¢(1 = 1/7) if v <0
¥(1) +1In(2) if v =0,
In(1/9) + (1) —¥(2/7) ify>0
Elln Z1.2] = { In(— 1/7) + (1) = (1 —2/7) ify<0
¥(1) —In(2) if v =0.

As a consequence, for all v € R, we have
E [Kp(Z2:2, Z1:2,0)] = 7. (E.1)

Proof. The formulas for E[ln Z;], E[ln Z;.2] and E[ln Zs.5] follow directly from
the moments of exponentiated GP random variables and their order statistics,
see [13, Section 2.3].

Let Y1,Y5 be two independent standard Pareto random variables and let
Y12 < Y55 denote their order statistics as. Recall that we can represent the
GP(v) random variables Z7, Zs and their corresponding order statistics Z1.9 <

ZQ:Q as Z,L = hw(x), 21:2 = h‘y(YI:Q) and 22:2 = h‘y(YI:Q). But then
Zao — Z1.2 = hy(Ya2) — hoy(Y1:2) = Y 5hy (Yo /Y12).

Since Ya.2/Y71.2 is equal in distribution to Y7, we find

)

=E[InY},] + E[ln Z1] — E[ln Z..]

Y/2=¢(1/7) +¥(2/7) ifv>0
=47/2-9(1 =1/y) + (1 -2/y) ify<0
In(2) if vy =0.

More straightforwardly, we have

us(y) = E {m (%ﬂ — E[ln Za] — E[In Z1.0]

2((2/7) = (1/7)) if y>0
=921 —-2/v)-v(1-1/y)) ify<0
21n(2) ify=0.

It follows that E[Kp(Za.2, Z2.1,0)] = 2u1(y) — ua(y) = 7, as required. O
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Proof of Proposition 4.1. We have

E [KP,m(Zh ey Zm)] =E [Kp(me»“ melzm; Zm72:m)}
= E[Kp(Z22,Z1:2,0)] = 7,

where we used Lemma A.2 and the location-scale invariance of Kp in the second
step and Lemma E.1 in the last step. O

Proof of Theorem 4.2. We apply Theorem 3.2. To this end, we need to show that
Conditions 1, 2, 3, 4, 6 and 7 hold. Conditions 2, 3, and 4 hold by assumption.

One can check that the kernel Kp is differentiable, has continuous first-order
partial derivatives and is of the form (3.5) for an auxiliary function ¢ that
satisfies |¢'(x)] = |2 — e*/(e® + 1)| < 2. Therefore, Condition 6 holds too. It
remains to show that Kp ., satisfies Conditions 1 and 7.

Condition 1 can be verified as follows: for any p > 0, with the same notation
as in the proof of Lemma E.1,

]

E[|Kpm(Z1,. ., Z)l”) = E H?ln (%) o (@)
=E[|2In[Y},] + 21 [hy (Yaiz/ Yi2)] — In[hy (Yi2)] — In [hy (Ya2)]|P] < o0,

1:2 AR

because exponential random variables and exponentiated GP random variables
(and its order statistics) have finite moments of all orders [13, Corollary 3].

To show Condition 7, we rely on Condition 8. Note that Kp,, is a linear
combination of the logarithms of the spacings X,.m — Xm—1.m, Xm:m — Xm—2:m
and X,,_1.m — Xin_2.m. We have

- 1n()(m:m - Xm—Q:m) ]l{Xr,,,,;r,,L*X7n—2:'m,<1}

S - 1n(Ava.:m - meltm) H{Xm:m—Xm—1:m<1}
and for 0 < j <1< 2,
ln(mej:m - mei:m) :U-{Xm_j;m—Xm—i:m>1}
< ln(‘X’mnn - Xm72:m) ]l{Xm:m—Xm,g:m>1} .
Consequently, to verify Condition 7 we only have to show that
E[(—=1n(Xm—jim = Xm—j—1:m))” X0 jom— X s 1om<1}] = O(m®)  (E.2)
for j € {0,1}, and
E [(ln(Xm:m — Xn—2:m))? ]l{Xm:m—Xm—z:m>1ﬂ = O(m") (E.3)

for some p > 2 and a > 0. R
First, for the expectation in (E.2), note that the distribution function Fj of
the spacing X, —jim — Xm—j—1:m for j € {0,1} is given by

By =1 [ omei- D(,, " @F @ (- Py

oo m—j—1
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Moreover, note that |(1 — F(z))* — (1 — F(a))2’ <4|F(x) — F(a)| forall z,a €
& and F;(0) = 0. We get, for any 0 < x9 < 1 and rg = (—Inzo)?, that

oo

E [(— (X jim — Xm—j—1:m))" H{mej-m—xmf,-fl:m@o}]
= ]P)(mej:m — X j—1m < 67T )dT'

To

_ / h (Bt~ F; ©)) ar

0

cwrn(, )

/ /+OO ) F™ 72 (g )’(1—F(x+efrl/p))j+l—(1—F(3:))j+1 dxdr

Sc( )/ rm 0+ dp,
m—j—1/) /.

for some constant ¢ > 0. Here the last step follows from (4.4) in Condition 8.
With straightforward calculation, we get that as m — oo,

E [(*ln(mej:m - mejfl:m))p ]]-{Xm,j:m—Xm,j,l:m<l}} = O(m2)
Secondly, for the expectation in (E.3), consider the following five events:

A= {Xm:m — X—2.:m > 1}7

Ay = {Xmm > 1, Xon—oum < —1},
A = {Xpm < 1, Xpnoim < —11},
As = {Xmm > 1, Xpn_aum > —1},
Ay = {Xmm <1, Xpn_0m > —1}.

The following inequalities can be verified in a straightforward way:

XnL:nL - Xm—2:7n )p ]lAﬁA1 S 2P [(hl (Xm m)) ( ( Xm 2: 7n))p + 1] ]lAﬁAla
: )P Tana, < 2P [(In(=Xpm—2:m))" + 1] Lana,,

Xm:m - Xm72 m )p ]lAﬁA3 < 2P [(hl (X ))p } ﬂAﬁAj;?

)

Therefore, we only need to show that the following two expectations

E [(ln (Xm;m))p ]]'{Xm:m,>1}] and E [(ln (—megzm))p ]l{Xm_2:m<_1}] 5

are of the order O(m?) for some constant a > 0.

We start from the second expectation concerning X,,,_o.,,. There exists zg >
1 such that for all m > 3, the variable (=X, —2.m) 1{x,, ,.,,<—a,} i stochasti-
cally dominated by (—=X) I{x<_5,}, where X has distribution F'. Therefore, in
view of Condition 8, we have
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E [(ln(_Xm—Q:m))p ]l{X,,,sz;m<71}]
<E [(ln(—X))p ]1{X<7w0}] + (ln(ﬁﬁo))p = O(l)
Finally, for the first expectation concerning X,,.,, choose 0 < 8 < 1/v. Note

that there exists zo = xo(p) > 1 such that (In(x))? is a concave function in
x > xo. In view of Jensen’s inequality, we have

1 p
E [(0(Xpon))? Lixomoy] < <§ln (E [Xg:mn{xm;m>x0}])> :
For 6 < 1/~, Theorem 5.3.2 in [4] yields that as m — oo,

E (X000 Lix,..513] = (U(m))’ = o(m),

which is sufficient to bound the first expectation by O(m?) with any a > 0.
Combining the two expectations completes the proof of (E.3) and thus that of
Condition 7. |

Proof of Lemma 4.3. Put S;; = In(X,—i41:n — Xpn—jt1:n) for integer 1 < i <
j < n.For I C [n] with [I| = m, both K,,1(X) and K,, 2(X;) are linear
combinations of such log-spacings S;;. For a given pair (4,j) of indices, the
number of such subsets I in which S;; appears can be counted:

e There are (::;JQ) sets I such that X,,_; 1., and X,,_;11., are respectively
the largest and 2nd largest order statistics of X7.
e There are (i — 1)(:1?3) sets I such that X,,—;1+1., and X,,_;y1., are re-
spectively the 2nd and 3rd largest order statistics of Xj.
e There are (j — i — 1)(;’;’3) sets I such that X, _;j41., and X, 11 are
respectively the largest and 3rd largest order statistics of X7.
Since n — j 4+ 1 cannot be lower than m — 2 (because there need to be at least

m — 3 observations lower than X,,_;11.,), we find
;ILP == 2U,r77:l1 - U::}Q

with

It follows that
n\ LS n—j n—j i1
np = 2 - (-2 i
=(n) X Py -o-2(h )| s

which can be further simplified to the stated formula. O
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