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Abstract

ONLINEAR science explores systems for which the principle of superposition

fails to apply, meaning that the response to a combination of inputs can not
be predicted by the sum of the individual outputs, helping describe phenomena
in biology, optics, or condensed matter physics. This inherent complexity often
renders their modeling challenging. In this thesis, the strongly nonlinear dynam-
ics of magnetic vortices in spin-torque nano-oscillators are investigated. These
devices, which are nanoscale structures able to convert direct currents to alter-
nating voltages, rely on magnetic tunnel junction stacks for which the free layer
exhibits a nonuniform vortex magnetization state. When subjected to a sufficient
injected current, sustained gyrotropic precessions of the vortex core may occur,
generating an oscillatory output signal through magnetoresistance effects. These
dynamics are typically captured using two main approaches. Micromagnetic
simulations, though delivering high accuracy, demand substantial computational
resources. In contrast, the Thiele equation provides analytical solutions by
modeling the vortex core as a quasiparticle, yet relying on assumptions and
linearization.

In this work, we enhance the Thiele equation by improving the magnetostatic
and Zeeman terms, the latter arising from the Ampére-Oersted field induced by
the current. These modifications reveal a clear chirality-dependent splitting of
the dynamics, validated through micromagnetic simulations. While our model
remains qualitative in the steady-state oscillating regime, we introduce a method
to extract the vortex stiffness, linked to the potential magnetic energy, directly
from micromagnetic data. This method highlights discrepancies between analyt-
ical expressions and simulations, notably due to deformations of the magnetic
texture caused by the Ampére-Oersted field. To refine our predictions, we
then develop a quantitative model incorporating the vortex core position-
dependence of the gyrotropic and damping terms. Due to cumbersome analytical
derivations, these terms are instead calibrated using steady-state simulation
results. Our data-driven Thiele equation approach achieves up to eight orders of
magnitude faster computation than micromagnetism, while maintaining equiv-
alent accuracy. It precisely reproduces both transient and steady-state dynamics,
even for arbitrary input waveforms. Furthermore, our findings reveal a unique
dynamical regime for larger-diameter junctions, for which the vortex core is con-
fined between two orbits due to successive double-polarity reversals, a behavior
analogous to the leaky integrate-and-fire model of biological neurons. Finally, we
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* | Abstract

examine a system consisting of a pair of oscillators in close proximity, focusing
on the Ampére-Oersted field influence rather than well-known synchronization
through dipolar interactions. We derive an analytical expression for the asso-
ciated Zeeman energy, confirmed by simulations. Lastly, we underscore the
necessity of accounting for this field in theoretical models by displaying shifts in
the vortex core equilibrium position and ferromagnetic resonance effects.
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Introduction

Context and motivation

N ONLINEAR science explores physical system exhibiting nonproportional re-
sponses to input changes, thus not obeying the superposition principle.
This complexity, prevalent in many natural phenomena, implies intricate dy-
namics and inherent challenges in predictions. Such systems are extensively
investigated across diverse scientific fields, including biology, optics, climatology,
and condensed matter physics [1,2,3,4]. Mathematically, nonlinear dynamics
are typically modeled using differential equation systems. However, deriving
analytical solutions to these models proves to be a formidable challenge, neces-
sitating strategies like linearization to simplify analyses, albeit at the expense
of accuracy and sometimes validity. In magnetism, the Landau-Lifshitz-Gilbert
(LLG) equation governs magnetization dynamics in ferromagnetic materials. In
particular, it can be used to capture the dynamics of the magnetic vortex state, a
ground state in thin nanopillars [5,6]. This nonuniform magnetization distribution
has attracted significant interest over the past decades, notably for data storage
applications [7]. However, the complex magnetization of such systems hinders
the derivation of direct analytical solutions to the LLG equation. Consequently,
the micromagnetism formalism becomes necessary to examine these magnetic
textures, through a discretization into numerous nanoscale basic-shaped cells
[8]. Alternatively, the Thiele equation [9,10] approach offers a conceptual simpli-
fication by treating the vortex core as a quasiparticle, recasting the collective
dynamics into a form analogous to a driven harmonic oscillator model. In parallel,
recent endeavors have explored the development of physics-informed machine
learning models to capture the dynamics of magnetic systems [11].

Concomitantly with advancements in vortex dynamics understanding, spin-
torque nano-oscillators (STNOs) emerged [12,13,14,15], making use of magnetic
tunnel junction structures to inject spin-polarized currents into a free ferromag-
netic layer. This electron flow exerts a spin-transfer torque on the magnetization,
enabling control of its mean magnetic moment direction. By magnetoresistance
measurements, an alternating signal can be retrieved from a constant current
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* | Introduction

input, making them compact dc-to-ac converters. For specific geometries, the
free layer may exhibit a vortex as its magnetic ground state, leading to the
development of the so-called spin-torque vortex oscillators (STVOs) [16,17]. In
such devices, the vortex core is initially at rest at the center of the nanodot.
Upon applying a sufficient input current density, steady-state magnetization
oscillations occur, in the hundreds-of-MHz range, driven by the off-centered
precessing vortex core. STVOs offer numerous interesting properties [16], in-
cluding nanoscale dimensions, low noise sensitivity, narrow bandwidth and wide
frequency tunability. These attributes have rendered these spintronic devices
appealing for various prospective applications, such as radiofrequency (rf) signal
transmission and detection [18], neuromorphic computing [19,20], or solving
optimization problems [21]. Notably, STVOs already demonstrated promising
results in pattern recognition tasks.

Despite important theoretical efforts, none of the above-mentioned methods
is particularly suited to processing long-duration input signals, due to quantita-
tive limitations or computational inefficiency. This is particularly apparent when
input signals of arbitrary shapes are considered, or when several oscillators
interact with each other.

Thesis objectives

This thesis aims at achieving three objectives, outlined below, to fill some gaps in
the current literature. Primarily, we endeavor to refine several existing theoret-
ical works, and to propose a novel quantitative model, which would be fast, yet
accurate.

Objective n°1: Analytical models based on the Thiele equation suffer from
inaccuracies under high excitation, common in STVOs, due to linearization. We
thus aim to enhance the magnetic energy terms, governing the vortex stiffness,
by taking into account higher-order effects and the Ampére-Oersted field influ-
ence.

Objective n°2: The often neglected nonlinearity of the gyrotropic and damp-
ing terms, usually assumed constant, will be addressed by incorporating the
vortex core position dependence. Subsequently, we should be able to develop a
quantitative model for the dynamics.

2 |



Thesis objectives | *

Objective n°3: The dipolar interactions between oscillators have already
been studied, notably for synchronization purposes. However, the influence of
the Ampére-Oersted field is systematically overlooked. A term incorporating this
Zeeman energy component should therefore be introduced to account for its
impact.

Thesis overview

This work includes four Chapters, each summarized by a take-home message,
encapsulating our main findings.

Chapter 1 provides a comprehensive overview of the current state-of-the-
art in spintronics and nanomagnetism, introducing the subsequent Chapters
and highlighting unresolved challenges in the field. It also explores prospective
applications for spin-torque nano-oscillators.

In Chapter 2, we develop an analytical model based on the Thiele equation,
incorporating high-order magnetostatic and Zeeman energy terms, the latter be-
ing induced by the Ampére-Oersted field. We demonstrate a chirality-dependent
splitting of the dynamics, and present a method for extracting vortex stiffness
from micromagnetic simulations. Furthermore, we demonstrate the impact of
the Ampére-Oersted field on the magnetic texture, influencing the dynamics.

Chapter 3 introduces a data-driven model based on the Thiele equation,
accounting for gyrotropic and damping term variations with vortex core position.
This approach offers up to eight orders of magnitude faster calculations over
simulations, while maintaining accuracy and facilitates predictions under long-
duration arbitrary currents. Additionally, we highlight a unique oscillatory regime
where successive core polarity reversals confine the dynamics between two
boundary orbits.

In Chapter 4, we investigate the impact of the Ampere-Oersted field from an
adjacent oscillator on an STVO placed in close proximity. We derive an analyt-
ical expression for the associated Zeeman energy and showcase ferromagnetic
resonance effects and equilibrium position shifts.
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Finally, this thesis is concluded with a general summary, highlighting our
specific findings, acknowledging its limitations, and proposing perspectives for
future works.

4 |



1.1

State-of-the-art

M AGNETISM has been around for hundreds of years, from the advent of the
navigation compass to souvenir magnets decorating our fridges. However,
recent decades have witnessed unprecedented advancements in nanofabrica-
tion techniques and quantum mechanics understanding, unveiling extraordinary
and often counterintuitive phenomena at the nanoscales. Magnetism is no ex-
ception to this paradigm shift. Spin-torque vortex oscillators (STVOs) exemplify
perfectly this situation, operating on many principles inconceivable a century
ago.

This Chapter presents the state-of-the-art in the field, essential for understand-
ing the following Chapters. First, fundamental spintronic concepts are discussed,
including magnetoresistance and spin-transfer torque effects. Subsequently, it
delves into nanoscale magnetism, with a particular focus on the vortex state
and the theoretical frameworks for its investigation. Finally, these concepts are
merged to explore spintronic oscillators, particularly STVOs, and their prospec-
tive applications.

Spintronics

Until the 20t century, electronics solely focused on charge transport. Mott’s
theoretical work expanded this view by proposing spin-polarized currents in
ferromagnetic materials. Experimental validation by Albert Fert, in the seventies,
marked the actual birth of spintronics, which makes use of both electron charge
and spin. This discovery led to significant advancements in magnetic data storage
technologies through magnetoresistance effects, among other applications.

Here, the fundaments of spintronics are presented, beginning with spin-
dependent electron transport in ferromagnets, then introducing giant and tunnel
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magnetoresistance, and finishing with an introduction to spin-transfer torques,
which are critical for vortex excitation in spin-torque nano-oscillators.

Spin-dependent electronic transport

In iron, nickel, and cobalt, which are 3d-transition metals, the electron conduc-
tion is spin-dependent due to their high density of states (DOS) at the Fermi level
E, situated within the narrow d-band. This large DOS N(E;) allows to satisfy the
Stoner criterion [22]:

IN(E:) > 1, (1.1)

where Z quantifies the exchange interaction strength. Consequently, a sponta-
neous energy band splitting occurs as the system minimizes energy by creating
a spin imbalance, due to the Coulomb interaction and Pauli exclusion principle,
despite the associated cost in kinetic energy.

As depicted in Figure 1.1, in paramagnetic metals like copper, both spin
half-bands exhibit equal density of states, leading to a non-spin-dependent
electrical conduction. Conversely, in 3d-ferromagnetic metals such as cobalt, the
exchange interaction splits the spin half-bands, resulting in a partial filling of the
minority spin electron d-band states up to the Fermi energy, and a net magnetic
moment due to the majority-minority spin imbalance.

r r

. R

dq d. d+

St Sy St Sy

N(E) N(E)
Figure 1.1: Schematic of the density of states N(E) of the 4s and 3d-bands in
transition metals, near the Fermi level E¢. For a paramagnetic material like copper
(left), the two spin half-bands are symmetrical. In ferromagnetic materials like
cobalt (right), spin-dependent band splitting occurs, resulting in spontaneous
magnetization.
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In metals, the Drude-Lorentz model provides a simple expression for electron
mobility:

e
o=, (1.2)
e

where e is the electron charge, T denotes the mean free time between scattering
events, and m; is the effective mass of the charge carriers. An analysis of the
band structure reveals that s-electron bands exhibit a larger curvature, compared
to d-electron bands. Consequently, s-electrons present a significantly smaller
effective mass, rendering them the primary carriers of the electrical current. In
3d-ferromagnetic materials, a spin-dependent scattering therefore governs the
electrical conduction due to the spin-polarized DOS at the Fermi level. Minority
spin electrons experience an important scattering probability, because of the
large number of available states within the 3d-band, which reduces the mean free
time between scattering events. In contrast, majority spin electrons encounter
fewer accessible states at the Fermi level, as the transitions are limited to the
s — s type. This results in a diminished scattering probability for majority spin
electrons.

In this context, Mott proposed a two-channel model for electron transport
[23], arising from the direct relationship between conductivity and mean free
time. Within this framework, the total current density J is given as

which sums the majority and minority spin contributions. As the currents are in
a parallel configuration, a global resistivity can be calculated as

p=7
)
Py Pt

where p, and p, are the channel-specific resistivities, which account for the
higher conductivity of majority electrons compared to minority ones, as illus-
trated in Figure 1.2.
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Pr

Figure 1.2: Mott’s two-channel model, depicting the spin-dependent electron
conduction in ferromagnetic materials, as majority and minority spin electron
channels exhibit different resistivities.

Low temperatures are required for such model validity, ensuring that the spin
diffusion length 4 (of the order of the nm to hundreds-of-nm, depending on
the material and temperature) significantly exceeds the electron mean free path
[24]. Failure to meet this condition results in a short-circuit between the current
channels, due to spin-flip events.

Magnetoresistance

Based on these spin-dependent conduction properties, extensive research has
been conducted on magnetic thin films separated with nonmagnetic spacers
(e.g., Cu or Cr). In the eighties, Fert [25] and Griinberg [26] independently discov-
ered giant magnetoresistance (GMR), a phenomenon that significantly exceeds
anisotropic magnetoresistance effects, for which they were jointly awarded the
2007 Nobel Prize in Physics.

When the magnetizations of the two successive ferromagnetic layers are
aligned parallel, a spin-polarized current with majority spins parallel to the mag-
netization experience minimal scattering at the interface, facilitating efficient
conduction. Conversely, an antiparallel configuration results in a high resistance
state, due to increased scattering for both spin channels. Therefore, considering
an antiferromagnetic coupling between ferromagnetic layers [27], the resistance
peaks at zero field and decreases under applied magnetic fields, yielding a
characteristic bell-shaped magnetoresistance curve. The magnitude of the mag-
netoresistance (MR) effect is quantified as

Rap = Rp

MR =
R

(1.5)
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where Ryp and Rp denote resistances in antiparallel and parallel configurations,
respectively.

Although GMR can reach values of tens of percents, the spin-filtering effi-
ciency of the structure is imperfect and led to the development of alternative
approaches. As a result, metallic spacers were substituted with oxide barriers
(e.g., MgO or Al,O3), yielding magnetic tunnel junctions (MTJs) and their tunnel
magnetoresistance (TMR) properties [28,29,30]. The physical principle differs
from GMR stacks, as it relies on the spin-dependent tunneling probability across
the oxide barrier of majority and minority spin electrons. Nonetheless, the
resulting effect is similar to that of GMR, in the sense that a parallel configuration
shows lower resistance than an antiparallel one. Since then, advancements in
nanofabrication techniques have enabled TMR ratios exceeding hundreds of
percents [31], as displayed in Figure 1.3.
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Figure 1.3: Magnetoresistance loop at 300 K of a CoFeB/MgO/CoFeB pseudo-
spin-valve magnetic tunnel junction annealed at 525 °C. TMR ratio is as high
as 604 % at 300 K. Reproduced from lkeda et al. [32], with permission of the
American Institute of Physics.

For practical implementations, a synthetic antiferromagnet typically pins one of
the two ferromagnetic layers, in a pseudo-spin-valve configuration. The other
ferromagnetic layer, thinner and designated as the free layer, can switch magne-
tization at low magnetic fields. Therefore, only the free layer magnetization flips
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direction under standard operating conditions of the MTJ, with the polarizer, i.e.,
the fixed layer, serving as a reference magnetization.

Spin-transfer torque

Spin-transfer torque (STT) is a mechanism of quantum origin enabling the local
manipulation of the magnetization of thin magnetic layers without requiring
external magnetic fields [33,34,35], as illustrated in Figure 1.4.

Cobalt / Copper / Cobalt
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Y
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| N I
[ S !

N

1 N |
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N
N
N

Transverse
F1 component .1 F2

Figure 1.4: Principle of the STT effect, for a typical case Co(F,)/Cu/Co(F,) trilayer
pillar. A current of s-electrons flowing from left to right will acquire through F;
(assumed to be thick and acting as a spin-polarizer) an average spin moment
along the magnetization of F;. When the electrons reach F,, the s — d exchange
interaction quickly aligns the average spin moment along the magnetization
of F,. To conserve the total angular momentum, the transverse spin angular
momentum lost by the electrons is transferred to the magnetization of F,, which
senses a resulting torque tending to align its magnetization towards F;. Repro-
duced from Chappert et al. [36], with permission of Springer Nature.

This phenomenon typically involves a trilayer structure, made of a polarizer with
fixed magnetization, a nonmagnetic spacer, and a free ferromagnetic layer. Upon
injecting a perpendicular-to-plane current through this multilayer, electrons
become spin-polarized, aligning with the polarization direction. These spin-
polarized electrons are then transferred to the free layer, whose initial magneti-
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zation may not align with that of the polarizer. Via exchange interaction, electron
spins align with the free layer magnetization while transferring their transverse
component. Due to the conservation of the total angular momentum, a spin-
transfer torque is therefore generated within the free layer [37]. This torque can
induce complete switching of magnetization, enabling local bit writing in STT-
magnetic random access memories, or sustained magnetization oscillations, as
will be discussed in Section 1.3.

It is critical to emphasize that large current densities are necessary for STT
to impact significantly the magnetization in the free layer [24]. Consequently,
nanoscale structures likes nanopillars are usually employed, delivering current
densities of the order of 10%° to 10 A/m? at moderate absolute current values.
This is particularly critical in magnetic tunnel junctions, where excessive voltage
bias across the insulating barrier can induce dielectric breakdown, compromising
the integrity of the device.

Nanomagnetism

Examining nanoscale magnetic textures, such as skyrmions and vortices, de-
mands theoretical frameworks going beyond classical macroscopic Maxwell’s
equations. Indeed, magnetization in ferromagnets is typically not completely
uniform but separated into the so-called magnetic domains. This heterogeneity
intensifies when considering nanoscale structures, as nonuniform magnetic
solitons can emerge. In this Section, we start by introducing the fundamental
relationships governing magnetism. We then focus on micromagnetism, which
allows to study microscopic magnetic systems using the Landau-Lifshitz-Gilbert-
Slonczewski equation. Subsequently, we explore magnetic vortices and present
the Thiele equation approach, treating them as quasiparticles for predicting their
dynamics.

To comprehend the emergence of magnetism in materials, the Hamiltonian

governing the exchange interaction between neighboring spins must be consid-
ered:

H=-) J;SS; (1.6)
(i)
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where J;; denotes the exchange integral. Its sign dictates whether a material can
become ferromagnetic or antiferromagnetic, as a parallel or antiparallel align-
ment between adjacent spins is favored, respectively. It is important to highlight
that spontaneous magnetization in ferromagnets (antiferromagnets) arises solely
below the Curie temperature T (Néel temperature Ty). Above this temperature,
thermal fluctuations dominate, disordering magnetic moments and inducing a
paramagnetic behavior.

The magnetization field M, representing the density of magnetic moments
per unit volume, is linked to the magnetic induction B and magnetic field H
through the fundamental equation:

B = 1ip(M + H), (1.7)

where gy = 47 X 1077 H/m is the vacuum permeability. In paramagnetic sys-
tems, where magnetic moments are randomly oriented in the absence of external
field, a linear response is observed under weak applied field H, yielding

B = pp(1 + x)H, (1.8)
where y is the magnetic susceptibility of the material.

The relationship does not hold for ferromagnetic materials due to their highly
nonlinear response M(H) and concomitant hysteresis. Upon application of a
sufficiently strong field, these materials saturate at a value M,, corresponding
to a complete alignment of the magnetic moments with the external field. For
NigoFe,o permalloy (Py), this saturation magnetization is roughly 800 x 10° A/m.

Micromagnetism

Micromagnetism investigates magnetic materials at the mesoscopic scale, within
a continuous medium approximation, serving as an intermediary between atomic
lattice quantum phenomena and macroscopic behavior, which is usually studied
using Maxwell’s equations. This framework, operating at a nano- to microscopic
level, facilitates the examination of both the ground state and dynamics of mag-
netic textures through the energy functional W of the system, which includes all
contributions to the magnetic energy, as described hereafter [38,39]. Typically,
systems studied using micromagnetism span from a few nanometers up to sev-
eral micrometers. Below this scale, the continuous medium approximation does
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not account for discrete atomic structures. Above it, the theory remains valid but
the computational resources required for relevant results become prohibitive.

The exchange interaction between neighboring spins, a primary cause of
ferromagnetism (or antiferromagnetism) in materials, yields an exchange energy:

Wex = f A(Vm)3dV, (1.9)
\

where A is the exchange stiffness coefficient, and m = M/M; is the reduced
magnetization. The magnetostatic energy, arising from the interplay between the
magnetization and its demagnetizing field (or stray field), is expressed as

wms — _Ho f M- H™dV, (1.10)
2 Jy
where the demagnetizing field H™ satisfies

{v X H™ =0 (1.11)

V- (up(M+Hm™)) =0"

In addition, the application of an external magnetic field H®! introduces a
Zeeman energy contribution:

WZ = —, f M - H™dV. (1.12)
Vv

Finally, magnetocrystalline anisotropy can lead to easy magnetization axes, and
contributes to the total energy through an anisotropy energy given as

wanis — [ KfaMs(m)dV, (1.13)
1

where K is an anisotropy constant and 2" a function that depends on the crys-
tal structure. Other energy contributions, such as magnetoelastic and thermal
energies, or the Dzyaloshinskii-Moriya interaction, may also be relevant but are
out of scope of this thesis. More specifically, certain material parameters, such
as M, and A are considered at room temperature, thus incorporating tempera-

ture effects to some degree. However, thermal noise will not be considered in
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our study. Additionally, the permalloy free layers considered in this thesis have
thicknesses of ~ 10 nm, which allows to disregard specific interfacial anisotropy
and voltage-controlled magnetic anisotropy effects [40].

The energy functional enables the computation of an effective field H*f at
any point in the material, encompassing all energy contribution affecting the
magnetization [41,42]. This effective field is calculated using the functional
derivative:

1w

Heff - _ .
HoM 6m

(1.14)

This effective field exerts a torque T~ on the magnetization, inducing a Larmor
precession, expressed as

Tt = —yom x Hef, (1.15)

where yy = lyYg, With y¢ the gyromagnetic ratio. To account for experimental
observations not rendered using solely this conservative term, like saturation
in hysteresis curves, a dissipative phenomenological damping term has been
introduced:

G om
= -, 1.16
T =agmx = (1.16)

where o is the Gilbert damping coefficient (o < 1, generally). Adding these two
terms gives rise to the well-known Landau-Lifshitz-Gilbert-Slonczewski (LLGS)
equation [43,44], governing the magnetization dynamics:

om

I = —yomx H*" + am om | st (1.17)

ot

Here, ' represents the spin-transfer torques, studied notably by Slonczewski
[33], as well as Berger [45], and Zhang & Li [46,47], which must be considered
for magnetic tunnel junctions.

The LLGS equation, in its explicit form, is implement in micromagnetic
solvers, like OOMMEF [48] (CPU-based) and mumax®/mumax* [8,49,50] (GPU-
accelerated), enabling to study the dynamics of nano- to microscopic magnetic
textures. The spatial discretization of the lattice through finite element (e.g., the
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Nmag software [51]) or finite difference methods must be nanometric, typically

below
’ 2A
I, = |—, 1.18
ex H0M52 ( )

which is the exchange length [52] of the material (roughly 5 nm for Py), to ensure
physically meaningful predictions. This constraint renders micromagnetic simu-
lations (MMS) computationally intensive, necessitating substantial resources for
accurate modeling.

Magnetic vortices

Soft ferromagnetic nanopillars can exhibit a nonuniform magnetic ground state,
known as a vortex. Such magnetic texture features in-plane spins swirling around
a vortex core [53,54], minimizing magnetostatic energy by closing the magnetic
flux, while increasing exchange energy due to adjacent spin noncollinearity. The
vortex core, whose radius is comparable to the exchange length of the mater-
ial, presents an out-of-plane magnetization, that prevents an exchange energy
singularity. These solitons, of winding number S = +1, are characterized by two
topological parameters, namely the chirality C (also called circulation, or helicity),
denoting clockwise (C = —1) or anticlockwise (C = +1) in-plane magnetization
curling, and polarity P, indicating upwards (P = +1) or downwards (P = —1) out-
of-plane magnetization in the vortex core. Magnetic vortices thus appear in four
distinct states, based on each P and C combinations, as illustrated in Figure 1.5.

(PC)=(+1,+1) (RO =(+1,-1) ((RC)=(-1,+1) (RO =(-1,-1)

VN 2N V.S 2N
5 0 O ©F

Figure 1.5: Vortex magnetic states in circular nanopillars, depending on the
polarity P, upwards or downwards (in red and blue, respectively), and chirality C,
clockwise or counterclockwise (in purple and green, respectively).

The aspect ratio of the pillar, i.e., & = h/(2R) with h the thickness and R the radius,
governs the nucleation of a vortex as magnetic ground state. In permalloy nano-
magnets, negligible magnetocrystalline anisotropy renders shape anisotropy
dominant. For either flat or elongated cylinders (h < R or h > R, respectively),
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magnetization aligns uniformly along the easy axis to minimize magnetostatic
energy. Conversely, vortex states can be stabilized for intermediate aspect
ratios. Magnetic phase diagrams, as illustrated in Figure 1.6, reveal equilibrium
boundaries and stability regions of uniform and vortex states through magnetic
energy calculations, simulations, and experiments [6,55,56,57]. These studies
confirm uniform in-plane and out-of-plane magnetization for extreme aspect
ratios, while nonuniform vortex states emerge for intermediate & values. For the
smallest sizes, the superparamagnetic limit may be reached, wherein rapid ther-
mally-induced magnetic switching occurs, which is exploitable for applications
demanding pure random numbers [58,59]. It is noteworthy that the aspect ratio
is not the only geometric parameter of importance. For instance, nanopillars with
micrometer-scale radii or larger favor multidomain states, as a vortex configura-
tion becomes increasingly costly in terms of exchange energy over a large surface

area [24].
T
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Figure 1.6: Schematic phase diagram of nanoscale permalloy cylinders as a
function of their reduced radius and thickness. The various magnetization ground
states are separated by dashed lines. In reality, some states can be metastable
close to boundaries. Depending on the aspect ratio of the pillar, the magnetiza-
tion is either uniform (in-plane or out-of-plane) or forms a vortex configuration.

Inspired from Refs. [6,57].
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In the Bloch sphere formalism, the three spatial components of the magnetiza-
tion field m are defined as

m, cos(¢) sin(®)
m=|m, | = |sin(¢)sin(©) |, (1.19)
m, cos(9)

where ¢ and © are functions that represent the planar and out-of-plane angles,
respectively. This definition ensures that ||m|| = 1. For a magnetic vortex, the
magnetization at any point r = (r, 8), in polar coordinates (or r = (x,y), in Carte-
sian coordinates), in the nanomagnet can be determined by these angles, whose
value depend on the vortex core position X = (p, ), or X = (X,Y) in Cartesian
coordinates, as depicted in Figure 1.7.

Figure 1.7: Schematic top view of a magnetic vortex. The in-plane vortex magne-
tization field M is depicted by the blue arrows. The vortex core (highlighted in
red) gyrates at a position (p, ¢), in polar coordinates. All points in the plane (in
dark gray) are denoted using avectorr = (r, 6).

Several theoretical frameworks describe mathematically the vortex magnetiza-
tion in circular nanopillars of radius R and thickness h, particularly for off-
centered vortex core. The single-vortex Ansatz (SVA), developed by Guslienko et
al. [60], has been employed for stability calculations, vortex core displacement
under magnetic fields, or resonant frequency calculations. This model assumes a
rigid translation of the vortex from its equilibrium position, maintaining an unal-
tered magnetization distribution m(r — X). However, this hypothesis introduces
surface magnetic charges at the edge surface of the nanodot, notably limiting its
applicability for large vortex core displacement.
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To address this issue, the two-vortex Ansatz (TVA) was introduced [61].
This model combines two off-centered rigid vortices with cores located in X =
(p, ) and X; = (Rz/p,(p), in polar coordinates, to satisfy Dirichlet boundary
conditions. Indeed, contrary to the SVA, it meets (m - n); = O, with n the normal
vector to the surface S, thereby eliminating surface magnetic charges. Within
this framework, the planar magnetization components are described as

- C(s(n2 sin(26 — @) + sin(cp)) - (1 + 52)11 sin(e)) sin(®)

(1.20)
V52 +1n2 —2sncos(6 — )1+ 52n2 — 2sncos(6 — @)

m

A C((l + 52)n cos(6) — s(n2 cos(26 — @) + cos(<p))) sin(O@)

o V52 + 12 —2sncos(0 — @)1+ 52n2 — 2sncos(6 — @)

m , (1.21)

where s is the reduced vortex core position, defined as s = VX2 +Y2/R = p/R,
with (X, Y) the Cartesian coordinates of the core, and n =r/R.

The OOP angle © can be determined using

m, = Pf,(llr — XI|), (1.22)

where P is the vortex polarity and f, represents the vortex core profile. Various
bell-shaped curves have been proposed in previous works, as compared by Gai-
didei et al. [62]. Usov and Peschany [63] suggested a simple expression dividing
the vortex into two distinct regions:

p2—(p2+r2—2pr cos(6—))
fZUsov — 1 p2+p2+r2-2pr cos(6—)

0, for\/p2 +r2 — 2pr cos(6 — @) > p.

, forp2+r2 —2prcos(6 — o) < p,

, (1.23)

with p, the vortex core radius. However, thus function lacks differentiability at
the domain intersection. Feldtkeller & Thomas proposed a Gaussian alternative
[64], given as

p? +r? —2prcos(6 — @)
p?

Feldt.
fz N

— exp| - , (1.24)

which resolves this issue, by proposing a simple but continuous core structure.
Later, Hollinger et al. [65] introduced a ‘Mexican Hat’ Ansatz:
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Holl.
fz ©

2,2
_2 e_
=cexp(—p +r Ip;rcos( (p))
ex

(1.25)

2, .2 _
+(1—c)exp(—p +r? — 2prcos(6 cp))’

412,

where c is a thickness-dependent constant, which accounts for the halo effect
observed in thick dots, i.e., a region at the core boundary where m, can be
negative (positive) when polarity is positive (negative). These various vortex core
profiles are compared in Figure 1.8.

1.0 - UJsov
Feldtkeller
0.8 - —— Hollinger
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Out-of-plane magnetization m, (/)
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-0.3 —0 2 —O 1 . 0.3
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Figure 1.8: Comparison between the vortex core out-of-plane profiles from
Usov [63], Feldtkeller [64], and Hdllinger [65], for a R = 100 nm and h = 10 nm
permalloy disk. Inspired from Ref. [62].

Thiele equation approach

The Thiele equation approach, originally derived from the LLGS formalism to ana-
lyze domain wall motion [9,10], is commonly employed to model vortex dynamics
within MTJ free layers. This theoretical framework, first adapted to vortices
by Huber [66] after works on bubble materials by Malozemoff & Slonczewski
[67], treats the vortex core as a quasiparticle accounting for any modification of
the global magnetization field. Interestingly, the Thiele equation approach can
also be applied to other magnetic solitons, e.g., skyrmions and hopfions. This
model considers a net sum of forces acting on the vortex core to predict its in-
plane position X = (X, Y), i.e., the collective coordinates. At equilibrium, the most
general description of this system is
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Q-X+E-X—%—V)‘(’:Fext—5-x, (1.26)

where M - X is an inertial mass term, G - X the gyrotropic force relative to the
vortex low-frequency excitation mode (comparable to a Magnus-like force in
fluid dynamics [68]), —0W /dX the restoring forces, F®* any external force acting
on the system, and —D - X a Gilbert dissipation term. Equation (1.26) is derived by
assuming a rigid translation of the initial magnetization, i.e., m(r, t) = mg(r — X).
Following the chain rule, we obtain dm/dt = —X - Vm,, which, after substitution
into the LLGS equation and developements, leads to the various Thiele equation
terms [9]. To incorporate a mass term or any higher-order contributions, defor-
mations of the magnetization with respect to the velocity and its derivatives must
also be taken into account.

It should be noted that I\=/I G,and D are tensor quantities whose components
can be derived from the magnetization field m. While extensive literature exists
on the vortex mass [69,70,71,72,73,74,75,76,77], it will be disregarded in this
thesis as it is considered negligible for thin free layers [78]. As for the gyrotropic
and damping tensors, they can be calculated as follows [79,80]:

Ms om om
=— — - vV 1.27
oo =5 L[ 57) e
_ M; om om
DaB = —C(GE /\;(ax‘x . a—)(B)dv, (128)

with y the gyromagnetic ratio and o the Gilbert damping constant. Considering
a magnetic vortex hosted in a nanodisk, the gyrotropic and damping tensors
are in fact anti-diagonal and diagonal, respectively [66]. Consequently, these
terms can be simplified to a gyrovector G(eZ X X), where G = Gyy denotes the
gyroconstant, and a damping vector DX, with D = Dy x representing the damping
parameter (if small nondiagonal terms are negligible [80]). For an isolated spin-
torque vortex oscillator, Equation (1.26) therefore simplifies to

G(e, xX) - % — FST_ DX, (1.29)

where the external forces acting on the system F¢ = F°T are only related to the
spin-transfer in this case. Such steady-state equilibrium of forces is depicted in

Figure 1.9, leading to a circular vortex core trajectory.
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Figure 1.9: Schematic of the different forces having an effect on the vortex core.
Reproduced from Dussaux et al. [81], with permission from Springer Nature.

Using the mathematical Ansdtze of the magnetization field, presented in Sec-
tion 1.2.2, as well as the aforementioned equations, expressions for each term of
Equation (1.29) have been derived in past decades. However, analytical devel-
opments have proved to be cumbersome, due to the complexity of the involved
expressions, necessitating approximations and simplifications. Consequently,
the terms presented hereafter, originally developed for resonant regime calcu-
lations, are mainly valid for small core displacements, and typically considered
idependent of the vortex core position.

The gyroconstant is given by

MS
G = ~2nPh_=, (1.30)
G

where h is the free layer thickness [61,66]. Similarly, the Gilbert damping term
can be calculated, yielding

D = —agn |G, (1.31)

where n is a geometry-dependent parameter that takes various formulations
across existing literature. For instance, some studies employ [82,83]

n= %In(ﬂ) +1, (1.32)

with p. the core radius, while others [84,85] use
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_1n(R),3
n= 5 |n(2lex) + 5 (1.33)

Several alternative expressions are also reported [86,87].

The restoring forces can be obtained through an analogy with a simple
harmonic oscillator, characterized by an effective stiffness constant k, related to
the vortex core displacement X, which modifies the energy landscape:

ow
X —kX. (1.34)
Using the expressions for the energy contributions given in Section 1.2.1, stiff-
ness constants associated to each magnetic energy component can be derived.
For permalloy nanodisks, magnetocrystalline and magnetoelastic contributions
are negligible, leaving predominantly exchange and magnetostatic interactions
to consider, if thermal effects are disregarded.

Under the single-vortex Ansatz, Guslienko et al. [5] determined the exchange
stiffness as

1
1-52’

R (1.35)

| 2
kSn = —nqu_fh(ﬂ)
with s representing the reduced vortex core position. Alternatively, Gaididei et
al. derived [62], employing the two-vortex Ansatz,

1

—, 1.36
12 (1.36)

| 2
(fin = 22|
noting a (—2) factor between the two results. This suprising change of sign likely
arises from the image vortex introduced within TVA. In the thin-film limit (£ =
0), the magnetostatic contribution [88], which dominates the exchange term, is
expressed as

2
kmS — E“OMSZ%

5 (1.37)
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The expressions of k* and k™ indicate that the confinement weakens for larger
radii.

Lastly, spin-transfer torques, originating from diverse physical phenomena

in MTJs, need to be considered. These forces can be decomposed into three
components:

FST=F" +FT + R (1.38)

where FfT and F”sT are the perpendicular and parallel Slonczewski torque contri-

butions [33], respectively, and F,:STT is the field-like torque [46]. All terms depend
on the polarizer orientation p = l(px,py,;oz), and may vanish in specific polariza-
tion configurations. The first term is expressed as

FPT =k"J(e, x X), (1.39)
where J is the OOP current density, and the parameter K T is given as
k' = nta,Mhp,, (1.40)
with a; = pJﬁ/(ZlelMSrefh), where p, is the polarization efficiency and Msref the
saturation magnetization of the polarizer [79,84]. The in-plane component of the
Slonczewski torque can be expressed as

°T = In(2)nM;hp.Ca,Jp,,, (1.41)

where p, , are the in-plane components of the polarization unit vector [86,89].
Finally, the field-like torque is given by

Fir = kil (e; X p), (1.42)
where the parameter k3 is

P —%CnMshRaJJEFLT, (1.43)

with & 7 its relative efficiency with respect to the Slonczewski torque [86]. In
MTlJs, the field-like torque arises from electron spins precessing during tunneling
and acquiring phase shifts, which leads to interference effects that produce a net
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torque [90]. The latter acts perpendicular to the magnetization and to the other
torque component, similar to an effective magnetic field, hence its name.

Additionally, external magnetic fields may also influence magnetic vortex
dynamics through the Zeeman energy, inducing magnetization deformation
dependent on their orientation relative to the disk. These fields may originate
from experimental setups and other magnetic layers, or be current-induced.

On the one hand, uniform in-plane fields have been extensively studied
[5,61,91,92], as they facilitate vortex core excitation in nano-oscillators and
modulate resonant frequencies, or for field sensing applications. Applying an
in-plane field favors parallel magnetization, while disadvantaging antiparallel
components. It results in a displacement of the vortex core perpendicular to the
field direction on a side that depends on the chirality, as illustrated in Figure 1.10.

1.0
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o
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o
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Field (mT)
(a) (b) (e)
Figure 1.10: The typical hysteresis loop and magnetization reversal process due

(c) (d)
to the vortex nucleation displacement, and annihilation as calculated with micro-
magnetic solver for an isolated dot with R = 100 nm and h = 30 nm. Reproduced
from Guslienko et al. [91], with permission of the American Physical Society.
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Near saturation, a critical annihilation field is reached, collapsing the vortex
into an in-plane state aligned with the field. Reducing the magnetic field from
saturation reveals a sudden jump in the hysteresis curve, marking a vortex nucle-
ation. At rest, i.e., in the remanent state, the average magnetization (m(r)), =
—2/3C(eZ x X)/R is zero by symmetry [82], the vortex core resting at the center
of the nanodot. The impact of an in-plane field can be incorporated into the
Thiele equation through a Zeeman energy-derived force [82], given as

F% = u(e, x H), (1.44)
with u = 2t /3puyChM,R and H = (HX, Hy) the in-plane magnetic field.

On the other hand, out-of-plane fields are frequently employed in experi-
ments to facilitate gyrotropic excitation of the vortex core, notably by tilting the
polarizer [81]. These bias fields indirectly influence the dynamics by expanding
the core diameter and increasing m, uniformly [93,94], offset by H,/H, with H,
the applied OOP field and H, the saturation field. As the magnetization norm
must be conserved, the in-plane components (mx,my) adjust consequently.
This impacts the Thiele equation terms, necessitating modifications for accurate
modeling [86,89]. Notably, de Loubens et al. [95] showed that the gyrotropic
frequency scales with (1 + PH,/H,), with P the polarity, under OOP magnetic
fields.

Finally, magnetic fields may also be generated by a current [96], as in spin-
torque vortex oscillators. When an OOP current traverses a nanopillar, it induces
a magnetic field following Ampére’s law:

c

where I, is the current enclosed by a closed curve C. Assuming a uniform current
density J = I/(nRz), as well as an infinitely long, circular cylinder, it yields

%Jr, for r <R (inside the pillar),

|8 = (1.46)

%JR;, for r > R (outside the pillar).

The swirling Ampeére-Oersted field influences vortex stability, upon its relative
orientation with the in-plane magnetization [97]. Moreover, it enables deter-
ministic chirality setting during vortex nucleation, through minimization of the
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Zeeman energy [98]. Within the Thiele framework, this field contributes to the
restoring forces [84,99,100], similarly the other energy components. Its associ-
ated stiffness constant is given as [79]

KOe = CJKO = ng—gqushR. (1.47)

In a steady-state system, Equation (1.29) and Figure 1.9 reveal two distinct
collinear force equilibria, as the gyroforce is counterbalanced by restoring forces,
while the spin-transfer forces compensate for damping. This dual equilibrium
between conservative and dissipative forces enables deducing key vortex prop-
erties, such as the resonant frequency or the critical current required to trigger
sustained auto-oscillations. Indeed, assuming a circular trajectory, G(eZ XX) =
—GwX, with w the angular frequency, since X = we, X X [61]. The resonant
frequency can thus be calculated using

Wy = —— (1.48)

where k is the total vortex stiffness, combining every energy contributions. This
yields eigenfrequency values in the hundreds-of-MHz range, corresponding to
the microwave spectrum, and up to GHz for the smallest oscillators.

In the context of magnetic vortices within the free layer of MTlJs, a critical
current density J_4 can be defined, representing the threshold at which sustained
auto-oscillations are initiated, surpassing Gilbert damping. Neglecting the ex-
change energy and considering a perpendicular polarizer, J 4 is governed by the
following relationship [100]:

_kaS

= — (1.49
DCkOe + Gk3T )

cl

For an applied current density exceeding J 4, the vortex core exhibits a circular
trajectory around the geometric center, with a steady-state orbital radius s(J)
scaling as

sy=A— -1, (1.50)
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where A is a material and geometry dependent parameter [79]. Analogously, a
second critical current density J_, marks the operational limit of such oscillators.
Beyond this value, two scenarii may arise [79]. Either the vortex core attains a
critical velocity, triggering an instability that may invert its polarity, or the core
collapses on the edges of the nanodisk and annihilates. These mechanisms are
discussed in Chapters 2 & 3.

The physical origins underlying polarity reversals, specifically involving the
annihilation of vortex-antivortex pairs, will be detailed in Section 3.2. However,
it is worth noting that various means can be employed to control core reversals,
such as spin-polarized currents or magnetic fields [7,18,89]. Mastering these
reversals, along with those of chirality, is of obvious interest for data storage
applications using magnetic vortices.

Spin-torque nano-oscillators

Following preliminary investigations into magnetization switching using spin-
transfer torque, particularly relevant for magnetic data storage applications,
the exploration rapidly extended to other scenarii, going beyond simple binary
parallel-antiparallel states. This included cases where the magnetization of the
free layer could undergo sustained precessions, as spin-torque (or spin-transfer)
nano-oscillators (STNOs) emerged. These nanoscale devices, engineered to con-
vert direct currents into oscillating voltages, are the focus of this Section. Initially,
their fundamental operating principle will be eplained. Then, one of their most
prominent prospective applications, neuromorphic spintronics, will be examined.

Before that, it is important to note that STNOs belong to the broad category
of nonlinear oscillating systems, which extends far beyond magnetism. Those
may thus exhibit phenomena common to this class of dynamics, such as bifur-
cation behavior, chaos, synchronization, or steady-state auto-oscillations. In this
context, Slavin & Tiberkevich developed a model based on spin-wave theory
to describe STNO dynamics [14]. This model allows the characterization of
spintronic oscillators using parameters closer to experiments compared to micro-
magnetism, such as the output power. In general, these auto-oscillators share
certain fundamental aspects, i.e., resonance behavior, natural losses through
dissipations, and an active element that acts as anti-damping to counteract them.
The general equation describing their dynamics is
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¢+ c(iw(p) + I(p) — T_(p)) = f(t), (1.51)

where ¢ represents the complex oscillation amplitude, w is the resonance
frequency, p = |c|? is the power, I, and . are the damping and anti-damping
rates, respectively, and f(t) accounts for any interaction with the environment.
The p-dependence of the parameters clearly underlines the nonlinear dynamics.
Additionnaly, the form of this equation resembles that of the LLGS equation,
suggesting that this theoretical framework can be applied to various types of
spintronic oscillators, regardless of the physical origin driving the anti-damping
effect. Examples, besides uniform and vortex-based spin-torque oscillators, in-
clude spin-Hall [101] or spin-orbit nano-oscillators [102].

Nanoscale transducers

Spin-torque nano-oscillators [13,103,104] exploit both spin-transfer torque and
magnetoresistance phenomena, detailed in Section 1.1. Similarly to magnetic
storage devices, their architecture is made of a fixed magnetic layer, a nonmag-
netic spacer, and a free layer. However, STNOs are engineered to facilitate wider
phase space exploration by the free layer magnetization, diverging from the
bistable configuration of memory devices obtained using magnetic anisotropies.
The operating principle of STNOs is detailed in Figure 1.11.

Sustained
t Jac oscillations of
magnetization

Oscillating
voltage

Figure 1.11: Operation principle of a spin-torque nano-oscillator, consisting of a
polarizer (in green), an oxide barrier (in gray), and a free magnetic layer (in blue).
Upon injecting an out-of-plane current into the stack, spin-polarized electrons
from the fixed ferromagnetic layer induce sustained magnetization precessions
in the free layer, transduced into an oscillating voltage through magnetoresis-
tance effects.

Upon current injection, electrons are spin-polarized by the fixed layer and
transferred to the free layer. Providing a sufficiently large current, sustained
magnetization oscillations can be induced by spin-transfer torque. Through mag-
netoresistive effects, these oscillations translate into ac voltage output when a
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dc current is applied, rendering STNOs nanoscale nonlinear dc-to-ac converters,
which are CMOS compatible. Typically operating in the microwave range, STNOs
yield GHz frequencies, with output powers of up to uW for injected currents of
the order of the mA, using MTJs [105].

As established in Section 1.2.2, magnetic vortices can emerge as the ground
state of ferromagnetic nanopillars, for specific geometric and material parame-
ters. For a given range of STNO free layer thickness and radius, the magnetization
adopts therefore a nonuniform vortex state, giving rise to spin-torque vortex
oscillators (STVOs) [16]. Upon injecting a spin-polarized current, the vortex core
initiates gyrotropic precessions, inducing oscillations in the mean magnetization
of the free layer. These oscillations, analogous to uniformly magnetized STNOs,
manifest at lower frequency (< 1 GHz), corresponding to the gyrotropic mode,
as illustrated in Figure 1.12. However, STVOs exhibit notable advantages over
uniform STNOs, including narrower linewidth and lower noise sensitivity [81,87].

Hperp = +5.1 kOe 3.2 mA
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Figure 1.12: Large microwave emission spectra associated with vortex oscilla-
tions. Power spectral densities (PSD) normalized by Igc, obtained for I =
2.6,2.8,3,and 3.2 mA with H,,, = 5.1 kOe. Reproduced from Dussaux et al.
[81], with permission from Springer Nature.

It seems crucial to point out that the observable parameters in experiments and
simulations are not directly equivalent, particularly for electrical measurements.
Experimentally, an oscillating electrical signal is obtained, which depends on
the evolution of the device resistance. In contrast, simulations and theoretical
models focus on the magnetization field and the position of the vortex core.
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While there is a clear relationship between the magnetic state in the free layer
and the TMR signal, no quantitative equation has yet been established to link
the core position with magnetoresistance.

Two distinct configurations enable STVO realization, nanocontacts [106,107]
and nanopillars [15,81]. Nanocontacts are attractive for their relatively simple
fabrication process, involving straightforward layer deposition and localized
electrical contact using a microscopic tip or an etched hole, yielding locally high
current density. Vortex stabilization is achieved through the Ampére-Oersted
field, with core oscillations that are induced if a sufficient current density is
generated. Conversely, nanopillars, illustrated in Figure 1.13, provide a superior
control at the expense of difficult fabrication, requiring circular pillar definition
using etching techniques followed by a SiO, passivation step. Using this config-
uration, the current stays within the magnetic tunnel junction, while a spatially-
confined vortex can be stabilized as the free layer magnetic ground state. This
thesis focuses exclusively on STVOs in nanopillar structures.

Figure 1.13: Scanning electron microscope (10 kV, 7.5 um aperture) of a dense
3 x 3 array of spin-torque vortex oscillators (top view), with a radius of 200 nm
and separated by about 100 nm. Image courtesy of Dr. Tristan da Camara Santa
Clara Gomes (INESC-MN, Portugal).

It is noteworthy that STNOs (and STVOs) can also rectify injected microwave
signals into dc voltage [108]. The output of the resulting spin-diode effect,
analogous to classical electronic diodes, depends on the input signal frequency,
external parameters like an applied magnetic field or bias current, and the device
resonant frequency. This phenomenon holds promise for frequency detection
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[18] and ambient energy harvesting applications [109], though efficiency remains
limited.

Up to this point, we have described our MTJ as having a three-layer struc-
ture. In reality, the stacks used consist of a much larger number of layers, each
serving a specific purpose. For instance, our partners at INL (Braga, Portugal)
have produced stacks with the following specifications (thicknesses in nanome-
ters) [110]: Ta(5)/CuN(50)/Ta(5)/CuN(50)/Ta(5)/Ru(5)/IrMn(6)/CoyFe5,(2)/Ru
(0.7)/CoygFesnByp(2.6)/MgO/CoypFesnByp(2)/Ta(0.2)/NiFe(7)/Ta(10)/Ru(7). In
practice, we will only simulate the free layer with mumax®, i.e., the CoFeB/
Ta/NiFe part, which we approximate as a single homogeneous permalloy layer.
Consequently, certain fabrication defects or effects of each individual layer will
be partly neglected in our micromagnetic simulations, due to constraints on cell
size or practical considerations.

Neuromorphic spintronics

Magnetic vortices, and by extension STVOs, have rapidly gained attention for
prospective applications due to their wide array of features. Initially, they were
investigated as promising candidates for nanoscale data storage using their
various stable magnetic states [7]. Subsequently, their microwave properties
were studied to develop electrically-tunable devices capable of generating or
capturing rf signals [16]. More recently, they have attracted significant interest
in the quickly emerging field of hardware-based artificial intelligence due to their
nonlinear behavior, which can be harnessed as an activation function for artifical
neurons [111], as explored hereafter.

Cognitive task resolution stands as a prominently explored application for
STNOs. With the surging popularity of artifical neural networks (ANNSs), their
associated energy consumption has become a critical concern. A potential alter-
native to conventional CMOS architectures lies in neuromorphic computing,
which proposes to go beyond the von Neumann bottleneck, which limits effi-
ciency due to memory-CPU data transfer, by mimicking some of the human brain
working principles. This paradigm enables the integration of low-power hard-
ware devices within physical ANNs to emulate neuronal and synaptic functions
at reduced energy costs. To fulfill such neural tasks, these devices must ideally
satisfy stringent criteria, such as nanoscale dimensions, CMOS compatibility,
intrinsic memory, and above all nonlinearity [111]. Several spintronic devices
meet all these requirements. Within the neuromorphic framework, Grollier’s
group pioneering works demonstrated the first successful execution of cognitive
tasks using STNOs [19,20], nearly a decade ago.

| 31



1 | State-of-the-art

In this context, reservoir computing, which is a type of recurrent neural
network with fixed and random weights (illustrated in Figure 1.14), has received
significant interest for spintronic applications due to its simplified training step,
which solely adjusts the ouput layer weights [112]. However, its inferior perfor-
mance compared to other architectures led to explore alternative approaches
more recently. In fact, numerous research efforts have focused on neuromorphic
sprintronic systems employing diverse devices for both synaptic and neuronal
emulation, including oscillator-based networks [113,114], or other quasiparticles
like magnons [115,116] and skyrmions [117,118].

Despite the promising results achieved with reservoir computing and other
ANN architectures, their operating principles diverge quite significantly from that
of the human brain. A fundamental framework emulating biological neurons is
the leaky integrate-and-fire (LIF) model, depicted in Figure 1.15, which has been
successfully implemented using spintronics [111,119].

Input Neural Output
layer network layer

Activation
function [

Figure 1.14: Schematic of a reservoir computing neural network. Input data is

injected into a network with random and fixed weights, only the output layer

wieghts being trained. Each neuron applies a nonlinear activation function,
potentially provided by spintronic device dynamics.

In this model, spiking signals from adjacent neurons are combined through
a weighted sum operation at the synaptic level. The neuron subsequently inte-
grates these signals over time, while exhibiting passive decay in the absence
of stimulation. Upon sufficient temporal proximity of input signals, a potential
threshold is reached, triggering a spike emission. Post-firing event, the neuron
undergoes a reset to its resting state, waiting for further excitation inputs.
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Figure 1.15: Leaky integrate-and-fire model, emulating biological neurons. Input
signals undergo a weighted sum operation (with corresponding weights W,) at
the synapses and integration by the neuron, which leaks without stimulations. A
threshold Vy, crossing triggers a firing event, where an output spike is emitted
and followed by neuronal reset.

Chapter’s take-home message

e The advent of spintronics has made it possible to exploit the electron
spin in addition to its charge. In particular, magnetic tunnel junctions
(MT)) feature large magnetoresistance values, making them attractive for
a wide range of applications.

o At small scales, magnetism can behave differently than for bulk materials.
For example, in magnetic nanopillars, a vortex state can be stabilized as
the ground state, as it helps reducing the magnetostatic energy.

o Using a MTJ with a free layer in a vortex state, it is possible to retrieve
an rf voltage by injecting a dc current into it, thanks to the spin-transfer
torque that causes gyrotropic oscillations of the vortex core.

e Spin-torque vortex oscillators (STVOs) offer a number of advantages,
such as their emitted power and CMOS compatibility. One of the most
valuable is their nonlinearity, which can be exploited for neuromorphic
computing.

o Either the Thiele equation approach or micromagnetic simulations are
available to study those devices theoretically. However, each of these
methods presents limitations, whether in terms of accuracy of their
predictions, or the significant computational resources required to carry
them out, respectively.
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Magnetic energy in spin-torque
vortex oscillators

A s discussed in Chapter 1, we have seen that it is possible to control the dy-
namics of magnetic structures by imposing a spin-polarized current through
them, among other means. However, many studies on spin-torque vortex oscil-
lators (STVOs) neglect the impact of the Ampere-Oersted field (AOF) induced
by this same current (dc and/or ac) [62,85,120,121,122]. In addition, it has also
been shown that the AOF influences clearly the magnetization dynamics in
nanopillars [123], as well as the spin-wave dynamics in spin-torque oscillators
[124]. Therefore, the present Chapter aims at demonstrating that this Zeeman
contribution is not negligible and, most importantly, not avoidable by any means
as it originates from the injected current responsible for the oscillatory excitation,
as far as STVOs are concerned.

In Section 2.1, we propose potential improvements to existing analytical models
of vortex dynamics based on the Thiele equation approach (TEA), extending their
validity over a wider range of currents and taking into account the AOF. However,
we will see that these developments are not sufficient to obtain a quantitative
model rendering properly the full vortex dynamics. We then attempt to under-
stand the origin of the discrepancies observed between analytics and simulations
in Section 2.2, to eventually propose an alternative method to purely analytical
calculations to derive the energy terms. The results and figures presented in
this Chapter are adapted from two of our recent papers, published in Scientific
Reports [125] and Physical Review B [126]. These works were carried out within
the Neuromorphic Engineering Group at UCLouvain, in particular through joint
efforts with Dr. Chloé Chopin and Prof. Flavio Abreu Araujo.
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Ampeére-Oersted field splitting of the dynamics

Two improvements to the commonly used Thiele equation approach are consid-
ered and validated through micromagnetic simulations. The first one is related
to the magnetostatic contribution to the vortex energy, as described by Gaididei
et al. [62]. Indeed, as this energy component is highly dependent on the nanodot
aspect ratio £ = h/(2R), with h the thickness of the free layer and R its radius,
a significant correction of this contribution when € is different from zero has
to be considered. The second contribution we bring to the TEA is an analytical
description of the AOF contribution to the potential energy, which has been
already considered by Khvalkovskiy et al. [84] and Dussaux et al. [86]. The
latter studies report this contribution for limited displacements of the vortex
core reduced position s = ||X||/R =V X2 +Y2/R,ie.,0 < s < 0.1. The version we
propose is accurate for the whole range of validity of vortex core positions in
the considered circular dot, i.e., 0 < s < 0.8. It is noteworthy that the analytical
AOF model presented hereafter has already been successfully used in a previous
study by Abreu Araujo & Grollier [127]. We will see that, for the specific geometry
considered in our study, the vortex core is expelled from the magnetic dot for
s > 0.8. Such value corresponds to the position at which the vortex core reaches
the edge of the nanodot. In other cases, the vortex reaches a critical velocity
inducing a polarity switch and damps back to the dot center. Sometimes, when
the vortex core is expelled, a dynamic C-state may also be stabilized, giving rise
to sustained oscillations, as shown by Wittrock et al. [128].

Methods

Micromagnetic simulations including the Ampére-Oersted field H°® are per-
formed using the GPU-based solver mumax® [8]. A trilayer nanopillar presenting
a free layer of radius R =100 nm and thickness h = 10 nm is studied (see
Figure 2.1). The spacer is a tunnel barrier, typically MgO, and the polarizer,
usually clamped by a synthetic antiferromagnet (SAF), presents a perpendicular
direction of magnetization p = (px,py,pz) = (0,0, 1). Typical permalloy material
parameters are used for the free layer [24,129,130]. The saturation magnetiza-
tion and exchange stiffness coefficient are M, = 800 x 10° A/m and A = 1.07 x
1071 J/m, respectively. The Gilbert damping constant ag is fixed at 0.01 and
the spin-current polarization p, at 0.2. The magnetic dot is discretized into cells
of dimensions 2.5 x 2.5 x 5 nm®. This ensures that the micromagnetic cells are
smaller than the characteristic exchange length I, = /2A/(1puM2) of permalloy
(about 5 nm). The dc current density injected into the MTJ under study ranges
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from O to 10 x 10%° A/m?, in the positive z-direction. Mumax® includes both
Slonczewski [33] and Zhang-Li [47] spin-transfer torques. Nonetheless, given the
out-of-plane current configuration, the Zhang-Li torque has a limited influence
on the dynamics as the vortex profile is uniform along the free layer for thin
magnetic dots [78]. In light of these considerations, we have chosen to simplify
the analysis by assuming an adiabatic situation, where the degree of nonadia-
baticity is fixed at zero.

Figure 2.1: Schematic of the magnetic tunnel junction (MTJ) under study. The
MTJ is a standard Py/MgQO/SAF stack (in blue, gray, and green, respectively) with
a permalloy (Py) free layer of radius R and thickness h, a nonmagnetic spacer
(typically MgO), and a synthetic antiferromagnet (SAF) polarizer that generates
a perpendicular spin polarization p,. The in-plane components of the vortex
magnetization field m are represented by the white arrows. The precessional
gyration of the vortex core, located at X, is depicted by the red arrow. The color
gradient represents the magnitude of the out-of-plane magnetization m,. For
clarity, the depicted core polarity is positive here, while itis P = —1 in our study.

The vortex core position is initially off-centered and is internally computed when
the simulation is running by mumax?, while the frequency is extracted with a very
accurate technique called simple numerical instantaneous frequency approximation
(SNIFA [131]) developed for that purpose. The micromagnetic simulations are
performed for a sufficient duration (> 1 ps) to avoid considering the transient
regime. To minimize computation time while ensuring a final steady-state, we
initialize the vortex close to its final position for each specific current density at
the beginning of the simulations. Moreover, the current-induced AOF is added
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to mumax® as an external field as there is no built-in implementation. To evaluate
this field, we consider an ideal situation where the current density is uniform
across the pillar. Furthermore, as the thickness of the free layer is considerably
smaller than the overall thickness of the pillar, edge effects are considered negli-
gible, i.e., an infinite cylinder is assumed. Finally, no bias magnetic field is applied
and the influence of temperature is not taken into account in this study (T = 0 K).
More precisely, thermal noise is excluded from this study, though certain material
parameters (e.g., M, or A) are provided at room temperature. Additionally, part of
the phenomenological Gilbert damping is due to magnon-phonon interactions.

Three different configurations are investigated (see Figure 2.2) in order to
quantify the impact of the AOF on the vortex dynamics, for a polarity P = —1:
1. without considering the Ampére-Oersted field (H°®) contribution,

2. with H®® parallel to the curling in-plane magnetization, i.e., C = +1,
3. with H®® antiparallel to the curling in-plane magnetization, i.e., C = —1.

Those are labeled below as noOe, C*, and C, respectively.

c+* noOe C-
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Figure 2.2: Relative orientation between the vortex in-plane magnetization m
and the Ampére-Oersted field (AOF) HO® in the three investigated configurations
(i.e., C*, noOe, and C, in red, green, and blue, respectively). Considering an out-
of-plane positive current, the curling magnetization is parallel (antiparallel) to the
AOF if the chirality is positive (negative). For noOe, the AOF is not taken into
account. Adapted from Ref. [126].

A spin-torque-driven harmonic oscillator

In order to understand analytically the STVO dynamics, the Thiele equation
approach is used. As introduced in Chapter 1, the STVO dynamics, where the
vortex core is reduced to a quasiparticle located at an in-plane position X =
(X,Y), can be described within this framework by
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Gle, xX) + DX = ‘Z—V)‘(/ +FST, (2.1)

where G = —2nPMh/y; [61,88], with yg = gle|/(2m,) the gyromagnetic ratio
with g the electron g-factor and m, the electron mass, D = —agn|G| with n =
%In(R/(ZIeX)) + g [84], and W = W + W™ + W which are the three main
contributions to the energy, if magnetocrystalline anisotropy is neglected. As
introduced in Chapter 1, the restoring forces are expressed using their springlike
restoring force parameters

(W +woe + wm)
X

- (kex + CJKOe + kmS)X. (2.2)

As stated, three energy contributions are taken into account. The first expression
is related to the exchange energy, as proposed by Gaididei et al. [62], based on
developments from Guslienko et al. [5],

1
1-s2

R (2.3)

| 2
k™ = 2nu0M§h(ﬂ)
Subsequently, we have calculated the Zeeman contribution k¢ = CJk°¢, related
to the Ampeére-Oersted field [127], under the two-vortex Ansatz. It is expressed
as (see Supplementary Materials of Ref. [125] for details)

Oe _ 8—nu0MShR(1 _de %54 -

= 16 6_£58)
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Finally, to enhance the precision of the model, a last contribution is considered.
Indeed, a correction to the magnetostatic W™ component has to be made. The
latter has been calculated by Gaididei et al. [62] under the two-vortex Ansatz,
giving W™ (&, s) = uoM2h?Rs?Q(E, s), which is the magnetostatic energy for a
given aspect ratio £ and reduced vortex core position s. An analytical solution
exists [62] for the multiple integral Q(£, s), but only when £ =0 and s = 0. In
this study the aspect ratio & is 0.05, thus, a different method is used instead
(again, see Supplementary Materials of Ref. [125] for details). Let us note that this
method is applicable to any &, including & = O. First, a nondeterministic Monte-
Carlo integration technique is used to obtain numerically values of W™(E, s) =
W¢™(s), for a given § and for s ranging between O and 1. Then, W¢™(s) is
fitted with a polynomial and the resulting expression is derived, following Equa-
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tion (2.2). As a result, the contribution of the magnetostatic energy for a given
aspect ratio & can be modeled as

2

For & = 0.05, the coefficients Agg, d¢, bg, and ¢ are 0.507, 0.175, 0.065, and
—0.054. For § =0, Ag¢ = 0.555 which is in good agreement with the analytical
result by Guslienko et al. [88], with 2ug/A\g¢_o = %Ho (difference of less than
0.2%). To simplify the notations, kg™ is replaced by k™ for the rest of this Chapter.

Finally, the spin-transfer forces are composed of different terms: FST = F°T +
F"ST + FFSLTT The first two contributions are the perpendicular and parallel Slon-
czewski spin-torques [33,86], respectively, while the third one is the field-like
torque (FLT) [46]. For the sake of clarity, a perpendicular polarizer is considered
in this study, i.e.,, p = (0,0, 1), as already investigated by Ivanov & Zaspel [132]
within TEA. So, FT, proportional to p,, = (0,0) in this case [86], and F3} =
kz'rJ (e, x p) are both equal to zero, and only F7T contributes to the dynamics.
F2T =k7"J(e, x X), where k}" = ma;M,hp,, with a, = pjﬁ/(2|e|MSrefh) [84], with
MIef = 800 x 10° A/m.

From Equation (2.1), STVO dynamics can be easily simplified as [100]

oyl s 26

where k = k™ + CJk®® + k™. This equation can be reduced to a homogeneous
system of linear first-order differential equations:

-l 710

—_—
Q

where the parameters w and I are given as follows

DJKST — c;(kex + CJKCe + kmS)

= , 2.8
© D2 + G2 (28)
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D(kex + CJKCe + kmS) +GJKST

M=
DZ + G2

(2.9)

These developments show that the dynamics of our STVO are described by the
simple harmonic oscillator equation X = QX. More specifically, our system is
equivalent to a harmonic oscillator driven by spin-transfer torque and damped by
Gilbert phenomena. Considering ' - 0 and w as being constant, one can prove
(see Appendix A for details) that a valid solution to this system is

[583] = IXI e”[-slg(sﬁ)t)]’ (2.10)

which describes a spiral trajectory. We should highlight that, in general, I' and
w are not constant in time, but in the steady-state oscillating regime they
effectively are. We will show hereafter that important properties of the STVO
dynamics can be derived from this regime of oscillations.

From the first parameter, i.e., w, it is straightforward to identify the vortex
gyrotropic frequency of oscillations as f°TV°(J) = w(J)/(2n). Qualitatively, Equa-
tion (2.8) thus supports the fact that larger vortices, being less confined and thus
less stiff, oscillate at lower frequencies. Furthermore, the CJk®¢ term indicates
that the AOF introduces a linear current density dependence to the frequency,
at least within the resonant regime. Meanwhile the second parameter, i.e., I, is
responsible for the transient regime. When " < O, the transient dynamics isin the
damping regime leading to s = O, which gives rise to a resonant regime. When
I > 0, the transient dynamics is in the driving regime (s > 0), which leads to the
steady-state oscillating regime where I' = 0 and s becomes constant. The first
critical current J_; can therefore be analytically defined as the limit when ' =0
and s = 0. Mathematically, this condition translates to

D(k§* + Cegk§® + k™) + GlgrST
Ms=0)= D21 G2 =0. (2.11)

After simplifications, the critical current is therefore given as

_ ~D(kg" +kg"°)

- , (2.12)
DCk$® + Gk3T

Jcl
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which implies that smaller-radius STVOs thus necessitate a larger current density
to enter the auto-oscillating regime. Additionally, the critical current is expected
to vary based on the configuration, because of the DCK(,Oe term. A vortex with
an in-plane magnetization aligned parallel to the AOF should exhibit greater
stability, resulting on a larger critical current density.

The corrections to several terms of the TEA we brought here allow having
a model valid for s up to 0.8, which is the limit of the vortex existence. As previ-
ously mentioned, for s > 0.8 the vortex becomes unstable and switches polarity
in the present case, i.e., for an aspect ratio & = 0.05. As the vortex core position
depends on the current density J imposed, one can define a second critical
current J, above which the vortex core polarity switches. Once the vortex
switches polarity, the model accurately describes the STVO dynamics, providing
the opposite polarity (damping regime). As a consequence, the critical current J.,
establishes the limit between the steady-state oscillating regime and the second
resonant regime, due to the core polarity reversal.

To summarize, two resonant regimes (s = 0) exist and one steady-state
regime, which is characterized by in-plane oscillations of the vortex core (s > 0).
To be in the steady-state regime, two conditions need to be fulfilled:

JPp, <0,

2.13
| S WIS £ (213)

For both resonant regimes, at least one of these conditions is not satisfied. The
existence of the second critical current J., originates from the fact that when
+|J| s i|Jc2 | then s > 0.8 and the vortex core switches polarity, meaning that
the first condition is not fulfilled anymore. Improvement for the other terms of
the TEA (s-dependence of G and D for instance) will be considered in Chapter 3.

Chirality-dependent frequency splitting

The critical current and vortex gyrotropic frequency given by the analytical
model and micromagnetic simulations are compared. The critical current J4 is
extracted from the micromagnetic simulations by the following method. First,
the reduced vortex core position s is plotted as a function of the current density J
(see Figure 2.3). Then, the points for which O < s < 0.8 (i.e., when steady-state is
reached and before crossing the limit of vortex stability) are fitted after perform-
ing an interpolation which increases the fit accuracy. The fitting function used
iss(J) = (ao +a,J+ azlz),/J/Jc1 — 1 (see Figure 2.3). This function has no direct
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physical origin, but its form is based on the square-root expression proposed by
Guslienko et al. [79] and captures a typical bifurcation behavior of the dynamics.

600

N475
< 5751 =
T o_450—
= 550 ¢
- w4254
(@] 25 4
S 525
€ 500 |
>
2 475 1 ek h kK Kk
(0]
2 450 {-dedede s hk
(0]
D 425 H=detese ok
400 T

1.0

0.8 A

0.6

0.4
% MMS | noOe

Reduced vortex core position s (/)

0.2 - * MMS|C-

0.0 +HededeseFe el Al Jededesk-de sk
T T T T T T
5 6 7 8 9 10

Current density J (x101° A/m?)

Figure 2.3: Vortex dynamical properties versus the dc current excitation. (top)
The absolute value of the vortex gyrotropic frequency |fSTVO| and (bottom) the
reduced vortex core position s as a function of the dc current density J. The
frequency is fitted with a linear function of J in the first resonant regime (J < J.4),
for each configuration (gray dashed lines). The critical current J.; is extracted
from s(J), which gives rise to the brown J_-line. The latter represents the tran-
sition between the first resonant regime and the steady-state oscillating regime.
The J,-line links the f>™V°(J ;) points originating from the MMS data and is well
approximated by the analytical counterpart f°™V° = Jk3T/(2nD). The J_; and J,
values are plotted across both subfigures by corresponding dashed-dotted line.
The J.,-line represents the transition from the steady-state oscillating regime to
the second resonant regime, as for J > J_, the vortex polarity switches from P =
—1toP = 1and JPp, becomes positive. Adapted from Ref. [125].
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The critical current J 4 is the value of the fit for s = 0 and is strongly impacted
by the Ampére-Oersted field. Indeed, J_; depends on the chirality, as previously
shown by Dussaux et al. [86], and one can observe that J§ < JI°°¢ < JS . The
critical current J.4, for both chiralities, is close to the values determined by the
TEA, as shown in Table 2.1. The ratio between the critical currents J4 and J, is
about 1.5, as also reported by Guslienko et al. [80] and detailed in Table 2.1.

The splitting caused by the AOF can be clearly seen in Figure 2.3, as it has
a strong impact on s, Jq, Jp, and f*7V°, depending on the vortex chirality. In
addition, one can see that on the right of the J,-line, ie., for s > 0.8, the
vortex polarity is reversed. At this orbit, given our geometric parameters, the
vortex core reaches the edge of the free layer and collapses onto it, triggering a
polarity switch. For larger diameters, this limit should increase since the vortex
core occupies a relatively smaller area within the nanodot, as its size is nearly
independent of the diameter. The chirality of the vortex, initially at C~, also
switches for all points, except for J = 8.8 x 10'° A/m? (see Figure 2.3). Indeed,
the AOF favours energetically the chirality leading to an in-plane magnetization
parallel to H®®, i.e., the C* chirality in our case. Consequently, beyond Jeo, we
observe a resonant vortex with a chirality value that minimizes Zeeman energy.

C* noOe C~

JIEA (x101°A/m?) 740 694 654
VS (x 10°°A/m?) 647 611 577
JBVS (x 101°A/m?) 9.83 9.10 8.43
JUMS/MMS (/) 152 1.50 1.46

Table 2.1: Comparison of J4 given by Equation (2.12) under TEA and J,
with micromagnetic simulations (MMS) after fitting the J-dependence of s (see
Figure 2.3) for the different relative orientations between the AOF and the in-
plane vortex magnetization.

To simplify the expression of w given by Equation (2.8), one can consider that
D < G and the resonant regime (J < J.4), leading to s = 0. In this case, w can
be simplified to w =~ —(kex + CJKO® + kms)/G. In this regime, kK, k¢, k™, and
G can all be considered as constant and G can be rewritten as G = —P|G|, as all
components of G are positive excepted P, which can be either +1 or —1. The
angular frequency can then be approximated by the following linear equation:
w = P(2ra,J + wy), with 2rta; = Ck$®/|G|. As wy is positive because k&* > 0 and
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k& > 0, for wy > |2ma,J| the sign of w is given by the sign of Pwy, and thus by
P. In other words, the polarity P determines the vortex core rotational direction.

From Figure 2.3, f; = wy/(2m) and a; are extracted with a linear fit and the
results are given in Table 2.2. The frequency f, = (k§* + k§"*)/(21t|G]) is compa-
rable for the three configurations, as anticipated because it does not depend
on ng. Furthermore, the sign of the slope a; = CK(?E/(2H|G|) depends on the
chirality (C = +1) and is close to zero without AOF [99], as expected from the
analytical model. These results show the importance of the AOF that must be
taken into account to precisely render the STVO dynamics, in the resonant
regime as well as in the steady-state regime (here by applying a dc out-of-plane
current). In addition, the impact of the AOF on the dynamics depends on the
nanopillar properties, including both material and geometry.

c* noOe c
TEA MMS TEA MMS TEA MMS
fo (MHz) 529.90 44957 52990 44951 52990 449.56
o, (MHz/(A/cm?)) 469 474 0 003 -4.69 -4.82

Table 2.2: Comparison of f, and a; between the TEA and the linear fit (|f| = fy +
a,J) obtained from micromagnetic simulations (MMS).

The injected dc current density responsible for the steady-state oscillations and
s > 0 should be seen as a way to act on and modify the vortex core position.
However, the intrinsic properties of the STVO dynamics are rather given by the
gyrotropic frequency versus the reduced vortex core position s, as shown in
Figure 2.4, where only the data from the steady-state oscillating are considered.
Indeed, the gyrotropic frequency depends only on s for each configuration as
it modifies to total magnetic energy W of the nanodot. In the present study, s
depends on J but there are other possible means for modifying the vortex core
position, e.g. in-plane and out-of-plane field, ac current, and stray field antenna.
The splitting is due to the fact that the energy W varies with chirality changes,
as shown in Equation (2.2), providing that the dc current direction is kept
constant (with the adequate sign to obtain steady-state regime). As illustrated in
Figure 2.2, the curling AOF is counterclockwise when J > 0, following the right-
hand rule.

Figure 2.4 shows the relationship between the reduced vortex core position
s and the frequency in the steady-state oscillating regime, extracted from MMS.

The latter increases with s, as seen in the study by Dussaux et al. [86]. Depending
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on the applied current, one can tune the frequency on a range of roughly
75 MHz, for each configuration. A maximum appears just before the vortex po-
larity reversal, happening at s = 0.8. A clear splitting due to the AOF is exhibited.
Its magnitude, evaluated with |fc. — fc- |, decreases slightly for increasing s.
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Figure 2.4: Spin-torque vortex oscillator intrinsic property. The gyrotropic fre-
quency |fSTVO| as a function of the vortex core position s. Only steady-state
oscillating regime data from MMS are shown here. An analytical prediction is
also given, based on Equation (2.8). Adapted from Ref. [125].

For comparison, we include the analytical prediction for the noOe configuration,
using Equation (2.8). As mentioned previously, the resonant regime is satisfac-
torily described by the improved analytical model. However, the steady-state
state oscillating regime, shown in Figure 2.4, is at this stage only qualitatively
rendered. As observed, the TEA model consistently overestimates |fSTVO | across
all positions and exhibits asymptotic behavior for large s, due to the exchange
stiffness expression. Further work on the s-dependence of the G and D terms
and the stiffness is thus needed. As a conclusion, Figure 2.4 shows that, for a
given energy configuration of such STVOs where the chirality C = +1 is a key
parameter, micromagnetic simulations show that the frequency is intrinsically
dependent on the vortex core position. The same applies to the resonant regime.
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Quantitative description of the magnetic energy

Despite the improvements brought in Section 2.1 to the Thiele equation
approach model, its predictions still lack sufficient quality to claim its quantitative
nature. Several plausible reasons may explain the differences between simula-
tions and analytics, including the assumptions made during calculations. In this
Section, our efforts are focused on the precise description of the magnetic
vortex stiffness, related to the derivative of the energy functional. In particular,
the stiffness parameters related to a modification of the magnetic energy terms
are investigated. A method is proposed to extract exchange, magnetostatic, and
Zeeman stiffness expressions from micromagnetic simulations. These expres-
sions are then compared to the analytical derivations presented in Section 2.1.
Furthermore, it is shown that the stiffness parameters depend not only on the
vortex core position, but also on the injected current density. This phenomenon
is not predicted by commonly used analytical Ansdtze. We show that these
findings result from a deformation of the theoretical magnetic texture caused by
the Ampére-Oersted field.

Methods

Any displacement of the vortex core from its original ground state is associated
with a modification of the potential magnetic energy W. By analogy to simple
harmonic motion, we have seen that one can define a stiffness k related to the
system. Keeping all generality, this springlike parameter is actually not constant,
but depends on the degree of deformation, i.e., the vortex core position here. Its
value allows to calculate the restoring forces acting on the vortex core as

W

FR=_-22 =
oX

—kX. (2.14)

If, as in Section 2.1, we neglect magnetocrystalline anisotropy and any external
magnetic field, the magnetic potential energy W is composed of the three
same terms, namely, the exchange W®, magnetostatic W™, and Zeeman W? (=
WO¢) energies, the latter being only associated to the current-induced Ampére-
QOersted field (AOF). Based on these hypotheses, the total energy W can be
calculated as [62,91]

W = /V [A(Vm)2 - “2—°M H™ — oM - HO¢|dv. (2.15)
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Using the two-vortex Ansatz and Equation (2.15), we have seen in Chapter 1
and Section 2.1 that various developments have been undertaken in the past
two decades to obtain expressions of the stiffness parameters k®, k™, and k°¢,
related to each energy component, as a function of the reduced orbit radius s =
[IXI[/R. In addition to these analytical works, micromagnetic simulations have
been extensively used to investigate STVO dynamics. However, despite the
fact that the Thiele equation approach derives from the Landau-Lifshitz-Gilbert-
Slonczewski formalism, the latter relies on the use of an effective field rather than
springlike constants to compute the magnetization evolution in time. Conse-
quently, there is no direct access to stiffness parameters from micromagnetism.
However, as the orbit radius s and the energy components are retrievable from
most solvers, these parameters can still be calculated by following the procedure
described below. As a first step, the energy must be fitted to a chosen expression,
as a function of the vortex core position. Then, these functions must be derived
according to Equation (2.14) to find the corresponding stiffness parameter. This
strategy has already successfully been applied in previous studies [93,99,133],
although for a limited s-range.

To carry out the micromagnetic simulations and facilitate comparison, the
identical material and geometrical parameters as in Section 2.1 are employed.
The only difference are the currents injected into the magnetic tunnel junction.
Here, current densities of 2, 4, and 6 x 10%° A/m2 are imposed into the oscillator,
in the positive z-direction, which allows to fulfill one of the two necessary
conditions for steady-state precessions, i.e., JPp, < 0. The second criterion is
to inject a current exceeding the first critical current density J_,. When J < J4,
simulations are initialized with a vortex core translated to s = 0.9, which damps
back to the center of the dot, i.e., s = 0. For J > J_;, however, two simulations are
required to explore the whole range of s for a given current, as the steady-state
orbit is different from zero. Each time, a first simulation is started at s = 10™*
and a second one at s = 0.9. Both are stopped when the steady-state is reached.
This yields W (t) and a transient s(t) across a broad dynamic range, allowing us to
retrieve the different energy components as functions of the core position W(s).

It should be noted that the vortex is not at equilibrium at the beginning of
the simulations, and that the data acquisition takes place while the vortex core
relaxes towards its steady-state position, determined by the value of the imposed
current. This allows to capture the stiffness over the entire s-range, for any J. In
addition, the three configurations studied in Section 2.1 are again investigated
(see Figure 2.2), depending on the relative orientation between the in-plane
curling magnetization and the AOF. A first set of simulations is performed with-
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out considering H®, then a set with H®® parallel to the curling magnetization,
i.e., C =+1, and, finally, a set with HOe antiparallel to the curling magnetization,
i.e., C = —1. The vortex core position s as well as the energy components W,
W™, and W€ are internally computed by mumax® between each time step.

The arbitrarily chosen functions for fitting the energy components are even-
power polynomials of the 10t-order, preceded by a prefactor that depends on
material and geometrical parameters. They have the following form:

= —nthA Z at*s?, (2.16)
W™ = uoM2h%R Z arss?, (2.17)
i=0
n 2 ,
WOoe = —?OCJMSR% > aPes?, (2.18)
i=0

ms

where a®, a™, a°® are the dimensionless coefficients to be fitted relative to each
term of the polynomials. Nonlinear least-squares fits are performed for s € [5 X
1074, 0.7], with the upper value being close to the limit of vortex stability found in
Section 2.1. Using an adapted version of Equation (2.14),i.e., k = (6W/as)/(sR2),

one can easily derive the expressions of the springlike stiffness parameters, given
as

e ThA &= o+ ex 20i-1)
=—p D (20asX, (2.19)
i=1
M2h2 5
kme = B S (2i)aes2i-Y, (2.20)
i=1
KO¢ = ——M Rh Z(2I Oe g2~ (2.21)

In addition, a pretreatment is used before fitting. It consists of denoising the raw
micromagnetic results thanks to a wavelet transform technique [134]. This allows
to obtain more accurate fitting parameters by getting rid of mumax® internal
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computational uncertainties. For every fit, we obtained a relative standard error
on the intercept ay [see Equations (2.16) - (2.18)] of 0.00%. For the quadratic
coefficient a, (biquadratic a,), itis always below 0.02% (2.25%, while being below
1% for most fits). Concerning the higher-order coefficients a3, a,, and as, the
errors were often a bit more important, which can be easily understood. Indeed,
as s < 1 by definition, these terms contribute only to a limited extent to the total
energy value.

2.2.2 Realistic stiffness parameters

Micromagnetic results [see Equations (2.19) - (2.21)] are compared to the analyt-
ical expressions previously presented [see Equations (2.3) - (2.5)]. The evolution
of the restoring parameters k®, k™, and k°¢ with respect to the vortex core
position is depicted in Figures 2.5 - 2.7, respectively. Let us start with general
observations that are valid for the three energy components.
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Figure 2.5: Exchange stiffness parameter k® as a function of the reduced vortex
core position s. The analytical expression [black line; see Equation (2.3)] is
compared to micromagnetic simulation (MMS) results [colored lines; see Equa-
tion (2.19)]. The colors green, red and blue correspond to simulations without
AOF (noOe), with AOF and C = +1 (C*), and with AOF and C = —1 (C7), respec-
tively. The applied current densities J were 2, 4, and 6 x 10%° A/m?. MMS results
were obtained after performing a nonlinear least-squares fit on the exchange
energy [see Equations (2.16) & (2.19)]. The inset shows the vortex core velocity
v as a function of the reduced vortex core position s. Adapted from Ref. [126].
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A slight disagreement is noticed between the micromagnetism and TEA, even
when the vortex core is at the center of the nanodot. These discrepancies could
originate from two main hypotheses performed during TEA calculations. First,
the out-of-plane magnetization component m, is neglected for each derivation
[62] due to the small area occupied by the vortex core. This simplification, that
is necessary to obtain fully analytical expressions, is applicable as a preliminary
approximation. However, even if the vortex core profile contribution is small, it is
still different from zero. This is especially true for nanopillars of reduced radius,
where the vortex core occupies a significant surface inside the free layer. Second,
the magnetization m is considered constant along the dot thickness. While
appropriate for nanodots presenting a thickness of the order of the exchange
length [6,82,135], this assumption is not perfectly confirmed in micromagnetic
simulations.

In addition, supplementary deviations arise for an off-centered moving vortex
core, partly explaining the TEA imperfect modeling when s is evolving. Indeed,
within TVA, the vortex core is simply translated to a greater orbit, while keeping
its original shape. Such rigid motion assumption is justified by the fact that
this Ansatz was originally designed to study small displacements of static vortex
cores. However, various groups [84,93,133] have already shown the limitations
of such theoretical framework to accurately model dynamic vortices. It has also
been shown that a vortex core approaching the dot edge sees a growing trail of
opposite magnetization appearing next to it [62,135,136]. Such dip, later respon-
sible for the nucleation of a vortex of reversed polarity [137], induces energy
changes [138] not perceived within TEA and will be discussed in Chapter 3.

Furthermore, a current-induced splitting of the stiffness parameters can be
observed, as already reported by Choi et al. [99]. For increasing currents, the
C~ and C* curves move further apart from the noOe case. This behavior is not
predicted at all by the TEA calculations. These findings result from a modification
of the spin distribution m caused by the AOF. Spins are tilted under its influence,
leading them to deviate from the theoretical TVA magnetization. These effects
will be discussed later in this Chapter.

This distortion increases near the dot edges, considering the linear depen-
dence of the AOF amplitude on the radial coordinate r within the free layer.
Moreover, the splitting increases with the current density as the AOF amplitude
is proportional to the latter. This conclusion is supported by the fact that in the
noOe configuration, the stiffness is independent of the current value. Indeed,
the mean difference in the simulations at 4 and 6 x 10'° A/m? compared with
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those at 2 x 101° A/m2 is less than 0.17% for the exchange stiffness, and less
than 0.06% for the magnetostatic stiffness (see green curves in Figures 2.5
& 2.6). Finally, for the exchange contribution, the favored configuration (i.e., C*)
results in a stiffer force parameter, while the opposite is noticed for the other
terms. As for now, we lack a robust justification for this phenomenon and further
investigations would be needed.
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Figure 2.6: Magnetostatic stiffness parameter k™ as a function of the reduced
vortex core position s. The analytical expression [black line, see Equation (2.5)]
is compared to micromagnetic simulation (MMS) results [colored line; see Equa-
tion (2.20)]. The colors green, red and blue correspond to simulations without
AOF (noOe), with AOF and C = +1 (C*), and with AOF and C = —1 (C7), respec-
tively. The applied current densities J were 2, 4, and 6 x 10'° A/m?. MMS results
were obtained after performing a nonlinear least-squares fit on the magnetosta-
tic energy [see Equations (2.17) & (2.20)]. Adapted from Ref. [126].

After these preliminary observations, let us now look at each of the confinement
contributions in more detail. The TEA exchange stiffness parameter k* is the
term presenting the most imprecise description compared to the simulated
behavior (see Figure 2.5). For each s, the analytical value overestimates all MMS
results. The predicted evolution is satisfactory for a slightly off-centered vortex,
but diverges [5,62] to infinity for s — 1, as expected from Equation (2.3) and
the disregard of the vortex core profile in the analytical derivation. This does
not reflect the behavior extracted from simulations as a maximum seems to
appear at s = 0.7 (at least for C~ and noQe), followed by a decrease of the k®
value. Various reasons could explain this drop. The most probable ones would be
the interaction of the core with the dot edge and the six-neighbor small-angle
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approximation used by micromagnetic solvers, preventing accurate computation
for large excitations. Moreover, a very large impact of the AOF is noticed. For
a centered vortex core and J = 6 x 1010 A/m2, the exchange stiffness in the
C* configuration is 18% larger than the curve of opposite chirality. This value
grows up to 31% at s = 0.7. Such considerable influence is linked to the fact that
the gradient of magnetization Vm appears in the exchange energy formula, as
shown in Equation (2.15). Any slight deviation in the spin directions appearing in
the simulations with AOF has therefore a major impact on the stiffness results
compared to calculations using the unaffected theoretical distribution.

In addition, the rotational velocity v of the vortex core can give an indication
of its degree of deformation (see inset in Figure 2.5), especially when compared
with the critical velocity (in cgs units) v, ~ 1.66y\/z, where y is the gyromagnetic
ratio [139]. The velocities reached at the largest oscillation orbits are gradually
approaching v, = 302 m/s, suggesting a large dip following the vortex core. An
impact of the chirality on the velocity was to be expected, given the frequency
splitting reported in Section 2.1. However, the impact of the current magnitude
on the velocity, for the same chirality and vortex core position, shows its influ-
ence on the magnetization dynamics.

In Figure 2.6, one can observe that as expected, the magnetostatic confine-
ment largely dominates both other terms [82,140], at least for the explored
range of currents. For dots with wider radii or at very large current densities,
the AOF stiffness parameter k¢ should gain relative importance. The analytical
expression of k™ overestimates the value extracted from the simulations (for
the noOe case) by 10% at s = 0. This result is consistent with the overestimation
of the first critical current J 4 and eigenfrequency w, observed in Section 2.1
when using TEA, as J4 and wy « k™ (s = 0). As depicted in Figure 2.6, the
magnetostatic confinement constantly increases as the core moves towards the
edge, for both methods, though the growth is limited, as k™ is only 15% greater
at s = 0.7 compared to the centered vortex case (for noOe). The analytical
function models well the simulated evolution of k™ with respect to s for low
vortex displacements. For greater s values, however, discrepancies are observed
between the two methods. This difference is partially explained by the difficulty
to obtain an analytical expression for the stray field [62]. The AOF seems to have
a limited impact on the magnetostatic energy, with all curves being close to the
noOe configuration.
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Figure 2.7: Ampére-Oersted field (Zeeman-like) stiffness parameter k%€ as a
function of the reduced vortex core position s. The analytical expression [black
line; see Equation (2.4)] is compared to micromagnetic simulation (MMS) results
[colored lines; see Equation (2.21)]. The colors red and blue correspond to simu-
lations with AOF and C = +1 (C*) and with AOF and C = —1 (C™), respectively.
The applied current densities were 2, 4, and 6 x 101° A/m?2. MMS results were
obtained after performing a nonlinear least-squares fit on the Zeeman energy
[see Equations (2.18) &(2.21)]. Adapted from Ref. [126].

Furthermore, the analytical expression of k°¢ underestimates the simulation
results (see Figure 2.7), for both C* and C~. However, the predicted behavior
finely describes its evolution on the whole s range. Such accuracy was bound to
occur given the easier derivation of the Zeeman energy, compared to nonlocal
magnetostatic interactions. It may also be due to the higher-order polynomial
used in Equation (2.4). More fundamentally, the AOF does not present any
out-of-plane component as it appears in a plane perpendicular to the current
direction, if edge effects are negligible. Following Equation (2.15), the out-of-
plane vortex magnetization m, thus has a negligible impact on the Zeeman
energy. Nevertheless, constantly decreasing curves are obtained, with k°¢ being
40% greater for a centered vortex than in s = 0.7. Note that k¢ differs in units
from the other spring-like parameters, as it corresponds to k©¢/(CJ). In addition,
a nonnegligible impact of the AOF is again perceived on its own stiffness para-
meters k¢, in the simulations. This result was expected, as we get a modification
of the magnetization distribution M appearing in Equation (2.15). The splitting
stays roughly constant in amplitude, irrespective of the vortex core position.
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It seems important to underscore the profound dynamical changes induced
by the Ampére-Oersted field. Beyond expected direct impacts, such as the
modification of the system Zeeman energy, we highlight here significant second-
order effects that the AOF imposes on the other energy components.

Deformation of the magnetic texture

Finally, let us look at the magnetic texture and the influence of the AOF on it.
In Figure 2.8, we define the mean angular deviation as & = ZN |6,— |/N, where §;
is the angle between the planar magnetization vector (mx, myj predicted by the
TVA [see Equations (1.20) & (1.21)] and the one retrieved from simulations, for
a given micromagnetic cell, and N is the total number of cells. In other words,
we seek to compute the signed angles &, between the planar angles ¢™MS
retrieved from simulations in each cell and the angles ¢ describing the planar
magnetization predicted by TVA in the corresponding cells, for every vortex core
position. The effects of the core deformation will be discussed afterwards.

2.75 A
e MMS,C*
2504 e MMS, noOe &‘::'.
S 55| © MMS,C ~‘!‘

2.00 +

1.75
1.50
1.25 A
1.00

Mean angular deviation 6 (deg)

0.75

0.I15 0.I20 O.I25 0.I30 0.I35 O.LIO 0.45
Reduced vortex core position s (/)
Figure 2.8: Mean angular deviation between the planar magnetization vector
predicted by the two-vortex Ansatz and the one retrieved from simulations, as a
function of the reduced vortex core position (J = 4 x 10'° A/m?). Adapted from
Ref. [126].

The mean deviation is close to zero for low s values and increases the further
the vortex core is located from the center, as expected given that the TVA was
designed for statics. What is more useful here is to use the TVA as a reference to
compare the three configurations that we are examining. As already suggested by
the inset in Figure 2.5, the deformation of the magnetic texture depends on the
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relative orientation between the in-plane swirling spins and the AOF. In addition,

the splitting of the angular deviation widens as the core approaches the edge of
the magnetic disk.

To better understand these results, an out-of-plane snapshot of the angular
deviation for each cell of the disk during a simulation is illustrated in Figure 2.9.
As anticipated, the regions that deviate most from the TVA predictions are those
close to the core (i.e., the dip) and at the edges of the disk. As the core moves
towards the center, the deviations gradually become smaller.
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Figure 2.9: Out-of-plane snapshot of the angular deviation between the two-
vortex Ansatz and simulations for a dynamic off-centered vortex core, in each
cell of the free layer (J = 4 x 10'° A/m?). Adapted from Ref. [126].

In Figure 2.10, one can observe the deformation of the core profile for a centered
vortex. To do so, we compare the out-of-plane magnetization components of two
free layers under the same current, but containing vortices of opposite chiralities.
A more stringent cell size of 0.5 x 0.5 x 2.5 nm® was used for a finer precision. As
[[m|| = 1, we plot mzC+ - mf_ to highlight any variation in the planar magnetization
components. At exactly (0, 0), there is no difference between both situations as
the amplitude of the AOF is zero at these coordinates. In every other point of
the vortex core, though, the magnetization is confined in the plane by the AOF,
modifying the values of m, and m,. By conservation of the norm, the value of
m, changes by an amount that depends on the relative orientation between the
planar magnetization and the magnetic field. Such effect is comparable to what
was reported by de Loubens et al. [95] and Dussaux et al. [86] for a perpendicular
magnetic field, i.e., m, = H, /H, (with H, the saturation field), where part of
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the magnetization was imposed outside the vortex core by the addition of an
external field. In our case, however, little effect is visible outside of the vortex
core. In fact, as the magnetization is planar for both chiralities in this region, m,
(which is nearly zero) is not impacted by the confinement. For reference, the half
width at half maximum of the vortex core profile is ~ 7 nm.
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Figure 2.10: Comparison between the out-of-plane magnetization components
for two centered vortices of opposite chiralities, under the same applied current
of J = 4 x 10'° A/m?. Adapted from Ref. [126].

As depicted in Figure 2.11, the maximum deformation depends quasilinearly on
the amplitude of the current. This effect is a direct evidence of the influence of
J, and therefore of the AOF, on the magnetic texture. The choice of working at
s = 0 was made to ensure that the core is at exactly the same location regardless
of the chirality, even if the deformation is fairly small at this position. One last
important thing to note is that part of this distortion originates from the spin-
transfer torque. However, the further the core is from the center, the greater the
relative contribution of the field to the deformation, as its amplitude increases
with the position. Moreover, the value of the energy at s = 0 is of little impor-
tance for the stiffness parameters since those are rather linked to the shape of
the potential well.

To put the results presented in this work into perspective, we believe that our
restoring parameter expressions could be integrated into existing TEA models,
to replace analytical expressions. Following such a data-driven approach, i.e.,
deriving k®, k™, and k¢ from a limited set of micromagnetic simulations, one
could obtain more reliable results from TEA compared to micromagnetism and,
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by extension, to experimental results. On the other hand, these parameters
would only be valid for a given geometry and material parameters. Moreover, to
obtain expressions that are valid for a continuous range of currents, one should
proceed to an interpolation between a few curves that are cleverly selected, as
the splitting increases with J.
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Figure 2.11: Cross-section of the difference in m, profiles, i.e., m§+ -m¢, at the
center of the disk as shown in Figure 2.10, at various current densities J. Adapted

from Ref. [126].

Nevertheless, this constitutes an alternative solution for a more accurate ana-
lytical model describing STVO dynamics. For instance, in a noOe configuration,
substituting the analytical expressions of kg* and kg™ with the values derived
from MMS enables recalculating the fy and J.; values given in Section 2.1.
This substantial improvement reduces the relative error, compared to simulation
results, from 17.9% to 1.5% for the resonance frequency and from 13.6% to 2.1%
for the first critical current.

Although the influence of the temperature was not taken into account in this
study, one may still discuss its potential effect on the restoring forces. It is well
known that a magnetic tunnel junction powered by large current densities sees
its temperature rise [141,142,143], by up to several tens of degrees [144]. This
Joule heating is especially important close to the tunnel barrier (typically made
of MgO and spatially adjacent to the free layer hosting the magnetic vortex) as
its resistance is orders of magnitude higher than that of the metallic layers. More
importantly, the temperature that is reached depends on the magnitude of the
current [144]. This means that the splitting phenomenon of the restoring forces,
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only caused by the current-induced Ampére-Oersted field in the present study
(as T = 0 K), could be enhanced by the larger temperature increase for higher
currents. Indeed, any local random fluctuation of the spin texture m due to
thermal effects directly impacts the value of the energy components, following
Equation (2.15). It is clear that these effects, as well as the impact of the temper-
ature on the different material parameters, could be considered in future works
to further improve the validity of TEA-based models.

Conclusion

The aim of Section 2.1 was to introduce energy terms into the Thiele equation
valid over a wider range of vortex core positions, and to render precisely the
impact of the Ampére-Oersted field on the dynamics. We have observed a split-
ting due to the AOF and that the latter depends on the chirality of the vortex. The
improved analytical model, which is valid for O < s < 0.8 thanks to corrections
of the magnetostatic and AOF contributions, is coherent with the micromag-
netic simulation results for J.; and w in the resonant regime. This shows the
importance of the AOF for understanding the complex nonlinear dynamics of
vortex-based nano-oscillators. The splitting shown and modeled here represents
a supplementary degree of freedom of such oscillators with potentially a high
impact on future applications. For instance, we believe that our analytical model
is among the first steps towards making a fast model for the simulation of STVOs
in the framework of reservoir computing [112] and building complex hardware-
based neuromorphic computing devices. Although the updated model produces
promising results in the resonant regime, the nonlinear oscillating regime is not
described quantitatively. The objective of Section 2.2 was therefore to under-
stand the differences in the magnetic energy landscape between the TEA and
MMS.

Restoring forces appearing in off-centered magnetic vortex states were then
examined theoretically. Exchange, magnetostatic, and Zeeman stiffness parame-
ters were obtained from simulations and compared to the analytical expressions
presented in Section 2.1. To do so, the energy components were directly
extracted from mumax?, then fitted to high-order polynomials. The derivatives
of these functions allowed us to calculate the stiffness parameters, analogously
to what is done for classical springs under deformation. Discrepancies between
the Thiele equation approach results and micromagnetic simulations were
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observed for each term, such as shifts of the curves and disagreeing behavior
for large relative core position values. These differences were expected given
the assumptions used for the theoretical derivations. More importantly, a chi-
rality-dependent splitting was observed in the stiffness value, with a deviation
depending on the input current intensity. We have provided evidence that this
phenomenon is the result of a modification of the spin distribution caused by
the current-induced Ampére-Oersted field. This hypothesis is supported by the
fact that the stiffness was independent of the current imposed when the AOF
was not taken into account. Finally, we believe that the expressions we derived
from the simulations could be implemented into existing STVO models to better
render experimental results.

Chapter’s take-home message

¢ Achirality-dependent splitting of the dynamics is attributed to the impact
of the Ampére-Oersted field on the vortex energy.

e An improved analytical model, based on the Thiele equation, renders
properly the resonant regime dynamics, but lacks accuracy for describing
the nonlinear oscillating regime.

¢ A method has been developed to extract stiffness parameters from mi-
cromagnetic simulations, revealing significant deviations from analytical
derivations caused by the Thiele equation assumptions.

e The combination of these outcomes provides elements for enhanced
STVO operation, particularly through the chirality, and marks a step
towards an improved modeling of vortex dynamics considering second-
order impacts of the AOF on the vortex texture.
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A S highlighted in Chapter 2, there is an inherent difficulty in obtaining quanti-
tative results from a purely analytical model, notably due to the assumptions
required for the derivations which do not account for the complexity of vortex
dynamics. In addition to the discrepancies pointed out in the vortex stiffness,
a significant problem in the model employed up to now lies in the fact that
the gyrotropic and damping terms are considered constant, which is a signifi-
cant oversimplification. For various reasons, it is challenging to extract their s
-dependence analytically. We therefore propose an alternative solution, which
consists of performing micromagnetic simulations to then force our model,
becoming semi-analytical, to yield the same results. We will see that, in addition
to unanticipated accuracy, especially in the transient regime, this method allows
considering signals of realistic duration for applications.

In Section 3.1.1, the gyrotropic and damping terms of the TEA are refined
using data-driven corrections, starting from the fully analytical model presented
in Section 2.1. This adapted model accurately predicts both the transient and
steady-state regimes of the STVO to any dc current within the vortex stability
range. Moreover, the computation time is reduced by approximately six orders
of magnitude compared to state-of-the-art MMS. Beyond these results, we
offer in Section 3.1.2 another model that is around 100 times faster than the
first one, at the cost of becoming phenomenological. Finally, while tuning our
model for wider diameters, we came across a particular dynamic regime, where
the vortex core remains confined due to successive polarity reversals. Our data-
driven method, developed primarily with Dr. Chloé Chopin and Prof. Flavio Abreu
Araujo, is detailed in two preprints; one addressing the s-dependence of G(s)
and D(s) [145], and another presenting our fastest model [146]. Additionally,
Anatole Moureaux, another member of the Neuromorphic Engineering Group
integrated these results into artificial neural network for pattern recognition
purposes [146,147]. Separately, we recently published in Scientific Reports the
periodic polarity reversal results [148].
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Fast and accurate modeling of the STVO dynamics

Micromagnetic simulations, despite their accuracy compared to experimental
measurements [149], suffer from high computational costs and lengthy execu-
tion times, rendering them impractical for realistic signal processing. Analytical
models offer faster alternatives for describing the vortex trajectory. Simple mod-
els, such as exponential decay [112], have been used to approximate the tran-
sient vortex core dynamics, while the Thiele equation, extensively introduced in
this thesis, is more commonly examined. However, it has yielded only qualitative
results due to complex mathematical derivations involved for vortex topologies.
This Section presents a novel hybrid method, i.e., semi-analytical, which is both
fast and accurate for describing vortex core precessions. By adapting the gyro-
and damping terms in the Thiele equation using a small set of MMS, our approach
captures the STVO response to arbitrary current waveforms in both transient
and steady-state regimes. We show that this technique accelerates computation
by several orders of magnitude compared to MMS, while maintaining precision.

Nonlinear gyrotropic and damping terms

In our fully analytical TEA model, presented in Section 2.1, we assumed that the
gyrotropic and damping constants were independent of the vortex core position,
with G = =2nPM.h/y = G, for the gyroconstant and D = —agn|G| = D, for the
damping term. This assumption led to consistent predictions in the resonant
regime, i.e., s = 0, but lacks accuracy for nonlinear auto-oscillations. In the pre-
sent Section, we propose to take into account the s-dependence of G(s) and D(s).
As the calculation of the latter is an impractical task [80,86,87,127,150], notably
because it needs to include the deformation of the vortex core under excitation,
no convincing expression exists in the literature to describe their evolution with
respect to the vortex core position, to the best of our knowledge. Thence, we
chose a more convenient approach, consisting in modeling G(s) as G365 (s) and
D(s) as Dy6pfp(s), where 65 and &y are global correction factors, while f;(s) and
fp(s) are functions of s that need to be determined. The functions f;(s) and fy(s)
should allow to retrieve f;(0) = 1 and fp(0) = 1, so that Gy6; and Dy6p can be
used as data-driven corrected gyro- and damping constants, respectively. Using
the matrix Q, presented in Equation (2.7), the following system can be derived:

D(s)I" — G(s)w = kex + kms + kOe

D(s)w + G(s)I = Jk}T . (3.1)

62 |



Nonlinear gyrotropic and damping terms | 3.1.1
As I' = 0 in steady-state oscillating regime, one finds that

k®(s) + k™ (s) + CJk®e(s)

o) = - , 3.2
6f(s) Gools) (3.2)
Ik’
Spfp(s) = Dyw(s)’ (3.3)
where k™, k™, k¢, and k}T are the analytical expressions introduced in

Section 2.1. While MMS-derived stiffness expressions, presented in Section 2.2,
may be more accurate, we keep using the analytical forms for simplicity, as a
numerical fitting is required in any case to calculate G(s) and D(s). We note that
the global correction factors 65 and 6 thus aim at absorbing any inaccuracy in
the fully analytical TEA model, even at s = 0. As discussed in Section 2.2, these
discrepancies may arise from the analytical expressions of Gy and Dy, but also
from the other terms at s = 0, notably the vortex stiffness and the spin-transfer
forces. It is also possible that the inertial mass term of the Thiele equation,
neglected in our analytical model, is partially accounted for in these adjustments.

The sole parameter still unknown in Equations (3.2) & (3.3) is the pulsation
w(s). Yet, it can be easily extracted from MMS that have reached steady-state,
via w(s) = 2rf>T™VO(s). Therefore, one can calculate G(s) and D(s) by performing
a fit on several simulation results, which will considerably improve the model
predictions for s > 0. Let us precise that the input parameter of micromagnetic
solvers is the injected current, involving a substitution to get w(s) from s(J) and
w(J). After testing multiple options, our final choices for the fitting functions f(s)
and fp(s) are

56
6cfg(s) = , (3.4)
(1 — 'S_G)e—(bcs+ccs7) + %
a6 96
6DfD(5) = 6D(1 + aDS + bD52 + CD53 + st4), (3.5)

where the parameters &, ag, bg, c¢, 6p, ap, bp, ¢p, and dp are to be calculated.
It is noteworthy that our fitting function selection is not unique, and various
alternative expressions could have been considered.
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Keeping the same system as in the previous Chapter, ie., a (R,h) =
(100, 10) nm permalloy free layer, the intrinsic gyrotropic frequency f>VO(s) =
w(s)/(2m) with respect to the reduced orbit radius s, has already been presented
in Figure 2.4. As a reminder, these data were derived from steady-state mumax®
simulations (s €]0.0, 0.8]). A cubic interpolation is then performed to increase
the amount of available fitting data points. As expected, different sets of fitting
parameters are derived depending on the configuration (C*, C~, or noQOe). In
addition, the boundaries used to perform fitting are chosen to remain in the
nonlinear oscillating regime. This condition translates to data points starting from
5.8, 6.2, and 6.5 x 10'° A/m? and ending at 8.4, 9.0, and 9.8 x 10'° A/m?, for
C~,noOe, and C™, respectively. These current densities are therefore spread out
between the first and the second critical currents, J_4 and J,.

Since the angular frequency w(s) is known from MMS, the right hand side
of Equation (3.2) can be determined for any s value. A nonlinear least-squares
method is then used to fit the function proposed in Equation (3.4). The obtained
coefficients are reported in Table 3.1.

O¢ ag bg Cq max(|err|) (%)
Ct 1.1670 1.1638 -4.3837 -2.1972 0.22
noOe 1.1785 1.1754 -4.4929 -2.0772 0.21
C™  1.1926 1.1892 -4.4139 -2.1898 0.24

Table 3.1: Coefficients of the fitting function given in Equation (3.4), for each
configuration. Those are calculated from Equation (3.2) by a least-squares non-
linear fit, after a cubic interpolation on steady-state MMS data. The maximum
relative error between fit and simulation is also indicated.

As previously stated, a global correction factor & is introduced to take into
account any discrepancies between the fully analytical model and the MMS
results, even in resonant regime, i.e., s = 0. One can observe that §; is greater
than 1 for the three configurations, which originates from the overestimation
of the vortex stiffness, presented in Section 2.2, or could also indicate an
underestimation of the gyroconstant G,. The evolution of 64f;(s) with respect
to the vortex core position is depicted in Figure 3.1. The counterbalance of the
theoretical exchange term could especially become dominant for high currents,
as it diverges for s — 1 [see Equation (2.3)]. A strong splitting between the
three configurations is noticed, validating once more the results presented in
Chapter 2.
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Figure 3.1: Value of 6;f; as a function of the vortex core position s, for each
configuration C*, noOe, and C~, identified with red, green, and blue colors, re-
spectively. The results calculated from Equation (3.2) (colored lines) are obtained
after performing a cubic interpolation on steady-state MMS data, presented in
Figure 2.4. The corresponding polynomial fits [see Equation (3.4)] are presented

by dashed lines, using the same colors.

An identical methodology is used to extract the s-dependence of the damping
term. Knowing w(s), the right hand side of Equation (3.3) can be calculated. Once
fitted to the polynomial function given in Equation (3.5), the coefficients reported
in Table 3.2 are obtained. Similarly to the gyrotropic term, one can observe that
the global correction factor & is greater than 1, reporting either a too large spin-
torque parameter, or an underestimated damping constant D, for a centered
vortex core.

6p dp bp (o dp max(|err]|) (%)
Ct 1.0284 -0.0367 0.6002 -0.6678 0.7648 0.04
noOe 1.0367 -0.0342 0.5078 -0.5267 0.6098 0.04
C™ 1.0446 -0.0396 0.4942 -0.5545 0.5782 0.02

Table 3.2: Coefficients of the fitting function given in Equation (3.5), for each
configuration. Those are calculated from Equation (3.3) by a least-squares non-
linear fit, after a cubic interpolation on steady-state MMS data. The maximum
relative error between fit and simulation is also indicated.
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The value of 8,f(s) as a function of s is given on Figure 3.2. A more monotonous
evolution is reported, compared to 64f;(s). Again, a clear splitting between the
three configurations is noticed. Here, one can assume that the s-dependence
of the fp(s) function is closer to the theoretical damping term D(s), compared
to the G(s) situation, given that the spin-transfer term is implemented in similar
ways between MMS and TEA.
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Figure 3.2: Value of 6yfp as a function of the vortex core position s, for each
configuration C*, noOe, and C~, identified with red, green, and blue colors, re-
spectively. The results calculated from Equation (3.3) (colored lines) are obtained
after performing a cubic interpolation on steady-state MMS data, presented in
Figure 2.4. The corresponding polynomial fits [see Equation (3.5)] are presented

by dashed lines, using the same colors.

As data-driven corrections have been added to the TEA model, i.e., G(s) and D(s),
we can now employ it to predict the STVO dynamics with any current density
value by simply solving the harmonic oscillator system given in Equation (2.7). A
comparison between mumax® simulations and our data-driven Thiele equation
approach (DD-TEA) model, for the reduced vortex core position s(t) and instan-
taneous frequency f(t) as a function of time, is given on Figure 3.3 (in the
noOe configuration). The input currents are chosen to stay between the two
critical currents J.4 and J_,. As expected, the steady-state core position values
completely overlap for both methods, even for 9.00 x 10%° A/m?, which leads to
s = 0.8, i.e., the limit of validity of the model. In steady-state regime, the relative
error in position prediction is less than 0.2% for the three current densities
tested. This value may vary according to the error tolerance in the numerical
solver.
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Figure 3.3: Transient regime calculations using micromagnetic simulations (MMS
- continuous lines) and the data-driven Thiele equation approach (DD-TEA
- dashed lines) for (top) the reduced vortex core position s(t) and (bottom)
the gyrotropic frequency f(t). The different input current densities are 6.65,
7.60, 9.00 x 10'° A/m? (in blue, orange, and green, respectively). The Ampére-
Oersted field is not taken into account (noOe configuration). All simulations were
started at s = 0.01. Adapted from Ref. [145].

Regarding the frequency, all curves start at |f| = 449 MHz. This frequency corre-
sponds to a vortex core position of s = 0.01 (see Figure 2.4), the starting point
of the simulations. As this orbit is close to s = O, the frequency is almost equal
to wy/(2m). As time passes, the frequency evolves to the steady-state value
corresponding to the current imposed. Various works [62,86,100] propose TEA-
based predictions of the steady-state orbit and/or the oscillation frequency, but
rarely with quantitative agreement due to the lack of consideration of high-
order terms. As far as the transient regime is concerned, only Guslienko et al.
[80] proposed a suitable expression, to the best of our knowledge. In the present
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study, a close match between MMS and TEA is obtained. Relaxation time are
also consistent with simulations. This is not straightforward as only steady-state
results were used to calibrate the coefficients of the model. Only negligible shift
between both methods is noticed in the transient regime, for the lowest current
curves. In steady-state regime, the relative error on the frequency prediction is
0.26%, for the worst case (i.e., J = 9.00 x 101° A/m?).

Numerical integration of the STVO dynamics using mumax® overs 2 us
requires approximately three hours on an NVIDIA Tesla A100 GPU. Employing
our DD-TEA model reduces this computation time to roughly 10 ms; a speedup
of six orders of magnitude. For comparison purposes, Chen et al. [11] reported a
200 acceleration factor for solving similar problems recently, using a neural ODE
technique, although their method is more versatile. This substantial speedup
arises from a significant reduction in the number of equations to be solved.
Mumax® solves the LLGS equation in each cell, for each timestep, across the
three spatial directions, totalling around 30k equations per timestep for the
system under study. In contrast, DD-TEA only requires two equations, governing
the in-plane coordinates (X,Y) of the vortex core, treated as a quasiparticle.
Additionally, larger radius dots are expected to yield even greater speedup due
to the quadratic scaling (« R?) of cell number with radius for constant unit cell
dimensions. Preliminary tests on a 500 nm radius nanodot (with thickness h =
9 nm) demonstrated an acceleration factor of more than 2M times.

Ultrafast toy-model

Although the results presented in the previous Section look promising, several
concerns inherent to the numerical solving of ordinary differential equations re-
main. Even though a major acceleration is achieved compared to micromagnetic
simulations, ODEs remain quite slow to solve numerically. Depending on the
numerical scheme used, stability problems are furthermore common, impairing
the physical relevance of the obtained results. Since ODE solving relies on an
iterative process, if the data varies rapidly, as it is the case for the in-plane
coordinates of the vortex core, the time step must be very small to prevent from
propagating errors. In order to overcome these limitations, our goal for the next
Section will be to find an analytical formula that allows predicting the evolution
of the vortex core orbit.

Let us restart from Equation (2.10), found in Chapter 2, describing the vortex
core dynamics within the Thiele equation framework:
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[X(t)] — I ert[ sin(wt) ] (3.6)

— cos(wt)

As a reminder, this solution to the harmonic oscillator system was obtained
assuming that w stays constant and that ' — 0O, i.e., a steady-state regime. If one
focuses solely on the amplitude of the oscillations s(t) = \/X(t)2 +Y(t)?2/R, and
not on the Cartesian coordinates varying rapidly with time, the previous equation
can be simplified to

s(t) = s e, (3.7)

where s, is the final reduced vortex core position, i.e., when complete steady-
state is reached (t — o0). In all generality, the I' parameter depends on s, and
thus also on time. Consequently, a more rigorous form of Equation (3.7) can be
written as

s(t) = s, eJo TNt (3.8)
From the previous equations, we can easily find that
$(t) = T(s(t))s(t), (3.9)

which is an ordinary differential equation linking the variation of s with time and
s, through the I parameter. We presented the complete analytical expressions
of I'(s) in Equation (2.9), based on the TEA. However, for the sake of simplicity
in following calculations, we will propose a truncation of ' to the second-order,
which gives

(s) = a + Bs?, (3.10)

where a and B are parameters that depend on the current density. We propose
linear expressions a(J) =a,J +a and B(J) = b,J + b, although other choices
could have been made. In practice, the constants a;, a, b, and b will be fitted from
MMS results, as done in Section 3.1.1. As a matter of facts, a slightly different
technique can be used to gather micromagnetic simulation data. Previously, we
have used steady-state simulation results, meaning that a large number of MMS
were required for a reliable fit, and that a supplementary interpolation step was
mandatory. In Figure 3.4, we show a simpler and faster method. We propose to
work with only two simulations, where the current varies with time rather than
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remaining constant. Starting at mid-dynamics (s = 0.5), one simulation decreases
below J_4, whereas the other increases to J.,. Slow current ramps ensure that s(t)
closely approximates s, enabling the exploration of the whole dynamical range,
yielding data of comparable quality as with the other method. A single simulation
approach, starting below J_;, was discarded due to metastability at s = O, which
could compromise the s(J) correspondence.

520 1 % MMS | Steady-state ***
*
= 510 4 MMS | Sweep ~ »
T MMS | Sweep ~ #
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o ) 4
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T W
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Figure 3.4: Vortex gyrotropic frequency |f5TV°| with respect to the vortex core

position s, in the noOe configuration. Comparison between several simulations
that reached steady-state for different constant currents (green stars), with two
simulations in which the current is swept slowly over time to correspond to
steady-state results (s(t) =~ s.,). In the first simulation (orange line) the current
decreases with time to J_4, whereas it increases to J., in the second one (pink line).

By substituting Equation (3.10) into Equation (3.9), one finds
$(t) = as(t) + Bs(t)®, (3.11)

which is a Bernoulli-type differential equation of third-order. This equation
accepts a solution (see Appendix B for details) of the following type:

s(t) = : , (3.12)
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where s; is the initial position of the vortex core at t = 0. Guslienko et al. [80]
have derived a similar transient regime expression for vortex dynamics using an
alternative method.

We will see later in this Section that the simulations performed using this
low-order truncated model are more than two orders of magnitude faster than
those presented in Section 3.1.1, as no ODE needs to be solved in this model.
As introduced before, a(J) and B(J) are extracted from MMS, following once
more a data-driven approach to fit these parameters. This hybrid model thus
accurately describes both transient and steady-state regimes, combining analyt-
ical foundations with simulation results. In fact, let us note that this approach can
be generalized to any higher-order, to better capture the nonlinearities of the
dynamics, compared to the second-order truncation proposed in Equation (3.10).
Since equations of the Bernoulli type can involve any real order, one can modify
the Equation (3.12) to an order n, which gives

s(t) = 5i (3.13)

n n 1,
Si Vo—nat _ Si_|n
((1 + a/ﬁ)e a/B)

where n(J) is also a function of the current density that can be fitted, simulta-
neously with a and S, using micromagnetic simulation results. This higher-order
model is more accurate than the second-order one, at the cost of an additional
fitted parameter, the model then approaching a black box behavior.

One effective approach to validate our model involves subjecting it to an
arbitrary waveform, over an extended duration (5 us in this case). Figure 3.5 (top)
illustrates an example of such signal, injected into the STVO, including various
waveforms, e.g., ramps, squares, sines, and stair-like currents. In the bottom of
Figure 3.5, we present the vortex response, initially investigated with mumax (in
orange), which displays expected transient and relaxation behaviors. Conversely,
our truncated second-order model, as given in Equation (3.12), may also be used
to predict the oscillator behavior under such current, as shown in the same
Figure. Before calculating this curve, the a and 8 parameters were calibrated
using MMS data, analogous to the what was done for the model in Section 3.1.1.
Remarkably, the data-driven approach exhibits strong concordance with mumax®
results. The vortex core position is forecasted with a nanometer accuracy, while
the steepness of relaxation and excitation dynamics is replicated with high
fidelity. It is worth noting that these results were obtained for a configuration
where the Ampére-Oersted field is not taking into account.
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Figure 3.5: Evolution of the reduced vortex core position s, when the STVO
is subjected to an arbitrary waveform current density J, as a function of time.
Comparison between the results of micromagnetic simulations (MMS, in orange)
and the predictions of our low-order data-driven Thiele equation approach (DD-
TEA, in green), presented at Equation (3.12).

The true value of our model becomes clear when comparing the time required
to obtain the results shown in Figure 3.5. The micromagnetic simulation was
performed on an NVIDIA A100 card, one of the most powerful GPUs available,
for a simulation time of approximately 11 hours. In comparison, the results
obtained using Equation (3.12) require only 400 ps of computation on a simple
laptop CPU. This translates to an acceleration of approximately eight orders of
magnitude, with virtually equivalent accuracy. Undeniably, these results depend
on the number of points calculated, as well as the size of the simulated system,
and other parameters like the CPU and GPU models. Nevertheless, such an
acceleration factor unlocks the use of these simulation tools in applications for
which input signals last several seconds, which would be impossible in a reason-
able amount of time with MMS.

We were therefore able to show that the models presented in the Equa-
tions (3.12) & (3.13) are reliable representations of the vortex dynamics, at least
from a theoretical point of view. Building on these results, Anatole Moureaux was
able to show that these models can be used as nonlinear activation functions
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in artificial neural networks [146,147], in the framework of reservoir computing
[112]. Inspired by the pioneering works carried out in Grollier's group [19,20],
he was able to confirm, together with our group at UCLouvain, the interest of
using STVO digital twins for recognition tasks, which would have been unfeasible
through micromagnetic simulations. Although our model combines analytical
rigor with computational efficiency, we should not ignore its current limitations.

Preliminary, the fitted coefficients in the G(s) and D(s) expressions are calcu-
lated for specific geometries and materials. However, this issue is mitigated by
our fitting procedure, enabling rapid (within hours) recalibration via a couple of
micromagnetic simulations. This becomes even more relevant upon comparison
with experimental devices, since the latter will never change in size or materials
once fabricated. The critical shortcoming lies in the omission of magnetic fields,
which can dynamically influence the vortex behavior. Planar fields offset the
vortex core [5] and perturb its circular motion, while OOP fields modify strongly
the magnetization distribution [86], consequently altering the Thiele equation
terms. Future work must address these field-induced effects, likely also neces-
sitating data-driven corrections. Finally, we are currently working on obtaining
semi-analytical models of G(s) and D(s) using different means than the ones
presented in this thesis. These are constructed from the mathematical definition
of G(s) and D(s), one proposing an analytical Ansatz which takes into account
the deformation of the vortex core with velocity, and the other method directly
integrating the magnetization vector field from MMS, to obtain an expression of
G(s) and D(s) that is not influenced by the errors in the other terms of the TEA.
These results, developed by Colin Ducarme during his master thesis, will be the
subject of a future publication [151].

Periodic double-polarity reversals

After obtaining the results presented in the previous Section using the same
geometry as in Chapter 2, i.e., (R,h) = (100, 10) nm, the next question was
whether other aspect ratios could be investigated. For larger diameters, vortex
dynamics differ because the confinement weakens, the core occupies a smaller
relative area, and the amplitude of the AOF grows with the radius of the struc-
ture. To validate the generalization of our data-driven approach to free layers
with larger diameters, we thus conducted simulations to calibrate the Thiele
equation terms, as described in Section 3.1. At low currents, the new geometry
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exhibited expected behavior. However, upon increasing the current density,
we encountered an unusual regime, wherein the vortex core becomes trapped
between two orbits due to polarity reversals. These findings are reported in the
following Section.

In the previous Chapter, we have seen that the vortex core gyrotropic motion
is intrinsically linked to its polarity and chirality, with the polarity determining
the sense of gyration [54], while the chirality induces a splitting of the dynamical
properties [99]. Moreover, the polarity reversal process has attracted consider-
able interest from several research groups, that have proposed various methods
for controlling it. The vortex polarity can be reversed through the application
of various magnetic fields, including static [152,153], pulsed [137,154,155,156],
or oscillating OOP fields [157,158,159], as well as oscillating [160] or rotating
[161] in-plane fields. Additionally, spin-polarized currents, such as in-plane ac
[162,163] or pulsed currents [164] and OOP dc currents [165], can also trigger
polarity reversals. Depending on the excitation mechanism employed, multiple
polarity reversals may occur [137,162,164], as observed in nanocontacts where
a periodic polarity reversal is driven by an input dc current [166,167]. These
reversals manifest as self-sustained oscillations that can evolve into chaotic
dynamics, presenting potential applications in secure communications [166].

Within a nanocontact geometry, the Ampére-Oersted field promotes the
formation of a magnetic vortex, causing its chirality to align parallel to the
AOF. However, in an STVO, the initial chirality can be deterministically set [98],
enabling the study of its influence on the periodic reversal process. In Chapter 2,
we concluded that two distinct regimes [79] arise based on the vortex chirality
and polarity, the polarizer orientation, and the input current density, following
the conditions JPp, <0 and |J| > |J.,|. Those are the resonant regime, where
the vortex core damps back to the magnetic dot center, and the auto-oscillating
regime, in which the vortex reaches a stable orbit [see Figure 3.6 a)]. In this
Section, we present a third prospective regime [166], illustrated in Figure 3.6
b) & c). When the vortex core reaches an upper threshold orbit, it undergoes
a polarity reversal process. This initial polarity switch is promptly followed by a
second reversal, leaving the vortex core at a lower orbit s, transitioning back
to the auto-oscillating regime. As this double-reversal process is both periodic
and sustained, the vortex core becomes confined between these two boundary
orbits. We show that this third regime, termed the “confinement regime”, is
exclusively triggered for a vortex exhibiting negative chirality. For a positive
chirality, we will see that the lower angular frequency of the vortex core prevents
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it from reaching a critical velocity before collapsing on the edge of the free layer,
thus preventing confinement.
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Figure 3.6: a) Evolution of the reduced vortex core position s(t) in the steady-
state regime saturating at s, for J = —=5.0 x 10'® A/m?. The dashed line is the
prediction using Equation (3.14). b) Evolution of s(t) in the confinement regime
with J = —6.0x 10'° A/m?. The trajectory is plotted in green (purple) for a
positive (negative) polarity. The black dashed line is the estimation of s(t) using
Equation (3.16). Pink stars indicate polarity reversals. c) Trajectory of the vortex
core inside the magnetic dot while in the confinement regime. The vortex core
motion direction is represented by arrows. When the polarity is negative, the
gyration sense is reversed. Adapted from Ref. [148].

Methods

As already done, the vortex dynamics are investigated using micromagnetic sim-
ulations, using mumax®. The free layer, with radius R = 500 nm and thickness h =
9 nm, is discretized into cells of 2.5 x 2.5 x 4.5 nm?>. This specific geometry was
selected because our partners at INL (Braga, Portugal), specialized in fabricating
STVOs, had obtained spin-diode curves for these wide vortices, data we could
help interpret using our models [168]. Apart from these changes, the material and
polarizer parameters are the same as in Chapter 2, and MMS are still conducted
at T = 0 K, without applied external magnetic field. Here, however, the vortex
polarity is set to P = +1. A negative input current density is then applied, ranging
from O to —10 x 10%° A/m?, with the Ampére-Oersted field generated by the
current incorporated as an external magnetic field. For such system, the STVO
frequency is between 60 MHz and 120 MHz, depending in the vortex chirality C
and the current density J. The reduced vortex core position s(t) = ||X||/R, where
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X is the vortex core position, was extracted from MMS in the auto-oscillating
regime and fitted using the toy-model presented in Section 3.1:

5i
s(t) = , (3.14)

1 Siz —2at 5"2
taus)eT T

with s; the initial vortex core position and the two parameters a and § that are
functions of the input current density J. To predict s(t) for a given J, the para-
meters a(J) and B(J) are linearly fitted as a(J) = a,J + aand (J) = b,J + b when
the vortex core is in the auto-oscillating regime (see Table 3.3). Additionally, the
stable orbit s, is defined by

Seo =1|— =705 (3.15)

as derived from Equation (3.14) for t — oo.

Constant ct Cc-
a, (x 107 Hzm?/A) -12.49 -6.26
by (x10™ Hzm?/A) 881 542

a (MHz) ~1347 -12.75

b (MHz) 300 -474

Table 3.3: Dynamical parameters of the considered system [see Equation (3.14)],
forboth C* and C~ configurations.

To predict the s(t) evolution in the resonant regime, the values of s, and s,
are required, along with the four following hypotheses:

1. The vortex polarity is reversed if s > s,

2. A second polarity reversal always follows,

3. The double reversal process is instantaneous,

4. Post-reversals, s = s .
Combining Equation (3.14), these assumptions, and the J-dependent expres-
sions of a, B, S, and s, €nables the prediction of s(t) for any current density,
as shown in Figure 3.6 b). It gives the following recursive equation:
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Sn-1

- , 1 Sp_1 < Smaxs
so_ Sp—
Sp = { |1+ Itpe-200t 11 (3.16)
Smin» if Sn-1 2 Smnax’

where At is the time step, and s,, and s,,_; are the current and previously calcu-
lated vortex core position, respectively.

Leaky integrate-and-fire behavior

Both chiralities C* and C~ configurations are studied (see Figure 3.7), while
taking into account the Ampeére-Oersted field H®®. The chirality-dependent
evolution of the stable orbit s, with respect to the current density J is predicted
using Equation (3.14). The first critical current J., is determined by a(J4) =
0, resulting in J,; = —a/aj. This yields J., ¢+ = —1.08 x 10'® A/m? for positive
chirality, and J.; .- = —2.04 x 10'® A/m? for negative chirality.

* C-
* C*

e Jaoct

Current density J (x101° A/m?)

Figure 3.7: Stable orbit s, with respect to the current density J, for an initial
negative (blue stars) or positive (red stars) chirality. The second critical current
Jepc+ is indicated by a dashed gray line. For an initial positive chirality, the
vortex core reaches the magnetic dot edges for [J| > |Jep e+ |, With g cv & —2.5 X
10° A/m?. Its chirality is then reversed to C = —1 and the vortex core polarity is
either unchanged, leading to a steady-state regime similar to the one of a vortex
with an initial negative chirality, or reversed, resulting in a resonant regime. The
black dashed lines are the predictions of s (J), from Equation (3.15). Adapted
from Ref.[148].
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For |Jq | < I £ |Jez|, where J4 and J,, are the first and second critical currents,
respectively, the vortex lies in the steady-state regime. The confinement regime
is uniquely observed for vortices presenting a negative chirality C™. For an initial
positive chirality C*, if |J| > |J,c+|, the vortex chirality reverses to C~ upon
core expulsion from the nanodot, aligning parallel to the Ampére-Oersted field
induced by the current.

Consequently, the dynamics of the resulting vortex mimic those of an initially
C~ one, leading to overlapping final orbits s_,, similarly to what was presented
in Section 2.1. However, a polarity reversal may also come along the chirality
switch, violating the JPp, < O condition and causing a transition back to the
resonant regime. In such event, the vortex core relaxes towards the center of the
nanodot, to reach s, = 0.

For a vortex with a negative chirality, when |J| > |Jcon¢ |, With Jeone & —5.1 X
10%° A/m?, the vortex reaches its critical velocity at the orbit radius s = s,.,.
This triggers a polarity reversal process through the well-established mechanism
involving the creating and annihilation of a vortex-antivortex pair [135,165].
Indeed, as the core velocity increases, it undergoes deformation, developing a
dip of opposite out-of-plane magnetization (see Figure 3.8).

a) b) t=029ns «c¢) t=0.33ns d) t=0.35ns

1.0

I~. I~.

z

e) t=0.46ns f) t=0.58ns g) t=0.60ns h) t=0.80ns 0.0

e —— e —— e e ——

-1.0
Figure 3.8: a)-h) Evolution over time of the out-of-plane magnetization compo-
nent m, during a double polarity reversal. a) View of the entire magnetic dot, with
the boundary orbits s, and s, represented by the dashed orange line and the
dashed-dotted brown line, respectively. b)-h) Enlarged view of the area close to
the vortex core, outlined by the black box in a). Adapted from Ref. [148].
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At s, the vortex core reaches a velocity of 285 m/s, which aligns with the
theoretical critical velocity [139,169] (in cgs units) v, = vy\/z =302 +32m/s,
withv = 1.66 + 0.18 and y the gyromagnetic ratio. At the critical velocity [139],
the dip amplitude matches that of the vortex core, facilitating polarity reversal via
vortex-antivortex pair dynamics (see Figure 3.8). The excess of exchange energy
is subsequently dissipated through spin-wave (SW) generation [170]. Following
this first reversal, the vortex polarity becomes negative. The latter enters thus the
resonant regime and relaxes towards its equilibrium position. A second polarity
reversal is then observed as the new dip again reaches the same amplitude as
the vortex core, followed by further spin-wave generation. We acknowledge
that the physical origin of this second reversal remains unclear, as the critical
velocity is not attained in this case. We suspect that spin-waves emitted after
the first reversal might interact with the core, inducing another switch. Further
investigations are needed to confirm this hypothesis. Despite this uncertainty,
the phenomenon is robust, even in simulations (not shown here) with a tilted
polarization direction and thermal noise. At the end of this second reversal, the
vortex core is located at s,,;, and enters again in the auto-oscillating regime. This
double reversal process occurs periodically, leading to a sustained confinement
regime characterized by s, and s,,.,, that define the lower and upper limits of
the vortex core position, respectively, as well as the frequency f<°" at which the
double polarity reversals occur (see Figure 3.9).
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Figure 3.9: Confinement frequency ™, i.e., the inverse of the period between

double-polarity reversals, with respect to the current density J. Adapted from
Ref.[148].

fconf (MHZ)

The s, and s, orbits decrease as the amplitude of J increases, as shown in
Figure 3.10. Indeed, the dip reaches the same amplitude as the vortex core at
a lower orbit when |J| increases. The elapsed time between successive double-
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reversals is extracted and the corresponding confinement frequency < is
displayed in Figure 3.9. This frequency increases with |J|, meaning that the latter
can be controlled by the input dc current, with confinement frequencies ranging
from 11.5 MHz at —5.1 x 10'° A/m?, up to 93.5 MHz at —10.0 x 10%° A/m?.
Since spin-waves are generated at each reversal, the period between SW gener-
ation can also be tuned by J.
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Figure 3.10: Evolution of the stable orbit s, threshold orbit s,,, and reset orbit
Smin With respect to the current density J. The black dashed line is the prediction
of s, (J), from Equation (3.15). The dotted and dashed-dotted lines are J_4 and
Jeont> respectively. Adapted from Ref. [148].

Apart from sending simple dc currents into the STVO, more complex waveforms,
such as pulse trains, can be fed into it to obtain richer dynamics. Upon injecting
a train of 30 ns current pulses of magnitude J = —6.5 x 10'° A/m?, instead of
a constant current into the STVO, the vortex core is progressively excited to a
larger oscillating orbit s (see Figure 3.11).

If the interpulse interval remains large, the vortex core relaxes during the off-
periods of the duty cycle, preventing any significant event. Conversely, when
the pulses are temporally close, the vortex core reaches the threshold orbit s, .,
triggering a firing event after leaking and integration, as in a biological neurons
(see Chapter 1). Subsequently, the system resets to a lower orbit s,;,, and the
process reiterates. However, the reset step in this system is imperfect, as the
vortex core position returns only to s, rather than s = 0. To address this, a bias
current can be introduced such that s(Jyis) = Smin, With additional current pulses
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modulating the dynamics range between s, and s.,. However, this approach
would render the system continuously active, substantially increasing its power
consumption. Additionally, it should be noted that the leaking time constant
during current-free periods in the cycle is directly linked to the -parameter
introduced in Section 2.1 and can thus be tuned accordingly.
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Figure 3.11: Leaky integrate-and-fire behavior in an STVO. When current pulses
are spaced apart in time, the vortex core is excited to a larger orbit s(t) (integra-
tion) and relaxes during the off periods of the duty cycle (leaking). If the pulses
are injected close enough however, the vortex core reaches s,,, (brown dashed-
dotted line) and a double-polarity reversal is triggered (firing event), with the
vortex returning to the s, position.

Typically, achieving this type of LIF behavior with conventional CMOS technolo-
gies requires adding a capacitor to the circuit, which is often of significant size
[171]. In our case, a single compact component performs nearly all the functions
required for a LIF circuit, offering potential advantages. To date, however, no
experimental evidence supports the emergence of a confinement regime in
nanopillar STVOs. If our hypothesis that the second polarity reversal arises due
to spin-wave generation after the first reversal is confirmed, we believe that low-
temperature experimental conditions would be beneficial to observe it, due to
reduced thermal noise.
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Conclusion

In Section 3.1, we have enhanced the Thiele equation model proposed in Sec-
tion 2.1 with data-driven corrections to the gyrotropic and damping terms. These
adjustments were derived by fitting our model predictions to mumax® results.
The resulting hybrid DD-TEA accurately computes STVO dynamics for abritrary
current inputs, demonstrating strong agreement with micromagnetic simulations
in both transient and steady-state regimes. Moreover, our novel method exhibits
approximately a six orders of magnitude acceleration over MMS. In its fastest
version, our second-order truncated toy-model, this factor is increased by
another 100 times, at the cost of additional assumptions. These advancements
enable practical long-duration signal simulations, facilitating functionalization
of STVOs for prospective applications. Furthermore, we believe that our data-
driven approach is generalizable to other magnetic textures (e.g., skyrmions) or
oscillators, provided their dynamics can be described by the Thiele equation
and experimental data or simulation results can be gathered to refine certain
analytical terms.

In Section 3.2, while we aimed at applying our method to larger diameter
vortices, we found a particular regime in which the vortex core stays confined
between boundary orbits due to successive reversals of the vortex core polar-
ity. We have shown that the vortex core dynamics in both auto-oscillating
and confinement regime can be analytically described by fitting MMS results.
The emergence of the confinement regime depends on the chirality and the
magnitude of J. By modulating the latter, one can control the parameters of
the confinement regime, specifically s, Smay, and ", offering the potential
to fine-tune the properties of the confinement regime as well as the spin-wave
generation. Notably, the confinement regime exhibits nonlinear and periodic dy-
namics, making it potentially valuable for neuromorphic computing applications
[111]. In this context, the vortex remains in a transient state, never achieving
a stable orbit, which is similar to a leaky integrate-and-fire neuronal behavior.
Here, the integration and leaking properties are controlled by the input current
density, while the firing events correspond to the vortex core polarity reversals.
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Chapter’s take-home message

e Both the Thiele equation approach (TEA) and micromagnetic simulations
(MMS) present shortcomings, either in terms of accuracy or computa-
tional resources, respectively.

e We propose the data-driven Thiele equation approach, a semi-analytical
model calibrated by micromagnetic simulation results, to improve the
gyrotropic and damping terms in auto-oscillating regime.

o In its fastest form, this method is up to eight orders of magnitude faster
than MMS, while providing equivalent accuracy in frequency and orbit of
precession predictions, enabling its use for practical applications.

e By applying our method to nanopillars of larger radii, periodic double-
polarity reversals were observed, when simply applying a dc current
without any external magnetic field.

o This behavior is similar to the leaky integrate-and-fire model of biological
neurons, or could also be used as a periodic and tunable source of spin-
waves through vortex-antivortex annihilation.
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N previous Chapters, we have considered a system consisting of a single oscil-

lator isolated from external influences. However, for practical implementations
and prospective applications, such as rf signal processing [18,172], neuromor-
phic computing [19,20], or solving optimization problems through Ising machines
[21,173,174], inter-STVO communication could be beneficial to increase trans-
mission power and spectral purity for instance. One of the ultimate milestones
in the field would be to fabricate dense oscillator networks coupled through
their emitted dipolar fields without requiring internode electrical connections.
These networks would exploit these emitted fields without requiring an intricate
nanofabrication of all-to-all metallic contacts. However, existing studies over-
look the Ampére-Oersted field radiated by these nanopillars, which becomes
influential for their neighbors at high current densities and close proximity, as
detailed hereafter. As mentioned in Chapter 2 for the internal contribution of
the AOF, the latter inevitably comes along the OOP current used to trigger
the gyrotropic motion, thus necessitating its careful consideration for accurate
modeling.

In Section 4.1, we detail thoroughly the impact of an irradiated Ampére-Oersted
field on a closely positioned STVO. Although we make significant assumptions
to analytically describe its influence, we show that our Zeeman contribution
term is readily integrable into Thiele equation-based models. Additionally, the
simulations performed in this Chapter validate consistently our analytical calcu-
lations, but also provide supplementary insights to prior works on vortices
under in-plane magnetic fields. This work, carried out within the Neuromorphic
Engineering Group in collaboration with Prof. Flavio Abreu Araujo and Anatole
Moureaux, also results from discussions with Dr. Tristan da Camara Santa Clara
Gomes (INESC-MN, Portugal), as well as Dr. Chloé Chopin and Dr. Ursula Ebels
(SPINTEC, France). A manuscript related to these outcomes is in preparation.

| 85



4.1

411

4 | Towards close-packed oscillator systems
Adjacent Ampére-Oersted field

Among the methods facilitating interactions between STVOs, simple electrical
connections emerged as widely preferred due to their straightforward implemen-
tation. This approach eased the study of various synchronization phenomena
[20,175,176,177,178,179,180,181], notably valuable for probing the physics of
exceptional points [182,183]. Furthermore, following the efforts to construct
dense arrays of oscillators for prospective on-chip implementations, signif-
icant attention has been dedicated to exploring magneto-dipolar interactions
between STVOs positioned at sub-micrometer distances, both theoretically
[85,91,120,127,184,185,186,187] and experimentally [121,188]. With advance-
ments in nanofabrication techniques, the placement of oscillators in close prox-
imity (< 200 nm) while ensuring individual top contacts has become achievable,
thereby allowing for the selective manipulation of their dynamics [127,188]. In
any case, at such close distances, the influence exerted by one oscillator upon
its neighbors becomes important.

Presently, research efforts have focused on investigating dipole-dipole inter-
actions between vortices. In this study, we aim at exploring the effects of an
external Ampére-Oersted field on the dynamics of an oscillator. This investiga-
tion builds upon the first Chapters of this thesis and other past reports [99,100]
dealing with the impact of the internal Ampére-Oersted field generated when
a current is injected into STVOs or in nanocontact geometries [107], which
influences their dynamics and deforms the magnetic texture. Although rf field
lines exploiting Ampére’s law have been positioned above STVOs in previous
works [183], a thorough description of the influence of the Ampére-Oersted field
generated by an oscillator on its nearby neighbors has yet to be given, to the
best of our knowledge. In the present study, we aim at deriving an analytical
expression for the Zeeman energy associated with the Ampére-Oersted field
coming from an external source. Subsequently, we will compare these results to
micromagnetic simulations, clarifying valuable phenomena crucial for developing
future applications involving STVO lattices.

Methods

The basic building block for studying close-range interactions between adjacent
oscillators is a pair of two magnetic tunnel junctions, as depicted in Figure 4.1.
The latter are separated by a distance d and are considered to be perfectly
circular cylinders of radii R; and R,. Using individual top contacts, these devices
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can be driven by independent current densities J; and J,. To simplify our
analysis, two major assumptions are made. The latter are allowed because the
combination of multiple magnetic fields fulfills the principle of superposition.
Firstly, one of the STVOs (the one on the right in Figure 4.1) is considered to
be a simple conducting nanowire of infinite length emitting an Ampére-Oersted
field, meaning that its magnetization is completely neglected. Then, the Ampére-
Oersted field emitted by the STVO that is actually considered is not taken into
account, while its gyrotropic mode of dynamic oscillations of the vortex core,
orbiting at an in-plane position X = (X, Y), or (p, ¢) in polar coordinates, is indeed
excited by a current density J;.

b ANN
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Figure 4.1: Schematic top view of a pair of oscillators, separated by a distance d.
The in-plane vortex magnetization field M of the STVO on the left (with radius
R,) is depicted by the blue arrows, while the Ampere-Oersted field Hgﬁ emitted
by the adjacent STVO (with radius R,), which is simplified as a simple metallic
nanopillar, under a current density J, is indicated by the purple arrows. As a spin-
polarized current J; is injected into the STVO, the vortex core (highlighted in red)
gyrates at a position (p, @), in polar coordinates. All points in the plane (in dark
gray) are denoted using a vectorr = (r, 8).

Hence, the Zeeman contribution to the total magnetic energy of the STVO is
given as

WS = —p, fv M. HOdV, (4.1)

where M is the vortex magnetization field, HOS the Ampeére-Oersted field

generated by the metallic line, and V the volume of the STVO free layer. To
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proceed with the calculations, mathematical descriptions of both the magneti-
zation and magnetic fields are needed. We use the two-vortex Ansatz for the
magnetization distribution M = Ms(mx, m,, mz). On the other hand, the expres-
sion for the Ampére-Oersted field can be derived from Ampére’s law. While the
metallic nanopillar is crossed by a uniform current density J,, the magnitude of
the generated field at any point in space r = r(cos(8), sin(6)) outside the field-
emitting nanopillar is given as

|Jz|R 1

HOe( )
2Ir— DI

ext

(4.2)

where D = (R; +d + R,,0) is the center position of the field line. Thus, the
Ampére-Oersted magnetic vector field is Hgﬁ = Hg(‘i( )(cos(@), sin(¢)), where
the angle ¢ corresponds to

¢ = (4.3)

E(1 +0)+ arctan(

Z—nCOS(G))
> )

nsin(6)

In this equation, o indicates the sign of J,, informing on whether the current
flows towards +z. Additionally, the dimensionless variables { and n are equal
to (R1 +d+ Rz)/R1 and r /Ry, respectively. While converting Equation (4.1) into
cylindrical coordinates and assuming a uniform vortex magnetization along the
z-direction, which is valid for thin free layers [78], we obtain

Ho
We?f = —|12|Msh1R1R§

dnde, (4.4)

/2n m, cos(¢) + m, sin(¢)
\/62 2{n cos(6) +n?

where the integration is performed over the cross-section of the STVO free layer.
Regrettably, this complex integral lacks a direct analytical solution. In the context
of vortex dynamics, two common approaches are employed in such case, i.e., a
numerical integration is performed or a McLaurin series is used prior integration
to derive an approximate analytical solution [78,125]. We will carry out both
methods to compare their outcomes.

Let us first process with the purely analytical series expansion method. As

stated, since the expressions of m, and m, depend on the reduced position of the
vortex core [see Equations (1.20) & (1.21)], i.e., s(cos(¢), sin(¢e)), the integrand
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must be expanded into a McLaurin series around a centered vortex core position
to solve it (see Appendix C for details). After performing this first step, one
can integrate the resulting polynomial expression for each point r contained in
the STVO free layer, where n € [0, 1] and 6 € [0, 2rt]. Therefore, the fully analyt-
ical expression for the Zeeman energy attributed to the Ampere-Oersted field
induced by an oscillator, i.e., the metallic nanowire in this case, on its neighbor is
given by

ext,theo

woe, = —%ClzthsRlen
o((25s_2s_ 2s 25
37 15¢ 105¢ 315¢
(4 s2 8 s* 4 ¢

+ 152 10502 ﬁz—z)coswp)

) cos(o)

3 5 7
+(&s_ _ 165 _ is_) cos(30)

10573 3153 346573
4 6
+( 32 s* 128 s

315¢4 3465 5_4) coside)

256 s> 256 s/

+(3465 5 9009 z_S) cos(>9)

512 s¢ 2048 s’ 8
+9009 I3 cos(6p) + 45045 07 cos(7¢) + O(s )) (4.5)

Notably, the parameter o no longer appears explicitly in the expression since
a|Jy| = J,. As (s/Q)" < 1 for large n since s < 1, it should be noted that high-
order terms contribute minimally to the Zeeman energy.

A more direct approach involves a numerical integration of Equation (4.4),

for various s and ¢ values. Subsequently, one can fit these results Wg(f,num toan
expression similar to Equation (4.5), which gives

Ho
Wg(f,fit = —§CJ2h1MsR1R§”
s s3
X ((0.6692 - 0.151?) cos(¢p)

s2 s*
+(0.269Z—2 - O.O9O<—2) cos(2¢p)
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3 4
+o.124§—3 cos(3¢) + o.osog—4 cos(4) ). (4.6)
THEORETICAL CALCULATION
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Figure 4.2: Zeeman energy calculated for the same simulation parameters as
those given in Section 4.1.2. a) Numerical integral ngnum as a function of the
vortex core position s and angle ¢, calculated from Equation (4.1). b) Comparison
between values predicted by the numerical integral Weoxinum and the analytical
formulae W3 o and W5 ;. (see Equations (4.5) & (4.6), respectively), at an orbit

s =0.3.
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A strong agreement between the analytical and numerical coefficients is
observed. Such concordance was expected, within the margin given by the error
term in the McLaurin series and the slightly simpler form proposed for the fitting
expression, i.e., limited to the fourth-order. Plots of the integrals are depicted
in Figure 4.2 a) & b), up to a moderate vortex core excitation. Only seven data
points are shown (in blue) in Figure 4.2 b), for the sake of clarity, while the fit is
performed on a 51 x 51 grid. Due to symmetry considerations, it was expected
that the energy Wg‘f is zero if s =0, as evidenced by the absence of constant
term in Equation (4.5). Moreover, the shape of the potential well suggests that
the position of lowest energy does not correspond to a vortex core located at the
center of the free layer. As elaborated below, it appears that the Zeeman energy
falls below its value for a centered core, i.e., WS¢ = 0, for arange of angular values

.
=0 Q=-1/2
p=mn

D

Q=r/2
Figure 4.3: Schematic depiction of the mean magnetization M (in blue) and mean
Ampére-Oersted field Heox‘“; (in purple) in the STVO at various vortex core posi-
tions. The mean magnetization direction is perpendicular to the displacement
of the vortex core from the center of the free layer. In this specific scenario,
the chirality as well as the polarity of the vortex are negative, and the current
J, injected to generate the Ampeére-Oersted field follows the +z-direction. In
steady-state, while excited by a spin-polarized current J;, the vortex core (in red)
gyrates in the clockwise direction and successively crosses the positions (s, 0),
o

(s, —g) (s, m), (s, g) modifying the value of the Zeeman energy W, accordingly.
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As per Equations (4.5) & (4.6), the Zeeman energy is near-zero when the vortex
core intersects the x = 0 line, corresponding to ¢ = +r1/2. Conversely, when ¢
attains O or 1, the energy reaches its maximum absolute value for each specific
orbit s. At these points, the distinction between a minimum and a maximum
of energy is determined by the chirality and rotational direction of the external
Ampere-Oersted field, given by the factor —J,C, every other parameters being
positive. These observations can be understood through a macrospin approxi-
mation for a displaced vortex core. Indeed, one should recall that the vortex core
is in a dynamic oscillation regime due to the injection of a spin-polarized current
into the MTJ. The situation is shown on Figure 4.3, illustrating the four angles of
interest. Here, we consider the Ampére-Oersted field intercepted by the STVO
as quasi-uniform to facilitate understanding. When the vortex core is located
at +71/2, the average magnetization {m(r)), = —2/3C(e, x X)/R solely exhibits
a component along the x-direction [88]. Since the Ampére-Oersted field aligns
with the y-axis, the scalar product between the two vectors of Equation (4.1)
becomes null. Conversely, when the vortex core is situated on the y = O line, the
scalar product attains its maximum absolute value, following a similar rationale.
Once more, it is worth noting that the sign of this product is contingent uniquely
upon the factor —Co.

Stationary field and offset equilibrium

Once again, the micromagnetic simulations are carried out with mumax®. A
pair of similar adjacent nanopillars of radii R; = R, = 100 nm, separated by
a distance d = 50 nm, are investigated in this study. Achieving such a close
edge-to-edge distance has been previously demonstrated experimentally [189].
The STVO, presenting a thickness h; = 10 nm, is actually simulated, whereas
the nanowire is represented solely by the Ampére-Oersted field it emits. As
introduced previously, this approach aims at isolating the impact of the field,
disregarding the dipole-dipole interactions already studied in previous works
[85,91,120,127,186,187]. In the STVO, a current is injected for a total duration
of 2 ps. Initially, its magnitude stands at 6.6 x 10'® A/m? and linearly decreases
over time to reach 5.0 x 10° A/m?. Such progressive reduction in current den-
sity enables the exploration of a wide range of vortex core positions. Meanwhile,
a constant current density of 7.0 x 10'° A/m? is applied into the nanowire. Both
currents are injected in the positive z-direction. All other simulation parameters
are identical to those employed in the other Chapters.

Since mumax® internally computes the position of the vortex core and the
corresponding Zeeman energy over time, constructing a plot of Wg(‘f,simu as a

function of the core position is straightforward, as given in Figure 4.4 a). The
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shape of the energy landscape is consistent with the theoretical predictions
outlined by Equations (4.5) & (4.6) and Figure 4.2 a).

MICROMAGNETIC SIMULATION

b)

center

: - —36.9 —~
i - < £
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Figure 4.4: a) Zeeman energy ngsimu as a function of the vortex core position

s and angle ¢, extracted from micromagnetic simulations. b) Top view of the
circular magnetic dot (STVO) of radius R; = 100 nm, its center being represented
by the black cross. The trajectory (X,Y) of the vortex core is shown in red, for
t € [400,404] ns. The red cross corresponds to the final coordinates (X, Y¢) ~
(=3.8,0) nm of the vortex core, when there is no longer any current J; . The inset
shows a zoom on the decreasing amplitude of the vortex core trajectory over
two oscillations, as the current density decreases linearly with time.
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In fact, upon comparing the theoretical forecasts with MMS outcomes, remark-
able agreement is observed. Numerically calculating a relative error value
between simulations and theory is challenging, due to the fact that the curves
pass through zero. Hence a dimensionless absolute error, defined as

O (o]
err = Vv;a:isimu - Wex(te,th;o ’ (4-7)
_?J2CM5h1R1R2T[

was adopted. The error across simulation points ranges from 8 x 1078 and 1 x
1072 and averages 4 x 1073, Histograms (not shown here) reveal that the error
is generally minimized when the vortex core angle approaches m, while the
theoretical predictions tend to deviate the most at an angle of 1/2. The observed
discrepancies between simulations and theory are attributed to the simplifica-
tions made for analytical derivations, notably the OOP magnetization omission
in the vortex core, and the deformation of the magnetic texture induced by the
Ampére-Oersted field, as discussed in Section 2.2. Additionally, it is intriguing
to observe the sparsity of simulation data at s = O [see Figure 4.4 a)], even for
low injected currents. As a matter of facts, the available points showcasing s =0
correspond solely to a ¢ angle close to zero. This phenomenon is corroborated
by Figure 4.4 b), illustrating the vortex core trajectory X = (X, Y). It is apparent
that the final core position does not align with the geometric center of the dot,
but instead settles at X = —3.8 nm. In other terms, this outcome suggests that
the equilibrium position of the vortex core is not at s = O, but rather that the
latter orbits around (—3.8,0) nm.

Notably, this result reproduces the behavior observed when a uniform in-
plane field is applied to an STVO such as in hysteresis loops [5,190,191]. This
phenomenon can be understood through the Thiele equation approach. We
introduced in previous Chapters that one of the forces acting on the vortex core
originates from the derivative of the magnetic energy. Typically, these restoring
forces are directed exclusively towards the geometrical center of the free layer,
as seen in Section 2.2. In other words, the stiffness parameters associated with
other sources of magnetic energy, e.g., exchange, magnetostatic, depend solely
on the oscillation radius s and are independent from the phase . In our case,
the axisymmetry is broken due to the external Ampére-Oersted field, resulting in
a force vector FS¢ oriented towards the negative x-direction (for the parameters
utilized in our simulation). This force, derived from Equation (4.5) as
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aWoe
For =-— a;Xt’ (4.8)

explains why, at the end of the simulation, even if the current injected into the
STVO is insufficient to generate auto-oscillations, the equilibrium position of the
vortex core is displaced from the geometrical center of the free layer. Finally,
this force derivation can be easily compared, at the first-order at least, to the
expression obtained for a uniform in-plane magnetic field, given as F% = u(eZ X
H), with p = 21/3py,Chy MR, [88].

From Equation (4.8), we can estimate the final vortex core position, consid-
ering an equilibrium of forces between the AOF and the restoring forces
generated by the other magnetic energy contributions. At first-order, this yields
the linearized equation:

”?"CjzthsRég—’;

X = ,
R+

(4.9)

resulting in X; & —3.1 nm for the parameters given previously, a value consistent
with simulation results. Its underestimation probably arises from the discrepan-
cies between analytical magnetic stiffness and simulation results, discussed in
Section 2.2. In fact, if we rather use the stiffness parameters k§* and k('™ retrieved
from MMS, we find X % —3.6 nm.

Core trajectory in ferromagnetic resonance

This displacement of the vortex core induced by the Ampére-Oersted field, even
in the absence of a sufficient injected current in the STVO to generate excitation,
prompts consideration of other conceivable cases where the generated field is no
longer static but alternating, similarly to ferromagnetic resonance experiments
[82,83,88,96,192,193]. Such a field can be easily achieved by injecting an ac
current into the field line. We will examine two different situations. Firstly, an ac
field whose frequency increases linearly with time will be imposed, allowing us
to showcase resonance phenomena. Then, sinusoidal magnetic fields of constant
amplitude and frequency will be considered to gain insight into the trajectory
of the vortex core. In both cases, no current is injected into the STVO, which
operates in a passive manner. All other simulation parameters remain consistent
with those previously reported. As introduced above, a field with a time-varying
frequency can be examined. In this case, the current density injected into the
metallic nanowire is given as
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Jp = Jgsin(2nf(t)t)

(4.10)

=J_.sin 211—900 x 10° ﬁ
rf 20%x 106 2/

which corresponds to a linear evolution of frequency from O to 900 MHz over
20 ps. Implementing such a demanding frequency slew rate experimentally with
existing signal generators would inevitably be challenging. The aim here is to
maintain a reasonable simulation time, while ensuring that the frequency sweep
is slower than the intrinsic dynamics.
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Figure 4.5: Vortex core position s in the STVO with respect to the frequency f'f
of the input Ampére-Oersted field, for different values of current injected into
the field line. The insets display the elliptical in-plane trajectories of the vortex
core (Sx,5y) = (X,Y)/R at those same currents, for additional micromagnetic
simulations where the frequency stays fixed at 300 and 600 MHz. No current is
injected into the STVO, which operates passively in resonance.

Figure 4.5 illustrates the evolution of the amplitude of dynamic oscillations
relative to the origin in the STVO over time, referred to here as the vortex core
position to simplify, at different currents J; = 0.5, 1.0, and 2.0 x 10'° A/m?.
A resonance peak can be identified, reaching s =~ 0.34 for the largest current
imposed. Notably, the instantaneous frequency of the magnetic field at this
juncture, i.e., 450 MHz, aligns with the eigenfrequency of this oscillator, as we
reported in Section 2.1 (using the same simulation parameters, without magnetic
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field). However, it is worth noting that the orbit attained for a sinusoidal field
at the resonance frequency is considerably larger than the static displacement
under a given field value [see Figure 4.4 b)], despite the lower amplitude of
the ac current in the nanowire compared to the former dc excitation. If the mag-
netic field amplitude was further increased, the vortex core could be expelled
[139,194]. At the lowest frequencies, the magnetic field is quasistationary.
Consequently, we revert to a situation similar to that in Section 4.1.2, where the
vortex core is displaced by a quasi-uniform planar field, with the amplitude of this
field determining the extent of the displacement. Finally, we observe a broad-
ening of the core position signal, i.e., s = ||X||/R, due to the elliptical trajectories,
which imply that the amplitude of the orbit can vary even in steady-state.

Additionally, the frequency of the input signal can be regarded as a method
for adjusting the ellipticity of the vortex core trajectory [96], as extensively stud-
ied by Lee & Kim (for linearly and circularly polarized oscillating magnetic fields)
[195,196]. At the lowest frequencies, the regime is quasistationary, analogously
to the behavior observed in a hysteresis curve. In other words, the vortex core
moves linearly along a straight line perpendicular to the field direction. At inter-
mediate frequencies, the trajectory becomes elliptical (see inset of Figure 4.5),
with the minor axis of the ellipse expanding as the resonant frequency is
approached. Lee & Kim attribute the elliptical trajectory observed under linearly
polarized oscillating fields to the superposition of two circular eigenmotions, one
clockwise and the other counterclockwise, presenting asymmetric amplitudes
[196]. The relative phase between these eigenmodes, notably determined by
the magnetic field frequency, accounts for the elliptical motion and explains
the elongation reversal of the ellipse. Upon reaching the resonance frequency,
circular gyrotropic behavior is reinstated, and the oscillation amplitude reaches
its maximum. However, in our case, the trajectory is not perfectly circular, as the
magnetic field is not uniform. It should also be noted that, as already described
in detail in other studies [192,197], the asymmetry of the resonance curves
increases with the amplitude of the excitation, due to nonlinear effects.

Finally, one should observe that the gyration frequency of the vortex core
remains perfectly synchronized with the input signal across the entire explored
frequency range, as evidenced by a Fourier spectrum (FFT) of the vortex core
trajectory in Figure 4.6. As expected, a linear frequency evolution is observed,
matching with the excitation signal used. Partial harmonic synchronizations are
also evident [195,198], albeit with significantly lower power spectral density.
Additionally, resonance is distinctly identifiable halfway through the simulation,
as a broadband response can be observed. These additional peaks are caused by
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the transient motion of the vortex core before reaching steady-state regime, and
higher-order effects [195]. It corresponds to an AOF frequency of approximately
450 MHz, which is consistent with the eigenfrequency obtained in Chapter 2.

1000
800
600
400

200

Oscillation frequency (MHz)

0

Power spectral density (a.u.)

0 200 400 600 800
AO field frequency T (MHz)

Figure 4.6: Fourier spectrum of the vortex core coordinate signal X = (X,Y). The
magnetic vortex in the STVO is excited by the rf Ampére-Oersted (AO) field
generated by the metallic nanowire (J, = 2 x 10%° A/m?), with a frequency f'f
linearly increasing from O to 900 MHz over 20 ps.

Discussions and conclusion

So far, our analysis has been limited to a single STVO-metallic wire pair. To extend
our findings to a chain [127,187], or an array [91,180] of STVOs, it should be
reminded that magnetic fields obey the principle of superposition. Depending on
the relative positioning of the STVOs in pairs, the Equations (4.5) & (4.6) can be
modified to account for different situations. In practice, this entails introducing a
phase shift to the angle ¢. These analytical terms would be of particular interest
when considering arrays of oscillators interacting at short distances (< 200 nm)
without electrical interconnections, relying instead on their emitted fields. Using
common top and bottom contacts to ease fabrication, the STVOs could be posi-
tioned even closer to one another, forming networks made up of a large number
of electrically-tunable magnets in architectures similar to spin-glass systems.
Furthermore, our results could also elucidate the emergence of small-amplitude

98 |



Discussions and conclusion | 4.2

oscillations in the orbit signal when considering a chain of three oscillators
[127]. This effect could be attributed to a decentering of the gyrotropic motion,
similar to the phenomenon discussed in Section 4.1.2. Additionally, Section 4.1.3
explores resonance behaviors which could hold promise for applications involv-
ing extremely localized-scale microwave frequency recognition [18,113]. Indeed,
the voltage measured across the STVO is contingent upon the average magne-
tization within its free layer, which in turn is influenced by the orientation of the
elliptical path of the vortex core dictated by the frequency of the input signal.

Furthermore, it seems important to emphasize that the dipolar interaction
between the vortices was neglected for reasons discussed earlier. In practice, this
dipolar field should dominate the interaction and synchronization phenomena
[199]. However, it is worth noting that the Ampére-Oersted field is not negligible,
as the dipolar field HY scales with d =3, whereas the Ampére-Oersted field H®® is
inversely proportional to d. This could make the Ampére-Oersted field relatively
significant for intermediate distances. For instance, for the parameters given in
Section 4.1.2, the amplitude of the Ampeére-Oersted field emitted is of 4.40 mT
at the edge of the metallic nanowire, 1.76 mT at the center of the STVO free
layer, and still showcases a value of 0.88 mT at 500 nm of the nanowire center. In
comparison, the exact value of the stray dipolar field emitted by a ferromagnetic
disk depends on the displacement of the vortex core relative to the nanodot
center [199]. This means that, for a relatively low current J; (typically if J; is below
the first critical current for sustained auto-oscillations, and therefore s <« 1), the
Ampeére-Oersted and dipolar fields could be of the same order of magnitude.

It is also worth mentioning that our simplified configuration, even if it has
limited applicability without a dipolar field induced by a second vortex for
practical devices, could prove useful for future applications to replace the rf
antenna that is usually placed on top of the oscillators [113,183,198]. Such
alternative could provide a number of advantages, including the fact that the
generated field is completely contained in the plane, or for imaging the free
layer using techniques such as MOKE or X-ray microscopy [200,201,202,203].
Lastly, it is crucial to note that our study has exclusively focused on homoge-
neous currents. In more realistic cases or experiments, geometry and fabrication
imperfections often lead to inhomogeneous current distributions within the free
layer [17,203,204]. Consequently, the Ampére-Oersted field induced by these
currents deviates from the idealized, simplified case. It should also be mentioned
that the Ampére-Oersted field could perhaps be used to induce synchronization
between oscillators, provided that its amplitude is large enough. These aspects
warrant further investigation in future studies.
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In summary, the influence of a local external Ampére-Oersted field emitted
by a simple conducting nanowire on an adjacent STVO has been thoroughly
investigated. An analytical expression for the Zeeman energy associated with
this field has been derived and validated through simulations. Subsequently, the
effect of an oscillating Ampeére-Oersted field was explored, revealing resonance
phenomena and illustrating the impact of the excitation field frequency on the
trajectory of the vortex core. These findings hold potential for future applica-
tions involving dense oscillator networks, such as neuromorphic computation,
frequency detection, or rf signal generation.

Chapter’s take-home message

e For prospective on-chip integration, investigating dense oscillator net-
works is necessary. Prior studies have predominantly focused on the
close-range dipolar interactions between STVOs, neglecting their irradi-
ated Ampére-Oersted field.

o We derive analytically the Zeeman energy related to an adjacent Am-
pere-Oersted field undergone by an STVO, making the strong assumption
that it is generated by a simple metallic nanowire.

e The derived expression is validated through micromagnetic simulations,
revealing an oscillation orbit offset from the geometrical center of the
nanopillar when dc currents are applied, as for uniform in-plane fields.

e The passive operation of the STVO under a time-varying AOF highlights
vortex core resonance phenomena, which adopts a distorted elliptical
trajectory whose aspect ratio depends on the field frequency.
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D ESPITE extensive analytical, micromagnetic, and experimental research in
past decades, the dynamics of spin-torque vortex oscillators remain a
challenging open field of study. Their strongly nonlinear behavior is particularly
difficult to predict, due to the numerous influencing parameters and the intrinsic
complexity of nonuniform magnetic textures, such as vortices. This theoretical
thesis focuses on the precise refining of analytical models based on the
Thiele equation for magnetic vortex dynamics. Through analytical calculations,
consistently validated through micromagnetic simulations, we provide a compre-
hensive analysis of some terms of these models, including the Ampére-Oersted
field induced by the current injected into the STVO.

Specific findings

In Chapter 2, we developed a fully analytical model based on the Thiele
equation approach, improving both the magnetostatic and Zeeman-like Ampére-
Oersted terms commonly found in existing literature. This model, analogous to
a Gilbert-damped harmonic oscillator driven by spin-transfer, revealed a clear
chirality-dependent splitting of the dynamics, in both resonant and steady-state
regimes, arising from the relative orientation between the vortex in-plane mag-
netization and the Ampére-Oersted field induced by the current. These findings
were validated through micromagnetic simulations. However, while the model
provides accurate predictions in the resonant regime, its applicability remains
only qualitative in the auto-oscillating steady-state regime. Building on these
limitations, we provided a method to extract vortex stiffness parameters from
simulations, using the magnetic energy terms, displaying significant deviations
between analytical and numerical results. These discrepancies partially account
for the challenge to achieve quantitative accuracy with the TEA model. Further-
more, our analysis demonstrated that the vortex stiffness varies with the applied
current amplitude, even for the exchange and magnetostatic contributions. Such
behavior is attributed to a distortion of the vortex magnetization by the Ampére-
Oersted field, which consequently impacts the dynamics.
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Another limitation of the fully analytical TEA model lies in the assumption
that the gyrotropic and damping terms remain constant, independently of the
vortex core position. Given the challenge of calculating these terms purely ana-
lytically, we adopted an alternative approach in Chapter 3. By using steady-state
micromagnetic results, we adjusted these terms to achieve quantitative accuracy
in the auto-oscillating regime, even for the transient dynamics. This data-driven
Thiele equation approach combines the computational efficiency of an analytical
model, requiring only two equations per time step, while matching the accuracy
of MMS. Through mathematical optimizations, we developed a second model
that is approximately eight orders of magnitude faster than MMS and eliminates
the need to solve ordinary differential equations for calculating the dynamics. We
demonstrated that this model accurately predicts the vortex core position, even
under arbitrary waveforms injections. When applying our method to larger radius
free layers, we discovered an intriguing oscillation regime where the vortex
stays confined between two orbits due to successive double-polarity reversals.
Remarkably, the vortex behavior in this regime aligns with the leaky integrate-
and-fire model, a simple framework describing biological neuron dynamics.

While the first two Chapters considered isolated oscillators, the final Chapter
explored a scenario where STVOs are placed in close proximity. Existing theo-
retical and experimental studies on interactions between pairs of oscillators
primarily focus on synchronization through dipolar coupling. However, the influ-
ence of the Ampeére-Oersted generated by an STVO on its neighbor is often
overlooked. Chapter 4 thus investigated this Zeeman term in detail, considering a
simplified case where one of the oscillators is replaced by a nonmagnetic metallic
nanowire. We derived an analytical expression for the Zeeman magnetic energy
and validated it through micromagnetic simulations, demonstrating strong
agreement. Furthermore, we showed that the Ampére-Oersted field shifts the
equilibrium position of the vortex core, akin to the effect of a uniform in-plane
field. Finally, when the STVO operates passively in resonance, we confirmed that
its elliptical trajectory can be tuned by adjusting the frequency of the ac current
injected into the field line, despite a spatial gradient in magnetic field amplitude.

Limitations and perspectives

Certainly, every theoretical work relies on assumptions that distance it from
experimental results, and this thesis is no exception. Furthermore, we solely
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relied on mumax® simulations. Cross-validating our results against alternative
micromagnetic solvers under identical parameter sets could further enhance
confidence in our findings. In any case, hardware systems are far more complex
thant the simplified cases studied here. For instance, spin-torque nano-oscillator
stacks actually consist of more than just three layers [188], and their geometry
is imperfect due to nanofabrication constraints. Additionally, the considered
perpendicular polarizer direction, though facilitating gyrotropic excitation of the
vortex core, is impractical in experiments because it generates almost no TMR
signal. A different polarization direction would have required adding terms in the
model [86], which could shift equilibrium position. Furthermore, other sources
of nonidealities such as the fringing field from the polarizer [59], defects and
pinning sites [190,191,205,206,207,208], or temperature and thermal noise
significantly influence the dynamics. Given the strong nonlinearity of magnetic
vortices, we chose to vary parameters individually to avoid complicated multi-
factorial interpretations. The goal was not a perfectly complete model, but rather
to propose keys to understanding experimental results, one step at a time.

Another aspect of my work is the systematic integration of the Ampére-
Oersted field into models and simulations, based on two main hypotheses; first,
that it behaves as generated from an infinite and perfect cylinder (though real
nanopillars are finite and slightly conical), and second, that the current density is
uniform across the pillar. However, since we are dealing with a tunnel junction
where the free layer presents a nonuniform vortex magnetization, electron
scattering could actually vary depending on the precise location inside the dot,
leading to nonuniform current densities [209]. This, as well as skin effects and
tunneling hotspots, could induce field oscillations worth exploring in future
works. Additionally, as mentioned in Chapter 3, this thesis does not account
for bias magnetic fields, either in-plane [5] or out-of-plane [86], which play a
crucial role in experiments. The same rationale holds for dipolar interactions
when STVOs are placed in close proximity, as their stray fields influence adjacent
elements.

Furthermore, we propose that future experimental setups could be designed
to help validate the results of each individual Chapters of this thesis, particularly
those in Chapter 4, which were disregarded until now, hidden by dipolar effects.
Another promising direction for future works would be developing a data-driven
model based on experimental rather than MMS data, to achieve more realistic
results. Prospective strategies include linking TMR signals directly to vortex core
positions, although no quantitative equation exists for this purpose, or using Kerr
microscopy and X-ray techniques to observe in real-time the free layer magneti-
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zation [210]. This would, though, require advanced experimental developments,
notably regarding the electrical contact design.

Clearly, the dynamics of magnetic vortices within free layers of magnetic
tunnel junctions remain incompletely understood, offering vast theoretical and
experimental opportunities for future works. Moreover, we strongly believe that
the data-driven techniques developed in this thesis for predicting the nonlinear
magnetization dynamics are applicable to other types of oscillators or magnetic
solitons.
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Appendices

The harmonic oscillator equation

O UR harmonic oscillator dynamics is described by the following homoge-
neous system of first-order differential equations

X =QX, (A1)
where the matrix Q is given as
= | —w
G- [w : ] (A2)

Assuming I' and w to be constant in time, one can derive time-dependent
solutions for the vortex core position X = (X(t), Y(t)). Such assumption is verified
in a steady-state regime of oscillations. The eigenvalues A, , of the system are
calculated from its characteristic equation

A2 —2TA+ (r2 + wz) =0, (A.3)

the latter being obtained from det((zl - A]I) = 0. The two solutions of Equa-
tion (A.3) are Ay, =T +iw. Using Euler’s formula, one can prove that the
coordinates of the vortex core are given as

X(t) = e"[(Cy + C,) cos(wt) +i(C, — Cy) sin(wt)], (A4)
Y(t) = e"[~i(C, — C,) cos(wt) + (Cy + C,) sin(wt)]. (A.5)

If the two constants are fixed as C; = -C, = —éIIXII, one finally obtains
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[X(t)] — X e”[ sin(wt) ] (A.6)

— cos(wt)

Bernoulli differential equation

HE Equation (3.11) is an ordinary differential equation of the Bernoulli type.
As a reminder, it is written as follows:

5(t) = as(t) + Bs(t)°. (B.1)

One can easily separate the variables s and t on each side of the equation, before
integrating them both,

f ﬁwds - f dt, (B.2)

which gives, assuming that a + Bs? is positive,

In(c + Bs?
'”;S)— (2a )=t+C1, (B.3)

where we introduced C;, a constant of integration. If we combine the logarithms
together, we can simplify this expression to

|n(ﬁ352) =a(t+C,), (B.4)

where both sides of the equation can be raised to exponentials and then squared,
to give

H— p (B.5)
a + Bs? 2= ’
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in which we have introduced a new constant C, = e%“1. A general solution to this

equation is
s(t) = — (B.6)
1 - pCje2at

the negative one being excluded since s > 0 by definition. Here, one can use the
particular solution to this equation when t = O, where a value s; can be set as
the initial orbit. Substituting into the previous equation, we obtain

3 aC3?
s, = | —2—, (B.7)

which allows to calculate the value of the constant C2:

s?

c2=—_ (B.8)
2 a+ Bs?

Finally, if one plugs this constant into the Equation (B.6), we find the expression
that describes the evolution of s with t, after some simplification steps:

5.2 5.2
2 le—2at _ 2
\/(1 * a/B)e a/B

External Ampére-Oersted field Zeeman energy

L ET us resume from Equation (4.4), which gives the Zeeman energy for a
magnetic vortex, contained in a free layer of radius R; and thickness hy,
intercepting an Ampére-Oersted field emitted by a nearby metallic nanowire of
radius R, crossed by an OOP current density J,:
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u
Wo = ——0|J2|M5h1R1R§

ext —

27 m, cos(¢) + m, sin(¢)
f f dnd®é. (C1)
\/52 2{n cos(6) + n?
R

Even if one neglects the OOP magnetization of the vortex core and considers
the in-plane magnetization (mx, my) defined by the two-vortex Ansatz [see Equa-
tions (1.20) & (1.21)], this integral presents no analytical solution. As explained
in Chapter 4, one way to solve this issue is to compute a McLaurin series of the
expression W for a vortex core close to the geometric center of the free layer,
i.e., a Taylor expansion around s = 0. Such a series, developed arbitrarily up to
order 8, is given as

W= i Kys" +0(s%), (C.2)

n=0

where the coefficients K,, must be determined to perform the integration. Since
the integral of K, equals zero, let us proceed with an example using K to illus-
trate the method, the latter being the same for higher-order terms, with more
complicated expressions. The first-order coefficient K is

o Ws=0) _cz(n2 — 1)a sin(6) sin(6 - ¢) -
o1 T n@+n2-20ncos() '

For reasons of mathematical stability in n = O, the use of Cartesian coordinates
is actually preferable to polar coordinates. By transforming (n, 8) — (nx, ny) and
simplifying, we obtain

CZan, (sin(e)n, — cos(en, )(n? +nZ - 1)

(€= m)?+n2)(n2 +n2)?

K, = (C.4)

©w

Since s is a parameter of W and not a variable, it leaves only the integral of K; to
solve, which presents the following analytical solution:

+/1- nx 25
Kldnydnx = §ZCon cos(¢p) (C.5)
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We therefore conclude that, at the first-order, the Zeeman energy is equal to

WOe _ ﬂ

ext =75 CJzMsh1R1R§7T(—

g% cos(@) + O(sz)), (C.6)
where we simplified o|J,| = J,, as o indicates the direction of the current. To
obtain the higher-order coefficients K,,, the exact same procedure can be applied.

The full resulting expression is given in Equation (4.5).
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