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Abstract. Elaborating on equations introduced by Gross et al. (Water, 2019, 11, 2207), a
method for estimating the mean property experienced by a passive or reactive tracer is
developed in the Eulerian framework by seeking inspiration in the age theory that is part
of CART (www .climate.be/cart). The relevant age concentration distribution function is
defined, the zero-th and first order moments of which lead to the sought-after diagnosis.
All of the relevant variables are the solution of partial differential problems involving
reactive transport equations. A simple method for numerically solving the distribution
function equation is outlined. The concept of partial property exposure is introduced. The
link between age and property exposure related variables is highlighted. Then, three test
cases are tackled, leading to results in accordance with elementary physical intuition,
contributing to lend credence to the novel diagnostic approach. Generic boundary
conditions are introduced (Appendix A). Relevant inequalities are thoroughly derived in
the context of a general study of a region of freshwater influence (ROFI) (Appendix B).
Time is now ripe to assess the potential of the novel method for diagnosing numerically-
simulated realistic (reactive) transport processes taking place in geophysical and
environmental flows.

Keywords: environmental flows, reactive transport, diagnostic variables, property
exposure, age, distribution function, CART
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1. Introduction

Today's numerical models environmental fluid flows and the associated reactive transport
processes, and, to a lesser degree, field data collection systems produce vast amounts of real
numbers. Making sense of them (i.e., identifying key processes and establishing causal
relationships between them) is no trivial task. Analysing primitive variables (velocity
components, pressure, temperature, concentrations, etc.) is not always conducive to the most
fruitful interpretations (see, e.g., Lucas and Deleersnijder 2021 and references therein). An
option worth considering consists in examining auxiliary variables, e.g., local effective
diffusivities estimated a posteriori (Petton et al. 2020) or timescales such as the age or the
residence/exposure time, introduced for diagnostic purposes (see, e.g., Deleersnijder et al.
2018, Lucas and Deleersnijder 2020, and references therein). Such variables may also be
instrumental in designing reduced-dimension models, which may be used as interpretation or
simplified prediction tools (see, e.g., Deleersnijder 2009, Mouchet et al. 2012, Lucas and
Deleersnijder 2020, and references therein).

The age, one of the diagnostic variables referred to above, is usually defined as the time
elapsed since leaving the relevant region of origin (e.g. Bolin and Rodhe 1973, Zimmerman
1976, Takeoka 1984). It has been estimated by means of various techniques. Some of them
were inspired by radiocarbon dating (e.g. Doney and Jenkins 1994, Campin et al. 1999, Liu et
al. 2020), whilst others consisted in evaluating the time lag between concentration time series
(Salomon et al. 1995). These approaches as well as a few others (e.g. Kazemi et al. 2006,
Cornaton et al. 2011) yield age values that are not exactly in accordance with the
abovementioned definition and, unsurprisingly, are impacted by systematic biases that, in
some cases, may be very significant (e.g. Beckers et al. 2001, Delhez et al. 2003, Delhez and
Deleersnijder 2008). On the other hand, a number of model studies were based on age
equations that were flawless but poorly justified in the related articles (e.g. Thiele and
Sarmiento 1990, England 1995, Venkatram et al. 1998, Hirst 1999).

These shortcomings prompted some authors to build theories for evaluating timescales at
any time and location that would be in strict accordance with their definitions, i.e. approaches
that would not rest on simplifying assumptions that are not always valid. Having recourse to
the concept of Green's function has proved to be a fruitful option (e.g. Hall and Plumb 1994,
Holzer and Hall 2000, Cornaton and Perrochet 2006, Holzer and Primeau 2006), although it
does not allow dealing with tracers subject to non-linear production-destruction processes.
The Constituent-oriented Age and Residence time Theory (CART, www .climate.be/cart) (e.g.
Delhez et al. 1999, Deleersnijder et al. 2001, Delhez et al. 2004) allows overcoming this
problem since it provides partial differential equations aimed at evaluating the age of every
constituent or group of constituents (i.e., an aggregate) irrespective of the nature of the
reactions it may be involved in. The core variable of CART's age theory is the concentration
distribution function, which, in its most general form, depends of five independent variables
(i.e., time, three space coordinates, age). Explicitly calculating it is generally uneasy (Delhez
and Deleersnijder 2002). However, obtaining the mean age in the sense of the age-averaging
hypothesis (Deleersnijder et al. 2001) is much less demanding, for the latter is the ratio of two
variables obeying rather classical reactive-transport equations, i.e., the age concentration and
the concentration. As was pointed out by Deleersnijder et al. (2020), initial and, above all,
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boundary conditions must be prescribed with care so as to obtain timescales that are in
accordance with the declared objective of the diagnostic strategy.

Several attempts have been made to generalise the concept of the age of a dissolved
constituent of a fluid mixture. Suspended and deposited sediment ages were simulated
numerically (Mercier and Delhez 2007, Gong and Shen 2010, Ralston and Geyer 2017,
Munhoven 2020) as well as the age of substances adsorbed on sediment particles (Delhez and
Wolk 2013). Seeking inspiration in Liu et al. (2012), Mouchet et al. (2016) introduced the
notion of partial ages, which consists in, schematically speaking, attaching several clocks,
rather than a single one, to every particle of the constituent under study. In the framework of
CART, various approaches to the evaluation of the age of sea ice have been suggested (e.g.,
Lietaer et al. 2011, Deleersnijder and Bouillon 2017). Deleersnijder (2008) outlined how
CART's methodology could be applied to the evaluation of the age of energy-containing
eddies in a turbulent flow and, later on, attempted to generalise this line of reasoning to non-
positive definite variables (Deleersnijder et al. 2017), which has met with little success.

Relying on splendid physical intuition and in-depth understanding of CART's age concept,
Gross et al. (2019) pioneered a novel approach, eventually yielding the “mean property
experienced by a tracer”. This variable does not have the physical dimensional of a timescale.
Instead, its physical dimension is that of the property under consideration, which, moreover,
is not necessarily positive definite. According to Gross et al. (2019), the new diagnostic
quantity is obtained as the ratio of the property-age-concentration to the age-concentration.
The latter variable is taken from CART, whereas the former is completely new.

The objective of this working note is to substantiate, document and illustrate (by tackling
instructive test cases) the method suggested by Gross et al. (2019). To do so, it is first
necessary to return to the fundamentals of CART, which will help unravel the type of
averaging lying at the core of the method of Gross et al. (2019).

2. CART's age averaging hypothesis

The core variable of CART is the concentration distribution function', ¢(¢,x,7), where f,
x=(x,y,z) and 7 denote the time, the position-vector and the age (as an independent
variable), respectively. In the framework of the Boussinesq approximation, where constant p
is the reference density of the fluid mixture under consideration, the concentration distribution
function of one of its constituents is defined as follows (e.g. Delhez et al., 1999):

At time 1, let 6C2 represent the elemental control domain located at point X, whose
volume is 8V . The mass of the constituent under consideration contained in €2 , whose
age lies in the interval [7,7+07], tends to pc(7,X,7)0V 97 in the limit 6V ,0T — 0.
The physical dimension of the concentration distribution function is time™".

The concentration distribution function may be regarded as the histogram of the concentration
as a function of the age of the particles of the constituent under consideration that are present

" Function c¢(t,x,7) was called “age distribution function” by Delhez et al. (1999) and “concentration

distribution function” in Deleersnijder et al. (2001). Considering everything, the second expression should be
preferably used, for c(z,x,7) quantifies the distribution of the concentration in “age bins”.
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in 002 . It can be defined for every constituent, be it passive or not.

Assuming that advection and (turbulent) diffusion proceed independently of the age (this
assumption obviously is valid in the vast majority of cases, if not in all of them), the equation
governing the evolution of the concentration distribution function was established on the basis
of mass budget considerations alone (Delhez et al. 1999, Deleersnijder et al. 2001):

% g Ve(ev-K-Ve) - % @.1)
ot ot

where v(¢,x) and K(#,x) denote the velocity field and the eddy diffusivity tensor,
respectively; the velocity is divergence-free (Boussinesq approximation) and the diffusivity
tensor is symmetric and positive-definite (e.g., Deleersnijder et al. 2001); 0 is related to
reactions and, hence, is zero if the constituent is passive. The physical dimension of 6 is
time2 .

Let C(z,x) denote the concentration defined as a mass fraction (i.e., a dimensionless
variable). Then, the mass of the constituent present in 602 is

pCtx)8V = lim ¥ pe(tx.1)8VSr = [pc(t.x.1)5V dr 2.2)
61—0 7=0 0
yielding directly
Ctx) = [etx.r)dt 2.3)
0

meaning that the concentration is the zero-th order moment of the distribution function.
Integrating (2.1) over the age leads to the equation satisfied by the concentration:

9P _ fodr - V(cv-K-VO) (24)
ot 0

The age content was defined by Deleersnijder et al. (2001) as the sum of the products of
the mass and the age of every particle. For the constituent under consideration in elemental
control domain €2, the age content is

patx)8V = lim Y [pc(tx,7)8Vor|T = _[pc(t,x,f)f6V drt (2.5)
601—0 7=0 0
where
atx) = [c(txr)Tdr 2.6)

0
is termed the age concentration and is the first-order moment of the concentration distribution
function. Like mass, the age content is an additive or extensive quantity. This is why the age
concentration satisfies a conservation equation,

da

= jerdr + C - Ve(av-K-Va) (2.7)
0

which is derived by integrating over the age the product of (2.1) and the age (7).
Deleersnijder et al. (2001) suggested that the mean age, a(t,x) , be evaluated as the mass-
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weighted average of the relevant particle ages, i.e.,

()

petx,8Ver]t  [petxr)TdVdr

Z{) [ 0 OC(I,X)
))
7=0

a(t,x) = lim
ot—0

= = (2.8)

s C(t,x)
[p et x,1)8V 51] [pettx.0)8V ar

0
where the blue and red colours are associated with mass and age, respectively. This type of
averaging, which is not the only one that could be contemplated, is the only arbitrary element
in CART's age theory. Clearly, the mean age is an intensive variable, which, as a
consequence, does not obey a conservative equation (Deleersnijder et al. 2001).

If the concentration distribution function is available, then the mean age can be calculated
as the ratio of the first order moment to the zero-th order one thereof. However, as was
pointed out above, evaluating the distribution function is no trivial task, especially for a long-
tailed distribution function (Cornaton 2012). Therefore, many authors do not tackle equation
(2.1) and, instead, solve the age concentration and concentration equations, and eventually
obtain the mean age as the ratio of these variables (see, e.g., Deleersnijder et al. 2020 and
references therein). The latter approach is feasible provided the reactive terms in (2.4) and
(2.7) can be expressed in terms of the age concentration and concentration, which holds true
for radioactive tracers (e.g., Delhez et al. 2003), sediment-related variables (Mercier and
Delhez 2007, Gong and Shen 2010, Delhez and Wolk 2013, Ralston and Geyer 2017,
Munhoven 2020) or a number of processes taken into account when modelling marine
biology or chemistry (e.g., Delhez et al. 2004, Radtke et al. 2012), but is not necessarily
beyond reproach (e.g., Deleersnijder 2019a).

Needless to say, none of the developments of this Section is novel. However, reviewing
them will help build the theory for evaluating the mean property experienced by a tracer.
Accordingly, in the next Section, an attempt will be made to derive the equation introduced
by Gross et al. (2019) from that governing the suitable distribution function.

3. Mean property experienced by a tracer

The property to which the mean exposure is to be estimated is denoted Y (z,x). Its precise
physical meaning is unimportant in the present context. It is not necessarily a positive definite
quantity: it may be assumed that ¥ (#,X) €]—oo,+oo . Hereinafter, it will be necessary to
introduce an independent variable, &, that is equivalent to w(#,x) in the calculations related
to the distribution function (Table 1)

As for CART's age theory, a distribution function is to be introduced. Accordingly, the age
concentration distribution function, 71(z,x,&) , is defined as follows:

At time 1, let 6C2 represent the elemental control domain located at point X, whose
volume is 0V . The age content of the constituent under consideration contained in €2,
whose property exposure lies in the interval [£,E+0&], tends to pn(z,x,E)8V 6 in the
limit 8V ,86 — 0 . The physical dimension of the age concentration distribution function
is time X [y ]!, where [y] denotes the physical dimension of property v .
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From age content budget considerations, the equation for the above-mentioned distribution
function is obtained:

%—7 = [+ Co[E-w(t,x)] — Ve(mv-K-Vn) (3.1
where & is the Dirac delta function®. The first term in the right-hand side member of (3.1) is a
source-sink term related to the reactions that the tracer might undergo and obviously is zero if
the tracer is passive; its physical dimension is the inverse of that of property y . The second
term is zero except for a value of & equal to the local value of property y . In other words,
this source is active only at the local value of property y(7,x), hence the need to have
recourse to the Dirac delta function.

For the tracer under consideration, the age content of 62 is

pa(tx)8V = %imo Y, pnx.)8Ver = [ pn(t.x.£)5V dé (32)
-
E=—co oo
yielding directly
atx) = [ nx.8)dE (33)

meaning that the age concentration is zero-th order moment of distribution function 1(z,x,&).
Integrating (3.1) over & must lead to the equation governing the age concentration, i.e.
relation (2.7), which requires that

[[u+cColE-yx)dé = [ordr + C (3.4)
oo 0
It is readily seen that

[ cole-yaxnat = ¢ (3.5)

—oo

implying that constraint (3.4) actually simplifies to

[wag = [orar (3.6)
—oo 0
Thus, there must exist a strong link between the age-related variables and those associated
with the calculation of the property experienced by a tracer. This issue is briefly addressed
below.
At time ¢ and location x, the mean property experienced by the tracer is defined as the age
content weighted average of the relevant particle property exposure, i.e.,

* It is worth bearing in mind that the physical dimension of the Dirac delta function is the inverse of the physical
dimension of its argument.

6 of 30



Working note

Table 1. Brief definition of the variables involved in age and property exposure calculations.

The square brackets refer to the physical dimension of the related variable. The property of

interest is denoted v . It is a function of time ¢ and position vector X. The age concentration is

a variable involved in both methods, underscoring the link between them.
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oo

Y [pnexSVEEIS [ pnexHESVAE [ nexdEdE

bx) = fim = = = ==
Y [pna.x.6)8v ] [ pnexgovas [ nex.£)dé
§=—c0 —oo oo

(3.7)

where the blue and red colours are associated with the age content and property value,
respectively. This type of averaging, which is not the only one that could be contemplated, is
the only arbitrary element introduced in this section. Clearly, the mean property experienced
by the tracer is the ratio of the first-order moment of the distribution function to the zero-th
order one. The latter is the age concentration, whilst the former was called property age
concentration by Gross et al. (2019). It reads

Blt.x) = jn(r x.8) & dé (338)
so that the mean property experienced by the tracer is to be evaluated as follows
1,X
b(t.x) = PEX) 3.9)
o(t,x)

The property age concentration (resp. the mean property exposure) is an extensive (resp.
intensive) variable. This is readily understood.

Taking the first-order moment of (3.1) leads to the equation obeyed by the property age
concentration:

aﬁ jugdg + Cy — Ve(Bv—K-Vp) (3.10)

If the tracer is passive (u =0), then (3.10) simplifies to an equation equivalent to relation (8)
of Gross et al. (2019). The second term in the right-hand side member of (3.10) stems from
the first-order moment of the second-term in the right-hand side of equation for the age
concentration distribution function (3.1),i.e.,

[corg-yaxngds = ¢ [oie-yux1£dé = cy (3.11)

This source-sink term represents the imprint of the value of property y(¢,x) on the property
age concentration at time ¢ and location Xx.

For a tracer undergoing a first-order decay at constant rate A (e.g., a radioactive tracer
whose mean life and half-life are A1 are (log2)A~! =0.7x 1~1), the reactive terms (2.1) and
(3.1) read 6 =—Ac and u=-An, respectively, since, when disintegrating, the tracer particles
“take their age or property exposure along with them”. For such a tracer, the first term in the
right-hand side member of the concentration, age concentration and property age
concentration are —AC , —Aoc and —Af3 , respectively.

Now consider a tracer produced at rate ©(7,x) with the age A(z,x), which should not
always be prescribed to be zero (e.g. Delhez et al. 2004). In this case, the reactive term in
(2.1) and (3.1) must be 6=08(t—A) and u=0OA6(E—- =), where Z(¢,x) is the property
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exposure at which the tracer is produced, which is not necessarily zero. Then, the first term in
the right-hand side member of the concentration, age concentration and property age
concentration are @ , @A and OAZ , respectively.

The equation for the concentration distribution function encompasses first order derivative
dc/dt . This term requires an appropriate discretization and a sufficient resolution in the age
direction, which likely leads to a high computational cost. In contrast, the equation obeyed by
the age concentration distribution function encompasses no derivative in the &-direction,
implying that tackling it could be much more feasible. Distribution function 7 may be split
into unrelated discrete variables n f (¢,x) , where subscript ““j” refers to interval [£ j NS j+l] , with
j €[1,J]. Then, the equations to be solved are

on;
ot
where 1; is a suitable discrete form of source-sink term g in the j-th interval, whilst
=S if Wt x)€l§;.64]

) B 3.13
S[E -y (1.x)]; {0, if w(t,x)€[&;,8;41] o

is the (simplest) discrete form of Dirac impulse function 8[& —w(¢,x)] . If it is acceptable to

=M; + C5[§—l//(t,x)]j - V-(njv—K-an) . j=1J (3.12)

deal with a small number of property intervals, solving equations (3.12) may be achieved at a
reasonable computational cost.

The mean property exposure may be obtained from the first two moments of the
distribution function. The latter may be computed explicitly from the solution of (3.12).
However, the mean property experienced by a tracer may also be derived from the ratio of the
solutions of the property age concentration and age concentration equations. They must be
solved under initial and boundary condition that are not independent of each other. As for age
calculations (Deleersnijder et al. 2020), the initial and boundary condition should be
prescribed first for the age concentration distribution function (even if the associated equation
is not solved explicitly). Then, the zero-th and and first order moments of them should be
evaluated, yielding the auxiliary conditions under which the age concentration and property
age concentration equations should be solved (Appendix A).

It is believed that, as in most age studies relying partly or entirely on CART's diagnostic
tools (e.g., Tang et al. 2021, Hong et al. 2020, Pinilla et al. 2020, Pham Van et al. 2020, Wang
and Shen 2020, Grosse et al. 2019, Du et al. 2018, Liu et al. 2017, Kéirnd and Baptista 2016,
and references therein), the equation governing the distribution function will rarely be solved
explicitly. Instead, the mean property experienced by the tracer will likely be obtained from
the solution of the age concentration and property age concentration equations as was
suggested in Gross et al. (2019).

Partial property exposures may be introduced by seeking inspiration in the concepts of
partial ages (Mouchet et al. 2016) and partial residence/exposure times (Lin and Liu 2019).
First, the domain of interest is split into non-overlapping subdomains (e.g., hydrodynamic
provinces, or habitats in an ecological study), which are denoted €2, (i=1,/). Then, if no
reactions are to be taken into account, the equations for the partial property age
concentrations, f;(z,x) , are
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aa[j Cl//5_Q — Ve(Biv-K:VB) , i=11 (3.14)
where 6 Q; denotes the characteristic function of the i-th subdomain, i.e.,
5o (x) 1if xe (3.15)
%% Z 0 if xe '
The partial property exposures are then
byt x) = DX (3.16)
o(t,x)
Since
1
Db =1 (3.17)
i=1
the partial property age concentrations satisfy
B(t,x) = Zﬁ(t X) (3.18)
implying that
t t
bit.x) = PO Zﬁ( X) Zb(t X) (3.19)

o(t,x) oo

Partial property exposure may turn out to be of use in connect1v1ty studies (among others).

4. Test cases

An open question is as follows: how should diagnostic approaches be validated prior to
applying them to realistic model results? As far as diagnostic timescales and variables of a
similar nature are concerned, this issue is particularly challenging: comparison with field data
is intrinsically questionable, for, to put it simply and perhaps crudely, tracer particles do not
wear a clock or any other measuring instrument’. Nonetheless, validation activities should be
carried out. Potentially interestingly lines of thought about validation in general may be found
in Oreskes et al. (1994), Dee (1995), Deleersnijder (1996), or Lane and Richards (2001).

Although a comprehensive methodology for validating studies using diagnostic timescales
has yet to be set out, it is noteworthy that some authors made attempts to check, by means of
analytical developments, the inner consistency of the partial differential problems that were
dealt with. For instance, it was seen that the diagnostic tracer concentrations are well behaved
and that their ages are positive definite and smaller than or equal to the elapsed time (e.g.,
Deleersnijder et al. 2001, de Brye et al. 2012, Deleersnijder 2019b).

A positive point for the theory of property exposure is that, in the preceding Section, no

? Of course, it is possible to compare numerically simulated diagnostic quantities with their counterparts
evaluated from relevant in situ tracer measurements (e.g., Downing et al. 2016, Gross et al. 2019, Lucas and
Deleersnijder 2020 and references therein). However, except in very special cases (e.g., Deleersnijder 2011,
Deleersnijder 2014), these quantities usually are inherently different and, hence, for the comparison to be
meaningful, the order or magnitude of the related systematic bias must also be estimated, which is rarely done.
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insurmountable hurdle has been found when expressing the reactive terms for a tracer
undergoing a first-order decay process and a tracer being produced at an arbitrary rate. This
does not imply that the theory is correct; it simply means that no blatant inner inconsistency
has been uncovered thus far.

Hereinafter, seeking inspiration in the aforementioned validation activities, idealized flows
will be tackled in which the mean property experienced by a tracer can be evaluated
unquestionably without having recourse to the diagnostic strategy of Gross et al. (2019).
Then, the latter will be seen to yield similar results, helping to lend credence to the novel
diagnostic method.

4.1. Time-dependent property in an isolated domain

Let €2, I' and n denote the domain of interest, its boundary, which is impermeable, and the
outward unit normal to the boundary, respectively (Figure 1). Assume that a tracer, whose
concentration is C(t,X), is present in the domain. It undergoes a first-order decay
characterized by (constant) timescale A1, so that the reaction term in the concentration
distribution function equation reads 6 =—Ac . The property to which the mean exposure is to
be estimated is independent of the position and, hence, is denoted y (7). If the initial mean
property exposure is zero, then physical intuition suggests that the mean property experienced
by the tracer must be equal to the time mean of y(¢),1.e.,

t
b(t,x) = %jy/(t') dt’ 4.1.1)
0

Is this result consistent with the equations laid out in Section 3?

[': impermeable boundary

2 : domain of interest

v(t,x) : velocity

K(t,x) : diffusivity tensor

C(t,x) : tracer concentration

Y(t, x) : property of interest

n: outward
unit normal

Figure 1. Illustration of the domain of interest (£2) limited by impermeable
boundary I in which a time-dependent, position-dependent property experienced
by a tracer undergoing a first-order decay is evaluated.
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Concentration C(¢,x) and age concentration ¢(#,x) are the solutions of the following
partial differential problems:

a9C = —-AC — V+(Cv-K-VC)
- 4.12)

C(0.x)=C%%x), [(Cv-K-VC)en]| =0

and
Jo

—_— = —A, C - V' —K‘V
ot @ (av *) (4.13)

(0.x)=0, [(av-KeVa)en] =0
It is readily seen that
o(t,x) = C(t,x)t “4.14)
so that the age is equal to the elapsed time,
at.x) = 280 (4.15)
C(t.x)

Although the concentration and age concentration depend on the rate of decay, A, the mean
age does not. This is because the domain is limited by impermeable boundaries and the tracer
particles “take their age along with them at the instant they decompose”. Accordingly, the
concentration and age concentration satisty (C,o) = e M(C 00y, where subscript “p” refers
to the variables that would be obtained by setting A =0 (passive tracer) without modifying
any other aspect of the problem under consideration.
The property age concentration obeys

9B

e -AB + Cy — V«(Bv-K-.Vp) @4.16)

BO.x)=0, [(Bv-K:VpB)en] =0

yielding
B(t.x) = Ct.x) [y () ar 4.1.7)
0

so that (4.1.1) is correct. QED.

Irrespective of its time variations, the mean property experienced by the tracer does not
depend on the rate of decay of the tracer, A. This is because the property age concentration
satisfies B =e 43 > Where ,Bp is the property age concentration that would be obtained if
the tracer were passive (A =0), implying that

Bax)  eMB,tx)  B,(t.x)

b(t,x) = atx) e Ma,(tx)  o,x)

(4.1.8)

In other words, expression (4.1.1) remains valid for a passive tracer (A =0).

It is worth underscoring that it is not necessary that property ¥ be positive definite.
Assume, for instance, that ¥ = cos(wt)¥ , where ¥ is a constant (whose physical dimension
is unimportant in the present context) and @ is the appropriate angular frequency.
Unsurprisingly, the mean property exposure is
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t
b(t) = %Jcos(wt’)‘f’ dr’ =
0

sin(wt)
wt

bd 4.1.9)

which illustrates that the sign changes of the property under consideration cause no problem
to the calculation of the mean exposure to it. In the present case, the oscillatory nature of the
property implies that the mean property experienced by the tracer tends to zero as time
progresses, i.e.,

sin(@wt)

limb(t) = lim
t—yoo t—oo 1

Y=0 (4.1.10)

4.2. Position-dependent property in a one-dimensional, steady-state flow

Consider a semi-infinite channel for which space coordinate x denotes the distance to the
entrance, with 0 <x <o (Figure 2). Let S(x) and U(x) represent the cross-sectional area and
the velocity, which are such that volumetric flow rate Q = S(x)U(x) is constant. All variables
are at a steady state. Along-flow diffusive processes are neglected. The property of interest is
time-independent and is a function only of along-flow coordinate x. The age and the property
exposure are assumed to be zero at the channel entrance (x=0).

\

C(x) = const. : tracer concentration

5 ® . )
R & 0 = S(U(x) Y (x) : property of interest
K(x)=0 /
X
x=0

Figure 2. Illustration of the one-dimensional domain of interest, i.c., a semi-
infinite channel with a variable cross-sectional area, S(x). The volumetric flow
rate (Q) is constant and diffusive processes are ignored. The tracer concentration
is constant. The property of interest, y , is time-independent and is a function of
the distance to the channel entrance (x=0).

The time-spent by tracer particles in the space interval [x,x+8x] tends to U~!(x)éx in
the limit 6x — 0 . Therefore, if the tracer concentration is constant, the mean property
experienced by the tracer should be
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fyeut@)ax
b(x) = 2

(4.2.1)

X

jU—l(x') dx’
0

It will be shown that this expression can also be obtained by means of the method pioneered
by Gross et al. (2019).
Concentration C(x) of a passive tracer obeys

d
0 =—(QC), CW)=C, 4.22)
dx
so that
C(x) = C, (4.2.3)
The corresponding age concentration satisfies
d
0=58C+—Qu), a(0)=0 424)
dx
yielding
X
a(x) = Cy [U () dy’ 4.2.5)
0
Then, the mean age reads
o) _ 7
a(x) = = |UI(x)dx’ (4.2.6)
C(x) {

as expected.
The property age concentration satisfies

d
0= SCy ~—-©) . B)=0 4.2.7)
leading to
Bx) = Cy [w U (') ax’ 4.2.8)
0

Dividing (4.2.8) by (4.2.5) yields (4.2.1), as expected. QED.

If the cross-sectional area of the channel and property y are constant, then the velocity is
also constant, and it is readily seen that @ =Cyx/U and B=Cyy x/U , yielding b=y ,
which is in agreement with elementary physical intuition.

4.3. Light exposure in a water column model

Evaluating the amount of light energy that phytoplankton cells are exposed to is a crucial
ingredient in many marine ecology studies (e.g., Huisman et al. 2002, Huisman et al. 2004,
Delhez and Deleersnijder 2010, and references therein). Accordingly, it will be examined
whether or not the method dealt with herein is of any use in this respect.

Consider a water column to which vertical coordinate z is associated, with z=—h (resp.
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z=0) at the seabed (resp. the water-air interface) (Figure 3). Assuming that extinction
coefficient kK (m~!) is a constant, the solar irradiance ( Watt/m~2 ) is (Beer-Lambert law)

I(z) = I ek 4.3.1)
where I, is the irradiance just below the water surface (z — 0~ ). Obviously, the property of
interest is the solar irradiance, i.e., W(z)=1(z). If the upper and lower boundaries of the
domain are impermeable and if the tracer under consideration is passive, the concentration of
the latter will tend to a constant. Therefore, the mean solar irradiance experienced by the
tracer must satisfy asymptotic expression

b(t,2) ~1 , t—e0 (43.2)

where I is the depth-averaged solar irradiance, i.e.,

0
_ 1—e
71 J.I(z)dz ==¢ “433)
h : kh
Water—air =0 4+ —— zero-flux
interface

K(z): diffusivity (>0)

-h=<z<0

C(t,z) : passive tracer concentration

domain of interest :

Y(z) = 1(z) = Iye*? : solar irradiance

water column
bottom

=—h 77— zero-flux

Figure 3. Illustration of the domain in which the solar irradiance experienced by a
passive tracer is to be estimated. All variables are assumed to be horizontally
homogeneous. The eddy diffusivity, K(z), is positive and depends on the vertical
coordinate, z. The solar irradiance is an exponentially decreasing function of the
distance to the surface.

Concentration C(z,z) of the passive tracer to be taken into consideration is the solution of
the following partial differential problem:
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i _ 2]
ot Jdz| 0z 434)

C(0,2)=C%z), [Ka—c}
0z z=—h

0= |:K' B_C}

dz .
where x(z) (>0) is the eddy coefficient, which, for simplicity, is taken to be time-
independent. Owing to the abovementioned impermeability conditions, it is readily seen that
the depth mean of the concentration remains constant:

0 0
— 1 1
C=—[C%dz =+ [C@tadz (43.5)
h h
—h —h
The concentration is
Ct,2) = Y xpe ' 9,(2) (4.3.6)
n=0

where y,, (with ¥, <¥,,;) and @,(z) are the eigenvalues and eigenfunctions of the diffusion
operator, i.e.,

Clxt )=y x| 0[] (431)
dz| dz dz |.__, dz ],
It is convenient to render the eigenfunctions orthonormal:
I A L (438)
h_h(me(Dnz “T0if men o
In addition, it is readily seen that Y, =0 and ¢,(z)=1, so that
0
[e.@d:=0, n=12.3.. 4.39)
~h
As a result, concentration (4.3.6) may be rewritten as follows:
Ct,2) = C + Y xpe ' 9,(2) (4.3.10)
n=1
with
10
to =7 [ C@o@d:, n=123... (43.11)
~h
which is agreement with constraint (4.3.5).
The age concentration obeys
e 2]
ot Jdz| 0z
3 3 (4.3.12)
(0,2)=0, [K—“} =0 = [K—O‘]
0z z=—h 0z z=0

leading to
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a(t,z) = C(t,2)t = Ct + {i Xn e‘Vnt(Dn(z)} (4.3.13)

n=1
The irradiance age concentration, (¢,z) , is governed by the relations

2B 5 aﬁ}
P _ o + L 22
a az[K 2

B(0.2)=0, [K%L_h =0= [K%Lo

The analytical solution to (4.3.14) is likely to be rather intricate. Fortunately, the following

(4.3.14)

asymptotic expansion is readily derived

B(t.z) ~ CTt + Y, Ly 0,(z) , t—>oo (4.3.15)
n=1 n
with
1 0
I =+ [1@@,@de . n=1.2.3... (43.16)

—h
All of the terms omitted in the above relation decrease exponentially as time progresses.
The ratio of the irradiance age concentration (4.3.15) to the age concentration (4.3.13)
leads to
Clt -
b(t,z) ~ Fr +0¢H ~1+0¢YH, tow (4.3.17)
which is equivalent to (4.3.2), as expected. QED.
The irradiance age concentration represents the amount of light energy received by the
tracer particles (Joule/m?), which, unsurprisingly, tends to increase linearly in time as time
progresses, i.e., B(t,z)~CIt as t —> oo

5. Conclusion and outlook

Gross et al. (2019) outlined and briefly applied a method for evaluating the mean property
experienced by a tracer, which is meant to hold valid irrespective of the very nature of the
property of interest, which, for instance, can be a non-positive definite variable. Herein, an
attempt has been made to give this method solid foundations by seeking inspiration in the
theoretical developments that led to CART's age concept. Specifically, a distribution function
has been introduced, the zero-th and first order moments of which are CART's age
concentration and the property age concentration. The ratio of the latter to the former yields
the sought-after mean property experienced by the tracer under study.

It must be stressed that the methodology developed in this working note is not restricted to
passive tracers. It is believed that tracers undergoing reactions can be dealt with. This was
illustrated by cursorily considering two types of reactions, i.e., first-order decay and
production at a prescribed rate.

The age concentration is a variable common to CART's age theory and the property
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exposure theory. Whether or not this would handicap the definition and use of the property
experienced by a tracer has yet to be investigated. Of particular interest is the definition of the
initial and, above all, boundary conditions. The latter cannot be prescribed independently for
all the variables involved. They must be consistent with each other as is the case for the age-
related variables (Deleersnijder et al. 2020). This is outlined in Appendix A.

Test cases were considered for which the mean property exposure can be reliably evaluated
a priori. The method pioneered by Gross et al. (2019) was seen to lead to similar values of the
property exposure, contributing to lend credence to the novel diagnostic approach. Thus far,
no inner inconsistencies have been found in it. Therefore, time is probably ripe for applying
this method to a number of realistic problems, which would allow assessing to what degree it
can help understand complex processes taking place in the aquatic environment and help
develop reduced-dimension models of them.

In this working note all of the mathematical developments are carried out in the Eulerian
framework, although, for the sake of simplicity, most literal explanations are formulated by
having recourse to the Lagrangian vocabulary. Having recourse to the Eulerian formalism has
three distinct advantages. First, establishing properties of the diagnostic variables as part of
the validation activities (for the novel diagnoses, an immense amount of work still remains to
be done) is generally easier to do by manipulating Eulerian equations than dealing with
Lagrangian ones, partly because the latter encompass stochastic terms for representing
diffusive processes (e.g. Hall and Haine 2004, Delhez and Deleersnijder 2006, Delhez and
Deleersnijder 2012). Second, the numerical models for which the diagnoses dealt with above
could be of use are likely equipped with a reactive transport equation solver, which can be
taken advantage of to solve the property exposure related equations. Accordingly, it is not
necessary to achieve significant numerical developments to utilize the novel diagnoses.
Finally, Eulerian numerical schemes are generally better than Lagrangian ones at handling
diffusive operators, especially when eddy coefficients exhibit very steep gradients (e.g.
Spivakovskaya et al. 2007a, Griwe et al. 2012, van Sebille et al. 2018, and references
therein).

Needless to say, computing the property experienced by tracer particles is certainly more
natural in a Lagrangian model. Thus, employing such type of models should also be
contemplated whenever possible and appropriate. Lagrangian methods are generally superior
to Eulerian ones for the representation of advection. They also allow representing rather easily
dispersive phenomena others than those modelled by means of harmonic diffusion (e.g. Visser
2008, van Sebille et al. 2018). However, a poorly-documented shortcoming of Lagrangian
methods lies in the fact that a large number of particles must be seeded into the domain of
interest to obtain accurate concentration fields, possibly requiring greater computational
resources than their Eulerian counterparts to achieve the same level of accuracy. What is
worse, estimating a priori the minimum number of particles needed is not as straightforward
as one would like. Useful guidelines, however, exist (Silverman 1986, Spivakovskaya et al.
2007b).

It must be borne in mind that “well designed Eulerian and Lagrangian schemes converge to
the exact solution as the space and time increments decrease for the former methods, and as
the time resolution and the number of particles are increased for the latter. Therefore,
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discrepancies between Eulerian and Lagrangian simulation results are always due to
numerical inaccuracies (or an erroneous implementation) and, hence, must not be ascribed to
supposedly irreconcilable differences between the two approaches” (adapted from
Deleersnijder 2020).

Appendix A: generic boundary conditions

In Appendix D of Deleersnijder et al. (2020), a generic boundary condition for the
concentration distribution function is provided, which reads*

deVc+ge+v =0 (A.1)
[ ]xeF

where d(7,x) is an appropriate vector, whilst ¢(¢,x) and v(¢,x,7) are relevant scalar
functions. Then, by taking the zero-th and first order moments of (A.l), the boundary
conditions for the concentration and age concentration are obtained, i.e.,

[d-VC+gC+ jv(t,x,r)dr:l =0 (A2)
0 xel”
and

[d-ch+ga+jv(r,x,r)~c dr] =0 (A3)
0 xel”
Depending on the values of functions d, ¢ and v, the above generic expressions may yield
Dirichlet, Neumann or Robin boundary conditions.
The generic boundary condition for the age concentration distribution function is of the
form
[d-Vn+en+1] =0 (A4)

where 1(¢,x,£) must satisfy constraint

[}

Joexmrdr = [wex&)dé (A.5)
0

for boundary condition for the age concentration (A.3) to be equivalent to that derived in the
framework of the property exposure assessment. The latter is the zero-th order moment of
(A4):

[d-ch+gcx+ Jl(t,x,'g’)dﬁ] =0 (A.6)

- xel”

Finally, the property age concentration boundary condition reads

[d-VB+gﬁ+ Tz(t,x,é)fdé] =0 (A7)
xel”

—o0

* Here, notations different from those of Deleersnijder et al. (2020) are used in order to ensure consistency with
those of the present working note.
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which is the first-order moment of (A 4).

The age concentration is common to the age and property exposure diagnostic approaches.
Accordingly, there is a link between them through the reactive terms (see Section 3) and the
boundary conditions as is expressed in constraint (A.5). Failing to satisfy these constraints
will yield inconsistent diagnoses.

A specific case is worth investigating herein. If the age concentration distribution function
is prescribed to be zero on a portion of the domain boundary, denoted I'¢ below, then the age
concentration and property age concentration must also be zero on I'“. Therefore, on this
portion of the boundary, the mean property exposure is the ratio of two variables that are both
zero, which may cast doubt over the well-foundedness of the boundary conditions.

This difficulty is not an insurmountable one. To convince oneself of this, it is first
necessary to write the equation obeyed by the mean property exposure. This is achieved by
manipulating (2.7), (3.9) and (3.10)’, eventually leading to

Db bV G bv-K-Vb) + 2 VaKeVb (A.8)°

ot o o
The first term in the right-hand side member of (A.8) tends to locally nudge mean property
exposure b(t,x) toward value of the property y(¢,x) with relaxation timescale o(#,x). This
is far from counterintuitive. Because of the last term of (A.8), this equation is not in
conservative form (and cannot be cast into such a form) unlike the equations for the age
concentration and property age concentration. This is no surprise: as was seen in Sections 2
and 3, the mean property exposure is an intensive variable, whereas a(¢,x) and B(¢,x) are
extensive ones.

The second step consists in rewriting (A.8) as follows:
Vo K-Vb — ”‘T"’ - %{%JrV-(bv—K-Vb)] (A9)

As the age concentration is zero on I'¢, (A.9) simplifies to
[Voc-K-Vb— b_—"’} -0 (A.10)
xel4

Since o is zero on I'“ and positive in the interior of the domain, (A.10) transforms to the
following Robin boundary condition

[n.K-Vb—b_—‘q -0 (A.11)
2()6” xel 4
with’

o, =nVa <0 (A.12)

The “flux of b” through the boundary, [-n<K- Vb]XE ras is directed toward the exterior (resp.

> For the sake of simplicity, reactive processes are ignored in this Appendix. Taking them into account on a
general basis is likely to be difficult. Presumably, the impact of reactions on boundary conditions should be done
on a case by case basis.

% To obtain this equation, it was necessary to take into account the following constraints (which were introduced
in Section 2): the velocity is divergence-free and the diffusivity tensor is symmetric.

" The age concentration exhibits no variation along the boundary: its gradient is parallel to n and points in the
opposite direction.
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the interior) of the domain if b >y (resp. b<y ) on ['“%, thereby tending to nudge the value
of b toward that of ¥ on boundary I'“.
The above considerations show that, unsurprisingly, the value of the property exposure

tends to be nudged toward the value of the property of interest both in the interior of the
domain (see A.8) and on its boundary (see A.11-12).

Appendix B: upper and lower bounds of the property age concentration

Deleersnijder et al. (2001), de Brye et al. (2012) and Deleersnijder (2019b) thoroughly
established inequalities satisfied by CART-related variables as part of the assessment of the
inner consistency of the considered diagnostic approaches. It is believed that a similar

approach should be applied to property exposure investigations. A cursory illustration thereof
is provided below.

coastal
ocean

domain boundary :
r= I—'riv ureeey I—vimp

\
‘Av'vard unit

normal : n

(nl=1)

rimp

domain of

i riv .
niver T interest: 0

estuary

\
\
[}
1
[l
1
|
[l
1
|
I
1
1
[

rimp 1l

’

Figure B1. Schematic representation of the generic region of freshwater influence
(ROFI) in which diagnostic variables are to be evaluated.

As in Deleersnijder (2019b), the domain of interest 2 (Figure B1) is a generic region of
freshwater influence (ROFI). The domain boundary, I", consists of three components, i.e.
'™ | the riverine boundary or, equivalently, the upstream boundary of the domain, lying in
freshwater, 1'°¢¢, which separates the domain of interest from the coastal ocean, and the
impermeable part of the boundary (river banks, coastline, bottom of the water column and
water-air interface), denoted I" . Surfaces I'" and I'° are open boundaries. As opposed
to what is done in Deleersnijder (2019b), the domain boundaries are, for the sake simplicity,
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assumed to be time-independent hereinafter, but the flow is not assumed to be at a steady
state.

The velocity and diffusivity tensor are time- and position-dependent. The former is
divergence-free (Boussinesq approximation), whilst the latter is symmetric and positive-
definite. These constraints are crucial for the theoretical developments carried out below.

Following the ideas of Gourgue et al. (2007) and de Brye et al. (2012), Deleersnijder
(2019b) performed theoretical developments related to water renewal assessment in the
abovementioned generic ROFI. The first step consisted in tracking several water types, which
were treated as passive tracers as has been done in many previous water tracking studies (e.g.
Cox 1989, Hirst 1999, Goosse et al. 2001, Deleeersnijder et al. 2002, Haine and Hall 2002,
Meier 2005, de Brye et al. 2012). They were the original water (i.e., the water present in the
domain at the initial time) and the renewing water, which is progressively replacing the
former water particles by entering the domain through the open boundaries. The renewing
water was split into two water types according to their boundaries of origin. Here, only the
riverine water is taken into consideration.

Table B1. Boundary conditions satisfied by the age and property exposure related
diagnostic variables. These boundary conditions are consistent with each other in
the sense of the theoretical results established by Deleersnijder et al. (2020).

portion of the domain boundary

x € '™ :river-estuary boundary

x € I'™P : impermeable boundary

x € I'9¢¢ : ROFI-coastal ocean boundary

c(t,x,7)=8(—0) (-K+Ve)en=0 c(t,x,7)=0
. C(z,x)=j6(r—0)dr=1 (—K-VC)-n:der:O C(z,x)=j0dr=0
& 0 0 0
a(z,x):j&(r—ondr:o (—K.Va)-n=j0xrdr=0 a(r,x):ijrdrzo
0 0 0
. n(,x,)=0 (-K-Vn)+n=0 n(,x,£)=0
2
Z - - -
3 a(t,x):deaf:o (—K-Va)-n:joczg:o a(z,x)=j0d§=0
e e e e
£, Btx)= [ 0xEdE=0 (-K+VB)en= [ 0xEdE=0 Btx)= [ 0xEdE=0

On the impermeable portion of the boundary, the velocity satisfies

[v(e.x)en] _rimy = O

(B.1)

As advocated by Deleersnijder et al. (2020), the initial and boundary conditions for the
concentration and age concentration are derived from those applied to the concentration
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distribution function, implying that all the auxiliary conditions are consistent with each other.
At the initial instant (# =0 ), the riverine water related variables are

[Ct.x)],_y = [c(0.x.7)dT=0
[ctxD)]_,=0 = ! (B2)
[a(t.%)],_y = [ c(O.x.T)TdT=0
0

The boundary conditions are laid out in Table B1. Then, according to Deleersnijder (2019b),
the concentration and age concentration may be seen to obey inequalities
0<C(t,x)<1, O0<a(t,x)<C(t,x)t (B.3)

so that the age is no larger than elapsed time 7 as it must be.

The riverine water is treated as a passive tracer, which is why the reactive term in the
equation for the property age concentration is zero. Accordingly, this relation is
aa—[: = Cy — Ve(fv—-K-Vp) (B.4)*
Here, the very nature of property y(¢,x) is unimportant. It is, however, necessary to prescribe
the initial values of the related variables. As will probably be the case in many studies, the age
concentration distribution function is taken to be zero at the initial instant:

[at.0)] o = [ n0.x.8)dE=0
[nex.&)]_,=0 = - (B.5)
[B.x)]_y= [ n0.x.7)&dE=0

Consistent boundary conditions may be found in Table B1.
A simple inspection of (B.4) and elementary considerations on the initial and boundary
conditions suggest that the property age concentration should obey inequalities

(Cw)min s s (Cw)max (B6)

where

(Cy)_ . = min [Ce.xw@x)], (Cy) = max [CtX)W(Ex)] (B.7)

t>0,xe zZO,er[

To prove that (B.6) holds valid, it is convenient to first introduce the following variable:

Bex) = (Cy)__ 1 - Bt.x) (B.8)
The negative part thereof,
B(r.x) = ﬁ(t,X)—zlﬁ(t,X)l (B.9)

is identically zero if B(t,x) is positive and is equal to B(t,x) otherwise. Then, multiplying
(B.4) by B~ and integrating over the domain of interest, the following integral relation is

8 Obviously, relation (B .4) is obtained by setting Hu=0 in (3.10).
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obtained after some manipulations’:

=0, since Cl//S(Cl//)maX and [3_30 =0, since =0 on IV 0ce

S (p) a2 = - [2[cw—(cv),, Jp-a@ = | B(Bv-2K-Vp)nar
Q Q [rivgoce

~ | B (Bv-2K-VB~)endI - [ 2V~ -K-VB-dQ <0
Q

rimp

=0, since ven=0 and (K-V B)-n:O on imp >0, since K is positive definite
(B.10)

Thus, the L*-norm of B— cannot increase. As B— iszeroatt=0, B— is zero at any time and
position, implying that B(t,x) is non-negative, so that (CI// )maxt > B(t,x) or, equivalently,
(CI//)maX > B(¢,x)/t. Similar developments allow proving that (Cl//)min <B(x)/t. As a
consequence, inequalities (B.6) hold valid. QED.

Acknowledgements. I am indebted to Edward Gross and Insaf Draoui for their useful comments on
an early version of this working note.
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