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Abstract

Simulations of incompressible convection-dominated flows, such as vortical flows or wake flows, require ac-
curate and efficient numerical methods. Among the various approaches, the Vortex Particle-Mesh (VPM)
method stands out for its ability to combine the strengths of mesh-based methods, such as efficient elliptic
solvers and finite difference stencils, with the advantages of particle methods, which minimize numerical
dispersion and dissipation errors. However, most VPM implementations consider a uniform grid. This can
lead to a prohibitive computational cost, especially in three dimensions. This challenge can be addressed
effectively through Adaptive Mesh Refinement (AMR), which significantly reduces simulation costs by dy-
namically adjusting the local grid resolution to meet the requirements of the underlying physics. In this
work, we present a novel VPM method that leverages the benefits of AMR. Building upon murphy [1], a
wavelet-based block-structured AMR framework, we propose a new approach to represent the particles that
allows for their refinement or coarsening. We show that our method achieves high-order accuracy, grid adap-
tation, and CFL relaxation at the same time. We then demonstrate the scalability of our method from 128 to
16384 cores, and compare its performance with a uniform resolution framework for the simulation of aircraft
wake vortices. We show that despite the increased complexity due to the overhead of the AMR operations,
the resulting gains in computational efficiency and reductions in memory footprint are substantial.
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1. Introduction

Vortical flows are at the heart of many science and engineering problems, from the wakes behind aircraft
to the flow signature behind flying birds or swimming fish. Dominated by convection, such phenomena unfold
over long times and large scales. This, hence, imposes a substantial amount of computational resources if one
wants to simulate all the scales involved in their flow dynamics. It also requires enforcing free-space boundary
conditions, which is challenging to achieve using traditional numerical approaches. In such a context, vortex
methods [2, [B] stand out as an effective solution. They solve the velocity-vorticity formulation of the
Navier-Stokes equation for incompressible flows, discretize the vorticity with vortex particles, and treat
the advection term in a Lagrangian fashion. This mitigates the dispersion and diffusion errors and waives
the usual Courant-Friedrichs-Lewy (CFL) constraints required for the stability of corresponding explicit
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Eulerian discretizations. Additionally, the vorticity provides a compact representation of the entire flow field,
naturally enabling the enforcement of unbounded boundary conditions. In recent years, hybrid techniques,
known as Vortex-in-cell or Vortex Particle-Mesh (VPM) method, have taken over from traditional vortex
methods. They retain the advantages of particle-based methods but combine them with a mesh to benefit
from highly efficient Poisson solver and finite difference stencils. Particles and mesh exchange information
through high-order interpolation kernels. The method was successfully applied to various bio-locomotion,
wind energy, and aircraft wake cases [4, 5 [6) [7} [8] [9] and has been proven to be a fast and accurate
alternative to pseudospectral solvers to simulate vortical flows [10] [11]. Despite its many advantages, the
VPM method faces a fundamental challenge: its computational cost becomes prohibitive when it comes
to 3D, high Reynolds number flows which de facto exhibit strong disparity in their spatiotemporal scales.
While recent efforts have focused on porting the method on Graphic Processing Units (GPU) and hybrid
CPU-GPU architectures to leverage their computational power [12] [13] [14], others improved the method
efficiency by adapting the density of computational elements to the physics that have to be captured. Our
work falls within this category.

Initially, works have been done to improve the adaptivity of vortex methods using variable core size
particles [15] [16l [I7]. However, those approaches required an a-priori knowledge of the flow and were,
therefore, not adaptive by nature. Bergdorf et al. [18] then introduced an Adaptive Global Mapping (AGM).
The approach pertains to r-adaptivity in finite element methods, where the computational elements shift
toward regions requiring higher resolution. AGM solves the governing partial differential equations (PDEs)
in a reference space where all particles have a uniform core size. The solution is then mapped back to the
physical space, where core sizes vary spatially based on physical requirements.

Beyond AGM, other studies leveraged the remeshing procedure introduced above and the grid in hybrid
approaches to explore Adaptive Mesh Refinement (AMR) techniques initially developed for finite difference
and finite element schemes. AMR methods dynamically adjust the local grid spacing to the physical scales,
ensuring efficient resolution where needed. These approaches have the advantage of keeping a grid composed
of regions with uniform and isotropic elements of different level, often exploited in VPM methods. Three
prime prerequisites must be met: they must (1) detect the need for refinement and the opportunity to
coarsen, (2) provide mechanisms to adapt the fields, and (3) handle the resolution jumps in all the involved
numerical tools. Simultaneously, the computational overhead associated with the adaptation machinery must
be minimized to preserve the effective gains made from reducing the number of computational elements.

Two approaches stand out for performing AMR: the patch-based adaptive mesh refinement (pAMR)
technique and the octree-based method. The first, the pAMR approach, represents the domain as a union of
nested overlapping grids of increasing resolution. The adaptation criteria are typically based on field features
such as solution gradients and/or curvature, or estimates of truncation error, or a combination of both [19].
The actual refinement and coarsening and the evaluation of differential operators across resolution jumps
are usually based on polynomial interpolation, and most methods achieve second-order accuracy in space.
Several pAMR frameworks, such as Chombo [20], SAMRAI [21] or AMReX [22] have been recently developed,
all targetting distributed architecture and building upon the original Berger-Oliger algorithm [23]. For
incompressible flows, Yu et al. [24] proposed an adaptive lattice Green’s function method that has been
recently extended to account for immersed boundaries and new boundary conditions [25].

In contrast to patch-based approaches, octree-based methods represent the computational domain using
a hierarchy of non-overlapping and recursively refined cells that are stored as octree leaves. As for pAMR
approaches, several libraries have been designed for High performance computing (HPC) architecture [26]
27, 28]. Such a method has been further exploited in the finite volume code Gerris [29], later extended
and renamed Basilisk [30]. Building on this framework, van Hooft et al. [31] introduced a new AMR
incompressible flow solver achieving fourth-order accuracy in both space and time. Rossinelli et. al. [13],
Schornbaum and Ride [32], Gillis and van Rees [1] and Jude et. al [33] leveraged the octree approach to use
the tree leaves not as a single cell but as a uniform-resolution block of fixed size. While this choice lowers
the compression rate of the grid, it significantly enhances the computational performance, especially when
working on GPUs.



The dyadic recursive structure of octree is naturally coupled with the wavelet-based multiresolution
analysis [34] [I]. The wavelet transform is a very powerful tool that decomposes any signals into both
space and scale. Wavelets are well-localized waveforms that present a fast decay at infinity and at least
one vanishing moment (i.e., zero mean). The scale decomposition is achieved by dilating or contracting
the chosen analyzing wavelets before convolving them with the signal. In multiresolution analysis, the
wavelets are used to generate two ensembles of nested, orthogonal subspaces that break down the signal into
meaningful and negligible contributions. They can, thus, be employed to drive the adaptation of the grid.
Wavelets have broad applications across various fields and are increasingly used in the CFD community, as
illustrated in the review of Schneider and Vasilyev [35]. In such a context, Engels et. al. [36] combined
a block-structured octree grid with bi-orthogonal wavelets to perform simulations of weakly compressible
flows around moving bodies.

In the vortex method community, several works have leveraged pAMR techniques, and only a few have
relied on octree-based approaches. In their paper on the AGM, Bergdorf et al. [18] also coupled a pAMR
technique with particle methods. They solved the 2D incompressible Euler equations in a velocity-vorticity
formulation with two levels of refinement, and were able to detect small structures in the vorticity field
using a B-Spline-based high-pass filter. Rasmussen et al. [37] proposed a 2D multiresolution VPM method
based on nested grids and included a Brinkman penalization. However, the nested grids were a-priori fixed
and were not adapted to the flow characteristics. In 3D, Lonfils [3§] achieved patch-based grid refinement,
high order accuracy, and CFL relaxation simultaneously, but the nested grids were also fixed a priori. El
Ossmani and Poncet [39] studied, among other cases, the dynamics of a 3D ellipsoid vortex and the wake
development behind a sphere using a multiresolution VPM method based on pAMR. The error estimation
needed for the grid adaptation was driven by the periodic evaluation of alw| + |V X w|, where w is the
vorticity. The latter expression quantifies the smoothness of the flow. If it is larger than a user-defined
threshold, the grid is refined. In 2D, Bergdorf et al. [40] introduced the wavelet-based multiresolution
analysis in hybrid particle-mesh methods and used it to dictate grid refinement. Building upon that work,
Rossinelli et al. [13] developed a wavelet-based multiresolution VPM method that benefits from a block-
structured octree-based approach to improve the method efficiency. The whole method was tailor-made for
HPC architectures and showed substantial performance improvements while achieving equivalent accuracy
compared to a uniform-mesh counterpart.

With the exception of the work by Lonfils [38], the other studies all lack a reliable and flexible procedure
for the multiresolution interpolation of particle quantities on the mesh and vice-versa. Instead, they either
impose a restrictive CFL-like constraint on the timestep, hence losing one of the advantages of the particle
method, or they significantly expand the ghost layer of the different grids to ensure sufficient support for the
interpolation near resolution jumps. The conventional interpolation kernel implicitly requires particles to
have a size. When it comes to AMR VPM methods, one ideally requires the capability to refine or coarsen
Lagrangian elements—a feature that, to the best of the authors’ knowledge, has never been done before
within AMR VPM methods.

In this work, we present a new 3D scalable, and efficient implementation of the VPM method that
capitalizes on adaptive grid refinement techniques and supports the dynamic adaptation of the particles.
Our solver is integrated within murphy [1], a wavelet-based multiresolution framework for scientific computing
on 3D block-structured octree-based collocated grids. We propose a new mapping approach that connects the
particles and enables their refinement or coarsening, thereby facilitating the interpolation between particles
and a mesh of different resolutions. We employ a novel Multigrid approach with an FFT-based direct solver
to solve the Poisson equation. Designed to leverage large-scale parallel architectures, the resulting software
has been tested up to 16 384 CPUs.

This paper is organized as follows. The VPM method is briefly presented in Section Then, the
grid adaptation techniques employed, as well as the multiresolution hybrid particle-mesh framework, are
discussed in Section [3] The rest of the paper is dedicated to the validation of the method in Section [5| and
to the analysis of its performance in Section |6} This work is concluded in Section [7]



2. The Vortex Particle-Mesh mehod

The present contribution builds upon a corpus of works in the field of hybrid Vortex methods. We only
present here the theory required to detail our multiresolution framework. A complete review of Vortex
methods and their applications can be found in [41].

The Vortex Particle-Mesh method solves the velocity (u)-vorticity (w = V xu) formulation of the incom-
pressible (V -u = 0) Navier-Stokes equations

D
Fa; = (w-Vu+vWo, (1)

where DQI = (% +u- V) denotes the Lagrangian derivatives and v the kinematic viscosity. The velocity field is

related to the vorticity through its Helmholtz decomposition, based on the stream and potential functions,
¥ and ®, respectively:
u=Vx¥+vo, (2)

typically with a gauge set on ¥ as V- ¥ = 0. Due to the incompressibility of the flow, V’® =V -u = 0. In
the absence of body in the flow, the potential component of the velocity, V®, is hence often used to take a
free-stream velocity U into account. On the other hand, the stream function is recovered from the vorticity
based on a Poisson equation:

VY= —w. (3)

The vorticity field is discretized using Lagrangian particles, characterized by a material position x,, a

volume V), and a strength @,. The strength represents the integral of w over the particle material volume:

a, = fv wdV,. The particles are convected by the local flow field, u,, and their strength is updated to
P

account for the vorticity diffusion and the vortex stretching. The latter discretization results in a set of
ordinary differential equations:

i [’;] - [(«u Ve v0) v,,L - @

The VPM framework takes advantage of a Cartesian mesh to improve its computational efficiency.
Particle quantities are first interpolated onto the mesh, where finite differences are applied to compute the
differential operators of the right-hand side of Eq. eq. and where the velocity is recovered from the
vorticity through the resolution of the Poisson equation, Equation . In a uniform resolution framework,
the latter is efficiently solved using a Fourier-based solver such as those provided by flups, a versatile
and efficient Fourier-based library of unbounded Poisson solvers [42] [43]. The updated quantities are then
interpolated back onto the particles.

If left unchecked, Lagrangian distortion can lead to clustering of particles, or conversely depletion in
some regions of the flow. This translates into a breakdown of the interpolation and quadrature operations
behind Equation , and subsequently in the generation of spurious vortical structures [44] [45]. To ensure
a homogeneous particle distribution and maintain the method accuracy over time, a redistribution scheme
periodically replaces the distorted particle set with a new one aligned with an underlying grid [46], [T6] 47],
an operation hereafter referred to as remeshing or redistribution.

The particle-mesh interpolations and the particle redistribution rely on high-order interpolation kernels.
This interpolation can be seen as a discrete convolution between the particle weights and an interpolation

kernel: |
X, — X
wq=zﬁapW( - "), (5)
p

where w, is the vorticity lying at a location x, on the mesh, # is the grid spacing, and W is the interpolation
kernel. These kernels fulfill certain conditions to guarantee the method’s accuracy. Among them, the




interpolating property, i.e. :

0 otherwise,

W) = {1 fori=0 (6)

ensures that the exact solution is algebraically conserved when the particle positions exactly coincide with
the grid points. Preserving moments up to order 2 (i.e., the first 3 moments) is also important, as it
guarantees the conservation of the integral of the vorticity, the linear impulse, and the angular impulse.

This can be expressed as:
a Xp—Xi @
E xiW(T)pr a=0,...,r—1, (7)

with r being the number of conserved moments. This is equivalent to a polynomial reproduction property.
The 3D interpolation scheme consists in a composition of 1D schemes through a tensor product.

The present framework implements the M} and Mg kernels which are both interpolating. On the one
hand, M} has a four-point support, an error of O(h?), and conserves the first three moments [48] 46} [3]. On
the other hand, M{ has a six-point support, an error of O(h’), and conserves the first 5 moments [49] [11].

It has been shown that, as such, the Lagrangian discretization does not preserve the solenoidal property
of the vorticity field [50]. Therefore, the vorticity field is periodically reprojected onto a solenoidal space
thanks to a Helmholtz decomposition (wpew = Vo +w) [8, 47]. In practice, the scalar potential ¢ is computed
by solving a Poisson equation, V2¢ = —=V - w, on the mesh, such that the solenoidal character of the resulting
vorticity field wpey is enforced.

Finally, the Lagrangian treatment of the advection waives the usual CFL condition that restricts the
time step size. In particle methods, the size of the time step is instead constrained by the flow strain to
avoid crossing particle trajectories. This deformation criterion is translated using the 1-norm of the strain
tensor, S = [V + (V)" ]:

5 -1
At = LCFLs max [Z ||S,-,||] : (8)

where LCFLg is a user-controlled constant whose values are typically 0.15 < LCFLg < 0.3. The viscous
operator also constrains the time step: this is embodied in the Fourier number, i.e., r = "h—Az’ < Fmax, Where

Fmax 1S given by the chosen time and spatial discretization scheme.

3. A 3D adaptive Multiresolution Vortex Particle-Mesh method

The multiresolution algorithm follows the same structure as the uniform one, with the addition of a
dynamic mesh adaptation step. The introduced multiresolution mesh also imposes to handle interpolation
between particles and the mesh of different resolutions.

The whole algorithm can be summarized as follows. The particles are first advected, and the information
they carry is interpolated on the grid. On the grid, the velocity is recovered from the vorticity through
the Poisson equation and the diffusion as well as the stretching of the vorticity are evaluated using finite
difference schemes. Finally, the particle quantities are updated via a mesh-to-particle interpolation. The
mesh adaptation is governed by the scale decomposition of the vorticity field and the latter is obtained
through the wavelet multiresolution analysis. It is performed at a certain frequency which has to be chosen
carefully in order to balance the need for resolution adjustments with the computational cost of modifying
the grid. This frequency is constrained to be a multiple of the remeshing frequency, to ensure the alignment
of particles with the mesh when adapting it. The whole algorithm is outlined in pseudo-code in Algorithms

In this section, we first provide more details on the mesh adaptation and then introduce a novel represen-
tation of the particles that enables their refinement and coarsening. The latter are essential for interpolating
particle quantities on the mesh and vice versa. We describe how we proceed to these interpolations, with

5



a particular emphasis on handling the interface between blocks of different resolutions. We conclude the
section with a description of the Poisson solver used in this work.

Algorithm A: The vortex particle-mesh method

Initialization of the simulation

ot; // time-step - user-defined

Wp0; // Initial particles vorticity - user-defined
time = 0; iter = 0;

while time < t,,,, do

RemapParticlesMPI(x,;, w,;)

dw,;
> Up; = ComputeRHS (Xpi» Wpi)

. dw,i
Wpit1;, Xpir1 = AdvanceInTime (X, ;, p i, 5, Up)

time = time + dt
iter = iter + 1’
if Modulo (iter, Nyemesn) =0 then

Wy, InterpolateFromParticlesToMesh (x,,A/A] » Wit )
DeleteParticles()

if Modulo (iter,Nyeproj) =0 then
ReprojectVorticity (w,,)
end

X,i+1 = CreateParticlesAlignedWithMesh ()
wpir1 = CopyMeshToParticles (W, Xp,i+1)
end

end

Algorithm B: ComputeRHS

Data: x,,w, // Position and vorticity of the particles

dw,
Result: —%, u,

begin
w, = InterpolateFromParticlesToMesh(x,, w,)
u,,,¥,, = ComputeVelocityFromVorticity(w,)
% = ComputeDiffusion(w,) + ComputeStretching(w,,, u,)
lw, . .
(:,)]/ , u, = InterpolateFromMeshToParticles(x,, ‘/:/’/’”.u,,,)
end

Algorithms 1: Overview of the vortex particle-mesh method: Algorithm A details the typical temporal loop of VPM method,
while Algorithm B summaries the computation of the right-hand side of Equation . Operations in red represent operations
needed only in a uniform framework, those in represent the operations only present in AMR framework, and the ones
in blue represent the operations that are different in AMR frameworks compared to uniform implementations.

3.1. Mesh Adaptation

murphy [1] is a scalable multiresolution framework for scientific computing on 3D block-structured collo-
cated grids and constitutes the foundation of our method. It decomposes the grid following an octree-based
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approach and relies on a distributed implementation of the wavelet-based multiresolution theory to break
down grid information into meaningful and negligible contributions.

In this section, we provide a concise overview of the wavelet-based multiresolution analysis, with par-
ticular emphasis on the wavelets implemented within murphy. We then describe the grid decomposition
procedure and conclude the adaptation strategy.

3.1.1. The wavelet-based multiresolution analysis within murphy

This section provides a brief introduction to the multiresolution formalism implemented in murphy; we
refer to Gillis et al. [1] for a more thorough description.

The scale decomposition of fields within murphy is performed using lifted interpolating wavelets [51].
To briefly present their formalism, we first go through the conventional orthogonal multiresolution analysis,
followed by the biorthogonal multiresolution analysis in second. From there, we outline their main properties,
which are obtained thanks to the lifting scheme.

Orthogonal multiresolution analysis. The wavelet-based multiresolution analysis [34} [52], [53] decomposes the
space Ly(R) into a sequence of nested, orthogonal subspaces indexed by L € Z:

coocvilevt eyt e,

Due to the orthogonality, the intersection between spaces, N;ez V%, is empty. The difference between sucessive
spaces, VX and V! defines the detail space W’ which is the orthogonal complement of VX in VZ+!:

WE L VE so that VI = vEig WE.

At each level L, orthonormal bases for both VL and W’ are constructed by dilating and translating a
unique scaling function ¢(x) and wavelet function ¥(x), respectively. The basis functions are defined as

ok = V2lp(tx— k), yh(x) = V2Ly(2tx - k),

where {(,oi} and {w,f } form orthonomal bases of V¥ and W, respectively. Orthonormality means <<pé(x) , (piL(x)> =
0;x Y {k,i} € Z, with the inner product defined by (f(x), g(x)) = f_O:o f(x)g(x) dx.

Any function f(x) € L,(R) can be projected onto these bases, yielding the scaling coefficients /l]f and
detail coefficients yf:

AE(f@), ef)  and  yh 2 (f(), vhW) . (9)

With VI = V=l @ W', the projection of f(x) onto level L can be written recursively in terms of the
previous level via the refinement relation:

PHA@E Y o= ) 47 ¢ '@ + Y vt v (10)
J k m

Biorthogonal wavelets. The multiresolution analysis of murphy relies on a broader class of wavelet functions,
known as interpolating wavelets, which relax the orthonormality requirement by employing biorthogonal-
ity [54, 52]. In such a case, the space V! is paired with a dual space V%, spanned by its own basis functions
(,bf such that

(pF) . BL0) =6 with  (i.k) € Z.

Each space VX and V! has a corresponding wavelet complements W* and W¥, respectively. The primal
and dual scaling and wavelet functions —¢, @, ¥ — form bases of their respective subspaces and satisfy

(6F0), vi) = (B, ¢f(0) =0
7



(3F() . ¢f () = (FFx) . vE)) = b

The detail and scaling coefficients in the biorthogonal formalism are computed using the dual functions:

A2 (f(, ghw) and ¥h 2 (0. Fhw)

The refinement relation remains structurally unchanged:

PHfIG) = D A ohny = > 4l of ) + D v ek .
J k m

Lifted interpolating wavelets. In murphy, interpolating wavelets have been extended to conserve moments
through the use of the lifting scheme [55]. First introduced in [51], interpolating wavelets build a polynomial
interpolant from coarse-level values. The detail coefficients represent the deviation of the fine-level values
from this polynomial, and hence drive the adaptation of the grid. As such, murphy provides a collection
of linear filters to decompose any function into scaling coefficients, representing retained information, and
detail coeflicients, representing discardable information. Those wavelets are classified by their degree of
interpolation N,,, and by the number N, of moments they conserve across levels. By construction, an
interpolating wavelet of degree N,, guarantees to reproduce polynomials of order N,,—1 exactly. The wavelets
are indexed N,,.N,,, depending on their properties. Non-lifted wavelets, that do not conserve any moment,
will hence be indexed as N,,.0. For further details about the wavelets and their implementation within
murphy, we refer the reader to [1].

3.1.2. Grid decomposition

The grid is decomposed into structured cubic blocks that are organized in an octree-based fashion. Each
block is a uniform Cartesian grid with a fixed number of grid points NZ. The domain is actually represented
as a forest, i.e. an ensemble of trees, where a single tree occupies a cubic subdomain which also corresponds
to the octree’s root level, i.e. level L = 0. The blocks are the leaves of the trees and constitute the smallest
computational units. The resulting grid spacing on a block depends on its level L in the tree and can be
computed as h = 2L1_Nb Each level is thus twice finer than the previous one. The fields are discretized using a
node-centered data layout. A simple example of a 2D representation of the domain both as a quadtree and
as a physical grid is given in Figure[ll All the octree meta-data are handled by the p4est library [28] while
the block adaptation and the operations between blocks are implemented within the murphy solver. The size
of the grid in a block N, can be chosen arbitrarily at compilation time.

To adapt the grid, the detail coefficients are first computed on all the blocks using the wavelet filters.
Specifically, the detail coefficients y*~! of each block b at level L are computed through the wavelet transform,
and the maximum value ||y“~!||2, of each block is retained. Based on this value, the blocks are either coarsened
or refined. Due to the octree nature of the grid and the fixed number of points per block, the coarsening
of blocks happens if and only if all the blocks within the same tree node satisfy |y !||% < €., with €. being
the compression threshold. With this approach, increasing the number of points per block, N, lessens the
granularity of the grid and consequently reduces the compression rates of a given signal. On the other
hand, the refinement of a block happens if its maximum detail coefficient exceeds the refinement criterion,
IVE b, > €., with € > €. This policy allows the user to bound the maximum detail coefficients on the grid,
and guarantee that the refinement threshold is nowhere exceeded. The block at level L = 0 being the root
of the tree, it can not be coarsened. To refine it, we apply the same procedure as the other leaf, meaning
that the computed details coefficient belongs to a virtual coarser level L = —1.

In such a strategy, the refinement threshold, €,, controls the overall accuracy of the simulation by limiting
the maximum value of the detail coefficient admissible on the grid. In contrast, the coarsening limit, e,
determines the grid compression rate by fixing the minimum value of the detail coefficients that are preserved.
To ensure the stability in the grid adaptation, the ratio between these two thresholds must be higher than
€-/€. > 2V . This is required by the wavelet framework, where the detail coefficients scale as ||yl o A, with
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(b) Quadtree representation of the grid. The colored blocks corre-
is depicted via the blue lines ( ) while the ( ) represents spond to leaves that effectively own the data. Blocks of different
the ijk-particles owned by the block B0. Blocks BS and B6 are colors have different local resolutions.

only partially displayed.

(a) Physical representation of a two dimensional grid. The mesh

Figure 1: 2D example of a multiresolution grid. The physical grid is represented on the left, while the quadtree representation
of the same grid is provided on the right.

N,, the wavelet interpolation order. Since coarsening a block increases its detail coefficients by a factor of 2V,

a ratio below this threshold would cause the coefficients of a coarsened block to exceed the refinement limit,
triggering immediate re-refinement. Such behavior leads to oscillations, or “flip-flops”, in grid adaptation.
Conversely, setting €./€, significantly higher than 2™ can lead to a non-unique grid, where the final state
depends on the initial grid topology. In such cases, both a block and its coarsened version may satisfy the
condition €. < |ly|% < €. As a result, starting the simulation from the coarsest grid or the finest grid, even
with identical initial conditions, can lead to different grid configurations.

Gillis et al. [1] provide more details on the refinement and coarsening and shows that their implementation
achieves the expected order of convergence for wavelets from 2.0 to 6.2.

One should note that murphy enforces a 2:1 resolution ratio constraint on adjacent blocks during the
adaptation. Therefore, the maximum level difference between two neighboring blocks will be 1.

3.2. Multiresolution particles

The multiresolution grid introduced above presents a key challenge for hybrid particle-mesh methods:
handling particles and their interactions with a mesh of varying resolution. Particles are discrete points
characterized by a position and a volume corresponding to the size of the underlying grid cells. They carry
physical quantities and are initially aligned with the grid. However, as they move across the domain, they
may encounter regions with grid resolutions that differ from their original size, either finer or coarser. To
enable the use of classical interpolation schemes, we dynamically adapt the Lagrangian elements to match
the resolution of the mesh and vice versa. We therefore introduce a novel particle representation, which
relies on a grid-like connectivity that enables their refinement and coarsening.

The particles are initially distributed across murphy blocks, with each block owning its subset of particles
at its local resolution. In the standard VPM method, particles do not interact directly and they are, hence,
typically stored as a simple list of elements: x,, with p being the index of the particle. However, in our
approach, each particle is indexed by three coordinates (i, j, k), corresponding to the indices of its initial
underlying grid point: x; . This indexing generates a connectivity between the particles, allowing their
neighbors to be identified at any time during the simulation. This connectivity also implicitly stores the
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reference, i.e., undeformed, configuration of the particles, and enables us to represent any particle fields
in both Lagrangian (material), X = (X,Y,Z,1), and Eulerian (spatial), x = (x,y,z,1), frames of reference.
The mapping between these two configurations is given by x(X,#). The material coordinates are computed
using the particle’s 3D indexing (i, j, k), the origin of the block, and its local grid spacing, while the spatial
positions are stored and updated in time using the simulation’s time integrator.

Using the wavelet tools provided by murphy, these spatial coordinates, x(X, ), can be refined or coarsened
in the reference space X(#). Since particle positions remain regularly spaced in the material frame, wavelet
filters can be directly applied. These wavelets are also essential for retrieving coarse or fine representations
of Lagrangian fields, ensuring that both the particle positions and their associated quantities are adapted
consistently with the multiresolution grid. This simultaneous adaptation of the particles’ positions and fields
enables the dynamic adaptation of any Lagrangian field. A visualization of the particles in both frames of
reference is provided in Figure

Two conditions are necessary to preserve the validity of this procedure. First, the particle set must remain
homogeneous to avoid large deformation of the mapping, which is ensured thanks to the redistribution of
the particles. The mapping is hence reset at each remeshing step. Then, the adaption of the particle fields
requires ghost particles. Here again, we leverage the algorithm of murphy to recompute the ghost particles,
as the ijk connectivity enables particle fields to be handled in the same manner as any Cartesian field. Such
a ghost particles reconstruction is not a local operation and rely on MPI communications.

The interpolating wavelets, modified by the lifting step, conserve some moments but lose their interpo-
lating trait. When adapting the positions of the particles, we need this interpolating property. Hence, we
adopt the policy of always using non-lifted interpolating wavelets when refining or coarsening the particles’
positions. The effect of using lifted or non-lifted wavelets for the fields carried by the particles is discussed
in Section [5l

=«
refined

(a) X(X,Y,Z, 1) - Evolution of the Material coordinates of the par- (b) x(x,y,z,1) - Evolution of the Spatial coordinates of the particles
ticles in the Lagrangian frame of reference. in the Eulerian frame of reference.

Figure 2: 2D example of the multiresolution particles. The initial time and an arbitrary time t = @ > 0 are represented, as well
as the refined particle representation at the same t = a.

As such, interpreting node-centered particles as carrying integral quantities leads to discrepancies at
resolution jumps, i.e. block interfaces. Indeed, relying only on “valid” particles leads to a volume miss,

10



as illustrated in Figure Since most vortex methods rely on the assumption w,V, = a,, we choose
to conceptually move away from the interpretation of the particles as carrier of integral quantities @, and
instead consider them as pointwise information w, at the particle position, as already done in [56] where they
used point particles to handle the simulation of sharp interfaces. This interpretation relaxes the emphasis
on exact conservation of moments and focuses instead on the local accuracy of the interpolated field. This
solves the conceptual issue of the definition of the volume of the particles at the block interface, and, even
though the conservation of moments in not guaranteed, the targeted convergence of the method in space
implies the convergence of the computed moments for a vanishing grid spacing.

B5 B6

B4

oo le 000 000000
elo o0 0060 0 0 0o
AR R AR AR AR AR AR B Y

Bl o . . . . B2

Figure 3: 2D Example of the volume miss that appears when using particles that carry integral strength. Particles (« ) are
represented with their volume in the same shaded color, while the volume that is not covered by particles is represented in (

)

3.3. Particles-Mesh interpolation

Particles are advected without any constraint: they can cross block interfaces and end up on blocks of
different resolutions. The interpolation between Lagrangian and Eulerian fields must consequently handle
resolution jumps. Here, we consider a strategy where the interpolated field adapts itself to its target field
resolution. For example, when interpolating a Lagrangian field on an Eulerian block, we adapt the La-
grangian field to match the Eulerian resolution. Similarly, the Eulerian field is adapted when interpolating
an Eulerian source on a Lagrangian target. This procedure is illustrated on Figure |4, The classical inter-
polation or remeshing schemes presented in Section [2| are then applied to the adapted fields with matching
resolution.

With this policy, the quantities interpolated close to a resolution jump receive contributions from two
different levels, and we can estimate the expected error. The interpolation of a point information ¢ from p
particles to a mesh point m is computed as

Xm — X Xm — Xpr
qm=quW( h p)+qufW(h—p)’ (11)
I m D7 m

where [-]7 denotes quantities that have been adapted before the interpolation, 4, is the mesh spacing, and W
is the kernel function. g,,, the position of the newly created particles, can be decomposed as g, = qp+0(h1,xw),
where N,, is the interpolation degree of the wavelet used for the adaptation. Decomposing x,, as x,, = x, + &

with €. ~ O (h%“’), we can rewrite the second term of Eq. eq. as

; qP'W(xmh;mxp/) = > ap + 0] w(%)

p’
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Further expanding the last factor leads to

2
.xm_xp_fx _ xm—x,, 3 .xm_.xp 3
W( i )'W( m )+(hm) VW( i )+0((hm)]'
——

o(i)

The expected error on the interpolation has then multiple contributions:

Xm — xp Xm — xp,
Qm = ZQpW( hm )+ qu,W(—hm ) 3 (12)
P p’

Ci0(hnk) C0(hpk y+Cs0(y " Y+Cs0(h )

where Ny is the order of the interpolating kernels, M) and Mg, and C; are constants. Two contributions come
from the interpolation kernel , i.e. CIO(hI,,\fk> and C,0 (hf:l’k), and two others originate from the adaptation
of the source field: one from the adaptation of the particle’s positions, i.e. C3O(h%‘“_l), and one from the
adaptation of the particle’s fields, i.e. C4;O0 (h%) The predominant one will depend on the considered
problem.

To simplify the implementation, the interpolation is restricted to a maximum level difference of one
between the source and the target. This constraint introduces a block-CFL-like condition that limits the
total displacement of particles between successive remeshings to be smaller than the size of their original
block. To ensure that this condition is satisfied for all the blocks within the computational domain, the
maximum allowed displacement between the remeshing operations is set to the size of the smallest block
within the grid. Combined with the 2:1 adaptation policy, this constraint ensures the level difference between
a block and a particle never exceeds one. In practice, this constraint has a limited impact on the simulations.
Gillis et al. showed that for the transport of smooth functions, the adaptation frequency must be chosen
such that the signal travels at most 2 fine-level blocks to ensure the framework accuracy. To have the
particles aligned with the grid during the adaptation, we impose the number of iterations between two grid
adaptations to be a multiple of the number of timesteps between successive remeshings. The latter condition
implies that the maximum particle displacement between remeshings must always be smaller than a single
fine-level block size, which is equivalent to the block-CFL-like constraint we introduced.

I{{JT&}’II
B6 B5 I:,: IIIOII 77 B6
[ ~I7¢4— —p——9— 9
rI—o—#—#* i O
9 t—“fy 1= #—#—é‘ ’
IR e B E R
B = [ v‘f‘#f 1 B3 B4

B1 B2 BO B1 B2

(b) Example of the interpolation from the mesh to the particles.

(a) Example of the interpolation from the particles to the mesh.

Figure 4: 2D example of particles-mesh interpolation. When performing a multilevel interpolation, the source field is adapted
to the resolution of the target one. Here, the interpolations between particles coming from the block B0 and the mesh of the

block Bl are detailed. The mesh is depicted via the blue lines ( ) while the ( —s— ) represents the ijk-particles owned by the

block BO.
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3.4. The unbounded multigrid Poisson solver

To solve the Poisson equation, we use an in-house multigrid Poisson solver, tailor-made for murphy
application, as described in details in [57]. The solver builds the whole grid hierarchy needed by a multigrid
approach and achieves flexibility in terms of boundary conditions, including unbounded conditions, as well
as performance by using flups, our Fourier-based Poisson solver [58][43], as a base solver on the coarsest grid.
This novel unbounded multigrid Poisson solver handles any combination of unbounded and semi-unbounded
boundary conditions and benefits from high-order compact stencils to reduce the amount of communication
while improving the solver’s accuracy.

4. Implementation

The main implementation challenge of the framework is to preserve and manage efficiently the particle
connectivity, i.e., the local ijk ordering needed to adapt the particles via the wavelets tools provided by
murphy, when the particles move. After remeshing, the connectivity is naturally obtained by storing the i jk-
particles as a 3D-array on each block. However, it becomes more complex when they cross block interfaces.
In a typical VPM framework, the particles moving outside the boundary of the subdomain of an MPI rank
are transferred to the MPI rank owning the neighboring subdomain. However, this transfer of particles
is cumbersome and inefficient when the particles are stored as 3D-arrays as it would require a collection
of partially filled arrays or a list of particles with additional explicit connectivity information. Therefore,
we decided to keep the particles stored on their original block in one 3D-array. Compared to the usual
VPM framework, this choice alleviates the need for a remapping of the particles across the MPI ranks but
adds MPI communications when it comes to particle-mesh interpolations close to block interfaces. In the
following paragraph, we detail how we register the particles that will be communicated and how we perform
the interpolations between the particles and the mesh.

4.1. Bounding box of the particles

After the particle displacements, we must identify the particles that influence neighboring blocks during
particles-mesh interpolations and thus require MPI communication. To do this, we build a map of different
particle statuses: either a particle influences only neighboring blocks, either its support spans both its
original block and neighboring blocks, or it only impacts its block of origin. Once the map has been built,
each particle has a status assigned. From those statuses, we compute the indices of the particles that will
be sent to each neighboring block, creating a bounding box of indices.

4.2. Particle-to-mesh interpolation

When interpolating the particles on the mesh, we must communicate the contribution of the local particles
onto the neighboring blocks. Therefore, once the bounding box of indices has been computed, we adapt the
particles to the neighbor resolution and interpolate them on the neighboring block mesh. When another
MPI process owns the adjacent block, the rank owning the particles performs these operations locally
and interpolates the particles’ information in a memory buffer that serves as a send buffer. To overlap
MPI communications with computations, we first interpolate the particles influencing blocks of other MPI
processes into a temporary send buffer. This buffer is then sent. We perform an MPI communication per
neighboring blocks. While waiting for the end of the communications, we perform the local interpolation
of the particle’s field. We then accumulate the received buffer information in our local data as soon as
a communication has completed. Such an implementation allows us to keep the waiting time for MPI
communication completion to a minimum.
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4.8. Mesh-to-particle interpolation

An interpolation from the mesh to the particles is always performed after a particle-to-mesh interpolation.
As a result, for this interpolation operation back to the particles, we already know which particles are
influenced by each local mesh point, as this information was determined during the prior particle-to-mesh
step. This alleviates the need to recompute the bounding box for this operation. In the mesh-to-particle
interpolation, the mesh data is adapted to match the resolution of the target particles. To maximize
communication-computation overlap, we first send all required mesh point data to neighboring blocks. While
waiting for the completion of the communications, we interpolate the local mesh points onto our particles.
Then, as soon as neighboring mesh data is received, we adapt it to the resolution of the corresponding
particles if needed and we accumulate their contributions to the relevant particle fields.

5. Validation

In this section, we present the numerical validation of our multiresolution particle framework based on
three aspects: the convergence of the particle-mesh interpolations themselves, the behavior of the method
when solving linear and non-linear advection problems, and the comparison of the method accuracy against
a uniform resolution incompressible flow simulation tool. In all cases, the time integration is performed
using a low-storage third-order Runge-Kutta method [59].

5.1. Interpolation

The interpolation test measures the convergence of the error when quantities are interpolated from the
particles to the mesh and vice versa across a jump of resolution. The interpolation is done using the M; and
M; kernels, with the wavelets 4.0, 4.2, 6.0 and 6.2.

For these test cases, we choose to solve the advection equation of a scalar ¢ in a solenoidal velocity field
V-u=0):
D
D _y

Dt
Because the accuracy of interpolation kernels is sensitive to particle distortion, non-linear velocity fields are
used to ensure that particle positions undergo non-linear deformation from an initially regular distribution.
The number of unknowns per block has been fixed to Ng’ =243 = 13824 unknowns for all cases.

(13)

5.1.1. Particle-to-mesh

In the case of the particle-to-mesh interpolation, we deform a compact Gaussian blob centered in {x., y., z.}
and defined as

~r®/o)
o) = | P () for r(x)/(0) < 1 (14)
0 elsewhere

with r(x) = \/(x —x)2+ (v = y.)? + (z — z¢)*. The velocity field to distort the particle set is that of a stagnation
flow, where the particle set is stretched in two directions and compressed in the last one. The analytical
velocity can be expressed as

u(x) = {kx, ky, —2kz},

where k is the strain rate of the flow, arbitrarily defined. The positions of the particles are imposed using
the analytical expression of their trajectories:

x = {xo exp(k?), yo exp(kt), zo exp(—2k1)},

to avoid any error due to the time integration. The Gaussian blob with o = 0.1L, ¢;,;;, in its initial unde-
formed configuration of the particles is placed in a domain of dimension {L, L, L}, at x. = (0.5L,0.6L,0.2L),
and spans blocks of two different levels, as illustrated in Figure
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The particles are advected up to t = 0.0015¢y, with £y = 1/k. The error of the particle-to-mesh interpolation
is computed by comparing the values obtained on the mesh with the initial condition deformed with the
inverse mapping of the flow:

Eo = max |@ii; (x exp(—kt), y exp(—kt), zexp(2kt)) — Pmesn (X, ¥, 2)| (15)
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(a) Initial condition of the stagnation flow case. The streamlines (b) Convergence of the particle-to-mesh interpolation error of the
are colored according to the velocity magnitude: the darker, the M} kernel with the wavelets 4.0 ( ), 42 ( @), 6.0 ( )
higher the velocity. The block boundaries are shown in black. and 6.2 ( —@— ) as well as the M; kernel with the wavelets 4.0 (
The Gaussian blob is located at the resolution jump. ), 42 (—@ ), 6.0 ( ) and 6.2 ( =@ ) in function of the

minimum grid spacing.

Figure 5: Stagnation flow: advection of a compact scalar Gaussian field in a non-linear velocity field. Both the initial condition
and the obtained convergence of the interpolation are displayed.

In Figure we observe that the convergence of the error is bounded by the minimum between the order
of the wavelet and the order of the interpolation kernel. The M) kernel hence converges with order 3, no
matter if it is combined with a wavelet of order 4 or 6. The prevalent term of the error is the contribution
of the interpolation kernel and all the lines are superimposed. The Mg kernel converges with order 4 with
the wavelets 4.0 and 4.2, the wavelet approximation being here the predominant source of error. Finally,
the M¢ kernel with the wavelets 6.0 and 6.2 converges with order 5, the error, this time, being driven by the
interpolation kernel.

5.1.2. Mesh-to-particle

To study the mesh-to-particle interpolation, we used a 3D periodic and incompressible flow field in-
troduced by LeVeque and extensively used in the level-set literature [61]. Being a challenging scale
separation problem, it has also been chosen by Gillis et al. to validate the ability of their wavelet-based
adaptation to track the need for computational resources. The velocity field is defined as:

2U sin*( x) sin(2ry) sin(27z)
u(x) = {—Usin(2r x) sin’(ry) sin(27z) (16)
—Usin(2rx) sin(27ry) sin’(7z)
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and its components are modulated by cos(mz/3) [61] I]. A Gaussian blob, with o = 0.2L, is reused as the
analytical solution and centered in the middle of a unit cube domain of size {L, L, L}. It is shown in Figure[6a
with the streamlines of the flow.

In this test case, only the ‘forward’ advection is considered, up to t = 0.0125¢y with #p = L/U. The set
of particles is distorted, and the undeformed Gaussian blob on the mesh is interpolated onto it. We then
compare the resulting particle field to the analytical solution. Looking at the convergence of the error as a
function of the grid spacing in Figure[6bl the same conclusion as in the particle-to-mesh case can be drawn.
The error is bounded by the minimum between the order of the wavelet and the order of the interpolation
kernel.
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(a) Hlustration of the deforming flow used in the mesh-to-particle (b) Converg.ence of the mesh-to-particle interpolation error of the
convergence study. The streamlines are colored according to the M; kernel with the wavelets 4.0 ( ), 42 ( —@= ), 6.0 ( )
velocity magnitude: the darker, the higher the velocity. The and 6.2 ( —@— ) as well as the M; kernel with the wavelets 4.0 (
block boundaries are shown in black. The Gaussian blob is lo- ; ‘)1 42 ( - ), 6.0 ( ) and 6.2 ( =@ ) in function of the
cated at the resolution jump. minimum grid spacing.

Figure 6: Advection of a compact scalar Gaussian field in a non-linear velocity field. Both the initial condition and the obtained
convergence of the interpolation are displayed.

5.2. Convergence analysis for the advection equation

Now that the cross-level interpolation has been validated, this section focuses on validating our hybrid
AMR particle-mesh method for the resolution of the advection equation, Equation , for longer time.

As highlighted in Gillis et al. [1], the convergence analysis of a AMR method is non-trivial. For a
non-adapting grid case, the convergence study consists in showing the maximum error E. as a function
of the grid spacing h. However, the local grid spacing varies in time in the AMR case, and there is no
direct control over the minimum grid spacing since it is the result of the grid adaptation. Furthermore, it
cannot be ensured that the maximum error E. on a multi-level grid is located on a region with the finest
resolution. Therefore, following the procedure proposed in [1], we will perform the convergence analysis by
relating the error made at the end of a simulation with the refinement threshold ¢,. We will show that €,
can successfully control the error and even be used to bound the maximum error made in a simulation. The
two cases proposed in the following subsections are similar to those presented in Section 5 of [IJ.
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5.2.1. Linear advection of a Gaussian blob

We first test our adaptive method by transporting a Gaussian blob in a uniform velocity field within a
domain of size {L X L x 2L}. The Gaussian blob is defined as:

2

-r
#(x,y,2) = exp (?) where 12 = (x — x.)* + (y = yo)* + (2 — 2.)*. (17)
The uniform velocity field is defined to produce a linear translation of the blob in all three spatial directions
and the final time is chosen so that the blob travels half the domain length along the z-axis. Its initial
position is set to ensure symmetry between the initial and final locations relative to the domain center. All

numerical parameters for this test case are listed in Table

Parameter Value
Domain size {LxLx2L}
Velocity u={U,U,U}

U, = U(1 = cos (/3 — V2))/sin( V2)
Uy = U cot (V2)

Final time ty=L/U
Initial position  {0.5(L —t; U,),0.5(L —t; U,),0.5L}
Blob size o=LJ/15

Table 1: Numerical parameters for the linear advection test case.

In this case, the timestep is chosen to satisfy CFL = 0.5 based on the finest grid resolution. The particles
are remeshed every three timesteps, and adaptation is performed every six. Although a CFL constraint is
not required for particle methods, it here restricts the distance the information travels between successive
adaptations. In our case, the information travels across 1/8th of the finest blocks between two adaptations.
Using this configuration, we vary the refinement threshold €, while maintaining the ratio of the refinement
over the coarsening threshold constant and equal to €./, = 100. Two wavelets, the 4.0 and 4.2, combined
with the M; and M{ kernels are considered.

The Figure [7| shows a 2D slice of the domain at four different times obtained with the simulation using
the M} kernel combined with the wavelet 4.0, for & = 107® and ¢ = 107®. We can observe a front/back
asymmetry in the mesh topology. The moving field triggers the refinement right in front of the blob, while
coarsening is initiated further behind the blob. Such an asymmetry can be reduced by decreasing the
refinement to coarsening ratio, which results in a more aggressive adaptation.

Figure |8 shows the evolution of the simulation diagnostics over time for wavelets 4.0 and 4.2 combined
with the M; and M kernels. Figures and show that decreasing the refinement threshold effectively
reduces the error amplitude. Comparing the interpolation kernels, the error produced by Mg is two orders
of magnitude smaller than that of Mj.

Figure [8c| depicts the time history of the maximum detail coefficient of the grid. It confirms that the
refinement threshold bounds the maximum detail coefficient. The global evolution of this maximum detail
coeflicient presents prominent spikes that occur with adaptation events. Between successive adaptations, the
amplitude of the detail coefficients progressively increases. When adapting the grid, blocks containing detail
coefficients exceeding the refinement threshold are refined, causing a sudden drop in the detail coefficient
maximum value, explaining the observed spikes. The location of the maximum is not necessarily on the
finest grid but can vary in space as blocks are refined or coarsened.

Figure |8d| shows the evolution of the number of blocks with time. Interestingly, the adaptation strategy
depends on the interpolation kernel, with the M{ case resulting in a noteworthy reduction in unknowns
compared to M}, especially for low refinement thresholds. The reduced impact of the wavelet on the
adaptation strategy is explained by the fact that the signal provided to the wavelet decomposition algorithm
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(a)1=0 (b) t=17/3 (c) t=2t/3 (d) t=1y

Figure 7: 2D Slice in the XZ-plane of the Gaussian blob at its center. The simulation has been done with the Mg kernel, the
wavelet 4.0 and e = 107 with €./, = 100. Isolevels of the blob at [107°,1075,107%,1073,1072,1072,107!] are represented.

has been first interpolated from the particles to the mesh. The interpolation acts as a first smoother that
interferes with the subsequent wavelet analysis. Therefore, using lifted or non-lifted wavelets does not
produce significant differences in the grid topology: their two curves are almost superimposed for a given
refinement threshold. This was not the case in [1] where they observed more compressed grids when using
lifted wavelets. In both cases, the fine regions of the initial condition are overestimated, due to the non-
optimal € /€. ratio. In the case of the M{ kernel, the Gaussian blob first moves across these well-refined
regions: there is no creation of new blocks in front of the blob. Behind the blob, the blocks are progressively
coarsened, which explains the reduction in the number of blocks at the beginning of the simulation. Once
the blob reaches the refined region’s limits, the blocks’ generation is triggered again. From there, the number
of blocks remains constant. On the other hand, the M} kernel triggers the creation of detail coefficients, a
behavior already observed in [49]. Therefore, at the beginning of the simulation, the number of blocks in the
grid first increases before reaching a plateau. A lower refinement threshold enhances the wavelet sensitivity
to these small numerical artifacts, amplifying the differences in the grid topology between the two kernels.

Figure [9 reveals the convergence of the errors made at the end of the simulations and compares them to
uniform resolution simulations. Looking at the maximum error E. in function of the minimum grid spacing
hmin in Figure [Dalwe can observe a degradation in the convergence order compared to the order obtained
in Section This deterioration is due to the accumulation of errors in the multiple remeshings of the
particles.

The multiresolution framework employing M} is as accurate as its uniform counterpart and has the
same convergence behavior, which is impressive given the number of unknowns is divided by a factor of
approximately 55, see Figure It is not the case when using Mg. In this second case, two phenomena
coexist and influence the convergence: the error is either located in the bulk of blocks or at the resolution
jumps. For high refinement threshold values, the prevalent error is generated in the bulk of blocks, and the
multiresolution framework matches the uniform results. When reducing the refinement threshold, the grid
topology changes and spans up to 4 levels of refinement. Errors occur at resolution jumps, which slightly
reduces the method order.
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Figure 8: Linear advection of a Gaussian blob — Impact of €., with €./, = 100, on the time evolution of the maximum error,

the maximum detail coefficient and the number of blocks using the M} combined with wavelet 4.0 (
) and 4.2 ( - ).

using Mg combined with wavelets 4.0 (
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Figure 9: Linear advection of a Gaussian blob — Convergence study of the AMR framework combining the M} kernel with the
wavelet 4.0 ( ) and the 4.2 ( —®- ), the AMR, framework combining the M{ kernel with the wavelet 4.0 ( ) and the 4.2
( —®- ), and the uniform resolution framework using the M ( —®- ) and the M ( —#- ) kernels.
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Plotting the resulting maximum error as a function of € in Figure validates that the refinement
threshold successfully controls the error. As explained in [1], this convergence rate results from the combi-
nation of different components. On the one hand, €, bounds the maximum detail coefficient, ||y||«, through
the adaptation policy. Following the wavelet theory, the maximum detail coefficient associated with the
projection of a given smooth function onto a level with spacing & scale as |[ylle o« A, where here N,, = 4 is
the polynomial interpolation order of the wavelets 4.0 and 4.2. This is confirmed in Figure [9b| by the curve
showing the maximum detail coefficient computed during uniform grid simulations. On the other hand,
Figure [9a]shows us that the convergence order of the errors of the frameworks are respectively Eo, = O(h>?)
for that using M, and E = O(h*?) for that using M¢. Putting it all together, the expected convergence rate
is E II)/IIQZ,”N”’7 with Ny the resulting order of the interpolation kernel and N,, the order of the wavelet, as
depicted in Figure [Oc
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Figure 10: Linear advection of a Gaussian blob — E4, as a function of the number of blocks with the AMR framework combining
M} kernel with the wavelet 4.0 ( ) and the 4.2 ( -@- ), the AMR framework combining the M kernel with the wavelet 4.0
( ) and the 4.2 ( —-@- ), and the uniform resolution framework using the M, ( - ) and the M ( - ) kernels.

Finally, the maximum error made in uniform simulations as a function of the total number of blocks
(Figure presents a slope equal to the order of the spatial discretization divided by three. This is explained
by the fact that the number of blocks in a uniform grid is proportional to h% while the error is proportional
to the grid spacing to the power of the interpolation order. For the AMR simulations, we can see that
the slopes are steeper, meaning that the computational gains made over the uniform resolution simulations
increase with the expected accuracy. The gains will however be highly dependent on the scale separation
of the studied problem. Again, for a given number of blocks, using the M; kernel significantly reduces the
error amplitude compared to the M} kernel.

5.2.2. Non-Linear advection of a Gaussian blob

The ability of the refinement threshold, €, to control the error on the solution of non-linear problem is
studied using the same velocity field as in Section The solution is advected up to time ¢ = 0.5. Since
there is no analytical solution, we compare our results with a uniform resolution simulation performed at
the finest level as a reference solution. For the multiresolution cases, we used two wavelets, 4.0 and 4.2, two

interpolation kernels, M} and M;, and considered four different refinement thresholds €, = {1; 10~'; 1072; 1073}.

We set the time step as Ar = &Uhf, with hy the instantaneous finest grid spacing and U fixed to 1. When a

simulation reaches the final time, the grid is refined to a uniform resolution grid of level 5 with the chosen
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wavelet. The maximum error between the uniform resolution simulation and the resulting grid is computed.
Particles are remeshed every five timesteps and the grid is adapted every ten timesteps.

The results are shown in Figure Figures and demonstrate the convergence of our frameworks
and the ability to control the error using €. which provides an estimate for the error. As already observed, the
convergence rate relating those two quantities matches the theory: E. o eﬁvk/ Mo Figures and show
the total number of blocks at the final time. This metric validates the observations made in the previous

test case but for a more challenging problem.

5.83. Comparison of the AMR and uniform resolution Navier-Stokes solvers

Finally, we deploy our multiresolution particles in a complete VPM solver for the Navier-Stokes equations
and compare its accuracy to its equivalent in uniform resolution. The comparison is performed on the test
case of aircraft trailing vortices, as previously used in [§]. A finite-span wing that generates lift sheds a vortex
sheet, which rolls up into a vortex pair. These vortices are subject to instabilities, among which the well-
known long-wavelength Crow instability [62], which governs the long-time decay of the pair. More complex
systems, with multiple vortex pairs, can be generated by the roll-up and also undergo shorter, rapidly growing
instabilities with medium wavelength. In the four-vortex system presented here, the secondary vortex pair
is weaker and counter-rotating compared to the leading pair. Those can, for example, be initiated by a
negative load on the horizontal tail plane. These secondary vortices are unstable, and this quickly results
in large-amplitude deformations and stretching of the secondary vortices into the so-called Q-loops, which
are eventually wrapped around the primary vortices. This finally leads to reconnections of unequal strength
vortices and accelerates their decay.

This problem presents a definite sparsity in its vorticity distribution and is particularly well suited for
adaptive mesh refinement simulations since the vortices remain relatively compact and move within a large
domain.

The problem is solved in a time-developing manner, starting from an initial condition that represents
the four vortices. The cores of the initial vortices are prescribed to follow a low-order algebraic profile:

() = — ( 1 )2, (18)

2n02 \ (1 + (r/o)?

with o being the core size. The distance between the vortices is noted b. The core sizes are equal to
o1/by = 0.075 and 03 /b; = 0.005. The subscripts 1 and 2 correspond to the primary and secondary vortices,
respectively. The distance between the secondary vortices is b,/b; = 0.3 and the ratio of circulations is

I,/ = —-0.3. The equivalent vortex pair can be expressed through the parameters Iy = I'y + I, and

. . . . . . 2rb?
by = r‘b+0r2bz. Those are then used for the non-dimensionalization, for instance with #, = F—OO The Reynolds

number is equal to Re = I'y/v = 3500. The domain is periodic in the z—direction and unbounded in the x— and
y—directions. The length of the domain in the axial direction maximizes the growth rate of the instability:
L,/by = 0.76 and the other directions are fixed to Ly/L, = 5 and L,/L, = 7. To trigger the instability, the
center lines of the vortices are perturbed by a sine function of amplitude 10795, in the x-direction. The
primary vortices are in opposition of phase compared to the secondary vortices.

In the uniform resolution case, the grid size is fixed to 1280x1792x256, resulting in 587 million unknowns.
In the multiresolution case, we used blocks of size 323 and fixed ¢ = 1072 and €./e. = 2°, the optimal
refinement to coarsening ratio for the wavelet 6.0. In such a configuration, we need to restrict the maximum
allowable refinement level of our AMR simulation to 3, ensuring that the uniform and multiresolution have
the same finest grid spacing. The maximum timestep is fixed and equal to At = 3.3 x 10™*#,. In both cases,
four-order finite differences are used for operations on the grid, the interpolations are made using M{ and the
time integration is performed using a third order low storage Runge-Kutta [59]. In the AMR simulation, the
wavelet 4.0 is combined with the M; interpolation kernel, and the wavelet 6.0 is used for the grid adaptation
and the ghost reconstruction, to enable the use of fourth-order finite difference schemes on the grid.
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Figure 12: Iso-surfaces evolution of the four-vortex system. The opaque surface represents |w| = 10;—;, and the transparent one
1

to |w| = 10%. The surface colors show the magnitude of w, . The evolution of the grid is also shown via a xy-slice located at
L./4.
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Figure [12|illustrates the evolution of the vortex system along with the adaptive refinement of the AMR
grid. Initially, both vortex pairs are captured within fine-level blocks that then follow the wrapping motion
of the secondary vortex around the main ones.

The computational gains through a reduced number of unknowns are affected because of our unbounded
Poisson solver. Specifically, the FFT-based coarse-grid solver requires that all blocks along an unbounded
boundary reside at the coarsest level of the multiresolution grid. Consequently, when a boundary block
is refined, the entire grid must be adapted accordingly, increasing the minimum level of the grid by one
level to ensure the convergence of the elliptic solver. At the beginning of the simulation, the grid spans
up to four refinement levels, yielding a 34-fold reduction in unknowns compared to a uniform grid. As the
simulation progresses, refinements of the coarsest level occur as the secondary tubes are transported close
to the domain boundaries. This reduces the effective range of refinement to just two levels, corresponding
to a reduction factor of approximately four. Despite this limitation, the solver still demonstrates a strong
ability to efficiently adapt its resolution to the flow characteristics. Moreover, the AMR approach does
not compromise accuracy, as demonstrated by the evolution of global diagnostics such as the enstrophy,
&= f “2dV, in Figure The uniform and multiresolution simulations yield nearly superimposed results,
with a maximum relative difference of only 0.07% of the enstrophy peak value. A similar agreement is
observed in local diagnostics such as the L — co norm of the vorticity field, ||w|l~, Wwhere the maximum
difference is only 0.2% of the peak vorticity, see Figure [L3b]
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Figure 13: Comparison of global and local diagnostics obtained from a uniform (—) and from a multiresolution (- -) simulation.

6. Performance of the incompressible Navier-Stokes solver

While the reduction of the number of unknowns in the AMR framework is substantial, this comes at an
increased computational cost by unknown as compared to the uniform resolution solver. This section aims
to identify the time spent in each operation of our new framework, study the parallel performance of our
implementation, and assess the actual computational gains of this new approach compared to its uniform
counterpart. All the simulations were performed on the Lumi-C partition, a EuroHPC facility hosted in
Finland. Each of its CPU nodes has two AMD EPYC 7763 CPUs with a total of 128 cores per node, which
are connected with a 200 Gb/s slingshot-11 network.
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6.1. Breakdown of the time-to-solution

Figure presents the average time spent in the different steps of the VPM temporal loop. The timings
are taken from the first 1000 timesteps of a simulation of the collision of two vortex rings at Rer = 10000.
The simulation ran for 5.6 hours on 1536 MPI ranks, which brings the total cost of this part of the simulation
to 8.6 kCPUL.

The two rings have their principal axis aligned with €, and their geometry is characterized by the following
variables:

) = =+ 0=y s= -2+ -R2,

where s is the distance of any arbitrary point in the domain with respect to the ring center-line of radius R.
The core of the rings is prescribed to follow a compact profile:

r

S D'z
wy(s)ma? _ C( 2) exp (—%) for py < 1
0 elsewhere.

o controls to the compactness of the distribution and o7 is the radius of the vorticity support. g = =

is a measure of the compact aspect of the ring. In this case, § = 1, which implies o = oy. C(ﬂz) is a

parameter computed such that the total circulation is I and, here, C (ﬁ2 = 2.4774. The rings are initially
separated by a distance of R + o, and their center, x.,y.,z., is located in the middle of the computational
domain: {x¢,ye,2c} = {Ly/2,Ly/2,L;/2+(R+0)/2}. The rings have opposite sign circulations, and their induced
velocity pushes them towards the collision. The final step of the simulation is presented in Figure Time
integration is carried out using a third-order low-storage Runge-Kutta scheme. Interpolations between the
mesh and the particles are performed with the Mg kernel combined the wavelet 4.0 while the grid is adapted
with the wavelet 6.0. Particles remeshing occurs every 5 timesteps, mesh adapted every 10 timesteps and the
reprojection is performed every 20 timesteps. The domain is fully unbounded. While the physical analysis
of the case is beyond the scope of this paper and is left as a topic for future work, the case is representative
of the code usage and is therefore of great interest to characterize the time-to-solution of the solver.

The domain is initialized with a mean of 17,5 243-blocks (240k unknowns) per rank, and it slightly in-
creases to reach 19 blocks (260k unknowns) per rank at most. The operations that advance the solution in
time (gathered under the label “Timestep” in Figure are the most time-consuming. In particular, the
interpolations and the resolution of the Poisson equation are the most expensive, accounting for 41% and
30% of the total computational time, respectively. The interpolation schemes thus constitute the largest
share of the time-to-solution. This increased cost is primarily due to the use of the M{ kernel, which has a
large support and therefore incurs a high computational overhead. In addition, these newly implemented
schemes require both adapting the interpolated fields across resolution jumps and communicating the parti-
cles contributions to the neighboring block using MPI, thereby increasing their cost. This behavior contrasts
with the uniform VPM framework, where the elliptic Poisson solve typically dominates the computational
time [8]. In the AMR method, the computational cost per degree of freedom of the Poisson solver is also
more important. The multiresolution nature of the grid requires elliptic solvers that handle highly localized
sources, such as multigrid solvers, instead of more efficient FFT-based algorithms. These multigrid solvers
inherently incur a higher cost per unknowns than the latter [63], thereby increasing the Poisson solver’s
computational cost. The grid adaptation, performed every ten timesteps, represents 16 % of the total. The
other operations, such as the stencil evaluations needed to compute flow diagnostics or the remeshing of the
particles and the reprojection of the vorticity onto a solenoidal space (gathered under the “Client features”
label in Figure have a minor footprint on the time-to-solution of the solver.

Although these timings are sensitive to the simulated case and the grid configuration, the trend should
essentially remain the same. Depending on the grid topology, some load imbalance may occur. The res-
olution of the Poisson equation is sensitive to the distribution of blocks per level. This metric relates the
volume of fine resolution blocks compared to the volume of coarse resolution blocks. An uneven distribution
of blocks per level will increase the load imbalance when solving the Poisson equation. The performance of
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Figure 14: Example of production run: study of a vortex rings collision at Reynolds 10000.

the particle-mesh interpolation scheme also suffers from load imbalance. Since interpolations are computa-
tionally intensive, especially when particles cross interfaces of blocks with different resolutions, an uneven
distribution of workload across MPI ranks can lead to idle processes waiting for the others to complete their
tasks. The introduction of MPI communication within the scheme also introduces synchronization points,
which further amplify the negative effects of poor load balancing.

6.2. Parallel efficiency

The second investigation consists in studying the weak scaling of the solver, i.e. when the computational
resources are increased along with the size of the problem. The parallel efficiency of our framework is assessed
from 1 to 128 nodes of the Lumi cluster, i.e. from 128 to 16384 MPI processes. The test case executes 60
timesteps of the four-vortex system presented in Section |5} The domain size, S(N,) is adjusted according to
the number of nodes N, to maintain the mean number of blocks per core constant: S(N,) = {7,5,2xN,}. The
domain is initialized with an average of 11.4 blocks per core, which leads to 150k unknowns per core since
each block owns 24° unknowns. We used the wavelet 4.0 combined with the M, , kernel for the particles mesh
interpolation, while the wavelet 6.0 is employed for the grid adaptation and the computation of the ghost
point on the mesh. The finite difference stencils are of order 4. The time integration is performed using
a third-order low-storage Runge-Kutta scheme. The remeshing is performed every 3 timesteps, the grid is
adapted every 6 timesteps, and we reproject the vorticity field in a solenoidal space every 12 timesteps. From
a technical perspective, the code has been compiled with the HPE Cray Compiling Environment 17.0.1 for
the MPI implementation, and the libfabric 15.2.0 from the vendor has been used for the slingshot-based
interconnect.

In light of the observations of the previous section, it is not surprising that the weak scaling behavior
of the solver, shown in Figure is largely dominated by the behavior of the interpolations, the Poisson
solver, and the adaptation. The timings in Figure show proportions close to those of Figure for a
small number of nodes. For higher node numbers, the time spent in the Poisson solver slightly increases
and is followed by a sudden peak from 64 to 128 nodes (i.e. from 8192 to 16384 MPI processes). This
performance drop is attributed to the domain’s large aspect ratio combined with the large partition that
results in high MPT traffic of irregularly sized messages. These conditions trigger a change in the libfabric
communication protocol from the fast hardware mode to the slower but more robust software mode, due
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to increased complexity in message matching. The interpolations exhibit an excellent scaling behavior and
their timing remains constant. Based on these timings, the weak scaling efficiency is computed as

T(Nref, N (Nref))

MNe) = TN SeNe)

(19)
where T(N, S (N)) represents the time-to-solution of a simulation with a domain size S(N) performed on N
cores. Here, Nr = 128, i.e., 1 node.

The weak scaling efficiency split by operations is illustrated in Figure and the curves confirm the
analysis of the timings. The Poisson solver presents the worst weak efficiency, which is still above 80%
for a problem size 64 times bigger, but drops to 70% for a problem size 128 times bigger due to the
change in libfabric protocol. In contrast, the efficiency of the interpolations is almost perfect. Indeed,
the interpolations, rely only on local communications that imply neighboring processes and present a great
overlap of the communications with the computations while the Poisson solve requires global communication
schemes. With 60 steps, the adaptation is not really stressed as the physics remains localized in the center
of the computational domain. Yet, we do not expect the adaptation to significantly degrade the framework’s
efficiency. The first drop that appears from one to two nodes in all the curves results from the fact that
the communication relies on fast memory transfer on one node, while on two nodes, some communications
must go through the interconnect. Overall, the global efficiency of the framework remains above 80% for a
problem that is 128 times bigger.
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Figure 15: Parallel efficiencies of the Navier-Stokes solver.

6.3. Comparison with the uniform framework

Finally, we exemplify the actual computational gains one can expect by directly comparing the AMR
and the uniform frameworks, with the already mentioned caveat that the results of such a comparison
are intrinsically dependent on the topology of the simulated problem. We here analyse the timings of the
comparison between the AMR and uniform frameworks on the four-vortex case of Section
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On the one hand, the uniform resolution was initialized with a resolution of 1280 x 1792 x 256 (587
million unknowns) distributed across 17920 blocks. It was executed with 1536 MPI processes, resulting in
11.6 blocks (382k unknowns) per rank. The simulation took 12.5 hours of wall-clock time, corresponding to
a total computational cost of 19,200 CPUh.

On the other hand, the AMR simulation achieved a similar initial resolution with only 526 blocks, a 34-
fold reduction in block count and thus resource usage. As discussed in Section [5.3|and shown in Figure
the number of blocks toward the end of the AMR simulation was reduced by a factor of 4 compared to the
uniform case. To maintain a similar blocks-per-rank ratio by the end of the simulation, we chose to run the
AMR simulation with 384 MPI ranks, see Figure
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Figure 16: Comparison of the number of blocks of a uniform (—) and a multiresolution (—) simulation.

Although the AMR simulation took 42.4 hours, 2.7 times longer than its uniform counterpart, it required
only 16,287.4 CPUh in total. Overall, reducing the number of MPI ranks by a factor of 4 led to a 3.4-fold
increase in wall time, but still reduced the overall computational cost by 20 %, all while preserving the same
level of accuracy and dividing the memory footprint by approximately four.

In its current implementation, murphy constrains the load balancing by enforcing that all leaf blocks
derived from the same parent remain assigned to a single MPI process. This constraint leads to a suboptimal
workload distribution across ranks, which can be improved by increasing the number of blocks per rank. The
benefits of the AMR framework could hence be further enhanced by running the simulation in two stages:
an initial phase with a reduced number of MPI ranks, followed by a second one using more computational
resources. For instance, the early stage of the simulation, when the number of blocks is low, could be
executed using as few as 64 ranks. However, this approach would eventually lead to an out-of-memory event
as the block count increases. Nevertheless, in real-world applications, such a multi-stage strategy is likely
to become the norm, as it is often challenging to accurately predict resource requirements ahead of time.

7. Conclusions and perspectives

In this article, we have presented a 3D Vortex Particle-Mesh (VPM) method that benefits from adaptive
mesh refinement (AMR) to focus the computational resources on the physics requirements, thereby decreas-
ing the computational cost of the method. One of the main challenges in taking advantage of AMR in
hybrid particle-mesh approaches is dealing with the interpolations between particles and meshes of different
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resolution. To tackle it, we relied on murphy, a 3D wavelet-based block-structured multiresolution framework
to handle the mesh adaptivity. As for the particles, we introduced a new connectivity that enables their
refinement and coarsening using the existing grid-based tools. From there, we developed an interpolation
scheme to transfer the information from the particles to the mesh and vice versa. We then thoroughly
validated our new approach on hyperbolic problems and on unbounded incompressible Navier-Stokes simu-
lations. In all the cases, the adaptation is performed based on the wavelet scale decomposition of the fields
discretized on the mesh. For the fluid simulation, the adaptation is driven by the vorticity decomposition.
We finally studied the parallel efficiency and scalability of our framework, and showed that we still achieve
a 80 % weak efficiency for a problem that is 128 times bigger.

At a methodological level, the particle connectivity maps their reference configuration, aligned with the
underlying multiresolution mesh, to their spatial (deformed) configuration. The reference configuration does
not change in time and remains aligned with a Cartesian grid, which allows us to use the murphy wavelet
machinery to coarsen or refine the particle set. This is performed by considering both carried quantities and
Eulerian positions as fields described in the reference (Lagrangian) frame. The transfer of data between the
particles and the mesh is done by adapting the resolution of the source field to the resolution of the target.
Once both fields are at the same resolution, we rely on the usual interpolation kernels of particle-mesh
method. With such an approach, the convergence order of the interpolation between the mesh and the
particles is bounded by the minimum between the wavelet order and the interpolation kernel order.

Our hybrid particle-mesh framework has been tested first on linear and non-linear hyperbolic problems
using solenoidal velocity fields. It showed that the refinement threshold is a high-quality estimation of the
error. Reducing this user-controlled threshold leads to a convergence of the error that presents a slope
proportional to the ratio of the interpolation kernel order to the polynomial order of the wavelets. When
the interpolation kernel order is smaller than the wavelet order, the accuracy of the multiresolution method
is close to the uniform one. When the kernel order is higher than the wavelet order, the method overall
convergence is reduced because the wavelet error dominates. Yet, the error continues to decrease with the
grid refinement. We also observed that the interpolation kernels interfere with the wavelet multiresolution
analysis, which results in comparable grid topologies for both lifted and non-lifted wavelet schemes. We
then validate the framework by comparing diagnostics of multiresolution and uniform-resolution simulations
of a four-vortex system. The results demonstrate that our AMR VPM method matches the local and
global diagnostics of the uniform method while reducing the number of unknowns by a factor of 32 in
the initial times and by a factor of 8 at the end of the simulations. In terms of performance, the three
most expensive operations are the interpolations between the mesh and the particles, the resolution of the
Poisson equation, and the grid adaptation. The interpolations have an almost perfect weak efficiency, while
the elliptic solver and the adaptation, requiring global communications, see their efficiency reduced by the
increase of computational resources. Overall, the solver efficiency remains above 80% with 128 times more
resources. Compared to the uniform resolution, the AMR framework divided the simulation cost by 1.2
when looking at the CPUh and the memory footprint by approximately 4, yet this result highly depends on
the simulated case.

At an implementation level, future works will focus on maximizing resource utilization and further
reducing the computational cost of the method. This involves relaxing two key constraints. The first arises
from the elliptic solver, which currently requires all blocks located at domain boundaries to remain at the
coarsest refinement level. When fine-scale structures approach the boundary and trigger the refinement of
a boundary block, the entire coarsest level of the grid must be refined. This constraint often leads to a
resolution finer than necessary in the outer regions of the domain, thus resulting in an inefficient use of
computational resources. The second constraint affects load balancing: all leaf blocks originating from the
same parent must reside on the same MPI rank. Removing this limitation would allow for a more flexible
distribution of the workload, thereby improving the overall resource usage.

Finally, the present wavelet-based refinement and coarsening criteria are agnostic to the physics of the
underlying PDE. Further work is required to develop an automatic criterion based on the Navier-Stokes
physics to adequately capture emerging fine-scale features or discard negligible information. More broadly,
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a deeper understanding of the behavior of the wavelet-scale decomposition within the NS equations could
also help assess whether the wavelet-scale decomposition could be efficiently combined with large eddy
simulation (LES). Indeed, LES involves modeling the influence of unresolved small-scale structures on the
resolved ones, hence a significant challenge since the definition of the resolved scales varies in space in a
multiresolution context.
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