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Introduction

Sobolev spaces between manifolds appear naturally in various con-
texts. They are natural tools to study variational problems for maps
between manifolds arising in nonlinear physical models [11.27,/65,/110] or
in geometry while studying geometrical objects as harmonic maps [43}83}
111], biharmonic maps [30456488.,109,112] and polyharmonic maps [7,50,
55,(78].

Given two Riemannian manifolds (M, gas) and (N, gn), we could be
interested for example in minimizing the energy functional

E(u) = /M]Vu@N diig,, (1)

among all maps u: M — N in a suitable class which satisfy some fixed
boundary conditions.

When M is an open set of R” and N = R, the functional could be
defined on the space C''(M, N) but this space lacks of a weak compactness
property such that every bounded sequence has a convergent subsequence
in some sense. As a consequence, the functional F is defined on a larger
space which is the so-called Sobolev space W2(M) that involves a notion
of weak derivative and which is a reflexive Banach space. With this idea
in mind, in the first part of the present work, we suggest a robust
intrinsic definition of Sobolev maps between manifolds in which the weak
derivative plays a central role, and we endow with well-behaved intrinsic
metrics the space of Sobolev maps.

Similar minimizing problems arise with higher-order derivatives, that
is, for instance while minimizing the energy functional

Biw) = [ 195l gy @

where k > 2 and V*u denotes the k™ order covariant derivative of u
with respect to both M and N, among all maps u: M — N in another
suitable class, with some prescribed boundary conditions.

Once again, when M is an open set of R” and N = R, the appropriate
space for the functional Ej, is the k™" order Sobolev space W*2(M).
Higher-order Sobolev spaces between FEuclidean spaces can be defined by
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induction. In the second step, we therefore propose and study intrinsic
higher-order derivatives and Sobolev spaces by iteration, in the same
spirit of the first order.

1. Classical Sobolev spaces

When M is an open set of R™ and N = R, classical Sobolev spaces
appear in many variational problems [241|44] and the notion of Sobolev
maps between M and N is well-known.

Originally, if Q is a smooth bounded open set of R™ and if f €
C>(Q,R), Sobolev spaces appear to be a natural setting to minimize the
energy functional Ey: C§°(2,R) — R defined for every u € C5°(Q,R)
by

Eiw =} [ [Vuf~ [ fu 3)

P. G. L. Dirichlet and his contemporaries took for granted the existence
of a minimizer of £y until K. Weierstrass and his students pointed out
that a rigorous proof was lacking [98,[115]. As a consequence, many
mathematicians became interested in this issue and in some related
questions [23,25].

In particular, the idea due to D. Hilbert [69] to find a minimizer con-
sists in considering a minimizing sequence, that is, a sequence (U, )pen in
C§°(, R) such that the sequence (E¢(up))nen converges to the infimum
of Er, which exists since the functional Ey is bounded from below. Since
a minimizing sequence is a Cauchy sequence in the Dirichlet norm [81],
that is,

lim /|Vun—Vum|2 =0,
Q

n,Mm—00

if the minimizing sequence belongs to an appropriate complete space,
it converges to a minimizer. In this context, the Sobolev space Wol 2(Q)
appears to be the natural setting where the energy is minimized.

More generally, the previous space belongs to the larger family of
spaces which are nowadays called Sobolev spaces [81.94,/108].

For every p € [1,+00), amap u: M — R belongs to the Sobolev space
WP (M) 24, §9.1; 44, §5.2.2; [120], definition 6.1.8] if u belongs to the
Lebesgue space LP(M) and if there exists a measurable map Du: M —
L(R™,R) such that |Du| € LP(M) and for every ¢ € C°(M,R™),

/ 'U,leQOZ—/ <D'LL,Q0>,
M M

where for almost every x € M, (Du(z), ¢(x)) = Du(z)[p(x)].
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If u belongs to WP(M), the measurable map Du: M — L(R™ R)
is the weak derivative of u.

For every k € N so that k& > 2 and every p € [1, +00), the k™ order
Sobolev space W*P(M) is defined by iteration as the set of all maps
u € WFLP(M) such that Du € WkE=LP(M,R™).

If the map u: M — R belongs to W*P(M), by induction, for every
j € {1,...,k}, there exists a measurable map D/u: M — L/(R™ R)
from M to the space of j-linear maps between R™ and R and it is the
3t order weak derivative of .

A natural norm |-||x,, on the Sobolev space W*P(M) is defined for
every u € WEP(M) by

k 1
o= (f, i+ 3 [ D7)

and this space is complete with respect to this norm |24 proposition 9.1;
44, 5.2.3; 120, theorem 6.1.9].

Going back to our minimization problem, if the space I/Vo1 2 (Q) is the
closure of C°() in W2(Q), since the functional Ey: W,2(Q) = R
is bounded from below, the infimum exists. Any minimizing sequence
(Un)neN in VVO1 2(Q) is then a Cauchy sequence in the Dirichlet norm,
and by the Poincaré inequality [24] corollary 9.19; (120, theorem 6.4.7],
the sequence (uy,)nen is also a Cauchy sequence in L?(Q). Hence, the
sequence (up)nen is a Cauchy sequence in I/VO1 () which is complete,
and there thus exists u € W01’2(Q) such that

[

Ef(u) = inf{E;(v) : v e Wy (Q)}.

By regularity theory [44, §6.3.1 theorem 6], there exists a function
@ € C*(Q,R) such that u = % almost everywhere in Q and so the
original minimization problem is solved.

It is finally also worth noting that classical Sobolev spaces can be
characterized in a different way. If M is an open bounded set of R™ and
if we denote by H*P(M) the completion of the set

{u € C*(M,R) : ||u|lg,p < oo}

with respect to the norm |||, then W*P(M) = H*P(M) [39,85] (see
also [44, §5.3.2]). In particular, the space W*P(M) is the smallest space
that contains C*°(M,R) and that is complete under the Sobolev norm

|| |k,p-
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2. Sobolev spaces between manifolds

2.1. State of the art

When (M, gpr) is a smooth Riemannian manifold and N = R, the
definition of classical Sobolev spaces can be easily extended to Sobolev
maps from M to R [9,/67].

For every p € [1,+00), a map u: M — R belongs to the Sobolev
space WHP(M) if u belongs to the Lebesgue space LP(M) and if there
exists a measurable map Du: M — L(TM,R) such that |Du| € LP(M)
and for every local chart ¢: V C M — R™ and every test function
@ € C(P(V),R™),

| e dive=—[ (DuoD@w )0,
(V) (V)

where for almost every x € V,

((Duo D(%~1))(%(2)), p(¥(2))) = Du(@)[D(%~")((x))[p(¥(2))]].

By induction, for every k € N so that £ > 2 and every p € [1,4+00),
a map u: M — R belongs to the k™ order Sobolev space Wk’p(M) if
u € WFLP(M) and Du € WkE=LP(M).

However, if the target set is any Riemannian manifold, it is not
possible to use local charts directly and there are several definitions of
Sobolev maps into manifolds.

When (N, gn) is a smooth Riemannian manifold, for every k € N,
and every p € [1,4+00), one way to define Sobolev maps between the
manifolds M and N is to first embed the target manifold N in the
Euclidean space R through an isometric embedding « € C*(N,R") and
then to consider the set [7},56,88]

WEP(M.N) = fu: M = N ¢ 1oue Wi (M,R)
and [D*(cou)| € LP(M)}. (4)

Since every Riemannian manifold can be smoothly isometrically embed-
ded in a Euclidean space [93| theorem 3], this definition always makes
sense. In contrast with k = 1 [34, proposition 2.7], in the higher-order
case k > 2, this definition depends on the choice of the embedding ¢+ and
thus it is not intrinsic (see proposition below). In addition, for any
k > 1, the completeness of WLk’p(M ,N) depends on the completeness
of t(N). When N is complete but not compact, the space WP (M, N)
might be not complete; however it is always possible to find an embedding
v such that W*P(M, N) is complete [90].
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In the first-order case kK = 1, another possibility to define Sobolev
maps between the manifolds M and N is to use only the metric structure
of N. There are various definitions of Sobolev spaces into metric spaces
but they are all equivalent to each other [32,/73] and also equivalent to
the definition by isometric embedding [62, theorem 3.2; |63, theorem
2.17]. For example, Sobolev spaces into metric spaces can be defined for
every p € [1,+00) as [3,63,(99)

WLP(M,N)={u: M — N : there exists w € LP(M) such that
Vf € Lip(M,R), fou e W'P(M) (5)
and |D(f ou)| <|flLipw a.ein M}.

The notions of Sobolev spaces into metric spaces are all intrinsic but do
not provide any notion of weak derivative; they only provide a notion
of Dirichlet integrand which might be different from the one given by
embedding [32]. So these definitions do not seem suitable to a further
definition of higher-order Sobolev spaces by iteration. Furthermore, in
one of his article, D. Chiron suggests some distances on W.L?(M, N), but
the spaces are not complete for any of these distances |32, lemma 2.

2.2. Intrinsic definitions

In the present work, we propose intrinsic definitions of Sobolev maps
between the manifolds M and N in the same spirit of classical Sobolev
spaces. Furthermore, we endow these spaces with well-behaved metrics;
since they do not form a vector space, we only equip these spaces with
distances.

For first-order Sobolev maps between manifolds, we propose in chap-
ter [ an intrinsic definition in which weak differentiability plays a central
role. For this purpose, we define colocally weakly differentiable maps as
measurable maps u: M — N for which fow is weakly differentiable when
f € CYN,R) (definition . The colocal weak derivative is defined as
the unique measurable morphism of bundles Du such that the chain rule
D(fou) = Df oDu holds (definition [1.2.2). In other words, if the map
u: M — N is colocally weakly differentiable, then for every local chart
Y: V. C M — R™, every test function ¢ € C°((V),R™) and every
f e Ci{N,R),

| eueudive=— [ (DfoDuoD@ ).,
(V) (V)

where for almost every x € V,

(Df o Duo D(y~1))(¢(2)) = Df(u(x))[Du(z)[D(& ™) ((x))]].
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For every p € [1,400), the homogeneous Sobolev space is then defined
as the set (definition [1.3.1))

WYP(M,N) = {u: M — N : u is colocally weakly differentiable
and [Dulgs ggy € LP(M)},

where the Euclidean norm |-
on M and N.

For the completion of smooth maps in Sobolev spaces between man-
ifolds, it is essential to have a metric for which the space W1 (M,N)
is complete. A natural candidate for an intrinsic distance is defined for
every u,v € WHP(M, N) by (section

g%,®gn 18 induced by the Riemannian metrics

01 p(u,v) = (/M ds(Du, Dv)p); ,

where d° is the geodesic distance on T*M ® T'N associated to the Sasaki
metric (section . Actually, the distance d° belongs to the class
of concordant distances (definition which gives rise to a class of
metrics on W'P(M, N) of the form d ,. These intrinsic distances charac-
terize Sobolev maps (propositions and @ and also simultaneous

convergence in Sobolev spaces (propositions [1.5.10| and [2.3.2)). Moreover,
Sobolev spaces are complete under all these distances (propositions|1.5.11

and .

For higher-order Sobolev spaces, the reader can refer to chapters [[V]
and [V] Although definitions, results and methods of chapter [[V] apply
to arbitrary order Sobolev spaces, the details are in general made for
the second-order case; and so chapter [V] is devoted to higher-order
technicalities. In order to highlight the essential ideas and issues, the
present introduction is focused on the second-order case.

For second-order Sobolev maps, we define by induction twice colo-
cally weakly differentiable maps as colocally weakly differentiable maps
u: M — N for which the colocal weak derivative Du: M — T*"M @ TN
is also colocally weakly differentiable (definition . The colocal
weak derivative of Du is a double vector bundle morphism almost ev-
erywhere in M (proposition , that is, for almost every x € M,
T?u(x): T2M — Tg(z)N is a bundle morphism over Du(x) with respect
to both natural vector bundle structures over TM and T'N.

Whereas the second-order derivative T2 is natural from the point of
view of differential geometry, it is not a vector bundle morphism that
covers u and this object does not seem to appear directly in geometri-
cal analysis or in physical models; for example, while minimizing the
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functional with k£ = 2. In order to overcome this issue, we study the
second-order derivative T2%u to understand how it is related to objects of
affine and Riemannian geometry.

When M and N are Riemannian manifolds endowed with their Levi-
Civita connections, the double colocal differentiability is equivalent to a
colocal weak covariant differentiability (proposition . The notion of
colocal weak covariant derivative consists of looking only at the vertical
component associated to the connection in the chain rule (definition |4.3.1))
and relying on the formula

(Df)(Du)[Vert o D%u] = D(f o Du) — (Df)(Du)[Horg o Dul,

where Vert is the vertical lifting from T*M Q TN (see page and Horg
is the horizontal lifting associated to the connection K on T*M ® T'N,
induced by the connections on T'M and T'N (section. In particular,
if the map u: M — N is twice colocally weakly differentiable, its second-
order weak covariant derivative D%{u and its second-order weak derivative
T?u are related by the formulas

T?u = Vert o D%u + Horf o Du and D3u =K oT?u.

As a consequence, for every p € [1,400), we define the intrinsic
second-order Sobolev space (definition [4.3.2])

W2P(M, N)
={u: M — N : u is twice colocally weakly differentiable
and ’D%(U|QX4®QR[®9N € LP(M)},

where the norm || 9%,@g%,@gy 18 induced by the Riemannian metrics on
M and N.

2.3. Comparison with other definitions

It is normal to compare the notions defined in the previous part
with the other two definitions and . For first-order Sobolev spaces,
all definitions are equivalent. However, for higher-order case k > 2, the
definition of higher-order Sobolev spaces by embedding might be non

equivalent to the intrinsic one (definitions and |4.3.3)).

In the first-order case £k = 1, when N is isometrically embedded
in R”, the definition by embedding is equivalent to the intrinsic one
(proposition — the definition is thus a posteriori intrinsic —
and the intrinsic definition is also equivalent to the one into metric spaces
(proposition [1.3.1)).



16 INTRODUCTION

For spaces W1P(M, N), we define a notion of strong convergence in
section If N is isometrically embedded in R”, this notion of con-
vergence coincides with the classical convergence defined by embedding
in Euclidean spaces (proposition _ Moreover, the notion of conver-
gence in WLP(M, N) introduced by D. Chlron [32] is also equivalent to
convergence in W1P(M, N) (proposition [1.5.5)). So all the notions of con-
vergence are equivalent but as mentioned before, the spaces WLLP (M,N)
are not always complete and the spaces V'V%’p (M, N) are never complete
(propos1t10n , whereas the strong notion is induced by a distance
51 p that makes the spaces W1hP (M, N) complete when N is complete

(proposition [1.5.1)).

The intrinsic second-order Sobolev spaces might be different from the
one by embedding (proposition. The latter definition is not intrinsic
and so we characterize it in terms of intrinsic spaces in various particular
cases (propositions [4.5.1] [4.5.3| and [4.5.4)): for every p € [1, +00),

(i) if there exists C' > 0 such that for every v € W?*P(M,R) N
L>(M,R),

/ ‘DU|9M®91
< O (esssup{|v(z) — v(y)|: z,y € M})" /

9M®9A4®91

and if N is compact, then for any isometric embedding ¢ € C?(N
R"), we have

W2P(M, N) = WH* (M, N) N W>P(M, N);

(ii) for every isometric embedding ¢ € C2(N,RY),

W2P(M, N) C W*P(M, N);

(iii) there exists an isometric embedding « € C?(N,R¥) such that

W2P(M,N) C WY (M, N) N W>*P(M, N).

In other words, if the manifold N is compact, we characterize higher-
order Sobolev spaces by embedding. Without this assumption, asser-
tion (| . ) is not valid. Indeed, classical Sobolev spaces between Euclidean
spaces already do not satisfy this property. However, assertion im-
plies that one inclusion always occurs for some isometric embeddlng and
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so in the higher-order case k > 2, Sobolev spaces by isometric embedding
depends on the choice of the embedding.
Furthermore, thanks to property , for any isometric embedding
L € C%(N,R"),if 1 < 2p < m and if the manifold NV is compact, we prove
that
W2P(B™, N) C W2P(B™, N)

by exhibiting a map u € W2P?(B™, N) such that

2 P 2p _
J o e O I P

that is, u ¢ W>P(B™, N) (proposition . From this example, we can
point out the failure of Gagliardo—Nirenberg interpolation inequalities [49,
95| for those spaces. More generally, if the target manifold N is not
compact, this leads to an open question [£.5.1} does it exist a constant
C > 0 such that for every u € W2P(M, N) N L>(M, N),

/ | Du
M

< C (esssup{dy (u(x), u(y)): z,y € M})? /M|D%(u

2p
Iy ®IN

p ?
I @I ®gN

The answer should involve in particular the geometry of M and N.

When studying a variational problem for maps between manifolds,
R. Moser mentions that if the functional E5 (definition (2)) with k& = 2)
is defined on W22(M, N), where M is a smooth open bounded set of
R™ and N is a smooth compact Riemannian manifold without boundary
embedded in R” with an isometric embedding ¢ € C?(N,RY), then
the existence of minimizers, with some boundary conditions, is not
obvious [88].

In order to obtain a more suitable space, for p € (1,2), P. Hornung
and R. Moser define a notion of weak covariant derivative [72, definition
2.5], which is essentially equivalent to our notion of second-order weak
covariant derivative (proposition , and a notion of second-order
Sobolev spaces [72}, definition 3.1]. In this context, they prove the existence
of a minimizer of the functional Es 72, theorem 3.3].

More generally, but without studying the theory of traces in Sobolev
spaces between manifolds, it follows from propositions @.3.9] and [4.3.4]
that for every p € (1,400) and every v € W'P(M, N),

(i) if (N,dy) is complete,
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(ii) if (ug)ren is a sequence of twice colocally weakly differentiable maps
from M to N such that

. 2
i sup /M (dN(W’ v)" +|Duelg: ogn + |DKW|§XI®QRI®9N) < too,

then there exists u € W2? (M, N) such that up to a subsequence,
2 P P 2 p
/M|DKU|Q}‘W®9L®9N < h}’ilogf /M‘DKW‘gLe@g}‘M@gN‘

3. Chain rule for Sobolev maps

Composition is an essential tool in the theory of Sobolev maps. For
instance, studying chain rule for intrinsic higher-order Sobolev maps
between manifolds allows us to compare this notion with the one by em-
bedding , which is defined by composition with a map ¢ € C*(N,RY).
Furthermore, the chain rule is central in the definition of first-order
weak differentiability. We could have defined naturally higher-order weak
differentiability with some higher-order chain-rule condition; however
such definition turns out to be stronger.

For first-order Sobolev maps, it is not surprising that the composition
of a Lipschitz map from a manifold into another with a Sobolev map is
also a Sobolev map (proposition .

In addition, for every u € I/VI})C (M, N) and every f € Lip(N,R¥), the
composition map f owu satisfies some intrinsic chain-rule property. Indeed,
for almost every x € M, the map f: N — R” has a tangential derivative
at u(z) with respect to Du(x)[TM] C Ty, N (proposition .

In fact, if M is an open set of R™ and N = R", L. Ambrosio
and G.Dal Maso prove that for almost every « € M, the function f
has a directional derivative at u(xz) with respect to the vector space
Du(x)[R™] [4, corollary 3.2]. But the notion of directional derivative
does not make sense for maps on a differentiable manifold.

In order to obtain a similar property for Sobolev maps between
manifolds, we define in chapter [[T]] a notion of tangential derivative
(definition [3.2). This notion is invariant under diffeomorphisms (corol-
lary and thus it behaves well for maps on a differentiable manifold
(definition . In the particular case of Lipschitz-continuous func-
tions, the notions of directional and tangential derivatives are equivalent
(proposition and so we restate the Ambrosio—Dal Maso property for
Sobolev maps between manifolds with the tangential derivative instead
of the directional derivative.
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For second-order Sobolev maps, given a twice colocally weakly differ-
entiable map u: M — N, we investigate whether for every f € C2(N,R),
the map fowu belongs to VVlicl(M) and whether the chain rule T2(fou) =
T2 f o T?u holds. The chain rule does not hold in general (example ;
however, it holds under an additional integrability condition on double
vector bundle morphisms in terms of double norms (proposition .

For every twice colocally weakly differentiable map w: M — N, the
following statements are equivalent.

(i) For every f € C?(N,R), the map fowu is twice weakly differentiable
and almost everywhere in M

T?(fou) = T?%f o T?u,

(ii) for every compact sets K C M and L C N,

/ [T?u] < 400,
u~1(L)NK

(iii) for every h € C1(T*M ® TN, R) that is linear with respect to Du
and has compact support with respect to u, the map h o Du is
weakly differentiable.

In assertion , the condition involves a double norm [-] of the double
vector bundle morphism T2u (definition . Such a double norm is
a seminorm on fibers over both vector bundle structures of the double
vector bundle.

In fact, the notion of double norm is defined on second-order tangent
bundles in chapter [[V] However, we only sketch the proofs related to
this notion. In order to be more precise, we define in chapter [V a
notion of double seminorm on double vector spaces, which are likely
the local representation of a second-order tangent bundle at a point
(section . The relevant properties of this seminorm are then useful
to prove rigorously the propositions of section

4. Problem of density of smooth maps

In contrast with classical Sobolev spaces [39}[85], the problem of
density of smooth maps in Sobolev spaces between manifolds is more
delicate [43,/104].

When M and N are two smooth compact Riemannian manifolds
with N embedded in R” through an isometric embedding « € C*(N,RY),
and kp > dim(M), R. Schoen and K. Ulhenbeck prove that every map of
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Sobolev spaces WP (M, N) can be approximated by smooth maps [105].
But if 1 < kp < dim(M), the density of smooth maps in WFP(M, N)
is equivalent to some homotopy invariant of the pair (M, N) (for the
case k = 1, see [17; |19; |64, theorem 1.3] and for higher-order case,
see [22, theorem 1, §10.1]).

In particular, the set of smooth maps C? (@m, N) is dense in the space
W2P(B™, N) if and only if the [2p|*" homotopy group T|op) (V) of N is
trivial [22, theorem 1]. Since the intrinsic Sobolev space W2P(B™, N) is
larger than W2P(B™, N) (proposition [4.5.1)), but has a weaker notion
of convergence, the question of density is also relevant. Even if this
question is still open, the necessary and sufficient condition that appears
with the definition by embedding is also necessary for the intrinsic one

(proposition .

The results of density of smooth maps in Sobolev spaces between
manifolds may be useful for example in the study of harmonic maps,
that is, smooth maps that are critical points of the energy functional
(definition (1)) [17,[18,[23/51}/68].

One possibility to provide harmonic maps with prescribed boundary
conditions is to use the classical variational method [43, §1.5]. If €2 is
a smooth bounded open set of R™ and if f € C*(Q,R), as for the
minimization problem (3), there exists u € W?(Q) such that

E(u) = inf{/\Vv[Q cveWh(Q) and v = f on 8(2}.
Q

Moreover, the function u coincides with a harmonic function almost
everywhere in Q [44]. But for maps between manifolds, this method
seems sometimes to be inappropriate to prove the existence of harmonic
maps [18,26].

For instance, in the theory of liquid crystals, the functional E appears
as a simplified model with M = B3 the unit ball in R? and N = S? the
2-dimensional sphere. For every smooth map f: OM = S? — S?%, if u
is a minimizer of E in W}(M, N) N {u = f on S?}, then u is smooth
except at a finite number of points in M [27,65,/104}/105]. In fact, some
topological condition on f forces the creation of singularities [23,51], but
singularities also allow to reduce the energy [66].

Indeed, in the mid 1980°s, R. Hardt and F.-H. Lin established a Lavren-
tiev phenomenon [66): there exists a map f € C*°(S?, S?) with zero degree
such that

inf{E(u) : v € WH*(B3,S?) and u = f on S?}
<inf{E(u) : u € COO(@?’,SQ) and u = f on S?}.
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Because of this gap phenomenon, and since smooth maps are dense in
Wh2(B3,S?) for the weak topology [16,/17], F. Bethuel, H. Brezis and
J.-M. Coron introduced then a notion of relaxed energy FE.. defined for
every u € WH2(B3,S?) by [18]

Era(u) = mf{hm 1nf/ |Dug\g gy ¢ UL E COO(B ,S?)
and (ug)pey — u in WH(B3 R3) ).
It is obvious that for every u € W1h2(B3, S?),
Era(u) > E(u),

and the equality holds if and only if w can be approximated by smooth
maps in W}!2(B3,S?). Since smooth maps are not dense in the space
Wh2(B3,S?) [17,[19164], the equality does not hold in general. In partic-
ular, the absence of gap phenomenon is equivalent to density of the set
CY(B’,S2) N {u=f on S?} in WL2(B3,S?) N {u = f on S2}.

Finally, thanks to the relaxed energy |18], the authors prove that
there exists u € W12(B3,S?) such that

Era(u) = inf{Fq(v) : ve W (B3 S?) and v = f on $?}
=inf{E(w) : w € COO(@?),Sz) and w = f on S*};

but the problem of providing smooth harmonic maps is not solved since
the minimizer need not be continuous. However, the map w satisfy the
weak Euler—Lagrange equation associated to E [18].

Going back to the problem of density, for the first-order case k = 1,
since the notion of intrinsic Sobolev maps is equivalent to the one by
embedding, and since the notions of convergence are also equivalent, the
density of smooth maps is equivalent to some topological invariant of the
pair (M, N) [17,19,64].

For intrinsic second-order Sobolev spaces between manifolds, for the
strong and weak-bounded approximation by smooth maps, we prove that
the topological condition is still necessary (proposition , that is, for
every p € [1,+00) such that 1 < 2p < m,

(i) if for every u € W?2P(B™, N), there exists a sequence (ug)eey in
C>®(B™, N) that is bounded in W??(B™, N) and that converges
almost everywhere to u, and if 2p ¢ N, then 75, (V) ~ {0};

(i) if for every u € W2P(B™, N), there exists a sequence (ug)ren in
C>®(B™, N) that converges strongly to u in W2P(B™, N), and if
2p € N, then mo,(N) ~ {0}.
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In order to have some sufficient condition for the density problem,
new intrinsic approximation methods seem to be needed; for instance,
a notion of intrinsic convolution could be interesting [22|. This new
perspective suggests further directions of study in the topic of intrinsic
Sobolev spaces between manifolds.



Chapter 1

Intrinsic colocal weak derivatives and

Sobolev spaces between manifolds

1.1. Introduction

Sobolev spaces between manifolds are a natural tool to study varia-
tional problems for maps between manifolds, arising in geometry [43.|83,
111] or in nonlinear physical models [11,27,65]. A Sobolev space of maps
between the manifolds M and N can be defined for every p € [1,00)
by [11,17,[27}35},43, 5154162} 64}, 65, 89]

WHP(MN) = {u: M = N : cou € Wy (M,R”)
and |[D(cou)| € LP(M)}. (1.1)

where ¢+ : N — RY is an isometric embedding of the target manifold
N in the Euclidean space R”. This definition is always possible, since
every Riemannian manifold is isometrically embedded in a Euclidean
space (92, theorem 2; 93| theorem 3]. Since the embedding ¢ : N — R is
not unique, this definition could in principle depend on the choice of the
embedding ¢.

This difficulty can be avoided by defining Sobolev spaces into N by
using only the metric structure of IV, either by composition with Lipschitz
maps |3}/62,99] or by oscillations on balls [73,[77]. These definitions are
equivalent to each other [32,|73] and equivalent with the definition by
isometric embedding [62, theorem 3.2; 63, theorem 2.17]. They are
all intrinsic but they do not have any notion of weak derivative; they only
provide a notion of Dirichlet integrand |Du| which might differ from the
one given by isometric embedding and might depend on the integrability
exponent p [32]. If the manifold N has a Riemannian structure, then
an approximate derivative has been constructed a posteriori almost
everywhere on M [48]; in contrast with the classical theory of Sobolev
spaces between Euclidean spaces the derivative is a fine property of a

This chapter was originally published in the Annali della Scuola Normale Superiore
di Pisa Classe di Scienze (5) 16 (2016), no. 1, 97-128.
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function that plays no role in the definition of the Sobolev maps. Several
distances have been proposed for spaces of Sobolev maps between metric
spaces, but the spaces are not complete for any of these distances [32].

The goal of this work is to propose a robust intrinsic definition of
Sobolev maps between manifolds in which the weak derivative plays a
central role and to endow with well-behaved intrinsic metrics the space
of Sobolev maps. We shall proceed in three steps: first we shall define a
notion of differentiability and derivative, then we shall study the inte-
grability of the derivative and finally we shall endow these spaces with
convergence and metrics. Each of these steps will require additional
structure on the manifolds: at the beginning we shall simply use the
differentiable structure of the manifolds, then a Riemannian metric on
the manifolds and finally a Riemannian metric on their tangent bundles.
Defining the derivative before the space gives immediately the indepen-
dence of the derivative from the Riemannian metric or the integrability
exponent p. The primary role of the derivative in our approach will be
quite handy to define complete intrinsic metrics.

In the first step we define colocally weakly differentiable maps as maps
u: M — N for which f ou is weakly differentiable when f € C1(N,R)
(definition [1.2.1)). The colocal weak derivative is defined as the unique
morphism of bundles Du such that the chain rule D(f ou) = Df o Du
holds (definition |1.2.2)):

Du

TM —=TN
D
D(fou) i !
R.

The colocal weak derivative has the usual nonlinear properties of a weak
derivative; the definition extends previous definitions of the derivatives by
truncation [5,[13]. The colocal weak derivative is an approximate deriva-
tive (proposition . This follows from the Euclidean counterpart. We
recover thus without any Riemannian structure the derivative of Focardi
and Spadaro [4§].

In the second step, we define when M and N are Riemannian man-
ifolds, for every p € [1,00), the homogeneous Sobolev space (defini-

tion

WLHP(M,N) = {u: M — N : w is colocally weakly differentiable
and ‘D“|g}§4®gw € LP(M)},

where the Euclidean norm |- g%,®gy 18 induced by the Riemannian met-
rics on M and N. This definition is equivalent with (1.1) when N is
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isometrically embedded in R” (proposition [1.3.6) — (1.1 is thus a
posteriori an intrinsic definition — and with the definition of Sobolev

spaces into metric spaces (proposition . Given a colocally weakly
differentiable map u: M — N, we characterize the quantity |Du g%, ®an
as the smallest measurable function w: M — R such that for every
fe Cg (N, Rmin(dim(M),dim(N))),

|ID(f ouw)| < |fluipw almost everywhere in M. (1.2)

This allows to define a robust Dirichlet integrand; previous definitions
with scalar test function f € C}(N,R) were quite unstable [3,/99]. Fur-
thermore the inequality might provide a robust definition of the
Dirichlet integrand for Sobolev maps into metric spaces.

We study weakly convergent sequences in section [1.4] This part should
be useful to obtain compactness and lower semi-continuity results in the
calculus of variations for maps between manifolds.

We conclude our work by giving a natural notion of strong conver-
gence and associated intrinsic distances 517]3 and 01 p. If the Riemannian
manifold N is complete, Sobolev spaces are complete under such dis-
tances (propositions — . This was not the case for distances
proposed by Chiron [32] (proposition and this opens the study of
the completion of smooth maps in Sobolev spaces. Our notion of strong
convergence is equivalent with existing ones for embedded manifolds and
metric spaces (subsection [1.5.2).

1.2. Colocally weakly differentiable maps and
colocal weak derivative

1.2.1. Weak differentiability on a differentiable manifold

We assume that M and N are differentiable manifolds of dimensions
m and n which are Hausdorff and have a countable basis |42, §0.5;
70, §1.5].

We recall various definitions of local measure-theoretical notions on
a manifold. A set £ C M is negligible if for every x € M there exists
a local chart ¢ : V C M — R™ —thatis¢ : V C M — ¢(V) C R™
is a diffeomorphism — such that € V' and the set Y(ENV) C R™ is
negligible. A map u : M — N is measurable if for every x € M there
exists a local chart ¢ : V C M — R™ such that x € V and the map
u o~ is measurable |40, §3; 70, §3.1]. A function u : M — R is locally
integrable if for every x € M there exists a local chart ¢ : V C M — R™
such that = € V and wo ™! is integrable on ¢ (V) |71, §6.3]. Similarly,
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a locally integrable map u : M — R is weakly differentiable if for every
x € M there exists a local chart ¢ : V C M — R™ such that x € V and
the map wot ™! is weakly differentiable. All these notions are independent
on any particular metric or measure on the manifold M.

A Radon measure p on M is absolutely continuous if for every x € M
there exists a local chart v : V. C M — R™ such that x € V and the
image measure ¥, (u) defined by 9. (1)(A) = u(y~(A)) is absolutely
continuous with respect to the Lebesgue measure. The measure u is
positive if for every x € M there exists a local chart ¢ : V C M — R™
such that z € V and the Lebesgue measure on ¢ (V') is absolutely
continuous with respect to ¥, (u)(A) = u(yp~1(A)) [75, definition 5.1.1].
Every absolutely continuous measure on M is absolutely continuous with
respect to every positive measure. A set £ C M is negligible if and only
if u(E) = 0 for every positive absolutely continuous Radon measure p.
A measurable function u : M — R is locally integrable if and only if
there exists a positive absolutely continuous Radon measure p such that
Jylul dp < oo.

We first define the notion of colocally weakly differentiable map.

Definition 1.2.1. A map u: M — N is colocally weakly differentiable if
u is measurable and for every f € CL(N,R), fou is weakly differentiable.

When N = R, definition is related to the space GBV (M, R) of
functions of generalized bounded variation introduced by L. Ambrosio and
E. De Giorgi |5} |6, definition 4.26] and to the space 7];’: (M) of Sobolev
functions by truncations from M to R [13]. Any function in ﬂiél(M ) is
colocally weakly differentiable. The converse is false as it can be observed
by taking a function u € C*(R\ {0},R) such that lim, < u(t) = —o0
and lim > u(t) = +oo.

When N = R" and n > 2, colocally weakly differentiable functions are
closely related to functions of generalized bounded variation [6], definition
4.26]. Indeed, if f € C1(R™,R), then supp(Df) is compact if and only if
f is constant outside a compact set.

Finally, if u : R™ — R" is weakly differentiable, then u is colocally
weakly differentiable. The converse is false: for example, the function
u: R™ — R defined for every x € R™\ {0} by u(x) = |z|~% is not weakly
differentiable for any o > m — 1, but is colocally weakly differentiable
for every a € R.

In order to define the colocal weak derivative, we denote by (T'M, myy,
M) the tangent bundle over M, that is,

T™ = | J {z} x T, M,
zeM
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mar: TM — M is the natural projection and for every x € M, the
fiber 7w,/ ({2}) is isomorphic to R™; a map v: TM — TN is a bundle
morphism that covers u: M — N if

TM —~~TN

.

commutes, that is, 7y o v = w o myy, and for every x € M, the map
v(z): myf ({z}) — 7y ({u(z)}) is linear. The space of all bundle mor-
phisms is denoted by Hom(T'M,TN). In particular, if u: M — N is a
differentiable map, then Du: TM — TN is a bundle morphism that
covers u. By a direct covering argument, if u : M — R is weakly differen-
tiable, then there exists a bundle morphism Du : TM — R such that for
every local chart ¢ : V C M — R™,

D(uotp™) = Duo Dyt

almost everywhere on (V). We have now all the ingredients to define
the colocal weak derivative.

Definition 1.2.2. Let u: M — N be a colocally weakly differentiable
map. A map Du: TM — TN is a colocal weak derivative of u if Du is a
measurable bundle morphism that covers v and for every f € C}(N,R),

D(fou)=DfoDu
almost everywhere in M.

Consequently, if Du is a colocal weak derivative of u, for almost every
r € M, Du(x) € L(T:M, Ty, (yN) and for each e € T, M, D(fou)(x)[e] =
D f(u(x))[Du(z)[e]].

We first observe that this notion extends the notion of classical
differentiability:

Proposition 1.2.1 (Equivalence of classical and colocal weak deriva-
tives). Letu € C(M,N). Then u has a continuous colocal weak derivative
if and only if u € C*(M, N). Moreover, the colocal weak derivative and
the classical derivative coincide almost everywhere.

Proof. Since for every f € CL(N,R), f owu is weakly differentiable, we
can apply the equivalence of classical and weak derivatives (Du Bois-
Reymond lemma) [82, theorem 6.10; 120, theorem 6.1.4] and local charts
on M to obtain that f ou € C*(M,R). Since f is arbitrary, the map u
is continuously differentiable. O
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Definition 1.2.3. A bundle morphism v : TM — TN that covers
u: M — N is bilocally integrable on A C M if for every x € A and every
y € N, there exist local charts v : V C M - R™, ¢ : U C N — R”
such that x € U, y € V and if L C V and K C U are compact, then the
function Dy o vjy o D(¢p~1) is integrable on ¢(AN LNu™(K)).

If i is a positive absolutely continuous measure on M, the morphism
v is bilocally integrable if and only if there exists a continuous norm ||
on T*M @ T'N such that [,,|v|dp < oco.

The main result of the current section is that colocally weakly differ-
entiable maps have a colocal weak derivative.

Proposition 1.2.2 (Existence and uniqueness of the colocal weak
derivative). If the map w: M — N is colocally weakly differentiable, then
u has a unique colocal weak derivative Du: TM — TN. Moreover, the
bundle morphism Du is bilocally integrable and for every f € C1(N,R)
for which fou: M — R is weakly differentiable,

D(fou)=DfoDu
almost everywhere in M.

This result was already known when N = R for functions of gen-
eralized bounded variation [6, theorem 4.34] and for Sobolev functions
by truncations |13, lemma 2.1]; as remarked there, the colocal weak
derivative need not be locally integrable. The important geometric tool
for proving proposition [1.2.2] is the existence of extended local charts.
This construction is reminiscent of the patch mappings to the sphere
o € CY(N,S™) 93, p. 60].

Lemma 1.2.3 (Extended local charts). For every y € N, there exist
an open subset U C N such that y € U, and maps o € C*(N,R") and
©* € CY(R™, N) such that

(i) the set supp ¢ is compact,

(7i) the set {x € R™: o*(z) # ¢*(¢(y))} is compact,

(iii) the map o is a diffeomorphism onto its image p(U),

(iv) ¢* o =id in U.

Proof. By definition of differentiable manifold, there exists a local chart
Y :VCN—=¢(V)CR" around y € N. Without loss of generality, we
assume that ¥ (y) = 0. Since the set (V) C R™ is open, there exists
r > 0 such that Ba, C (V). We choose a map 6 € C}(R™, R) such that
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1 on R" 6 =1 on B, and supp(f) C Bsa,. We take the set

<0<
= (¢yy)"'(By) and the maps ¢: N — R" defined for every z € N by

0
U
o(z) = {9(¢(2))¢(2) if z € (Yp) " (Bar),

0 otherwise

and ¢*: R" — N defined for every z € R" by ¢*(z) = (¢y) 1 (0(x) ).

We begin by proving a local counterpart of proposition [1.2.2]

Lemma 1.2.4. If u: M — N is a colocally weakly differentiable map
and y € N, then there exist an open subset U C N such thaty € U
and a unique measurable bundle morphism Dyu : 7y} (™ (U)) — TN
such that for every f € C*(N,R) for which fowu: M — R is weakly
differentiable,

D(fou)=DfoDyu almost everywhere on v (U).

Moreover, Dyu is bilocally integrable on u=1(U).

Proof. Let U C N, p € CY(N,R") and ¢* € C*(R", N) be the extended
local charts given by lemmal[T.2.3] Since w is colocally weakly differentiable,
the map powu : M — R™ is weakly differentiable. Since for every = €
u~!(U), the linear map between tangent spaces D (u(x)): Ty N — R"
is invertible, the map Dyru is uniquely defined for almost every z € u=!(U)
by

Dyu(x) = (Dgp(u(z)) ™ o (D(g 0 u)(@)).

If f € CYN,R)and fou: M — R is weakly differentiable, since
©*(R") is compact and f o p* € C*(R™, R), the chain rule for weakly
differentiable functions implies (see for example [45 theorem 4.2.4 (ii);
120, theorem 6.1.13]) that f o ¢* o p o u is weakly differentiable and

D(fogp*opou)=D(fop")oD(pou)=D(foy*)oDpoDyu.

Since fou= foyp*opouonu ' (U)and D(fop*)oDyp=Df onU,
we have |45 theorem 4.2.4 (iv); |82, theorem 6.19; |120} corollary 6.1.14]
almost everywhere on u~1(U)

D(fou)=D(fop*)oDpoDyu=DfoDyu. O

Proof of proposition[1.2.2. Let (U;)icr be an open cover of N by sets
given by lemma Since the manifold N has a countable basis, we
can assume that I is at most countable [91, theorem 3.30]. Let Dy,u
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and Dy,ny;u be the derivatives given by lemma By uniqueness,
Dy,ny;u = Dy,u = Dy;u almost everywhere on u™"(U; N Uj). Since
Uier v 1(U;) = M and I is countable, the bundle morphism Du : TM —
TN can be defined uniquely almost everywhere by

Du = Dy,u almost everywhere on u_l(Ui). ]

1.2.2. Properties of the colocal weak derivative

The colocal weak derivative retains some properties of weak deriva-
tives.

Proposition 1.2.5 (Chain rule). Let {V be a differentiable manifold. If
the maps u: M — N and f € C1(N,N) are such that u and f ou are
colocally weakly differentiable, then

D(f ou) = Df o Du almost everywhere in M.

Proof. For every ¢ € CL(N,R), po f € C'(N,R) and ¢ o f is weakly
differentiable. Therefore, by proposition and the classical chain rule,

Dy oD(fou)=D(pofou)=D((¢of)ou)
=D(po f)oDu= Dyo(DfoDu). O

Proposition 1.2.6. Let .: N — N be an embedding and let w: M — N
be a map. If 1t o u is colocally weakly differentiable, then u is colocally
weakly differentiable and Du is the unique bundle morphism such that

D(tou) =Dio Du

almost everywhere in M.
If moreover 1(N) is closed, then the converse holds.

Proof. Since ¢ is an embedding, ¢(N) has a tubular neighborhood in N:
there exist a vector bundle (E, 7y, N) and an embedding i : E — N
such that 7|y = ¢ and Z(F) is open in N |70, theorem 4.5.2]. In particular,
Loy oi!is a retraction of the tubular neighborhood 7(E) on t(N).
Let f € C1(N,R). We choose n € C}(N,R) such that n = 1 on ¢(supp f)
and suppn C i(E) and define f = (foryoi Yn: N — R. Since
suppn C i(E), the function f is well-defined, f € C}(N,R) and for= f
on N. In particular, fou = f oo is weakly differentiable.
Conversely, if +(N) is closed, then for every ¢ € CL(N,R), o €
Cl(N,R) and ¢ o u is thus colocally weakly differentiable. O
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By the Whitney embedding theorem [119], there always exists an
embedding ¢ : N — R” = R?"*! such that () is closed |1, theorem 2.6;
40|, theorem 5]. Proposition m gives thus an equivalent definition of
colocal weak differentiability; the drawback of this alternate approach to
colocal weak differentiability is its dependence on the Whitney embedding
theorem for differentiable manifolds.

Since differentiable manifolds do not have in general any algebraic
structure and since the colocally weakly differentiable functions between
Euclidean spaces do not form a vector space [6}/13], the colocal weak
derivative does not have any algebraic properties of sum or product.
There is however still a property of the Cartesian product of maps.

Proposition 1.2.7 (Product of manifolds). Let N1, Ny be two differen-
tiable manifolds. If uy: M — Ny and uo: M — No are colocally weakly
differentiable, then the map u = (uj,uz): M — Nj X Na is colocally
weakly differentiable and

Du = (Duy, Duy) almost everywhere in M.

The uniqueness property can be refined for maps that coincide on a
set of positive measure:

Proposition 1.2.8 (Locality of derivatives). If the maps u,v: M — N
are colocally weakly differentiable, then Du = Dv almost everywhere on
the set {x € M : u(x) = v(z)}.

Proof. Let A= {z € M : u(x) =v(z)}. Let U C N and ¢ € C*(N,R")
be the extended local chart given by lemma and let ¢ : V C
M — R™ be a local chart. Since @ ouo1~! and ¢ o v otp~! are weakly
differentiable and g ouoyp™! = povoryp™t on Y(ANV), D(pouorp™!) =
D(p owvot~!t) almost everywhere on (A N V). By definition of the
colocal weak derivative, Dy o Duo Diy~' = Dy o Dv o Dip~! almost
everywhere on (AN V). Since Dy is invertible on «~}(U), Du = Dv
almost everywhere on ANV Nu~'(U) Nv~(U). Taking open countable
covers (Uj)ier of N and (V});ecs of M, we conclude that Du = Dv almost
everywhere on A. O

1.2.3. Approximate differentiability

We study the relationship between the colocal weak derivative and
the approximate derivative. For a map between differentiable manifolds,
we generalize the classical definition of approximate derivative of maps
between vector spaces |45 definition 6.1; 46, 3.1.2].
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Definition 1.2.4. Let u: M — N and x € M. The linear map
§: ToM — Ty N is an approzimate derivative of u at x if there exist
local charts ¢ : V' — (V) C R™ with x € V and V C M open, and
0:U — ¢(U) CR™ with u(z) € U and U C N open such that for every
e >0,

lim ™" L7 (W({y € V2 uly) €U
lp(u(y)) — p(u(z)) — (Dp(u(x)) o € o (Dp(x)) ™) [(y) — p(a)]|
> el(y) — ¥(2)[}) N B,y(¥(z))) = 0.

The approximate derivative is unique and it is sufficient to establish
its existence for one pair of diffeomorphisms.

If M and N are endowed with Riemannian metrics gy and gy
respectively, it is natural to take for ¢ and 1 the exponential coordinates
and to use the Riemannian distances dy and dj; and measure pyy;
the approximate differentiability can be observed to be equivalent with
requiring for every € > 0,

lim p~" par ({y € B, () :
dn (u(), expy () (€(exp; ' (1)) > edar(z,y)}) = O;

we recover thus in this particular case the definition of Focardi and
Spadaro for maps from the Euclidean space to a Riemannian manifold [48],
definition 0.3].

Sobolev maps into Riemannian manifolds are known to have such an
approximate derivative |48|, corollary 1.3]. This property is also satisfied
for Sobolev maps into other non-flat targets for which a notion of weak
derivative is not yet available |37, lemma 1.4; |47, proposition 2.2].

Proposition 1.2.9 (Approximate differentiability of colocally weakly
differentiable maps). If u: M — N is colocally weakly differentiable,
then for almost every x € M, the colocal weak derivative Du(x) is the
approzimate derivative of u at x.

Proof. Let ¢ : V C M — R™ be alocal chart around x € M. Let U C N
and ¢ € C1(N,R") be the extended local chart given by lemma m
Since u is colocally weakly differentiable, ¢ o w o=t : (V) — R" is
weakly differentiable and D(powuov~!) = Dy o Duo Dyt on (V).
Since weakly differentiable maps between vector spaces are approximately
differentiable [45], theorem 6.1.4], the map o o u o1 ~! is approximately
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differentiable almost everywhere on ¢ (V'), that is,

lim p™" L™ (p({y € V'

[p(u(y)) — ¢(u(x)) = (Dg(u(x)) o Du(x) o (Di(x)) [ (y) — ()]
> ely(y) — ¢(@)|}) N By(¥(x))) = 0.

Next, we note that since u is measurable, almost every x € M is a
Lebesgue point of u. Since the set U is open, for almost every = €
uw N U)NV,

lim p~"L™ (Y ({y € V : u(y) € U}) N By(1p(x))) = 0.

p—0

Therefore we have for almost every z € u=1(U) NV,

lim o7 L™ (V({yeV:uly) eU

o (u(y)) — e (u@) — (De(u(x)) o Du(x) o (Dy(@)) [t(y) — ()]
> elv(y) — ¢(@)[}) N By(v())) =0,

that is, Du(x) is the approximate derivative of u for almost every z €
u~Y(U)NV. The conclusion follows by a countable covering argument. [

1.3. Sobolev maps between Riemannian
manifolds

Preliminaries. We assume now that (M, gar) and (N, gn) are Riemannian
manifolds. In particular the metrics on vectors of TM and T'N induce a
metric gy; ® gy on T*M @ T'N. This metric can be computed for every
EeTyM @ TyN = L(T,M,T,N) by

(G ® a6 = 3 aw (€(er). (),
=1

where (e;)1<j<m is an orthonormal basis in 73, ({x}) with respect to the
Riemannian metric g;;.
We are now in position to define the Sobolev spaces.

Definition 1.3.1. Let p € [1,00). A map u: M — N belongs to the
Sobolev space WHP(M, N) if u is colocally weakly differentiable and
’DU|97\4®9N € LP(M).
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Characterization of the norm of the derivative. We characterize the
quantity |Dul g%,®gy that appears in the definition of Sobolev spaces. We
recall that the operator norm is defined for every § € Ty M ® TyN =
L(TyM,TyN) =Hom(T'M,TN),, by

|£|£ = Sup{|§(e)|gz\r: ee€ T, M, |e|gM < 1};
the Lipschitz semi-norm of f: N — RF is defined by

|f(y) — f(2)]

:y,z € N and z},

PR

where dy is the distance on N induced by the Riemannian metric gy .
For every k > 1, we denote by g;, the standard Euclidean metric on R¥.

Proposition 1.3.1. Let k > min(m,n). Let u: M — N, w: M — R be
measurable maps. The following statements are equivalent.

(i) u is colocally weakly differentiable and |Dulgr gy < w almost
everywhere in M,

(ii) for every f € CH(N,RF), f owu is weakly differentiable and almost
everywhere in M

[D(f ou)lgy, 09, < [Df(u)]cw,

(iii) for every f € CH(N,RF), f owu is weakly differentiable and almost
everywhere in M

’D(f o u)’g}h@gk < ’f‘Lip w.

If moreover w € LL (M), then for every f € Lip(N,RF), fou is weakly
differentiable and almost everywhere in M

|D(f o u)|gxf®gk < |f|Lip w.

Since the first assertion is independent of k, there is also equivalence
between these statements for every k > min(m,n).

Proposition implies in particular that if p € [1,00) and M is
an open bounded subset of R™, definition [1.3.1]is equivalent with the
notion of Sobolev spaces into metric spaces [99, theorem 5.1] and with the
classical homogeneous Sobolev space when N = R" (see also |13, lemma
2.1]).

In order to prove proposition [1.3.1] we shall use an approximation
property of Lipschitz maps on manifolds.
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Lemma 1.3.2 (Approximation of Lipschitz maps). Let f € Lip(N, R¥).
There exists a sequence (fo)en of maps in CL(N,RF) that converges
uniformly over compact subsets of N and such that

hmsup’deip < |f‘Lip-
{—o0
Sketch of the proof. Given y € N and 6 € CL(]0,00),R) such that 6 = 1
on [0, 1], we define for every ¢ € N,

0u(2) = 0( 4/ dn(y,2)),
and observe that 6, € C}(N,R),

16"]| oo
[Dbele < 55—

)

and (6;)gen, converges to 1 uniformly over compact subsets of N. We
also define Ty : RF — R” for ¢ € N, and z € RF by

Ty(x) x if |z| < ¢,
€Tr) =
¢ laflz| if Jz| > L.

For every £ € N, T} is nonexpansive and bounded by ¢ and the sequence
(Ty)een, converges uniformly to the identity over compact subsets.

If we define f; = 6, - (I o f), we observe for every ¢ € N, that
fo € Lip(N,R¥), that

P 9
|ff|L1p < |f|L1p + / 5
and that the support of f; is compact; the sequence ( fg) leN, converges
uniformly over compact subsets. Hence the conclusion follows by approx-
imating uniformly f[ by differentiable functions with a control on the
Lipschitz norm [8; 59, lemma 8]. O

We shall also rely on a refined version of the extended local charts of

lemma [[.2.3]

Lemma 1.3.3 (Almost isometric extended local charts). For every
y € N and every € > 0, there exist an open subset U C N such that
y € U, and maps o € CY(N,R") and ¢* € C*(R", N) such that

(i) the set supp ¢ is compact,

(ii) the set {x € R™: o*(z) # ¢*(¢(y))} is compact,
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(iii) the map o is a diffeomorphism onto its image p(U),
(iv) ¢*op=id in U,
(v) for every z € N,

|IDo(2)|l <1+¢ and |IDo* (0(2))| < 1+e.

The difference with lemma lies in the control (v|) on the operator
norms of Dy and Dp*.

Proof of lemma[1.3.3 Since N is a differentiable manifold, there exists
a local chart ¢ : V C N — R™ around y € N. Up to an affine transfor-
mation on R", we can assume that ¢(y) = 0 and Dy(y) € L(T,N,R")
is an isometry.

By continuity of D1, there exists § > 0 such that if z € N and
dn(y,z) <9, then

[DY(z)lc < 1+e¢ and |D(#,) M (0(2)|, < 1+e.

We choose r > 0 such that Bs, C 9(Bs(y)). We take a map 6 €
CHR",R") such that 6 = id on B,, supp(f) C Bs, and sup,cgn|DO(z)|,
< 1. We finally define ¢ = o1, * = (¢y) "' 00 and U = ()~ H(B;)

and we conclude as in the proof of lemma [I.2.3] O

We shall also use the following lemma to compute Euclidean norms
of maps.

Lemma 1.3.4 (Reduction of the Euclidean norm of operators). Let
z €M and let § € L(T,M,R"™) be a linear map. If k > min(m,n), then

€19z, 09, = sup{lp o &lg: g, : p € LIR",RF) and [p|. < 1}.

Proof. On the one hand, if p € L(R",R¥) and |p|z < 1, then

’PO§|9}/I®gk <lple ’5‘g},®gn < ’E‘g]*\/[@)gn-
On the other hand, since dim(Im(§)) < min(m,n) < k, one can choose
p € L(R™,RF) such that p is an isometry on Im(¢) and consequently
Iplc <1 and ‘poflg&é@gk = |£|g},®gn' O

Proof of proposition|1.3.1 Let us prove that implies . For every
f € CY(N,R¥), since u is colocally weakly differentiable, f o u is weakly

differentiable. By proposition D(fou) = D foDu almost everywhere
in M, and so

[D(f o u)lgy, g, < [Df(u)le [Dulgyogy < |Df(u)lcw.
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Since for every f € C}(N,RF) and for every y € N, [Df(y)|z < |flLip,
the assertion implies directly .

In order to prove that implies ([if) we first note that the map wu is
colocally weakly differentiable, and, by proposition has a unique
colocal weak derivative Du € Hom(TM,TN). Secondly, let U C N,
o € CY(N,R") and ¢* € C*(R", N) be given by lemma forye N
and ¢ > 0. Since u = ¢* o p ou on u~(U), by proposition Du =
D(¢* o p ou) almost everywhere on =1 (U). By lemma almost
everywhere on u~(U)

|Dulgs ggy < [De*(p(w))c[D(p o u)lg
< (1+¢)[D(pou)lg:, g

(1.3.3)

Lip(p o ¢) w almost everywhere in M. Since dy is a geodesic distance, in
view of lemma Lip(p) = sup,en|De(2)|c < 1+ . Hence, we have
almost everywhere in M

If p € L(R™,R¥) and |p|z < 1, by assumption, |D(po ¢ o u)lgr 09, <

[po D(pou)lgs g = [D(popou)lg ey < (1+&)w

Since the set of nonexpansive linear maps is separable, we deduce from
lemma [[.3.4] that

[D(pou)lgr @g, < (14w
almost everywhere in M. By inequality (|1.3.3), we conclude that

’Du‘g]*ﬁ@gzv <1+ 5)2w

almost everywhere on u~!(U). We conclude by countable covering of .

We now prove the last assertion. Let f € Lip(N,R¥). By the ap-
proximation lemma there exists a sequence (f;)een in C1(N, R¥)
such that (f;)sen converges uniformly to f over compact subsets and
lim sup;_, oo | felrip < |f|Lip- Since the sequence (D(fy o u))sen is bounded
and uniformly integrable and since the sequence (f; o u)gen converges
almost everywhere to f ou, in view of the weak compactness criterion in
LY(M) |20, corollary 4.7.19; 24, theorem 4.30], the sequence (D(fou))een
converges weakly to D(fowu) in L (M) and fou € Wli’cl(M, R¥). More-

loc

over, for every v € CL(M,TM ® R¥),

[0 ew.a)] = tim| [ (D(f0w.0)

< liZH_l)ioI;f!deip /M‘v’g}h@gkw < [flLip /M\’U :

and therefore |D(f o u)],

<|f|Lip w almost everywhere in M. [
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Thanks to proposition we can consider the composition of a
Lipschitz map from a manifold into an other with a map of homogeneous
Sobolev space.

Proposition 1.3.5 (Chain rule in Sobolev spaces). Let (N,gy) be a
Riemannian manifold. Let u € WLP(M, N) and let f € Lip(M, N). Then
foue WY (M,N) and

|D(f ou)lgr, @95 < |flLip|l Dulgs,egy almost everywhere in M.

This generalizes a well-known property ([24), proposition 9.5; 82|
theorem 6.16; 120, proposition 6.1.13]); the corresponding chain rule is
more delicate [4].

We also obtain a characterization of Sobolev spaces by embeddings.

Proposition 1.3.6. Let . : N — N be an isometric embedding. For
everyu: M — N, uw € WHP(M, N) if and only if Lou € WP(M, N).

In contrast with proposition the equivalence does not require
t(N) to be closed.

Proof of proposition[1.3.6. If u € WP(M, N), then by the chain rule
(proposition, vou € WHP(M, N). Conversely, if Lo w € WHP(M, N),
then ¢ o u is colocally weakly differentiable. By the weakly differentiable
embedding property (proposition , u is colocally weakly differen-
tiable. By the chain rule (proposition [1.2.5]), D(: o u) = Dt o Du, and
since the embedding ¢ is isometric, |Dulgr gy = [D(t0ou)lgr gy U

In particular our intrinsic definition is equivalent with the definition
given by any embedding of NV in a Euclidean space; such an embedding
is always possible by the Nash embedding theorem [92}93].

1.4. Weak compactness and closure property

1.4.1. Weak compactness

A classical technique in the calculus of variations is to extract from a
minimizing sequence a subsequence that converges almost everywhere.

To cover a rich spectrum of functional settings, we first give a com-
pactness result independently of the Riemannian manifold or Sobolev
space setting. Such a result should rely on a boundedness assumption on
the derivatives and on the values of the mappings.

For the boundedness of the derivatives, we shall use the following
assumption.
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Definition 1.4.1. A sequence (vy)gen of bundle morphisms from 7'M
to T'N that covers a sequence (ug)gen of maps from M to N is bilocally
L' -bounded if for every x € M and every y € N, there exist local charts
Yv:VCM—->R"and ¢ : U C N — R"” such that x € V, y € U and

sup

Lo 1Dpoo D g, < oo
LeN Jy(Vw, ' (U))

Equivalently, the sequence (vg)sey is bilocally L!'-bounded if there
exist a positive measure p on M and a continuous norm |-| on the vector
bundle T*M ® T'N such that

sup/ |ve| dp < 0.
LeN J M

The boundedness of the values is expressed in the next condition.

Definition 1.4.2. A sequence (uy)een of maps from M to N is locally
compact in measure if for every x € M there exists a local chart ¢ : V C
M — R™ such that x € V and for every € > 0 there exists a compact
set K C N such that for every £ € N,

L™ (Y(uy (N K))) <e.

If N is compact, then this condition is trivially satisfied. In general, a
sequence (ug)een of maps from M to N is locally compact in measure if
and only if there exist a positive measure o on N, y € N and a continuous
distance d on N such that

lim sup (g (N \ BE(y))) = 0.
=0 peN

Proposition 1.4.1 (Compactness in measure). Let (ug)sen be a sequence
of colocally weakly differentiable maps from M to N. If the sequence
(Dug)gen is bilocally L' -bounded and the sequence (ug)een s locally

compact in measure, then there exist a measurable map uw: M — N and
a subsequence (uy, )gen that converges to u almost everywhere in M.

Proof. Let ((U;, 4,02))Z ; be a family of extended local charts satisfying
the conclusion of lemma such that (J;c; U; = N and I is countable.
Assume that (77@)1 ey isa C'-partition of the unity subordinate to the
covering (U;), ;- We observe that in view of lemma the set Uj; is
compact and hence 7; € CL(N,R).

By assumption and by definition of the colocally weakly differen-
tiability, for every i € I, the sequence ((y; o ug,n; o ug))sen is bounded
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in I/VI})(}(M ,R™"*1). By the classical Rellich-Kondrashov compactness
theorem [24) theorem 9.16; [82], theorem 8.9; |120, theorem 6.4.6] and a
diagonal argument, there exist a subsequence (uy, )reny and a negligible
set £ C M such that the sequence ((¢;0uy, (), n;0u, ()))ren converges
in R"*! for every x € M \ E and every i € I.

We define the set

F={xeM\E:foreveryiclI, lim n(ugy(z))=0}.
k—o0

For every compact set K C N, we observe that

FclJ (Nu, (N\K).

jENk=j

Since the sequence (uy)sen is compact in measure, for every x € M, there
is a local chart ¢ : V. C M — R™ such that x € V and for every € > 0
there exists a compact set K C N such that for every k € N,

L7 (o (N \ K))) <.

Therefore,

LWYEFNV)) < e.

Since € > 0 is arbitrary and M can be covered by countably many such
charts, we conclude that the set F' is negligible.

We conclude by showing that (ug, )ken converges everywhere in M \
(EUF). For every x € M \ (E'UF), by definition of the set F, there
exists ¢ € I such that limy_ o 7;(ug, ()) > 0. This implies that for
k € N, large enough, wu, (x) € U;. Since ; is a diffeomorphism on U;
and since the sequence (¢;(ur, (x)))ken converges, we define u(z) =
cp”_Uli (limg—y00 @i(ug, (z))) and we conclude that (ug, (z))ken converges to
u(x). O

In particular, we have a Rellich-Kondrashov type compactness theo-
rem.

Proposition 1.4.2 (Rellich-Kondrashov for Sobolev maps). Let (ug)sen
be a sequence of colocally weakly differentiable maps from M to N,
v: M — N be measurable. If (N, d) is complete, if there exist p € [1,00)
such that

p
Sup/ | Dug | < 0o
¢teN JM 91\4®9N

and q € [1,00) such that

sup/ d(ug,v)? < oo,
teN JM
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then there is a subsequence (uy, )gen that converges to uw : M — N almost
everywhere in M.

Proof. Since the metric space (N,d) is complete, for every y € N and
r € R, the closed ball BY(y) is compact. In particular the sequence
(ug)een is locally compact in measure.

On the other hand, the sequence (Duy) is bilocally L'-bounded, and
therefore by proposition there exist a measurable map v : M — N
and a subsequence (uy, )gen that converges to u almost everywhere in
M. O

1.4.2. Closure property

In order to study the lower semi-continuity properties of functionals,
it is interesting to have some sufficient conditions for a limit of colocally
weakly differentiable maps to be also colocally weakly differentiable. Such
a condition will be useful in the study of stronger notion of convergence.

We shall consider sequences of maps converging in measure.

Definition 1.4.3. A sequence (uy)sen of maps from M to N converges
locally in measure to a map u : M — N if for every x € M there exists
a local chart ¢ : V C M — R™ such that x € V and for every open set
UCN,

lim L™ (¢ ((u™ ' (U) N V) \ug ' (U))) = 0.

{—00

If d is a continuous distance on NV and if p is an absolutely continuous

positive finite measure on M, then the sequence (uy)sen converges to u
locally in measure if and only if for every € > 0,

eli)rgou({x € M :d(ug(z),u(z)) >e}) =0.

This definition is consistent with the definition of convergence in measure
of maps into a metric space [106, définition 5.6.17], which depends only
on the topology of the space [106, théoréme 5.6.21]. Since the topologies
of M and of N have a countable basis, it suffices to check the condition
for a countable set of charts ¢ : V' C M — R™ and a countable collection
of open sets U C N. Hence, the convergence in measure for maps between
manifolds induces a metrizable topology. Such a metric is given by

B d(u,v)
5(u,v) = /M Ty diy (1.4.4)

Any Cauchy sequence with respect to § has a subsequence which is
Cauchy almost everywhere [20, exercise 4.7.60; 106, théoréme 5.8.31].
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Thus the space of measurable maps from M to N endowed with ¢ is
complete if and only if the space (N, d) is complete.

The definition and the remarks apply directly to a sequence (vg)gen
of bundle morphisms between T'M and T'N viewed as maps from M to
T*M @ TN.

A sufficient condition for colocally weakly differentiability is a uniform
integrability assumption.

Definition 1.4.4. A sequence (vy)gen of bundle morphisms from 7'M
to T'N that covers a sequence (ug)sen of maps from M to N is bilocally
uniformly integrable if for every x € M and every y € N, there exist local
charts v : V C M — R™ and ¢ : U C N — R" such that for every ¢ > 0
there exists § > 0 such that if W C ¢(V), L™(W) < § and ¢ € N, then

|Dpovgo Dy 1)

x <e.
/Ww(uel(U))

Equivalently, the sequence (vy)ecn is bilocally uniformly integrable
if there exist a positive absolutely continuous measure p on M and a
continuous norm |-| on the vector bundle 7*M ® T'N such that for every

e > 0 there exists § > 0 such that if V. C M, u(V) <6 and ¢ € N, then

/ lvg| < e.
|4

Proposition 1.4.3 (Closure property). Let (ug)een be a sequence of
colocally weakly differentiable maps from M to N. If the sequence
(ug)pen converges to u: M — N locally in measure and if the sequence
(Dug)en is bilocally uniformly integrable, then the map u is colocally
weakly differentiable, and for every map f € C}(N,R), every local chart
YV C M — R™ and every test function w € CL(y(V),R™),

tm [ (D(fouov ) w) = [ (D(foust),w).
t=00 Jy(V) P(V)

If moreover the sequence (Duyg)een converges to a bundle morphism

v:TM — TN locally in measure, then Du = v.

In particular, under the additional condition of bilocally uniform
integrability of the sequence of colocal weak derivatives, the map given
by proposition [1.4.1] is colocally weakly differentiable.

Proof of proposition[1.].3 Following classical argument [120, theorem
6.1.7], given a local chart ¢ : V.C M — R™ and f € C}(N,R), we
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define the linear functional Fy, on C(¢(V),R™) for every test function
w € C;(¥(V),R™) by

(Fppw) = —/ (fouoyp™t)divw.

(V)

Let K C 9(V) be compact. Since the sequence (fo uy 0 9~1)en converges
to fouor~!in LY(K), if suppw C K,

(Frpsw)l =] [ (fowov ) divu] = Jim | [ (£ourow)divul
= hm’/K(D(foqu,z)—l),m‘

{—00

< [|w|| liminf/ | FlLipl Duel-
l—oo JK

Therefore Fy,, is represented by a vector-valued Radon measure jif,, on
(V)
(F7,w>:/ WALl f )
fab BV) fab

We observe that for every open set W C 1(V),

ol () < lininf [ 1D(F 0w 0 07 g1

By the uniform integrability assumption, we conclude that the measure
|1t£.5| is absolutely continuous with respect to the Lebesgue measure on
every compact set K C (V). The measure i, can thus be represented
by a vector-field in Li .(¢(V)). In particular the map fouoy ™! is weakly
differentiable and

lim <D(fowo¢_l),w>:/ (D(f o wor™),w).
=00 Jyp(V) P(V)

Finally, if (Duy)en converges to a bundle morphism v : TM — TN
locally in measure, then the sequence (D f o Duy o D1~ 1),cn converges
to Df ovo Dy~! in measure on (V). Since the sequence (D f o Duy o
D11y is uniformly integrable on every compact set K C ¥(V), we
conclude that [20, theorem 4.5.4]

lim (D(fou£o¢—1),w>:/ (Df ovo Dyt w).
) »(V)

{—00 PV

Since f € CL(N,R), the chart ¢ : V — R™ and w € C}(¢(V),R™) are
arbitrary, Du = v. O
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In the particular case of bounded sequences in Sobolev spaces, we
have the following closure property, which will play an important role in
the completeness of Sobolev spaces.

Proposition 1.4.4 (Weak closure property for Sobolev maps). Let p > 1
and let (ug)een be a sequence of colocally weakly differentiable maps from
M to N. Assume that the sequence (ug)eeny converges to u : M — N
locally in measure, that

lim inf DuylP. < o0
/500 M| €|9M®9N 9

and, if p =1, that the sequence (Duy)gen s bilocally uniformly integrable.
Then uw € WIP(M, N),

P P p
/M’Du|gj{4®gzv < h,}iloglf /M‘Dudg};[@gzv’

and for every f € CL(N,R) and every section w : M — TM, such that
[wlgy, € LD (M),

lim [ (D(f oup),w) = /M<D(f o ), w).

l—o00 J M

If moreover the sequence (Duyg)oen converges to a bundle morphism
v:TM — TN locally in measure, then Du = v.

The Euclidean counterpart of this property is well-known [120] theo-
rem 6.1.7]. The uniform integrability assumption is essential for p = 1:
otherwise the closure property fails already for classical Sobolev maps
between Euclidean spaces.

Proof of proposition[1.].4} By the boundedness and bilocally uniform
integrability assumptions, the sequence of bundle morphisms (Duy)gen
is bilocally uniformly integrable. Proposition [1.4.3] applies and it remains
to prove that |Dulgr gqy € LP(M). By the boundedness and bilocally
uniform integrability assumptions, up to a subsequence, the sequence of
functions (|Duelgr ogy)een converges weakly to some w € LP(M). For

every f € CH(N,R¥) with k = min(m,n) and £ € N, we have
ID(f o up)lgz, 090 < |flLiplDuelgs, 0gn -

Hence, for every v € CH(M,TM ® R¥),
— [ (foundive) = [ (DU ounv) < [ DU o)l 000l 0

<|flrip /M|Duf|gx4®gw‘”’97u®9k
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and thus passing to the limit,

— [ (foudive) < Iflup [ [l ea

Since the map w is colocally weakly differentiable, we deduce that

[ D 0u).) < Ifluip [ Jolas,ma0
Since v € C}(M,TM ® R¥) is arbitrary we conclude that

[D(f o u)lg, 090 < [f]Lipw

almost everywhere in M. By the characterization of the norm of the
derivative of proposition 1.3.1}, [Dulgr g4y < w almost everywhere in M
and thus by lower semlcontmulty of the norm under weak convergence 24,
proposition 3.5; |82, theorem 2.11; 120, theorem 5.4.6]

p <
Iy ®IN — /M

1.5. Strong convergence in Sobolev spaces

g [QIN*

In order to characterize eventually Wl’p(M ,N') as a completion of
smooth maps in some cases, as it has been done for Sobolev spaces
defined in embedded manifolds [17,[61,/64], it is essential to have a metric
for which this space is complete.

1.5.1. Definition and properties

We first define a natural notion of convergence in homogeneous
Sobolev spaces.

Definition 1.5.1. Let p € [1, 00). The sequence (ug)sey in WHP(M, N)
converges strongly to u € WHP(M, N) in W P(M, N) if (Dug)sen con-
verges to Du locally in measure and (|Duglg: ggy)een converges to
]Du|g;[®gN in LP(M).

In order to define a distance that gives this convergence, we recall
the definition of the Sasaki metric G¥ on T*M ® TN when M and
N are of class C? [102] (see also [42 chapter 3, exercise 2]): for every
veT(T*M ®TN),

G®(v) = (gm ® gn)(DTarxn (V) + (93 ® gn) (Epeparn (v)),
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where myxn: T°M ® TN — M x N is the canonical bundle mor-
phism, and the connection Kp«p gy is defined for every v € T(T*M)
and w € T(TN) by Kr«ypery(v ® w) = Kr«p(v) @ Kry(w), where
Kpepr: T(T*M) — T*M and Kpy: T(TN) — TN are the respective
Levi-Civita connection maps on T*M and T'N [116| definition 3.9]. The
associated geodesic distance is denoted by d°. Given two colocally weakly
differentiable maps u,v: M — N, we note that for almost every x € M,

d(u,v)(x) = d°((z,u(x)), (z,v(x))) < d°(Du(z), Dv(z)), (1.5.5)

with the usual identification of M x N with M x N x {0} C T*M @ T'N.
As a consequence, the convergence of definition [I.5.1]is induced by
the distance

51710(“7“) = 6(Du, Dv) + || ’Du|gj*w®gzv - |DU‘91*W®9N||LP(M)7

where § is a distance of the form ([1.4.4) taking the continuous distance
d® on T*M @ TN. In fact, a sequence (ug)sen converges strongly to u in
WLP(M, N) if and only if (Duy)en converges to Du locally in measure

and
: P _
zlggo /M’DW IM@IN /M\Du
This follows from the Euclidean counterpart [20, proposition 4.7.30;

24, exercise 4.17.3; 120}, theorem 4.2.6].
The Sobolev space with this distance is automatically complete.

P
Iy ®IN"

Proposition 1.5.1. If N is complete, then the space (W'P(M,N),d; )
is complete.

Proof. Let (ug)een be a Cauchy sequence for the distance Sl,p- By the
completeness of LP(M), there exists a map w € LP(M) such that
(|Durlgs, @y Jeen converges to w in LP(M). By the properties of the
distance defined in , there is a subsequence (Duy, )reny which is
Cauchy almost everywhere with respect to the distance d° |20, exer-
cise 4.7.60; |106, théoréme 5.8.31] and (|Dug, g2 9gy )ken converges to
w almost everywhere on M. By the nonexpansiveness property ,
(ug, )ken is a Cauchy sequence with respect to the distance d. Since N
is complete, the sequence (uy, )gen converges almost everywhere to a
measurable map u : M — N. Since d° is continuous, it is complete
on every compact subset of T*M ® T'N [91, theorem 45.1]. Therefore
there exists a measurable bundle morphism v : TM — TN such that
(Duyg, )ken converges almost everywhere to v and |v| g%, @9y = w. By the
weak closure property (proposition , v = Du. Therefore, (Duy, )ken
converges almost everywhere to Du and thus with respect to §. Since the
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sequence (Duy)en is Cauchy with respect to the distance d, the whole
sequence (Duy)gen converges to Du with respect to the distance §. [

This notion of convergence is strong enough to imply the continuity
of the pointwise distance in Sobolev spaces.

Proposition 1.5.2. Let p € [1,00). If the sequence (ug)een in WP(M,
N) converges strongly to u € WYHP(M,N) in WIP(M,N), then the
sequence (d(ug,u))een converges strongly to 0 in W1P(M).

In practice, this proposition allows to deduce the continuity of non-
linear Sobolev embedding from their classical linear counterpart.

Proof of proposition [1.5.2 We first observe that for the geodesic distance
d, for every £ € TN,
lim  (Dd)(£,¢) =0,
¢—¢
TN (O)FmN (§)

and that Duy, = Du almost everywhere on the set where uy = u (proposi-
tion. Therefore, since (Duy)pen converges to Du locally in measure,
(D(d(ug,u)))een converges to 0 in measure. Since for every ¢ € N, almost
everywhere in M

| D(d(u; w)| < [Duglgs,egy + |Du

9R1®9N7
and the sequence (|Duggr @gy )ren converges to [Dulg: gg, in LP(M), by

Lebesgue’s dominated convergence theorem, (D(d(u;, u)))sen converges
to 0 in LP(M). O

1.5.2. Comparison with other notions of convergence

We first remark that the notion of convergence is stable under isomet-

ric embedding. Therefore the convergence of definition [1.5.1] coincides
with the classical convergence defined by embedding into Euclidean
spaces.
Proposition 1.5.3. If¢: N — N is an isometric embedding, then the
sequence (ug)gen converges strongly to u € WYP(M, N) in WP(M, N)
if and only if the sequence (1 o uyg)peny converges strongly to v o u €
WP(M, N) in WLP(M, N).

Proof. Since ¢ is an embedding, (D(t o uy))gen converges to D(cou) in
measure if and only if (Dug)gen converges to Du locally in measure. As
¢ is isometric, for every £ € N,

[D(vo W)|g}4®gm —|D(eo U)’g}},@m = ’DW’gLé@gw - ‘Du|g}‘\4®gw?

the conclusion follows from the definition of convergence. O
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The distance 53,;;(“7 v) = 81 (tou, L 0v) gives thus the same topology
as 01 . However the completeness of W'P(M, N) will then depend on the
completeness of ((N); a necessary condition is that «(NN') should be closed.
When N is complete but not compact, the original Nash embedding
theorem will give ¢«(N) which is not closed [92},93]; it is however always
possible when N is complete to have a Nash embedding theorem with
t(N) closed [90].

We would also like to compare this notion with the metric of Chi-
ron (32} §1.6] [ for u,v € W'»(M, N):

1

3, (u,0) = 6(us0) + ([ | 1Dulgmay ~ 1Delgg eanl”)

where 0 is a distance of the form (1.4.4)). In order to study the topological
equivalence of these metrics, we give a criterion of convergence in measure
of the derivative.

Proposition 1.5.4 (Criterion for convergence in measure). Let (ug)gen
be a sequence of colocally weakly differentiable maps from M to N. If the
sequence (ug)gen converges locally in measure to a colocally weakly differ-
entiable map u: M — N and if the sequence (|Duclgs @gy)ren converges
to |Dulg: gy in Ll (M), then the sequence (Dug)en converges to Du
locally in measure.

As an immediate consequence we have the topological equivalence
between 47, and 5fp.

Proposition 1.5.5. Let p € [1,00). Let (ug)een be a sequence of maps
in WHP(M,N) and v € WYP(M,N). The sequence (ug)een converges
strongly to u in WHP(M, N) if and only if limy_ss 5fp(u@, u) = 0.

This proposition is due to Chiron when N = R and p > 1. The
proof of proposition relies on the Balder-Visintin criterion of strong
convergence.

Proposition 1.5.6 (Balder—Visintin criterion of strong convergence |10,
theorem 1; 113, corollary 2]). Let (f¢)een be a sequence in L' (U, RF). If
the sequence (fi)ien converges weakly to f € LY(U,R¥) and for almost
every x € U, the point f(x) is an extreme point of ey co{ fi(z): i > j},
then the sequence (fo)een converges to f in L'(U,RF).

! As the modulus of the derivative has several definitions, we have in fact a family
of distances out of which we take the one that uses our notion of modulus of the
derivative. Instead of introducing the notion of Lebesgue spaces into metric spaces,
we consider convergence in measure for maps from M to N.
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For a set A C R*, the set co A denotes the convez hull of A, that is,
the set of convex combinations of elements of A. A point c is an extreme
point of a convex set C' if C'\ {c} is convex.

Proof of proposition[1.5.4. Let U C N and ¢ € C*(N,R") be the ex-
tended local chart given by lemma [I.2.3]and let K C M be compact. In
view of proposition and the weak compactness criterion in Llloc(M ),
the sequence (D(y o uy))gen converges weakly to D(p o u) in L*(K).

By taking a subsequence, we can assume that the sequences (ug)pen
and (|Duyg|)een converge almost everywhere in M. In order to apply the
Balder—Visintin criterion of strong convergence, we note that for every
x €M,

)

D(p o ug)(x) € Dip(ug(2))(B|puy(a)

9&@91\1

and so

co{ D(p o ug)(w): k > €}  co{ Dp(uk(2))(B|puy (v)|

)i k> L}

*
91W®9N

Hence, since for almost every = € K, (Dp(ug(x)))sen converges to
Dep(u(z)) and (|Due(z)|gz, @gy )een converges to |Du(z)

g%,®gn+ We have

() co{D(w o) (#): k= 6} € Dp(u(@) (Bipu(w),: o)
leN

We finally observe that for every z € u=(U), |Du(z)|gs,0gy is an

extremal point of B‘ D and Dy(u(x)) is invertible, therefore

$)|9}k\4®9]\]

D(pou)(x) is an extremal point of Dcp(u(x))(B‘Du( ) and hence

x”y}‘w@g]v
of Myen co{D(p o uy)(x): k > £}. Hence by the Balder—Visintin criterion
of strong convergence (proposition[L.5.6)), the sequence (D(pouy))een con-
verges to D(¢ou) in L*(KNu~*(U)) and thus in measure on K Nu~1(U).
By covering M and N by countably many such compact sets K and
extended local charts (¢, U), we obtain the conclusion. O

The reader will observe that our argument relies on the structure of
the norm that endows T*M ® T'N. More precisely our proof requires the
norm on T*M & T'N to be uniformly convex; this is not the case when
min(dim(M ), dim(N)) > 2 for the operator norm.

Proposition 1.5.7. Let p € (1,00). Let (ur)een be a sequence of maps
in WHP(M, N) and uw € WHP(M, N). If (u¢)een converges to u locally in

measure and
lim/ Duyl|?. :/ Du
=00 M| I OIN M‘

g,@gn e converges to |Dulgs gy in LP(M).

P
Iy ®IN’

then (| Duy
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In particular the two metrics introduced by Chiron have the same
convergent sequences |32, lemma 2] for p > 1. By proposition _ 11.5.5, this
notion of convergence is also equivalent with convergence in W1?(M, N).
When p = 1, the equivalence does not hold already in the Euclidean
case [32, lemma 2]. The proof relies on the proposition m

Proof of proposition[1.5.7. Since ( )een is bounded in LP (M)
and p € (1, 00), by taking a subsequence, we can assume that the sequence
(|Durlgs, @y Jeen converges weakly to some w in LP(M). Since (ur)een

converges to u locally in measure, for every f € C}(M,RY),

’D(fou)‘g};[@gk < |flupw

almost everywhere in M. Hence, by proposition |Dulgs ogy < w
almost everywhere in M. On the other hand, by lower semicontinuity of
the norm under weak convergence [24, proposition 3.5; 82, theorem 2.11;

120, theorem 5.4.6] and by our assumption,

/ wp<hm1nf/ |Dw|g 9N /\DU|9M®9N

and so w = |[Dulg: g4y almost everywhere in M. Thus the sequence
(|[Durlgs, @y Jeen converges weakly to in LP(M). Since p €
(1,00), we conclude that ( Jeen converges to |Dulg: ggy in
LP(M) [20, corollary 4.7.16; 24, exercise 4.19; 120} exercise 5.3]. O

When N = R, we already known that the Sobolev space is not
complete under the Chiron distance |32, lemma 2]. We extend this result
to Sobolev spaces between Riemannian manifolds.

Proposition 1.5.8. If M and N are nonempty Riemannian manifolds

and p € [1,00), then (WP(M, N),Sfp) is not complete.

Proof. We give the proof when M = (0,1). The reader will adapt the

proof to the general case. Choose v € C([0, L], N) such that for every
€ [0, L], |7 (t)|gy = 1 and define, following Chiron (32, lemma 2], for

every ¢ € N, the function u, : (0,1) — N for each t € (0,1) by

ug(t) = ~y(dist(t, Z/2)).

For every ¢ € N, the function uy is Lipschitz and |uj|s, = 1 almost
everywhere in (0, 1). Moreover, the sequence (uy)gen converges uniformly
to the constant map u = (0). Since

1 1
li b =1 0:/ ‘P
4520/0 |uglh # ; [u'[?,

the sequence (ug)ren does not converge in WP((0,1), N). By proposi-
tion the space (WP(M, N),6f ) is not complete. O
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1.5.3. Intrinsic distance

A natural candidate for an intrinsic distance is for every u,v €

WP(M,N):

01 p(u,v) = (/M dS(Du,Dv)p); € [0, c0.

This distance can be infinite. This will happen for instance if M has
infinite Riemannian volume and w, v are distinct constant maps.
We first note that this distance characterizes Sobolev maps.

Proposition 1.5.9. If v € W'?(M,N) then v € W'(M,N) and
d(u,v) € LP(M) if and only if the map u is colocally weakly differentiable
and d°(Du, Dv) € LP(M).

This distance characterizes also the simultaneous convergence in
WLP(M, N). In the absence of a Poincaré inequality, the convergence
associated to 01 is stronger than the convergence of definition [I.5.1}

Proposition 1.5.10. If (uy)sen is a sequence in WHP(M,N) and u €
WP(M, N) then the sequence (d%(Duyg, Du))gen converges to 0 in
LP(M) if and only if the sequence (ug)een converges strongly to u in
WP (M, N) and the sequence (d(ug,u))een converges to 0 in LP(M).

Proof. First assume that (uy)eey converges strongly to u in WP(M, N)
and (d(ug,u))een converges to 0 in LP(M). By the definition of conver-
gence in WHP(M, N) (definition E , (|[Duglgs @gy )een converges to
|Dulgr @gy in LP(M) and (Dug)een converges to Du locally in measure.

The latter convergence implies that (d°(Duy, Du))sen converges to 0 in
measure. Since for every £ € N,

dS(Du[, Du) < d(ug,u) + |Du€|g}‘w®gzv + |DU|QK/I®9N

almost everywhere in M, the conclusion follows from Lebesgue’s domi-
nated convergence theorem [20|, theorem 2.8.5].

Conversely, if (d°(Dug, Du))sen converges to 0 in LP(M), then the
sequence (d°(Dug, Du))gen converges to 0 in measure and thus (Dug)een
converges to Du locally in measure. Moreover, (| Du|g: @gy )een converges
to [Dulgr @g, in measure. Since for every £ € N,

| Duyg

S
gy < d (Dug, Du) + |Du]g;«w®gN

almost everywhere in M, by Lebesgue’s dominated convergence theorem,
the sequence (| Dug|gs @gy )een converges to [Dulgr gy in LP(M). Finally,
by the nonexpansiveness property , it is clear that the sequence
(d(ug,u))gen converges to 0 in LP(M). O



52 SOBOLEV SPACES BETWEEN MANIFOLDS

Finally, Sobolev spaces are complete under this metric.

Proposition 1.5.11. If N is complete, then the space (W'P(M,N),
d1,p) is complete.

Proof. Let (ug)een be a Cauchy sequence for the metric 07 . There exists
a subsequence (Duy, )yeny which is a Cauchy sequence for d® almost
everywhere in M. By the nonexpansiveness property , (ue, Jken is
a Cauchy sequence for d almost everywhere in M. Since N is complete,
the sequence (uy, )ken converges almost everywhere to a map u : M — N.

Since for every k € N, |Dug, |gx wgy < d°(Duy,, Dug,) + |Dugy|g: 0y
almost everywhere in M, we deduce that the sequence (|Duy,|)ren is
bounded almost everywhere in M and

limsup/ | Dug, [ < 00.
M

*
k—o00 ImBIN

Since the distance d° is complete on any compact subset of T*M ®
TN, the sequence (Duy, )gen converges almost everywhere to a bundle
morphism v : TM — T'N. By the closure property (proposition ,
we deduce that w € W'?(M, N) and Du = v. By Fatou’s lemma, for
every k € N,

01,p(ug,, u) < liminf 61 (ug, , ue, ),
j—00

and thus limy_,o 61 p(uy, , u) = 0. Since the sequence (ug)sen is a Cauchy
sequence for ¢y ;,, the conclusion follows. O

Remark 1.5.1. In the above properties, the Sasaki metric can be gen-
eralized to strongly concordant (with the Euclidean structure g}, ® gn)
metrics, that is, any metric G on T(T*M ® T'N) such that

(a) for every v € T(T*M ® TN),
G(Drpxn(v)) < G(v);
(b) there exists x > 0 such that for every v € T(T*M ® T'N),

(+"'D(ghr ® gn) (1) < 4(ghs © gn) (7= 17N (1) G(V),

where mp«pern: T(T*M @ TN) — T*M ® TN is the canonical
bundle morphism, and for every e € T*M ® TN,

G(Verte(e)) < w*(g3s ® gnv)(e),

where Vert, is the vertical lift defined for v € 7y, v ({marxn(e)}) by

d
Verte(v) = = (e + tu)‘tzo € T.(T*M @ TN).
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Such metrics are natural metrics on vector bundles [14,60L74]. An another
example is the Cheeger-Gromoll metric [31].

Given t: N — R” an isometric embedding such that ((NV) is closed,
we have two natural distances under the hand: the distance 41, and the
induced distance,

1p(0) = (/M(‘Lou —ovf’ +|D(tou) - D(Lov)m%)%.

(The distance on the right is in fact the Sasaki distance on T*M @ TR".)
The next two propositions show that even if they induce the same
topology and they are both complete, they are not uniformly equivalent
in general.

Proposition 1.5.12. If M is a nonempty Riemannian manifold, p €
[1,00) and n > 2, then the identity map

& (WLP(Ma Sn)751,P) — (WLP(Ma Sn)? i,p)

s not uniformly continuous.

Proof. We begin by considering the case M = R. Choose y € S and
p: S™ — S™ be a non-identical isometry such that p(y) = y and u €
C*(R,S"™) such that for every z € R\ [-1,1], p(u(x)) = y and p(u(x)) #
u(z) in (—1,1).

Let uy : R — S™ be defined for every ¢ € R by uy(t) = u(t/\) and
let vy = powy. Since p is an isometry, Dp: TS — T'S™ is an isometry
on tangent vectors. Since n > 2, for every e € T'S™ there exists a path
~ such that P7(e) = Dp(e), where P7 is the parallel transport along ~y
with respect to the connection Kp+prgrsn; the length of v with respect
to the Sasaki metric G° can be bounded uniformly by 27. Therefore, we
have for every e € TS", d°(e, Dp(e)) < 2m and we deduce that

1

Sraluron) = ([ d°(Dur, Duay)” <25,

On the other hand,

1

Sta(unen) = ([ Miu=pouf+x2Du—D(pou)))’.

Consequently, limy ;0 01 p(ux,vx) = 0 while liminfy 0 6] ,(ux, vx) = oo.
In the general case, let a € M and let r € (0,7(a)) where r;(a) is
the injectivity radius of the Riemannian manifold M at the point a. We
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define then the maps uy : M — S™ and vy : M — S"™ for A > 0 and
x € M by

(@) =u(TEDZT) e = pou( DT,

the non uniform continuity follows as in the case M = R treated above.
O

Proposition 1.5.13. If M is a nonempty Riemannian manifold and
p € [1,dim M), then the identity embedding map

i (WhP(M,SY), 61 ,) = (W'P(M,SY),61,)

s not uniformly continuous.

Proof. We define uy = (cos(py),sin(py)) and vy = (—cos(py), sin(ey)),
where

x if d(z,y) > 2,
ox(T) = dog)=d if A <d(z,y) <2,
A\sin W@y - e d(z,y) < A,

dim M
14+ dim M
AT

and the point y € M is fixed. We observe that

1
. P 2 25\ P
hI)’\n—gélf 01 p(ur,vy) = 2111&11_)161f(/M(cos(<p>\) + | Dyl )2> > 0.

On the other hand, since p < dim M,

1

!
lim sup 67 ,(ux, vr) = QIimsup(/ (cos(p)? + sin(p)?| D l?) 2)p =0.
A—0 A—=0 M 0O



Chapter 11

Concordant distances and metrics

2.1. Introduction

Given two Riemannian manifolds M and N of class C?, we define
in the previous chapter a natural intrinsic distance on Sobolev spaces
between the manifolds M and N (section . This intrinsic distance
is defined from the geodesic distance induced by the Sasaki metric on
T*M ® TN (section [1.5.1)) which belongs to the class of concordant
distances. This fact is mentioned in chapter [[| but we did not go further
(remark . However, this notion allows us to define a class of intrinsic
distances on Sobolev spaces that behave well.

As a consequence, in the present chapter, we first define and study
concordant distances on any vector bundles (deﬁnition. We also give
two examples of strongly concordant metrics (definition , namely
the Sasaki and Cheeger—Gromoll metrics, that give rise to (strongly)
concordant distances (definition .

In a second step, given a concordant distance d on the vector bundle
T*M®TN, we define an intrinsic distance on Sobolev spaces TW1? (M,N),
that is, for every u,v € W'?(M, N),

0 p(u,v) = </M d(Du, Dv)p>; .

Concordant distances characterize Sobolev maps and also simultaneous
convergence in Sobolev spaces (propositions and[2.3.2)). Furthermore,
Sobolev spaces are complete under all these distances (proposition [2.3.3)).

2.2. Definitions and examples

The notion of concordant distances is first defined for any vector
bundles.

Definition 2.2.1. A continuous distance dg on a normed topological
vector bundle (E,mpr, M) is concordant with the norm |-|g if
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(a) (nonexpansiveness of the fiber projection) for every e, es € F,
dp(m(e1), ma(e2)) < de(er, e2);

(b) (equivalence with the norm) there exists x > 0 such that for every
eceF,
1 elp < dple, ma(e)) < klels.

Here and in the sequel we identify M with the zero fiber subbundle
M x {0} C E.

Proposition 2.2.1 (Stability of subbundles). Let (E,my, M) and (E,
WM,M) be vector bundles and let : E — E be an injective bundle
morphism that covers an embedding v: M — M. If dg is concordant with
|-| 5, then the distance dg defined for ei,es € E by

dp(e1,e2) = dp(i(er), (e2))
is concordant with |-|g defined for e € E by |e|g = |t(e)| -

If F is a differentiable manifold, we study Riemannian metrics Gg
on TE that give rise to a distance concordant with |-|,,. We denote by
G and gp the quadratic forms associated to the corresponding metrics.
We recall that for every e € E, the vertical lift Verte: E — TFE is defined
for each v € 73} ({ma(e)}) by

d
Verte(v) = %(e+tl/)‘t:0 eT.E.

Definition 2.2.2. A metric G g is strongly concordant with the Euclidean
structure gg if

(a) for every v € TE,
Gp(Dmy(v) < Ge(v);
(b) there exists k > 0 such that for every v € TE,
(v~ 'Dgp(v))? < 4gp(rp(v) Gr(v),
and for every e € E,

GE(Vert.(e)) < k%gg(e).

Strongly concordant metrics induce concordant distances. In fact,
these distances have the stronger property of strong concordance.



2.2. DEFINITIONS AND EXAMPLES o7
Definition 2.2.3. A continuous distance dg on a normed topological
vector bundle (E, myr, M) is strongly concordant with the norm |-|g if

(a) (nonexpansiveness of the fiber projection) for every e, es € F,
dy(mar(er), mu(e2)) < deler, e2);

(b) (comparability with the norm) there exists x > 0 such that for every
s,t € Rand every e € E,

dg(te, se) < klte — se|p,
and for every ej,eq € F,
leile — le2|e| < kdp(er, e2).

Proposition 2.2.2. The metric Gg is strongly concordant with gg if
and only if the geodesic distance dg induced by the metric Gg is strongly
concordant with |-|g,, .

Proof. Let ej,ea € E and let v € C1([0,1], E) be a path such that
~v(0) = e; and (1) = ey. Since G is strongly concordant with gg,

/01 \/GE(DWM(’Y’(T))) dr < /01 \/Mdr,

and the divergence property of the fibers follows.

Let e € E and let v € C'([0,1], E) be defined for every 7 € [0, 1]
by v(7) = (7t + (1 — 7)s)e. By definition of the vertical lift, for every
7 € [0,1], we have 7/(7) = Verty ) ((t — s)e) = 7 Vert_g.((t — s)e).
Consequently, for every s,t € R,

dp(se,te) < /O N
< /01 \/GE(Vert(t,S)e((t —s)e)dr < ky/gr((t — s)e).

Let v € C*(]0,1], E) be a path such that v(0) = e; and (1) = es.
By assumption,

_[td _ [t Dge(y/(1))
\/gE(el)—\/gE(eg)—/o E QE(’Y(T))dT— 0 de

<x [ Jap @),

50 |[e1lgs — lealgs| < mdr(er, e2). O
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The Sasaki [102] and the Cheeger—Gromoll metrics |31], which are
two classical constructions of natural metrics on bundles [60}74], are
strongly concordant.

In order to define these metrics, we endow M with a Riemannian
metric gyps and we endow E with a metric connection Kg: TE — E.
We recall that Kg is a connection if Kg is a bundle morphism from
(TE,mg, E) to (E,my, M) that covers 7y and a bundle morphism from
(TE,Dmy, TM) to (E,my, M) that covers miM: TM — M, and for
every e € E, Kg o Vert, = id on m,, ({mar(e)}) [116, definition 3.9]. The
connection Kg is metric if for every v € TE,

Dggp(v) = 295(Kg(v), Te(V)).

The Sasaki metric G5, [102] (see also [42, chapter 3, exercise 2]) is
defined for every v € TE by

Gy(v) = gu(Dmar(v) + 95(KE(v)).

Proposition 2.2.3. The Sasaki metric G% is strongly concordant with
9E-

Proof. For every v € TE, since Kg(Dmy(v)) =0,
GE(Dmy(v)) = gu(Dmue(v) < GR(v).
Next, since the connection Kg is metric, for every v € TE,

(Dgp(v))* = 4(gp(Kp(v), p(1v)))?
< 4gp(Kp(v) gp(np(v)) < 4GE() gp(rp(v)).
Finally, for every e € F, since Dmp(Vert.(e)) = 0 and Kg(Verte(e)) = e,

we conclude that
G%(Verte(e)) =gg(e). ]

The Cheeger—Gromoll metric is defined for every v € TE by

9e(Ke(v)) + (98(Kp(v), np(v)))?
L+ gp(re(v)) '

G5 (v) = gm(Drum(v)) +
Proposition 2.2.4. The Cheeger—Gromoll metric GgG is strongly con-
cordant with gg.

Proof. For every v € TE, we have

GG (Dmy(v)) = gu (D (v)) < GR(v),
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and since the connection Kg is metric,

(Dgp(v))?

= 4(9p(Kp(v ) B(v)))?

(gE (Ke(v)) 9(re(v)) n (gE(KE(V%WE(”))VQE(”E(’/)))
= 1+ gp(rp(v)) 1+ gp(re(v))

< 4GE (v) gr(TE(V)).

Finally, for every e € E, since g (Vert.(e)) = e, Dmpr(Verte(e)) = 0 and
Kpg(Vert.(e)) = e, we obtain

/\

gs(e) + gp(e)®

GG (Verto(e)) = L+ gnle)

= gg(e). d

Finally, we compare the two previous strongly concordant metrics.

Lemma 2.2.5 (Comparison between the Cheeger—Gromoll and Sasaki
metrics). For every v € TE,

GEC(v) < GEw).
Proof. By the Cauchy—Schwarz inequality, for every v € TE,

(95(Kp(v),m6()))* < gp(Kp(v)) gp(nE (V). m

The Sasaki and Cheeger—Gromoll metrics are particular cases for
A=1land A= % of metrics defined for every v € TE by

Me(Ke()) + (1 = N (ge(Kp(v), 1e(v)))?
A+ (1= Nge(re(v)) '

In the limit case A = 0, the metric G% such that for every v € TFE,

(98(Kp(v), np(v)))?
95(7E(V))

Gp(v) = gu(Dma(v)) +

)

Gu(v) = gu(Dmp(v)) +

is degenerate; the associated degenerate distance is defined for every
e1,€e9 € ) by

dE(€17€2)2 = ﬂlM(WM(@l)aTrM(ez))2 + | \€1|9E - |€2|9E’2'
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2.3. Intrinsic Sobolev distances

In our study of Sobolev spaces, we assume that (M, gar) and (N, gn)
are Riemannian manifolds. In particular the metrics on vectors of T'M
and T'N induce a metric g3, ® gy on T*M @ T'N. This metric can be
computed for every £ € Ty M ® TyN = L(T,M,T,N) by

(9 ®gn)(§,€) = ZQN (ei)),

where (e;)1<j<m is an orthonormal basis in 7, ({x}) with respect to the
Riemannian metric gp;.

Given a concordant distance d, we define for every p € [1,+00), the
distance 1, for every u,v € WHP(M, N) by

1,p(u, v) (/ d(Du, Dv)? >1 € [0, +o0].

This distance can be infinite. This will happen for instance if M has
infinite Riemannian volume and w, v are distinct constant maps.

We first prove that concordant distances characterize Sobolev maps.
Given two maps u,v : M — N, we denote for every © € M,

d(u, v)(z) = d((z, u(z)), (z,v(x))),
with the usual identification of M x N with M x N x {0} C T*M @ T'N.

Proposition 2.3.1. Assume that d is concordant with |-|gx @gy- If v €
WYP(M,N), then w € W'"P(M,N) and d(u,v) € LP(M) if and only if
the map u is colocally weakly differentiable and d(Du, Dv) € LP(M).

Proof. The first assumptions follows from the fact that

d(Du, Dv) < d(Du,u) + d(u,v) + d(v, Dv)

<
< d(u,v) + KODU‘Q}Q‘&‘]N + |Dv‘g}k\4®gz\r)

almost everywhere in M. Conversely we observe that, by the nonexpan-
siveness property, d(u,v) < d(Du, Dv) almost everywhere in M and that
by the equivalence assumption,

|Dulgr 9gy < kd(Du,u) < k(d(Du, Dv) + d(Dv,v))
< kd(Du, Dv) + Ii2|Dv|g]*M®gN

almost everywhere in M; the converse statement follows. O
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Concordant distances characterize also the simultaneous convergence
in Sobolev spaces.

Proposition 2.3.2. Assume that d is concordant with ||g: gy If
(ug)een is a sequence in WP(M,N) and uw € WYP(M,N), then the
sequence (d(Dug, Du))gen converges to 0 in LP(M) if and only if the
sequence (ug)gen converges strongly to u in WP(M, N) and the sequence
(d(ug,u))en converges to 0 in LP(M).

Proof. First assume that (ug)gey converges strongly to u in WP(M, N)
and (d(ug,u))een converges to 0 in LP(M). By the definition of conver-
gence in WhP(M, N) (definition E , ([Duglgs gy )een converges to
|Dulgs gy in LP(M) and (Dug)en converges to Du locally in measure.
The latter convergence implies that (d(Duy, Du))gen converges to 0 in
measure. Since for every £ € N,

d(Dug, Du) < d(ug,u) + £(|Duglgr, @gy + |D“’g;4®gzv)

almost everywhere in M, the conclusion follows from Lebesgue’s domi-
nated convergence theorem [20}, theorem 2.8.5].

Conversely, if (d(Duy, Du))sen converges to 0 in LP(M), then the
sequence (d(Dug, Du))gen converges to 0 in measure and thus (Duyg)gen
converges to Du locally in measure. Moreover, (| Du|g: @gy )een converges
to [Dulg: @g, in measure. Since for every £ € N,

2
\Dw\g}«v@w < kd(Dug, Du) + £7[Dulg: 09y
almost everywhere in M, by Lebesgue’s dominated convergence theorem,
the sequence (| Du|g: @gy )een converges to [Dulgr gy in LP(M). Finally,
since for every ¢ € N, d(ug,u) < d(Dug, Du), it is clear that the sequence
(d(ug,u))pen converges to 0 in LP(M). O

Sobolev spaces are complete under all these metrics.

Proposition 2.3.3. If for almost every x € M, the metric space ({x} %
N.d) is complete and d is concordant with |-|gx og, . then the Sobolev

space (WIP(M,N),d1,) is complete.

Proof. Let (ug)een be a Cauchy sequence for the metric d1,. There
exists a subsequence (Duy,);en which is a Cauchy sequence for d almost
everywhere in M. By the nonexpansiveness of the projection, (uy,)ien is
a Cauchy sequence for d almost everywhere in M. Since for almost every
x € M, the metric space ({z} x N,d) is complete, the sequence (uy, )ien
converges almost everywhere to a map u : M — N.
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Since the distance d is concordant, for every ¢ € N,

| Duy,

2
Ir®IN < kd(Duy,, Dug,) + K |Du€0|9}1{®gN

almost everywhere in M and we deduce that (| Duy,
almost everywhere in M and

g%,@gn ien is bounded

h?iigp /M|Du£i‘§7w®gN < +o0.
Since the distance d is continuous, it is complete on any compact subset of
T*M @ TN [91} theorem 45.1] and so the sequence (Duy, )ien converges
almost everywhere to a bundle morphism v : TM — TN. By the
closure property (proposition , we deduce that u € Wl’p(M ,N)
and Du = v. By Fatou’s lemma, for every i € N,

01,p(ug;, w) < liminf 01 (ug,, ue; ),
j—o0

and thus lim; . 01 p(us,, w) = 0. Since the sequence (uy)een is a Cauchy
sequence for d; ,, the conclusion follows. O

Finally, we assume that the Riemannian manifolds are of class C?
and that we have metric connections Kp«ps and Kpy on T*M and TN
respectively. Such connections are given by the Levi-Civita connection.
We can then define for every v € T(T*M) and every w € T(T'N),

Kr«porn(v @ w) = Kpsp(v) @ Koy (w).

Moreover, the connection K1+ yerN is metric with g3, ® gn.

As a consequence, we have two examples of intrinsic distance on
W'P(M,N) when T*M ® TN is equipped with a concordant distance:
the Sasaki distance

1

&lg,p(u? v) = (/M(dS(Du, DU))p> ",

where d° is the Sasaki geodesic distance on T*M @ TN, and the Cheeger—
Gromoll distance

1

55w 0) = ([ (@ Du, Doy,

where d“© is the Cheeger-Gromoll geodesic distance on T*M & T'N. Tt
follows from the previous results that the Sobolev space W1P(M, N)
has the same topology for both distances and is complete. In view
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of the comparison between the Cheeger—Gromoll and Sasaki metrics

(lemma [2.2.5), we have
855 (u,v) < 67 (u,v),
that is, the identity is nonexpansive from the space (W'P(M, N), 6f ) to

(WlP(M, N), 516:7? ). However, the distance 5f » is not uniformly equivalent
with 516:]? in general.

Proposition 2.3.4. If M is a nonempty Riemannian manifold, p €
[1,+00) and n > 2, then the identity map

i (WHP(M,R™),677) = (WP(M,R"),07,)
s mot uniformly continuous.

Proof. First we consider the case where M = R. We choose a map
u € CHR,R™) \ {0} such that suppu C (—1,1), and we define for A > 0
the maps uy : R — R™ and vy : R — R" for each t € R by uy(t) = u(t/\)
and vy (t) = —ux(t) = —u(t/)\). We have for every t € R, since n > 2
and |u}\(t)| = [v)(?)];

|2 2

099 (ul (1), 04,(1)” < Aur () + SDOTT gy + 2.

L+ [uy (B ~

Therefore, for every A > 0,

1

575 (ux, vx) / dC (i, vy )P )" < JAlJu) + 72(20)5.

On the other hand, since R™ is flat, we have for each A > 0,
51p Ux, V) / dS (ul, v))P
1
_ _ AT AV
= ([ (on = a4 1t - %)
1 1
2([ a0 )
-1

We have thus
. CG _ : S
/l\gr(l) 01, (ux,va) =0 and /l\g% 67 p(ux, va) >0,

which shows the non uniform continuity.
In the general case, we proceed as in the proof of proposition [1.5.12
O






Chapter III

Geometric partial differentiability on

manifolds: the tangential derivative and
the chain rule

3.1. Introduction

Given a differentiable manifold M, we are interested in defining a
geometric partial differentiation for functions from M to R, that is,
we would like to have a definition that implies classical directional
differentiability when M = R™ and that does not depend on local charts.
Equivalently we aim to define on R™ a notion of partial differentiability
which is invariant under diffeomorphisms.

Let us first recall the classical definition of directional derivative
which does not have this property.

Definition 3.1. Let A C R™ and let V' C R™ be a linear subspace of
R™. A linear map L € L(V,R") is a directional derivative of a function
f: A— R" at a € A with respect to V if for every € > 0 there exists
0 > 0 such that if x € AN (V +a) and ||z — a|| <, then

1 (x) = f(a) = Llz — a]|| < ]|z — al|.

The definition of directional derivative can be rephrased in terms of

limits as I
o M@ = @) — L —alll _,
z€V+a |z — all
Tr—ra

The class of differentiable maps ¢: R™ — R" such that the directional
differentiability of each f: A — R™ at v(a) with respect to Dy (a)[V],
where Di(a)[V] is the image of V' by the classical total derivative of 1)
at a, implies the directional differentiability of f o at a with respect to
V' consists of the maps ¢: R™ — R™ for which there exists n > 0 such
that ¢((V +a) N Bla,n)) € ¢(a) + DY (a)[V].

This chapter was originally published in the Journal of Mathematical Analysis
and Applications 435 (2016), no. 2, 1672-1681.
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The stronger notion that answers our question is provided by the
tangential derivative that we define as follows.

Definition 3.2. Let A C R™ and let V' C R™ be a linear subspace of
R™. A linear map L € L(V,R") is a tangential derivative of a function
f: A= R"™at a € A with respect to V' if for every £ > 0 there exist 6 > 0
and @ > Osuch thatifz € A, v € V, ||x—a| < and ||[x—a—v| < O||z—a],
then

| f(z) — f(a) = L]|| < ellz — all.
This new definition can be written in terms of limits as

1@~ f@) — LR

veV |z — al|
Hx—gjz(ﬁ
lz—all

=0.

—0

Geometrically, the tangential derivative considers the behavior of f
in sharp cones around the plane V. In particular, if the function f is
tangentially differentiable, then the function f — f(a) grows linearly in a
small sharp cone around the plane V:

lim sup I#(z) = f(a)] < 0. (3.1)
| — al

T—a
dist(z—a,V)

—0
[lz—all

Condition is reminiscent of, but weaker than, the notion of direction-
ally Lipschitz functions [100}/101]. (If V' = R™, this directional Lipschitz
condition is equivalent to the classical local Lipschitz condition.)

Existing definitions either impose a uniform condition over all the
directions (classical Fréchet—Stolz differentiability), or a condition in each
direction individually (Hadamard differentiability |[107, definition 2.2]).
Here we impose a uniform condition in only certain directions. So here
nothing is known in some directions. And we investigate the effect of
those missing directions.

We show that this definition has the required invariance under dif-
feomorphisms (corollary and allows thus to define a tangential
derivative on a differentiable manifold (definition . Although di-
rectional differentiability does not imply tangential differentiability in
general (example , it is the case in the class of Lipschitz continuous
functions (proposition . This brings us to the original motivation
of our work, which was to understand whether the directional derivative
in the chain rule between Lipschitz continuous and weakly differentiable
functions [4] was well defined when composing maps between manifolds
(section [3.5)).
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We also show that the tangential derivative is the weakest notion of
derivative which implies directional differentiability and which is invariant
under diffeomorphisms. A serendipitous feature of this definition is that
tangential differentiability with respect to V' is equivalent to tangential
differentiability with respect to (v) for every v € V' and linearity of the
directional derivative (proposition . This property is well-known to
fail for directional derivatives.

Finally, the chain rule does not hold in general for the tangential
derivatives (example . This is a striking consequence of the miss-
ing directions in definition However, the chain rule holds under a
necessary and sufficient condition which is not very stringent (proposi-
tion , and which covers for example the case where the function on
the left is Lipschitz continuous or where the function on the right has an
injective tangential derivative.

3.2. Examples and basic properties

In this section, we give various examples and some basic properties
of tangentially differentiable functions.

We first consider the uniqueness of the tangential derivative at a with
respect to V. For a set A C R™ and a linear subspace V' C R™, a vector
v € V is tangent to A at a € A if for every 6 > 0 and 6 > 0, there exists
x € A such that ||z —a|| < § and ||z —a —v| < 0|z — al|.

Proposition 3.2.1. Let A CR™ and let V C R™ be a linear subspace
of R™. If for every v € V', v is tangent to A at a, then there exists at
most one tangential derivative of f: A — R™ at a € A with respect to V.

In particular, if @ is an interior point of the set A, or if a is interior
to AN (V + a) relative to V + a, then the tangential derivative is unique.

In the limiting cases the definition of tangential derivative covers
known concepts. If V = {0}, one observes by taking 6 = 3 that every
function has a tangential derivative with respect to V and if V' = R™, the
notions of directional and tangential derivatives are both equivalent with
the classical definition of total differentiability of Stolz and Fréchet. For
any linear subspace V' C R™, if a function f has a tangential derivative
at a with respect to V such that for all £ > 0, we have § > 1, then, by
taking v = 0, f is differentiable (with respect to R™) and D f(a) is the 0
linear map.

In all the other cases, directional differentiability does not imply
tangential differentiability.
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Example 3.2.1. Given a linear subspace V' such that {0} C V C R™,
we take K € L(R™,R™) such that ker(K) =V and a > 0, and we define
the function f: R™ — R" for every x € R™ by

Klz]

fl@) = q Izl
0 if x =0.

if x #0,

Since f = 0 on V, the 0 linear map is a directional derivative at 0 with
respect to V' but since the boundedness condition (3.1]) is not satisfied,
the function f does not have a tangential derivative at 0 with respect to
V.

It turns out however that for Lipschitz continuous functions, the
notions of directional and tangential derivatives are equivalent. We recall
that a function f: A CR™ — R" is Lipschitz continuous if there exists
a constant x > 0 such that for all z,y € A, ||f(z) — f(y)]| < &llz — y]|.
We also denote by (v) the vector space spanned by v € R™, that is,
(v) ={rv:r e R} CR™.

Proposition 3.2.2. Let A C R™, let f: A — R"™, let V C R™ be a
linear subspace of R™ and let L € L(V,R™). If the function f is Lipschitz
continuous, then the following statements are equivalent:

(i) the linear map L is a directional derivative of f at a € A with
respect to V,

(ii) the linear map L is a tangential derivative of f at a € A with
respect to V,

(iii) for every v in a dense subset of V- NIB[0,1], the linear map Ly, €
L((v),R™) is a directional derivative of f at a € A with respect to

(v).

Proof. Let k > 0 be given by the definition of Lipschitz continuity for
the function f. First we prove that (fif) implies . For every z € A and
every v € V|

1f () = fa) = LIl < [[f(2) = flo + a)l[ + [ f(v+a) = f(a) = L]
<hllz —a—vf +[[f(v+a) = fla) - L]v]||.

For each ¢ > 0, by definition of directional derivative, there exists § > 0
such that if y € AN (V +a) and |y — al| < 6, then [|f(y) — f(a) —
Ly —d]| < £|ly — al|. Therefore, if 2 € A, v € V, ||z —a|| < § and
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o —a—ol| < min(L, z5) e — al, then [|(v+ @) — af] < 2|z — al| < 6,

and so || f(z) — f(a) = L[v]|| < ellz —al|.
Since it is obvious that implies , it remains to prove that
implies (fil). For every z € AN (V + a) and every v € V,

1f(z) = f(a) = L[z — dl|
<1 f(2) = f(llz = allv+a) = L[z —a — |z — al|o] |

+ 1 f(lz = allv+ a) - f(a) — L{ljz — a][o]]]
< (8 + LI |z = all HH H

+ [ f(lz —allv+a) = f(a) = L ||z — al|v] ||

—

By assumption, for every v in a dense subset S C V N 9dBJ0, 1], there
exists 0, > 0 such that if y € AN ((v) +a) and ||y — a|| < 4§, then
Ilf(y)—f(a)—Lly—al]|| < 5[ly—al|. Here and in the sequel B[0, 1] denotes
the closed ball of radius 1 centered at the point 0. Since V N 9B[0, 1]
is compact and S is dense in V N 9B[0, 1], there exists N € N, and
v1,...,uNy € S such that

N
i=1
As a consequence, if z € AN (V +a) and ||z — a|| < minj<;<y dy,, then

1f(z) = fla) = L[z — af]| < ez —a]. =

The proof shows that the the Lipschitz continuity assumption can be
replaced by the weaker condition:

e @ =S
ase-ar) o |7 =yl
dist(y— aV)*)O

lly—all

3.3. The chain rule for tangential derivatives

We turn now on to the study of the chain rule for the tangential
derivative. We first remark that the chain rule does not hold in general
for the tangential derivative.

Example 3.3.1. Let K € L(R™,R) be such that {0} C ker(K) C R™
and let 5 > 2. We define the functions f: R™ — R and ¢g: R — R for
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every x € R™ and t € R as
|K[z])? .
flz) = el if x #0,
0 if z =0;
1
g(t) = [t|?.

Since the 0 linear map is the tangential derivative of f at 0 with respect
to ker(K), g has a tangential derivative at f(0) = 0 with respect to {0},
but g o f has the same form as the function in example and so does
not have a tangential derivative at 0 with respect to ker(K).

The chain rule holds however under an additional necessary and
sufficient analytic assumption involving both functions in the composition.

Proposition 3.3.1. Let A CR™ and let V C R™ be a linear subspace
of R™. Let L € L(V,R"™) be a tangential derivative of f: A — R”
at a € A with respect to V and let K € L(L[V],RP) be a tangential
derivative of g: f(A) — RP at f(a) with respect to L[V']. The linear map
KoL € L(V,RP) is a tangential derivative of go f at a with respect to
V' if and only if

veV llx — al
r—a
Hz‘;i;ﬂj“ 0
If @) =f@ll

lz—all

Proof. We first assume that the function go f is tangentially differentiable.
For every z € A and every v € V,

lg(f(x)) — g(f(a))]
< (g f)(x) = (go f)a) — (K o L)[0]]
+ K (ILf () = f(a) = LIl + £ (z) = fa)l])-
Fix £ > 0. By assumption, there exist 6,0 > 0 such that if x € A, v € V,
|z —al| <0 and ||z —a —v|| < 8|z — a|, then
(g o f)(@) = (g0 f)la) = (Ko L)]|| <ellz —al,
1f(x) = f(a) = Lv]|| < ellz — a.

As a consequence, if z € A, v eV, |z —al <0, [z —a—v| <0z —all
and | f(z) = f(a)|| < €]z —al|, then

lg(f(2)) = g(f(a)| < (A +2|[K]) e |z - af,
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that is, (3.3.2) is satisfied.

Conversely, we assume that (3.3.2)) holds. For every x € A and every
veV,

(g o f)(@) = (g0 f)(a) = (Ko L)[v]|
<Ilg(f(x)) = g(f(a) (3.3.3)
+ KN (1f () = f(a) = Ll + [1f (=) = F(@)]])-

Fix ¢ > 0. By assumption, there exist 61,07 > 0 and x > 0 such
that if z € A, v € V, |[z —al| < 61, |x —a —v] < 61|z — al and
1f(x) = fla)|l < &llz —al|, then

lg(f(x)) —g(f(a))|| < ellz —all and || f(z) — f(a) = L[v]|| < ez —al|,
and thus by ,
(g o f)(@) = (g0 flla) = (Ko L)l < (e(1 +[|K])) + &) ||z — all.

Without loss of generality, we assume that x < €, and thus if ||z —al| < 41,
|2 —a—vl| <61z —al and [[f(z) = f(a)]| < kllz — a|, then

(g o f)(z) = (g0 f)la) = (KoL)l <2+ |Kl)elz - all

It remains to cover the case where x € A and || f(z) — f(a)|| > &|lx — a]|.
First, for every z € A and every v € V such that || — a|| < 0; and
lx —a—v| < 61||z — al|, we have

1f(x) = fla)ll < (e + ILII(1+ 61)) ]l — al|

Let n = e + [[L||(1 + 61). Since g is tangentially differentiable, there
exist 0,0 > 0 such that if z € A, v € V, ||f(z) — f(a)|| < § and

1 (x) = f(a) = L] < 6]|f(x) — f(a)]], then
19(f(x)) = g(f(a)) = K[L[]]| < %Hf(x) — f(a)]-

Since L is a tangential derivative of f, there exist da, 2 > 0 such that if
reAveV, |z —a| < and ||z —a—v| < 0|z —al, then

1f () = f(a) = L]l < Ok ||z — all.

Therefore, if z € A, v € V, ||z — a|| < min(dy, 2, n) and ||z —a — v|

r~nln(91,92)”l’ —al|, then ||f(z) — f(a)]| < 5 and I1f(x) — f(a) — L[]]
0|l f(x) — f(a)]|, and so

1(g o f)(x) = (g0 f)la) = (Ko L)[v]]| < %Ilf(l') — f@)| <ellz —all,

| <
| <

that is, the function g o f is tangentially differentiable at a with respect
to V. O
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A first interesting consequence is a chain rule when the second function
g in the composition is Lipschitz continuous.

Corollary 3.3.2. Let A CR™ and let VC R™ be a linear subspace of
R™. Let L € L(V,R™) be a tangential derivative of f: A —R" ata € A
with respect to V and let K € L(L[V],RP) be a tangential derivative of
g: f(A) — RP at f(a) with respect to L[V]. If the function g is Lipschitz
continuous, then K o L € L(V,RP) is a tangential derivative of go f at a
with respect to V.

Proof. If k > 0 is a Lipschitz constant for g, it is clear that condi-
tion (3.3.2)) is satisfied since for every z € A\ {a},

lg(f(x)) = g(f(a))]

0<
- [ = af
_ g7 (@) = g(f(a)[ [ f(z) = F@)]| _ [lf(z) = fla)] 4
1f () = f(a)l [z —al  — l—all -

Another consequence which will be important in the sequel is the case

where the tangential derivative of the first function f in the composition
is injective.
Corollary 3.3.3. Let A CR"™ and let V C R™ be a linear subspace of
R™. Let L € L(V,R™) be a tangential derivative of f: A —R" ata € A
with respect to V. and let K € L(L[V],RP) be a tangential derivative
of g: f(A) — RP at f(a) with respect to L[V]|. If L is injective, then
KoL € L(V,RP) is a tangential derivative of go f at a with respect to
V.

Proof. Since the linear map L is injective on its domain V', there exists
a constant > 0 such that for every v € V, ||v|| < n|/L[v]|. For every
x € Aand every v eV,

[z —all < llz —a—vll + | L]
<z —a—vll +n(lf(z) = fla)l +1f(z) = f(a) = L]I))-

Since L is a tangential derivative of f, there exist § > 0 and 8 > 0
such that if z € A, v € V, ||z —al < 0 and ||z —a —v|| < ||z — al|,
then ||f(x) — f(a) — L{v]|| < ﬁ”x — al|. Therefore, if ||z — a|| < 6 and

|z —a—v|| <min(6, 1)[z — af|, then
tllz —all <nllf(@) = fla)]| + [lz —a — o],

and so ||z —al| < 27| f(x)— f(a)||. Hence, the condition ([3.3.2) is trivially
satisfied. 0
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The previous chain rule shows the invariance under diffeomorphisms.
As a consequence, we extend the notion of tangential derivative to
functions on differentiable manifolds. We recall that a local chart ¢ of
a differentiable manifold M of dimension m is a map p: U C M — R™
such that U is an open subset of M and ¢: U — ¢(U) is a diffeomorphism.
For every p € M, we also denote by T),M the tangent space at the point
D.

Definition 3.3.1. Let M be a differentiable manifold of dimension m.
Let p € M and let V. C T,M be a linear subspace of T,M. A linear
map L € L(V,R) is a tangential derivative of a map f: M — R at p
with respect to V if for some local chart ¢: U C M — R™ such that
p € U, Lo (Dy(p))~t € L(Dp(p)[V],R) is a tangential derivative of
fop ™t o(U) — R™ at ¢(p) with respect to Dp(p)[V].

By corollary the previous definition is independent of the local
chart .

3.4. Characterizations of tangential
differentiability

In this section we characterize tangential differentiability as the
weakest notion which implies directional differentiability and which is
invariant under diffeomorphisms. It is also the weakest notion for which
there is a chain rule with respect to nondegenerate paths with a linear
dependence on the direction. Finally, tangential differentiability with
respect to a subspace is equivalent with tangential differentiability with
respect to every direction.

Proposition 3.4.1. Leta € ACR"™, let f: A= R", let V CR™ be a
linear subspace of R™ and L € L(V,R™). The following statements are
equivalent:

(i) the linear map L is a tangential derivative of f at a with respect to
v,

(ii) for each map ¢¥: U C R™ — R™ such that a € U C A is open and
Y: U — p(U) is a diffeomorphism, Lo (Dy(a))~! € L(Dw(a)[V],
R™) is a directional derivative of f o1 ~1 at ¥(a) with respect to

Dy (a)[V],

(iii) for each path v € C*((—1,1),R™) such that v(0) = a and v'(0) €
V \ {0}, the composite function f o~ is differentiable at 0 and
(f 07)'(0) = L[y (0)],
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(iv) for each v € V '\ {0},
i 1)~ @) ~ e~ alL]

e [l — all

=2 v
[lz—all

=0.

If V = R™, the equivalence between statements , and are
well-known in finite dimensional theory. Indeed, statement is equiv-
alent to Hadamard differentiability (|29, teorema 1;96; 107}, definition
2.2]) and so it is equivalent — since we are working in finite dimension
— to Fréchet—Stolz differentiability . Furthermore, statement is
reminiscent to Bastiani-Michal differentiability |12, définition 3.2; [86}
97, definition 1.1] which is also equivalent to Hadamard differentiability.
For any linear subspace V' C R™, statement (fiv]) is also reminiscent to
Schechter differentiability [103, §1].

In contrast with Lipschitz continuous functions (proposition ),
it is important in the previous statement to assume the property for
every v € V'\ {0} as it can be observed by taking (v, )nen @ dense subset
of 9B[0,1] € R™ and the function f: R™ — R defined for every x € R™
by

0o ifz e Upen{y € R™: dist(y, (vn) < gz llyll},
f(x) = .
1 otherwise.

Furthermore, property is well-known to fail for directional derivatives.

Given a differentiable manifold M of dimension m and a function
f: M — R, the fact that implies (i) gives us a sufficient condition
for f to be tangentially differentiable at p € M with respect to a linear
subspace V' C T,M. Indeed, if there exists L € L(V,R) which is a
tangential derivative of f: M — R at p with respect to (v) for every v € V,
that is, according to definition [3.3.1] for all local charts : U C M — R™
such that p € U and for all w € Dy(p)[V],

ST 0™ elp) + )y = (Lo (De(p) ™)),

then f is tangentially differentiable at p with respect to V.

The proof of proposition relies on the construction of an inter-
polation path between points of a sequence (for a similar construction,
see [38), theorem 2.6]).

Lemma 3.4.2. Let (zn)neny € R™ be a sequence that converges to
a € R™. Let (th)nen C (0,1) be a decreasing sequence such that
lim sup,,_,~ t’gl < L If ("*)nen converges to v € R™, then there
exists a path v € C1([0,to], R™) such that ¥(0) = a, ' (0) = v and for all

neN, y(t,) = xn.
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Proof. We take p and ¢ to be polynomials of degree 3 such that p(0) = 0,
p(1) =1and p'(0) = p'(1) = 0, and ¢(0) = ¢(1) = 0 and ¢'(0) = ¢'(1) = 1,
that is, for every s € R, p(s) = 352 — 253 and ¢(s) = s — p(s). We define
the path ~: [0, to] — R™ for each t € [0, to] by

Tpy1 + (Tn — xnﬂ)p(%) if th1 <t<ty,

’Y(t) = + (tn - thrl) Q(ti_j;;r:l) v

a ift=0.

It is clear that v € C*((0,to],R™). Since 0 < p < 1 on [0,1] and
SUPseo,1)]9(s)| < 2, for every t € (tnt1,tn],

7 (#) = ~(0)

| < llZn+1 —all + |20 — Tnta ] ’p(ti_j?:jl”

+ltn — tagal g (et )l

t'n _tn+1

< lznsr = all + llzn = Znpa | + 20tn = tnga | [Jo]]-

It follows that ~ is continuous at 0. Next, since the sequence (t,)nen is
decreasing and lim sup,,_, t’;zl < 1, there exists a € (0, 1) such that for
every n € N, 0 < t, 41 < aty. For every t € (t,41,t,], since p’ +¢ =1
on [0,1],

t—tp — Tnt1
7/ (0) = vl = o G = vl
t—t Tnt1 —a
< o/ (k) | "tnﬂ Yl
t ||$n_a_xn+1_a”
tn—tn41 tn tn+1
Tpy1 — —a_Tnr17 @
< IS g g Tt Ty
nt1 n+1

As a consequence, 7' has a limit at 0 and so ~ is differentiable at 0. We
have thus proved that v € C1([0, o], R™). O

Proof of proposition[3.4.1 Assume that (i) holds. Since ¢ is a local
diffeomorphism, Dy ~1(3(a)) € L(R™,R™) is a tangential derivative of
y~! at ¢(a) with respect to Di(a)[V] and is injective. By the chain
rule (corollary , since L is a tangential derivative of f at a =
$1((a)) with respect to V = Dy~ (4(a)) [D(a)[V]], L o Dy~ (1(a)
is a tangential derivative of f o ~! at 1(a) with respect to D (a)[V],
and so a directional derivative.

In order to prove that implies ({ii), since 7/(0) € V' \ {0}, without
loss of generality, if v = (71,...,7m), we assume that there exists n > 0
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such that v1: (—=n,17) — R is one-to-one. We consider the function
Y: (=n,m) x R™~1 — R™ defined for all (y1,y”) € (=1,1) x R™ ! as

y1, ") = () + (0,4").

By construction, ¢: (—n,n) x R™~1 — ¢(( n,n) x R™71) is a diffeo-
morphism. So we take the function ¢ = ¢)~1. Since foy = foe ! on
(=, ) x {0} and for every t € (—n, ), Dy~ ($(a))[(t,0)] = 7/ (0)t € V,
f o~ is differentiable at 0 and (f o ~)'(0) = L[y'(0)].

We prove that implies by contradiction. Let v € V'\ {0} be
such that is not satisfied. Then there exist ¢ > 0 and a sequence
(zn)nen € A that converges to a such that lim,, ﬁ = v but for
every n € N,

1f(2n) = f(a) = ||z — al L[] > ellzn — all

Up to a subsequence, the sequence (||z, — a||)nen is decreasing and
lim sup,,_, w < 1. Let 7 € C([0,t],R™) be given by lemma 4.2
with (zn)neny and (t, = ||z — al|)nen. Define v € CH((—1,¢0],R™) as
v =4 on [0,%] and y(t) = a + tv for all t € (—1,0]. As a consequence,
7' (0) =v €V and

1(f o) (tn) = (f 0 7)(0) = ta L[y ()]l = || f(z0) — f(a) = llzn — a|| LIV]|
> gz — all = elty],
and so f o~ is not differentiable at 0.
Finally, we prove that (iv]) implies (). Fix € > 0. By assumption, for

every v € V' \ {0}, there ex1st 50,9 > 0 such that if x € A, ||z —al| < 4,
and H”x al —v|| < 6y, then || f(z)— f(a)— L[|z —al|v] || < §|lz—al|. Then

we define 6, = mln(m, % ). Since the set V N B0, 2] is compact,
there exists N € N, and vy,...,uvxy € V' \ {0} such that

V N B[0,2] C UBvl, v;)

Finally, if z € A, if v € V, if || — a|] < minj<;<y d,, and if

. 0o,
o —a— vl < min(1, min_ %) - al,
then - llvll l < 2 and so there exists v; € V'\ {0} such that || ”x a — v <
éw and
r—a T —a v
T il < - — ]| < 6,
I e L e s Rl
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and thus

1f(2) = f(a) = L]
< [[f(z) = f(a) = |z = e[ L{vi]|| + [|L]| [« = all foi —

()

< §lle — all + |1l o — all gy < elle — all O

I = all

3.5. Application to the chain rule

The notion of tangential derivative is useful to state and prove an
intrinsic chain rule for derivatives of Sobolev maps between manifolds.
The general chain rule of L. Ambrosio and G. Dal Maso applies as follows
to weakly differentiable functions [4].

Proposition 3.5.1 ([4, corollary 3.2]). Let &2 be an open subset of R™.
Ifu € VV&’;(Q,R"), and f: R™ — RP is a Lipschitz continuous function,
then fou € Wli’cl(Q,Rp) and for almost every x € €1, the function f has
a directional derivative at u(x) with respect to Du(z)[R™].

Here, VVIE)C1 (©,R™) denotes the Sobolev space of all functions u: Q —
R™ such that the function v and its weak derivative Du: @ — L(R™, R"™)
are locally integrable on €2 (see for example [24, §9.1; 120, definition
6.1.8)).

If we now consider the case where u € I/Vli)Cl(Q, N) and f: N — RP,
with N a differentiable manifold, then the condition that f has a di-
rectional derivative does not have any geometric meaning. By propo-
sition since f is Lipschitz continuous, proposition [3.5.1| can be
restated with tangential derivative instead of directional derivative in
the conclusion. The proposition is then invariant under changes of local
charts, and suggests the following generalization.

Proposition 3.5.2. Let € be an open subset of R™ and let N be a
Riemannian manifold of dimensionn. Ifu € VVli)’cl(Q, N),and f: N — RP
is a Lipschitz continuous function, then fou € VVI})Cl(Q, RP) and for almost

every x € Q, the map f has a tangential derivative at u(x) with respect
to Du(z)[R™] C Ty N.

Proof. By the classical composition property in Sobolev spaces [34, propo-
sition 2.5], fou € W/li’(}(Q,Rp).

For every y € N, there exist an open subset U C N such that
y € U, and some maps ¢ € C}(N,R") and ¢* € C}(R", N) such that
(¢, ") is an extended local chart: ;;;: U € N — R"™ is a local chart
and ¢* o =id in U |34 lemma 1.3]. Furthermore, for almost every
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z € Q, D(pou)(x) = Do(u(z))[Du(x)] (existence and uniqueness of the
colocal weak derivative [34, proposition 1.2]). If moreover x € u~(U),
since f o p*: R™ — RP is Lipschitz continuous and pou € VVlicl(Q, R™),
by proposition the function f o ¢* has a tangential derivative at
i (u(x)) with respect to D(iou)(x)[R™] = Dip(u(z))[Du(z)[R™]]. Hence,
by definition f has a tangential derivative at u(x) with respect to
Du(x)[R™]. O



Chapter 1V

Higher order weak differentiability and

Sobolev spaces between manifolds

4.1. Introduction

Higher-order Sobolev maps between manifolds are measurable maps
that are at least twice weakly differentiable whose derivatives satisfy some
summability condition. As their first-order counterparts such maps are a
natural framework to study geometrical objects as biharmonic [30,56,88)
109,112 and polyharmonic [7,50,(55, 78] maps and some physical models as
the Schrodinger—Airy and third order Landau-Lifschitz equations [110].

For every k € N, and every p € [1,+00), Sobolev maps between
the manifolds M and N can be defined by first embedding the target
manifold N in a Euclidean space R” for some v € N through an isometric
embedding « € CF(N,R”) and then considering the set [7,/56,88]

WEP(M,N) = {u: M = N : vou € Wil (MR)
and [DF(cou)| € LP(M)}. (4.1)

Since every Riemannian manifold N can be smoothly isometrically em-
bedded in a Euclidean space [93), theorem 3], this definition is always
possible. In the first-order case k = 1, this definition turns out to be
independent of the embedding (see [34} proposition 2.7]). However in the
higher-order case k > 2, this definition ¢s not intrinsic: it depends on
the choice of the embedding ¢ (see proposition below). The goal of
this work is to propose and study an intrinsic definition of higher-order
Sobolev spaces.

In the first-order case k = 1, the definition by embedding is
also equivalent to the definition of Sobolev spaces into metric spaces |34,
proposition 2.2; 62, theorem 3.2; 63, theorem 2.17]. However definitions
of Sobolev spaces into metric spaces do not provide any notion of weak
derivative and thus do not seem adapted to a further definition of higher-
order Sobolev spaces by iteration.
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For first-order Sobolev maps between manifolds, an intrinsic definition
in which weak differentiability plays a central role has been proposed in
our previous work [34]. We thus follow this strategy in our aim to define
and study intrinsic higher-order derivatives and Sobolev spaces.

Our definitions, results and methods apply to arbitrary order weak
differentiation and Sobolev spaces, but in order to highlight the essential
ideas and issues the exposition in the present introduction is focused on
the second-order case.

We begin by defining twice colocally weakly differentiable maps as
colocally weakly differentiable maps for which the colocal weak deriva-
tive is also colocally weakly differentiable (definition . The notion
of colocal weak differentiability was introduced in [34]: a measurable
map u: M — N is colocally weakly differentiable if for every function
f € CH(N,R), the composite function fowu : M — R is weakly dif-
ferentiable [34, §1] and its colocal weak derivative Tu: TM — TN is a
bundle morphism between the tangent spaces such that for every function
f € CY(N,R), the chain rule T(f ou) = Tf o Tu holds. The colocal
weak derivative of T'u is for almost every x € M, a double vector bundle
morphism T?u(z): T?M — Tg(x)N (proposition .

Although this second-order derivative T is a natural object from the
point of view of differential geometry, it is not a vector bundle morphism
that covers u and it does not appears directly in affine or Riemannian
geometry or in geometric analysis or in physical models. In order to
remedy to this issue, we study how this object T?u is related to objects
of affine and Riemannian geometry.

When M and N are affine manifolds, that is differentiable manifolds
whose tangents manifolds are endowed with a Koszul connection which
induces notions of parallel displacement and covariant derivative, the
double colocal derivative is described completely by the colocal weak
covariant derivative Dy (Tu) (proposition [4.3.1)).

Proposition 4.1. Let Kp+pygrn be a connection on the vector bun-
dle T"M ® TN. Let u: M — N be a twice colocally weakly differ-
entiable map. Then the map Tu: M — T*M ® TN has a colocal
weak covariant derivative D (Tu): M — T*M @ T*"M ® TN if and
only if the map Tu: M — T*M ® TN has a colocal weak derivative
T?u: TM — T(T*M ® TN). Furthermore, they are unique and almost
everywhere in M

T%u = Vert o Dg(Tw) + Horg o Tu,
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and
DK(TU) = KT*M(X)TN o TQ”LL.

Roughly speaking, colocal weak covariant differentiability consists in
looking only at the vertical component associated to the connection in
the chain rule and relying on the formula

(Tf)(Tu)[Verto Dg(Tu)] =T(f o Tu) — (T'f)(Tw)[Horg o Tul,

where Vert is the vertical lifting from T* M ®T N and Horf is the horizon-
tal lifting associated to the connection Kp-pern (see definition .

Proposition states the equivalence between a purely differential
geometric derivative and an affine geometric one; differentiability turns
out to be independent of the choice of the connection.

When M and N are Riemannian manifolds endowed with their Levi-
Civita connections, the colocal weak covariant derivative is a natural
concept in geometry and physics and is essentially equivalent to the
weak covariant derivative of P. Hornung and R. Moser |72} definition 2.5]
(proposition [4.3.2).

Furthermore, this notion of covariant derivative brings us in position
to define for every p € [1,4+00), the intrinsic second-order Sobolev space

(definition (4.3.2)

W2P(M, N)
={u: M — N : u is twice colocally weakly differentiable
and |DK(TU)’97W®9X4®9N € LP(M)},

where the norm |- g%,®g%,@gy 18 induced by the Riemannian metrics
on M and N. Thanks to the iterative nature of our definition of the
double colocal differentiability, we deduce immediately compactness

(proposition [4.3.3)) and closure (proposition [4.3.4)) properties for second-
order Sobolev maps.

The intrinsic second-order Sobolev spaces might by different from the
one by embedding (see proposition below). As a consequence, we
compare the definition of higher-order Sobolev spaces by embedding
with the intrinsic one (definitions and . The latter definition
is not intrinsic and has characterizations in terms of intrinsic spaces in
several particular cases (propositions {4.5.1] [4.5.3| and 4.5.4)).
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Proposition 4.2. Let p € [1,+00).
(i) If there exists C' > 0 such that for every v € W2P(M,R) N
L>(M,R),
2p
e .,

< O (esssup{|v(z) — v(y)|: v,y € M})” /M|DK(TU)|§;ﬂu®g}kw®g1

and if N is compact, then for any isometric embedding 1 € C*(N,
R¥), we have

W2P(M,N) = W (M, N) N W*P(M, N).

(ii) For every isometric embedding 1 € C%(N,RY),

W2P(M,N) C W?P(M, N).

(iii) There exists an isometric embedding . € C%(N,RY) such that
W2P(M,N) C WY2P(M, N)nW*P(M, N).
As a consequence of the latter proposition, we prove that for every
r >0, if 1 <2p < m and if the manifold N is compact,
W2P(BI, N) ¢ W2P(BY, N)

by exhibiting a map u € W2P?(B™, N) such that

/B DK ()b, g gy < +oo but /

ITul3? ggy = +00,
’ By

I ®IN

that is, u ¢ W2P(B™, N) (proposition . This example implies the
failure of the Gagliardo—Nirenberg interpolation inequalities [49}95] for
those spaces. In the general case where the target manifold N is not
compact, this leads to an open question [£.5.1} does it exist a constant
C > 0 such that for every u € W2P(M, N) N L>(M, N),

2p
[ e o,
< O (esssup{dny (u(z),u(y)): z,y € M})* /M|DK(Tu)|§7u®97w®9N?

The answer should involve in particular the geometry of M and N.



4.1. INTRODUCTION 83

We consider also the question of density of the set of smooth maps
C*(M,N) in W*P(M, N) when M and N are compact manifolds. In
the first-order case £ = 1, the density of smooth maps is known to
be equivalent to some homotopy invariant of the pair (M, N) [17,/64].
Although these results are proved for embedded manifolds, the Sobolev
space and the convergence are intrinsic [34] and the density result is thus
intrinsic. In the higher-order case on the ball, the set of smooth maps
C%(B", N) is dense in the space W>P(B™, N) if and only if T|2p| (N) =
{0} [22]. Since the set W?*P(B™, N) is larger than W2P(B™, N) but is
endowed with a weaker notion of convergence (proposition , it is not
immediate that the topological condition is either necessary or sufficient
for the density of smooth maps.

We prove that the topological condition is still a necessary condi-
tion for the strong and weak-bounded approximation by smooth maps

(proposition [4.5.7)).

Proposition 4.3. Let N be a smooth connected compact Riemannian
manifold and let p € [1,+00) so that 1 < 2p < m.

(i) If for every u € W>P(B™, N), there exists a sequence (ug)pen in
C>®(B",N) that is bounded in W?P(B™ N) and that converges
almost everywhere to u, and if 2p ¢ N, then mq,|(N) ~ {0}.

(ii) If for every u € WZ’p(IB%m,N), there exists a sequence (ug)geN N
C>®(B™,N) that converges strongly to u in W>P(B™, N), and if
2p € N, then mo,(N) ~ {0}.

Giving some sufficient condition for the approximation problems
seems to require new intrinsic approximation tools that would go beyond
the scope of the present work.

Since Sobolev spaces by embedding are defined by composition
with a map ¢ € C?(N,R¥) which is an immersion, we investigate for
the twice colocal weak differentiability the chain rule in view of the
comparison of the definition by embedding and the intrinsic one. Moreover,
since the first-order colocal weak differentiability was defined by the
chain rule, another natural candidate definition for the second-order
differentiability could have been some second-order chain-rule condition.
Such a definition turns out to be stronger and ill-behaved. Given a twice
colocally weakly differentiable map u: M — N, we ask whether for every
f € C2(N,R), the map f owu is twice weakly differentiable and whether
the chain rule T2(f o u) = T?f o T?u holds. The chain rule does not
hold in general (example ; however, it holds under an additional
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necessary and sufficient integrability condition on colocal weak derivatives
of bundle morphism (proposition 4.4.3)).

Proposition 4.4. Let u: M — N be a twice colocally weakly differen-
tiable map. The following statements are equivalent.

(i) For every f € C?(N,R), the map fou is twice weakly differentiable
and almost everywhere in M

T?(fou) =T?f o T?u,

(ii) for every compact sets K C M and L C N,

/ [T?u] < 400,
u~HL)NK

(iii) for every h € CY(T*M @ TN,R) that is linear with respect to Tu
and has compact support with respect to u, the map ho Tu is weakly
differentiable.

The condition involves a double norm [-] of the double vector
bundle morphism 72u (definition . Such a double norm is a semi-
norm on fibers over both vector bundle structures of the double vector
bundle.

4.2. Colocal weak differentiability

4.2.1. Double colocal weak differentiability
on differentiable manifolds

We assume that M and N are differentiable manifolds of class C?
of respective dimensions m and n. As usual, the manifolds M and N
satisfy the Hausdorff separation property and have a countable basis [42,
§0.5; |70, §1.5]. We study the notion of second-order differentiability for
measurable maps from M to N.

As a preliminary we recall various definitions of local measure-
theoretical notions on a manifold. A set £ C M is negligible if for
every ©* € M there exists a local chart v : V C M — R™ — that is
Y :V CM— (V) CR™is a difftomorphism — such that € V and
the set Y(E NV) CR™ is negligible. A map u: M — N is measurable
if for every point x € M there exists a local chart ¢ : V C M — R™
such that = € V and the map u o1 ~! is measurable [40, §3; 70, §3.1]. A
function v : M — R is locally integrable if for every x € M there exists a
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local chart ) : V C M — R™ such that z € V and u o4~ is integrable
on ¢(V) |71l §6.3]. Similarly, a locally integrable map u : M — R is
weakly differentiable if for every point x € M there exists a local chart
¥V C M — R™ such that € V and the map u o ¢~! is weakly
differentiable. All these notions are independent on any particular metric
or measure on the manifold M and are invariant under diffeomorphisms

of M.

Given a colocally weakly differentiable map u: M — N [34, definition
1.1], by existence and uniqueness of the colocal weak derivative [34]
proposition 1.5], there exists a unique measurable bundle morphism
Tu: TM — TN such that for every f € C}(N,R), T(fou)=Tfo Tu
almost everywhere in M, where (T'M, wps, M) is the tangent bundle over
M, that is,

T™ = | J {«} x T, M,
xeM
mar: TM — M is the natural projection and for every point x € M,
the fiber 7, ({x}) is isomorphic to the space R™, and where a map
v: TM — TN is a bundle morphism that covers the map u: M — N if
the diagram
TM —~~TN

| |

M——->N
u

commutes, that is, we have Ty ov = uwomy; on TM, and for every x € M,
the map v(z): 7y ({2}) ~ T M — 73 {u(x)}) ~ TyyM is linear. As
a consequence, the map Tu can be viewed as a measurable map from
M to the bundle E| T*M ® TN, that is, for almost every x € M, we
have Tu(z) € Ty M @ Ty@yN = L(T:M, T, N). Since both M and N
are manifolds of class C?, the vector bundle T7*M ® T'N has a manifold
structure of class C!' and so we can define the notion of twice colocally
weakly differentiable maps recursively.

Definition 4.2.1. A map u: M — N is twice colocally weakly differen-
tiable whenever u is colocally weakly differentiable and its colocal weak
derivative Tu: M — T*M ® TN is itself colocally weakly differentiable.

Ifue Wfocl (R™,R™), that is, if the map u: R™ — R" is twice weakly
differentiable, then w is twice colocally weakly differentiable. Indeed, the

!The tensor product (T*M ® TN, marxn, M x N) of the bundles T*M and TN is
a vector bundle over M x N such that for every (z,y) € M x N, 7, v {(z,9)}) =
T:M ®T,N.
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weak derivative Du: R™ — L(R™,R") is weakly differentiable and so
for every f € CL(L(R™,R"),R), the composite map f o Du is weakly
differentiable. But, as in the case of colocally weakly differentiable maps,
the converse is false. For example, the function u: R” — R defined for
every € R™\ {0} by u(x) = |z|~* does not belong to V[/Iicl(Rm) for
any o > m — 2, but is twice colocally weakly differentiable for every
a € R. The boundedness of u is not essential: indeed for every o < m —1,
the function (cosou,sinou) : R™ — S C R? is twice colocally weakly
differentiable but it does not belong to Wlicl (R™ R?) if a > ™2,

The natural framework of the colocal weak derivative of a bundle
morphism involves the second-order tangent bundle T>M := T(T M) |15,
§7.1; 87, §8.13]; the natural projection 73,: T?M — M is not a vector
bundle but the tangent manifold 72M has two natural vector bundle
structures as a bundle over T'M [15, §9.1; |41, §16.15.7; 84, example 1.3;
87, §8.12], that is,

— the canonical vector bundle structure of the tangent bundle 7wy, :
T?°M — TM,

— the tangent vector bundle structure on the tangent fibration 1wy, :
T(TM) — TM;

hence, T?M is a double vector bundle |57, theorem 3.1; |84} definition 1.1],

that is, a system of four vector bundle structures such that the following

diagram commutes

T2M M T
Tﬂ'Ml \LW]W
TM M

™™

and such that each of the four structure maps (namely, the bundle
projection, the zero section, addition and scalar multiplication) of each
vector bundle structure on 72M is a morphism of vector bundles with
respect to the other structure; the double vector bundle 72M has one
more natural structure, the canonical flip kpr: T>M — T?M which is
a linear isomorphism from the bundle (T2M,Try, TM) to the bun-
dle (T?M,7ppr, TM) [87, §8.13]; the space of all double vector bun-
dle morphisms Mor(T?M,T?N) is defined by requiring that for ev-
ery (z,y) € M x N, the fiber Mor(T?M,T?N),,, consists of maps
v TQ?M — Ty2N and vy, vy € L(T, M, TyN) such that mryo v = vio s
and Ty ov = vgoT'myr; we note that Mor(72M, T?N) is a double vector
bundle with the following commutative diagram
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1
TT* M@TN

Mor(T?M, T?N) T*M @ TN

2 ™
TT* MQTN J J MXN

"M @ TN M x N

TM X N

where for every v € Mor(T?M, T%N), 7'('%wM®TNO v = mrnyo vo Opy,, and
THeptorn © U = TTN©0 U0 Orp,,, With the two zero sections Ory.,, : TM —
T?M and Opy,, : TM — T?M. If u € C?(M, N), then the second-order
tangent map T?u: T?M — T?N and the maps Tu: TM — TN and
u: M — N define a morphism of double vector bundles [84, definition
1.2] such that the following diagrams commute.

2

T>M T?N T?N
A A
TM TN T2M >N

Trn TN

Tr s T™N Trar TN
™M T™T M

_TM - TN ™ — TN

e S J |/
M N TM TN

Moreover, the map T?u can be viewed as a section from M to Mor(T2M,
u*(T?M)), that is, for every x € M, T?u(x) € Mor(T*M,T*N ), y(z)-
However, twice colocally weakly differentiable maps are just measurable
and so we say that a measurable map v: M — Mor(T?M,T?N) covers
u: M — N whenever for almost every z € M,

TMXN © T ppwny © V(T) = Tarxn © T ppsry © V(@) = (2, u(@)).

If (E, 7y, M) is a vector bundle, the vertical bundle VE — E is the
subbundle of TE — E defined by [116, definition 3.1]

VE={veTE: Try(v) =0} = ker T'mpy,

and for every e € E, the vertical lift Vert.: E — TFE defined for v €
mr ({mar(e)}) by

d
—(e+tv ’
s )
gives a natural isomorphism between FE
is independent of any connection.

Verte(v) = .
t=

and V. E. This construction

M (e)
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Proposition 4.2.1. If the map u: M — N is twice colocally weakly
differentiable, then there exists a unique measurable map T?u: M —
Mor(T2?M,T?N) that covers the map u such that for every function
f e CHT*M ® TN,R) such that f o Tu € W, (M),

T(foTu) =TfoT?u

almost everywhere in M. Moreover, ky o T?u = T?uo ky and T?u o
Vertpy = Vertyry o Tu almost everywhere in M.

In other words, the map T2u is the colocal weak derivative of the
bundle morphism Tu. Moreover, for almost every x € M, the dou-
ble vector bundle morphism T?u(z) € Mor(T?M,T?N), () satisfies
T mern© T2u(x) = T yrorn© T2u(x) = Tu(x) and T?u(x)oVertry =
Vertry o Tu(x).

The first lemma recalls how these properties are obtained when the
target manifold is a Euclidean space. We remind the reader that a locally
integrable map u: M — R is twice weakly differentiable if for every
x € M, there exists a local chart ¢: V C M — R™ such that x € V' and
the map u o 1! belongs to W2 (1(V)).

loc

Lemma 4.2.2. If the locally integrable map v: M — R"™ is twice weakly
differentiable, then there exists a unique measurable map T?v: M —
Mor(T?M, T?R™) that covers the map v such that for every local chart
v: VCM—R™,

T?(woy™ ") =T?woT?(y")

almost everywhere in (V). Moreover, Trgn o T?v = Tv o T'myys, kgn 0
T?v = T?vo Ky and T?v o Vertyys = Vertygrn o Tv almost everywhere in
M.

Sketch of the proof. First, if M is an open set of R™, since the domain
is flat, for almost every z € M, T?v(x): T2M — Tvz( I)R” is defined for
every (e,u,v) € T2M by

T%v(w)le, p,v] = (Dv(x)le], Dv(x)[u], D*v(w)le, u] + Dov(z)[v]),

and the conclusion follows.

Next, for a general manifold M, for every local chart ¢»: V C M —
R™, the map vo~t: (V) C R™ — R" is twice weakly differentiable.
Since ¥ € C%(V,R™), we have T2 € Mor(T?V,y*(T?R™)), kgm oT?1) =
T*porpr and T*poVertrys = Vertqrm o T [87, §8.13]. As a consequence,
since almost everywhere in V'

T?v = T?*(vop™ ) o T,



4.2. COLOCAL WEAK DIFFERENTIABILITY 89

by the previous step, we can deduce that T'mrn o T?v = Twv o Ty, Kgn ©
T2y = T?v o ky and T?v o Vertyys = Vertygn o Tv almost everywhere
in V. Since mpy = Tmar o kay on T2M and wpgn = Tgn 0 Kgn oD
T?R™ [87, §8.13], then 7rgn o T?v = T o s almost everywhere in V
and so for almost every x € V, T?v(x) € Mor(T?M, T2N)x’v(x). Finally,
since the manifold M has a countable atlas of local charts, by a direct
covering argument, the previous equalities are satisfied almost everywhere
in M. O

The following lemma [£.2.3] allows to embed a local chart into a
compactly supported function; its proof and its statement is similar to
the one for C'-manifolds [34, lemma 1.6].

Lemma 4.2.3 (Extended local charts). For every y € N, there exist
an open subset U C N such that y € U, and maps o € C*(N,R") and
©* € C?(R",N) such that

(i) the set supp(yp) is compact,

(ii) the set {x € R": o*(z) # y} is compact,
(iii) the map @ is a diffeomorphism of class C? onto its image (U),
(iv) p*op=id in U.

Proof. By definition of manifold of class C?, there exists a local chart
: VCN = (V) CR"”around y € N such that ¢: V — (V) is a
diffeomorphism of class C2. Without loss of generality, we assume that
¥ (y) = 0. Since the set (V) C R™ is open, there exists > 0 such that
Ba, C ¢(V). We choose a function # € C2(R™,R) such that 0 < 6 < 1
on R", § =1 on B, and supp(f) C Ba,. We take the set U = ¢~ 1(B,)
and the maps ¢: N — R" defined for every z € N by

z z if z -1
(,O(Z) _ {0(¢( )) 1,[)( ) f G’QZ} (BQr)a

1o otherwise
and p*: R" — N defined for every z € R" by ¢*(z) = ¢~ 1(8(x)z). O

Proof of proposition[{.2.1 By the existence and uniqueness of the colo-
cal weak derivative [34, proposition 1.5], there exists a unique mea-
surable bundle morphism T?u: TM — T(T*M ® TN) such that for
every f € CY(T*M ® TN,R) such that fo Tu € I/VI})CI(M), we have
T(f o Tu) = Tf o T?u almost everywhere in M. As for the colocal weak
derivative, the map 72w can be viewed as a measurable map from M to
T*M @ T(T*M ® TN), which is a subset of Mor(T2M, T?N).
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Let U C N, ¢ € C?(N,R") and ¢* € C?(N,R") be the extended
local charts given by lemma For every y € T*M ® TU, there exist
two open sets V,W C T*M ® TU such that y € V C W and then a map
ne€CHT*M @ TN,R) such that 0 <n<1onT*M TN, n=1onV
and supp(n) C W. As a consequence, the function h defined for every
2 €T*M @ TN by

ney _ [1ATRE) TzeW,
0 otherwise,

belongs to CH(T*M @ TN, R™) and satisfies T'(ho Tu) = ThoT?u almost
everywhere in M.

Since n = 1 on V, we have in particular T2(pou) = T%p o T?u almost
everywhere in u ™! (7 (marxn (V))). Since T?p* o T?p = id on (7%,) "1 (U),
by lemma and since ¢* € C?(R™, N) [87, §8.13], almost everywhere
in u™ (mn (< (V)

ko T?u = ky o T?p* o T?(p o u)
=T20* 0 kpn 0 T?(p o 1)

=T%p* o T?*(pou) o kpr = T?u o Ky
In particular, we have
T2u:ﬂNoT2uomM,

which gives a second bundle morphism structure to 72w so that T?u is a
double vector bundle morphism in u = (7n(7arxn (V))).

The facts that T%u o Vertyy; = Vertpy o Tu and Ty o T?u = Tu o
Ty almost everywhere in u ™! (7n (marxn(V))) can be proved along the
same line. Since mpy; = Ty 0 kay on T2M and 7y = Ty © ky on
T2N [87, §8.13],

Tuomnpy =TuoT w0k :TWNOTQ’U,O&M
=TnN oKkN oT?y = TN oT?u
almost everywhere in u™! (7 (mapxn(V))). So for almost every z €
uHmn (T (V)
1 2 2 2
T pmern © 17 u(®) = Tpeygrn 0 Tou(w) = Tu(x)

and Ty xn © Tu(x) = (z,u(x)).

Finally, by a direct covering argument, since the manifolds M and N
have a countable basis, the measurable map T%u: M — Mor(T?M,T?N)
satisfies the previous properties almost everywhere in M. ]
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4.2.2. Sequences of twice colocally weakly differentiable
maps

In order to study the lower semi-continuity of functionals, it is in-
teresting to have some sufficient conditions in the calculus for a limit
of twice colocally weakly differentiable maps to be also twice colocally
weakly differentiable. In this part, we deduce from the closure property
for first-order derivatives [34, proposition 3.7] a closure property for
second-order derivatives.

We first recall a notion of convergence in measure [34} definition 3.5].

Definition 4.2.2. A sequence (ug)sen of maps from M to N converges
locally in measure to a map u: M — N whenever for every © € M there
exists a local chart ¥: V C M — R™ such that z € V and for every
openset U C N,

lim £™(¢((u(U) N V) \ u; (U))) = 0.

l—00

The definition applies directly to a sequence (vy)gen of bundle mor-
phisms between T'M and T'N viewed as maps from M to T*M ® T'N.

We then generalize the notion of uniform integrability [34, definition
3.6] to any bundle morphisms.

Definition 4.2.3. Let (F, 7wy, N) be a vector bundle. A sequence (vg)gen
of bundle morphisms from T'M to F' that covers a sequence (uy)sen of
maps from M to N is bilocally uniformly integrable whenever for every
x € M and every y € NN, there exist a local chart v»: V C M — R™ and a
bundle chart : 7y (U) € F — RY (p: 75 (U) € F — p(ny (U)) C R
is a diffeomorphism and U C N is open) such that for every € > 0 there
exists 0 > 0 such that if W C(V), L(W) < and £ € N,

/ pouo T <e.
W (u; (V)

This definition applies directly to a sequence (vg)pen from T'M to
TN or from TM to T(T*M @ TN).

Proposition 4.2.4. Let (ug)oen be a sequence of twice colocally weakly
differentiable maps from M to N. If the sequence (Tuy)pen converges
locally in measure to a measurable map v: M — T*M Q TN that cov-
ers a map u: M — N, if the sequences (Tug)een and (T?ug)ien are
bilocally uniformly integrable, then the map u is twice colocally weakly
differentiable.

This proposition is a direct consequence of the closure property for
colocally weakly differentiable maps |34, proposition 3.7], applied to the
sequence (ug)gen and then to (Tug)sen -
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4.2.3. Higher order colocal weak differentiability

In this part, we explain how previous notions and propositions extend
to higher-order derivatives.

For k > 3, we assume that M and N are manifolds of class C¥.
Since the set T*M ® TN is a manifold of class C*~1, we also proceed by
induction. A map u: M — N is 1 times colocally weakly differentiable
whenever it is colocally weakly differentiable.

Definition 4.2.4. Let & € N,.. A map u: M — N is k times colocally
weakly differentiable whenever u is (k — 1) times colocally weakly dif-
ferentiable and Tu: M — T*M ® T'N is (k — 1) times colocally weakly
differentiable.

As for the notion of twice weak differentiability, there is some natural
framework to work with, that is, we denote by T*M the k" order
tangent bundle which is by induction T#M = T(T*~1 M) |15, §7. 1} this
manifold has k& natural vector bundle structures Tr,_IFk e 7TTk Ty
over TH=1M (15, §15.1] and it is a k™' vector bundle |57, deﬁmtlon 4.1
and theorem 5.1; 58, definition 3.1]; the canonical flips correspond to
any permutation of the bundle structures and the space of k% vector
bundle morphisms Mor(T*M,T*N) is defined by the condition that for
every (z,y) € M x N, the fiber Mor(T*M,T*¥N),., consists of maps
v: TEM — TFN and ULy, U € Mor(T*~1 M, T*"!N),, such that
for every j € {1,...,k}, Ty ov =1vj0 w%k,lM [57, definition 4.1;
58, definition 3.1]; we note that Mor(T*M, T*N) has also a k"' vector
bundle structure.

If u: M — N is a k times colocally weakly differentiable map, then by
existence and uniqueness of the colocal weak derivative |34, proposition
1.5, and by induction, there exist unique measurable maps T?u, . .. ,Tru
such that for every j € {3,...,k}, T9u: TM — T(Mor(T7~'M,T7=1N))
is the colocal weak derivative of 77~ u; this derivative can also be viewed
as a map from M to Mor(T7 M, T7N) that covers u, that is, for almost
every x € M, Tu(x) € Mor(TY M, T'N), (z)-

We have a closure property for higher-order colocally weakly dif-
ferentiable maps similar to proposition for twice colocally weakly
differentiable maps. Indeed, definition [£.2.2] applies directly to a sequence
(vg)een of maps from M to Mor(T*M, T*N). Moreover, definition
applies also to a sequence (vy)pen from TM to T(Mor(T*~ M, TF=1N))
that covers a sequence (ug)seny from M to Mor(T*~'M, TFIN).

Proposition 4.2.5. Let (ug)en be a sequence of k times colocally weakly
differentiable maps from M to N. If the sequence (T*'ug)pen converges
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locally in measure to a measurable map v: M — Mor(T*~1 M, TF1N)
that covers a map u: M — N and if for all j € {1,...,k}, the sequence
(TIup)gen is bilocally uniformly integrable, then the map u is k times
colocally weakly differentiable.

Propositon is a direct consequence of the closure property
for colocally weakly differentiable maps [34) proposition 3.7], applied
recursively to the sequences (ug)gen, - - ., (T*  ug)sen.

4.3. Colocal weak covariant derivatives and
Sobolev spaces

In this section we study how differentiability can be characterized in
covariant terms when the manifolds M and N have an affine structure.

4.3.1. Geometric preliminaries

We recall some concepts and tools of affine geometry of a vector
bundle (E,mp, M). A map Kg: TE — FE is a connection if Kg is a
bundle morphism from (TE, g, E) to (E, 7y, M) that covers mpr and
a bundle morphism from (TE,Tmy,TM) to (E,my, M) that covers
7iM: TM — M, and for every e € E, (Ko Vert)(e) = e [116, definition
3.9], where the map Vert is defined on page If we endow E with a
connection Kg, the horizontal bundle Hxk ' — FE is the subbundle of
TE — E defined by (60} definition 3.4]

HixE = {VETE: KE(V) :0} = ker Kg;

then the direct decomposition TE = HxgE @& VE holds |60, propo-
sition 3.5]. Equivalently, there exists a map called the horizontal lift
Horg: TM — HgFE C TEFE such that for each e € TM, (T o
Horg)(e) = e. Consequently, if idpp: TE — TE is the identity map,
then

idrg = Verto Kg + Horg o T'mpy. (4.3.2)

If (M, gar) is a Riemannian manifold and if we endow E with a metric
connection K g, then the Sasaki metric G%, [102] (see also [42, chapter 3,
exercise 2]) is defined for every v € TE by

G3(v) = gu (T (v)) + ge(Kp(v)).

If K7y and Kp are connections on T'M and on T'N respectively, a
connection Kp«pyern: T(T*M @ TN) — T*M @ TN can be defined for
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every v € T(T*M) and w € T(T'N) by
Krporn (v @ w) = Krey(v) @ Krn(w),

where Kp«pr: T(T*M) — T*M is a connection on T*M induced by
Krpy. If w: M — N is a smooth map, the second-covariant derivative
D%(u: M — T*M@T*MTN with respect to the connection K7+ pern
is defined by

D%(u = Kp«peTN © T?y.

More specifically, for every x € M, the map D¥u(z): ToM x T,M —
Ty@) N is bilinear [116], equation (3.10)] and for every e € T, M, by
equation (|4.3.2)), we have the decomposition

T?u(x)[e] = Vert o D%u(x)[e] + Horg o Tu(x)]e],

where Dy u(x)[e] = Kr-pern(T?u(z)[e]) € L(TpM,Ty,)N) and with
the usual identification of M x TN with M x {0} x TN C TM x T'N.

4.3.2. Definition and properties of colocal weak covariant
derivatives

In this part, we assume that M and N are affine manifolds.
We first define the notion of colocal weak covariant derivative.

Definition 4.3.1. Let v: M — T*M ® T'N be a colocally weakly differ-
entiable map that covers a map u: M — N. A map Dgv: M - T*M ®
T*M ® TN is a colocal weak covariant derivative of v whenever Dgwv is
measurable, for almost every x € M, the map Dgv(x): T,M x T, M —
Ty@)N is bilinear and for every f € CHT*M ® TN,R),

(Tf)(w)[Verto Dgv] =T(f ov) — (Tf)(v)[Horg ov]
almost everywhere in M.

Since the vertical lifting Vert is injective and since T'f can be taken
to be injective at a given set of points, a map v has at most one colocal
weak covariant derivative.

The previous definition requires the colocal weak differentiability
of the map v. The main result of the current section is that the colocal
weak derivative and the colocal weak covariant derivative are equivalent
objects.

Proposition 4.3.1. Let u: M — N be a twice colocally weakly dif-
ferentiable map. Then the map Tu: M — T*M ® T'N has a colocal
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weak covariant derivative D (Tu): M — T*"M @ T*"M ® TN if and
only if the map Tu: M — T*M ® TN has a colocal weak derivative
T?u: TM — T(T*M ® TN). Furthermore, they are unique and almost
everywhere in M

T?u = Vert o D (Tw) + Horg o Tu,

and
DK(TU) = KT*M@TN o T2u.

Thus the colocal weak covariant derivatives for two connections K;
and K5 can be related to each others via the identity

Vert o Dy, (T'u) + Horg, o Tu = Vert o Dg, (T'u) + Horg, o T'u.

Proof of proposition[{.3.1 On the one hand, we assume that the colocal
weak covariant derivative D (T'u) exists. Then for every f € CHT*M ®
TN,R), almost everywhere in M

T(f o Tu) = (Tf)(Tu)[Verto D (Tu) + Horg o Tu
and we can take
T?u = Vert o D (Tu) + Horg o Tu

for the second-order derivative of w.

Conversely, we assume that there is a colocal weak derivative T2%u:
TM — T(T*M ® TN) such that for every f € CH(T*M @ TN,R), T(f o
Tu) = Tf o T?u almost everywhere in M. In view of the identity ,
almost everywhere in M

T(f o Tu) = (Tf)(Tu)[Vert o K« pyorn © T?u 4 Horg o T
and we can thus take Dy (Tu) = K1+ porn © T?u. O

We assume that (M, gy) and (N, gn) are Riemannian manifolds
with the respective Levi—Civita connection maps on T'M and on T'N.
Our concept of covariant derivative is, under some technical assump-
tions, equivalent to the notion of covariant derivative of P. Hornung and
R. Moser [72, definition 2.5].

Indeed, the metrics on vectors of TM and T'N induce a metric
I @ gy @ gy on T*"M @ T*M ® T'N. This metric can be computed for
every bilinear map §: T, M x T, M — TyN by

(G @ ®@gn) (&8 = D gn(€(eney) E(eiey)),
1<4,5<m

where (e;)1<i<m is any orthonormal basis in 7} ({z}) with respect to
the Riemannian metric gpy.
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Proposition 4.3.2. Let u € Wo!(M,N) and let f: T*M ® TN —
T*M @ TN be defined for every £ € T*M @ TN by

§

V 1+ |§‘3X4®9N

If f o Tu is colocally weakly differentiable, then Twu is colocally weakly
differentiable. Conversely if the map Tu is colocally weakly differentiable
and if |Dr(Tu)|g: @gt, 09y € LL (M), then the map f o Tu is colocally
weakly differentiable and almost everywhere in M

f(&) =

Tu®Tu ) 1
\/1 +|Tu2 o \/1 + [Tul?

Iy ®IN
The advantage of this formulation is that f o Twu is a bounded
measurable bundle morphism, and thus if N is compact, its colocal weak
differentiability is equivalent to its weak differentiability in local charts or
in an isometric embedding. In Sobolev spaces, the additional integrability
assumption for the converse implication is automatically satisfied.

Dy (f o Tu) = (id—

Dy (Tu).

Proof of proposition[{.3.2 Let us first assume that the composite map
f o Tu is colocally weakly differentiable. Since the map f is invertible
on its image, for every h € CL(T*M ® TN, R),

ho Tu=(hof™)o(fo Tu),

where the map ho f~! can be extended to a compactly supported map.

By the definition of colocal weak differentiability of f o Twu, the right-
hand side is weakly differentiable and thus the left-hand side is also
weakly differentiable and the map T'u is colocally weakly differentiable
by definition.

Conversely, almost everywhere in M

2 + |Dg (Tw)

2,12
|Tul =1Tu 75,00y

* S
I ®CG s TN

2
‘g}‘w ®g3,QgN

Hence, Tu € W, (M, T*M ® TN) and for every h € C}(T*M @ TN, R),
since the map ho f € CY(T*M ® TN, R) is Lipschitz-continuous, by the
chain rule in Sobolev spaces for maps between manifolds |34, proposition
2.6], the map (h o f) o Tu is weakly differentiable, and so f o Tu is
colocally weakly differentiable. In particular we obtain that

T(f o Tu) = Tf o T?u,

and the identity follows. Indeed, since the connection K+ sy is metric,
by geometric properties of f and uniqueness of colocal weak covariant
derivatives, we can deduce the desired formula. ]
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4.3.3. Sequences of second order Sobolev maps
We now define intrinsic second-order Sobolev spaces.

Definition 4.3.2. Let p € [1., +00). A map u: M — N belongs to the
second-order Sobolev space W?P(M, N) whenever the map u is twice
colocally weakly differentiable and [Dg (T'u)|g: @g:,09x € LF(M).

A classical technique in the calculus of variations is to extract from a
minimizing sequence a subsequence that converges almost everywhere.
For that, we have a Rellich—-Kondrashov type compactness theorem as
follows.

Proposition 4.3.3 (Rellich-Kondrashov for second-order Sobolev maps).
Let (ug)een be a sequence of twice colocally weakly differentiable maps
from M to N and let w € WYP(M,N). If (N,d) is complete, if there
exists p € [1,400) such that

p p p
sup [ d(ue,w)” + [Tugl g+ 1DK(TUN 00, < +o0
then there is a subsequence (T'uy, )ren that converges to a measurable
map v: M — T*M Q@ TN almost everywhere in M.

In particular, if the map v covers the map u: M — N, the subse-
quence (ug, )geN converges to u almost everywhere in M.

For p € (1,2), P. Hornung and R.Moser have a similar result 72,
lemma 3.2] for their notion of second-order Sobolev spaces |72, definition
3.1].

Proof of proposition[{.3.3 Since (N,d) is complete, for every z € M,
the subset (T« n) " ({z} x N) of T*M @ TN equipped with the distance
d®, where d° is induced by the Sasaki metric G‘%* MeTN> 18 complete.
Next, there exists C' > 0 such that

Sup/ d® (Tu, Tw)?
LeN J M

< Csup ]| e P + I Tugly o, + 1Tl o, < +o0.

Since for every £ € N,

T2 u|?

_ 2 2
g}k\/1®G§**]\/I®TN o |Tu€|9?\4®gN + |DK(TU€)|97\4®QX/1®9N

almost everywhere in M, we have

sup/ |T%u|P < +o0.
LeN J M
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Hence, the sequence (T'uy)sen satisfies all the assumptions of the Rellich—
Kondrashov compactness property for Sobolev maps [34, proposition
3.4] and so there exists a subsequence (T'uy, )ren that converges to a
measurable map v: M — T*M ® TN almost everywhere in M. O

Before considering sequences of Sobolev maps, we rephrased the
closure property (proposition 4.2.4)) with the notion of colocal weak
covariant derivative.

Proposition 4.3.4 (Closure property). Let (ug)een be a sequence of
twice colocally weakly differentiable maps from M to N. If the sequence
(T'ug)pen converges locally in measure to a measurable map v: M —
T*M TN that covers a map u: M — N, if the sequences (Tug)pen and
(Dg(Tug))een are bilocally uniformly integrable, then the map w is twice
colocally weakly differentiable.

It is a direct consequence of the following lemma and proposi-
tion {24

Lemma 4.3.5. Let (ug)een be a sequence of twice colocally weakly dif-
ferentiable maps from M to N. Then the sequence (T?ug)ecn is bilocally
uniformly integrable if and only if the sequence (D g (Tup))sen is bilocally
uniformly integrable.

Proof. For every y € T*M ®@T N, there exist an open set U C T*M QTN
such that y € U and a map ¢ € CH(T*M @ TN, R?) such that ¢;;: U C
T*M @ TN — R? is a local chart [34, lemma 1.6] (see also lemma
above). Hence, for every local chart ¢: V. C M — R™, every £ € N and
almost everywhere on ¥(V N (Tu,)~1(U)), by the relation between T?u,

and Dy (Tug) (proposition 4.3.1)),

Ty oT?*upoT(p™1)
=Ty o Verto D (Tug) o T(1h™1) 4+ Tp o Horg o Tup o T'(¢p71).

Since supp(yp) is compact, the second term is uniformly bounded for
£ € N, and so the conclusion follows using this equality and one or
another assumption. O

Assuming that there exists a subsequence that converges almost
everywhere, it is important to have some closure property in the particular
case of bounded sequences in Sobolev spaces.

Proposition 4.3.6 (Weak closure property for second-order Sobolev
spaces). Let p € [1,400). Let (ug)een be a sequence of twice colocally
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weakly differentiable maps from M to N. Assume that the sequence
(T'ug)gen converges locally in measure to a measurable map v: M —
T*M ® TN that covers a map u: M — N, that

lim sup /M (|Tuz|ng®gN + |DK(TW)|ZX4®9}§4®QN> < 400,

£—00

and, if p =1, that the sequences (T'ug)sen and (D (Tug))een are bilocally
uniformly integrable. Then v € W*P(M, N) and

p . .
/M\DK(TUN%I@*M@M < lim inf /M\DK(TW)

For p € (1,2), P. Hornung and R.Moser have a similar result |72,
lemma 3.2] for their notion of second-order Sobolev spaces |72, definition
3.1].

We first prove the following lemma.

P
I @I ®IN "

Lemma 4.3.7. Letp € [1,+00). If u € W'P(M,N)NW?P(M, N), then
the map |Tulg: gy belongs to WYP(M) and almost everywhere in M

’T‘Tu’g}‘w@)gzv 9%,@g1 < ’DK(TU)‘QJ*VI&QX/,@;]N,

where g1 is the Euclidean metric on R.

Proof. Since Tu € W'P(M,T*M ® TN) (see proof of proposition
above) and since the map |[-[gx g, is Lipschitz-continuous with respect
to the distance induced by the Sasaki metric G% MeTN> Py the chain rule
in Sobolev spaces between manifolds [34], proposition 2.6], |T'u

g?v[®gN €
WLP(M). Since the connection K7« /o7 is metric, by the chain rule
formula in Sobolev spaces [33), proposition 5.2] and by the relation between
T?u and Dy (Tu) (proposition [4.3.1]), we have the desired inequality. [

Proof of proposition [{.3.6. By weak closure property for first-order So-
bolev maps [34, proposition 3.8], u € WHP(M, N) and T = v. Moreover,
by closure property in terms of the colocal weak covariant derivative
(proposition , the map w is twice colocally weakly differentiable. We
now need to prove that |Dg (Tu)|g: og: gy € LP(M).

By previous lemma the sequence (|T'ulgr @gy )ren is bounded
in WP(M). By the classical Rellich-Kondrashov compactness theo-
rem [9, theorem 2.34 (a); 24, theorem 9.16], and since (|Tws|g: @gy )een
converges to [T'uly: gy in measure, the sequence (|T'us|g: @gy )een con-
verges to [Tulgr gg, in L? (M). Up to a subsequence, the sequence

loc

(IDk(Tur)lgs 097,09y )een converges weakly to some w in Li (M). Since
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the sequence (Tuy)pen converges to Twu locally in measure, for every
f € CHT*M ® TN,RY), with ¢ > min(m,dim(T*M @ TN)),

T(f o Tu)

52;;;,®gq < ‘f|%ip(w2 + ’TU\§;4®gN)7

where g, is the Euclidean metric on R?, almost everywhere in M. By the
characterization of the norm of the derivative [34} proposition 2.2],

|Tu|? + | Dk (Tw) < W’ +|Tulf: gy

Irr®IN

2
‘g}‘w ®grOIN

almost everywhere in M and so | Dk (T'u)|gz g2, 09y < w. Consequently,
by lower semi-continuity of the norm under weak convergence, for each
compact set Q C M,

/Q Dy (T)

p y4 LI p
I @I ®IN = /Qw < hgn_l)g}f/Q|DK(TU€)‘g]*W®g]*W®gN‘

Finally, since M has a countable basis, there exists a set {Q;: i €
N} of compact sets such that for every i € N, Q; C Qi1 and M =
Uien @i [80, proposition 4.76] and so by the monotone convergence
theorem |20, theorem 2.8.2], we have the desired inequality. ]

4.3.4. Higher order weak covariant derivatives and
Sobolev spaces

First, we assume that M and N are affine manifolds. In order to
simplify the notations, we denote indifferently the connections K, the
maps Vert and Horg related to the different bundles (section .

If £ = 2 and u is twice colocally weakly differentiable, then D}(u =Tu
and D%u = Dy (Tu). As for the notion of twice colocally weakly differ-
entiable maps, there is a relation between higher-order weak covariant
derivative and higher-vector bundle morphism.

Proposition 4.3.8. Let u: M — N be a k times colocally weakly differ-
entiable map. Then the colocally weakly differentiable map D];(_lu: M —
(@1T*M) ® TN has a colocal weak covariant derivative D§-u: M —
T*M @ (@F'T*M)®TN if and only if D u: M — (@' T*M)@TN
has a colocal weak derivative TDY 'u: TM — T((®*'T*M) @ TN),
and almost everywhere in M

TD];(_lu = Verto D]f(u + Horg o D];(_lu,

and
DYu =K oTDi 1 u.



4.3. COLOCAL WEAK COVARIANT DERIVATIVES... 101

Moreover, for every j € Ny, the map D]I"’(u is j times colocally weakly
differentiable if and only if the map D];(_lu is (7 + 1) times colocally
weakly differentiable, and almost everywhere in M

T D=1y = (T9 Vert) o (T9 Dfeu) + (T9 Horg) o (T7 DE 1), (4.3.3)

and
T Dfu = (TVK) o (T7H DA 1w). (4.3.4)

In a second step, we assume that (M, gar) and (N, g ) are Riemannian
manifolds with Levi-Civita connection maps respectively. The metrics on
vectors of TM and T'N induce a metric (2%g%,)® gy on (RFT*M)®@TN.
This metric can be computed for every k-linear map &: x*¥ T, M — TyN
by

((®kg}k\/[)®gN)(£7€): Z gN(g(eiw"'7eik)v§(€i17"'7eik>)a

1<it,...ig<m

where (e;)1<i<m is an orthonormal basis in 7, ({x}) with respect to the
Riemannian metric gpy.
We are now able to define higher-order Sobolev spaces.

Definition 4.3.3. Let p € [1,+00). A map u: M — N belongs to the
k™ order Sobolev space WH*P(M, N) whenever u is k times colocally

weakly differentiable and |D’f(u|(®kg7w)®gN € LP(M).

First, we have a Rellich-Kondrashov type compactness theorem.

Proposition 4.3.9. Let (ug)sen be a sequence of k times colocally weakly
differentiable maps from M to N and let w € ﬂf;ll WiP(M,N). If (N, d)
is complete, if there exists p € [1,+00) such that

k
P J o, (P
et /M ser ) +;‘DKW|<®%,>®9N < oo,
then there is a subsequence (Tk_lugi)ieN that converges to a measurable
map v: M — Mor(T*=' M, T*=1N) almost everywhere in M.

By relying recursively on the formulas (4.3.3)) and (4.3.4)), the bound-
edness of (D’;(Ug)geN is related to the boundedness of the sequence

(T*uy) ey and thus, the sequence (7% uy) ey satisfies all the assump-
tions of the Rellich—-Kondrashov compactness property for Sobolev
maps |34, proposition 3.4] and so the conclusion follows directly.

We also have a closure property in the particular case of bounded
sequences in Sobolev spaces.
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Proposition 4.3.10 (Weak closure property for higher-order Sobolev
spaces). Let p € [1,400). Let (ug)een be a sequence of k times colocally
weakly differentiable maps from M to N. Assume that the sequence
(T*uy)gen converges locally in measure to a measurable map v: M —
Mor(T*=1 M, T*1N) that covers a map u: M — N, that

k
. ] p
lim sup /M Z|D%<W|(®J'g;“u)®gz\r < +oo,
j=1

{—00

and, if p =1, that for every j € {1,.. .,l?‘}, the sequence (D%(Ug)geN 18
bilocally uniformly integrable. Then v € W*P(M,N) and

DF P . < lim inf DFo,|P . .
/M’ K ‘(®kgM)®gN {00 M‘ K E‘(®k91\/j)®gN

By relying recursively on the formulas (4.3.3]) and (4.3.4) and applying
the weak closure property for Sobolev maps |34, proposition 3.8] to the
sequence (T* 1uy) ey, we have u € WF=LP(M, N) and TF 'u = v. For
the last inequality, we can proceed as in the proof of proposition [4.3.6]
and so by first proving a lemma similar to lemma

Lemma 4.3.11. Let p € [1,+00). If u € WF1P(M,N)NWFk?(M, N),
then the map |D];(_1u|(®k7197w)®gN belongs to WYP(M) and almost every-
where in M

k-1 k
| TIDE ulgr1g3 ) @gx g,0m = | Dicul(@rgs@gn

where g1 s the Euclidean metric on R.

4.4. Chain rule for higher order colocally weakly
differentiable maps

Since the chain rule is central in the definition of first-order colocal
weak differentiability and since composition is a crucial tool in the theory
of Sobolev maps, in particular, in the definition by embedding , we
investigate under which condition the chain rule holds for higher-order
colocally weakly differentiable maps: whether for a k times colocally
weakly differentiable map u: M — N and for a function f € C*(N,R),
the composite function f ow is k times weakly differentiable and whether
we have T#(f ou) = T*f o T*u almost everywhere on the manifold M.
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4.4.1. Failure of the chain rule for twice colocally weakly
differentiable maps

The starting point of the analysis is that the higher-order chain rule
does not hold in general.

Example 4.4.1. Let m € N with m > 2 and let o > 0. We define the
function u: R™ \ {0} — R? for each x € R™ \ {0} by

u(z) = (cos(|z| ™), sin(|z|~%)).

For every x € R™\ {0}, |Du(z)|gz @9, = at|z|7*" ! and | D?*u(z) g2 09+ 2
> alz|72272. If  — 1 < m < 2(a + 1), then the map wu is twice colocally
weakly differentiable but if we take f € C?(R? R?) such that f = id on
Bs, fou=wuon R™\ {0} and so |D?(f ou)
does not belong to Li (R™).

loc

_ D2
8080 = D Ulg: 00z 00
The crucial point in this example is that |D?u| is integrable on

bounded sets on which the derivative |Du| is bounded, but is not inte-
grable on bounded sets on which the map w itself is bounded.

4.4.2. Double norms for double vector bundles

In order to characterize the maps for which a chain rule holds, we
introduce a notion of norm for colocal weak derivatives of a bundle mor-
phism. Since Mor(7T2?M,T?N) does not carry a vector bundle structure
over M x N, we cannot define a notion of norm on this space with respect
to each fiber over M x N. However, we define a notion of double norm on
this space which is compatible with the double vector bundle structure.

To fix the idea, since 77%/[: T2M — M is not a vector bundle [15, §9.3;
41l §16.15.7) and T2M is a double vector bundle, we first define this
notion on T2M.

Definition 4.4.1. A map [-]: T?M — R is a double seminorm on T? M
whenever

(a) the map x € M ~ [-], is continuous, where for every x € M, [-], is
the restriction of [-] to the space T2M,

(b) [-] is a seminorm on fibers over both the bundles (T2M, T'wy;, TM)
and (T?M, 7y, TM), that is, for every e € TM, the restriction of
[-] to the fibers (Twar) "t ({e}) or (mrar)~t({e}) is a seminorm.

Consequently, if [] is a double seminorm on T2?M, for every v, u €
T?M such that w7y (v) = Tras(p) and every A € R,

[[)‘ T M V]] = ‘)‘H[V]L
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where ., is the vector bundle multiplication of (T?M, 7y, TM) (84
§1], and
[v g ] < V] 4[]

where +,,.,, is the vector bundle addition of (T?M, wpar, TM) [84, §1];
and it satisfies the same properties if we consider instead the vector
bundle operations -r,, and 4, of (T*M, Ty, TM).

Definition 4.4.2. A map []: T?M — R is a double norm on T?M
whenever

(a) [] is a double seminorm on T2M,

(b) [] is maximal: for every double seminorm [-]' on T?M, there exists
a positive continuous function f € C(M,R) such that for every
veT?M,

[V]' < B(x3 () [V]-

The maximality implies that all double norms are locally equivalent.
Proposition 4.4.1. There exists a double norm on T?M.

Sketch of the proof. If M = R™, then T?M = R™ x R™ x R™ x R™ and
a canonical double seminorm [-].: 72M — R can be defined for every
v = (z,e1,e2,e12) € T2M by

[v]« = le1] |e2| + [e12]-

One concludes by noting that for any double seminorm [-] on T2M, there
exists C' > 0 such that for every v € T?M, [v] < C[V]«.

For a general manifold M, since for every x € M, there exists a local
trivialization (V, ) such that = € V, the set V' C M is open and

P: VX R™ x R™ x R™ — (73,)"Y(V) C T?M

is a diffeomorphism [41} §16.15.7], the argument above gives in each local
trivialization a canonical double seminorm. These local double seminorms
can then be patched together by a partition of unity. O

Remark 4.4.1. The reader will observe that a double norm is a norm
on fibers over non zero elements. This implies that if v € T?M satisfies
kyv(v) = v and if [v] =0, then v = Ox2 (1), Where 0.2 (,y is the double
zero, that is, the vector such that Or,,, () = Orr,, (v) [84, definition 1.1].
We will not rely on these properties because they fail for £*"P'¢ norms on
k*Ple vector bundles, see section below.
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Since Mor(T?M,T?N) has a double vector bundle structure, the
definition and the existence of double norms can be obtained in a similar
way on Mor(T2M,T?N).

Motivated by the chain rule, we just remark how double norms behave
under composition of double vector bundle morphisms.

Proposition 4.4.2. Let K be a manifold of class C%. For every compact
subsets Qp € M, Qn € N and Qg C K, there exists a constant
C > 0 such that for every v € (73, n) H(Qm X Qn) and every € €
(Thx i) H@QN X Qi) such that TN © TafxN © Tpwprery ©V = TN ©
TNxK © WZIF*N@)TK o0&, then

[§ov] < CIE][v]-

Sketch of the proof. If M = R™ and N = R", a canonical double semi-
norm [-J. on Mor(T?M,T?N) can be defined for every f € Mor(T?M,
T2N) by R

[f1« = [fal1fa] + | fr2l + |fr2|

since for every v = (z,e1,e2,e12) € T?M, f(v) = (y, file1], falea],
fizlei2] + flg[el,eg]), where the maps fi, fo, fi2: R™ — R" are lin-
ear and flgz R™ x R™ — R™ is bilinear. Then if K = RF, for every
f € Mor(T?M,T?N),, and h € Mor(T?N,T?K), ., we have

[ho fI < [R]«[f]-

For any manifolds M, N and K, it suffices to prove the composition
property in each local trivialization by using the one of the canonical
double seminorm and then the maximality property of double norms. [J

4.4.3. Chain rule for second order colocally weakly
differentiable maps

In order to have a chain rule for twice colocally weakly differentiable
maps, we assume an additional integrability condition on colocal weak
derivatives of bundle morphisms in terms of double norms. We also
identify the class of maps to compose with the colocal weak derivative in
order to have a chain rule.

For every map h: T*"M ® TN — RY, we denote by suppy(h) the
support of h with respect to N, that is,

supp y (h)
= {y € N: there exists x € M such that hy

#0]

(marsn) ™ (@)

= 7N (mamxn(supp(h))).
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Proposition 4.4.3. Let u: M — N be a colocally weakly differentiable
map. The following statements are equivalent.

(i) For every f € C?(N,R), the map fou is twice weakly differentiable,

(ii) for every bundle morphism h € CYT*M ® TN,R) such that
suppy(h) is compact, the map h o Tu is weakly differentiable,

(iii) the map wu is twice colocally weakly differentiable and for all com-
pact subsets K C M and L C N and every double norm [-] on
Mor(T?M,T%N),

/ [T?u] < 400,
v (L)NK

We prove an intermediate result in order to prove this proposition.

Lemma 4.4.4. Ifv € VViCl(M, RY)NL>®(M,RY), if the bundle morphism
w € CHT*M ® TRY,R) is such that suppgq(w) is compact, then wo Tv
is weakly differentiable.

We recall that the operator norm is defined for every £ € L(T, M,
T,N) by
|£|£ = SUP{|£(6)|QN: e €Ty M, |6|9M < 1}7

where gpr and gn are some Riemannian metrics on 7'M and T'N respec-
tively |42} §1.2 proposition 2.10].

Proof of lemma[{.4.4} Without loss of generality, we can assume that
q=1.

First, we assume that M = € is an open set of R™. By regularization
theorem [20, theorem 4.2.4; [24, theorem 4.22; 120, theorem 4.3.9], there
exists a sequence (vy)gen in C2°(2,R) that converges to v in I/Vlicl(Q)
Moreover, for every compact set K C €2, there exists C' > 0 such that for
every £ € N,

|T(w o Tvy)|c < C(‘DW‘E:,L@gq + |D2W|g:1®g;*n®gq + |DW‘g7*n®gq)7

where g, and g4 are the Euclidean metrics on R™ and R? respectively. By
the classical Gagliardo—Nirenberg inequality [49,95], we have \Dv|§:n®gq €
L. !21;‘n®9q)€€N converges to |Dv 5217*71®gq
in L%OC(Q). Hence, by Lebesgue’s dominated convergence theorem, the
sequence (|T(w o Tvg)|z)een converges in L () and then by closing
lemma [120, lemma 6.1.5], the map w o T is weakly differentiable.

For a general manifold M, we apply the previous argument to every

vow l:y(V) C R™ — R with any local chart ¢»: V C M — R™.

(©) and so the sequence (|Duvy
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By a direct covering argument, we have thus that w o Twv is weakly
differentiable. O

Proof of proposition [{.4.3. We first prove that (i) implies (ii). Let (U;)ier
be an open cover of the target manifold N by sets given by lemma [£.2.3]
Let h € CY(T*M @ TN, R) be a bundle morphism such that suppy (h) is
compact. Then there exist £ € N, such that suppy (h) € Uf_, U; and a
partition of unity (7;)1<i<¢ subordinate to the family (U;);<;<¢ such that

l l

hoTu="Y (niou)(hoTu)=> (niou)((hoT¢})oT(p;ou))
=1 1=1

almost everywhere in M. By lemma [£.4.4] every term in the right sum is
weakly differentiable and so h o Tu is weakly differentiable.

Next, we prove that implies (fiiil). First, let (U;);e;r be an open
cover of N by sets given by lemma Let h € CYT*M ® TN,R).
Since the set supp(h) is compact, in particular, there exist £ € N, and
a finite partition of unity (7;)1<i<¢ subordinate to (U;)1<;<¢ such that
almost everywhere in M

L L

hoTu=> (giou)(ho Tu) =Y (niou)(hoTy;o(Tp;o Tu)).
i=1 i=1

By assumption T'p; o Tu is weakly differentiable, and thus by the chain
rule for weakly differentiable functions (see for example [45, theorem
4.2.4 (ii); |120, theorem 6.1.13]), each term in the right sum is weakly
differentiable, and so ho Tu is weakly differentiable. By proposition .2.1]
there exists a measurable map T?u: M — Mor(T?M,T?N) such that
for every h € C1(T*M ® TN, R) such that ho Tu € I/Vlicl(M), we have
almost everywhere in M

T(hoTu) = Tho T?u.

We now prove that the integrability condition is satisfied. Let (U;)er
be an open cover of N by sets given by lemma [£.2.3] Let K C M and L C
N be two compact subsets. Since the set L is compact, there exists £ € N,
such that L C Ul;1 U;. By construction, for every i € {1,...,¢}, we have
T?%(p; ou) = T?p; o T?u almost everywhere in M and, by lemma
T%0f o T?p; = id on (7%,)"Y(U;), and so T?u = T?p} o T?(p; o u)
almost everywhere in u~!(U;). Since for every i € {1,...,¢} we have
©; € C2(N,R"™), by proposition there exist constants Cy,...,Cp > 0
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such that almost everywhere in u=1(L) N K

4

V4
[[TQu]]S;[[T2 FoT?(piou)] Z T2 5] [T% (s 0 w)]

l
< (max C;)(max sup [172 o) Z [T2(; o w)].

1<i<y 1<i<l R ‘
=1

If (n;)jes is a partition of unity subordinate to an atlas ((1;, V}));je.s of
local charts of M, by the maximality property of double norms, there
exists a positive continuous function g € C(M x R™ /R) such that for
every i € {1,...,/}, almost everywhere in M

[T2(pi 0 w)] < B(-piou) > n;(ID(giouoh; ) oghyl2.
jeJ

+|D(piouo ;) o jlgr g, + D (piouo; ) oy

5 ®g;‘n®gn)’

where g,, and g,, are the Euclidean metrics on R™ and R respectively.
Since for every i € {1,...,0}, pjou € VVI?)’CI(M,R") N L (M,R"™), by the
Gagliardo—Nirenberg inequality [49,95], [T%(¢i o u)] € L' (u=(L) N K)

and so
/ [T?u] < +oo.
w1 (L)NK

Finally, we prove that implies (). We take a function 6 €
CL([0,4+00),R) such that 0 < < 1 and # = 1 on [0, 1]. Then for every
¢ € N, we define the map 0;: T*M ® TN — R for every y € T*M Q TN
by

Y| g«
ez(y) _ 9(’ |91T—’]—W§TN)’

where ||y, ;0py 18 @ norm induced by a Riemannian metric on 7*M ®
TN [42, §1.2 proposition 2.10]. Let f € C2(N,R) and let K C M be
a compact set. For every ¢ € N, we define f; = 6, - (T'f). Since the
map fy: T*M ® TN — R is Lipschitz-continuous and its support is
compact, fyo Tu is weakly differentiable [34, proposition 2.2] and there
exist constants Cp,Cy,C3 > 0 such that for every ¢ € N and almost
everywhere in v~ (supp(f)) N K

IT(feo Tl < Oy |0 (FHE20 ) |1 [T20] 1T(f 0 0)]

1+4

Tulg u
+ Oy (T e ) 172 £ [7%0]
< C3[T?4].
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Since the sequence (|T'(fo Tu)|z)sen is bounded and uniformly integrable
and since (fy o Tu)gen converges almost everywhere to T'f o Twin K C M,
in view of the weak compactness criterion in L!(K) [20, corollary 4.7.19;
24, theorem 4.30], the sequence (T(f; o Tu))sen converges weakly to
T?(fou) in L*(K) and T(f ou) is weakly differentiable. Hence, the map
f ow is twice weakly differentiable. O

4.4.4. Sequences of maps having the chain rule property

Since the property f o u is twice weakly differentiable for every
f € C?(N,R) is stronger than double differentiability, one can wonder
whether using this stronger property in the definition of Sobolev maps
might not lead to better spaces.

Although there is a closure property for such maps in terms of double
norms, the next example shows that there is no closure property in terms
of covariant derivatives, which are the quantities that can be controlled
and observed in Riemannian geometry.

Example 4.4.2. Let m € N with m > 3 and let & > 0. Let (ug)sen
be a sequence such that for every ¢ € N, the map us: R™ — S' C R?
is defined by uy = (cosowvy,sinowvy), where the function vy: R™ — R is
defined for every x € R™ by

For every ¢ € N, ’DW’gMbgy = ‘DW’gfn@m and ‘DK(TW)‘Q?VL®9%®931 =
| D% g+ 297 29, - The sequence (vg)sen converges locally in measure to
the map v: B — R defined for every x € B]" \ {0} by v(z) = |z|~®.

If @ < m — 2, then the sequences (Duy)sen and (Dg (Tuy))ren are
bilocally uniformly integrable. Every term of the sequence (ug)¢en satisfies
the second-order chain-rule property and the sequence (ug)sen converges
locally in measure to the map u = (cosowv,sinowv): B™ — S'. However,
if a > mTﬁ, the map u does not satisfy the second-order chain rule.
Indeed, if we take f € C%(S',R?) such that f =id on S! C R?, then for
every € R™\ {0}, we have |D?(f ou)()|g gz @90 > a|z|72*72 and so
|D%(f o u)|g: @g7 09, does not belong to Li (BM).

loc

In other words, the previous example exhibits a sequence (uy)en satis-
fying the same assumptions on the sequences (T'us)seny and (Dg (Tug))een
together with a second-order chain rule than those of proposition [4.34]
but with a limit that does not have the second-order chain-rule property.

In fact, given a sequence of measurable maps (us)sen such that for
every f € C?(N,R), f ouy is twice weakly differentiable, the sequence
([T2ug])een has to be uniformly integrable.
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4.4.5. Chain rule for higher order colocally weakly
differentiable maps

Given a k times colocally weakly differentiable map u: M — N, we
can also investigate whether for every f € C¥(N,R), fou is k times
weakly differentiable.

In a first step, the notion of double norm can be generalized to a
notion of k"' norm on £*" order tangent bundles. A map [-]: T"M — R
is a k™P seminorm on TFM if

(i) the map € M + [-];7x, is continuous,
(ii) [-] is a seminorm on fibers over each of the k vector bundle structure.

For example, if M = R™ and [ = oLk} \ &, then the canonical Jtuple
seminorm is defined for every v = (z, (ex)rer,) € TFM by

k
=2 > el lexl,
=1 XeP,({1,....k})
where Pp({1,...,k}) = {x = {AL,... X} e 25 UF_ N = {1,... K},
@ ¢ A} is the set of all partitions of {1,...,k} of length ¢. As for
the canonical double seminorm, for every k*"'P!¢ seminorm [-] on T*M,
there exists C' > 0 such that for every v € T*M, [v] < C[v]+. As a
consequence, for any manifold M, there exists a k' norm on T*M
defined as follows.

Definition 4.4.3. A map []: T"M — R is a k™ norm on TFM
whenever

(i) [-] is a seminorm on T*M,

(ii) [] is maximal: for every &**P'¢ seminorm [-]' on T*M, there exists
a positive continuous function § € C(M,R) such that for every
veTFM,

k
[v] < By ()],

where 7r§4: TkM — M is the canonical submersion.

Remark 4.4.2. Unlike the double norm, the kP! norm is not a norm
on fibers over non zero elements. For example, if M = R™, for every
v = (x,e1,e2,€3 €12, €3, €13, €123) € T°M,

[v]« = lexl lea| les| + |e1] le2s| + |ea| [e1s] + |es| |e1a] + |e12s].

In particular, if v = (2,0,0,0,e,¢e,¢,0), then wp2p,(v) = Trpp(v) =
T?7p(v) and [V]« = 0 but v # Ox3 () Whenever e 7 0.
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Since Mor(T*M, T*N) has a k"' vector bundle structure, we can
also define a notion of k**P'* norm on this space. For example, if M = R™
and N = R", a canonical k™" norm [-] on Mor(T*M,T*N) can be
defined for every f € Mor(T*M,T*N) by

[[f]]*—z > o (i > !f»!-”fm\)

(=1 AeP,({1,..., J=1XeP;(A)

since for every v € TFM,

|A]
flv)=1y, (Z Z f/\(e)\1,...,e)\i)> ,
A€l

i=1 AeP;(A)

where for every A € I, for every 1 < i < |A| and every A\ € P;(A), the
map fy: x'R™ — R" is i-linear.

In a second step, we state equivalent assertions to the chain rule
for higher-order colocally weakly differentiable maps. We recall that a
locally integrable map u: M — R is k times weakly differentiable if
for every x € M, there exists a local chart ¢»: V. C M — R™ such
that € V and the map u o ¢~! belongs to H/IIZCI(1/J(V)). For every
map h: Mor(T*M, T*N) — R?, we denote by suppy (h) the support of
h with respect to N, that is, suppy(h) = 7y (75, x(supp(h))), where
& nt Mor(TEM,T*N) — M x N is a natural submersion.

Proposition 4.4.5. Let j € {2,...,k}. Let u: M — N be a j times
colocally weakly differentiable map. The following statements are equiva-
lent.

(i) For every f € CF(N,R), fowu is k times weakly differentiable,

(ii) for every f € CJ(N,R), fou is j times weakly differentiable and
for every h € Mor(Mor(TVM,T/N),R) of class C*~J such that
suppy(h) is compact, the map h o TVu is (k — j) times weakly
differentiable,

(iii) the map u is k times colocally weakly differentiable and for all
compact subsets K C M and L C N, for all ¢ € {2,...,k}, for all
¢vrle porm [-] on Mor(TM,T*N),

/ [T*u] < +o0.
w1 (L)NK
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Moreover, if for every f € CF*(N,R), fou is k times weakly differentiable,
then for all compact subsets K C M and L C N, for all j%P* norm []
on Mor(T7M,T'N),

/ [[T]u]ﬁ < +o0.
u~HL)NK

To prove this proposition, we need similar intermediate results to
those of proposition [£.4.3] In fact, we can state every intermediate results
(lemmas and with all higher-order notions and then the proof
of proposition [£.4.5 has the same structure.

If M is an open set of R” and N = R, it is well known that the
left composition does not operate on higher-order Sobolev spaces |2}
21, théoreme 3 (i); 36]. Thanks to proposition we have some
examples for which the chain rule does not hold by giving maps that
belong to VVIIZ’Cl (R™) but that do not satisfy the integrability condition

in assertion .
Example 4.4.3. Let 8 > a > 0. The function u: R™ — R is defined for
every x € R™ by

i BY if 0
= sin(|z if x #0,
0 ifx=0.
If0 < a<mand %(a—m—l—S) <fB< %(3a—m—|—3), the map u belongs
to Wfl‘zcl (R™) but there exist v > 0 and 0 > 0 such that for almost every
zeu Y([-1,1]) N By,

|Du()lg;, 09 > (8 — )l

Since there exists C' > 0 such that [T3u] > C|Du]27*n®g1 and since the
map x € R™\ {0} — |z|/#~*~1 does not belong to L3(u="([-1,1]) NBy'),

the map u does not satisfy the integrability condition in assertion .

4.5. Back to the definition by embedding

4.5.1. Comparison with the intrinsic definition

Given an isometric embedding of the target manifold, we compare
the notion of higher-order Sobolev spaces by embedding and the
intrinsic one (definitions and .

Let k > 2. We assume that (M, gpr) and (N, gy) are Riemannian
manifolds with the respective Levi—Civita connection maps. For every
q > 1, we denote by g, the Euclidean metric on RY.
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If the target manifold is compact, we characterize higher-order Sobo-
lev spaces by embedding (4.1). A measurable map u: M — N belongs
to L>°(M, N) if

osc(u) = esssup {dn(u(z),u(y)): z,y € M} < +o0,

where dy is the geodesic distance on N induced by the Riemannian
metric gy, and for every p € [1,4+00), we say that M has the Gagliardo—
Nirenberg property [49,095| if there exists a constant C' > 0 such that for
every v € W*P(M,R) N L®(M,R) and for every j € {1,...,k — 1},

/|DKU| ®ig1, < Cosc(v /|DKU|(®k Yoo (4.5.5)

Proposition 4.5.1. Let . € C*(N,RY) be an isometric embedding and
let p € [1,400). If M has the Gagliardo—Nirenberg property and if N is
compact, then

WEP(M,N) = () W7 (M, N).
j=1
Without any assumptions on the manifolds, we begin by proving a
lemma that concerns the notion of k times colocally weakly differentiable
map.

Lemma 4.5.2. Let 1 € CF(N,RY) be an isometric embedding and let
u: M — N be a measurable map. If the map o u is k times weakly
differentiable, then the map w is k times colocally weakly differentiable.

In contrast with proposition [£.4.3] the hypotheses involve only a
single embedding of class C*.

Proof of lemma[{.5.3 If the map ¢ o u is weakly differentiable, then u
is colocally weakly differentiable and T'(¢ o u) = Tt o T'u almost every-
where in M [34, proposition 1.9]. We then proceed by iteration. Let
je{l,....,k—1} and let f € C}(Mor(TM, T/ N),R). Since ¢ is an em-
bedding, T7.: T'N — TIRY is also an embedding. Hence, T7:(T7N)
has a tubular neighborhood in T7RY: there exists a vector bundle
(E,7rin, T’N) and an embedding 7 : E — T/RY such that lrin = T,
and I(E) is open in TVRY [70, theorem 4.5.2]. Thanks to the tubular
neighborhood, there exists a map f € C}(Mor(T7 M, T7R¥), R) such that
foTiL= f on Mor(T9M,TIN) (see for example proof of proposition
1.9 in [34]). In particular, almost everywhere in M

foTiu=foTiioTiu=foT'(tou).
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Since T7 (1 o u) is weakly differentiable, the map 77(: o u) is colocally
weakly differentiable and so f oT7w is weakly differentiable. Finally, since
T71 0 TIu is weakly differentiable, 7711 (1 0 u) = T9+1, o TV 1y almost
everywhere in M [34] proposition 1.5]. O

Proof of proposition[{-5.1. On the one hand, let u € W*?(M, N). By
lemma [4.5.2] the map u is k times colocally weakly differentiable. For
every j € {2,...,k}, since T9(v o u) = T7: o TVu almost everywhere in
M, there exists a constant C; > 0 such that

’D%{u|(®jg;ku)®g1\; = |[Du(u) [D%(u”@fg}/f)@gu
< |Dx (e o w)|(@igh, o,

J J=l+1

+Clz Z ID%L(U ®@gN)®gu|DK“|(®l 2 ®IN
(=2 i=1

(ST

almost everywhere in M. Since cou € W*P(M,R") N L®(M,R"), by the
. kp
Gagliardo-Nirenberg property (4.5.5), Dz (¢ 0 u)|(gig: yog, € L7 (M)
for every j € {1,...,k}. As a consequence, by iteration and the previous
inequality, u € ﬂ —1 W (M N).
On the other hand, let v € ﬂ WJ’ / (M N). By definition 4.4.3

of k"Ple norms and by Young’s inequahty, for every j € {2,...,k} and
every compact subset K C M, there exists a constant C5 > 0 such that

13
[TV4] < Cs (;u}Ku Eotet yoan + 1)

almost everywhere in K and so [T7u] € L (M). Since the manifold N
is compact by assumption, by the chain rule for higher-order colocally
weakly differentiable maps (proposition , the map ¢ ow is k times
weakly differentiable. Moreover, there exists a constant C3 > 0 such that

k k—l+1

[Dic(ve u)’(@”“gM yog, = Cs Z Z | Dict ®ng ®gu’DKU|
(=1 i=1

- \s\x-

g]\/[)®gN

almost everywhere in M and since N is compact, tou € W*P(M,RY). O

Without the compactness and Gagliardo—Nirenberg assumption,
proposition is not true. Indeed, the embedded space in the intersec-
tion already fails for classical Sobolev maps between Euclidean spaces.
However, there exists an embedding such one inclusion always occurs.
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Proposition 4.5.3. Let p € [1,400). If either k = 2 or M has the
Gagliardo—Nirenberg property, then there exists an isometric embedding
L € CK(N,RY) such that

WEP(M,N) € (\ W7 (M, N).
j=1

Proof. If M has the Gagliardo—Nirenberg property, and if u € WLk’p (M,
N), by lemma the map v is k times colocally weakly differentiable.
If . € CF(N,RY) is an isometric embedding such that +(N) is bounded,
then ¢t ou € W*P(M,RY) N L®(M,R") and so u € ﬂle Wj’%‘p(M, N)
(as in the first part of the proof of proposition . For example, by
the Nash embedding theorem [92,93], such an embedding ¢ always exists.

If k =2, let ;; € C?>(N,RY) be an isometric embedding given by
Nash embedding theorem [92,93]. We define an isometric embedding
to: RV — R3 for every t € R” by

to(t) = (Nty,7ycos (uty),ysin (uty), ..., Aty,ycos (ut,) ,vsin (ut,))

with A, ~, € R such that A2 ++2u? = 1. Then ¢ = t9011: N — R3 is an
isometric embedding and the second fundamental form A,: TN x TN —
R3 of 1 [42, §6.2] satisfies for every vy, va € TN,

| Aufor, va]|* = |Ay [or, v2] P + [ A, [Dea (1), Dea (v2)]]
> Ay [Dua (v1), Dea(v2)]?

=2ty ((Dur(v1), e3)*((Dea(v2), €0)?,

i=1
where (e;)1<i<, is the canonical basis of R”. So there exists C; > 0 such
that for every v € TN,

w2, = D)2, < CilAfv,v]|g, -

2
g

Finally, for every u € Wf’p (M, N), since ¢ is an isometric embedding,
by orthogonal decomposition of TR3 into T'N and its orthogonal comple-
ment in TR [42, §6.2], for almost every x € M and every eq, ez € T, M,

| Dk (e ou)(@)[er, e2]|3,,

= |Diu()er, e2lgy + [A[Tu(@)[er], Tu(@)le]]lg,,
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Consequently, u € WP (M, N) and since for almost every = € M,

|Dic (o u)(@)lgs, 005,005 = D [A[Tu(@)]es], Tu()]es]]]gs,
1<i,j<m

> Y [AlTu(@)led, Tu(@)led]lgs,

1<i<m

1 1
> ¥ FlTu@lel, = 5ITu()

1<i<m

2
9 ®IN >

where (e;)1<i<m is an orthonormal basis in 7y ({x}), u € WH?(M, N).
O

It turns out that the definition by embedding (4.1)) and the intrinsic
one may be different. In general, we do not even know if one or another
inclusion does occur, except in the particular case of k = 2.

Proposition 4.5.4. Let . € C*(N,R") be an isometric embedding and
let p € [1,400). Then

W2P(M,N) C W?P(M, N).

Proof. For every u € WP(M,N), by lemma u is twice colocally
weakly differentiable. Since ¢ is an isometric embedding, by orthogonal
decomposition of TR” into T'N and its orthogonal complement in TRY [42,
§6.2], | D%-u 9,00, ®gn < |D2% (10 u)|gr,0g7,®g, almost everywhere in M,
and so u € WP(M, N). O

4.5.2. Gagliardo—Nirenberg property

In view of proposition if the target manifold is compact, we
may ask if there exist some Gagliardo—Nirenberg inequalities [49,95] for
the spaces W*P(M, N) that can lead to

WEP(M,N) = WFP(M, N).

In general, even if the target manifold is compact, there are no such
inequalities.

A first striking fact is that the second-order energy can vanish for a
nontrivial map.

Proposition 4.5.5. Let p € [1,+oo)_. If N has at least one nontrivial
closed geodesic, then there exists u € W*P(S', N) N L>(S', N) such that

k : k
’DKU|(®kgg1)®gN = 0 almost everywhere in M but fSl|Tu]g§1®gN > 0.
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In particular, since a compact manifold has always at least one
nontrivial closed geodesic [76], if N is compact, there are no Gagliardo—
Nirenberg inequalities [49,95] for the spaces W*P(S!, N).

Proof of proposition[{.5.9. Let £ € N, and let uy: S' — S! C C be
defined for every 6 € [0,2n] by us(e?) = €. Let v: S' — N be a
nontrivial closed geodesic. Since v is a geodesic, we assume that for all
y € SHTY(Y)lgr, g = 1.

Then u = v o uy is k times colocally weakly differentiable, it belongs
to L>(S!, N) and |D’;(u|(®kg*l)®gN = 0 almost everywhere in M but

k
/ |Tu‘ v ®9N

Proposition 4.5.6. Let p € [1,+oo) so that 1 < 2p < m and let
r>0. If N has at least one nontrivial bounded geodesic then there exists
u € W2P(B™, N)N L>®(B™, N) such that me|Tu| = +00.

=k > 0. O

®91

9m®@gN

If + € C%(N,R") is any isometric embedding given by proposi-
tion [£.5.3] it follows that

W2P(B)", N) ¢ W?P(B", N),

and if N is compact, by propositions and the strict inclusion
occurs for any embedding ¢.

Proof of proposition[{.5.6. Let a > 0. We define the function v: B" \
{0} — R for every x € B \ {0} by v(x) = |z|~®. Let v: R — N be a
nontrivial bounded geodesic. Since v is a geodesic, we assume that for
ally € R, |T’7(y)’gf®gN =L

Then u = o v is twice colocally weakly differentiable, |Tu|gx ¢gy =
and since 7 is a geodesic, almost everywhere in B]" \ {0}

m®m®gN = @97 g1 -

If (24+a)p < m < 2p(a+1), then u € WP(B™, N)\ Wh2P(B7", N). O

For other manifolds M and N and p € [1,+00), it leads to the
following open question and the answer involves in particular the geometry
of M and N.

Open question 4.5.1. If the manifolds M and N, k > 2and p € [1, +00)
do no satisfy the hypotheses of propositions and does it exist
a constant C' > 0 such that for every u € W*P(M, N) N L>(M, N), for
every j € {1,... k—l},

/ ]DKu\ (®ig%,)gn < Cosc(u / |DKu\ )®9N
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4.5.3. Problem of density of smooth maps

In this part, we remark that intrinsic definitions [.3.2] and [.3.3] and
proposition give rise to new open questions whether the manifolds
M and N are compact.

In view of proposition m given a map u € Wh» (M, N), we may
ask whether there exists a sequence (uy)peny € W5P(M, N) that con-
verges strongly to w in W5P(M,N) [34, definition 4.1], that is, the
sequence (T*ug)een converges to TFu locally in measure and the se-
quence (|D][€(ug|(®kg7u)®g]v)ge[\] converges to \D’;(u|(®kng)®g]v in LP(M).
In view of the strong density in Sobolev spaces between manifolds (see
for example [17,22,/64]), we may also ask whether there exists a map
u € WLk’p(M ,N) that cannot be approximated by smooth maps in
Wk»(M, N) but that can be in W5P(M, N).

For instance, the hedgehog map uy: B™ — S™~! defined for every
z € B™\ {0} by up(x) = % belongs to WkP(B™ S™ 1) for kp < m

] L
but up cannot be strongly approximated by maps in C'*° (Em, S™=1) for
kp > m — 1 since the identity map on S™~! does not have a continuous
extension to B™ with values into S™~1 [19] §II; 105, §4 example].

For the notion of intrinsic higher-order Sobolev maps, the space is
larger than the one by embedding (proposition but the notion of
convergence is weaker. However, even if the question of strong density
is still open, the necessary and sufficient condition that appears with
definition by embedding |22, theorem 1] is necessary for the intrinsic one.

We prove the results for the case K = 2 but we note that those results
extend to higher-order.

For ¢ € [1,4+0), we denote by |¢| the integer part of ¢ and by
T|q (V) the |¢|*™" homotopy group of N. For instance, if g (N) = {0},
then every continuous map f: Sl — N on the | ¢|-dimensional sphere
is homotopic to a constant map.

Proposition 4.5.7. Let M and N be two smooth connected compact
Riemannian manifolds and let p € [1,4+00) so that 1 < 2p < m.

(i) If for every u € WP(M, N), there exists a sequence (ug)een in
C*(M, N) such that the sequence (Tug)sen converges to T'u locally
in measure and such that the sequence (]D%(Ug]g}«vj®g}kw®gN)geN is
bounded in LP(M), and if 2p ¢ N, then 7 o, (N) =~ {0}.

(i) If for every u € W2P(M,N), there exists a sequence (ug)een in
C>®(M, N) such that the sequence (T?ug)gen converges to T?u lo-
cally in measure and such that the sequence (|D%(W|QXI®QX4®9N)KEN
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converges to ‘D%(ub}*u@g}‘w@gzv in LP(M), and if 2p € N, then
mop(IN) =~ {0}.

As a consequence, if m —1 < 2p < m, since.wm_l(Sm_l) # {0},

there is no weakly bounded sequence (uy)gen in W2P(B™,S™~1) such

that (T'ug)gen converges to Tuy locally in measure and if m — 1 < 2p <

m, the map uy cannot be strongly approximated by smooth maps in
W2,p(Bm’ Sm—l).

Lemma 4.5.8. Let N be a smooth connected compact Riemannian man-
ifold and let p € [1,k). Let (u¢)ren be a sequence in C>®(Sk, N) and let
u € W2P(Sk, N).

(i) If 2p > k, if the sequence (Tug)een converges to Tu locally in
measure and if the sequence (|D%<W|QZ+1®QZ+1®9N>ZGN is bounded in

LP(S¥), then the sequence (|T“€|g;§+1®gw)€6N is bounded in L?P(SF).

(ii) If 2p > k, if the sequence (T?uy)en converges to T?u locally in
measure and if the sequence (‘D%(Ug‘gz+1®gz+l®gN)geN converges to
‘D%(UIQZH@QZH@HN in LP(S¥), then the sequence (\TUg\gZ+1®gN)geN

converges to ’Tu‘g,:H@gN in L?P(SF).

Since Sobolev spaces between Riemannian manifolds do not form
a vector space, it is not surprising that there is no some equivalence
between both assertions in the previous lemma.

Lemma 4.5.9 (Poincaré inequalities). Let M be a smooth connected
compact Riemannian manifold and let p be the measure associated to
the Riemannian metric on M. Let p € [1,m) and let q € [1, "5 ]. Let
e > 0. There exists C > 0 such that for every map v € WHP(M) and
every measurable subset A C M such that ,U,(A) > g,

Iollscan < C(IVollan + s [ o).

Proof. By the classical Poincaré inequahty on compact Riemannian
manifolds [67, proposition 3.9], there exists a constant C; > 0 such that
for every v € WHP(M),

1_
Iollzoqary < CallVollzsqan + n20)5" [ ol

By Holder’s inequality applied to the second term, for every measurable
subset A C M such that u(A) > ¢, we have

[un

M\ 4)'" M)
Iollzagany < CullPelinqany + 2N ol agary + LD [
M)

1(A)
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and so
[vllzaar)
p(M) _1 1
: p(M)' ™7 — (M \ A)' 75 (Cond)™# 1 Velaan + MA)A'“‘)
pM) 1|V 1 v
S DT o T OO I s + s [ )
J

Proof of lemma[].5.8 Let u be the measure associated to the Rieman-
nian metric on the sphere S¥ C RFF!. Since the sequence (Tuy)een
converges to Tu locally in measure in assertions (fij) and , there exist
€ > 0 and v > 0 such that for every ¢ € N,

,u,({:c e sk ‘Tué(x)‘g,:+1®gzv < 7}) > E.

For every ¢ € N, by lemma |Tuy

everywhere in S*

;1998 € WtP(Sk) and almost

2
‘T‘TUAQZH‘&IJN Ier1®91 < |DKU€|9:+1®9;+1®9N'

So by the Poincaré inequality (lemma [4.5.9)), there exists C; > 0 such
that for every £ € N, if Ay = {x € S¥: |Tuy(x) DT YINRS 7},

| |TW|g;+1®9N ||L2P(Sk)
1
< Cl(” |T‘TW‘Q,’;+1®9N’.¢J;§+1®Q1 HLp(sk) + N(Ae) /AJTW|QZ+1®9N)

< (|| |Diudlg: w97 @gn lzor) + 7>‘
(4.5.6)

If assumptions of assertion (fi) or are satisfied, by previous inequal-
ity (4.5.6]), the sequence (|TUg|gZH®gN)g€N is bounded in L?P(SF).

We assume now that assumptions of assertion are satisfied. Since
the sequence (uy)gen converges to u locally in measure, by weak closure
property in Sobolev spaces |34, proposition 3.8], u € W12P(Sk, N). In
particular, [Tulg:  @gy € L*(S*). Since u € WHP(S¥, N) nW?P(S*, N),
by lemma |Tu| g5y, 8gn € WLP(SF) and so by Sobolev inequalities
on compact Riemannian manifolds |67, theorem 3.5], there exists Cy > 0
such that for every £ € N,

I ‘TW‘gZH@gN - |Tu’g,§+1®gzv ||L2p(Sk)

< Col[ [Tuelgr, @gn — [Tulgr \@gn llwresk)-
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By inequality (4.5.6), the sequence (|Tug|gz+l®gN)geN is bounded in
L?(SF), and so by Hélder’s inequality, bounded in LP(S¥). Since the
sequence (’D%(UAQZH@%H@QN)@GN is bounded in LP(S*), by lemma
the sequence (‘TU@‘gZ+1®gN>g€N is bounded in WP(S¥). By Rellich-
Kondrashov embedding theorem for Sobolev maps on compact Rie-
mannian manifolds [9, theorem 2.34 (a)], and since (|Tug|g; | 2y )een
converges to |Tu|g;:+1®gN in measure, the sequence (|TUg|g;;H®gN)geN
converges to the map |Tu‘g,*;+1®gzv in LP(S¥). Since (T?uy)¢en converges

gz+1®gN)g€N converges to
T|Tu| gi..,®gy locally in measure. Furthermore, for every £ € N,

to T?u locally in measure, the sequence (T'|Tuy

|T(‘Tu€‘gz+1®gz\r - |Tu|g,z+1®gz\r) 95100

2 2
< |DKU€|QZ+1®QZ+1®QN + |DKU|QZ+1®QZ+1®9N‘

By Lebesgue’s dominated convergence theorem |20}, theorem 2.8.5], the
sequence (T(‘T'LL@‘QZ+1®gN = [Tulg;  ,@gn))een converges to 0 in LP(SF).
Hence, the sequence (|TUg|g’:+1®gN)geN converges to |Tu|92+1®91v in

WLr(SF), and so in L*(S¥) by the Sobolev inequality. O

Proof of proposition [{.5.7. We first give the proof when M = B L.

If 79, (N) £ {0}, then there exists a smooth map f: St?) — N which
is not homotopic to a constant map in C(S?P), N'). We define the map

/

u: M — N for every x = (2/,2") € B« L by u(z) = f(77)-

=)
We observe that there exists a constant C' > 0 such that for every = €

w2p)+1 c i

(B \{0})x L, |D§(U($)|gh®g}(/,®gz\f < > and thus u € W?P(M, N).
We first show that the assumptions of assertion (fi) cannot be satisfied.

Otherwise, since for every ¢ € N,

D2 u p* ® == D2 u
/Mr Kuelly ooz = | [ 1Dk

= ([ ([ 1P

by Fatou’s lemma, for almost every z” € L and almost every r € (0, 1),
up to a subsequence, the sequence ((]D%(W\g}kw@g}fw@g]\,)lSFpJX{m,,})zeN

is bounded in LP(SPP J). By lemma (), for almost every z” € L
and almost every r € (0,1), the sequence ((‘TUE’gX/I@gN)ISLQpJ X{x//})EEN is

p
I @I ®IN

p
gxf®97u®gw) dr)’

bounded in L% (STLQP | ). Hence, for almost every z” € L and almost every

r € (0,1), the sequence ((ug)|SL2pJ x{xﬂ})fEN is bounded in W1,2p(S1L2pJ ,N)
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and since the homotopy classes are preserved by weakly bounded sequence
in Wt 2P(SL2p N) [118, theorem 2.1], the map u
to a constant map, and so the map f also.

We now show that the assumptions of assertion (fii) cannot be satisfied.
Otherwise, since for every £ € N,

S2P) s () is homotopic

2 2
/M| |DKW|Q}(4®Q}LI®9N - |DKU’9L®97\4®QN|Z)

1
2 2
= /L</O </S2p| |DKUZ|QX{®97\/[®9N - |DKu‘91*w®91*\4®gN |p> dr>7

up to a subsequence, for almost every z” € L and almost every r € (0, 1),
the Sequence ((|D%(ug|gM®gM®gN)Igsz{x,,})geN converges to the map

( )‘Ssz (wry 0 LP (S?r). By lemma 8| (i), for almost

every z” € L and almost every r € (0,1), ((|Tug|gM®gN)lggpx{x”})eeN

converges to (|7 u‘g&@gwﬂgf?x (o} D L?P(S?). Hence, for almost every
2" € L and almost every r € (0,1), the sequence ((W)|S$px{x,,})geN
converges t0 wgzp, iy i Wh2p(S? N) [34, proposition 4.4] and since
the homotopy classes are preserved by strong convergence in the space
W12r(S2P, N) [117), the map U2 (1) is homotopic to a constant map,
and so the map f also.

For a general manifold M, we start from a counterexample u: B —
N to a Sobolev map on the whole of M. Indeed, there is a map ® : B —
R™ which maps diffeomorphically some subset A C B™ to Bl2P)+1 %
Sm=12P)=1 (A is a tubular neighborhood of an (m — |2p| — 1)-dimensional
sphere, with S° = {—1,1}), ®(B™ \ A) c (B2PJ+1\ {0}) x R™~[22)-1
and ® is constant near 818%’” We then define the map u: B™ — N for
every x € B™ by u(x) = f(|y |) if ®(x) = (v/,y"”). The map u is constant
near the boundary and can thus be transported and extended to any
m-~dimensional manifold, giving the required counterexample. O

For the notion of intrinsic higher-order Sobolev spaces, if the target
manifold is compact, the space is also larger than the one by embedding
(proposition . In this case, the condition 7|, (V) ~ {0} which is
necessary and sufficient in the definition by embedding [22, theorem 1] is
also necessary.

Proposition 4.5.10. Let M and N be two smooth connected compact
Riemannian manifolds and let p € [1,400) so that 1 < kp < m.

(i) If for every u € W*P(M, N), there exists a sequence (ug)pen in
C>®(M, N) such that the sequence (T*~Yuy)pen converges to TF1u
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locally in measure and such that the sequence (‘D?{Ud(@}cg}k\l)@gl\])[el\]

is bounded in LP(M), and if kp ¢ N, then 71, (V) =~ {0}.

(ii) If for every u € W5P(M, N), there exists a sequence (ug)een in
C>®(M,N) such that the sequence (T*ug)sen converges to T*u lo-
cally in measure and such that the sequence (‘D%U[‘(@kg?\/[)@gN)geN
converges to ]D’;(u\@k in LP(M), and if kp € N, then

mrp(IN) ~ {0}.

To prove this proposition, we can also state a similar lemma to

lemma [4.5.8

937)®9N

Lemma 4.5.11. Let N be a smooth connected compact Riemannian
manifold and let p € [1,400) so that (k—1)p < q. Let (ug)een be a
sequence in C>®(S1, N) and let u € W*P(S9, N).

(i) If kp > q, if the sequence (T* Tuy)en converges to TF~'u locally in

. k . .
measure and if the sequence (’DKUe’(®kg;+l)®gN)geN is bounded in

LP(S?), then the sequence (|Tu@|g;+1®gN)geN is bounded in L*P(S7).

(ii) If kp > q, if the sequence (T*up)en converges to T*u locally in

: k
measure and if the sequence (|DKug|(®kg;+l)®gN)geN converges to

|D’f(u|(®kg;+l)®gN in LP(S?), then the sequence (’TUg’g;+1®gN)geN

converges to |Tu\g;<+1®gN in LFP(S7).

To prove such a lemma, we can use Poincaré inequalities recursively

(lemma [4.5.9) and lemma [4.3.11] The structure of the proof of proposi-
tion is then the same as the one of proposition






Chapter V

Appendix of chapter IV

In the previous chapter, we stated definitions and results about
higher-order weak differentiability and Sobolev spaces between manifolds.
In general, the proofs concerned the second-order case although they
applied to arbitrary order. In this chapter, we give the missing details of
propositions reported in the previous chapter [[V]

5.1. Higher order colocal weak differentiability

The k™ order tangent bundle T*M has k natural vector bundle
structures W%R,IM, cee ﬂ:’}k,lM over TF-1 M (section . In fact, for
everyi € {1,...,k—1}, there exists £ € {1,...,k—1} such that 7/, ,, =
T(ﬂ%k,gM): T(T*1M) — T(T*=2M) and so the corresponding vertical
bundle V;(T*~ M) — T*~1M is the subbundle of T(T*~ M) — T+ 1M

defined by
Vi(TF'M) = {v € T"M : w1 ,,(v) = 0}.

Furthermore, we denote by Si the symmetric group which is the group of
all bijections of {1,...,k} and for every o € Si, there exists a canonical
permutation k9, which corresponds to some permutation of the bundle
structures and which is a linear isomorphism from a vector bundle

(T*M, 7l 1,y T M) to another bundle (T%M, 7}, ,,, TF='M), with

i,7 €41,...,k} [15, §7.2; 28, §2.5 (example 2.23)].

Proposition 5.1.1. Let k € N so that k > 3. If the map u: M — N
is k times colocally weakly differentiable, then there exist unique mea-
surable maps T?u,...,T*u such that for every £ € {3,...,k}, the
map T'u: M — Mor(T*M,T'N) covers the map u, for every f €
C*(Mor(T* ' M, T*"'N),R) such that f o T* tu € I/VJ)CI(M), almost
everywhere in M

T(foT" tu)=Tfo T

and for every o € Sy, k%0 T*u = T'uo k$; and for everyi € {1,...,0—1},
Ty o Vertf_pg_lM = Vertlﬂ_lN o Ty almost everywhere in M.
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This proposition does not have its equivalent in the previous chapter;
it was just a remark between two results (section [4.2.3)).

Lemma 5.1.2. Let k > 3. If the locally integrable map v: M — R™ s
k times weakly differentiable, then there exist unique measurable maps
T2v,..., T*v such that for every £ € {3,...,k}, the map T*v: M —
Mor(T*M, T*R™) covers the map v, for every local chart : V C M —
R™,

T (o) =Two T h)
almost everywhere in (V). Moreover, for every o € Sy,

KGn o Tt = T o K5,

oTl = TE Ly ot
— Vert?

there exists i € {1,...,¢} such that 7TT¢ 1Rn
and for every j € {1,...,£ — 1}, T'v o Vert?
almost everywhere in M.

TEL=1 7[>

Tfl

Te=1)01 — TE— an

Sketch of the proof. First, if M is an open set of R™, since the domain

is flat, for every ¢ € {2,...,k}, for almost every x € M, the map
Tto(x): TEM — qu(r)R" is defined for every w = (ex)xer, by |15, §15.3]

|A|

(Z Z Div(z eAl,...,e/\i])AEQ,

=1 XeP;(A)

and the conclusion follows.

For a general manifold M, for every local chart ¢»: V. C M — R™,
the map v o ¥~ !t: (V) C R™ — R" is k times weakly differentiable.
Since 1) € CF(V,R™), for every £ € {3,...,k}, the map T is a section
from M to Mor(T*V,¢*(T*R™)). Moreover, for every o € Se; Kgm ©
T%) = T%) o k9, and for every j € {1,...,0 — 1}, T%) o VertTé =
VertTL, 1 gm oT* ). As a consequence, for every ¢ € {3,...,k}, since
almost everywhere in V'

T =T (woyp™) o T,

by the previous step, for every o € Se, Kfn © T = Tfv o K9y, there
exists ¢ € {1,...,¢} such that 7TTe 1gn © Ty =T 1o 7TTg 1> and for
every j € {1,...,£ — 1}, T'v o Vert! -1y = VertTL, 1R o Ty almost
everywhere in V Since for every j € {1 E} there exists o € Sy such
that 7TT€ = 773,4 1 © KGr on TZM and 7TT€ 1gn = Tpe—1gn © K ON
T'R", then 7TT€ 1Rn oTtw =Tl o7rT£ 1)y almost everywhere in V', and
so for almost every x € V, T*v(z) € Mor(T*M, TZR”)LU(@.
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Finally, since the manifold M has a countable atlas of local charts, by
a direct covering argument, the previous equalities are satisfied almost
everywhere in M. O

Lemma 5.1.3 (Extended local charts). For every y € N, there exist
an open subset U C N such that y € U, and maps ¢ € C*(N,R") and
©* € CF(R", N) such that

(i) the set supp(p) is compact,

(ii) the set {x € R™: o*(z) # y} is compact,
(iii) the map | is a diffeomorphism of class C* onto its image p(U),
(iv) p*op=id in U.

The proof is similar to the case of C'-manifolds [34, lemma 1.6] but
working with a manifold of class C* (see also proposition |4.2.3)).

Proof of proposition[5.1.1. By proposition there exists a measur-
able map T?u: M — Mor(T?M,T?N). We then proceed recursively.

Let T 'u: M — Mor(T*"*M,T*"'N) be a measurable map for some
e {3,...,k}. Since u is k times colocally weakly differentiable, by the
existence and uniqueness of the colocal weak derivative [34, proposition
1.5], there exists a unique measurable bundle morphism 7' Cu: TM —
T(Mor(T* M, T*~1N)) such that for f € C*(Mor(T*"'M,T*"'N), R)
such that fo T/ lu € VVlf)Cl(M), we have T(f o T ') = Tf o Ttu
almost everywhere in M. Furthermore, the map T%u can be viewed as a
measurable map from M to T*M @ T(Mor(T*~' M, T*"'N)), which is a
subset of Mor(T*M,T*N).

Let U C N, p € CK(N,R") and ¢* € C*(N,R") be the extended local
charts given by lemma For every y € Mor(T* M, T*'U), there
exist two open sets V, W C Mor(T*"*M, T*~1U) such that y € V C W
and then a map n € C}(Mor(T*~' M, T*"'N),R) such that 0 <7 < 1 on
Mor(T**M,T*"'N), n =1 on V and supp(n) C W. As a consequence,
the function h defined for every z € Mor(T*~'M, T*"'N) by

h(z) = n(z) T p(z) ifzeW,
0 otherwise,

belongs to C!(Mor(T* M, T~ N),R") and satisfies T'(h o T tu) =
Th o T*u almost everywhere in M.

Since n = 1 on V, we have in particular T*(¢ o u) = Ty o T u almost
everywhere in u (7 (7571 x (V). Since T¢p* o Ty = id on (7%) =1 (U),



128 APPENDIX OF CHAPTER [V

by lemma, [5.1.2) “ 2| and since p* € C*(R"™, N), for every o € Sy, almost
everywhere in v~ (mn (75,1 v (V)

k% 0 T'u = kG o Tp* o T (p o )
— Tl o kg 0 T o w)
=T " o T (pou) ok =T uok,

which gives a /" bundle morphism structure to T%u so that T u is a
. . ¢
£ yector bundle morphism in v~ (7rN(7rM>1< N))).

The facts that for every j € {1,...,0—1},

Ty o Vert? — Vert? 0T 1y

TL=1 01 T¢—1N

and there exists i € {1,...,¢} such that 7rT£ Iy © Tty =T uo 7rT@ Ly
almost everywhere in u I(TrN(ﬂfwi ~(V))) can be proved along the same
line. Since for every j € {1,...,¢}, there exists 0 € Sy such that 7TT,Z Ly =
W%Z_IM o K on T!M and 7TT@_1N = ng_lN o K on T'N,

—1 —1 i ) 4
T uowTL, 1M—T uowéﬂg 1Mom‘]{4:W§Fg_1NoTuom(]{4

—7rTe 1No,'~fNoTz ﬂ 1Nngu
almost everywhere in u~!(mx (7571 v (V). So for every j € {1,...,¢},
for almost every x € u~ (7TN(7T§\/[>1<N(V))),

Tr‘lj\-/IoI“(TZ*lM,Te*lN) o Tfu(x) — T571u<1_)

and L v o T u(z) = (z,u(x)).

Finally, by a direct covering argument, since the manifolds M and N
have a countable basis, the measurable map T%u: M — Mor(T*M,T*N)
satisfies the previous properties almost everywhere in M. ]

5.2. Higher order weak covariant derivatives

To be short, we denote by (®¥T*M) ® TN the tensor product
T"M®--- @ T*M TN, and for every € M, we denote by x*T,M

k
the product T, M x --- x T, M.
k
If the map u: M — N is smooth, then its k™ order covariant
derivative D%u: M — (R¥T*M) ® TN is defined recursively by [43, §2;
79, §12.8]

DYu = K o T(DE 1),
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More specifically, for every x € M, the map D¥u(z): x*¥T, M — Ty N
is k-linear and for every e € T, M, from the identity (4.3.2), we also have
the decomposition

T(D% 1 u)(z)[e] = Vert o D¥-u(x)[e] + Horg o D tu(z)]e],

where Dju(z)[e]: x*' T,M — T,)N is (k — 1)-linear and the
maps Vert and Horg are related to the vector bundle ((@*~1T*M) ®
TN, m, (x*'M)® N).

Proposition Let u: M — N be a k times colocally weakly differ-
entiable map. Then the colocally weakly differentiable map D];(_lu: M —
(@FIT*M) ® TN has a colocal weak covariant derivative D§u: M —
T*M @ (@F'T*M)@TN if and only if D u: M — (@' T*M)®TN
has a colocal weak derivative TDY " 'u: TM — T((®*'T*M) ® TN),
and almost everywhere in M

Tleglu = Verto D];(u + Horg o D]I“{lu7

and
Dfu =Ko TDE 1.

Moreover, for every j € Ny, the map D%u is j times colocally weakly
differentiable if and only if the map Dl;(_lu is (j + 1) times colocally
weakly differentiable, and almost everywhere in M

T D=1y = (T9 Vert) o (T9 Dfu) + (T9 Horg) o (T7 DE"1w), (5.2.1)

and
T Dfu = (TVK) o (T7H DA 1y). (5.2.2)

Proof. First, we prove recursively that the map D'I‘}_lu is colocally weakly
differentiable. By definition [£.2.4] of the k times colocally weakly differ-
entiability, the map Tu = D} u is (k — 1) times colocally weakly differ-
entiable. By proposition @L the map D%{u exists and D%{u =KoT?u
almost everywhere in M. Since T?u is (k — 2) times colocally weakly dif-
ferentiable, and since for every j € {1,...,k— 2}, T""'K is a connection
and a bundle morphism [15| §17.2], by induction, the map D% is (k — 2)
times colocally weakly differentiable. Since for every ¢ € {2,...,k — 1},
the map Dﬁ{u is defined recursively by

Diu= K o TD%u

almost everywhere in M, as for the second-order weak covariant derivative,
by induction, the map D%u is (k—¢) times colocally weakly differentiable.
In particular, the map D’;(_lu is colocally weakly differentiable.
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On the one hand, we assume that the colocal weak covariant deriva-
tive D¥u: M — T*M @ (@*'T*M) @ TN exists. Then for every
feCH(®*'T*M) @ TN,R),

T(f o DE"'u) = (Tf)(D " u)[Vert o Dfu + Horg o D]
almost everywhere in M and we can take
TDI;(_lu = Verto D]};(u + Horg o D];(_lu

for the colocal weak derivative of D];(_lu.
Conversely, let TD% 1u: TM — T((®*'T*M)®TN) be the colocal
weak derivative such that for every f € C}((@*1T*M)® TN, R),

T(fo Di'u)y=TfoTDi " u

almost everywhere in M. In view of the identity (4.3.2)), almost every-
where in M

T(f o DE"tu) = (Tf) (D u)[Vert o K o TDE " u + Horg o D=1

and since Vert is an embedding, we can take D]I"’(u =Ko TD’;(_lu.

Finally, on the one hand, we assume that D’;(u is j times colocally
weakly differentiable. By the first steps of the proof, the map leglu is
colocally weakly differentiable and almost everywhere in M

TD];(_lu = Vert o D¥-u 4 Horg o D];{lu,

and so the vector bundle (E, m, (x*71M) x N), with E = (" 1T*M) ®
TN, is endowed with a connection K. Since the maps Vert and Horg
are vector bundle isomorphisms [41, §16.12.1; 60, definition 3.7; 79|
definition 6.25] (see also section , they are proper and so the maps
VertoD];(u: M — VE and HorKoD];(_lu: M — HgFE are colocally
weakly differentiable. By the product of manifolds property for colocally
weakly differentiable maps (proposition , the map

(Vert o D¥u, Horg o D" 'u): M — VE x HgE

is colocally weakly differentiable. Since there exist vector bundle isomor-
phisms p;: VE® HxE — TE |60, proposition 3.5; 116, definition 3.4]
and po: VE X HxE — VE ® HgE |41} §16.16.1; |79, example 6.35] such
that almost everywhere in M

TD’;(_lu = 1 0 g o (Vert o D¥u, Horg o D’;(_lu),
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the map Tleglu is colocally weakly differentiable, and so D’;{lu is
twice colocally weakly differentiable. Furthermore, by the existence and
uniqueness of the colocal weak derivative [34, proposition 1.5], almost
everywhere in M

TQDI;(_lu =Ty 0Ty o0 ((T Vert) o (TD];{u)7 (T Horg) o (TD’;(_lu)),

that is, 72D~y = (T Vert) o (T D%u) + (T Horg) o (T DY 'u) almost
everywhere in M. If j > 2, using similar arguments as before, since for
every i € {1,...,j — 1}, T* Vert, T Horg, T%p; and T%py are proper
maps, we can prove by induction that the map Df{lu is (j + 1) times
colocally weakly differentiable and that we also have the desired formula.

On the other hand, we have D’};u =Ko Tleglu and the conclusion
also follows if Dl;(_lu is (j+ 1) times colocally weakly differentiable, using
the same arguments as in the first part of the proof. O

5.3. Sequences of higher order Sobolev maps

Proposition Let (ug)oen be a sequence of k times colocally weakly
differentiable maps from M to N and let w € ﬂ?;lle7p(M, N). If (N,d)
is complete, if there exists p € [1,+00) such that

k
d P Dj P X
sup [ el + YIDtless o, <00

then there is a subsequence (Tk_lugi)ieN that converges to a measurable
map v: M — Mor(TF='M, T*=1N) almost everywhere in M.

Proof. Since the space (N, d) is complete, for every = € M, the subset
(i hy) T ({x} x N) of Mor(T*='M, T*='N) equipped with the distance
ds, where d° is induced by the Sasaki metric Gfdor TR-1M TN is com-
plete. Since d° is strongly concordant (proposition [2.2.3)), and by relying

recursively on the formulas (5.2.1]) and (5.2.2)), there exists a constants
C > 0 such that for every ¢ € N, almost everywhere in M

dS(Tk_l'U/[, Tk:—].w)

k—1
< C(d(ug,w) + 3 (1Dl @igs, 00w + 1Dkl (@505 )80x ) )-
j=1

and there exists C1,...,Cy > 0 such that for every £ € N, almost
everywhere in M

k
Tk, 2. _ DI w2 .
| ue,gM@Glflor(kalM,kalN) j‘glcj| KUZ|(®J9M)®9N
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As a consequence, all the assumptions of the Rellich—Kondrashov for
Sobolev maps property [34, proposition 3.4] are satisfied by the sequence
(T*uy)gen and so the conclusion follows. O

Proposition Let p € [1,400). Let (ug)een be a sequence of k
times colocally weakly differentiable maps from M to N. Assume that the
sequence (T*1uyp)pen converges locally in measure to a measurable map
v: M — Mor(T*='M, T*=1N) that covers a map u: M — N, that

k
lim sup /M Z|D%<W|I()®J'g;4)®gz\r < oo,
i=1

{—00

and, if p =1, that for every j € {1,.. .,/-f:}, the sequence (D%(Ug)geN 18
bilocally uniformly integrable. Then v € W*P(M,N) and

DE P . < lim inf DE P . .
/M’ K |(®kgM)®gN — {00 M‘ K Z‘(®kg]\/[)®gN

We first rephrased the closure property with the notion of
higher-order weak covariant derivatives.

Lemma 5.3.4 (Closure property). Let (ug)een be a sequence of k
times colocally weakly differentiable maps from M to N. If the se-
quence (T uy)gen converges locally in measure to a measurable map
v: M — Mor(TF'M, T*1N) that covers a map u: M — N, if for
every j € {1,...,k}, the sequence (D}(W)KN is bilocally uniformly in-
tegrable, then the map u is k times colocally weakly differentiable and
Ty = v almost everywhere in M.

Proof. We need to prove that for every j € {2,...,k}, the sequence
(T7up)pen is bilocally uniformly integrable. By lemma the sequence
(T?uy) ey is bilocally uniformly integrable. Let j € {3,...,k}. By the
formula ([5.2.1)), for every ¢ € N, almost everywhere in M
Tup = T7H(Tug) = TV (Djcuy)
= (T972 Vert) o (T?"2D%uw;) + (T7"?Horg) o (T7"2D}uy),

and for every i € {3,...,7},

i~ picly,
= (T?""Vert) o (TV""Duy) + (T? " Horg) o (T?7" Dl uy).

If ¢+ = j, since Vert is a bundle morphism and an embedding, and since
the sequence (D} us)sen is bilocally uniformly integrable, the sequence
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(TD%; 11@)461\; is bilocally uniformly integrable (see proof of lemma .
By iteration and the previous formulas, since each 777" Vert is a bun-
dle morphism and an embedding, we obtain finally that the sequence
(T772D3%uy) ey is bilocally uniformly integrable and so (T7uy)en too
(see proof of lemma [4.3.5).

As a consequence, by the closure property for colocally weakly differ-
entiable maps [34, proposition 3.7], applied recursively to the sequences
(ug)een, - - - (TF ug)pen, the map u is k times colocally weakly differen-
tiable and T% 1y = v almost everywhere in M. O

As mentioned in chapter [[V], we also prove the following lemma.

Lemma [4.3.11} Let p € [1, +o00). If u € WF=LP(M,N) N WFkP(M, N),
then the map |DK_1U|(®k—1 belongs to WHP(M) and almost every-
where in M

911 )®IN

k—1 k
| TIDkc ul (@193 00n g 0g, < PR U @kg7 )00

where g1 s the Euclidean metric on R.

Proof. By proposition the map D];(_lu: M — (@ 'T*M)® TN
is colocally weakly differentiable. Furthermore, almost everywhere in M

k-1,
|TD |g ®GS = | Dfcult (®*g%, )®9N+|DK |®k Lg% )®gN

(@F—1T* M)QTN
and so DXty € WhP(M, (®*'T*M) ® TN). Since |-|(®k7197u)®gN is
Lipschitz-continuous with respect to the distance induced by the Sasaki

metric G(®k T ANGTN by the chain rule in Sobolev spaces between

manifolds [34, proposition 2.6], | D 1u| (©+1g%, )®gn € WP (M).

Since the connection K is metric, by the Chaln rule formula in Sobolev
spaces [33, proposition 5.2] and by the relation between TD];{lu and
D’;(u (proposition , we have the desired inequality. O

Proof of proposition[{.3.10. By closure property (lemma [5.3.4), the map
u is k times colocally weakly differentiable and 7% 1u = v. We now need

to prove that |DKu](®k < Yogy € LP(M).

By lemma 4.3.11} the sequence (]D';(_lud((@kflg&)@w)geN is bounded
in WLP(M). By the classical Rellich—-Kondrashov compactness theorem

[9, theorem 2.34 (a ) 24}, theorem 9.16], and since (|D’;(_1ue| ®F—1gt Y@gn )LEN
converges to ]DK u](®k Lg% )wgy LI Measure, (]DK Lyl (@k— lgM)®gN)£€N

converges to | D=1y (@F~1 in L} (M). Up to a subsequence, the

9 )®9N
sequence (]DKug](@)kgM)@gN)geN converges weakly to some w in LY (M).
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Since the sequence (D’;{lw)geN converges to Df{lu locally in measure,
for every f € CH((@*1T*M) ® TN,R?), with ¢ > min(m, dim((®**
T*M) ® TN)),

k k
|T(f o Dy lu)‘gM(X)gq < ‘f‘Llp(‘DK Lul? (®h—1g%,)®gn +w?),

where g, is the Euclidean metric on R?, almost everywhere in M. By
the characterization of the norm of the derivative [34, proposition 2.2],
almost everywhere in M

T D)2,

93,9G? |D u|(®k Lon)®gN + |DKU| (®Fg3,)®gN

(@F—1T*M)QTN

k—1
< |Dx u|(®’“ lgs )®gn +w?,

and so ’D%U‘(@k 9%, ®an < w. Consequently, by lower semi-continuity of
the norm under weak convergence, for each compact set ) C M,

k D : k p
/Q‘DKu’(GZ)’“gM YRIN — / wh < hﬁlogf/Q‘DKw‘(é@’“gL)@gw'

Finally, since M has a countable basis, there exists a set {Q;: i €
N} of compact sets such that for every i € N, Q; C Qi1 and M =
Uien @i |80, proposition 4.76] and so by monotone convergence theorem
[20, theorem 2.8.2], we have the desired inequality. O

5.4. Chain rule for higher order colocally weakly
differentiable maps

Proposition Let 5 € {2,...,k}. Let u: M — N be a j times
colocally weakly differentiable map. The following statements are equiva-
lent.

(i) For every f € CK(N,R), fou is k times weakly differentiable,

(ii) for every f € CI(N,R), fowu is j times weakly differentiable and
for every h € Mor(Mor(TVM,T/N),R) of class C*~J such that
suppy(h) is compact, the map h o TVu is (k — j) times weakly
differentiable,

(iii) the map u is k times colocally weakly differentiable and for all
compact subsets K C M and L C N, for all{ € {2,...,k}, for all
¢terle norm [-] on Mor(T*M,T*N),

/ [T*u] < +oo0.
u—1(L)NK
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Moreover, if for every f € C*(N,R), the map f ow is k times weakly
differentiable, then for all compact subsets K C M and L C N, for all
jterle norm [-] on Mor(T7M, T/ N),

/ [T7u]5 < +oo.
u" 1 (L)NK

We prove intermediate results in order to prove this proposition.
We first remark how multiple norms behave under composition of
multiple vector bundle morphisms.

Lemma 5.4.5. Let K be a manifold of class C*. For all compact subsets
Qum CM,Qn C N and Qr C K, there exists a constant C > 0 such that

for every v € (7%, ) "HQum x Qn) and every € € (k)L QN X QK)
such that WNO”ﬁxij ov = WNOW}“VX}(OE,

[¢ov] < C[e] [v].

Since the previous lemma involves the notion of k*™P' norm, the
reader can find the proof in the next chapter (proposition |6.3.7)).

Lemma 5.4.6. Let j € {2,... k}. If v € W (M, R%) 0 L(M,RY), if
the morphism w € Mor(Mor(T7 M, T'R?),R) of class C*~7 is such that
suppgq(w) is compact, then the map w o T'v is (k — j) times weakly

differentiable.

Since T*M is a k'™P® vector bundle, a morphism w € Mor(T*M,R)
means that it is linear in fibers over each of the k vector bundle struc-
ture |15 §22.2]. More precisely, if (V) is a local trivialization around
x € M, then the map w o is given by

(v (exaer,) €V x [ R™
el

k
HZ Z f)x(y)[e)\l,...,e)\e] eR (5.4.3)

=1 XeP,({1,....k})

where for every y € V, for every X € Py({1,...,k}), the map fr(y) is ¢-
linear and the map y € V +— fy(y) is continuous. Since Mor(T*M, T*RY)
has also a k'P!¢ vector bundle structure, this notion applies directly to
w € Mor(Mor(T*M, TFR?), R).

Proof of lemma[5.4.6. Without loss of generality, we assume that ¢ = 1.
First, we assume that M = () is an open set of R™. By regularization
theorem [20, theorem 4.2.4; 24, theorem 4.22; 120, theorem 4.3.9], there
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exists a sequence (vy)geny € C°(€2,R) that converges to v in VVIIZ(}(Q)
Since w is a morphlsm from a JtuPle vector bundle to R, in view of the
local representation , and since suppp(w) is compact, for every
compact set K C (Q, there exists a constant Cy > 0 such that for every
teN, foreveryiec {l,....,k—j}and z € K,

T (w o TVvu) ()| < C1 [T vg(2)]s

In view of the canonlcal (z + 7)tPle norm for (i + j)™P! vector bundle
morphisms (section , and by Young’s inequality, there exists a
constant Cs > 0 such that for every i € {1,...,k — j} and almost every
x € €,

A k
[T ()], <02(Z\Dv M orgs oo +1);

where g,,, and g; are the Euclidean metrics on R™ and R respectively. By
Gagliardo—Nirenberg inequalities [49,95], [T""/v]. € L .(Q) and so the
sequence ([T vg].)een converges to [T"7v], in LL (Q). By Lebesgue’s
dominated convergence theorem, the sequence (|T%(w o T7v)|z)een con-
verges in L{ (Q) and then by closing lemma [120, lemma 6.1.5], the map
wo TVv is (k — j) times weakly differentiable.

For any manifold M, we can apply the previous argument to every
vory~t: (V) C R™ — R with any local chart ¢: V C M — R™. By
a direct covering argument, we have thus that w o T7v is (k — j) times
weakly differentiable. O

Proof of proposition[{.4.5. We first prove that (i) implies ({ii). Let (U;)ier
be an open cover of N by sets given by lemma [5 : Let h e Mor(Mor(
T/M,T’N),R) be a morphism of class C*~7 such that suppy(h) is
compact. There exist v € N, such that suppy(h) € U, U; and a
partition of unity (7;)1<i<y subordinate to (U;)i<i<, such that almost
everywhere in M

v Y

hoThu =3 (niow)(ho Thu) = 3 (mi o u)((h o Tp}) o T (i3 0 w)),

i=1 =1

since for every i € {1,...,~}, the maps 771 (p; ou) and TV "1y, 0 TV 1y
are weakly differentiable by induction, and by proposition T (p; o
u) = T7p; o TJu almost everywhere in M. By lemma every term
in the right sum is (k — j) times weakly differentiable and so h o T7u is
(k — j) times weakly differentiable.

We then prove that implie. First, let (U;)ier be an open

cover of N by sets given by lemma 3l We prove recursively that T7u
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s (k — j) times colocally weakly differentiable. Let £ € {j,...,k — 1} be
such that the colocal weak derivative T*u: M — Mor(T*M, T*N) exists.
Let h € C}(Mor(T*M,T*N),R). Since the set supp(h) is compact, in
particular, there exist v € N, and a finite partition of unity (1;)1<i<+
subordinate to (U;)1<i<~ such that almost everywhere in M

g
ho Tgu—Zmou ho T u)

(n; o w)(ho T} o (T p; 0 T u)).

M4 H

s
Il
—

By assumption, T%p; o T*u is weakly differentiable, and thus by the chain
rule for weakly differentiable functions (see for example [45, theorem
4.2.4 (ii); |120, theorem 6.1.13]), each term in the right sum is weakly
differentiable, and so ho T*u is weakly differentiable. By proposition
there exists a measurable map T*1u: M — Mor(T“H M, T**1N) such
that for every h € C'(Mor(T*M,T*N),R) such that hoTu € VVl(l)Cl(M),
we have almost everywhere in M

T(ho T') = Tho T u.

We now prove that the integrability condition is satisfied. Let (U;);er
be an open cover of N by sets given by lemma [5.1.3] Let K C M and
L C N be two compact subsets. Let £ € {2,...,k}. Since L is compact,
there exists v € Ny such that L C (J]_; U;. By construction, for every
i€ {1,...,7}, T"(p; ou) = Tp; o T*u almost everywhere in M and, by
lemma T ot o Tp; = id on (&) ~1(U;), and so

T = T} o T (i o u)

almost everywhere on u~!(U;). Since every ¢; € C¥(N,R"), by proposi-
tion there exist constants C1, ..., C, such that almost everywhere
inu Y (L)NK

[[Téu]] < Z[[Te oTé (piou)] < ZC’ [TZ o [Tz(goi ou)]
(5.4.4)
< (max Ci)(max sup[T*¢f] Z[[TZ(%’ o u)]

If (n))xea is a partition of unity subordinate to an atlas ((¢x, Vi))aea
of local charts of M, by the maximality property of ¢f“P'® norms, and
by Young’s inequality, there exists a positive continuous function g €
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C(M x R™ R) such that for every i € {1,...,~}, almost everywhere in
M

[T(piow)]

k k
< B(piou) Z X (Z\DT(%‘ ouo 1/1;1) o 'l/))\‘(;@)rg:n)@gn + 1), (5.4.5)

AEA r=1

where g,, and g, are the Euclidean metrics on R™ and R"™ respectively.
Since for every i € {1,...,7}, pjou € W/IIZf(M, R™) N L*>®(M,R"), by
Gagliardo-Nirenberg inequalities [49,95], [T¢(y; o )] € L*(u™ (L) N K)

and so
/ [T*u] < +oo0.
u~H(L)NK

Finally, we prove that implies . We proceed by induction. Let
¢ €{2,...,k —1}. For every i € N, we define the map 6;: Mor(T*M,
T!N) — R for every y € Mor(T*M, T*N) by

i) = 0(-2),

1+

where 0 € C1([0,00),R) is such that 0 <6 < 1,0 =1 on [0,1] and | is
a norm induced by a Riemannian metric on Mor(T*M,T*N) [42, §1.2
proposition 2.10]. Let f € Ck(N R) and let K C M be a compact set.
For every i € N, we define f; = 0; - (T ‘f). Since each map f; is Lipschitz-
continuous with compact support, fl o T*u is weakly differentiable [34]
proposition 2.2] and there exist constants C7,C, C3 > 0 such that for
every i € N and almost everywhere on v~ (supp(f)) N K

[T ] | T f o T .

’T u’>’ 1+i

T(fi o Tu)le < C110'(5

|T u| ) [[T€+lﬂ] [[TZ+1 ]]

+ O e(
< (Chs [[Té—’_lu]].

Since the sequence (|T(fioT*u)|z)ien is bounded and uniformly integrable
and since ( fioT?t u);en converges almost everywhere to T¢f o T u in
K C M, in view of the weak compactness criterion in L' (K) |20, corollary
4.7.19; |24, theorem 4.30], the sequence (T'(f; o T%u));en converges weakly
to T (f o) in LY(K) and T*(f o u) is weakly differentiable. Hence,
fowuis k times weakly differentiable.

Let (U;)ier be an open cover of N by sets given by lemma Let
K C M and L C N be two compact subsets. If for every f € C¥*(N,R),
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fouis k times weakly differentiable, then there exist C7 > 0 and v € N,
such that almost everywhere in u=(L) N K (see inequality ([5.4.4) above)

k L k
[T7u]s < CvY [T (wiou)].

=1

With the same notations as for inequality (5.4.5)), by the maximality prop-
erty of 5! norms, and by Young’s inequality, for every i € {1,...,7},
almost everywhere in M

[T (i 0 w)]

i
NRINDS m(zuf piouo ) o Unllrn g 1)
AEA r=1
Since for every i € {1,...,7}, pjou € VVllf)Cl(M ]R”) N L>®(M,R"™), by
Gagliardo-Nirenberg 1nequaht1es 149,95), [T7 (e Ou)]]ﬂ € L'(u Y L)NK)
and so [, 1 L)OK[[TJU]]J < 400. O

5.5. Problem of density of smooth maps

Proposition [4.5.10. Let M and N be two smooth connected compact
Riemannian manifolds and let p € [1,+00) so that 1 < kp < m.

(i) If for every u € W*P(M,N), there exists a sequence (ug)een in
C>®(M, N) such that the sequence (T* Yuy)en converges to TF~1u
locally in measure and such that the sequence (‘D];{ud(@kgzl)@g]v)(e]\]
is bounded in LP(M), and if kp ¢ N, then 7, (V) ~ {0}.

(i) If for every u € WHP(M,N), there exists a sequence (ug)een in
C>®(M, N) such that the sequence (T*ug)sen converges to T*u lo-
cally in measure and such that the sequence (|D]I€(uﬁ|(®kg}"w)®gN)€EN

converges to |D’}‘/’(u|(®zc in LP(M), and if kp € N, then

Wkp(N) ~ {0}

Lemma [4.5.11. Let N be a smooth connected compact Riemannian
manifold and let p € [1,400) so that (k — 1)p < q. Let (ug)een be a
sequence in C*®(S?, N) and let u € WFP(S9, N).

) ®IN

(i) If kp > q, if the sequence (T*Yuy)pen converges to T*~1u locally in

measure and if the sequence (|DKUg](®kg;+1)®gN)geN is bounded in

LP(SY), then the sequence (\Tug\g;+l®gN)geN is bounded in LFP(S).
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(i) If kp > q, if the sequence (T*up)en converges to T*u locally in
: k
measure and if the sequence (’DK’I,Lg’(@kg;Jrl)@gN)@eN converges to

‘D];(’U/’(@kg;+l)®g]v in LP(SY), then the sequence (]Tug]g;H@gN)geN

converges to |Tu\g;+1®gN in L*P(S9).

Proof. Let p be the measure associated to the Riemannian metric on
S7 C R+, Since the sequence (7% uy)een converges to T+ 1u locally
in measure in assertions and , there exist ¢ > 0 and v > 0 such
that for every ¢ € N, for every j € {1,...,k — 1},

n({z € S%: |Djcue(@)|(@ig:, yogn <7} > &

For every / € Nand j € {1,...,k — 1}, by lemma |4.3.11} the sequence
. qp
’D%(W\(@)jggﬂ)@g]v € Wha=G—=17 (S9) and almost everywhere in M

‘ -
’T‘D‘%(W‘(@jggﬂ)@gzv\g;H@gl < |D% W‘(@J’“ggﬂ)@gzv-

So by Poincaré inequalities (lemma [4.5.9)), there exists C; > 0 such that
for every £ € N and every j € {1,...,k — 1},

I \D]ue!(®jg;+l)®gzv HL%(SQ)

L
< Cl(“ 1Dy uel(@itigr, ooy HL%(SQ +7>.

By iteration, there exists Co > 0 such that for every j € {1,...,k — 1}
and every £ € N,

| ‘D]UZ’(®j92+l)®gN HL%(SQ
< C2<H |D][€(U£|(®kg;+l)®gl\, HLP(SQ) + 1). (5.5.6)

In particular, since kp > ¢q, 1 < kp < %, and by Holder’s inequality,
there exists C'3 > 0 such that for every £ € N,

| ‘T“f‘g;H@gN HLkp(Sq)

< Cs(H ID’%uel@kg;H)@gN | Lp(say + 1). (5.5.7)

So if assumptions of assertion or are satisfied, by previous
inequality (5.5.7)), the sequence (|Tuy| 9:,®gn Jeen is bounded in LFr(S9).
We assume now that assumptions of assertion are satisfied. First,

. .k
forevery j € {1,...,k—1},u € W]’J'%(Sq, N). Indeed, since the sequence
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(ug)een converges to u locally in measure, by weak closure property
in Sobolev spaces [34, proposition 3.8], u € W1*P(S9, N). For every
j € {2,...,k — 1}, by inequality (5.5.6)), and Hoélder’s inequality, for
every 1 < i < j+ 1, the sequence (|D}<u4](®ig;+l)®gN)g€N is bounded
k . .
in LJ%(SQ). Since the sequence (777 uy)gen converges to Tty locally
in measure, by weak closure property in higher-order Sobolev spaces
. -k

(proposition |4.3.10), u € W]’J'%(Sq, N).

As a consequence, for every j € {1,...,k — 1}, by Holder’s inequal-

k

ity and by lemma [4.3.11) | D}ul (g, . Doy € W31 (S9). By Sobolev
inequalities on compact Riemnannian manifolds [67, theorem 3.5], there
exists Cy > 0 such that for every £ € N and every j € {1,...,k — 1},

J ) _nJ )
| ‘DKUZ‘(®392+1)®9N |DKU|(®Jg;‘+1)®gN HLkTp(Sq)

i . i
< Cull |IDgeuel(@ige, hogy — IPxul@igr, )ogn HWL%(Sq)'

Thanks to the previous inequality, we now prove that for every j €
. 1
{1,...,k — 1}, if the sequence (| D}’ U[|(®j+1g;+1)®gN)geN converges to
. . ﬁ .
|D§(+1u|(®j+1g;+l)®g1v in L7+1(SY), then (]D%(w]@jgsﬂ)@g]v)g@\; converges
. k
to \D%(u](@)jg;“)@g]v in LTP(S‘]). Let j € {1,...,k — 1}. By previous
j . . 1,k
steps, the sequence (|D%(U[|(®jg;+l)®gN)geN is bounded in W™+ (S%).
By Rellich—-Kondrashov embedding theorem for Sobolev maps on com-
pact Riemannian manifolds [9, theorem 2.34 (a)], and since the se-
quence (’D%(Ug’((gjg;_‘_l)@g]v)gel\] converges to |D'}(U’(®jg:;+l)®g]v in mea-

. . kp

j _ Y . T
sure, (| Dy wel(giq +1)®9N)g€N converges to | Dy ul(gig *)@gy 1 Li+1(S9).
Since (77 ug)pen converges to TV u locally in measure, the sequence
(T\DKUA (®9gs, )@gn JeEN converges to T|DKu](®]g )@gy locally in mea-
sure. Furthermore for every ¢ € N, almost everywhere in M

IT(\D%WI(@g;H)@gN - IDQUI(efg:;H)@gN)!g;+1®gl
< |Dj1;rlué‘(®f+1g;+1)®g1v + |Dj1;rlu|(®j+1g;+1)®gzw
By Lebesgue’s dominated convergence theorem |20, theorem 2.8.5], the
sequence (T(|D}(w|(®j92+1)®w - |D%(U’(®jg;+l)®gN))geN converges to 0
in L%(Sq). Hence, the sequence (‘D'}(Ug‘(®jg;+l)®gN)geN converges to

. k k
’D'}(U|(®jg;+1)®gN in Wl’i%(Sq), and so in LTP(S‘]) by the Sobolev in-
equality.
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. . k k
Finally, since (|DKu1g|(®kg;+1)®gN )een converges to |DKU|(®kg;+1)®gN
in LP(S?), we deduce by iteration that the sequence (|Tuy| 9§+1®9N) teN
converges to ]Tu\g;«+1®gN in LFP(S9). O

Proof of proposition[{.5.10. We first give the proof when M = B+l
L. Tf 73 (N) £ {0}, then there exists a smooth map f: Slee) N

which is not homotopic to a constant map in C(S*?), N). We define the

’

map u: M — N for every z = (2/,2") € B« L by u(z) = f(ﬁ)
We observe that there exists a constant C > 0 such that for every
e BN\ {0}) x L, |Du()| < Sr, and thus u € WHP(M, N).

We first show that the assumptions of assertion (fi) cannot be satisfied.
Otherwise, since for every £ € N,

/'DK“A(@’“ )y //me Uelighgy, ax
_// /Stka Ke’(®kgM)®gN)dT)’

by Fatou’s lemma, for almost every z” € L and almost every r € (0, 1),

up to a subsequence, ((|D§(U£|(®kg}kw)®gl\,)|sl:kpjX{z,,})eeN is bounded in

L (S,Lkp | ). By lemma (i), for almost every z” € L and almost every
r € (0,1), the sequence ((U()lsycpj X{x”})éeN is bounded in Wl’kp(S,Lka ,N)
and since the homotopy classes are preserved by weakly bounded sequence
in Wl’kp(STLka,N) [118, theorem 2.1], the map ULkl
to a constant map, and so the map f too.

We now show that the assumptions of assertion cannot be satisfied.
Otherwise, since for every ¢ € N,

(a5 homotopic

k k
/Ml | Dicuel(@rgs ooy = 1Pk ul@hgr ooy’

1
k K
= /L(/O (/skp‘ | Dictel@rgy ooy — [Pk Ul@rgy) 090 ’p) dT)7

up to a subsequence, for almost every z” € L and almost every r € (0, 1),
the sequence ((’D?{U@’(@kg;/[)@g]v)‘Skpx{x,,}>(€N converges to the map

(\D’f(u](@)kgx[)@g]v)‘Szﬁpx{x,,} in LP(SF?). By lemma [4.5.11| ({), for almost
every € L and almost every r € (0,1), ((UZ)‘SM)X{IN})ZGN converges to
Ugkp (1) in TWhkp (Skr) N') [34, proposition 4.4] z'md since the homotopy
classes are preserved by strong convergence in W1*P(SkP N') [117], the
map Ugkp o gn is homotopic to a constant map, and so the map f too.
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For a general manifold M, we start from a counterexample u: B —
N to a Sobolev map on the whole of M. Indeed, there is a map ® : B™ —
R™ which maps diffeomorphically some subset A C B™ to BlkPI+1
Sm=Lkr]=1 (4 is a tubular neighborhood of an (m — | kp| — 1)-dimensional
sphere, with S° = {—1,1}), ®(B™ \ A) C (BlrI+1\ {0}) x R~ lkpl-1
and ® is constant near JB™. We then define the map u: B™ — N for
every x € B™ by u(x) = f(%) if ®(z) = (v/,y"”). The map w is constant
near the boundary and can thus be transported and extended to any
m-~dimensional manifold, giving the required counterexample. ]






Chapter VI

Multiple norms

6.1. Introduction

Motivated by the chain rule for higher-order colocally weakly differ-
entiable maps, we define a notion of multiple norm for maps between
higher-order tangent bundles of a manifold. In fact, since every higher-
order tangent bundle does not carry a vector bundle structure over its
manifold [15, §9.3, §15.1; 41, §16.15.7], we cannot define a notion of
norm on this space with respect to each fiber over the manifold. However,
higher-order tangent bundles are multiple vector bundles [57,84] and so
in a first step we define a notion of multiple norm which is compatible
with the multiple structure. Similarly, it follows then a notion of multiple
norm for maps between higher-order tangent bundles.

Actually, the notions of double norm and k™P' norm were already
defined in chapter (see sections 4.4.2 and [4.4.5)). Furthermore, we
mention some properties of those norms. However, we did not go into
details.

In order to be more precise, we first define in the present chapter the
notion of double vector space (definition as spaces which are likely
the local representation of a second-order tangent bundle at a point,
and a notion of double seminorm on these spaces (definition . We
also point out some properties of maps between double vector spaces. It
results then more details about section [£.4.2] from chapter [[V]

In the second step, we generalize the previous notions to any higher
order. For every k € N,, we first define a notion of ktuple seminorm on
ktle yector spaces (definitions and . In particular, this notion
includes the one of double seminorm. The corresponding properties are
then useful to be more specific on that of the notion of £™P* norm on
k' order tangent bundles.




146 MULTIPLE NORMS

6.2. Double (semi)norms

6.2.1. Double seminorms on double vector spaces

First, a double vector bundle consists of four manifolds F, Fq, Es, M
and a system of four vector bundle structures

T
EHEl

[

Ey— M
2
M

in which £ has two vector bundle structures, on bases Fy and FEs, which

are themselves vector bundles on M and such that each of the four

structure maps (namely the bundle projection, zero section, addition and

scalar multiplication) of each vector bundle structure on F is a morphism

of vector bundles with respect to the other structure [84, definition 1.1].
In particular, we define a notion of double vector space.

Definition 6.2.1. A set W is a double vector space (of dimension m)
if there exist three subspaces Vi,Vo and Vi3 of R™ such that W =
V1 x Vo x V19 and such that the diagram

Uy
(617627612) S w el € ‘/]_
772 77‘3
ex € Vo 0eR™
i

defines a double vector bundle.
We then define a notion of double seminorm on double vector spaces.

Definition 6.2.2. Let W be a double vector space. A map [-]: W — R
is a double seminorm on W if for every i € {1,2}, it is a seminorm on
fibers over the vector bundle (W, m;, V;).

As a consequence, if a map [-] is a double seminorm on the double
vector space W, then for every i € {1,2} and every w,w’ € W such that
mi(w) = m(w'),

[w+i w'] < [w] + [wT],
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where +; is the vector bundle addition of (W, m;, Vi) [84, §1], and for
every A € R,

[A i w] = [A[[w],
where -; is the vector bundle multiplication of (W, m;, V;) (84} §1].

Given a double vector space, there exists a nontrivial double seminorm
on this space.

Proposition 6.2.1 (Canonical double seminorm). Let W be a double
vector space. The map [-]«: W — R defined for every w = (e1,e2,€12) €
W by

[w]s = le|[e2] 4 [e2]
is a double seminorm on W.

Given two double vector spaces, we define the notion of double vector
map between them.

Definition 6.2.3. Let W and W’ be two double vector spaces. A map
f: W — W'is a double vector map if there exist linear maps f1: V4 — V/,
fa: Vo =V and fi2: Via — V{, and a bilinear map fm: Vi x Vo =V,
such that for every w = (e1, e2,e12) € W,

f(w) = (fi(er), fa(e2), frz(e12) + frz(er, e2)).

A double vector map is bounded with respect to the canonical double
seminorm given by proposition [6.2.1

Proposition 6.2.2. Let f: W — W’ be a double vector map and let -]
be a double seminorm on W'. Then there exists a constant C' > 0 such
that for every w € W,

[f (w)]" < Clw]..

Proof. Let w € W. If (b{)1<¢<x is a basis in V], then there exist
AL, ..., Ax € R such that fi(e1) = Y7 A\¢b%. Since the double semi-
norm is a seminorm on each fiber, there exist constants Cq,...,Cx >0
and then a constant C' > 0 such that

K

fi2(e12) + fia(er, e2)
7)) < X [(81, folea), 22 E )]

=

1
M| C =
<2 (Iflen) + o

(lmax Cg) (ZP\gI |fa(e2)| + | fiz(e12) + f12(€17€2)\>
1

C(\f1(€1)| |falea)| + | frz(er2)] + | fra(en, 62)|)

| fiz(e12) + fia(er, 62)|)

IA
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Since f1, fo, fi2 are linear and flg is bilinear, there exist constants
C4,Cy > 0 such that

[f(w)]' < Ciler |ez] + Calerz| < max(Cy, Co)[w]s. O

As a consequence, the canonical double seminorm given by proposi-
tion [6.2.1]is an upper bound for any double seminorms.

Corollary 6.2.3. Let W be a double vector space. Let [-] be a double
seminorm on W. Then there exists a constant C > 0 such that for every
we W, [w] < Clw]..

The opposite inequality is not always true; for instance, if we take
the double seminorm [-] defined for every w = (e1,e2,e12) € W by
[w] = lea| fe2]-

Finally, if W and W’ are both double vector spaces, we denote by
Mor(W, W’) the space of all double vector maps between them.

It is also possible to define a notion of double seminorm on those
spaces. However, motivated by the behavior of double norms under
composition of double vector bundle morphisms, we just consider the
following canonical double seminorm.

Definition 6.2.4. Let W and W’ be double vector spaces. We define
the map [-]«: Mor(W,W') — R for every f € Mor(W,W’) by

L1 = [fal 1 f2] + | frzl + | frl,

with the corresponding norms on the space of linear maps and on the
one of bilinear maps.

The previous double seminorm is compatible with the composition.

Proposition 6.2.4. Let W, W' and W" be double vector spaces. Let
f € Mor(W,W') and g € Mor(W', W"). Then go f € Mor(W,W") and

[g o f1+ < lgl« [+
Proof. For every (e1,ez,e12) € W,
(g0 f)(ersez,erz) = (910 f1)(er), (g2 © f) e2),
(12 0 f12)(e12) + ((g12 © fi2) + (G120 (f1, f2))) (ex, 62)>,
and so

[go £l < (lovllg2| + lgu2]) | fl 1 2] + lgn2l (1 faz] + | fr2])
< Lol |1l f2] + [gDs (I fr2] + | fiz]) = [gls [f]+- O
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6.2.2. Double norms for double vector bundles

In this part, we follow the same structure as the one of section [4.4.2]
but we give more details. So we assume that M and N are differentiable
manifolds of class C? of respective dimensions m and n. As usually,
they satisfy the Hausdorff separation property and have a countable
basis [42, §0.5; 70, §1.5]

Some properties of the second-order tangent bundle T2M are already
mentioned in section [I.2] We also note that for every x € M, there exists
a local trivialization (V,1) such that € V', the set V' C M is open and

Y: VX R™ x R™ x R™ — (73,)"Y(V) C T?°M

is a diffeomorphism [41} §16.15.7]; hence, for local trivializations (V;, ;)
and (Vj,1;), the transition diffeomorphism is given by [15, §9.2 — 9.3;
57, equation (20); |87, §8.12]

(x,e1,ez,e12) € (ViNV;) x R™ x R™ x R™ —
(1")1/)1']'(:6)[617627612]) S (‘/; N V]) X Rm X Rm X Rm)

where for every x € V; NV}, ;;(x) is a double vector map and the map
xz € V;NVj — 1;;(x) is continuous; in other words, the transition maps are
non-linear in (e1, €2, e12): it is linear in (eg, e12) or in (e2,e12) |15 §9.3].

The reader can then refer to the definition for the notion of
double norm and this notion relies on the one of double seminorm on
second-order tangent bundles (definition .

Proposition 6.2.5. There ezists a double norm on T?M.

The previous proposition is already mentioned in chapter (propo-
sition |4.4.1)). However, we only sketched the proof.

Proof of proposition[0.2.5 For every local trivialization (V, ), we define
['lv for every v € (73,)~1(V) such that ¥~ 1(v) = (z,e1, ea, €12) by

[vlv = lex] |e2| + [e12]-

Let (V;)ier be an open cover of M and let (1;);cr be a partition of
unity subordinate to (V;)icr [42, §0.5]. We define a double seminorm [-]
on T?M for every v € T?M by

[v] = > iy () [V]v..

el

To prove that [-] is a double norm on T2?M, it suffices to prove that
in each local trivialization [42, §0.5 remark 5.7]. Let [-]’ be a double
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seminorm on T2M. Let (V, 1) be a local trivialization around = € M. By
definition of double seminorm, the double seminorm [-]’ is repre-
sented for every v € (73,)~1(V) such that ¥~ (v) = (73,(v), e1, €2, €12)
by

[Ty = By (mhs (V) [(ers ez, e12)liy s

where Sy € C(V,R) is a positive continuous function and [-]j;, is a double
seminorm on W = R™ x R™ x R™. There exists an open set U C M
such that U is compact and x € U C V. Since By is continuous, there
exists a constant C; > 0 such that for every v € (73,)~1(U),

V] < Cil(er, ez, e12)]w s

and since the canonical double seminorm is an upper bound for any
double seminorms (corollary , there exists a constant Co > 0 such
that

[[V]K/ S Cl 02 [[(61, €9, 612)]]* = Cl 02 [[Vﬂv. OJ

Finally, we remark how double norms behave under composition of
double vector bundle morphisms (proposition . For this purpose, we
note that for every double vector bundle morphism v € Mor(T?M, T%N)
such that v € Mor(T?M,T?N), , if (V,v) and (U, ¢) are local trivial-
izations of T?M and T?N around = € M and y € N respectively, then
e lovoy: VXR™xR™ xR™ — U x R® x R" x R” is such that for
every (e1,e9,€12) € R™ x R™ x R™,

(p ' ovorp)(x, e, e, e12) = (y,v1]e1], valea], viz[era] + D1afer, ea])

where the maps vy, vo, v12: R™ — R" are linear and the map 012: R™ x
R™ — R"™ is bilinear.

Proposition 6.2.6. Let K be a manifold of class C%. For every compact
subsets Qy € M, Qn € N and Qg C K, there exists a constant
C > 0 such that for every v € (73, n) H(Qm X Qn) and every £ €

(WJQVX[()_l(QN X Qg) such that wy 07712\4x1v ov=TpN o7r]2\ij 0,
[¢ o v] < CLE] [v]-

In fact, the composition property of the canonical double semi-
norm for double vector maps (definition [6.2.4) can be generalized to any
double norms.

Proof of proposition[6.2.6. Let Qy € M, Qn € N and Qg C K be
compact sets. Let v € Mor(T?M,T?N),,, and ¢ € Mor(T?N,T?K),. .
such that x € Qus, ¥y € Qn and z € Q.
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We first consider double norms [-]' on the space of double vector
bundle morphisms similar to the one of proposition but with
canonical double seminorms for double vector maps (definition . If
(Vi xU; x Wy)ier is an open cover of M x N x K and if (n;)icr, (i)ier and
(7i)ier are partitions of unity subordinate to (V; X U;)ier, (Ui X Wy)ier
and (V; x W;);er respectively [42, §0.5], then

[Eov] = iz, 2)[€ o vvm,

el

= > vilw, 2) (€] o vi] |€5 0 v + [€fa 0 Vi
el

+ [€12 © (v1, v3) + &12 0 D)),
[o]" =" niz, v)[v]y; <o,

el

= > ni(a,y) (|vi] [vd] + |via] + [01a]),
el

and similarly [€]" =7 vi(y, 2)[€]1, «w,- By the composition property
of canonical double seminorms (proposition , and since Qur, QN
and Qg are compact, there exists 1, £s, 3 > 1 and constants C7,Co >0
such that

41
[[5 % U]], < Z%’(% Z)[[g]]IU,{ZXWZ [[U]H/iXUHZ.
=1

51 Lo L3
= Z ’Yi(x’ Z) (Z QOj(y, Z)) [[‘5]]/11,% xW; (Z ’f]k(fE, y)) [[U]],ViXUni
i=1 j=1

k=1
01 Lo L3
S Cl Z(Z (pj(yv Z) [[6]]/UJ XWj) (Z ’I’]]g(l‘, y) [[U]]/VkXUk)
i=1 j=1 k=1
< Gy [&] [o]'-

By the maximality property of double norms, there exist positive
continuous functions f; € C(M x K,R), B2 € C(N x K,R) and 35 €
C(M x N,R) such that

[€ ov] < Bi(x,2) [ ov] < Bi(x,2) Co [€] [v]
< Bi(w, 2) C2 Ba(y, 2) [€] B3(z, y) [v],

and since @7, Qn and Qi are compact, there exists a constant C' > 0
such that [§ o v] < C[€] [v]. O
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6.3. Multiple (semi)norms

6.3.1. Multiple seminorms on multiple vector spaces

For every k € N,, we define the notion of k"' vector space. We
denote by Iy the index set 211+ \ & [15, §MA.1].

Definition 6.3.1. Let k£ € N,.

A set W is a 1% yector space (of dimension m) if there exists a
subspace V' of R™ such that W =V and for {0} € R™, (V, 7, {0}) is a
vector bundle structure.

A set W is a 2" yector space (of dimension m) if it is a double
vector space of dimension m.

If £ > 3, aset W is a k™ yector space (of dimension m) if there
exists a set (Vy)aer, of 2k — 1 subspaces of R™ such that

w=1] W
eI},

has k vector bundle structures, on bases W1, ..., W, such that for every
je{l,....k}, Wjis a (k — 1)" vector space, and for all i # j €
{1,...,k}, if W;; is a (k —2)"PI® vector space such that there exist vector
bundle structures wfj: W; — W;; and ng: W; — Wj;, then the following
diagram

T

wWw—->W;

. )
7T] J/ 7TZJ
Wj —— Wi

.

is a double vector bundle.

This kind of spaces appears as to be a particular case of kf"Ple vector
bundles [57, definition 4.1; |84, definition 5.1; 114}, §6.2 definition 3] and
they are also studied in the context of k" order tangent bundles of
manifolds |15, §MA.2].

For instance, a triple vector space (or a 3tuple yector space) is such
that

W =V x Vo x V3 x Vig X Vaog x Vi3 X Vio3

and each side of the following cube



6.3. MULTIPLE (SEMI)NORMS 153

o3
(e1,e2,€3,€12, €23, €13, €123) € W — (e2,e3,€e23) € Vo x V3 x Va3

Fly: /

(e1,e2,e12) € Vi x Vo x Vg ez € Vo
USER
+
(e1,ezle13) € Vix Vax Vig--------|- re3 € V3
e1 €WVq 0cR™

is a double vector bundle.
We then define a notion of k£*"P!* seminorm on k*P!¢ vector spaces.

Definition 6.3.2. Let W be a k'"P!® vector space. A map [-]J: W — R
is a k'Ple seminorm on W if it is a seminorm on fibers over each of the
k vector bundle structure of W.

A 1t9Ple geminorm is just a seminorm on a subspace of R™ and a
2tple seminorm is a double seminorm on a double vector space.

Given a k™! vector space, there exists a nontrivial £"P'® seminorm
on this space.

Proposition 6.3.1 (Canonical k"' seminorm). Let W be a k'l
vector space. The map [-]«: W — R defined for every w = (ex)rer, € W
by

k
[wle =3 > lex| lex,

=1 xePe({1,....k})

where Po({1,....k}) = {A = {\},... Af} € 2le: U X\ = {1,... Kk},
@ & A} is the set of all partitions of {1,...,k} of length {, is a kPl
seminorm on W.

For example, the canonical triple seminorm [-]. is defined for every
w = (e1, €2, €3, €12, €23, €13, €123) € W by
[wls = lex| ez les| + lex| [e2s] + e2] lers| + [es] |ex2]| + |e12s]-
Given two k™" vector spaces, we define k*"P!® vector maps as follows.

Definition 6.3.3. Let W and W be k"' vector spaces. A map f: W —
W' is a ktPle vector map if for every w = (ex)rer, € W,

Al

f(w): Z Z f)\(e)\l,...,ev) s

(=1 APy (A) Ael,
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where for every A € I, for every 1 < ¢ < |A| and every X € Py(A), the
map fy: Vyi X -+ x Vye — V{ is {-linear.

This kind of maps appears while studying maps between k*" order
tangent bundles [15, §MA.5], and when considering change of coordinates
for kPl vector bundles [57, equation (22); 114, §6.2 definition 3].

A k™Ple yector map is bounded with respect to the canonical kPl
seminorm given by proposition [6.3.1

Proposition 6.3.2. Let k € N so that k > 2. Let f: W — W' be a
kturle yector map and let [-]' be a k™' seminorm on W'. Then there
exists a constant C' > 0 such that for every w € W,

[f (w)]" < Clw]..

In order to prove the previous proposition, we introduce some nota-
tions. For every j € {1,...,k}, the index set J; = 2{L kI {7} \ @ has
2k=1 _ 1 elements. If W is a k*P!¢ vector space, then for every A € Iy,
the map T W — W is defined for every w = (ex)rer, € W by
ﬂJj’j\(w) = ((ﬂ'Jj,j\(w)))\))\ejk where for every \ € I,

] fen ifAeJ;U{N}
(W‘Ij’k(w))k B {O otherwise.

In fact, for every j € {1,...,k}, if > means the vector bundle addition
of (W, L HAer V), then for every w € W, w = ZAelk\Jj 7rjj7)\(w).
We also prove the following lemma which is a particular case of

proposition [6.3.2

Lemma 6.3.3. Let k > 2. Let W be a k™' vector space and let [] be a
ktwrle seminorm on W. Let A € Pp({1,...,k}). If the map 7p: W — W
is defined for every w = (ex)aer, € W by mp(w) = ((ma(w))r)rer, where
for every \ € I,

(ma(w))x = {” #reh,

0 otherwise,

then there exists C' > 0 such that for every w € W,

[ra(w)] < Clear] - fenel).

Proof. Let w = (ex)xer, € W. If £ = 1, then for every j € {1,...,k},
ma(w) € (m7,)~1(0). Since it is a seminorm on every fibers, there exists
C > 0 such that [rp(w)] < Cley].
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If ¢ > 2, since A is a partition of {1,...,k}, there exists j € {1,...,k}
such that A* ¢ J; but A2,... A € J;. If kg = dim(Vj1) and if (b)) 1<i<s,
is a basis of Vj1, there exists 71, ..., 7., such that ey1 = S, m;b%. Since
the k'"P'¢ seminorm is a seminorm on the fiber (W, 75 I he 7 V), there
exists C7 > 0 such that

Ira(@)] < 3l o] < Crlear| S [l
=1 =1

where for every i € {1,...,k1}, w* € W is defined by (w'), = e, if
A€ A\ {AL}, (w)a = bt and (w')y = 0 otherwise.
Proceeding step by step, there exists Co,...,Cy > 0 such that

K1 Ke
HWA(M)H < 01’6/\1‘ ce Cg|€Az‘ Z Ce Z [[w“""’”]]

i1=1 ip=1

R1 e . .
= (Cr- G - Y Tw ) lenil - lenl,
i1=1 ip=1

where for every j € {1,...,¢}, k; = dim(V},) and (b;j)lgijgﬁj is a basis
of Vs, and for every 1 <iy < Kq,..., 1 <y < Ky, w'tt ¢ TV is defined
by (whit)y = b;j if A\ = AJ for some j € {1,...,¢} and (w't»%)y =0
if Ael \ A. O]
Proof of proposition[6.3.2 Let w = (ex)xer, € W. Since for every j €
{1,...,k} and every A € Jj, [[Wjjyx(f(w))]]’ = 0, and since []' is a
seminorm on every fibers,

[f] < > o > 5.0 0omy 5 (f@)]

M el \J1 A€\ Jy,
For every A\; € I\ Ji,..., \r € It \ Ji, the set ﬂle(Jj U {\;}) is not
empty and for every A € Iy,
(T 5.0 0y 5, (f(w)a =
{Z'e/; Yaerya) Srleat, . en) if A€ NF_i(J; U {A)),

0 otherwise.

If ﬂ?il(*]j U {S‘J}) ¢ P({la s k}>a then [[Ter,S\k O A (f(w))]]/ =0.
Hence,

Yoo Y Imgs oo, (F)

5\1€Ik\J1 S\kGIk\Jk

k
= > Im(f)l,

=1 XePy({1,....k})



156 MULTIPLE NORMS

where 7y : W’ — W' is defined as in lemma [6.3.3
By lemma and by properties of multilinear maps, there exists
C1,C5 > 0 such that

¢ |AY

w)ﬂ'gcli > (X X Iadlexl-legl))

(=1 A€Py({1,..k}) =1 ji=1 NP, (A)
|A?]

il (ﬁ(Z > 1))l

Pe({1,....k}) =1 ji=1XePy, (AY)

As a consequence, the canonical k*"P'* seminorm given by proposi-
tion is an upper bound for any k"™P!® seminorms.

Corollary 6.3.4. Let [-] be a k™' seminorm on a k™P' vector space
W. Then there exists a constant C' > 0 such that for every w € W,
[w] < Clw]s.

Finally, if W and W’ are both kPl vector spaces, we denote by
Mor (W, W’) the space of all £*"P!¢ vector maps between them. As for the
space of double vector maps, we also just consider the following kPl
seminorm on Mor(W, W') which is compatible with the composition.

Definition 6.3.4. Let W and W’ be kPl vector spaces. We define the
map [[-]«: Mor(W,W’) — R for every f € Mor(W, W’) by

k J4
=X > (X X Iual--1hl).
(=1 A€Py({L,....k}) J=1AP;(A)

Proposition 6.3.5. Let W, W’ and W' be k'P' yector spaces. Let
f € Mor(W,W’) and g € Mor(W',W"). Then go f € Mor(W,W") and

[g o F1+ < [9]- [f]-

Proof. For every w = (ex)aer, € W and every A € I; [15, theorem
MA.6],

((go f)(w))x
Al
:Z Z Z gA(fl,l(eV%,...,eufl),...,fyj(ey;,...,eygj)).
J=1AeP;(\) ulGP(Al) J

vj €P(AY)
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By definition of k*Ple seminorms, and the previous equality,

lg o f]«

k ¢ A
<> Y (II(X X ol X ul-15,1)
=1 AePy({1,...k}) =1 Ji=1X;€P;j, (A?) 1116'?.()\11)
v, €P(N)T)
k J
gz (Z > \gA« rg»)(z > Ul lfxl)
J=LAEP;({1,....k}) =1 XePy( i=1 X\eP;(A)
k J
gz Z [g]. (Z > 1l 1fal) = [g [£]-
J=1AeP;({1,....k}) =1 AePi(A)

6.3.2. Multiple norms for multiple vector bundles

For every k > 3, we assume that M and N are differentiable manifolds
of class C* of respective dimensions m and n. As usually, the manifolds
M and N satisfy the Hausdorff separation property and have a countable
basis |42}, §0.5; (70, §1.5].

The k' order tangent bundle T*M has k natural vector bundle
structures over TF~1 M [15, §15.1] and so it is a k™P! vector bundle [57,
definition 4.1, theorem 5.1; 114, §6.2 definition 3] (see also section
above).

In particular, as for the second-order tangent bundle, for every x € M,
there exists a local trivialization (V) such that = € V, the set V.C M
is open and

vV x [[ R™ = (nh) "' (V) € T"M,
Ay
where 7r§4: TFM — M is the canonical submersion, is a diffeomor-
phism [15, §15.3; |57, theorems 4.1 and 5.1]; and for local trivializations
(Vi,20i) and (Vj,1);), the transition diffeomorphism is given by

(z, (ex)rer,) € (ViNVj) x H R™
NEl,

= (2, 9i5(2)[(ex)rer,)) € (Vin Vi) x [ R™,

AET}

where for every z € V; NV}, ¥;;(z) is a k™! vector map and the map
xz € ViNVj — 1;;(z) is continuous.
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The notion of kP norm on k™ order tangent bundles is defined in
section (definition 4.4.3]). As for the second-order tangent bundle,
there exists a nontrivial k"' norm on T*M.

Proposition 6.3.6. There exists a kP norm on T*M.

Sketch of the proof. For every local trivialization (V,1), we define [-]v
for every v € (7k,)~1(V) such that ¥~ (v) = (z, (ex)rer,) by

k
lv=>2 > lenl-lexl:

=1 XePy({1,....k})

If (Vi)ier is an open cover of M and if (7;);cs is a partition of unity
subordinate to (V;)ies, then we define a k*™P'¢ seminorm [-] on T*M for
every v € T*M by

V1 = > m(rh () [V]v;.
el

To prove that [-] is a EfPle norm on TFM, since we have an upper
bound property (corollary , we can proceed as in the proof of
proposition [£.4.1] O

Finally, as for the double norms, we remark how k"¢ norms behave
under composition of k™' vector bundle morphisms.

Proposition 6.3.7. Let K be a manifold of class C*. For all compact
subsets Qp € M, Qn € N and Qg C K, there exists a constant
C > 0 such that for every v € (7, ) HQm X Qn) and every £ €
(ko 1) "H QN X Q) such that iy omhy yov=mnomk, ok,

[¢ov] < C[e] [v].

The structure of the proof is similar to the one of proposition [6.2.6

Sketch of the proof of proposition[6.3.7. Let Qp € M, Qn € N and
Qkx C K be compact subsets. Let v € (%, ) H(Qum x Qn) and
¢ € (ko) 1 (@Qn x Qk) such that v € Mor(T*M,T*N),, and
¢ € Mor(T*N, T*K), .

We first consider &' norms [-]’ on kP! vector bundle morphisms
similar to the one of proposition|6.3.6, but with canonical k"Pl® seminorms
for k*Ple vector maps (definition [6.3.4). For instance, if (V; x U; x Wj)icr
is an open cover of M x N x K and if (v;);er is a partition of unity
subordinate to (V; x W;);er, then

[€ o] =D vilw, 2)€ o vlvw, = D i@, 2)lgi o fill,

i€l iel
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where for every i € I, the maps g; and f; are k"P'® vector maps as in
definition and are such that cpi_l ofovothy: Vi x [l R —
Wi x Il e, R™ is defined for every w = (ex)aer, by

(901'_1 ofow Owi)(‘%w) = (Soi_l Ogoﬁji) © (1;]_11 ov Owi)(‘rﬂw)
= (i 0 €09y, fiw))
= (z,(gi o fi)(w)).

By the composition property of canonical k**P' seminorms (proposi-
tion , and since the subsets Qy;, Qn and Qg are compact, we
can prove that there exists a constant C' > 0 such that (see proof of
proposition

[0l < C[E] [o]"

By the maximality property of k'""P® norms, and since the subsets
Qum, Qn and Qg are compact, there exists constants Cq, Co, C3 > 0 such
that

[€ov] <Ci[€ov] < Col€] [v] < Cs €] [v]. O
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