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Abstract

The growing use of mobile devices and data-hungry applications has cre-
ated an unprecedented demand for network capacity. In response, engi-
neers have been exploring advanced solutions to meet this demand. The
most promising solution is network densification, particularly in urban ar-
eas, where small cells can complement the existing cellular network to im-
prove the coverage in poorly served areas and provide faster data rates in
high traffic areas.

To assist the deployment of this new technology, a network-level anal-
ysis is generally required. This analysis should provide network planners
with valuable guidelines regarding network design parameters such as BS
density. Controlling inter-tier interference and exposure, which are sub-
ject to legal thresholds, is particularly important and an efficient charac-
terization of the power levels is thus needed. In that sense, the choice of
the channel model plays a crucial role, and the discussion often revolves
around the trade-offs between stochastic and deterministic channel mod-
els. While the decreased link distances and higher frequencies associated
with small cells limit the propagation environment, making ray-tracing al-
gorithms more suitable, conducting a network-level analysis based on this
technique is still time-consuming.

In this study, we take an alternative approach using stochastic geom-
etry theory, which enables us to derive analytical expressions for differ-
ent network-level metrics averaged over numerous network realizations.
However, this approach typically involves simpler assumptions regarding
the network topology and the channel model. Specifically, we employ Pois-
son doubly stochastic point processes to model the deployment of small
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⋆ | Abstract

cells along streets and adopt simpler propagation-based channel models.

To validate these simpler assumptions and demonstrate their limita-
tions, the deployment trends observed with our model are subsequently
compared with specific Monte Carlo simulations. These simulations first
use ray tracing as the channel model and then use existing street patterns
for small cells deployment. It is demonstrated that a finely grained selec-
tion of the model parameters is critical for our simpler channel models to
provide accurate results. In addition, it is shown that the use of Poisson
doubly stochastic models can lead to an overestimation of the coverage
probability, particularly because these models are unable to account for
street repulsion. Nonetheless, these models consistently reveal that the uti-
lization of beamforming techniques and a sparse but strategic deployment
of small cells are crucial elements for enhancing network performance.

Finally, we quantify the losses that arise from using simpler channel
models in an actual deployment optimization on a simple fixed scenario.
As the network becomes denser, the use of a deterministic model is shown
to become more relevant.
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1
Introduction

1.1 Context of the thesis

Back in the nineties, the world was about to know a small technological
revolution. In fact, the mobile phone appeared as a key turning point in
shaping nowadays social interactions. Providing flexibility and speed, it
was quickly adopted by billions of people becoming an integral part of the
landscape. Over the years, the phone evolved to a much more powerful
tool offering its user a wider panel of functionalities, some of which con-
sume a lot more data than traditional voice calls. In addition, the wireless
ecosystem was completed with the arrival of many other wireless appli-
ances such as laptops or tablets. Despite being already widespread, the
number of mobile devices is still expected to grow in the upcoming years
as shown on Fig. 1.1 [1].

Due to this ever-growing number of mobile devices, the global data
traffic is expected to skyrocket in future wireless networks [2]. A signifi-
cant increase of the number of phone applications is only partly responsi-
ble. In fact, many other functionalities relying on a wireless access emerged
in modern networks and will continue to emerge in a foreseeable future.
For some of them, very high data rate and/or very low latency require-
ments are targeted as depicted in Fig. 1.2 [3]. Often, mobile devices will
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Fig. 1.1 Forecast number of mobile devices worldwide from 2020 to 2025
(in billions) [1].

even assist the user in its daily life activities and therefore need to be ultra
reliable. For this reason, 5G networks are envisioned to play an important
role in the pursuit of these requirements. According to Cisco annual in-
ternet report, the performance benefits of 5G are expected to reach the key
performance indicators (KPI) summarized in Tab. 1.1 [4].

KPI KPI objective
w.r.t. 4G LTE Explanation

Latency 10 × lower Delivering latency as low as 1 ms

Connection density 10 × higher Enabling more efficient signaling
for IoT connectivity

Spectrum efficiency 3 × higher Achieving even more bps with
advanced antenna techniques

Throughput 10 × higher Bringing more uniform, multi-
Gbps peak rates

Traffic capacity 100 × higher Driving network hyperdensification
with more small cells

Network efficiency 100 × higher Optimizing network energy consumption
with more efficient processing

Table 1.1 KPIs targeted by the future 5G release [4].

In order to withstand the significant increase in capacity demand, three
main solutions are identified [5]: (i) the network densification to reduce the
cell size, (ii) the usage of higher bandwidths with the exploration of higher
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Fig. 1.2 Data rate and latency requirements of various applications [3].

carrier frequencies and (iii) the spectral efficiency improvement using en-
hanced signal processing techniques. Regarding the first paradigm, small
cells and unmanned aerial vehicles (UAVs) are expected to extend the cov-
erage provided by macro BSs in isolated or poorly covered areas. Such
heterogeneous networks (Hetnets) also enable the offloading of macrocells
to achieve a better spectral efficiency. This aggressive network densifica-
tion however raises many concerns at different levels:

• A technical level. For instance, the coexistence of multiple tiers on
the same frequency resources causes inter-tier interference. This ad-
ditional interference can be responsible for coverage issues and thus
needs to be addressed. Due to a time-varying capacity demand, power
control techniques and smart algorithms are expected to mitigate this
interference level by turning off small cells when not needed [2].

• A financial level. It may not be sustainable from a cost point of view
especially as the BS misleadingly accounts for only 20% of the total
deployment cost [6].

• An ethical level. In a world where the environment has become a
priority, the potential increase in power consumption of ultra dense
networks is firmly criticized.
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• A medical level. Up to now, no evidence on the health effects directly
linked to electric and magnetic fields (EMF) has been shown. Even
though legal EMF exposure thresholds are imposed by the regulation
organism and especially in Belgium where restrictive safety levels are
in place, many users remain sceptical. This scepticism is reinforced
by small cells being located closer to the ground level.

For all these reasons, flexible models for the characterization of the per-
formance of the entire network need to be investigated. These models
should cover many different scenarios and enable a fair view of the im-
pact of the planning parameters.

On the one hand, if an indivual link is considered, an accurate descrip-
tion of the link parameters (antenna setting, channel conditions, etc...) and
the environment is generally required [7]. The expected network densifi-
cation and multi-service operations will moreover push towards site- and
service-specific simulations making deterministic channel models even more
suitable. On the other hand, if the wireless network has to be evaluated at
a larger scale, some of the link-level details are generally abstracted due
to limited time and computational resources. In addition, given the large
randomness in future networks as well as the variable user density and
network topology, it is not clear if a deterministic channel model is actually
required. If not, simpler models could be alternatively used at a cheapest
simulation cost.

Therefore, this thesis focuses on network-level models for the effi-
cient deployment of urban cellular networks. By means of tools from the
stochastic geometry (SG) theory, it gives insight about the trade-offs be-
tween deterministic channel models and very simple propagation mod-
els. Thanks to its interesting mathematical framework, SG enables an
easy study of larger scale systems. This study is subsequently assessed
on multiple levels.

1.2 Channel models

In telecommunications, the wireless channel refers to the propagation envi-
ronment that lies between a transmit antenna and a receive antenna. Before
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reaching the receiver, the emitted electromagnetic waves will interact with
their surrounding environment and the final signal strength will therefore
strongly depend on that particular environment. Channel models are de-
signed to predict that received power without the need to actually imple-
ment the link [8]. To that extent , different aspects impacting the received
signal strength are generally considered in a propagation model:

• the path loss (PL), which models the attenuation of an electromag-
netic wave as it propagates. In fact, the magnitude of the electrical
field was shown to be inversely proportional to the distance from the
source. The PL exponent α translates the magnitude of this attenua-
tion which depends on the channel itself. It typically ranges from 2 in
free space to 5 indoors. Simple PL models assume that the PL is equal
for two sources being at the same distance, in the same environment
and operating at the same frequency. Among them, we have:

– the Okumura-Hata model [9]

L[dB] = 69.55 + 26.16 log10( fMHz)− 13.82 log10(hBS)− ai(hMS)

+ (44.9 − 6.55 log10(hBS)) log10(r)

where fMHz is the signal frequency in MHz, hBS and hMS are
the base station and mobile station heights, r is the link distance
in kilometers and ai(hMS) is a correction factor that depends on
the studied environment.

– the free space path loss model

L[dB] = 32.44 + 20 log10( fMHz) + 20 log10(r).

– the single-slope model

L[dB] = L0 + 10α log10(r/r0)

where L0 is the average path loss at a reference distance r0.

– the dual-slope model

L[dB] = LBP + 10α(r) log10(r/rBP)

where rBP is the breakpoint distance and α(r) = α1 if r ≤ rBP
and α(r) = α2 otherwise. It is based on a two-ray propagation
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mechanism (the LOS ray and the reflection from the ground) as
shown in [10].

• the shadowing, which models the impact of obstacles with a size of
tens to hundreds of wavelengths like buildings, urban furniture or
hills. This aspect is combined with path loss to take into account the
fact that two sources located at the same distance will not provide
the same contribution if one of them is obstructed. It is generally as-
sumed to follow a log-normal distribution Log-N (0, σ2) as reported
by [11]. The depth σ of shadowing varies from around 6.5dB in rural
environments to 8.5dB in dense urban environments.

• the fading, which models the multipath propagation of the wave.
The channel has this particularity that it can dratiscally change over
a short period of time. If the receiver moves even by very small dis-
tances, the instantaneous received signal power can vary up to 40
dB [12]. Each link is indeed characterized by its multiple paths with
their own characteristics such as the delay or the attenuation. These
paths are more or less constructively combined at the receiver there-
fore resulting in different power levels. Due to the numerous signal
copies arriving at slightly different times, the enveloppe of the re-
ceived signal can be statistically described by a fading distribution.
Most widely adopted distributions are Rayleigh fading distribution,
Rician fading distribution and Nakagami-m fading distribution that
encompasses both previous distributions.

The perfect reproduction of a channel is however a useless task. In fact,
due to the mobility of some obstacles and of the UE itself, a channel is never
indefinitely fixed. For this reason, very simple channel models emerged in
the literature. Their goal is to provide a sufficiently good approximation to
the network planner for design purposes. A wide range of channel mod-
els characterizing different types of environments and taking into account
various levels of details already exist. As it can be seen on Fig. 1.3, chan-
nel models are classified into two main categories: analytical models and
physical models. Analytical models are very simple mathematical models
that help us to easily assess the channel quality without taking into account
the wave propagation mechanisms. On the contrary, physical models are
able to fully deterministically characterize the wave propagation parame-
ters like the complex amplitude, the direction of departure (DoD) or the
direction of arrival (DoA) [13]. These models are briefly described below.
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Channel
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Correlation-
Based

Physical
Models
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RS-GBSM

IS-GBSM

NGSM
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WINNER-
style

COST-
style

Fig. 1.3 Existing channel models classification. The models used in this
document are highlighted in green [13, 14].

1.2.1 Analytical models

Analytical models are pure mathematical models that generally rely on
system setups like the bandwidth or the antenna array configuration. Among
them, we can cite the Kronecker model [15], the Weichselberger model [16]
or the finite-scatterer model [17]. The major advantage is that they provide
quick and easy to use analytical methods to evaluate the signal strength.
They are typically used for information theory and signal processing.

1.2.2 Physical models

Physical models are separated into two subcategories: deterministic mod-
els and stochastic models [14]. On the one hand, stochastic models are gen-

| 7



1 | Introduction

erally considered as empirical models with stochastic principles integrated
providing fair accuracy and sometimes environment dependency (model-
ing of scatterers) but giving a more restricted physical insight [18, 19]. On
the other hand, deterministic models provide full understanding of the
propagation mechanisms at the cost of an increased computational com-
plexity as the studied environment has to be precisely reconstructed.

Deterministic models
Deterministic models either solve the Maxwell equations using full-wave
solution techniques like the method of moments (MoM), the finite element
method (FEM), the finite-difference time domain (FDTD) and the finite
integration technique (FIT) or provide fairly accurate approximations us-
ing asymptotic techniques. These asymptotic methods regroup ray trac-
ing (RT), ray launching (RL), map-based models and uniform theory of
diffraction (UTD). These models are able to describe precisely the multi-
path effects of the channel. Therefore, they eliminate the need for costly
measurement compaigns [20].

As full-wave solution techniques are based on the discretization of dif-
ferential or integral equations, applying them is often time-consuming and
generally requires a lot of memory [21]. As a consequence, techniques like
RT are generally considered to output fairly accurate results within accept-
able runtime. In addition, higher frequencies targeted by 5G networks are
making the ray-optics approximation less drastic [22]. This is the case as
small wavelength associated to higher frequencies are insignificant with
respect to walls and object dimensions.

The main principle behind RT is to identify all the rays that link a trans-
mitter (TX) and a receiver (RX) according to known propagation mecha-
nisms like reflection, diffraction or diffuse scattering. These mechanisms
will be more precisely described in Chapter 6. An example of the result of
a RT algorithm is shown on Fig. 1.4 for a simple scenario where at max-
imum two reflections are considered. This principle has been applied to
radio frequencies for field prediction in indoor and urban environments
since the early 1990s [14]. Existing techniques are summarized in [23].

RT presents several advantages [14, 22]. First, it models the multi-
dispersive characteristics of the channel. Second, it is less restricted by
the bandwidth and the carrier frequency when compared to measurement
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Fig. 1.4 Result of the UCLouvain RT software on a simple scenario.

based stochastic models. Third, it is able to describe the birth and death of
rays, the coherence between different drops and the correlations of key pa-
rameters. In addition, several factors made this technique more and more
suitable for 5G networks. Higher frequencies and shorter link distances
limit the actual propagation environment therefore reducing the CPU time.
However, this comes at the cost of a more precise description of the en-
vironment as even small objects can act as strong reflectors. Nowadays,
this problem is partly solved by the availability of more accurate urban
databases. The number of details that can be taken into account by a RT al-
gorithm is however limited due a computational complexity that increases
exponentially with the number of facets. Several improvements of the al-
gorithm including many acceleration techniques have been however able
to partly tackle this last problem.

Stochastic models

A model is considered stochastic once it incorporates a random variable
as one of its parameters. Typically, the aim of these models is to repli-
cate the statistical characteristics of the channel they represent [24]. They
are generally subvided into (i) geometry-based stochastic MIMO chan-
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nel models (GSCM) regrouping WINNER-style (e.g., 3GPP spatial chan-
nel model, extended SCM, WINNER, WINNER II, WINNER+, 3D MIMO
channel models, and QuaDRiGa) and COST-style (e.g., COST2100) fami-
lies and (ii) geometry-based stochastic models (GBSM) regrouping regular-
shaped GBSMs (RS-GBSM), irregular shaped GBSMs (IS-GBSMs), and non-
geometrical stochastic models (NGSMs). They provide an increased math-
ematical simplicity. The degree of simplicity depends on the phenomena
being considered. These phenomena may include path loss, fading and
shadowing as previously described.

The challenge in developing statistical channel models then lies in defin-
ing environments that exhibit consistent statistical properties. Common
classifications include indoor, urban outdoor or suburban outdoor. Each
environment type possesses unique characteristics, necessitating distinct
statistical descriptions. The main drawback of stochastic models is their
inherent limitation in adapting to environments that possess distinct char-
acteristics compared to the ones for which they were originally developed.
This lack of adaptability can result in poor fitting or inaccurate representa-
tions when applied to diverse environments. In addition, the classification
of environments is generally quite subjective [21]. The same observation
applies if the antenna system changes.

The trade-off between accuracy and computational complexity is gen-
erally at the center of the discussion. Therefore, this thesis will consider
two pretty opposite channel models, simple stochastic models and RT,
and compare them at a network scale. By incorporating stochastic mod-
els in a SG framework, the obtained results and tendencies will be bench-
marked against RT results.

1.3 Why is stochastic geometry a powerful tool?

A wireless network can be viewed as a collection of nodes representing the
different network elements. At a given time instant, many different links
exist in the same frequency resources in different cells. The useful sig-
nal is thus affected by a certain level of interference that strongly depends
on the network topology. In fact, it was shown to drastically impact the
reference system-level metrics even when a simple single-slope path loss
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model is used to compute the received power [25]. A topological model
that accurately reflects the environment under study is therefore required
to quantify the ability of the network to offer to the UE a certain bit rate.

For years, grid-based models (e.g. hexagonal grid, square grid or tri-
angular lattice) were widely accepted to model BSs in infrastructure-based
networks (i.e. networks where two UEs can only communicate via a BS)
[26]. In these models, base stations (BSs) are located on a regular grid
with a fixed inter-BSs distance and a fixed cell region. The computation
of network-level metrics like the interference is thus geometrically done.

However, in the real world, a grid-based deployment is far from feasi-
ble as the actual BSs sites are constrained by legal aspects or site accessibil-
ity. For this reason, BSs are placed more opportunistically. For a particular
link, interfering BSs in the network can be very close. This particularity can
not be taken into account by grid-based models as the minimum distance
to an interfering BS is imposed by the grid. The grid hypothesis therefore
leads to idealistic and very optimistic conclusions [27]. In addition, with
the arrival of multi-tier networks, the presence of many different BS types
(e.g. macro, micro, pico and femto) reinforces the uncertainty on the net-
work topology.

In addition, network planning comes with a large amount of random-
ness as many varying or site-dependent parameters have to be considered
(e.g. UEs and BS locations, channel gains, buildings geometry or street pat-
terns). Some of these parameters are time-dependent [28] and can change
frequently and unpredictably. For example, the UEs locations is not known
in advance as well as the channel gain which can be affected by moving ob-
stacles.

Stochastic geometry (SG) is a field of applied probability that eases the
study of these random phenomena in large systems. It provides an inter-
esting mathematical framework for modeling and studying the spatial dis-
tribution of many wireless network elements like base stations (BSs) and
user equipments (UEs). The spatial distribution of network elements be-
comes probabilistic and the inherent randomness and uncertainty in their
locations is thus captured. Network-level metrics can then be computed
and averaged over a large amount of network realizations therefore avoid-
ing any site- or time- specific influence on the large-scale analysis. This en-
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ables the network planner to more easily identify the key parameters that
affect the network performance and to determine the optimal deployment
strategies [29]. It is particularly useful to efficiently roll-out new technolo-
gies as parameters like the BS densities or the emit powers can be fixed
according to the observed performance trends.

Finally, the SG approach usually prevents the need for computation-
ally intensive and time consuming simulations or Monte Carlo analysis
[7]. This analysis is generally left for model validation. In fact, the SG
framework enables us to derive closed-form or semi closed-form analyti-
cal expressions for system-level metrics like the SINR. This last advantage
of SG will be discussed in Chapter 5.

1.4 Major contributions

The guideline of this thesis is the development and validation of stochas-
tic geometry-based models for urban cellular network deployment. The
first areas where the BS densification is likely to be planned are city cen-
ters, which feature a particularly high user activity. Due to the important
density of buildings in urban environments, small cells BSs will be more
probably concentrated along streets. As a consequence, models taking into
account this linear dependency must be developed. This document focuses
on such models.

Nowadays, one of the biggest shortcomings of SG-based models is their
validation. In fact, many works focus on the analysis of emerging networks
using pure SG approaches. However, a very limited number of publica-
tions propose validations of these SG models using other methods (e.g.
comparison to datasets, measurements, or softwares capturing additional
electromagnetic phenomenons such as diffraction or scattering, etc). This
document gives a more fair view on the validity and limits of the results
obtained through a SG analysis.

The contributions of this thesis follow the thesis structure and can be
summarized as follows:

1. New SG-based models for the efficient deployment of Hetnets in ur-
ban, suburban and rural areas are developed. The SINR-based cover-

12 |



Thesis outline | 1.5

age probability of modern networks in which the locations of nodes
are modeled by a Poisson Cox line process or a Manhattan Poisson
line process is characterized. In particular, the works presented in
[30–32] are fully revisited to offer more flexibility in the design pa-
rameters choices. As the potential increase in exposure levels due
to densification has raised many concerns, available metrics are ex-
tended to include exposure-based statistics and joint SINR-exposure
statistics. Multi-dimensional analysis quantifying the impact of the
network densification, the beamforming scheme and the street den-
sity on these metrics are proposed. The impact of the UE location
with respect to street intersections and to the network infrastructure
is also quantified.

2. We propose a validation of the performance trends observed with
SG-based models using the RT tool developed at UCLouvain. Most
SG publications validate their analytical results using equivalent Monte
Carlo simulations. While such procedure enables to verify the cor-
rectness of the derived expressions, it does not provide indications
on whether or not they are realistic compared to more physical prop-
agation models.

3. We perform a validation of the above-mentioned models by compar-
ing them to real city deployments for which the street patterns, build-
ings locations and buildings heights are extracted from open city 3D
databases. As the street pattern of real cities does not always follow
a grid plan but still presents some organization, we further propose
a new point process covering all different topologies: the non homo-
geneous Poisson Cox line process.

4. We optimize the network deployment for a reference scenario and
quantify the losses that arise if a simpler propagation-based model is
used instead of the RT tool.

1.5 Thesis outline

The manuscript is structured as follows.

In Chapter 2, we recall the basic concepts of the stochastic geometry
theory. The principles of point process and planar line process together
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with several examples are introduced. The associated mathematical back-
ground is fully covered to ease the understanding of the analytical devel-
opments of network-level metrics. A new point process named the non
homogeneous Poisson Cox line process is proposed

In Chapter 3, we set up the general multi-tier urban network model an-
alyzed throughout this document. The network topology specifities and
the full channel model are detailed. Modeling differences between urban,
suburban and rural environments are highlighted. The calibration of the
parameters based on Winner 2 channel models is performed.

In Chapter 4, the studied network-level performance metrics are de-
fined. Semi closed-form expressions for all metrics are derived. The way
analytical expressions can be adapted to all studied point processes is spec-
ified. Some metrics are generalized to UEs located near hotspot BSs and to
UEs located at street intersections.

In Chapter 5, a full parametric analysis is proposed. The impact of
the association rule and of the location of UEs with respect to crossroads
is quantified. The benefits of beamforming on the global throughput are
highlighted. Insight on how the network design parameters can be tuned
to satisfy both uniform UEs and hotspots UEs is given.

In Chapter 6, a complete validation of the observed trends is succes-
sively performed by comparison to RT and to real city deployments. In
that sense, usual Monte Carlo simulations were performed twice: first,
using the UCLouvain RT tool to compute the power levels, and second,
employing real city topologies. These two simulations sets are then used
for comparison against the results obtained through our SG-based mod-
els.That way, we are able to reveal the boundaries of the conclusions drawn
from these models.

In Chapter 7, we perform an actual small cells deployment optimization
for a neighbourhood in Barcelona. The potential candidates are installed
on street lampposts. Using the steepest ascent algorithm, the optimal de-
ployment among these candidates is identified based on the received pow-
ers maps. The process is repeated for maps that are calculated through a
basic propagation-based model and through the UCLouvain RT tool. Since
these optimal results often vary, the losses incurred by utilizing simpler
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models are emphasized.

General conclusions and perspectives for future works end this thesis
in Chapter 8.
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2
Introduction to stochastic

geometry

STOCHASTIC geometry is a mathematical discipline in which one stud-
ies the relations between geometry and probabilities theory (i.e. ran-
dom spatial patterns). It was originally used in fields like signal pro-

cesing, astronomy or even forestry before being used for modeling wire-
less networks. Interestingly, SG eases the study of random phenomena
in large communication systems as it captures the randomness of the net-
work spatial configuration in time. In fact, tools like point processes (PP)
and planar line processes (PLP) are particularly interesting to model net-
work elements locations and roads in many different environments. These
two useful tools will be considered in turn in this chapter. Particular atten-
tion will be paid to the Poisson point process (PPP) and the Poisson Cox
line process (PCLP). In addition, a newly developed point process named
the non homogeneous Poisson Cox line process (NHPCLP) will be intro-
duced. The essential mathematical properties associated with each of these
processes will be detailed to enable a full understanding of the mathemat-
ical framework presented throughout this thesis.
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2.1 Introduction to point processes

Point processes (PP) are considered as one of the most important tools in
SG models. In wireless networks modeling, they are used to represent the
different network elements locations (e.g. UEs or BSs). As each realization
of a PP distributes the elements differently, network-level metrics can be
averaged over many different network snapshots therefore accounting for
the randomness of the network topology.

Definition 2.1 (point process). Formally, a point process Φ is a probabilistic
model for random collections of points {Xi, i ∈ N} on a measurable space
S often considered as a subset of Rd for a given integer d.

To each realization of a PP Φ, a random counting measure R(S) can be
assigned. For example, R(S) can be defined as

R : S ⊂ Rd → N : R(S) = ∑
Xi∈Φ

1 (Xi ∈ S)

where 1 (·) is the indicator function. The distribution of R(S) strictly de-
pends on the considered PP and its mean is often used to characterize a
given PP. If the PP admits a density function λ(x), where x ∈ Rd is the
considered location, then the PPP intensity is given by Λ(S) = R(S) =∫

S λ(x)dx where R(S) is the average random couting measure.

There exist many different PPs that distribute UEs and BSs uniformly
(e.g. the Poisson point process), with some repulsion (e.g. the Matérn hard-
core point process) or with some clustering ability (e.g the Poisson cluster
point process). This PP diversity strenghtens even more the ability this tool
has to model many different network classes. Besides, many efforts have
been put into action in order to fit real deployments to different existing
point processes as the elements locations have a direct impact on the ac-
curacy of network performance evaluation [33]. The interested reader can
find a complete taxonomy of existing works on many PPs with their asso-
ciated mathematical complexity in [34]. This document will however focus
on the PPs that are actually used in the presented works.
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2.1.1 Planar line processes

Line processes are used to model road patterns in the desired environment.
In particular, the position and orientation of streets can be modeled using
a planar line process (PLLP).

Definition 2.2 (planar line process). A planar line process Ψ is a random
collection of lines in R2 where each line i can be defined by

• ri, its radial distance from the origin

• θi, the angle subtended by the line formed by the origin and its pro-
jection on the street line and the x-axis measured in a counter-clockwise
direction.

This PLLP is the result of two following steps:

1. the process Ψ = {(ri, θi), i ∈ N} is generated on the cylindrical repre-
sentation space C : R × (0, 2π) following a desired distribution (e.g.
a Poisson distribution).

2. each obtained pair (ri, θi) is mapped onto its corresponding point in
R2. The line is then drawn from this point. This mapping is illus-
trated on Fig. 2.1.

Fig. 2.1 Illustration of the mapping between the line process and the
point process in the representation space C [35].
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Fig. 2.2 Illustration of the translation (left) and rotation (right) of the
axes.

2.1.2 General properties

Different properties can be associated to PPs and defined independentely
from the PP itself. These properties can then be generalized to PLLPs.

Stationarity
A PP or a PLLP is said to be stationary if its law is invariant by translation.
Let us consider a translation of the origin by a vector v⃗ = (|v|cos(σ), |v|sin(σ))
for a given PP Φ = {(xi, yi), i ∈ N} as shown on Fig. 2.2. Φ is said station-
ary if and only if the translated PP Φ′ = {(x′i , y′i) = (xi + |v|cos(σ), yi +

|v|sin(σ)), i ∈ N} has the same distribution as Φ. Similarly, a PLLP Ψ =

{(ri, θi), i ∈ N} is stationary if and only if the translated PLLP Ψ′ =

{(r′i , θ′i) = (ri − |v|cos(θi − σ), θi), i ∈ N} has the same distribution as Φ
[35].

Isotropy and motion-invariance
A PP or a PLLP is said to be isotropic if its law is invariant by rotation.
Let us consider a rotation of the axis by a angle δ for a given PP Φ =

{(xi, yi), i ∈ N} as shown on Fig. 2.2. Φ is said isotropic if and only if the
rotated PP Φ′ = {(x′i , y′i) = (xicos(δ) + yisin(δ),−xisin(δ) + yicos(δ)), i ∈
N} has the same distribution as Φ. Similarly, a PLLP Ψ = {(ri, θi), i ∈
N} is stationary if and only if the rotated PLLP Ψ′ = {(r′i , θ′i) = (ri, θi −
δ), i ∈ N} has the same distribution as Φ [35]. A PP or a PLLP is said to be
motion-invariant if it is both stationary and isotropic.
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Motion-invariance and centric user analysis
Let us assume a UE is placed somewhere in a network defined on R2 and
strictly reproduced by means of motion-invariant PPs and PLLPs. The
motion-invariance property of all used processes makes the surrounding
environment characteristics independent from the actual UE position. For
this reason, the analysis of the network performance at a centric UE located
in (0,0) is representative of the whole network. Such a UE is usually called
a typical (centric) UE.

Thinning
Thinning or p-thinning is an operation performed on a given realization
of a PP Φ. Each point of the realization is considered in turn and kept in
the thinned PP Φ′ with a probability p. The thinned PP Φ′ can therefore be
seen as a subset of Φ. The same operation can be applied to PLLPs.

2.1.3 The Poisson point process

The Poisson point process (PPP) is a PP where, for any realization, there
is no correlation between the points. For a given realization of the PPP,
the different points are therefore uniformly distributed in the considered
space S. This particular PP was massively studied in the literature and is
still often considered for its interesting mathematical properties.

Definition 2.3 (Poisson point process). A Poisson point process defined on
S ⊂ Rd is a motion-invariant PP with intensity measure Λ(·) where

• R(S) is Poisson distributed with mean Λ(S).

• R(S1),...,R(Sn) are independent random variables for any disjoint
bounded sets S1,...,Sn.

In some cases, the density function of a PPP λ(x) is a constant λ ∈ R

in space and is therefore independent from the position x. We will then
rather talk of an homogeneous Poisson point process (HPPP) with density
λ. An example of a one-dimensional (1D) HPPP and a two-dimensional
(2D) HPPP is depicted in Fig. 2.3.

The intensity measure is then given by Λ(S) = λ
∫

S 1dx = λl(S) where
l(S) is the Lebesgues measure. In particular, the Lebesgues measure of a
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Fig. 2.3 Left: 1D HPPP of intensity 0.5/km on a 10km long segment
Right: 2D HPPP of intensity 0.5/km² on a 10km² square area.

d-dimensional ball Bd(0, r) of radius r centered at the origin is given by :

l(Bd(0, r)) =
πd/2

Γ
(

d
2 + 1

) rd. (2.1)

Interestingly, one can note that:

• The superimposition of n independent PPPs with respective densities
λ1(x), ..., λn(x) is a PPP with density λ1(x) + ... + λn(x).

• The p-thinning of a PPP with density λ(x) is a PPP with density
pλ(x).

In addition, the PPP comes with its own mathematical properties. These
are very useful to simplify the derivation of many interesting metrics like
the coverage probability or the exposure cumulative distribution function
(CDF). The next sections will be dedicated to the ones that are used in the
presented works.

Probability generating functional
The probability generating functional (PGFL) of the PPP is a broadly used
theorem in SG. It is particularly useful to characterize the Laplace trans-
form (LT) of network-level metrics like the interference.

Theorem 2.4 (PGFL). Let {Xi, i ∈ N} be a realization of a PPP Φ with intensity
measure Λ(·) defined on Rd. For any positive function f : Rd → R+, the PGFL
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of f can be expressed as follows [34]:

E

[
∏

Xi∈Φ
f (Xi)

]
= exp

(
−
∫

Rd
(1 − f (x))Λ(dx)

)
.

Corollary 2.5. Let us apply a simple transformation f (x) 7→ exp(− f (x)).
Knowing the exponential function properties, Theorem 2.4 can be used to obtain:

E

[
exp

(
− ∑

Xi∈Φ
f (Xi)

)]
= exp

(
−
∫

Rd
(1 − exp (− f (x)))Λ(dx)

)
.

Example 2.6. Let us consider a PPP Φ defined on R2 with density function
λ(r) where r is the radial distance. We then have:

E

[
exp

(
− ∑

Xi∈Φ
f (Xi)

)]
= exp

(
−2π

∫ ∞

0
(1 − exp (− f (r))) λ(r)rdr

)
.

Campbell’s theorem
Theorem 2.7 (Campbell’s theorem). Let {Xi, i ∈ N} be a realization of a
PPP Φ with intensity measure Λ(·) defined on Rd. For any measurable function
f : Rd → R+, Campbell’s theorem states that [36]:

E

[
∑

Xi∈Φ
f (Xi)

]
=
∫

Rd
f (x)Λ(dx).

Proof. Campbell’s theorem is a direct consequence of Corollary 2.5. It is
obtained by considering t f (x) 7→ f (x), t ≥ 0 and by differentiating with
respect to t at t = 0 [34].

Palm distribution and Slyvniak theorem
Definition 2.8 (reduced Palm distribution). Let us consider an initial PP Φ.
Let us assume the location of a point X ∈ Φ is known. The reduced Palm
distribution of Φ is the distribution of Φ′ = Φ \ X knowing X ∈ Φ.

Theorem 2.9 (Slyvniak-Mecke’s theorem). The reduced Palm distribution of a
PPP Φ remains a Poisson distribution with the same properties [37]. This enables
us to add or remove a point without changing the distribution.

Example 2.10. Let us assume a network in R2 where BSs are deployed fol-
lowing a PPP Φ. Let us compute the interference level at a typical UE
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served by a BS located at X ∈ Φ. The Slyvniak-Mecke’s theorem ensures
that the distribution of the PP Φ′ = Φ \ X of the interfering BSs has the
same distribution as the initial PP Φ. For this reason, all PPP-specific theo-
rems can still be used to characterize the interference level.

Remark 2.11. This theorem only applies for PPPs. For example, adding an
arbitrary point to a repulsive PP clearly changes its properties.

Distance distributions
Let us assume a network in Rd where BSs are deployed following an HPPP
Φb of density λb. We assume a typical UE located at the origin and served
by its closest BS. By definition, the distance between the UE and this BS is
denoted by r. The CDF of r is easily obtained as follows :

Fd,R(r) = 1 − P(R > r) = 1 − P(R(Bd(0, r)) = 0)
(a)
= 1 − e−λb l(Bd(0,r)).

where (a) results from the void probability of an HPPP [37] and l(Bd(0, r))
is given by Eq. (2.1).

The PDF of r is then easily obtained by derivating the last expression
with respect to r. If a one-dimensional HPPP is considered (i.e. d=1), the
statistical distributions of r are then given by :

PDF : fP1,R(r) = 2λb exp (−2λbr) (2.2)

CDF : FP1,R(r) = 1 − exp (−2λbr) . (2.3)

If a two-dimensional HPPP is considered (i.e. d=2), the statistical dis-
tributions of r become:

PDF : fP2,R(r) = 2πλbr exp
(
−λbπr2

)
(2.4)

CDF : FP2,R(r) = 1 − exp
(
−λbπr2

)
. (2.5)

Remark 2.12. Throughout this document, the complementary cumulative
distribution function of a random variable (RV) X will be denoted by FX(x) =
1 − FX(x) .

2.1.4 The Poisson Cox line process

The Poisson Cox line process (PCLP) is a point process that makes it pos-
sible to distribute the network elements along lines representing roads in
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real deployments. It is particularly useful for modeling the distribution of
wireless devices in urban environments, where devices are often concen-
trated along streets and in buildings. One of the main interests of the PCLP
is that it can take into account the beam orientation of the wireless devices,
which can be important for characterizing the propagation of radio signals
in a given area. The nodes locations in a given street are thus conditoned
by the fact that they lie on the same road. This road dependence is disre-
garded when a PPP is considered. Other PPs can always be independently
superimposed over the PCLP. BSs located on the roofs or between build-
ings in sparser environments are thus easily modeled by means of these
additional PPs.

Practically, the PCLP Ξ comes from the combination of a PLLP Ψl and
of several 1D HPPPs Φi indenpendently generated on the i streets forming
the PLLP. We therefore consider a PPP Φl = {(ri, θi), i ∈ Z} on the cylin-
der set C := R × [0, 2π] with intensity measure ΛΦ(drdθ) = λldrG(dθ)

where G(dθ) is the lines angular distribution. If Φl is assumed homoge-
neous with constant density λl , then G(dθ) = dθ

π and the resulting PCLP
has a line density µl = λlπ. If G(dθ) = 0.5δ0 + 0.5δπ/2 is used instead, all
lines become vertical and horizontal. This particular case is called the Man-
hattan Poisson line process (MPLP). Each couple (ri, θi) can be mapped to
its corresponding line in R2 as shown on Fig. 2.1. Along each individual
line, an independant 1D HPPP Φi of constant density λb is then generated.
An example of a PCLP is depicted in Fig. 2.4.
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Fig. 2.4 PCLP building process: Left: drawing the initial 2D HPPP Φl
of density λl=0.06/km². Middle: mapping to the corresponding PLLP Ψl
of line density µl and generation of the 1D HPPPs Φi of density 0.3/km.
Right: obtention of the resulting PCLP.
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Remark 2.13. Note that the MPLP can be alternatively generated using two
independent 1D HPPPS to generate horizontal and vertical lines as the
street angle is imposed. Different densities λv and λh can then be used for
horizontal and vertical streets. This will be the procedure used to generate
MPLPs in this document.

Distance distributions
Let us assume a network in R2 where BSs are deployed following a PCLP
generated as explained in the previous section. We assume a typical UE
located at the origin and served by its closest BS. By definition, the distance
between the UE and this BS is denoted by r. Using the same approach as
for the HPPP, the statistical distributions of r are given by [38]:

PDF : fC,R(r) =
[

2πλl

∫ r

0

2λbr√
r2 − ρ

exp(−2λb

√
r2 − ρ)dρ

]
× exp

[
− 2πλl

∫ r

0

(
1 − exp(−2λb

√
r2 − ρ)

)
dρ

]
(2.6)

CDF : FC,R(r) = 1 − exp
[
− 2πλl

∫ r

0

(
1 − exp(−2λb

√
r2 − ρ)

)
dρ

]
.

(2.7)

In addition, let us define Ln to be the n-th closest line to the typical
centric UE in the initial PLLP Ψ. Due to space constraints, the reader can
refer to [31] where the following distributions are defined:

1. fYn(yn) and FYn(yn), the PDF and CDF of the distance between the
typical UE and line Ln denoted by Yn ([31], Lemma 1).

2. fSn(sn|yn) and FSn(sn|yn), the PDF and CDF of the distance between
the typical UE and the closest node on line Ln denoted by Sn and
conditioned on the distance Yn ([31], Lemma 3).

3. fUn(un|yn) and FUn(un|yn), the PDF and CDF of the distance between
the typical UE and the closest node on lines {L1, ..., Ln−1} denoted by
Un and conditioned on the distance Yn ([31], Lemma 4).

4. fVn(vn|yn) and FVn(vn|yn), the PDF and CDF of the distance between
the typical UE and the closest node on lines {Ln+1, Ln+2, ...} denoted
by Vn and conditioned on the distance Yn ([31], Lemma 5).
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The probability P (En|yn) of the event En that the closest node in the
PCLP is located on Ln conditioned on the distance Yn is given by Lemma 6
in [31]. In case the typical street is disregarded, this expression is adapted
as:

P (En|yn) = P (sn < un, sn < vn|yn)

=
∫ ∞

0
(1 − FUn(un|yn)) (1 − FVn(vn|yn)) fSn(sn|yn)dsn.

Example 2.14. These distances are illustrated on Fig. 2.5 for the line L5.
The closest node on L5 is at a distance s5 while the closest nodes on line
sets {L1, ..., L4} and {L6, ...} are respectively at a distance u5 and v5. As
u5 < s5 < v5, L2 will be the serving street in this example and r = u5.

Fig. 2.5 Distances notations for a PCLP: an example.

Lemma 2.15. Let us assume y∗ to be the distance between the typical centric UE
and the street on which the closest node lies as depicted in Fig. 2.5. Based on the
aferomentioned expressions, the PDF and CDF of y∗ are given by:

PDF : fY∗(y∗) =
∞

∑
n=1

P (En|y∗) fYn(y
∗) (2.8)

CDF : FY∗(y∗) =
∞

∑
n=1

∫ y∗

0
P (En|yn) fYn(yn)dyn. (2.9)

Proof. The mathematical expression of the CDF of y∗ is computed as

FY∗(y∗)
(1)
=

∞

∑
n=1

P (En)EYn [1 (Yn ≤ y∗) |En]
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FY∗(y∗)
(2)
=

∞

∑
n=1

P (En)
∫ y∗

0
fYn |En(yn|En)dyn

(3)
=

∞

∑
n=1

∫ y∗

0
P (En|yn) fYn(yn)dyn

where (1) follows from the total law of probability, (2) comes from the def-
inition of the expectation and (3) is a consequence of Bayes’ theorem [39].
The PDF of y∗ is then easily obtained by derivating the CDF expression
with respect to y∗.

Lemma 2.16. Let us assume d∗ to be the distance between the centric UE projec-
tion on the serving line and the serving node as depicted in Fig. 2.5. Conditioned
on the distance y∗, the PDF of d∗ is given by:

fD∗(d∗|y∗) = FC,R(
√

y∗2 + d∗2) f1,R(d∗)∫ ∞
0 FC,R(

√
y∗2 + x2) f1,R(x)dx

. (2.10)

Proof. This result is a direct consequence of Bayes’ theorem. In fact, the first
numerator term represents the probability for a line located at a distance y∗

to be serving knowing the distance d∗ to the closest node on this line. This
is nothing else but the void probability in B2(0,

√
y∗2 + d∗2). Following the

same principle, the denominator is the total probability for a line located
at a distance y∗ to be serving.

Corollary 2.17. Conditioned on the distance y∗, the PDF of r is given by:

fC,R(r|y∗) = fD∗

(√
r2 − y∗2|y∗

)
r√

r2 − y∗2
. (2.11)

Proof. The PDF is easily obtained considering the variable change R =√
D∗2 + Y∗2.

Corollary 2.18. Conditioned on the distance r, the PDF of y∗ is given by:

fC,R(y∗|r) =
fC,R(r|y∗) fY∗(y∗)

fC,R(r)
. (2.12)

Proof. This is the result of applying Bayes’ theorem..
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Fig. 2.6 Homogenization of a PCLP firstly generated on the representa-
tion space: comparison of a PCLP with the same effective line density with
and without thinning.

Homogenization of a line process generated in the representation space
Homogeneously generating the line process in the representation space
does not mean its corresponding mapping in the usual coordinates sys-
tem is homogeneous as depicted in Fig. 2.6. To ensure an homogeneous
line process in the latter coordinates system, an additional thinning func-
tion p(r) = 2r

R2
max

(where Rmax is the radius of the studied area) needs to be
applied in the representation space. To do so, the initial line density needs
to be increased to obtain the same effective density as the thinning opera-
tion will downsample the number of lines. Fig. 2.6 shows the comparison
of a PCLP with the same effective density obtained with and without the
thinning step.

2.1.5 The non homogeneous Poisson Cox line process

In this section, a new PP called the non homogeneous Poisson Cox line
process (NHPCLP) is introduced. The idea of this PP comes from two main
observations on real cities street patterns. First, the angular distribution of
streets in real cities is shown not to be totally uniform as some form of
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organization still exists (e.g. parallel neighbour streets) as shown in [40].
Second, the street density is not constant within cities hence the need for
an inhomogeneous street distribution. For example, a UE located in the
suburbs could experience different levels of exposure and coverage with
respect to a UE located in the city center. Both observations are succesively
illustrated in the next sections. Formally, the NHPCLP Ξ is thus generated
in a two steps fashion:

1. a PCLP with wisely chosen parameters is generated.

2. the obtained PCLP is thinned with a distance- and angular-dependent
probability p(r, θ) that reflects the angular orientation distribution
fΘ(θ) of streets and the inhomogeneous distance dependence within
the city.

Remark 2.19. Note that the thinning function can also be used to model
environments where one side of the city is constrained by a physical limit
(e.g. the sea). In that particular case, the occurence of the street orientation
in the physical limit’s direction will be lower than other directions. This
can be captured by the thinning function.

Non-uniform street orientation
As already mentioned, the street angular orientation distribution is not ex-
actly uniform. Instead, another distribution fΘ(θ) can be assumed.

Example 2.20. Suppose the following function :

g(θ) = ∑
µi∈m

1
σ
√

π
exp

(
−
(

θ − µi
σ

)2
)

for 0 ≤ θ ≤ 2π

where m = {0, π/2, π, 3π/2, 2π} and σ ∈ R. The angular distribution
is obtained by normalizing this function as fΘ(θ) = g(θ)/

∫ 2π
0 g(θ)dθ. An

example of the obtained network for different values σ is shown on Fig. 2.7.
The higher σ is, the closer we are to the uniform distribution. Conversely,
the lower σ is, the closer we are to a Manhattan-like environment. In the
latter case, the distribution can be simplified to five delta functions. To
replicate such an angular distribution in our framework, the initial PCLP
can be thinned with a thinning function p1(θ) = fΘ(θ)/ max ( fΘ(θ)).

UE located in the suburbs
Let us assume the maximum street density λs is observed in the city center
located at (xc, yc) with respect to the typical UE. If the typical UE is ex-
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Fig. 2.7 Illustration of the street angular orientation distribution. Left:
NHPCLP with σ = 100. Middle: NHPCLP with σ = 0.25. Right: NHPCLP
with σ = 0.01.

actly at the city center, the street density λs(r) = λs f (r) is a function that
decreases with the radial distance r from the UE point of view. If the typ-
ical UE is not at the city center, the street density with respect to this UE
becomes λs(r, θ) = λs f (

√
r2 + r2

c − 2xcrcos(θ)− 2ycrsin(θ)) = λs p2(r, θ)

where r2
c =

√
x2

c + y2
c .

Example 2.21. Suppose the function f (r) = 0.98 exp (−r/b) + 0.02 where
b ∈ R. An example of the obtained network for several parameters sets
is depicted in Fig. 2.8. As expected, the street density is maximum near
the city center in all cases. In addition, the higher b is, the faster the street
density decreases with the distance (w.r.t. the city center).

Distance distributions

Based on the distance distributions for the PCLP, the statistical distribu-
tions of r are modified as:

PDF : fNC,R(r) =
[

λl

∫ 2π

0

∫ r

0

2λbr√
r2 − ρ

Z1(r, ρ, λb)p(ρ, θ)dρdθ

]
× exp

[
− λl

∫ 2π

0

∫ r

0

(
1 −Z1(r, ρ, λb)

)
p(ρ, θ)dρdθ

]
(2.13)
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Fig. 2.8 Illustration of the non homogeneous street density. Left: NHP-
CLP with b = 1200 and (xc, yc) = (0, 0). Middle: NHPCLP with b = 1200
and (xc, yc) = (1, 1). Right: NHPCLP with b = 3000 and (xc, yc) = (1, 1).

CCDF : FNC,R(r) = 1− exp
[
−λl

∫ 2π

0

∫ r

0

(
1−Z1(r, ρ, λb)

)
p(ρ, θ)dρdθ

]
.

(2.14)
where Z1(r, ρ, λb) = exp(−2λb

√
r2 − ρ2) and p(r, θ) = p1(θ)p2(r, θ).

Remark 2.22. Ideally, the thinning function should consider both the angu-
lar and distance dependency jointly. However, this generally leads to non
analytical expressions and prevents us to incorporate it in our mathemati-
cal framework. For this reason, we will settle for that approximation.

Note that the thinning function modifies the interpretation of the line
density λl as the number of lines is downsampled by the thinning opera-
tion. For this reason, the notion of effective line density λe f f is introduced
and refers to the actual observed street density (i.e. the line density after
downsampling).

2.1.6 Finite length stick processes

Recently, other processes have been proposed in [41]: the Poisson stick
process (PSP) and the Poisson lilypond model (PLM). The PSP is a gener-
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alization of the PCLP where streets have a finite length and are therefore
drawn as segments instead of lines. In that case, each segment i is repre-
sented by a quadruple (ri, ϕi, θi, hi) where (ri, ϕi) are the polar coordinates
of the middle of the segment, θi is the angular orientation of the segment
and hi is the segment half-length. Assuming a constant density λl , the ini-
tial PLLP Φl = {(ri, ϕi), i ∈ Z} is generated using the same approach as
for the PCLP. Then, θi is drawn from a uniform distribution U[0,π[ and hi is
drawn from known distribution fH(h). As for the PCLP, independent 1D
HPPPs of density λb are then generated on each segment. An illustration
of the PSP with its notations is depicted in Fig. 2.9a.

The PLM is a generalization of the PSP where segments are constrained
by their surrounding segments. Each segment is said to grow at a constant
rate on both ends until it hits another segment on one of the sides. This
process is shown on Fig. 2.9b where the segments centers are represented
by black crosses. The half-lengths in a PLM are Rayleigh distributed with
fH(h) = 2bh exp(−bh2) where b is proportional to the street density and
can be estimated from the empirical mean of half-lengths.

(a) Poisson stick process. (b) Poisson lilypond model.

Fig. 2.9 Illustration of stick processes.

Distance distributions

Both processes can become inhomogeneous as for the PCLP. The gener-
alization to inhomogeneous cases is similarly done. Using the same ap-
proach as for the NHPCLP, the statistical distributions of the distance r to
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the closest node of the NHPSP/NHPLM are given by:

PDF : fNS,R(r) =
[

λl

∞∫
0

π∫
0

2π∫
0

r+h∫
0

∂Z2(r, ρ, ϕ, θ, λb)

∂r
p(ρ, ϕ) fΘ(θ) fH(h)dA

]

exp
[
− λl

∞∫
0

π∫
0

2π∫
0

r+h∫
0

(
1 −Z2(ρ, ϕ, θ, λb)

)
p(ρ, ϕ) fΘ(θ) fH(h)dA

]
(2.15)

CDF : FNS,R(r) = 1−

exp
[
− λl

∞∫
0

π∫
0

2π∫
0

r+h∫
0

(
1 −Z2(r, ρ, ϕ, θ, λb)

)
p(ρ, ϕ)dA

]
. (2.16)

where dA = dρdϕdθdh, Z2(r, ρ, ϕ, θ, λb) = exp(−λbl(r, ρ, ϕ, θ)), l(r, ρ, ϕ, θ) =

l1(r, ρ, ϕ, θ)1ρ≤r +l2(r, ρ, ϕ, θ)1ρ>r and p(r, ϕ) = p1(ϕ)p2(r, ϕ). l1(r, ρ, ϕ, θ),
l2(r, ρ, ϕ, θ) = |min(u1, h)± min(u2, h)|, where u1, u2 = | − ρ cos(ϕ − θ)±√

r2 − ρ2 sin2(ϕ − θ)|.

2.2 Stochastic geometry based analytical techniques

In the literature, several analytical techniques have been proposed for de-
riving network-level metrics of interest. These techniques make use of the
mathematical framework developed using SG and are available for dif-
ferent PPs. However, due to an increased mathematical tractability with
respect to other PPs, the PPP has been particularly popular. Up to date,
eleven techniques with various degrees of tractability, accuracy and flexi-
bility were investigated [34]. This document will focus on two of the most
commonly used techniques for the derivation of the coverage probability.

To illustrate these techniques, we will use a common definition of the
SINR measured at a typical UE u assuming the serving distance r to the
serving BS k∗ is known. BSs are here distributed following an HPPP Φ of
density λ. Assuming a noise power W, the SINR is given as

SINRu =
gL−1(r)

W + ∑k∈Φ
k ̸=k∗

gkL−1(rk)
=

gL−1(r)
W + I

=
S

W + I
(2.17)
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where g is the fading power gain on the link between the serving BS
and the typical UE, gk is the fading power gain on the link between the
interfering BS k and the typical UE and L(·) is the path loss function.

2.2.1 Using the Laplace transform

The coverage probability defined as P(SINRu > θc) is given by:

Pc (θc) = P (SINRu > θc) = P

(
gL−1(r)
W + I

> θc

)
= ER [1 − P (g < θcL(r)(W + I))] .

Depending on the fading distribution fG(g) observed on the useful
link, the final expression is then given by

Rayleigh : Pc (θc) = ER [exp(−θcWL(r))LI(θcL(r))]

Rice : Pc (θc) = ER

[
∞

∑
k=0

k

∑
j=0

γjk
(
−θcL′(r)

)k−j ∂k−jLW+I(θcL′(r))
∂k−js

]

Nakagami : Pc (θc) = ER

[
m−1

∑
k=0

(−mθcL(r))k

k!
∂kLW+I(mθcL(r))

∂ks

]

where γjk = Kk

(k!)2 e−K j!(k
j), L′(r) = (K + 1)L(r), L(·) is the Laplace

transform and K and m are the Rice and Nakagami parameters as defined
in Section 3.3.4 [34, 42].

The Laplace transform is then easily computed using the PGFL prop-
erty of PPPs (see Theorem 2.4) as

LI(i) = exp
(
− 2πλ

∫ ∞

f (r)

dr

1 + L(r)
i

)
where the threshold f (r) depends on the association rule (cfr. Section

3.3.6).

While the expression of the coverage probability under Rayleigh fad-
ing is very tractable, the presence of partial derivatives associated with
other fading distributions renders a full parametric analysis more time-
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consuming. For this reason, the next technique can be considered as a good
alternative.

2.2.2 Using the Gil-Pelaez inversion theorem

To incorporate generalized fading distributions, a good solution comes
from the use of the Gil-Pelaez inversion theorem [43].

Theorem 2.23. The Gil-Pelaez inversion theorem states that the CDF of a random
variable X is given by:

FX(x) =
1
2
− 1

π

∫ ∞

0

Im(e−jωxϕX(ω))

ω
dω (2.18)

where ϕX(ω) is the characteristic function (CF) of X.

Based on this theorem, the coverage probability can be computed as:

Pc (θc) = P (S − (W + I)θc > 0)

=
1
2
− 1

π
ER

[∫ ∞

0

Im(e−jWθcωϕS(ω)ϕI(−θcω)

ω
)dω

]
where ϕS(ω) can be computed using the CF of the considered fading

distribution and

ϕI(ω) = exp
(
− 2πλ

∫ ∞

f (r)

[
1 − Eg[exp(jωgL−1(r))

]
rdr
)

.

This method will be considered in this document.

36 |



3
A general multi-tier urban

network model

WITH the increased complexity and heterogeneity of modern wire-
less networks, the development of flexible network models has
become a priority. In that sense, SG has been identified as one

of the potential model-driven tools as it enables us to cover many different
scenarios [34] and as it offers easy scalability. In this chapter, a completely
general multi-tier urban network model is proposed for a subsequent SG-
based analysis. With no or low increased complexity, this model enables
us to modify (i) the environment street pattern, (ii) the number of studied
tiers (roof or street tiers), (iii) the propagation characteristics of each in-
dividual tier including the beamforming model, the path loss model, the
fading model and the LOS probability (iv) the interaction properties be-
tween the UE and BSs (e.g. the association rule and the relative proximity)
and (v) the UE’s environment including its position with respect to street
intersections.

3.1 Related works

Wireless networks perfomance is said to be mostly interference-limited
[36]. As it enables an easy characterization of the interference level, stochas-
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tic geometry has been considered to model wireless networks as early as
1978 [44]. Since then, the field has drawn an increasing attention in the
scientific community. Many different PPs have been investigated (e.g. the
PPP, the Matern hard core PP or the binomial PP) and a wide panel of
network-level metrics have been studied (e.g. the coverage probability, the
area spectral efficiency or the throughput). As previously mentioned, the
PPP was undoubtedly the most popular PP due to an increased mathemati-
cal tractability. Most notable works treating the PPP include [25, 36, 37, 45–
48]. As the present work mainly focus on doubly stochastic models (i.e.
models in which both the network elements and the street pattern are
stochastically generated), a particular interest will be exclusively dedicated
to these models in the forthcoming state of the art. However, the interested
reader can find a complete taxonomy of the current advances in SG in this
recently published study [34]. This work was reviewed by some of the
biggest experts in the field and offers an extensive overview of SG-based
models and analytical techniques.

In the near future, 5G networks are expected to be boosted by small
cells located closer to the ground level. For example, the New York mu-
nicipality recently accepted to deploy BSs integrated with the streetlights
to provide high-speed connectivity to pedestrian users [49]. After different
trials conducted in 2021, AT&T is planning to extend the use of such cells to
multiple cities [50]. Motivated by the fact that small cells sites will be found
along streets in dense urban areas, doubly stochastic models have drawn
an increasing attention in the SG field. The study in [30] firstly introduced
the MPLP to model roads in Manhattan-like environments. The coverage
distribution is derived using a correlated blockage model accounting for
building penetration. In [51], the same metric is analyzed for vehicle-to-
infrastructure networks operating at mmWave frequencies. The MPLP is
shown to accurately describe Manhattan networks by comparison with the
fixed grid model and the actual street deployment in Chicago. MPLP mod-
els are also used for indoor scenarios [52–55], drones-to-ground networks
[56] and relay assisted networks [57].

Other works also consider Cox line processes as generalization of the
MPLP to model non-prependicular streets [31, 32, 58–63]. In particular, [38]
and [32] have laid the foundations of the PCLP. Among the different tech-
nologies that have been studied, one can mention vehicle-to-everything
communication [58], vehicular ad hoc networks [61] and multi-radio ac-
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cess technology [63]. In [58], trends on the network deployment design
have been highlighted and the benefit of small cells to offload macro BSs
has been proven.

According to future deployments, the superimposition of a tier of macro-
BSs (MBs) modeled by a 2D HPPP and a second tier of road side units
(RSUs) modeled by a PCLP is often considered [38, 60, 63–65]. In [60],
it was shown that a denser deployment of RSUs deteriorates the SINR
coverage probability but boosts the rate coverage by reducing the load
on MBs. This enables an improved spatial reuse of frequency resources.
In that case, the available bandwidth can be shared among a lower num-
ber of UEs. As increasing the number of RSUs is not always feasible due
to practical constraints, they also proposed to enhance the performance
by adjusting the selection bias between MBSs and RSUs. Discriminating
MBs was shown to lead to significant improvements in terms of rate cov-
erage if the bias is finely tuned. [63] further enabled the RSUs’ tier to
communicate in both sub-6GHz and millimeter wave (mm-wave) bands.
The serving tier is first chosen based on the sub-6GHz received power. In
case the RSUs’ tier is chosen, the band selection is then perfomed either
on the biased average or instantaneous received power knowing the mm-
wave signals are automatically lost if they are obstructed by a car. The
bias is here selected to satisfy the requirements of different 5G services
(i.e. ultra-reliable lower-latency communications, machine-type communi-
cations and enhanced mobile broadband) in terms of reliability, coverage
and data rates. System design insights are provided to sustain the dif-
ferents applications. [62] proposes a generalization to vehicle-to-vehicle,
vehicle-to-infrastructure, infrastructure-to-vehicle, and infrastructure-to- in-
frastructure communications. Finally, [41] takes into account the UE posi-
tion with respect to street intersections. It distinguishes a UE located in a
street, a UE located at a crossroad and a UE located at a T-junction.

In a PCLP framework, the mathematical expressions associated with
contributions coming from non typical streets usually become complex.
For this reason, [41, 66] have tried to circumvent this complexity by pro-
viding equivalences between the PLCP and other processes. The authors
have shown that the street geometry plays an important role in the high-
reliability regime. They proposed an alternative to the PLCP called the
transdimensional Poisson point process (TPPP). This process consists in
superimposing one or two 1D PPPs for the typical street BSs and a 2D
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PPP for other streets BSs. It was shown on the SIR meta distribution that
the TPPP can be a good approximation. Considering shadowing empha-
sizes even more the correspondance between both processes. As in the
latter work, [38] also considered lognormal shadowing χ. By means of the
displacement theorem, contributions coming from the typical street(s) are
then computed considering a new 1D PPP with modified density. This
PPP has a density of E[χ− 1

α λ] if a single-slope path loss is used. As the dis-
placement is made in the direction of the typical UE, applying shadowing
in non typical streets is more complicated. For this reason, [60] proposed
an approach to accurately approximate the PLCP by means of the combi-
nation of a 1D PPP and a 2D PPP of wisely chosen densities. As the goal
of this work is to physically model different propagation mechanisms (e.g.
diffraction), it will stick to the PCLP model as it needs the street geometry
information.

Recently, new doubly stochastic processes have been introduced in the
literature. Processes accounting for finite street lengths have been pro-
posed in [41]: the Poisson stick process (PSP) and the Poisson lilypond
model (PLM). In addition, [67] proposed a first step into inhomogeneous
processes by defining a new process named the binomial line Cox process.
Based on a study on the street patterns of Paris and Lyon, the street den-
sity was shown to fluctuate within the city. This triggered the need for non
homogeneous processes.

On the basis of the aforementioned works, the main findings of this
study can be summarized as follows:

• The works originally presented in [30, 31, 41] are fully revisited. A
number of features are added to capture additional propagation as-
pects. These new characteristics are detailed below:

– The framework is adapted to encompass urban, suburban and
rural environments for which the propagations models and pa-
rameters are different. The required model modifications for the
three environments are highlighted.

– The proposed analysis takes into account power contributions
coming from BSs outside the user street and propagating via
diffraction at crossroad corners. As explained in [51], contri-
butions from such a corner diffraction can be significant com-
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pared to building penetration, hence the need to address their
modeling. To this purpose, Berg recursive method is employed
for its simplicity and its accuracy regarding the path loss (PL)
levels [68]. This model also has the advantage of featuring a
general expression, depending on both Euclidean distances and
corner angles. These dependencies open perspectives for a gen-
eralization to Cox processes, and differ from [51] where constant
diffraction losses are considered.

– The power contributions of two very close BSs are more or less
correlated. In particular, the direct paths for two BSs outside
the user street are expected to cross a similar amount of build-
ings. In that sense, the authors of [30] proposed a correlated
blockage model where the number of crossed walls depends on
a street numbering system. For sake of mathematical tractabil-
ity, this numbering system can not be applied in our framework.
Therefore, we propose to use a Winner-style propagation model
taking into account link distances to enable a correlation-based
modeling and a viable mathematical framework.

– Any fading distribution for which the characteristic function is
known can be incorporated in the model. Our work focusses on
Rayleigh, Rice and Nakagami distribution.

– The presence of street obstacles (cars, trucks,. . . ) is included us-
ing the blockage model of [69], and integrated in the SG frame-
work via inhomogeneous thinning. This thinning is function
of a line-of-sight (LOS) probability which is distance dependent
and continuous everywhere, unlike the LOS ball model [70].

– BSs on the roofs are considered. As for diffracted contributions
in the streets, Berg recursive method is generalized to roof BSs
to enable the computation of both LOS and NLOS contributions
coming from these BSs. A geometrical LOS probability is com-
bined with the blockage model for street BSs to distinguish LOS
roof BSs from non LOS roof BSs. The propagation model is cali-
brated differently for roof BSs and street BSs.

– In practical deployments, a non-negligible proportion of users
can be located at street intersections (e.g. pedestrians waiting
at traffic lights). In such cases, the simultaneous presence of
BSs in the two crossing streets results in power levels differing
from those measured at other users. In the original work of [30],
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users were almost surely never located at street intersections.
Conversely, our work includes a non-zero probability for this
event to happen, in which case power signals coming from the
two streets are considered.

– The heights of the UEs and BSs are here considered. Neglect-
ing this feature might result in underestimations in the PLs, es-
pecially for BSs in the user vicinity. The power contributions
associated to these BSs might hence be overestimated, which
could bias the performance metrics especially for high SINR val-
ues. Since small cells will be pushed closer to the UE, this new
feature makes it possible to distinguish these cells from usual
macro cells generally located on roofs.

– Due to efforts made by the operators to deploy small cells where
the UEs actually are, assuming the UE location is not related to
the network BSs locations is a pretty strong hypothesis. For this
reason, our model generalizes the framework to a non uniform
typical UE whose location is coupled with a hotspot BS. The
differences with a uniform UE are then highlighted.

– Due to the linear dependence between tiers in a PCLP, street
tiers can not be considered independent as it is the case for K-
tier HPPPs. In most K-tier models, a single street tier is gen-
erally assumed. This deletes the need to take into account the
observed dependency. This model enables any number of street
tiers to be generated on the same street pattern and provides the
required associated mathematical tools.

– Our system model allows the use of three different association
strategies.

• We study the EMF exposure in Poisson line processes. In order to
characterize the statistics of exposure and its correlation to the spec-
tral efficiency, the following metrics are derived: the first moments
of the data rate and exposure, their marginal distributions, as well as
their joint distribution.

• Like [67], we focus on inhomogeneous doubly stochastic models by
proposing a new point process named the non homogeneous Pois-
son Cox line process (NHPCLP). We fully adapt the analytical ex-
pressions for most of the above-mentioned metrics to the NHPCLP.
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3.2 Network topology

In this work, the network is generated by superimposition of several tiers
that can be grouped into two main categories: street tiers and roof tiers.
The modeling of each category will be respectively described in Sections
3.2.1 and 3.2.2. These tiers are assumed to be deployed on a circular area of
radius R ∈ R. As the model used for street tiers depends on the street pat-
tern of the studied environment, the point process used for street tiers can
be chosen between a (NH)PCLP, a (NH)PSP or a (NH)PLM. As this chapter
intends to propose a completely general model, the following sections will
first assume street tiers are deployed by means of an inhomogeneous pro-
cess: the NHPCLP. The discussion is however easily adapted to all other
cases.

3.2.1 Street Tiers

A KS-tier NHPCLP Ξ is generated as explained in Sections 2.1.4 and 2.1.5.
The initial PLLP Ψl is drawn assuming:

• a given street orientation angular distribution fΘ(θ)

• a distance- and angular-dependent line density λs p(r, θ) where λs is
the density observed at the city center located in (xc, yc) and p(r, θ)

is the probability for a line represented by the couple (r, θ) to be gen-
erated in Ψl .

An additional line is then virtually superimposed to the horizontal axis
of the coordinate system. This line will represent the street of the typi-
cal UE, located at (0, 0, Hu). Without loss of generality (cfr. Theorem 2.9),
all the performance metrics of this analysis will be derived for this UE.
This additional street l0 will be referred to as typical street. By definition,
Ψ0 = Ψl ∪ l0. Yet, the NHPCLP makes the evaluation of the network per-
formance at the central UE not representative of the whole network as we
lose the motion-invariance property of PPs. Indeed, the location of the UE
in the city will impact its performance. The analysis is thus only valid for
that specific UE but the impact of the UE non-centrality will be quantified.
The use of a PCLP however restores the motion-invariance property.
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Fig. 3.1 Snapshot of the studied network: KS = 2 and KB = 3.

On each line of Ψ0, KS 1D HPPPs Φk are then systematically deployed.
Note that the different tiers are thus linked and conditioned by the line
realization. The transmit power, density and height of the base stations
(BS) of tier Φk are denoted by (Pk, λk, Hk) for all lines. The BSs of all tiers
are assumed to be equipped with one transmit antenna. One will denote
∆Hk = Hk − Hu, the height difference between a BS of tier k and the typical
UE.

3.2.2 Roof Tiers

Additional tiers on the buildings’ roofs are then considered. Roof BSs are
said to belong to any of the KB roof tiers and are located at roof height Hb.
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Each roof tier ΦB,k is deployed following a 2D HPPP of density λb,k. BSs
of this tier emit with a power Pb,k. The height of a roof BS of tier k with
respect to the roof itself is denoted by Hb,k. The height difference between
buildings and the typical UE is denoted by ∆Hb = Hb − Hu. An example
of the network under study is depicted in Fig. 3.1.

Remark 3.1. Note that an exclusion zone r0 should be considered for tiers
where Hk < 1 to avoid path loss singularities. Consequently, the constraint√

r2
0 + H2

k ≥ 1 has to be respected.

3.3 Channel model

The channel model for the different types of BSs in the network under
study will be detailed in the following sections. In particular, the beam-
forming model, the blockage model for both street tiers and roof tiers, the
fading model and the path loss model for each BS type will be successively
defined.

3.3.1 Beamforming model

A binary beamforming scheme is here assumed for mathematical tractabil-
ity. This scheme is formalized by means of the following beamforming
function:

G(θ) =


G1 for − γ ≤ θ ≤ γ

G2 for π − γ ≤ θ ≤ π + γ

0 elsewhere

. (3.1)

where G1 is the main lobe beamforming gain, G2 is the side lobe beam-
forming gain and γ is the half-beam width. As the BS power is distributed
over the different directions, the condition 1

2π

∫ 2π
0 G(θ)dθ = 1 or equiva-

lently G1 + G2 = π
γ has to be respected. An example of the beamforming

scheme is depicted in Fig. 3.2. It is shown that the narrower the beam is,
the bigger the main lobe gain can be.

Assume a typical UE is randomly located in the network. Let us define
pT,1 and pT,2 the probabilities that the power contribution at this UE from a
given BS in the typical street is respectively affected by the main lobe gain
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Fig. 3.2 Beamforming scheme for several values of the half-beam width
γ: G1 = 3

4
π
γ and G2 = 1

4
π
γ .

and by side lobe gain. Similarly, pNT,1 and pNT,2 are defined for BSs that
are not in the typical street. Two different cases are considered:

1. All BSs can send in any direction. Based on the beamforming func-
tion, all probabilities are equal and given by 2γ

2π .

2. Street BSs are only serving UEs in their own street. The main lobe of
these BSs is therefore more or less aligned with the street itself unless
the served UE is very close. This main lobe thus points at one of
the two street sides. Assuming the beam width is large enough to
cover the street width, another UE in the same street will therefore
receive contributions on the main lobe from half of the BSs in the
same street and on the side lobe from the other half of the BSs in
the same street. As a consequence, the probabilities can be modified
as pT,1 = pT,2 = 1

2 . The probabilities in non typical streets remain
unchanged.

3.3.2 Blockage model

Street Tiers
Obstacles (vehicles, urban furniture, etc) are here considered in the typical
street(s). These blockages cause the coexistence of non line-of-sight (NLOS)
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Fig. 3.3 Notations for the roof tiers blockage model.

and line-of-sight (LOS) links in these streets. As in [69], the probability for a
BS to be in LOS is given by pL(r) = e−βSr (βS ∈ R+) where r is the distance
between this BS and the user. In a complementary way, the probability of
NLOS is given by pN(r) = 1 − pL(r).

Roof Tiers

Regarding the roof links LOS condition, the geometrical approach pro-
posed in [71] is combined with the blockage model for street tiers. Let
us assume the street width is ws for all streets in the network. In addition,
the typical UE is said to be at a distance wu from the street side as repre-
sented on Fig. 3.3. As the UE position is not known at every time instant,
wu is here uniformly distributed in the range [0, ws]. As it can be seen, a BS
of roof tier k is here placed at 2D polar coordinates (r, π − θ′).

In this configuration and in absence of any obstacles in the streets, the
LOS is thus geometrically ensured with probability [71]:

pL,B,geom(r, θ′) =

{
1 − ∆Hb

ws

sin(θ′)
∆Hb+Hb,k

r for r ≤ ws
∆Hb

∆Hb+Hb,k
sin(θ′)

0 otherwise
. (3.2)

| 47



3 | A general multi-tier urban network model

-100 -50 0 50 100

x-coordinate [m]

-100

-80

-60

-40

-20

0

20

40

60

80

100

y
-c

o
o

rd
in

a
te

 [
m

]

Typical street

Typical UE

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 3.4 Illustration of the roof tiers LOS probability for ws = 35m, Hb,k =
5m, ∆Hb = 18.5m and βB = 0.005 .

depending on the UE location with respect to the street side. Taking into
account street obstacles and generalizing to the usual polar coordinates
system (r, θ), the LOS probability is finally given by

pL,B(r, θ) =

{(
1 − r

rc

)
exp (−βBr) for r ≤ rc

0 otherwise
. (3.3)

where rc =
ws

∆Hb

∆Hb+Hb,k
| sin(θ)| is the critical distance value.

An example of this probability is shown on Fig. 3.4. It is shown that
BS locations with non-zero LOS probabilities are found along the typical
street. In addition, the probability logically decreases with the distance
along this typical street.

The NLOS probability is then given by :

pN,B(r, θ) =

{(
1 − r

rc

)
(1 − exp (−βBr)) for r ≤ rc

0 otherwise
. (3.4)

The probability that a roof BS reaches the UE by corner diffraction is
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finally given by :

pd,B(r, θ) =

{
r
rc

for r ≤ rc

1 otherwise
. (3.5)

Remark 3.2. Note that βB should be smaller than βS as the elevation angles
are expected to be bigger. Small street obstacles thus have a lower prob-
ability to obstruct the links. Ideally, the β-coefficient for both street tiers
and roof tiers should be distance-dependent due to grazing link paths on
long-range communications.

Remark 3.3. The geometrical LOS probability for two close BSs should nor-
mally be correlated as the UE position at a given time instant is fixed. Ge-
ometrically, two very close BSs should both be either in LOS or in NLOS at
that time instant. However, due to the random draw of the LOS condition
for both BSs in the SG framework, this condition is not always ensured.
Unfortunately, this constraint has to be relaxed in our model for mathe-
matical tractability.

3.3.3 Tiers classification

In this study, BSs are classified as a function of (1) their tier (index k ∈
{1, ..., K}), (2) their beamforming gain (index m ∈ {1, 2}) and (3) their prop-
agation condition (index n ∈ {L, N}) respectively introduced in Sections
3.2, 3.3.1 and 3.3.2. A tier is thus characterized by its indexes {k, n, m}. Due
to this three-fold classification, the following PPs are defined :

• ΦT,(k,n,m), the 1D PPP of BSs located in the typical street and belong-
ing to tier {k, n, m}. Its density can be expressed as λT,(k,n,m)(r) =

pT,m pn(r)λk (cfr. thinning property of PPPs).

• ΦT,(k,n), the 1D PPP of BSs located in the typical street and belonging
to tier {k, n}. Its density is then λT,(k,n)(r) = pn(r)λk. This tier is
defined for cases where the beamforming gain is not fixed yet (e.g.
when performing the serving BS selection).

• Φld,(k,m), the 1D HPPP of BSs located in street l ∈ Ψl , belonging to
tier {k, m} and contributing by corner diffraction. Its density is given
by λld,(k,m) = pT,mλk.
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• Φlp,(k,m), the 1D HPPP of BSs located in street l ∈ Ψl , belonging to
tier {k, m} and contributing by building penetration. Its density is
given by λlp,(k,m) = pNT,mλk.

• ΞNT,(k), the NHPCLP of BSs located in non typical streets, belonging
to tier {k}. ΞNT,(k) for different values of k are linked by the street
realization Ψl .

• ΦB,(k,n,m), the 2D PPP of BSs located on the roofs and belonging to
tier {k, n, m}. Its density is λB,(k,n,m)(r, θ) = pNT,m pn,B(r, θ)λb,k.

• ΦBd,(k,m), the 2D PPP of BSs located on the roofs, belonging to tier
{k, m} and contributing by corner diffraction. Its density is λBd,(k,m)(r, θ) =

pNT,m pd,B(r, θ)λb,k.

• ΦBd,(k), the 2D PPP of BSs located on the roofs, belonging to tier {k}
and contributing by corner diffraction. Its density is λBd,(k)(r, θ) =

pd,B(r, θ)λb,k.

• ΦB,(k,n), the 2D PPP of BSs located on the roofs and belonging to tier
{k, n}. Its density is λB,(k,n)(r, θ) = pn,B(r, θ)λb,k.

• The set of all BSs is denoted by ΦBS.

To better understand this tier classification, an illustration for a single street
tier network is shown on Fig. 3.5.

3.3.4 Fading model

Rayleigh fading
If there is no dominant path, the channel gain amplitude |hn| can be mod-
elled by a Rayleigh distributed RV with a scale parameter σ =

√
2

2 for nor-
malization. As a consequence, the channel power gain g = |hn|2 PDF is
given by:

fG(g) = exp(−g)u(g) (3.6)

where u(g) is the Heaviside function.

This fading distribution will thus be preferred in the absence of a dom-
inant path like a LOS path or a strong reflection. In particular, the fading
distribution for BSs interacting with the typical UE by corner diffraction
will be considered to be Rayleigh.
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Fig. 3.5 Illustration of the tiers classification for a single street tier net-
work. The top left figure represents all BSs in the network. All different
types of subtiers are then isolated on their respective figures.
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Rician fading
If there is a dominant path, the channel gain amplitude |hn| can follow a

Rice distribution with non-centrality parameter ν =
√

K
K+1 and scale pa-

rameter σ =
√

1
2(K+1) where K is the Rician K-factor. This factor represents

the ratio between the power of the dominant path and the other scattered
paths. The channel power gain g = |hn|2 PDF is subsequently given by :

fG(g) = (K + 1) exp(−K − (K + 1)g)I0

(
2
√

K(K + 1)g
)

u(g) (3.7)

where I0(·) is the zeroth order modified Bessel function of the first kind.

The CF of the Rician fading model is given by Lemma 4.6 in [72]:

ϕRi
(
t; K
)
=

K + 1
K + 1 − jt

exp
(

Kjt
K + 1 − jt

)
. (3.8)

Similarly, the Rice fading distribution will be used for BSs that might
have a dominant path. Interestingly, the Rician K-factor can be set sepa-
rately for the different concerned tiers. For example, a higher K-factor is
expected for LOS BSs in the typical street.

Remark 3.4. Rician fading with K-factor K=0 is strictly equivalent to Rayleigh
fading. The CF of the Rayleigh fading model is then easily obtained as
ϕRa(t) = ϕRi

(
t; 0
)
.

Nakagami-m fading
Nakagami-m fading distribution is more general as it enables us to model
both cases with a single distribution. If the channel gain amplitude |hn|
follows a Nakagami-m distribution with shape parameter m and spread
parameter Ω = 1, the channel power gain g = |hn|2 PDF is given by:

fG(g) =
mm

Γ(m)
gm−1 exp(−mg)u(g) (3.9)

where Γ(·) is the gamma function.

Remark 3.5. Rician fading with K-factor K can be approximated by Nakagami-

m fading with shape parameter m = (K+1)2

2K+1 and spread parameter Ω = 1.
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Fig. 3.6 Probability density function of the considered fading distribu-
tions and illustration of the matching between these distributions.

The CF of the Nakagami-m fading model is given by Lemma 4.5 in [72]:

ϕNa
(
t; m
)
=

(
m

m + jt

)m

. (3.10)

The Nakagami-m fading distribution can alternatively be used for all
BSs. In a SG framework, this fading distribution was often preferred to the
Rice distribution as in [73] due to the presence of the Bessel functions in the
Rice channel power gain PDF. As only the CF of the fading distributions
is used in the proposed work, both distributions can be used equivalently
without increasing the mathematical complexity. However, Rice fading
distribution offers more physical insight. In fact, K quantifies how strong
the dominant path is with respect to the other paths while m is just a pa-
rameter with no physical meaning.

A comparison of all presented fading distributions is depicted in Fig.
3.6. The approximation of the Rice fading distribution by the Nakagami-
m fading distribution is shown to be better for higher values of the Rician
K-factor.
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3.3.5 Computation of the received powers

The received power signals are classified into three main link types for
which the path loss (PL) model is different. These types are structured as
follows:

• A first link type (L1) subdivided into three subcategories: LOS sig-
nals in the typical street (L1.1), NLOS signals in the typical street
(L1.2), LOS roof BSs (L1.3) and NLOS roof BSs (L1.4).

• A second link type (L2) subdivided into two subcategories: diffracted
signal coming from BSs in the non typical street (L2.1) and from roof
BSs (L2.2).

• A third link type (L3) for signals received from BS in non typical
streets through building penetration.

A path loss (PL) model is therefore defined for each of these link types.
Every link type is illustrated on Fig. 3.1.

Contributions coming from the typical street and from (N)LOS roof BSs (L1)
The power received at the UE from a BS of tier ΦT,(k,n,m) or ΦB,(k,n,m) is
respectively given by:

PkGm |hn|2 L−1
k,n(r) (3.11)

Pb,kGm |hn|2 L−1
k,n(r) (3.12)

where

• |hn|2 accounts for the small scale Rayleigh or Rician fading;

• Lk,n(r) = κn
(
r2 + ∆H2)αk,n/2 is the PL model where;

– κn is the intercept of the PL model;

– r, the distance between the BS and the UE;

– αk,n, the path loss exponent associated to the tier and the LOS/NLOS
conditions.

– ∆H, the height difference between the BS and the UE. This height
difference respectively corresponds to ∆Hk and ∆Hb + Hb,k for
typical street BSs and LOS roof BSs.
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Contributions coming from other streets and from roof BSs by diffraction (L2)
The diffracted contributions are here modeled using Berg recursive method
[68]. The power received from a BS of tier Φld,(k,m) (∀ l ∈ ΨL) or ΦBd,(k,m)

is in that case given by:

PkGm |hd|2 L−1
d,k (d1, d2, θ) (3.13)

Pb,kGm |hd|2 L−1
d,k

(√
r2 + H2

b,k, ∆Hb,
π

2

)
(3.14)

where

• |hd|2 accounts for the small scale Rayleigh fading;

• r, the 2D distance between the NLOS roof BS and the UE.

• Ld,k(d1, d2, θ) = κd

(
d1 + d2 +

√
qλ f

c

(
θd

π/2

)ν

d1d2

)αk,d

is the PL model

where;

– κd is the intercept of the PL model;

– d1, the distance between the UE and the diffraction corner;

– d2, the distance between the BS and the diffraction corner;

– θd, the Berg angle between the initial ray direction s⃗i and the
diffracted direction s⃗d;

– f and c, respectively the operating frequency and the speed of
light;

– qλ and ν, constant empirical parameters defined in [74];

– αk,d, the path loss exponent associated to BSs of tier k interfering
via diffraction.

The distances d1 and d2 as well as the Berg angle θd are illustrated on
Fig. 3.7 on a simple case. It is shown that d2 = ∆Hb and θd = π

2 for every
roof BS interacting with the UE by corner diffraction. This explains the PL
model for roof BSs.

Contributions coming from non typical streets through building penetration (L3)
This PL model for this type of link is strongly inspired by the WINNER 2
channel models presented in [75]. In particular, the indoor-to-outdoor sce-
nario (scenario A2 p.44) PL model was slightly adapted for mathematical
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Fig. 3.7 Berg recursive method notations for a non typical street BS and
a NLOS roof BS on a simple case.

tractability. The power received from a BS of tier Φlp,(k,m) (∀ l ∈ ΨL) is then
given by:

PkGm |ht̃|
2 L−1

t̃,k (r) (3.15)

where

• |ht̃|
2 accounts for the small scale Rayleigh fading;

• Lt̃,k(r) = κt̃K
−
√

r2+∆H2
k

in
(
r2 + ∆H2

k
)αt̃,k/2 is the path loss (PL) model

where;

– κt̃ is the intercept of the PL model;

– r, the 2D distance between the typical receiver and the BS;

– αt̃,k, the path loss exponent associated to BSs of tier k in non
typical streets;

– Kin ≤ 1 is the attenuation caused by building walls and furni-
ture.

Remark 3.6. Note that link type L1 corresponds to the case where Kin = 1.
This happens when no building is penetrated like in sparser urban envi-
ronments or rural environments. In these scenarios, link type L1 can be
alternatively used for BSs in non typical streets.

3.3.6 Association rules

The association rule defines which BS in the network should serve the typ-
ical UE. In order to achieve the best performance, the serving BS should
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provide the best observed SINR among all selectable BSs. Unfortunately,
considering this association rule generally leads to non tractable results
hence the need to use simpler rules. Existing association rules in the SG
framework are summarized in [34]. Some of them will be presented in the
following sections.

In this work, the typical UE can associate itself to any of the follow-
ing tiers: ΦT,(k,n), ΦB,(k,n), ΦBd,(k) and ΞNT,(k). For BSs in ΞNT,(k), only the
signal received through building penetration (L3) or by direct path (L1) in
sparser environments is considered. Including the diffracted contribution
in the selection for these BSs is mathematically unfeasible. Considering
BSs in ΞNT,(k) as candidates is only possible if street BSs can serve UEs that
are not in their streets.

In a multi-tier scenario, the serving tier will be denoted by the indexes
{k∗, n∗} or {k∗} for tiers ΦBd,(k) and ΞNT,(k). Note that the beamforming
gain is here not taken into account in the BS selection as the selected BS
will automatically serve the UE on the main lobe as depicted in Fig. 3.1.

Nearest neighbour cell association rule
In a single-tier scenario, the nearest neighbour cell association rule is often
considered for its simplicity. This rule is based on the hypothesis that the
closest BS more likely provides the best SINR. This rule is only suitable for
cases where either a single roof tier or a single street tier is considered. In
fact, the BS transmit power and antenna height will play an important role
in the selection for multi-tier scenarios.

Example 3.7. If a single street tier is considered, then the serving BS is given
by

X∗ = argXi∈ΦT,(1,j)
min

∀j∈{L,N}
||Xi||. (3.16)

Remark 3.8. A NLOS BS can thus be preferred to a LOS BS if it’s closer
even if the attenuation is stronger for NLOS BSs. If the BS density is very
high or if the LOS and NLOS PL coefficients are significantly different, the
strongest average received power association rule is then more appropri-
ate.

Strongest average received power association rule
This rule connects the user to the BS providing the highest long term power,
combining path loss and transmit power. The instantaneous small scale
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fading is hence not taken into account in the serving BS selection. Let us
assume there are Ns potential serving tiers denoted Φj, ∀j ∈ 1, ..., Ns. For
example, Φ1 = ΦT,(1,L) could be the first tier in this numbering system.
The serving BS is given by:

X∗ = argXi∈Φj
max

∀j∈1,...,Ns
PjLj(||Xi||) (3.17)

where Pj is the emit power of tier Φj and Lj(||Xi||) is the PL model corre-
sponding to that particular tier (either L1, L2 or L3).

Biased strongest average received power association rule
The previous rule can be modified to encourage a better distribution of UEs
on the different tiers as some cells might be overloaded. The UE could then
select its serving BS as the one delivering the maximum average power
weighted by a bias. According to the same numbering system as in the
previous section, the serving BS is given by:

X∗ = argXi∈Φj
max

∀j∈1,...,Ns
PjBjLj(||Xi||) (3.18)

where Bj is the bias value for tier Φj.

3.3.7 Generalization to non-uniform users

Many SG studies assume that there is no correlation between the position
of the UE and the location of BSs. However, in real-world scenarios, this
assumption does not always hold true, as operators tend to deploy BSs
where there is a high concentration of UEs, such as city malls, train sta-
tions, or airports. While some UEs may be uniformly distributed, others
will be clustered around network infrastructure. Therefore, this particu-
larity needs to be taken into account. Since this modification alters the
mathematical framework significantly, the resulting analytical results will
need to be separated from the general framework.

A so-called non-uniform typical UE is here defined. By definition, this
type of UE will be located in the close vicinity of a hotspot BS that belongs
to any of the KS street tiers. As depicted in Fig. 3.8, the distance from the
typical UE to its hotspot BS is said to follow a half-normal distribution with

associated PDF fH(rh) =
2

σh
√

2π
exp

(
− r2

h
2σ2

h

)
.
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Fig. 3.8 Illustration of a street hostpot BS in urban environments.

As the hotspot BS can be either in LOS or in NLOS conditions, it can be
in 2NS different conditions. While the tier of this hotspot BS is randomly
selected, the LOS/NLOS selection is performed in a distance-dependent
way as it was done for other tiers. The condition in which the hotspot BS
is will be denoted by γ = (kγ, nγ) where kγ ∈ {1, ..., KS} and nγ ∈ {N, L}.
Also, it will be assumed that the hotspot BS forms its own tier Φ0 that we
will refer to as tier 0. Although the hotspot UE is likely to connect to this
particular BS, it always has the option to connect to a BS of a different tier.

3.3.8 Generalization to crossroad users

As previously mentioned, the location of the typical UE will strongly im-
pact the received power levels: users located at crossroads are in average
more exposed to LOS signal compared to users that are not located at street
intersections. To take this feature into account, the analysis proposed in
this study can also be performed in two steps:

1. Street, crossroad and T-junction UEs are first separately investigated.
The performance metrics are independently derived for each of these
three user types. In the case of the crossroad UE, two or more streets
can be added to the considered line process to model the intersection.
Similarly, an semi-infinite street and a perpendicular typical street is
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considered for the T-junction UE. By contrast, a single typical street
is generated for the street UE. These additional lines in which the
typical user is located will be referred to as typical streets in the rest of
this document. The different types of UEs are illustrated on Fig. 3.9.

2. General metrics can be deduced for an arbitrary UE possibly located
at a crossroad with probability ηc, at a T-junction with probability
ηt and in a street with probability 1 − ηc − ηt. By the law of total
probability, the expressions for these final metrics are derived using
a weighted average depending on these parameters ηc and ηt.

Fig. 3.9 Visualization of the different types of UEs.

3.3.9 Generalization to sparser environments

The study of a typical UE located in a sparser environment (suburban or
rural) requires several modeling modifications. In fact, BSs located in non
typical streets and roof BSs not located along the typical street can be in
LOS conditions with non negligible probability as shown on Fig. 3.10. As
the studied environment is now a lot more open, roof BSs and non typi-
cal street BSs will be assumed to be either in LOS or in NLOS conditions
as for typical street BSs. Diffracted contributions and contributions re-
ceived through building penetration will be disregarded for mathematical
tractability. In addition, roof tiers will be extended to include tiers located
on pylones as it is usually the case in rural environments. As a conse-
quence, the blockage model and the computation of the received powers
needs to be adapted. These modifications are detailed in the next sections.
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Fig. 3.10 Illustration of the difference between urban environments and
sparser environments using the same street pattern. Left (urban): both BSs
interact with the UE only by diffraction. Right (sparse): the same BSs now
are in LOS conditions with the UE.

Modification of the blockage model

In this section, the blockage model for urban macrocells (UMa), suburban
macrocells (SuMa) and rural macrocells (RMa) will be distinguished. As
mentioned in [76], the LOS probability for roof tiers can be exactly com-
puted as:

pL,B(r) =
m

∏
n=0

[
1 − exp

(
−
(

Hb + Hb,k −
(n+ 1

2 )(∆Hb+Hb,k)
m+1

)2

2γ2

)]
(3.19)

where m = floor((r/1000)
√

αβ − 1), α is the built-up ratio, β is the
buildings’ density per km² and γ is the scale parameter assuming the build-
ing’s heights are distributed following a Rayleigh distribution f (H) =

(H/γ2) exp(−H2/2γ2).
Assuming the UE’s height is negligible with respect to the macro BSs’

height, the LOS and NLOS probabilities can be approximated using a mod-
ified sigmoid function as:

pL,B(r) =
1

1 + a exp
(
− b
(

atan
(

Hb+Hb,k
r

)
− a
)) (3.20)

and pN,B(r) = 1 − pL,B(r) where a and b are the sigmoid parameters.
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These parameters can be directly linked to the environments variables
α, β and γ. Typical values for different environments are summarized in
Tab. 3.1. The distance for which the LOS probability is equal to 0.1 is then
highlighted. In comparison, these distances are repectively given by 233m,
658m and 2303m fo UMa, SuMa and RMa if the Winner 2 LOS probability
is used [75]. Note that the Winner 2 LOS probabilities were only designed
for a macro BS located at a 30m height while the considered model enables
us to modify this BS height.

Case α β γ a b hBS d0.1
30m 153mNormal 0.3 500 15 10.37 0.182 70m 357m
30m 110mDense 0.5 300 20 12.93 0.155 70m 258m
30m 43m

UMa

Highrise 0.5 300 50 26.18 0.124 70m 104m
30m 461mSuMa 0.1 750 8 4.64 0.327 70m 1533m
30m 2213mRMa 0.05 200 8 1.76 1.66 70m 5162m

Table 3.1 Typical values for the LOS probability parameters in sparse
environments.

As for typical street BSs, the probability for a BS in non typical streets to
be in LOS conditions is given by pL,NT(r) = e−β t̃r (β t̃ ∈ R+) where r is the
distance between this BS and the user. The NLOS probability is then given
by pN,NT(r) = 1 − pL,NT(r). To compute the β t̃ factors for the different
environments, we generate a virtual city with the corresponding (α, β, γ)

parameters and evaluate the LOS condition for multiple links. Typical val-
ues are respectively given by 0.019, 0.012 and 0.004 for urban, suburban
and rural environments.

Tiers modification and associated power computation
As already mentioned, roof BSs and non typical BS will now exclusively
interact with the typical UE in LOS or NLOS conditions. Tiers Φld,(k,m) (l ∈
Ψl), Φlp,(k,m) (l ∈ Ψl), ΦBd,(k,m) and ΦBd,(k) therefore disappear. Instead, the
following tiers are considered:

• Φl,(k,n,m), the 1D HPPP of BSs located in street l ∈ Ψl , belonging to
tier {k, n, m}. Its density is given by λl,(k,n,m)(r) = pNT,m pn,NT(r)λk.
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• ΞNT,(k,n), the NHPCLP of BSs located in non typical streets where
each BS has a probability pn,NT(r) to be in (N)LOS conditions.

• ΦB,(k,n,m), the 2D PPP of BSs located on the roofs and belonging to
tier {k, n, m}. Its density is λB,(k,n,m)(r) = pNT,m pn,B(r)λb,k.

• ΦB,(k,n), the 2D PPP of BSs located on the roofs and belonging to tier
{k, n}. Its density is λB,(k,n)(r) = pn,B(r)λb,k.

The power contributions received from tier Φl,(k,n,m) (l ∈ Ψl) are com-
puted as the contributions received from typical street tiers.

3.4 Calibrating the model parameters

The section summarizes the global approach to calibrate the different pa-
rameters involved in this study. In particular, the propagation model pa-
rameters are adapted to the considered environment. Unless otherwise
stated, similar values will be considered throughout the numerical analy-
sis to provide the most realistic results.

3.4.1 Link budget parameters for the different types of cells

Tab. 3.2 gives typical values for the link budget parameters for macrocells,
microcells and femtocells [77]. The beam half-width γ associated with the
BS antenna gain is computed assuming a 13dB front-to-back ratio (i.e. main
lobe/side lobe).

3.4.2 Line-of-sight probabilities

Tab. 3.3 gives typical values for the LOS β-factors introduced in Section
3.3.2. We will assume a typical macrocell BS height of 30m and a 2D dis-
tance d between the BS and the UE. These values are computed to minimize
the RMSE observed with the considered model. The distance d0.1 for which
the LOS probability is equal to 0.1 is then highlighted.

These analytical models disregard the fact that a micro/macro BS is lo-
cated in/along the UE’s street. They were derived for a completely general
BS for which only the 2D distance to the UE is known. In [78], they com-
pared the Winner 2 formula to the LOS condition of BSs in a single street
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Macrocell Microcell Femtocell Unit
Power Pk 31.5 to 43 33 21 to 23 dBm

BS antenna gain 16 to 18 4 to 6 2 dBi
EIRP 48.9 to 61 37 to 39 23 to 25 dBm

Corr. beam half-width γ 2.7 to 4.3 43.1 to 68.2 ∼ 90 deg
UE antenna gain 0 to 8 0 to 2 0 to 2 dBi

BS height Hk 30 6 3 m
UE height Hu 1.5 1.5 1.5 m

Receiver noise floor W
(UE noise figure

and thermal noise)
-96 to -99 -96 to -97 -97 to -99 dBm

Table 3.2 Typical values for the link budget parameters for the different
types of cells.

Model pLOS = β d0.1

Winner
min(18/d, 1)(1 − exp(−d/63))

+ exp(−d/63) 0.009 237m

UMa [76] 1

10.37 exp
(
−0.182

(
atan
(

h
d

)
−10.37

)) 0.011 209m

UMi Winner
min(18/d, 1)(1 − exp(−d/36))

+ exp(−d/36) 0.013 182m

Table 3.3 LOS probability parameters for urban environments

at 30GHz using ray tracing. Winner 2 channel models are shown to under-
stimate the real LOS probability inside the same street. Therefore, slightly
lower values for the β-factors are considered as we know the considered
BSs fall in the latter condition.

3.4.3 Path loss model parameters

The PL parameters selection is mainly based on the Winner 2 channel mod-
els [75] that were developed for the frequency range 2-6GHz. A general PL
model is proposed as

PL = A log10(d3D[m]) + B + C log10( f [GHz])

= A log10(
√

d2D[m]2 + ∆H2[m]) + B + C log10( f [GHz]) (3.21)

where d2D and d3D are the 2D and 3D distances in meters between the
transmitter and the receiver, ∆H = hBS − hUE is the height difference in
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meters between the transmitter and the receiver, f is the frequency in GHz
and A, B, C are fitting parameters representing the PL exponent, the PL
intercept and the PL frequency dependence. These are fixed based on mea-
sure campaigns conducted at the studied frequency range.

Note that Winner channel models consider a dual-slope model for LOS
contributions. However, for mathematical tractability, our model has to be
based on a single-slope model. In our calibration process, the PL model
for small distances is taken into account. Unless the serving BS is located
at distance bigger than the breakpoint distance, this leads to a slight dete-
rioration of the SINR and a slight overestimation of the exposure level. In
addition, in Winner channel models, a BS for which the LOS is temporarily
blocked by traffic is considered as a LOS BS. Unlike in our model, a NLOS
BS is a BS where the LOS is blocked by a building. Blockage due to urban
furniture is considered in the shadowing term of Winner channel models.

Path Loss in urban environments
Tab. 3.4 summarizes PL parameters used in urban environments. Our
model parameters are fixed to minimize the RMSE between our model
and the Winner model on small distances. A graphical comparison of both
models is proposed on Fig. 3.11.

Path loss in suburban environments
Tab. 3.5 summarizes PL parameters in suburban environments. As the
measurements campaigns were only conducted for urban microcells, the
PL parameters for surburban microcells are fixed based on the tendencies
observed for urban macrocells. The PL parameters for rural microcells are
similarly fixed.

Path loss in rural environments
Tab. 3.6 summarizes PL parameters in rural environments.

Path Loss in Indoor environments
Tab. 3.7 summarizes PL parameters for outdoor to indoor (O2I) and indoor
to outdoor (IO2) scenarios. As the number of lines intersecting a segment
of length d in a homogeneous Cox process is given by 2dλS, the signal
will penetrate on average 2dλS + 1 pairs of external walls on a distance
d. Assuming an average 20dB loss per penetrated wall, the loss due to
external walls will be assumed to be equal to 40 + 80λe f f d dB where λe f f
is the effective street density.
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Fig. 3.11 Comparison of path losses: Winner model vs. our single-slope
model fitted for d < d′BP.

Scenario Model Path loss [dB] Applicability
range

A=26, B=25, C=20 10m<d2D<d
′
BP

1)

UMa LOS Winner A=40, C=6,
B=9.28-14 log10(h

′
UEh′BS)

d′BP <d2D<5km

In our model, this corresponds to (κL, αL)=(102.5 f 2, 2.6)

UMa NLOS Winner A=44.9-6.55log10(hBS), C=23,
B=18.38+5.83 log10(hBS)

50m<d2D<5km

In our model, this corresponds to (κD , αD)=( f 2.3, 3.1) for hBS=30m
and to (κD , αD)=( f 2.3, 2.98) for hBS=70m

A=22.7, B=27, C=20 10m<d2D<d′BP
UMi LOS Winner A=40, C=2.7,

B=7.56-17.3log10(h
′
UEh′BS)

d′BP<d2D<5km

In our model, this corresponds to (κL, αL)=(102.7 f 2, 2.27)

UMi NLOS Winner

PL = min(PL(d1, d2), PL(d2, d1))
where PL(dk , dl) =

PLUMi,LOS(dk) + 20 − 12.5nj
+10nj log10(dl) + 3 log10( f /5)

and nj = max(2.8 − 0.0024dk , 1.84)

10m<d1<5km3)

wS/2<d2<5km

In our model, this corresponds to (κD , αD)=(103.07 f 0.57,2.37) for hUE=1.5m
1) d′BP = 4h′BSh′UE f [Hz]/c where h′BS = hBS − 1m and h′UE = hUE − 1m.
2) d′BP,3D =

√
d′2

BP + ∆H2

3) d1 , d2 and wS are resp. the Berg distances (cfr. L2 link type) and the street width.

Table 3.4 Path loss parameters for urban environments
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Scenario Model Path loss [dB] Applicability
range

A=23.8, B=27.22, C=20 30m< d2D < dBP
1)

SuMa LOS Winner A=40, C=3.8,
B=8.99-16.2 log10(h

′
UEh′BS)

dBP < d2D <5km

In our model, this corresponds to (κL, αL)=(102.72 f 2,2.38)

SuMa NLOS Winner A=44.9-6.55log10(hBS), C=23,
B=15.38+5.83 log10(hBS)

50m< d2D <5km

In our model, this corresponds to (κN , αN)=(102.4 f 2.3,3.52) for hBS=30m
SuMi LOS Ours Corr. to (κL, αL)=(102.92 f 2,2.02) /

SuMi NLOS Ours Corr. to (κN , αN)=(101.94 f 2.13,3.53) /
1) dBP = 4hBShUE f [Hz]/c.

Table 3.5 Path loss parameters for suburban environments

Scenario Model Path loss [dB] Applicability
range

A=21.5, B=30.22, C=20 30m< d2D < dBP
RMa LOS Winner A=40, C=1.5,

B=9.45-18.5 log10(h
′
UEh′BS)

dBP < d2D <5km

In our model, this corresponds to (κL, αL)=(103.02 f 2,2.15)

RMa NLOS Winner
A=25.11 -0.13log10(hBS − 25)
B=40.51+0.26log10(hBS − 25)

-0.9(hUE-1.5), C=21.3
50m< d2D <5km

In our model, this corresponds to (κN , αN)=(104.07 f 2.13,2.49) for hBS=30m
and hUE=1.5m

RMi LOS Ours Corr. to (κL, αL)=(103.22 f 2,1.8) /
RMi NLOS Ours Corr. to (κN , αN)=(103.61 f 1.96,2.5) /

Table 3.6 Path loss parameters for rural environments

Scenario Model Path loss [dB] Applicability
range

I2O/O2I Winner
PLUMiLOS(dout + din) + 0.5din

+14 + 15(1 − cos(θ))2 3m< din + dout <1km

In our model, this corresponds to (κt̃, αt̃, Kin)=(106.7 f 2,2.27,10−8λe f f −0.05) for O2O
and (κt̃, αt̃, Kin)=(104.7 f 2,2.27,10−8λe f f −0.05) for I2O/O2I.

Table 3.7 Path loss parameters for indoor environments
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4
Derivation of network-level

performance metrics

SINCE Shannon’s work on the channel capacity [79], the received SINR
has been the reference measure to assess the channel quality. Unsur-
prisingly, most commonly studied network-level performance met-

rics are generally closely related to it. For instance, one can mention the
coverage probability (i.e. the probability to exceed a given SINR thershold)
as one of the most popular metrics in stochastic geometry. In this chapter,
some of these SINR-based metrics are introduced. Moreover, with raising
concerns on the exposure level due to densification, the available panel of
metrics is extended to include exposure-based metrics. The analytical ex-
pression of all defined metrics is derived. When necessary, the impact of
the doubly-stochastic model on the considered mathematical expression is
highlighted. In this way, the performance of the network model described
in the previous chapter can be fully characterized no matter how the street
pattern is generated.
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4.1 Notations and Abbreviations

In the following developments, several mathematical expressions will in-
volve multiple summations or products, performed over the different tiers
{k, n, m}. For this reason, the following abbreviations are defined:

∑
{j,k,n,m}

as abbreviation for ∑
j={S,B}

K

∑
k=1

∑
n={N,L}

2

∑
m=1

∏
{j,k,n,m}

as abbreviation for ∏
j={S,B}

K

∏
k=1

∏
n={N,L}

2

∏
m=1

where K = KS for street tiers and K = KB for roof tiers. Indexes S and B
are respectively used to characterize street tiers and roof tiers.

Remark 4.1. Removing one of the summation/product abbreviations in-
dexes removes the corresponding summation/product. For instance, ∑

{k,n}

will be the abbreviation for
K
∑

k=1
∑

n={N,L}
.

4.2 Useful distance distributions

In this section, different useful distance distributions will be derived. These
distributions are prequisited as they will be repeatedly used in the mathe-
matical expressions of the studied metrics.

4.2.1 Distance distributions in case of blockage

This section will provide the CCDFs and PDFs expressions of the closest
LOS and NLOS nodes for 1D and 2D HPPPs given the studied blockage
models. The general proof for these distributions relies on the thinning
property of PPPs. Let us assume (1) a 1D HPPP of density λ1 thinned with
a distance-dependent probability p1(r) and (2) a 2D HPPP of density λ2
thinned with a distance- and angular-dependent probability p2(r, θ).
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By definition of the void probability [80], the CDF of the closest node in
the considered HPPPs are then respectively given by:

FR,1(r) = 1 − exp
(
−
∫ r

0
2λ1(r′)dr′

)
(4.1)

FR,2(r) = 1 − exp
(
−
∫ r

0

∫ 2π

0
λ2(r′, θ)r′dθdr′

)
. (4.2)

where λ1(r) = λ1 p1(r) and λ2(r, θ) = λ2 p2(r, θ).
The corresponding PDF is then obtained by taking the derivative of

these expressions. For 2D HPPPs, it gives:

fR,2(r) =
∫ 2π

0
λ2(r, θ)rdθ × exp

(
−
∫ r

0

∫ 2π

0
λ2(r′, θ)r′dθdr′

)
. (4.3)

4.2.2 Distance distributions for typical street base stations

Let us define the distance RT,k,n to be the distance to the closest node of tier
ΦT,k,n in a given realization.

Lemma 4.2. The PDF and CCDF of the distances RT,k,N between the UE and the
closest BS of tiers ΦT,(k,N) are respectively given by:

PDF : fC,RT,k,N (r) = 2λk

(
1 − e−βsr

)
exp

(
−2λk

βs

[
e−βsr − 1

]
− 2λkr

)
(4.4)

CCDF : FC,RT,k,N (r) = exp
(
−2λk

βs

[
e−βsr − 1

]
− 2λkr

)
. (4.5)

The modified (M) PDF and CCDF of the distances RT,k,L between the UE and the
closest BS of tiers ΦT,(k,L) are respectively given by:

MPDF : fC,RT,k,L(r) = 2λk exp
(
−2λk

βs

[
1 − e−βsr

]
− βsr

)
(4.6)

MCCDF : FC,RT,k,L(r) = exp
(
−2λk

βs

[
1 − e−βsr

])
(4.7)

Proof. This follows from Eq. (4.1) knowing λT,(k,L)(r) and λT,(k,N)(r) de-
fined in Section 3.3.3. The MCDF does not mathematically converge to 1
and the integral of the MPDF on its domain is not equal to 1. Yet, their use
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enables us to compact some of the incoming mathematical expressions.

4.2.3 Distance distributions for roof base stations in urban environments

Lemma 4.3. The PDFs and CCDFs of the distances RB,k,n and RBd,k between the
UE and the closest BS of tiers ΦB,(k,n) and ΦBd,(k) are respectively given by:

PDF : fC,RB,k,n(r) =


2λb,k f1(r)pn(r)r exp

[
−
∫ r

0 2λb,k f1(r′)pn(r′)r′dr′
]

for r ≤ r′c
4λb,k f2(r)pn(r)r exp

[
−
∫ r′c

0 2λb,k f1(r′)pn(r′)r′dr′

−
∫ r

r′c
4λb,k f2(r′)pn(r′)r′dr′

]
, otherwise

(4.8)

fC,RBd,k (r) =


4λb,k

r2

r′c
exp

[
− 4

3 λb,k
r3

r′c

]
for r ≤ r′c

2λb,k f3(r)r exp
[
− 4

3 λb,kr′2c
−
∫ r

r′c
2λb,k f3(r′)r′dr′

]
, otherwise

(4.9)

CCDF : FC,RB,k,n(r) =


exp

[
−
∫ r

0 2λb,k f1(r′)pn(r′)r′dr′
)
] for r ≤ r′c

exp
[
−
∫ r′c

0 2λb,k f1(r′)pn(r′)r′dr′

−
∫ r

r′c
4λb,k f2(r′)pn(r′)r′dr′

]
, otherwise

(4.10)

FC,RBd,k (r) =

{
exp

[
− 4

3 λb,k
r3

r′c

]
for r ≤ r′c

exp
[
− 4

3 λb,kr′2c −
∫ r

r′c
2λb,k f3(r′)r′dr′

]
, otherwise

(4.11)

where

f1(r) = π − 2rr′−1
c

f2(r) =
√

r2r′−2
c − 1 − rr′−1

c + arccsc
(
rr′−1

c
)

f3(r) = π − 2
√

r2r′−2
c − 1 + 2rr′−1

c − 2 arcsin
(
r′cr−1)

and r′c = ws
∆Hb

(∆Hb + Hb,k), pL(r) = exp
(
− βBr

)
, pN(r) = 1 − pL(r) are

respectively the modified critical distance value and the roof BS LOS and NLOS
probabilities.

Proof. This comes from Eq. (4.2) using λB,(k,n)(r, θ) and λBd,(k)(r, θ) defined

72 |



Useful distance distributions | 4.2

in Section 3.3.3. The PDFs are then obtained by means of Eq. (4.3).

4.2.4 Distance distributions in non typical streets

Knowing the BS density is λk, the PDFs and CCDFs of the distances RNT,k
between the UE and the closest BS of tier ΞNT,(k) are given by Eq. (2.13) and
(2.14) if a NHPCLP is used and by Eq.(2.15) and (2.16) if a NHPSP/NHPLM
is used. The notations of these equations will be used in the following
developments. As non typical street tiers are always linked by the street
realization, deriving the joint distance distributions is required for the com-
putation of the association probabilities.

Lemma 4.4. For the NHPCLP, the joint CCDF of the distances RNT,k, ∀k ∈
{1-KS} is given by:

F J,NT
(
θ1, ..., θKS

)
≜ P

(
RNT,1 ≥ θ1, ..., RNT,KS ≥ θKS

)
= exp

(
− λs

∫ ∞

0

∫ 2π

0

[
1 − ∏

{k}
Z̃1(θk, ρ, λk)

]
p(ρ, θ)dθdρ

)
. (4.12)

Proof. The proof is available in Appendix A. Note that Z̃1(θk, ρ, λk) is a
mofidied version of Z1(θk, ρ, λk) where the result is replaced by 1 if it is
imaginary.

Lemma 4.5. For the NHPSP/NHPLM, the joint CCDF of the distances RNT,k, ∀k
∈ {1-KS} is given by:

F J,NT
(
θ1, ..., θKS

)
= exp

(
λs

∞∫
0

π∫
0

2π∫
0

r+h∫
0

[
1 − ∏

{k}
Z̃2(θk, ρ, ϕ, θ, λk)

]
p(ρ, ϕ) fΘ(θ) fH(h)dA

)
.

(4.13)

Proof. The proof is similar to the proof of the previous lemma. Note that
Z̃2(θk, ρ, ϕ, θ, λk) is equivalently defined.

Let us now introduce the notation {k, n}∗ as the collection of all combi-
nations {k, n} unless the serving one {k∗, n∗}. When no LOS condition is
considered (i.e. for tiers ΦBd,k and ΞNT,k), it becomes {k}∗.
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Lemma 4.6. For the NHPCLP, conditioned on the distance r to the closest node
of serving tier ΞNT,(k∗), the joint modified CCDF of the distances RNT,k, ∀k ∈
{1-k∗ − 1,k∗+1-KS} is given by:

Fm,J,NT
(
θ1, ..., θK, r

)
=
∫ ∞

0

[
∏
{k}∗

Z̃1(θk, y∗, λk)
]

fC,R(y∗|r)dy∗

exp
(
−
∫ ∞

0

∫ 2π

0

[
1 − ∏

{k}∗
Z̃1(θk, ρ, λk)

]
λs(ρ)p(ρ, θ)dθdρ

)
. (4.14)

where fC,R(y∗|r) is given by Eq. (2.12) and λs(ρ) = λsZ̃1(r, ρ, λk∗) if ρ < r and
λs elsewhere.

Proof. The proof is available in Appendix B.

Lemma 4.7. For the NHPSP/NHPLM, conditioned on the distance r to the clos-
est node of serving tier ΞNT,(k∗), the joint modified CCDF of the distances RNT,k, ∀k
∈ {1-k∗ − 1,k∗+1-KS} is given by:

Fm,J,NT
(
θ1, ..., θK, r

)
=
∫ ∞

0

[
∏
{k}∗

Z̃2(θk, y∗, ϕθ, λk)
]

f2,C,R(y∗|r)dy∗

exp
( ∞∫

0

π∫
0

2π∫
0

r+h∫
0

[
1 − ∏

{k}∗
Z̃2(θk, ρ, ϕ, θ, λk)

]
λs,2(ρ)p(ρ, ϕ) fΘ(θ) fH(h)dA

)
.

(4.15)

where f2,C,R(y∗|r) is based on Eq. (2.12) and is adapted to the NHPSP/NHPLM
using the corresponding distributions. As in the previous lemma, λs,2(ρ) =

λsZ̃2(r, ρ, ϕ, θ, λk∗)

Proof. The proof is similar to the proof of the previous lemma.

4.2.5 Distance distributions in surburban and rural environments

In sparser environments, the PDFs and CCDFs of the distances RB,k,n be-
tween the UE and the closest BS of tiers ΦB,(k,n) are adapted using Eq. (3.20)
, (4.2) and (4.3). Furthermore, Eqs. (2.13), (2.14), (2.15) and (2.16) can be
slightly adapted to compute the PDFs and CCDFs of the distances RNT,k,n
between the UE and the closest BS of tier ΞNT,(k,n). In that case, Z1(r, ρ, λb)
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and Z2(r, ρ, ϕ, θ, λb) are modified as:

Z1,n(r, ρ, λb) = exp
(
− 2λb

∫ √
r2−ρ2

0
pn,NT

(√
ρ2 + t2

)
dt
)

(4.16)

Z2,n(r, ρ, ϕ, θ, λb) = exp
(
− λb

∫ l(r,ϕ,ρ,θ)

0
pn,NT

(√
ρ2 + t2

)
dt
)

(4.17)

where pn,NT(r) are the LOS probabilities for non typical streets defined
in Section 3.3.9. Note that this modification is equivalently done for the
joint distributions.

4.3 Useful preference thresholds

This section will introduce the reader to several distance thresholds from
which a particular tier is preferred to another one. This will enhance the
conciseness of the mathematical expressions in this document. These thresh-
olds will be derived for the case where the biased strongest average re-
ceived power association rule is used.

Knowing the serving distance r, we will denote zT,(k∗ ,n∗)
T,(k,n) (r), the dis-

tance threshold from which the serving tier ΦT,(k∗ ,n∗) is preferred to the
tier ΦT,(k,n). According to the association rule, the value is computed to
satisfy the condition Pk∗BT,k∗ ,n∗ L−1

k∗ ,n∗(r) > PkBT,k,nL−1
k,n(Rk,n) where BT,k,n

is the bias factor for street tier {k, n}. Let us introduce the biased power as
PT,k,n = PkBT,k,n . This metric can be similarly computed for other tiers.
Using the PL model for L1 link type, the distance threshold is given by:

zT,(k∗ ,n∗)
T,(k,n) (r) =

√[PT,k,nLk∗ ,n∗(r)
κnPT,k∗ ,n∗

] 2
αk,n − ∆H2

k . (4.18)

Remark 4.8. Note that the above expression can become imaginary if the
argument of the square root is negative. In that case, it is automatically
reduced to 0 as the preference threshold only takes real values. This stands
for any of the following thresholds.

Using the PL model for L2 and L3 link types, the distance thresholds
for typical street tiers with respect to roof tiers interacting by diffraction
(Bd) and to non typical street tiers (NT) can be similarly computed. The
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following values are thus introduced:

• the distance threshold from which tier ΦT,(k∗ ,n∗) is preferred to roof tier
ΦBd,(k) given by

zT,(k∗ ,n∗)
Bd,(k) (r) =

√√√√[ 1
1 + q π

2
∆Hb

([PBd,kLk∗ ,n∗(r)
κdPT,k∗ ,n∗

] 1
αk,d − ∆Hb

)]2

− H2
b,k.

(4.19)

• the distance threshold from which tier ΦT,(k∗ ,n∗) is preferred to tier ΞNT,(k)
given by

zT,(k∗ ,n∗)
NT,(k) (r) =

√√√√(Q−1W
[
Q
(PT,k∗ ,n∗ L−1

k∗ ,n∗(r)

PNT,kκ−1
t̃

)− 1
αt̃,k
])2

− ∆H2
k (4.20)

where Q = − ln(Kin)
αt̃,k

and W(·) is the Lambert W function.

• the distance thresholds zBd,(k∗)
T,(k,n) (r), zB,(k∗ ,n∗)

T,(k,n) (r) and zNT,(k∗)
T,(k,n) (r) from which

tiers ΦBd,(k∗), ΦB,(k∗ ,n∗) and ΞNT,(k∗) are preferred to tier ΦT,(k,n) are re-
trieved from Eq. (4.18) using the following respective transformations

– Lk∗ ,n∗(r) 7→ Lk∗ ,d(r) and PT,k∗ ,n∗ 7→ PBd,k∗

– PT,k∗ ,n∗ 7→ PB,k∗ ,n∗ and an adaptation of the PL model Lk∗ ,n∗(r) to roof
BSs as mentioned in Section 3.3.5

– Lk∗ ,n∗(r) 7→ Lk∗ ,t̃(r) and PT,k∗ ,n∗ 7→ PNT,k∗ .

• the distance thresholds zBd,(k∗)
Bd,(k) (r), zB,(k∗ ,n∗)

Bd,(k) (r) and zNT,(k∗)
Bd,(k) (r) from which

tiers ΦBd,(k∗), ΦB,(k∗ ,n∗) and ΞNT,(k∗) are preferred to tier ΦBd,(k) are com-
puted by means of Eq. (4.19) using the same respective transformations.

• the distance thresholds zBd,(k∗)
NT,(k) (r), zB,(k∗ ,n∗)

NT,(k) (r) and zNT,(k∗)
NT,(k) (r) from which

tiers ΦBd,(k∗), ΦB,(k∗ ,n∗) and ΞNT,(k∗) are preferred to tier ΞNT,(k) are com-
puted by means of Eq. (4.20) using the same respective transformations.

• the distance thresholds zT,(k∗ ,n∗)
B,(k,n) (r), zBd,(k∗)

B,(k,n) (r), zB,(k∗ ,n∗)
B,(k,n) (r) and zNT,(k∗)

B,(k,n) (r)
from which tiers ΦT,(k∗ ,n∗), ΦBd,(k∗), ΦB,(k∗ ,n∗) and ΞNT,(k∗) are preferred to
tier ΞB,(k,n) are computed by means of Eq. (4.18) using the same respective
transformations for the three latter tiers and by applying the additional
transformations PT,k,n 7→ PB,k,n and ∆Hk 7→ ∆Hb + Hb,k.
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Remark 4.9. In sparser environment, tiers ΞNT,(k,n) are treated as tiers ΦT,(k,n).
Only the PL coefficients need to be adapted in case they take different val-
ues.

Remark 4.10. If the strongest average received power association rule is
used instead, all biased powers in the threshold expressions become the
simple tiers powers.

Remark 4.11. If the nearest neighbour cell association rule is used instead,
all thresholds can be fixed to r. Remember this rule is only used in a single-
tier scenario hence the fact that the antenna height is not taken into account.

4.4 Association probabilities

In this section, the probabilities that the typical UE associates itself to a
particular tier are derived. Remember from Section 3.3.6 that the UE can
associate itself to any of the following tiers: ΦT,(k,n), ΦB,(k,n), ΦBd,(k) and
ΞNT,(k) (ΞNT,(k,n) in sparser environments). The association probabilities
for each of these tiers are derived hereafter. In the following computations,
it is assumed that k ∈{1-NS}, k′ ∈{1-NB} and n ∈ {L, N}.

Lemma 4.12. The association probability for tier ΦT,(k∗ ,n∗):

AT,k∗ ,n∗ =
∫ ∞

0
∏

{k,n}∗
FC,RT,k,n

(
zT,(k∗ ,n∗)

T,(k,n) (r)
)

∏
{k′}

FC,RBd,k′

(
zT,(k∗ ,n∗)

Bd,(k′) (r)
)

∏
{k′ ,n}

FC,RB,k′ ,n

(
zT,(k∗ ,n∗)

B,(k′ ,n) (r)
)

FJ,NT

(
zT,(k∗ ,n∗)

NT,(1) (r), ..., zT,(k∗ ,n∗)
NT,(NS)

(r)
)

fC,RT,k∗ ,n∗ (r)dr

=
∫ ∞

0
ΩT,k∗ ,n∗(r) fC,RT,k∗ ,n∗ (r)dr

Proof. The proof is available in Appendix C.

The association probabilities for the other considered tiers are then sim-
ilarly computed.
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Lemma 4.13. The association probability for tier ΦB,(k∗ ,n∗):

AB,k∗ ,n∗ =
∫ ∞

0
∏
{k,n}

FC,RT,k,n

(
zB,(k∗ ,n∗)

T,(k,n) (r)
)

∏
{k′}

FC,RBd,k′

(
zB,(k∗ ,n∗)

Bd,(k′) (r)
)

∏
{k′ ,n}∗

FC,RB,k′ ,n

(
zB,(k∗ ,n∗)

B,(k′ ,n) (r)
)

FJ,NT

(
zB,(k∗ ,n∗)

NT,(1) (r), ..., zB,(k∗ ,n∗)
NT,(NS)

(r)
)

fC,RB,k∗ ,n∗ (r)dr

=
∫ ∞

0
ΩB,k∗ ,n∗(r) fC,RB,k∗ ,n∗ (r)dr

Lemma 4.14. The association probability for tier ΦBd,(k∗):

ABd,k∗ =
∫ ∞

0
∏
{k,n}

FC,RT,k,n

(
zBd,(k∗)

T,(k,n) (r)
)

∏
{k′}∗

FC,RBd,k′

(
zBd,(k∗)

Bd,(k′) (r)
)

∏
{k′ ,n}

FC,RB,k′ ,n

(
zBd,(k∗)

B,(k′ ,n)(r)
)

FJ,NT

(
zBd,(k∗)

NT,(1) (r), ..., zBd,(k∗)
NT,(NS)

(r)
)

fC,RBd,k∗ (r)dr

=
∫ ∞

0
ΩBd,k∗(r) fC,RBd,k∗ (r)dr

Lemma 4.15. The association probability for tier ΞNT,(k∗):

ANT,k∗ =
∫ ∞

0
∏
{k,n}

FC,RT,k,n

(
zNT,(k∗)

T,(k,n) (r)
)

∏
{k′}

FC,RBd,k′

(
zNT,(k∗)

Bd,(k′) (r)
)

∏
{k′ ,n}

FC,RB,k′ ,n

(
zNT,(k∗)

B,(k′ ,n) (r)
)

Fm,J,NT

(
zNT,(k∗)

NT,(1) (r), ..., zNT,(k∗)
NT,(NS)

(r), r
)

fC,RNT,k∗ (r)dr

=
∫ ∞

0
ΩNT,k∗(r) fC,RNT,k∗ (r)dr

4.5 Serving base station distance distributions

Compared to the distance distributions of the closest BS of each tier, the
PDF derived in this section now takes into account the fact that the con-
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sidered BS has been selected according to the association rule. This section
is thus particularly useful if the (biased) strongest average received power
association rule is used.

Lemma 4.16. If the serving BS belongs to tier ΦT,(k∗ ,n∗), then the serving dis-
tance PDF is given by:

fS,RT,k∗ ,n∗ (r) =
1

AT,k∗ ,n∗
ΩT,k∗ ,n∗(r) fC,RT,k∗ ,n∗ (r). (4.21)

Proof. The proof is available in Appendix D.

Similarly, we compute the other PDFs as:

Lemma 4.17. If the serving BS belongs to tier ΦB,(k∗ ,n∗), then the serving dis-
tance PDF is given by:

fS,RT,k∗ ,n∗ (r) =
1

AB,k∗ ,n∗
ΩB,k∗ ,n∗(r) fC,RB,k∗ ,n∗ (r). (4.22)

Lemma 4.18. If the serving BS belongs to tier ΦBd,(k∗), then the serving distance
PDF is given by:

fS,RBd,k∗ (r) =
1

ABd,k∗
ΩBd,k∗(r) fC,RBd,k∗ (r). (4.23)

Lemma 4.19. If the serving BS belongs to tier ΞNT,(k∗), then the serving distance
PDF is given by:

fS,RNT,k∗ (r) =
1

ANT,k∗
ΩNT,k∗(r) fC,RNT,k∗ (r). (4.24)

Remark 4.20. If one of the selectable tiers is not serving anymore, the fac-
tor associated to that tier in the association probabilities mathematical ex-
pressions and in the serving distance PDF mathematical expressions dis-
appears. As an example, if a UE can only be served by a typical street tier
then the association probability and the serving distance PDF become:

AT,k∗ ,n∗ =
∫ ∞

0
∏

{k,n}∗
FC,RT,k,n

(
zT,(k∗ ,n∗)

T,(k,n) (r)
)

fC,RT,k∗ ,n∗ (r)dr

fS,RT,k∗ ,n∗ (r) =
1

AT,k∗ ,n∗
∏

{k,n}∗
FC,RT,k,n

(
zT,(k∗ ,n∗)

T,(k,n) (r)
)

fC,RT,k∗ ,n∗ (r).
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4.6 Characteristic functions of the different contributions

In this section, we will provide the CFs for the contributions coming from
all different tiers. By definition, ϕF(t; ι) is introduced as the general fading
distribution CF where ι is the distribution parameter. Depending on the
desired fading distibution, it is given by one of the fading CFs available
in Section 3.3.4. This CF is thus respectively given by ϕRi(t; 0), ϕRi(t; K) or
ϕNa(t; m) if Rayleigh, Rician or Nakagami-m fading is assumed.

4.6.1 Useful signal power level

Lemma 4.21. The CF of the useful signal power level S knowing the serving tier
is tier ΦT,(k∗ ,n∗) is computed as:

ϕ
T,(k∗ ,n∗)
S (t|r) = ϕF

(
PkG1L−1

k∗ ,n∗(r)t; ι
)

. (4.25)

Proof. This comes from averaging the useful signal power over the fading
channel power by means of the fading distribution CF.

The CF of the useful signal power level can then be generalized to the
cases where tiers ΦB,(k∗ ,n∗), ΦBd,(k∗) or ΞNT,(k∗) are serving. One only needs
to use the appropriate PL model and emit power.

4.6.2 Contributions coming from the typical street

Lemma 4.22. The CF of the interference IT,k,n,m coming from tier ΦT,(k,n,m)

knowing the serving tier is tier ΦT,(k∗ ,n∗) is computed as

ϕ
T,(k∗ ,n∗)
T,(k,n,m)

(t|r) = exp

[
2

∞∫
zT,(k∗ ,n∗)

T,(k,n) (r)

[
ϕF

(
PkGmL−1

k,n(r
′)t; ι

)
− 1
]

λT,(k,n,m)(r
′)dr′

]
.

(4.26)

Proof. The proof is available in Appendix E.

Remark 4.23. The CF of the interference is here given assuming another
typical street tier is serving. If another type of tier is serving, only the
preference threshold needs to be adapted. All other preference tresholds
are available in Section 4.3. This remark applies to all CFs in this document.
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4.6.3 Contributions coming from roof BSs

Using a similar approach, the CF for contributions coming from roof BSs
can be easily derived.

Lemma 4.24. The CF of the interference IB,k,n,m coming from tier ΦB,(k,n,m)

knowing the serving tier is tier ΦT,(k∗ ,n∗) is computed as

ϕ
T,(k∗ ,n∗)
B,(k,n,m)

(t|r) =

exp

[ ∫ ∞

zB,(k∗ ,n∗)
T,(k,n) (r)

∫ 2π

0

[
ϕF

(
PkGmL−1

k,n(r
′)t; ι

)
− 1
]

λB,(k,n,m)(r
′, θ)r′dθdr′

]
.

(4.27)

Corollary 4.25. With no angular dependency on the density, it becomes:

ϕ
T,(k∗ ,n∗)
B,(k,n,m)

(t|r) =

exp

[
2π
∫ ∞

zB,(k∗ ,n∗)
T,(k,n) (r)

[
ϕF

(
Pb,kGmL−1

k,n(r
′)t; ι

)
− 1
]

λB,(k,n,m)(r
′)r′dr′

]
.

(4.28)

Note that the CF of the interference IBd,d,k,m coming from tier ΦBd,(k,m)

is similarly obtained by adapting the density function to λBd,(k,m)(r′, θ).

4.6.4 Contributions coming from non typical streets

Due to the linear dependency of the tiers located on non typical streets, all
tiers need to be jointly considered.

Lemma 4.26. If the street pattern is drawn by a NHPLCP, the CF of the interfer-
ence INT,d = ∑

{k,m}
INT,d,k,m coming from tiers Φld,k,m, ∀l by corner diffraction is

given by

ϕD(t) = exp

[
−λs

∫ ∞

0

∫ 2π

0
1 − ∏

{k,m}
exp

[
− pT,mλk

∫ ∞

−∞
1−

ϕF

(
PkGmhd,k(r, θ, r′)t; 0

)
dr′
]

p(r, θ)dθdr

]
(4.29)

| 81



4 | Derivation of network-level performance metrics

where hd,k(r, θ, r′) abbreviated as hd,k is given by

hd,k =



L−1
d,k

(
r

sin( π
2 −θ)

,− y
sin( π

2 −θ)
, π

2 − θ
)

θ ∈ Q1;r′ ≥ r
tan( π

2 −θ)

L−1
d,k

(
r

sin( π
2 −θ)

, y
sin( π

2 −θ)
, π

2 + θ
)

θ ∈ Q1;r′ < r
tan( π

2 −θ)

L−1
d,k

(
r

sin(θ− π
2 )

, y
sin(θ− π

2 )
, 3π

2 − θ
)

θ ∈ Q2;r′ ≥ −r
tan(θ− π

2 )

L−1
d,k

(
r

sin(θ− π
2 )

,− y
sin(θ− π

2 )
, θ − π

2

)
θ ∈ Q2;r′ < −r

tan(θ− π
2 )

L−1
d,k

(
r

sin( 3π
2 −θ)

, y
sin( 3π

2 −θ)
, 3π

2 − θ

)
θ ∈ Q3;r′ ≥ r

tan( 3π
2 −θ)

L−1
d,k

(
r

sin( 3π
2 −θ)

,− y
sin( 3π

2 −θ)
, θ − π

2

)
θ ∈ Q3;r′ < r

tan( 3π
2 −θ)

L−1
d,k

(
r

sin(θ− 3π
2 )

,− y
sin(θ− 3π

2 )
, 5π

2 − θ

)
θ ∈ Q4;r′ ≥ −r

tan(θ− 3π
2 )

L−1
d,k

(
r

sin(θ− 3π
2 )

, y
sin(θ− 3π

2 )
, θ − 3π

2

)
θ ∈ Q4;r′ < −r

tan(θ− 3π
2 )

and y = rsin(θ)− r′cos(θ) assuming Qi represents the i-th quadrant.

Proof. The proof is available in Appendix F.

Lemma 4.27. If the street pattern is drawn by a NHPSP/NHPLM, the CF of the
interference INT,d is given by

ϕD(t) = exp

[
−λs

∞∫
0

π∫
0

2π∫
0

∞∫
0

1 − ∏
{k,m}

exp
[
− pT,mλk

∫ h

−h
1−

ϕF

(
PkGmh2,d,k(r, θ, r′)t; 0

)
dr′
]

p(r, θ) fΘ(θ) fH(h)dA

]
(4.30)

where h2,d,k(r, θ, r′) = L−1
d,k

(
d1, d2, θ(B)

)
if ymax

sin(θ′) < h and 0 otherwise.
ymax = max(|y1|, |y2|), with y1, y2 = r sin(ϕ)± h sin(θ). θ′ = θ if θ ∈ Q1 and
π − θ if θ ∈ Q2. Berg distances are given by d1 = ay

sin(θ′) and d2 = |r cos(ϕ)−
r sin(ϕ) cot(θ)| = |xint|. The a coefficient and the Berg angle can be deduced
from Tab. 4.1. If the following condition ((ϕ ∈ Q1) ∧ (θ ∈ Q1) ∧ (xint > 0))∨
((ϕ ∈ Q2) ∧ (θ ∈ Q2) ∧ (xint < 0))∨ ((ϕ ∈ Q3) ∧ (θ ∈ Q1) ∧ (xint < 0))∨
((ϕ ∈ Q4) ∧ (θ ∈ Q2) ∧ (xint > 0)) is satisfied, then the alternate form θ(B)∗ of
the Berg angle must be used. Finally, we have y = rsin(ϕ) + r′sin(θ).

Proof. If ymax
sin(θ′) > h then the stick has no intersection with the typical street
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Case Condition a θ(B) θ(B)∗

ϕ ∈ Q1, Q2
t ≥ −r sin(ϕ)

sin(θ′) 1 π − θ′ θ′

t < −r sin(ϕ)
sin(θ′) -1 θ′ π − θ′

ϕ ∈ Q3, Q4
t ≥ r sin(ϕ)

sin(θ′) 1 θ′ π − θ′

t < r sin(ϕ)
sin(θ′) -1 π − θ′ θ′

Table 4.1 Summary of Berg model values to be used in the framerwork
of a NHPSP/NHPLM model.

and the UE receives no diffracted contributions coming from this stick. The
approach used for Lemma 4.26 is then adapted to the NHPSP.

Corollary 4.28. Using symetry, if the street pattern is drawn by a PLCP, the CF
of the interference INT,d is given by

ϕD(t) = exp

[
− 4λs

∫ ∞

0

∫ π
2

0
1 − ∏

{k,m}
exp

[
− pT,mλk

∫ ∞

−∞
1−

ϕF

(
Pb,kGmhd,k(r, θ, r′)t; 0

)
dr′
]

dθdr

]
(4.31)

where

hd,k(r, θ, r′) =

 L−1
d,k

(
r

sin( π
2 −θ)

,− y
sin( π

2 −θ)
, π

2 − θ
)

θ ∈ Q1;r′ ≥ r
tan( π

2 −θ)

L−1
d,k

(
r

sin( π
2 −θ)

, y
sin( π

2 −θ)
, π

2 + θ
)

θ ∈ Q1;r′ < r
tan( π

2 −θ)

Symetry can be similarly used to generalize Lemma 4.27 to the PSP and
the PLM. Due to place constraints, this generalization is left to the reader.

Corollary 4.29. If the street pattern is drawn by a MPLP, the CF of the interfer-
ence INT,d is given by

ϕD(t) = exp

[
− 2λs

∫ ∞

0
1 − ∏

{k,m}
exp

[
− 2pT,mλk

∫ ∞

0
1−

ϕF

(
Pb,kGmL−1

d,k

(
r′, r,

π

2

)
t; 0
)

dr′
]

dr

]
. (4.32)
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where λs = λv is here the density of vertical lines as no first-order diffraction is
received from horizontal lines.

Lemma 4.30. If a NHPCLP is used, the CF of the interference INT,p =

∑
{k,m}

INT,p,k,m coming from tier Φlp,k,m, ∀l through building penetration if the

serving tier is ΦT,(k∗ ,n∗) is given by

ϕ
T,(k∗ ,n∗)
NT (t|r) = exp

[
− λs

∫ ∞

0

∫ 2π

0
1 − ∏

{k,m}
exp

[
− 2pNT,mλk

∫ ∞

0
1−

ϕF

(
PkGm f̃k(v, zT,(k∗ ,n∗)

NT,(k) (v))t; 0
)

dr′
]

p(r, θ)dθdr

]
(4.33)

where f̃k(x, a) = L−1
t̃,k (x) if x ≥ a (0 elsewhere) and v =

√
r2 + r′2.

Proof. The proof is similar to the proof of Lemma 4.26.

Generalizations to the other processes made for IB,k,n,m and INT,p should
be sufficient to understand how the same generalizations can be applied
to INT,p. Also, Eq. (4.33) can be generalized to sparser environments by
adapting the PL model in the definition of f̃k(x, a).

4.6.5 Generalization to crossroads and T-junctions users

In this section, a typical UE located at the intersection of Ns streets in con-
sidered. It is shown that, on average, crossroad UEs experience higher
power levels because :

• they experience more LOS/NLOS contributions coming from more
than one typical street.

• they are Ns times closer to their closest BS which further increases the
probability for this BS to be in LOS conditions.

The CFs expressions derived for the street UE can be easily generalized
to the crossroad UE knowing the number of interferers is multiplied by Ns.
Using the CFs properties, we therefore have:

ϕ
T,(k∗ ,n∗)
T,Cr,(k,n,m)

(t|r) =
(

ϕ
T,(k∗ ,n∗)
T,(k,n,m)

(t|r)
)Ns

(4.34)

ϕD,Cr(t) =
(

ϕD(t)
)Ns

.

(4.35)
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In addition, as the crossroad UE is at the intersection of Ns streets, the
densities λk used in expressions (4.6)-(4.5) need to be multiplied by Ns. All
other expressions remain unchanged. The approach can be generalized to
T-junction UEs assuming Ns = 3/2 in all these modifications.

Remark 4.31. Note that the diffracted contributions coming from the dif-
ferent typical streets are correlated due to the fixed street pattern. While
Eq. (4.35) is perfectly accurate for MPLPs, it can only be considered as an
approximation for other processes.

4.7 SINR-based statistics

In this work, the general signal to interference ratio (SINR) is defined as

SINRu =
S

∑
{j,k,n,m}

Ij,k,n,m + ∑
{j,k,m}

Ij,d,k,m + ∑
{k,m}

Ip,k,m + W
. (4.36)

In the above expressions, W represents the constant noise power con-
sidering additive white gaussian noise (AWGN). Let us assume the serving
distance r and the serving tier are known. The useful signal power level
is then given by S = PG1|h|2L(r) where P, |h|2 and L(r) are respectively
the emitted power, the fading model and the PL model associated with the
serving tier (see section 3.3.5). The terms Ij,k,n,m, Ij,d,k,m and Ip,k,m are de-
fined as the interference power levels coming from LOS/NLOS contribu-
tions (L1), from corner diffraction (L2) and from building penetration (L3).
These quantities can be computed as mentioned in Section 3.3.5 using the
corresponding indexes.

4.7.1 Coverage probability

The coverage probability Pc(θc) is the probability that the typical UE can
reach a target SINR θc [81]. It is expressed as

Pc(θc) = P
[
SINRu > θc

]
(4.37)

which can be also interpreted as the success probability of the typical
transmission averaged over all spatial links [34]. A link budget is usually
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performed to ensure that all UEs in the network can be granted a minimum
quality of service. In particular, UEs located at the cell edge are generally
studied as they may suffer from severe propagation losses. It generally
tests if such UEs can benefit from a desired SINR considering all losses be-
tween the BS and UE. This metric sort of mimics the link budget analysis
and quantifies the probability of a typical UE (including those at the cell
edge) reaching the target SINR.

Due to limited space, only one tier’s probability (i.e. the coverage prob-
ability conditioned on a given serving tier) is detailed here, as it will be the
case for all upcoming metrics. Other probabilities can be derived using the
same approach. The considered notations should enable the reader to es-
tablish a clear connection between these probabilities and their respective
tiers. All conditional metrics can then combined using the the total law of
probability and the association probabilities derived in Section 4.4.

Lemma 4.32. Using the Gil-Pelaez analytical technique proposed in Section 2.2.2,
the coverage probability if the serving tier is ΦT,(k∗ ,n∗) is given by

PT,(k∗ ,n∗)
c (θc) =

∞∫
0

{1
2

+
1
π

∞∫
0

Im
[
ϕ

T,(k∗ ,n∗)
S (t|r)ϕI(−θct|r)

]dt
t

}
fS,RT,k∗ ,n∗ (r)dr

(4.38)

where

ϕI(q|r) = ϕD(q) ∏
{k,n,m}

ϕ
T,(k∗ ,n∗)
T,(k,n,m)

(q|r) ∏
{k,n,m}

ϕ
T,(k∗ ,n∗)
B,(k,n,m)

(q|r)

ejqWϕ
T,(k∗ ,n∗)
NT (q|r) ∏

{k,m}
ϕ

T,(k∗ ,n∗)
Bd,(k,m)

(q|r).

Theorem 4.33. By the total law of probability, the global coverage probability is
then finally given by:

Pc(θc) = ∑
{k∗ ,n∗}

AT,k∗ ,n∗PT,(k∗ ,n∗)
c (θc) + ∑

{k∗ ,n∗}
AB,k∗ ,n∗PB,(k∗ ,n∗)

c (θc)

+ ∑
{k∗}

ABd,k∗PBd,(k∗)
c (θc) + ∑

{k∗}
ANT,k∗PNT,(k∗)

c (θc) (4.39)
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4.7.2 Rate-based statistics

The channel capacity C is said to be the strict maximum rate at which the
desired information can be reliably transmitted given the channel charac-
teristics and given the bandwith B. If AWGN is considered, the Shannon-
Hartley theorem states C is given by the following relation [79]:

C = B log2 (1 + SINRu) . (4.40)

Average rate
Shannon also defined the average ergodic rate [81]. It is defined as

µC = E
[
C
]
. (4.41)

It is particularly useful when the channel state information (CSI) is un-
known. Since the CSI is unavailable, the transmission may be performed
on very good to very poor channels. The average ergodic rate then gives a
general intuition about the maximum achievable rate on average.

Lemma 4.34. The average rate if the serving tier is ΦT,(k∗ ,n∗) is given by

µ
T,(k∗ ,n∗)
C =

B
ln(2)

∫ ∞

0

1
z

ϕD

(
−z

j

) ∫ ∞

0

(
1 − ϕ

T,(k∗ ,n∗)
S

(
−z

j

∣∣∣∣ r
))

ϕI

(
−z

j

∣∣∣∣ r
)

fS,RT,k∗ ,n∗ (r)drdz (4.42)

Proof. The proof is available in Appendix G.

Theorem 4.35. By the total law of probability, the global average rate is then
finally given by:

µC = ∑
{k∗ ,n∗}

AT,k∗ ,n∗µ
T,(k∗ ,n∗)
C + ∑

{k∗ ,n∗}
AB,k∗ ,n∗µ

B,(k∗ ,n∗)
C

+ ∑
{k∗}

ABd,k∗µ
Bd,(k∗)
C + ∑

{k∗}
ANT,k∗µ

NT,(k∗)
C (4.43)

Rate coverage
The rate coverage is an alternative way to define the coverage. In this case,
a constant capacity θr is used for the transmission regardless of the CSI.
In case of deep fades, an outage occurs and the data is thus lost. The rate
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coverage probability quantifies how often this happens. It is defined as the
probability that the typical UE can reach a target rate θr. It is given by:

Pcap(θr) = P
[
C > θr

]
. (4.44)

In the 3GPP TS 38.214 technical specification [82], different modulation
schemes and coding rates are introduced. Tab. 4.2 summarizes the dif-
ferent schemes with their approximated spectral efficiencies and trigger
thresholds. In [83], Vienna 5G link and system level simulators were used
to characterize the spectral efficencies of these schemes for a block error
rate of 0.1 with LTE-A and 5G technologies. These are depicted in Fig. 4.1
and graphically compared to the Shannon bound. The actual rate associ-
ated to a given SINR is shown to be upperbounded by the Shannon bound.
This comes from implementation losses.

Fig. 4.1 Approximating the LTE spectral efficiency [83].

According to the approach proposed in 3GPP TR 38803 technical report
[84], the actual rate can be approximated by

C∗ =


0, if SINR ≤ SINRmin

aC, if SINRmin ≤ SINR ≤ SINRmax

aCmax, if SINR ≥ SINRmax.

(4.45)
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CQI Index Modulation Coding
Rate

Spectral
efficiency
[bps/Hz]

SINR
estimate

[dB]
0 out of range
1 QPSK 0.0762 0.1523 -6.7
2 QPSK 0.1172 0.2344 -4.7
3 QPSK 0.1885 0.3770 -2.3
4 QPSK 0.3008 0.6016 0.2
5 QPSK 0.4385 0.8770 2.4
6 QPSK 0.5879 1.1758 4.3
7 16QAM 0.3691 1.4766 5.9
8 16QAM 0.4785 1.9141 8.1
9 16QAM 0.6016 2.4063 10.3

10 64QAM 0.4551 2.7305 11.7
11 64QAM 0.5537 3.3223 14.1
12 64QAM 0.6504 3.9023 16.3
13 64QAM 0.7539 4.5234 18.7
14 64QAM 0.8525 5.1152 21.0
15 64QAM 0.9258 5.5547 22.7

Table 4.2 Lookup table for mapping the SINR threshold to its corre-
sponding modulation scheme and spectral efficiency [82].

where a is the attenuation factor associated with the implementation
losses and SINRmin and SINRmax are the minimum and maximum SINRs
of the code set. From Fig. 4.1, we approximate a = 0.78. The actual rate
coverage can thus be computed by P

[
C∗ > θr

]
= P

[
C > θr/0.78

]
. In

addition, a maximum achievable rate is here imposed by the code set. The
rate coverage is thus reduced to zero for higher values.

Theorem 4.36. The global rate coverage probability is then finally given by:

Pcap(θr) = ∑
{k∗ ,n∗}

AT,k∗ ,n∗PT,(k∗ ,n∗)
c (2

θr
B − 1) + ∑

{k∗}
ABd,k∗PBd,(k∗)

c (2
θr
B − 1)

+ ∑
{k∗ ,n∗}

AB,k∗ ,n∗PB,(k∗ ,n∗)
c (2

θr
B − 1) + ∑

{k∗}
ANT,k∗PNT,(k∗)

c (2
θr
B − 1).

(4.46)

Proof. The rate coverage can be obtained via the change of variable Pcap(θr) =

Pc(2
θr
B − 1) in Theorem (4.33).
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4.8 Exposure-based statistics

As no evidence has been found about the health risks potentially caused
by the growing amount of wireless links, except thermal effects, legal ex-
posure thresholds have been preventively defined. Belgium has adopted
a rather defensive strategy to handle that risk. The exposure threshold
has been set at 0,05 W/m² for frequencies going from 2 GHz to 300 GHz
in Brussels. This is significantly lower than other European countries and
way lower than the World Health Organization recommendations. Expo-
sure was however barely studied in a SG framework [85, 86] and still needs
to be more deeply investigated. The exposure level is usually defined as

Expu = S + ∑
{j,k,n,m}

Ij,k,n,m + ∑
{j,k,m}

Ij,d,k,m + ∑
{k,m}

Ip,k,m. (4.47)

Note that an active user is here studied. This can be considered as the
worst case scenario since the main lobe of the serving BS is known to be
directed towards this UE. However, the study could be easily generalized
to a general UE.

Depending on the desired units for the exposure levels, the following
conversion can be used

Expu[W/m²] =
Expu

Ae
(4.48) Expu[V/m] =

√
Z0Expu

Ae
(4.49)

where Ae = (c/ f )2

4π is the antenna effective area of the typical UE and
Z0 = 120π is the impedance of free space.

4.8.1 Average exposure

The average exposure is defined as

µE = E

[
Expu

]
= ∑

{j,k,n,m}
µj,k,n,m + ∑

{j,k,m}
µj,d,k,m + ∑

{k,m}
µp,k,m. (4.50)

where µj,k,n,m, µj,d,k,m and µp,k,m are respectively the mean total powers
coming from LOS/NLOS contributions (L1), from corner diffraction (L2)
and from building penetration (L3). With a slight abuse of notation, S is
here included in one of those three terms depending on the serving tier.

90 |



Exposure-based statistics | 4.8

Lemma 4.37. The average exposure if the serving tier is ΦT,(k∗ ,n∗) is given by

µ
T,(k∗ ,n∗)
O =

∫ ∞

0

{
Pk∗G1Lk∗ ,n∗(r)

+ ∑
{k,n,m}

PkGm

∫ ∞

zT,(k∗ ,n∗)
T,(k,n,m)

(r)
L−1

k,n(r
′)λT,(k,n,m)(r

′)dr′

+ ∑
{k,n,m}

Pb,kGm

∫ ∞

zT,(k∗ ,n∗)
(B,k,n,m)

(r)

∫ 2π

0
L−1

k,n(r
′)λB,(k,n,m)(r

′, θ)dθdr′

+ ∑
{k,m}

Pb,kGm

∫ ∞

zT,(k∗ ,n∗)
Bd,(k,m)

(r)

∫ 2π

0
L−1

d,k (r
′)λBd,(k,m)(r

′, θ)dθdr′

+ ∑
{k,m}

PkGmλs

∫ ∞

0

∫ 2π

0

∫ ∞

0
f̃k(v, zT,(k∗ ,n∗)

NT,(k) (v))λNT,(k,m)(r
′)dr′

p(r, θ)dθdr
}

fS,RT,k∗ ,n∗ (r)dr.

(4.51)

where f̃k(x, a) = L−1
t̃,k (x) if x ≥ a (0 elsewhere) and v =

√
r2 + r′2.

Proof. The proof is available in Appendix H.

Theorem 4.38. By the total law of probability, the average exposure is given by:

µE = ∑
{k∗ ,n∗}

AT,k∗ ,n∗µ
T,(k∗ ,n∗)
O + ∑

{k∗ ,n∗}
AB,k∗ ,n∗µ

B,(k∗ ,n∗)
O

+ ∑
{k∗}

ABd,k∗µ
Bd,(k∗)
O + ∑

{k∗}
ANT,k∗µ

NT,(k∗)
O

+ ∑
{k,m}

PkGm pT,mλkλs

∫ ∞

0

∫ 2π

0

∫ ∞

0
hd,k(r, θ, r′)dr′p(r, θ)dθdr (4.52)

where the last term is the average exposure associated to corner diffraction for sig-
nals coming from non typical streets. This term is not conditioned by the serving
tier and can therefore be separately computed.

Remark 4.39. The exposure variance could be computed to understand how
the average exposure value has to be interpreted. In fact, the average ex-
posure is only representative if the variance is sufficiently low. To evaluate
this, the exposure CDF presented in the next section will be used instead.
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4.8.2 Exposure CDF

While it gives some intuition on the actual exposure levels that can be
observed, the average exposure is not sufficient to ensure that the legal
threshold is respected everywhere. In fact, high exposure values can be
mitigated by low exposure values leading to an average exposure below
the threshold. Still, locations where the high exposure values are detected
do not conform to the norm. For this reason, the average exposure metric
needs to be complemented by the exposure CDF defined as

Pe(θe) = P
[
Expu < θe

]
(4.53)

which quantifies how likely the exposure level is kept below the legal
threshold.

Lemma 4.40. Using the Gil-Pelaez analytical technique proposed in Section 2.2.2,
the exposure CDF if the serving tier is ΦT,(k∗ ,n∗) is given by

PT,(k∗ ,n∗)
e (θe) =

∞∫
0

{
1
2
− 1

π

∞∫
0

Im
[

ϕ
T,(k∗ ,n∗)
S (t|r)ϕ̃I(t|r)

]
dt
t

}
fS,RT,k∗ ,n∗ (r)dr.

(4.54)

where ϕ̃I(t|r) = e−jθctϕI(t|r)/ejtW

Theorem 4.41. By the total law of probability, the global exposure CDF is then
finally given by:

Pe(θe) = ∑
{k∗ ,n∗}

AT,k∗ ,n∗PT,(k∗ ,n∗)
e (θe) + ∑

{k∗ ,n∗}
AB,k∗ ,n∗PB,(k∗ ,n∗)

e (θe)

+ ∑
{k∗}

ABd,k∗PBd,(k∗)
e (θe) + ∑

{k∗}
ANT,k∗PNT,(k∗)

e (θe) (4.55)

4.9 Joint SINR-exposure distribution

The joint SINR-exposure distribution is defined as

F(θc, θe) = P

[
SINRu > θc, Expu < θe

]
. (4.56)
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This distribution represents the probability for a mobile user to satisfy cov-
erage requirements (SINR greater than θc) while experiencing an exposure
below a safety threshold θe. It will help us identify the potential trade-offs
if a restrictive exposure threshold has to be respected.

Lemma 4.42. Under Rayleigh fading and assuming there is no noise, the joint
distribution if the serving tier is ΦT,(k∗ ,n∗) is given by

JT,(k∗ ,n∗)(θc, θe)

=
1
2

∫ ∞

0
FG

(
θe

Pk∗GmL−1
k∗ ,n∗(r)

)
fS,RT,k∗ ,n∗ (r)dr − 1

π

∫ ∞

0∫ ∞

0
Im

[
ϕI(q|r)T1 +

e−jqθe(T2 − T3)

−1 + jqPk∗GmL−1
k∗ ,n∗(r)

]
q−1dq fS,RT,k∗ ,n∗ (r)dr.

(4.57)

where

T1 = 1 − exp
(

θ1(r)
(
1 + j

qPk∗GmL−1
k∗ ,n∗(r)

θc

))(
1 + j

qPk∗GmL−1
k∗ ,n∗(r)

θc

)−1

T2 = exp
(

θe

Pk∗GmL−1
k∗ ,n∗(r)

(
− 1 + jqPk∗GmL−1

k∗ ,n∗(r)
))

T3 = exp
(

θcθe

(1 + θc)Pk∗GmL−1
k∗ ,n∗(r)

(
− 1 + jqPk∗GmL−1

k∗ ,n∗(r)
))

.

Proof. The proof is available in Appendix I. Note that FG(g) = −e−x

Theorem 4.43. By the total law of probability, the joint distribution under Rayleigh
fading is given by:

J(θc, θe) = ∑
{k∗ ,n∗}

AT,k∗ ,n∗ JT,(k∗ ,n∗)(θc, θe) + ∑
{k∗ ,n∗}

AB,k∗ ,n∗ JB,(k∗ ,n∗)(θc, θe)

+ ∑
{k∗}

ABd,k∗ JBd,(k∗)(θc, θe) + ∑
{k∗}

ANT,k∗ JNT,(k∗)(θc, θe). (4.58)

Remark 4.44. Unlike all other metrics, the mathematical expression for the
joint distribution only exists for the case where the Rayleigh fading model
is used on all links in the network.
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The joint distribution for all fading distributions can be lowerbounded
and upperbounded using Fréchet inequalities [87]. These bounds, whose
tightness varies depending on the thresholds being considered, are:

J(θc, θe) = max
(

0, Pc(θc) + Pe(θe)− 1
)

(4.59)

J(θc, θe) = min
(

Pc(θc), Pe(θe)
)

(4.60)

and will be used as approximations in some of the numerical results.

4.10 Generalization to non-uniform user distributions

The global coverage probability and the exposure CDF will be adapted to a
non uniform UE distribution as presented in Section 3.3.7. Remember that
the typical UE location is now coupled with the location of a given hotspot
BS that belongs to the street tier (kγ, nγ). Under the considered hotspot BS
distance distribution fH(r), the probabilities that this hotspot BS is in LOS
or NLOS condition are respectively given by:

p0,L =
∫ ∞

0
exp (−βSr) fH(r)dr

(4.61)

p0,N =
∫ ∞

0
(1 − exp (−βSr)) fH(r)dr.

(4.62)

Lemma 4.45. Using Bayes’ theorem, the PDF and CCDF of the distance from the
UE to the hotspot BS knowing its condition γ = (kγ, nγ) is given by:

PDF : fC,R0,γ(r) =


pL(r) fH(r)

p0,L
=

2
σ
√

2π
e
−βSr− r2

2σ2

p0,L
if nγ=L

pN(r) fH(r)
p0,N

=
2

σ
√

2π
(1−e−βSr)e

− r2

2σ2

p0,L
if nγ=N

(4.63)

CCDF : FC,R0,γ(r) =


1 − 1

p0,L
e

β2
Sσ2

2 Υ(r) if nγ=L

1 − 1
p0,N

(
1 + erf

(
r√
2σ

)
− e

β2
Sσ2

2 Υ(r)
)

if nγ=N.

(4.64)

with Υ(r) = 1 + erf
(

βσ2+r√
2σ

)
− erf

(
βSσ2
√

2σ

)
.
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Lemma 4.46. Following the same approach as for the uniform UE and knowing
the condition γ = (kγ, nγ) of the hotspot BS, the following association probabili-
ties are defined:

- the probability for the user to be associated to a BS of tier ΦT,(k∗ ,n∗) is modified
as:

AT,k∗ ,n∗ ,γ =
∫ ∞

0
ΩC,k∗ ,n∗(r)FC,R0,γ

[
zT,(k∗ ,n∗)

0,(kγ ,nγ)
(r)
]

fC,RT,k∗ ,n∗ (r)dr. (4.65)

where zT,(k∗ ,n∗)
0,(kγ ,nγ)

(r) = zT,(k∗ ,n∗)
T,(kγ ,nγ)

(r).

- the probability for the user to be associated to tier Φ0 is given by

A0,γ =
∫ ∞

0
Ω0(r) fC,R0,γ(r)dr. (4.66)

where Ω0(r) is the completed product function that can computed as

Ω0(r) = ΩT,kγ ,nγ
(r)FC,RT,kγ ,nγ

(
zT,(kγ ,nγ)

T,(kγ ,nγ)
(r)
)

.

- the joint probability that the UE is associated to tier Φ0/ΦT,(k∗ ,n∗) and that the
hotspot BS condition γ are then respectively given by:

B0,γ =

{ p0,L
N A0,γ if nγ = L

p0,N
N A0,γ if nγ = N

(4.67)

BT,k∗ ,n∗ ,γ =

{ p0,L
N AT,k∗ ,n∗ ,γ if nγ = L

p0,N
N AT,k∗ ,n∗ ,γ if nγ = N.

(4.68)

- the other association probabilities AB,k∗ ,n∗ ,γ, ABd,k∗ ,γ and ANT,k∗ ,γ and joint
probabilities BB,k∗ ,n∗ ,γ, BBd,k∗ ,γ and BNT,k∗ ,γ are similarly computed.

Lemma 4.47. With the defined association rule,

- if the UE is connected to a BS of tier ΦT,(k∗ ,n∗), the PDF of the distance from the
UE to this BS is given by:

fS,RT,k∗ ,n∗ ,γ
(r) =

1
AT,k∗ ,n∗ ,γ

Ωk∗ ,n∗(r)FC,R0,γ

[
zT,tk∗ ,n∗)

0,(kH ,nH)
(r)

]
fC,RT,k∗ ,n∗ (r)dr.
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- if the UE is connected to tier Φ0, the PDF of the distance from the UE to this
BS is

fS,R0,γ(r) =
1

A0,γ
Ω0(r) fC,R0,γ(r). (4.69)

- the distance PDFs for the other serving tiers fS,RB,k∗ ,n∗ ,γ
(r), fS,RBd,k∗ ,γ

(r) and
fS,RNT,k∗ ,γ

(r) are similarly computed.

Lemma 4.48. In case tier 0 acts as an interferer (i.e. when the UE is served
by another tier), the corresponding CF has to be computed as it will considerably
affect the performance metrics. Given the condition γ = (kγ, nγ) of the hotspot
BS and knowing ΦT,(k∗ ,n∗) is the serving tier, the CF is given by

ϕ
T,(k∗ ,n∗)
0,(kγ ,nγ ,m)

(t) =
∫ ∞

0
ϕF

(
Pkγ

GmL−1
kγ ,nγ

(r)t; ι
)

f T,(k∗ ,n∗)
R0,γ

(r′)dr′ (4.70)

where the PDF of the distance between the UE and the hotspot BS knowing the
serving tier is given by :

f T,(k∗ ,n∗)
R0,γ

(r) =

1
AT,k∗ ,n∗ ,γ

fC,R0,γ (r)
∫ ∞

0
1
(

r > zT,(k∗ ,n∗)
0,(kH ,nH)

(x)
)

ΩT,k∗ ,n∗(x) fS,RT,k∗ ,n∗ ,γ
(x)dx.

Proof. The proof is available in Appendix J.

Lemma 4.49. By means of the previous results, we are able to compute

- the coverage probability when the serving tier is ΦT,(k∗ ,n∗)

PT,(k∗ ,n∗ ,γ)
c (θ) =

∞∫
0

{
1
2
+

1
2π

∞∫
0

Im
[

ϕ
T,(k∗ ,n∗)
S (t|r)ϕI(−θct)×

(
∑
{m}

ϕ
T,(k∗ ,n∗)
0,(kγ ,nγ ,m)

(−θt)
)]

dt
t

}
fS,RT,k∗ ,n∗ ,γ

(r)dr.

knowing the beamforming condition of the hotspot BS has to be taken into ac-
count.

- the coverage probability for the other serving tiers PB,(k∗ ,n∗ ,γ)
c , PBd,(k∗ ,γ)

c and
PNT,(k∗ ,γ)

c that are similarly computed.
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- the coverage probability when the serving tier is Φ0

P0,(kγ ,nγ)
c (θc) =

∞∫
0

{
1
2
+

1
π

∞∫
0

Im
[

ϕ
0,(kγ ,nγ)
S (t|r)ϕI(−θct)

]
dt
t

}
fS,R0,γ(r)dr.

where the CFs associated with tier Φ0 are computed as the CFs for street tiers and
ϕI(−θct) is evaluated assuming (k∗, n∗) = (kγ, nγ).

Theorem 4.50. By the total law of probability, the global coverage probability is
then finally given by:

Pc(θc) = ∑
{k∗ ,n∗ ,γ}

BT,k∗ ,n∗ ,γPT,(k∗ ,n∗ ,γ)
c (θc) + ∑

{k∗ ,n∗ ,γ}
BB,k∗ ,n∗ ,γPB,(k∗ ,n∗ ,γ)

c (θc)

+ ∑
{k∗ ,γ}

BBd,k∗ ,γPBd,(k∗ ,γ)
c (θc) + ∑

{k∗ ,γ}
BNT,k∗ ,γPNT,(k∗ ,γ)

c (θc)

+ ∑
{γ}

B0,γP0,(kγ ,nγ)
c (θc) (4.71)

The same approach can be used to generalize the exposure CDF pre-
sented in theorem 4.41 to the non uniform UE.
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5
Full characterization of

realistic topologies

BASED on the mathematical framework outlined in the previous chap-
ter, we will now present numerical results for three types of envi-
ronments that can reflect the street patterns and urban organization

of many cities worldwide. These three main environments are as follows:

• Manhattan-like urban environments using the MPLP. This model is
suitable for cities that follow a grid street plan in urban planning,
such as New York, Barcelona, Lima, Beijing, and many others.

• Irregular urban environments using other doubly stochastic processes.
Although many cities follow a grid plan, many more have an irregu-
lar street pattern, which necessitates a more general model. The Cox
model is a good candidate since it offers more randomness in the
street pattern while maintaining a manageable mathematical frame-
work. However, most cities fall somewhere between the perfect reg-
ularity provided by the MPLP and the total randomness provided
by the PCLP. We will therefore relax some of the constraints of the
Cox model using the NHPCLP to more accurately mimic actual city
deployments.

• Sparser irregular environments. In suburban or rural areas, the built-
up ratio is usually lower. This enables BSs in non typical streets to
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more easily serve the UE or to more strongly interfere with the actual
serving BS. In that case, an adaptation of the LOS probabilities and
the PL models is needed in order to more accurately reflect the actual
performance of such environments.

5.1 Dense urban environments

In dense urban environments, BSs located far below the rooftop height and
outside the UE’s street will most probably interact with this UE through
corner diffraction. In fact, due to a high built-up ratio, most of these BSs
will generally be in NLOS conditions. Since the building penetration losses
are very high, the received signal power is more importantly impacted by
the diffracted contributions. In addition, based on Berg recursive method,
the street orientations are shown to have a drastic impact on these con-
tributions. To illustrate this, we generate streets that intersect the typical
street with a linear density λS and either randomly choose the angle for
Cox environments or fix it to π/2 for Manhattan environments. BSs are
then generated in each of these streets with linear density λB and their
total contributions are computed using the Berg method. The obtained re-
sults for 5000 streets generations are depicted in Fig. 5.1. It is shown that
whatever the BS density, the diffracted contributions in Cox environments
are generally higher. This explains why these environments are separately
studied. The contributions received through building penetration will be
equally characterized to demonstrate that they can be safely disregarded.

5.1.1 Manhattan environments

In order to generate the results of this section, a network of infinite size
is considered: the network size R is hence set to +∞ in the analytical ex-
pressions, and to 128km in the MC simulations (value sufficiently large to
reproduce an infinite environment from the point of view of the centric
user). In our analysis of Manhattan environments, a very basic scenario is
considered. This scenario is established as follows: (1) a single street tier
with parameters (PB, λB, HB), (2) with no beamforming, (3) under a nearest
neighbour cell association rule , (4) generated on a MPLP where horizontal
and vertical streets have the same density λh = λv = λs , (5) assuming
respective PL exponents and PL intercepts (αL,κL), (αN ,κN) and (αD,κD)
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(a) Histogram of the total diffracted
contributions for λB = 1.8km−1.
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Fig. 5.1 Comparison of the diffracted contributions for a Manhattan-like
environment and a Cox environment. The selected parameters are κD =
(103.07) f 0.57

GHz, αD = 2.37, λS = 5km−1, PB = 1W, f = 3.6GHz, ν = 3.5 and
no fading.

for LOS, NLOS and diffracted contributions, (6) with a LOS probability β-
factor for street tiers here denoted by βs = β and (7) considering Rician
fading with parameter K on LOS and NLOS contributions. In addition,
the typical UE is possibly located at a crossroad with probability ηc

1 and
in a street with probability 1 − ηc. Its height is finally given by Hu. Note
that the index q = {1, 2} for the coverage probability Pc,q is used to denote
expressions related to a street UE and to a crossroad UE respectively.

Remark 5.1. The upcoming exposure results are here presented for the usual
definition introduced in Eq. 4.47. While this definition expresses the expo-
sure in [W], the observed levels can always be converted to other units
using Eqs. (4.48) and (4.49). The same remark applies to the UE capacity
defined in Eq. (4.40) and refined in Eq. (4.45).

The following numerical results have been presented in [88].

1This probability ηc can for instance be defined as the ratio between the streets and build-
ing widths.
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Impact of the propagation mechanisms
In this section, the roles of blockages and of diffraction are successively
investigated. In order to study the impact of blockages, Fig. 5.2 displays
the coverage and the exposure evaluated for different LOS probabilities.
For the studied cases, different values of the parameter β are considered.
The analytical results are validated using MC simulations and compared
to the case without blockages (β = 0). The evolution of the exposure (Fig.
5.2b) is trivially explained by the presence of NLOS links, which increases
with β and reduces the received power. Regarding the coverage (Fig. 5.2a),
two opposite scenarios can arise when introducing obstacles:

• Scenario 1: the serving BS is in LOS and some of the interferers are in
NLOS; this enhances the coverage probability when comparing to a
case with no obstacle in the network.

• Scenario 2: the serving BS is NLOS while some interferers are still in
LOS; this deteriorates the coverage probability.

These scenarios explain the impact of obstacles on the coverage. When
progressively increasing the blockage probability up to β = 0.012, im-
provements in the coverage can be observed. These improvements there-
fore correspond to realizations associated to above scenario 1. By contrast,
further increasing β to 0.04 reduces the coverage. This decrease is in turn
explained by a higher number of realizations corresponding to scenario 2
(due to the high value of β), which is detrimental to the coverage. The
second scenario is tied to the nearest neighbour cell association rule as a
nearby NLOS BS can serve the UE, while a wiser association rule would
most likely select another LOS BS. Also, isotropic antennas limit useful re-
ceived power and amplify interference, reducing data rate potential. Later,
we will thus show the benefits of both association rules and beamforming.

The graphs of Fig. 5.3 quantify the influence of diffraction on the per-
formance. For each of these graphs, coverage probabilities are shown for
coverage thresholds of 0, 5, 10 and 15 dB. The continuous and dashed lines
respectively represent the values obtained with and without diffracted sig-
nals taken into account. Fig. 5.3a illustrates the evolution of these proba-
bilities as function of the street density. Furthermore, it is also possible to
show that the relative impact of diffraction can be more significant in street
realizations characterized by a locally low BS density. For such cases, in-
cident powers coming from BSs located outside the user street itself can
proportionally have larger impacts on the coverage. Fig. 5.3b illustrates
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Fig. 5.2 Analysis of the impact of β. The parameters selected are hU =
1.5m, hB = 6m, λS = 5/km, λB = 5/km, PB = 1W, f = 3.6GHz, αL = 1.7,
αN = 2.5, αD = 3.5, ηc = 0.1 and K = 6.

this statement by fixing the BS density λt
B in the user street and by pro-

gressively increasing the BS density in the other streets, denoted by λd
B in

the legend. For a 5dB threshold, the inclusion of diffracted signals results
in a decrease in coverage of around 0.06 if the BS density is identical in all
streets (λd

B/λt
B = 1). When increasing the BS density in adjacent streets,

this gap increases to 0.14 for λd
B/λt

B = 4.

Joint coverage and exposure distribution

Fig. 5.4 illustrates the joint coverage and exposure distribution. The SG
lower bound of (4.59) is represented as function of the two thresholds θc
and θe in Fig. 5.4(a). This bound is then compared to the MC simula-
tions in Fig. 5.4(b) for fixed values of θc. One can observe on this graph
that the probability of obtaining a low exposure decreases as the coverage
threshold increases. This observation is due to the useful received power
S, present in both SINR and exposure definitions. This power will statis-
tically be high for users in good coverage, which increases for these users
the probability to experience a high exposure. Some trade-offs are there-
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Fig. 5.3 Impact of the BS and street densities. Unless stated otherwise,
the selected parameters are hU = 1.5m, hB = 6m, λS = 12.5km−1, λB =
3km−1, PB = 1W, f = 2GHz, αL = 1.7, αN = 2.5, αD = 2.5, κL = κN =
κD = (4π f /c)2, β = 0.04 and K = 6.

fore necessary in the coverage and exposure requirements.

User type comparison
Fig. 5.5 compares the performance achievable for a street (st.) UE and for a
crossroad (cr.) UE. Fig. 5.5a shows the average user capacity as a function
of the BS density. Independently of the UE type, one can note the existence
of an optimal value for this quantity, as already shown in previous works
[89]. For a low BS density, the SINR takes low values, to the detriment
of the capacity. As the BS density progressively increases, the serving BS
statistically becomes closer to the UE, which increases the useful received
power. The densification hence enables to increase the average capacity, up
to some optimum λB = λ

opt
B . Beyond this maximum, the improvements in

useful power no longer compensate the increase of interference, resulting
in a decreasing capacity. One will note that the optimal capacity associated
to street users is reached for a higher BS density compared to the optimal
capacity of crossroad users. This difference is due to the presence of BSs
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Fig. 5.4 Analysis of J(θc, θe). The parameters are hU = 1.5m, hB = 6m,
λS = 5km−1, λB = 5km−1, PB = 1W, f = 3.6GHz, αL = 1.7, αN = 2.5,
αD = 3.5, κL = κN = κD = (4π f /c)2, ηc = 0.1, β = 0.0004 and K = 6.

which is in average doubled for crossroad users (due to the two streets
forming the intersection). In Fig. 5.5b, isocurves of the joint SIR-exposure
metric are analysed. Each curve represents the set of thresholds (θc, θe) sat-
isfied with probability p ∈ {0.1, 0.5, 0.85}, for a street or a crossroad user.
One can here observe that the achievable performance of the street user is
higher than the crossroad user. One justification of this difference comes
from the exposure of the crossroad user, which is in average doubled com-
pared to the street user. At a given coverage requirement, the probability
for the crossroad user to satisfy an exposure threshold is therefore reduced
compared to the street user.

Optimal UE capacity

Fig. 5.6a quantifies the variation of the BS density maximizing the mean
capacity as a function of variables β and PB. This optimal density increases
with the blockage probability factor β. Such an increase enables to com-
pensate for the impact of β on the probability of obtaining a NLOS serving
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Fig. 5.5 Analysis of the differences between street (st.) UE and crossroad
(cr.) UE. The selected parameters are hU = 1.5m, hB = 4.5m, λS = 5km−1,
λB = 5km−1 (for Fig. (b)), f = 3.6GHz, αD = 3.5, κL = κN = κD =
(4π f /c)2, ηc = 0.1, β = 0.004, B = 100MHz and K = 1.

BS. Regarding the transmit power, the SNR values are by definition pro-
portional to PB and therefore decrease when its value is reduced. To com-
pensate for this effect, the optimal BS density therefore increases to lower
the PL affecting the serving BS. The corresponding maximal capacities are
shown in Fig. 5.6b. One can note that even if the BS density is optimized
for each pair (PB, β), the cases of low blockage probability and high trans-
mit power lead to the highest optimal capacity values.

5.1.2 Cox-like environments

We now consider more irregular environments. To model a structured
street system, we use a NHPCLP to generate a street network. In many
cities, street orientation follows certain trends as streets were constructed
gradually around the city center. Although various orientations exist within
the city, certain orientations are thus more commonly observed. Therefore,
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(a) Optimal BS density λ
opt
B . (b) Associated maximal average ca-

pacity µ
opt
C .

Fig. 5.6 Analysis of the UE capacity as function of β and PB. The pa-
rameters selected are hU = 1.5m, hB = 4.5m, λS = 5km−1, λB = 5km−1,
f = 3.6GHz, αL = 2.5, αN = 2.75, αD = 3.5, ηc = 0.1, β = 0.004,
κL = κN = κD = (4π f /c)2, B = 100MHz, W = −93dBm and K = 1.

the thinning function utilized to create the NHPCLP should allow us to
accurately model this characteristic. To that extent, we assume a NHPCLP
with maximum density λs = 0.01[(mrad)−1] generated using a thinning
function given as follows:

p(r, θ) =

[
1
6
+ ∑

µi∈m

5
6

exp
(
−
( θ − µi

0.3

)2
)]

exp
(
− r

4000

)

where m = {π/4, 3π/4, 5π/4, 7π/4} and 0 ≤ θ ≤ 2π.

The above-mentioned thinning function is depicted in Fig. 5.7a. While
there is a non-zero probability of generating a street in any direction, the
likelihood of generating a street in the directions indicated by vector m is
significantly higher. Moreover, it illustrates that generating streets farther
away is less probable, which is often the case in cities where the street pat-
tern tends to be denser in the city center. An example of a corresponding
street pattern is shown on Fig. 5.7b. The increased organization is easily
observed.

In the following analysis, we will consider two different street tiers and
a single roof tier. The tiers’ parameters are fixed according to the calibration
approach proposed in Section 3.4. These are summarized in Tab. 5.1. In
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(a) Thinning probability function (b) Corresponding type of street
pattern

Fig. 5.7 Generating a city street pattern with increased organization.

addition, a loss coefficient of Kin = 0.83 that accounts for wall attenuation
is here considered. The operating frequency of both types of tiers is fixed
at f = 3.6GHz. A standard deviation of σ = 50/3 is considered to ensure
that non-uniform UEs are located within a 50-meter radius of the hotspot
BS with a 95% probability (cfr. Section 3.3.7). A street width of ws = 35m is
assumed. Unlike in the previous section, we now implement the strongest
average received power association rule along with beamforming.

Impact of the tiers densities
Our initial step in optimizing network deployment starts with the identifi-
cation of the optimal densities for the street and roof tiers. To accomplish
this, we multiply the initial densities by increasing multiplication factors,
denoted as ηS for the street tiers and ηB for the roof tiers. In that case,
the updated densities are calculated as ηSλk and ηBλb,k. Figs. 5.8 and 5.9
display the results obtained for uniform UEs and non-uniform UEs, respec-
tively. To ease the comparison, the yellow planes on Fig. 5.9 illustrate the
optimal performance achieved for a uniform UE at the studied densities.

We start by observing that for a uniform UE and a low roof tier density,
the coverage probability increases progressively as the densities of street
tiers increase but saturates some point. On the contrary, for higher roof
tier densities, increasing the street densities is directly detrimental to the
global coverage probability as the service offered by roof BSs is generally
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Street tiers Roof tier
k=1 k=2 k=1

PL exponent (LOS) αk,L 2.27 2.22 2.6
PL intercept ((N)LOS) κL/κN 102.7 f 2

GHz 102.5 f 2
GHz

PL exponent (NLOS) αk,N 2.4 2.35 2.8
PL exponent (Diff.) αk,d 2.37 2.32 3.1
PL intercept (Diff.) κd 103.07 f 0.57

GHz 1
PL exponent (Build. Pen.) αk,t̃ 2.27 2.22 /
PL intercept (Build. Pen.) κt̃ 106.7 f 2

GHz /
Emit power [W] Pk/Pb,k 2 2 20

Height [m] Hk/Hb,k 6 10 5 (+25)
Density [km−1]/[km−2] λk/λb,k 2 1 3

LOS prob. β-factor βS,k/βB,k 0.009 0.008 0.005
Beamforming gain [dBi] G1/G2 18/5 6/-7

Table 5.1 Summary of the tiers parameters used in the simulations.

self-sufficient and only additional interference is created.

Moreover, a densification of roof BSs results in a quick then gradual in-
crease in coverage probability. One can observe that a strong interfering
BS typically meets three conditions: (1) it has a geometric LOS condition,
meaning there are no buildings obstructing the LOS link, (2) there are no
obstacles in the UE street that block the LOS link, and (3) the power contri-
butions under the considered beamforming scheme are non-negligible in
the UE direction. These BSs are generally located along the UE street, as
shown in Fig. 3.4. In our framework, roof BSs are located close to building
rooftops and have narrower beams, resulting in a low probability of hav-
ing such a strong interfering BS. By densifying roof BSs, the probability of
having a serving LOS roof BS for which the beam is automatically directed
towards the UE increases, with limited risk that a strong interfering roof
BS actually exists. This explains the gradual increase in coverage probabil-
ity. However, beyond a certain densification point, the performance is still
expected to deteriorate. Note that this only occurs at unrealistic densities
for the considered MBs height. This point will thus be illustrated in the
following section for higher MBs heights.

Additionally, we can observe that the global coverage probability achieved
at low street tier densities by progressively increasing the density of roof
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base stations (BS) cannot be reached by densifying street tiers. These ob-
servations lead us to believe that adding small cells to the existing cellular
network may worsen the global coverage probability. These findings are
consistent with the results presented in [60]. Note that this does not nec-
essarily imply that the use of small cells should be completely avoided. It
simply means that their usage may have a negative impact on the average
coverage probability across all possible UEs and network topologies. For
some UEs and for some topologies, the use of small cells can still be bene-
ficial. In addition, at the considered densities, it is still possible to provide
all UEs with a minimum QoS (i.e. correspondig to a minimum SINR of
-6.5dB) with a probability that is sufficiently high.

Fig. 5.8 Impact of tier densities on the coverage probability Pc(θc) for a
uniform UE at various SINR thresholds

Furthermore, as depicted in Fig. 5.9, a sparse but strategic deployment
of small cells can provide non-uniform UEs with a higher probability of
achieving higher SINR values. A complementary densification of roof BSs
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can then be utilized to further improve the coverage of uniform UEs in
the network and ensure a minimum QoS for all UEs, while minimizing
any negative impact on the high SINR values of non-uniform UEs. On
the contrary, further densification of the street tiers can lead to significant
degradation of the performance of non-uniform UEs while offering little
to no improvement for uniform UEs. Beyond a certain density of roof BSs,
the coverage of uniform UEs may even worsen if street tiers are densified.

Fig. 5.9 Impact of tier densities on the coverage probability Pc(θc) for a
non uniform UE at various SINR thresholds.

Impact of the roof base station height
We will now examine the influence of the MBs height on the network
performance. Specifically, we will analyze the effects of a MBS height of
Hb,k = 45m (+25m) in this section. As per the calibration approach, the PL
exponent associated with diffraction is changed to αk,D = 2.98. Fig. 5.10
illustrates the impact of raising the MBs height from 30m to 70m on the
overall coverage probability for various SINR thresholds at low street tiers
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Fig. 5.10 Impact of the roof base station height on the coverage probabil-
ity Pc(θc) for a uniform UE at low street tiers densities (ηS = 0.1).

densities. Two key observations can be made from the figure. First, as the
height increases, the optimal coverage probability is consistently lower due
to several factors such as the increased probability of having LOS interfer-
ing BSs, the greater distance to the serving BS, and the amplified diffracted
contributions. Secondly, within the range of densities studied, an optimal
density can now be identified. Unlike when the MBs height is fixed at
30m, the interference from non-serving roof base stations (BSs) becomes
more severe, leading to an earlier drop in the coverage probability during
the densification process. This drop is particularly critical for high SINR
values.

Performance evaluation for fixed densities
Based on the tendencies observed in the previous sections, we will now
definitely fix the densities to λ1 = 0.6km−1, λ2 = 0.3km−1 and λb,1 =

4.2km−2. Fig. 5.11 exhibits the achieved performance for both uniform and
non-uniform UEs. Non-uniform UEs are shown to attain higher SINR val-
ues, and consequently higher throughputs, with higher likelihoods, at the
cost of increased exposure due to proximity to the serving BS. These expo-
sure levels however remain below the legal threshold imposed in Brussels.
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Fig. 5.11 Performance analysis of both types of UEs. The densities are
λ1 = 0.6km−1, λ2 = 0.3km−1 and λb,1 = 4.2km−2.

Using the lookup table proposed in Tab. 4.2, we can determine the prob-
abilities that different modulation schemes can be used with negligible er-
rors. It is demonstrated that a minimum QoS can be provided to the UE
with respective probabilities of 96% and 99% for uniform and non-uniform
UEs.

Impact of beamforming
We will demonstrate the impact of the beamforming scheme on the net-
work performance. Initially, we considered using antennas with half-beam
widths of γS = 43◦ for street BSs and γB = 2.7◦ for roof BSs. Now, we
will examine the effects of using isotropic antennas, antennas with broader
beams, and antennas with narrower beams. The respective gains on the
main lobe of these antennas are (GS,GB)=(0dBi,0dBi), (GS,GB)=(15dBi,3.3dBi),
and (GS,GB)=(19.3dBi,7.3dBi) for street and roof tiers. The antennas with
broader and narrower beams are respectively characterized by half-beam
widths (γS,γB) = (80◦,5◦) and (γS,γB) = (31◦,2◦). Fig. 5.12 shows the per-
formance differences in terms of coverage probability and exposure CDF.

Narrower beams have been demonstrated to greatly improve the over-
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Modulation Coding
Rate

Throughput
[Mbps]

Probability
un. UE

Probability
non un. UE

out of range 0.04 0.01
QPSK 0.0762 22 0.96 0.99
QPSK 0.1172 33 0.95 0.98
QPSK 0.1885 52 0.93 0.97
QPSK 0.3008 81 0.90 0.96
QPSK 0.4385 113 0.86 0.94
QPSK 0.5879 147 0.83 0.92

16QAM 0.3691 179 0.79 0.90
16QAM 0.4785 226 0.74 0.87
16QAM 0.6016 277 0.68 0.83
64QAM 0.4551 311 0.64 0.80
64QAM 0.5537 370 0.57 0.75
64QAM 0.6504 425 0.50 0.69
64QAM 0.7539 486 0.42 0.62
64QAM 0.8525 545 0.35 0.55
64QAM 0.9258 589 0.31 0.49

Table 5.2 Probabilities to offer the typical UE a given throughput for an
available bandwidth of 100MHz.

all coverage probability. This is due to two factors: a higher power con-
centration towards the UE and a limited interference resulting from the si-
multaneous use of beamforming by interfering BS. As shown in Fig. 5.12b,
a stronger useful signal is the primary contributing factor. In fact, the ex-
posure level measurement is largely determined by the power received
from the useful BS which is higher when a narrower beam is used. At
the considered densities, the useful received power thus predominates the
SINR value, as the interference level remains relatively low regardless of
the beamforming scheme used.

Impact of fading
In this section, we will inspect the impact of fading on the useful link.
Specifically, we will analyze Rician fading with a K-factor ranging from
0 to 5. A higher value of the K-factor indicates that the stronger path pre-
dominates over the other paths, resulting in a reduced potential for de-
structive interference on the useful link. Consequently, we expect the final
received power to be closer to the power on the strongest path. This phe-
nomenon is illustrated in Fig. 5.13, where we observe that, at a constant
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Fig. 5.12 Network performance under different beamforming schemes.

SINR threshold, the coverage probability increases with a higher K-factor.

Impact of the UE non-centrality

As previously explained, when analyzing the network using the NHPCLP,
the results observed at a typical central UE may not represent the entire
network accurately as we have lost the motion-invariance property of PPs.
To determine the impact of the UE’s non-centrality, we studied a UE lo-
cated at increasing distances from the city center, where the street density
is assumed to be the highest. We chose UEs located at distances of 1096m,
2228m, 3371m, and 4514m. Since street density decreases as we move away
from the city center, the interference caused by intersecting streets is lower
at greater distances. As the UE performance is primarily affected by its
serving BS for the considered densities, the performance difference is most
noticeable at high SINR values. Although the performance of a UE located
in the city center is shown to be lower than that of a UE in the suburbs, the
actual difference is not significant as depicted in Fig. 5.14.
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Fig. 5.13 Impact of fading on the coverage probability Pc(θc) .
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Fig. 5.14 Coverage probability Pc(θc) for a UE located at an increasing
distance from the city center.
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5.2 Sparse urban environments and rural environments

We will now evaluate areas with lower building density. As previously
mentioned, BSs located significantly below the rooftop level and on dif-
ferent streets do not exclusively interact with the UE via building corner
diffraction in sparser environments. Rather, they may interact with the
UE in LOS with non-zero probability. Similarly, the probability of LOS for
roof-mounted BSs is generally higher at the same distance due to a reduced
concentration of buildings, and hence may not be limited exclusively to
BSs installed on buildings located along street where the UE is located. As
explained in Section 3.3.9, modeling such environments requires several
modifications. The tiers parameters are modified as shown in Tab. 5.3.
Note that αk,t̃,N is the PL exponent for NLOS contributions coming from
non typical streets and κt̃,N is the associated PL intercept.

Street Tiers
(suburban)

Roof Tier
(suburban)

Street Tiers
(rural)

Roof Tier
(rural)

k=1 k=2 k=1 k=1 k=2 k=1
αk,L 2.02 1.97 2.38 1.8 1.75 2.15
κL 102.92 f 2

GHz 102.72 f 2
GHz 103.22 f 2

GHz 103.02 f 2
GHz

αk,N 2.17 2.12 2.8 1.95 1.9 2.5
κN 102.92 f 2

GHz 102.4 f 2.3
GHz 103.22 f 2

GHz 104.07 f 2.13
GHz

αk,t̃,N 3.53 3.48 / 2.5 2.45 /
κt̃,N 101.94 f 2.13

GHz / 103.61 f 1.96
GHz /

βS,k 0.012 0.011 / 0.004 0.003 /

Table 5.3 Modification of the tiers parameters for suburban and rural
environments.

We then applied the same densification process used for urban environ-
ments and analyzed the resulting coverage probability, which is illustrated
in Fig. 5.15. The performance for a uniform UE in suburban and rural areas
are respectively depicted in Fig. 5.15a and 5.15b. We specifically focused
on the performance of the SINR threshold (-6.5dB) that enables us to pro-
vide the UE with a minimum QoS. Our findings suggest that even very
low street tier densities can pose challenges, as the probability of being
out of range quickly exceeds the 5% threshold usually targeted by oper-
ators. While small cells deployments may still be acceptable in suburban
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environments, they should not be recommended in rural areas. Though,
macrocell BSs are shown to provide sufficient coverage even at low roof
tier densities, which is consistent with current rural deployments.

(a) Coverage probability Pc(θc) in
suburban environments.

(b) Coverage probability Pc(θc) in
rural environments.

Fig. 5.15 Impact of tier densities on the coverage probability Pc(θc) for a
uniform UE at various SINR thresholds

As the environment becomes sparser, the coverage probability for the
same SINR threshold and tier densities decreases due to the increased in-
terference caused by a more open space. Indeed, the increase in interfer-
ence cannot be compensated by a smaller PL on the useful link. This effect
is particularly noticeable at high SINR values. In rural environments, this
effect is especially pronounced, as a SINR of 25dB is almost never reached.

Tab. 5.4 summarizes the association probabilities to the different tiers
in the network. As expected, in sparser environments, the probability that
a UE will associate itself with non-typical street and roof tiers is higher,
while the probability of associating with a BS on the same street is lower.
It is noteworthy that the probability of a UE associating itself with a urban
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small cell BS located in another street is close to zero due to severe building
penetration losses. For mathematical tractability, remember that only the
contribution received through building penetration can be accounted for in
our association rule. As such, the real probability may be slightly higher.

Association probabilities
Urban Suburban Rural

Typical street
tiers 0.4811 0.2984 0.2096

Non typical
street tiers 0.0001 0.1715 0.2237

Roof tier 0.5188 0.5301 0.5667

Table 5.4 Association probabilities in the different environments for the
same densities.

5.3 A few words on the numerical complexity

One of the main reasons for developing SG-models is their ability to quickly
provide insights on how macro parameters affect the overall performance
of a network. This is particularly true for models that exclusively use PPPs.
However, this work proposes increased flexibility which leads to a signifi-
cant increase in numerical complexity. Some of the integrals in the model
cannot be solved using standard mathematical methods and must be com-
puted numerically. These integrals may also be nested within other inte-
grals, causing the model’s complexity to significantly increase.

As an example, we compare the computational times required to eval-
uate the coverage probability (cfr. Eq. (4.33)) using MC simulations and
stochastic geometry. All computations are performed with MATLAB R2022a
on a computer equipped with the processor Intel(R) Core(TM) i7-7700K
CPU @ 4.20GHz. The integrals involved are computed using the MATLAB
integral.m built-in function. This function uses the global adaptive quadra-
ture method that subdivide the integration regions based on largest error
until the global error is sufficiently small. It attempts to satisfy |q − Q| ≤
max(AbsTol, RelTol ∗ |q|) where q is the computed value of the integral, Q
is the (unknown) exact value and AbsTol and RelTol are respectively the
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a=1 a=5 a=10 a=20
Number of evaluation points 150 510 810 1770

Table 5.5 Evolution of the number of function evaluations for the com-
putation of

∫ 10
0 exp (cos (ax))dx using the global adaptive quadrature

method.

absolute and relative tolerances. For fixed tolerances, the number of re-
quired function evaluations depends on the oscillatory characteristics of
the integrated function. The more it oscillates, the higher the number of
evaluation points is as shown for the integration of exp (cos (ax)) between
0 and 10 on Tab. 5.5. In most of the studied metrics, the use of the Gil-
Pelaez theorem generally includes the computation of oscillatory integrals
which therefore increases the overall complexity.

In our comparison, the selected parameters are hU = 1.5m, hB = 6m,
λS = 12.5km−1, λB = 3km−1, PB = 1W, f = 2GHz, αL = 1.7, αN = 2.5,
αD = 2.5, κL = κN = κD = (4π f /c)2, β = 0.04 and K = 6. The con-
sidered doubly stochastic process has an intensity measure ΛΦ(drdθ) =

λS(0.5δ0 + 0.5δπ/2)drdθ. No beamforming is assumed and the closest BS
association rule is considered. The number of MC iterations is fixed to ob-
tain the desired accuracy. The error tolerances are fixed similarly for the
SG approach. The time required to run 105 MC iterations is 535 seconds.
Depending on the considered coverage threshold, the time required using
SG lies between 118 and 177 seconds. Note that the times indicated for
SG are given for a single coverage threshold evaluation. By contrast, MC
simulation enable the computation of the entire SINR CDF with a single
run. This illustrates how the runtime gap between MC ang SG starts to
decrease with respect to pioneering works where the SG expressions were
more tractable. Adding more integrals (e.g. by studying more complex
scenarios) further reinforces this last observation.

If we stick to the current framework, either simplifications must be
made or the modeler then loses one of the main advantages of SG-based
models. Alternatively, future works could be dedicated to the exploration
of advanced techniques to enable faster evaluation of such categories of
integral.
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geometry-based models

IN recent years, numerous models based on stochastic geometry have
been developed. In most cases, these models are validated using Monte
Carlo (MC) simulations. Such simulations help to ensure the mathemat-

ical accuracy of the expressions developed. However, it remains uncertain
whether these models are accurate in the first place. In fact, MC simula-
tions do not enable us to check whether the model itself yields results sim-
ilar to what would be observed with an actual deployment. In this chap-
ter, we will therefore attempt to further support the results obtained using
stochastic geometry and highlight their limitations when necessary. We
will pursue two main directions. Firstly, we will run MC simulations that
use a deterministic channel model, namely ray tracing, as the propagation
model. This will enable us to verify whether the use of simpler propagation
models in our stochastic geometry models may endanger the relevance of
our conclusions. Then, we will validate the use of doubly stochastic mod-
els to model dense urban deployments by comparing them to real cities
whose topologies have been extracted from open-access databases.
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6.1 Related works

Many works focus on the analysis of emerging networks using pure SG
approaches. However, a very limited number of publications propose val-
idations of these SG models using other methods (comparison to datasets,
measurements, or softwares capturing additional electromagnetic mecha-
nisms such as diffraction or scattering, etc). In [90], the PPP assumption
for the deployment of BSs is assessed using experimental data. By com-
parison to real deployments of two mobile operators in United Kingdom,
this abstraction is shown to be sufficiently accurate in terms of coverage
probability. More recently, [91] validated a radar detection analysis using
a hybrid of MC and full wave electromagnetic solver based simulations.
The simulations were performed using FDTD techniques. [86] conducted
a study where they calibrated and compared a SG-based model for the
evaluation of the exposure CDF. The researchers used experimental data
gathered from two municipalities located in Brussels to perform this anal-
ysis. [51] demonstrates that the MPLP is a reliable method for characteriz-
ing the ergodic rate in Manhattan networks. This finding was based on a
comparison with both the fixed grid model and actual street deployment
data from Chicago extracted using the QGIS software. No validation of SG
models using other tools (e.g. RT) can be found in the literature.

6.2 Comparison to deterministic channel models

The network topology described in Section 5.1.1 is now equally studied
using ray tracing. Only the LOS probability is modified as pL(r) = e−βrγ

.

6.2.1 Ray tracing network topology

In the framework of the RT simulations, the studied environments are
identical to the SG model, up to the following modifications:

• Streets are given a non-zero width wS.

• BSs are located on sidewalks. In a given street, the sidewalk on which
each BS is located is randomly chosen. For the sake of practical RT
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Fig. 6.1 Illustration of an environment generated for ray tracing analysis.

implementation, those are placed at a slight distance dB,BU from the
buildings walls.

• In order to model obstacles, parallelepipeds (representing cars and
trucks) are generated with density λO in the typical street(s). The di-
mensions of cars is fixed to L× l × H = 3.5m× 1.5m× 2m for cars and
to L × l × H = 8m × 2.5m × 3m for trucks. While the blockage model
of the SG framework considers independent blockage probabilities,
these obstacles here induce spatial correlations in the blockages ex-
perienced by adjacent BSs.

These modifications are illustrated on Fig. 6.1.

6.2.2 Ray tracing power computation

While many propagation mechanisms exist, only two types are taken into
account by the UCLouvain tool: reflection and diffraction (i.e. scattering
and other more complex mechanisms are here disregarded). In addition,
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Fig. 6.2 Conventions used for reflection (reproduced from [92])

only outdoor to outdoor scenarios are considered which means both the
UE and the BS are exclusively located outside the buildings and so are
the paths we identify between these. To keep the computational time in
a reasonable range, at most two interactions are considered. Diffraction
is only acknowledged on the last interaction. These hypotheses seem not
to be too restrictive as an electromagnetic wave which undergone more
than two interactions or more than one diffraction is strongly attenuated.
Below, you will find how the electrical fields ∈ R3 are computed when
undergoing the different propagation mechanisms. One will denote the
distance between positions X and Y by dXY.

Line of sight contributions

Let e0 be the unit vector aligned with the transmitted electric field. The LOS
field received from a BS located in B at an observation point P is given by:

eLOS (P) = e0
e−jkdBP

dBP
(6.1)

where k is the wave number.

Reflection

The conventions used for reflection are depicted in Fig. 6.2. Let Q be
a reflection point. Using Fresnel dyadic coefficients R, the reflected field
ere f (P) at observation point P is given by:

ere f (P) = R · eLOS (Q)
dBQ

dBQ + dQP
e−jkdQP (6.2)
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Fig. 6.3 Conventions used for diffraction (reproduced from[92])

where R are the Fresnel dyadic coefficients computed as follows [92]:

R = R∥einc,∥ere f ,∥ + R⊥einc,⊥ere f ,⊥ (6.3)

with

R∥ =
ϵr,e f f cos (θinc)−

√
ϵr,e f f − sin2 (θinc)

ϵr,e f f cos (θinc) +
√

ϵr,e f f − sin2 (θinc)
(6.4)

R⊥ =
cos (θinc)−

√
ϵr,e f f − sin2 (θinc)

cos (θinc) +
√

ϵr,e f f − sin2 (θinc)
(6.5)

where θinc is the incidence angle with respect to the plane normal as shown
on Fig. 6.2 and ϵr,e f f is the relative electrical permittivity.

Diffraction
The conventions used for diffraction are depicted in Fig. 6.3. Let S be a
diffraction point. Using uniform theory of diffraction (UTD), the diffracted
field edi f f (P) at observation point P is given by

edi f f (P) = D · eLOS (S)

√
dBS

dSP (dBS + dSP)
e−jkdSP (6.6)
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where D are the UTD dyadic coefficient computed as follows [92]:

D = −Dsβ0,incβ0,di f f − Dhϕincϕdi f f (6.7)

ϕinc =
sinc × t∣∣sinc × t

∣∣ (6.8) ϕinc =
t × sdi f f∣∣∣t × sdi f f

∣∣∣ (6.9)

β0,inc = ϕinc × sinc (6.10) β0,di f f = ϕdi f f × sdi f f (6.11)

where t is a unitary vector tangent to the edge, sinc is the unit incident
direction vector, sdi f f is the unit diffracted direction vector. Initially, the
coefficients Ds and Dh should be computed as in [92]. However, to ensure
reciprocity by changing the face assignment (“o-” or “n-faces”) depending
on the region from which the incident ray is coming, we use Guevara’s
coefficients instead. The angles used to compute Fresnel reflection coeffi-
cients are then also slightly adapted as explained in [93]. Their mathemat-
ical expressions are omitted in this document

Final received power
Finally, since e0 is normalized at the emission, the received power at a typ-
ical user location i∗ from a given BS j is given by

P(RT)
i∗ j = PB

(4π f
c

)−2
||etot · eH

tot|| (6.12)

with etot =

Npaths

∑
n=1

en,j

where

• Npaths is the number of paths coming from this BS and arriving at the
typical user under the considered hypotheses.

• PB is the transmit effective isotropic radiated power.

• c is the speed of light.

• en,j are the electric fields at i∗ computed by means of Eqs. (6.1), (6.2)
and (6.6).
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6.2.3 Methodology to fix the parameters

In order to compare the SG and RT approaches, the parameters of the two
frameworks should be coherently selected. Tab. 6.1 summarizes these
macroparameters.

Parameters common to the RT and SG frameworks
R, hU , hB, λS, λB, PB, B and f
Parameters specific to the RT framework
wS, dB,BU and λO.
Ground permittivity: 15 − 1.50j (cfr. p. 66-67 of [92])
Building permittivity: 5.3 − 0.42j (cfr. p. 66-67 [92])
Parameters specific to the SG framework
β, γ, αL, αN , αD, κL, κN , κD, ηc fading models

Table 6.1 Parameters employed in the SG and RT frameworks.

In the considered case study, the parameters of the first and second line
of Tab. 6.1 were set to R = 2km, hU = 1.5m, hB = 6m, λS = 5km−1,
λB = 5km−1, PB = 1W, B = 100MHz, f = 3.6GHz, wS = 35m, dB,BU = 5m
and λO = 20km−1. We also set κL = κN = κD = (4π f /c)2 and αD = 3.5.

From a sufficient amount of RT simulations, we are then able to esti-
mate the other SG parameters based on the statistics of the RT results. The
methodology consists of the following steps:

Step 1. RT simulations are performed for a large number of realizations of
the MPLP. At each iteration, the received powers P(RT)

i∗ j at the typical
UE are computed using Eq. (6.12). The propagation condition (LOS
or NLOS) of each link is also assessed.

Step 2. Based on the statistics of these received powers, the parameters β, γ,
αL and αN are computed using a RMSE method. The contributions in
the typical street(s) are sorted by increasing distance and the PL coef-
ficients that minimize the RMSE observed with the function PBκLr−αL

for LOS links and PBκNr−αN for NLOS links are computed. The ap-
proach is then used for β and γ by minimizing the RMSE between
the observed LOS probability and the function pL(r).

Step 3. The corresponding fading distribution fG(g) is then deduced from
the PL free received powers computed as (P(RT)

i∗ j )/(PBκLr−αL) for
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LOS links and (P(RT)
i∗ j )/(PBκNr−αN ) for NLOS links. An analytical

fading model is selected to approximate this empirical distribution.

Step 4. The parameter ηc is independently determined by computing the
percentage of users located at crossroads in the RT simulations.

The fitted values obtained in step 1 are β = 0.004, γ = 0.85, αL = 1.66,
αN = 1.93. The comparison with RT observations for the LOS probability
and the PL analysis for LOS links are respectively depicted in Figs. 6.4a
and 6.4b.
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Fig. 6.4 Selection of the PL parameters (step 2): RT vs SG.

The squared fading gains (i.e. fading powers) of the LOS and NLOS
links are then approximated with exponential distributions of rate param-
eters 1.66 and 0.33 respectively. The comparison with RT observations for
the fading model on LOS links is illustrated on Fig. 6.5. The crossroad
probability is finally given by ηc = 0.02.

6.2.4 Numerical results and discussion

Both frameworks were compared for the parameters obtained in the pre-
vious section. Figs. 6.6a and 6.6b illustrate the coverage and exposure
distributions. The slight differences between the RT and SG curves can be
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Fig. 6.5 Selection of the fading model of LOS links (step 3): RT vs SG.

explained by means of Fig. 6.6c. This figure shows the CDFs of the useful
and interfering powers: P

(
S > θp

)
and P

(
IL + IN + ID > θp

)
where IL,

IN and ID are the interference levels coming from LOS and NLOS BSs in
the typical street and from diffraction. One can observe that the contribu-
tion of the serving BS in SG is slightly overestimated compared to the RT
values. This results in coverage and exposure probabilities which are over-
estimated as well. Figs. 6.6a and 6.6b also illustrate the results obtained
when SG fading parameters are not optimized with respect to the RT tool.
In that case, only the path loss parameters are optimized and the SG fad-
ing distribution is taken as normalized Rayleigh (i.e. with squared channel
gains modelled via an exponential distribution of unit rate). One will note
the loss of accuracy obtained when both path loss and fading aspects are
not optimized.

Fig. 6.7 illustrates the sensitivity of the SG model to potential errors in
the estimated path loss exponents. Estimation errors of 5 and 10 percents
are introduced. The impact on the distributions of the useful power and
of the interference is shown in 6.7a and 6.7b. One can observe that these
errors can lead to significant deviations, which highlights the importance
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of accurately extracting the parameters if SG is to be used.
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6.3 Comparison to real city deployments

To assess the suitability of using doubly stochastic models for real-world
city deployments, 3D topologies of several existing cities are now extracted.
Our focus will be on Brussels and Barcelona, which respectively represent a
Cox-like environment and a Manhattan-like environment. Both cities have
openly available three-dimensional models through the Urbis database [94]
and the Geoportal de Cartografía database [95], for Brussels and Barcelona
respectively. These models provide us with the actual footprints of build-
ings, their heights, and the street patterns of each city. However, since the
height of all buildings is referenced to sea level, the local terrain eleva-
tion is subtracted from these heights using available digital terrain models
(DTM). This allows us to consider a flat ground. Fig. 6.8 shows these statis-
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(a) Brussels elevation map (b) Brussels building height map

(c) Brussels historical center: street
pattern

(d) Brussels historical center: build-
ing footprints

Fig. 6.8 Topological statistics for the city of Brussels.

tics for the city of Brussels. We additionally consider a rural environment
(Walhain) for which only the street pattern and the building footprints
are available. The building heights are stochastically generated using the
height distribution defined in Section 3.3.9.

As part of our study, square areas that are 0.75km by 0.75km in size
are studied. The typical UE is located in a street that passes through the
center of this area. Four different types of environments are considered:
a Manhattan-style urban environment (i.e. an appropriate neighbourhood
of Barcelona), a Cox-style urban environment (i.e. Brussels’ historical cen-
ter), a suburban environment (i.e. Orange neighbourhood in Brussels), and
a rural environment (Walhain). A satellite view of these specific environ-
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ments are shown on Fig. 6.9.

(a) Snapshot of Barcelona (Lati-
tude: 41.388◦N-41.399◦N, Longitude:
2.158◦E-2.176◦E).

(b) Snapshot of Brussels’ city center
(Latitude: 50.841◦N-50.853◦N, Lon-
gitude: 4.336◦E-4.358◦E).

(c) Snapshot of Orange neighbour-
hood (Latitude: 50.772◦N-50.789◦N,
Longitude: 4.365◦E-4.388◦E).

(d) Snapshot of Walhain (Latitude:
50.609◦N-50.623◦N, Longitude: 4.683
◦E -4.704◦E).

Fig. 6.9 Studied environments of size 0.75km×0.75km. Top left:
Manhattan-like urban environment. Top right: Cox-like urban environ-
ment. Top right: Suburban environment. Bottom: Rural environment.
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6.3.1 Methodology to extract the parameters

As depicted in Fig. 6.10, the street patterns of each of the considered neigh-
bourhoods undergo the following transformations:

Step 1. (both) The original street pattern is approximated by lines as no curved
streets can be modeled by the considered models.

Step 2. (NHPCLP) Streets that visually appear to be collinear are grouped. In
Fig. 6.10, each street in the database is differently colored. It can be
observed that many streets with different colors are actually collinear.
Therefore, it is necessary to group them together as a single street.
Short streets located sufficiently far from the UE are deleted.

Step 2. (NHPSP) Only connected collinear streets are grouped.

Step 3. (NHPCLP) The Cox equivalent is drawn from the remaining streets.
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Fig. 6.10 Approach for approximating a neighbourhood by means of a
NHPCLP: Barcelona.
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From the obtained street pattern, the following statistics are extracted:

• fNHPCLP,Θ(θ) the distribution of the street angular orientation θ for
the NHPCLP model (cfr. Section 2.1.5).

• fNHPSP,Θ(θ) the distribution of the street angular orientation θ for the
NHPSP model (cfr. Section 2.1.6).

• fNHPSP,Φ(ϕ) the distribution of the angle ϕ for the NHPSP model
(cfr. Section 2.1.6). This angle is the azimuth angle to the middle of
all street segments computed with respect to the typical UE.

• fL(l) the distribution of the street length modeled by a lognormal
distribution Log −N (µ, σ).

• λe f f the effective density of streets in the considered area. For the
NHPCLP, if two street segments can be assumed to be colinear (with
some tolerance), then they are considered as a single street.

Unless for the λe f f , these statistics are derived from a larger area that
shares the same center to obtain a distribution with enough detail. In or-
der to maintain an analytical framework, all angular distributions are then
approximated by a Gaussian mixture. This enables us to incorporate the
analytical expression directly into the SG-based model with no need for
any numerical evaluation. This approximation is given as follows:

fθ(θ) = ∑
µi∈µ

Ci exp
(
−
( θ − µi

0.6006wi

)2
)

(6.13)

where µ, w and C are vectors that respectively group the means, widths
and maximum values of all gaussians involved in the mixture. The factor
0.6006 =

√
2/2.355 is related to the full width at half maximum (FWHM)

of the peak.

Figs. 6.11a and 6.11b respectively illustrate the observed distributions
fNHPCLP,Θ(θ) and their corresponding fitted gaussian mixtures for Brus-
sels and Barcelona. The figures reveal that certain angular values are more
frequently observed, highlighting the need for inhomogeneous doubly stochas-
tic models. Specifically, in the case of Barcelona, four distinct peaks can
be observed, which is a common characteristic of Manhattan-like environ-
ments where all streets are perpendicular. In such cases, the MPLP can
serve as a good model candidate. All gaussian mixtures parameters, all
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(a) Angular distibution fΘ(θ) of
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(b) Angular distribution fΘ(θ) of
Barcelona: NHPCLP.

Fig. 6.11 Approximating the street angular distribution of the studied
environments.

street length distributions parameters and all effective densities are sum-
marized in Tab. 6.2.

6.3.2 Methodology to compare the approaches

In this section, a single roof tier and a single street tier are considered.
The parameters discussed in Chapter 5 are equivalently used. In partic-
ular, Tabs. 5.1 and 5.3 summarize the parameters for urban and sparser
environments. Only the tiers densities are modified to λ1 = 1km−1 and
λb,1 = 8km−2. Since a single street tier is studied, note that the parameters
listed for the first street tier in these tables are used. The strongest average
received power association rule and beamforming are both considered in
any case. As it was done in the previous chapter, the coverage probability
is computed from our model using the extracted distributions. When nec-
essary, a thinning function that reflects the distributions is used. The initial
street density λs is fixed in order for the thinned process to have the ob-
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Angular
dist.

Street
Length

dist.

Effective
Density

[rad−1m−1]
Brussels center

NHPCLP
µ = [0.97; 1.23; 2.52; 3.39; 3.96; 5.49; 5.96]

θ : w = [1.70; 0.19; 0.91; 0.23; 1.04; 1.37; 0.11]
C = [0.18; 0.19; 0.17; 0.10; 0.17; 0.20; 0.22]

/ 0.034

NHPSP

µ = [0.37; 0.92; 1.23; 2.26; 2.83]
θ : w = [0.65; 0.51; 0.16; 1.58; 0.11]

C = [0.27; 0.31; 0.35; 0.37; 0.34]
µ = [0.16; 0.88; 2.11; 4.42; 4.50; 5.43; 6.99]

ϕ : w = [0.58; 0.73; 0.77; 8.34; 0.29; 0.70; 0.82]
C = [0.17; 0.12; 0.15; 0.11; 0.11; 0.13; 0.48]

µ = 4.14
σ = 1.09 0.26

Barcelona Center

NHPCLP
µ = [0.78; 2.28; 3.30; 3.82; 5.51]

θ : w = [0.07; 0.24; 8.56; 0.25; 0.67]
C = [0.85; 0.44; 0.11; 0.27; 0.22]

/ 0.007

NHPSP

µ = [0.75; 0.77; 2.29; 2.34]
θ : w = [0.80; 0.04; 0.87; 0.05]

C = [0.43; 2.17; 0.50; 1.55]
µ = [0.89; 2.49; 5.02; 5.61]

ϕ : w = [1.90; 1.37; 2.03; 0.20]
C = [0.14; 0.20; 0.19; 0.34]

µ = 4.27
σ = 0.85 0.25

Brussels Orange Neighbourhood

NHPCLP
µ = [0.72; 1.93; 2.61; 3.67; 4.43]

θ :w = [1.98; 0.57; 0.94; 0.32; 2.59]
C = [0.24; 0.28; 0.11; 0.20; 0.09]

/ 0.007

NHPSP

µ = [0.20; 0.51; 1.28; 1.79; 2.03]
θ : w = [0.22; 0.19; 0.34; 2.51; 0.34]

C = [0.48; 0.53; 0.15; 0.27; 1.60]
µ = [1.96; 2.02; 3.40; 5.77]

ϕ : w = [2.73; 0.30; 0.54; 1.95]
C = [0.23; 0.50; 0.15; 0.07]

µ = 4.82
σ = 1.25 0.024

Walhain

NHPCLP
µ = [0.78; 2.33; 3.66; 5.8]

θ :w = [0.59; 1.22; 1.02; 1.28]
C = [0.51; 0.14; 0.21; 0.23]

/ 0.004

NHPSP

µ = [0.59; 2.02; 2.54]
θ : w = [0.72; 1.36; 0.39]

C = [0.61; 0.28; 0.38]
µ = [0.70; 2.06; 4.29; 12.24]

ϕ : w = [1.2; 0.49; 0.24; 8.81]
C = [0.27; 0.42; 0.20; 0.74]

µ = 6.23
σ = 1.12 0.004

Table 6.2 Statistical parameters for all studied environments.

served effective density. To compute the coverage probability in real cities,
a sufficient amount of MC simulations are used. The approach is the same
as for usual MC simulations up to the following modifications:

1. Street BSs are drawn on the real street pattern with the same density.
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Roof BS are drawn on existing buildings with the same density. A
constant roof antenna height is considered unless for BSs that should
be installed on a BS whose height Hi exceeds this constant antenna
height. In that case, the BS height is increased to Hi + 5. Except for
rural areas, only BSs that actually lie on a rooftop are allowed. Roof
BSs initially drawn outside a built area are regenerated. This may
lead to a PP slightly different from the PPP. The draw is different for
every MC simulation.

2. The LOS condition of all roof BSs is computed according to the real
building heights as depicted in Fig. 6.12.

3. A "diffraction region", which is defined as the area visible from the
typical street from which first-order diffraction can come, is com-
puted. Only BSs located within this region are considered to interact
with the UE through corner diffraction. In contrast, all BSs located
on a line or segment that intersects the typical street are assumed to
contribute by diffraction in our models. This region as well as an
example of BSs draw are shown on Fig. 6.13 for the city of Brussels.

Fig. 6.12 Assessing the LOS conditions of roof BSs in real cities.
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Fig. 6.13 MATLAB reproduction of Brussels’ city center: λ1=1/km and
λb,1=8/km²

6.3.3 Numerical results and discussion

Fig. 6.15 displays the coverage probability results obtained from 250000
Monte Carlo simulations performed on each city topology. Throughout
these simulations , the UE was located at several positions within the se-
lected typical street. This typical street and its length for the different envi-
ronment are summarized in Tab. 6.3.

We calculated the same metric for each neighborhood using our model,
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Environment Street Length
Brussels Boulevard Anspach 750m

Barcelona Carrer de Pau Claris 750m
Orange Neighbourhood Avenue du Prince d’Orange 300m

Walhain Rue du Centre 75m

Table 6.3 Typical streets considered for comparison with our model.

which was implemented with the three different doubly stochastic pro-
cesses: NHPCLP, NHPLM, and NHPSP. These processes were generated
based on the extracted distributions. In addition, a corrected version of the
NHPCLP was considered. It is associated with a smaller effective street
density resulting from the deletion of far small streets during the parame-
ter extraction. Based on this analysis, we can make two main observations.

First, the infinite length assumption of the NHPCLP is generally shown
to lead to an overestimation of the non typical street contributions. In fact,
if we observe Fig. 6.13, we can see that in Brussels, street portions that
can result in first-order diffraction generally have a finite length. There-
fore, the NHPLM may be a better option, as shown on the example of
a NHPLM reproduction of Brussels depicted in Fig. 6.14. On the other
hand, for Barcelona, the corrected version of the NHPCLP still produces
accurate results. This is because the environment mainly consists of streets
that cover the entire studied area from which any BS can generally interact
through diffraction. Furthermore, the perpendicular streets contribute less
to diffraction, which also explains why the infinite street length assump-
tion is not as drastic in Barcelona. Under the considered densities, the pe-
formance is shown to be mostly determined by typical street BSs and roof
BSs.

Second, in real cities, it is rare to find two overlapping streets as they are
usually separated by buildings or green areas. However, the considered
doubly stochastic processes cannot model this repulsion between streets.
This is especially problematic for the studied rural and suburban environ-
ments where streets are particularly spaced. Not modeling street repul-
sion is even more critical in such environments because BS located on non-
typical streets can interact with UEs in LOS conditions due to the sparser
surroundings. The higher probability of LOS and path loss coefficient in
rural environments explains a greater impact on the accuracy of the cover-
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age probability obtained for these environments.

Note that in sparser environments, the length of typical streets is quite
restricted, which also means that there is a lower probability of having an
interfering BS on the typical street at the considered densities. This to-
gether with the repulsion between streets explains very high performance
in the considered neighbourhoods.

Fig. 6.14 Example of a NHPLM reproduction of Brussels based on the
extracted statistics.
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(b) Orange Neighbourhood.
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Fig. 6.15 Comparison for the coverage probability obtained from our
model vs. real topologies.
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deployment

SO far, our focus has been on studying macro tendencies using SG-
based system-level models. Our observations have led us to some
recommendations regarding the selection of deployment parame-

ters. However, no actual deployment has been implemented yet. Our next
step is to figure out how to deploy BSs among a group of potential loca-
tions based on what has been learned from previous chapters. By means
of propagation maps, a real deployment is thus optimized in a specific
environment using the steepest ascent algorithm. Propagation maps com-
puted with different channel models are shown to lead to different opti-
mal deployments. One of our main objectives in this optimization process
is to identify potential trends in these optimal deployments. In particular,
we want to know whether an optimization based on simpler propagation-
based models or on ray-tracing will lead to similar optimal deployments.
If these deployments are not similar, one would like to quantify the losses
we can expect if the deployment is performed based on simple propagation
models.
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Fig. 7.1 Different steps involved in the optimization approach.

7.1 Preparing the optimization process

In the upcoming sections, the optimization methodology will be outlined.
Its goal is to determine the best placement for M∗ street BSs to serve the
different UEs located within the studied environment. These BSs are se-
lected from a predetermined set of MC BSs, referred to as candidates. The
number of deployable BSs is fixed in order for the linear density to be equal
to λB, the optimal street tier density. A diagram summarizing the approach
is presented in Fig. 7.1. The proposed approach is based on the works pre-
sented in [6]. Each step will be explained in detail below.

A square area A is assumed inside Barcelona. A second square area
Aopt ⊂ A is drawn at the center of the first bigger area. This second
square can be viewed as a new neighborhood where the BSs deployment
still needs to be done. It is called the optimization area. The area of Aopt is
set to one-fourth of the area of A to ensure that a UE located at the edge of
Aopt experiences a similar level of interference as a UE located at the cen-
ter of Aopt. The power computation nodes and candidates are exclusively
located within Aopt. It is assumed that all network components positioned
outside of Aopt but within A have already been deployed with the same
linear density λB. A random road side is assigned to each of them.
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7.1.1 Network data

According to what can be observed in Barcelona’s Manhattan-like neigh-
bourhoods, building blocks have a square shape of dimensions 100m ×
100m. The street width is fixed to ws = 25m. All building blocks are here
assumed to have the same height Hb = 40m. Cars with fixed dimensions
L × l × H = 3.5m × 1.5m × 2m are generated with density λO in all streets.

7.1.2 Candidates

As previously mentioned, MC candidates are considered in Aopt as if they
were deployed on lamposts. The set of candidates ΨC is fixed. They are
placed at a distance dB,w from the different walls and at a height HB ≪
Hb. The distance between two consecutive candidates is given by dB. It
is assumed that candidates and BSs deployed outside Aopt sum up to M
BSs. All considered candidates and already deployed BSs are assumed to
be active at the studied frequency and are supposed to operate at the same
power PB. No power control is performed.

7.1.3 UE demand maps

Obtaining accurate UE demand maps can be a challenging task, and multi-
ple sources may need to be combined to achieve this. It is normally crucial
to have precise demand maps because they can influence the deployment
of BSs. UEs tend to be unevenly distributed, particularly in urban areas,
where they tend to cluster around traffic hotspots. Deploying BSs without
considering this uneven distribution may lead to suboptimal deployment
in a particular neighborhood, with some BSs being deployed where there
is no actual need. As we do not have access to such maps, our optimal
deployment will be done for evenly and unevenly distributed UEs that are
stochastically generated.

In our study, N computation nodes, representing potential UE loca-
tions, are placed on a regular lattice inside the streets of Aopt. Each node
is placed at a height Hu and located at a distance du from its neighbours.
Depending on the UEs distribution, each computation node i is associated
with a weighting factor wi. These weighting factors are set to 1/N for
evenly distributed UEs. Fig. 7.2 illustrates all above-mentioned elements.
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(a) Network Topology.

(b) Zoom on the optimization area.

Fig. 7.2 Illustration of the environment subject to optimization.

146 |



Preparing the optimization process | 7.1

7.1.4 Propagation maps

The propagations maps PRT and PMC are N × M power matrices where
element Pij

model corresponds to the power received at the i-th computation
node from the j-th BS using a given propagation model.

Each matrix element Pij
RT is computed by means of Eq. (6.12). Addition-

ally, the 3-17 DS sector antenna from RF Elements is considered at the BS.
This antenna is said to be optimized for high performance in 3.4-3.8GHz
(LTE bands 42, 43) [96]. Each ray in the RT algorithm is thus affected by
an antenna gain that depends on its angle of departure. The complete re-
constructed 3D radiation pattern is depicted in Fig. 7.3b. Dynamic beam
steering is here assumed. For each computation node, the serving BS di-
rects its main lobe towards the strongest path. The main lobe direction
(θ,ϕ) of interfering BSs is randomly selected in the set [0 2π]×[-π 0].

Each matrix element Pij
MC is computed by means of one of the PL mod-

els described in Eqs. (3.12) and (3.14). The choice of the PL model depends
on whether the BS and the computation node are located on the same street
or not. If they are in the same street, Eq. (3.12) is used and the LOS con-
dition of the considered BS is randomly drawn using the blockage model
for street tiers described in Section 3.3.2. Otherwise, Eq. (3.14) is used. The
same obstacle density as in Section 6.2.3 is considered. As a consequence,
all PL models parameters are fixed according to the same methodology.
As a reminder, the parameters were set to hU = 1.5m, hB = 6m, PB = 1W,
f = 3.6GHz, dB,w = 5m, λO = 20km−1, κL = κN = κD = (4π f /c)2,
β = 0.004, γ = 0.85, αL = 1.66, αN = 1.93 and αD = 2.1. The squared
fading gains (i.e. fading powers) of the LOS and NLOS links were approx-
imated with exponential distributions of rate parameters 1.66 and 0.33 re-
spectively. The horizontal antenna pattern of Fig. 7.3b is considered to
weight the different contributions at the emission. The serving BS directs
its main lobe towards the computation node.

An example of power maps for the same BS is depicted in Figs. 7.4a and
7.4b for both models. When no power is received at a given computation
node, the corresponding location is whitened. It is noticeable that when
a BS is located near a crossroad, the received power levels on the nearest
perpendicular street are higher for BSs near the crossroad when the RT
algorithm is used. This is because the RT algorithm takes into account
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(a) Antenna model. (b) Associated 3D radiation pattern.

Fig. 7.3 RF elements 3-17 DS sector antenna and its radiation pattern.

strong reflections and/or LOS paths for these BSs. Furthermore, the RT
algorithm factors in the location of obstacles to compute power levels. As
a result, power levels behind obstacles are naturally lower.

7.2 Optimization strategy

7.2.1 Optimization metric

The goal of the optimization algorithm is to output the optimal subset of
candidates that optimizes (here maximizes) a so-called fitness function.
This optimal deployment is denoted by BS∗

model and its associated opti-
mal fitness value is here given by P∗

c,model . As the power maps are different
for RT and MC, BS∗

model usually differs from one model to another. The
fitness function is here the weighted coverage probability for a fixed cov-
erage threshold θc given by:

N

∑
i=1

wi1

[
Pij∗

model

W + ∑
j∈BSdepl

j ̸=j∗

Pij
model + ∑

j∈[Mc+1,...,M]
j ̸=j∗

Pij
model

> θc

]
(7.1)

where BSdepl is a considered subset of M∗ BSs chosen among the can-
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(a) Stochastic geometry power map.

(b) Ray tracing power map.

Fig. 7.4 Illustration of the difference between power maps using two dif-
ferent models for a given BS (black cross).
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didates [1, ..., Mc] ∈ ΨC and j∗ is the index of the serving BS according to
the association rule.

7.2.2 Optimization process

In the framework of the optimization process, a candidate vector S of size
1 × MC is assumed where Sj is equal to 1 if the corresponding j-th candi-
date is activated and 0 otherwise.

Example 7.1. The vector S=[1 0 0 0 1 1 0 1 0 1] means that candidates 1, 5, 6,
8 and 10 are considered to be deployed among 10 candidates.

The steepest ascent (SA) algorithm is then used to optimize this candi-
date vector. It works as follows:

1. A vector S with M∗ ones and MC − M∗ zeros is randomly generated.
The fitness function for the corresponding deployment is computed.

2. The current state of each candidate is successively inverted (i.e. a
one/zero becomes a zero/one in the candidate vector). The impact
of each inversion on the fitness value observed in step 1 is evaluated.
Before studying the next candidate, the state of the current candidate
is switched back to its initial value.

3. The candidate activation and deactivation that give us the best im-
provement with respect to the fitness value observed in step 1 are
identified. The candidates associated to the best activation and to
the best deactivation are respectively activated and deactivated. This
ensures that the new deployment vector still contains M∗ ones and
MC − M∗ zeros. The fitness value is then recomputed.

4. The process of steps 2 and 3 is repeated until there is no observable
improvement in the fitness function.

The SA algorithm is run for a total of 200 times with a different random
starting candidate vector at step 1. Repeating the algorithm multiple times
in this manner helps to avoid getting stuck in local optima.

7.3 Numerical results

Fig. 7.5 displays the optimal weighted coverage probabilities for differ-
ent coverage thresholds and for uniformly distributed UEs. Figs. 7.5a and
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Fig. 7.5 Optimal weighted coverage probability as a function of the num-
ber of deployed BSs for different coverage thresholds.

7.5b respectively show the optimal values when using the stochastic prop-
agation model and the ray tracing model. Results are presented for both
the 3-17 DS antenna and an isotropic antenna. Regardless of the coverage
threshold and propagation model used in the optimization, maximum per-
formance is achieved when two BSs are deployed in the considered envi-
ronment. Deploying only one BS is shown to be suboptimal, and a denser
deployment progressively worsens the optimal coverage probability. If the
network is congested with only two BSs and cannot accommodate all ac-
tive UEs, it is still feasible to provide a minimum quality of service (SINR =
0dB) with a 95% probability by deploying up to 7 BSs, even with isotropic
antennas. The additional peaks observed in all curves indicate the influ-
ence of BSs generated outside the optimization area. Since the locations
of these BSs are not optimized, they can have a detrimental effect on the
overall coverage probability. To mitigate this impact, one approach could
be to average the global probability over multiple realizations of these BSs,
which should help to smoothen the effect.

As it can be observed, the use of isotropic antennas reduces the optimal

| 151



7 | Optimization of small cell deployment

probability due to a weaker useful signal and higher interference level.
This is particularly critical in case the RT tool is used. In fact, when the
beam direction of the 3D pattern for interfering BSs is randomly selected,
the useful signal typically fights only the AWGN. This explains the higher
values observed for RT with beamforming. However, this assumption of
random beam direction selection for interfering BSs is a strong hypothesis.
Using a more realistic beam direction selection and considering a higher
number of reflections in the RT tool may lead to lower and more realistic
values. On the contrary, the horizontal radiation pattern was used in the
framework of the stochastic propagation model. The interfering contribu-
tions may, in that sense, be slightly overestimated.

Tab. 7.1 summarizes the average exposure statistics for both models
as a function of the number of deployed BSs. The 50th percentile E50 of
observed exposure values, the 95th percentile E95 of observed exposure
values and the maximum observed value Emax are introduced. The lat-
ter value is generally observed just below the antenna. If two BSs are de-
ployed, it is shown that most of the observed values generally fall below
the legal threshold set in Brussels (4.34V/m) . The maximum observed
value however exceeds this threshold. For this reason, the considered EIRP
will be discussed in the next section.

Model M∗ E50 E95 Emax Model M∗ E50 E95 Emax
MC 1 0.03 1.69 13.92 MC 8 0.65 4.52 20.70
RT 0.06 1.06 6.50 RT 0.55 2.58 11.31
MC 2 0.33 2.60 14.69 MC 9 0.95 4.80 20.68
RT 0.27 1.53 9.93 RT 0.62 2.71 12.11
MC 3 0.34 2.82 16.49 MC 10 1.01 5.09 20.60
RT 0.29 1.67 10.62 RT 0.69 2.79 8.89
MC 4 0.42 3.29 16.73 MC 15 1.52 6.14 24.36
RT 0.36 1.95 11.38 RT 0.97 3.25 19.88
MC 5 0.45 3.45 20.09 MC 20 1.92 6.88 24.69
RT 0.39 2.03 9.68 RT 1.12 3.86 15.66
MC 6 0.60 4.02 21.53 MC 25 2.06 7.54 23.39
RT 0.43 2.24 8.82 RT 1.25 4.30 19.15
MC 7 0.59 4.19 19.01
RT 0.47 2.39 10.49

Table 7.1 Average exposure statistics in V/m associated with the optimal
deployments.
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7.3.1 Impact of the effective isotropic radiated power

Given that the maximum observed exposure value exceeded the legal thresh-
old, the EIRP of all active BSs will now be reduced to bring that value
down to acceptable levels. The effect of this power reduction on the opti-
mal achievable coverage probability is then measured. The results indicate
that, in the studied environment, a high EIRP was not necessary and this
power reduction has little effect on the average UE performance. The min-
imum QoS can still be provided to the UE with an EIRP as low as 34.8dBm.

EIRP
[dBm ]

Mod. 0dB 5dB 10dB 15dB 20dB E50 E95 Emax

45.6 MC 1 0,99 0,99 0,97 0,94 0.33 2.60 14.69
RT 1 1 1 1 1 0.27 1.53 9.93

38.2 MC 1 1 0,99 0,97 0,94 0.14 1.11 6.26
RT 1 1 1 1 1 0.11 0.65 4.23

34.8 MC 1 1 0,98 0,97 0,93 0.09 0.75 4.24
RT 1 1 1 1 0,99 0.08 0.44 2.87

Table 7.2 Optimal weighted coverage probability for M∗ = 2 under
varying EIRPs.

7.3.2 Interchanging optimals

Since computing the power contributions from all BSs at all computation
nodes is a computationally-intensive task, it is important to understand the
true benefits of an approach fully conducted with the RT tool. To address
this, an alternative method involves using the optimal deployments BS∗

MC
obtained through a MC analysis with the RT power maps to evaluate the
associated weighted coverage probabilities. The obtained values can then
be compared to the ones obtained with the RT optimal deployments BS∗

RT
to evaluate the subsequent losses. These coverage losses are depicted in
Fig. 7.6.

In the case of a small number of deployed BSs and a low target SINR,
numerous deployments offer comparable performance due to a bounded
fitness function. The optimal deployment obtained with RT is one of these
deployments. Hence, the MC analysis does not select a particular deploy-
ment based on strategic locations, but rather based on the random fading
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Fig. 7.6 Losses caused by an interchange between optimals.

gains and LOS conditions associated with the selected BSs. These fading
gains and LOS conditions, being uncorrelated and random in the way they
are generated, may not reflect the actual observed fading gains and LOS
conditions. In fact, since the MC approach does not bear in mind the lo-
cation of obstacles, the selected candidates may not reach all UE locations.
Yet, for a low number of deployed BSs, there is little margin for error, and
a poor choice may result in lower coverage probabilities. On the contrary,
for high SINR values, strategic locations become more important, and the
fading gains become less significant.

When a large number of BSs are deployed, their coverage range typi-
cally becomes smaller, and the candidate selection is largely influenced by
their immediate surroundings. In such scenarios, a deterministic channel
model is then more reliable in ensuring an appropriate selection, particu-
larly for high SINR values. This is the reason why the probability losses
associated with the optima interchange increase as the network becomes
denser.

7.3.3 Impact of an uneven UE distribution

So far, the best way to deploy our resources has been computed assum-
ing that every UE location is equiprobable. However, in urban areas, the
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Fig. 7.7 Impact of neglecting uneven UE distribution on optimal deploy-
ments: probability losses analysis for a 3-17 DS antenna.

density of active UEs may vary across different parts of the considered en-
vironment. The areas with a higher density will be referred to as hotspot
in this discussion, and will be assumed to be circular areas with a radius of
100 meters. To account for this uneven distribution, the following weights
for the different computation nodes are used:

wi =

{
χ

χNH+NNH
if i is located in a hotspot region

1
χNH+NNH

otherwise.
(7.2)

where NH/NNH are the number of computation nodes that fall inside/
outside the hotspot regions and χ is the bias factor. In case of total bias, the
weights for hotspot/non hotspot computation nodes are set to 1

NH
/0.

Two hotspots centered in [612 270] and [300 488] are considered. Dif-
ferent scenarios to demonstrate the effect of uneven distributions are then
studied. We will start by assuming that UEs are uniformly distributed,
meaning there is no bias. We will then consider UEs located in the hotspot
region with a probability twice as high as any other location (χ = 2), with a
probability five times as high as any other location (χ = 5), and finally, ex-
clusively located in the hotspot region (total bias). The obtained results are
depicted in Fig. 7.8. As the bias becomes stronger, the optimal candidate

| 155



7 | Optimization of small cell deployment

locations gradually shift towards the hotspot region for both propagation
models. However, the optimal candidates do not necessarily fall in the
center of the hotspot regions, as they also need to adapt to the existing BSs
and to the street obstacles. Fig. 7.7 characterizes probability losses that
arise when we stick to the optimal deployment calculated under the as-
sumption of a uniform distribution. It is logical that these losses increase
as the considered coverage threshold becomes larger. Furthermore, as the
bias value increases, the losses also become larger, as the actual locations
of UEs becomes more and more important.

Fig. 7.8 Optimal deployments in case of uneven UE distribution: M∗ = 2
and θc = 10dB.
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8
Conclusion

THE aim of this thesis was to investigate the trade-offs between de-
terministic channel models and simple channel models. With the
expected network densification, BSs are expected to be deployed

closer to the UE, which implies that site-specific simulations will become
more and more relevant. As shorter link distances limit the actual propa-
gation environment, ray tracing has become a suitable candidate for chan-
nel modeling. The model becomes even more compelling with the use of
higher frequencies in future networks, as they reduce the severity of the
ray-optics approximation.

As mentioned earlier, network densification may cause additional in-
terference, which could worsen the coverage currently provided by macro
base stations. Moreover, the health risks associated with exposure to EMFs
have not been formally proven, and the increased exposure levels result-
ing from base stations being located closer to the ground level have raised
concerns. To investigate these potential issues, a system-level analysis
covering multiple scenarios is generally required. Conducting this anal-
ysis should enable us to make informed decisions about the adjustment
of the network design parameters to allow the coexistence of macro- and
micro-tiers, while ensuring that the exposure levels remain below the legal
thresholds.
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Regrettably, the major drawback of ray tracing is that its computational
complexity quickly explodes as the size of the environment being stud-
ied becomes larger. Even if the propagation environment is restricted by
shorter BS ranges, a large number of in-site simulations should be per-
formed to gain sufficient insight about the optimal deployment trends. In
addition, the use of a deterministic propagation model may not actually
be necessary as the propagation environment is expected to dynamically
and unpredictably change in future networks. Alternative methods should
therefore be explored or, at least, a systematic approach should be pro-
posed to combine ray tracing with simpler tools to accurately replicate the
network performance.

In that sense, stochastic geometry has played a major role in the last
decades. This branch of applied probabilities provides us with an inter-
esting mathematical framework that eases the study of random phenom-
ena in large-scale systems. It has been extensively used for the modeling
of many emerging technologies. Despite the plethora of applications of
the SG-based models, only a few works have considered a deployment
of small cells BSs along streets. In fact, the PPP is often preferred for its
mathematical tractability. However, due to a high built-up ratio in dense
urban areas, streets are actually the most common location where these
BSs are expected to be deployed. For this reason, the proposed work ex-
plored the use of doubly stochastic point processes. These processes are
characterized by the fact that both the street pattern and the BS locations
are stochastically generated. More importantly, BS locations are restricted
to lie along these streets. Besides, observations of existing urban street pat-
terns have revealed a degree of structure, particularly in cities that have
developed gradually around the historic center. However, existing doubly
stochastic models typically assume a uniform distribution of street loca-
tions and orientations. To address this limitation, we have introduced a
new process called the non-homogeneous Poisson Cox line process (NH-
PCLP). Finally, most existing works concentrate on the contributions from
streets that are different from the UE’s street in the direct path. However,
due to the strong building penetration losses, these contributions are typi-
cally very low. Therefore, this study rather focuses on the diffraction from
building corners in urban areas.

Following the previous discussion, a general multi-tier urban network
model that takes into account all the elements mentioned earlier has been
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introduced in Chapter 3. The proposed model is capable of covering a wide
range of scenarios, and its design parameters can easily be modified to
gain a better understanding of how they impact the system’s performance.
In Chapter 4, semi-closed form expressions for commonly studied SINR-
based metrics characterizing the latter model under all possible variations
are derived. Given the growing skepticism surrounding exposure levels,
both exposure-based metrics and joint distributions are also investigated.

A common approach in SG-based works is to assume that the location
of the UE can be generated independently of any external factors. How-
ever, in real-world scenarios, complete spatial randomness is not always
achieved, especially with recent efforts by operators to deploy BSs where
the UEs are actually located. To account for this, our analysis was gen-
eralized to include UEs whose positions are coupled with a hotspot BS.
Additionally, it is important to consider that there is a possibility that a UE
may be situated at a street intersection, such as pedestrians waiting at a
traffic light. As the performance of a UE located at a street intersection can
vary greatly from that of a UE located within a street, a second generaliza-
tion is being performed to incorporate crossroad UEs.

In Chapter 4, network performance is evaluated in Manhattan-like ur-
ban environments, Cox-like urban environments, and sparser environments.
The tier parameters were calibrated based on the Winner 2 channel models.
When the network is exclusively served by street BSs, it has been shown
that neglecting diffracted contributions may lead to a significant overesti-
mation of the coverage probability, particularly in streets that are poorly
equipped with network infrastructure or in areas with high street density.
Moreover, the existence of crossroad UEs must not be overlooked. In fact,
neglecting the existence of such UEs can mislead the decision regarding the
optimal BS density, as crossroad UEs require less aggressive densification
to achieve optimal average capacity.

When the micro tier is added to the existing macro tier, it is crucial
to carefully select both tiers’ densities. It was shown that a sparse but
strategic deployment of small cells can help the operators to offer higher
throughputs in high-traffic areas. To avoid a strong deterioration of the
performance in these areas while offering all UEs a minimum QoS, roof
tiers can then be densified. Due to a stronger beamforming ability at macro
BSs and to a lower probability for roof BS to interfere in LOS conditions,
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if they are placed sufficiently close to the rooftop level, the coverage can
be safely extended. With the ultimately selected densities, 96% of uniform
and 99% of non-uniform UEs can benefit from a minimum QoS while main-
taining exposure levels below legal thresholds. However, the use of beam-
forming is critical to attain such a performance. In sparser environments,
using small cells may not be recommended due to the higher probability
of LOS contributions from non-typical streets and roof BSs.

MC simulations are commonly used to validate SG-based models, al-
lowing verification of their mathematical correctness. However, they do
not confirm whether these models yield accurate results in the first place.
To validate these models and identify their limitations, in Chapter 6 we
successively conducted comparisons with results obtained using a deter-
ministic channel model (ray tracing) and using real city topologies. Our
models have been proven to deliver precise outcomes with respect to RT
when the PL coefficients and the fading distributions are carefully chosen.
Nonetheless, even a slight deviation from these parameters can result in
significant inconsistencies. This emphasizes the crucial role of an accurate
parameter extraction. In a second phase, we demonstrated that the doubly
stochastic models we considered tend to underestimate the coverage prob-
ability in real cities since they cannot account for the repulsion between
streets. This underestimation is further amplified by the infinite length as-
sumption of the NHPCLP, particularly in sparser environments where the
LOS probability is usually higher. In Brussels, the NHPLM was shown to
be a more accurate model at the considered densities.

The latter model, however, comes at the price of additional integrals.
Unfortunately, this gradual increase in flexibility of SG-based models also
comes with a rise in their computational complexity. This is due to the
presence of these multiple nested integrals, which can involve the integra-
tion of functions with sharp peaks that require time-consuming numerical
computations. As a result, the gap between these models and the asso-
ciated MC simulations is shown to become narrower, and in some cases,
the MC simulations can even outperform the analytical models. This last
observation goes against one of the main reasons that initiated SG-based
models: the runtime.

Finally, we optimized the deployment of small cell BSs for a reference
scenario using power levels calculated from both a simple propagation-
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based model and RT. Although both models generally resulted in simi-
lar performance, they produced different deployment patterns. As the
network density increased, the optimal deployments determined by RT
demonstrated an improvement in overall performance of up to 6% for high
SINR values.

8.1 Future research

In this dissertation, only the downlink communications were considered.
The proposed approach could therefore be generalized to the uplink (UL)
communication. This, however, raises many challenges. For example, the
use of power control (PC) techniques such as the fractional power con-
trol [97] is highly required to mitigate the UL interference. PC techniques
are particularly important in the UL as the UE’s device is battery-powered
which limits the maximum transmit power. The restricted beamforming
ability of mobile UEs further reinforces the importance of PC. Another rea-
son is that excessive but unnecessary transmit power reduces battery life of
mobile devices. In case of PC, UE transmit power levels are thus typically
impacted by the distance to their serving BS which needs to be modeled.
Furthermore, in orthogonal mutliple access schemes, only one UE com-
municates on a given ressource block in each cell. This makes the point
processes used for BSs not perfectly suitable for mobile UEs, as the inter-
fering UEs locations are correlated with the BSs locations. In fact, having a
UE in a subregion of a cell means that no interfering UE is found in the rest
of the cell, which contradicts the PPP properties. UL models should ad-
dress this dependency. While the UL analysis was already conducted for
usual PPs [97], there is still room for UL models that use doubly stochastic
models.

This study only focused on outdoor scenarios, but the metrics analyzed
could also be applied to indoor environments. Winner channel models
could be similarly used for calibration. That way, the impact of outdoor
infrastructure on indoor UE could be evaluated. Furthermore, the use of
femtocells could be considered as an additional measure to improve the
connection of indoor UEs and reduce the UL exposure due to the proxim-
ity of the femto BS.
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Due to the increased flexibility of the presented models, its computa-
tional complexity has become overwhelming. Therefore, finding a way
to simplify the analytical expressions would be a valuable contribution.
In a previous study [98], it was found that the coverage probability of
cellular network models typically has a consistent shape and is mainly
shifted to the left or right. They proposed a method that uses the mean
interference-to-signal ratio and the expected fading-to-interference ratio to
approximate the coverage probability of more complex point processes by
utilizing the coverage probability expression derived for the more tractable
PPP. It would be intriguing to investigate whether this approach is suitable
for analyzing the models presented in this thesis. Expanding this approach
to other metrics is also an intriguing possibility.

Given the observed street repulsion in real city topologies, it would be
valuable to explore the potential of repulsive doubly stochastic processes.
Although the Matern Hard Core Point process already exhibits repulsion
properties for simple point processes, it would be interesting to extend
this concept to Cox Line processes. This could be accomplished by using
another point process to generate the initial points in the representation
space.
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Appendices

A Proof of Lemma 4.4

This proof strongly relies on [38]. Given the initial PLLP Ψl , the joint void
probability is given by:

F J,NT
(
θ1, ..., θK

)
≜ P

(
R1
(
B2(0, θ1)

)
= 0, ...,RKS

(
B2(0, θKS)

)
= 0

)
(1)
= EΨl

[
∏

l∈Ψl

∏
{k}

P
(
Rk
(
l ∩ B2(0, θk)

)
= 0

∣∣Ψl

)]
(2)
= EΨl

[
∏

l∈Ψl

∏
{k}

exp
(
− λkvk

(
l ∩ B2(0, θk)

))]
(3)
= EΦl

[
∏

(ρ,θ)∈Φl

∏
{k}

exp
(
− λkvk

(
l(ρ,θ) ∩ B2(0, θk)

))]
(4)
= exp

(
− λs

∞∫
0

2π∫
0

[
1 − ∏

{k}
exp

(
− 2λk

√
max(0, θ2

k − ρ2)
))]

p(ρ, θ)dρdθ

)
.

where (1) is obtained assuming l ∩ B2(0, θk) represents the portion of line
l ∈ Ψl that lies inside the 2D ball B2(0, θk). (2) results from the void prob-
ability of KS independent 1D HPPPs on each line. vk

(
l ∩ B2(0, θk)

)
is the

required distance on that line l that would ensure that the closest node on
te line is further than θk from the origin. (3) follows from the transition from
the euclidian space to the representation space. (4) is obtained by applying
the PGFL property of 2D PPPs and by definition of vk

(
l ∩ B2(0, θk)

)
.

| 163



| Conclusion

B Proof of Lemma 4.6

The proof is similar to the proof of Lemma 4.4. The joint void probability
is here modified as all tiers on non typical streets are linked by the street
realization. Since we integrate on the distance r to the closest node of tier
ΞNT,(k∗), other non typical street tiers will be affected by the value of this
integration variable r. In fact, each line potentially generated inside the

ball B2(0, r) at a given distance ρ has a probability exp
(
− 2λk∗

√
r2 − ρ2

)
to be present in a realization where r is actually the distance to the closest
node. This is the probability that no node is generated at a distance smaller
than r given the distance to the line is ρ. If the initial homogeneous street
density is λs, network realizations for which r is the distance to the closest
node of tier ΞNT,(k∗) have thus a non homogeneous street density given by:

λs(ρ) =

{
λs exp

(
− 2λk∗

√
r2 − ρ2

)
if ρ < r

λs elsewhere

As other non typical street tiers are generated on the same streets, network
realizations with these characteristics will thus have to be considered. In
addition, if r is the distance to the closest node of tier ΞNT,(k∗), there has to
be a line going through that particular node. Taking into account these two
elements, we can easily compute the following modified joint CCDF as :

Fm,J,NT
(
θ1, ..., θK, r

)
=

∞∫
0

∏
{k}∗

exp
(
− 2λk

√
max(0, θ2

k − y∗2)
)

fC,R(y∗|r)dy∗

exp
(
−

∞∫
0

2π∫
0

[
1 − ∏

{k}∗
exp

(
− 2λk

√
max(0, θ2

k − ρ2)
))]

λs(ρ)p(ρ, θ)dρdθ

)
.

C Proof of Lemma 4.12

The proof relies on Appendix A in [99]. In the following computations,
k ∈ {1 − NS}], k′ ∈ {1 − NB} and n ∈ {L, N}. In addition, let us introduce
the notation (k, n)∗ as the collection of all combinations (k, n) unless the
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serving one (k∗, n∗). Assuming S = Pk∗ L−1
k∗ ,n∗(RT,k∗ ,n∗), the association

probability is then computed as:

AT,k∗ ,n∗ = P

[
S > max

[
max
(k,n)∗
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PkL−1

k,n(RT,k,n)
)
, max

(k)
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)
,
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−1
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)
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(k′ ,n)
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−1
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)]]
(1)
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]
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P
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P
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{
∏
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P
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T,(k,n) (RT,k∗ ,n∗)

]
∏
(k′)

P
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P
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RB,k′ ,n > zT,(k∗ ,n∗)
B,(k′ ,n) (RT,k∗ ,n∗)
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]
(2)
=
∫ ∞

0
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(
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T,(k,n) (r)
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FC,RB,k′ ,n
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B,(k′ ,n) (r)
)

F J,NT

(
zT,(k∗ ,n∗)

NT,(1) (r), ..., zT,(k∗ ,n∗)
NT,(NS)

(r)
)

fC,RT,k∗ ,n∗ (r)dr

where (1) comes from the independence of almost all tiers. Remember that
non typical street tiers are linked by the street realization hence the fact
that they can not be treated as if they were independent. (2) follows from
the definition of CCDFs.
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D Proof of Lemma 4.16

This proof strongly relies on Lemma 3 in [99]. Using Bayes’ theorem, we
can compute the CDF of the serving distance for street tier ΦT,(k∗ ,n∗) as:

FS,RT,k∗ ,n∗ (r) = 1 −
P
[

RT,k∗ ,n∗ > r, Association to ΦT,(k∗ ,n∗)

]
P
[
Association to ΦT,(k∗ ,n∗)

]
Using the same steps and notations as in Appendix C, the numerator is:

P
[

RT,k∗ ,n∗ > r, Association to ΦT,(k∗ ,n∗)

]
= P

[
RT,k∗ ,n∗ > r,S > max
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max
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)
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(k)
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)
,
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−1
d,k′(RBd,k′)

)
, max
(k′ ,n)

(
Pb,k′ L

−1
k′ ,n(RB,k′ ,n)

)]]
.

Knowing the denominator is the association probability AT,k∗ ,n∗ , we con-
clude:

FS,RT,k∗ ,n∗ (r) = 1 − 1
AT,k∗ ,n∗

∫ ∞

r
∏
(k,n)∗
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(
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(x)
)

fC,RT,k∗ ,n∗ (x)dx

The PDF is then obtained by taking the derivative with respect to r.

E Proof of Lemma 4.22

Assuming j ∈ ΦT,(k,n,m), the CF of the interference IT,k,n,m is given by:

ϕ
T,(k∗ ,n∗)
T,(k,n,m)

(t|r) = EΦT,(k,n,m)

[
∏

j
E|hn |2

[
exp

(
jtPkGm |hn|2 L−1

k,n(r
′)
)] ∣∣∣∣k∗, n∗

]
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ϕ
T,(k∗ ,n∗)
T,(k,n,m)

(t|r) (1)
= EΦT,(k,n,m)

[
∏

j
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PkGmL−1
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= exp
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λT,(k,n,m)(r

′)dr′
]

In the above developments, (1) is obtained by definition of the CF of
the general fading distribution defined in Section 3.3.4. (2) comes from
Theorem 2.7 assuming that all interferers undergo the same fading. Due
to the association rule, the integration is then limited to [zT,(k∗ ,n∗)

T,(k,n) (r),+∞]

where zT,(k∗ ,n∗)
T,(k,n) (r) is the preference threshold defined in Section 4.3.

F Proof of Lemma 4.26

The proof of the CF of the diffracted signals strongly relies on the proof
of Lemma 5 in [32]. For tier with indexes {k, m} and for a street i, BSs
are initially generated following a 1D PPP of intensity λld,(k,m)(r) on the
x-axis (each BS has thus a x-position tj ∈ R). Each node in the NHPCLP is
then rotated by an angle θ′i and translated by v⃗ = (|ri|sin(θ′i), |ri|cos(θ′i)).
The coordinates (xij, yij) of the j-th BS in street i are thus given by Xi,j =

(r′jcos(θ′i)− |ri|sin(θ′i), r′jsin(θ′i) + |ri|cos(θ′i)).

Let us define (1) d1,i(ri, θi), the distance between BS j and the the street
corner, (2) d2,j(yij, θi), the distance from the UE to the street corner and (3)

θ
(B)
i (θi), the Berg model angle. In the following expressions, it is also as-

sumed that fd,k(yij, ri, θi) = L−1
d,k (d1,i(ri, θi), d2,j(yij, θi), θ

(B)
i (θi)).

On the basis of these notations, the CF of the interference associated to
diffraction is derived as follows:

ϕD(t) = E
[
exp

(
jtPkGm|hj|2 fd,k(yij, ri, θi)

)]
(1)
= EΦ

[(
1 − jtPkGm fd,k(yij, ri, θi)

)−1
]
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5π
2 − θi

r′ < −ri
tan(θi− 3π

2 )
;y+ij

yij

sin(θi− 3π
2 )

θi − 3π
2

3π
2 ≤ θ′i ≤ 2π
0 ≤ θi ≤ π

2

r′ ≥ ri
tan( π

2 −θi)
;y+ij ri

sin( π
2 −θi)

−yij
sin( π

2 −θi)
π
2 − θi

r′ < ri
tan( π

2 −θi)
;y−ij

yij
sin( π

2 −θi)
π
2 + θi

Table F.1 Summary of Berg model values depending on the different
parameters values.

ϕD(t) = EΦl

[
∏

i∈Φl
l ̸=l0

∏
{k,m}

EΦld,(k,m)

[
∏

j∈Φld,(k,m)

(
1-jtPkGm fd,k(yij, ri, θi)

)-1]]

(2)
= EΦl

[
∏

l∈Φl
l ̸=l0

∏
{k,m}

exp
[

-λld,(k,m)

∫ ∞

-∞
1-
(

1-jtPkGmgd,k(i, r′)
)-1

dr′
]]

(3)
= exp

[
-λs

∫ ∞

0

∫ 2π

0
1- ∏

{k,m}
exp

[
-λld,(k,m)

∫ ∞

-∞
1-

(
1-jtPkGmhd,k(r, θ, r′)

)-1dr′
]

p(r, θ)dθdr

]

In the above development, (1) is obtained by definition of the CF of an
exponential random variable. (2) is obtained by applying the PGFL with
respect to the point processes Φld,(k,m) in each street assuming gd,k(i, r′) =
fd,k(r′ sin(θ′i) + |ri| cos(θ′i), ri, θi)). Finally, (3) is obtained by applying the
PGFL with respect to Φl with hd,k(r, θ, t) = fd,k(r′ sin(θ′) + r cos(θ′), r, θ)

= fd,k(r′ sin(θ − π
2 )+ r cos(θ − π

2 ), r, θ). The different situations depending
on the rotation angle θ′i are shown on Figure F.1. Based on this figure, the
Berg model values for all cases are then summarized in Table F.1. The end
of the proof is straightforward.
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Fig. F.1 Street types with respect to ri and θi values.
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G Proof of Lemma 4.34

This proof strongly relies on [100]. The average capacity is given by:

µC
(1)
= E

[
B log2

(
1 +

S
I

)]
(2)
=

B
ln(2)

E

[
ln
(

1 +
S
I

)]
(3)
=

B
ln(2)

E

[∫ ∞

0
s−1

(
1 − e−s S

I

)
e−sds

]
(4)
=

B
ln(2)

E

[∫ ∞

0

1
z

(
e−zI − e−z(S+I)

)
dz
]

(5)
=

B
ln(2)

∫ ∞

0

1
z
(MI(z)−MS+I(z)) dz

where (1) follows from the definition of the average rate, (2) is obtained
by change of base and by linearity, (3) results from the following integral
ln (1 + t) =

∫ ∞
0 s−1 (1 − e−st) e−sds for t ≥ 0 and (4) is obtained by variable

change s = zI. (5) can then be written by linearity and by interchanging the
integral and the expectation thanks to Fubini’s theorem as the intergrand
is non-negative for z ≥ 0. In addition, we use the moment generating
functions (MGF) defined as MX(t) = E

[
etX]. Using the conversion into

the corresponding CFs and the properties of CFs, these MGFs computed
as:

MI(z|r) = E
[
ezI |r

]
= ϕI

(
−z

j

∣∣∣∣ r
) MS+I(z|r) = E

[
ez(S+I)|r

]
= ϕS

(
−z

j

∣∣∣∣ r
)

ϕI

(
−z

j

∣∣∣∣ r
)

Assuming the serving tier is tier ΦT,(k∗ ,n∗) and averaging over r, we obtain:

µ
T,(k∗ ,n∗)
C =

B
ln(2)

∫ ∞

0

1
z

ϕD

(
−z

j

) ∫ ∞

0

(
1 − ϕ

T,(k∗ ,n∗)
S

(
−z

j

∣∣∣∣ r
))

ϕI

(
−z

j

∣∣∣∣ r
)

fS,RT,k∗ ,n∗ (r)drdz

where ϕI(q|r) is defined as in Lemma 4.38.
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H Proof of Lemma 4.37

The average is by definition given by

µE = E
[
S + ∑

{j,k,n,m}
Ij,k,n,m + ∑

{j,k,m}
Ij,d,k,m + ∑

{k,m}
Ip,k,m

]

= E
[

∑
{k,m}

INT,d,k,m

]
︸ ︷︷ ︸

mD

+E

[
S + ∑

{j,k,n,m}
Ij,k,n,m + ∑

{k,m}
IBd,d,k,m + ∑

{k,m}
Ip,k,m

]
︸ ︷︷ ︸

mO

where mO represents the mean of the total exposure coming potential serv-
ing tiers and mD the mean exposure associated to corner diffraction for
signals coming from non typical streets.

Assuming a serving BS from tier ΦT,(k∗ ,n∗) located at a distance r, the
second term is computed as:

mT,(n∗ ,k∗)
O|r = E

[
S + ∑

{j,k,n,m}
Ij,k,n,m + ∑

{k,m}
IBd,d,k,m + ∑

{k,m}
Ip,k,m|{k∗, n∗}, r

]
= Eg

[
Pk∗G1gL−1

k∗ ,n∗(r)
]

+ ∑
{k,n,m}

Ej∈ΦT,(k,n,m)

[
Egj

[
PkGmgjL−1

k,n(rj)
]
|r
]

+ ∑
{k,n,m}

Ej∈ΦB,(k,n,m)

[
Egj

[
Pb,kGmgjL−1

k,n(rj)
]
|r
]

+ ∑
{k,m}

Ej∈ΦBd,(k,m)

[
Egj

[
Pb,kGmgjL−1

d,k (rj)
]
|r
]

+ ∑
{k,m}

Ej∈ΦNT,(k,m)

[
Egj

[
PkGmgjL−1

t̃,k (rj)
]
|r
]

.

Each term can be developed using Theorem 2.7 knowing the channel
power gain g for all links has a unit mean. The term mD is similarly com-
puted. By averaging over the distance to the serving BS, one obtains

mT,n∗ ,k∗
O =

∫ ∞

0
mT,(n∗ ,k∗)

O|r fS,RT,k∗ ,n∗ (r)dr. (1)
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I Proof of Lemma 4.42

The joint metric can be expressed as

J(θc, θe) ≜ P
[S

I
> θc, S + I < θe

]
= P

[
I <

S
θc

, I < θe − S
]

=


P
[

I <
S
θc

]
if

S
θc

< θe − S

P
[

I < θe − S
]

if θe − S <
S
θc

=



P
[

I <
S
θc

]
if S <

θcθe

1 + θc︸ ︷︷ ︸
θ′

P
[

I < θe − S
]

if θ′ < S < θe

0 if S > θe

We then obtain:

JT,(k∗ ,n∗)(θc, θe|r) =


P
[

I <
gS(r)

θc

]
if g < θ1(r) =

θ′

S(r)
P
[

I < θe − gS(r)
]

if θ1(r) < g < θ2(r) =
θe

S(r)
0 if g > θ2(r)

assuming the user is associated to a BS of tier ΦT,(k∗ ,n∗) and defining S(r) =
Pk∗GmL−1

k∗ ,n∗(r).

Let us define FT,(k∗ ,n∗)
I (i|r) to be the cumulative distribution function

of the total interference conditioned on the serving distance r and on the
serving tier. Using linearity, the last equality can be rewritten as

JT,(k∗ ,n∗)
(

θ, θ′
)
= Er

[ ∫ θ1(r)

0
FT,(k∗ ,n∗)

I

(
gS(r)

θc

∣∣∣∣∣ r

)
fG(g)dg

]
︸ ︷︷ ︸

T1

+ Er

[ ∫ θ2(r)

θ1(r)
FT,(k∗ ,n∗)

I

(
θe − gS(r)

∣∣∣∣∣ r

)
fG(g)dg

]
︸ ︷︷ ︸

T2
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Using Theorem 2.23, the CDF of the total interference can be expressed as:

FT,(k∗ ,n∗)
I

(
i|r
)
=

1
2
− 1

π

∫ ∞

0
Im
[
ϕI(q|r)e−jqi

]
q−1dq.

Assuming Rayleigh fading on the useful link, we compute T1

= Er

[ ∫ θ1(r)

0

(
1
2
− 1

π

∫ ∞

0
Im

[
ϕI(q|r)e−jq gS(r)

θc

]
q−1dq

)
e−gdg

]
(1)
= Er

[
1
2

FG
(
θ1(r)

)
− 1

π

∫ ∞

0

∫ θ1(r)

0
Im
[
ϕI(q|r)e−jq gS(r)

θc

]
e−gdg q−1dq

]
(2)
= Er

[
1
2

FG
(
θ1(r)

)
− 1

π

∫ ∞

0
Im

[
ϕI(q|r)

∫ θ1(r)

0
e−jq gS(r)

θc e−gdg

]
q−1dq

]

(3)
= Er

[
1
2

FG
(
θ1(r)

)
− 1

π

∫ ∞

0
Im

[
ϕI(q|r)

1 − eθ1(r)
(

1+j qS(r)
θc

)
1 + j qS(r)

θc

]
q−1dq

]

where (1) is obtained by linearity and by swapping the integral order.
Note that FG(g) is the CDF of Rayleigh fading power gains. (2) follows
from the swap between the integral and the imaginary part. (3) results
from

∫ b
a e−(1+jc)xdx = (e−a(1+jc) − e−b(1+jc))/(1 + jc).

By integrating over r, we obtain

T1 =
1
2

∫ ∞

0
FG
(
θ1(r)

)
fS,RT,k∗ ,n∗ (r)dr

− 1
π

∫ ∞

0

∫ ∞

0
Im

[
ϕI(q|r)

1 − eθ1(r)
(

1+j qS(r)
θc

)
1 + j qS(r)

θc

]
q−1dq fS,RT,k∗ ,n∗ (r)dr.

Similarly, we have:

T2 = Er

[
1
2

FG
(
θ2(r)

)
− 1

2
FG
(
θ1(r)

)
− 1

π

∫ ∞

0
Im

[
ϕI(q|r)e−jqθe

∫ θ2(r)

θ1(r)
ejqgS(r)e−gdg

]
q−1dq

]
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T2
(1)
= Er

[
1
2

FG
(
θ2(r)

)
− 1

2
FG
(
θ1(r)

)
− 1

π

∫ ∞

0
Im

[
ϕI(q|r)e−jqθe

eθ2(r)S2(r) − eθ1(r)S2(r)

S2(r)

]
q−1dq

]
(2)
=

1
2

∫ ∞

0
FG
(
θ2(r)

)
fS,RT,k∗ ,n∗ (r)dr − 1

2

∫ ∞

0
FG
(
θ1(r)

)
fS,RT,k∗ ,n∗ (r)dr

− 1
π

∫ ∞

0

∫ ∞

0
Im

[
ϕI(q|r)e−jqθe

eθ2(r)S2(r) − eθ1(r)S2(r)

S2(r)

]
q−1dq fS,RT,k∗ ,n∗ (r)dr

where (1) results from the following integral computation:

∫ b

a
e(−1+jc)xdx =

eb(−1+jc) − ea(−1+jc)

−1 + jc

assuming S2(r) = −1 + jqS(r). (2) results from the integration over r.

J Proof of Lemma 4.48

If the serving BS is from tier ΦT,(k∗ ,n∗), the CDF of its distance to the UE
knowing the condition γ = (kγ, nγ) of the hotspot BS is

FT,(k∗ ,n∗)
R0,γ

(r) = 1 −
P
[

R0,γ > r, Association to ΦT,(k∗ ,n∗), γ
]

P
[
Association to ΦT,(k∗ ,n∗), γ

] .

While the denominator is known, the numerator can be computed us-
ing the same notations as in Appendix C:

P
[

R0,γ > r, Association to ΦT,(k∗ ,n∗), γ
]

= P

[
R0,γ > r,S > max

[
max
(k,n)∗

(
PkL−1

k,n(RT,k,n)
)
, max

(k)

(
PkL−1

t̃,k (RNT,k)
)
,

max
(k′)

(
Pb,k′ L

−1
d,k′(RBd,k′)

)
, max
(k′ ,n)

(
Pb,k′ L

−1
k′ ,n(RB,k′ ,n)

)
, Pkγ

L−1
kγ ,nγ

(R0,γ)
]]
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P
[

R0,γ > r, Association to ΦT,(k∗ ,n∗), γ
]

=
∫ ∞

0
∏
(k′ ,n)

FC,RB,k′ ,n

(
zT,(k∗ ,n∗)

B,(k′ ,n) (x)
)

P
[

R0,γ > r, R0,γ > zT,(k∗ ,n∗)
0,(kγ ,nγ)

(x)
]

∏
(k,n)∗

FC,RT,k,n

(
zT,(k∗ ,n∗)

T,(k,n) (x)
)

∏
(k′)

FC,RBd,k′

(
zT,(k∗ ,n∗)

Bd,(k′) (x)
)

FJ,NT

(
zT,(k∗ ,n∗)

NT,(1) (x), ..., zT,(k∗ ,n∗)
NT,(NS)

(x)
)

fC,RT,k∗ ,n∗ ,γ
(x)dx

=
∫ ∞

0
∏
(k′ ,n)

FC,RB,k′ ,n

(
zT,(k∗ ,n∗)

B,(k′ ,n) (x)
){

FC,R0,γ(r)1
(
r > zT,(k∗ ,n∗)

0,(kγ ,nγ)

(
x
))

+ FC,R0,γ

(
zT,(k∗ ,n∗)

0,(kγ ,nγ)

(
x
))
1
(
zT,(k∗ ,n∗)

0,(kγ ,nγ)

(
x
)
> r
)}

∏
(k,n)∗

FC,RT,k,n

(
zT,(k∗ ,n∗)

T,(k,n) (x)
)

∏
(k′)

FC,RBd,k′

(
zT,(k∗ ,n∗)

Bd,(k′) (x)
)

FJ,NT

(
zT,(k∗ ,n∗)

NT,(1) (x), ..., zT,(k∗ ,n∗)
NT,(NS)

(x)
)

fC,RT,k∗ ,n∗ ,γ
(x)dx

Grouping the elements to obtain FT,(k∗ ,n∗)
R0,γ

(r) and taking the derivative
with respect to r leads to the desired result.
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