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1 Polytechnique Montréal, Montreal, Canada
gael-simon.reynal@etud.polymtl.ca 

2 GERAD, Montreal, Canada 
3 CIRRELT, Montreal, Canada 

4 UCLouvain, Louvain-la-Neuve, Belgium

Abstract. The vehicle routing problem with stochastic demands is a 
combinatorial optimization problem that arises in industrial applications 
such as waste management and facility replenishment. In these applica-
tions, one could aim at using a specific number of vehicles to better 
align with available resources, thereby including a fixed-fleet constraint 
in the problem. Standard column generation heuristics, that are usu-
ally efficient in this context, struggle to handle this additional constraint 
and cannot quickly produce good feasible solutions, mainly because the 
labeling algorithm used during the pricing becomes inefficient. We intro-
duce a hybrid pricing heuristic that generates columns by combining a 
greedy component aiming for a quick generation of good columns, a rein-
forcement learning module to compute critical routes disregarded by the 
greedy construction, and a tabu search procedure to explore the search 
space around the generated routes. We embed our method within an 
existing restricted master heuristic framework: we first p erform a column
generation phase using our pricing heuristic to quickly generate a set of
high-quality columns, which we then complete with a greedy random-
ized adaptive search procedure. The resulting restricted master problem
is then solved as a mixed-integer program. We evaluate our approach on
40 benchmark instances with up to 60 customers and achieve an aver-
age optimality gap of 1% within a 5-min total computation time. Our
matheuristic also provides more best average solution cost and optimal
solutions than the competing heuristics considered.

Keywords: vehicle routing · stochastic demands · restricted master 
heuristic · pricing heuristics · reinforcement learning

1 Introduction 

Vehicle routing problems (VRPs) are widely applicable in industrial contexts, 
including freight/parcel delivery, w aste management, and facility replenishment.
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For this reason, numerous variants of this problem have been studied. The basic 
situation involves a fleet of vehicles of known capacity departing from a sin-
gle depot to serve a set of customers with known demands. Additional con-
straints can be added to better represent the context of the problem at hand.
For instance, customer demands may be unknown in contexts such as waste
collection [17]. In this case, the demands are stochastic, and only their proba-
bility distribution is known beforehand; their realization is revealed only upon 
reaching the customer. This still allows for a priori optimization: the routes are 
created with a recourse strategy to handle the possibility of overloads, a case in 
which the realized demand exceeds the remaining capacity in the vehicle. This
variant is referred to as the vehicle routing problem with stochastic demands
(VRPSD) [30]. 

In this work, we introduce an additional constraint to the VRPSD, namely, 
a fixed-fleet constraint, which specifies a predetermined fleet size. Although the 
common practice is t o impose a lower bound on the number of vehicles used in a
solution [10,14], in industrial settings, solutions employing a fixed, given number 
of vehicles may be preferred because they better correspond to the resources 
actually available. For example, a firm might want to use all the vehicles at its 
disp osal or provide work to each of its employees. Consequently, the fixed-fleet
constraint remains highly relevant in practice.

Looking at the solution approaches, path-flow formulations have proven to 
be an effective way to address this variant [10,12,20]. In these formulations, each 
feasible route is represented by a variable, which leads to an exponential number 
of variables overall. This naturally motivates the use of column generation [10– 
12] to solve the linear relaxation. The algorithm iteratively solves a restricted 
master problem (RMP), a restriction of the complete model limited to a subset of 
its variables, and a pricing problem that identifies variables with negative reduced 
costs to add to the RMP at each iteration. When no such variables remain, the 
RMP solution is optimal for the linear relaxation. Because this solution is not 
necessarily feasible for the original problem, the column generation procedure
must be integrated into a broader algorithmic framework. To achieve this, one
can use a branch-and-price algorithm that integrates column generation within
a branch-and-bound procedure, possibly enhanced with cutting planes [10–12]. 
While this method guarantees finding an optimal solution if the pricing problem 
is solved exactly, it typically produces only a limited number of feasible solutions 
during the search and can be computationally demanding. As a result, it is less
suitable in contexts where the goal is to obtain a good integer solution quickly.

Another option is to solve the RMP as a mixed-integer program (MIP) once 
the column generation process has converged, a technique commonly kno wn as
the restricted master heuristic (RMH, see Sadykov et al. [26]). In theory, it 
should yield a good feasible solution; however, since column generation is not 
designed to produce complementary columns that support integrality, solving the 
RMP as a MIP alone is often insufficien t. To address this limitation, completion
procedures, such as the one proposed by Reynal et al. [25], focus on leveraging 
the columns identified during column generation to generate complementary 
columns through a fast heuristic before solving the RMP as a MIP.
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However, the introduction of the fixed-fleet constraint causes classical RMHs, 
such as that of Reynal et al. [25], to struggle even with solving the linear relax-
ation, often preventing the final MIP from yielding a feasible solution. This 
difficulty is particularly pronounced in instances with long routes and a small 
fleet size, as the underlying labeling algorithm becomes computationally complex 
When the goal is to obtain a good feasible solution rapidly, alternative pricing 
strategies must be considered. Metaheuristics are well known for their ability to
quickly generate high-quality solutions, which can guide the column generation
process toward more feasible outcomes [1,15,24]. 

On another front, machine learning has shown promising results when 
applied to routing problems, including within column generation frameworks.
For example, Morabit et al. [21] introduced a bipartite graph neural network at 
each column generation iteration to select which columns to add to the RMP 
from a larger candidate set. Their model was trained to imitate a MIP for-
mulation con taining all candidate columns that aims at selecting a minimal
set of columns that maximizes the objective function decrease. Later, Chi et
al. [6] enhanced this approach by employing reinforcement learning (RL) to pre-
dict the most promising columns to add to the RMP from the candidate set. 
Their method outperformed the expert model proposed by Morabit et al. [21] 
on VRPTW instances with up to 50 customers. However, it required an efficient 
algorithm to generate candidate columns, a challenging task, particularly when
long routes are involved. More recently, Morabit et al. [22] proposed a pricing 
heuristic based on supervised learning for the VRPTW. In many VRP variants, 
including the VRPSD, the pricing problem can be formulated as an NP-hard ele-
mentary shortest path problem with resource constraints. Their method reduces 
the network size through arc selection, performed by either a random forest or a
deep neural network, achieving a reduction of approximately 40% in computa-
tional time compared to traditional column generation. A similar approach was
designed in [13] for an electric bus scheduling problem. Beyond c olumn gener-
ation, Cappart et al. [4] combined RL with constraint programming to address 
the traveling salesman problem with time windows. This line of research has since 
been extended to further improve efficiency and generality [5,18,19]. 

These recent works suggest that incorporating a RL model can help the 
algorithm identify additional high-quality columns to add to the RMP, which 
motivates our main contribution. We prop ose a new pricing heuristic designed
for the VRPSD with a fixed-fleet constraint. Our heuristic consists of three
complementary components:

1. A greedy module that rapidly generates columns during the initial iterations.
2. A RL module that enables the discovery of high-quality columns even when 

their search is computationally demanding, and
3. A tabu search that enhances diversification within the batch of generated 

columns, thereby promoting a better exploration of the search space.

We integrate this pricing heuristic into the framework in troduced by Reynal
et al. [25]. Specifically, our method follows the RMH structure: a column gen-
eration phase, followed by the same GRASP-based completion phase (with the



456 G. Reynal et al.

fixed-fleet constraint handled as a soft constraint), and finally, the resolution 
of the MIP. We experiment on the same set of 40 instances as they did except 
that we impose the fixed-fleet constraint together with a fixed time limit. Our
approach achieves superior performance compared to Reynal et al. [25], which 
fails to find a feasible solution in 60% to 35% of the instances depending on 
the av ailable computation time, and also outperforms the GRASP of Mendoza
et al. [20] in terms of the number of optimal solutions found across all tested
computation time limits.

2 Problem Description 

The vehicle routing problem with stochastic demands can be formulated as 
follows. Let N be a set of nC independent customers, each of them having
an uncertain demand following a Poisson distribution of parameter μj (see,
e.g., [7,12,25]). All customers must be served using exactly one of K identi-
cal vehicles of capacity Q departing from the depot, denoted as 0. Because the 
demands are uncertain, we compute the probability P (OV | j, k, n) that the nth 

overload occurs (denoted OV ) when reaching customer j with total expected
load k :

P (OV | j, k, n) = 1 −
nQ−k

i=0

(μj)i

i!
e−μj . (1) 

The overloads are handled using a classical detour-to-depot recourse policy as
in [7,12,25], thus designing the routes a priori. In this case, the realization of a 
customer demand is only revealed upon reaching it. If it results in an ov erload,
the vehicle makes a round trip to the depot to replenish before continuing the
route normally.

A vehicle route, denoted by r =  (jr 
0 ,  jr 

1 ,  jr 
2 ,  .  .  .  ,  jr 

|r|+1), starts and ends at 
the depot jr 

0 = jr 
|r|+1 = 0 and visits an ordered list of |r| customers Vr = 

(jr
1 , j

r
2 , . . . , j

r
|r|) with |r| ≥ 1. To be feasible, it must respect the constraints:

|r|

l=1

μjr
l

≤ Q, (2) 

jr 
i1 = jr 

i2 , ∀(i1,  i2) ∈  {1,  .  .  .  , |r|}, i1 < i2. (3) 

Capacity constraint (2) ensures that the total expected demand of a route is 
less than the vehicle capacity, which limits the number of expensive poten tial
overloads occurring in a route as in several previous works (see, e.g., [12]). The 
elementarity constraints (3) forbid a customer to be visited more than once in 
the same route. We denote by R the set of feasible routes.

Let di,j ∈ R+ be the Euclidean distance between any pair of nodes i and j, 
customer or depot. We also introduce a failure penalty pj,k,n ∈ R+ accounting 
for the cost of applying the recourse policy when the nth o verload occurs upon
reaching customer j with an expected load of k:

pj,k,n = 2 d0,j P (OV | j, k, n) (4)
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with p0,k,n = 0 for all possible values of k and n. We are now able to compute 
the expected cost of a route r, denoted cr, as its total expected travel distance. 
Let κr 

l = l−1 
i=1 μjr 

i 
be the expected load of a vehicle following route r when it 

reaches the lth node jr 
l . Then,

cr =
|r|+1

l=1

djr
l−1,jr

l
+

∞

n=1

pjr
l ,κr

l ,n − pjr
l−1,κr

l−1,n . (5) 

In practice, the probability that an overload occurs is only taken into account 
if it is greater than 10−4, as in previous works [12,25]. The VRPSD with the 
fixed-fleet constraint consists in finding exactly K feasible routes such that each 
customer in N is served by exactly one route, while minimizing the sum of the
expected route costs. This problem is illustrated in Fig. 1. 

To model the VRPSD, we adopt a path-flow formulation. For each feasible 
route r ∈  R  and each customer j ∈  N  ,  let  νj,r be a binary parameter equal to 1 
if route r serves customer j. Moreover, let xr b e a binary variable that takes
value 1 if route r is part of the solution and 0 otherwise. The proposed integer
program is

min
x

r∈R
crxr (6) 

s.t. 
r∈R 

νj,rxr =  1, ∀j ∈ N (7) 

r∈R 

xr = K (8) 

xr ∈  {0, 1}, ∀r ∈ R. (9) 

The objective function (6) minimizes the sum of the route expected costs.
Constraints (7) ensure that each customer is served by exactly one vehicle,
whereas constraint (8) sets the number of routes to select to K . Finally, con-
straints (9) ensure the integrality of t he variables.

3 Technical Background on Restricted Master Heuristics 

RMHs form a class of matheuristics typically designed for large-scale MIPs. They 
rely on column generation to build a reduced-sized MIP that can be solved more 
efficiently. Column generation is an iterative process that aims to solve a linear 
relaxation, called the master problem. At each iteration, it begins by solving the 
RMP, a version of the master p roblem limited to a subset R̂ ⊂ R of its variables.
Solving the RMP yields a primal solution and a dual vector γ0, (γj)j∈N , cor-
responding to the dual variables associated with constraints (7) and (8), respec-
tively. The current primal solution is optimal for the master problem if no vari-
able xr ∈  R  \  ̂R has a negative reduced cost c̄r, defined as

c̄r = cr −
j∈N

νj,rγj − γ0. (10)
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Fig. 1. A toy example of a VRPSD instance with 3 vehicles of capacity 10 and a possible 
solution. μj is the expected demand of customer j while ρj is its actual realization, 
only known upon visiting this c ustomer. An overload occurs at customer 2, triggering
a return to the depot before the route is normally completed.

To verify this condition, the algorithm solves the following pricing problem: 

min
r∈R\R̂

c̄r. (11) 

If variables with a negative reduced cost are found, they are added to the RMP, 
and a new iteration is performed. Otherwise, the algorithm establishes that the
current primal solution is optimal for the master problem and terminates.

For the VRPSD, the pricing problem is formulated as an elementary shortest 
path problem with resource constraints (ESPPRC) [8] on an acyclic network 
G = (V,A) [7]. The set of vertices V includes a source node and a sink node, 
denoted as 0, 0 and 0,  Q  , respectively, to represent the depot. It also contains 
nodes of the form j, k , where j denotes a customer and k ∈ [0, Q−μj ] represents
a cumulative expected demand when reaching customer j. The arc set A is
partitioned into three subsets:

A1 = 0, 0 , j, 0 j ∈  N} (leaving source) 
A2 = { j, k , i, k + µj | j, i ∈  N  ,  j  = i, k ∈ [0,  Q  − µj − µi]} (linking nodes) 
A3 = { j, k , 0,  Q  | j ∈  N  , k ∈ [0, Q − µj ]} (entering sink)

(12) 

Each arc in the above sets has an adjusted cost computed as 

c̄a = 

⎧ 
⎨ 

⎩ 

d0,j +
∞ 
n=1 pj,0,n − γj if a = 0, 0 , j, 0 ∈ A1 

dj,i +
∞ 
n=1 pi,k+μj ,n − pj,k,n − γi if a = j, k , i, k + μj ∈ A2

dj,0 − γ0 if a = j, k , 0, Q ∈ A3,

(13) 

guaranteeing that the cost of a source-to-sink path in G is equal to the reduced
cost of the corresponding route.
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Because a customer is represented by multiple nodes, a feasible path in G 
may not correspond to a feasible route i n R due to potential violations of the
elementarity constraints (3). To address this, one resource constraint per cus-
tomer must be added, ensuring that at most one of the no des representing a
given customer can be included in any feasible path.

Most previous works (e.g., [12,25]) solve the pricing problem using a labeling 
algorithm, often relying on relaxations such as the ng-ESPPRC [2] to accelerate 
computation. However, for instances involving longer routes, particularly under 
the fixed-fleet constraint with a tight fleet size, such dynamic programming algo-
rithms tend to lose efficiency, making them irrelevant for a RMH. We thus adapt
the RMH from Reynal et al. [25] by replacing their labeling algorithm by a new 
pricing heuristic that aims to generate high-quality columns efficiently. Once 
done, the column generation phase is followed by a GRASP completion phase 
in which the fixed-fleet constraint has been passed as a soft constraint. The
resulting RMP is then solved as a MIP.

4 Design of Our Pricing Heuristic 

This section presents our core contribution, a hybrid pricing heuristic for the
VRPSD. It is formalized in Algorithm 1. First, we generate an initial pool of 
routes using a greedy procedure (line 2). Then, if there are not enough columns 
with a negative reduced cost (parametrized with a value Θ in line 3), we complete 
the generation with a reinforcement learning construction (line 4). At this step, 
the generated routes may be too similar and we propose to diversify them using a
tabu search (line 7). The improved routes are then returned. The next paragraphs 
describe the three main procedures: t he greedy construction, the RL module, and
the tabu search.

Algorithm 1. hybridPricing(.) - Hybrid pricing heuristic 
Require: Θ: threshold defining if learning should be used for generating new routes. 
Ensure: RHP: set of generated routes 
1: RHP ←  ∅  
2: R  ←  greedy() 
3: if {r ∈  R  |  ̄cr < 0} <  Θ  ·  |R| then
4: Rlearning ← learning()
5: R ← R ∪ Rlearning

6: for r ∈ R do
7: r ← tabuSearch(r)
8: RHP ← RHP ∪ {r }
9: return RHP
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4.1 Greedy Construction GREEDY(.) 

The greedy component aims to quickly generate columns using two heuris-
tics, namely, nearest-neighbor and best-insertion, each of which builds routes 
by adding one customer at a time. We start by describing how they build one
route at a time.

Nearest-Neighbor Heuristic. The procedure begins with a route departing from 
the depot and iteratively selects the next location (customer or depot) to visit. 
At each step, the route must remain feasible, i.e., satisfy the capacity and ele-
mentarity constraints (2) and (3). The chosen extension is the one yielding the 
least reduced cost. The route is c ompleted when it includes a return to the depot.

Best-Insertion Heuristic. The construction process starts with an empty route. 
At each iteration, it evaluates the insertion of each remaining customer into all 
possible positions along the current route. The selected insertion is the o ne that
results in the feasible route with the least reduced cost. The algorithm terminates
when no further feasible insertion can improve the solution.

Improvement with Beam-Search. To enable these two heuristics to generate mul-
tiple columns simultaneously, we integrate them into a beam-search procedure. 
Instead of constructing a single route, each heuristic maintains a pool of nG 
routes, where nG is a user-defined parameter. At each iteration, a candidate 
pool is formed by considering all possible extensions (for the nearest-neighbor 
heuristic) or insertions (for the best-insertion heuristic) of the routes currently in 
the pool. The pool is then updated with the nG candidates exhibiting the least 
reduced costs. Routes that are already complete are added to the candidate pool 
without generating new extensions or i nsertions. The algorithm terminates when
the pool contains only complete routes. The beam-search width nG is set to 5nC ,
where nC is the number of customers. We observed that larger nG values lead
to larger RMPs, which are more time-consuming to solve while providing only
marginal performance improvements.

4.2 Learning Module - LEARNING(.) 

Solving a problem with deep reinforcement learning requires to model it as a 
Markov decision process and to design a neural procedure to solve it. Let us 
define the set of states (S), the set of actions (A), the transition function (T : 
S × A → S) and the reward function (R : S × A → R), as the tuple S,A, T,R .
Our model is as follows:

States. We define a state s ∈ S as the triplet (js,  ks, Vs) where js is the last 
customer visited by the route (i.e. the current location of the agent), ks is the 
expected cumulated load gathered in the route up to this point and Vs is the set
of customers already visited by the route. By the problem definition, we know
that ks = j∈Vs

μj . A state is terminal if the agent is back to the depot.
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Actions. An action corresponds to the selection of the customer j ∈  V  to visit 
next. We note that the selection must satisfy the capacity constraint (2) and the 
elementarity constraints (3). Formally, the set of actions As available at a state 
(js,  ks, Vs) is as follows: 

As = {j ∈ V\Vs | ks + μj ≤ Q}. (14) 

Transition Function. Executing an action a ∈  As at state s =  (js,  ks, Vs) leads 
the agent to the state s = (a, ks + μa,Vs ∪ {a}).

Reward Function. Given a state s =  (js,  ks, Vs) corresponding to partial route 
r, choosing to perform action a ∈  As leading to route r = r :: a comes with the 
reward c̄( js,ks , a,ks+μa ), which is the adjusted cost of the arc associated with
the transition as defined in Eq. (13) 

Features. The next question is how to represent a state s ∈ S in a structure 
amenable to learning. Following related works in the field of learning for combi-
natorial optimization, we propose to leverage an architecture based on a graph 
neural network. B riefly, this architecture operates on inputs having an underly-
ing graph structure. We refer to the work of Cappart et al. [3] for an extended 
description of this architecture and its use in the context of combinatorial opti-
mization. Let G =  (V, E) be a graph representing a current state of the pricing 
problem. We define the set of vertices V as the set of customers and the set of
edges E as the possible connections between customers. Besides, each vertex and
edge is decorated with a set of features. They are summarized in Table 1 and 
mainly corresponds to information either related to the instance (e.g., distances 
to the depot) or to the pricing state (e.g., the customer resources). The depot 
is represented by n ode 0 and corresponds to a customer with a dual variable γ0
and an expected demand μ0 = 0.

Neural Architecture. Our architecture is based on an edge-featured g raph atten-
tion network [28] (4 layers of 96 neurons) followed by a multilayer perceptron 
(3 layers of 96 neurons) with a ReLU activation function. The final activation 
is a sigmoid that we use to obtain a value comprised between 0 and 1 for each 
vertex v, which we interpret as the quality of the decision of going to the location
related to vertex v, given the current state.

Training Phase. The training data are obtained by solving VRPSD instances
from [7]. As done by Reynal et al. [25], we also include variations of these 
instances with a smaller fleet size K and larger capacity Q to create instances 
featuring longer routes, yielding a total of 149 instances. A mong those, 40 were
kept as the dataset for this work and thus not included in the training.

For the remaining 109 instances, we collect dual variable values obtained at 
each iteration of a column generation algorithm applied to solve the root node of 
the BPC algorithm, without adding any cutting planes. Each of the 4386 pricing
problem instances obtained this way is a training instance for our model, with
60% being used for training, 20% for validation and 20% for testing.
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Table 1. Definition of our input graph G =  (V, E) representing a s tate (js, ks, Vs).

Features on the vertices j ∈ V

Description Value 
Current location of the agent 1  if  j = js else 0

Customer resources 1  if  j ∈  V  s else 0

Possible customers to visit next As as defined by (14) 
Percentage of remaining c apacity

ks+µj 

Q 

Distance to the depot d0,j 

Distance from js to j djs,j 

Cost from js to j djs,j +
∞ 
n=1 pj,ks+µj ,n − pjs,ks ,n

Features on the edges (j1,  j  2) ∈ E

Description Value 
Distance to the depot from the head node d0,j2 

Length of (j1,  j2) dj1,j2 

Cost of (j1,  j2) when leaving with charge ks dj1,j2 +
∞ 
n=1 pj2,ks+µj2 ,n − pj1,ks ,n

Dual variable at the head node γj2 

We train our model using a standard proximal policy optimization (PPO)
algorithm [27] with a batch size of 32, and a convergence criterion set to a 
loss reduction below 10−6 over 5 iterations. We use Adam optimizer [16] with 
default parameters, except for the learning rate, which we set at 10−5.  Th  e
implementation is done using PyTorch and DGL libraries [23,29]. Training ran 
for 24,587 epochs, representing around a day of computation time.

Once trained, the model is employed to generate new columns. At each step, 
it provides the kL most probable customers to visit next, where kL is a user-
defined parameter. To evaluate each potential extension, the resulting partial 
route is completed using a nearest-neighbor heuristic until it returns to the 
depot, and the reduced cost of the completed route is used as the evaluation cri-
terion. The extension selected is the one leading to the completed route with the 
least reduced cost. As before, route feasibility must be maintained at every step. 
A beam-search strategy is also applied to generate a pool of columns simultane-
ously. The construction process terminates once nL complete routes have been 
generated. We set nL =  50  and  kL = 3. These relatively small values, compared
to those used in the greedy procedure, stem from the fact that calling the graph
neural network is a computationally expensive operation, which requires us to be
parsimonious with the number of calls. In line with this rationale, the threshold
Θ is set to 0.05, such that the majority of routes are produced by the greedy
procedure, while the learning component focuses on identifying critical routes
that the greedy construction fails to capture.



A Hybrid Learning-Based Matheuristic to Solve the VRPSD 463

4.3 Diversification with a Tabu Search - TABUSEARCH(.) 

A recurrent issue with the previous constructions is that the columns tend to 
be highly similar, which reduces the effectiveness of the pricing heuristic. To 
address this limitation, we introduce a diversification mechanism based on a 
tabu search procedure. Specifically, we apply local perturbations to each route 
r =  (jr 

0 , . . . , j
r
k−1, j

r
k, jr

k+1, . . . , j
r
|r|+1) produced by the greedy and learning-based

procedures. Two types of moves are considered:

1. Removal moves, which remove a customer from the route. Removing the kth 

customer of route r yields the route (jr 
0 , . . . , j

r
k−1, j

r
k+1, . . . , j

r
|r|+1).

2. Insertion moves, which insert a customer into the route at the best possible 
position while maintaining route feasibility. Inserting customer j at the kth 

position of route r yields the route (jr
0 , . . . , j

r
k−1, j, j

r
k, jr

k+1, . . . , j
r
|r|+1).

At each iteration, we perform the first non-tabu improving move found, or 
otherwise the best non-tabu deteriorating move, using the reduced cost c̄r as 
the evaluation function. Once a move is executed, it is added to a tabu list τ 
of fixed size T to prevent it from being undone by its opposite move during the 
next T iterations. The tabu list is updated in a first-in, first-out manner: when 
its maximum capacity is reached, the oldest move is removed to make room 
for the new one. We perform nT iterations of this process on each route and
return the route with the least reduced cost encountered during the search. In
our experiments, we set nT = 20 and T = 10. Preliminary tests indicated that
increasing these values, up to 50 iterations and a tabu list length of 20, does not
lead to significant performance improvements.

5 Experimental Results 

In this section, we evaluate our new pricing heuristic and analyze the contribu-
tion of eac h component to its overall performance.

5.1 Experimental Protocol 

The tests are conducted on the same set of instances as Reynal et al. [25], except 
that we consider the fixed-fleet constraint. The fleet size is set to the lower bound 
on the number of vehicles required to serve all customers ( j∈V μj) \ Q .  All  
instances remain feasible under this configuration. The column generation phase 
is performed using Gencol 4.5, the MIP resolution with CPLEX 22.1.1, and 
all expe riments are executed on an Intel(R) Core(TM) i7-8700 CPU running
at 3.20 GHz. The dataset includes 40 instances of the VRPSD, with 39 to 60
customers. These instances cannot be solved to optimality by the branch-price-
and-cut (BPC) algorithm of [12] in o ne hour.

We evaluate our method (referred to as hybridPricing) using the same 
computation times as Reynal et al. [25], namely 2, 5, 10, and 15 min, with approx-
imately 50% of the time allocated to column generation and the remaining 50% 
to the completion phase and MIP solving. We compare our approach with the
following baselines:
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– Reynal et al. [25]. This RMH leverages first a dynamic programming-based 
pricing to generate routes guided by dual variables from the RMP. It then 
applies a GRASP metaheuristic to complete partial solutions and introduce 
new routes that complemen t those used in the solution of the current RMP.
Finally, it solves the resulting model as a MIP.

– Mendoza et al. [20]. This method generates routes with a GRASP for 90% of 
the total computation time and s olves a MIP with all generated routes for
the remaining 10%.

All reported results are computed by averaging the cost of the solutions 
obtained by each method over 5 runs.

5.2 Main Result: Comparison with State-of-the-Art Heuristics 

The results over the whole dataset are summarized in Table 2 and in Fig. 2 
by means of performance profiles [9]. Because most optimal solutions for these 
instances are unknown, the gaps are computed with respect to the final lower
bound returned by the BPC algorithm of [12] after running for 2 h.

As shown by these results, the RMH of Reynal et al. [25] fails to achieve 
competitive results. It reaches a feasible solution for 40% of the instances for the 
2-min timeout. This proportion only increases to 65% with more computation 
time available as in the 15-min case. Due to the s mall fleet size, allowing for
longer routes these instances are already challenging for the dynamic program-
ming pricing. The addition of the fixed-fleet constraint (8) prevents the column 
generation from yielding a feasible s olution in a reasonable amount of time.

As in Reynal et al. [25], the GRASP of Mendoza et al. [20] performs better 
with less computation times. For the 2-min case, it achieves a smaller aver-
age optimality gap and a larger number of optimal solutions and best average 
solution cost. As shown on the performance profiles, its best and worst-case sce-
narios over 5 runs are also better than our algorithm. As available computation 
time increases, our method hybridPricing becomes competitive. We achieve 
an average optimality gap of 1% in the 5 and 10-min cases, outperforming the 
GRASP. Both methods yield similar worst-case scenarios, but our algorithm 
provides a better best-case scenario than the GRASP. We account for stochas-
ticity between the 5 runs used to produce these results by conducting two-sided
Wilcoxon signed-rank tests, with the null hypothesis H0 “both methods yield
identical performance”. We obtain p-values of 0.014 and 0.003 respectively for
the 5 and 10-min cases, thus rejecting the null in these configurations.

Finally, the GRASP and our method yield almost identical best-case scenar-
ios for the 15-min timeout case. Moreover, the longer computation time makes 
hybridPricing much more robust, thus improving its worst-case scenario. The 
same two-sided Wilcoxon signed-rank test with the same null hypothesis how-
ever yields a p-value of 0 .055, preventing from confidently rejecting the null in
the 15-min case, even if the p-value is only slightly above the 5% threshold.

These results show that our method requires time to be efficient: it heavily 
relies on the quality of the routes generated during the column generation phase.
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Table 2. Average optimality gap and number of instances solved under certain gaps 
for all baselines and computation times. Average optimality gap is computed on the 
instances for which a method finds at least one feasible solution. The number of such
instances is provided in parentheses. Bold values indicate the best result per row.

hybridPricing Mendoza et al. Reynal et al. 

2
 m

in
u
te

s
 Avg optimality gap 1.43%(40) 1.34%(40) 1.46%(16) 

# best avg solution cost 14 28 5 

# optimal solutions 2 3 1 

# < 1% optimality gap 18 18 7 

# < 5% optimality gap 40 40 16 

5
 m

in
u
te

s
 Avg optimality gap 1.01%(40) 1.06%(40) 0.95%(24) 

# best avg solution cost 27 24 10 

# optimal solutions 6 5 3  

# < 1% optimality gap 24 25 15 

# < 5% optimality gap 40 40 24 

1
0
 m

in
u
te

s Avg optimality gap 0.95%(40) 1.02%(40) 1.62%(25) 

# best avg solution cost 27 23 12 

# optimal solutions 6 5 3  

# < 1% optimality gap 26 26 17 

# < 5% optimality gap 40 40 24 

1
5
 m

in
u
te

s Avg optimality gap 0.90%(40) 0.94%(40) 0.89%(26) 

# best avg solution cost 26 13 21 

# optimal solutions 10 6 3  

# < 1% optimality gap 27 27 18 

# < 5% optimality gap 40 40 26

In the 2-min case, it is too short to find high-quality routes to complete with 
the GRASP. However, the results in the 5-, 10-, and 15-min cases s how that the 
column generation phase identifies critical columns that the GRASP disregards,
yielding better solutions.
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Fig. 2. Performance profiles on the optimality gap for all baselines. Plain line is the 
average performance over 5 runs while the colored zone around it represents the minimal 
and maximal performance. Performance ratios are computed with regard to the best 
solution obtained by all considered methods over all 5 runs.

5.3 Analysis: Ablation Study 

To better assess the contribution of each component in our RMH, we conducted 
an ablation study. Specifically, we independently removed each module of the 
hybrid pricing framework (i.e. greedy construction, learning component, and 
tabu search) and computed the n umber of instances for which they yield the 
best average solution cost, when benchmarked against the RMH of [25] and the 
GRASP of [20]. The corresponding results are presented in Table 3. 

We first observe from the first three rows that removing any single mod-
ule leads to a noticeable degradation in performance, indicating that all three 
components play complementary roles in achieving competitive results. Among 
them, the tabu search is particularly critical: in all cases, its removal causes a 
significant drop in performance. This can be explained by the fact that t he routes 
generated by the greedy construction tend to be similar (as is also the case for 
the routes generated by the RL module), th us emphasizing the importance of
diversification mechanisms introduced by the tabu search.

Another noteworthy observation concerns the learning component. When 
used as the only module to generate columns (variant - Greedy and Tabu), the 
performance of the RMH is poor for the 2-min timeout (1 best average solution 
cost), but as more computation time becomes available, it steadily increases to 
reach 15 best average solution costs for a time of 15 min. This suggests that
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the learning mechanism requires sufficient time to fully exploit its potential and 
guide the search process e ffectively.

Finally, the greedy construction complements the RL module. When used 
alone (variant - Learning and Tabu), it quickly reaches its limit in terms 
of quality, yielding poor performance even when combined with tabu search 
(variant - Learning) for timeouts of less than 15 min. The combination with 
the learning module (variant - Tabu) allows for going through the first easy 
column generation iterations without wasting time on them, leaving more time 
to handle the last difficult iterations with the learning module, thus increasing 
the performance of the algorithm. However, the lack of diversification brough t by
the tabu search in hybridPricing prevents it from yielding competitive results.

Table 3. Results of the ablation study. #: number of best avg solution cost; %: number 
of best avg solution cost in percentage; Δ: loss (in percentage) on t he number of best 
avg solution cost with respect to hybridPricing.

2 minutes 5 minutes 10 minutes 15 minutes 

Variant # % Δ # % Δ # % Δ # % Δ 

hybridPricing 14 35 - 27 67.5 - 27 67.5 - 26 65 -

- Learning 4 10.0 -71.4 6 15.0 -77.7 9 22.5 -66.7 14 35.0 -46.1

- Greedy 7 17.5 -50.0 8 20.0 -70.3 12 30.0 -55.6 17 42.5 -34.6

- Tabu 4 10.0 -71.4 6 15.0 -77.7 8 20.0 -70.3 12 30.0 -53.8

- Learning and Tabu 4 10.0 -71.4 4 10.0 -74.1 7 17.5 -79.4 9 22.5 -65.3

- Greedy and Tabu 1 2.5 -92.8 7 20.0 -74.1 13 32.5 -51.9 15 37.5 -42.3 

6 Conclusion 

This paper introduced a new pricing heuristic for the VRPSD under a fixed-
fleet constraint, integrating three complementary components: (1) a greedy con-
struction procedure to rapidly generate initial solutions and stabilize the dual 
variables in the early iterations of column generation; (2) a deep reinforcement 
learning agent that exploits problem-specific knowledge acquired during training 
to produce high-quality columns; and (3) a tabu search mechanism that enhances 
dive rsification among the routes generated by the other two components.

Experimental results show that our RMH performs competitively with the 
recent one of Reynal et al. [25], while achieving a higher ratio of optimal solutions, 
more best average solution costs, and smaller ave rage optimality gaps than the 
classical GRASP of Mendoza et al. [20]. The ablation study confirms that each 
component contributes to the overall performance of the method, highlighting 
the synergy between learning, constructive, and diversification strategies.
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Future works could focus on improving the greedy construction. In its current 
state, it allows the column generation to quickly go through the early iterations 
in which the generated columns are less relevant, but the resulting routes are of 
poor quality and thus rarely contribute to the returned solution. Another option 
would be to consider a different construction method for the learning module, 
which only builds the routes by choosing which c lient to visit next. One could 
instead consider a clustering algorithm in which the model would take a route as 
input and return, for each other customer, if it should also be part of the route, 
inserting the most promising ones at the best possible place.
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