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ABSTRACT

As populations age, ensuring the sustainability and fairness of pension systems is in-
creasingly crucial. This paper introduces in a pay-as-you-go (PAYG) the Progressive
Defined Musgrave (PDM) system, which combines intergenerational and intragen-
erational adjustment mechanisms. The system aims at long-term financial stability
while promoting fairness by addressing disparities in both longevity and income.
Intergenerational fairness is maintained through the Musgrave mechanism, which
balances economic risks between workers and retirees. Meanwhile, intragenerational
fairness is achieved through a progressive pension benefit formula, offering higher
replacement rates for lower-income individuals and lower rates for higher-income in-
dividuals. The system adapts to changing demographic and economic conditions by
adjusting contribution rates and pension benefits annually. The paper explores the
mathematical models underlying this design, including multi-population mortality
models that capture longevity inequality. Finally, risk analysis using Value-at-Risk
demonstrates the adaptability of the PDM system in ensuring financial sustainabil-

ity and fairness in the face of evolving demographic dynamics.
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1. Introduction

Longevity inequalities significantly impact retirement policies, as individuals
reach statutory retirement age with varying work abilities and life expectancies
[Strozza & al, 2022]. These disparities stem from unequal exposure to occupational
risks, living conditions, and chronic distress [Forster & al, 2018], leading to greater
economic disadvantages [Ardito & Costa, 2022] and complicating pension systems by
redistributing resources from the less well-off to the better-off [Holzmann et al., 2020].

The link between life expectancy and pension policies has gained attention recently
[Arnold & Jijie, 2020]. Life expectancy determines the duration of pension receipt
and affects eligibility and benefits across countries. Many OECD pension systems
incorporate automatic adjustment mechanisms, such as linking benefits to life ex-
pectancy or adjusting the statutory retirement age. However, increasing the age of
the state pension overlooks factors such as declining employment rates among older
women and regional inequalities in disability-free life expectancy [TUC report, 2013];
[Sundberg & al, 2023]; [Wilmoth & al, 2023], challenging the sustainability of ex-
tended working lives.

These mechanisms impact pension wealth distribution, as individuals with lower-
than-average life expectancy receive benefits for a shorter duration, resulting in a
relative loss of pension wealth. Occupational inequality in mortality can offset income
redistribution in pension systems, with significant impacts observed in the French and
German PAYG systems. OECD reports [David, 2017] highlight that the gap in remain-
ing life expectancy reduces total pensions received by low earners by 13% compared
to high earners.

Given the within-generation inequalities and socioeconomic disparities in life ex-
pectancy [Shi & Kolk, 2022], it is crucial to explore multi-population mortality mod-
eling in pension systems. While existing literature extensively covers single-population
mortality modeling, it often neglects the inherent interconnections between different
populations and the resulting unfairness in Defined Benefits (DB) systems. Incorporat-
ing multipopulation models can reveal variations in mortality patterns across socioe-

conomic classes [Antonio & al, 2015]; [Jevti¢ & al, 2023], highlighting the correlation



between longevity and social advantage [Majer & al, 2011]; [Dudel & Schmied, 2019].
Higher Socio-Economic Class (SEC) individuals benefit more from pension systems,
potentially perpetuating unfairness [Queisser & Whitehouse, 2006].

Several studies have examined the implications of longevity heterogeneity on pen-
sion systems. [Holzmann et al., 2020] discuss how it challenges the contribution-benefit
link in NDC systems, proposing alternative adjustments. [Arnold & Jijie, 2020] deter-
mine the optimal retirement age in PAYG and NDC schemes, advocating for different
retirement ages based on socioeconomic class. [Jijiie & al., 2022] assess fairness in DB
and DC schemes, suggesting adjustments to improve equity. [Boado-Penas et al., 2022]
analyze NDC systems using stratified mortality projections, showing the impact of de-
mographic and economic factors on pension benefits.

The sustainability and fairness of pension systems are critical concerns for an
aging population. To address these challenges, we propose a pension system de-
sign that incorporates both inter- and intragenerational adjustment mechanisms,
aiming for long-term stability, equitable distribution, and adequate retirement in-
come. Intergenerational fairness is based on the well-known Musgrave mechanism
[Musgrave & Thin, 1948], while the intragenerational dimension is taken into account
through a progressive pension benefit formula [Devolder & Diakite , 2021].

Operating on a pay-as-you-go (PAYG) basis, the system relies on current workers’
contributions to finance retiree pensions. The Musgrave invariant, reflecting the ratio
between average pension and average salary net of contributions, distributes economic
risks between workers and retirees. Annual adjustments to system parameters main-
tain intergenerational risk sharing and financial equilibrium, adapting to changing
demographic and economic conditions.

We consider a DB pension system where benefits are calculated using progressive
coefficients that distribute benefits across income levels, providing higher replacement
rates for lower-income individuals and lower rates for higher-income individuals to
mitigate income inequality. An intragenerational correction factor addresses longevity
heterogeneity among retirees, ensuring pension benefits reflect life expectancy differ-
ences. The adoption of progressive coefficients and intragenerational correction factors

ensures pension actuarial fairness while improving the adequacy of benefits for lower



socioeconomic classes.

This proposed system, termed the Progressive Defined Musgrave (PDM), aims to
ensure simultaneously fairness and financial sustainability by adjusting contribution
rates and pension benefits based on demographic factors and income differentials.

In the numerical application, we perform a comprehensive analysis of the PDM pen-
sion system defined previously, focusing on its mean evolution and risk characteristics.
We examine the contribution rate, the pension rate, and the class replacement rate
to gain insight into the system’s dynamics. Furthermore, we assess the variability in-
troduced by the longevity heterogeneity correction using multi-population models for
socioeconomic group mortality. Finally, by comparing results under two alternative
mortality projection models, we illustrate the system’s resilience and adaptability,
independent of the specific mortality model used. In general, our analysis aims to
highlight the importance of considering risk measurement and variability in pension
systems alongside mean evolution. By examining various risk indicators and projection
scenarios, we contribute to a deeper understanding of the PDM system’s implications
for different stakeholders.

The main contributions of the paper with respect to the literature can be sum-
marized in three points. First, we extend in a dynamic framework the progressive
systems as introduced in a static environment by([Devolder & Diakite , 2021]) , using
stochastic models of mortality. This generalization enables us to study the effects of
heterogeneity not only in terms of level but also in terms of trends. On the other
hand, we generalize in this stochastic framework the Musgrave rule. Finally, we mix
the two mechanisms to create a new system combining intra and intergenerational
risk sharing through the application of the Musgrave rule in a progressive multi class
pension system. This combination of two adaptation mechanisms generates a pension
system financially sustainable in the long run, ensuring a fair distribution of the efforts
between the classes and improving the adequacy of benefits for lower socio-economic
classes compared to standard uniform adaptation. Financial sustainability, social ad-
equacy and fairness are joined and not opposed.

The remainder of the paper is organized as follows. Section 2 explores the pro-

posed pension system that incorporates progressivity in the pension formula and inter-



generational risk sharing based on demographic factors. It introduces key conceptual
innovations, notably a multiclass Musgrave-like inter-generational risk-sharing mech-
anism and a progressive pension benefit formula, both adapted to a dynamic envi-
ronment. Section 3 describes the multi-population mortality models and approaches
used to model longevity inequality. Provides a comprehensive definition of the models
and data sources used to compare and validate these models [Antonio & al, 2015];
[Jevti¢ & al, 2023]. By incorporating multi-population models, we capture cross-
population dependence and observe variations in mortality patterns among different
socioeconomic classes. In section 4, we perform a risk analysis of our proposed Pro-
gressive Defined Musgrave system. As a risk indicator, we use a value-at-risk analysis
to assess potential risks and uncertainties associated with these mechanisms. The nu-
merical application demonstrates how the proposed system can adapt to changing
demographic and economic conditions, ensuring fairness and financial sustainability.

Section 5 summarises the main findings and policy implications.

2. Progressive defined Musgrave system

2.1. Assumptions and mechanisms

We adopt the following demographic and economic assumptions, com-
monly used in the literature for PAYG systems [Settergren & Mikula, 2005],
[Ventura-Marco & Vidal-Melia ,2014], [Alonso-Garcia & Al, 2018].

o Entry and retirement ages: Agents only enter the regime at age xg, the retirement
age is x,. Entry and retirement ages are the same for all classes.

e Population differentiation: Salary levels differentiate agent classes. There are m

classes. We take note of SZ-(m’t), which is the salary for workers aged = (with

o < x < x,) at period t in class ¢ such that

S << 8T << gD,

m

o Workers’ salary evolution: Before retirement, the salary in any class at a given



age x is obtained as:
Si(z,t) _ Si(zo,to) 1+ Si)(az—xo) 1+ ,y)t—to’

with ~ representing the annual revaluation of the salary and s; is the career

salary growth rate for class i such that
S1 < ... <5 < o< Sy

There is no transition between the classes during the career.

e Notional salary: After retirement, we define the notional salary for x > z,

We consider the retired notional salary to be the indexed last pre-retirement
salary.

e Population Dynamics: The effective number of workers aged x at period ¢ in class
i is denoted by N agx’t), and the number of retirees aged y by N rz(y’t). The total
number of active workers at time ¢ is denoted as Na!, and the total number of

retirees as Nrt. The number of workers is obtained by the population equation:

where pi (t) is the one-year survival probability of individuals of age x at time ¢ in
class i. The number of retirees is obtained using a similar procedure. Formula( 2)
shows that the population at time ¢ is determined by the survival of individuals,
implying an absence of migration!.

When not taking into account the socioeconomic class longevity heterogeneity,
we can compute the total population mortality table where p,(t) is the one-year

survival probability of all individuals of age x at time ¢.

1Building on [Settergren & Mikula, 2005], we exclude migration from our analysis. However, in reality, mi-
gration plays a crucial role in shaping population dynamics across most European countries ([Eurostat, 2011]).
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e Entry function: The entry function at any time ¢ giving the number of workers
entering the regime is written as L(xo;t) = E(t). At the inception of the system,
the population is already composed of active workers and retirees. The numbers
of individuals at any age in each class is determined solely by the entry function
and survival probabilities.

e The dependency ratio each period is the ratio between the number of retirees

over the number of active workers :

Nyt

De=§a

(3)
o We define as weighted dependency ratio, the ratio between the weighted notional

salaries of retirees and the weighted salaries of active workers.

Zz 121 T, Nr(zt) Si(%t)
T i a5

T=XTo

Df =

2.2. Progressivity in the pension formula

In a traditional DB pension system, benefits are often directly linked to the indi-
vidual’s earnings, which can disproportionately favor higher earners due to longer
life expectancy and accumulated contributions. To address this issue, we extend the
progressive salary transformation proposed by [Devolder & Diakite , 2021] in a time-
dynamic framework. This mechanism modifies the income base used in the pension
benefit calculation, through a transformation of salaries, where different progressive
coefficients are applied to different income brackets, to achieve a more equitable dis-
tribution of pension benefits across socioeconomic classes. Progressivity in this con-
text ensures that lower-income individuals receive relatively higher pension benefits
compared to their earnings, while higher-income individuals contribute proportionally

more but receive a relatively lower replacement rate.



The pension benefit for the class ¢ in the year ¢t at age x, is expressed via:

P = 5, . x ) (5)

(2

The pension benefit formula is made up of two parts: the pension rate d;, and the

progressive component, which is determined by the salary transformation Xi(m’t) for
class i at time t and age z,, defined as follows:
(zrst) i (rt) (zrt)
rt st st
Xt = Z Ao (857 = 55, (6)
j=1

where \! are the progressive coefficients. We first define in this section this progres-
sive component (intragenerational aspect). The adaptation of the pension rate will be
detailed in section 2.3 (intergenerational aspect). The progressive coefficients account
for longevity heterogeneity and are obtained by imposing an equality constraint of
lifetime replacement (LR) rates between individuals belonging to different socioeco-
nomic classes. The LR rate is a key indicator used to assess the adequacy of pension
benefits, measuring the present value of benefits relative to the last salary received. It
provides a means to compare the benefits received by retirees from different socioeco-
nomic classes, as it focuses solely on pension benefits. The condition imposed on LR
rates aims at preventing inequalities caused by different life expectancies.

The LR rate is computed assuming a constant pension rate after retirement. Before
accounting for longevity heterogeneity, the LR rate for the specific retirement age
x, and period ¢, based on identical survival probabilities for all classes (denoted by

a—z.Dz, (1)) can be expressed as:

1 - L+~\""
(@rt) _ (@ t) | .
LR Sz, —1,t) Z P a—z,Dz, (1) (1 T 'r>

P(Ir,t) w 1+ ~ T—T,
Szt x; wa P, () (1 + r)
=0 - g, ()



where v is the annual revaluation rate of pension, assumed to be equal to the

revaluation of salary, r is the discount rate and

w

o () = D oo, Pa, (1) - (

=,

1+v
1+7r

)xfx,.

is the average annuity rate at retirement for the total population.
When considering longevity heterogeneity, the LR rate for socioeconomic class ¢ can

be expressed as:

(zrst)
(@rst) _ ¢ X; i
LR, =6 S ay, (t) (7)

In this equation, the socioeconomic groups annuity rates are given by:

Y _ - 7 1 + Y T—x,
al‘»,- (t) - Z x_xrpaﬁr (t) : ( 1 + r)
T=x,

By satisfying the condition of equal lifetime replacement rates:
(xest) _ (zrit) _ _ mt) ot
LR =...=LR"™" = ... = LRY = LR
we can determine the values of the progressive coefficients. We obtain:

glent) axr (1) gl@nt) d}w ()

)

The pension benefit at retirement for an agent of class i at time t is given by:

i, (1)

— 5, . 5@t gt
RO ®

Pl =5 x ) = 5,5l

Here, 0! represents the longevity heterogeneity correction factor for class j. It quantifies

the longevity gain in each class relative to the total population.



The class replacement rate? at retirement for an agent of class 4 is defined as the

ratio between the pension benefit and the last working salary:

(zr,t)
P.
Trad) _ oy =t (10)

)

For retirees of age x > x,, the progressive coefficient remains the same. The pro-

gressive salary transformation becomes:

i

(z,T) _ T—z+z, (2,T) (2,T)
X; = Z)‘j o '(Sj -5 ) (11)
j=1
In this equation, X Z-(x’T) represents the pension benefit for old retirees in class ¢ at time

T and age x.The pension benefit is given by:

2.3. Inter-generational risk sharing:

We now turn to the dynamics of the first component of the pension benefit formula:
the pension rate. Our system introduces an intergenerational risk-sharing mechanism
based on the Musgrave invariant, ensuring a fair allocation of economic risks between
active workers and retirees. Unlike traditional approaches, our framework extends the
Musgrave principle to a multiclass setting, allowing for differentiated treatment across
socioeconomic groups while maintaining systemic balance.

The formulation we present is novel, as it generalizes the Musgrave invariant to a
progressive, multiclass pension system, ensuring both equity and sustainability. This
approach not only preserves intergenerational fairness but also accounts for heterogene-
ity in longevity and income levels, making it a more robust adaptation of risk-sharing

principles in pension design.

2The replacement rate is the ratio of a pensioner’s retirement income to their preretirement earnings. In a
DB system, the replacement rate is typically a percentage of final average earnings. In a progressive system,
the pension rate is a proportion of the progressive transformation of the salary, the replacement rate differs for
each class in such system
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Let us highlight the link between the average benefit ratio §; 3, and the pension rate
oy

&'Zm:iz\fr?’t) (@t) _ 5ZZNTN. X (13)

i=1 x=x, i=1 z=x,

The contribution rate m; is then given by the budget equation:
T =0 - D (14)

The Musgrave invariant is the ratio between the average pension and the average

salary net of pension contributions :

5, Dl Tee,, Nei0-5(r
M, = Nrt (15)
m Ty (z,t) g(z,t)
1 i=1 Zx:wo Na; ! -S;
( - Wt) ’ Nat

" (16)

We define :

S e, Nt sl

Nrt Dy
pe = == (17)
Zz 1 Ea: :to $ " S( ) Dt
Nat

yt is the ratio between the weighted dependency ratio and the dependency ratio at
time ¢.

The pay-as-you-go equilibrium for year t is established iteratively by leveraging a
recurrence relationship with the preceding year’s equilibrium, thereby intertwining
the average benefit ratio, pension rate, and demographic factors. Additionally, the
principle of constant risk sharing is upheld throughout this process. We obtain then

easily:

3The average benefit ratio is the ratio between the average pension for retirees and the average salary of
contributors. The average benefit ratio is proportional to the notional salary of retirees while the pension rate
relies on the progressive transformation

11



Hi—1 .D;
T = T¢—1 [t (18)

Di 4+ - (DF- 2L — Dy )
Hi—1
T A p— e (19)
1+ 81 - (D; - “j;l ~Dp )
t

The pension formula at time ¢ uses the pension rate §;. When we obtain the average
benefit ratio from the recurrence (19), we can transform it back into a pension rate

via relation (13).

3. Multi-population mortality modelling

The existence of differences in life expectancy between different socio-economic classes
of a population has long been documented (see e.g. [Mackenbach & al, 1997] and
[Balia & Jones, 2008]), but only recently the availability of time series of data on
mortality by class has allowed to develop stochastic models of mortality by sub-
populations that allowed to estimate the trend of the phenomenon and to project
it. In [Villegas & al., 2005], the authors propose several multi-population extensions
of the Lee-Carter model to fit and predict the socio-economic mortality differentials
in England. In [Cairns & al., 2019], socio-economic differences in Danish mortality are
studied using a affluence index and adopting a multi-population gravity model. In
[Wen & al., 2020] 11 multi-population mortality models are fitted to the mortality of
Canadian pensioners subdivided by pension level, while in [Wen & al., 2021] a similar
set (12) of multi-population mortality models are fitted to 10 distinct socio-economic
groups in England.

In order to represent the mortality evolution of pension system members, taking
into account the heterogeneity between different economic classes, a multi-population

mortality model should be selected. We consider six well-known mortality models that
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can represent different types of heterogeneity in mortality between the reference sub-
populations: absence of heterogeneity, level difference, trend difference. The models
considered are reported in Table 1, where m;t is the central mortality rate for a

person aged x, in the year ¢, in the class 1.

Model (Acronym) Specification Reference
Common Lee-Carter (CLC) logm?, , = af + BLKT Lee & Carter, 1992]
Common Factor (CF) logm}, ; = ol + BLKT Li & Lee, 2005]
Joint-x (JK) logml, ; = ol + BLkf Lee & Carter, 1992]

Augmented Common Factor (ACF) | logm!, ; = o, + BEKE + Biki | [Li & Lee, 2005]

[
[
[
Common Age Effect (CAE) log m;t =al + BLk! [Kleinow, 2015]
[
[

Independent Lee-Carter (ILC) logml, ; = ol + Bk} Lee & Carter, 1992]

Table 1.: Summary of mortality models for multi-population analysis

The first model (CLC) assumes that the same Lee-Carter model is applied to all
the m classes, therefore any form of heterogeneity in mortality between classes is
neglected. The common factor model (CF) implies different mortality levels but the
same mortality improvements for all sub-population at all times. In order to relax
this assumption we consider the joint-x model (JK), where the time index driving
the mortality change is the same for all the sub-populations while the age-specific
mortality pattern and the age-specific responses to changes in the level of mortality
are population specific. The fourth model considered is a simplified version of the
Common-Age-Effect model proposed by ([Kleinow, 2015]). In the CAE model the age-
specific responses to changes in the level of mortality is the same for all the sub-
populations while the age-specific mortality pattern and the time index driving the
mortality change are population specific. In the augmented common factor model
(ACF) the term B% k! represents deviations in mortality evolution of the sub-population
¢ from the general common trend represented by Bf Kf . Finally, we consider to use
independent Lee—Carter models for each sub-population (ILC). Note that under this
approach the dependence between sub-populations can be represent by appropriately

modelling the processes followed by the time indices k..
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3.1. Mortality data and model comparison

The six mortality models have been compared on mortality data by socioeconomic
category in the United States. Data are taken from a study realized by Barbieri
and published by the Society of Actuaries (SOA) in 2021 (see [Barbieri, 2021]) that
presents mortality rate estimates for the United States by year (from 1982 to 2019)
separately by socioeconomic quintile and decile. The mortality indicators are obtained
"for groupings of U.S. counties based on their socioeconomic characteristics as mea-
sured by county-wide variables on education, occupation, employment, income and
housing price and quality.” ([Barbieri, 2021])

In our application, we take the data by quantile and group the quantiles from 2
to 4 in a single class so that 3 socioeconomic classes are considered®: the first class
coincides with the first socioeconomic quantile, in the second class there are the three
socioeconomic quintiles from the second to the fourth, and the third class coincides
with the fifth socioeconomic quantile. Since we are interested in the mortality of people
enrolled in a pension system, we do not consider the mortality at young ages, and we
restrict our analysis to the age range 25-100. Figure 1 shows the evolution over time

of the observed mortality rates for the three classes considered at four ages.

4When estimating mortality intensities across five socioeconomic classes, notable disparities predominantly
surfaced between the first and last quintiles. Conversely, the three middle quintiles exhibited closely aligned
estimated values, prompting our decision to aggregate them.
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Figure 1.: Mortality rates by socioeconomic classes (in red the first class, in blue the
second, in green the third) at different ages.
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The six models considered have been fitted on the mortality data previously de-
scribed by maximum likelihood estimation (MLE). In order to compare them, we
consider both the Akaike Information Criterion (AIC) and the Bayesian Information
Criterion (BIC) The log-likelihood, the AIC and the BIC for each model are reported
in the Table 2.

The results show that the CLC model consistently yielded the poorest results, high-
lighting the existence of distinct mortality classes. Additionally, the bad results of
the CF model indicates that the differences between classes evolve over time. The
results also show that, even taking into account criteria penalising models with muore

parameters, the ACF model is consistently and by far the best model.
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Table 2.: Log-likelihood and the BIC for the six mortality models (the ranking of the
models is reported in brackets).

Model CLC CF JK CAE ACF

ILC

Log-Like -193,494 (6) -82,518 (5) -66,106 (3) -68,979 (4) -55,495 (1) -65,383 (2)
AIC  -193,682 (6) -82,934 (5) -66,599 (2) -69,396 (4) -56,171 (1) -67,940 (3)
BIC  -194,346 (6) -84,404 (5) -68,341 (3) -70,869 (4) -58559 (1) -67,940 (2)

We also perform a backtest analysis to compare the models. Specifically, we fit the
models of the first 28 years data (from 1982 to 2009), then we forecast the death rates
for the following 10 years and compare the forecasted values with the observed ones in
the years 2010-2019. Mean error (ME), mean squared error (MSE), mean percentage
error (MPE) and mean absolute percentage error (MAPE) are then determined to
evaluate the goodness of the forecasts. The backtesting procedure as not applied to
the 2 models that perform worse in terms of log-likelihood and BIC: the CLC and the
CF models. In order to project the mortality rates, assumptions should be made on

the processes followed by the time indexes. in particular:

e k! is modelled as a random walk with drift (ARIMA(0,1,0)) in all the models;

e x!is modelled as a random walk with drift (ARIMA(0,1,0)) in the CAE model
and in the ILC model,

e in the ACF model we made two different assumptions for x!: in the first case it
is modelled as a first-order autoregressive process (AR(1)), while in the second
case it is modelled as an ARIMA(1,1,0) process.

The assumption of a random walk with drift process for Ef in all the models

and i in the CAE and ILC models, is in line with the prevailing literature (see
e.g. [Cairns & al., 2011]). With reference to i in the ACF model, Le and Lee
([Li & Lee, 2005]) suggest to assume an AR(1) process in order to avoid possible di-
vergence in the mortality evolution of the sub-populations. While it seems appropriate
that a multi-population mortality model verifies this condition of no divergence in the
mortality evolution of two distinct sub-groups of the same population, on the other

hand increasing gaps in life expectancy between different socio-economic groups are
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observed in several countries: se e.g. [Mackenbach & al, 2003] for 6 Western European
Countries including Finland, Sweden, Norway, Denmark, England/Wales, and Italy;
[Cristia, 2009] for U.S.; [Villegas & al., 2005] for England; [Cairns & al., 2019] for Den-
mark). We therefore consider that limiting the analysis to the case of an AR(1) process
alone is not appropriate. Moreover, the Augmented Dickey-Fuller test show that the
k! series in the ACF model is not stationary for the first and the third socio-economic
groups and the auto.arima function in R suggests second-order ARIMA models for
that series. Otherwise, [Haberman & Renshaw, 2009] suggests avoid the use of second
order ARIMA (p,2,q) processes, because they could produce excessively wide predic-
tion intervals. In light of these considerations, we found it useful to consider as an
alternative hypothesis to the AR(1) process that of an ARIMA(1,1,0) process.

ME, MSE, MPE and MAPE for the five models tested are reported in Table 3.

Table 3.: ME, MSE, MPE and MAPE in backtesting (the ranking of the models is
reported in brackets).

Model JK CAE ACF.0 ACF.1 ILC
ME  -0.0035604 (5) -0.0031407 (2) -0.0031476 (3) -0.0025604 (1) -0.0035300 (4)
MSE  1.0739¢-04 (5) 9.2100e-05 (2) 1.0210e-04 (3) 8.5479¢-05 (1) 1.0277e-04 (4)
MPE  0.043568 (3)  0.037282 (1)  0.043048 (2)  0.046467 (5)  0.044170 (4)
MAPE  0.098619 (3)  0.10047 (5)  0.096421 (2)  0.094774 (1)  0.099521 (4)

The ACF.1 with the sub-population-specific time index modeled as a random walk
with drift is the best mortality model for the populations considered for ME, MSE, and
MAPE measures, while the CAE model is the best for the MPE one. Henceforth, we
maintain the ACF.1 model as our reference model in the numerical application, with
the CAE model serving as the alternative model for comparison. In Table 4 we show
the evolution of life expectancy at age 65 for each socioeconomic class from 1982 to
2019 and its projected value to 2039 (best estimate and quantiles at 10 and 90 percent)
with the two selected mortality models. We can see that the observed increase in life
expectancy was greater for class 3 than for class 2 and greater for the latter than for
class 1. Both adopted mortality models predict a greater difference between class 1

and class 2 by 2039, while the difference between class 2 and class 3 decreases slightly
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with the ACF.1 model and increases slightly with the CAE model.

Table 4.: Life expectancies at age 65: observed (in 1982 and 2019) and projected
(for 2039 with ACF.1 and CAE model). Q,y% := a% quantile; BE := Best estimate;
SEC := Socio-Economic Class; A%*** := Percentage change from the last observed

value.

Observed Projected
2039
Year (model) 1982 2019 (ACF.1) (CAE)
Qo BE Qg Qi BE Qg
1908 19.60 2013 19.02 1956  20.10
SEC=1 1643 86T rot ooy 50%  78% 1.9% 4.8% 1.1%
91.03 21.52  922.02 20.82 21.29  21.76
SEC=2 1674 1986 rot 590 % 10.9% 4.8% 7.2%  9.6%
92.00 22.52  922.95 2245 22.87 23.28
SEC=3 1695 2100\t so0 729  03% 6.9% S8.9% 10.9%

4. Risk analysis of Progressive Defined Musgrave schemes

4.1. Trend analysis

We performed a comprehensive numerical analysis of the Progressive Defined Mus-

grave pension system defined in Section 2, focusing on its mean evolution and risk

characteristics.

We extracted the mortality rates by quintile of the population from the Mortality

by Socio-economic Category in the United States study ([Barbieri, 2021]). The study

produced a set of comprehensive life tables broken down by socio-economic group and

year. Details on the data and methodologies used in the development of life tables are

summarized in the research report. We made the following initial assumptions.

e The distribution of workers within the salary classes stays the same throughout

the whole projection (there is no transition between classes):

Quintile 1 (@) of salary distribution represents the low salary class.

Quintiles 2,3,4 (Q2, @3, Q) represent the average salary class.
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Quintile 5 (Q5) of salary distribution represents the high salary class.
e As starting salary for each class we used data on household income quintiles

[US Census Bureau (2023)], in 1982

S{8ET) — 90675

S{H9ET0) — 54790
e Census data also categorizes people based on their age bracket. The career growth
impact refers to the average increase in household income for all working-age

groups in 1982. It is given by

31:1%; 82:1.5%; s3 = 2%

The time effect is obtained by averaging the yearly evolution of salary in the

data through our on our projection horizon, h = 2.5%

Pension benefits are indexed with the yearly average salary growth rate assumed
to be equal to the time effect: v = 2.5%.°

Agents only enter the regime at age xo = 25. Retirement age is z, = 65.9

e w = 100 is the highest age to which it is possible to survive

The entry function is assumed constant with £ = 100000.
(t;w)

,, and the number of retirees
(t;z+1) _ Na(t;x)

i 7

e The effective of workers aged x at period ¢, Na

(t:y)

aged y, Nr."”’ are given via the relationship Na - pi(t). Since

there is no migration the population function at year ¢ can be obtained recur-

sively from the entry function and the periodic mortality table.

The observed mortality data ranges form 1982 to 2019. From these periodic
mortality tables we obtain the 1 year survival probabilities for socio-economic
group j, pz(t).

e We chose the ACF.1 model as the main model to explain subpopulation mortal-

5Indexing pensions to wages, is a standard approach in the analysis of PAYG systems, as it maintains the
link between pensions and the general evolution of earnings [Alonso-Garcia & Al, 2018]
6The entry age and retirement age are in line with [Boado-Penas et al., 2022]
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ity, as it is the best of the six models considered. From this model we forecast the
central death rates in each class over a period of 20 years and we construct the
sub-population periodic mortality tables from the mortality rates. Starting from
2020, the 1 year survival probabilities used in the population effective function
m;tds)

are obtained via: ;p’ (t) = exp (— f;+k

Starting from the previous assumptions, we construct the demographic dynamics of
the system using an entry function. Specifically, we assume that the initial cohort of
follows the 1982 mortality table at every age from the entry age up to the maximum
age. From 1983 onwards, survival probabilities are updated each year according to the
corresponding annual mortality table, until 2019. Entry occurs only at the entry age,
while exits are exclusively due to death. The number of actives and retirees in 2019 is
Na = 3908438 and Nr = 1657177, respectively. Consequently, the initial dependency
ratio for 2019 is: Dag9 = 0.4240 7. The weighted dependency ratio is: D319 = 0.6505.

The current parameter values result from assuming an initial value of §19g0 = 0.65.
To maintain equilibrium, the system required a contribution rate of mggo = 0.2786
and an average benefit ratio of d19s2 = 0.5946. Based on these starting values, we
simulated the evolution of the parameters up to 2019. In 2019, the contribution rate
is Too19 = 0.3450, the pension rate’ is dogi9 = 0.5435 and average benefit ratio is
92019 = 0.5303. In the starting year, the longevity heterogeneity correction factor in
each class are: #3019 = 1.0667, #3°1Y = 1.0007 and 6319 = 0.9454.

In the following, we present the results of our simulation on the pension system.

e Dependency ratio

The evolution of the dependency ratio (3) is subject to the projection of mortality
intensities forecasted by the ACF.1 model. The forecasted dependency ratio is reported

in Figure 2:

"The effective of active workers and retirees at any age before the start of the projection, is determined solely
by the entry function and 1 year survival probabilities.

8The starting value for the replacement rate is fixed like in [Alonso-Garcia & Al, 2018], this is also in line
with the Belgian formula

9The initial pension rate is a consequence of the PAYG equilibrium condition and is proportional to the choice
of the contribution rate
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Figure 2.: Forecast of the dependency ratio ACF model
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The dependency ratio is expected to increase over the projection horizon. This
increase is driven by the mortality evolution as well as the constant entry function
hypothesis. The grayed-out area limits represent the 2.5% and 97.5% quantiles of the
dependency ratio distribution. Regardless of the evolution of mortality in the sub-
populations, the dependency ratio is not very volatile; this is also a consequence of
the demographic stability assumption. This has a direct effect on the variations in the

inter-generational risk sharing parameters.
e Contribution rate and pension rate

The contribution and pension rates are functions of the dependency ratio via (18),

(13) and (19).
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Figure 3.: Forecast of the contribution rate and pension rate ACF model
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The contribution rate and pension rate reflect both the financial contributions of
active workers to the pension system and the standard of living of retirees. They are
driven by the evolution of the number of active workers and retirees. In Table 5 is
reported their average value through the forecast.

Table 5.: Average contribution rate and pension rate evolution ACF model

t Tt 515

2020 0.3456 0.5435
2024 0.3494 0.5390
2039 0.3622 0.5243

The numerical application of the contribution rate and pension rate reveals impor-
tant insights about the financial dynamics within the pension system. The contribution
rate is expected to increase in the ACF average forecast slightly from 34.56% in 2020 to
36.22% by 2039, highlighting the growing financial burden on contributors over time.
Similarly, the pension rate is projected to decrease from 54.35% to 52.43% by 2039,

reflecting the sensitivity of retirees to changes in the pension rate and its potential
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impact on post-retirement income. However, it is worth noting that the contribution
rate and pension rate are less sensitive to the model induced variations due to the

evolution of the dependency ratio and the demographic assumptions.
e longevity heterogeneity correction factor

The forecasted evolution of 6! from eq.(9), is reported in Figure 4

Figure 4.: Forecast of the longevity heterogeneity correction factor ACF model
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The grayed-out area limits represent the 2.5% and 97.5% quantiles of the longevity
heterogeneity correction factor distribution. Table 6 summarizes the average value for
the factor in each class.

Table 6.: Evolution of the average longevity heterogeneity correction factor in each
class ACF model

01 02 03

2020 1.0661 0.9977 0.9567
2024 1.0692 0.9974 0.9553
2039 1.0781 0.9967 0.9424
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The mortality intensity model has more influence on the variations of the longevity

heterogeneity correction factor than on the dependency ratio.
e Class replacement rate

The class replacement rate at retirement is defined via equation 10. It expresses how

the longevity differences between classes affect the replacement rate in every class.

Figure 5.: Forecast of the class replacement rate ACF model
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The class replacement rate at retirement of each sub-population combines the two
adjusting effects. Its distribution is directly influenced by the mortality model selected

for the forecast.

Table 7.: Average class replacement rate at 65

ACF

TT‘§65’t) TT‘£65’t) TT§65,t)

2020 0.5795  0.5423  0.5200
2024 0.5763 0.5377  0.5150
2039 0.5654  0.5227  0.4994
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When comparing the evolution of the class replacement rate over the projection
horizon to the initial pension rate dogo9 = 0.5435, we note that the positive longevity
correction notably elevates the class replacement rate for the low-income group. De-
spite the reduction in pension rate following the Musgrave rule, their class replacement
rate remains higher than the initial level. Conversely, for the high-income group, the
class replacement rate decreases twice: first due to the impact of the longevity hetero-
geneity correction factor, and then due to the pension rate adjustment.

In order to analyse the mortality evolution effect on the class replacement rate we
are looking into the class replacement rate differences between two classes ¢ and j

presented as such:

T?“Z(xr’t) — Tl = 5, . (0; = 07) = ¢ - d

J Z,j’ (20)

with d! ;= 0 — 0;- measuring the difference in longevity heterogeneity correction
factor between the two classes.

Figure 6.: Forecast of the longevity heterogeneity correction factor distances ACF
model
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Figure 6 shows the projected difference in longevity heterogeneity correction factor
between socioeconomic class 1 and 2 and class 2 and 3 in the ACF model. The trend
for the low income class is that the difference is widening over time, meaning that the
progressive nature of the pension system is becoming more pronounced. Conversely, the
disparities for the high-income group relative to the average group appear to increase

at a slower rate over time.

4.2. Quantile analysis

The Progressive Defined Musgrave system is characterized every period ¢ by the triplet
(m; 0¢; 6¢), representing respectively the contribution rate, the pension rate, and the
longevity heterogeneity correction factor. While Section 4.1 analyzed the mean evo-
lution of these quantities, in a stochastic framework it is important to assess the risk
exposure associated with their stochastic dynamics. More specifically, the purpose of
this section is to analyze and monitor the level of risk imposed by a progressive pension
formula, as well as compare risk exposure for the two stakeholders: contributors are
sensitive to an increase in the contribution rate, and retirees are sensitive to a decrease

of the pension rate.
e Contribution rate and pension rate

We first examine the potential variations in the contribution and pension rates
by comparing the Value-at-Risk (VaR) at a specified yearly confidence level of u =
0.995. To compute the long-term quantiles, we employ the maturity approach, as
presented by [Devolder & Lebegue, 2016 |, which has also been incorporated within the
SIT (Solvency 2) legislation through the duration-based equity risk sub-module. This
approach is particularly suited for the analysis of assets and liabilities with prolonged
time horizons and distinctive characteristics.

In our analysis, parameter quantiles are computed employing a risk measure, while
the confidence level employed is regarded as a probability, consistent with the Proba-
bilistic criterion proposed by Hiirlimann [Hiirlimann, 2010].

The corrected quantiles at maturity represent the probability that the longevity

correction does not exceed a particular quantile, adjusted based on a confidence level
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of 0.995 raised to the power of T. Accordingly, we evaluate the 5-year and the 20-year

Value-at-Risk 10 of the contribution rate via
VaR,r(mr) = linIg Pl <1] > u® (21)
€

For the pension rate, we are looking at scenarios corresponding to a loss for the
retirees. We evaluate the 5-year and the 20-year Value-at-Risk of the pension rate rate

via

VaRy_yr (67) = ligﬂg Plor < 1] < (1 —uT) (22)

Table 8.: Value-at-risk evolution for the contribution rate and pension rate ACF
model

VaRoors(ms) VaRogo(mo)  m0  VaRoo2s(0s5) VaRoi(d20) 620

0.3544 0.3675 0.3622 0.5358 0.5207 0.5243

The Value-at-Risk results reported in Table 8 show that both the contribution rate
and the pension rate exhibit very limited tail variability. The difference between the
VaR and the expected value is below 1% even at the 20-year horizon. This implies
that the automatic Musgrave adjustment stabilizes the PAYG equilibrium, effectively
absorbing demographic shocks. From an economic point of view, this low volatility
means that contributors face a limited risk of sudden increases in contribution rates,
while retirees are protected against large downward corrections in benefits. In prob-
abilistic terms, the system’s sustainability risk is small, confirming the capacity of
the Progressive Defined Musgrave mechanism to maintain intergenerational balance
under uncertainty. Nevertheless, the variability of these rates over time poses financial

challenges for both contributors and retirees.

10The probability level is adjusted according to the horizon,1 — 0.995% &~ 0.025 and 1 — 0.995%° ~ 0.1
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e longevity heterogeneity correction factor

The variations of the longevity heterogeneity correction factor both on the left and
right tail of the distribution affect the pension benefit level within all classes. We will
focus on the quantiles (Q,r /o and Q_,r j2)of their distribution for a probability level

u” given by the VaR adjusted confidence level.

Table 9.: 0.1 and 0.9 Quantiles of the longevity correction ACF model

01(20)  05(20) 63(20)

Qo1 1.0691 0.9941 0.9474
Qoo 1.0875 0.9996 0.9575

Table 9 shows the 0.1 and 0.9 quantiles of the longevity correction in the ACF model
for three socioeconomic classes. The inter-quantile range is wider for the low income
group, indicating that the distribution of longevity heterogeneity is more spread out
for the low-income class than for the average and high-income classes.

In the PDM system, the variations in the longevity correction are more important
for the low-income group, as the longevity gains in this group are less important
relative to the total population. This translates into a more advantageous correction
for the low-income group. In Figure 7, we present the distribution of correction at the

projection horizon (T" = 20):
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Figure 7.: Distribution of the longevity heterogeneity correction factor after 20 years,
ACF model
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The support of the distribution of the correction factor is clearly disjoint for the

three classes at the projection horizon.
e Class replacement rate

We next analyze how the two adjustment mechanisms proposed propagate to the
replacement rates by class. Analyzing the distribution of class replacement rates at the
projection horizon (Figure 8) provides insights into the fairness and variability within

the pension system.
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Figure 8.: Class replacement rate distribution after 20 years, ACF model
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When comparing the Figure 7 and Figure 8, we observe that the shape of each
distribution are similar due to the proportionality between the longevity correction
factor and the class replacement rate. We also focuses on the distribution of the class
replacement rate differences. We presented in figure 6 that over time the evolution
differed between low and high income classes. Figure 9 shows the distribution of the

differences at the horizon of projection.
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Figure 9.: Class replacement rate distance
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Table 10 reports the interdecile gaps of the class replacement rate distributions at

the projection horizon.

Table 10.: interdecile gap in the ACF model at the projection horizon

QO.I QO.Q QO.9 — QO.l
Tr{®2%) 05640 05794  1.54%

Tr{299 05934 05409  1.75%
Tr{2%) 05000 05185  1.85%

It is notable that the interdecile gaps increase with income class, revealing that high-
income groups experience greater variability in replacement outcomes. This pattern is
economically consistent: higher-income individuals face higher exposure to longevity
and return uncertainty, while lower-income individuals are partially protected by the

progressive transformation in the benefit formula. Consequently, the quantile analysis
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confirms that the system not only remains stable overall but also preserves progres-
sivity under uncertainty, ensuring that risk is redistributed in a socially equitable
manner.

Therefore, the quantile analysis highlights two complementary results. At the macro
level (Table 8), the PDM system exhibits strong stability and limited systemic risk. At
the micro level (Table 10), progressivity is preserved even under stochastic conditions:
risk is redistributed toward higher-income groups, while low-income groups retain
higher and more stable replacement rates. Together, these findings confirm that the
PDM system achieves its dual objective of financial sustainability and social fairness

under demographic uncertainty.

4.3. Risk-model analysis

In order to test the sensitivity of the results to alternative demographic evolution, we
present in this section the results of the PDM system using for the mortality pattern

the CAE model instead of the ACF.1 one.

e longevity heterogeneity correction factor
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Figure 10.: Forecast of the longevity heterogeneity correction factor CAE model
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The forecast of the longevity heterogeneity correction factor in the CAE model,
as shown in Figure 10, reveals a noticeable dispersion compared to the ACF model.
Unlike the ACF model, the extremes quantiles of the correction distribution in the
CAE model appear to overlap at the projection horizon, indicating potential variations
in the correction for each socioeconomic class. To further investigate these variations,
we analyze the 20-year quantiles of the longevity correction for the CAE model, as
presented in Table 11. The Qo1 and (o9 quantile values provide insights into the
potential range of losses or gains in the correction for each socioeconomic class after
20 years. Contrary to expectations, the quantile analysis reveals consistent correction
outcomes across different income classes. Although the quantiles of the distribution
in Figure 10 appeared to intersect with this probability level, indicating a possible
overlap, our findings affirm the persistent progressive nature of the system across

classes at the projection horizon.
o C(lass replacement rate

From Table 11 we notice that the CAE model underestimates the mortality for the
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Table 11.: 20-year Quantiles of the longevity correction CAE model

01(20) 65(20) 63(20)

Qo1 1.0470 0.9761 0.9206
Qoo 1.1110 1.0268 0.9636

low-income population relative to the total population and overestimates the mortality
for the high-income population. When observing the differences in class replacement
rate projected in the CAE model in Figure 11, the distances are not as pronounced as

in the ACF model for the low income group compared to the high income group.

Figure 11.: Class replacement rate distance distribution, CAE model
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This indicates that, despite increased variability in the CAE model, the system
remains progressive, as evidenced by consistently positive distances. Even at the left
tail of the distribution of the class replacement rate distance, the PDM system ensures

progressivity in the class replacement rate, which is reassuring for the acceptability of
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such a system.

Table 12.: Interdecile gap in the CAE model at the projection horizon

Qo.1 Qoo Qoo — Qoa
Tr{®239 05498 05821  2.60%
Tr{2939) 05107 05400  2.66%
Tr{29%9) 04904 05081  2.76%

The interdecile gap in the CAE model at the projection horizon (Table 12) is greater
that in the ACF.1 model. This confirms the more important variability already ob-
served in the longevity heterogeneity correction factor.

We observe that the longevity heterogeneity correction factor is directly affected by
the choice of mortality model. The ACF.1 model shows limited overlaps in the distri-
bution of the correction, indicating a progressive aspect of the class replacement rates.
On the other hand, when comparing the results with the CAE model, the overlaps in
the distribution become more evident. This highlights the risk associated with distri-
bution overlap, as it leads to a loss of the progressive nature of the class replacement
rates.

The variations in the longevity heterogeneity correction factor have important im-
plications for the pension system. They can affect the benefit levels for different so-
cioeconomic classes, potentially leading to disparities in pension outcomes.

Those observations underscore the importance of carefully selecting the mortal-
ity model and considering the implications of the longevity heterogeneity correction.
It highlights the need for equitable pension systems that account for variations in
longevity and socioeconomic factors while ensuring fair and progressive class replace-

ment rates for retirees.

5. Conclusion

In many countries, demographic and economic evolutions put an important pressure on
the sustainability of PAYG pension schemes. Fairness between successive generations
should force the public authorities to find a better equilibrium and risk sharing in

terms of contributions and benefits. However, the implementation of pension reforms
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should also integrate important socio-economics disparities. Figures in many countries
show indeed important differences in terms of life expectancy between socio-economic
classes. Therefore, financial sustainability, inter-generational risk-sharing and intra-
generational fairness should be simultaneously taken into account.

This paper has proposed an answer to this double challenge, by mixing two auto-
matic adjustment mechanisms: the first one based on the Musgrave rule for the intra
generational financial equilibrium; the second one based on progressive pension rates
for the socio-economic aspect.

The two mechanisms are introduced in a stochastic framework in which, consis-
tent with empirical evidence, the heterogeneity of longevity between different socio-
economic classes is represented not only by different levels of initial survival rates but
also by different trends.

The projections highlight that applying the Musgrave rule enables a more equitable
sharing of the financial impact of demographic ageing between workers and retirees.
Over time, contribution rates adjust upward while pension benefits adjust modestly
downward, reflecting a gradual and balanced redistribution of costs. This approach
supports the long-term sustainability of the pension system without placing undue
strain on the active population or undermining the adequacy of retirement income,
offering a pragmatic path for policymakers seeking fairness and financial stability.

Moreover, implementing progressive pension rates based on socioeconomic status
enables differentiated replacement rates across income groups, enhancing the social
acceptability of benefit adjustments. In this framework, lower-income individuals re-
tain relatively higher replacement rates compared to their more affluent counterparts,
helping to preserve retirement adequacy for the most vulnerable while aligning the
system with principles of equity.

From a policy perspective, several insights emerge from this framework. First, auto-
matic adjustment mechanisms offer a pragmatic alternative to politically sensitive ad
hoc reforms, enabling smoother adaptation to demographic shifts. Second, explicitly
accounting for longevity disparities is essential to ensure fairness within generations.
Third, the persistence of outcome disparities under different mortality assumptions

highlights the need for differentiated policy tools rather than uniform solutions. In
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particular, recent experiences of pension reform in Europe (for instance France or
Belgium) illustrate the importance of this feeling of fairness between social classes,
in order to get acceptance of a new pension system. Increase of life expectancy is of-
ten advocated by regulators to postpone uniformly the retirement age or cut linearly
the benefits. Acceptance of these principles can be threatened because of the exis-
tence of different evolutions of life expectancy between classes. The double mechanism

proposed in this paper tries to answer this dilemma by simultaneously:

e taking into account sustainability constraints by a global adaptation of contri-
butions and benefits;
e avoiding unfair consequences through a segmented socio-economic approach

based on observable and available data (salaries).

Finally, transparent communication about these mechanisms is crucial to enhance
public understanding and social legitimacy. In summary, sustainable pension reform
requires the integration of financial stability, intergenerational solidarity, and intragen-
erational social justice. These goals can be achieved through dynamic, differentiated,

and transparent tools such as those proposed in this study.
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