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Abstract

In this paper we propose an adaptive trust-region method for smooth unconstrained
optimization. The update rule for the trust-region radius relies only on gradient eval-
uations. Assuming that the gradient of the objective function is Lipschitz continu-
ous, we establish worst-case complexity bounds for the number of gradient evalu-
ations required by the proposed method to generate approximate stationary points.
As a corollary, we establish a global convergence result. We also present numerical
results on benchmark problems. In terms of the number of calls of the oracle, the
proposed method compares favorably with trust-region methods that use evaluations
of the objective function.

Keywords Unconstrained optimization - Trust-region method - Global convergence -
Worst-case complexity

1 Introduction

In this paper we are interested in the smooth unconstrained optimization problem

min /(). (1.1
where f : R" — R is continuously differentiable and bounded from below. Trust-
region methods form an important class of iterative methods for this type of opti-
mization problem (see, e.g., [8, 15, 16, 22, 26, 27, 35]). A model version of the
standard trust-region method works in the following way [35]. At the beginning
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of the kth iteration one has an estimate x, for the solution of (1.1), a symmetric
matrix B, € R™" \ {0}, a trust-region radius 4, > 0, and constants 0 < ; <, < 1.
When f is twice-differentiable, the matrix B, may be the Hessian matrix of f at x,
or an approximation of it. A trial step d, is computed by solving the trust-region
subproblem

. 1
min my(d) = Vf(x,) d + EdTBkd, (1.2)

st |ld]l < 4, (1.3)

It is not necessary to solve the trust-region subproblem exactly. The vector d, can be
an inexact solution of (1.2)—(1.3) satisfying

v
my(0) = my(dy) > %IIVf(xk)H min {Ak’ IV Gl }

lIByl

The quality of d, is assessed using the ratio between the actual reduction in the
objective function and the predicted reduction:

S =[O+ dy)

b = 14
£ 7 T (0) — my(dy) (49
Specifically, the iterate x, is updated by the rule
— X, +dy, if pp =1y,
Mt = {xk, otherwise, (1.5

while the trust-region radius 4, is updated by the rule

24y, if pp =y,
Ay = fk’ if p € [y, m), (1.6)
3 if p <.

From rules (1.4)—(1.6), we see that the assessment of the trial step and the adjust-
ment of the trust-region radius are done at the expense of evaluations of f, which are
required to compute p,. In particular, if p, < #; then d, is rejected and a new trial
step must be computed by approximately solving (1.2)—(1.3) with a smaller trust-
region radius. Numerous function evaluations may be required until an acceptable
trial step is generated, which is an issue in applications where evaluations of the
objective function are very expensive. Examples include generalized Nash equilib-
rium problems [23], full waveform inversion [36], microwave design optimization
[24], optical tomography [3], and calibration of ODE models [10, 33], just to men-
tion a few.

In this paper we propose an adaptive trust-region method without function evalu-
ations. Our method relies only on gradient evaluations, and admits two variants: a
conservative variant and a flexible variant. We establish worst-case complexity and
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global convergence results assuming that the gradient of the objective function is
Lipschitz continuous. Specifically, we show that the conservative variant takes at
most (’)(6‘2) gradient evaluations to generate x; such that ||Vf(x,)|| < € for a given
e € (0, 1), while the flexible variant takes at most O(|log(e)|e~?) gradient evalua-
tions. As a consequence of our complexity bounds, we establish a liminf-type global
convergence result.

The paper is organized as follows. In Section 2, we describe our adaptive trust-
region method and present its worst-case complexity analysis. In Section 3, we
report numerical results on benchmark problems. Finally, in Section 4, the obtained
results are summarized.

2 Algorithm and its worst-case complexity analysis

Our adaptive trust-region method works in the following way. At the beginning
of the kth iteration we have an estimate x, for the solution of (1.1), a symmetric
matrix B, € R™" \ {0} and a scaling coefficient b, > 0. A step d, is computed as an
approximate solution to the trust-region subproblem

. 1
minm(d) = Vi) d + EdTBkd, 2.1)

s.tlldll < A = G lIVF G, (2.2)

where 6, = 1/b,. The step d;, must satisfy the condition

(2.3)

v
m(0) — my(dy) > %IIVf(xk)H min {Ak, IVFColl }

1Byl

Then, the next iterate is defined as x;,; = x; + d,. The novelty in our method is in
the update of 6;, which is implicitly done by the updating of b,. If || Vf(x; )|l is suf-
ficiently small, we choose b, less than or equal to b, which gives 6,,, > 6;. Oth-
erwise, we choose b, greater than b;, which gives ,,, < 6,. Specifically, defining
@y = ||Vf(xy)|| and considering parameters a € [0, 1), b, > 0, and by > b,;,, we
jointly update b, and w, as follows:

min

([;k’ ||Vf(xk+1)||), if ||Vf(xk+1)|| < awy,
(bryrs 0p1) = EIE . 24
b, + ————— ., ;. |, otherwise,
by
where
b, € [y, b1 (2.5)

Once we have x; ., and b, |, we choose a symmetric matrix B, and we repeat the
process with k := k + 1. This method can be summarized as follows.
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34 G. N. Grapiglia, G. F. D. Stella

Algorithm 1. Adaptive Trust-Region (AdaTrust) Method

Step 0. Choose zp € R", a symmetric matrix By € R™*™ by, > 0,
by > bmirn and « € [0, ].) Set g = 1/b0, wo = HVf(IE())H and k := 0.

Step 1. Compute an approximate solution dj to (2.1)-(2.2) satisfying
condition (2.3), and define xp+1 = xx + di.

Step 2. Define by1 and wiy1 by (2.4)-(2.5).

Step 3. Choose a symmetric matrix By, € R"*™, define 041 = 1/bgy1,
set k:=k + 1 and go to Step 1.

Remark 1 Algorithm 1 combines elements of existing methods for smooth uncon-
strained optimization. In particular, the use of a trust-region radius of the form
A, = 6,1|Vf(x,)|| was first proposed by Fan and Yuan [13]. Moreover, the rule

||Vf(xk+1)||2

bypy = b + by

used when || Vf(x,, )|| > aw, is inspired in the stepsize rule of the (batch) WNGrad
method [34].

Remark 2 At each iteration, Algorithm 1 requires only one gradient evaluation. In
contrast, the standard trust-region method requires one gradient evaluation and one
function evaluation at successful iterations, and one function evaluation at unsuc-
cessful iterations. Therefore, if the cost of computing f(x) is similar to the cost of
computing Vf(x), then each iteration of Algorithm 1 is computationally cheaper than
a successful iteration of the standard TR method.

Remark 3 In Section 3, we give a possible choice for 13,{ in (2.5).

The variant of Algorithm 1 with « = 0 will be referred as the conservative variant,
since in this case rule (2.4) generates a sequence {ék} monotonically decreasing. In con-
trast, the variant of Algorithm 1 with a € (0, 1) will be referred as the flexible variant,
since in this case (2.4)—2.5) allow {6k } to be nonmonotone when b, < b, for some k. Our
analysis of both variants of Algorithm 1 will be done under the following assumptions:

Al. The gradient of the objective function Vf : R” — R"is L-Lipschitz.

A2. There exists f,,, € R such that f(x) > f,,,, for all x € R".

A3. There exists M > 0 such that||B,|| < M for all k.

Given Z € N\ {0}, let us define the set

D,={1<k<?¢ : |Vl < awy_, }. 2.6)

In what follows, given a set A, we will denote its cardinality by IAl.

Lemma1 Let {xk}k>0 be a sequence generateg by Algorithm 1. Suppose that D, # {
for some ¢ € N\ {0}, and denote D, = {ki}lzfl with k; < k; whenever i < j . Then
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An adaptive trust-region method without function evaluations 35
IVF@)I < @IVl for i =1,...,1D,|.
Proof By (2.6), (2.4) and w,, = || Vf(x,)|l, we have
o, =y = |[|Vf(xll fork=0,....k -1, .7
o =0, fork=k,... k-1, (2.8)
and
wy, = V)l < awy _y fori=1,....[Dg|. (2.9)
Combining (2.7)—(2.9), we obtain
IV o)l Sawy _y = awy = al |V (x)ll,
IVF @I <awy_y = awy, = allVf )l < aIVfGxo)ll,
IVf o)l <aw_y = awy, = allVf )l < @ IVF o),
and so
IVF )N < @IVl fori=1,...,1D,|.
O
Given p, g € Nwith p < g, let us define
Ip,q)={keN : p<k<q} (2.10)

The next lemma provides an upper bound for [D;| when [[Vf(x)l >e for

j=0,1,....T.

Lemma 2 Let {xk} 10 be a sequence generated by Algorithm 1. Given € € (0, 1),

suppose that
IVf&xll > e, for k=0,1,...,T.
Then
|Dy| =0 if a=0,
and

log (IIVf(xp)lle™)
[log(a)]

|Dyl if ae(0,1).

Moreover, denoting ky = 0 and kip |, = T + 1, we have

T+1< (lDTl + 1) _na | [(k;, iy — DI

X
D

@2.11)

(2.12)

(2.13)

(2.14)
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36 G. N. Grapiglia, G. F. D. Stella

Proof Suppose that @ = 0. Then, by (2.6) and (2.11) we have
Dp={1<k<T : |Vf(x)ll <0} =4.
Thus, (2.12) is true. Now, suppose that a € (0, 1). If D; = §J then

log (IIVf(xp)lle™)
| log(a)]|

D, =0<

that is, (2.13) holds. On the other hand, if D, # @, it follows from Lemma 1 that
IVf G, I < @IV (2.15)

Assume by contradiction that

log (IIVf(xp)lle™")
| log(a)|

|Dr| =

Then we get
aP[VE(x)Il < e, (2.16)
which combined with (2.15) implies that

IVfCx, DIl < e

contradicting (2.11). Thus, in this case, (2.13) is also true.
Finally, using the notation ky = O and k, |, = T + 1, it follows from (2.10) that

{0,1,..., T} = U2 (ki kg = 1.
Thus,
T+1=|{0,1,....T}| = [V (ki kipy = 1)
|Dr|
—ZU(k,,k,+1 ]
IDrI
< k. —
< 2 max (ki = D)
=(|Dr| + 1) —dnax | [1(k;, kipy — DI,
that is, inequality (2.14) is true. O

Given e € (0, 1), the goal of our analysis is to obtain a finite upper bound in terms
of e for the first iteration index 7 such that
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An adaptive trust-region method without function evaluations 37

IVGer DIl < e.

Note that, for such 7, (2.11) holds. Thus, in view of Lemma 2, it is enough to derive
an upper bound to max,_y _|p,| [/(k;, ki, — 1)|. For that, we will need several auxil-
iary results.

The next lemma establishes that f(x,, ) < f(x;) when b, is sufficiently large.

Lemma 3 Suppose that Al and A3 hold. If

by >2(L+M)=L, (2.17)
then
\V/ 2
Flaan) < fo — DL @.18)
k

Proof Since Vf is L-Lipschitz we have
T L 2
[f O+ dp) = f(q) — V() di| < §||dk|| -

Then, by A3, (2.1) and (2.2), we get

o)) = FO) = mp(dy) =f () — f(x) = V) dy — %dkTBkdk
<21, + S1B I, P
.y (2.19)
( * )ndan
L+M
<! . 2D eI
Now, combining (1.4), (2.19), (2.3) and A3, it follows that
1-)p =f(xk+l) —f(x) — m(dy)
k m (0) — my(d,)
(L + MGV
- \Y
V£ el min {6k||Vf<xk>||, M}
Al
(L +M)5I%
<.
min {5k, 1%1 }

Recall that 6, = 1/b,. Thus, by (2.17) we have

1 1

s<—1 L
S50 M M (2.20)
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38 G. N. Grapiglia, G. F. D. Stella

Therefore,

1 <(L+]W)5]3 L+M)6, <(L+M 1 1
—Pk_T—( +M)6, < (L + )2(L—+M)_§

and so p, > 1/2. Consequently, by (1.4), (2.3), A3 and (2.20), we have
F03) = FC50) 25 (m©) = m (@)
in {5, = HIV/GIP

2%l Vipll?

_IIVf(xk)II2
- 4b,

l
4
1

Hence, (2.18) is true. O

The next two lemmas provide upper bounds for the cardinalities of specific sub-
sets of I(k;,k;.; —1). For the sake of readability, the proofs are presented in the
Appendix.

Lemma4 Givene € (0, 1), let {xk}k>0 be a sequence generated by Algorithm 1 such
that (2.11) holds for some T > 1. Moreover, suppose that Al and A3 are true. Given
i€{0,....ID;|} and q € I(k;, kiyy = 1), if

b; < L forall je 1(k;, ), (2.21)
with L defined in (2.17), then
[(k;,q)| < L*e™ +2. (2.22)

Lemma5 Givene € (0, 1), let {xk} 10 be a sequence generated by Algorithm 1 such
that (2.11) holds for some T > 1, and suppose that AI-A3 are true. Moreover, given
i € {0, . |DT|}, assume

U={j eItk ki —1) 2 bj>L} #0, (2.23)
and let p be the smallest element of U. If
ki+2<ky —2 and pellk,ky —2),

then

= 10L2 4L% +36b2 .+ 16D
(P, ki — D] <4 bki + 19L + +

2b3

min

i >|| VF(x)lI?

min

+1 6(f(~xki) - ﬁovv)] 26_2
(2.24)
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Combining Lemmas 4 and 5, we can get an upper bound for |I(k;, k;,; — 1)| in
terms of €.

Lemma 6 Given € € (0, 1), let {xk}k>0 be a sequence generated by Algorithm 1
such that (2.11) holds for some T > 1, and suppose that AI-A3 are true. Then, given
i € {0, e |DT|}we have

[I(k;, k,y — 1)| < Cie™? (2.25)

where

3 s j2 [4L*+36b>. +16b,; L
C,=L*+4+4|b,+19L+ 100", il
’ , b 2b?

min

>II Vi G)lI?

min

2
+16(f () = fiow)] -
(2.26)
Proof Let U be the set defined in (2.23). If U = @, then

b, <L forall jeI(k.ky, —1).
In this case, by Lemma 4 with ¢ = k;,; — 1, we have
(ki ki — D] < LPe?4+2 < Cie™?,

that is, (2.25) holds. Now, suppose that I/ # @, and let p be the smallest element of
U Itk +22k, —2,thenk,; —1<k;+3andso

(ki kipy — 1) <4 < Cie™.

Thus, let us assume that ¢/ # @ and k; + 2 < k;,; — 2. Under these conditions, the
rest of the proof is reduced to two cases.

Caselp=k,  —1

By the definition of p we have

b, <L forall jel(k,p—1).
Then, by Lemma 4 with g = p — 1 we get
[[(kis ki = DI = UGk p = DI+ 1{p} < L6 +3 < Ce™?,
that is, (2.25) holds.
Casell p € I(k;, k;; — 2).
If p = k;, then by Lemma 5 (with p = p) and (2.26) we have
(ki ki — D] = 1D, kg — D] < Cie™

On the other hand, if p € I(k; + 1,k;,; — 2), then it follows from Lemma 4 (with
g =p—1) and Lemma 5 (with p = p) that
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40 G. N. Grapiglia, G. F. D. Stella

(ki iy — DI
= (ki p = DI + U@, kiyy — DI

2
1012 417 +36D2, + 16D, L ) i ~
+ ( . IVF @I + 16( () = fion) | €7

min

<? ‘2+2+4[bk +19L + —

‘min

< Cie2

i

O

Theorem 1 Given ¢ € (0, 1), suppose that A1-A3 hold and let {xk}k>0 be a sequence
generated by Algorithm 1 such that N

IVFG)l > e for k=0,1,...,T

Then,
T < Cye™? (2.27)
ifa =0, and
lo Vi(x,)|le!
T<< max C,-) g(II ool )+1 e’ (2.28)
i=0,....|Dy| | log(a)]

ifa € (0, 1), where C; is defined in (2.26).

Proof In view of Lemma 2 and Lemma 6, we have

T+1<(IDyl+1) _max |k, kiyy = 1)

.....

(Dl +1) _max, | Ce™ (2.29)

=< max C>(|DT| +1)e?

-|Dr|
If @ = 0, it follows from Lemma 2 that|D;| = 0, which in (2.29) gives
T<T+1<Che?

Therefore, (2.27) is true. On the other hand, if « € (0, 1), it follows from Lemma 2
that

log (IIVf(xplle™")
| log(a)|

|Dr|

which in (2.29) gives

1 \Y% =
T<T+1Z< < max C,->< og(ll S@lle”) + 1)6_2.

| log(a)|
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Thus, (2.28) is also true. a

The iteration complexity bound of O(e~?) obtained for Algorithm 1 with @ = 0
agrees in order with the complexity bounds obtained in [18-20] for other trust-
region methods. As a consequence of Theorem 1 we have the following liminf-
type convergence result for Algorithm 1.

Corollary 1 Suppose that Al-A3 hold and let {xk} 0 be a sequence generated by
Algorithm 1. Then there exists k such that Vf (xp)=0or

lim inf ||V x,) | = 0. (2.30)
Proof 1If there exists k such that Vf(x;) = 0, then the statement holds. Assume now that
Vf(x) # 0 231

for all k. Let e, = 1/2. By Theorem 1 there exists k; € Nsuch that
IVF G Il < €. (2.32)

Without loss of generality, we can assume that k; is the first iteration index for which
(2.31) holds. Now, let

& = min { 1. 2IVfCx)I .
Then e, € (0, %el]. From Theorem 1 there exists k, € N such that

IVf )Nl < €. (2.33)

Moreover, since €, < [|Vf(x; )Il, we have k, > k. Again, we can assume that k, is
the first iteration index for which (2.32) holds. Repeating this argument, we obtain a

subsequence {xk/_ } of {xk} 10 Such that
jz1 =

IV )l < € (2.34)
where
1/2, forj=1,
5= Y mind L, Lyvee, on b, forj> 2.
2j° 2 i1 -
Since 11mj—>+oo e; = 0, by (2.34) we have
lim [|[VF(x )l =0
Jj=too J
Therefore, (2.30) is true. O
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42 G. N. Grapiglia, G. F. D. Stella

For the conservative variant of Algorithm 1, it is also possible to prove a lim-type

convergence result.

Corollary 2 Suppose that Al1-A3 hold and let {xk} 10 De a sequence generated by

Algorithm 1 choosing a = 0. Then
Jim [IVFGl =0

(2.35)

Proof We can split the proof in two cases. The first is when the sequence {bk} is
bounded by L, and the second is when b, > L for some k, where L is defined in

Lemma 3.
Case I b, < L forall k.
Since a = 0, it follows from (2.4) that

IV (DI
i+l T O = b—
J

Thus, given k > 0, we have
k-1 k-1 2
IVF Gl
b=ty = Yoy =y = 3 L
Jj=0

j=0 bj

Since b, < L for all k, we conclude that

= 1 1
by—by<Land — > =

The equations (2.36) and (2.37) imply that:

< ||Vf(x,+1)||2
L> >

J=0 J J

».

- IIVf(X,+1)II
L

I
(=}

Thus,
> ) IVFG IR,
j=0
for any k > 0, and so
+o0
D IVFC DI < L2
Jj=0

In particular,

lim [/l = 0

Casell b, > L for some k.
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In this case, for any k >k, we have b, > L, since b, is increasing. Then, by
Lemma 3, for all k > k, we have

IV Gl

Fn) <) = =

(2.38)

In particular, assuming that ||Vf(x,)|| is nonzero, then {f(xk)} is monotonically
decreasing for k > k; and bounded from below, hence this sequence converges to
some f*. Suppose, by contradiction that (2.35) is not true. Then, there exists € > 0
for which the set J, = {k € N : k > ky and || Vf(x,)|| > €} is infinite. Given k € J,
let Z, > k be the first index such that

€
197Gl < 5.
The existence of £, is ensured by the Corollary 1. By Al and k € J, we have:

Ll = g, 2 IVFG) = VFCeo )l 2 VANl = 19Cx )l 2 5.

Then
) EHIVEE) I
57 < =l < Z Iy =l < 3 === (2.39)
]:

Since ¢, is the first index j > k such that
€
Vel < 2.
it follows that
€
IVl > 5 (2.40)

for j =k, ..., £, — 1. Thus, multiplying both sides of (2.39) by ¢/2 and using (2.40),
we obtain

~ V()2
€_L Z il fx [ 2.41)

Finally, combining (2.38) and (2.41), it follows that

o o f(x)n2 2
€
f) = fGg) = D () = f) 2 Z >
=k
But from the convergence of f(x;), we conclude that
kll,r?of(xk) —fxg) =f"=r=0
yielding to a contradiction. Therefore, (2.35) must be true. O
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44 G. N. Grapiglia, G. F. D. Stella

Recall that each iteration of Algorithm 1 requires only one gradient evaluation.
Thus, it follows from Theorem 1 that the conservative variant of Algorithm 1
takes at most O(e~2) gradient evaluations to generate x, such that || Vf(x,)|| < e,
while the flexible variant takes at most (’)(| log(e)le‘z) gradient evaluations when
max;_ p,| C;1s bounded from above by a constant C independent of 7 and e. It
is possible to obtain such constant C under the following additional assumptions:

Ad4. The set Flx,) = {xeRr"| VAl §A||Vf(x0)||} is bounded.

AS. There exists b,,,, > 0 such that b, < b, for all k, where b, is used in (2.4).

max — max

Corollary 3 Given e € (0, 1), suppose that AI-A5 hold and let {xk} 10 e a sequence
generated by Algorithm 1 (with a # 0) such that -

IVl > e for k=0,1,...,T.
Moreover, let
J=sup {f(x)|x € Flxp)}.

Then,

log (IIVf(xplle™) 2
T<C< Tog@l )¢ e

where

2

263

min ‘min

M N - i2 417 +36b%. +16b, . L
C=L2+4+4[bo+bmax+l9L+10L +< nin * 107nin

>||Vf(xo)||2 +16( = fip)

(2.43)
Proof Leti € {0,...,|D;|}. By Lemma 1 we have

VA G )Nl < IVFC)l-
Thus, x; € F(x) and so
fg) < F.
Moreover, by = by, and by (2.4) we also have

max?

S Eki—l <b

i

for i > 1. Thus, it follows from (2.26) and (2.43) that C; < C. Since i was chosen
arbitrarily in {0, wees | Dyl }, we have

max C; <C,
i=0,....|Dy|

and then (2.42) follows directly from Theorem 1. O
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An adaptive trust-region method without function evaluations 45

Notice that | log(e)| grows slowly when e approaches to zero. In particular, for
the values of e used in practice (such as 107%), | log(e)|e~? differs from e~2 only by a
small constant factor.

3 Numerical results

We performed numerical experiments comparing the following Octave
implementations:

— TR: the standard trust-region method described in the Introduction, with
n, =10"*and 5, = 0.25.

— FYTR: the Fan-Yuan trust-region method [13], which differs from TR only by
the update rule for the trust-region radius. Specifically, it uses

4 = G lIVFGlls
where 6, is updated by the rule
66;, if p, 2025 and ||d,|| > 34y,

Sppy = é(sk, if p, < 0.25,
o,  otherwise.

— AdaTrustl: the conservative variant of Algorithm 1 (a = 0) with b, = 107%.

— AdaTrust2: the flexible variant of Algorithm 1 with b,;, = 107, @ = 0.9 and,
in (2.4),

. b
_ ) min {bmax,max {bmm, Ek } } if ||d, || > %Ak,
k - A

min {b.. by} otherwise,

SO

with b, = VGl
In all implementations the initial trust-region radius is 4, = 1, which corresponds
to the choices o, = m for FYTR and b, = ||Vf(xy)|l for AdaTrustl and
X0
AdaTrust2. The trust-region subproblems are approximately solved using the
Steihaug-Toint method [30, 32], while B, is computed using the BFGS update

whenever it is possible, namely

T T
Vi Byses, By
Bk+T—k—T—k, lfSZyk>0,
S Vi S, By,
By, otherwise,

By =
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where s, = X1 — X, i = V(%) — Vf(x) and By = I. All experiments were per-
formed with Octave, version 6.1.0, on a PC with microprocessor Intel(R) Core(TM)
i7-8565 (1.99 GHz) and 8 GB of RAM memory.

3.1 Moré-Garbow-Hillstrom test problems

In our first test, we applied the referred codes to the set of 35 problems from [25] of
the form

min f(x) = ;fi(x)?

The choices for n and 771 for each problem were the same used in [6]. First, we used
the stopping criterion

VGl < e =107%, 3.1

allowing a maximum of 10, 000 calls of the oracle for each solver, where each call
of the oracle corresponds to either one function evaluation or one gradient evalua-
tion. Figure 1 presents the performance profiles [11]! in terms of the total number
of calls of the oracle required by each solver to generate the first iterate x; satisfying

—o— TR (25.7%)

FYTR (11.4%)
—5— AdaTrusti1 (8.6%)
—%— AdaTrust2 (60.0%)

0 2 - 6 8

Fig.1 Evaluation performance profiles (log, scale) for the stopping criterion (3.1). For each code, the
caption also indicates the percentage of problems in which the code was the best in terms of the number
of calls of the oracle

! The performance profiles were generated using the code perf.m freely available in the website http://
www.mcs.anl.gov/~more/cops/.
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(3.1). Remarkably, even without using function evaluations, AdaTrust2 was the most
efficient solver, requiring less calls of the oracle in 60% of the problems. Moreover,
the significant superiority of AdaTrust2 in comparison with AdaTrustl suggests that
the nonmonotone behaviour of {6k} (allowed by a > 0) is very beneficial. Recall
that, by Theorem 1, the complexity bound obtained for the flexible variant of Algo-
rithm 1 (AdaTrust2) is slightly worse than the bound obtained for the conservative
variant of Algorithm 1 (AdaTrustl). Thus, our numerical results also indicate that
a method with worst-case complexity of (’)(| log(e)le‘z) is not necessarily worse in
practice than a method with complexity of O(e‘z). In fact, the worst-case behavior
is usually very pessimistic with respect to the practical performance of the meth-
ods. It is also worth noticing that AdaTrust2 was less robust than TR and FYTR in
this set of test problems. Specifically, AdaTrust2 failed to find an e-approximate sta-
tionary point (with € = 107*) for problems Powell badly scaled, Brown
badly scaled, Meyer, Osborne 1 and Chebyquad?

Since Algorithm 1 relies only on gradient evaluations, it does not impose the
monotonicity of { f (xk)}. Figure 2 shows the nonmonotone behaviour of this sequence
for {xk} generated by AdaTrust2 on the problem Broyden tridiagonal.

To evaluate the ability of the codes to find points with small function value, we per-
formed another experiment replacing (3.1) by the stopping criterion

10%
10% f
10% ¢
100" f
1002 F
10~03 b
10-04 E
10'05 E
10-06 E 1
10'07 E
10-08 b
10—09 L
10'10 L
10'11

Functional residual f(x)-fpest

0 10 20 30 40 50 60
Iteration counter k

Fig.2 Functional residuals obtained by AdaTrust2 on problem Broyden tridiagonal

2 Looking closely problems Powell badly scaled, Brown badly scaled and Meyer, we
see that for these problems || Vf(xy)|| > 10%. Due to (2.4) and (2.2), large values for ||Vf(x,)|| make 4,
become extremely small very quickly, which severely slows down the progress of the iterates towards
stationary points. This remark suggests that when initializing AdaTrust2, starting points with very large
norm of the gradient should be avoided.
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—o— TR (34.3%)

FYTR (5.7%)
—5— AdaTrust1 (14.3%)
—v— AdaTrust2 (57.1%)

0 2 4 6 8 10

Fig. 3 Evaluation performance profiles (log, scale) for the stopping criterion (3.2)

f(xk) _fbesl €
max {1, [fbml} -

For each problem, f,,, is the smallest value of the objective function obtained by
applying the four codes to the corresponding problem with a budget of 10,000 calls
of oracle for each solver.

Figure 3 presents the performance profiles in terms of the numbers of calls of the
oracle required by each solver to generate the first iterate x; satisfying (3.2). As we can
see, AdaTrust2 also was the most efficient solver in this case, requiring less calls of the
oracle in 57.1% of the problems.

3.2)

3.2 Nonconvex logistic regression problems

In our second test, we considered nonconvex logistic regression problems of the form

m

min f”(x) = Z [b(i) log (mx(a(i))) + (1 = b log (1 - mx(a(i)))] + uy(x),

xeRn+! 4
i=1

where 1 >0, {(a®,6™)}" cR™ x{0,1} is the dataset (with !’ =1 for
i=1,...,m),mga) :=1/(1+ e{*)is the logistic model, and

n+l .X.2
px) =y ——
Z:‘ 1+ xj?)
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Table 1 Datasets details

Dataset n m
Iris [14] 4 150
Breast Cancer Wisconsin [31] 9 683
Wine [2] 12 178
Sonar [17] 60 208
Phishing [1] 9 1353
Tonosphere [29] 34 351
Diabetes [28] 8 768
Musk [9] 15 476
Seeds [7] 7 210
Bank Note Authentication [12] 4 1372

is a nonconvex regularizer. Specifically, we considered ¢ =5 and ten datasets
obtained from [12] and [28], whose details are given in Table 1. For each dataset, we
considered the following choices for the starting points:

W=-1-1.. 1], A@=[00..0]" and P =[11..1]"
Each pair (dataset, starting point) is regarded as a test problem, which results in 30
problems.

In our first experiment we used the stopping criterion (3.1), allowing a
maximum of 4,000 calls of the oracle for each solver. As we can see in Fig. 4,
AdaTrust2 was the most efficient solver, requiring less calls of the oracle in about
86.6% of the problems. Moreover, for all test problems, AdaTrust2 was able to

—e— TR (13.3%)

FYTR (0.0%)
—=— AdaTrust1 (0.0%)
—v— AdaTrust2 (86.6%)

Fig. 4 Evaluation performance profiles (log, scale) for the stopping criterion (3.1)
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ssnad sl sssnd sl sssmd s snal s ssnnl sssmd s s

Functional residual f(xy)-fpest

il i

1013 L L L L L
0 50 100 150 200 250 300

Iteration counter k

Fig.5 Functional residuals obtained by AdaTrust2 on problem (Musk, xf)”)

generate a point satisfying (3.1). Figure 5 shows the nonmonotone behaviour of
the sequence {f(xk)} for {xk} generated by AdaTrust2 on the problem (Musk, xg)l)).

In our second experiment we used the stopping criterion (3.2), allowing a max-
imum of 4,000 calls of the oracle. Now, for each problem, f,,, in (3.2) is the
smallest value of the objective function obtained by applying the four solvers to
the corresponding problem with a budget of 4,000 calls of the oracle.

Figure 6 presents the performance profile in terms of the number of calls of
the oracle. Again, AdaTrust2 was the most efficient solver. It is worth noticing the

—o— TR (16.6%)

—#— FYTR (13.3%)
—=— AdaTrust1 (0.0%)
—v— AdaTrust2 (70.0%)

Fig.6 Evaluation performance profiles (log, scale) for the stopping criterion (3.2)
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poor performance of AdaTrustl, which highlights the importance of using a # 0
in Algorithm 1.

3.3 Gradient evaluations more expensive than function evaluations

For both sets of test problems considered in our experiments, the cost of computing
gradient is similar to the cost of evaluating function values. However, in some cases,
gradient evaluations may be more expensive than function evaluations. In particular,
when gradients are computed using reverse mode Automatic Differentiation [21], each
gradient evaluations has a cost similar to three function evaluations [4, 5]. To simulate
this situation, we generated new performance profiles for both sets of test problems
considering

CO = FE + 3GE,

where CO is the number of calls of the oracle needed to find an e-stationary point,
and FE and GE are the corresponding numbers of function evaluations and gradient
evaluations, respectively. The resulting graphs are shown in Figs. 7 and 8.

These figures show that in both sets of test problems AdaTrust2 is more efficient
than FYTR and is competitive with TR, even if we assume that the cost of each gradi-
ent evaluation is equal to the cost of three function evaluations.

—o— TR (42.8%)
1 FYTR (22.8%)
¥ | —— AdaTrust2 (45.7%)

0 2 4 6 8
Fig.7 Evaluation performance profiles (log, scale) for problems from [25], using the stopping criterion
(3.1
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—e— TR (43.3%)
FYTR (6.6%)
—%— AdaTrust2 (50.0%)

0 0.5 1 1.5 2 25 3 35
Fig. 8 Evaluation performance profiles (log, scale) for the nonconvex logistic regression problems, using
the stopping criterion (3.1)

4 Conclusion

In this paper, we proposed an adaptive trust-region method (AdaTrust) for smooth
unconstrained optimization. As in the Fan-Yuan trust-region method [13], the trust-
region radius at the kth iteration is defined by 4, = 6, ||Vf(x,)|l. However, our update
rule for ¢, relies only on gradient evaluations. The general AdaTrust scheme admits a
conservative variant and a flexible variant. In the conservative variant, sequence {ék}
is monotonically decreasing, while in the flexible variant {5k} is allowed to be non-
monotone. Assuming that the objective function is bounded from below and that its
gradient is Lipschitz continuous, we show that the conservative variant of AdaTrust
takes at most 0(6‘_2) gradient evaluations to generate x; such that ||Vf(x,)|| < e for a
given € € (0, 1), while the flexible variant takes at most O(I log(e) |€‘2) gradient evalu-
ations. Using this worst-case complexity result, we also proved a liminf-type global
convergence result. Finally, we reported numerical results in which a flexible variant of
AdaTrust compared favorably in comparison with the standard trust-region method and
the Fan-Yuan trust-region method in terms of the number of calls of the oracle required
to find points with small norm of the gradient and points with small function value. As
a topic for future research, it would be interesting to investigate the development of an
stochastic version of AdaTrust for the minimization of finite sums.

Appendix
Proof of Lemma 4

By definition, k; < g. If k; > g — 1, then |I(k;,q)| < 2 and so (2.22) holds. Now, sup-
pose that k; < g — 1. By (2.4) we have
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IVf (DI
bj+1—bj=b—’+' for j=k,....q— L.
J

Summing up these equalities, it follows from (2.11) and (2.21) that

19F Gy DI L
by=by = > ———— > Ik, g~ DIL”'€,
JjEl(k;,q—1) J

and so
[I(ki»g — DI < L(b, — by )¢ < Lbe>.
Since bq < L, we obtain
(kg — D] < LPe?,
which gives
[1(k;, @)l < L*e™ +1,

Therefore, (2.22) also holds in this case. O

Proof of Lemma 5

Letk € I(p + 1,k;.; — 1). Then, by (2.4), b; > Z,forj =p, ...,k — 1. Consequently, by
Lemma 3, we have

FO) =) 2 —p—— forall j=p,...k-1.

]

VG
b.

Summing up these inequalities we get

k—1 2
VeIl
FO) =fe) 2 5 gl; b—j’, @.1)
and so, by A2,
< V@I
Z bjj < 4(f('xp) _f(-xk)) < 4(f(xp) _ﬁow)' (42)
Jj=p

On the other hand, by (2.4) and A1, we also have
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k=1 k=1 2
IV Gl
bk—bp:Z(ij_bj):Z b]H
J=p J=p J

(IVfGe) = VFG, DI+ 19F G

< Z "b‘

J

4.3)
- Z LIVE®) = VG IR + VG
b
<2k L2|lx; = x4 I + IVF G
Jj=p bj
By (2.2),
1vF)
Iy =551l = ] < §IVF Gl = ————. 4.4)
J
Then, combining (4.3) and (4.4) and using b; > L, it follows that
o 1Lr"IIVf(JC)I|2 c IIVf(X)II2
by —b, < Z Z
Jj=r j
= LZIIVf(x)IP |Vf<x)||2
< Z Z 4.5)
Z IIVf(JC)II2
Now, combining (4.5) and (4.2), we obtain
bk - bp < 16(f('xp) _flow)’
and so
by < b, + 16(f(x,) = fip), Yk €1(p.k;yy —1). (4.6)

Our first goal is to refine the upper bound for b, in (4.6). For that, we will break
the analysis into a few cases and subcases related with the position of p in the set
I(k; ki — 2).
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Caselp =k,
In this case, it follows from (4.6) that
bk < bk + 16(f(xk) f}ow) Vk € [(p’ i+1 ) (47)
Casell pel(k;+ 1,k —2).
By Al and the trust-region constraint, we have
PR /G
=bp T
PP b,
2
(I1Vf @) = VEEI + IV, DIl
<b, |+
P b
p—1
IV (x,—1) = VECI? + IV (x, DI
<b, , +2—1= 2 st 4.8)
p—1 b
p—1
Lx,_, —x 1>+ |IVf(&x,_DII?
b 42 llx,—1 = x, 117 + 1V G,
P b
p—1
2L\IVFx,DIP 20V,
<b,  + 3 + .
b by
Moreover, given j € I(k;, p — 1), we also have
F&40) SFQ) + V) (g4 —x) + = || X1 — %017
L
<) + IVl Nl + Elldjll2
IVF I [AZZED]
<f(x) + LI A |
b; 2b; b; (4.9)
IVfepII?
o (10 ) L
L\ IVFeI?
<o)+ T+ _
_f(xj) ( 2bmm) bj
Casell(a) p=k; + 1.
In this case, by (4.8) we have
2L(VFEOI? 20912
p ="k + b?, + bk. . (410)

i

On the other hand, by (4.9) with j = k;, we get
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\Y} 2
F) < f0g) + <1+ L )ll fe IR
/ mein bk,-

Thus, combining (4.6), (4.10) and (4.11), it follows that

2LPVF)IP 20VF o)l

b, <b, + +
e b} by

i

V 2
+16l<1+ : )H Ll +f<xk,.>—flow]

2bmin b k;

i 2b3

min

<4L2 +36b%, + 16b,,,L
=0y, —+

forallk € I(p,k; ., — 1).
CaseIl(b) p € I(k; + 2, k; ., — 2).
In this case, bp_1 > bp_2 and so, by (4.8), we get
2L2\IVf o, DIP 20V (DI
b, <b, ; + > +
bp-lbp—Z b,,_z
2Lz(bp—l - bp—Z) 2”Vf(xp—])||2

+ +
-1 2
bp_1 b[,_2

212
<byoy ==+ 2b, ~byo)
p—1
217
<3bp_] + b_

p—1
Since by, < b,_; < L, it follows that

217

b, <3L+

min

On the other hand, by (4.9) we have
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p—1
FOe,) =) = ) Fx) =)

j:k.

L\ IIVf(x)IIZ
2b
_(4 L IVf(Xk)II2 | L ! IIVf(X)II2
_< +2b~) +<+2b )_ b,
min Jj= I.+1 J
< L >||Vf(xk)||2 < L ) L IIVf(x)II2
<1+ +(1+
2b,, Qb ) 2 by
1Vf(x)II? L
=<1 5 > T <1 5 ) = b
min min /' j=f.+1
L ||Vf()€k)||2 L
L ||Vf(x/<)||2 L
<<l+2bmin> +<1+2b )b 1
| L IIVf(xk)II2 . L
<1+ T +{1+ 3

and so

2b b 2b

\vj 2
f(xp)Sf(xkl,)+<1+ L )” il +<1+ L )L (4.14)

min min min

Thus, combining (4.6), (4.13) and (4.14), it follows that

2b min b min min

- 1012 L\ IVf@)I?
<19L 16 . 16 - ,
h " b * < 2bmin > b * (f(in) f}OW)

min

y 2 VG )II? B
by S3L+ZL +16l(1+ L >” 7l +<1+2bL >L+f(xki)_ﬁow]

min min

(4.15)

forallk € I(p, k;; — 1).

Summarizing all cases and subcases above, it follows from (4.7), (4.12), and

(4.15) that

b, <b, +19L +
k k; 2b3

min min

1022 (4L2 +36b%. + 16D,

inL
)an(xk)ll2 +16(F0x,) = fiow)

(4.16)
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for all k € I(p, k;,; — 1), regardless of the position of p in the set I(k;, k;,; —2).
Finally, by (2.4) and Lemma 3,

VG

4b;

FO) = f () 2 forj=p,....k — L

Summing up these inequalities, it follows from A2, (2.11) and (4.16) that
f('xp) _flow Zf(xp) _f(xki+])

Rl \EAI G
> - 7

=
S [/, kiy = D€
- T 412 + 36D+ 16by, L
4|by, +19L+ + 3 VAN + 16(F (i) = fion)
min 2hmin

4.17)
By (4.11) and (4.14), we also have

: AT
f(xp)—fzowﬁ<1+2bL )L+(1+ . )—’“’+<f<xk,.>—fmw>

min 2b min bmin

. p Lo\ VeI
<Ltk +<1+2b )b—+(f(xk,>—flow>

min min min
. j2 417 +36b%. +16b . L
<b, + 190+ 0L +< TR )IIVf(xk,)n2 +16(F () = finy):

(4.18)

Thus, combining (4.17), (4.18) and using || V/(x )|l < [[Vf (x|l (by Lemma 1), we
get

2 IV I + 16(f(x) = fion) | €7

'min ‘min

- [z 412 +36b%. +16b_. L 2
(p.kiyy = D 54[bk,+19L+ 102 +< min + 1601 )

O
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