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Introduction

Sobolev spaces between manifolds appear naturally in various con-
texts. They are natural tools to study variational problems for maps
between manifolds arising in nonlinear physical models [11, 27, 65, 110] or
in geometry while studying geometrical objects as harmonic maps [43,83,
111], biharmonic maps [30,56,88,109,112] and polyharmonic maps [7,50,
55,78].

Given two Riemannian manifolds (M, gM ) and (N, gN ), we could be
interested for example in minimizing the energy functional

E(u) =
∫
M
|∇u|2gN dµgM (1)

among all maps u : M → N in a suitable class which satisfy some fixed
boundary conditions.

When M is an open set of Rm and N = R, the functional could be
defined on the space C1(M,N) but this space lacks of a weak compactness
property such that every bounded sequence has a convergent subsequence
in some sense. As a consequence, the functional E is defined on a larger
space which is the so-called Sobolev space W 1,2(M) that involves a notion
of weak derivative and which is a reflexive Banach space. With this idea
in mind, in the first part of the present work, we suggest a robust
intrinsic definition of Sobolev maps between manifolds in which the weak
derivative plays a central role, and we endow with well-behaved intrinsic
metrics the space of Sobolev maps.

Similar minimizing problems arise with higher-order derivatives, that
is, for instance while minimizing the energy functional

Ek(u) =
∫
M
|∇ku|2gN dµgM , (2)

where k ≥ 2 and ∇ku denotes the kth order covariant derivative of u
with respect to both M and N , among all maps u : M → N in another
suitable class, with some prescribed boundary conditions.

Once again, whenM is an open set of Rm and N = R, the appropriate
space for the functional Ek is the kth order Sobolev space W k,2(M).
Higher-order Sobolev spaces between Euclidean spaces can be defined by
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induction. In the second step, we therefore propose and study intrinsic
higher-order derivatives and Sobolev spaces by iteration, in the same
spirit of the first order.

1. Classical Sobolev spaces
When M is an open set of Rm and N = R, classical Sobolev spaces

appear in many variational problems [24,44] and the notion of Sobolev
maps between M and N is well-known.

Originally, if Ω is a smooth bounded open set of Rm and if f ∈
C∞(Ω,R), Sobolev spaces appear to be a natural setting to minimize the
energy functional Ef : C∞0 (Ω,R) → R defined for every u ∈ C∞0 (Ω,R)
by

Ef (u) = 1
2

∫
Ω
|∇u|2 −

∫
Ω
fu. (3)

P.G. L.Dirichlet and his contemporaries took for granted the existence
of a minimizer of Ef until K.Weierstrass and his students pointed out
that a rigorous proof was lacking [98, 115]. As a consequence, many
mathematicians became interested in this issue and in some related
questions [23,25].

In particular, the idea due to D.Hilbert [69] to find a minimizer con-
sists in considering a minimizing sequence, that is, a sequence (un)n∈N in
C∞0 (Ω,R) such that the sequence (Ef (un))n∈N converges to the infimum
of Ef , which exists since the functional Ef is bounded from below. Since
a minimizing sequence is a Cauchy sequence in the Dirichlet norm [81],
that is,

lim
n,m→∞

∫
Ω
|∇un −∇um|2 = 0,

if the minimizing sequence belongs to an appropriate complete space,
it converges to a minimizer. In this context, the Sobolev space W 1,2

0 (Ω)
appears to be the natural setting where the energy is minimized.

More generally, the previous space belongs to the larger family of
spaces which are nowadays called Sobolev spaces [81, 94,108].

For every p ∈ [1,+∞), a map u : M → R belongs to the Sobolev space
W 1,p(M) [24, §9.1; 44, §5.2.2; 120, definition 6.1.8] if u belongs to the
Lebesgue space Lp(M) and if there exists a measurable map Du : M →
L(Rm,R) such that |Du| ∈ Lp(M) and for every ϕ ∈ C∞c (M,Rm),∫

M
u divϕ = −

∫
M
〈Du,ϕ〉,

where for almost every x ∈M , 〈Du(x), ϕ(x)〉 = Du(x)[ϕ(x)].
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If u belongs to W 1,p(M), the measurable map Du : M → L(Rm,R)
is the weak derivative of u.

For every k ∈ N so that k ≥ 2 and every p ∈ [1,+∞), the kth order
Sobolev space W k,p(M) is defined by iteration as the set of all maps
u ∈W k−1,p(M) such that Du ∈W k−1,p(M,Rm).

If the map u : M → R belongs to W k,p(M), by induction, for every
j ∈ {1, . . . , k}, there exists a measurable map Dju : M → Lj(Rm,R)
from M to the space of j-linear maps between Rm and R and it is the
jth order weak derivative of u.

A natural norm ‖·‖k,p on the Sobolev space W k,p(M) is defined for
every u ∈W k,p(M) by

‖u‖k,p =
(∫

M
|u|p +

k∑
j=1

∫
M
|Dju|p

) 1
p
,

and this space is complete with respect to this norm [24, proposition 9.1;
44, 5.2.3; 120, theorem 6.1.9].

Going back to our minimization problem, if the space W 1,2
0 (Ω) is the

closure of C∞c (Ω) in W 1,2(Ω), since the functional Ef : W 1,2
0 (Ω) → R

is bounded from below, the infimum exists. Any minimizing sequence
(un)n∈N in W 1,2

0 (Ω) is then a Cauchy sequence in the Dirichlet norm,
and by the Poincaré inequality [24, corollary 9.19; 120, theorem 6.4.7],
the sequence (un)n∈N is also a Cauchy sequence in L2(Ω). Hence, the
sequence (un)n∈N is a Cauchy sequence in W 1,2

0 (Ω) which is complete,
and there thus exists u ∈W 1,2

0 (Ω) such that

Ef (u) = inf{Ef (v) : v ∈W 1,2
0 (Ω)}.

By regularity theory [44, §6.3.1 theorem 6], there exists a function
ũ ∈ C∞(Ω,R) such that u = ũ almost everywhere in Ω and so the
original minimization problem (3) is solved.

It is finally also worth noting that classical Sobolev spaces can be
characterized in a different way. If M is an open bounded set of Rm and
if we denote by Hk,p(M) the completion of the set

{u ∈ C∞(M,R) : ‖u‖k,p <∞}

with respect to the norm ‖·‖k,p, then W k,p(M) = Hk,p(M) [39,85] (see
also [44, §5.3.2]). In particular, the space W k,p(M) is the smallest space
that contains C∞(M,R) and that is complete under the Sobolev norm
‖·‖k,p.
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2. Sobolev spaces between manifolds

2.1. State of the art

When (M, gM ) is a smooth Riemannian manifold and N = R, the
definition of classical Sobolev spaces can be easily extended to Sobolev
maps from M to R [9, 67].

For every p ∈ [1,+∞), a map u : M → R belongs to the Sobolev
space W 1,p(M) if u belongs to the Lebesgue space Lp(M) and if there
exists a measurable map Du : M → L(TM,R) such that |Du| ∈ Lp(M)
and for every local chart ψ : V ⊆ M → Rm and every test function
ϕ ∈ C∞c (ψ(V ),Rm),∫

ψ(V )
(u ◦ ψ−1) divϕ = −

∫
ψ(V )
〈Du ◦D(ψ−1), ϕ〉,

where for almost every x ∈ V ,

〈(Du ◦D(ψ−1))(ψ(x)), ϕ(ψ(x))〉 = Du(x)[D(ψ−1)(ψ(x))[ϕ(ψ(x))]].

By induction, for every k ∈ N so that k ≥ 2 and every p ∈ [1,+∞),
a map u : M → R belongs to the kth order Sobolev space W k,p(M) if
u ∈W k−1,p(M) and Du ∈W k−1,p(M).

However, if the target set is any Riemannian manifold, it is not
possible to use local charts directly and there are several definitions of
Sobolev maps into manifolds.

When (N, gN ) is a smooth Riemannian manifold, for every k ∈ N∗
and every p ∈ [1,+∞), one way to define Sobolev maps between the
manifolds M and N is to first embed the target manifold N in the
Euclidean space Rν through an isometric embedding ι ∈ Ck(N,Rν) and
then to consider the set [7, 56,88]

Ẇ k,p
ι (M,N) =

{
u : M → N : ι ◦ u ∈W k,1

loc (M,Rν)
and |Dk(ι ◦ u)| ∈ Lp(M)

}
. (4)

Since every Riemannian manifold can be smoothly isometrically embed-
ded in a Euclidean space [93, theorem 3], this definition (4) always makes
sense. In contrast with k = 1 [34, proposition 2.7], in the higher-order
case k ≥ 2, this definition depends on the choice of the embedding ι and
thus it is not intrinsic (see proposition 4.5.3 below). In addition, for any
k ≥ 1, the completeness of Ẇ k,p

ι (M,N) depends on the completeness
of ι(N). When N is complete but not compact, the space Ẇ k,p

ι (M,N)
might be not complete; however it is always possible to find an embedding
ι such that Ẇ k,p

ι (M,N) is complete [90].
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In the first-order case k = 1, another possibility to define Sobolev
maps between the manifolds M and N is to use only the metric structure
of N . There are various definitions of Sobolev spaces into metric spaces
but they are all equivalent to each other [32,73] and also equivalent to
the definition by isometric embedding (4) [62, theorem 3.2; 63, theorem
2.17]. For example, Sobolev spaces into metric spaces can be defined for
every p ∈ [1,+∞) as [3, 63,99]

Ẇ 1,p
m (M,N) = {u : M → N : there exists w ∈ Lp(M) such that

∀f ∈ Lip(M,R), f ◦ u ∈ Ẇ 1,p(M)
and |D(f ◦ u)| ≤ |f |Lipw a.e in M}.

(5)

The notions of Sobolev spaces into metric spaces are all intrinsic but do
not provide any notion of weak derivative; they only provide a notion
of Dirichlet integrand which might be different from the one given by
embedding [32]. So these definitions do not seem suitable to a further
definition of higher-order Sobolev spaces by iteration. Furthermore, in
one of his article, D.Chiron suggests some distances on Ẇ 1,p

m (M,N), but
the spaces are not complete for any of these distances [32, lemma 2].

2.2. Intrinsic definitions

In the present work, we propose intrinsic definitions of Sobolev maps
between the manifolds M and N in the same spirit of classical Sobolev
spaces. Furthermore, we endow these spaces with well-behaved metrics;
since they do not form a vector space, we only equip these spaces with
distances.

For first-order Sobolev maps between manifolds, we propose in chap-
ter I an intrinsic definition in which weak differentiability plays a central
role. For this purpose, we define colocally weakly differentiable maps as
measurable maps u : M → N for which f ◦u is weakly differentiable when
f ∈ C1

c (N,R) (definition 1.2.1). The colocal weak derivative is defined as
the unique measurable morphism of bundles Du such that the chain rule
D(f ◦ u) = Df ◦Du holds (definition 1.2.2). In other words, if the map
u : M → N is colocally weakly differentiable, then for every local chart
ψ : V ⊆ M → Rm, every test function ϕ ∈ C∞c (ψ(V ),Rm) and every
f ∈ C1

c (N,R),∫
ψ(V )

(f ◦ u ◦ ψ−1) divϕ = −
∫
ψ(V )
〈Df ◦Du ◦D(ψ−1), ϕ〉,

where for almost every x ∈ V ,

(Df ◦Du ◦D(ψ−1))(ψ(x)) = Df(u(x))[Du(x)[D(ψ−1)(ψ(x))]].
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For every p ∈ [1,+∞), the homogeneous Sobolev space is then defined
as the set (definition 1.3.1)

Ẇ 1,p(M,N) = {u : M → N : u is colocally weakly differentiable
and |Du|g∗M⊗gN ∈ L

p(M)},

where the Euclidean norm |·|g∗M⊗gN is induced by the Riemannian metrics
on M and N .

For the completion of smooth maps in Sobolev spaces between man-
ifolds, it is essential to have a metric for which the space Ẇ 1,p(M,N)
is complete. A natural candidate for an intrinsic distance is defined for
every u, v ∈ Ẇ 1,p(M,N) by (section 1.5.3)

δ1,p(u, v) =
(∫

M
dS(Du,Dv)p

) 1
p

,

where dS is the geodesic distance on T ∗M ⊗TN associated to the Sasaki
metric (section 1.5.1). Actually, the distance dS belongs to the class
of concordant distances (definition 2.2.1) which gives rise to a class of
metrics on Ẇ 1,p(M,N) of the form δ1,p. These intrinsic distances charac-
terize Sobolev maps (propositions 1.5.9 and 2.3.1) and also simultaneous
convergence in Sobolev spaces (propositions 1.5.10 and 2.3.2). Moreover,
Sobolev spaces are complete under all these distances (propositions 1.5.11
and 2.3.3).

For higher-order Sobolev spaces, the reader can refer to chapters IV
and V. Although definitions, results and methods of chapter IV apply
to arbitrary order Sobolev spaces, the details are in general made for
the second-order case; and so chapter V is devoted to higher-order
technicalities. In order to highlight the essential ideas and issues, the
present introduction is focused on the second-order case.

For second-order Sobolev maps, we define by induction twice colo-
cally weakly differentiable maps as colocally weakly differentiable maps
u : M → N for which the colocal weak derivative Du : M → T ∗M ⊗ TN
is also colocally weakly differentiable (definition 4.2.1). The colocal
weak derivative of Du is a double vector bundle morphism almost ev-
erywhere in M (proposition 4.2.1), that is, for almost every x ∈ M ,
T 2u(x) : T 2

xM → T 2
u(x)N is a bundle morphism over Du(x) with respect

to both natural vector bundle structures over TM and TN .
Whereas the second-order derivative T 2u is natural from the point of

view of differential geometry, it is not a vector bundle morphism that
covers u and this object does not seem to appear directly in geometri-
cal analysis or in physical models; for example, while minimizing the



2. SOBOLEV SPACES BETWEEN MANIFOLDS 15

functional (2) with k = 2. In order to overcome this issue, we study the
second-order derivative T 2u to understand how it is related to objects of
affine and Riemannian geometry.

When M and N are Riemannian manifolds endowed with their Levi-
Civita connections, the double colocal differentiability is equivalent to a
colocal weak covariant differentiability (proposition 4.3.1). The notion of
colocal weak covariant derivative consists of looking only at the vertical
component associated to the connection in the chain rule (definition 4.3.1)
and relying on the formula

(Df)(Du)[Vert ◦D2
Ku] = D(f ◦Du)− (Df)(Du)[HorK ◦Du],

where Vert is the vertical lifting from T ∗M⊗TN (see page 87) and HorK
is the horizontal lifting associated to the connection K on T ∗M ⊗ TN ,
induced by the connections on TM and TN (section 4.3.1). In particular,
if the map u : M → N is twice colocally weakly differentiable, its second-
order weak covariant derivative D2

Ku and its second-order weak derivative
T 2u are related by the formulas

T 2u = Vert ◦D2
Ku+ HorK ◦Du and D2

Ku = K ◦ T 2u.

As a consequence, for every p ∈ [1,+∞), we define the intrinsic
second-order Sobolev space (definition 4.3.2)

Ẇ 2,p(M,N)
= {u : M → N : u is twice colocally weakly differentiable

and |D2
Ku|g∗M⊗g∗M⊗gN ∈ L

p(M)},

where the norm |·|g∗M⊗g∗M⊗gN is induced by the Riemannian metrics on
M and N .

2.3. Comparison with other definitions

It is normal to compare the notions defined in the previous part
with the other two definitions (4) and (5). For first-order Sobolev spaces,
all definitions are equivalent. However, for higher-order case k ≥ 2, the
definition of higher-order Sobolev spaces by embedding (4) might be non
equivalent to the intrinsic one (definitions 4.3.2 and 4.3.3).

In the first-order case k = 1, when N is isometrically embedded
in Rν , the definition by embedding is equivalent to the intrinsic one
(proposition 1.3.6) — the definition (4) is thus a posteriori intrinsic —
and the intrinsic definition is also equivalent to the one into metric spaces
(proposition 1.3.1).
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For spaces Ẇ 1,p(M,N), we define a notion of strong convergence in
section 1.5.1. If N is isometrically embedded in Rν , this notion of con-
vergence coincides with the classical convergence defined by embedding
in Euclidean spaces (proposition 1.5.3). Moreover, the notion of conver-
gence in Ẇ 1,p

m (M,N) introduced by D.Chiron [32] is also equivalent to
convergence in Ẇ 1,p(M,N) (proposition 1.5.5). So all the notions of con-
vergence are equivalent but as mentioned before, the spaces Ẇ 1,p

ι (M,N)
are not always complete and the spaces Ẇ 1,p

m (M,N) are never complete
(proposition 1.5.8), whereas the strong notion is induced by a distance
δ̇1,p that makes the spaces Ẇ 1,p(M,N) complete when N is complete
(proposition 1.5.1).

The intrinsic second-order Sobolev spaces might be different from the
one by embedding (proposition 4.5.4). The latter definition is not intrinsic
and so we characterize it in terms of intrinsic spaces in various particular
cases (propositions 4.5.1, 4.5.3 and 4.5.4): for every p ∈ [1,+∞),

(i) if there exists C > 0 such that for every v ∈ Ẇ 2,p(M,R) ∩
L∞(M,R),∫

M
|Dv|2pg∗M⊗g1

≤ C
(
ess sup{|v(x)− v(y)| : x, y ∈M}

)p ∫
M
|D2

Kv|
p
g∗M⊗g

∗
M⊗g1

and if N is compact, then for any isometric embedding ι ∈ C2(N,
Rν), we have

Ẇ 2,p
ι (M,N) = Ẇ 1,2p(M,N) ∩ Ẇ 2,p(M,N);

(ii) for every isometric embedding ι ∈ C2(N,Rν),

Ẇ 2,p
ι (M,N) ⊆ Ẇ 2,p(M,N);

(iii) there exists an isometric embedding ι ∈ C2(N,Rν) such that

Ẇ 2,p
ι (M,N) ⊆ Ẇ 1,2p(M,N) ∩ Ẇ 2,p(M,N).

In other words, if the manifold N is compact, we characterize higher-
order Sobolev spaces by embedding. Without this assumption, asser-
tion (i) is not valid. Indeed, classical Sobolev spaces between Euclidean
spaces already do not satisfy this property. However, assertion (iii) im-
plies that one inclusion always occurs for some isometric embedding and
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so in the higher-order case k ≥ 2, Sobolev spaces by isometric embedding
depends on the choice of the embedding.

Furthermore, thanks to property (i), for any isometric embedding
ι ∈ C2(N,Rν), if 1 ≤ 2p < m and if the manifold N is compact, we prove
that

Ẇ 2,p
ι (Bm, N) ( Ẇ 2,p(Bm, N)

by exhibiting a map u ∈ Ẇ 2,p(Bm, N) such that∫
Bm
|D2

Ku|
p
g∗m⊗g∗m⊗gN < +∞ but

∫
Bm
|Du|2pg∗m⊗gN = +∞,

that is, u /∈ Ẇ 2,p
ι (Bm, N) (proposition 4.5.6). From this example, we can

point out the failure of Gagliardo–Nirenberg interpolation inequalities [49,
95] for those spaces. More generally, if the target manifold N is not
compact, this leads to an open question 4.5.1: does it exist a constant
C > 0 such that for every u ∈ Ẇ 2,p(M,N) ∩ L∞(M,N),∫

M
|Du|2pg∗M⊗gN

≤ C
(
ess sup{dN (u(x), u(y)) : x, y ∈M}

)p ∫
M
|D2

Ku|
p
g∗M⊗g

∗
M⊗gN

?

The answer should involve in particular the geometry of M and N .

When studying a variational problem for maps between manifolds,
R.Moser mentions that if the functional E2 (definition (2) with k = 2)
is defined on Ẇ 2,2

ι (M,N), where M is a smooth open bounded set of
Rm and N is a smooth compact Riemannian manifold without boundary
embedded in Rν with an isometric embedding ι ∈ C2(N,Rν), then
the existence of minimizers, with some boundary conditions, is not
obvious [88].

In order to obtain a more suitable space, for p ∈ (1, 2), P.Hornung
and R.Moser define a notion of weak covariant derivative [72, definition
2.5], which is essentially equivalent to our notion of second-order weak
covariant derivative (proposition 4.3.2), and a notion of second-order
Sobolev spaces [72, definition 3.1]. In this context, they prove the existence
of a minimizer of the functional E2 [72, theorem 3.3].

More generally, but without studying the theory of traces in Sobolev
spaces between manifolds, it follows from propositions 4.3.3 and 4.3.4
that for every p ∈ (1,+∞) and every v ∈ Ẇ 1,p(M,N),

(i) if (N, dN ) is complete,



18 INTRODUCTION

(ii) if (u`)`∈N is a sequence of twice colocally weakly differentiable maps
from M to N such that

lim sup
`→∞

∫
M

(
dN (u`, v)p + |Du`|pg∗M⊗gN + |D2

Ku`|
p
g∗M⊗g

∗
M⊗gN

)
< +∞,

then there exists u ∈ Ẇ 2,p(M,N) such that up to a subsequence,∫
M
|D2

Ku|
p
g∗M⊗g

∗
M⊗gN

≤ lim inf
`→∞

∫
M
|D2

Ku`|
p
g∗M⊗g

∗
M⊗gN

.

3. Chain rule for Sobolev maps
Composition is an essential tool in the theory of Sobolev maps. For

instance, studying chain rule for intrinsic higher-order Sobolev maps
between manifolds allows us to compare this notion with the one by em-
bedding (4), which is defined by composition with a map ι ∈ Ck(N,Rν).
Furthermore, the chain rule is central in the definition of first-order
weak differentiability. We could have defined naturally higher-order weak
differentiability with some higher-order chain-rule condition; however
such definition turns out to be stronger.

For first-order Sobolev maps, it is not surprising that the composition
of a Lipschitz map from a manifold into another with a Sobolev map is
also a Sobolev map (proposition 1.3.5).

In addition, for every u ∈W 1,1
loc (M,N) and every f ∈ Lip(N,Rk), the

composition map f ◦u satisfies some intrinsic chain-rule property. Indeed,
for almost every x ∈M , the map f : N → Rk has a tangential derivative
at u(x) with respect to Du(x)[TxM ] ⊆ Tu(x)N (proposition 3.5.2).

In fact, if M is an open set of Rm and N = Rn, L.Ambrosio
and G.DalMaso prove that for almost every x ∈ M , the function f
has a directional derivative at u(x) with respect to the vector space
Du(x)[Rm] [4, corollary 3.2]. But the notion of directional derivative
does not make sense for maps on a differentiable manifold.

In order to obtain a similar property for Sobolev maps between
manifolds, we define in chapter III a notion of tangential derivative
(definition 3.2). This notion is invariant under diffeomorphisms (corol-
lary 3.3.3) and thus it behaves well for maps on a differentiable manifold
(definition 3.3.1). In the particular case of Lipschitz-continuous func-
tions, the notions of directional and tangential derivatives are equivalent
(proposition 3.2.2) and so we restate the Ambrosio–DalMaso property for
Sobolev maps between manifolds with the tangential derivative instead
of the directional derivative.
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For second-order Sobolev maps, given a twice colocally weakly differ-
entiable map u : M → N , we investigate whether for every f ∈ C2

c (N,R),
the map f ◦u belongs toW 2,1

loc (M) and whether the chain rule T 2(f ◦u) =
T 2f ◦T 2u holds. The chain rule does not hold in general (example 4.4.1);
however, it holds under an additional integrability condition on double
vector bundle morphisms in terms of double norms (proposition 4.4.3).

For every twice colocally weakly differentiable map u : M → N , the
following statements are equivalent.

(i) For every f ∈ C2
c (N,R), the map f ◦u is twice weakly differentiable

and almost everywhere in M

T 2(f ◦ u) = T 2f ◦ T 2u,

(ii) for every compact sets K ⊆M and L ⊆ N ,∫
u−1(L)∩K

JT 2uK < +∞,

(iii) for every h ∈ C1(T ∗M ⊗ TN,R) that is linear with respect to Du
and has compact support with respect to u, the map h ◦ Du is
weakly differentiable.

In assertion (ii), the condition involves a double norm J·K of the double
vector bundle morphism T 2u (definition 4.4.2). Such a double norm is
a seminorm on fibers over both vector bundle structures of the double
vector bundle.

In fact, the notion of double norm is defined on second-order tangent
bundles in chapter IV. However, we only sketch the proofs related to
this notion. In order to be more precise, we define in chapter VI a
notion of double seminorm on double vector spaces, which are likely
the local representation of a second-order tangent bundle at a point
(section 6.2.1). The relevant properties of this seminorm are then useful
to prove rigorously the propositions of section 4.4.2.

4. Problem of density of smooth maps

In contrast with classical Sobolev spaces [39, 85], the problem of
density of smooth maps in Sobolev spaces between manifolds is more
delicate [43,104].

When M and N are two smooth compact Riemannian manifolds
with N embedded in Rν through an isometric embedding ι ∈ Ck(N,Rν),
and kp ≥ dim(M), R. Schoen and K.Ulhenbeck prove that every map of
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Sobolev spaces W k,p
ι (M,N) can be approximated by smooth maps [105].

But if 1 ≤ kp < dim(M), the density of smooth maps in W k,p
ι (M,N)

is equivalent to some homotopy invariant of the pair (M,N) (for the
case k = 1, see [17; 19; 64, theorem 1.3] and for higher-order case,
see [22, theorem 1, §10.1]).

In particular, the set of smooth maps C2(Bm, N) is dense in the space
Ẇ 2,p
ι (Bm, N) if and only if the b2pcth homotopy group πb2pc(N) of N is

trivial [22, theorem 1]. Since the intrinsic Sobolev space Ẇ 2,p(Bm, N) is
larger than Ẇ 2,p

ι (Bm, N) (proposition 4.5.1), but has a weaker notion
of convergence, the question of density is also relevant. Even if this
question is still open, the necessary and sufficient condition that appears
with the definition by embedding is also necessary for the intrinsic one
(proposition 4.5.7).

The results of density of smooth maps in Sobolev spaces between
manifolds may be useful for example in the study of harmonic maps,
that is, smooth maps that are critical points of the energy functional E
(definition (1)) [17,18,23,51,68].

One possibility to provide harmonic maps with prescribed boundary
conditions is to use the classical variational method [43, §1.5]. If Ω is
a smooth bounded open set of Rm and if f ∈ C∞(Ω,R), as for the
minimization problem (3), there exists u ∈W 1,2(Ω) such that

E(u) = inf
{∫

Ω
|∇v|2 : v ∈W 1,2(Ω) and v = f on ∂Ω

}
.

Moreover, the function u coincides with a harmonic function almost
everywhere in Ω [44]. But for maps between manifolds, this method
seems sometimes to be inappropriate to prove the existence of harmonic
maps [18,26].

For instance, in the theory of liquid crystals, the functional E appears
as a simplified model with M = B3 the unit ball in R3 and N = S2 the
2-dimensional sphere. For every smooth map f : ∂M = S2 → S2, if u
is a minimizer of E in W 1,2

ι (M,N) ∩ {u = f on S2}, then u is smooth
except at a finite number of points in M [27, 65,104,105]. In fact, some
topological condition on f forces the creation of singularities [23,51], but
singularities also allow to reduce the energy [66].

Indeed, in the mid 1980’s, R.Hardt and F.-H. Lin established a Lavren-
tiev phenomenon [66]: there exists a map f ∈ C∞(S2, S2) with zero degree
such that

inf{E(u) : u ∈W 1,2
ι (B3, S2) and u = f on S2}

< inf{E(u) : u ∈ C∞(B3
, S2) and u = f on S2}.
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Because of this gap phenomenon, and since smooth maps are dense in
W 1,2
ι (B3, S2) for the weak topology [16, 17], F. Bethuel, H.Brezis and

J.-M.Coron introduced then a notion of relaxed energy Erel defined for
every u ∈W 1,2

ι (B3, S2) by [18]

Erel(u) = inf
{
lim inf
`→∞

∫
B3
|Du`|2g∗3⊗g3 : u` ∈ C∞(B3

, S2)

and (u`)`∈N ⇀ u in W 1,2(B3,R3)
}
.

It is obvious that for every u ∈W 1,2
ι (B3, S2),

Erel(u) ≥ E(u),

and the equality holds if and only if u can be approximated by smooth
maps in W 1,2

ι (B3, S2). Since smooth maps are not dense in the space
W 1,2
ι (B3, S2) [17, 19, 64], the equality does not hold in general. In partic-

ular, the absence of gap phenomenon is equivalent to density of the set
C1(B3

,S2) ∩ {u = f on S2} in W 1,2
ι (B3, S2) ∩ {u = f on S2}.

Finally, thanks to the relaxed energy [18], the authors prove that
there exists u ∈W 1,2

ι (B3, S2) such that

Erel(u) = inf{Erel(v) : v ∈W 1,2
ι (B3,S2) and v = f on S2}

= inf{E(w) : w ∈ C∞(B3
,S2) and w = f on S2};

but the problem of providing smooth harmonic maps is not solved since
the minimizer need not be continuous. However, the map u satisfy the
weak Euler–Lagrange equation associated to E [18].

Going back to the problem of density, for the first-order case k = 1,
since the notion of intrinsic Sobolev maps is equivalent to the one by
embedding, and since the notions of convergence are also equivalent, the
density of smooth maps is equivalent to some topological invariant of the
pair (M,N) [17,19,64].

For intrinsic second-order Sobolev spaces between manifolds, for the
strong and weak-bounded approximation by smooth maps, we prove that
the topological condition is still necessary (proposition 4.5.7), that is, for
every p ∈ [1,+∞) such that 1 ≤ 2p < m,

(i) if for every u ∈ Ẇ 2,p(Bm, N), there exists a sequence (u`)`∈N in
C∞(Bm, N) that is bounded in Ẇ 2,p(Bm, N) and that converges
almost everywhere to u, and if 2p /∈ N, then πb2pc(N) ' {0};

(ii) if for every u ∈ Ẇ 2,p(Bm, N), there exists a sequence (u`)`∈N in
C∞(Bm, N) that converges strongly to u in Ẇ 2,p(Bm, N), and if
2p ∈ N, then π2p(N) ' {0}.
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In order to have some sufficient condition for the density problem,
new intrinsic approximation methods seem to be needed; for instance,
a notion of intrinsic convolution could be interesting [22]. This new
perspective suggests further directions of study in the topic of intrinsic
Sobolev spaces between manifolds.



Chapter I

Intrinsic colocal weak derivatives and

Sobolev spaces between manifolds

1.1. Introduction
Sobolev spaces between manifolds are a natural tool to study varia-

tional problems for maps between manifolds, arising in geometry [43, 83,
111] or in nonlinear physical models [11,27,65]. A Sobolev space of maps
between the manifolds M and N can be defined for every p ∈ [1,∞)
by [11,17,27,35,43,51–54,62,64,65,89]

Ẇ 1,p(M,N) = {u : M → N : ι ◦ u ∈W 1,1
loc (M,Rν)

and |D(ι ◦ u)| ∈ Lp(M)}. (1.1)

where ι : N → Rν is an isometric embedding of the target manifold
N in the Euclidean space Rν . This definition is always possible, since
every Riemannian manifold is isometrically embedded in a Euclidean
space [92, theorem 2; 93, theorem 3]. Since the embedding ι : N → Rν is
not unique, this definition could in principle depend on the choice of the
embedding ι.

This difficulty can be avoided by defining Sobolev spaces into N by
using only the metric structure of N , either by composition with Lipschitz
maps [3, 62,99] or by oscillations on balls [73,77]. These definitions are
equivalent to each other [32, 73] and equivalent with the definition by
isometric embedding (1.1) [62, theorem 3.2; 63, theorem 2.17]. They are
all intrinsic but they do not have any notion of weak derivative; they only
provide a notion of Dirichlet integrand |Du| which might differ from the
one given by isometric embedding and might depend on the integrability
exponent p [32]. If the manifold N has a Riemannian structure, then
an approximate derivative has been constructed a posteriori almost
everywhere on M [48]; in contrast with the classical theory of Sobolev
spaces between Euclidean spaces the derivative is a fine property of a

This chapter was originally published in the Annali della Scuola Normale Superiore
di Pisa Classe di Scienze (5) 16 (2016), no. 1, 97–128.
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function that plays no role in the definition of the Sobolev maps. Several
distances have been proposed for spaces of Sobolev maps between metric
spaces, but the spaces are not complete for any of these distances [32].

The goal of this work is to propose a robust intrinsic definition of
Sobolev maps between manifolds in which the weak derivative plays a
central role and to endow with well-behaved intrinsic metrics the space
of Sobolev maps. We shall proceed in three steps: first we shall define a
notion of differentiability and derivative, then we shall study the inte-
grability of the derivative and finally we shall endow these spaces with
convergence and metrics. Each of these steps will require additional
structure on the manifolds: at the beginning we shall simply use the
differentiable structure of the manifolds, then a Riemannian metric on
the manifolds and finally a Riemannian metric on their tangent bundles.
Defining the derivative before the space gives immediately the indepen-
dence of the derivative from the Riemannian metric or the integrability
exponent p. The primary role of the derivative in our approach will be
quite handy to define complete intrinsic metrics.

In the first step we define colocally weakly differentiable maps as maps
u : M → N for which f ◦ u is weakly differentiable when f ∈ C1

c (N,R)
(definition 1.2.1). The colocal weak derivative is defined as the unique
morphism of bundles Du such that the chain rule D(f ◦ u) = Df ◦Du
holds (definition 1.2.2):

TM
Du //

D(f◦u) ##

TN

Df
��
R.

The colocal weak derivative has the usual nonlinear properties of a weak
derivative; the definition extends previous definitions of the derivatives by
truncation [5, 13]. The colocal weak derivative is an approximate deriva-
tive (proposition 1.2.9). This follows from the Euclidean counterpart. We
recover thus without any Riemannian structure the derivative of Focardi
and Spadaro [48].

In the second step, we define when M and N are Riemannian man-
ifolds, for every p ∈ [1,∞), the homogeneous Sobolev space (defini-
tion 1.3.1)

Ẇ 1,p(M,N) = {u : M → N : u is colocally weakly differentiable
and |Du|g∗M⊗gN ∈ L

p(M)},

where the Euclidean norm |·|g∗M⊗gN is induced by the Riemannian met-
rics on M and N . This definition is equivalent with (1.1) when N is
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isometrically embedded in Rν (proposition 1.3.6) — (1.1) is thus a
posteriori an intrinsic definition — and with the definition of Sobolev
spaces into metric spaces (proposition 1.3.1). Given a colocally weakly
differentiable map u : M → N , we characterize the quantity |Du|g∗M⊗gN
as the smallest measurable function w : M → R such that for every
f ∈ C1

c (N,Rmin(dim(M),dim(N))),

|D(f ◦ u)| ≤ |f |Lipw almost everywhere in M. (1.2)

This allows to define a robust Dirichlet integrand; previous definitions
with scalar test function f ∈ C1

c (N,R) were quite unstable [3, 99]. Fur-
thermore the inequality (1.2) might provide a robust definition of the
Dirichlet integrand for Sobolev maps into metric spaces.

We study weakly convergent sequences in section 1.4. This part should
be useful to obtain compactness and lower semi-continuity results in the
calculus of variations for maps between manifolds.

We conclude our work by giving a natural notion of strong conver-
gence and associated intrinsic distances δ̇1,p and δ1,p. If the Riemannian
manifold N is complete, Sobolev spaces are complete under such dis-
tances (propositions 1.5.1 – 1.5.11). This was not the case for distances
proposed by Chiron [32] (proposition 1.5.8) and this opens the study of
the completion of smooth maps in Sobolev spaces. Our notion of strong
convergence is equivalent with existing ones for embedded manifolds and
metric spaces (subsection 1.5.2).

1.2. Colocally weakly differentiable maps and
colocal weak derivative

1.2.1. Weak differentiability on a differentiable manifold

We assume that M and N are differentiable manifolds of dimensions
m and n which are Hausdorff and have a countable basis [42, §0.5;
70, §1.5].

We recall various definitions of local measure-theoretical notions on
a manifold. A set E ⊂ M is negligible if for every x ∈ M there exists
a local chart ψ : V ⊆ M → Rm – that is ψ : V ⊆ M → ψ(V ) ⊆ Rm
is a diffeomorphism – such that x ∈ V and the set ψ(E ∩ V ) ⊂ Rm is
negligible. A map u : M → N is measurable if for every x ∈ M there
exists a local chart ψ : V ⊆ M → Rm such that x ∈ V and the map
u ◦ ψ−1 is measurable [40, §3; 70, §3.1]. A function u : M → R is locally
integrable if for every x ∈M there exists a local chart ψ : V ⊆M → Rm
such that x ∈ V and u ◦ ψ−1 is integrable on ψ(V ) [71, §6.3]. Similarly,
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a locally integrable map u : M → R is weakly differentiable if for every
x ∈M there exists a local chart ψ : V ⊆M → Rm such that x ∈ V and
the map u◦ψ−1 is weakly differentiable. All these notions are independent
on any particular metric or measure on the manifold M .

A Radon measure µ on M is absolutely continuous if for every x ∈M
there exists a local chart ψ : V ⊆ M → Rm such that x ∈ V and the
image measure ψ∗(µ) defined by ψ∗(µ)(A) = µ(ψ−1(A)) is absolutely
continuous with respect to the Lebesgue measure. The measure µ is
positive if for every x ∈M there exists a local chart ψ : V ⊆M → Rm
such that x ∈ V and the Lebesgue measure on ψ(V ) is absolutely
continuous with respect to ψ∗(µ)(A) = µ(ψ−1(A)) [75, definition 5.1.1].
Every absolutely continuous measure on M is absolutely continuous with
respect to every positive measure. A set E ⊂M is negligible if and only
if µ(E) = 0 for every positive absolutely continuous Radon measure µ.
A measurable function u : M → R is locally integrable if and only if
there exists a positive absolutely continuous Radon measure µ such that∫
M |u| dµ <∞.

We first define the notion of colocally weakly differentiable map.

Definition 1.2.1. A map u : M → N is colocally weakly differentiable if
u is measurable and for every f ∈ C1

c (N,R), f ◦u is weakly differentiable.

When N = R, definition 1.2.1 is related to the space GBV (M,R) of
functions of generalized bounded variation introduced by L.Ambrosio and
E.DeGiorgi [5; 6, definition 4.26] and to the space T 1,1

loc (M) of Sobolev
functions by truncations from M to R [13]. Any function in T 1,1

loc (M) is
colocally weakly differentiable. The converse is false as it can be observed
by taking a function u ∈ C1(R \ {0},R) such that lim

t
<
→ 0

u(t) = −∞
and lim

t
>
→ 0

u(t) = +∞.
When N = Rn and n ≥ 2, colocally weakly differentiable functions are

closely related to functions of generalized bounded variation [6, definition
4.26]. Indeed, if f ∈ C1(Rn,R), then supp(Df) is compact if and only if
f is constant outside a compact set.

Finally, if u : Rm → Rn is weakly differentiable, then u is colocally
weakly differentiable. The converse is false: for example, the function
u : Rm → R defined for every x ∈ Rm \{0} by u(x) = |x|−α is not weakly
differentiable for any α > m− 1, but is colocally weakly differentiable
for every α ∈ R.

In order to define the colocal weak derivative, we denote by (TM, πM ,
M) the tangent bundle over M , that is,

TM =
⋃
x∈M
{x} × TxM,
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πM : TM → M is the natural projection and for every x ∈ M , the
fiber π−1

M ({x}) is isomorphic to Rm; a map υ : TM → TN is a bundle
morphism that covers u : M → N if

TM
υ //

πM
��

TN

πN
��

M u
// N

commutes, that is, πN ◦ υ = u ◦ πM , and for every x ∈ M , the map
υ(x) : π−1

M ({x}) → π−1
N ({u(x)}) is linear. The space of all bundle mor-

phisms is denoted by Hom(TM, TN). In particular, if u : M → N is a
differentiable map, then Du : TM → TN is a bundle morphism that
covers u. By a direct covering argument, if u : M → R is weakly differen-
tiable, then there exists a bundle morphism Du : TM → R such that for
every local chart ψ : V ⊆M → Rm,

D(u ◦ ψ−1) = Du ◦Dψ−1

almost everywhere on ψ(V ). We have now all the ingredients to define
the colocal weak derivative.

Definition 1.2.2. Let u : M → N be a colocally weakly differentiable
map. A map Du : TM → TN is a colocal weak derivative of u if Du is a
measurable bundle morphism that covers u and for every f ∈ C1

c (N,R),

D(f ◦ u) = Df ◦Du

almost everywhere in M .

Consequently, if Du is a colocal weak derivative of u, for almost every
x ∈M , Du(x) ∈ L(TxM,Tu(x)N) and for each e ∈ TxM , D(f ◦u)(x)[e] =
Df(u(x))[Du(x)[e]].

We first observe that this notion extends the notion of classical
differentiability:

Proposition 1.2.1 (Equivalence of classical and colocal weak deriva-
tives). Let u ∈ C(M,N). Then u has a continuous colocal weak derivative
if and only if u ∈ C1(M,N). Moreover, the colocal weak derivative and
the classical derivative coincide almost everywhere.

Proof. Since for every f ∈ C1
c (N,R), f ◦ u is weakly differentiable, we

can apply the equivalence of classical and weak derivatives (DuBois-
Reymond lemma) [82, theorem 6.10; 120, theorem 6.1.4] and local charts
on M to obtain that f ◦ u ∈ C1(M,R). Since f is arbitrary, the map u
is continuously differentiable.



28 SOBOLEV SPACES BETWEEN MANIFOLDS

Definition 1.2.3. A bundle morphism υ : TM → TN that covers
u : M → N is bilocally integrable on A ⊆M if for every x ∈ A and every
y ∈ N , there exist local charts ψ : V ⊆ M → Rm, ϕ : U ⊆ N → Rn
such that x ∈ U , y ∈ V and if L ⊂ V and K ⊂ U are compact, then the
function Dϕ ◦ υ|V ◦D(ψ−1) is integrable on ψ(A ∩ L ∩ u−1(K)).

If µ is a positive absolutely continuous measure on M , the morphism
υ is bilocally integrable if and only if there exists a continuous norm |·|
on T ∗M ⊗ TN such that

∫
M |υ| dµ <∞.

The main result of the current section is that colocally weakly differ-
entiable maps have a colocal weak derivative.

Proposition 1.2.2 (Existence and uniqueness of the colocal weak
derivative). If the map u : M → N is colocally weakly differentiable, then
u has a unique colocal weak derivative Du : TM → TN . Moreover, the
bundle morphism Du is bilocally integrable and for every f ∈ C1(N,R)
for which f ◦ u : M → R is weakly differentiable,

D(f ◦ u) = Df ◦Du

almost everywhere in M .

This result was already known when N = R for functions of gen-
eralized bounded variation [6, theorem 4.34] and for Sobolev functions
by truncations [13, lemma 2.1]; as remarked there, the colocal weak
derivative need not be locally integrable. The important geometric tool
for proving proposition 1.2.2 is the existence of extended local charts.
This construction is reminiscent of the patch mappings to the sphere
ϕ ∈ C1(N, Sn) [93, p. 60].

Lemma 1.2.3 (Extended local charts). For every y ∈ N , there exist
an open subset U ⊆ N such that y ∈ U , and maps ϕ ∈ C1(N,Rn) and
ϕ∗ ∈ C1(Rn, N) such that

(i) the set suppϕ is compact,

(ii) the set {x ∈ Rn : ϕ∗(x) 6= ϕ∗(ϕ(y))} is compact,

(iii) the map ϕ|U is a diffeomorphism onto its image ϕ(U),

(iv) ϕ∗ ◦ ϕ = id in U .

Proof. By definition of differentiable manifold, there exists a local chart
ψ : V ⊆ N → ψ(V ) ⊆ Rn around y ∈ N . Without loss of generality, we
assume that ψ(y) = 0. Since the set ψ(V ) ⊆ Rn is open, there exists
r > 0 such that B2r ⊆ ψ(V ). We choose a map θ ∈ C1

c (Rn,R) such that
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0 ≤ θ ≤ 1 on Rn, θ = 1 on Br and supp(θ) ⊂ B2r. We take the set
U = (ψ|V )−1(Br) and the maps ϕ : N → Rn defined for every z ∈ N by

ϕ(z) =
{
θ(ψ(z))ψ(z) if z ∈ (ψ|V )−1(B2r),
0 otherwise

and ϕ∗ : Rn → N defined for every x ∈ Rn by ϕ∗(x) = (ψ|V )−1(θ(x)x).

We begin by proving a local counterpart of proposition 1.2.2.

Lemma 1.2.4. If u : M → N is a colocally weakly differentiable map
and y ∈ N , then there exist an open subset U ⊆ N such that y ∈ U
and a unique measurable bundle morphism DUu : π−1

M (u−1(U)) → TN
such that for every f ∈ C1(N,R) for which f ◦ u : M → R is weakly
differentiable,

D(f ◦ u) = Df ◦DUu almost everywhere on u−1(U).

Moreover, DUu is bilocally integrable on u−1(U).

Proof. Let U ⊆ N , ϕ ∈ C1(N,Rn) and ϕ∗ ∈ C1(Rn, N) be the extended
local charts given by lemma 1.2.3. Since u is colocally weakly differentiable,
the map ϕ ◦ u : M → Rn is weakly differentiable. Since for every x ∈
u−1(U), the linear map between tangent spaces Dϕ(u(x)) : Tu(x)N → Rn
is invertible, the mapDUu is uniquely defined for almost every x ∈ u−1(U)
by

DUu(x) = (Dϕ(u(x))−1 ◦ (D(ϕ ◦ u)(x)).

If f ∈ C1(N,R) and f ◦ u : M → R is weakly differentiable, since
ϕ∗(Rn) is compact and f ◦ ϕ∗ ∈ C1(Rn,R), the chain rule for weakly
differentiable functions implies (see for example [45, theorem 4.2.4 (ii);
120, theorem 6.1.13]) that f ◦ ϕ∗ ◦ ϕ ◦ u is weakly differentiable and

D(f ◦ ϕ∗ ◦ ϕ ◦ u) = D(f ◦ ϕ∗) ◦D(ϕ ◦ u) = D(f ◦ ϕ∗) ◦Dϕ ◦DUu.

Since f ◦ u = f ◦ ϕ∗ ◦ ϕ ◦ u on u−1(U) and D(f ◦ ϕ∗) ◦Dϕ = Df on U ,
we have [45, theorem 4.2.4 (iv); 82, theorem 6.19; 120, corollary 6.1.14]
almost everywhere on u−1(U)

D(f ◦ u) = D(f ◦ ϕ∗) ◦Dϕ ◦DUu = Df ◦DUu.

Proof of proposition 1.2.2. Let (Ui)i∈I be an open cover of N by sets
given by lemma 1.2.4. Since the manifold N has a countable basis, we
can assume that I is at most countable [91, theorem 3.30]. Let DUiu
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and DUi∩Uju be the derivatives given by lemma 1.2.4. By uniqueness,
DUi∩Uju = DUiu = DUju almost everywhere on u−1(Ui ∩ Uj). Since⋃
i∈I u

−1(Ui) = M and I is countable, the bundle morphism Du : TM →
TN can be defined uniquely almost everywhere by

Du = DUiu almost everywhere on u−1(Ui).

1.2.2. Properties of the colocal weak derivative

The colocal weak derivative retains some properties of weak deriva-
tives.

Proposition 1.2.5 (Chain rule). Let Ñ be a differentiable manifold. If
the maps u : M → N and f ∈ C1(N, Ñ) are such that u and f ◦ u are
colocally weakly differentiable, then

D(f ◦ u) = Df ◦Du almost everywhere in M.

Proof. For every ϕ ∈ C1
c (Ñ ,R), ϕ ◦ f ∈ C1(N,R) and ϕ ◦ f is weakly

differentiable. Therefore, by proposition 1.2.2 and the classical chain rule,

Dϕ ◦D(f ◦ u) = D(ϕ ◦ f ◦ u) = D
(
(ϕ ◦ f) ◦ u

)
= D(ϕ ◦ f) ◦Du = Dϕ ◦ (Df ◦Du).

Proposition 1.2.6. Let ι : N → Ñ be an embedding and let u : M → N
be a map. If ι ◦ u is colocally weakly differentiable, then u is colocally
weakly differentiable and Du is the unique bundle morphism such that

D(ι ◦ u) = Dι ◦Du

almost everywhere in M .
If moreover ι(N) is closed, then the converse holds.

Proof. Since ι is an embedding, ι(N) has a tubular neighborhood in N :
there exist a vector bundle (E, πN , N) and an embedding ι̃ : E → Ñ
such that ι̃|N = ι and ι̃(E) is open in Ñ [70, theorem 4.5.2]. In particular,
ι ◦ πN ◦ ι̃−1 is a retraction of the tubular neighborhood ι̃(E) on ι(N).
Let f ∈ C1

c (N,R). We choose η ∈ C1
c (Ñ ,R) such that η = 1 on ι(supp f)

and supp η ⊂ ι̃(E) and define f̃ = (f ◦ πN ◦ ι̃−1)η : Ñ → R. Since
supp η ⊂ ι̃(E), the function f̃ is well-defined, f̃ ∈ C1

c (Ñ ,R) and f̃ ◦ ι = f
on N . In particular, f ◦ u = f̃ ◦ ι ◦ u is weakly differentiable.

Conversely, if ι(N) is closed, then for every ϕ ∈ C1
c (Ñ ,R), ϕ ◦ ι ∈

C1
c (N,R) and ι ◦ u is thus colocally weakly differentiable.
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By the Whitney embedding theorem [119], there always exists an
embedding ι : N → Rν = R2n+1 such that ι(N) is closed [1, theorem 2.6;
40, theorem 5]. Proposition 1.2.6 gives thus an equivalent definition of
colocal weak differentiability; the drawback of this alternate approach to
colocal weak differentiability is its dependence on the Whitney embedding
theorem for differentiable manifolds.

Since differentiable manifolds do not have in general any algebraic
structure and since the colocally weakly differentiable functions between
Euclidean spaces do not form a vector space [6, 13], the colocal weak
derivative does not have any algebraic properties of sum or product.
There is however still a property of the Cartesian product of maps.

Proposition 1.2.7 (Product of manifolds). Let N1, N2 be two differen-
tiable manifolds. If u1 : M → N1 and u2 : M → N2 are colocally weakly
differentiable, then the map u = (u1, u2) : M → N1 × N2 is colocally
weakly differentiable and

Du = (Du1, Du2) almost everywhere in M.

The uniqueness property can be refined for maps that coincide on a
set of positive measure:

Proposition 1.2.8 (Locality of derivatives). If the maps u, v : M → N
are colocally weakly differentiable, then Du = Dv almost everywhere on
the set {x ∈M : u(x) = v(x)}.

Proof. Let A = {x ∈M : u(x) = v(x)}. Let U ⊆ N and ϕ ∈ C1(N,Rn)
be the extended local chart given by lemma 1.2.3 and let ψ : V ⊆
M → Rm be a local chart. Since ϕ ◦ u ◦ ψ−1 and ϕ ◦ v ◦ ψ−1 are weakly
differentiable and ϕ◦u◦ψ−1 = ϕ◦v ◦ψ−1 on ψ(A∩V ), D(ϕ◦u◦ψ−1) =
D(ϕ ◦ v ◦ ψ−1) almost everywhere on ψ(A ∩ V ). By definition of the
colocal weak derivative, Dϕ ◦ Du ◦ Dψ−1 = Dϕ ◦ Dv ◦ Dψ−1 almost
everywhere on ψ(A ∩ V ). Since Dϕ is invertible on u−1(U), Du = Dv
almost everywhere on A ∩ V ∩ u−1(U) ∩ v−1(U). Taking open countable
covers (Ui)i∈I of N and (Vj)j∈J of M , we conclude that Du = Dv almost
everywhere on A.

1.2.3. Approximate differentiability

We study the relationship between the colocal weak derivative and
the approximate derivative. For a map between differentiable manifolds,
we generalize the classical definition of approximate derivative of maps
between vector spaces [45, definition 6.1; 46, 3.1.2].
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Definition 1.2.4. Let u : M → N and x ∈ M . The linear map
ξ : TxM → Tu(x)N is an approximate derivative of u at x if there exist
local charts ψ : V → ψ(V ) ⊆ Rm with x ∈ V and V ⊆ M open, and
ϕ : U → ϕ(U) ⊆ Rn with u(x) ∈ U and U ⊆ N open such that for every
ε > 0,

lim
ρ→0

ρ−mLm
(
ψ({y ∈ V : u(y) ∈ U

|ϕ(u(y))− ϕ(u(x))− (Dϕ(u(x)) ◦ ξ ◦
(
Dψ(x)

)−1)[ψ(y)− ψ(x)]|
> ε|ψ(y)− ψ(x)|}) ∩Bρ(ψ(x))

)
= 0.

The approximate derivative is unique and it is sufficient to establish
its existence for one pair of diffeomorphisms.

If M and N are endowed with Riemannian metrics gM and gN
respectively, it is natural to take for ϕ and ψ the exponential coordinates
and to use the Riemannian distances dN and dM and measure µM ;
the approximate differentiability can be observed to be equivalent with
requiring for every ε > 0,

lim
ρ→0

ρ−mµM
(
{y ∈ BM

ρ (x) :

dN (u(x), expu(x)(ξ(exp−1
x (y))) > εdM (x, y)}

)
= 0;

we recover thus in this particular case the definition of Focardi and
Spadaro for maps from the Euclidean space to a Riemannian manifold [48,
definition 0.3].

Sobolev maps into Riemannian manifolds are known to have such an
approximate derivative [48, corollary 1.3]. This property is also satisfied
for Sobolev maps into other non-flat targets for which a notion of weak
derivative is not yet available [37, lemma 1.4; 47, proposition 2.2].

Proposition 1.2.9 (Approximate differentiability of colocally weakly
differentiable maps). If u : M → N is colocally weakly differentiable,
then for almost every x ∈ M , the colocal weak derivative Du(x) is the
approximate derivative of u at x.

Proof. Let ψ : V ⊆M → Rm be a local chart around x ∈M . Let U ⊆ N
and ϕ ∈ C1(N,Rn) be the extended local chart given by lemma 1.2.3.
Since u is colocally weakly differentiable, ϕ ◦ u ◦ ψ−1 : ψ(V ) → Rn is
weakly differentiable and D(ϕ ◦ u ◦ ψ−1) = Dϕ ◦Du ◦Dψ−1 on ψ(V ).
Since weakly differentiable maps between vector spaces are approximately
differentiable [45, theorem 6.1.4], the map ϕ ◦ u ◦ ψ−1 is approximately
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differentiable almost everywhere on ψ(V ), that is,

lim
ρ→0

ρ−mLm
(
ψ({y ∈ V :

|ϕ(u(y))− ϕ(u(x))− (Dϕ(u(x)) ◦Du(x) ◦
(
Dψ(x)

)−1)[ψ(y)− ψ(x)]|
> ε|ψ(y)− ψ(x)|}) ∩Bρ(ψ(x))

)
= 0.

Next, we note that since u is measurable, almost every x ∈ M is a
Lebesgue point of u. Since the set U is open, for almost every x ∈
u−1(U) ∩ V ,

lim
ρ→0

ρ−mLm
(
ψ({y ∈ V : u(y) 6∈ U}) ∩Bρ(ψ(x))

)
= 0.

Therefore we have for almost every x ∈ u−1(U) ∩ V ,

lim
ρ→0

ρ−mLm
(
ψ({y ∈ V : u(y) ∈ U

|ϕ|U (u(y))−ϕ|U (u(x))− (Dϕ(u(x)) ◦Du(x) ◦
(
Dψ(x)

)−1)[ψ(y)−ψ(x)]|
> ε|ψ(y)− ψ(x)|}) ∩Bρ(ψ(x))

)
= 0,

that is, Du(x) is the approximate derivative of u for almost every x ∈
u−1(U)∩V . The conclusion follows by a countable covering argument.

1.3. Sobolev maps between Riemannian
manifolds

Preliminaries. We assume now that (M, gM ) and (N, gN ) are Riemannian
manifolds. In particular the metrics on vectors of TM and TN induce a
metric g∗M ⊗ gN on T ∗M ⊗ TN . This metric can be computed for every
ξ ∈ T ∗xM ⊗ TyN = L(TxM,TyN) by

(g∗M ⊗ gN )(ξ, ξ) =
m∑
i=1

gN
(
ξ(ei), ξ(ei)

)
,

where (ei)1≤i≤m is an orthonormal basis in π−1
M ({x}) with respect to the

Riemannian metric gM .
We are now in position to define the Sobolev spaces.

Definition 1.3.1. Let p ∈ [1,∞). A map u : M → N belongs to the
Sobolev space Ẇ 1,p(M,N) if u is colocally weakly differentiable and
|Du|g∗M⊗gN ∈ L

p(M).



34 SOBOLEV SPACES BETWEEN MANIFOLDS

Characterization of the norm of the derivative. We characterize the
quantity |Du|g∗M⊗gN that appears in the definition of Sobolev spaces. We
recall that the operator norm is defined for every ξ ∈ T ∗xM ⊗ TyN =
L(TxM,TyN) = Hom(TM, TN)x,y by

|ξ|L = sup{|ξ(e)|gN : e ∈ TxM, |e|gM ≤ 1};

the Lipschitz semi-norm of f : N → Rk is defined by

|f |Lip = sup
{ |f(y)− f(z)|

dN (y, z) : y, z ∈ N and y 6= z

}
,

where dN is the distance on N induced by the Riemannian metric gN .
For every k ≥ 1, we denote by gk the standard Euclidean metric on Rk.

Proposition 1.3.1. Let k ≥ min(m,n). Let u : M → N , w : M → R be
measurable maps. The following statements are equivalent.

(i) u is colocally weakly differentiable and |Du|g∗M⊗gN ≤ w almost
everywhere in M ,

(ii) for every f ∈ C1
c (N,Rk), f ◦ u is weakly differentiable and almost

everywhere in M

|D(f ◦ u)|g∗M⊗gk ≤ |Df(u)|Lw,

(iii) for every f ∈ C1
c (N,Rk), f ◦ u is weakly differentiable and almost

everywhere in M

|D(f ◦ u)|g∗M⊗gk ≤ |f |Lipw.

If moreover w ∈ L1
loc(M), then for every f ∈ Lip(N,Rk), f ◦ u is weakly

differentiable and almost everywhere in M

|D(f ◦ u)|g∗M⊗gk ≤ |f |Lipw.

Since the first assertion is independent of k, there is also equivalence
between these statements for every k ≥ min(m,n).

Proposition 1.3.1 implies in particular that if p ∈ [1,∞) and M is
an open bounded subset of Rm, definition 1.3.1 is equivalent with the
notion of Sobolev spaces into metric spaces [99, theorem 5.1] and with the
classical homogeneous Sobolev space when N = Rn (see also [13, lemma
2.1]).

In order to prove proposition 1.3.1, we shall use an approximation
property of Lipschitz maps on manifolds.
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Lemma 1.3.2 (Approximation of Lipschitz maps). Let f ∈ Lip(N,Rk).
There exists a sequence (f`)`∈N of maps in C1

c (N,Rk) that converges
uniformly over compact subsets of N and such that

lim sup
`→∞

|f`|Lip ≤ |f |Lip.

Sketch of the proof. Given y ∈ N and θ ∈ C1
c ([0,∞),R) such that θ = 1

on [0, 1], we define for every ` ∈ N∗,

θ`(z) = θ
(
`2
√
dN (y, z)

)
,

and observe that θ` ∈ C1
c (N,R),

|Dθ`|L ≤
‖θ′‖L∞
`2

,

and (θ`)`∈N∗ converges to 1 uniformly over compact subsets of N . We
also define T` : Rk → Rk for ` ∈ N∗ and x ∈ Rk by

T`(x) =
{
x if |x| ≤ `,
`x/|x| if |x| > `.

For every ` ∈ N∗, T` is nonexpansive and bounded by ` and the sequence
(T`)`∈N∗ converges uniformly to the identity over compact subsets.

If we define f̃` = θ` · (T` ◦ f), we observe for every ` ∈ N∗ that
f̃` ∈ Lip(N,Rk), that

|f̃`|Lip ≤ |f |Lip + ‖θ
′‖L∞
`

,

and that the support of f̃` is compact; the sequence (f̃`)`∈N∗ converges
uniformly over compact subsets. Hence the conclusion follows by approx-
imating uniformly f̃` by differentiable functions with a control on the
Lipschitz norm [8; 59, lemma 8].

We shall also rely on a refined version of the extended local charts of
lemma 1.2.3.

Lemma 1.3.3 (Almost isometric extended local charts). For every
y ∈ N and every ε > 0, there exist an open subset U ⊆ N such that
y ∈ U , and maps ϕ ∈ C1(N,Rn) and ϕ∗ ∈ C1(Rn, N) such that

(i) the set suppϕ is compact,

(ii) the set {x ∈ Rn : ϕ∗(x) 6= ϕ∗(ϕ(y))} is compact,
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(iii) the map ϕ|U is a diffeomorphism onto its image ϕ(U),

(iv) ϕ∗ ◦ ϕ = id in U ,

(v) for every z ∈ N ,

|Dϕ(z)|L ≤ 1 + ε and |Dϕ∗(ϕ(z))|L ≤ 1 + ε.

The difference with lemma 1.2.3 lies in the control (v) on the operator
norms of Dϕ and Dϕ∗.

Proof of lemma 1.3.3. Since N is a differentiable manifold, there exists
a local chart ψ : V ⊆ N → Rn around y ∈ N . Up to an affine transfor-
mation on Rn, we can assume that ψ(y) = 0 and Dψ(y) ∈ L(TyN,Rn)
is an isometry.

By continuity of Dψ, there exists δ > 0 such that if z ∈ N and
dN (y, z) ≤ δ, then

|Dψ(z)|L ≤ 1 + ε and
∣∣D(ψ|V )−1(ψ(z))

∣∣
L ≤ 1 + ε.

We choose r > 0 such that B3r ⊆ ψ(Bδ(y)). We take a map θ ∈
C1
c (Rn,Rn) such that θ = id on Br, supp(θ) ⊂ B3r and supx∈Rn |Dθ(x)|L
≤ 1. We finally define ϕ = θ ◦ ψ, ϕ∗ = (ψ|V )−1 ◦ θ and U = (ψ|V )−1(Br)
and we conclude as in the proof of lemma 1.2.3.

We shall also use the following lemma to compute Euclidean norms
of maps.

Lemma 1.3.4 (Reduction of the Euclidean norm of operators). Let
x ∈M and let ξ ∈ L(TxM,Rn) be a linear map. If k ≥ min(m,n), then

|ξ|g∗M⊗gn = sup
{
|ρ ◦ ξ|g∗M⊗gk : ρ ∈ L(Rn,Rk) and |ρ|L ≤ 1

}
.

Proof. On the one hand, if ρ ∈ L(Rn,Rk) and |ρ|L ≤ 1, then

|ρ ◦ ξ|g∗M⊗gk ≤ |ρ|L |ξ|g∗M⊗gn ≤ |ξ|g∗M⊗gn .

On the other hand, since dim(Im(ξ)) ≤ min(m,n) ≤ k, one can choose
ρ ∈ L(Rn,Rk) such that ρ is an isometry on Im(ξ) and consequently
|ρ|L ≤ 1 and |ρ ◦ ξ|g∗M⊗gk = |ξ|g∗M⊗gn .

Proof of proposition 1.3.1. Let us prove that (i) implies (ii). For every
f ∈ C1

c (N,Rk), since u is colocally weakly differentiable, f ◦ u is weakly
differentiable. By proposition 1.2.2,D(f◦u) = Df◦Du almost everywhere
in M , and so

|D(f ◦ u)|g∗M⊗gk ≤ |Df(u)|L |Du|g∗M⊗gN ≤ |Df(u)|Lw.
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Since for every f ∈ C1
c (N,Rk) and for every y ∈ N , |Df(y)|L ≤ |f |Lip,

the assertion (ii) implies directly (iii).
In order to prove that (iii) implies (i) we first note that the map u is

colocally weakly differentiable, and, by proposition 1.2.2, has a unique
colocal weak derivative Du ∈ Hom(TM, TN). Secondly, let U ⊆ N ,
ϕ ∈ C1(N,Rn) and ϕ∗ ∈ C1(Rn, N) be given by lemma 1.3.3 for y ∈ N
and ε > 0. Since u = ϕ∗ ◦ ϕ ◦ u on u−1(U), by proposition 1.2.8, Du =
D(ϕ∗ ◦ ϕ ◦ u) almost everywhere on u−1(U). By lemma 1.3.3, almost
everywhere on u−1(U)

|Du|g∗M⊗gN ≤ |Dϕ
∗(ϕ(u))|L |D(ϕ ◦ u)|g∗M⊗gn

≤ (1 + ε) |D(ϕ ◦ u)|g∗M⊗gn .
(1.3.3)

If ρ ∈ L(Rn,Rk) and |ρ|L ≤ 1, by assumption, |D(ρ ◦ ϕ ◦ u)|g∗M⊗gk ≤
Lip(ρ ◦ϕ)w almost everywhere in M . Since dN is a geodesic distance, in
view of lemma 1.3.3, Lip(ϕ) = supz∈N |Dϕ(z)|L ≤ 1 + ε. Hence, we have
almost everywhere in M

|ρ ◦D(ϕ ◦ u)|g∗M⊗gk = |D(ρ ◦ ϕ ◦ u)|g∗M⊗gk ≤ (1 + ε)w.

Since the set of nonexpansive linear maps is separable, we deduce from
lemma 1.3.4 that

|D(ϕ ◦ u)|g∗M⊗gn ≤ (1 + ε)w

almost everywhere in M . By inequality (1.3.3), we conclude that

|Du|g∗M⊗gN ≤ (1 + ε)2w

almost everywhere on u−1(U). We conclude by countable covering of N .
We now prove the last assertion. Let f ∈ Lip(N,Rk). By the ap-

proximation lemma 1.3.2, there exists a sequence (f`)`∈N in C1
c (N,Rk)

such that (f`)`∈N converges uniformly to f over compact subsets and
lim supl→∞|f`|Lip ≤ |f |Lip. Since the sequence (D(f` ◦ u))`∈N is bounded
and uniformly integrable and since the sequence (f` ◦ u)`∈N converges
almost everywhere to f ◦ u, in view of the weak compactness criterion in
L1(M) [20, corollary 4.7.19; 24, theorem 4.30], the sequence (D(f`◦u))`∈N
converges weakly to D(f ◦u) in L1

loc(M) and f ◦u ∈W 1,1
loc (M,Rk). More-

over, for every v ∈ C1
c (M,TM ⊗ Rk),∣∣∣∫

M
〈D(f ◦ u), v〉

∣∣∣ = lim
`→∞

∣∣∣∫
M
〈D(f` ◦ u), v〉

∣∣∣
≤ lim inf

`→∞
|f`|Lip

∫
M
|v|g∗M⊗gkw ≤ |f |Lip

∫
M
|v|g∗M⊗gkw,

and therefore |D(f ◦ u)|g∗M⊗gk ≤ |f |Lipw almost everywhere in M .
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Thanks to proposition 1.3.1, we can consider the composition of a
Lipschitz map from a manifold into an other with a map of homogeneous
Sobolev space.

Proposition 1.3.5 (Chain rule in Sobolev spaces). Let (Ñ , gÑ ) be a
Riemannian manifold. Let u ∈ Ẇ 1,p(M,N) and let f ∈ Lip(M, Ñ). Then
f ◦ u ∈ Ẇ 1,p(M, Ñ) and

|D(f ◦ u)|g∗M⊗gÑ ≤ |f |Lip|Du|g∗M⊗gN almost everywhere in M.

This generalizes a well-known property ([24, proposition 9.5; 82,
theorem 6.16; 120, proposition 6.1.13]); the corresponding chain rule is
more delicate [4].

We also obtain a characterization of Sobolev spaces by embeddings.

Proposition 1.3.6. Let ι : N → Ñ be an isometric embedding. For
every u : M → N , u ∈ Ẇ 1,p(M,N) if and only if ι ◦ u ∈ Ẇ 1,p(M, Ñ).

In contrast with proposition 1.2.6, the equivalence does not require
ι(N) to be closed.

Proof of proposition 1.3.6. If u ∈ Ẇ 1,p(M,N), then by the chain rule
(proposition 1.3.5), ι◦u ∈ Ẇ 1,p(M, Ñ). Conversely, if ι◦ u ∈ Ẇ 1,p(M, Ñ),
then ι ◦ u is colocally weakly differentiable. By the weakly differentiable
embedding property (proposition 1.2.6), u is colocally weakly differen-
tiable. By the chain rule (proposition 1.2.5), D(ι ◦ u) = Dι ◦Du, and
since the embedding ι is isometric, |Du|g∗M⊗gN = |D(ι ◦ u)|g∗M⊗gÑ .

In particular our intrinsic definition is equivalent with the definition
given by any embedding of N in a Euclidean space; such an embedding
is always possible by the Nash embedding theorem [92,93].

1.4. Weak compactness and closure property

1.4.1. Weak compactness

A classical technique in the calculus of variations is to extract from a
minimizing sequence a subsequence that converges almost everywhere.

To cover a rich spectrum of functional settings, we first give a com-
pactness result independently of the Riemannian manifold or Sobolev
space setting. Such a result should rely on a boundedness assumption on
the derivatives and on the values of the mappings.

For the boundedness of the derivatives, we shall use the following
assumption.
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Definition 1.4.1. A sequence (υ`)`∈N of bundle morphisms from TM
to TN that covers a sequence (u`)`∈N of maps from M to N is bilocally
L1–bounded if for every x ∈M and every y ∈ N , there exist local charts
ψ : V ⊆M → Rm and ϕ : U ⊆ N → Rn such that x ∈ V , y ∈ U and

sup
`∈N

∫
ψ(V ∩u−1

`
(U))
|Dϕ ◦ υ` ◦D(ψ−1)|g∗m⊗gn <∞.

Equivalently, the sequence (υ`)`∈N is bilocally L1–bounded if there
exist a positive measure µ on M and a continuous norm |·| on the vector
bundle T ∗M ⊗ TN such that

sup
`∈N

∫
M
|υ`| dµ <∞.

The boundedness of the values is expressed in the next condition.

Definition 1.4.2. A sequence (u`)`∈N of maps from M to N is locally
compact in measure if for every x ∈M there exists a local chart ψ : V ⊆
M → Rm such that x ∈ V and for every ε > 0 there exists a compact
set K ⊆ N such that for every ` ∈ N,

Lm
(
ψ(u−1

` (N \K))
)
≤ ε.

If N is compact, then this condition is trivially satisfied. In general, a
sequence (u`)`∈N of maps from M to N is locally compact in measure if
and only if there exist a positive measure µ on N , y ∈ N and a continuous
distance d on N such that

lim
r→∞

sup
`∈N

µ
(
u−1
` (N \Bd

r (y))
)

= 0.

Proposition 1.4.1 (Compactness in measure). Let (u`)`∈N be a sequence
of colocally weakly differentiable maps from M to N . If the sequence
(Du`)`∈N is bilocally L1–bounded and the sequence (u`)`∈N is locally
compact in measure, then there exist a measurable map u : M → N and
a subsequence (u`k)k∈N that converges to u almost everywhere in M .

Proof. Let
(
(Ui, ϕi)

)
i∈I be a family of extended local charts satisfying

the conclusion of lemma 1.2.3 such that
⋃
i∈I Ui = N and I is countable.

Assume that
(
ηi
)
i∈I is a C1–partition of the unity subordinate to the

covering
(
Ui
)
i∈I . We observe that in view of lemma 1.2.3, the set Ūi is

compact and hence ηi ∈ C1
c (N,R).

By assumption and by definition of the colocally weakly differen-
tiability, for every i ∈ I, the sequence ((ϕi ◦ u`, ηi ◦ u`))`∈N is bounded
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in W 1,1
loc (M,Rn+1). By the classical Rellich–Kondrashov compactness

theorem [24, theorem 9.16; 82, theorem 8.9; 120, theorem 6.4.6] and a
diagonal argument, there exist a subsequence (u`k)k∈N and a negligible
set E ⊂M such that the sequence ((ϕi◦u`k(x), ηi◦u`k(x)))k∈N converges
in Rn+1 for every x ∈M \ E and every i ∈ I.

We define the set

F =
{
x ∈M \ E : for every i ∈ I, lim

k→∞
ηi(u`k(x)) = 0

}
.

For every compact set K ⊆ N , we observe that

F ⊆
⋃
j∈N

∞⋂
k=j

u−1
`k

(N \K).

Since the sequence (u`)`∈N is compact in measure, for every x ∈M , there
is a local chart ψ : V ⊆ M → Rm such that x ∈ V and for every ε > 0
there exists a compact set K ⊆ N such that for every k ∈ N,

Lm
(
ψ(u−1

`k
(N \K))

)
≤ ε.

Therefore,
Lm(ψ(F ∩ V )) ≤ ε.

Since ε > 0 is arbitrary and M can be covered by countably many such
charts, we conclude that the set F is negligible.

We conclude by showing that (u`k)k∈N converges everywhere in M \
(E ∪ F ). For every x ∈ M \ (E ∪ F ), by definition of the set F , there
exists i ∈ I such that limk→∞ ηi(u`k(x)) > 0. This implies that for
k ∈ N, large enough, u`k(x) ∈ Ui. Since ϕi is a diffeomorphism on Ui
and since the sequence (ϕi(u`k(x)))k∈N converges, we define u(x) =
ϕi
−1
|Ui
(
limk→∞ ϕi(u`k(x))

)
and we conclude that (u`k(x))k∈N converges to

u(x).

In particular, we have a Rellich–Kondrashov type compactness theo-
rem.

Proposition 1.4.2 (Rellich–Kondrashov for Sobolev maps). Let (u`)`∈N
be a sequence of colocally weakly differentiable maps from M to N ,
v : M → N be measurable. If (N, d) is complete, if there exist p ∈ [1,∞)
such that

sup
`∈N

∫
M
|Du`|pg∗M⊗gN <∞

and q ∈ [1,∞) such that

sup
`∈N

∫
M
d(u`, v)q <∞,
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then there is a subsequence (u`k)k∈N that converges to u : M → N almost
everywhere in M .

Proof. Since the metric space (N, d) is complete, for every y ∈ N and
r ∈ R, the closed ball B̄N

r (y) is compact. In particular the sequence
(u`)`∈N is locally compact in measure.

On the other hand, the sequence (Du`) is bilocally L1–bounded, and
therefore by proposition 1.4.1, there exist a measurable map u : M → N
and a subsequence (u`k)k∈N that converges to u almost everywhere in
M .

1.4.2. Closure property

In order to study the lower semi-continuity properties of functionals,
it is interesting to have some sufficient conditions for a limit of colocally
weakly differentiable maps to be also colocally weakly differentiable. Such
a condition will be useful in the study of stronger notion of convergence.

We shall consider sequences of maps converging in measure.

Definition 1.4.3. A sequence (u`)`∈N of maps from M to N converges
locally in measure to a map u : M → N if for every x ∈M there exists
a local chart ψ : V ⊆M → Rm such that x ∈ V and for every open set
U ⊆ N ,

lim
`→∞

Lm
(
ψ((u−1(U) ∩ V ) \ u−1

` (U))
)

= 0.

If d is a continuous distance on N and if µ is an absolutely continuous
positive finite measure on M , then the sequence (u`)`∈N converges to u
locally in measure if and only if for every ε > 0,

lim
`→∞

µ ({x ∈M : d(u`(x), u(x)) > ε}) = 0.

This definition is consistent with the definition of convergence in measure
of maps into a metric space [106, définition 5.6.17], which depends only
on the topology of the space [106, théorème 5.6.21]. Since the topologies
of M and of N have a countable basis, it suffices to check the condition
for a countable set of charts ψ : V ⊆M → Rm and a countable collection
of open sets U ⊆ N . Hence, the convergence in measure for maps between
manifolds induces a metrizable topology. Such a metric is given by

δ(u, v) =
∫
M

d(u, v)
1 + d(u, v) dµ. (1.4.4)

Any Cauchy sequence with respect to δ has a subsequence which is
Cauchy almost everywhere [20, exercise 4.7.60; 106, théorème 5.8.31].
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Thus the space of measurable maps from M to N endowed with δ is
complete if and only if the space (N, d) is complete.

The definition and the remarks apply directly to a sequence (υ`)`∈N
of bundle morphisms between TM and TN viewed as maps from M to
T ∗M ⊗ TN .

A sufficient condition for colocally weakly differentiability is a uniform
integrability assumption.

Definition 1.4.4. A sequence (υ`)`∈N of bundle morphisms from TM
to TN that covers a sequence (u`)`∈N of maps from M to N is bilocally
uniformly integrable if for every x ∈M and every y ∈ N , there exist local
charts ψ : V ⊆M → Rm and ϕ : U ⊆ N → Rn such that for every ε > 0
there exists δ > 0 such that if W ⊆ ψ(V ), Lm(W ) ≤ δ and ` ∈ N, then∫

W∩ψ(u−1
`

(U))
|Dϕ ◦ υ` ◦D(ψ−1)|g∗m⊗gn ≤ ε.

Equivalently, the sequence (υ`)`∈N is bilocally uniformly integrable
if there exist a positive absolutely continuous measure µ on M and a
continuous norm |·| on the vector bundle T ∗M ⊗ TN such that for every
ε > 0 there exists δ > 0 such that if V ⊆M , µ(V ) ≤ δ and ` ∈ N, then∫

V
|υ`| ≤ ε.

Proposition 1.4.3 (Closure property). Let (u`)`∈N be a sequence of
colocally weakly differentiable maps from M to N . If the sequence
(u`)`∈N converges to u : M → N locally in measure and if the sequence
(Du`)`∈N is bilocally uniformly integrable, then the map u is colocally
weakly differentiable, and for every map f ∈ C1

c (N,R), every local chart
ψ : V ⊆M → Rm and every test function w ∈ C1

c (ψ(V ),Rm),

lim
`→∞

∫
ψ(V )
〈D(f ◦ u` ◦ ψ−1), w〉 =

∫
ψ(V )
〈D(f ◦ u ◦ ψ−1), w〉.

If moreover the sequence (Du`)`∈N converges to a bundle morphism
υ : TM → TN locally in measure, then Du = υ.

In particular, under the additional condition of bilocally uniform
integrability of the sequence of colocal weak derivatives, the map given
by proposition 1.4.1 is colocally weakly differentiable.

Proof of proposition 1.4.3. Following classical argument [120, theorem
6.1.7], given a local chart ψ : V ⊆ M → Rm and f ∈ C1

c (N,R), we
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define the linear functional Ff,ψ on C1
c (ψ(V ),Rm) for every test function

w ∈ C1
c (ψ(V ),Rm) by

〈Ff,ψ, w〉 = −
∫
ψ(V )

(f ◦ u ◦ ψ−1) divw.

LetK ⊂ ψ(V ) be compact. Since the sequence (f◦ u` ◦ ψ−1)`∈N converges
to f ◦ u ◦ ψ−1 in L1(K), if suppw ⊂ K,

|〈Ff,ψ, w〉| =
∣∣∣∫
K

(f ◦ u ◦ ψ−1) divw
∣∣∣ = lim

`→∞

∣∣∣∫
K

(f ◦ u` ◦ ψ−1) divw
∣∣∣

= lim
`→∞

∣∣∣∫
K
〈D(f ◦ u` ◦ ψ−1), w〉

∣∣∣
≤ ‖w‖L∞ lim inf

`→∞

∫
K
|f |Lip|Du`|.

Therefore Ff,ψ is represented by a vector-valued Radon measure µf,ψ on
ψ(V ):

〈Ff,ψ, w〉 =
∫
ψ(V )

w dµf,ψ.

We observe that for every open set W ⊆ ψ(V ),

|µf,ψ|(W ) ≤ lim inf
`→∞

∫
W
|D(f ◦ u` ◦ ψ−1)|g∗m⊗g1 .

By the uniform integrability assumption, we conclude that the measure
|µf,ψ| is absolutely continuous with respect to the Lebesgue measure on
every compact set K ⊂ ψ(V ). The measure µf,ψ can thus be represented
by a vector-field in L1

loc(ψ(V )). In particular the map f ◦u◦ψ−1 is weakly
differentiable and

lim
`→∞

∫
ψ(V )
〈D(f ◦ u` ◦ ψ−1), w〉 =

∫
ψ(V )
〈D(f ◦ u ◦ ψ−1), w〉.

Finally, if (Du`)`∈N converges to a bundle morphism υ : TM → TN
locally in measure, then the sequence (Df ◦Du` ◦Dψ−1)`∈N converges
to Df ◦ υ ◦Dψ−1 in measure on ψ(V ). Since the sequence (Df ◦Du` ◦
Dψ−1)`∈N is uniformly integrable on every compact set K ⊂ ψ(V ), we
conclude that [20, theorem 4.5.4]

lim
`→∞

∫
ψ(V )
〈D(f ◦ u` ◦ ψ−1), w〉 =

∫
ψ(V )
〈Df ◦ υ ◦Dψ−1, w〉.

Since f ∈ C1
c (N,R), the chart ψ : V → Rm and w ∈ C1

c (ψ(V ),Rm) are
arbitrary, Du = υ.
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In the particular case of bounded sequences in Sobolev spaces, we
have the following closure property, which will play an important role in
the completeness of Sobolev spaces.

Proposition 1.4.4 (Weak closure property for Sobolev maps). Let p ≥ 1
and let (u`)`∈N be a sequence of colocally weakly differentiable maps from
M to N . Assume that the sequence (u`)`∈N converges to u : M → N
locally in measure, that

lim inf
`→∞

∫
M
|Du`|pg∗M⊗gN <∞,

and, if p = 1, that the sequence (Du`)`∈N is bilocally uniformly integrable.
Then u ∈ Ẇ 1,p(M,N),∫

M
|Du|pg∗M⊗gN ≤ lim inf

`→∞

∫
M
|Du`|pg∗M⊗gN ,

and for every f ∈ C1
c (N,R) and every section w : M → TM , such that

|w|gM ∈ Lp/(p−1)(M),

lim
`→∞

∫
M
〈D(f ◦ u`), w〉 =

∫
M
〈D(f ◦ u), w〉.

If moreover the sequence (Du`)`∈N converges to a bundle morphism
υ : TM → TN locally in measure, then Du = υ.

The Euclidean counterpart of this property is well-known [120, theo-
rem 6.1.7]. The uniform integrability assumption is essential for p = 1:
otherwise the closure property fails already for classical Sobolev maps
between Euclidean spaces.

Proof of proposition 1.4.4. By the boundedness and bilocally uniform
integrability assumptions, the sequence of bundle morphisms (Du`)`∈N
is bilocally uniformly integrable. Proposition 1.4.3 applies and it remains
to prove that |Du|g∗M⊗gN ∈ L

p(M). By the boundedness and bilocally
uniform integrability assumptions, up to a subsequence, the sequence of
functions (|Du`|g∗M⊗gN )`∈N converges weakly to some w ∈ Lp(M). For
every f ∈ C1

c (N,Rk) with k = min(m,n) and ` ∈ N, we have

|D(f ◦ u`)|g∗M⊗gk ≤ |f |Lip|Du`|g∗M⊗gN .

Hence, for every v ∈ C1
c (M,TM ⊗ Rk),

−
∫
M
〈f ◦ u`, div v〉 =

∫
M
〈D(f ◦ u`), v〉 ≤

∫
M
|D(f ◦ u`)|g∗M⊗gk |v|g∗M⊗gk

≤ |f |Lip

∫
M
|Du`|g∗M⊗gN |v|g∗M⊗gk
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and thus passing to the limit,

−
∫
M
〈f ◦ u,div v〉 ≤ |f |Lip

∫
M
|v|g∗M⊗gkw.

Since the map u is colocally weakly differentiable, we deduce that∫
M
〈D(f ◦ u), v〉 ≤ |f |Lip

∫
M
|v|g∗M⊗gkw.

Since v ∈ C1
c (M,TM ⊗ Rk) is arbitrary we conclude that

|D(f ◦ u)|g∗M⊗gk ≤ |f |Lipw

almost everywhere in M . By the characterization of the norm of the
derivative of proposition 1.3.1, |Du|g∗M⊗gN ≤ w almost everywhere in M
and thus by lower semicontinuity of the norm under weak convergence [24,
proposition 3.5; 82, theorem 2.11; 120, theorem 5.4.6]∫

M
|Du|pg∗M⊗gN ≤

∫
M
wp ≤ lim inf

`→∞

∫
M
|Du`|pg∗M⊗gN .

1.5. Strong convergence in Sobolev spaces

In order to characterize eventually Ẇ 1,p(M,N) as a completion of
smooth maps in some cases, as it has been done for Sobolev spaces
defined in embedded manifolds [17,61,64], it is essential to have a metric
for which this space is complete.

1.5.1. Definition and properties

We first define a natural notion of convergence in homogeneous
Sobolev spaces.

Definition 1.5.1. Let p ∈ [1,∞). The sequence (u`)`∈N in Ẇ 1,p(M,N)
converges strongly to u ∈ Ẇ 1,p(M,N) in Ẇ 1,p(M,N) if (Du`)`∈N con-
verges to Du locally in measure and (|Du`|g∗M⊗gN )`∈N converges to
|Du|g∗M⊗gN in Lp(M).

In order to define a distance that gives this convergence, we recall
the definition of the Sasaki metric GS on T ∗M ⊗ TN when M and
N are of class C2 [102] (see also [42, chapter 3, exercise 2]): for every
ν ∈ T (T ∗M ⊗ TN),

GS(ν) = (gM ⊗ gN )(DπM×N (ν)) + (g∗M ⊗ gN )(KT ∗M⊗TN (ν)),
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where πM×N : T ∗M ⊗ TN → M × N is the canonical bundle mor-
phism, and the connection KT ∗M⊗TN is defined for every v ∈ T (T ∗M)
and w ∈ T (TN) by KT ∗M⊗TN (v ⊗ w) = KT ∗M (v) ⊗ KTN (w), where
KT ∗M : T (T ∗M) → T ∗M and KTN : T (TN) → TN are the respective
Levi-Civita connection maps on T ∗M and TN [116, definition 3.9]. The
associated geodesic distance is denoted by dS . Given two colocally weakly
differentiable maps u, v : M → N , we note that for almost every x ∈M ,

d(u, v)(x) = dS((x, u(x)), (x, v(x))) ≤ dS(Du(x), Dv(x)), (1.5.5)

with the usual identification of M ×N with M ×N ×{0} ⊂ T ∗M ⊗TN .
As a consequence, the convergence of definition 1.5.1 is induced by

the distance

δ̇1,p(u, v) = δ(Du,Dv) + ‖ |Du|g∗M⊗gN − |Dv|g∗M⊗gN ‖Lp(M),

where δ is a distance of the form (1.4.4) taking the continuous distance
dS on T ∗M ⊗ TN . In fact, a sequence (u`)`∈N converges strongly to u in
Ẇ 1,p(M,N) if and only if (Du`)`∈N converges to Du locally in measure
and

lim
`→∞

∫
M
|Du`|pg∗M⊗gN =

∫
M
|Du|pg∗M⊗gN .

This follows from the Euclidean counterpart [20, proposition 4.7.30;
24, exercise 4.17.3; 120, theorem 4.2.6].

The Sobolev space with this distance is automatically complete.

Proposition 1.5.1. If N is complete, then the space (Ẇ 1,p(M,N), δ̇1,p)
is complete.

Proof. Let (u`)`∈N be a Cauchy sequence for the distance δ̇1,p. By the
completeness of Lp(M), there exists a map w ∈ Lp(M) such that
(|Du`|g∗M⊗gN )`∈N converges to w in Lp(M). By the properties of the
distance defined in (1.4.4), there is a subsequence (Du`k)k∈N which is
Cauchy almost everywhere with respect to the distance dS [20, exer-
cise 4.7.60; 106, théorème 5.8.31] and (|Du`k |g∗M⊗gN )k∈N converges to
w almost everywhere on M . By the nonexpansiveness property (1.5.5),
(u`k)k∈N is a Cauchy sequence with respect to the distance d. Since N
is complete, the sequence (u`k)k∈N converges almost everywhere to a
measurable map u : M → N . Since dS is continuous, it is complete
on every compact subset of T ∗M ⊗ TN [91, theorem 45.1]. Therefore
there exists a measurable bundle morphism υ : TM → TN such that
(Du`k)k∈N converges almost everywhere to υ and |υ|g∗M⊗gN = w. By the
weak closure property (proposition 1.4.4), υ = Du. Therefore, (Du`k)k∈N
converges almost everywhere to Du and thus with respect to δ. Since the
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sequence (Du`)`∈N is Cauchy with respect to the distance δ, the whole
sequence (Du`)`∈N converges to Du with respect to the distance δ.

This notion of convergence is strong enough to imply the continuity
of the pointwise distance in Sobolev spaces.
Proposition 1.5.2. Let p ∈ [1,∞). If the sequence (u`)`∈N in Ẇ 1,p(M,
N) converges strongly to u ∈ Ẇ 1,p(M,N) in Ẇ 1,p(M,N), then the
sequence (d(u`, u))`∈N converges strongly to 0 in Ẇ 1,p(M).

In practice, this proposition allows to deduce the continuity of non-
linear Sobolev embedding from their classical linear counterpart.

Proof of proposition 1.5.2. We first observe that for the geodesic distance
d, for every ξ ∈ TN ,

lim
ζ→ξ

πN (ζ)6=πN (ξ)

(Dd)(ξ, ζ) = 0,

and that Du` = Du almost everywhere on the set where u` = u (proposi-
tion 1.2.8). Therefore, since (Du`)`∈N converges to Du locally in measure,
(D(d(u`, u)))`∈N converges to 0 in measure. Since for every ` ∈ N, almost
everywhere in M

|D(d(ul, u))| ≤ |Du`|g∗M⊗gN + |Du|g∗M⊗gN ,

and the sequence (|Du`|g∗M⊗gN )`∈N converges to |Du|g∗M⊗gN in Lp(M), by
Lebesgue’s dominated convergence theorem, (D(d(ul, u)))`∈N converges
to 0 in Lp(M).

1.5.2. Comparison with other notions of convergence

We first remark that the notion of convergence is stable under isomet-
ric embedding. Therefore the convergence of definition 1.5.1 coincides
with the classical convergence defined by embedding into Euclidean
spaces.
Proposition 1.5.3. If ι : N → Ñ is an isometric embedding, then the
sequence (u`)`∈N converges strongly to u ∈ Ẇ 1,p(M,N) in Ẇ 1,p(M,N)
if and only if the sequence (ι ◦ u`)`∈N converges strongly to ι ◦ u ∈
Ẇ 1,p(M, Ñ) in Ẇ 1,p(M, Ñ).
Proof. Since ι is an embedding, (D(ι ◦ u`))`∈N converges to D(ι ◦ u) in
measure if and only if (Du`)`∈N converges to Du locally in measure. As
ι is isometric, for every ` ∈ N,

|D(ι ◦ u`)|g∗M⊗gÑ − |D(ι ◦ u)|g∗M⊗gÑ = |Du`|g∗M⊗gN − |Du|g∗M⊗gN ;

the conclusion follows from the definition of convergence.
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The distance δ̇ι1,p(u, v) = δ̇1,p(ι ◦u, ι ◦ v) gives thus the same topology
as δ̇1,p. However the completeness of Ẇ 1,p(M,N) will then depend on the
completeness of ι(N); a necessary condition is that ι(N) should be closed.
When N is complete but not compact, the original Nash embedding
theorem will give ι(N) which is not closed [92,93]; it is however always
possible when N is complete to have a Nash embedding theorem with
ι(N) closed [90].

We would also like to compare this notion with the metric of Chi-
ron [32, §1.6] 1 for u, v ∈ Ẇ 1,p(M,N):

δ̇C1,p(u, v) = δ(u, v) +
(∫

M

∣∣ |Du|g∗M⊗gN − |Dv|g∗M⊗gN ∣∣p) 1
p
,

where δ is a distance of the form (1.4.4). In order to study the topological
equivalence of these metrics, we give a criterion of convergence in measure
of the derivative.

Proposition 1.5.4 (Criterion for convergence in measure). Let (u`)`∈N
be a sequence of colocally weakly differentiable maps from M to N . If the
sequence (u`)`∈N converges locally in measure to a colocally weakly differ-
entiable map u : M → N and if the sequence (|Du`|g∗M⊗gN )`∈N converges
to |Du|g∗M⊗gN in L1

loc(M), then the sequence (Du`)`∈N converges to Du
locally in measure.

As an immediate consequence we have the topological equivalence
between δ̇1,p and δ̇C1,p.

Proposition 1.5.5. Let p ∈ [1,∞). Let (u`)`∈N be a sequence of maps
in Ẇ 1,p(M,N) and u ∈ Ẇ 1,p(M,N). The sequence (u`)`∈N converges
strongly to u in Ẇ 1,p(M,N) if and only if lim`→∞ δ̇

C
1,p(u`, u) = 0.

This proposition is due to Chiron when N = R and p > 1. The
proof of proposition 1.5.4 relies on the Balder-Visintin criterion of strong
convergence.

Proposition 1.5.6 (Balder–Visintin criterion of strong convergence [10,
theorem 1; 113, corollary 2]). Let (f`)`∈N be a sequence in L1(U,Rk). If
the sequence (f`)`∈N converges weakly to f ∈ L1(U,Rk) and for almost
every x ∈ U , the point f(x) is an extreme point of

⋂
j∈N co{fi(x) : i ≥ j},

then the sequence (f`)`∈N converges to f in L1(U,Rk).
1As the modulus of the derivative has several definitions, we have in fact a family

of distances out of which we take the one that uses our notion of modulus of the
derivative. Instead of introducing the notion of Lebesgue spaces into metric spaces,
we consider convergence in measure for maps from M to N .
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For a set A ⊆ Rk, the set coA denotes the convex hull of A, that is,
the set of convex combinations of elements of A. A point c is an extreme
point of a convex set C if C \ {c} is convex.

Proof of proposition 1.5.4. Let U ⊆ N and ϕ ∈ C1(N,Rn) be the ex-
tended local chart given by lemma 1.2.3 and let K ⊆M be compact. In
view of proposition 1.4.3, and the weak compactness criterion in L1

loc(M),
the sequence (D(ϕ ◦ u`))`∈N converges weakly to D(ϕ ◦ u) in L1(K).

By taking a subsequence, we can assume that the sequences (u`)`∈N
and (|Du`|)`∈N converge almost everywhere in M . In order to apply the
Balder–Visintin criterion of strong convergence, we note that for every
x ∈M ,

D(ϕ ◦ u`)(x) ∈ Dϕ(u`(x))(B̄|Du`(x)|g∗
M
⊗gN

)

and so

co{D(ϕ ◦ uk)(x) : k ≥ `} ⊆ co{Dϕ(uk(x))(B̄|Duk(x)|g∗
M
⊗gN

) : k ≥ `}.

Hence, since for almost every x ∈ K, (Dϕ(u`(x)))`∈N converges to
Dϕ(u(x)) and (|Du`(x)|g∗M⊗gN )`∈N converges to |Du(x)|g∗M⊗gN , we have⋂

`∈N
co{D(ϕ ◦ uk)(x) : k ≥ `} ⊆ Dϕ(u(x))(B̄|Du(x)|g∗

M
⊗gN

).

We finally observe that for every x ∈ u−1(U), |Du(x)|g∗M⊗gN is an
extremal point of B̄|Du(x)|g∗

M
⊗gN

and Dϕ(u(x)) is invertible, therefore
D(ϕ ◦ u)(x) is an extremal point of Dϕ(u(x))(B̄|Du(x)|g∗

M
⊗gN

) and hence

of
⋂
`∈N co{D(ϕ ◦ uk)(x) : k ≥ `}. Hence by the Balder–Visintin criterion

of strong convergence (proposition 1.5.6), the sequence (D(ϕ◦u`))`∈N con-
verges to D(ϕ◦u) in L1(K∩u−1(U)) and thus in measure on K∩u−1(U).
By covering M and N by countably many such compact sets K and
extended local charts (ϕ,U), we obtain the conclusion.

The reader will observe that our argument relies on the structure of
the norm that endows T ∗M ⊗ TN . More precisely our proof requires the
norm on T ∗M ⊗ TN to be uniformly convex; this is not the case when
min(dim(M),dim(N)) ≥ 2 for the operator norm.

Proposition 1.5.7. Let p ∈ (1,∞). Let (u`)`∈N be a sequence of maps
in Ẇ 1,p(M,N) and u ∈ Ẇ 1,p(M,N). If (u`)`∈N converges to u locally in
measure and

lim
`→∞

∫
M
|Du`|pg∗M⊗gN =

∫
M
|Du|pg∗M⊗gN ,

then (|Du`|g∗M⊗gN )`∈N converges to |Du|g∗M⊗gN in Lp(M).
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In particular the two metrics introduced by Chiron have the same
convergent sequences [32, lemma 2] for p > 1. By proposition 1.5.5, this
notion of convergence is also equivalent with convergence in Ẇ 1,p(M,N).
When p = 1, the equivalence does not hold already in the Euclidean
case [32, lemma 2]. The proof relies on the proposition 1.3.1.

Proof of proposition 1.5.7. Since (|Du`|g∗M⊗gN )`∈N is bounded in Lp(M)
and p ∈ (1,∞), by taking a subsequence, we can assume that the sequence
(|Du`|g∗M⊗gN )`∈N converges weakly to some w in Lp(M). Since (u`)`∈N
converges to u locally in measure, for every f ∈ C1

c (M,Rk),

|D(f ◦ u)|g∗M⊗gk ≤ |f |Lipw

almost everywhere in M . Hence, by proposition 1.3.1, |Du|g∗M⊗gN ≤ w
almost everywhere in M . On the other hand, by lower semicontinuity of
the norm under weak convergence [24, proposition 3.5; 82, theorem 2.11;
120, theorem 5.4.6] and by our assumption,∫

M
wp ≤ lim inf

`→∞

∫
M
|Du`|pg∗M⊗gN =

∫
M
|Du|pg∗M⊗gN

and so w = |Du|g∗M⊗gN almost everywhere in M . Thus the sequence
(|Du`|g∗M⊗gN )`∈N converges weakly to |Du|g∗M⊗gN in Lp(M). Since p ∈
(1,∞), we conclude that (|Du`|g∗M⊗gN )`∈N converges to |Du|g∗M⊗gN in
Lp(M) [20, corollary 4.7.16; 24, exercise 4.19; 120, exercise 5.3].

When N = R, we already known that the Sobolev space is not
complete under the Chiron distance [32, lemma 2]. We extend this result
to Sobolev spaces between Riemannian manifolds.
Proposition 1.5.8. If M and N are nonempty Riemannian manifolds
and p ∈ [1,∞), then (Ẇ 1,p(M,N), δ̇C1,p) is not complete.
Proof. We give the proof when M = (0, 1). The reader will adapt the
proof to the general case. Choose γ ∈ C1([0, L], N) such that for every
t ∈ [0, L], |γ′(t)|gN = 1 and define, following Chiron [32, lemma 2], for
every ` ∈ N, the function u` : (0, 1)→ N for each t ∈ (0, 1) by

u`(t) = γ(dist(t,Z/`)).

For every ` ∈ N, the function u` is Lipschitz and |u′`|gN = 1 almost
everywhere in (0, 1). Moreover, the sequence (u`)`∈N converges uniformly
to the constant map u = γ(0). Since

lim
`→∞

∫ 1

0
|u′`|pgN = 1 6= 0 =

∫ 1

0
|u′|p,

the sequence (u`)`∈N does not converge in Ẇ 1,p((0, 1), N). By proposi-
tion 1.5.5, the space (Ẇ 1,p(M,N), δ̇C1,p) is not complete.
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1.5.3. Intrinsic distance

A natural candidate for an intrinsic distance is for every u, v ∈
Ẇ 1,p(M,N):

δ1,p(u, v) =
(∫

M
dS(Du,Dv)p

) 1
p

∈ [0,∞].

This distance can be infinite. This will happen for instance if M has
infinite Riemannian volume and u, v are distinct constant maps.

We first note that this distance characterizes Sobolev maps.

Proposition 1.5.9. If v ∈ Ẇ 1,p(M,N) then u ∈ Ẇ 1,p(M,N) and
d(u, v) ∈ Lp(M) if and only if the map u is colocally weakly differentiable
and dS(Du,Dv) ∈ Lp(M).

This distance characterizes also the simultaneous convergence in
Ẇ 1,p(M,N). In the absence of a Poincaré inequality, the convergence
associated to δ1,p is stronger than the convergence of definition 1.5.1.

Proposition 1.5.10. If (u`)`∈N is a sequence in Ẇ 1,p(M,N) and u ∈
Ẇ 1,p(M,N) then the sequence (dS(Du`, Du))`∈N converges to 0 in
Lp(M) if and only if the sequence (u`)`∈N converges strongly to u in
Ẇ 1,p(M,N) and the sequence (d(u`, u))`∈N converges to 0 in Lp(M).

Proof. First assume that (u`)`∈N converges strongly to u in Ẇ 1,p(M,N)
and (d(u`, u))`∈N converges to 0 in Lp(M). By the definition of conver-
gence in Ẇ 1,p(M,N) (definition 1.5.1), (|Du`|g∗M⊗gN )`∈N converges to
|Du|g∗M⊗gN in Lp(M) and (Du`)`∈N converges to Du locally in measure.
The latter convergence implies that (dS(Du`, Du))`∈N converges to 0 in
measure. Since for every ` ∈ N,

dS(Du`, Du) ≤ d(u`, u) + |Du`|g∗M⊗gN + |Du|g∗M⊗gN
almost everywhere in M , the conclusion follows from Lebesgue’s domi-
nated convergence theorem [20, theorem 2.8.5].

Conversely, if (dS(Du`, Du))`∈N converges to 0 in Lp(M), then the
sequence (dS(Du`, Du))`∈N converges to 0 in measure and thus (Du`)`∈N
converges toDu locally in measure. Moreover, (|Du`|g∗M⊗gN )`∈N converges
to |Du|g∗M⊗gN in measure. Since for every ` ∈ N,

|Du`|g∗M⊗gN ≤ d
S(Du`, Du) + |Du|g∗M⊗gN

almost everywhere in M , by Lebesgue’s dominated convergence theorem,
the sequence (|Du`|g∗M⊗gN )`∈N converges to |Du|g∗M⊗gN in Lp(M). Finally,
by the nonexpansiveness property (1.5.5), it is clear that the sequence
(d(u`, u))`∈N converges to 0 in Lp(M).
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Finally, Sobolev spaces are complete under this metric.

Proposition 1.5.11. If N is complete, then the space (Ẇ 1,p(M,N),
δ1,p) is complete.

Proof. Let (u`)`∈N be a Cauchy sequence for the metric δ1,p. There exists
a subsequence (Du`k)k∈N which is a Cauchy sequence for dS almost
everywhere in M . By the nonexpansiveness property (1.5.5), (u`k)k∈N is
a Cauchy sequence for d almost everywhere in M . Since N is complete,
the sequence (u`k)k∈N converges almost everywhere to a map u : M → N .

Since for every k ∈ N, |Du`k |g∗M⊗gN ≤ d
S(Du`k , Du`0)+ |Du`0 |g∗M⊗gN

almost everywhere in M , we deduce that the sequence (|Du`k |)k∈N is
bounded almost everywhere in M and

lim sup
k→∞

∫
M
|Du`k |

p
g∗M⊗gN

<∞.

Since the distance dS is complete on any compact subset of T ∗M ⊗
TN , the sequence (Du`k)k∈N converges almost everywhere to a bundle
morphism υ : TM → TN . By the closure property (proposition 1.4.4),
we deduce that u ∈ Ẇ 1,p(M,N) and Du = υ. By Fatou’s lemma, for
every k ∈ N,

δ1,p(u`k , u) ≤ lim inf
j→∞

δ1,p(u`k , u`j ),

and thus limk→∞ δ1,p(u`k , u) = 0. Since the sequence (u`)`∈N is a Cauchy
sequence for δ1,p, the conclusion follows.

Remark 1.5.1. In the above properties, the Sasaki metric can be gen-
eralized to strongly concordant (with the Euclidean structure g∗M ⊗ gN )
metrics, that is, any metric G on T (T ∗M ⊗ TN) such that

(a) for every ν ∈ T (T ∗M ⊗ TN),

G(DπM×N (ν)) ≤ G(ν);

(b) there exists κ > 0 such that for every ν ∈ T (T ∗M ⊗ TN),

(κ−1D(g∗M ⊗ gN )(ν))2 ≤ 4(g∗M ⊗ gN )(πT ∗M⊗TN (ν))G(ν),

where πT ∗M⊗TN : T (T ∗M ⊗ TN) → T ∗M ⊗ TN is the canonical
bundle morphism, and for every e ∈ T ∗M ⊗ TN ,

G(Verte(e)) ≤ κ2(g∗M ⊗ gN )(e),

where Verte is the vertical lift defined for ν ∈ π−1
M×N ({πM×N (e)}) by

Verte(ν) = d

dt
(e+ t ν)

∣∣∣
t=0
∈ Te(T ∗M ⊗ TN).
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Such metrics are natural metrics on vector bundles [14,60,74]. An another
example is the Cheeger-Gromoll metric [31].

Given ι : N → Rν an isometric embedding such that ι(N) is closed,
we have two natural distances under the hand: the distance δ1,p and the
induced distance,

δι1,p(u, v) =
(∫

M

(
|ι ◦ u− ι ◦ v|2 + |D(ι ◦ u)−D(ι ◦ v)|2

) p
2
) 1
p
.

(The distance on the right is in fact the Sasaki distance on T ∗M ⊗ TRν .)
The next two propositions show that even if they induce the same
topology and they are both complete, they are not uniformly equivalent
in general.

Proposition 1.5.12. If M is a nonempty Riemannian manifold, p ∈
[1,∞) and n ≥ 2, then the identity map

i : (Ẇ 1,p(M,Sn), δ1,p)→ (Ẇ 1,p(M, Sn), δι1,p)

is not uniformly continuous.

Proof. We begin by considering the case M = R. Choose y ∈ Sn and
ρ : Sn → Sn be a non-identical isometry such that ρ(y) = y and u ∈
C1(R,Sn) such that for every x ∈ R \ [−1, 1], ρ(u(x)) = y and ρ(u(x)) 6=
u(x) in (−1, 1).

Let uλ : R → Sn be defined for every t ∈ R by uλ(t) = u(t/λ) and
let vλ = ρ ◦ uλ. Since ρ is an isometry, Dρ : TSn → TSn is an isometry
on tangent vectors. Since n ≥ 2, for every e ∈ TSn there exists a path
γ such that P γ(e) = Dρ(e), where P γ is the parallel transport along γ
with respect to the connection KT ∗M⊗TSn ; the length of γ with respect
to the Sasaki metric GS can be bounded uniformly by 2π. Therefore, we
have for every e ∈ TSn, dS(e,Dρ(e)) ≤ 2π and we deduce that

δ1,p(uλ, vλ) =
(∫

R
dS(Duλ, Dvλ)p

) 1
p ≤ 2π λ

1
p .

On the other hand,

δι1,p(uλ, vλ) =
(∫

R
λ
(
|u− ρ ◦ u|2 + λ−2|Du−D(ρ ◦ u)|2

) p
2
) 1
p
,

Consequently, limλ→0 δ1,p(uλ, vλ) = 0 while lim infλ→0 δ
ι
1,p(uλ, vλ) =∞.

In the general case, let a ∈ M and let r ∈ (0, ri(a)) where ri(a) is
the injectivity radius of the Riemannian manifold M at the point a. We
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define then the maps uλ : M → Sn and vλ : M → Sn for λ > 0 and
x ∈M by

uλ(x) = u
(d(x, a)− r

λ

)
and vλ(x) = ρ ◦ u

(d(x, a)− r
λ

)
;

the non uniform continuity follows as in the case M = R treated above.

Proposition 1.5.13. If M is a nonempty Riemannian manifold and
p ∈ [1, dimM), then the identity embedding map

i : (Ẇ 1,p(M,S1), δι1,p)→ (Ẇ 1,p(M, S1), δ1,p)

is not uniformly continuous.

Proof. We define uλ = (cos(ϕλ), sin(ϕλ)) and vλ = (− cos(ϕλ), sin(ϕλ)),
where

ϕλ(x) =


π
2 if d(x, y) ≥ 2λ,
d(x,y)−λ

2λ π if λ ≤ d(x, y) < 2λ,
λ sin (d(x,y)−λ)π

2λ1+ dimM
p

if d(x, y) < λ,

and the point y ∈M is fixed. We observe that

lim inf
λ→0

δ1,p(uλ, vλ) = 2 lim inf
λ→0

(∫
M

(
cos(ϕλ)2 + |Dϕλ|2

) p
2
) 1
p
> 0.

On the other hand, since p < dimM ,

lim sup
λ→0

δι1,p(uλ, vλ) = 2 lim sup
λ→0

(∫
M

(
cos(ϕλ)2 + sin(ϕλ)2|Dϕλ|2

) p
2
) 1
p = 0.



Chapter II

Concordant distances and metrics

2.1. Introduction

Given two Riemannian manifolds M and N of class C2, we define
in the previous chapter a natural intrinsic distance on Sobolev spaces
between the manifolds M and N (section 1.5.3). This intrinsic distance
is defined from the geodesic distance induced by the Sasaki metric on
T ∗M ⊗ TN (section 1.5.1) which belongs to the class of concordant
distances. This fact is mentioned in chapter I but we did not go further
(remark 1.5.1). However, this notion allows us to define a class of intrinsic
distances on Sobolev spaces that behave well.

As a consequence, in the present chapter, we first define and study
concordant distances on any vector bundles (definition 2.2.1). We also give
two examples of strongly concordant metrics (definition 2.2.2), namely
the Sasaki and Cheeger–Gromoll metrics, that give rise to (strongly)
concordant distances (definition 2.2.3).

In a second step, given a concordant distance d on the vector bundle
T ∗M⊗TN , we define an intrinsic distance on Sobolev spaces Ẇ 1,p(M,N),
that is, for every u, v ∈ Ẇ 1,p(M,N),

δ1,p(u, v) =
(∫

M
d(Du,Dv)p

) 1
p

.

Concordant distances characterize Sobolev maps and also simultaneous
convergence in Sobolev spaces (propositions 2.3.1 and 2.3.2). Furthermore,
Sobolev spaces are complete under all these distances (proposition 2.3.3).

2.2. Definitions and examples
The notion of concordant distances is first defined for any vector

bundles.

Definition 2.2.1. A continuous distance dE on a normed topological
vector bundle (E, πM ,M) is concordant with the norm |·|E if
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(a) (nonexpansiveness of the fiber projection) for every e1, e2 ∈ E,

dE(πM (e1), πM (e2)) ≤ dE(e1, e2);

(b) (equivalence with the norm) there exists κ > 0 such that for every
e ∈ E,

κ−1 |e|E ≤ dE(e, πM (e)) ≤ κ|e|E .

Here and in the sequel we identify M with the zero fiber subbundle
M × {0} ⊂ E.

Proposition 2.2.1 (Stability of subbundles). Let (E, πM ,M) and (Ẽ,
πM̃ , M̃) be vector bundles and let ῑ : E → Ẽ be an injective bundle
morphism that covers an embedding ι : M → M̃ . If dẼ is concordant with
|·|Ẽ, then the distance dE defined for e1, e2 ∈ E by

dE(e1, e2) = dẼ(ῑ(e1), ῑ(e2))

is concordant with |·|E defined for e ∈ E by |e|E = |ῑ(e)|Ẽ.

If E is a differentiable manifold, we study Riemannian metrics GE
on TE that give rise to a distance concordant with |·|gE . We denote by
GE and gE the quadratic forms associated to the corresponding metrics.
We recall that for every e ∈ E, the vertical lift Verte : E → TE is defined
for each ν ∈ π−1

M ({πM (e)}) by

Verte(ν) = d

dt
(e+ t ν)

∣∣∣
t=0
∈ TeE.

Definition 2.2.2. AmetricGE is strongly concordant with the Euclidean
structure gE if

(a) for every ν ∈ TE,

GE(DπM (ν)) ≤ GE(ν);

(b) there exists κ > 0 such that for every ν ∈ TE,

(κ−1DgE(ν))2 ≤ 4gE(πE(ν))GE(ν),

and for every e ∈ E,

GE(Verte(e)) ≤ κ2gE(e).

Strongly concordant metrics induce concordant distances. In fact,
these distances have the stronger property of strong concordance.
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Definition 2.2.3. A continuous distance dE on a normed topological
vector bundle (E, πM ,M) is strongly concordant with the norm |·|E if

(a) (nonexpansiveness of the fiber projection) for every e1, e2 ∈ E,

dM (πM (e1), πM (e2)) ≤ dE(e1, e2);

(b) (comparability with the norm) there exists κ > 0 such that for every
s, t ∈ R and every e ∈ E,

dE(te, se) ≤ κ|te− se|E ,

and for every e1, e2 ∈ E,

| |e1|E − |e2|E | ≤ κ dE(e1, e2).

Proposition 2.2.2. The metric GE is strongly concordant with gE if
and only if the geodesic distance dE induced by the metric GE is strongly
concordant with |·|gE .

Proof. Let e1, e2 ∈ E and let γ ∈ C1([0, 1], E) be a path such that
γ(0) = e1 and γ(1) = e2. Since GE is strongly concordant with gE ,∫ 1

0

√
GE(DπM (γ′(τ))) dτ ≤

∫ 1

0

√
GE(γ′(τ)) dτ,

and the divergence property of the fibers follows.
Let e ∈ E and let γ ∈ C1([0, 1], E) be defined for every τ ∈ [0, 1]

by γ(τ) = (τt + (1 − τ)s)e. By definition of the vertical lift, for every
τ ∈ [0, 1], we have γ′(τ) = Vertγ(τ)((t − s)e) = τ Vert(t−s)e((t − s)e).
Consequently, for every s, t ∈ R,

dE(se, te) ≤
∫ 1

0

√
GE(γ′(τ)) dτ

≤
∫ 1

0

√
GE(Vert(t−s)e((t− s)e) dτ ≤ κ

√
gE((t− s)e).

Let γ ∈ C1([0, 1], E) be a path such that γ(0) = e1 and γ(1) = e2.
By assumption,√

gE(e1)−
√
gE(e2) =

∫ 1

0

d

dτ

√
gE(γ(τ)) dτ =

∫ 1

0

DgE(γ′(τ))
2
√
gE(γ(τ))

dτ

≤ κ
∫ 1

0

√
GE(γ′(τ)) dτ,

so | |e1|gE − |e2|gE | ≤ κ dE(e1, e2).
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The Sasaki [102] and the Cheeger–Gromoll metrics [31], which are
two classical constructions of natural metrics on bundles [60, 74], are
strongly concordant.

In order to define these metrics, we endow M with a Riemannian
metric gM and we endow E with a metric connection KE : TE → E.
We recall that KE is a connection if KE is a bundle morphism from
(TE, πE , E) to (E, πM ,M) that covers πM and a bundle morphism from
(TE,DπM , TM) to (E, πM ,M) that covers πTMM : TM → M , and for
every e ∈ E, KE ◦Verte = id on π−1

M ({πM (e)}) [116, definition 3.9]. The
connection KE is metric if for every ν ∈ TE,

DgE(ν) = 2gE(KE(ν), πE(ν)).

The Sasaki metric GSE [102] (see also [42, chapter 3, exercise 2]) is
defined for every ν ∈ TE by

GSE(ν) = gM (DπM (ν)) + gE(KE(ν)).

Proposition 2.2.3. The Sasaki metric GSE is strongly concordant with
gE.

Proof. For every ν ∈ TE, since KE(DπM (ν)) = 0,

GSE(DπM (ν)) = gM (DπM (ν)) ≤ GSE(ν).

Next, since the connection KE is metric, for every ν ∈ TE,

(DgE(ν))2 = 4(gE(KE(ν), πE(ν)))2

≤ 4gE(KE(ν)) gE(πE(ν)) ≤ 4GSE(ν) gE(πE(ν)).

Finally, for every e ∈ E, since DπM (Verte(e)) = 0 and KE(Verte(e)) = e,
we conclude that

GSE(Verte(e)) = gE(e).

The Cheeger–Gromoll metric is defined for every ν ∈ TE by

GCGE (ν) = gM (DπM (ν)) + gE(KE(ν)) + (gE(KE(ν), πE(ν)))2

1 + gE(πE(ν)) .

Proposition 2.2.4. The Cheeger–Gromoll metric GCGE is strongly con-
cordant with gE.

Proof. For every ν ∈ TE, we have

GCGE (DπM (ν)) = gM (DπM (ν)) ≤ GSE(ν),
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and since the connection KE is metric,

(DgE(ν))2

= 4(gE(KE(ν), πE(ν)))2

≤ 4
(gE(KE(ν)) gE(πE(ν))

1 + gE(πE(ν)) + (gE(KE(ν), πE(ν)))2 gE(πE(ν))
1 + gE(πE(ν))

)
≤ 4GCGE (ν) gE(πE(ν)).

Finally, for every e ∈ E, since πE(Verte(e)) = e, DπM (Verte(e)) = 0 and
KE(Verte(e)) = e, we obtain

GCGE (Verte(e)) = gE(e) + gE(e)2

1 + gE(e) = gE(e).

Finally, we compare the two previous strongly concordant metrics.

Lemma 2.2.5 (Comparison between the Cheeger–Gromoll and Sasaki
metrics). For every ν ∈ TE,

GCGE (ν) ≤ GSE(ν).

Proof. By the Cauchy–Schwarz inequality, for every ν ∈ TE,

(gE(KE(ν), πE(ν)))2 ≤ gE(KE(ν)) gE(πE(ν)).

The Sasaki and Cheeger–Gromoll metrics are particular cases for
λ = 1 and λ = 1

2 of metrics defined for every ν ∈ TE by

GλE(ν) = gM (DπM (ν)) + λgE(KE(ν)) + (1− λ)(gE(KE(ν), πE(ν)))2

λ+ (1− λ)gE(πE(ν)) .

In the limit case λ = 0, the metric G0
E such that for every ν ∈ TE,

G0
E(ν) = gM (DπM (ν)) + (gE(KE(ν), πE(ν)))2

gE(πE(ν)) ,

is degenerate; the associated degenerate distance is defined for every
e1, e2 ∈ E by

dE(e1, e2)2 = dM (πM (e1), πM (e2))2 + | |e1|gE − |e2|gE |
2.
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2.3. Intrinsic Sobolev distances

In our study of Sobolev spaces, we assume that (M, gM ) and (N, gN )
are Riemannian manifolds. In particular the metrics on vectors of TM
and TN induce a metric g∗M ⊗ gN on T ∗M ⊗ TN . This metric can be
computed for every ξ ∈ T ∗xM ⊗ TyN = L(TxM,TyN) by

(g∗M ⊗ gN )(ξ, ξ) =
m∑
i=1

gN
(
ξ(ei), ξ(ei)

)
,

where (ei)1≤i≤m is an orthonormal basis in π−1
M ({x}) with respect to the

Riemannian metric gM .
Given a concordant distance d, we define for every p ∈ [1,+∞), the

distance δ1,p for every u, v ∈ Ẇ 1,p(M,N) by

δ1,p(u, v) =
(∫

M
d(Du,Dv)p

) 1
p

∈ [0,+∞].

This distance can be infinite. This will happen for instance if M has
infinite Riemannian volume and u, v are distinct constant maps.

We first prove that concordant distances characterize Sobolev maps.
Given two maps u, v : M → N , we denote for every x ∈M ,

d(u, v)(x) = d((x, u(x)), (x, v(x))),

with the usual identification of M ×N with M ×N ×{0} ⊂ T ∗M ⊗TN .

Proposition 2.3.1. Assume that d is concordant with |·|g∗M⊗gN . If v ∈
Ẇ 1,p(M,N), then u ∈ Ẇ 1,p(M,N) and d(u, v) ∈ Lp(M) if and only if
the map u is colocally weakly differentiable and d(Du,Dv) ∈ Lp(M).

Proof. The first assumptions follows from the fact that

d(Du,Dv) ≤ d(Du, u) + d(u, v) + d(v,Dv)
≤ d(u, v) + κ(|Du|g∗M⊗gN + |Dv|g∗M⊗gN )

almost everywhere in M . Conversely we observe that, by the nonexpan-
siveness property, d(u, v) ≤ d(Du,Dv) almost everywhere in M and that
by the equivalence assumption,

|Du|g∗M⊗gN ≤ κ d(Du, u) ≤ κ
(
d(Du,Dv) + d(Dv, v)

)
≤ κ d(Du,Dv) + κ2|Dv|g∗M⊗gN

almost everywhere in M ; the converse statement follows.
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Concordant distances characterize also the simultaneous convergence
in Sobolev spaces.

Proposition 2.3.2. Assume that d is concordant with |·|g∗M⊗gN . If
(u`)`∈N is a sequence in Ẇ 1,p(M,N) and u ∈ Ẇ 1,p(M,N), then the
sequence (d(Du`, Du))`∈N converges to 0 in Lp(M) if and only if the
sequence (u`)`∈N converges strongly to u in Ẇ 1,p(M,N) and the sequence
(d(u`, u))`∈N converges to 0 in Lp(M).

Proof. First assume that (u`)`∈N converges strongly to u in Ẇ 1,p(M,N)
and (d(u`, u))`∈N converges to 0 in Lp(M). By the definition of conver-
gence in Ẇ 1,p(M,N) (definition 1.5.1), (|Du`|g∗M⊗gN )`∈N converges to
|Du|g∗M⊗gN in Lp(M) and (Du`)`∈N converges to Du locally in measure.
The latter convergence implies that (d(Du`, Du))`∈N converges to 0 in
measure. Since for every ` ∈ N,

d(Du`, Du) ≤ d(u`, u) + κ(|Du`|g∗M⊗gN + |Du|g∗M⊗gN )

almost everywhere in M , the conclusion follows from Lebesgue’s domi-
nated convergence theorem [20, theorem 2.8.5].

Conversely, if (d(Du`, Du))`∈N converges to 0 in Lp(M), then the
sequence (d(Du`, Du))`∈N converges to 0 in measure and thus (Du`)`∈N
converges toDu locally in measure. Moreover, (|Du`|g∗M⊗gN )`∈N converges
to |Du|g∗M⊗gN in measure. Since for every ` ∈ N,

|Du`|g∗M⊗gN ≤ κ d(Du`, Du) + κ2|Du|g∗M⊗gN

almost everywhere in M , by Lebesgue’s dominated convergence theorem,
the sequence (|Du`|g∗M⊗gN )`∈N converges to |Du|g∗M⊗gN in Lp(M). Finally,
since for every ` ∈ N, d(u`, u) ≤ d(Du`, Du), it is clear that the sequence
(d(u`, u))`∈N converges to 0 in Lp(M).

Sobolev spaces are complete under all these metrics.

Proposition 2.3.3. If for almost every x ∈M , the metric space ({x}×
N, d) is complete and d is concordant with |·|g∗M⊗gN , then the Sobolev
space (Ẇ 1,p(M,N), δ1,p) is complete.

Proof. Let (u`)`∈N be a Cauchy sequence for the metric δ1,p. There
exists a subsequence (Du`i)i∈N which is a Cauchy sequence for d almost
everywhere in M . By the nonexpansiveness of the projection, (u`i)i∈N is
a Cauchy sequence for d almost everywhere in M . Since for almost every
x ∈M , the metric space ({x} ×N, d) is complete, the sequence (u`i)i∈N
converges almost everywhere to a map u : M → N .
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Since the distance d is concordant, for every i ∈ N,

|Du`i |g∗M⊗gN ≤ κ d(Du`i , Du`0) + κ2|Du`0 |g∗M⊗gN

almost everywhere inM and we deduce that (|Du`i |g∗M⊗gN )i∈N is bounded
almost everywhere in M and

lim sup
i→∞

∫
M
|Du`i |

p
g∗M⊗gN

< +∞.

Since the distance d is continuous, it is complete on any compact subset of
T ∗M ⊗ TN [91, theorem 45.1] and so the sequence (Du`i)i∈N converges
almost everywhere to a bundle morphism υ : TM → TN . By the
closure property (proposition 1.4.4), we deduce that u ∈ Ẇ 1,p(M,N)
and Du = υ. By Fatou’s lemma, for every i ∈ N,

δ1,p(u`i , u) ≤ lim inf
j→∞

δ1,p(u`i , u`j ),

and thus limi→∞ δ1,p(u`i , u) = 0. Since the sequence (u`)`∈N is a Cauchy
sequence for δ1,p, the conclusion follows.

Finally, we assume that the Riemannian manifolds are of class C2

and that we have metric connections KT ∗M and KTN on T ∗M and TN
respectively. Such connections are given by the Levi-Civita connection.
We can then define for every v ∈ T (T ∗M) and every w ∈ T (TN),

KT ∗M⊗TN (v ⊗ w) = KT ∗M (v)⊗KTN (w).

Moreover, the connection KT ∗M⊗TN is metric with g∗M ⊗ gN .
As a consequence, we have two examples of intrinsic distance on

Ẇ 1,p(M,N) when T ∗M ⊗ TN is equipped with a concordant distance:
the Sasaki distance

δS1,p(u, v) =
(∫

M
(dS(Du,Dv))p

) 1
p
,

where dS is the Sasaki geodesic distance on T ∗M⊗TN , and the Cheeger–
Gromoll distance

δCG1,p (u, v) =
(∫

M
(dCG(Du,Dv))p

) 1
p
,

where dCG is the Cheeger–Gromoll geodesic distance on T ∗M ⊗ TN . It
follows from the previous results that the Sobolev space Ẇ 1,p(M,N)
has the same topology for both distances and is complete. In view
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of the comparison between the Cheeger–Gromoll and Sasaki metrics
(lemma 2.2.5), we have

δCG1,p (u, v) ≤ δS1,p(u, v),

that is, the identity is nonexpansive from the space (Ẇ 1,p(M,N), δS1,p) to
(Ẇ 1,p(M,N), δCG1,p ). However, the distance δS1,p is not uniformly equivalent
with δCG1,p in general.

Proposition 2.3.4. If M is a nonempty Riemannian manifold, p ∈
[1,+∞) and n ≥ 2, then the identity map

i : (Ẇ 1,p(M,Rn), δCG1,p )→ (Ẇ 1,p(M,Rn), δS1,p)

is not uniformly continuous.

Proof. First we consider the case where M = R. We choose a map
u ∈ C1

c (R,Rn) \ {0} such that suppu ⊂ (−1, 1), and we define for λ > 0
the maps uλ : R→ Rn and vλ : R→ Rn for each t ∈ R by uλ(t) = u(t/λ)
and vλ(t) = −uλ(t) = −u(t/λ). We have for every t ∈ R, since n ≥ 2
and |u′λ(t)| = |v′λ(t)|,

dCG
(
u′λ(t), v′λ(t)

)2 ≤ 4|uλ(t)|2 + |u′λ(t)|2π2

1 + |u′λ(t)|2 ≤ 4|uλ(t)|2 + π2.

Therefore, for every λ > 0,

δCG1,p (uλ, vλ) =
(∫ λ

−λ
dCG(u′λ, v′λ)p

) 1
p ≤

√
4‖u‖2L∞ + π2(2λ)

1
p .

On the other hand, since Rn is flat, we have for each λ > 0,

δS1,p(uλ, vλ) =
(∫ λ

−λ
dS(u′λ, v′λ)p

) 1
p

=
(∫ λ

−λ

(
|uλ − vλ|2 + |u′λ − v′λ|2

) p
2
) 1
p

= 2
(∫ 1

−1

(
λ

2
p |u|2 + λ

−2
(
1− 1

p

)
|u′|2

) p
2
) 1
p
.

We have thus

lim
λ→0

δCG1,p (uλ, vλ) = 0 and lim
λ→0

δS1,p(uλ, vλ) > 0,

which shows the non uniform continuity.
In the general case, we proceed as in the proof of proposition 1.5.12.





Chapter III

Geometric partial differentiability on

manifolds: the tangential derivative and
the chain rule

3.1. Introduction
Given a differentiable manifold M , we are interested in defining a

geometric partial differentiation for functions from M to R, that is,
we would like to have a definition that implies classical directional
differentiability when M = Rm and that does not depend on local charts.
Equivalently we aim to define on Rm a notion of partial differentiability
which is invariant under diffeomorphisms.

Let us first recall the classical definition of directional derivative
which does not have this property.

Definition 3.1. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace of
Rm. A linear map L ∈ L(V,Rn) is a directional derivative of a function
f : A → Rn at a ∈ A with respect to V if for every ε > 0 there exists
δ > 0 such that if x ∈ A ∩ (V + a) and ‖x− a‖ ≤ δ, then

‖f(x)− f(a)− L[x− a]‖ ≤ ε‖x− a‖.

The definition of directional derivative can be rephrased in terms of
limits as

lim
x∈V+a
x→a

‖f(x)− f(a)− L[x− a]‖
‖x− a‖

= 0.

The class of differentiable maps ψ : Rm → Rm such that the directional
differentiability of each f : A → Rn at ψ(a) with respect to Dψ(a)[V ],
where Dψ(a)[V ] is the image of V by the classical total derivative of ψ
at a, implies the directional differentiability of f ◦ ψ at a with respect to
V consists of the maps ψ : Rm → Rm for which there exists η > 0 such
that ψ((V + a) ∩B[a, η]) ⊆ ψ(a) +Dψ(a)[V ].

This chapter was originally published in the Journal of Mathematical Analysis
and Applications 435 (2016), no. 2, 1672–1681.
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The stronger notion that answers our question is provided by the
tangential derivative that we define as follows.

Definition 3.2. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace of
Rm. A linear map L ∈ L(V,Rn) is a tangential derivative of a function
f : A→ Rn at a ∈ A with respect to V if for every ε > 0 there exist δ > 0
and θ > 0 such that if x ∈ A, v ∈ V , ‖x−a‖ ≤ δ and ‖x−a−v‖ ≤ θ‖x−a‖,
then

‖f(x)− f(a)− L[v]‖ ≤ ε‖x− a‖.

This new definition can be written in terms of limits as

lim
v∈V
x→a

‖x−a−v‖
‖x−a‖ →0

‖f(x)− f(a)− L[v]‖
‖x− a‖

= 0.

Geometrically, the tangential derivative considers the behavior of f
in sharp cones around the plane V . In particular, if the function f is
tangentially differentiable, then the function f − f(a) grows linearly in a
small sharp cone around the plane V :

lim sup
x→a

dist(x−a,V )
‖x−a‖ →0

‖f(x)− f(a)‖
‖x− a‖

<∞. (3.1)

Condition (3.1) is reminiscent of, but weaker than, the notion of direction-
ally Lipschitz functions [100,101]. (If V = Rm, this directional Lipschitz
condition is equivalent to the classical local Lipschitz condition.)

Existing definitions either impose a uniform condition over all the
directions (classical Fréchet–Stolz differentiability), or a condition in each
direction individually (Hadamard differentiability [107, definition 2.2]).
Here we impose a uniform condition in only certain directions. So here
nothing is known in some directions. And we investigate the effect of
those missing directions.

We show that this definition has the required invariance under dif-
feomorphisms (corollary 3.3.3) and allows thus to define a tangential
derivative on a differentiable manifold (definition 3.3.1). Although di-
rectional differentiability does not imply tangential differentiability in
general (example 3.2.1), it is the case in the class of Lipschitz continuous
functions (proposition 3.2.2). This brings us to the original motivation
of our work, which was to understand whether the directional derivative
in the chain rule between Lipschitz continuous and weakly differentiable
functions [4] was well defined when composing maps between manifolds
(section 3.5).
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We also show that the tangential derivative is the weakest notion of
derivative which implies directional differentiability and which is invariant
under diffeomorphisms. A serendipitous feature of this definition is that
tangential differentiability with respect to V is equivalent to tangential
differentiability with respect to 〈v〉 for every v ∈ V and linearity of the
directional derivative (proposition 3.4.1). This property is well-known to
fail for directional derivatives.

Finally, the chain rule does not hold in general for the tangential
derivatives (example 3.3.1). This is a striking consequence of the miss-
ing directions in definition 3.2. However, the chain rule holds under a
necessary and sufficient condition which is not very stringent (proposi-
tion 3.3.1), and which covers for example the case where the function on
the left is Lipschitz continuous or where the function on the right has an
injective tangential derivative.

3.2. Examples and basic properties
In this section, we give various examples and some basic properties

of tangentially differentiable functions.
We first consider the uniqueness of the tangential derivative at a with

respect to V . For a set A ⊆ Rm and a linear subspace V ⊆ Rm, a vector
v ∈ V is tangent to A at a ∈ A if for every δ > 0 and θ > 0, there exists
x ∈ A such that ‖x− a‖ ≤ δ and ‖x− a− v‖ ≤ θ‖x− a‖.

Proposition 3.2.1. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace
of Rm. If for every v ∈ V , v is tangent to A at a, then there exists at
most one tangential derivative of f : A→ Rn at a ∈ A with respect to V .

In particular, if a is an interior point of the set A, or if a is interior
to A∩ (V + a) relative to V + a, then the tangential derivative is unique.

In the limiting cases the definition of tangential derivative covers
known concepts. If V = {0}, one observes by taking θ = 1

2 that every
function has a tangential derivative with respect to V and if V = Rm, the
notions of directional and tangential derivatives are both equivalent with
the classical definition of total differentiability of Stolz and Fréchet. For
any linear subspace V ⊆ Rm, if a function f has a tangential derivative
at a with respect to V such that for all ε > 0, we have θ ≥ 1, then, by
taking v = 0, f is differentiable (with respect to Rm) and Df(a) is the 0
linear map.

In all the other cases, directional differentiability does not imply
tangential differentiability.
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Example 3.2.1. Given a linear subspace V such that {0} ( V ( Rm,
we take K ∈ L(Rm,Rn) such that ker(K) = V and α > 0, and we define
the function f : Rm → Rn for every x ∈ Rm by

f(x) =


K[x]
‖x‖α

if x 6= 0,

0 if x = 0.

Since f = 0 on V , the 0 linear map is a directional derivative at 0 with
respect to V but since the boundedness condition (3.1) is not satisfied,
the function f does not have a tangential derivative at 0 with respect to
V .

It turns out however that for Lipschitz continuous functions, the
notions of directional and tangential derivatives are equivalent. We recall
that a function f : A ⊆ Rm → Rn is Lipschitz continuous if there exists
a constant κ ≥ 0 such that for all x, y ∈ A, ‖f(x) − f(y)‖ ≤ κ‖x − y‖.
We also denote by 〈v〉 the vector space spanned by v ∈ Rm, that is,
〈v〉 = {rv : r ∈ R} ⊆ Rm.

Proposition 3.2.2. Let A ⊆ Rm, let f : A → Rn, let V ⊆ Rm be a
linear subspace of Rm and let L ∈ L(V,Rn). If the function f is Lipschitz
continuous, then the following statements are equivalent:

(i) the linear map L is a directional derivative of f at a ∈ A with
respect to V ,

(ii) the linear map L is a tangential derivative of f at a ∈ A with
respect to V ,

(iii) for every v in a dense subset of V ∩∂B[0, 1], the linear map L|〈v〉 ∈
L(〈v〉,Rn) is a directional derivative of f at a ∈ A with respect to
〈v〉.

Proof. Let κ ≥ 0 be given by the definition of Lipschitz continuity for
the function f . First we prove that (i) implies (ii). For every x ∈ A and
every v ∈ V ,

‖f(x)− f(a)− L[v]‖ ≤ ‖f(x)− f(v + a)‖+ ‖f(v + a)− f(a)− L[v]‖
≤ κ‖x− a− v‖+ ‖f(v + a)− f(a)− L[v]‖.

For each ε > 0, by definition of directional derivative, there exists δ > 0
such that if y ∈ A ∩ (V + a) and ‖y − a‖ ≤ δ, then ‖f(y) − f(a) −
L[y − a]‖ ≤ ε

4‖y − a‖. Therefore, if x ∈ A, v ∈ V , ‖x − a‖ ≤ δ
2 and
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‖x− a− v‖ ≤ min
(
1, ε

2(1+κ)
)
‖x− a‖, then ‖(v + a)− a‖ ≤ 2‖x− a‖ ≤ δ,

and so ‖f(x)− f(a)− L[v]‖ ≤ ε‖x− a‖.
Since it is obvious that (ii) implies (iii), it remains to prove that (iii)

implies (i). For every x ∈ A ∩ (V + a) and every v ∈ V ,

‖f(x)− f(a)− L[x− a]‖
≤ ‖ f(x)− f(‖x− a‖v + a)− L[x− a− ‖x− a‖v] ‖

+ ‖ f(‖x− a‖v + a)− f(a)− L[ ‖x− a‖v] ‖

≤ (κ+ ‖L‖) ‖x− a‖ ‖ x− a
‖x− a‖

− v‖

+ ‖ f(‖x− a‖v + a)− f(a)− L[ ‖x− a‖v] ‖.

By assumption, for every v in a dense subset S ⊆ V ∩ ∂B[0, 1], there
exists δv > 0 such that if y ∈ A ∩ (〈v〉 + a) and ‖y − a‖ ≤ δ, then
‖f(y)−f(a)−L[y−a]‖ ≤ ε

2‖y−a‖. Here and in the sequel B[0, 1] denotes
the closed ball of radius 1 centered at the point 0. Since V ∩ ∂B[0, 1]
is compact and S is dense in V ∩ ∂B[0, 1], there exists N ∈ N∗ and
v1, . . . , vN ∈ S such that

V ∩ ∂B[0, 1] ⊆
N⋃
i=1

B
[
vi,

ε
2(1+κ+‖L‖)

]
.

As a consequence, if x ∈ A ∩ (V + a) and ‖x− a‖ ≤ min1≤i≤N δvi , then

‖f(x)− f(a)− L[x− a]‖ ≤ ε‖x− a‖.

The proof shows that the the Lipschitz continuity assumption can be
replaced by the weaker condition:

lim sup
dist(x−a,V )
‖x−a‖ →0

dist(y−a,V )
‖y−a‖ →0

‖f(x)− f(y)‖
‖x− y‖

<∞.

3.3. The chain rule for tangential derivatives
We turn now on to the study of the chain rule for the tangential

derivative. We first remark that the chain rule does not hold in general
for the tangential derivative.

Example 3.3.1. Let K ∈ L(Rm,R) be such that {0} ( ker(K) ( Rm
and let β ≥ 2. We define the functions f : Rm → R and g : R → R for
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every x ∈ Rm and t ∈ R as

f(x) =


|K[x]|β
‖x‖ if x 6= 0,

0 if x = 0;
g(t) = |t|

1
β .

Since the 0 linear map is the tangential derivative of f at 0 with respect
to ker(K), g has a tangential derivative at f(0) = 0 with respect to {0},
but g ◦ f has the same form as the function in example 3.2.1 and so does
not have a tangential derivative at 0 with respect to ker(K).

The chain rule holds however under an additional necessary and
sufficient analytic assumption involving both functions in the composition.

Proposition 3.3.1. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace
of Rm. Let L ∈ L(V,Rn) be a tangential derivative of f : A → Rn
at a ∈ A with respect to V and let K ∈ L(L[V ],Rp) be a tangential
derivative of g : f(A)→ Rp at f(a) with respect to L[V ]. The linear map
K ◦ L ∈ L(V,Rp) is a tangential derivative of g ◦ f at a with respect to
V if and only if

lim
v∈V
x→a

‖x−a−v‖
‖x−a‖ →0

‖f(x)−f(a)‖
‖x−a‖ →0

‖g(f(x))− g(f(a))‖
‖x− a‖

= 0. (3.3.2)

Proof. We first assume that the function g◦f is tangentially differentiable.
For every x ∈ A and every v ∈ V ,

‖g(f(x))− g(f(a))‖
≤ ‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖

+ ‖K‖
(
‖f(x)− f(a)− L[v]‖+ ‖f(x)− f(a)‖

)
.

Fix ε > 0. By assumption, there exist δ, θ > 0 such that if x ∈ A, v ∈ V ,
‖x− a‖ ≤ δ and ‖x− a− v‖ ≤ θ‖x− a‖, then

‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖ ≤ ε‖x− a‖,
‖f(x)− f(a)− L[v]‖ ≤ ε‖x− a‖.

As a consequence, if x ∈ A, v ∈ V , ‖x− a‖ ≤ δ, ‖x− a− v‖ ≤ θ‖x− a‖
and ‖f(x)− f(a)‖ ≤ ε‖x− a‖, then

‖g(f(x))− g(f(a))‖ ≤ (1 + 2‖K‖) ε ‖x− a‖,
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that is, (3.3.2) is satisfied.
Conversely, we assume that (3.3.2) holds. For every x ∈ A and every

v ∈ V ,

‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖
≤ ‖g(f(x))− g(f(a))‖

+ ‖K‖
(
‖f(x)− f(a)− L[v]‖+ ‖f(x)− f(a)‖

)
.

(3.3.3)

Fix ε > 0. By assumption, there exist δ1, θ1 > 0 and κ > 0 such
that if x ∈ A, v ∈ V , ‖x − a‖ ≤ δ1, ‖x − a − v‖ ≤ θ1‖x − a‖ and
‖f(x)− f(a)‖ ≤ κ‖x− a‖, then

‖g(f(x))− g(f(a))‖ ≤ ε‖x− a‖ and ‖f(x)− f(a)− L[v]‖ ≤ ε‖x− a‖,

and thus by (3.3.3),

‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖ ≤
(
ε(1 + ‖K‖) + κ

)
‖x− a‖.

Without loss of generality, we assume that κ ≤ ε, and thus if ‖x−a‖ ≤ δ1,
‖x− a− v‖ ≤ θ1‖x− a‖ and ‖f(x)− f(a)‖ ≤ κ‖x− a‖, then

‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖ ≤ (2 + ‖K‖) ε ‖x− a‖.

It remains to cover the case where x ∈ A and ‖f(x)− f(a)‖ > κ‖x− a‖.
First, for every x ∈ A and every v ∈ V such that ‖x − a‖ ≤ δ1 and
‖x− a− v‖ ≤ θ1‖x− a‖, we have

‖f(x)− f(a)‖ ≤
(
ε+ ‖L‖(1 + θ1)

)
‖x− a‖.

Let η = ε + ‖L‖(1 + θ1). Since g is tangentially differentiable, there
exist δ̃, θ̃ > 0 such that if x ∈ A, v ∈ V , ‖f(x) − f(a)‖ ≤ δ̃ and
‖f(x)− f(a)− L[v]‖ ≤ θ̃‖f(x)− f(a)‖, then

‖ g(f(x))− g(f(a))−K[L[v]] ‖ ≤ ε

η
‖f(x)− f(a)‖.

Since L is a tangential derivative of f , there exist δ2, θ2 > 0 such that if
x ∈ A, v ∈ V , ‖x− a‖ ≤ δ2 and ‖x− a− v‖ ≤ θ2‖x− a‖, then

‖f(x)− f(a)− L[v]‖ ≤ θ̃ κ ‖x− a‖.

Therefore, if x ∈ A, v ∈ V , ‖x− a‖ ≤ min
(
δ1, δ2,

δ̃
η

)
and ‖x− a− v‖ ≤

min(θ1, θ2)‖x− a‖, then ‖f(x)− f(a)‖ ≤ δ̃ and ‖f(x)− f(a)− L[v]‖ ≤
θ̃‖f(x)− f(a)‖, and so

‖(g ◦ f)(x)− (g ◦ f)(a)− (K ◦ L)[v]‖ ≤ ε

η
‖f(x)− f(a)‖ ≤ ε‖x− a‖,

that is, the function g ◦ f is tangentially differentiable at a with respect
to V .
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A first interesting consequence is a chain rule when the second function
g in the composition is Lipschitz continuous.

Corollary 3.3.2. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace of
Rm. Let L ∈ L(V,Rn) be a tangential derivative of f : A→ Rn at a ∈ A
with respect to V and let K ∈ L(L[V ],Rp) be a tangential derivative of
g : f(A)→ Rp at f(a) with respect to L[V ]. If the function g is Lipschitz
continuous, then K ◦L ∈ L(V,Rp) is a tangential derivative of g ◦ f at a
with respect to V .

Proof. If κ ≥ 0 is a Lipschitz constant for g, it is clear that condi-
tion (3.3.2) is satisfied since for every x ∈ A \ {a},

0 ≤ ‖g(f(x))− g(f(a))‖
‖x− a‖

= ‖g(f(x))− g(f(a))‖
‖f(x)− f(a)‖

‖f(x)− f(a)‖
‖x− a‖

≤ κ ‖f(x)− f(a)‖
‖x− a‖

.

Another consequence which will be important in the sequel is the case
where the tangential derivative of the first function f in the composition
is injective.

Corollary 3.3.3. Let A ⊆ Rm and let V ⊆ Rm be a linear subspace of
Rm. Let L ∈ L(V,Rn) be a tangential derivative of f : A→ Rn at a ∈ A
with respect to V and let K ∈ L(L[V ],Rp) be a tangential derivative
of g : f(A) → Rp at f(a) with respect to L[V ]. If L is injective, then
K ◦ L ∈ L(V,Rp) is a tangential derivative of g ◦ f at a with respect to
V .

Proof. Since the linear map L is injective on its domain V , there exists
a constant η > 0 such that for every v ∈ V , ‖v‖ ≤ η‖L[v]‖. For every
x ∈ A and every v ∈ V ,

‖x− a‖ ≤ ‖x− a− v‖+ η‖L[v]‖
≤ ‖x− a− v‖+ η

(
‖f(x)− f(a)‖+ ‖f(x)− f(a)− L[v]‖

)
.

Since L is a tangential derivative of f , there exist δ > 0 and θ > 0
such that if x ∈ A, v ∈ V , ‖x − a‖ ≤ δ and ‖x − a − v‖ ≤ θ‖x − a‖,
then ‖f(x) − f(a) − L[v]‖ ≤ 1

4η‖x − a‖. Therefore, if ‖x − a‖ ≤ δ and
‖x− a− v‖ ≤ min

(
θ, 1

4
)
‖x− a‖, then

3
4‖x− a‖ ≤ η‖f(x)− f(a)‖+ ‖x− a− v‖,

and so ‖x−a‖ ≤ 2η‖f(x)−f(a)‖. Hence, the condition (3.3.2) is trivially
satisfied.



3.4. CHARACTERIZATIONS OF TANGENTIAL... 73

The previous chain rule shows the invariance under diffeomorphisms.
As a consequence, we extend the notion of tangential derivative to
functions on differentiable manifolds. We recall that a local chart ϕ of
a differentiable manifold M of dimension m is a map ϕ : U ⊆M → Rm
such that U is an open subset ofM and ϕ : U → ϕ(U) is a diffeomorphism.
For every p ∈M , we also denote by TpM the tangent space at the point
p.

Definition 3.3.1. Let M be a differentiable manifold of dimension m.
Let p ∈ M and let V ⊆ TpM be a linear subspace of TpM . A linear
map L ∈ L(V,R) is a tangential derivative of a map f : M → R at p
with respect to V if for some local chart ϕ : U ⊆ M → Rm such that
p ∈ U , L ◦ (Dϕ(p))−1 ∈ L(Dϕ(p)[V ],R) is a tangential derivative of
f ◦ ϕ−1 : ϕ(U)→ Rn at ϕ(p) with respect to Dϕ(p)[V ].

By corollary 3.3.3, the previous definition is independent of the local
chart ϕ.

3.4. Characterizations of tangential
differentiability

In this section we characterize tangential differentiability as the
weakest notion which implies directional differentiability and which is
invariant under diffeomorphisms. It is also the weakest notion for which
there is a chain rule with respect to nondegenerate paths with a linear
dependence on the direction. Finally, tangential differentiability with
respect to a subspace is equivalent with tangential differentiability with
respect to every direction.

Proposition 3.4.1. Let a ∈ A ⊆ Rm, let f : A→ Rn, let V ⊆ Rm be a
linear subspace of Rm and L ∈ L(V,Rn). The following statements are
equivalent:

(i) the linear map L is a tangential derivative of f at a with respect to
V ,

(ii) for each map ψ : U ⊆ Rm → Rm such that a ∈ U ⊆ A is open and
ψ : U → ψ(U) is a diffeomorphism, L ◦ (Dψ(a))−1 ∈ L(Dψ(a)[V ],
Rn) is a directional derivative of f ◦ ψ−1 at ψ(a) with respect to
Dψ(a)[V ],

(iii) for each path γ ∈ C1((−1, 1),Rm) such that γ(0) = a and γ′(0) ∈
V \ {0}, the composite function f ◦ γ is differentiable at 0 and
(f ◦ γ)′(0) = L[γ′(0)],
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(iv) for each v ∈ V \ {0},

lim
x→a

x−a
‖x−a‖→v

f(x)− f(a)− ‖x− a‖L[v]
‖x− a‖

= 0.

If V = Rm, the equivalence between statements (i), (iii) and (iv) are
well-known in finite dimensional theory. Indeed, statement (iii) is equiv-
alent to Hadamard differentiability ([29, teorema 1; 96; 107, definition
2.2]) and so it is equivalent — since we are working in finite dimension
— to Fréchet–Stolz differentiability (i). Furthermore, statement (iv) is
reminiscent to Bastiani–Michal differentiability [12, définition 3.2; 86;
97, definition 1.1] which is also equivalent to Hadamard differentiability.
For any linear subspace V ⊆ Rm, statement (iv) is also reminiscent to
Schechter differentiability [103, §1].

In contrast with Lipschitz continuous functions (proposition 3.2.2 (i)),
it is important in the previous statement (iv) to assume the property for
every v ∈ V \ {0} as it can be observed by taking (vn)n∈N a dense subset
of ∂B[0, 1] ⊆ Rm and the function f : Rm → R defined for every x ∈ Rm
by

f(x) =
{

0 if x ∈
⋃
n∈N{y ∈ Rm : dist(y, 〈vn〉) ≤ 1

2n+2 ‖y‖},
1 otherwise.

Furthermore, property (iv) is well-known to fail for directional derivatives.
Given a differentiable manifold M of dimension m and a function

f : M → R, the fact that (iv) implies (i) gives us a sufficient condition
for f to be tangentially differentiable at p ∈M with respect to a linear
subspace V ⊆ TpM . Indeed, if there exists L ∈ L(V,R) which is a
tangential derivative of f : M → R at p with respect to 〈v〉 for every v ∈ V ,
that is, according to definition 3.3.1, for all local charts ϕ : U ⊆M → Rm
such that p ∈ U and for all w ∈ Dϕ(p)[V ],

d

dt
(f ◦ ϕ−1)(ϕ(p) + tw)|t=0 = (L ◦ (Dϕ(p))−1)[w],

then f is tangentially differentiable at p with respect to V .
The proof of proposition 3.4.1 relies on the construction of an inter-

polation path between points of a sequence (for a similar construction,
see [38, theorem 2.6]).
Lemma 3.4.2. Let (xn)n∈N ⊆ Rm be a sequence that converges to
a ∈ Rm. Let (tn)n∈N ⊆ (0, 1) be a decreasing sequence such that
lim supn→∞

tn+1
tn

< 1. If (xn−atn
)n∈N converges to v ∈ Rm, then there

exists a path γ ∈ C1([0, t0],Rm) such that γ(0) = a, γ′(0) = v and for all
n ∈ N, γ(tn) = xn.
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Proof. We take p and q to be polynomials of degree 3 such that p(0) = 0,
p(1) = 1 and p′(0) = p′(1) = 0, and q(0) = q(1) = 0 and q′(0) = q′(1) = 1,
that is, for every s ∈ R, p(s) = 3s2 − 2s3 and q(s) = s− p(s). We define
the path γ : [0, t0]→ Rm for each t ∈ [0, t0] by

γ(t) =


xn+1 + (xn − xn+1) p

( t−tn+1
tn−tn+1

)
if tn+1 < t ≤ tn,

+ (tn − tn+1) q
( t−tn+1
tn−tn+1

)
v

a if t = 0.

It is clear that γ ∈ C1((0, t0],Rm). Since 0 ≤ p ≤ 1 on [0, 1] and
sups∈[0,1]|q(s)| ≤ 2, for every t ∈ (tn+1, tn],

‖γ(t)− γ(0)‖ ≤ ‖xn+1 − a‖+ ‖xn − xn+1‖
∣∣p( t−tn+1

tn−tn+1

)∣∣
+ |tn − tn+1|

∣∣q( t−tn+1
tn−tn+1

)∣∣ ‖v‖
≤ ‖xn+1 − a‖+ ‖xn − xn+1‖+ 2|tn − tn+1| ‖v‖.

It follows that γ is continuous at 0. Next, since the sequence (tn)n∈N is
decreasing and lim supn→∞

tn+1
tn

< 1, there exists α ∈ (0, 1) such that for
every n ∈ N, 0 < tn+1 ≤ α tn. For every t ∈ (tn+1, tn], since p′ + q′ = 1
on [0, 1],

‖γ′(t)− v‖ =
∣∣p′( t−tn+1

tn−tn+1

)∣∣ ‖xn − xn+1
tn − tn+1

− v‖

≤
∣∣p′( t−tn+1

tn−tn+1

)∣∣ ‖xn+1 − a
tn+1

− v‖

+ tn
tn−tn+1

‖xn − a
tn

− xn+1 − a
tn+1

‖

≤ 3
2 ‖
xn+1 − a
tn+1

− v‖+ 1
1−α ‖

xn − a
tn

− xn+1 − a
tn+1

‖.

As a consequence, γ′ has a limit at 0 and so γ is differentiable at 0. We
have thus proved that γ ∈ C1([0, t0],Rm).

Proof of proposition 3.4.1. Assume that (i) holds. Since ψ is a local
diffeomorphism, Dψ−1(ψ(a)) ∈ L(Rm,Rm) is a tangential derivative of
ψ−1 at ψ(a) with respect to Dψ(a)[V ] and is injective. By the chain
rule (corollary 3.3.3), since L is a tangential derivative of f at a =
ψ−1(ψ(a)) with respect to V = Dψ−1(ψ(a))[Dψ(a)[V ]], L ◦Dψ−1(ψ(a))
is a tangential derivative of f ◦ ψ−1 at ψ(a) with respect to Dψ(a)[V ],
and so a directional derivative.

In order to prove that (ii) implies (iii), since γ′(0) ∈ V \ {0}, without
loss of generality, if γ = (γ1, . . . , γm), we assume that there exists η > 0
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such that γ1 : (−η, η) → R is one-to-one. We consider the function
ψ̃ : (−η, η)× Rm−1 → Rm defined for all (y1, y

′′) ∈ (−η, η)× Rm−1 as

ψ̃(y1, y
′′) = γ(y1) + (0, y′′).

By construction, ψ̃ : (−η, η) × Rm−1 → ψ̃((−η, η) × Rm−1) is a diffeo-
morphism. So we take the function ψ = ψ̃−1. Since f ◦ γ = f ◦ ψ−1 on
(−η, η)× {0} and for every t ∈ (−η, η), Dψ−1(ψ(a))[(t, 0)] = γ′(0)t ∈ V ,
f ◦ γ is differentiable at 0 and (f ◦ γ)′(0) = L[γ′(0)].

We prove that (iii) implies (iv) by contradiction. Let v ∈ V \ {0} be
such that (iv) is not satisfied. Then there exist ε > 0 and a sequence
(xn)n∈N ⊆ A that converges to a such that limn→∞

xn−a
‖xn−a‖ = v but for

every n ∈ N,

‖f(xn)− f(a)− ‖xn − a‖L[v]‖ > ε‖xn − a‖.

Up to a subsequence, the sequence (‖xn − a‖)n∈N is decreasing and
lim supn→∞

‖xn+1−a‖
‖xn−a‖ < 1. Let γ̃ ∈ C1([0, t0],Rm) be given by lemma 4.2

with (xn)n∈N and (tn = ‖xn − a‖)n∈N. Define γ ∈ C1((−1, t0],Rm) as
γ = γ̃ on [0, t0] and γ(t) = a+ tv for all t ∈ (−1, 0]. As a consequence,
γ′(0) = v ∈ V and

‖(f ◦ γ)(tn)− (f ◦ γ)(0)− tnL[γ′(0)]‖ = ‖f(xn)− f(a)− ‖xn − a‖L[v]‖
> ε‖xn − a‖ = ε|tn|,

and so f ◦ γ is not differentiable at 0.
Finally, we prove that (iv) implies (i). Fix ε > 0. By assumption, for

every v ∈ V \ {0}, there exist δv, θv > 0 such that if x ∈ A, ‖x− a‖ ≤ δv
and

∥∥ x−a
‖x−a‖−v

∥∥ ≤ θv, then ∥∥f(x)−f(a)−L[ ‖x−a‖v]
∥∥ ≤ ε

2‖x−a‖. Then
we define θ̃v = min

(
ε

2(1+‖L‖) ,
θv
2
)
. Since the set V ∩ B[0, 2] is compact,

there exists N ∈ N∗ and v1, . . . , vN ∈ V \ {0} such that

V ∩B[0, 2] ⊆
N⋃
i=1

B[vi, θ̃vi ].

Finally, if x ∈ A, if v ∈ V , if ‖x− a‖ ≤ min1≤i≤N δvi and if

‖x− a− v‖ ≤ min
(
1, min

1≤i≤N
θvi
2
)
‖x− a‖,

then ‖v‖
‖x−a‖ ≤ 2 and so there exists vi ∈ V \ {0} such that ‖ v

‖x−a‖ − vi‖ ≤
θ̃vi and

‖ x− a
‖x− a‖

− vi‖ ≤ ‖
x− a
‖x− a‖

− v

‖x− a‖
‖+ ‖ v

‖x− a‖
− vi‖ ≤ θvi ,
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and thus

‖f(x)− f(a)− L[v]‖

≤ ‖f(x)− f(a)− ‖x− a‖L[vi]‖+ ‖L‖ ‖x− a‖ ‖vi −
v

‖x− a‖
‖

≤ ε
2 ‖x− a‖+ ‖L‖ ‖x− a‖ ε

2(1+‖L‖) ≤ ε‖x− a‖.

3.5. Application to the chain rule
The notion of tangential derivative is useful to state and prove an

intrinsic chain rule for derivatives of Sobolev maps between manifolds.
The general chain rule of L.Ambrosio and G.DalMaso applies as follows
to weakly differentiable functions [4].

Proposition 3.5.1 ([4, corollary 3.2]). Let Ω be an open subset of Rm.
If u ∈W 1,1

loc (Ω,Rn), and f : Rn → Rp is a Lipschitz continuous function,
then f ◦ u ∈W 1,1

loc (Ω,Rp) and for almost every x ∈ Ω, the function f has
a directional derivative at u(x) with respect to Du(x)[Rm].

Here, W 1,1
loc (Ω,Rn) denotes the Sobolev space of all functions u : Ω→

Rn such that the function u and its weak derivative Du : Ω→ L(Rm,Rn)
are locally integrable on Ω (see for example [24, §9.1; 120, definition
6.1.8]).

If we now consider the case where u ∈W 1,1
loc (Ω, N) and f : N → Rp,

with N a differentiable manifold, then the condition that f has a di-
rectional derivative does not have any geometric meaning. By propo-
sition 3.2.2, since f is Lipschitz continuous, proposition 3.5.1 can be
restated with tangential derivative instead of directional derivative in
the conclusion. The proposition is then invariant under changes of local
charts, and suggests the following generalization.

Proposition 3.5.2. Let Ω be an open subset of Rm and let N be a
Riemannian manifold of dimension n. If u ∈W 1,1

loc (Ω, N), and f : N → Rp

is a Lipschitz continuous function, then f◦u ∈W 1,1
loc (Ω,Rp) and for almost

every x ∈ Ω, the map f has a tangential derivative at u(x) with respect
to Du(x)[Rm] ⊆ Tu(x)N .

Proof. By the classical composition property in Sobolev spaces [34, propo-
sition 2.5], f ◦ u ∈W 1,1

loc (Ω,Rp).
For every y ∈ N , there exist an open subset U ⊆ N such that

y ∈ U , and some maps ϕ ∈ C1
c (N,Rn) and ϕ∗ ∈ C1(Rn, N) such that

(ϕ,ϕ∗) is an extended local chart: ϕ|U : U ⊆ N → Rn is a local chart
and ϕ∗ ◦ ϕ = id in U [34, lemma 1.3]. Furthermore, for almost every
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x ∈ Ω, D(ϕ ◦ u)(x) = Dϕ(u(x))[Du(x)] (existence and uniqueness of the
colocal weak derivative [34, proposition 1.2]). If moreover x ∈ u−1(U),
since f ◦ ϕ∗ : Rn → Rp is Lipschitz continuous and ϕ ◦ u ∈W 1,1

loc (Ω,Rn),
by proposition 3.5.1, the function f ◦ ϕ∗ has a tangential derivative at
ϕ(u(x)) with respect to D(ϕ◦u)(x)[Rm] = Dϕ(u(x))[Du(x)[Rm]]. Hence,
by definition 3.3.1, f has a tangential derivative at u(x) with respect to
Du(x)[Rm].



Chapter IV

Higher order weak differentiability and

Sobolev spaces between manifolds

4.1. Introduction
Higher-order Sobolev maps between manifolds are measurable maps

that are at least twice weakly differentiable whose derivatives satisfy some
summability condition. As their first-order counterparts such maps are a
natural framework to study geometrical objects as biharmonic [30, 56, 88,
109,112] and polyharmonic [7,50,55,78] maps and some physical models as
the Schrödinger–Airy and third order Landau–Lifschitz equations [110].

For every k ∈ N∗ and every p ∈ [1,+∞), Sobolev maps between
the manifolds M and N can be defined by first embedding the target
manifold N in a Euclidean space Rν for some ν ∈ N through an isometric
embedding ι ∈ Ck(N,Rν) and then considering the set [7, 56,88]

Ẇ k,p
ι (M,N) =

{
u : M → N : ι ◦ u ∈W k,1

loc (M,Rν)
and |Dk(ι ◦ u)| ∈ Lp(M)

}
. (4.1)

Since every Riemannian manifold N can be smoothly isometrically em-
bedded in a Euclidean space [93, theorem 3], this definition (4.1) is always
possible. In the first-order case k = 1, this definition turns out to be
independent of the embedding (see [34, proposition 2.7]). However in the
higher-order case k ≥ 2, this definition is not intrinsic: it depends on
the choice of the embedding ι (see proposition 4.5.3 below). The goal of
this work is to propose and study an intrinsic definition of higher-order
Sobolev spaces.

In the first-order case k = 1, the definition by embedding (4.1) is
also equivalent to the definition of Sobolev spaces into metric spaces [34,
proposition 2.2; 62, theorem 3.2; 63, theorem 2.17]. However definitions
of Sobolev spaces into metric spaces do not provide any notion of weak
derivative and thus do not seem adapted to a further definition of higher-
order Sobolev spaces by iteration.
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For first-order Sobolev maps between manifolds, an intrinsic definition
in which weak differentiability plays a central role has been proposed in
our previous work [34]. We thus follow this strategy in our aim to define
and study intrinsic higher-order derivatives and Sobolev spaces.

Our definitions, results and methods apply to arbitrary order weak
differentiation and Sobolev spaces, but in order to highlight the essential
ideas and issues the exposition in the present introduction is focused on
the second-order case.

We begin by defining twice colocally weakly differentiable maps as
colocally weakly differentiable maps for which the colocal weak deriva-
tive is also colocally weakly differentiable (definition 4.2.1). The notion
of colocal weak differentiability was introduced in [34]: a measurable
map u : M → N is colocally weakly differentiable if for every function
f ∈ C1

c (N,R), the composite function f ◦ u : M → R is weakly dif-
ferentiable [34, §1] and its colocal weak derivative Tu : TM → TN is a
bundle morphism between the tangent spaces such that for every function
f ∈ C1

c (N,R), the chain rule T (f ◦ u) = Tf ◦ Tu holds. The colocal
weak derivative of Tu is for almost every x ∈M , a double vector bundle
morphism T 2u(x) : T 2

xM → T 2
u(x)N (proposition 4.2.1).

Although this second-order derivative T 2u is a natural object from the
point of view of differential geometry, it is not a vector bundle morphism
that covers u and it does not appears directly in affine or Riemannian
geometry or in geometric analysis or in physical models. In order to
remedy to this issue, we study how this object T 2u is related to objects
of affine and Riemannian geometry.

When M and N are affine manifolds, that is differentiable manifolds
whose tangents manifolds are endowed with a Koszul connection which
induces notions of parallel displacement and covariant derivative, the
double colocal derivative is described completely by the colocal weak
covariant derivative DK(Tu) (proposition 4.3.1).

Proposition 4.1. Let KT ∗M⊗TN be a connection on the vector bun-
dle T ∗M ⊗ TN . Let u : M → N be a twice colocally weakly differ-
entiable map. Then the map Tu : M → T ∗M ⊗ TN has a colocal
weak covariant derivative DK(Tu) : M → T ∗M ⊗ T ∗M ⊗ TN if and
only if the map Tu : M → T ∗M ⊗ TN has a colocal weak derivative
T 2u : TM → T (T ∗M ⊗ TN). Furthermore, they are unique and almost
everywhere in M

T 2u = Vert ◦DK(Tu) + HorK ◦Tu,
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and
DK(Tu) = KT ∗M⊗TN ◦ T 2u.

Roughly speaking, colocal weak covariant differentiability consists in
looking only at the vertical component associated to the connection in
the chain rule and relying on the formula

(Tf)(Tu)[Vert ◦DK(Tu)] = T (f ◦ Tu)− (Tf)(Tu)[HorK ◦Tu],

where Vert is the vertical lifting from T ∗M⊗TN and HorK is the horizon-
tal lifting associated to the connection KT ∗M⊗TN (see definition 4.3.1).

Proposition 4.1 states the equivalence between a purely differential
geometric derivative and an affine geometric one; differentiability turns
out to be independent of the choice of the connection.

When M and N are Riemannian manifolds endowed with their Levi–
Civita connections, the colocal weak covariant derivative is a natural
concept in geometry and physics and is essentially equivalent to the
weak covariant derivative of P.Hornung and R.Moser [72, definition 2.5]
(proposition 4.3.2).

Furthermore, this notion of covariant derivative brings us in position
to define for every p ∈ [1,+∞), the intrinsic second-order Sobolev space
(definition 4.3.2)

Ẇ 2,p(M,N)
=
{
u : M → N : u is twice colocally weakly differentiable

and |DK(Tu)|g∗M⊗g∗M⊗gN ∈ L
p(M)

}
,

where the norm |·|g∗M⊗g∗M⊗gN is induced by the Riemannian metrics
on M and N . Thanks to the iterative nature of our definition of the
double colocal differentiability, we deduce immediately compactness
(proposition 4.3.3) and closure (proposition 4.3.4) properties for second-
order Sobolev maps.

The intrinsic second-order Sobolev spaces might by different from the
one by embedding (see proposition 4.5.3 below). As a consequence, we
compare the definition of higher-order Sobolev spaces by embedding (4.1)
with the intrinsic one (definitions 4.3.2 and 4.3.3). The latter definition
is not intrinsic and has characterizations in terms of intrinsic spaces in
several particular cases (propositions 4.5.1, 4.5.3 and 4.5.4).
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Proposition 4.2. Let p ∈ [1,+∞).

(i) If there exists C > 0 such that for every v ∈ Ẇ 2,p(M,R) ∩
L∞(M,R),∫

M
|Tv|2pg∗M⊗g1

≤ C
(
ess sup{|v(x)− v(y)| : x, y ∈M}

)p ∫
M
|DK(Tv)|pg∗M⊗g∗M⊗g1

and if N is compact, then for any isometric embedding ι ∈ C2(N,
Rν), we have

Ẇ 2,p
ι (M,N) = Ẇ 1,2p(M,N) ∩ Ẇ 2,p(M,N).

(ii) For every isometric embedding ι ∈ C2(N,Rν),

Ẇ 2,p
ι (M,N) ⊆ Ẇ 2,p(M,N).

(iii) There exists an isometric embedding ι ∈ C2(N,Rν) such that

Ẇ 2,p
ι (M,N) ⊆ Ẇ 1,2p(M,N) ∩ Ẇ 2,p(M,N).

As a consequence of the latter proposition, we prove that for every
r > 0, if 1 ≤ 2p < m and if the manifold N is compact,

Ẇ 2,p
ι (Bmr , N) ( Ẇ 2,p(Bmr , N)

by exhibiting a map u ∈ Ẇ 2,p(Bmr , N) such that∫
Bmr
|DK(Tu)|pg∗m⊗g∗m⊗gN < +∞ but

∫
Bmr
|Tu|2pg∗m⊗gN = +∞,

that is, u /∈ Ẇ 2,p
ι (Bmr , N) (proposition 4.5.6). This example implies the

failure of the Gagliardo–Nirenberg interpolation inequalities [49, 95] for
those spaces. In the general case where the target manifold N is not
compact, this leads to an open question 4.5.1: does it exist a constant
C > 0 such that for every u ∈ Ẇ 2,p(M,N) ∩ L∞(M,N),∫

M
|Tu|2pg∗M⊗gN

≤ C
(
ess sup{dN (u(x), u(y)) : x, y ∈M}

)p ∫
M
|DK(Tu)|pg∗M⊗g∗M⊗gN ?

The answer should involve in particular the geometry of M and N .
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We consider also the question of density of the set of smooth maps
Ck(M,N) in Ẇ k,p(M,N) when M and N are compact manifolds. In
the first-order case k = 1, the density of smooth maps is known to
be equivalent to some homotopy invariant of the pair (M,N) [17, 64].
Although these results are proved for embedded manifolds, the Sobolev
space and the convergence are intrinsic [34] and the density result is thus
intrinsic. In the higher-order case on the ball, the set of smooth maps
C2(Bm, N) is dense in the space Ẇ 2,p

ι (Bm, N) if and only if πb2pc(N) '
{0} [22]. Since the set Ẇ 2,p(Bm, N) is larger than Ẇ 2,p

ι (Bm, N) but is
endowed with a weaker notion of convergence (proposition 4.5.4), it is not
immediate that the topological condition is either necessary or sufficient
for the density of smooth maps.

We prove that the topological condition is still a necessary condi-
tion for the strong and weak-bounded approximation by smooth maps
(proposition 4.5.7).

Proposition 4.3. Let N be a smooth connected compact Riemannian
manifold and let p ∈ [1,+∞) so that 1 ≤ 2p < m.

(i) If for every u ∈ Ẇ 2,p(Bm, N), there exists a sequence (u`)`∈N in
C∞(Bm, N) that is bounded in Ẇ 2,p(Bm, N) and that converges
almost everywhere to u, and if 2p /∈ N, then πb2pc(N) ' {0}.

(ii) If for every u ∈ Ẇ 2,p(Bm, N), there exists a sequence (u`)`∈N in
C∞(Bm, N) that converges strongly to u in Ẇ 2,p(Bm, N), and if
2p ∈ N, then π2p(N) ' {0}.

Giving some sufficient condition for the approximation problems
seems to require new intrinsic approximation tools that would go beyond
the scope of the present work.

Since Sobolev spaces by embedding (4.1) are defined by composition
with a map ι ∈ C2(N,Rν) which is an immersion, we investigate for
the twice colocal weak differentiability the chain rule in view of the
comparison of the definition by embedding and the intrinsic one. Moreover,
since the first-order colocal weak differentiability was defined by the
chain rule, another natural candidate definition for the second-order
differentiability could have been some second-order chain-rule condition.
Such a definition turns out to be stronger and ill-behaved. Given a twice
colocally weakly differentiable map u : M → N , we ask whether for every
f ∈ C2

c (N,R), the map f ◦ u is twice weakly differentiable and whether
the chain rule T 2(f ◦ u) = T 2f ◦ T 2u holds. The chain rule does not
hold in general (example 4.4.1); however, it holds under an additional
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necessary and sufficient integrability condition on colocal weak derivatives
of bundle morphism (proposition 4.4.3).

Proposition 4.4. Let u : M → N be a twice colocally weakly differen-
tiable map. The following statements are equivalent.

(i) For every f ∈ C2
c (N,R), the map f ◦u is twice weakly differentiable

and almost everywhere in M

T 2(f ◦ u) = T 2f ◦ T 2u,

(ii) for every compact sets K ⊆M and L ⊆ N ,∫
u−1(L)∩K

JT 2uK < +∞,

(iii) for every h ∈ C1(T ∗M ⊗ TN,R) that is linear with respect to Tu
and has compact support with respect to u, the map h◦ Tu is weakly
differentiable.

The condition (ii) involves a double norm J·K of the double vector
bundle morphism T 2u (definition 4.4.2). Such a double norm is a semi-
norm on fibers over both vector bundle structures of the double vector
bundle.

4.2. Colocal weak differentiability

4.2.1. Double colocal weak differentiability
on differentiable manifolds

We assume that M and N are differentiable manifolds of class C2

of respective dimensions m and n. As usual, the manifolds M and N
satisfy the Hausdorff separation property and have a countable basis [42,
§0.5; 70, §1.5]. We study the notion of second-order differentiability for
measurable maps from M to N .

As a preliminary we recall various definitions of local measure-
theoretical notions on a manifold. A set E ⊂ M is negligible if for
every x ∈ M there exists a local chart ψ : V ⊆ M → Rm – that is
ψ : V ⊆ M → ψ(V ) ⊆ Rm is a diffeomorphism – such that x ∈ V and
the set ψ(E ∩ V ) ⊆ Rm is negligible. A map u : M → N is measurable
if for every point x ∈ M there exists a local chart ψ : V ⊆ M → Rm
such that x ∈ V and the map u ◦ ψ−1 is measurable [40, §3; 70, §3.1]. A
function u : M → R is locally integrable if for every x ∈M there exists a
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local chart ψ : V ⊆M → Rm such that x ∈ V and u ◦ ψ−1 is integrable
on ψ(V ) [71, §6.3]. Similarly, a locally integrable map u : M → R is
weakly differentiable if for every point x ∈M there exists a local chart
ψ : V ⊆ M → Rm such that x ∈ V and the map u ◦ ψ−1 is weakly
differentiable. All these notions are independent on any particular metric
or measure on the manifold M and are invariant under diffeomorphisms
of M .

Given a colocally weakly differentiable map u : M → N [34, definition
1.1], by existence and uniqueness of the colocal weak derivative [34,
proposition 1.5], there exists a unique measurable bundle morphism
Tu : TM → TN such that for every f ∈ C1

c (N,R), T (f ◦ u) = Tf ◦ Tu
almost everywhere in M , where (TM, πM ,M) is the tangent bundle over
M , that is,

TM =
⋃
x∈M
{x} × TxM,

πM : TM → M is the natural projection and for every point x ∈ M ,
the fiber π−1

M ({x}) is isomorphic to the space Rm, and where a map
υ : TM → TN is a bundle morphism that covers the map u : M → N if
the diagram

TM
υ //

πM
��

TN

πN
��

M u
// N

commutes, that is, we have πN ◦υ = u◦πM on TM , and for every x ∈M ,
the map υ(x) : π−1

M ({x}) ' TxM → π−1
N ({u(x)}) ' Tu(x)M is linear. As

a consequence, the map Tu can be viewed as a measurable map from
M to the bundle 1 T ∗M ⊗ TN , that is, for almost every x ∈ M , we
have Tu(x) ∈ T ∗xM ⊗ Tu(x)N = L(TxM,Tu(x)N). Since both M and N
are manifolds of class C2, the vector bundle T ∗M ⊗ TN has a manifold
structure of class C1 and so we can define the notion of twice colocally
weakly differentiable maps recursively.

Definition 4.2.1. A map u : M → N is twice colocally weakly differen-
tiable whenever u is colocally weakly differentiable and its colocal weak
derivative Tu : M → T ∗M ⊗ TN is itself colocally weakly differentiable.

If u ∈W 2,1
loc (Rm,Rn), that is, if the map u : Rm → Rn is twice weakly

differentiable, then u is twice colocally weakly differentiable. Indeed, the
1The tensor product (T ∗M ⊗ TN, πM×N ,M ×N) of the bundles T ∗M and TN is

a vector bundle over M ×N such that for every (x, y) ∈M ×N , π−1
M×N ({(x, y)}) =

T ∗xM ⊗ TyN .
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weak derivative Du : Rm → L(Rm,Rn) is weakly differentiable and so
for every f ∈ C1

c (L(Rm,Rn),R), the composite map f ◦ Du is weakly
differentiable. But, as in the case of colocally weakly differentiable maps,
the converse is false. For example, the function u : Rm → R defined for
every x ∈ Rm \ {0} by u(x) = |x|−α does not belong to W 2,1

loc (Rm) for
any α > m − 2, but is twice colocally weakly differentiable for every
α ∈ R. The boundedness of u is not essential: indeed for every α < m−1,
the function (cos ◦u, sin ◦u) : Rm → S1 ⊆ R2 is twice colocally weakly
differentiable but it does not belong to W 2,1

loc (Rm,R2) if α > m−2
2 .

The natural framework of the colocal weak derivative of a bundle
morphism involves the second-order tangent bundle T 2M := T (TM) [15,
§7.1; 87, §8.13]; the natural projection π2

M : T 2M →M is not a vector
bundle but the tangent manifold T 2M has two natural vector bundle
structures as a bundle over TM [15, §9.1; 41, §16.15.7; 84, example 1.3;
87, §8.12], that is,
– the canonical vector bundle structure of the tangent bundle πTM :
T 2M → TM ,

– the tangent vector bundle structure on the tangent fibration TπM :
T (TM)→ TM ;

hence, T 2M is a double vector bundle [57, theorem 3.1; 84, definition 1.1],
that is, a system of four vector bundle structures such that the following
diagram commutes

T 2M
πTM //

TπM
��

TM

πM
��

TM πM
//M

and such that each of the four structure maps (namely, the bundle
projection, the zero section, addition and scalar multiplication) of each
vector bundle structure on T 2M is a morphism of vector bundles with
respect to the other structure; the double vector bundle T 2M has one
more natural structure, the canonical flip κM : T 2M → T 2M which is
a linear isomorphism from the bundle (T 2M,TπM , TM) to the bun-
dle (T 2M,πTM , TM) [87, §8.13]; the space of all double vector bun-
dle morphisms Mor(T 2M,T 2N) is defined by requiring that for ev-
ery (x, y) ∈ M × N , the fiber Mor(T 2M,T 2N)x,y consists of maps
υ : T 2

xM → T 2
yN and υ1, υ2 ∈ L(TxM,TyN) such that πTN◦ υ = υ1◦πTM

and TπN ◦υ = υ2◦TπM ; we note that Mor(T 2M,T 2N) is a double vector
bundle with the following commutative diagram



4.2. COLOCAL WEAK DIFFERENTIABILITY 87

Mor(T 2M,T 2N)

T ∗M ⊗ TN

T ∗M ⊗ TN

M ×N

π1
T∗M⊗T N

π2
T∗M⊗T N

πM×N

πM×N

where for every υ ∈ Mor(T 2M,T 2N), π1
T ∗M⊗TN ◦ υ = πTN ◦ υ◦ 0TπM and

π2
T ∗M⊗TN ◦ υ = TπN ◦ υ◦ 0πTM , with the two zero sections 0πTM : TM →
T 2M and 0TπM : TM → T 2M . If u ∈ C2(M,N), then the second-order
tangent map T 2u : T 2M → T 2N and the maps Tu : TM → TN and
u : M → N define a morphism of double vector bundles [84, definition
1.2] such that the following diagrams commute.

T 2M

TM

M

T 2N

TN

N

TM TN

T2u

TπM

πT M

TπN

πT N

Tu

Tu

πM

πM

πN

πN

u

T 2M

T 2M

TM

T 2N

T 2N

TN

TM TN

T2u

TπM

κM

κM

T2u

πT M

Tu

TπN

κN

κN

πT N

Tu

Moreover, the map T 2u can be viewed as a section from M to Mor(T 2M,
u∗(T 2M)), that is, for every x ∈ M , T 2u(x) ∈ Mor(T 2M,T 2N)x,u(x).
However, twice colocally weakly differentiable maps are just measurable
and so we say that a measurable map υ : M → Mor(T 2M,T 2N) covers
u : M → N whenever for almost every x ∈M ,

πM×N ◦ π1
T ∗M×TN ◦ υ(x) = πM×N ◦ π2

T ∗M×TN ◦ υ(x) =
(
x, u(x)

)
.

If (E, πM ,M) is a vector bundle, the vertical bundle V E → E is the
subbundle of TE → E defined by [116, definition 3.1]

V E =
{
ν ∈ TE : TπM (ν) = 0

}
= kerTπM ,

and for every e ∈ E, the vertical lift Verte : E → TE defined for ν ∈
π−1
M ({πM (e)}) by

Verte(ν) = d

dt
(e+ tν)

∣∣∣
t=0

gives a natural isomorphism between EπM (e) and VeE. This construction
is independent of any connection.
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Proposition 4.2.1. If the map u : M → N is twice colocally weakly
differentiable, then there exists a unique measurable map T 2u : M →
Mor(T 2M,T 2N) that covers the map u such that for every function
f ∈ C1(T ∗M ⊗ TN,R) such that f ◦ Tu ∈W 1,1

loc (M),

T (f ◦ Tu) = Tf ◦ T 2u

almost everywhere in M . Moreover, κN ◦ T 2u = T 2u ◦ κM and T 2u ◦
VertTM = VertTN ◦Tu almost everywhere in M .

In other words, the map T 2u is the colocal weak derivative of the
bundle morphism Tu. Moreover, for almost every x ∈ M , the dou-
ble vector bundle morphism T 2u(x) ∈ Mor(T 2M,T 2N)x,u(x) satisfies
π1
T ∗M⊗TN◦T 2u(x) = π2

T ∗M⊗TN◦T 2u(x) = Tu(x) and T 2u(x)◦VertTM =
VertTN ◦Tu(x).

The first lemma recalls how these properties are obtained when the
target manifold is a Euclidean space. We remind the reader that a locally
integrable map u : M → R is twice weakly differentiable if for every
x ∈M , there exists a local chart ψ : V ⊆M → Rm such that x ∈ V and
the map u ◦ ψ−1 belongs to W 2,1

loc (ψ(V )).

Lemma 4.2.2. If the locally integrable map v : M → Rn is twice weakly
differentiable, then there exists a unique measurable map T 2v : M →
Mor(T 2M,T 2Rn) that covers the map v such that for every local chart
ψ : V ⊆M → Rm,

T 2(v ◦ ψ−1) = T 2v ◦ T 2(ψ−1)

almost everywhere in ψ(V ). Moreover, TπRn ◦ T 2v = Tv ◦ TπM , κRn ◦
T 2v = T 2v ◦κM and T 2v ◦VertTM = VertTRn ◦Tv almost everywhere in
M .

Sketch of the proof. First, if M is an open set of Rm, since the domain
is flat, for almost every x ∈M , T 2v(x) : T 2

xM → T 2
v(x)R

n is defined for
every (e, µ, ν) ∈ T 2

xM by

T 2v(x)[e, µ, ν] = (Dv(x)[e], Dv(x)[µ], D2v(x)[e, µ] +Dv(x)[ν]),

and the conclusion follows.
Next, for a general manifold M , for every local chart ψ : V ⊆M →

Rm, the map v ◦ ψ−1 : ψ(V ) ⊆ Rm → Rn is twice weakly differentiable.
Since ψ ∈ C2(V,Rm), we have T 2ψ ∈ Mor(T 2V, ψ∗(T 2Rm)), κRm ◦T 2ψ =
T 2ψ◦κM and T 2ψ◦VertTM = VertTRm ◦Tψ [87, §8.13]. As a consequence,
since almost everywhere in V

T 2v = T 2(v ◦ ψ−1) ◦ T 2ψ,
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by the previous step, we can deduce that TπRn ◦ T 2v = Tv ◦ TπM , κRn ◦
T 2v = T 2v ◦ κM and T 2v ◦ VertTM = VertTRn ◦Tv almost everywhere
in V . Since πTM = TπM ◦ κM on T 2M and πTRn = TπRn ◦ κRn on
T 2Rn [87, §8.13], then πTRn ◦ T 2v = Tv ◦ πTM almost everywhere in V
and so for almost every x ∈ V , T 2v(x) ∈ Mor(T 2M,T 2N)x,v(x). Finally,
since the manifold M has a countable atlas of local charts, by a direct
covering argument, the previous equalities are satisfied almost everywhere
in M .

The following lemma 4.2.3 allows to embed a local chart into a
compactly supported function; its proof and its statement is similar to
the one for C1–manifolds [34, lemma 1.6].

Lemma 4.2.3 (Extended local charts). For every y ∈ N , there exist
an open subset U ⊆ N such that y ∈ U , and maps ϕ ∈ C2(N,Rn) and
ϕ∗ ∈ C2(Rn, N) such that

(i) the set supp(ϕ) is compact,

(ii) the set {x ∈ Rn : ϕ∗(x) 6= y} is compact,

(iii) the map ϕ|U is a diffeomorphism of class C2 onto its image ϕ(U),

(iv) ϕ∗ ◦ ϕ = id in U .

Proof. By definition of manifold of class C2, there exists a local chart
ψ : V ⊆ N → ψ(V ) ⊆ Rn around y ∈ N such that ψ : V → ψ(V ) is a
diffeomorphism of class C2. Without loss of generality, we assume that
ψ(y) = 0. Since the set ψ(V ) ⊆ Rn is open, there exists r > 0 such that
B2r ⊆ ψ(V ). We choose a function θ ∈ C2

c (Rn,R) such that 0 ≤ θ ≤ 1
on Rn, θ = 1 on Br and supp(θ) ⊂ B2r. We take the set U = ψ−1(Br)
and the maps ϕ : N → Rn defined for every z ∈ N by

ϕ(z) =
{
θ
(
ψ(z)

)
ψ(z) if z ∈ ψ−1(B2r),

0 otherwise

and ϕ∗ : Rn → N defined for every x ∈ Rn by ϕ∗(x) = ψ−1(θ(x)x).

Proof of proposition 4.2.1. By the existence and uniqueness of the colo-
cal weak derivative [34, proposition 1.5], there exists a unique mea-
surable bundle morphism T 2u : TM → T (T ∗M ⊗ TN) such that for
every f ∈ C1(T ∗M ⊗ TN,R) such that f ◦ Tu ∈ W 1,1

loc (M), we have
T (f ◦ Tu) = Tf ◦ T 2u almost everywhere in M . As for the colocal weak
derivative, the map T 2u can be viewed as a measurable map from M to
T ∗M ⊗ T (T ∗M ⊗ TN), which is a subset of Mor(T 2M,T 2N).
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Let U ⊆ N , ϕ ∈ C2(N,Rn) and ϕ∗ ∈ C2(N,Rn) be the extended
local charts given by lemma 4.2.3. For every y ∈ T ∗M ⊗ TU , there exist
two open sets V,W ⊆ T ∗M ⊗ TU such that y ∈ V ⊆W and then a map
η ∈ C1

c (T ∗M ⊗ TN,R) such that 0 ≤ η ≤ 1 on T ∗M ⊗ TN , η = 1 on V
and supp(η) ⊂ W . As a consequence, the function h defined for every
z ∈ T ∗M ⊗ TN by

h(z) =
{
η(z)Tϕ(z) if z ∈W,
0 otherwise,

belongs to C1
c (T ∗M⊗TN,Rn) and satisfies T (h◦ Tu) = Th◦T 2u almost

everywhere in M .
Since η = 1 on V , we have in particular T 2(ϕ◦u) = T 2ϕ◦T 2u almost

everywhere in u−1(πN (πM×N (V ))). Since T 2ϕ∗◦T 2ϕ = id on (π2
N )−1(U),

by lemma 4.2.2 and since ϕ∗ ∈ C2(Rn, N) [87, §8.13], almost everywhere
in u−1(πN (πM×N (V )))

κN ◦ T 2u = κN ◦ T 2ϕ∗ ◦ T 2(ϕ ◦ u)
= T 2ϕ∗ ◦ κRn ◦ T 2(ϕ ◦ u)
= T 2ϕ∗ ◦ T 2(ϕ ◦ u) ◦ κM = T 2u ◦ κM .

In particular, we have

T 2u = κN ◦ T 2u ◦ κM ,

which gives a second bundle morphism structure to T 2u so that T 2u is a
double vector bundle morphism in u−1(πN (πM×N (V ))).

The facts that T 2u ◦VertTM = VertTN ◦Tu and TπN ◦ T 2u = Tu ◦
TπM almost everywhere in u−1(πN (πM×N (V ))) can be proved along the
same line. Since πTM = TπM ◦ κM on T 2M and πTN = TπN ◦ κN on
T 2N [87, §8.13],

Tu ◦ πTM = Tu ◦ TπM ◦ κM = TπN ◦ T 2u ◦ κM
= TπN ◦ κN ◦ T 2u = πTN ◦ T 2u

almost everywhere in u−1(πN (πM×N (V ))). So for almost every x ∈
u−1(πN (πM×N (V ))),

π1
T ∗M⊗TN ◦ T 2u(x) = π2

T ∗M⊗TN ◦ T 2u(x) = Tu(x)

and πM×N ◦ Tu(x) = (x, u(x)).
Finally, by a direct covering argument, since the manifolds M and N

have a countable basis, the measurable map T 2u : M → Mor(T 2M,T 2N)
satisfies the previous properties almost everywhere in M .
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4.2.2. Sequences of twice colocally weakly differentiable
maps

In order to study the lower semi-continuity of functionals, it is in-
teresting to have some sufficient conditions in the calculus for a limit
of twice colocally weakly differentiable maps to be also twice colocally
weakly differentiable. In this part, we deduce from the closure property
for first-order derivatives [34, proposition 3.7] a closure property for
second-order derivatives.

We first recall a notion of convergence in measure [34, definition 3.5].
Definition 4.2.2. A sequence (u`)`∈N of maps from M to N converges
locally in measure to a map u : M → N whenever for every x ∈M there
exists a local chart ψ : V ⊆ M → Rm such that x ∈ V and for every
open set U ⊆ N ,

lim
`→∞

Lm
(
ψ((u−1(U) ∩ V ) \ u−1

` (U))
)

= 0.

The definition applies directly to a sequence (υ`)`∈N of bundle mor-
phisms between TM and TN viewed as maps from M to T ∗M ⊗ TN .

We then generalize the notion of uniform integrability [34, definition
3.6] to any bundle morphisms.
Definition 4.2.3. Let (F, πN , N) be a vector bundle. A sequence (υ`)`∈N
of bundle morphisms from TM to F that covers a sequence (u`)`∈N of
maps from M to N is bilocally uniformly integrable whenever for every
x ∈M and every y ∈ N , there exist a local chart ψ : V ⊆M → Rm and a
bundle chart ϕ : π−1

N (U) ⊆ F → Rq (ϕ : π−1
N (U) ⊆ F → ϕ(π−1

N (U)) ⊆ Rq
is a diffeomorphism and U ⊆ N is open) such that for every ε > 0 there
exists δ > 0 such that if W ⊆ ψ(V ), Lm(W ) ≤ δ and ` ∈ N,∫

W∩ψ(u−1
`

(U))
|ϕ ◦ υ` ◦ T (ψ−1)| ≤ ε.

This definition applies directly to a sequence (υ`)`∈N from TM to
TN or from TM to T (T ∗M ⊗ TN).
Proposition 4.2.4. Let (u`)`∈N be a sequence of twice colocally weakly
differentiable maps from M to N . If the sequence (Tu`)`∈N converges
locally in measure to a measurable map υ : M → T ∗M ⊗ TN that cov-
ers a map u : M → N , if the sequences (Tu`)`∈N and (T 2u`)`∈N are
bilocally uniformly integrable, then the map u is twice colocally weakly
differentiable.

This proposition is a direct consequence of the closure property for
colocally weakly differentiable maps [34, proposition 3.7], applied to the
sequence (u`)`∈N and then to (Tu`)`∈N .
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4.2.3. Higher order colocal weak differentiability

In this part, we explain how previous notions and propositions extend
to higher-order derivatives.

For k ≥ 3, we assume that M and N are manifolds of class Ck.
Since the set T ∗M ⊗ TN is a manifold of class Ck−1, we also proceed by
induction. A map u : M → N is 1 times colocally weakly differentiable
whenever it is colocally weakly differentiable.

Definition 4.2.4. Let k ∈ N∗. A map u : M → N is k times colocally
weakly differentiable whenever u is (k − 1) times colocally weakly dif-
ferentiable and Tu : M → T ∗M ⊗ TN is (k − 1) times colocally weakly
differentiable.

As for the notion of twice weak differentiability, there is some natural
framework to work with, that is, we denote by T kM the kth order
tangent bundle which is by induction T kM := T (T k−1M) [15, §7.1]; this
manifold has k natural vector bundle structures π1

Tk−1M , . . . , π
k
Tk−1M

over T k−1M [15, §15.1] and it is a ktuple vector bundle [57, definition 4.1
and theorem 5.1; 58, definition 3.1]; the canonical flips correspond to
any permutation of the bundle structures and the space of ktuple vector
bundle morphisms Mor(T kM,T kN) is defined by the condition that for
every (x, y) ∈ M × N , the fiber Mor(T kM,T kN)x,y consists of maps
υ : T kxM → T kyN and υ1, . . . , υk ∈ Mor(T k−1M,T k−1N)x,y such that
for every j ∈ {1, . . . , k}, πj

Tk−1N
◦ υ = υj ◦ πjTk−1M

[57, definition 4.1;
58, definition 3.1]; we note that Mor(T kM,T kN) has also a ktuple vector
bundle structure.

If u : M → N is a k times colocally weakly differentiable map, then by
existence and uniqueness of the colocal weak derivative [34, proposition
1.5], and by induction, there exist unique measurable maps T 2u, . . . , T ku
such that for every j ∈ {3, . . . , k}, T ju : TM → T (Mor(T j−1M,T j−1N))
is the colocal weak derivative of T j−1u; this derivative can also be viewed
as a map from M to Mor(T jM,T jN) that covers u, that is, for almost
every x ∈M , T ju(x) ∈ Mor(T jM,T jN)x,u(x).

We have a closure property for higher-order colocally weakly dif-
ferentiable maps similar to proposition 4.2.4 for twice colocally weakly
differentiable maps. Indeed, definition 4.2.2 applies directly to a sequence
(υ`)`∈N of maps from M to Mor(T kM,T kN). Moreover, definition 4.2.3
applies also to a sequence (υ`)`∈N from TM to T (Mor(T k−1M,T k−1N))
that covers a sequence (u`)`∈N from M to Mor(T k−1M,T k−1N).

Proposition 4.2.5. Let (u`)`∈N be a sequence of k times colocally weakly
differentiable maps from M to N . If the sequence (T k−1u`)`∈N converges
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locally in measure to a measurable map υ : M → Mor(T k−1M,T k−1N)
that covers a map u : M → N and if for all j ∈ {1, . . . , k}, the sequence
(T ju`)`∈N is bilocally uniformly integrable, then the map u is k times
colocally weakly differentiable.

Propositon 4.2.5 is a direct consequence of the closure property
for colocally weakly differentiable maps [34, proposition 3.7], applied
recursively to the sequences (u`)`∈N, . . . , (T k−1u`)`∈N.

4.3. Colocal weak covariant derivatives and
Sobolev spaces

In this section we study how differentiability can be characterized in
covariant terms when the manifolds M and N have an affine structure.

4.3.1. Geometric preliminaries

We recall some concepts and tools of affine geometry of a vector
bundle (E, πM ,M). A map KE : TE → E is a connection if KE is a
bundle morphism from (TE, πE , E) to (E, πM ,M) that covers πM and
a bundle morphism from (TE, TπM , TM) to (E, πM ,M) that covers
πTMM : TM →M , and for every e ∈ E, (KE ◦Vert)(e) = e [116, definition
3.9], where the map Vert is defined on page 87. If we endow E with a
connection KE , the horizontal bundle HKE → E is the subbundle of
TE → E defined by [60, definition 3.4]

HKE = {ν ∈ TE : KE(ν) = 0} = ker KE ;

then the direct decomposition TE = HKE ⊕ V E holds [60, propo-
sition 3.5]. Equivalently, there exists a map called the horizontal lift
HorK : TM → HKE ⊂ TE such that for each e ∈ TM , (TπM ◦
HorK)(e) = e. Consequently, if idTE : TE → TE is the identity map,
then

idTE = Vert ◦KE + HorK ◦TπM . (4.3.2)

If (M, gM ) is a Riemannian manifold and if we endow E with a metric
connection KE , then the Sasaki metric GSE [102] (see also [42, chapter 3,
exercise 2]) is defined for every ν ∈ TE by

GSE(ν) = gM (TπM (ν)) + gE(KE(ν)).

If KTM and KTN are connections on TM and on TN respectively, a
connection KT ∗M⊗TN : T (T ∗M ⊗ TN)→ T ∗M ⊗ TN can be defined for
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every v ∈ T (T ∗M) and w ∈ T (TN) by

KT ∗M⊗TN (v ⊗ w) = KT ∗M (v)⊗KTN (w),

where KT ∗M : T (T ∗M) → T ∗M is a connection on T ∗M induced by
KTM . If u : M → N is a smooth map, the second-covariant derivative
D2
Ku : M → T ∗M⊗T ∗M⊗TN with respect to the connectionKT ∗M⊗TN

is defined by
D2
Ku = KT ∗M⊗TN ◦ T 2u.

More specifically, for every x ∈ M , the map D2
Ku(x) : TxM × TxM →

Tu(x)N is bilinear [116, equation (3.10)] and for every e ∈ TxM , by
equation (4.3.2), we have the decomposition

T 2u(x)[e] = Vert ◦D2
Ku(x)[e] + HorK ◦Tu(x)[e],

where D2
Ku(x)[e] = KT ∗M⊗TN (T 2u(x)[e]) ∈ L(TxM,Tu(x)N) and with

the usual identification of M × TN with M × {0} × TN ⊆ TM × TN .

4.3.2. Definition and properties of colocal weak covariant
derivatives

In this part, we assume that M and N are affine manifolds.
We first define the notion of colocal weak covariant derivative.

Definition 4.3.1. Let υ : M → T ∗M ⊗ TN be a colocally weakly differ-
entiable map that covers a map u : M → N . A map DKυ : M → T ∗M ⊗
T ∗M ⊗ TN is a colocal weak covariant derivative of υ whenever DKυ is
measurable, for almost every x ∈M , the map DKυ(x) : TxM × TxM →
Tu(x)N is bilinear and for every f ∈ C1

c (T ∗M ⊗ TN,R),

(Tf)(υ)[Vert ◦DKυ] = T (f ◦ υ)− (Tf)(υ)[HorK ◦ υ]

almost everywhere in M .

Since the vertical lifting Vert is injective and since Tf can be taken
to be injective at a given set of points, a map υ has at most one colocal
weak covariant derivative.

The previous definition 4.3.1 requires the colocal weak differentiability
of the map υ. The main result of the current section is that the colocal
weak derivative and the colocal weak covariant derivative are equivalent
objects.

Proposition 4.3.1. Let u : M → N be a twice colocally weakly dif-
ferentiable map. Then the map Tu : M → T ∗M ⊗ TN has a colocal
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weak covariant derivative DK(Tu) : M → T ∗M ⊗ T ∗M ⊗ TN if and
only if the map Tu : M → T ∗M ⊗ TN has a colocal weak derivative
T 2u : TM → T (T ∗M ⊗ TN). Furthermore, they are unique and almost
everywhere in M

T 2u = Vert ◦DK(Tu) + HorK ◦Tu,

and
DK(Tu) = KT ∗M⊗TN ◦ T 2u.

Thus the colocal weak covariant derivatives for two connections K1
and K2 can be related to each others via the identity

Vert ◦DK1(Tu) + HorK1 ◦Tu = Vert ◦DK2(Tu) + HorK2 ◦Tu.

Proof of proposition 4.3.1. On the one hand, we assume that the colocal
weak covariant derivative DK(Tu) exists. Then for every f ∈ C1

c (T ∗M ⊗
TN,R), almost everywhere in M

T (f ◦ Tu) = (Tf)(Tu)[Vert ◦DK(Tu) + HorK ◦Tu]

and we can take

T 2u = Vert ◦DK(Tu) + HorK ◦Tu

for the second-order derivative of u.
Conversely, we assume that there is a colocal weak derivative T 2u :

TM → T (T ∗M ⊗TN) such that for every f ∈ C1
c (T ∗M ⊗TN,R), T (f ◦

Tu) = Tf ◦ T 2u almost everywhere in M . In view of the identity (4.3.2),
almost everywhere in M

T (f ◦ Tu) = (Tf)(Tu)[Vert ◦KT ∗M⊗TN ◦ T 2u+ HorK ◦Tu]

and we can thus take DK(Tu) = KT ∗M⊗TN ◦ T 2u.

We assume that (M, gM ) and (N, gN ) are Riemannian manifolds
with the respective Levi–Civita connection maps on TM and on TN .
Our concept of covariant derivative is, under some technical assump-
tions, equivalent to the notion of covariant derivative of P.Hornung and
R.Moser [72, definition 2.5].

Indeed, the metrics on vectors of TM and TN induce a metric
g∗M ⊗ g∗M ⊗ gN on T ∗M ⊗ T ∗M ⊗ TN . This metric can be computed for
every bilinear map ξ : TxM × TxM → TyN by

(g∗M ⊗ g∗M ⊗ gN )(ξ, ξ) =
∑

1≤i,j≤m
gN
(
ξ(ei, ej), ξ(ei, ej)

)
,

where (ei)1≤i≤m is any orthonormal basis in π−1
M ({x}) with respect to

the Riemannian metric gM .
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Proposition 4.3.2. Let u ∈ Ẇ 1,1
loc (M,N) and let f : T ∗M ⊗ TN →

T ∗M ⊗ TN be defined for every ξ ∈ T ∗M ⊗ TN by

f(ξ) = ξ√
1 + |ξ|2g∗M⊗gN

.

If f ◦ Tu is colocally weakly differentiable, then Tu is colocally weakly
differentiable. Conversely if the map Tu is colocally weakly differentiable
and if |DK(Tu)|g∗M⊗g∗M⊗gN ∈ L

1
loc(M), then the map f ◦ Tu is colocally

weakly differentiable and almost everywhere in M

DK(f ◦ Tu) =
(
id− Tu⊗ Tu√

1 + |Tu|2g∗M⊗gN

) 1√
1 + |Tu|2g∗M⊗gN

DK(Tu).

The advantage of this formulation is that f ◦ Tu is a bounded
measurable bundle morphism, and thus if N is compact, its colocal weak
differentiability is equivalent to its weak differentiability in local charts or
in an isometric embedding. In Sobolev spaces, the additional integrability
assumption for the converse implication is automatically satisfied.

Proof of proposition 4.3.2. Let us first assume that the composite map
f ◦ Tu is colocally weakly differentiable. Since the map f is invertible
on its image, for every h ∈ C1

c (T ∗M ⊗ TN,R),

h ◦ Tu = (h ◦ f−1) ◦ (f ◦ Tu),

where the map h ◦ f−1 can be extended to a compactly supported map.
By the definition of colocal weak differentiability of f ◦ Tu, the right-
hand side is weakly differentiable and thus the left-hand side is also
weakly differentiable and the map Tu is colocally weakly differentiable
by definition.

Conversely, almost everywhere in M

|T 2u|2g∗M⊗GST∗M⊗TN = |Tu|2g∗M⊗gN + |DK(Tu)|2g∗M⊗g∗M⊗gN .

Hence, Tu ∈ Ẇ 1,1
loc (M,T ∗M ⊗TN) and for every h ∈ C1

c (T ∗M ⊗TN,R),
since the map h ◦ f ∈ C1(T ∗M ⊗ TN,R) is Lipschitz-continuous, by the
chain rule in Sobolev spaces for maps between manifolds [34, proposition
2.6], the map (h ◦ f) ◦ Tu is weakly differentiable, and so f ◦ Tu is
colocally weakly differentiable. In particular we obtain that

T (f ◦ Tu) = Tf ◦ T 2u,

and the identity follows. Indeed, since the connection KT ∗M⊗TN is metric,
by geometric properties of f and uniqueness of colocal weak covariant
derivatives, we can deduce the desired formula.
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4.3.3. Sequences of second order Sobolev maps

We now define intrinsic second-order Sobolev spaces.

Definition 4.3.2. Let p ∈ [1,+∞). A map u : M → N belongs to the
second-order Sobolev space Ẇ 2,p(M,N) whenever the map u is twice
colocally weakly differentiable and |DK(Tu)|g∗M⊗g∗M⊗gN ∈ L

p(M).

A classical technique in the calculus of variations is to extract from a
minimizing sequence a subsequence that converges almost everywhere.
For that, we have a Rellich–Kondrashov type compactness theorem as
follows.

Proposition 4.3.3 (Rellich–Kondrashov for second-order Sobolevmaps).
Let (u`)`∈N be a sequence of twice colocally weakly differentiable maps
from M to N and let w ∈ Ẇ 1,p(M,N). If (N, d) is complete, if there
exists p ∈ [1,+∞) such that

sup
`∈N

∫
M
d(u`, w)p + |Tu`|pg∗M⊗gN + |DK(Tu`)|pg∗M⊗g∗M⊗gN < +∞,

then there is a subsequence (Tu`k)k∈N that converges to a measurable
map υ : M → T ∗M ⊗ TN almost everywhere in M .

In particular, if the map υ covers the map u : M → N , the subse-
quence (u`k)k∈N converges to u almost everywhere in M .

For p ∈ (1, 2), P.Hornung and R.Moser have a similar result [72,
lemma 3.2] for their notion of second-order Sobolev spaces [72, definition
3.1].

Proof of proposition 4.3.3. Since (N, d) is complete, for every x ∈ M ,
the subset (πM×N )−1({x}×N) of T ∗M⊗TN equipped with the distance
dS , where dS is induced by the Sasaki metric GST ∗M⊗TN , is complete.
Next, there exists C > 0 such that

sup
`∈N

∫
M
dS(Tu, Tw)p

≤ C sup
`∈N

∫
M
d(u`, w)p + |Tu`|pg∗M⊗gN + |Tw|pg∗M⊗gN < +∞.

Since for every ` ∈ N,

|T 2u`|2g∗M⊗GST∗M⊗TN = |Tu`|2g∗M⊗gN + |DK(Tu`)|2g∗M⊗g∗M⊗gN

almost everywhere in M , we have

sup
`∈N

∫
M
|T 2u`|p < +∞.
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Hence, the sequence (Tu`)`∈N satisfies all the assumptions of the Rellich–
Kondrashov compactness property for Sobolev maps [34, proposition
3.4] and so there exists a subsequence (Tu`k)k∈N that converges to a
measurable map υ : M → T ∗M ⊗ TN almost everywhere in M .

Before considering sequences of Sobolev maps, we rephrased the
closure property (proposition 4.2.4) with the notion of colocal weak
covariant derivative.

Proposition 4.3.4 (Closure property). Let (u`)`∈N be a sequence of
twice colocally weakly differentiable maps from M to N . If the sequence
(Tu`)`∈N converges locally in measure to a measurable map υ : M →
T ∗M ⊗TN that covers a map u : M → N , if the sequences (Tu`)`∈N and
(DK(Tu`))`∈N are bilocally uniformly integrable, then the map u is twice
colocally weakly differentiable.

It is a direct consequence of the following lemma 4.3.5 and proposi-
tion 4.2.4.

Lemma 4.3.5. Let (u`)`∈N be a sequence of twice colocally weakly dif-
ferentiable maps from M to N . Then the sequence (T 2u`)`∈N is bilocally
uniformly integrable if and only if the sequence (DK(Tu`))`∈N is bilocally
uniformly integrable.

Proof. For every y ∈ T ∗M⊗TN , there exist an open set U ⊆ T ∗M⊗TN
such that y ∈ U and a map ϕ ∈ C1

c (T ∗M ⊗ TN,Rq) such that ϕ|U : U ⊆
T ∗M ⊗ TN → Rq is a local chart [34, lemma 1.6] (see also lemma 4.2.3
above). Hence, for every local chart ψ : V ⊆M → Rm, every ` ∈ N and
almost everywhere on ψ(V ∩ (Tu`)−1(U)), by the relation between T 2u`
and DK(Tu`) (proposition 4.3.1),

Tϕ ◦ T 2u` ◦ T (ψ−1)
= Tϕ ◦Vert ◦DK(Tu`) ◦ T (ψ−1) + Tϕ ◦HorK ◦Tu` ◦ T (ψ−1).

Since supp(ϕ) is compact, the second term is uniformly bounded for
` ∈ N, and so the conclusion follows using this equality and one or
another assumption.

Assuming that there exists a subsequence that converges almost
everywhere, it is important to have some closure property in the particular
case of bounded sequences in Sobolev spaces.

Proposition 4.3.6 (Weak closure property for second-order Sobolev
spaces). Let p ∈ [1,+∞). Let (u`)`∈N be a sequence of twice colocally
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weakly differentiable maps from M to N . Assume that the sequence
(Tu`)`∈N converges locally in measure to a measurable map υ : M →
T ∗M ⊗ TN that covers a map u : M → N , that

lim sup
`→∞

∫
M

(
|Tu`|pg∗M⊗gN + |DK(Tu`)|pg∗M⊗g∗M⊗gN

)
< +∞,

and, if p = 1, that the sequences (Tu`)`∈N and (DK(Tu`))`∈N are bilocally
uniformly integrable. Then u ∈ Ẇ 2,p(M,N) and∫

M
|DK(Tu)|pg∗M⊗g∗M⊗gN ≤ lim inf

`→∞

∫
M
|DK(Tu`)|pg∗M⊗g∗M⊗gN .

For p ∈ (1, 2), P.Hornung and R.Moser have a similar result [72,
lemma 3.2] for their notion of second-order Sobolev spaces [72, definition
3.1].

We first prove the following lemma.

Lemma 4.3.7. Let p ∈ [1,+∞). If u ∈ Ẇ 1,p(M,N)∩Ẇ 2,p(M,N), then
the map |Tu|g∗M⊗gN belongs to W 1,p(M) and almost everywhere in M∣∣T |Tu|g∗M⊗gN ∣∣g∗M⊗g1

≤ |DK(Tu)|g∗M⊗g∗M⊗gN ,

where g1 is the Euclidean metric on R.

Proof. Since Tu ∈ Ẇ 1,p(M,T ∗M ⊗ TN) (see proof of proposition 4.3.2
above) and since the map |·|g∗M⊗gN is Lipschitz-continuous with respect
to the distance induced by the Sasaki metric GST ∗M⊗TN , by the chain rule
in Sobolev spaces between manifolds [34, proposition 2.6], |Tu|g∗M⊗gN ∈
W 1,p(M). Since the connection KT ∗M⊗TN is metric, by the chain rule
formula in Sobolev spaces [33, proposition 5.2] and by the relation between
T 2u and DK(Tu) (proposition 4.3.1), we have the desired inequality.

Proof of proposition 4.3.6. By weak closure property for first-order So-
bolev maps [34, proposition 3.8], u ∈ Ẇ 1,p(M,N) and Tu = υ. Moreover,
by closure property in terms of the colocal weak covariant derivative
(proposition 4.3.4), the map u is twice colocally weakly differentiable. We
now need to prove that |DK(Tu)|g∗M⊗g∗M⊗gN ∈ L

p(M).
By previous lemma 4.3.7, the sequence (|Tu`|g∗M⊗gN )`∈N is bounded

in W 1,p(M). By the classical Rellich–Kondrashov compactness theo-
rem [9, theorem 2.34 (a); 24, theorem 9.16], and since (|Tu`|g∗M⊗gN )`∈N
converges to |Tu|g∗M⊗gN in measure, the sequence (|Tu`|g∗M⊗gN )`∈N con-
verges to |Tu|g∗M⊗gN in Lploc(M). Up to a subsequence, the sequence
(|DK(Tu`)|g∗M⊗g∗M⊗gN )`∈N converges weakly to some w in Lploc(M). Since
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the sequence (Tu`)`∈N converges to Tu locally in measure, for every
f ∈ C1

c (T ∗M ⊗ TN,Rq), with q ≥ min(m, dim(T ∗M ⊗ TN)),

|T (f ◦ Tu)|2g∗M⊗gq ≤ |f |
2
Lip(w2 + |Tu|2g∗M⊗gN ),

where gq is the Euclidean metric on Rq, almost everywhere in M . By the
characterization of the norm of the derivative [34, proposition 2.2],

|Tu|2g∗M⊗gN + |DK(Tu)|2g∗M⊗g∗M⊗gN ≤ w
2 + |Tu|2g∗M⊗gN

almost everywhere in M and so |DK(Tu)|g∗M⊗g∗M⊗gN≤ w. Consequently,
by lower semi-continuity of the norm under weak convergence, for each
compact set Q ⊆M ,∫

Q
|DK(Tu)|pg∗M⊗g∗M⊗gN ≤

∫
Q
wp ≤ lim inf

`→∞

∫
Q
|DK(Tu`)|pg∗M⊗g∗M⊗gN .

Finally, since M has a countable basis, there exists a set {Qi : i ∈
N} of compact sets such that for every i ∈ N, Qi ⊆ Qi+1 and M =⋃
i∈NQi [80, proposition 4.76] and so by the monotone convergence

theorem [20, theorem 2.8.2], we have the desired inequality.

4.3.4. Higher order weak covariant derivatives and
Sobolev spaces

First, we assume that M and N are affine manifolds. In order to
simplify the notations, we denote indifferently the connections K, the
maps Vert and HorK related to the different bundles (section 4.3.1).

If k = 2 and u is twice colocally weakly differentiable, thenD1
Ku = Tu

and D2
Ku = DK(Tu). As for the notion of twice colocally weakly differ-

entiable maps, there is a relation between higher-order weak covariant
derivative and higher-vector bundle morphism.

Proposition 4.3.8. Let u : M → N be a k times colocally weakly differ-
entiable map. Then the colocally weakly differentiable map Dk−1

K u : M →
(⊗k−1T ∗M)⊗ TN has a colocal weak covariant derivative Dk

Ku : M →
T ∗M⊗(⊗k−1T ∗M)⊗TN if and only if Dk−1

K u : M → (⊗k−1T ∗M)⊗TN
has a colocal weak derivative TDk−1

K u : TM → T ((⊗k−1T ∗M) ⊗ TN),
and almost everywhere in M

TDk−1
K u = Vert ◦Dk

Ku+ HorK ◦Dk−1
K u,

and
Dk
Ku = K ◦ TDk−1

K u.



4.3. COLOCAL WEAK COVARIANT DERIVATIVES... 101

Moreover, for every j ∈ N∗, the map Dk
Ku is j times colocally weakly

differentiable if and only if the map Dk−1
K u is (j + 1) times colocally

weakly differentiable, and almost everywhere in M

T j+1Dk−1
K u = (T j Vert) ◦ (T jDk

Ku) + (T j HorK) ◦ (T jDk−1
K u), (4.3.3)

and
T jDk

Ku = (T jK) ◦ (T j+1Dk−1
K u). (4.3.4)

In a second step, we assume that (M, gM ) and (N, gN ) are Riemannian
manifolds with Levi–Civita connection maps respectively. The metrics on
vectors of TM and TN induce a metric (⊗kg∗M )⊗gN on (⊗kT ∗M)⊗TN .
This metric can be computed for every k-linear map ξ : ×k TxM → TyN
by(

(⊗kg∗M )⊗ gN
)
(ξ, ξ) =

∑
1≤i1,...,ik≤m

gN
(
ξ(ei1 , . . . , eik), ξ(ei1 , . . . , eik)

)
,

where (ei)1≤i≤m is an orthonormal basis in π−1
M ({x}) with respect to the

Riemannian metric gM .
We are now able to define higher-order Sobolev spaces.

Definition 4.3.3. Let p ∈ [1,+∞). A map u : M → N belongs to the
kth order Sobolev space Ẇ k,p(M,N) whenever u is k times colocally
weakly differentiable and |Dk

Ku|(⊗kg∗M )⊗gN ∈ L
p(M).

First, we have a Rellich–Kondrashov type compactness theorem.

Proposition 4.3.9. Let (u`)`∈N be a sequence of k times colocally weakly
differentiable maps from M to N and let w ∈

⋂k−1
j=1 Ẇ

j,p(M,N). If (N, d)
is complete, if there exists p ∈ [1,+∞) such that

sup
`∈N

∫
M
d(u`, w)p +

k∑
j=1
|Dj

Ku`|
p
(⊗jg∗M )⊗gN < +∞,

then there is a subsequence (T k−1u`i)i∈N that converges to a measurable
map υ : M → Mor(T k−1M,T k−1N) almost everywhere in M .

By relying recursively on the formulas (4.3.3) and (4.3.4), the bound-
edness of (Dk

Ku`)`∈N is related to the boundedness of the sequence
(T ku`)`∈N and thus, the sequence (T k−1u`)`∈N satisfies all the assump-
tions of the Rellich–Kondrashov compactness property for Sobolev
maps [34, proposition 3.4] and so the conclusion follows directly.

We also have a closure property in the particular case of bounded
sequences in Sobolev spaces.
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Proposition 4.3.10 (Weak closure property for higher-order Sobolev
spaces). Let p ∈ [1,+∞). Let (u`)`∈N be a sequence of k times colocally
weakly differentiable maps from M to N . Assume that the sequence
(T k−1u`)`∈N converges locally in measure to a measurable map υ : M →
Mor(T k−1M,T k−1N) that covers a map u : M → N , that

lim sup
`→∞

∫
M

k∑
j=1
|Dj

Ku`|
p
(⊗jg∗M )⊗gN < +∞,

and, if p = 1, that for every j ∈ {1, . . . , k}, the sequence (Dj
Ku`)`∈N is

bilocally uniformly integrable. Then u ∈ Ẇ k,p(M,N) and∫
M
|Dk

Ku|
p
(⊗kg∗M )⊗gN

≤ lim inf
`→∞

∫
M
|Dk

Ku`|
p
(⊗kg∗M )⊗gN

.

By relying recursively on the formulas (4.3.3) and (4.3.4) and applying
the weak closure property for Sobolev maps [34, proposition 3.8] to the
sequence (T k−1u`)`∈N, we have u ∈ Ẇ k−1,p(M,N) and T k−1u = υ. For
the last inequality, we can proceed as in the proof of proposition 4.3.6,
and so by first proving a lemma similar to lemma 4.3.7.

Lemma 4.3.11. Let p ∈ [1,+∞). If u ∈ Ẇ k−1,p(M,N) ∩ Ẇ k,p(M,N),
then the map |Dk−1

K u|(⊗k−1g∗M )⊗gN belongs to W 1,p(M) and almost every-
where in M∣∣T |Dk−1

K u|(⊗k−1g∗M )⊗gN
∣∣
g∗M⊗g1

≤ |Dk
Ku|(⊗kg∗M )⊗gN ,

where g1 is the Euclidean metric on R.

4.4. Chain rule for higher order colocally weakly
differentiable maps

Since the chain rule is central in the definition of first-order colocal
weak differentiability and since composition is a crucial tool in the theory
of Sobolev maps, in particular, in the definition by embedding (4.1), we
investigate under which condition the chain rule holds for higher-order
colocally weakly differentiable maps: whether for a k times colocally
weakly differentiable map u : M → N and for a function f ∈ Ckc (N,R),
the composite function f ◦u is k times weakly differentiable and whether
we have T k(f ◦ u) = T kf ◦ T ku almost everywhere on the manifold M .
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4.4.1. Failure of the chain rule for twice colocally weakly
differentiable maps

The starting point of the analysis is that the higher-order chain rule
does not hold in general.

Example 4.4.1. Let m ∈ N with m ≥ 2 and let α > 0. We define the
function u : Rm \ {0} → R2 for each x ∈ Rm \ {0} by

u(x) =
(
cos(|x|−α), sin(|x|−α)

)
.

For every x ∈ Rm \{0}, |Du(x)|g∗m⊗g2 = α|x|−α−1 and |D2u(x)|g∗m⊗g∗m⊗g2

≥ α|x|−2α−2. If α− 1 < m < 2(α+ 1), then the map u is twice colocally
weakly differentiable but if we take f ∈ C2

c (R2,R2) such that f = id on
B2, f ◦ u = u on Rm \ {0} and so |D2(f ◦ u)|g∗m⊗g∗m⊗g2 = |D2u|g∗m⊗g∗m⊗g2

does not belong to L1
loc(Rm).

The crucial point in this example is that |D2u| is integrable on
bounded sets on which the derivative |Du| is bounded, but is not inte-
grable on bounded sets on which the map u itself is bounded.

4.4.2. Double norms for double vector bundles

In order to characterize the maps for which a chain rule holds, we
introduce a notion of norm for colocal weak derivatives of a bundle mor-
phism. Since Mor(T 2M,T 2N) does not carry a vector bundle structure
overM×N , we cannot define a notion of norm on this space with respect
to each fiber over M ×N . However, we define a notion of double norm on
this space which is compatible with the double vector bundle structure.

To fix the idea, since π2
M : T 2M →M is not a vector bundle [15, §9.3;

41, §16.15.7] and T 2M is a double vector bundle, we first define this
notion on T 2M .

Definition 4.4.1. A map J·K : T 2M → R is a double seminorm on T 2M
whenever

(a) the map x ∈M 7→ J·Kx is continuous, where for every x ∈M , J·Kx is
the restriction of J·K to the space T 2

xM ,

(b) J·K is a seminorm on fibers over both the bundles (T 2M,TπM , TM)
and (T 2M,πTM , TM), that is, for every e ∈ TM , the restriction of
J·K to the fibers (TπM )−1({e}) or (πTM )−1({e}) is a seminorm.

Consequently, if J·K is a double seminorm on T 2M , for every ν, µ ∈
T 2M such that πTM (ν) = πTM (µ) and every λ ∈ R,

Jλ ·πTM νK = |λ|JνK,
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where ·πTM is the vector bundle multiplication of (T 2M,πTM , TM) [84,
§1], and

Jν +πTM µK ≤ JνK + JµK,

where +πTM is the vector bundle addition of (T 2M,πTM , TM) [84, §1];
and it satisfies the same properties if we consider instead the vector
bundle operations ·TπM and +TπM of (T 2M,TπM , TM).

Definition 4.4.2. A map J·K : T 2M → R is a double norm on T 2M
whenever

(a) J·K is a double seminorm on T 2M ,

(b) J·K is maximal: for every double seminorm J·K′ on T 2M , there exists
a positive continuous function β ∈ C(M,R) such that for every
ν ∈ T 2M ,

JνK′ ≤ β(π2
M (ν))JνK.

The maximality implies that all double norms are locally equivalent.

Proposition 4.4.1. There exists a double norm on T 2M .

Sketch of the proof. If M = Rm, then T 2M = Rm×Rm×Rm×Rm and
a canonical double seminorm J·K∗ : T 2M → R can be defined for every
ν = (x, e1, e2, e12) ∈ T 2M by

JνK∗ = |e1| |e2|+ |e12|.

One concludes by noting that for any double seminorm J·K on T 2M , there
exists C > 0 such that for every ν ∈ T 2M , JνK ≤ CJνK∗.

For a general manifold M , since for every x ∈M , there exists a local
trivialization (V, ψ) such that x ∈ V , the set V ⊆M is open and

ψ : V × Rm × Rm × Rm → (π2
M )−1(V ) ⊆ T 2M

is a diffeomorphism [41, §16.15.7], the argument above gives in each local
trivialization a canonical double seminorm. These local double seminorms
can then be patched together by a partition of unity.

Remark 4.4.1. The reader will observe that a double norm is a norm
on fibers over non zero elements. This implies that if ν ∈ T 2M satisfies
κM (ν) = ν and if JνK = 0, then ν = 0π2

M (ν), where 0π2
M (ν) is the double

zero, that is, the vector such that 0πTM (ν) = 0TπM (ν) [84, definition 1.1].
We will not rely on these properties because they fail for ktuple norms on
ktuple vector bundles, see section 4.4.5 below.
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Since Mor(T 2M,T 2N) has a double vector bundle structure, the
definition and the existence of double norms can be obtained in a similar
way on Mor(T 2M,T 2N).

Motivated by the chain rule, we just remark how double norms behave
under composition of double vector bundle morphisms.

Proposition 4.4.2. Let K be a manifold of class C2. For every compact
subsets QM ⊆ M , QN ⊆ N and QK ⊆ K, there exists a constant
C > 0 such that for every υ ∈ (π2

M×N )−1(QM × QN ) and every ξ ∈
(π2
N×K)−1(QN × QK) such that πN ◦ πM×N ◦ π1

T ∗M⊗TN ◦ υ = πN ◦
πN×K ◦ π1

T ∗N⊗TK ◦ ξ, then

Jξ ◦ υK ≤ C JξK JυK.

Sketch of the proof. If M = Rm and N = Rn, a canonical double semi-
norm J·K∗ on Mor(T 2M,T 2N) can be defined for every f ∈ Mor(T 2M,
T 2N) by

JfK∗ = |f1| |f2|+ |f12|+ |f̂12|

since for every ν = (x, e1, e2, e12) ∈ T 2M , f(ν) = (y, f1[e1], f2[e2],
f12[e12] + f̂12[e1, e2]), where the maps f1, f2, f12 : Rm → Rn are lin-
ear and f̂12 : Rm × Rm → Rn is bilinear. Then if K = Rk, for every
f ∈ Mor(T 2M,T 2N)x,y and h ∈ Mor(T 2N,T 2K)y,z, we have

Jh ◦ fK∗ ≤ JhK∗JfK∗.

For any manifolds M , N and K, it suffices to prove the composition
property in each local trivialization by using the one of the canonical
double seminorm and then the maximality property of double norms.

4.4.3. Chain rule for second order colocally weakly
differentiable maps

In order to have a chain rule for twice colocally weakly differentiable
maps, we assume an additional integrability condition on colocal weak
derivatives of bundle morphisms in terms of double norms. We also
identify the class of maps to compose with the colocal weak derivative in
order to have a chain rule.

For every map h : T ∗M ⊗ TN → Rq, we denote by suppN (h) the
support of h with respect to N , that is,

suppN (h)

=
{
y ∈ N : there exists x ∈M such that h|(πM×N )−1((x,y))

6= 0
}

= πN
(
πM×N (supp(h))

)
.
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Proposition 4.4.3. Let u : M → N be a colocally weakly differentiable
map. The following statements are equivalent.

(i) For every f ∈ C2
c (N,R), the map f ◦u is twice weakly differentiable,

(ii) for every bundle morphism h ∈ C1(T ∗M ⊗ TN,R) such that
suppN (h) is compact, the map h ◦ Tu is weakly differentiable,

(iii) the map u is twice colocally weakly differentiable and for all com-
pact subsets K ⊆ M and L ⊆ N and every double norm J·K on
Mor(T 2M,T 2N), ∫

u−1(L)∩K
JT 2uK < +∞,

We prove an intermediate result in order to prove this proposition.

Lemma 4.4.4. If v ∈W 2,1
loc (M,Rq)∩L∞(M,Rq), if the bundle morphism

w ∈ C1(T ∗M ⊗ TRq,R) is such that suppRq(w) is compact, then w ◦ Tv
is weakly differentiable.

We recall that the operator norm is defined for every ξ ∈ L(TxM,
TyN) by

|ξ|L = sup{|ξ(e)|gN : e ∈ TxM, |e|gM ≤ 1},

where gM and gN are some Riemannian metrics on TM and TN respec-
tively [42, §1.2 proposition 2.10].

Proof of lemma 4.4.4. Without loss of generality, we can assume that
q = 1.

First, we assume that M = Ω is an open set of Rm. By regularization
theorem [20, theorem 4.2.4; 24, theorem 4.22; 120, theorem 4.3.9], there
exists a sequence (v`)`∈N in C∞c (Ω,R) that converges to v in W 2,1

loc (Ω).
Moreover, for every compact set K ⊆ Ω, there exists C > 0 such that for
every ` ∈ N,

|T (w ◦ Tv`)|L ≤ C
(
|Dv`|2g∗m⊗gq + |D2v`|g∗m⊗g∗m⊗gq + |Dv`|g∗m⊗gq

)
,

where gm and gq are the Euclidean metrics on Rm and Rq respectively. By
the classical Gagliardo–Nirenberg inequality [49,95], we have |Dv|2g∗m⊗gq ∈
L1

loc(Ω) and so the sequence (|Dv`|2g∗m⊗gq)`∈N converges to |Dv|2g∗m⊗gq
in L1

loc(Ω). Hence, by Lebesgue’s dominated convergence theorem, the
sequence (|T (w ◦ Tv`)|L)`∈N converges in L1

loc(Ω) and then by closing
lemma [120, lemma 6.1.5], the map w ◦ Tv is weakly differentiable.

For a general manifold M , we apply the previous argument to every
v ◦ ψ−1 : ψ(V ) ⊆ Rm → R with any local chart ψ : V ⊆ M → Rm.
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By a direct covering argument, we have thus that w ◦ Tv is weakly
differentiable.

Proof of proposition 4.4.3. We first prove that (i) implies (ii). Let (Ui)i∈I

be an open cover of the target manifold N by sets given by lemma 4.2.3.
Let h ∈ C1(T ∗M ⊗TN,R) be a bundle morphism such that suppN (h) is
compact. Then there exist ` ∈ N∗ such that suppN (h) ⊆

⋃`
i=1 Ui and a

partition of unity (ηi)1≤i≤` subordinate to the family (Ui)1≤i≤` such that

h ◦ Tu =
∑̀
i=1

(ηi ◦ u)(h ◦ Tu) =
∑̀
i=1

(ηi ◦ u)
(
(h ◦ Tϕ∗i ) ◦ T (ϕi ◦ u)

)
almost everywhere in M . By lemma 4.4.4, every term in the right sum is
weakly differentiable and so h ◦ Tu is weakly differentiable.

Next, we prove that (ii) implies (iii). First, let (Ui)i∈I be an open
cover of N by sets given by lemma 4.2.3. Let h ∈ C1

c (T ∗M ⊗ TN,R).
Since the set supp(h) is compact, in particular, there exist ` ∈ N∗ and
a finite partition of unity (ηi)1≤i≤` subordinate to (Ui)1≤i≤` such that
almost everywhere in M

h ◦ Tu =
∑̀
i=1

(ηi ◦ u)(h ◦ Tu) =
∑̀
i=1

(ηi ◦ u)
(
h ◦ Tϕ∗i ◦ (Tϕi ◦ Tu)

)
.

By assumption Tϕi ◦ Tu is weakly differentiable, and thus by the chain
rule for weakly differentiable functions (see for example [45, theorem
4.2.4 (ii); 120, theorem 6.1.13]), each term in the right sum is weakly
differentiable, and so h◦ Tu is weakly differentiable. By proposition 4.2.1,
there exists a measurable map T 2u : M → Mor(T 2M,T 2N) such that
for every h ∈ C1(T ∗M ⊗ TN,R) such that h ◦ Tu ∈W 1,1

loc (M), we have
almost everywhere in M

T (h ◦ Tu) = Th ◦ T 2u.

We now prove that the integrability condition is satisfied. Let (Ui)i∈I
be an open cover of N by sets given by lemma 4.2.3. Let K ⊆M and L ⊆
N be two compact subsets. Since the set L is compact, there exists ` ∈ N∗
such that L ⊆

⋃`
i=1 Ui. By construction, for every i ∈ {1, . . . , `}, we have

T 2(ϕi ◦ u) = T 2ϕi ◦ T 2u almost everywhere in M and, by lemma 4.2.3,
T 2ϕ∗i ◦ T 2ϕi = id on (π2

N )−1(Ui), and so T 2u = T 2ϕ∗i ◦ T 2(ϕi ◦ u)
almost everywhere in u−1(Ui). Since for every i ∈ {1, . . . , `} we have
ϕi ∈ C2

c (N,Rn), by proposition 4.4.2, there exist constants C1, . . . , C` > 0
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such that almost everywhere in u−1(L) ∩K

JT 2uK ≤
∑̀
i=1

JT 2ϕ∗i ◦ T 2(ϕi ◦ u)K ≤
∑̀
i=1

Ci JT 2ϕ∗i K JT 2(ϕi ◦ u)K

≤ ( max
1≤i≤`

Ci)
(

max
1≤i≤`

sup
Rn

JT 2ϕ∗i K
) ∑̀
i=1

JT 2(ϕi ◦ u)K.

If (ηj)j∈J is a partition of unity subordinate to an atlas ((ψj , Vj))j∈J of
local charts of M , by the maximality property of double norms, there
exists a positive continuous function β ∈ C(M × Rn,R) such that for
every i ∈ {1, . . . , `}, almost everywhere in M

JT 2(ϕi ◦ u)K ≤ β(·, ϕi ◦ u)
∑
j∈J

ηj
(
|D(ϕi ◦ u ◦ ψ−1

j ) ◦ ψj |2g∗m⊗gn

+ |D(ϕi ◦ u ◦ ψ−1
j ) ◦ ψj |g∗m⊗gn + |D2(ϕi ◦ u ◦ ψ−1

j ) ◦ ψj |g∗m⊗g∗m⊗gn
)
,

where gm and gn are the Euclidean metrics on Rm and Rn respectively.
Since for every i ∈ {1, . . . , `}, ϕi ◦u ∈W 2,1

loc (M,Rn)∩L∞(M,Rn), by the
Gagliardo–Nirenberg inequality [49,95], JT 2(ϕi ◦ u)K ∈ L1(u−1(L) ∩K)
and so ∫

u−1(L)∩K
JT 2uK < +∞.

Finally, we prove that (iii) implies (i). We take a function θ ∈
C1
c ([0,+∞),R) such that 0 ≤ θ ≤ 1 and θ = 1 on [0, 1]. Then for every

` ∈ N, we define the map θ` : T ∗M ⊗ TN → R for every y ∈ T ∗M ⊗ TN
by

θ`(y) = θ
( |y|gT∗M⊗TN

1 + `

)
,

where |·|gT∗M⊗TN is a norm induced by a Riemannian metric on T ∗M ⊗
TN [42, §1.2 proposition 2.10]. Let f ∈ C2

c (N,R) and let K ⊆ M be
a compact set. For every ` ∈ N, we define f̃` = θ` · (Tf). Since the
map f̃` : T ∗M ⊗ TN → R is Lipschitz-continuous and its support is
compact, f̃` ◦ Tu is weakly differentiable [34, proposition 2.2] and there
exist constants C1, C2, C3 > 0 such that for every ` ∈ N and almost
everywhere in u−1(supp(f)) ∩K

|T (f̃` ◦ Tu)|L ≤ C1
∣∣∣θ′( |Tu|gT∗M⊗TN1+`

)∣∣∣ 1
1+` JT 2uK |T (f ◦ u)|L

+ C2 θ
( |Tu|gT∗M⊗TN

1+`

)
JT 2fK JT 2uK

≤ C3 JT 2uK.
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Since the sequence (|T (f̃`◦ Tu)|L)`∈N is bounded and uniformly integrable
and since (f̃` ◦ Tu)`∈N converges almost everywhere to Tf ◦ Tu inK ⊆M ,
in view of the weak compactness criterion in L1(K) [20, corollary 4.7.19;
24, theorem 4.30], the sequence (T (f̃` ◦ Tu))`∈N converges weakly to
T 2(f ◦ u) in L1(K) and T (f ◦ u) is weakly differentiable. Hence, the map
f ◦ u is twice weakly differentiable.

4.4.4. Sequences of maps having the chain rule property

Since the property f ◦ u is twice weakly differentiable for every
f ∈ C2

c (N,R) is stronger than double differentiability, one can wonder
whether using this stronger property in the definition of Sobolev maps
might not lead to better spaces.

Although there is a closure property for such maps in terms of double
norms, the next example shows that there is no closure property in terms
of covariant derivatives, which are the quantities that can be controlled
and observed in Riemannian geometry.

Example 4.4.2. Let m ∈ N with m ≥ 3 and let α > 0. Let (u`)`∈N
be a sequence such that for every ` ∈ N, the map u` : Rm → S1 ⊆ R2

is defined by u` = (cos ◦ v`, sin ◦ v`), where the function v` : Rm → R is
defined for every x ∈ Rm by

v`(x) =
(
|x|+ 1

1 + `

)−α
.

For every ` ∈ N, |Du`|g∗m⊗gS1 = |Dv`|g∗m⊗g1 and |DK(Tu`)|g∗m⊗g∗m⊗gS1 =
|D2v`|g∗m⊗g∗m⊗g1 . The sequence (v`)`∈N converges locally in measure to
the map v : Bmr → R defined for every x ∈ Bmr \ {0} by v(x) = |x|−α.

If α < m − 2, then the sequences (Du`)`∈N and (DK(Tu`))`∈N are
bilocally uniformly integrable. Every term of the sequence (u`)`∈N satisfies
the second-order chain-rule property and the sequence (u`)`∈N converges
locally in measure to the map u = (cos ◦ v, sin ◦ v) : Bmr → S1. However,
if α > m−2

2 , the map u does not satisfy the second-order chain rule.
Indeed, if we take f ∈ C2(S1,R2) such that f = id on S1 ⊆ R2, then for
every x ∈ Rm \ {0}, we have |D2(f ◦ u)(x)|g∗m⊗g∗m⊗g2 ≥ α|x|−2α−2 and so
|D2(f ◦ u)|g∗m⊗g∗m⊗g2 does not belong to L1

loc(Bmr ).

In other words, the previous example exhibits a sequence (u`)`∈N satis-
fying the same assumptions on the sequences (Tu`)`∈N and (DK(Tu`))`∈N

together with a second-order chain rule than those of proposition 4.3.4
but with a limit that does not have the second-order chain-rule property.

In fact, given a sequence of measurable maps (u`)`∈N such that for
every f ∈ C2

c (N,R), f ◦ u` is twice weakly differentiable, the sequence
(JT 2u`K)`∈N has to be uniformly integrable.
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4.4.5. Chain rule for higher order colocally weakly
differentiable maps

Given a k times colocally weakly differentiable map u : M → N , we
can also investigate whether for every f ∈ Ckc (N,R), f ◦ u is k times
weakly differentiable.

In a first step, the notion of double norm can be generalized to a
notion of ktuple norm on kth order tangent bundles. A map J·K : T kM → R
is a ktuple seminorm on T kM if

(i) the map x ∈M 7→ J·K|TkxM is continuous,

(ii) J·K is a seminorm on fibers over each of the k vector bundle structure.

For example, if M = Rm and Ik = 2{1,...,k} \∅, then the canonical ktuple

seminorm is defined for every ν = (x, (eλ)λ∈Ik) ∈ T kM by

JνK∗ =
k∑
`=1

∑
λ∈P`({1,...,k})

|eλ1 | · · · |eλ` |,

where P`({1, . . . , k}) = {λ = {λ1, . . . , λ`} ∈ 2Ik : ∪̇`i=1λ
i = {1, . . . , k},

∅ 6∈ λ} is the set of all partitions of {1, . . . , k} of length `. As for
the canonical double seminorm, for every ktuple seminorm J·K on T kM ,
there exists C > 0 such that for every ν ∈ T kM , JνK ≤ CJνK∗. As a
consequence, for any manifold M , there exists a ktuple norm on T kM
defined as follows.

Definition 4.4.3. A map J·K : T kM → R is a ktuple norm on T kM
whenever

(i) J·K is a seminorm on T kM ,

(ii) J·K is maximal: for every ktuple seminorm J·K′ on T kM , there exists
a positive continuous function β ∈ C(M,R) such that for every
ν ∈ T kM ,

JνK′ ≤ β(πkM (ν))JνK,

where πkM : T kM →M is the canonical submersion.

Remark 4.4.2. Unlike the double norm, the ktuple norm is not a norm
on fibers over non zero elements. For example, if M = Rm, for every
ν = (x, e1, e2, e3, e12, e23, e13, e123) ∈ T 3M ,

JνK∗ = |e1| |e2| |e3|+ |e1| |e23|+ |e2| |e13|+ |e3| |e12|+ |e123|.

In particular, if ν = (x, 0, 0, 0, e, e, e, 0), then πT 2M (ν) = TπTM (ν) =
T 2πM (ν) and JνK∗ = 0 but ν 6= 0π3

M (ν) whenever e 6= 0.



4.4. CHAIN RULE FOR HIGHER ORDER... 111

Since Mor(T kM,T kN) has a ktuple vector bundle structure, we can
also define a notion of ktuple norm on this space. For example, ifM = Rm
and N = Rn, a canonical ktuple norm J·K∗ on Mor(T kM,T kN) can be
defined for every f ∈ Mor(T kM,T kN) by

JfK∗ =
k∑
`=1

∑
Λ∈P`({1,...,k})

∑̀
j=1

∑
λ∈Pj(Λ)

|fλ1 | · · · |fλj |


since for every ν ∈ T kM ,

f(ν) =

y,
 |Λ|∑
i=1

∑
λ∈Pi(Λ)

fλ(eλ1 , . . . , eλi)


Λ∈Ik

 ,
where for every Λ ∈ Ik, for every 1 ≤ i ≤ |Λ| and every λ ∈ Pi(Λ), the
map fλ : ×i Rm → Rn is i-linear.

In a second step, we state equivalent assertions to the chain rule
for higher-order colocally weakly differentiable maps. We recall that a
locally integrable map u : M → R is k times weakly differentiable if
for every x ∈ M , there exists a local chart ψ : V ⊆ M → Rm such
that x ∈ V and the map u ◦ ψ−1 belongs to W k,1

loc (ψ(V )). For every
map h : Mor(T kM,T kN)→ Rq, we denote by suppN (h) the support of
h with respect to N , that is, suppN (h) = πN (πkM×N (supp(h))), where
πkM×N : Mor(T kM,T kN)→M ×N is a natural submersion.

Proposition 4.4.5. Let j ∈ {2, . . . , k}. Let u : M → N be a j times
colocally weakly differentiable map. The following statements are equiva-
lent.

(i) For every f ∈ Ckc (N,R), f ◦ u is k times weakly differentiable,

(ii) for every f ∈ Cjc (N,R), f ◦ u is j times weakly differentiable and
for every h ∈ Mor(Mor(T jM,T jN),R) of class Ck−j such that
suppN (h) is compact, the map h ◦ T ju is (k − j) times weakly
differentiable,

(iii) the map u is k times colocally weakly differentiable and for all
compact subsets K ⊆M and L ⊆ N , for all ` ∈ {2, . . . , k}, for all
`tuple norm J·K on Mor(T `M,T `N),∫

u−1(L)∩K
JT `uK < +∞.



112 HIGHER ORDER SOBOLEV SPACES

Moreover, if for every f ∈ Ckc (N,R), f ◦u is k times weakly differentiable,
then for all compact subsets K ⊆M and L ⊆ N , for all jtuple norm J·K
on Mor(T jM,T jN), ∫

u−1(L)∩K
JT juK

k
j < +∞.

To prove this proposition, we need similar intermediate results to
those of proposition 4.4.3. In fact, we can state every intermediate results
(lemmas 4.4.4 and 4.2.3) with all higher-order notions and then the proof
of proposition 4.4.5 has the same structure.

If M is an open set of Rm and N = R, it is well known that the
left composition does not operate on higher-order Sobolev spaces [2;
21, théorème 3 (i); 36]. Thanks to proposition 4.4.5, we have some
examples for which the chain rule does not hold by giving maps that
belong to W k,1

loc (Rm) but that do not satisfy the integrability condition
in assertion (iii).

Example 4.4.3. Let β > α > 0. The function u : Rm → R is defined for
every x ∈ Rm by

u(x) =


1
|x|α sin(|x|β) if x 6= 0,
0 if x = 0.

If 0 < α < m and 1
3(α−m+ 3) < β < 1

3(3α−m+ 3), the map u belongs
to W 3,1

loc (Rm) but there exist γ > 0 and δ > 0 such that for almost every
x ∈ u−1([−1, 1]) ∩ Bmδ ,

|Du(x)|g∗m⊗g1 ≥ γ(β − α)|x|β−α−1.

Since there exists C > 0 such that JT 3uK ≥ C|Du|3g∗m⊗g1 and since the
map x ∈ Rm \ {0} 7→ |x|β−α−1 does not belong to L3(u−1([−1, 1])∩Bmδ ),
the map u does not satisfy the integrability condition in assertion (iii).

4.5. Back to the definition by embedding

4.5.1. Comparison with the intrinsic definition

Given an isometric embedding of the target manifold, we compare
the notion of higher-order Sobolev spaces by embedding (4.1) and the
intrinsic one (definitions 4.3.2 and 4.3.3).

Let k ≥ 2. We assume that (M, gM ) and (N, gN ) are Riemannian
manifolds with the respective Levi–Civita connection maps. For every
q ≥ 1, we denote by gq the Euclidean metric on Rq.
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If the target manifold is compact, we characterize higher-order Sobo-
lev spaces by embedding (4.1). A measurable map u : M → N belongs
to L∞(M,N) if

osc(u) = ess sup
{
dN (u(x), u(y)) : x, y ∈M

}
< +∞,

where dN is the geodesic distance on N induced by the Riemannian
metric gN , and for every p ∈ [1,+∞), we say that M has the Gagliardo–
Nirenberg property [49, 95] if there exists a constant C > 0 such that for
every v ∈ Ẇ k,p(M,R) ∩ L∞(M,R) and for every j ∈ {1, . . . , k − 1},∫

M
|Dj

Kv|
kp
j

(⊗jg∗M )⊗g1
≤ C osc(v)

k−j
j
p
∫
M
|Dk

Kv|
p
(⊗kg∗M )⊗g1

. (4.5.5)

Proposition 4.5.1. Let ι ∈ Ck(N,Rν) be an isometric embedding and
let p ∈ [1,+∞). If M has the Gagliardo–Nirenberg property and if N is
compact, then

Ẇ k,p
ι (M,N) =

k⋂
j=1

Ẇ
j, kp
j (M,N).

Without any assumptions on the manifolds, we begin by proving a
lemma that concerns the notion of k times colocally weakly differentiable
map.

Lemma 4.5.2. Let ι ∈ Ck(N,Rν) be an isometric embedding and let
u : M → N be a measurable map. If the map ι ◦ u is k times weakly
differentiable, then the map u is k times colocally weakly differentiable.

In contrast with proposition 4.4.3, the hypotheses involve only a
single embedding of class Ck.

Proof of lemma 4.5.2. If the map ι ◦ u is weakly differentiable, then u
is colocally weakly differentiable and T (ι ◦ u) = Tι ◦ Tu almost every-
where in M [34, proposition 1.9]. We then proceed by iteration. Let
j ∈ {1, . . . , k − 1} and let f ∈ C1

c (Mor(T jM,T jN),R). Since ι is an em-
bedding, T jι : T jN → T jRν is also an embedding. Hence, T jι(T jN)
has a tubular neighborhood in T jRν : there exists a vector bundle
(E, πT jN , T jN) and an embedding ι̃ : E → T jRν such that ι̃|T jN = T jι

and ι̃(E) is open in T jRν [70, theorem 4.5.2]. Thanks to the tubular
neighborhood, there exists a map f̃ ∈ C1

c (Mor(T jM,T jRν),R) such that
f̃ ◦ T jι = f on Mor(T jM,T jN) (see for example proof of proposition
1.9 in [34]). In particular, almost everywhere in M

f ◦ T ju = f̃ ◦ T jι ◦ T ju = f̃ ◦ T j(ι ◦ u).
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Since T j(ι ◦ u) is weakly differentiable, the map T j(ι ◦ u) is colocally
weakly differentiable and so f ◦T ju is weakly differentiable. Finally, since
T jι ◦ T ju is weakly differentiable, T j+1(ι ◦ u) = T j+1ι ◦ T j+1u almost
everywhere in M [34, proposition 1.5].

Proof of proposition 4.5.1. On the one hand, let u ∈ Ẇ k,p
ι (M,N). By

lemma 4.5.2, the map u is k times colocally weakly differentiable. For
every j ∈ {2, . . . , k}, since T j(ι ◦ u) = T jι ◦ T ju almost everywhere in
M , there exists a constant C1 > 0 such that

|Dj
Ku|(⊗jg∗M )⊗gN = |Dι(u)[Dj

Ku]|(⊗jg∗M )⊗gν

≤ |Dj
K(ι ◦ u)|(⊗jg∗M )⊗gν

+ C1

j∑
`=2

j−l+1∑
i=1
|D`

Kι(u)|(⊗`g∗N )⊗gν |D
i
Ku|

j
i

(⊗ig∗M )⊗gN

almost everywhere in M . Since ι◦u ∈ Ẇ k,p(M,Rν)∩L∞(M,Rν), by the
Gagliardo–Nirenberg property (4.5.5), |Dj

K(ι ◦ u)|(⊗jg∗M )⊗gν ∈ L
kp
j (M)

for every j ∈ {1, . . . , k}. As a consequence, by iteration and the previous
inequality, u ∈

⋂k
j=1 Ẇ

j, kp
j (M,N).

On the other hand, let u ∈
⋂k
j=1 Ẇ

j, kp
j (M,N). By definition 4.4.3

of ktuple norms and by Young’s inequality, for every j ∈ {2, . . . , k} and
every compact subset K ⊆M , there exists a constant C2 > 0 such that

JT juK ≤ C2
( k∑
`=1
|D`

Ku|
k
`

(⊗`g∗M )⊗gN
+ 1

)
almost everywhere in K and so JT juK ∈ L1

loc(M). Since the manifold N
is compact by assumption, by the chain rule for higher-order colocally
weakly differentiable maps (proposition 4.4.5), the map ι ◦ u is k times
weakly differentiable. Moreover, there exists a constant C3 > 0 such that

|Dk
K(ι ◦ u)|(⊗kg∗M )⊗gν ≤ C3

k∑
`=1

k−l+1∑
i=1
|D`

Kι(u)|(⊗`g∗N )⊗gν |D
i
Ku|

k
i

(⊗ig∗M )⊗gN

almost everywhere inM and since N is compact, ι◦u ∈ Ẇ k,p(M,Rν).

Without the compactness and Gagliardo–Nirenberg assumption,
proposition 4.5.1 is not true. Indeed, the embedded space in the intersec-
tion already fails for classical Sobolev maps between Euclidean spaces.
However, there exists an embedding such one inclusion always occurs.
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Proposition 4.5.3. Let p ∈ [1,+∞). If either k = 2 or M has the
Gagliardo–Nirenberg property, then there exists an isometric embedding
ι ∈ Ck(N,Rν) such that

Ẇ k,p
ι (M,N) ⊆

k⋂
j=1

Ẇ
j, kp
j (M,N).

Proof. If M has the Gagliardo–Nirenberg property, and if u ∈ Ẇ k,p
ι (M,

N), by lemma 4.5.2, the map u is k times colocally weakly differentiable.
If ι ∈ Ck(N,Rν) is an isometric embedding such that ι(N) is bounded,
then ι ◦ u ∈ Ẇ k,p(M,Rν) ∩ L∞(M,Rν) and so u ∈

⋂k
j=1 Ẇ

j, kp
j (M,N)

(as in the first part of the proof of proposition 4.5.1). For example, by
the Nash embedding theorem [92,93], such an embedding ι always exists.

If k = 2, let ι1 ∈ C2(N,Rν) be an isometric embedding given by
Nash embedding theorem [92, 93]. We define an isometric embedding
ι2 : Rν → R3ν for every t ∈ Rν by

ι2(t) = (λt1, γ cos (µt1) , γ sin (µt1) , . . . , λtν , γ cos (µtν) , γ sin (µtν))

with λ, γ, µ ∈ R such that λ2 +γ2µ2 = 1. Then ι = ι2 ◦ ι1 : N → R3ν is an
isometric embedding and the second fundamental form Aι : TN ×TN →
R3ν of ι [42, §6.2] satisfies for every v1, v2 ∈ TN ,

|Aι[v1, v2]|2 = |Aι1 [v1, v2]|2 + |Aι2 [Dι1(v1), Dι1(v2)]|2

≥ |Aι2 [Dι1(v1), Dι1(v2)]|2

= γ2µ4
ν∑
i=1

(〈Dι1(v1), ei〉)2(〈Dι1(v2), ei〉)2,

where (ei)1≤i≤ν is the canonical basis of Rν . So there exists C1 > 0 such
that for every v ∈ TN ,

|v|2gN = |Dι1(v)|2gν ≤ C1|Aι[v, v]|g3ν .

Finally, for every u ∈ Ẇ 2,p
ι (M,N), since ι is an isometric embedding,

by orthogonal decomposition of TR3ν into TN and its orthogonal comple-
ment in TR3ν [42, §6.2], for almost every x ∈M and every e1, e2 ∈ TxM ,

|D2
K(ι ◦ u)(x)[e1, e2]|2g3ν

= |D2
Ku(x)[e1, e2]|2gN + |Aι[Tu(x)[e1], Tu(x)[e2]]|2g3ν .
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Consequently, u ∈ Ẇ 2,p(M,N) and since for almost every x ∈M ,

|D2
K(ι ◦ u)(x)|g∗M⊗g∗M⊗g3ν ≥

∑
1≤i,j≤m

|Aι[Tu(x)[ei], Tu(x)[ej ]]|g3ν

≥
∑

1≤i≤m
|Aι[Tu(x)[ei], Tu(x)[ei]]|g3ν

≥
∑

1≤i≤m

1
C1
|Tu(x)[ei]|2gN = 1

C1
|Tu(x)|2g∗M⊗gN ,

where (ei)1≤i≤m is an orthonormal basis in π−1
M ({x}), u ∈ Ẇ 1,2p(M,N).

It turns out that the definition by embedding (4.1) and the intrinsic
one may be different. In general, we do not even know if one or another
inclusion does occur, except in the particular case of k = 2.

Proposition 4.5.4. Let ι ∈ C2(N,Rν) be an isometric embedding and
let p ∈ [1,+∞). Then

Ẇ 2,p
ι (M,N) ⊆ Ẇ 2,p(M,N).

Proof. For every u ∈ Ẇ 2,p
ι (M,N), by lemma 4.5.2, u is twice colocally

weakly differentiable. Since ι is an isometric embedding, by orthogonal
decomposition of TRν into TN and its orthogonal complement in TRν [42,
§6.2], |D2

Ku|g∗M⊗g∗M⊗gN ≤ |D
2
K(ι ◦ u)|g∗M⊗g∗M⊗gν almost everywhere in M ,

and so u ∈ Ẇ 2,p(M,N).

4.5.2. Gagliardo–Nirenberg property

In view of proposition 4.5.1, if the target manifold is compact, we
may ask if there exist some Gagliardo–Nirenberg inequalities [49, 95] for
the spaces Ẇ k,p(M,N) that can lead to

Ẇ k,p
ι (M,N) = Ẇ k,p(M,N).

In general, even if the target manifold is compact, there are no such
inequalities.

A first striking fact is that the second-order energy can vanish for a
nontrivial map.

Proposition 4.5.5. Let p ∈ [1,+∞). If N has at least one nontrivial
closed geodesic, then there exists u ∈ Ẇ k,p(S1, N) ∩ L∞(S1, N) such that
|Dk

Ku|(⊗kg∗S1 )⊗gN = 0 almost everywhere in M but
∫
S1 |Tu|kpg∗

S1⊗gN
> 0.
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In particular, since a compact manifold has always at least one
nontrivial closed geodesic [76], if N is compact, there are no Gagliardo–
Nirenberg inequalities [49,95] for the spaces Ẇ k,p(S1, N).

Proof of proposition 4.5.5. Let ` ∈ N∗ and let u` : S1 → S1 ⊆ C be
defined for every θ ∈ [0, 2π] by u`(eiθ) = ei`θ. Let γ : S1 → N be a
nontrivial closed geodesic. Since γ is a geodesic, we assume that for all
y ∈ S1, |Tγ(y)|g∗

S1⊗gN = 1.
Then u = γ ◦ u` is k times colocally weakly differentiable, it belongs

to L∞(S1, N) and |Dk
Ku|(⊗kg∗S1 )⊗gN = 0 almost everywhere in M but∫

S1
|Tu|kpg∗

S1⊗gN
=
∫
S1
|Tu`|kpg∗

S1⊗gS1
= `kp > 0.

Proposition 4.5.6. Let p ∈ [1,+∞) so that 1 ≤ 2p < m and let
r > 0. If N has at least one nontrivial bounded geodesic, then there exists
u ∈ Ẇ 2,p(Bmr , N) ∩ L∞(Bmr , N) such that

∫
Bmr |Tu|

2p
g∗m⊗gN = +∞.

If ι ∈ C2(N,Rν) is any isometric embedding given by proposi-
tion 4.5.3, it follows that

Ẇ 2,p
ι (Bmr , N) ( Ẇ 2,p(Bmr , N),

and if N is compact, by propositions 4.5.1 and 4.5.4, the strict inclusion
occurs for any embedding ι.

Proof of proposition 4.5.6. Let α > 0. We define the function v : Bmr \
{0} → R for every x ∈ Bmr \ {0} by v(x) = |x|−α. Let γ : R → N be a
nontrivial bounded geodesic. Since γ is a geodesic, we assume that for
all y ∈ R, |Tγ(y)|g∗1⊗gN = 1.

Then u = γ ◦ v is twice colocally weakly differentiable, |Tu|g∗m⊗gN =
|Tv|g∗m⊗g1 and since γ is a geodesic, almost everywhere in Bmr \ {0}

|D2
Ku|g∗m⊗g∗m⊗gN ≤ |D

2v|g∗m⊗g∗m⊗g1 .

If (2 +α)p < m < 2p(α+ 1), then u ∈ Ẇ 2,p(Bmr , N) \ Ẇ 1,2p(Bmr , N).

For other manifolds M and N and p ∈ [1,+∞), it leads to the
following open question and the answer involves in particular the geometry
of M and N .

Open question 4.5.1. If the manifoldsM andN , k ≥ 2 and p ∈ [1,+∞)
do no satisfy the hypotheses of propositions 4.5.5 and 4.5.6, does it exist
a constant C > 0 such that for every u ∈ Ẇ k,p(M,N) ∩ L∞(M,N), for
every j ∈ {1, . . . , k − 1},∫

M
|Dj

Ku|
kp
j

(⊗jg∗M )⊗gN ≤ C osc(u)
k−j
j
p
∫
M
|Dk

Ku|
p
(⊗kg∗M )⊗gN

?
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4.5.3. Problem of density of smooth maps

In this part, we remark that intrinsic definitions 4.3.2 and 4.3.3 and
proposition 4.5.1 give rise to new open questions whether the manifolds
M and N are compact.

In view of proposition 4.5.1, given a map u ∈ Ẇ k,p(M,N), we may
ask whether there exists a sequence (u`)`∈N ⊆ Ẇ k,p

ι (M,N) that con-
verges strongly to u in Ẇ k,p(M,N) [34, definition 4.1], that is, the
sequence (T ku`)`∈N converges to T ku locally in measure and the se-
quence (|Dk

Ku`|(⊗kg∗M )⊗gN )`∈N converges to |Dk
Ku|(⊗kg∗M )⊗gN in Lp(M).

In view of the strong density in Sobolev spaces between manifolds (see
for example [17, 22, 64]), we may also ask whether there exists a map
u ∈ Ẇ k,p

ι (M,N) that cannot be approximated by smooth maps in
Ẇ k,p
ι (M,N) but that can be in Ẇ k,p(M,N).
For instance, the hedgehog map uh : Bm → Sm−1 defined for every

x ∈ Bm \ {0} by uh(x) = x
|x| belongs to W k,p

ι (Bm, Sm−1) for kp < m

but uh cannot be strongly approximated by maps in C∞(Bm,Sm−1) for
kp ≥ m− 1 since the identity map on Sm−1 does not have a continuous
extension to Bm with values into Sm−1 [19, §II; 105, §4 example].

For the notion of intrinsic higher-order Sobolev maps, the space is
larger than the one by embedding (proposition 4.5.1) but the notion of
convergence is weaker. However, even if the question of strong density
is still open, the necessary and sufficient condition that appears with
definition by embedding [22, theorem 1] is necessary for the intrinsic one.

We prove the results for the case k = 2 but we note that those results
extend to higher-order.

For q ∈ [1,+∞), we denote by bqc the integer part of q and by
πbqc(N) the bqcth homotopy group of N . For instance, if πbqc(N) ' {0},
then every continuous map f : Sbqc → N on the bqc-dimensional sphere
is homotopic to a constant map.

Proposition 4.5.7. Let M and N be two smooth connected compact
Riemannian manifolds and let p ∈ [1,+∞) so that 1 ≤ 2p < m.

(i) If for every u ∈ Ẇ 2,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (Tu`)`∈N converges to Tu locally
in measure and such that the sequence (|D2

Ku`|g∗M⊗g∗M⊗gN )`∈N is
bounded in Lp(M), and if 2p /∈ N, then πb2pc(N) ' {0}.

(ii) If for every u ∈ Ẇ 2,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (T 2u`)`∈N converges to T 2u lo-
cally in measure and such that the sequence (|D2

Ku`|g∗M⊗g∗M⊗gN )`∈N
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converges to |D2
Ku|g∗M⊗g∗M⊗gN in Lp(M), and if 2p ∈ N, then

π2p(N) ' {0}.

As a consequence, if m − 1 < 2p < m, since πm−1(Sm−1) 6' {0},
there is no weakly bounded sequence (u`)`∈N in Ẇ 2,p(Bm, Sm−1) such
that (Tu`)`∈N converges to Tuh locally in measure and if m− 1 ≤ 2p <
m, the map uh cannot be strongly approximated by smooth maps in
Ẇ 2,p(Bm, Sm−1).

Lemma 4.5.8. Let N be a smooth connected compact Riemannian man-
ifold and let p ∈ [1, k). Let (u`)`∈N be a sequence in C∞(Sk, N) and let
u ∈ Ẇ 2,p(Sk, N).

(i) If 2p ≥ k, if the sequence (Tu`)`∈N converges to Tu locally in
measure and if the sequence (|D2

Ku`|g∗k+1⊗g
∗
k+1⊗gN )`∈N is bounded in

Lp(Sk), then the sequence (|Tu`|g∗
k+1⊗gN )`∈N is bounded in L2p(Sk).

(ii) If 2p ≥ k, if the sequence (T 2u`)`∈N converges to T 2u locally in
measure and if the sequence (|D2

Ku`|g∗k+1⊗g
∗
k+1⊗gN )`∈N converges to

|D2
Ku|g∗k+1⊗g

∗
k+1⊗gN in Lp(Sk), then the sequence (|Tu`|g∗

k+1⊗gN )`∈N
converges to |Tu|g∗

k+1⊗gN in L2p(Sk).

Since Sobolev spaces between Riemannian manifolds do not form
a vector space, it is not surprising that there is no some equivalence
between both assertions in the previous lemma.

Lemma 4.5.9 (Poincaré inequalities). Let M be a smooth connected
compact Riemannian manifold and let µ be the measure associated to
the Riemannian metric on M . Let p ∈ [1,m) and let q ∈ [1, mp

m−p ]. Let
ε > 0. There exists C > 0 such that for every map v ∈ W 1,p(M) and
every measurable subset A ⊆M such that µ(A) > ε,

‖v‖Lq(M) ≤ C
(
‖∇v‖Lp(M) + 1

µ(A)

∫
A
|v|
)
.

Proof. By the classical Poincaré inequality on compact Riemannian
manifolds [67, proposition 3.9], there exists a constant C1 > 0 such that
for every v ∈W 1,p(M),

‖v‖Lq(M) ≤ C1‖∇v‖Lp(M) + µ(M)
1
q
−1
∫
M
|v|.

By Hölder’s inequality applied to the second term, for every measurable
subset A ⊆M such that µ(A) > ε, we have

‖v‖Lq(M) ≤ C1‖∇v‖Lp(M) + µ(M \A)1− 1
q

µ(M)1− 1
q

‖v‖Lq(M) + µ(M)
1
q

µ(A)

∫
A
|v|,
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and so

‖v‖Lq(M)

≤ µ(M)
µ(M)1− 1

q − µ(M \A)1− 1
q

(
C1 µ(M)−

1
q ‖∇v‖Lq(M) + 1

µ(A)

∫
A
|v|
)

≤ µ(M)
µ(M)1− 1

q − (µ(M)− ε)1− 1
q

(
C1 µ(M)−

1
q ‖∇v‖Lq(M) + 1

µ(A)

∫
A
|v|
)
.

Proof of lemma 4.5.8. Let µ be the measure associated to the Rieman-
nian metric on the sphere Sk ⊆ Rk+1. Since the sequence (Tu`)`∈N
converges to Tu locally in measure in assertions (i) and (ii), there exist
ε > 0 and γ > 0 such that for every ` ∈ N,

µ
(
{x ∈ Sk : |Tu`(x)|g∗

k+1⊗gN ≤ γ}
)
> ε.

For every ` ∈ N, by lemma 4.3.7, |Tu`|g∗
k+1⊗gN ∈ W

1,p(Sk) and almost
everywhere in Sk∣∣T |Tu`|g∗

k+1⊗gN
∣∣
g∗
k+1⊗g1

≤ |D2
Ku`|g∗k+1⊗g

∗
k+1⊗gN .

So by the Poincaré inequality (lemma 4.5.9), there exists C1 > 0 such
that for every ` ∈ N, if A` = {x ∈ Sk : |Tu`(x)|g∗

k+1⊗gN ≤ γ},

‖ |Tu`|g∗
k+1⊗gN ‖L2p(Sk)

≤ C1
(∥∥ |T |Tu`|g∗

k+1⊗gN |g∗k+1⊗g1

∥∥
Lp(Sk) + 1

µ(A`)

∫
A`

|Tu`|g∗
k+1⊗gN

)
≤ C1

(∥∥ |D2
Ku`|g∗k+1⊗g

∗
k+1⊗gN

∥∥
Lp(Sk) + γ

)
.

(4.5.6)

If assumptions of assertion (i) or (ii) are satisfied, by previous inequal-
ity (4.5.6), the sequence (|Tu`|g∗

k+1⊗gN )`∈N is bounded in L2p(Sk).
We assume now that assumptions of assertion (ii) are satisfied. Since

the sequence (u`)`∈N converges to u locally in measure, by weak closure
property in Sobolev spaces [34, proposition 3.8], u ∈ Ẇ 1,2p(Sk, N). In
particular, |Tu|g∗

k+1⊗gN ∈ L
2p(Sk). Since u ∈ Ẇ 1,p(Sk, N) ∩ Ẇ 2,p(Sk, N),

by lemma 4.3.7, |Tu|g∗
k+1⊗gN ∈W

1,p(Sk) and so by Sobolev inequalities
on compact Riemannian manifolds [67, theorem 3.5], there exists C2 > 0
such that for every ` ∈ N,

‖ |Tu`|g∗
k+1⊗gN − |Tu|g∗k+1⊗gN ‖L2p(Sk)

≤ C2‖ |Tu`|g∗
k+1⊗gN − |Tu|g∗k+1⊗gN ‖W 1,p(Sk).
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By inequality (4.5.6), the sequence (|Tu`|g∗
k+1⊗gN )`∈N is bounded in

L2p(Sk), and so by Hölder’s inequality, bounded in Lp(Sk). Since the
sequence (|D2

Ku`|g∗k+1⊗g
∗
k+1⊗gN )`∈N is bounded in Lp(Sk), by lemma 4.3.7,

the sequence (|Tu`|g∗
k+1⊗gN )`∈N is bounded in W 1,p(Sk). By Rellich–

Kondrashov embedding theorem for Sobolev maps on compact Rie-
mannian manifolds [9, theorem 2.34 (a)], and since (|Tu`|g∗

k+1⊗gN )`∈N
converges to |Tu|g∗

k+1⊗gN in measure, the sequence (|Tu`|g∗
k+1⊗gN )`∈N

converges to the map |Tu|g∗
k+1⊗gN in Lp(Sk). Since (T 2u`)`∈N converges

to T 2u locally in measure, the sequence (T |Tu`|g∗
k+1⊗gN )`∈N converges to

T |Tu|g∗
k+1⊗gN locally in measure. Furthermore, for every ` ∈ N,

∣∣T (|Tu`|g∗
k+1⊗gN − |Tu|g∗k+1⊗gN )

∣∣
g∗
k+1⊗g1

≤ |D2
Ku`|g∗k+1⊗g

∗
k+1⊗gN + |D2

Ku|g∗k+1⊗g
∗
k+1⊗gN .

By Lebesgue’s dominated convergence theorem [20, theorem 2.8.5], the
sequence (T (|Tu`|g∗

k+1⊗gN − |Tu|g∗k+1⊗gN ))`∈N converges to 0 in Lp(Sk).
Hence, the sequence (|Tu`|g∗

k+1⊗gN )`∈N converges to |Tu|g∗
k+1⊗gN in

W 1,p(Sk), and so in L2p(Sk) by the Sobolev inequality.

Proof of proposition 4.5.7. We first give the proof whenM = Bb2pc+1×L.
If πb2pc(N) 6' {0}, then there exists a smooth map f : Sb2pc → N which
is not homotopic to a constant map in C(Sb2pc, N). We define the map
u : M → N for every x = (x′, x′′) ∈ Bb2pc+1 × L by u(x) = f( x′

|x′|).
We observe that there exists a constant C > 0 such that for every x ∈
(Bb2pc+1\{0})×L, |D2

Ku(x)|g∗M⊗g∗M⊗gN ≤
C
|x′|2 , and thus u ∈ Ẇ 2,p(M,N).

We first show that the assumptions of assertion (i) cannot be satisfied.
Otherwise, since for every ` ∈ N,∫

M
|D2

Ku`|
p
g∗M⊗g

∗
M⊗gN

=
∫
L

∫
Bb2pc+1

|D2
Ku`|

p
g∗M⊗g

∗
M⊗gN

=
∫
L

(∫ 1

0

(∫
Sb2pcr

|D2
Ku`|

p
g∗M⊗g

∗
M⊗gN

)
dr
)
,

by Fatou’s lemma, for almost every x′′ ∈ L and almost every r ∈ (0, 1),
up to a subsequence, the sequence ((|D2

Ku`|g∗M⊗g∗M⊗gN )|Sb2pcr ×{x′′})`∈N
is bounded in Lp(Sb2pcr ). By lemma 4.5.8 (i), for almost every x′′ ∈ L
and almost every r ∈ (0, 1), the sequence ((|Tu`|g∗M⊗gN )|Sb2pcr ×{x′′})`∈N is

bounded in L2p(Sb2pcr ). Hence, for almost every x′′ ∈ L and almost every
r ∈ (0, 1), the sequence ((u`)|Sb2pcr ×{x′′})`∈N is bounded in Ẇ 1,2p(Sb2pcr , N)
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and since the homotopy classes are preserved by weakly bounded sequence
in Ẇ 1,2p(Sb2pcr , N) [118, theorem 2.1], the map u|Sb2pcr ×{x′′} is homotopic
to a constant map, and so the map f also.

We now show that the assumptions of assertion (ii) cannot be satisfied.
Otherwise, since for every ` ∈ N,∫

M
| |D2

Ku`|g∗M⊗g∗M⊗gN − |D
2
Ku|g∗M⊗g∗M⊗gN |

p

=
∫
L

(∫ 1

0

(∫
S2p
r

| |D2
Ku`|g∗M⊗g∗M⊗gN − |D

2
Ku|g∗M⊗g∗M⊗gN |

p
)
dr
)
,

up to a subsequence, for almost every x′′ ∈ L and almost every r ∈ (0, 1),
the sequence ((|D2

Ku`|g∗M⊗g∗M⊗gN )|S2p
r ×{x′′})`∈N converges to the map

(|D2
Ku|g∗M⊗g∗M⊗gN )|S2p

r ×{x′′} in Lp(S2p
r ). By lemma 4.5.8 (ii), for almost

every x′′ ∈ L and almost every r ∈ (0, 1), ((|Tu`|g∗
M
⊗gN

)|S2p
r ×{x′′})`∈N

converges to (|Tu|g∗M⊗gN )|S2p
r ×{x′′} in L

2p(S2p
r ). Hence, for almost every

x′′ ∈ L and almost every r ∈ (0, 1), the sequence ((u`)|S2p
r ×{x′′})`∈N

converges to u|S2p
r ×{x′′} in Ẇ

1,2p(S2p
r , N) [34, proposition 4.4] and since

the homotopy classes are preserved by strong convergence in the space
Ẇ 1,2p(S2p

r , N) [117], the map u|S2p
r ×{x′′} is homotopic to a constant map,

and so the map f also.
For a general manifold M , we start from a counterexample u : Bm →

N to a Sobolev map on the whole ofM . Indeed, there is a map Φ : Bm →
Rm which maps diffeomorphically some subset A ⊂ Bm to Bb2pc+1 ×
Sm−b2pc−1 (A is a tubular neighborhood of an (m−b2pc−1)-dimensional
sphere, with S0 = {−1, 1}), Φ(Bm \ A) ⊂ (Bb2pc+1 \ {0}) × Rm−b2pc−1

and Φ is constant near ∂Bm. We then define the map u : Bm → N for
every x ∈ Bm by u(x) = f( y′

|y′|) if Φ(x) = (y′, y′′). The map u is constant
near the boundary and can thus be transported and extended to any
m-dimensional manifold, giving the required counterexample.

For the notion of intrinsic higher-order Sobolev spaces, if the target
manifold is compact, the space is also larger than the one by embedding
(proposition 4.5.1). In this case, the condition πbkpc(N) ' {0} which is
necessary and sufficient in the definition by embedding [22, theorem 1] is
also necessary.

Proposition 4.5.10. Let M and N be two smooth connected compact
Riemannian manifolds and let p ∈ [1,+∞) so that 1 ≤ kp < m.

(i) If for every u ∈ Ẇ k,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (T k−1u`)`∈N converges to T k−1u
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locally in measure and such that the sequence (|Dk
Ku`|(⊗kg∗

M
)⊗gN

)`∈N

is bounded in Lp(M), and if kp /∈ N, then πbkpc(N) ' {0}.

(ii) If for every u ∈ Ẇ k,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (T ku`)`∈N converges to T ku lo-
cally in measure and such that the sequence (|Dk

Ku`|(⊗kg∗M )⊗gN )`∈N
converges to |Dk

Ku|(⊗kg∗M )⊗gN in Lp(M), and if kp ∈ N, then
πkp(N) ' {0}.

To prove this proposition, we can also state a similar lemma to
lemma 4.5.8.

Lemma 4.5.11. Let N be a smooth connected compact Riemannian
manifold and let p ∈ [1,+∞) so that (k − 1)p < q. Let (u`)`∈N be a
sequence in C∞(Sq, N) and let u ∈ Ẇ k,p(Sq, N).

(i) If kp ≥ q, if the sequence (T k−1u`)`∈N converges to T k−1u locally in
measure and if the sequence (|Dk

Ku`|(⊗kg∗q+1)⊗gN )`∈N is bounded in
Lp(Sq), then the sequence (|Tu`|g∗q+1⊗gN )`∈N is bounded in Lkp(Sq).

(ii) If kp ≥ q, if the sequence (T ku`)`∈N converges to T ku locally in
measure and if the sequence (|Dk

Ku`|(⊗kg∗q+1)⊗gN )`∈N converges to
|Dk

Ku|(⊗kg∗q+1)⊗gN in Lp(Sq), then the sequence (|Tu`|g∗q+1⊗gN )`∈N
converges to |Tu|g∗q+1⊗gN in Lkp(Sq).

To prove such a lemma, we can use Poincaré inequalities recursively
(lemma 4.5.9) and lemma 4.3.11. The structure of the proof of proposi-
tion 4.5.10 is then the same as the one of proposition 4.5.7.





Chapter V

Appendix of chapter IV

In the previous chapter, we stated definitions and results about
higher-order weak differentiability and Sobolev spaces between manifolds.
In general, the proofs concerned the second-order case although they
applied to arbitrary order. In this chapter, we give the missing details of
propositions reported in the previous chapter IV.

5.1. Higher order colocal weak differentiability

The kth order tangent bundle T kM has k natural vector bundle
structures π1

Tk−1M , . . . , π
k
Tk−1M over T k−1M (section 4.2.3). In fact, for

every i ∈ {1, . . . , k−1}, there exists ` ∈ {1, . . . , k−1} such that πi
Tk−1M =

T (π`
Tk−2M ) : T (T k−1M)→ T (T k−2M) and so the corresponding vertical

bundle Vi(T k−1M)→ T k−1M is the subbundle of T (T k−1M)→ T k−1M
defined by

Vi(T k−1M) = {ν ∈ T kM : πiTk−1M (ν) = 0}.

Furthermore, we denote by Sk the symmetric group which is the group of
all bijections of {1, . . . , k} and for every σ ∈ Sk, there exists a canonical
permutation κσM which corresponds to some permutation of the bundle
structures and which is a linear isomorphism from a vector bundle
(T kM,πi

Tk−1M , T
k−1M) to another bundle (T kM,πj

Tk−1M
, T k−1M), with

i, j ∈ {1, . . . , k} [15, §7.2; 28, §2.5 (example 2.23)].

Proposition 5.1.1. Let k ∈ N so that k ≥ 3. If the map u : M → N
is k times colocally weakly differentiable, then there exist unique mea-
surable maps T 2u, . . . , T ku such that for every ` ∈ {3, . . . , k}, the
map T `u : M → Mor(T `M,T `N) covers the map u, for every f ∈
C1(Mor(T `−1M,T `−1N),R) such that f ◦ T `−1u ∈ W 1,1

loc (M), almost
everywhere in M

T (f ◦ T `−1u) = Tf ◦ T `u

and for every σ ∈ S`, κσN◦T `u = T `u ◦ κσM and for every i ∈ {1, . . . , `−1},
T `u ◦VertiT `−1M = VertiT `−1N ◦T

`−1u almost everywhere in M .
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This proposition does not have its equivalent in the previous chapter;
it was just a remark between two results (section 4.2.3).

Lemma 5.1.2. Let k ≥ 3. If the locally integrable map v : M → Rn is
k times weakly differentiable, then there exist unique measurable maps
T 2v, . . . , T kv such that for every ` ∈ {3, . . . , k}, the map T `v : M →
Mor(T `M,T `Rn) covers the map v, for every local chart ψ : V ⊆M →
Rm,

T `(v ◦ ψ−1) = T `v ◦ T `(ψ−1)

almost everywhere in ψ(V ). Moreover, for every σ ∈ S`,

κσRn ◦ T `v = T `v ◦ κσM ,

there exists i ∈ {1, . . . , `} such that πi
T `−1Rn ◦ T

`v = T `−1v ◦ πi
T `−1M ,

and for every j ∈ {1, . . . , `− 1}, T `v ◦ Vertj
T `−1M

= Vertj
T `−1Rn ◦T

`−1v
almost everywhere in M .

Sketch of the proof. First, if M is an open set of Rm, since the domain
is flat, for every ` ∈ {2, . . . , k}, for almost every x ∈ M , the map
T `v(x) : T `xM → T `v(x)R

n is defined for every w = (eλ)λ∈I` by [15, §15.3]

T `v(x)[w] =
( |Λ|∑
i=1

∑
λ∈Pi(Λ)

Div(x)[eλ1 , . . . , eλi ]
)

Λ∈I`
,

and the conclusion follows.
For a general manifold M , for every local chart ψ : V ⊆ M → Rm,

the map v ◦ ψ−1 : ψ(V ) ⊆ Rm → Rn is k times weakly differentiable.
Since ψ ∈ Ck(V,Rm), for every ` ∈ {3, . . . , k}, the map T `ψ is a section
from M to Mor(T `V, ψ∗(T `Rm)). Moreover, for every σ ∈ S`, κσRm ◦
T `ψ = T `ψ ◦ κσM and for every j ∈ {1, . . . , ` − 1}, T `ψ ◦ Vertj

T `−1M
=

Vertj
T `−1Rm ◦T

`−1ψ. As a consequence, for every ` ∈ {3, . . . , k}, since
almost everywhere in V

T `v = T `(v ◦ ψ−1) ◦ T `ψ,

by the previous step, for every σ ∈ S`, κσRn ◦ T `v = T `v ◦ κσM , there
exists i ∈ {1, . . . , `} such that πi

T `−1Rn ◦ T
`v = T `−1v ◦ πi

T `−1M , and for
every j ∈ {1, . . . , ` − 1}, T `v ◦ Vertj

T `−1M
= Vertj

T `−1Rn ◦T
`−1v almost

everywhere in V . Since for every j ∈ {1, . . . , `}, there exists σ ∈ S` such
that πj

T `−1M
= πi

T `−1M ◦ κ
σ
M on T `M and πj

T `−1Rn = πi
T `−1Rn ◦ κ

σ
Rn on

T `Rn, then πj
T `−1Rn ◦T

`v = T `−1v ◦πj
T `−1M

almost everywhere in V , and
so for almost every x ∈ V , T `v(x) ∈ Mor(T `M,T `Rn)x,v(x).
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Finally, since the manifold M has a countable atlas of local charts, by
a direct covering argument, the previous equalities are satisfied almost
everywhere in M .

Lemma 5.1.3 (Extended local charts). For every y ∈ N , there exist
an open subset U ⊆ N such that y ∈ U , and maps ϕ ∈ Ck(N,Rn) and
ϕ∗ ∈ Ck(Rn, N) such that

(i) the set supp(ϕ) is compact,

(ii) the set {x ∈ Rn : ϕ∗(x) 6= y} is compact,

(iii) the map ϕ|U is a diffeomorphism of class Ck onto its image ϕ(U),

(iv) ϕ∗ ◦ ϕ = id in U .

The proof is similar to the case of C1–manifolds [34, lemma 1.6] but
working with a manifold of class Ck (see also proposition 4.2.3).

Proof of proposition 5.1.1. By proposition 4.2.1, there exists a measur-
able map T 2u : M → Mor(T 2M,T 2N). We then proceed recursively.
Let T `−1u : M → Mor(T `−1M,T `−1N) be a measurable map for some
` ∈ {3, . . . , k}. Since u is k times colocally weakly differentiable, by the
existence and uniqueness of the colocal weak derivative [34, proposition
1.5], there exists a unique measurable bundle morphism T `u : TM →
T (Mor(T `−1M,T `−1N)) such that for f ∈ C1(Mor(T `−1M,T `−1N), R)
such that f ◦ T `−1u ∈ W 1,1

loc (M), we have T (f ◦ T `−1u) = Tf ◦ T `u
almost everywhere in M . Furthermore, the map T `u can be viewed as a
measurable map from M to T ∗M ⊗ T (Mor(T `−1M,T `−1N)), which is a
subset of Mor(T `M,T `N).

Let U ⊆ N , ϕ ∈ Ck(N,Rn) and ϕ∗ ∈ Ck(N,Rn) be the extended local
charts given by lemma 5.1.3. For every y ∈ Mor(T `−1M,T `−1U), there
exist two open sets V,W ⊆ Mor(T `−1M,T `−1U) such that y ∈ V ⊆ W
and then a map η ∈ C1

c (Mor(T `−1M,T `−1N),R) such that 0 ≤ η ≤ 1 on
Mor(T `−1M,T `−1N), η = 1 on V and supp(η) ⊂W . As a consequence,
the function h defined for every z ∈ Mor(T `−1M,T `−1N) by

h(z) =
{
η(z)T `−1ϕ(z) if z ∈W,
0 otherwise,

belongs to C1
c (Mor(T `−1M,T `−1N),Rn) and satisfies T (h ◦ T `−1u) =

Th ◦ T `u almost everywhere in M .
Since η = 1 on V , we have in particular T `(ϕ ◦u) = T `ϕ ◦T `u almost

everywhere in u−1(πN (π`−1
M×N (V ))). Since T `ϕ∗ ◦T `ϕ = id on (π`N )−1(U),
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by lemma 5.1.2 and since ϕ∗ ∈ Ck(Rn, N), for every σ ∈ S`, almost
everywhere in u−1(πN (π`−1

M×N (V )))

κσN ◦ T `u = κσN ◦ T `ϕ∗ ◦ T `(ϕ ◦ u)
= T `ϕ∗ ◦ κσRn ◦ T `(ϕ ◦ u)
= T `ϕ∗ ◦ T `(ϕ ◦ u) ◦ κσM = T `u ◦ κσM ,

which gives a `th bundle morphism structure to T `u so that T `u is a
`tuple vector bundle morphism in u−1(πN (π`−1

M×N (V ))).
The facts that for every j ∈ {1, . . . , `− 1},

T `u ◦Vertj
T `−1M

= Vertj
T `−1N

◦T `−1u

and there exists i ∈ {1, . . . , `} such that πi
T `−1N ◦ T

`u = T `−1u ◦ πi
T `−1M

almost everywhere in u−1(πN (π`−1
M×N (V ))) can be proved along the same

line. Since for every j ∈ {1, . . . , `}, there exists σ ∈ S` such that πj
T `−1M

=
πi
T `−1M ◦ κ

σ
M on T `M and πj

T `−1N
= πi

T `−1N ◦ κ
σ
N on T `N ,

T `−1u ◦ πj
T `−1M

= T `−1u ◦ πiT `−1M ◦ κ
σ
M = πiT `−1N ◦ T

`u ◦ κσM
= πiT `−1N ◦ κ

σ
N ◦ T `u = πj

T `−1N
◦ T `u

almost everywhere in u−1(πN (π`−1
M×N (V ))). So for every j ∈ {1, . . . , `},

for almost every x ∈ u−1(πN (π`−1
M×N (V ))),

πjMor(T `−1M,T `−1N) ◦ T
`u(x) = T `−1u(x)

and π`−1
M×N ◦ T `−1u(x) = (x, u(x)).

Finally, by a direct covering argument, since the manifolds M and N
have a countable basis, the measurable map T `u : M → Mor(T `M,T `N)
satisfies the previous properties almost everywhere in M .

5.2. Higher order weak covariant derivatives

To be short, we denote by (⊗kT ∗M) ⊗ TN the tensor product
T ∗M ⊗ · · · ⊗ T ∗M︸ ︷︷ ︸

k

⊗TN , and for every x ∈ M , we denote by ×kTxM

the product TxM × · · · × TxM︸ ︷︷ ︸
k

.

If the map u : M → N is smooth, then its kth order covariant
derivative Dk

Ku : M → (⊗kT ∗M)⊗ TN is defined recursively by [43, §2;
79, §12.8]

Dk
Ku = K ◦ T (Dk−1

K u).
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More specifically, for every x ∈M , the map Dk
Ku(x) : ×k TxM → Tu(x)N

is k-linear and for every e ∈ TxM , from the identity (4.3.2), we also have
the decomposition

T (Dk−1
K u)(x)[e] = Vert ◦Dk

Ku(x)[e] + HorK ◦Dk−1
K u(x)[e],

where Dk
Ku(x)[e] : ×k−1 TxM → Tu(x)N is (k − 1)-linear and the

maps Vert and HorK are related to the vector bundle ((⊗k−1T ∗M) ⊗
TN, π, (×k−1M)⊗N).

Proposition 4.3.8. Let u : M → N be a k times colocally weakly differ-
entiable map. Then the colocally weakly differentiable map Dk−1

K u : M →
(⊗k−1T ∗M)⊗ TN has a colocal weak covariant derivative Dk

Ku : M →
T ∗M⊗(⊗k−1T ∗M)⊗TN if and only if Dk−1

K u : M → (⊗k−1T ∗M)⊗TN
has a colocal weak derivative TDk−1

K u : TM → T ((⊗k−1T ∗M) ⊗ TN),
and almost everywhere in M

TDk−1
K u = Vert ◦Dk

Ku+ HorK ◦Dk−1
K u,

and
Dk
Ku = K ◦ TDk−1

K u.

Moreover, for every j ∈ N∗, the map Dk
Ku is j times colocally weakly

differentiable if and only if the map Dk−1
K u is (j + 1) times colocally

weakly differentiable, and almost everywhere in M

T j+1Dk−1
K u = (T j Vert) ◦ (T jDk

Ku) + (T j HorK) ◦ (T jDk−1
K u), (5.2.1)

and
T jDk

Ku = (T jK) ◦ (T j+1Dk−1
K u). (5.2.2)

Proof. First, we prove recursively that the map Dk−1
K u is colocally weakly

differentiable. By definition 4.2.4 of the k times colocally weakly differ-
entiability, the map Tu = D1

Ku is (k − 1) times colocally weakly differ-
entiable. By proposition 4.3.1, the map D2

Ku exists and D2
Ku = K ◦ T 2u

almost everywhere in M . Since T 2u is (k − 2) times colocally weakly dif-
ferentiable, and since for every j ∈ {1, . . . , k− 2}, T j−1K is a connection
and a bundle morphism [15, §17.2], by induction, the map D2

Ku is (k− 2)
times colocally weakly differentiable. Since for every ` ∈ {2, . . . , k − 1},
the map D`

Ku is defined recursively by

D`
Ku = K ◦ TD`−1

K u

almost everywhere inM , as for the second-order weak covariant derivative,
by induction, the map D`

Ku is (k−`) times colocally weakly differentiable.
In particular, the map Dk−1

K u is colocally weakly differentiable.
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On the one hand, we assume that the colocal weak covariant deriva-
tive Dk

Ku : M → T ∗M ⊗ (⊗k−1T ∗M) ⊗ TN exists. Then for every
f ∈ C1

c ((⊗k−1T ∗M)⊗ TN,R),

T (f ◦ Dk−1
K u) = (Tf)(Dk−1

K u)[Vert ◦Dk
Ku+ HorK ◦Dk−1

K u]

almost everywhere in M and we can take

TDk−1
K u = Vert ◦Dk

Ku+ HorK ◦Dk−1
K u

for the colocal weak derivative of Dk−1
K u.

Conversely, let TDk−1
K u : TM → T ((⊗k−1T ∗M)⊗TN) be the colocal

weak derivative such that for every f ∈ C1
c ((⊗k−1T ∗M)⊗ TN,R),

T (f ◦ Dk−1
K u) = Tf ◦ TDk−1

K u

almost everywhere in M . In view of the identity (4.3.2), almost every-
where in M

T (f ◦ Dk−1
K u) = (Tf)(Dk−1

K u)[Vert ◦K ◦ TDk−1
K u+ HorK ◦Dk−1

K u]

and since Vert is an embedding, we can take Dk
Ku = K ◦ TDk−1

K u.
Finally, on the one hand, we assume that Dk

Ku is j times colocally
weakly differentiable. By the first steps of the proof, the map Dk−1

K u is
colocally weakly differentiable and almost everywhere in M

TDk−1
K u = Vert ◦Dk

Ku+ HorK ◦Dk−1
K u,

and so the vector bundle (E, π, (×k−1M)×N), with E = (⊗k−1T ∗M)⊗
TN , is endowed with a connection K. Since the maps Vert and HorK
are vector bundle isomorphisms [41, §16.12.1; 60, definition 3.7; 79,
definition 6.25] (see also section 4.3.1), they are proper and so the maps
Vert ◦Dk

Ku : M → V E and HorK ◦Dk−1
K u : M → HKE are colocally

weakly differentiable. By the product of manifolds property for colocally
weakly differentiable maps (proposition 1.2.7), the map

(Vert ◦Dk
Ku,HorK ◦Dk−1

K u) : M → V E ×HKE

is colocally weakly differentiable. Since there exist vector bundle isomor-
phisms ϕ1 : V E ⊕HKE → TE [60, proposition 3.5; 116, definition 3.4]
and ϕ2 : V E×HKE → V E⊕HKE [41, §16.16.1; 79, example 6.35] such
that almost everywhere in M

TDk−1
K u = ϕ1 ◦ ϕ2 ◦ (Vert ◦Dk

Ku,HorK ◦Dk−1
K u),
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the map TDk−1
K u is colocally weakly differentiable, and so Dk−1

K u is
twice colocally weakly differentiable. Furthermore, by the existence and
uniqueness of the colocal weak derivative [34, proposition 1.5], almost
everywhere in M

T 2Dk−1
K u = Tϕ1 ◦ Tϕ2 ◦ ((T Vert) ◦ (TDk

Ku), (T HorK) ◦ (TDk−1
K u)),

that is, T 2Dk−1
K u = (T Vert) ◦ (TDk

Ku) + (T HorK) ◦ (TDk−1
K u) almost

everywhere in M . If j ≥ 2, using similar arguments as before, since for
every i ∈ {1, . . . , j − 1}, T i Vert, T i HorK , T iϕ1 and T iϕ2 are proper
maps, we can prove by induction that the map Dk−1

K u is (j + 1) times
colocally weakly differentiable and that we also have the desired formula.

On the other hand, we have Dk
Ku = K ◦ TDk−1

K u and the conclusion
also follows if Dk−1

K u is (j+1) times colocally weakly differentiable, using
the same arguments as in the first part of the proof.

5.3. Sequences of higher order Sobolev maps

Proposition 4.3.9. Let (u`)`∈N be a sequence of k times colocally weakly
differentiable maps from M to N and let w ∈ ∩k−1

j=1Ẇ
j,p(M,N). If (N, d)

is complete, if there exists p ∈ [1,+∞) such that

sup
`∈N

∫
M
d(u`, w)p +

k∑
j=1
|Dj

Ku`|
p
(⊗jg∗M )⊗gN < +∞,

then there is a subsequence (T k−1u`i)i∈N that converges to a measurable
map υ : M → Mor(T k−1M,T k−1N) almost everywhere in M .
Proof. Since the space (N, d) is complete, for every x ∈ M , the subset
(πk−1
M×N )−1({x}×N) of Mor(T k−1M,T k−1N) equipped with the distance

dS , where dS is induced by the Sasaki metric GS
Mor(T k−1M,T k−1N), is com-

plete. Since dS is strongly concordant (proposition 2.2.3), and by relying
recursively on the formulas (5.2.1) and (5.2.2), there exists a constants
C > 0 such that for every ` ∈ N, almost everywhere in M

dS(T k−1u`, T
k−1w)

≤ C
(
d(u`, w) +

k−1∑
j=1

(
|Dj

Ku`|(⊗jg∗M )⊗gN + |Dj
Kw|(⊗jg∗M )⊗gN

))
.

and there exists C1, . . . , Ck > 0 such that for every ` ∈ N, almost
everywhere in M

|T ku`|2g∗M⊗GSMor(Tk−1M,Tk−1N)
=

k∑
j=1

Cj |Dj
Ku`|

2
(⊗jg∗M )⊗gN .
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As a consequence, all the assumptions of the Rellich–Kondrashov for
Sobolev maps property [34, proposition 3.4] are satisfied by the sequence
(T k−1u`)`∈N and so the conclusion follows.

Proposition 4.3.10. Let p ∈ [1,+∞). Let (u`)`∈N be a sequence of k
times colocally weakly differentiable maps from M to N . Assume that the
sequence (T k−1u`)`∈N converges locally in measure to a measurable map
υ : M → Mor(T k−1M,T k−1N) that covers a map u : M → N , that

lim sup
`→∞

∫
M

k∑
j=1
|Dj

Ku`|
p
(⊗jg∗M )⊗gN < +∞,

and, if p = 1, that for every j ∈ {1, . . . , k}, the sequence (Dj
Ku`)`∈N is

bilocally uniformly integrable. Then u ∈ Ẇ k,p(M,N) and∫
M
|Dk

Ku|
p
(⊗kg∗M )⊗gN

≤ lim inf
`→∞

∫
M
|Dk

Ku`|
p
(⊗kg∗M )⊗gN

.

We first rephrased the closure property 4.2.5 with the notion of
higher-order weak covariant derivatives.

Lemma 5.3.4 (Closure property). Let (u`)`∈N be a sequence of k
times colocally weakly differentiable maps from M to N . If the se-
quence (T k−1u`)`∈N converges locally in measure to a measurable map
υ : M → Mor(T k−1M,T k−1N) that covers a map u : M → N , if for
every j ∈ {1, . . . , k}, the sequence (Dj

Ku`)`∈N is bilocally uniformly in-
tegrable, then the map u is k times colocally weakly differentiable and
T k−1u = υ almost everywhere in M .

Proof. We need to prove that for every j ∈ {2, . . . , k}, the sequence
(T ju`)`∈N is bilocally uniformly integrable. By lemma 4.3.5, the sequence
(T 2u`)`∈N is bilocally uniformly integrable. Let j ∈ {3, . . . , k}. By the
formula (5.2.1), for every ` ∈ N, almost everywhere in M

T ju` = T j−1(Tu`) = T j−1(D1
Ku`)

= (T j−2 Vert) ◦ (T j−2D2
Ku`) + (T j−2 HorK) ◦ (T j−2D1

Ku`),

and for every i ∈ {3, . . . , j},

T j−(i−1)Di−1
K u`

= (T j−i Vert) ◦ (T j−iDi
Ku`) + (T j−i HorK) ◦ (T j−iDi−1

K u`).

If i = j, since Vert is a bundle morphism and an embedding, and since
the sequence (Dj

Ku`)`∈N is bilocally uniformly integrable, the sequence
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(TDj−1
K u`)`∈N is bilocally uniformly integrable (see proof of lemma 4.3.5).

By iteration and the previous formulas, since each T j−i Vert is a bun-
dle morphism and an embedding, we obtain finally that the sequence
(T j−2D2

Ku`)`∈N is bilocally uniformly integrable and so (T ju`)`∈N too
(see proof of lemma 4.3.5).

As a consequence, by the closure property for colocally weakly differ-
entiable maps [34, proposition 3.7], applied recursively to the sequences
(u`)`∈N, . . ., (T k−1u`)`∈N, the map u is k times colocally weakly differen-
tiable and T k−1u = υ almost everywhere in M .

As mentioned in chapter IV, we also prove the following lemma.

Lemma 4.3.11. Let p ∈ [1,+∞). If u ∈ Ẇ k−1,p(M,N) ∩ Ẇ k,p(M,N),
then the map |Dk−1

K u|(⊗k−1g∗M )⊗gN belongs to W 1,p(M) and almost every-
where in M∣∣T |Dk−1

K u|(⊗k−1g∗M )⊗gN
∣∣
g∗M⊗g1

≤ |Dk
Ku|(⊗kg∗M )⊗gN ,

where g1 is the Euclidean metric on R.

Proof. By proposition 4.3.8, the map Dk−1
K u : M → (⊗k−1T ∗M)⊗ TN

is colocally weakly differentiable. Furthermore, almost everywhere in M

|TDk−1
K u|2g∗M⊗GS(⊗k−1T∗M)⊗TN

= |Dk
Ku|2(⊗kg∗M )⊗gN + |Dk−1

K u|2(⊗k−1g∗M )⊗gN

and so Dk−1
K u ∈ W 1,p(M, (⊗k−1T ∗M) ⊗ TN). Since |·|(⊗k−1g∗M )⊗gN is

Lipschitz-continuous with respect to the distance induced by the Sasaki
metric GS(⊗k−1T ∗M)⊗TN , by the chain rule in Sobolev spaces between
manifolds [34, proposition 2.6], |Dk−1

K u|(⊗k−1g∗M )⊗gN ∈W
1,p(M).

Since the connection K is metric, by the chain rule formula in Sobolev
spaces [33, proposition 5.2] and by the relation between TDk−1

K u and
Dk
Ku (proposition 4.3.8), we have the desired inequality.

Proof of proposition 4.3.10. By closure property (lemma 5.3.4), the map
u is k times colocally weakly differentiable and T k−1u = υ. We now need
to prove that |Dk

Ku|(⊗kg∗M )⊗gN ∈ L
p(M).

By lemma 4.3.11, the sequence (|Dk−1
K u`|(⊗k−1g∗M )⊗gN )`∈N is bounded

in W 1,p(M). By the classical Rellich–Kondrashov compactness theorem
[9, theorem 2.34 (a); 24, theorem 9.16], and since (|Dk−1

K u`|(⊗k−1g∗
M

)⊗gN
)`∈N

converges to |Dk−1
K u|(⊗k−1g∗M )⊗gN in measure, (|Dk−1

K u`|(⊗k−1g∗M )⊗gN )`∈N
converges to |Dk−1

K u|(⊗k−1g∗M )⊗gN in Lploc(M). Up to a subsequence, the
sequence (|Dk

Ku`|(⊗kg∗M )⊗gN )`∈N converges weakly to some w in Lploc(M).
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Since the sequence (Dk−1
K u`)`∈N converges to Dk−1

K u locally in measure,
for every f ∈ C1

c ((⊗k−1T ∗M) ⊗ TN,Rq), with q ≥ min(m, dim((⊗k−1

T ∗M)⊗ TN)),

|T (f ◦Dk−1
K u)|2g∗M⊗gq ≤ |f |

2
Lip
(
|Dk−1

K u|2(⊗k−1g∗M )⊗gN + w2),
where gq is the Euclidean metric on Rq, almost everywhere in M . By
the characterization of the norm of the derivative [34, proposition 2.2],
almost everywhere in M

|TDk−1
K u|2g∗M⊗GS(⊗k−1T∗M)⊗TN

= |Dk−1
K u|2(⊗k−1g∗M )⊗gN + |Dk

Ku|2(⊗kg∗M )⊗gN

≤ |Dk−1
K u|2(⊗k−1g∗M )⊗gN + w2,

and so |Dk
Ku|(⊗kg∗M )⊗gN ≤ w. Consequently, by lower semi-continuity of

the norm under weak convergence, for each compact set Q ⊆M ,∫
Q
|Dk

Ku|
p
(⊗kg∗M )⊗gN

≤
∫
Q
wp ≤ lim inf

`→∞

∫
Q
|Dk

Ku`|
p
(⊗kg∗M )⊗gN

.

Finally, since M has a countable basis, there exists a set {Qi : i ∈
N} of compact sets such that for every i ∈ N, Qi ⊆ Qi+1 and M =⋃
i∈NQi [80, proposition 4.76] and so by monotone convergence theorem

[20, theorem 2.8.2], we have the desired inequality.

5.4. Chain rule for higher order colocally weakly
differentiable maps

Proposition 4.4.5. Let j ∈ {2, . . . , k}. Let u : M → N be a j times
colocally weakly differentiable map. The following statements are equiva-
lent.

(i) For every f ∈ Ckc (N,R), f ◦ u is k times weakly differentiable,

(ii) for every f ∈ Cjc (N,R), f ◦ u is j times weakly differentiable and
for every h ∈ Mor(Mor(T jM,T jN),R) of class Ck−j such that
suppN (h) is compact, the map h ◦ T ju is (k − j) times weakly
differentiable,

(iii) the map u is k times colocally weakly differentiable and for all
compact subsets K ⊆M and L ⊆ N , for all ` ∈ {2, . . . , k}, for all
`tuple norm J·K on Mor(T `M,T `N),∫

u−1(L)∩K
JT `uK < +∞.
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Moreover, if for every f ∈ Ckc (N,R), the map f ◦ u is k times weakly
differentiable, then for all compact subsets K ⊆M and L ⊆ N , for all
jtuple norm J·K on Mor(T jM,T jN),∫

u−1(L)∩K
JT juK

k
j < +∞.

We prove intermediate results in order to prove this proposition.
We first remark how multiple norms behave under composition of

multiple vector bundle morphisms.

Lemma 5.4.5. Let K be a manifold of class Ck. For all compact subsets
QM ⊆M , QN ⊆ N and QK ⊆ K, there exists a constant C > 0 such that
for every υ ∈ (πkM×N )−1(QM ×QN ) and every ξ ∈ (πkN×K)−1(QN ×QK)
such that πN ◦ πkM×N ◦ υ = πN ◦ πkN×K ◦ ξ,

Jξ ◦ υK ≤ C JξK JυK.

Since the previous lemma involves the notion of ktuple norm, the
reader can find the proof in the next chapter VI (proposition 6.3.7).

Lemma 5.4.6. Let j ∈ {2, . . . , k}. If v ∈W k,1
loc (M,Rq) ∩ L∞(M,Rq), if

the morphism w ∈ Mor(Mor(T jM,T jRq),R) of class Ck−j is such that
suppRq(w) is compact, then the map w ◦ T jv is (k − j) times weakly
differentiable.

Since T kM is a ktuple vector bundle, a morphism w ∈ Mor(T kM,R)
means that it is linear in fibers over each of the k vector bundle struc-
ture [15, §22.2]. More precisely, if (V, ψ) is a local trivialization around
x ∈M , then the map w ◦ ψ is given by

(y, (eλ)λ∈Ik) ∈ V ×
∏
λ∈Ik

Rm

7→
k∑
`=1

∑
λ∈P`({1,...,k})

fλ(y)[eλ1 , . . . , eλ` ] ∈ R (5.4.3)

where for every y ∈ V , for every λ ∈ P`({1, . . . , k}), the map fλ(y) is `-
linear and the map y ∈ V 7→ fλ(y) is continuous. Since Mor(T kM,T kRq)
has also a ktuple vector bundle structure, this notion applies directly to
w ∈ Mor(Mor(T kM,T kRq),R).

Proof of lemma 5.4.6. Without loss of generality, we assume that q = 1.
First, we assume that M = Ω is an open set of Rm. By regularization

theorem [20, theorem 4.2.4; 24, theorem 4.22; 120, theorem 4.3.9], there
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exists a sequence (v`)`∈N ⊆ C∞c (Ω,R) that converges to v in W k,1
loc (Ω).

Since w is a morphism from a jtuple vector bundle to R, in view of the
local representation (5.4.3), and since suppR(w) is compact, for every
compact set K ⊆ Ω, there exists a constant C1 > 0 such that for every
` ∈ N, for every i ∈ {1, . . . , k − j} and x ∈ K,

|T i(w ◦ T jv`)(x)|L ≤ C1 JT i+jv`(x)K∗.

In view of the canonical (i+ j)tuple norm for (i+ j)tuple vector bundle
morphisms (section 4.4.5), and by Young’s inequality, there exists a
constant C2 > 0 such that for every i ∈ {1, . . . , k − j} and almost every
x ∈ Ω,

JT i+jv(x)K∗ ≤ C2
( k∑
r=1
|Drv(x)|

k
r

(⊗rg∗m)⊗g1
+ 1

)
,

where gm and g1 are the Euclidean metrics on Rm and R respectively. By
Gagliardo–Nirenberg inequalities [49, 95], JT i+jvK∗ ∈ L1

loc(Ω) and so the
sequence (JT i+jv`K∗)`∈N converges to JT i+jvK∗ in L1

loc(Ω). By Lebesgue’s
dominated convergence theorem, the sequence (|T i(w ◦ T jv`)|L)`∈N con-
verges in L1

loc(Ω) and then by closing lemma [120, lemma 6.1.5], the map
w ◦ T jv is (k − j) times weakly differentiable.

For any manifold M , we can apply the previous argument to every
v ◦ ψ−1 : ψ(V ) ⊆ Rm → R with any local chart ψ : V ⊆ M → Rm. By
a direct covering argument, we have thus that w ◦ T jv is (k − j) times
weakly differentiable.

Proof of proposition 4.4.5. We first prove that (i) implies (ii). Let (Ui)i∈I

be an open cover of N by sets given by lemma 5.1.3. Let h ∈ Mor(Mor(
T jM,T jN),R) be a morphism of class Ck−j such that suppN (h) is
compact. There exist γ ∈ N∗ such that suppN (h) ⊆

⋃γ
i=1 Ui and a

partition of unity (ηi)1≤i≤γ subordinate to (Ui)1≤i≤γ such that almost
everywhere in M

h ◦ T ju =
γ∑
i=1

(ηi ◦ u)(h ◦ T ju) =
γ∑
i=1

(ηi ◦ u)((h ◦ T jϕ∗i ) ◦ T j(ϕi ◦ u)),

since for every i ∈ {1, . . . , γ}, the maps T j−1(ϕi ◦ u) and T j−1ϕi ◦ T j−1u
are weakly differentiable by induction, and by proposition 5.1.1, T j(ϕi ◦
u) = T jϕi ◦ T ju almost everywhere in M . By lemma 5.4.6, every term
in the right sum is (k − j) times weakly differentiable and so h ◦ T ju is
(k − j) times weakly differentiable.

We then prove that (ii) implies (iii). First, let (Ui)i∈I be an open
cover of N by sets given by lemma 5.1.3. We prove recursively that T ju
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is (k − j) times colocally weakly differentiable. Let ` ∈ {j, . . . , k − 1} be
such that the colocal weak derivative T `u : M → Mor(T `M,T `N) exists.
Let h ∈ C1

c (Mor(T `M,T `N),R). Since the set supp(h) is compact, in
particular, there exist γ ∈ N∗ and a finite partition of unity (ηi)1≤i≤γ
subordinate to (Ui)1≤i≤γ such that almost everywhere in M

h ◦ T `u =
γ∑
i=1

(ηi ◦ u)(h ◦ T `u)

=
γ∑
i=1

(ηi ◦ u)(h ◦ T `ϕ∗i ◦ (T `ϕi ◦ T `u)).

By assumption, T `ϕi ◦ T `u is weakly differentiable, and thus by the chain
rule for weakly differentiable functions (see for example [45, theorem
4.2.4 (ii); 120, theorem 6.1.13]), each term in the right sum is weakly
differentiable, and so h◦ T `u is weakly differentiable. By proposition 5.1.1,
there exists a measurable map T `+1u : M → Mor(T `+1M,T `+1N) such
that for every h ∈ C1(Mor(T `M,T `N),R) such that h ◦T `u ∈W 1,1

loc (M),
we have almost everywhere in M

T (h ◦ T `u) = Th ◦ T `+1u.

We now prove that the integrability condition is satisfied. Let (Ui)i∈I
be an open cover of N by sets given by lemma 5.1.3. Let K ⊆ M and
L ⊆ N be two compact subsets. Let ` ∈ {2, . . . , k}. Since L is compact,
there exists γ ∈ N∗ such that L ⊆

⋃γ
i=1 Ui. By construction, for every

i ∈ {1, . . . , γ}, T `(ϕi ◦ u) = T `ϕi ◦ T `u almost everywhere in M and, by
lemma 5.1.3, T `ϕ∗i ◦ T `ϕi = id on (π`N )−1(Ui), and so

T `u = T `ϕ∗i ◦ T `(ϕi ◦ u)

almost everywhere on u−1(Ui). Since every ϕi ∈ Ckc (N,Rn), by proposi-
tion 5.4.5, there exist constants C1, . . . , Cγ such that almost everywhere
in u−1(L) ∩K

JT `uK ≤
γ∑
i=1

JT `ϕ∗i ◦ T `(ϕi ◦ u)K ≤
γ∑
i=1

Ci JT `ϕ∗i K JT `(ϕi ◦ u)K

≤ ( max
1≤i≤γ

Ci)
(

max
1≤i≤γ

sup
Rn

JT `ϕ∗i K
) γ∑
i=1

JT `(ϕi ◦ u)K.
(5.4.4)

If (ηλ)λ∈Λ is a partition of unity subordinate to an atlas ((ψλ, Vλ))λ∈Λ
of local charts of M , by the maximality property of `tuple norms, and
by Young’s inequality, there exists a positive continuous function β ∈



138 APPENDIX OF CHAPTER IV

C(M × Rn,R) such that for every i ∈ {1, . . . , γ}, almost everywhere in
M

JT `(ϕi ◦ u)K

≤ β(·, ϕi ◦ u)
∑
λ∈Λ

ηλ
( k∑
r=1
|Dr(ϕi ◦ u ◦ ψ−1

λ ) ◦ ψλ|
k
r

(⊗rg∗m)⊗gn + 1
)
, (5.4.5)

where gm and gn are the Euclidean metrics on Rm and Rn respectively.
Since for every i ∈ {1, . . . , γ}, ϕi ◦ u ∈ W k,1

loc (M,Rn) ∩ L∞(M,Rn), by
Gagliardo–Nirenberg inequalities [49, 95], JT `(ϕi ◦ u)K ∈ L1(u−1(L) ∩K)
and so ∫

u−1(L)∩K
JT `uK < +∞.

Finally, we prove that (iii) implies (i). We proceed by induction. Let
` ∈ {2, . . . , k − 1}. For every i ∈ N, we define the map θi : Mor(T `M,
T `N)→ R for every y ∈ Mor(T `M,T `N) by

θi(y) = θ
( |y|

1 + i

)
,

where θ ∈ C1
c ([0,∞),R) is such that 0 ≤ θ ≤ 1, θ = 1 on [0, 1] and |·| is

a norm induced by a Riemannian metric on Mor(T `M,T `N) [42, §1.2
proposition 2.10]. Let f ∈ Ckc (N,R) and let K ⊆ M be a compact set.
For every i ∈ N, we define f̃i = θi · (T `f). Since each map f̃i is Lipschitz-
continuous with compact support, f̃i ◦ T `u is weakly differentiable [34,
proposition 2.2] and there exist constants C1, C2, C3 > 0 such that for
every i ∈ N and almost everywhere on u−1(supp(f)) ∩K

|T (f̃i ◦ T `u)|L ≤ C1
∣∣θ′( |T `u|1 + i

)∣∣ 1
1+iJT

`+1uK |T `f ◦ T `u|L

+ C2 θ
( |T `u|

1 + i

)
JT `+1fK JT `+1uK

≤ C3 JT `+1uK.

Since the sequence (|T (f̃i◦T `u)|L)i∈N is bounded and uniformly integrable
and since (f̃i ◦ T `u)i∈N converges almost everywhere to T `f ◦ T `u in
K ⊆M , in view of the weak compactness criterion in L1(K) [20, corollary
4.7.19; 24, theorem 4.30], the sequence (T (f̃i ◦T `u))i∈N converges weakly
to T `+1(f ◦ u) in L1(K) and T `(f ◦ u) is weakly differentiable. Hence,
f ◦ u is k times weakly differentiable.

Let (Ui)i∈I be an open cover of N by sets given by lemma 5.1.3. Let
K ⊆M and L ⊆ N be two compact subsets. If for every f ∈ Ckc (N,R),
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f ◦u is k times weakly differentiable, then there exist C1 > 0 and γ ∈ N∗
such that almost everywhere in u−1(L)∩K (see inequality (5.4.4) above)

JT juK
k
j ≤ C1

γ∑
i=1

JT j(ϕi ◦ u)K
k
j .

With the same notations as for inequality (5.4.5), by the maximality prop-
erty of jtuple norms, and by Young’s inequality, for every i ∈ {1, . . . , γ},
almost everywhere in M

JT j(ϕi ◦ u)K

≤ β(·, ϕi ◦ u)
∑
λ∈Λ

ηλ
( j∑
r=1
|Dr(ϕi ◦ u ◦ ψ−1

λ ) ◦ ψλ|
j
r

(⊗rg∗m)⊗gn + 1
)
.

Since for every i ∈ {1, . . . , γ}, ϕi ◦ u ∈ W k,1
loc (M,Rn) ∩ L∞(M,Rn), by

Gagliardo–Nirenberg inequalities [49,95], JT j(ϕi ◦u)K
k
j ∈ L1(u−1(L)∩K)

and so
∫
u−1(L)∩KJT juK

k
j < +∞.

5.5. Problem of density of smooth maps
Proposition 4.5.10. Let M and N be two smooth connected compact
Riemannian manifolds and let p ∈ [1,+∞) so that 1 ≤ kp < m.

(i) If for every u ∈ Ẇ k,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (T k−1u`)`∈N converges to T k−1u
locally in measure and such that the sequence (|Dk

Ku`|(⊗kg∗
M

)⊗gN
)`∈N

is bounded in Lp(M), and if kp /∈ N, then πbkpc(N) ' {0}.

(ii) If for every u ∈ Ẇ k,p(M,N), there exists a sequence (u`)`∈N in
C∞(M,N) such that the sequence (T ku`)`∈N converges to T ku lo-
cally in measure and such that the sequence (|Dk

Ku`|(⊗kg∗M )⊗gN )`∈N
converges to |Dk

Ku|(⊗kg∗M )⊗gN in Lp(M), and if kp ∈ N, then
πkp(N) ' {0}.

Lemma 4.5.11. Let N be a smooth connected compact Riemannian
manifold and let p ∈ [1,+∞) so that (k − 1)p < q. Let (u`)`∈N be a
sequence in C∞(Sq, N) and let u ∈ Ẇ k,p(Sq, N).

(i) If kp ≥ q, if the sequence (T k−1u`)`∈N converges to T k−1u locally in
measure and if the sequence (|Dk

Ku`|(⊗kg∗q+1)⊗gN )`∈N is bounded in
Lp(Sq), then the sequence (|Tu`|g∗q+1⊗gN )`∈N is bounded in Lkp(Sq).
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(ii) If kp ≥ q, if the sequence (T ku`)`∈N converges to T ku locally in
measure and if the sequence (|Dk

Ku`|(⊗kg∗q+1)⊗gN )`∈N converges to
|Dk

Ku|(⊗kg∗q+1)⊗gN in Lp(Sq), then the sequence (|Tu`|g∗q+1⊗gN )`∈N
converges to |Tu|g∗q+1⊗gN in Lkp(Sq).

Proof. Let µ be the measure associated to the Riemannian metric on
Sq ⊆ Rq+1. Since the sequence (T k−1u`)`∈N converges to T k−1u locally
in measure in assertions (i) and (ii), there exist ε > 0 and γ > 0 such
that for every ` ∈ N, for every j ∈ {1, . . . , k − 1},

µ
(
{x ∈ Sq : |Dj

Ku`(x)|(⊗jg∗q+1)⊗gN ≤ γ}
)
> ε.

For every ` ∈ N and j ∈ {1, . . . , k − 1}, by lemma 4.3.11, the sequence
|Dj

Ku`|(⊗jg∗q+1)⊗gN ∈W
1, qp
q−(k−j−1)p (Sq) and almost everywhere in M

|T |Dj
Ku`|(⊗jg∗q+1)⊗gN |g∗q+1⊗g1 ≤ |D

j+1
K u`|(⊗j+1g∗q+1)⊗gN .

So by Poincaré inequalities (lemma 4.5.9), there exists C1 > 0 such that
for every ` ∈ N and every j ∈ {1, . . . , k − 1},

‖ |Dju`|(⊗jg∗q+1)⊗gN ‖
L

qp
q−(k−j)p (Sq)

≤ C1
(
‖ |Dj+1

K u`|(⊗j+1g∗q+1)⊗gN ‖
L

qp
q−(k−j−1)p (Sq)

+ γ
)
.

By iteration, there exists C2 > 0 such that for every j ∈ {1, . . . , k − 1}
and every ` ∈ N,

‖ |Dju`|(⊗jg∗q+1)⊗gN ‖
L

qp
q−(k−j)p (Sq)

≤ C2
(
‖ |Dk

Ku`|(⊗kg∗q+1)⊗gN ‖Lp(Sq) + 1
)
. (5.5.6)

In particular, since kp ≥ q, 1 ≤ kp ≤ qp
q−(k−1)p , and by Hölder’s inequality,

there exists C3 > 0 such that for every ` ∈ N,

‖ |Tu`|g∗q+1⊗gN ‖Lkp(Sq)

≤ C3
(
‖ |Dk

Ku`|(⊗kg∗q+1)⊗gN ‖Lp(Sq) + 1
)
. (5.5.7)

So if assumptions of assertion (i) or (ii) are satisfied, by previous
inequality (5.5.7), the sequence (|Tu`|g∗q+1⊗gN )`∈N is bounded in Lkp(Sq).

We assume now that assumptions of assertion (ii) are satisfied. First,
for every j ∈ {1, . . . , k−1}, u ∈ Ẇ j, kp

j+1 (Sq, N). Indeed, since the sequence
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(u`)`∈N converges to u locally in measure, by weak closure property
in Sobolev spaces [34, proposition 3.8], u ∈ Ẇ 1,kp(Sq, N). For every
j ∈ {2, . . . , k − 1}, by inequality (5.5.6), and Hölder’s inequality, for
every 1 ≤ i ≤ j + 1, the sequence (|Di

Ku`|(⊗ig∗q+1)⊗gN )`∈N is bounded

in L
kp
j+1 (Sq). Since the sequence (T j−1u`)`∈N converges to T j−1u locally

in measure, by weak closure property in higher-order Sobolev spaces
(proposition 4.3.10), u ∈ Ẇ j, kp

j+1 (Sq, N).
As a consequence, for every j ∈ {1, . . . , k − 1}, by Hölder’s inequal-

ity and by lemma 4.3.11, |Dj
Ku|(⊗jg∗q+1)⊗gN ∈ W

1, kp
j+1 (Sq). By Sobolev

inequalities on compact Riemnannian manifolds [67, theorem 3.5], there
exists C4 > 0 such that for every ` ∈ N and every j ∈ {1, . . . , k − 1},

‖ |Dj
Ku`|(⊗jg∗q+1)⊗gN − |D

j
Ku|(⊗jg∗q+1)⊗gN ‖

L
kp
j (Sq)

≤ C4‖ |Dj
Ku`|(⊗jg∗q+1)⊗gN − |D

j
Ku|(⊗jg∗q+1)⊗gN ‖

W
1, kp
j+1 (Sq)

.

Thanks to the previous inequality, we now prove that for every j ∈
{1, . . . , k − 1}, if the sequence (|Dj+1

K u`|(⊗j+1g∗q+1)⊗gN )`∈N converges to

|Dj+1
K u|(⊗j+1g∗q+1)⊗gN

in L
kp
j+1 (Sq), then (|Dj

Ku`|(⊗jg∗q+1)⊗gN )`∈N converges

to |Dj
Ku|(⊗jg∗q+1)⊗gN in L

kp
j (Sq). Let j ∈ {1, . . . , k − 1}. By previous

steps, the sequence (|Dj
Ku`|(⊗jg∗q+1)⊗gN )`∈N is bounded in W

1, kp
j+1 (Sq).

By Rellich–Kondrashov embedding theorem for Sobolev maps on com-
pact Riemannian manifolds [9, theorem 2.34 (a)], and since the se-
quence (|Dj

Ku`|(⊗jg∗q+1)⊗gN )`∈N converges to |Dj
Ku|(⊗jg∗q+1)⊗gN in mea-

sure, (|Dj
Ku`|(⊗jg∗q+1)⊗gN )`∈N converges to |Dj

Ku|(⊗jg∗q+1)⊗gN in L
kp
j+1 (Sq).

Since (T j+1u`)`∈N converges to T j+1u locally in measure, the sequence
(T |Dj

Ku`|(⊗jg∗q+1)⊗gN )`∈N converges to T |Dj
Ku|(⊗jg∗q+1)⊗gN locally in mea-

sure. Furthermore, for every ` ∈ N, almost everywhere in M

|T (|Dj
Ku`|(⊗jg∗q+1)⊗gN − |D

j
Ku|(⊗jg∗q+1)⊗gN )|g∗q+1⊗g1

≤ |Dj+1
K u`|(⊗j+1g∗q+1)⊗gN + |Dj+1

K u|(⊗j+1g∗q+1)⊗gN .

By Lebesgue’s dominated convergence theorem [20, theorem 2.8.5], the
sequence (T (|Dj

Ku`|(⊗jg∗q+1)⊗gN − |D
j
Ku|(⊗jg∗q+1)⊗gN ))`∈N converges to 0

in L
kp
j+1 (Sq). Hence, the sequence (|Dj

Ku`|(⊗jg∗q+1)⊗gN )`∈N converges to

|Dj
Ku|(⊗jg∗q+1)⊗gN in W

1, kp
j+1 (Sq), and so in L

kp
j (Sq) by the Sobolev in-

equality.
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Finally, since (|Dk
Ku`|(⊗kg∗q+1)⊗gN )`∈N converges to |Dk

Ku|(⊗kg∗q+1)⊗gN
in Lp(Sq), we deduce by iteration that the sequence (|Tu`|g∗q+1⊗gN )`∈N
converges to |Tu|g∗q+1⊗gN in Lkp(Sq).

Proof of proposition 4.5.10. We first give the proof whenM = Bbkpc+1×
L. If πbkpc(N) 6' {0}, then there exists a smooth map f : Sbkpc → N

which is not homotopic to a constant map in C(Sbkpc, N). We define the
map u : M → N for every x = (x′, x′′) ∈ Bbkpc+1 × L by u(x) = f( x′

|x′|).
We observe that there exists a constant C > 0 such that for every
x ∈ (Bbkpc+1 \ {0})× L, |Dk

Ku(x)| ≤ C
|x′|k , and thus u ∈ Ẇ k,p(M,N).

We first show that the assumptions of assertion (i) cannot be satisfied.
Otherwise, since for every ` ∈ N,∫

M
|Dk

Ku`|
p
(⊗kg∗M )⊗gN

=
∫
L

∫
Bbkpc+1

|Dk
Ku`|

p
(⊗kg∗M )⊗gN

=
∫
L

(∫ 1

0

(∫
Sbkpcr

|Dk
Ku`|

p
(⊗kg∗M )⊗gN

)
dr
)
,

by Fatou’s lemma, for almost every x′′ ∈ L and almost every r ∈ (0, 1),
up to a subsequence, ((|Dk

Ku`|(⊗kg∗M )⊗gN )|Sbkpcr ×{x′′})`∈N is bounded in

Lp(Sbkpcr ). By lemma 4.5.11 (i), for almost every x′′ ∈ L and almost every
r ∈ (0, 1), the sequence ((u`)|Sbkpcr ×{x′′})`∈N is bounded in Ẇ 1,kp(Sbkpcr , N)
and since the homotopy classes are preserved by weakly bounded sequence
in Ẇ 1,kp(Sbkpcr , N) [118, theorem 2.1], the map u|Sbkpcr ×{x′′} is homotopic
to a constant map, and so the map f too.

We now show that the assumptions of assertion (ii) cannot be satisfied.
Otherwise, since for every ` ∈ N,∫

M
| |Dk

Ku`|(⊗kg∗M )⊗gN − |D
k
Ku|(⊗kg∗M )⊗gN |

p

=
∫
L

(∫ 1

0

(∫
Skpr
| |Dk

Ku`|(⊗kg∗M )⊗gN − |D
k
Ku|(⊗kg∗M )⊗gN |

p
)
dr
)
,

up to a subsequence, for almost every x′′ ∈ L and almost every r ∈ (0, 1),
the sequence ((|Dk

Ku`|(⊗kg∗M )⊗gN )|Skpr ×{x′′})`∈N converges to the map
(|Dk

Ku|(⊗kg∗M )⊗gN )|Skpr ×{x′′} in L
p(Skpr ). By lemma 4.5.11 (ii), for almost

every x′′ ∈ L and almost every r ∈ (0, 1), ((u`)|Skpr ×{x′′})`∈N converges to
u|Skpr ×{x′′}

in Ẇ 1,kp(Skpr , N) [34, proposition 4.4] and since the homotopy
classes are preserved by strong convergence in Ẇ 1,kp(Skpr , N) [117], the
map u|Skpr ×{x′′} is homotopic to a constant map, and so the map f too.
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For a general manifold M , we start from a counterexample u : Bm →
N to a Sobolev map on the whole ofM . Indeed, there is a map Φ : Bm →
Rm which maps diffeomorphically some subset A ⊂ Bm to Bbkpc+1 ×
Sm−bkpc−1 (A is a tubular neighborhood of an (m−bkpc−1)-dimensional
sphere, with S0 = {−1, 1}), Φ(Bm \ A) ⊂ (Bbkpc+1 \ {0}) × Rm−bkpc−1

and Φ is constant near ∂Bm. We then define the map u : Bm → N for
every x ∈ Bm by u(x) = f( y′

|y′|) if Φ(x) = (y′, y′′). The map u is constant
near the boundary and can thus be transported and extended to any
m-dimensional manifold, giving the required counterexample.





Chapter VI

Multiple norms

6.1. Introduction
Motivated by the chain rule for higher-order colocally weakly differ-

entiable maps, we define a notion of multiple norm for maps between
higher-order tangent bundles of a manifold. In fact, since every higher-
order tangent bundle does not carry a vector bundle structure over its
manifold [15, §9.3, §15.1; 41, §16.15.7], we cannot define a notion of
norm on this space with respect to each fiber over the manifold. However,
higher-order tangent bundles are multiple vector bundles [57,84] and so
in a first step we define a notion of multiple norm which is compatible
with the multiple structure. Similarly, it follows then a notion of multiple
norm for maps between higher-order tangent bundles.

Actually, the notions of double norm and ktuple norm were already
defined in chapter IV (see sections 4.4.2 and 4.4.5). Furthermore, we
mention some properties of those norms. However, we did not go into
details.

In order to be more precise, we first define in the present chapter the
notion of double vector space (definition 6.2.1) as spaces which are likely
the local representation of a second-order tangent bundle at a point,
and a notion of double seminorm on these spaces (definition 6.2.2). We
also point out some properties of maps between double vector spaces. It
results then more details about section 4.4.2 from chapter IV.

In the second step, we generalize the previous notions to any higher
order. For every k ∈ N∗, we first define a notion of ktuple seminorm on
ktuple vector spaces (definitions 6.3.1 and 6.3.2). In particular, this notion
includes the one of double seminorm. The corresponding properties are
then useful to be more specific on that of the notion of ktuple norm on
kth order tangent bundles.
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6.2. Double (semi)norms

6.2.1. Double seminorms on double vector spaces

First, a double vector bundle consists of four manifolds E,E1, E2,M
and a system of four vector bundle structures

E

E2

E1

M

π2

π2
M

π1

π1
M

in which E has two vector bundle structures, on bases E1 and E2, which
are themselves vector bundles on M and such that each of the four
structure maps (namely the bundle projection, zero section, addition and
scalar multiplication) of each vector bundle structure on E is a morphism
of vector bundles with respect to the other structure [84, definition 1.1].

In particular, we define a notion of double vector space.

Definition 6.2.1. A set W is a double vector space (of dimension m)
if there exist three subspaces V1,V2 and V12 of Rm such that W =
V1 × V2 × V12 and such that the diagram

(e1, e2, e12) ∈W

e2 ∈ V2

e1 ∈ V1

0 ∈ Rm

π2

π2
0

π1

π1
0

defines a double vector bundle.

We then define a notion of double seminorm on double vector spaces.

Definition 6.2.2. Let W be a double vector space. A map J·K : W → R
is a double seminorm on W if for every i ∈ {1, 2}, it is a seminorm on
fibers over the vector bundle (W,πi, Vi).

As a consequence, if a map J·K is a double seminorm on the double
vector space W , then for every i ∈ {1, 2} and every w,w′ ∈W such that
πi(w) = πi(w′),

Jw +i w
′K ≤ JwK + Jw′K,
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where +i is the vector bundle addition of (W,πi, Vi) [84, §1], and for
every λ ∈ R,

Jλ ·i wK = |λ| JwK,

where ·i is the vector bundle multiplication of (W,πi, Vi) [84, §1].
Given a double vector space, there exists a nontrivial double seminorm

on this space.

Proposition 6.2.1 (Canonical double seminorm). Let W be a double
vector space. The map J·K∗ : W → R defined for every w = (e1, e2, e12) ∈
W by

JwK∗ = |e1| |e2|+ |e12|
is a double seminorm on W .

Given two double vector spaces, we define the notion of double vector
map between them.

Definition 6.2.3. Let W and W ′ be two double vector spaces. A map
f : W →W ′ is a double vector map if there exist linear maps f1 : V1 → V ′1 ,
f2 : V2 → V ′2 and f12 : V12 → V ′12 and a bilinear map f̂12 : V1 × V2 → V ′12
such that for every w = (e1, e2, e12) ∈W ,

f(w) = (f1(e1), f2(e2), f12(e12) + f̂12(e1, e2)).

A double vector map is bounded with respect to the canonical double
seminorm given by proposition 6.2.1.

Proposition 6.2.2. Let f : W →W ′ be a double vector map and let J·K′
be a double seminorm on W ′. Then there exists a constant C > 0 such
that for every w ∈W ,

Jf(w)K′ ≤ CJwK∗.

Proof. Let w ∈ W . If (b`1)1≤`≤κ is a basis in V ′1 , then there exist
λ1, . . . , λκ ∈ R such that f1(e1) =

∑κ
`=1 λ`b

`
1. Since the double semi-

norm is a seminorm on each fiber, there exist constants C1, . . . , Cκ > 0
and then a constant C > 0 such that

Jf(w)K′ ≤
κ∑
`=1
|λ`|

q(
b`1, f2(e2), f12(e12) + f̂12(e1, e2)∑κ

`=1|λ`|

)y
≤

κ∑
`=1
|λ`|C`

(
|f2(e2)|+ 1∑κ

`=1|λ`|
|f12(e12) + f̂12(e1, e2)|

)
≤
(

max
1≤`≤κ

C`
)( κ∑

`=1
|λ`| |f2(e2)|+ |f12(e12) + f̂12(e1, e2)|

)
≤ C

(
|f1(e1)| |f2(e2)|+ |f12(e12)|+ |f̂12(e1, e2)|

)
.
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Since f1, f2, f12 are linear and f̂12 is bilinear, there exist constants
C̃1, C̃2 > 0 such that

Jf(w)K′ ≤ C̃1|e1| |e2|+ C̃2|e12| ≤ max(C̃1, C̃2)JwK∗.

As a consequence, the canonical double seminorm given by proposi-
tion 6.2.1 is an upper bound for any double seminorms.

Corollary 6.2.3. Let W be a double vector space. Let J·K be a double
seminorm on W . Then there exists a constant C > 0 such that for every
w ∈W , JwK ≤ CJwK∗.

The opposite inequality is not always true; for instance, if we take
the double seminorm J·K defined for every w = (e1, e2, e12) ∈ W by
JwK = |e1| |e2|.

Finally, if W and W ′ are both double vector spaces, we denote by
Mor(W,W ′) the space of all double vector maps between them.

It is also possible to define a notion of double seminorm on those
spaces. However, motivated by the behavior of double norms under
composition of double vector bundle morphisms, we just consider the
following canonical double seminorm.

Definition 6.2.4. Let W and W ′ be double vector spaces. We define
the map J·K∗ : Mor(W,W ′)→ R for every f ∈ Mor(W,W ′) by

JfK∗ = |f1| |f2|+ |f12|+ |f̂12|,

with the corresponding norms on the space of linear maps and on the
one of bilinear maps.

The previous double seminorm is compatible with the composition.

Proposition 6.2.4. Let W , W ′ and W ′′ be double vector spaces. Let
f ∈ Mor(W,W ′) and g ∈ Mor(W ′,W ′′). Then g ◦ f ∈ Mor(W,W ′′) and

Jg ◦ fK∗ ≤ JgK∗ JfK∗.

Proof. For every (e1, e2, e12) ∈W ,

(g ◦ f)(e1, e2, e12) =
(
(g1 ◦ f1)(e1), (g2 ◦ f2)(e2),

(g12 ◦ f12)(e12) +
(
(g12 ◦ f̂12) +

(
ĝ12 ◦ (f1, f2)

))
(e1, e2)

)
,

and so

Jg ◦ fK∗ ≤
(
|g1| |g2|+ |ĝ12|

)
|f1| |f2|+ |g12|

(
|f12|+ |f̂12|

)
≤ JgK∗ |f1| |f2|+ JgK∗ (|f12|+ |f̂12|) = JgK∗ JfK∗.
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6.2.2. Double norms for double vector bundles

In this part, we follow the same structure as the one of section 4.4.2
but we give more details. So we assume that M and N are differentiable
manifolds of class C2 of respective dimensions m and n. As usually,
they satisfy the Hausdorff separation property and have a countable
basis [42, §0.5; 70, §1.5]

Some properties of the second-order tangent bundle T 2M are already
mentioned in section 4.2. We also note that for every x ∈M , there exists
a local trivialization (V, ψ) such that x ∈ V , the set V ⊆M is open and

ψ : V × Rm × Rm × Rm → (π2
M )−1(V ) ⊆ T 2M

is a diffeomorphism [41, §16.15.7]; hence, for local trivializations (Vi, ψi)
and (Vj , ψj), the transition diffeomorphism is given by [15, §9.2 – 9.3;
57, equation (20); 87, §8.12]

(x, e1, e2, e12) ∈ (Vi ∩ Vj)× Rm × Rm × Rm 7→
(x, ψij(x)[e1, e2, e12]) ∈ (Vi ∩ Vj)× Rm × Rm × Rm,

where for every x ∈ Vi ∩ Vj , ψij(x) is a double vector map and the map
x ∈ Vi∩Vj 7→ ψij(x) is continuous; in other words, the transition maps are
non-linear in (e1, e2, e12): it is linear in (e1, e12) or in (e2, e12) [15, §9.3].

The reader can then refer to the definition 4.4.2 for the notion of
double norm and this notion relies on the one of double seminorm on
second-order tangent bundles (definition 4.4.1).

Proposition 6.2.5. There exists a double norm on T 2M .

The previous proposition is already mentioned in chapter IV (propo-
sition 4.4.1). However, we only sketched the proof.

Proof of proposition 6.2.5. For every local trivialization (V, ψ), we define
J·KV for every ν ∈ (π2

M )−1(V ) such that ψ−1(ν) = (x, e1, e2, e12) by

JνKV = |e1| |e2|+ |e12|.

Let (Vi)i∈I be an open cover of M and let (ηi)i∈I be a partition of
unity subordinate to (Vi)i∈I [42, §0.5]. We define a double seminorm J·K
on T 2M for every ν ∈ T 2M by

JνK =
∑
i∈I

ηi(π2
M (ν))JνKVi .

To prove that J·K is a double norm on T 2M , it suffices to prove that
in each local trivialization [42, §0.5 remark 5.7]. Let J·K′ be a double
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seminorm on T 2M . Let (V, ψ) be a local trivialization around x ∈M . By
definition 4.4.1 of double seminorm, the double seminorm J·K′ is repre-
sented for every ν ∈ (π2

M )−1(V ) such that ψ−1(ν) = (π2
M (ν), e1, e2, e12)

by
JνK′V = βV (π2

M (ν))J(e1, e2, e12)K′W ,

where βV ∈ C(V,R) is a positive continuous function and J·K′W is a double
seminorm on W = Rm × Rm × Rm. There exists an open set U ⊆ M
such that U is compact and x ∈ U ⊆ V . Since βV is continuous, there
exists a constant C1 > 0 such that for every ν ∈ (π2

M )−1(U),

JνK′V ≤ C1J(e1, e2, e12)K′W ,

and since the canonical double seminorm is an upper bound for any
double seminorms (corollary 6.2.3), there exists a constant C2 > 0 such
that

JνK′V ≤ C1C2 J(e1, e2, e12)K∗ = C1C2 JνKV .

Finally, we remark how double norms behave under composition of
double vector bundle morphisms (proposition 4.4.2). For this purpose, we
note that for every double vector bundle morphism υ ∈ Mor(T 2M,T 2N)
such that υ ∈ Mor(T 2M,T 2N)x,y, if (V, ψ) and (U,ϕ) are local trivial-
izations of T 2M and T 2N around x ∈M and y ∈ N respectively, then
ϕ−1 ◦ υ ◦ ψ : V × Rm × Rm × Rm → U × Rn × Rn × Rn is such that for
every (e1, e2, e12) ∈ Rm × Rm × Rm,

(ϕ−1 ◦ υ ◦ ψ)(x, e1, e2, e12) = (y, υ1[e1], υ2[e2], υ12[e12] + υ̂12[e1, e2]) ,

where the maps υ1, υ2, υ12 : Rm → Rn are linear and the map υ̂12 : Rm ×
Rm → Rn is bilinear.

Proposition 6.2.6. Let K be a manifold of class C2. For every compact
subsets QM ⊆ M , QN ⊆ N and QK ⊆ K, there exists a constant
C > 0 such that for every υ ∈ (π2

M×N )−1(QM × QN ) and every ξ ∈
(π2
N×K)−1(QN ×QK) such that πN ◦ π2

M×N ◦ υ = πN ◦ π2
N×K ◦ ξ,

Jξ ◦ υK ≤ C JξK JυK.

In fact, the composition property 6.2.4 of the canonical double semi-
norm for double vector maps (definition 6.2.4) can be generalized to any
double norms.

Proof of proposition 6.2.6. Let QM ⊆ M , QN ⊆ N and QK ⊆ K be
compact sets. Let υ ∈ Mor(T 2M,T 2N)x,y and ξ ∈ Mor(T 2N,T 2K)y,z
such that x ∈ QM , y ∈ QN and z ∈ QK .
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We first consider double norms J·K′ on the space of double vector
bundle morphisms similar to the one of proposition 4.4.1, but with
canonical double seminorms for double vector maps (definition 6.2.4). If
(Vi×Ui×Wi)i∈I is an open cover ofM×N×K and if (ηi)i∈I , (ϕi)i∈I and
(γi)i∈I are partitions of unity subordinate to (Vi × Ui)i∈I , (Ui ×Wi)i∈I
and (Vi ×Wi)i∈I respectively [42, §0.5], then

Jξ ◦ υK′ =
∑
i∈I

γi(x, z)Jξ ◦ υK′Vi×Wi

=
∑
i∈I

γi(x, z)
(
|ξi1 ◦ υi1| |ξi2 ◦ υi2|+ |ξi12 ◦ υi12|

+ |ξ̂i12 ◦ (υi1, υi2) + ξ12 ◦ υ̂i12|
)
,

JυK′ =
∑
i∈I

ηi(x, y)JυK′Vi×Ui

=
∑
i∈I

ηi(x, y)
(
|υi1| |υi2|+ |υi12|+ |υ̂i12|

)
,

and similarly JξK′ =
∑
i∈I ϕi(y, z)JξK′Ui×Wi

. By the composition property
of canonical double seminorms (proposition 6.2.4), and since QM , QN
and QK are compact, there exists `1, `2, `3 > 1 and constants C1, C2 > 0
such that

Jξ ◦ υK′ ≤
`1∑
i=1

γi(x, z)JξK′Uκi×Wi
JυK′Vi×Uκi

=
`1∑
i=1

γi(x, z)
( `2∑
j=1

ϕj(y, z)
)
JξK′Uκi×Wi

( `3∑
k=1

ηk(x, y)
)
JυK′Vi×Uκi

≤ C1

`1∑
i=1

( `2∑
j=1

ϕj(y, z)JξK′Uj×Wj

) ( `3∑
k=1

ηk(x, y)JυK′Vk×Uk
)

≤ C2 JξK′ JυK′.

By the maximality property of double norms, there exist positive
continuous functions β1 ∈ C(M ×K,R), β2 ∈ C(N ×K,R) and β3 ∈
C(M ×N,R) such that

Jξ ◦ υK ≤ β1(x, z) Jξ ◦ υK′ ≤ β1(x, z)C2 JξK′ JυK′

≤ β1(x, z)C2 β2(y, z) JξKβ3(x, y) JυK,

and since QM , QN and QK are compact, there exists a constant C > 0
such that Jξ ◦ υK ≤ C JξK JυK.
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6.3. Multiple (semi)norms

6.3.1. Multiple seminorms on multiple vector spaces

For every k ∈ N∗, we define the notion of ktuple vector space. We
denote by Ik the index set 2{1,...,k} \∅ [15, §MA.1].

Definition 6.3.1. Let k ∈ N∗.
A set W is a 1tuple vector space (of dimension m) if there exists a

subspace V of Rm such that W = V and for {0} ∈ Rm, (V, π0, {0}) is a
vector bundle structure.

A set W is a 2tuple vector space (of dimension m) if it is a double
vector space of dimension m.

If k ≥ 3, a set W is a ktuple vector space (of dimension m) if there
exists a set (Vλ)λ∈Ik of 2k − 1 subspaces of Rm such that

W =
∏
λ∈Ik

Vλ

has k vector bundle structures, on bases W1, . . . ,Wk, such that for every
j ∈ {1, . . . , k}, Wj is a (k − 1)tuple vector space, and for all i 6= j ∈
{1, . . . , k}, ifWij is a (k−2)tuple vector space such that there exist vector
bundle structures πiij : Wi →Wij and πjij : Wj →Wij , then the following
diagram

W

Wj

Wi

Wij

πj

πjij

πi

πiij

is a double vector bundle.

This kind of spaces appears as to be a particular case of ktuple vector
bundles [57, definition 4.1; 84, definition 5.1; 114, §6.2 definition 3] and
they are also studied in the context of kth order tangent bundles of
manifolds [15, §MA.2].

For instance, a triple vector space (or a 3tuple vector space) is such
that

W = V1 × V2 × V3 × V12 × V23 × V13 × V123

and each side of the following cube
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(e1, e2, e3, e12, e23, e13, e123) ∈W

(e1, e2, e12) ∈ V1 × V2 × V12

e1 ∈ V1

(e2, e3, e23) ∈ V2 × V3 × V23

e2 ∈ V2

0 ∈ Rm

(e1, e3, e13) ∈ V1 × V3 × V13 e3 ∈ V3

π12

π23

π13

is a double vector bundle.
We then define a notion of ktuple seminorm on ktuple vector spaces.

Definition 6.3.2. Let W be a ktuple vector space. A map J·K : W → R
is a ktuple seminorm on W if it is a seminorm on fibers over each of the
k vector bundle structure of W .

A 1tuple seminorm is just a seminorm on a subspace of Rm and a
2tuple seminorm is a double seminorm on a double vector space.

Given a ktuple vector space, there exists a nontrivial ktuple seminorm
on this space.

Proposition 6.3.1 (Canonical ktuple seminorm). Let W be a ktuple

vector space. The map J·K∗ : W → R defined for every w = (eλ)λ∈Ik ∈W
by

JwK∗ =
k∑
`=1

∑
λ∈P`({1,...,k})

|eλ1 | · · · |eλ` |,

where P`({1, . . . , k}) = {λ = {λ1, . . . , λ`} ∈ 2Ik : ∪̇`i=1λ
i = {1, . . . , k},

∅ 6∈ λ} is the set of all partitions of {1, . . . , k} of length `, is a ktuple

seminorm on W .

For example, the canonical triple seminorm J·K∗ is defined for every
w = (e1, e2, e3, e12, e23, e13, e123) ∈W by

JwK∗ = |e1| |e2| |e3|+ |e1| |e23|+ |e2| |e13|+ |e3| |e12|+ |e123|.

Given two ktuple vector spaces, we define ktuple vector maps as follows.

Definition 6.3.3. LetW andW ′ be ktuple vector spaces. A map f : W →
W ′ is a ktuple vector map if for every w = (eλ)λ∈Ik ∈W ,

f(w) =

 |Λ|∑
`=1

∑
λ∈P`(Λ)

fλ(eλ1 , . . . , eλ`)


Λ∈Ik

,
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where for every Λ ∈ Ik, for every 1 ≤ ` ≤ |Λ| and every λ ∈ P`(Λ), the
map fλ : Vλ1 × · · · × Vλ` → V ′Λ is `-linear.

This kind of maps appears while studying maps between kth order
tangent bundles [15, §MA.5], and when considering change of coordinates
for ktuple vector bundles [57, equation (22); 114, §6.2 definition 3].

A ktuple vector map is bounded with respect to the canonical ktuple

seminorm given by proposition 6.3.1.

Proposition 6.3.2. Let k ∈ N so that k ≥ 2. Let f : W → W ′ be a
ktuple vector map and let J·K′ be a ktuple seminorm on W ′. Then there
exists a constant C > 0 such that for every w ∈W ,

Jf(w)K′ ≤ CJwK∗.

In order to prove the previous proposition, we introduce some nota-
tions. For every j ∈ {1, . . . , k}, the index set Jj = 2{1,...,k}\{j} \ ∅ has
2k−1 − 1 elements. If W is a ktuple vector space, then for every λ̃ ∈ Ik,
the map πJj ,λ̃ : W → W is defined for every w = (eλ)λ∈Ik ∈ W by
πJj ,λ̃(w) = ((πJj ,λ̃(w))λ)λ∈Ik where for every λ ∈ Ik,

(πJj ,λ̃(w))λ =
{
eλ if λ ∈ Jj ∪ {λ̃},
0 otherwise.

In fact, for every j ∈ {1, . . . , k}, if
∑

means the vector bundle addition
of (W,πJj ,

∏
λ∈Jj Vλ), then for every w ∈W , w =

∑
λ∈Ik\Jj πJj ,λ(w).

We also prove the following lemma which is a particular case of
proposition 6.3.2.

Lemma 6.3.3. Let k ≥ 2. Let W be a ktuple vector space and let J·K be a
ktuple seminorm on W . Let Λ ∈ P`({1, . . . , k}). If the map πΛ : W →W
is defined for every w = (eλ)λ∈Ik ∈W by πΛ(w) = ((πΛ(w))λ)λ∈Ik where
for every λ ∈ Ik,

(πΛ(w))λ =
{
eλ if λ ∈ Λ,
0 otherwise,

then there exists C > 0 such that for every w ∈W ,

JπΛ(w)K ≤ C
(
|eΛ1 | · · · |eΛ` |

)
.

Proof. Let w = (eλ)λ∈Ik ∈ W . If ` = 1, then for every j ∈ {1, . . . , k},
πΛ(w) ∈ (πJj )−1(0). Since it is a seminorm on every fibers, there exists
C > 0 such that JπΛ(w)K ≤ C|eΛ|.
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If ` ≥ 2, since Λ is a partition of {1, . . . , k}, there exists j ∈ {1, . . . , k}
such that Λ1 /∈ Jj but Λ2, . . . ,Λ` ∈ Jj . If κ1 = dim(VΛ1) and if (bi1)1≤i≤κ1

is a basis of VΛ1 , there exists η1, . . . , ηκ1 such that eΛ1 =
∑κ1
i=1 ηib

i
1. Since

the ktuple seminorm is a seminorm on the fiber (W,πJj ,
∏
λ∈Jj Vλ), there

exists C1 > 0 such that

JπΛ(w)K ≤
κ1∑
i=1
|ηi| JwiK ≤ C1|eΛ1 |

κ1∑
i=1

JwiK,

where for every i ∈ {1, . . . , κ1}, wi ∈ W is defined by (wi)λ = eλ if
λ ∈ Λ \ {Λ1}, (wi)Λ1 = bi1 and (wi)λ = 0 otherwise.

Proceeding step by step, there exists C2, . . . , C` > 0 such that

JπΛ(w)K ≤ C1|eΛ1 | · · ·C`|eΛ` |
κ1∑
i1=1

. . .
κ∑̀
i`=1

Jwi1,...,i`K

=
(
C1 · · ·C`

( κ1∑
i1=1

. . .
κ∑̀
i`=1

Jwi1,...,i`K
))
|eΛ1 | · · · |eΛ` |,

where for every j ∈ {1, . . . , `}, κj = dim(VΛj ) and (bijj )1≤ij≤κj is a basis
of VΛj , and for every 1 ≤ i1 ≤ κ1,..., 1 ≤ i` ≤ κ`, wi1,...,i` ∈W is defined
by (wi1,...,i`)λ = b

ij
j if λ = Λj for some j ∈ {1, . . . , `} and (wi1,...,i`)λ = 0

if λ ∈ Ik \ Λ.

Proof of proposition 6.3.2. Let w = (eλ)λ∈Ik ∈ W . Since for every j ∈
{1, . . . , k} and every λ̃ ∈ Jj , JπJj ,λ̃(f(w))K′ = 0, and since J·K′ is a
seminorm on every fibers,

Jf(w)K′ ≤
∑

λ̃1∈Ik\J1

. . .
∑

λ̃k∈Ik\Jk

JπJk,λ̃k ◦ · · · ◦ πJ1,λ̃1
(f(w))K′.

For every λ̃1 ∈ Ik \ J1, . . . , λ̃k ∈ Ik \ Jk, the set
⋂k
j=1(Jj ∪ {λ̃j}) is not

empty and for every Λ ∈ Ik,

(πJk,λ̃k ◦ · · · ◦ πJ1,λ̃1
(f(w)))Λ ={∑|Λ|

`=1
∑
λ∈P`(Λ) fλ(eλ1 , . . . , eλ`) if Λ ∈

⋂k
j=1(Jj ∪ {λ̃j}),

0 otherwise.

If
⋂k
j=1(Jj ∪{λ̃j}) /∈ P({1, . . . , k}), then JπJk,λ̃k ◦ · · · ◦πJ1,λ̃1

(f(w))K′ = 0.
Hence,∑

λ̃1∈Ik\J1

. . .
∑

λ̃k∈Ik\Jk

JπJk,λ̃k ◦ · · · ◦ πJ1,λ̃1
(f(w))K′

=
k∑
`=1

∑
λ∈P`({1,...,k})

Jπλ(f(w))K′,
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where πλ : W ′ →W ′ is defined as in lemma 6.3.3.
By lemma 6.3.3, and by properties of multilinear maps, there exists

C1, C2 > 0 such that

Jf(w)K′ ≤ C1

k∑
`=1

∑
Λ∈P`({1,...,k})

(∏̀
i=1

( |Λi|∑
ji=1

∑
λi∈Pji (Λi)

|fλi | |eλ1
i
| · · · |e

λ
ji
i

|
))

≤ C1

k∑
`=1

∑
Λ∈P`({1,...,k})

(∏̀
i=1

( |Λi|∑
ji=1

∑
λi∈Pji (Λi)

|fλi |
))

JwK∗

≤ C2JwK∗.

As a consequence, the canonical ktuple seminorm given by proposi-
tion 6.3.1 is an upper bound for any ktuple seminorms.

Corollary 6.3.4. Let J·K be a ktuple seminorm on a ktuple vector space
W . Then there exists a constant C > 0 such that for every w ∈ W ,
JwK ≤ CJwK∗.

Finally, if W and W ′ are both ktuple vector spaces, we denote by
Mor(W,W ′) the space of all ktuple vector maps between them. As for the
space of double vector maps, we also just consider the following ktuple

seminorm on Mor(W,W ′) which is compatible with the composition.

Definition 6.3.4. Let W and W ′ be ktuple vector spaces. We define the
map J·K∗ : Mor(W,W ′)→ R for every f ∈ Mor(W,W ′) by

JfK∗ =
k∑
`=1

∑
Λ∈P`({1,...,k})

(∑̀
j=1

∑
λ∈Pj(Λ)

|fλ1 | · · · |fλj |
)
.

Proposition 6.3.5. Let W , W ′ and W ′′ be ktuple vector spaces. Let
f ∈ Mor(W,W ′) and g ∈ Mor(W ′,W ′′). Then g ◦ f ∈ Mor(W,W ′′) and

Jg ◦ fK∗ ≤ JgK∗ JfK∗.

Proof. For every w = (eλ)λ∈Ik ∈ W and every λ ∈ Ik [15, theorem
MA.6],

((g ◦ f)(w))λ

=
|λ|∑
j=1

∑
Λ∈Pj(λ)

∑
ν1∈P(Λ1)
···

νj∈P(Λj)

gΛ(fν1(eν1
1
, . . . , e

ν
`1
1

), . . . , fνj (eν1
j
, . . . , e

ν
`j
j

)).
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By definition 6.3.4 of ktuple seminorms, and the previous equality,

Jg ◦ fK∗

≤
k∑
`=1

∑
Λ∈P`({1,...,k})

(∏̀
i=1

( |Λi|∑
ji=1

∑
λi∈Pji (Λi)

|gλi |
∑

ν1∈P(λ1
i )···

νji∈P(λjii )

|fν1 | · · · |fνji |
))

≤
k∑
j=1

∑
Λ∈Pj({1,...,k})

( j∑
i=1

∑
λ∈Pi(Λ)

|gλ1 | · · · |gλi |
)( j∑

i=1

∑
λ∈Pi(Λ)

|fλ1 | · · · |fλi |
)

≤
k∑
j=1

∑
Λ∈Pj({1,...,k})

JgK∗
( j∑
i=1

∑
λ∈Pi(Λ)

|fλ1 | · · · |fλi |
)

= JgK∗ JfK∗.

6.3.2. Multiple norms for multiple vector bundles

For every k ≥ 3, we assume thatM and N are differentiable manifolds
of class Ck of respective dimensions m and n. As usually, the manifolds
M and N satisfy the Hausdorff separation property and have a countable
basis [42, §0.5; 70, §1.5].

The kth order tangent bundle T kM has k natural vector bundle
structures over T k−1M [15, §15.1] and so it is a ktuple vector bundle [57,
definition 4.1, theorem 5.1; 114, §6.2 definition 3] (see also section 4.4.5
above).

In particular, as for the second-order tangent bundle, for every x ∈M ,
there exists a local trivialization (V, ψ) such that x ∈ V , the set V ⊆M
is open and

ψ : V ×
∏
λ∈Ik

Rm → (πkM )−1(V ) ⊆ T kM,

where πkM : T kM → M is the canonical submersion, is a diffeomor-
phism [15, §15.3; 57, theorems 4.1 and 5.1]; and for local trivializations
(Vi, ψi) and (Vj , ψj), the transition diffeomorphism is given by

(x, (eλ)λ∈Ik) ∈ (Vi ∩ Vj)×
∏
λ∈Ik

Rm

7→ (x, ψij(x)[(eλ)λ∈Ik ]) ∈ (Vi ∩ Vj)×
∏
λ∈Ik

Rm,

where for every x ∈ Vi ∩ Vj , ψij(x) is a ktuple vector map and the map
x ∈ Vi ∩ Vj 7→ ψij(x) is continuous.
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The notion of ktuple norm on kth order tangent bundles is defined in
section 4.4.5 (definition 4.4.3). As for the second-order tangent bundle,
there exists a nontrivial ktuple norm on T kM .

Proposition 6.3.6. There exists a ktuple norm on T kM .

Sketch of the proof. For every local trivialization (V, ψ), we define J·KV
for every ν ∈ (πkM )−1(V ) such that ψ−1(ν) = (x, (eλ)λ∈Ik) by

JνKV =
k∑
`=1

∑
λ∈P`({1,...,k})

|eλ1 | · · · |eλ` |.

If (Vi)i∈I is an open cover of M and if (ηi)i∈I is a partition of unity
subordinate to (Vi)i∈I , then we define a ktuple seminorm J·K on T kM for
every ν ∈ T kM by

JνK =
∑
i∈I

ηi(πkM (ν))JνKVi .

To prove that J·K is a ktuple norm on T kM , since we have an upper
bound property (corollary 6.3.4), we can proceed as in the proof of
proposition 4.4.1.

Finally, as for the double norms, we remark how ktuple norms behave
under composition of ktuple vector bundle morphisms.

Proposition 6.3.7. Let K be a manifold of class Ck. For all compact
subsets QM ⊆ M , QN ⊆ N and QK ⊆ K, there exists a constant
C > 0 such that for every υ ∈ (πkM×N )−1(QM × QN ) and every ξ ∈
(πkN×K)−1(QN ×QK) such that πN ◦ πkM×N ◦ υ = πN ◦ πkN×K ◦ ξ,

Jξ ◦ υK ≤ C JξK JυK.

The structure of the proof is similar to the one of proposition 6.2.6.

Sketch of the proof of proposition 6.3.7. Let QM ⊆ M , QN ⊆ N and
QK ⊆ K be compact subsets. Let υ ∈ (πkM×N )−1(QM × QN ) and
ξ ∈ (πkN×K)−1(QN × QK) such that υ ∈ Mor(T kM,T kN)x,y and
ξ ∈ Mor(T kN,T kK)y,z.

We first consider ktuple norms J·K′ on ktuple vector bundle morphisms
similar to the one of proposition 6.3.6, but with canonical ktuple seminorms
for ktuple vector maps (definition 6.3.4). For instance, if (Vi×Ui×Wi)i∈I
is an open cover of M × N × K and if (γi)i∈I is a partition of unity
subordinate to (Vi ×Wi)i∈I , then

Jξ ◦ υK′ =
∑
i∈I

γi(x, z)Jξ ◦ υK′Vi×Wi
=
∑
i∈I

γi(x, z)Jgi ◦ fiK∗,
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where for every i ∈ I, the maps gi and fi are ktuple vector maps as in
definition 6.3.3 and are such that ϕ−1

i ◦ ξ ◦ υ ◦ ψi : Vi ×
∏
λ∈Ik R

m →
Wi ×

∏
λ∈Ik R

n is defined for every w = (eλ)λ∈Ik by

(ϕ−1
i ◦ ξ ◦ υ ◦ ψi)(x,w) = (ϕ−1

i ◦ ξ ◦ ψ̃ji) ◦ (ψ̃−1
ji
◦ υ ◦ ψi)(x,w)

= (ϕ−1
i ◦ ξ ◦ ψ̃ji)(y, fi(w))

= (z, (gi ◦ fi)(w)).

By the composition property of canonical ktuple seminorms (proposi-
tion 6.3.5), and since the subsets QM , QN and QK are compact, we
can prove that there exists a constant C > 0 such that (see proof of
proposition 6.2.6)

Jξ ◦ υK′ ≤ C JξK′ JυK′.

By the maximality property of ktuple norms, and since the subsets
QM , QN and QK are compact, there exists constants C1, C2, C3 > 0 such
that

Jξ ◦ υK ≤ C1 Jξ ◦ υK′ ≤ C2 JξK′ JυK′ ≤ C3 JξK JυK.
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