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Abstract

For the problem of lot-sizing on a tree with constant capacities, or stochastic lot-sizing
with a scenario tree, we present various reformulations based on mixing sets. We also
show how earlier results for uncapacitated problems involving (@, Sg) inequalities can be
simplified and extended. Finally some limited computational results are presented.
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1 Introduction

In two recent papers Guan et al. have examined the problem of stochastic uncapacitated lot-
sizing based on a tree of scenarios. In the first paper [3], using a mixed integer programming
formulation of the problem, the authors developed a family of valid inequalities, called (Q, Sq)
inequalities, and carried out some computational experiments to demonstrate their utility. In
the second [4] they showed that the (@, Sg) inequalities suffice to describe the convex hull of
the set of solutions when there is just one period with uncertain outcomes. The goal in this
note is to clarify and extend these results to capacitated problems using an underlying model
of lot-sizing on a tree, and to show the role of mixing sets in providing strong relaxations for
the problem.

Specifically in Section 2 we introduce the problem of lot-sizing on a tree. We then demon-
strate two ways to obtain mixing set relaxations. In Section 3 we present a simple description
of the (@, Sg) inequalities, and then demonstrate that these inequalities are all mixing in-
equalities. In Section 4 we view the special one period problem treated by Guan et al. as a
discrete version of the one period newsboy problem in which demand, shortage and salvage
cost functions vary by outcome, and the shortage cost can include fixed costs. Here we use re-
cent results of Conforti et al. [1] to show that the results can be extended to cover production
or shortage with constant capacities or batch sizes. We can also treat a slightly more gen-
eral cost function using results of [2]. Finally in Section 5 we present limited computational
results. Even though the default cutting planes (such as flow cover and path inequalities [9])
of the MIP solvers increase the lower bounds considerably on the instances tried, for a fixed
running time the mixing set reformulations lead to significantly improved lower and upper
bounds compared to those of the original formulation.

2 Lot-Sizing on a Tree and Mixing Sets

Given a rooted directed out-tree T'= (V, A), let D(v) be the set of direct successors of v, S(v)
the set of all successors of v, and P(j, k) with & € S(j) the set of nodes on the path from j
to k. Node r =0 € V is the root. L ={v eV :S(v) =0} are the leaves. We add a dummy
node —1 and an arc (—1,0). Let p(v) be the unique predecessor of v for all v € V.
The lot-sizing problem on a tree LS-C-TREFE is defined as the following mixed integer
program,
min oy (Poy + Quipn) + 2pevuq—1y Hosv
Sp) + Ty =dy + 5, forallveV (1)
Ty < Cuy, forallveV

s€e R‘I‘H?x IS ]RLY',y e {0,1}IV,
with production costs P,, fixed costs (),, demands d, and capacity C, for all v € V, and
storage costs H, for all v € VU{—1}. Note the special form of the balance constraints (1), in
which the flow s, out of node v € V'\ L is the inflow to each direct successor node w € D(v),
see Figure 1.

Note that an alternative formulation is obtained if we replace the balance constraints (1)
by the equations (we write s instead of s_1)

s+ Z Ty =doy, +58, TorallveV
u€P(0,v)



Figure 1: Lot-sizing on a tree.

or by the inequalities

s+ Z Ty > doy forallveV
u€eP(0,v)

where d,, = Zwep(uﬂ}) duw -

To treat the stochastic lot-sizing problem, where the tree structure corresponds to the
multistage structure of production decisions and demand observations, the problem of mini-
mizing total expected cost can be modeled by weighting the terms in the objective function
by appropriate probabilities.

Mixing Sets
Definition 1 The set

r+zz>bfort=1,...,n
reRy,z€Z

is called a mixing set, denoted XM!X .
The convex hull of XX has been studied in several papers. A valid inequality description
is given in [5] (see Theorem 1 below), an O(nlogn) separation algorithm is given in [8], and
an extended formulation with O(n) constraints and variables is given in [6].

The following theorem gives a linear description of the convex hull of a mixing set. For
t=1,...,n we define fy = by — |b].

Theorem 1 /5] Let T C {1,...,n} and suppose that iy, ..., is an ordering of T such that
0=fi,<fi, <---< filT\' Then the mixing inequalities

T
Z f'Lt th 1 J+1_Zit>

and
7|

22 (fio = fi ) (bi) + 1= 2i) + (1= firp (15 ] = 2i0)
t=1



are valid for XMIX | Furthermore such inequalities (together with z; > 0) give the convex hull
of XMIX.

Corollary 2 Consider the set

r+ Mz >bfort=1,...,n
reRy,z€Z

where 0 < by < -+ < b, and M is a large number. Let T C {1,...,n} and assume that

i1, .., 47| i an increasing ordering of the elements of T'. Then the mixing inequality
||
x> Z(blt - bit—l)(l - Zit)
t=1

18 valid for the convex hull of the above set. Furthemore such inequalities give the convexr hull
of the above set.

2.1 Mixing Set Relaxations with Constant Capacities

Here we suppose that the capacities are constant at each node: C, = C for all v € V.
Given two distinct nodes v,w, we let u(v,w) be the common root, i.e the root of the
smallest subtree containing both v and w. Also given a path P(u,v), we let P(u,v) =

Pu,0) \ {u}.
Proposition 3 For all v € V, the mizing set XM 1X (v)

Sy + Czyy > doyw — dyy  for all w € W(v)
Sy € R}r,sz € Z4 for all w e W(v)

where W(v) = {w € V : doy — doy > 0} and zyy = Zueﬁ(u(v,w),w) Yu, 95 a relaxation of the
set XLS=TREE defined by (2)-(4).

Proof: The inequality is obtained by combining the sum of the balance constraints (2) along
the path P(u(v,w),v)

Sp(v,w) + Z Ty = Z dy + 8y

u€P(p(v,w),v) u€P(u(v,w),v)

and the surrogate of the sum of the balance constraints along the path P(u(v,w), w)

Su(v,w) + Z Cyu > Z dy

u€P(u(v,w),w) u€P(u(v,w),w)

along with the non-negativity of x,, and the fact that Zuep(u(v,w),w) dy — Zuep(#(%w)’v) dy =
d()w - d()v- O

Starting from the initial balance constraints, we can also include any subset of the x,
variables in the continuous variable in order to build other mixing relaxations.



Proposition 4 For all U C V, the mizing set XM1X(U):

su+Clu>dy, forallveV
sy e Ry, Guu €Zy forallvelV,

where Co.u = 3 uepoo\u Yu and SU = 5+ 3, cp Tu, is a relazation of the set XLS-TREE

defined by (2)-(4).

3 (Q,S¢) Inequalities

Let @ C V be such that no two nodes of () lie on the same path from the root. This
defines a unique rooted subtree Ty = (V, Ag) having the nodes of @) as leaves and 0 as
the root node. We suppose that the N 4+ 1 nodes of this tree are (re-)numbered from 0 to
N, where 0 corresponds to the root and the leaves following a prefix ordering are numbered
N—K+1,...,N, where |Q| = K. Note that given a planar representation of the tree, a prefix
or infix ordering on the nodes always leads to the same ordering of the leaves. In addition we
must satisfy the condition that do y—g4+1 < -+ < do n.
For nodes v € Vg of the tree Ty, we use the notation:

e m(v) = max{q € QN Vy(v)}, where Vy(v) is the subtree of Ty rooted at v.
e p(v) =max{q € Q: ¢ < minlg € QN Vy(v)]}

If { € Q:q<minfg € QNVq(v)]} =0 then p(v) is undefined, but we set dy ,) = —oc.
Note that this happens if and only if v € P(0, N — K + 1). See Figure 2, where we assume
that the order of the leaves is increasing starting from the top of the tree.

Figure 2: Tree Indicators

In the subsequent part of this section we will use the following property, which is easy to
check: if u € P(0,v) then p(u) < p(v). In particular, dy ,) > do p(p(u)) for every u # 0.
We can now present the (Q, Sg) inequality.



Figure 3: Induction Step

Proposition 5 [3] For any subset Sg C Vg, the (Q,Sq) inequality

5+ Z Ty + Z (dO,m(u) - max[do,p(u)v dO,p(u)])yu > dO,m(O) (2)
ueSg ueVp\Sg

is valid for the uncapacitated problem with Cy, = M large for all v € Vy.

We now show that this inequality is a mixing inequality.

We define W = {v € Vi : doy > dg p(v)}- Clearly QU P(0,n — K +1) € W. We define
an ordering W = {ji,...,jw} of the nodes of W by nondecreasing values of dy ;,. We now
explain how this order can be made unique.

Suppose there exist two indices ¢, k such that j;, j € W and dy j, = dpj,. We show that
then either j; € P(0, ji) or jx € P(0, j;). If neither of the two nodes is a successor of the other
then m(j;) # m(ji). We assume w.l.o.g. m(j;) < m(ji). Then m(j;) < min{v € QN Vy(jk)},
which implies p(jx) > m(j;). Then dO,p(jk) > dO,m(ji) > dp j, = do,j, and thus jj ¢ W, a
contradiction.

Therefore, j; and j lie on the same path from the root, say jx € P(0, j;). Then we assume
that the ordering satisfies k < i.

Lemma 6 i. Ifv € W withv = j;, thenv € P(0, j;) if and only ift <i < k where ji = m(v).
it. Ifvé¢ W, then v € P(0,7;) if and only if t <1i < k where ji_1 = p(v) and jr = m(v).

Proof: First we remark that if v ¢ W then v ¢ P(0, N — K + 1) and thus p(v) is defined.
Therefore the definition of ¢ in the second part of the statement makes sense.

The proof uses induction on the number |Q| of leaves. The case of |Q] = 1 is immediate.
Consider now the tree Tg. Let v* = (N —1, N). The tree 17" obtained from T by removing
the path P(v*, N) has |Q| — 1 leaves.

We assume the inductive hypothesis for 77, and show that it still holds for Tg.

For all nodes of T except those on the path P(0,v*), the values of p and m do not change.
For nodes v € P(0,v*), m(v) = N —1in 7" and m(v) = N in Ty, but p(v) is unchanged.
For the new nodes in P(v*, N), m(v) = N and p(v) = N — 1. In addition the k& > 1 nodes
in P(v*, N) for which dy, > do n—1 are added to W giving W = {41, ..., juw, Jwt1s- - - Juwtk }s
see Figure 3.

Now it is easily checked that the conditions hold for all nodes on the path P(0,N). O



The above proof also shows the following.
Corollary 7 Fori=2,... |W|, either ji_1 = p(ji) or ji—1 = p(Ji)-

Proposition 8 For any subset Sg C Vg, the (Q, Sq) inequality is (dominated by) a mizing
mequality.

Proof: Define M = max{C, : v € V}, r = max{i : P(0,j;) C Sg} and W as above. (If
{i: P(0,ji;) € Sg} =0, set r =0.)
Proposition 4 implies that the following inequalities are valid:

s—i—Zazu—i-M Z Yy > doj, fori=r+1,... |W| (3)
UGSQ UGP(O,]};)\SQ

Then, if we set 5 = s + ZueSQ T, — doj, and z; = Zuep(o,jl_)\SQ Yu, We obtain that the
following mixing set relaxation is valid:

§+Mzi2d07ji—d07jT fOI‘Z':T—i-l,...,’W‘ (4)
5>0,z€Z fori=r+1,...,|W|
where 5§ > 0 follows from the definition of r.
The mixing inequality using all inequalities (4) is (see Corollary 2)

Wi
52 Z (dO,ji - dO,jifl)(l — %),

i=r+1

where we set do j, = 0.
In the original variables, the inequality is

144
s+ Y mu—dog, > Y (dog —doj )= > wu),
ueSQ i=r+1 u€P(0,5:)\Sq

which is equivalent to

s+ zat D [ DY (dog, = doji)u = domo)-

uesSq ugSqg i:i>rueP(0,5;)
We show that this inequality dominates (2). Specifically, we show that for each u € Vg\Sg
> (doy, = doji_y) < domuy — max{doy(u), dopu) }- (5)
2:3>1,u€P(0,5;)

Fix u € Vo\ Sq. If {i : i > r, u € P(0,j;)} = 0 then condition (5) is trivially satisfied. So
we assume {i:i > r, u € P(0,j;)} # 0. Define k(u) = min{i : ¢ > r, u € P(0,7;)}. Then the
left-hand-side of (5) is equal to dg () — do So we have to prove that

7jk(u)—1 :

dO:jk(u)—l Z max{dOvP(”)’ dO,p(U)} (6)



d =(2,5,7,10,7, 9,14,17)
p()=(-0,0,21,1, 3, 2
ri)=(- -9, 9,-, 4, 9, 6)

Figure 4: (Q, Sq) tree

Suppose k(u) = r+1. Then Corollary 7 implies dp j, = max{dy,(j,), do p(;,)}- Then, since
u € P(0, j;), we have doj, > dop(j,) > dop) and doj, > dg () = do pu)- Thus equation (6)
is satisfied.

So we assume k(u) > 7+ 1. Suppose first u = ji(,y and dg py > dop)- Then do ) >
do p(p(w))> thus p(u) € W. Corollary 7 implies jj(,)—1 = p(u), thus (6) holds.

Suppose now u = ji(y) and do ) < dopu)- Then, since p(u) € W, Corollary 7 implies
Jk(u)y—1 = p(u), thus (6) holds.

Suppose u € W but u # jj,). This implies u = jy, with £ < k(u). Then do
d07u > max{do’p(u), dO,p(u)}-

Finally suppose u ¢ W. Lemma 6 then implies jj(,)—1 = p(u). Furthermore, since u ¢ W,
do,p(u) = do.u > dopwy- Then (6) is satisfied.

So inequality (6) holds for every u € Vi \ Sg, thus concluding the proof. O

7jk(u)—1 2

In the proof of Proposition 8 we have constructed a mixing inequality which dominates a
given (@, Sq) inequality. In Section 4 we will give an example in which a mixing inequality
is not implied by the (Q,Sg) inequalities, thus showing that the mixing set relaxations give
rise to inequalities which are tighter than the (Q, Sg) inequalities.

Example 1 We consider an instance of lot-sizing on a tree shown in Figure 4. The conditions
required for a (Q,Sq) inequality hold as dos = 7 < dos = 9 < dopg = 14 < do7 = 17.
Calculating p = (—,0,0,2,1,1,3,2), m = (7,5,7,6,4,5,6,7) and p = (0,0,5,5,0,4,5,6), the
(Q,0) inequality is

s+ (17 = 0)yo + (9 — max[2, —o0])y1 + (17 — max[2,9])y2 + (14 — max[7,9])ys + (7 —
max[5, —oo])ys + (9 — max[5, 7])ys + (14 — max[10,9])ys + (17 — max|[7, 14])y; > 17, or

s +17yo +7Ty1 +8y2 +dys +2ys +2ys +4ye +3yr > 17T.

Now we generate the inequality as a mizing inequality. Note that 3 € W as dpz = 10 >
dop3) = dos =9, and 0,1 € W as p(0), p(1) are undefined. Thus W = Q U {0,1,3}. The
ordering of W is {0,1,4,5,3,6,7} with dy, = (2,5,7,9,10,14,17).



Figure 5: One Period Newsboy Problem

The mixing inequality is

s > 2(1—wo)
=2)(1 —yo— 1)
7=5)(1 —yo—vy1—ya)
=71 —y0o—y1—ys)
10 - 9)(1 —yo — y2 — y3)
14 —10)(1 — yo — y2 — Y3 — ¥s)
+(17 = 14)(1 — yo — y2 — y7)-

which is the same inequality as above.

4 The One Period or Discrete Newsboy Problem

Here we examine a variant of the classical newsboy problem, see for instance Ch. 10 in Silver,
Petersen and Pyke [7]. An initial amount s can be produced at time 0 at a unit cost of h
without any fixed cost. Then with probability p, the vth outcome in period 1 is observed.
This consists of the demand d,, as well as the new production costs involving a unit production
cost ¢, a fixed cost ¢, per batch of size C' and a unit disposal cost of h, for v =1,...,n. The
corresponding lot-sizing tree is shown in Figure 5.

A mixed integer programming formulation for this discrete newsboy problem is now

min hs 4+ Y0 polcu®y + quip + hoso)
S+xy=dy+s,forv=1,...,n
Ty <Cy, forv=1,....,n
S eRTl,meRﬁ,yeZ’}r

After elimination of the variables s, for v = 1,...,n, we obtain the feasible region, denoted
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Figure 6: Production Recourse Functions

XNI

s4+xy>dyforv=1,....n

Ty < Cy, forv=1,...,n
1

scRy,zeRY},ycZl.

Proposition 9 [4/ In the uncapacitated case, when C is large and y € {0,1}", conv(XN1) is
completely described by the initial constraints and (Q), Sq) inequalities.

For the case with constant C, the set X! has been studied recently by Conforti et
al. under the name of mixing set with flows. They show that the initial constraints plus
the convex hulls of the n + 1 mixing set relaxations described in Proposition 1 give a tight
extended formulation of the convex hull.

Proposition 10 [1/
conv(XN) = PIO](50,2,y) Mo=0 conv(XMXY N {(z,y) : 0 < 2 < Cy}

where conv(XMIX) = {(s,,y) € R} x Zf : Sy + Cyg, > di, — dyy for all k such that dy, > d,}
forv=0,...,n, with s = sy, dg =0 and s + z, = dy, + Sy

When y, is integer corresponding to batches of size C, the recourse or amount that must
be produced is (d, — s)™, and recourse or production cost function is of the form shown in
Figure 6 a). One can also handle more general functions of the form shown in Figure 6 b) by
allowing backlogging once the demands are known.

The formulation is now

mln hS—i—ZZ:l py[cvxv +quv +hv3v +b’UT’U]
St+xy=dy+s,—ryforv=1,...,n
Ty < Cy, forv=1,....,n
seRMM z,reRY,yeZ?

10



10

Figure 7: Two Period Instance

which, after elimination of the variables s, for v =1,...,n, gives the feasible region,
S+ryt+axy>dyforv=1,....n
Ty <Cy, forv=1,....,n

s € R}Hr,x eRY,yeZl.
denoted X V2, known as a continuous mixing set with flows.

Proposition 11 /2] In the constant capacity case, there is a polynomial size extended for-
mulation for conv(XN?).

To complete this section we present a small instance showing that mixing inequalities are
insufficient to give a complete description of the convex hull of the solution set as soon as
there is a second period with random outcomes. The instance is shown in Figure 7.

There are 15 nontrivial facets of which 10 are (@), Sg) inequalities, 2 are mixing inequalities
but not (Q, Sg) inequalities and three inequalities are not mixing inequalities.

The facets, other than the defining inequalities are:

s +§$1 +%y1 +oy2  +3ys = 13

s +gm +2u %y 3z > 13

s +x1 +jTo +2u1 +%y +3ys > 13

s +13y1 +8ys > 13 Q = {3}
s +x +8y3; > 13 Q = {3}
s +x3  +13y; > 13 Q={3}
s +x3 +3y1 +10y2 > 13 Q=1{2,3}
s +x1 a2 +3ys > 13 Q=1{2,3}
s tzy  +as 3y > 13 Q=1{23}
S +3y1 +10y2 +3ys > 13 Q=1{2,3}
s +z2 +311 +3ys > 13 Q={2,3}
s +10y2 > 10 Q=1{2}
] +5y1  +5y2 > 10 Q=1{1,2}
5 +x +5y2  +3ys > 13

s +8y1  +95y2 +3y3 > 13

Observe that the last inequality is obtained by mixing the inequalities

s+ 20y1 > 5, s+ 20y2 > 10, s+ 20(y; +y3) > 13,

11



corresponding to the paths P(0,1), P(0,2) and P(0,3). So this inequality can be constructed
using the technique we described in Section 3. Nevertheless, this inequality is not a (Q, Sq)
inequality. It is obtained by mixing inequalities of type (3) for the nodes in the set {1, 2, 3},
but there is no subset Vg C V such that the corresponding set W contains {1, 2, 3}.
Therefore the process we described in Section 3 gives all the (Q, Sg) inequalities along
with other inequalities which may be facet-defining.
The penultimate inequality is obtained by mixing the inequalities

s+x1—5+4+20ys > 5, s+x1 — 5+ 20y3 > 8§,

corresponding to the paths P(0,2) and P(0, 3).

5 Computation

Here we report briefly on the effectiveness of the mixing set relaxations in solving the lot-
sizing problem on a tree. For a problem with T periods, we take A outcomes in each period
giving a A-ary tree with AT~! scenarios (leaves) and a total of N = AAT_? nodes. The data
is randomly generated with d; a random integer in [0,100], h; a random integer in [1,11], p;
a random integer in [0,20], ¢ 25 times a random integer in [0,80] and at each node the two
random outcomes have equal probability % (in other words, the costs at distance k from the
root are weighted by A™F).

Below, for each value A € {2, 3,4}, we report on four instances. For each instance we give
the results for default Xpress-MP using the initial formulation in the first line and for the
mixing set reformulation in the second line. Specifically we use an extended formulation for
the mixing set described in Proposition 3 except that the set W (v) is restricted to the nodes
in the subtree rooted at v. For each A, two instances have the capacity fixed at C' = 100,
whereas for the other two C' = 500 so the instances are essentially uncapacitated. For each
A, we chose T so that the total number of nodes N (which is also the number of binary
variables) was close to 1000. For the instances with A € {2, 3}, a fixed run time was set at
120 seconds, while for the case of A = 4 it was set at 300 seconds.

In each Table below, the first two columns indicate the capacity C' and the total number
of nodes (binary variables) N. The next two give the number r of rows and the number ¢
of columns. The values LP, XLP, BIP and BLB indicate the linear programming value of
the reformulation, the value X LP after the addition of the system cuts of Xpress-MP, the
value BIP of the best integer solution found and BLB the value of the best lower bound on
termination. secs gives the total run time, and gap, given by % x100, is the percentage
duality gap on termination.

For the 12 instances considered it appears that the mixing sets do indeed provide tight
bounds. On the other hand the lower bounds obtained by the default optimizer are weak,
even though the system cuts, which include path inequalities [9] that appear well-adapted to
such problems, significantly strengthen the initial LP bounds.
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100 | 1365 | 2730 4096 | 6141 7085 8121 7414 | 300 8.71
100 | 1365 | 11142 12508 | 8007 8017 8034 8031 | 300 0.04
100 | 1365 | 2730 4096 | 4013 4172 5356 4340 | 300 18.97
100 | 1365 | 11147 12513 | 5039 5054 5078 5071 | 300 0.14
500 | 1365 | 2730 4096 | 2975 4289 6153 4653 | 300 24.38
500 | 1365 | 11147 12513 | 5821 5849 5890 5870 | 300 0.34
500 | 1365 | 2730 4096 | 3251 4339 6620 4839 | 300 26.90
500 | 1365 | 11145 12511 | 6167 6189 6354 6204 | 300 2.36

Table 3: An Instance of LS-TREE with A =4, T =6
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