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GENERAL OVERVIEW

The present thesis is divided in two different pafthe first one is concerned
with the symbolic and non-symbolic representatiohsiumbers. The second one is
concerned with the realtionships between numbercgssing and visuo-motor
functions. Regarding the first question, we examiinghether the numerosity
estimation performance could reflect the qualiatieatures of symbolic and non-
symbolic representations of numbers. Regardingsttmond question, we examined
whether vision could influence the interactionswestn numbers and space and
between numbers and fingeisach part comprises some theoretical and empirical
chapters. At the beginning of each part, an overvieill describe the research

background and provide a description of the stnectd the chapters.

15






PART |






OVERVIEW

Human and non-human animals come to life equipwéd an evolutionary
numerical system which allows numerosity to be @spnted in an approximate and
compressed fashion (Dehaene, 1992). This approgimainber sense obeys Weber's
law and is therefore ratio-dependent: the smafierratio separating two numerosities
the easier are the numerosities to discriminatelé/Ndedience to Weber’'s law is very
pervasive in numerical cognition, the availabildy number symbols varies across
cultures (Pica, Lemer, Izard, & Dehaene, 2004)aimsks at 2 or 3 years old in human
development (Fuson, 1988). However, once acquitesl,numerical symbols entalil
profound changes in the way numerical informatisnmentally represented and
processed: while numerical symbols are assumed frdressed by a place-coded and
linear representation, non-symbolic quantities assumed to be processed by a
summation-coded and logarithmic representation @ah, 2009). The first part of the
present thesis aims to examine whether these gtinaditdifferences could be reflected

in numerosity estimation performance and is orgahas follows:
In Chapter 1, the main features of the symbolic aod-symbolic representations of
numbers are exposed.

In Chapter 2, the numerosity estimation procesdascribed and defined as a
guantification process that requires mapping a migalesymbol onto a non-symbolic

numerical representation.

In Chapter 3, we present a study that aimed taéte whether the mapping and the

differential scaling of the symbolic and non-symbeoépresentations of numbers could

19



be the origin of the under- and overestimation tbim numerosity estimation tasks

(the bi-directional mapping hypothesis; Castron&®eron, 2007a).

In Chapter 4, we examine whether the over-estimaioor could be due to a left-to-
right displacement on the mental number line (operational momentulm) rather than

to a bi-directional mapping process.

In Chapter 5, the possibility to calibrate the nupséy estimation process is
examined. The aim of this Chapter is to investigatesther the calibration effect
could reflect the summation- and place-coding festuof the non-symbolic and

symbolic representations of numbers.

The results of our experiments are discussed aedrated in the last chapter of this
first part (Chapter 6). Our empirical studies tdke form of published or submitted

scientific papers.
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CHAPTER 1

The semantic representations of numbers

When children acquire numerical skills, they hawdetarn a variety of specific
numerical tools. The most obvious are the numeroaes such as number words
(one, two, three, etc.) or Arabic numerals (1,,218.). Other skills will be relatively
more abstract: arithmetical facts (i.e., 4 x 2 5 &)jithmetical procedures (i.e.,
borrowing), or arithmetical laws (i.e., a + b = ba). The acquisition of these
numerical tools is complex and probably not faaiéd by the fact that a numerical
expression does not have a single meaning. Inesesabers can be used as a kind of
label or proper name (i.e., Bus 51). They can héspart of a familiar fixed sequence
(i.e., 51 comes immediately after 50 and before FRey can be used to refer to
continuous analogue quantities (i.e., 51,2 gramsiytérworth, 2005; Fuson, 1988)
and, most importantly, they can be used to def@entimber of things in a set — the
cardinality of the set. This last function means that numé&rasiabstract and not a
physical object or the property of an object (sasha colour or a shape). Rather, it
seems that numerosity is a property of a set tnathave any type of member. In this
chapter, we will demonstrate that children are ablenderstand the special meaning
of cardinality because they possess a specificoiigp@r dealing with quantities. In
the first part of the chapter, number processingrgverbal infants and in animals
will be examined and compared. Then, in the segamtof this chapter, and in order
to account for the similarities found between aniara human number processing,
the accumulator model and the mental number lindahwill be explained in detail.
In the third and last part of the chapter, theedéghces between symbolic and non-

symbolic representations of numbers will be congde
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Chapter 1

1. Numerosity as the basis of numerical abilities

1.1 Number processing in infants

There is compelling evidence that young infants spes a biologically
determined $ense of numbé&iDehaene, 1992). A large set of behavioural gsidi
using the classic method of habituation has indemealed sensitivity to small
numerosities (e.g., Starkey & Cooper, 1980). Inghaiminary study of Starkey and
Cooper (1980), for example, slides with a fixed bemof 2 dots were repeatedly
presented to 4- to 6-month-old infants until tHewking time decreased, indicating
habituation. At that point, a slide with a devianimber of 3 dots was presented and
yielded significantly longer looking times, indigag dishabituation and therefore
discrimination between the numerosities two an@ehrThis effect was replicated
with newborns (Antell & Keating, 1983) and with i@rs stimuli such as sets of
realistic objects (Strauss & Curtis, 1981), targetsmotion (Van Loosbroek &
Smitsman, 1990; Wynn, Bloom & Chiang, 2002), twad ahree-syllable words
(Bijeljac-Babic, Bertoncini, & Mehler, 1991) or ppet making two or three
sequential jumps (Wynn, 1996; Wood & Spelke, 200k recovery effect was even
replicated in cross-modal numerosity matching tg§léson, Gentaz & Streri, 2006;
Izard, Sann, Spelke, & Streri, 2009; Jordan & Bamr2006; Kobayashi, Hiraki &
Hasegawa, 2005; Starkey, Spelke & Gelman, 19830)1199t was not observed with
other numerosities such as 4 and 6 (Starkey & Qod$80). Taken together, these
data therefore suggest that infants may possesaaept of small numbers which is
independent of stimulus modality (auditory or visusghomogeneous or
heterogeneous) and stimulus presentation (simutaner sequential) but which is

dependent on the absolute number of items presémpeid 3 or 4).
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Representations of numbers

Besides their ability to discriminate particulaggnall numerosities, infants are
also able to discriminate large numerosity setswvéier, this discrimination ability
differs dramatically from that observed with smalimerosities: performance no
longers depends on the absolute number of itensepted but on the numerical ratio
that separates the two numerosities to be discatath Hence, while 6-month-old
infants are able to discriminate numerositites wwith:2 ratio (4 vs. 8, 8 vs. 16 and 16
vs 32 stimuli: Brannon, Abbott & Lutz, 2004; Liptafa Spelke, 2003; 2004; Xu,
2003 ; Xu & Spelke, 2000; Xu, Spelke & Goddard, 20Wood & Spelke, 2005),
they fail to discriminate numerosities with a 2&@io (8 vs. 12 and 16 vs. 24: Xu &
Spelke, 2000). By 9 or 10 months, however, the ipi@t of the representation
improves since infants become able to discriminagéveen 8 and 12 elements
(Lipton & Spelke, 2003; Xu & Arriaga, 2007). Intstegly, this pattern of success
and failure was observed across different kindiofdi: visual arrays (Xu, 2003; Xu
& Spelke, 2000), sequences of sounds (Lipton & I8pe2003, 2004) and sequences
of a puppet’'s jumps (Wood & Spelke, 2005) and thuggports the idea that infants’

numerical discrimination actually depends on alstrapresentations of numerosity.

Following these two waves of investigations on nrosity discrimination in
infancy, it has been suggested that basic numexiublies could be sustained by two
different systems (e.g. Butterworth, 1999a; Cag801; Dehaene, 1992; Feigenson,
Dehaene, & Spelke, 2004; Xu, 2003; Xu & Spelke, ®0Q1) an object-tracking
system (e.g., Scholl, 2001; Trick & Pylyshyn, 199Mler, Huntley-Fenner, Carey, &
Klatt, 1999) which has a clear limit on set sizeo(34) and thus allows the precise
representation of small number of objed®); a large nhumerosity estimation system
which has no set size limit and therefore allows #ipproximate representation of

large numerosity sets. These non-verbal quantificatystems allow infants to form
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Chapter 1

expectations about the outcomes of simple arittoyetblems suchas 1+ 1 =2 and
2—-1=1(Wynn, 1992a) or 5 +5 =10 and 10 -5 #McCrink & Wynn, 2004) and
are assumed to constitute the foundation of allh&rr more elaborate symbolic

numerical skills that evolved in numerate humarexr¢g, 2001; Dehaene, 2001).

1.2 Number processing in animals

The two biological precursor systems of elemengaihmetic not only exist in
human infants but also in many animal species. &hesonkeys, for example,
systematically choose the larger quantity of 12y vs. 3, or 3 vs. 4 apple slices but
are at chance with 3 vs. 8 and 4 vs. 8 (Hauser\C& Hauser, 2000). Untrained
monkeys tested in the wild were also shown to be ebdetect violation of addition
and subtraction events (Hauser, McNeilage, & Wa896). Interestingly, an upper
size limit of 4 items was found in this violatiof expectation paradigm: monkeys
succeeded in discriminating the correct outcomelsofl, and 2 + 1, but failed with 2
+ 1 + 1 (Hauser & Carey, 2003). Moreover, cross-ah@dtraction of numerosity has
been observed in rats (Church & Meck, 1984). Indaeadt trained to press a lever on
the left in response to two flashes or two souadsl, a lever on the right in response
to four flashes or four sounds, spontaneously presise right lever when presented
with a combination of two sounds and two lightsisTdbservation therefore suggests
that the rat’s behaviour was based on the absttdtnumber of four events, not on
modality-specific representations. In all theseegipents, non-human animals were
shown to be able to exactly represent a maximum efements. This abrupt limit

therefore implicates the object tracking systerthassource of their performance.

The object tracking system is nevertheless notothlg quantification system

that animals possess. In Hauser, Tsao, GarciaSaetke’'s experiment (2003), for
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example, cotton-top tamarin monkeys were shown ¢o able to discriminate

sequences of 4 vs. 8, 4 vs. 6, and 8 vs. 12 spsdielbles while they systematically
failed to discriminate 4 vs. 5 and 8 vs. 10 syksbl This particular pattern of
performance shows the ratio signature and therefatieates the presence of the
large numerosity estimation system in animals.

The data presented in this section are far frohaestive but intended to show
that humans and non-human animals present twondistilementary systems for
representing numbers. One of these is preciseianited by its absolute set size (up
to 3 or 4), while the other is extensible to veayge quantities and thus allows the
discrimination and approximate representation sual and auditory numerosities
without verbal counting (Butterworth, 1999a; Dehaet©92; Feigenson et al., 2004;
Nieder & Miller, 2003; 2004; Wynn, 1995). As we igee in the following sections
of the present chapter, only numerate humans acauiditional symbolic numerical
systems such as Arabic digits and number words. déwelopmental relationship
linking the two non-symbolic systems to symbolighanetic is however still under
debate. According to the dominant view, the apprate number system is the
evolutionary and ontogenetic foundation of devetbpamerical concepts (Dehaene,
2001; Piazza, 2010). According to a less widesprésdry, the object tracking
system is an index of the (exact) symbolic repriedEm of numbers and forms the
core numerical ability upon which all others ardltb(Butterworth, 1999a, 2005;
Carey, 2001). In the following sections of the praschapter, we will describe in
more detail the parallels between animal and humamnber processing and the main

features of the symbolic and non-symbolic repredents of numbers.
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1.3 Parallels between animal and human number pro@essin

Support for the hypothesis of a shared evolutiorayitage for elementary
arithmetic comes from the finding of two major phals between human and animal
approximate number processing: the numerical distaifect and the number size

effect, both arising from the ratio effect.

On the one hand, theumerical distance effect (see Fig. 1-1) refers to the
finding that the ability to discriminate two numeities improves as the numerical
distance between them increases. Distance effests bheen reported with various
animal species whenever the animal must identi®y fdrger of two numerical
quantities or indicate whether two numerical quésgiare the same or not (Gallistel
& Gelman, 1992). In the same way, the distanceceffas been obtained with adult
humans, in tasks requiring them to compare not tmynumerosity of two sets of
dots (Buckley & Gillman, 1974; van Oeffelen & Vd€82) but also when processing
Arabic digits, number words (Buckley & Gillman, 37Dehaene, 1996; Dehaene,
Dupoux & Mehler, 1990; Moyer & Landauer, 1967) ama-digit Arabic numerals
(Dehaene et al., 1990). In all cases, comparisnagiand error rates are a continuous,

convex upward function of distance.

The number size effect (see Fig. 1-2) refers to the finding that, for aqu
numerical distance, discrimination of two numeiesitworsens as their numerical
size increases. This effect holds when various ahispecies are presented with
different numbers of visual objects or sounds inows discrimination or comparison
tasks (Gallistel & Gelman, 1992). In human adulisgrowing imprecision for
increasingly large numerosities was found durirg ittentification or discrimination
of two sets of dots (Buckley & Gillman, 1974; vareftelen & Vos, 1982).

Interestingly, a similar number size effect wasnfduvhen humans compare or
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calculate with numbers presented as Arabic digitasonumber words (Buckley &
Gilman, 1974; Moyer & Landauer, 1967; Aschcraft &attqglia, 1978). Thus,
cognitive psychological evidence indicates thatyamious number processing tasks,
humans and non-human animals quickly access a semuegion of numerical
guantities which is organized by numerical proxymaind gets increasingly fuzzier

for increasingly larger numbers.
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Figure 1-1. Distance effect(A) Distance effect observed with pigeons in a task
requiring comparison of the number of pecks witlixad standard of 5QRilling &
McDiarinid, 1965).(B) Distance effect observed withimpanzees in a task requiring
selection of the larger of two small numbers of aflate bits (Washburn &
Rumbaugh, 1991)(C) Distance effect observed with humans in a task irequ
decision as to whether a pattern contained exd&lydots (van Oeffelen & Vos,
1982). (D) Distance effect observed with humans in a taskiregudecision as to
whether a two-digit Arabic numeral is larger thah @ehaene et al., 1990).
Reproduced from Dehaene, Dehaene-Lambertz & Cdl898j.
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Fig. 1-2.Size effect. (A) Size effeciobserved with rats in a task requiring comparison
of the numbers of lever presses to a fixed standfdd 8, 12 or 16 (Mechner, 1958).
(B) Size effect observed witiumans when they have to compare the numerosdy of
dot pattern to a fixed standard of 8, 12, 16, Zp230 (van Oeffelen & Vos, 1982).
In both cases, the size effect is revealed by emreasing dispersion of the distribution
of responses. In general, when humans process $ignmbonerals, the size effect is
reflected only by lengthened response times andhall Sncrease in error rates for
increasingly larger numbers (Aschcraft & Battagli8/8; Buckley & Gillman, 1974;
Moyer & Landauer, 1967Adapted from Dehaene et al. (1998).

Both the distance and the size effects reflecffdlaethat numerical processing
obeys Weber's law in the same way as the percemtigohysical stimuli such as
loudness or brightness does in psychophysics (Deha&2001). Weber's law states
that the change in stimulus intensity needed foo@anism to detect a change is a
constant proportion of the original stimulus inténsather than a constant amount.
The same logic holds true for non-verbal numbecrdignation: the ability to
discriminate between two numerosities is influenbgdooth the linear distance and
the absolute magnitude of the values compared.eTdrey, the larger the stimuli and
the smaller the difference between them, the wthre@ processing. An alternative

formulation is that numerosity discrimination (ah@nce, the distance and size
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effects) depends on the ratio of the numbers iraghlnot their absolute values. The
closer this ratio is to 1, the more difficult thamber discrimination. So, it will be
easier to compare 1 and 2 than 8 and 9 becausetibeseparating the first two

numbers is 0.50 vs. 0.88 for the last two numbers.

2. Theoretical models

In this section, we will consider the two majordhetical models that have been
proposed to conceptualize how numerical processihgys Weber's law: the
accumulator model and the mental number line modkd. will also look in some
detail at the neuronal model and the cerebral m&svahich are assumed to sustain

the implementation of the mental number line.

2.1 The accumulator model

The accumulator model was initially proposed byckland Church (1983) in
order to account for numerical competences observedts and was then extended
by Gallistel and Gelman (1992, 2000) in order ttegnate human and animal
numerical performances. According to this modelnatosities are represented by
magnitudes on an analogue linear representatiam s@lar variability. The mental
magnitudes are generated by a non-verbal countiogeps so that each enumerated
unit is represented in a mental accumulator by dditianal fixed increment of
magnitude. The cardinal value of the counted seteguence is represented by the
final magnitude, which is then either compared tmagnitude stored in memory or
mapped to symbols for quantities (see Fig. 1-3@)i#e magnitudes in memory are
noisy, the trial-to-trial variability in rememberexagnitudes is proportional to these

magnitudes (i.e., scalar variability). Discrimimmatifailures therefore occur when the
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signal distributions for nearby numerositites oaprl This model is a summation-
coding system as the mental representation of aernsity is analogue to the
magnitude it represents (i.e., a given number atg®y a portion of the numerical
representation and this portion constitutes a $udfdée portion activated for a larger

number) (see Fig. 1-3b).
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One cu accumulator
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Fig. 1-3. (A) The accumulator model.A numerosity is represented through the
accumulation of fixed increments of magnitude. Analated magnitudes may then
be compared to a magnitude stored in memory or B@pp symbols for quantities.
However, magnitude read from memory is noisy. 8e,dreater the magnitude, the
more likely an errorReproduced from Cordes, Gelman, Gallistel, & Whd@901).
(B) Linear model with scalar variability. Reproduced from Feigenson et al. (2004).

The accumulator model has been supported by WhaBallistel and
Gelman’s (1999) study, in which human adults uraéttwo numerosity estimation
tasks. In the first, participants had to approxehaproduce the magnitude of a target
number by pressing a response key at a rate thaé macal or subvocal counting
impossible. In the second, participants had toredge the number of flashes in a

rapid and randomly timed sequence. In both tasles ntean responses increased in
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proportion to the target number, as did the taatrtal variability, thus suggesting
that adults, like animals, use a non-verbal cogntimechanism that generates
magnitude representations with scalar variabilsye( Cordes et al., 2001 for similar

results).

2.2 The mental number line

2.2.1 Psychophysical features

The second model proposed to account for the recumwbservation of the
distance and size effects (Aiken & Williams, 19@Bckley & Gillman, 1974,
Dehaene, 1996; Dehaene et al., 1990) is the meataber line model (e.g., Restle,
1970; Dehaene, 1992).

According to this model, the representation of ntosies would present two
major features, each explaining one of the behaalceffects (i.e., the distance and
size effects). Firstly, it seems that numbers apeasented on the mental number line
by equal distributions of activation (see Fig. 1-Bherefore, the larger the distance
between the quantities being compared, the mortardigheir distributions of
activation on the mental number line and the eassisito discriminate between them
(i.e., distance effect; Dehaene, 1992, 1997, 2@uD3). Secondly, the mental
number line appears to be logarithmically scaleee ($ig. 1-4), so that small
numerical magnitudes are further apart on the nuniibe than large numerical
magnitudes. This leads to less accurate repregemtand poorer discrimination of
large than of small numbers and thus explains #teatioural size effect. A third
feature of the mental number line, namely its dagan from left-to-right, will be

explored in Chapter 3.
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The imprecision of the mental number line decreasits age (Halberda &
Feigenson, 2008; Piazza, Facoetti, Trussardi, B#titeConte, Lucangeli et al., 2010;
Xu & Spelke, 2000), is subject to individual diféeices (Halberda, Mazzocco, &
Feigenson, 2008) and is expressed as a Weberofma@t). Whereas infants can
detect changes in numerosity for ratios of 1:2 awdhths (Lipton & Spelke, 2003;
Xu & Spelke, 2000) and 2:3 at 9 months (Xu and aga, 2007), the Weber fraction
for adults is approximately 0.11, yielding succaksiumerical discrimination of

arrays differing by a ratio as little as 9:10 (Hzltla & Feigenson, 2008).

0 2 4 & 81012

Fig. 1-4. Representation of the log-Gaussian model of th@tahenumber line.
Reproduced frorfreigenson et al. (2004).

At a behavioural level, scalar variability (i.¢he accumulator model) and
compressed coding (i.e., the mental number lineef)ddad essentially to the same
predictions (Dehaene, 2003): the amount of sigaeatlap between representations of
any two numbers is a function of the size and dtebetween them. However, as we
will see in the following section, the discoveryshgle numerosity detector neurons
(Nieder, Freedman, & Miller, 2002; Nieder & Mille2003) provided further support

for the mental number line model.

32



Representations of numbers

2.2.2 Neuronal model

The discovery of single neurons tuned to numerdsitthe macaque monkey
(Nieder et al., 2002; Nieder & Miller, 2003, 2004nd of neurons plausibly
implementing random-walk accumulation models ofislea (Gold & Shadlen,
2002) have provided insight into the neuronal maims from which the distance
and size effects arise. More particularly, Dehasmd Changeux (1993) proposed that
numerosity is extracted from a retinotopic maphireé successive stages (see Fig. 1-
5): (1) object location mapobject locations are coded in a retinotopic wagardless
of object identity and size - a normalization whichuld be performed by the
occipito-parietal “where” pathway (Izard, Dehaeraxibertz, & Dehaene, 2008R)
accumulation neuronsthe total activity is represented by accumulatiogurons
which simply sum the activation on the object lcmatmap. These neurons have
limited receptive fields and thus respond solelythe local numerosity within a
certain retinotopic area, not to the total numeyosicross the whole visual field
(Roitman, Brannon, & Platt, 2007§3) numerosity detector neuranthe summed
activation of the accumulation neurons stimulatesuanerosity-specific detector
neuron which is “number selective” (i.e., tunedatspecific numerosity) instead of
being “number sensitive” as the object location rfiap, there is more neural activity

when more objects are presented).

According to the neural model, numbers are reptesercortically by a
population of neurons, each coarsely tuned to Eepesl quantity. The coarse tuning
implies that the closer two numbers are, the monélag the coding scheme of their
neuronal populations. It thus explains why numéritistance is a major determiner
of number comparison performance. Furthermore, riimdel assumes that the

preferred numbers for different neurons are distéd on a logarithmic scale, thus
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permitting a wide range of quantities to be encodét a small population of cells.
This compressive property implies an increasingbarser encoding of larger
numbers. Thus, it can explain the behavioural ofladem that, as the numbers
increase, it takes a proportionally larger diffeermetween them for discrimination
performance to remain at a constant level (Webaw3.

Sensory Location Summation Numerosity
input cluster cluster cluster

PRvY

Figure 1-5.Neuronal model.Sensory input cluster is mapped onto the locatiap,m
where each stimulus is represented as a similat t&hactivity regardless of the size
or the shape of the objects. The location map {m@fects to the summation or
accumulation cluster which simply sums the actoratof the location map. The
summed activation then stimulated a specific nusigro detector neuron.
Reproduced from Nieder & Dehaene (2009).

2.2.3 Cerebral networks

Neuro-imaging studies rapidly identified the hortal segment of the intra
parietal sulcus (hIPS) as the neuroanatomical lawe® of numerical processing. This
region is actually always activated whenever a migaktask requires a quantitative
representation of numbers. For example, it is nawt#ve when subjects calculate
than when they merely have to read numerical sysnf@hochon, Cohen, van de
Moortele, & Dehaene, 1999; Pesenti, Thioux, Ser&n,De Volder, 2000a).
Parametric studies also revealed that the activabibthe hIPS is modulated by

semantic parameters such as the absolute magrifutie numbers and their value
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relative to a reference point. Thus, intraparietetivity is larger and lasts longer
during operations with large numbers than with $miaés (Kiefer & Dehaene, 1997;
Stanescu-Cosson, Pinel, van de Moortele, Le Bilamen, & Delaene, 2000). It is
also modulated by the numerical distance separahiagnumbers in a comparison
task (Dehaene, 1996; Pinel, Dehaene, Riviere, 8itan, 2001), and by the degree
to which novel value deviates from habituation ea(®iazza, lzard, Pinel, Le Bihan
& Dehaene, 2004).

Finally, the activation of the hIPS is independehthe particular modality of
input used to convey the numbers. Arabic numeggslled-out number words, and
even non-symbolic stimuli like sets of dots or t®re@an activate this region (Le
Clec’H, Dehaene, Cohen, Mehler, Dupoux, Poline let 2000; Piazza, Mechelli,
Price, & Butterworth, 2006; Pinel et al., 2001) k&a together, these data suggest
that the hIPS is essential for the semantic reptaien of numbers. This
representation may therefore provide a foundation dur “numerical intuition”

(Dehaene, 1992, 1997; Dehaene & Marques, 2002).

3. Symbolic and non-symbolic representations of mibers

3.1 The triple code motle

The metaphor of the mental number line takes piacgshat Dehaene (1992,
1997; see also Dehaene & Cohen, 1995, 1997) cdledriple code model. This
model assumes that numbers are represented indtifeent codes that are related
to specific tasks and have distinct neuroanatonuicaklates (Dehaene, Piazza, Pinel
& Cohen, 2003). First, there is the analogue magdeittode which corresponds to the
mental number line and which is, according to tteleh, the only code that includes

semantic knowledge about numbers. This code isefiier used in magnitude
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comparison and approximation tasks and is supptwsbd implemented in the hIPS.
Second, there is a verbal word frame which is attid whenever sequences of
number words are manipulated. It would thereforeided for retrieving well learned
arithmetic facts such as multiplication tables asdpredicted to engage the left
angular gyrus. Third, there is the visual Arabicmiber form which represents
numbers as strings of Arabic digits and which iscufor multi-digit calculation and
parity judgments (Dehaene & Cohen, 1991). The nemaiomical correlate of this
last code is located in the bilateral inferior wahtoccipito-temporal regions
(Dehaene, 1992) (see Fig. 1-6 for an illustratiérth@ brain regions involved in

numerical processing).
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Fig. 1-6. Brain regions involved in numerical procesing According to Dehaene et
al. (2003), the analogue magnitude code is locatetthe hIPS whereas the verbal
word form engages the left angular gyrus (AG). Thad region, the bilateral

posterior superior parietal lobe (PSPL), is notcefieto the number domain but
plays a central role in visuo-spatial processiRgproduced from Dehaene et al.
(2003).
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According to the triple code model, various trayting paths enable numerical
information to be translated from one code to theeio Overall, two major routes
were proposed by Dehaene and Cohen (1995, 19By/)he direct asemantic route
that translates written numerals to auditory verbaimbers without semantic
mediation; and(2) the indirect semantic route that transcodes write auditory
numerals through the analogue magnitude code amthuwshtherefore specialized for
the manipulation of numbers. As adults were fouwnd be able to compare
numerosities across stimulus modality (i.e., verbal visual) and format (i.e.,
simultaneous vs. sequential), the properties ofntioglality-specific stimulus were
assumed to undergo a transformation into a quantiyresentation that is
independent of the modality of the stimulus (Bakhnwisher, & Spelke, 2003).

To conclude, the idea that numbers may be repredeint a non-symbolic
format (i.e., the analogue code) and in two syn@bfdrmats (i.e., Arabic digits and
verbal numerals) already existed in the 90s. Asaaly stated, the non-symbolic
representation of numbers precedes the acquisdfonumerical symbols and is
present in adults of all cultures, as well as fanits and animals. In the course of the
numerical development, however, this quantity repngéation is progressively
connected to different numerical symbols. In otlerds, the arbitrary properties of a
specific symbol will progressively be attached toefevant quantity representation.
According to the initial version of the triple codeodel (Dehaene & Cohen, 1995,
1997), the connection between symbolic and non-s¥imtprocessing does not
change the way people represent and process nuntb@nsver, in the following
sections, we will provide evidence that symbolid aron-symbolic representations
may differ in terms of precision (section 3.2), r&ucoding (section 3.3) and

hemispheric asymmetry (section 3.4).
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3.2 Approximate vs. accurate?

Several pieces of evidence suggest that the atiqnisf numerical symbols
provides access to a more accurate representafionurmbers. The first data
supporting this idea probably date back severalsyeshen Buckley and Gilman
(1974) demonstrated that the distance and sizeteffeere smaller in tasks involving
symbolic numbers than in tasks involving non-syntbguantities. It was therefore
assumed that the representation of numerical sysmivals less approximate (less
compressed) than the representation of non-symbabatities. Moreover, in a more
recent study, no significant correlations were fburetween the symbolic and the
non-symbolic distance effects (calculated on th&sbaf reaction times), this lack of
correlation suggesting that symbolic and non-symbolmerical quantities may be
processed by different underlying representatitfudl¢way & Ansari, 2009).

While both symbolic (De Smedt, Verschaffel & Ghesge, 2009; Holloway &
Ansari, 2009) and non-symbolic (Gilmore, McCarthySpelke, 2010; Halberda et
al., 2008) arithmetic abilities were shown to be anclose relationship with
mathematical achievement, only the lack of symbaolimerical representations (in
animals and in some indigenous human cultures) apgdeto preclude the
development of higher mathematical skills (Dehadpatd, Spelke, & Pica, 2008;
Gallistel & Gelman, 2000; Gordon, 2004; Pica, Lenteard, & Dehaene, 2004). For
instance, whereas speakers of Mundurukd, an Amaadanguage with a very small
lexicon of number words, were able to add, subtewi compare approximate
representations of large numbers far beyond theeiting range, they were unable to
solve exact arithmetic problems comprising numbarger than 4 or 5. These data
therefore suggest that the acquisition of numesgaibols plays a special role in the

emergence of accurate numerical competence duinifdydevelopment.
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A recent study further supported this idea by gshgwthat the neural
representation of symbolic numerical magnitudes mase finely tuned than that of
non-symbolic numerical magnitudes (Piazza, PinelBlihan, & Dehaene, 2007). In
this study, brain activity was measured with fMRiile adults participants passively
observed non-symbolic (i.e., dot patterns) or sylimlae., Arabic digits) quantities.
Once the cerebral activity showed habituation te thpetitive presentation of a
specific quantity, a deviant magnitude was preskrggher as a set of dots or as an
Arabic numeral. The presentation of the deviamhghiis was shown to provoke an
asymmetric rebound effect in the left hIPS. Indedjistance-dependent recovery
effect was observed after a distant Arabic digiswaesented amongst dots, but an
abnormal distance-independent recovery effect visgrwed after a set of dots was
presented among Arabic digits. Interestingly, thes& were interpreted as reflecting
the accuracy of the symbolic and non-symbolic tgnourves. When habituation
stimuli were presented as sets of dots, the adaptetfect touched a large population
of neurons, given the neuron’s broad tuning cuiM@s adaptation effect therefore
transferred to close symbolic numerals presentatkbamnts, as the tuning curve for
this numerical format was sharper than the onbé@hibn-symbolic format. Inversely,
when habituation stimuli were presented as Arabgityd the adaptation effect
touched a small population of neurons, given theom®@s sharp tuning curve. So, the
adaptation to digits did not lead to the adaptatibthe population neurons for dots;

and a distance-independent recovery effect wasahserved.

A developmental transition from logarithmic todar numerical representation
has also been documented in several studies suyg#st children’s representation
of numbers changes over time with increasing erpeg with number symbols

(Berteletti, Lucangeli, Piazza, Dehaene, & ZorZ)1@, Booth & Siegler, 2006;
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Siegler & Booth, 2004; Siegler & Opfer, 2003). hrese studies, children and adults
had to place different numbers on a visual numimer With O at one end and either
10, 20 (Berteletti et al., 2010), 100 (Siegler &dBn 2004) or 1000 (Booth &
Siegler, 2006; Siegler & Opfer, 2003) at the otead. All these studies reported
consistent results: the youngest children posiianembers logarithmically when the
experimental condition was unfamiliar (e.g., 1000) positioned them linearly when
the experimental condition was familiar (e.g., 10@) contrast, older children and
adults positioned numbers linearly in both expentakconditions. The dissociation
between familiar and unfamiliar conditions thereforeveals that children’s
performance changes with age and shifts from aikbgaic to a linear representation.
Interestingly, the linearity of the numerical regpgatation appeared to be correlated to
mathematical achievement (Booth & Siegler, 2008g®ir & Booth, 2004).

Taken together, the data presented in this sectigygest that there is a
differential precision of number coding depending the stimulus format, the
symbolic numerical representation being accuraiedi and the non-symbolic

representation being approximate/logarithmic.

3.3 Summation-coding vs. place-coding?

Non-symbolic and symbolic representations of numliifer not only in terms
of level of precision but also in terms of neuradlimg. Verguts and Fias (2004) were
the first to propose this distinction by showingthaa simulation study, that a shared
representation of numbers was reached through reliffeneural coding steps
depending on the stimulus formdft) a summation-coding step for non-symbolic
guantities and(2) a place-coding step for symbolic numbers. Summatmding

refers to the idea that a non-symbolic quantityivatés a portion of the mental
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number line that includes all the units smaller agdal to the target quantity. Place-
coding, on the other hand, refers to the fact thaymbolic number activates its

corresponding unit on the mental number line witmaximal strength, but also

activates smaller and larger neighbouring unithwitadually decreasing strength as
a function of distance (see Fig. 1-7). Whereas Msrgnd Fias (2004) suggested that
a logarithmic scale may characterize the summataated representation, Verguts,
Fias and Stevens (2005) demonstrated that a |stzde may characterize the place-

coded representation.
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Fig. 1-7. Schematic representation @&) place-coding andB) summation coding.
Reproduced from Roggeman, Verguts and Fias (2007).

A recent fMRI study by Santens, Roggeman, Fias, ¥edguts (2010)
supported Verguts and Fias's model (2004). Thisegrment consisted of the
sequential presentation of dot patterns (10 blookshe sequential presentation of
Arabic digits (10 blocks). At the end of each blptko stimuli were presented left
and right of a fixation cross and participants wemnstructed to indicate the
number/numerosity corresponding to the previousplays Brain activity was
registered during the stimuli presentation and actional connectivity analysis
showed shared activation for symbolic and non-symlsimuli in the intraparietal
sulcus but also demonstrated that the pathwayatthrthis area was modulated by the
stimulus format: whereas non-symbolic quantitiesvated an area in the posterior

superior parietal cortex, the processing of syntbgliantities activated a pathway
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that does not rely on this intermediate stage. [P&was therefore identified as the
neural substrate of the number-selective representand the posterior superior
parietal cortex as the neural substrate for thensation step required for the

processing of non-symbolic quantities (see Fig).1-8
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Fig. 1-8. VIS primary visual regionSENS number-sensitive region in the superior
parietal lobe.SEL: number-selective region in IPS. Schematic illstn of the
connectivity analysis fofA) symbolic andB) non-symbolic stimuli. The weight of
the lines reflects the strength of the connecti\{i@) Path coefficients resulting from
the connectivity analysis for different connecticssd different formatsAdapted
from Santens et al. (2010).

Moreover, evidence in favour of the distinctionveeén summation and place-
coding comes from a behavioural priming task of ¢gRogan et al. (2007). In this
study, participants were asked to name a targattigygfrom 1 to 5) after a prime
had been presented. In the first condition, prime &rget were presented as Arabic
digits, whereas in the second they were presensedioh patterns. The authors
demonstrated that the priming effect crucially defseon the experimental condition.

In the digit format condition, the priming effecasV/-shaped (see also Reynvoet &

Brysbaert, 1999, 2004; Reynvoet, Brysbaert, & F28)2), indicating that an Arabic
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digit primed smaller and larger numbers as a fonctf distance (see Fig. 1-9a). In
the dot patterns condition, in contrast, the prgngattern was stepwise, suggesting

that a dot pattern primed all the quantities smalleequal to the prime value (see

Fig. 1-9b).
A digit format B dot format
650 650 4
target 1
600 1 —O— targel 2 600 1
target 3
550 4 == target 4 550 4
—¥—target 5
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400 T T T T T T T T 400 T T T T T T T T 1
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prime > target prime < target prime > target prime < target

target - prime distance target - prime distance

Fig. 1-9. (A) V-shaped andB) stepwise priming effects for Arabic digits and dot
patterns respectivelfReproduced from Roggeman et al. (2007).

These observations were thus in accordance watmihdel of Verguts and Fias
(2004). In the digit condition, the prime inducesliatance-dependent activation of
the neighbouring units around the prime value (gseeted with a place-coding
representation). Therefore, the processing of targse to the prime value was
facilitated in comparison to the processing of éésgar from the prime value. In the
dot format condition, on the other hand, the primeéivated and thereby facilitated
the processing of all the targets smaller thangoiakto the prime value (as expected
with a summation-coding representation). As we wik in Chapters 5 and 6, the
same pattern of results was observed with canoracal non-canonical finger

configurations (Di Luca, Lefevre & Pesenti, 2010).
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Taken together, these data can be used to regneetbronal model (Dehaene &
Changeux, 1993) exposed in section 2.2.2. This inod#s original version, already
assumed that numerical magnitudes, regardless eir timput format, were
represented by a number-selective coding systeen, (ihe numerosity detector
neurons). The data reported in the present sesttaated this representation in the
IPS and demonstrated that symbolic and non-symisplantities reached this area
through different pathways. Whereas non-symbolipuis access the number-
selective representation through a summation cosiyistem located in the posterior
superior parietal cortex, the processing of syntbaliputs does not require this
intermediate step. The summation coding systemespands to the accumulation
neurons described in the neuronal model and therefommates, in a logarithmic
way, the number of elements displayed in a set. l[iif@ar scaling and the place-
coding features of the symbolic numerical repres#oT may stem from the fact that
primary visual regions contact IPS directly or &i@isual number form (as suggested
in the triple code model: Dehaene & Cohen, 1994 ;ssetion 3.1).

According to Verguts and Fias (2004), however, ot left parietal
representation acquires a refined precision folhgwihe acquisition of numerical
symbols, the right parietal cortex keeping a coaepeesentation for both symbolic
and non-symbolic notations. In the following seatiave will provide converging

evidence for this idea.

3.4 Hemispheric asymmetry?

The number processing capacities of both hemispheeee first investigated in
visual half field (VHF) experiments. In these beloaval studies, participants were

instructed to look at a central fixation cross whirget stimuli were presented to the
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left or to the right of a fixation cross. Given theuro-anatomical organization of the
brain, stimuli presented in the left visual field/f) are firstly processed in the right
hemisphere while stimuli presented in the rightusisfield (RVF) are firstly
processed in the left hemisphere. VHF experimergslaerefore an efficient tool to
identify hemisphere specific processing mechanisitdsing this methodology,
Ratinckx, Brysbaert and Reynvoet (2001) instrudtesir participants to classify a
target Arabic number as small (1, 2) or large 5,T®e target stimuli were presented
in the right (RVF) or in the left visual field (LJFsimultaneously with a distractor in
the opposite visual field. A comparison distandeafand a priming distance effect
(i.e., responses were faster when the target astdadior were numerically close)
were observed in both VFs, indicating that targed aistractor were similarly
processed in both hemispheres. The same conclugsnreached with a cross-
notation design (Arabic digits as targets and emitverbal numerals as distractor or
inversely Arabic digits as distractor and writtearhal numerals as target; Ratinckx &
Brysbaert, 2002), when prime and target were samelbusly (Ratinckx & Brysbaert,
2002) or sequentially (Reynvoet & Ratinckx, 2004¢gented in the same VF or
when the prime was centrally presented (Notebaert R&ynvoet, 2009).
Contrastingly, with two digit-numbers, a steepampmg curve was observed when
targets were presented in the LFV compared to targeesented in the RVF
(Notebaert & Reynvoet, 2009). So, while the firdi/ studies failed to reveal any
distinctive properties of the magnitude represémtatin the left and right
hemispheres, the last study reported here suggéstethe representation of numbers

may be less precise in the RH than in the LH (Na¢eb& Reynvoet, 2009).

Several previous experiments, using more recepéranental methods, lend

some support to this last conclusion. In a devekmal fMRI study, for example,
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Rivera and colleagues (Rivera, Reiss, Eckert, & dmer2005) found that the neural
responses which sustain mental arithmetic charggefisiantly with age. When asked
to judge whether the result of an arithmetic operatwas correct or incorrect,
children showed brain activation in the prefrorgaftex, indicating that they relied
on working memory and attentional resources toeaehthe task. Older participants,
on the contrary, showed more brain activation m Iéft supramarginal gyrus and in
the left lateral occipito-temporal cortex, indicagia stronger reliance on automatic
and language mediated processes (see Fig. 1-1®)a(se Ansari, Garcia, Lucas,

Hamon, & Dhital, 2005).
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Fig. 1-10.Brain areas that showed significant increasedi) and decrease (in blue)
in activation with age in an arithmetic tageproduced from Rivera et al. (2005).
Brain activation during mental calculation was alsand to be modulated by
individual mathematical competences in adults. éageindividuals with higher
mathematical competences were shown to display excireation in the left angular
gyrus than those with lower mathematical competeriGeabner, Ansari, Reishofer,
Stern, Hebner, & Neuper, 2007). Finally, the adiora of the left and right
hemispheres was shown to be dependent on the sirfrimat used in a magnitude

comparison task; the left angular gyrus being pesfgally activated with numerical
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symbols ant the right superior parietal cortex geireferentially activated with non-
symbolic stimuli (Holloway, Price, & Ansari, 2010).

The two hemispheres were also shown to be diffedntinvolved in
approximate and exact numerical judgments: appratancalculation leading to
stronger activation in the right IPS and exactwalton involving stronger activation
in the left IPS (Cohen & Dehaene, 1996; Dehaene adael, 1991; Piazza et al.,
2006). Besides, a transcranial magnetic stimulagaperiment suggested that a
disruption of the left parietal cortex was suffitieto produce deficits in
discriminating close digits while a disruption afth parietal cortices was necessary
to alter the discrimination of far digits (AndreSeron, & Olivier, 2005). Finally,
Piazza and colleagues demonstrated that the Wedetioh was smaller in the left
than in the right hemisphere (Piazza et al., 2084)was the neurons’ tuning curve
(Piazza et al., 2007; see section 3.2).

Another study providing evidence of notation-specifepresentations of
numbers in the parietal cortex is the fMRI adaptatexperiment of Cohen Kadosh,
Cohen Kadosh, Kass, Henik, and Goebel (2007).ignstiudy, the left IPS was found
to adapt to quantity regardless of the format @& #timulus (i.e., Arabic digits,
number words, mixed format). The right IPS, onabeosite, exhibited an adaptation
effect with Arabic digits but not with number wordt first glance, these data may
seem contradictory to the observations made byzRi& al. (2007) according to
which the left IPS may contain a more precise nicakrepresentation than the right
IPS. However, as suggested by Ansari (2007), bdtidies could be seen as
converging on a central idea: the specializatiothefleft IPS for the representation

of enculturated numerical symbols (see also PinBletiaene, 2010).
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4. Conclusions

The human understanding of numbers is rooted irability to make judgments
about numerosity. Numerosity is an abstract prgpefria set, since it is independent
of the sensory attributes of its members and ofpthgsical parameters of the set,
such as shape, luminance, density, duration ouémecy. Despite its abstractness, the
ability to represent and discriminate numerositie®s not depend on learning a
symbolic system, as it spontaneously emerges inlingaistic infants, and is
observable in non-human species. At this stage, pileeessing of numbers is
characterized by two psychophysical effects: distagnd size effects. Following the
recurrent observation of these two effects in waitasks and with different stimulus
formats, it was postulated that numbers could Ipeesented on a logarithmically-
scaled mental number line. Although the mental nemhibe model was supported by
a formal neuronal network, recent experiments destnated that this shared mental
representation could be reached through differativeays:(1) an accurate, place-
coded and left-lateralized step for symbolic nurmsband (2) an approximate,
summation-coded and right-lateralized (or bilajestép for non-symbolic quantities

(Dehaene, 2009).

For the ease of our purposes and following the gapof Verguts et al. (2005)
and Siegler and collaborators (Booth & Siegler,@iegler & Booth, 2004; Siegler
& Opfer, 2003), we will assume, in the followingagiters of the present thesis, that
the precision level of the two representations abturefers to different kind of
scaling: the symbolic numerical representation d¢pdinearly scaled (i.e., accurate)
and the non-symbolic numerical representation béaggrithmically scaled (i.e.,

approximate).
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The numerosity estimation process

In the literature on numerical cognition, threefelént processes have been
defined to account for the quantification of eletserThese three processes are:
subitizing, counting and estimation. Subitizingemsfto rapid, effortless and accurate
judgments of small sets of entities (up to thredoor items) (e.g., Kaufman, Lord,
Reese, & Volkmann, 1949). Number judgments for darget-sizes involve either
counting or estimating, depending on the numbeelements presented within the
display and the time given to respond. Counting igrbal time-consuming process
of enumeration that allows a precise evaluatiothefcardinality of a set of elements
(e.g., Gelman, 1978), while estimation is an appnate and rapid judgment of a
set’s numerosityln this chapter, we will focus on the numerositiraation process.
We will first describe the tasks usually used tadgtthis process and then we will
detail the different hypotheses that have beerfguiard to account for the under-

and overestimation phenomena often observed i tas&s.

1. Estimation tasks

Two kinds of tasks are usually used to study thmemosity estimation process:
perception and production task, each of whichead to a specific input and output
code. In a typical perception task, non-symbolimsli, such as sets of different
numerical size (e.g., collections of dots or segasnof sounds), are presented to
participants, who have to estimate their numerdsytythe use of symbolic outputs,

such as oral verbal or Arabic numerals (e.g., B&&arurner, 1964; Kaufman et al.,
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1949; Krueger, 1972; Mandler & Shebo, 1982). lry@idal production task, on the
contrary, symbolic numerical stimuli, such as oratbal or Arabic numerals, are
presented to participants who have to approximagglyoduce their magnitude by the
production of a non-symbolic output, such as a eege of key presses (e.g.,
Castronovo & Seron, 2007a; Whalen et al., 1999).

In both tasks, participants’ patterns of perfornreameesent the signature of
Weber’s law, suggesting that numbers and numeegsitie converted into analogue
mental magnitudes on the mental number line (Deha&f92, 1997; Gallistel &
Gelman, 1992, 2000; Moyer & Landauer, 1967; Whaleal., 1999): the means of
estimates and their variability increase proposiltynwith target magnitude, resulting
in constant coefficients of variation (i.e., startldeviation/mean) across target size
(e.g., Castronovo & Seron, 2007a; Cordes et alQ120VNhalen et al., 1999).
Moreover, and in line with the triple code modelinterosity estimation could be
defined as an activity requiring a semantic tradsap processwhile perception
tasks involve a non-symbolic to symbolic numericaapping, production tasks
involve a symbolic to non-symbolic numerical magpin

Until now, this ability to map two different repeggations of numbers has only
been examined in a few studies. In a recent exgatiroy Mundy and Gilmore
(2009), for example, the mapping abilities of 6-da8-year-old children were
evaluated in both directions. In half the trialdaeget Arabic number was presented
followed by two sets of dots (symbolic to non-syiibaumerical mapping). In the
other half, a target set of dots was presentedvieltl by two alternative Arabic digits
(non-symbolic to symbolic numerical mapping). Theget quantities ranged from 20
to 50 and the alternative choices consisted ofctireect response and a distractor

differing from the target quantity by a ratio 0D.6r .67. Children were instructed to
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map the target quantity to one of the two altemgatihoices. The results indicated
that the ability to map two numerical representaiavas not symmetrical across
direction of mapping: children were unable to mapgymbol to a non-symbolic
guantity when the ratio was .67, but they were &bléo the mapping in the opposite
direction at the same ratidccording to the authors, this asymmetry origindtedn
the level of precision of each representation: whsrthe symbolic to non-symbolic
version of the mapping task involved one activatiminthe accurate symbolic
representation (for the target Arabic digit) and tactivations of the approximate
non-symbolic representation (for the two alterragets of dots), the non-symbolic to
symbolic version of the task involved one activatiof the approximate
representation and two activations of the accunataerical representation. Children
were therefore more accurate in the non-symbolisytmbolic numerical mapping
because this condition involved less approximattban the symbolic to non-
symbolic numerical version of the task.

The ability to map the symbolic and non-symbolipresentations of numbers
was also studied in adults and was found to beuglied after a frontal lobe damage.
A patient with this kind of lesion was indeed showm present difficulties in
cognitive (i.e., the capacity to give approximateswers to questions of general
semantic knowledge for which no precise answegaslity known; Shallice & Evans,
1978) and verbal numerosity estimation tasks (RevKiazza, lzard, Zamarian,
Karner, & Delazer, 2008): the patient’s responsdisf/stematically outside the range
of answers given by the healthy participants. bg#@ngly, as the patient’s
performance was comparable to healthy participamtsall tasks evaluating the
semantic representations of numbers (i.e., dotspadson, dots addition, digit

comparison and number size stroop digit comparjstr® patient’s deficits were
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assumed to reflect an impairment of the numericappmg process rather than an
impairment of the semantic representation of nusiliself. In this sense, this case
study lends further support to the idea that a migalemapping process is involved
in numerosity estimation tasks. As we will seeha following section, this mapping
process may nevertheless be influenced by diffeedfects, therefore producing

predictable under- and over-estimation errors.

2. Under- and over-estimation

2.1 The perceptual effects

There is evidence that numerical estimation mapdsed on factors other than
numerosity per se. In dot pattern estimation tadks, example, participants’
performance was shown to be influenced by the Gestenciples of good form,
according to which sets of elements which congtitugood “Gestalt” should appear
more numerous (Frith & Frith, 1972; Ginsburg, 198nsburg & Nicholls, 1988).
These principles ar€1) the clustering effectdot arrays are judged more numerous
when they are spread over a large area than whanare more densely spaced
(Krueger, 1972; Sophian & Chu, 20082) the regular-random numerosity illusion
regular displays are perceived as being larger ttzanmdomly arranged displays
(Ginsburg, 1978, 1980; Ginsburg & Pringle, 1988);the solitaire illusion a large
array is judged more numerous than several smadlysr(Frith & Frith, 1972;
Ginsburg, 1982)(4) the item size effediarge items are thought to be more numerous
than small items (Ginsburg & Nicholls, 1988; Mill@rBaker, 1968).

In an attempt to take these numerosity illusionis account in a quantitatively
measurable way, Allik and Tuulmets (1991) propoaadirea-based “occupancy”

mode] according to which perceived numerosity (essHyiia dot pattern estimation
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tasks) depends on the area occupied by the patbeilve processed. This total
occupied area (i.e., the occupancy index) may bantifatively modelled by

surrounding each item with a circular territory raidius R centred at the dot and

independent of the spatial proximity of dots. Ascasequence, if two dots are close
to each other, their occupancy territories overlagsulting in a lower occupancy
index (see Fig. 2-1). According to this model, péred numerosity is therefore not
directly linked to the number of dots included fe tvisual pattern, but to the size of

the overlap of the dots’ occupied territories.

Fig. 2-1. Occupancy model (Allik & Tuulmets, 1991)When 2 dots are closer than
2 R, their occupancy territories overlap (left imagesulting in a lower perceived
numerosity than when 2 dots are separated by mmae 2 R (right image).
Reproduced from Durgin (1995).

Later, Durgin (1995) proposed that numerosity judgta were made by
combining the density and area information of tiraya Consistent with this idea, the
author demonstrated that numerosity perceptionaffasted by adaptation to a dense
array and that this effect increased with incremsinmerosity. More specifically,

participants were adapted to a dense array ofidatge region of their visual field

and then asked to compare the numerosity of twapdtierns, one presented in the
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adapted visual field, the other presented in the-amapted field. The results

demonstrated that the arrays presented in the edidid were perceived as less

numerous than the same arrays presented in thadegpted field. This aftereffect is

illustrated in Figure 2-2: when participants fixdkeir gaze on the fixation cross of

Figure 2-2a, and then move their gaze to the fixatiross of Figure 2-2b, they have

the impression that the right (adapted) displaythassame numerosity than the left

(non adapted) display. Interestingly, the effecadfptation on numerosity is range

dependent: for large numerosities, adaptation mesiuihe apparent number of

elements presented in the adapted field (see F&). For small numerosities,

adaptation does not substantially affect the appamember of dots.

Fig. 2-2. Methodology of the experiment of Durgin 1995). (A) Adaptation
stimulus.(B) Test numerosities that appear equal after adaptadi (A). The right
display actually contains 320 dots while the lafipthy actually contains 224 dots.

Adapted from Durgin (1995).
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Similarly, the perception of sets of dots has bseown to be distorted after
participants had been adapted to sets of differemterosities. More particularly, sets
containing fewer dots than the adaptation stimukese perceived as even less
numerous whereas sets containing more dots tharadBagtation stimulus were
perceived as even more numerous (Burr & Ross, 2@G8}his effect was restricted
to the location of the visual field where the adéiph stimulus had been presented,
Dehaene (2009) suggested that it actually reflethedretinotopic property of the
accumulation neurons (see Chapter 1, section 2.2.2)

So, although perceptual variables can accountdoresof the behavioural data
on numerical estimation, it cannot be concluded mlianerosity judgments are solely
based on non-numerical parameters (Sophian & ObR3)2 Rather, adults probably
use a combination of both non-numerical and nurakrgues in apprehending

numerosities.

2.2 The regression effect

In addition to obeying Weber’'s law, numerosity mgriton and numerosity
production tasks also present a major differenc@merosity is systematically
underestimated in the numerosity perception taslereds it is systematically
overestimated in the numerosity production tasks Tifference has been recently
highlighted by Castronovo and Seron (2007a) inudysbn numerical estimation but
has also been found in studies involving the egtanaof psychophysical stimuli,
such as loudness, brightness, duration and dist@mene hand, when participants
undertake psychophysical scaling tasks that reqgthee attribution of numerical
values to stimuli such as brightness (i.e., peroaptasks), participants tend to

underestimate their target magnitude. On the adtlaexd, when participants have to
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produce the target magnitude of stimuli, such asiqudar durations, they tend to
overestimate it (i.e., production tasks) (e.g., v&is, 1953, 1955, 1966;
Teghtsoonian, 1973; Teghtsoonian & Teghtsoonia819The major experimental
finding from these psychophysical experiments iat tthe relation between the
objective magnitude of a physical stimulus andpésceived magnitude (i.e., the
subjective magnitude) can be conceptualized asv@pfunction such ag/=k ¢", in
which ¢ is the subjective magnitude’s range of the semsainduced by the
stimulus,k is a constant depending on the type and the coafdke stimulationgis
the range of the objective magnitude of the physstanulus, andn is a power
exponent whose the value depends on the perceptugihuum involved (Stevens,
1957). By investigating several types of perceptitinuous stimuli, Stevens and
Greenbaum (1966) showed that perception tasks gialaler power exponents than
production tasks. According to the authors, thiermq@menon is due to what they
called theregression effean psychophysical judgments. This effect corregjzoio a
tendency for the subjects to constrict their edfibmaof the variable under their
control when performing the task (i.e., the outgtimulus). In perception tasks, the
variable under the participants’ control is a quative continuum (i.e.,the
subjective magnitude ¢), the objective magnitude of the stimuli (i.€), being
controlled by the experimenter. In production taskgs variable is a physical
continuum (i.e.the objective magnitudeg, the subjective magnitude (i.e4) being
controlled by the experimenter. Because of theassion effect, when one continuum
is matched to the other, two different power fumsi are obtained according to the
adjusted variable on which the participant has rmbnEach of these functions is a
straight line in a log-log plot (logy = n log ¢+ k). However, in a perception task, the

value of the exponent will be biased below its tuaue, yielding the subject to
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underestimate the stimulus magnitude. On the contia a production task, the
value of the exponent will be biased above its wakie, yielding the subject to

overestimate the stimulus intensity (see Fig. 2-3).
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Fig. 2-3. Schematic illustration of the regressioneffect in psychophysical
judgment tasks. According to Stevens and Greenbaum (1966), subjamistrict the
range of their estimations on the variable thatingler their control. In perception
tasks (dotted grey lines), subjects control ang tanstrict the variable plotted on the
ordinate (i.e., subjective magnitude @), whereas in production tasks (full grey
lines), subjects control and thus constrict thaadde plotted on the abscissa (i.e.,
objective magnitude og. In the former case, the exponent will be biaseldw its
true value (yielding to underestimation errors)tha latter case, the exponent will be
biased above its true value (yielding to overediioneerrors).

Later, Teghtsoonian (1973) argued tlgatand @ cannot constrain a subject’s
estimation because they are defined only gradualiype course of the experiment.
Therefore, according to this view, the regressiffecé concerns two successive
stimulus and response ratiosp(and r¢) rather than the absolute range of these
parametergy and ¢). In other words, according to Teghtsoonian (1978feu- and

overestimation are due to the fact that subjectsidawgiving two successive
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estimations that are in an extremely large or dreeely small ratio (log¢ = nlog
r g+ k). However, no explanation was given regardingattigin of this effect.

In light of the literature on psychophysical andnasical estimation, it appears
that the studies conducted in these two fieldseskarch present some similarities.
First, they both require participants to use eithemerical values to rate their
perception of an input stimulus (i.e., perceptiask) or to produce outputs
corresponding to their estimation of the inputs’gméude (i.e., production task).
Second, both psychophysical and numerical estimatgtudies report that
participants’ responses vary as a power functiothefinput magnitude (Indow &
Ida, 1977; Krueger, 1972, 1982, 1984, 1989) antttievalue of the power function
exponent depends on the tasks used: perceptios etk to a flatter function with a
lower exponent, while production tasks lead to eegér function with a bigger
exponent. The regression effect hypothesis cowddetbre throw some light on our
understanding of numerical under- and overestimatidowever, this theoretical
proposal cannot account for the fact that systemadtimation errors occur even
when subjects make their first estimations (Krue$682).

To encompass this issue, a new hypothesis willrbpgsed in Chapter 3 (the
bi-directional mapping hypothesis), according toickhunder- and overestimation
actually reflect the differential scaling of the ndyolic and non-symbolic
representations of numbers and the direction ofriapping process that takes place

between these two representations (Castronovo &Se007a).

2.3 The momentum effect

Under- and overestimation were also observed imcaqupate arithmetic tasks.

In their preliminary study, McCrink and colleagu®4cCrink, Dehaene, & Dehaene-
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Lambertz, 2007) showed adults videos of eventshumvg addition or subtraction and
required them to judge whether or not differenafinumerosities were the correct
outcome of the operation. Overall, participantseswpd to accept as correct a well-
defined range of plausible answers, depending eratithmetic operation that had to
be carried out. Although the responses to smalblpros tended to be centred on the
true outcome, as problem size increased, they tetawlbe biased in the direction of
larger numbers for addition and of smaller numi@rsubtraction (see Fig. 2-4).
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Fig. 2-4. Operational momentum in adults Participants are more likely to judge as
correct an overestimated addition outcome and aderestimated subtraction
outcome Reproduced from McCrink et al. (2007).

The so-called operational momentum effect was @leskio a lesser extent with
Arabic numerals (Knops, Viarouge, & Dehaene, 2088 in children (McCrink &
Wynn, 2009). In this last study, 9-month-old infanwvere presented videos of
rectangles being added or subtracted from one analh the addition condition, 4
rectangles were serially added to a set of 6 rg@#anin the subtraction condition, 4
rectangles were serially removed from a set of detangles. Then, three different

outcomes were presented to the children: an incbometcome of 5 items, a correct

outcome of 10 items and an incorrect outcome oft@Ms. Interestingly, infants’
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looking times were significantly longer when thetamme presented violated the
momentum of the arithmetic operation (i.e., outcomemerically larger in the

subtraction condition and outcome numerically serah the addition condition) (see

Fig. 2-5).
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Fig. 2-5. Operational momentum in infants.9 month-olds looked significantly
longer at outcomes that violated the momentum a #rithmetic operation.
Reproduced from McCrink & Wynn (2009).

The operational momentum was also observed irudy stequiring speeded
pointing to arithmetic results (Pinhas & FisherQ&) In this task, symbolic addition
and subtraction problems were presented to paatitsp who were required to
compute the result of the operation before locaitirmg a visually presented number
line. Consistently with the previous experimentsingpng was biased leftward after a

subtraction problem and rightward after an addipooblem.
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According to McCrink et al. (2007), the observatiof these systematic biases
is consistent with the view that numerical operaidnvolve movements on an
internal mental number line (Dehaene & Cohen, 19B4llistel & Gelman, 1992;
Hubbard, Piazza, Pinel, & Dehaene, 2005; Restl@0t9%s small numbers are
represented on the left of this continuum and largmbers on the right, addition
problems involve a rightward displacement while teadtion problems yield a
leftward displacement. In line with this logic, tioal circuits for spatial attention
were found to contribute to mental arithmetic irulésl (Knops, Thirion, Hubbard,
Michel, Dehaene, 2009). The operational momentupotiesis therefore assumes
that under- and overestimation are observed begaarsieipants are moving too far
on their mental number line while performing appnete arithmetic operations. In
other words, under- and overestimation are obsepesduse participants shift their
locus of attention along the number line in theediion of the operation (toward
larger numbers for addition and toward smaller nerslior subtraction).

As participants have to produce their numerositydpction judgments in an
iterative way (e.g., production of successive kmspes; Castronovo & Seron, 2007a;
Cordes et al., 2001; Whalen et al., 1999), it isglule that the numerosity production
tasks actually involve a left-to-right displacematdng the mental number line (the
more the participants produce successive respotieesjore they move towards the
right of their mental number line). So, the overeation found in such tasks could
be due to a kind of operational momentum rathen tisasymbolic to non-symbolic

numerical mapping. This question will be addressgdhapter 4.
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2.4 The calibration effect

Several pieces of research have demonstratedt tisapassible to calibrate the
non-symbolic to symbolic numerical mapping. In & gattern estimation task, for
example, performance was shown to be considerafyyaved after the participants
were told how many dots a particular array contiriéhis feedback effect was also
shown to be strong as it was still present 8 moattes the initial testing (Minturn &
Reese, 1951). In the same way, Izard and Deha®38)2emonstrated that inserting
a reference trial was sufficient to improve papanits’ estimates of the whole range
of numerosities presented. In this study, partitipawvere instructed to estimate
patterns of dots before (Experiment 1) and aftepéEment 2) a reference trial had
been presented. Participants were told that tHisreece trial contained 30 dots.
However, depending on the experimental conditibractually contained either 25
dots (overestimated inducer), 30 dots (exact induoe 39 dots (underestimated
inducer). Whereas numerosities were underestimatétkperiment 1, participants’
responses fitted the different inducers with a tdglgree of precision in Experiment
2: the mean stimulus numerosity leading to the amse “30” were 27.4, 31.5 and
40.1 in the overestimated, exact and underestimatheer conditions, respectively.
To account for these results, the authors prop@sedmerosity labelling model
according to which the mental number line is didideto several segments, each of
them being associated with a distinct verbal laBel. optimal strategy to give a
numerosity judgment would be to choose the numbhictwis closest to the
activation point on the mental number line (i.@nanical response grid). Therefore,
if the perception of a numerosity activates theitmws “log(40)” on the mental
number line, the optimal strategy would be to dgive response “40”. However, lzard

and Dehaene (2008) demonstrated that participampintaneously use an
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idiosyncratic affine transformation of this canalicesponse grid. In other words,
they inaccurately determine the amount of activatiorresponding to the zero level
and the value of one unit on the number line so tthe position associated with the
response 11’ is no longerlog(n) buta.log(n)+h The use of such a response grid can
explain why participants underestimated numerositfxperiment 1. In order to
account for the calibration effect observed in Ekpent 2, Izard and Dehaene
(2008) added a supplementary postulate to thearyhehe reference trial does not
modify the internal Weber fraction (i.e., the sémgy of the non-symbolic numerical
representation), but induces participants to applyaffine transformation to their
response grid. According to the numerosity labglltheory, then, the calibration
effect is well captured by a change in the pararseteand b of the equation
a.log(n)+h Because this change implies a global transformatf@nidea of an affine
transformation very well captures lzard and Deh&eagperimental results (2008)
according to which all numerosities are calibraednce.

To date, however, we do not know whether the feekllaend response format
could have an impact on the transformation appliedthe stimulus-response
association. In the same way as under- and overatsbn could reflect the
differential scaling of the symbolic and non-symbohumerical representations,
calibration could indeed reflect the differentialding of these representations. In
other words, it is possible that calibration occatsevery numerosity, but with a
different strength depending on the feedback aspamse format and on the distance
separating the feedback and the target magnittdes.issue will be the subject of

Chapter 5.
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3. Conclusions and summary of the experimental questis

Visual estimation is a pervasive process that idutaded by some spatial non-
numerical parameters of the stimuli and that hankstudied by using two kinds of
tasks: perception and production tasks. Althougkh ltasks involve patterns of
performance obeying Weber’s law, a major differehas been repeatedly observed:
participants systematically underestimate the nosigrin perception tasks (Bevan
& Turner, 1964; Castronovo & Seron, 2007a; Kaufreaml., 1949; Krueger, 1972;
Mandler & Shebo, 1982), whereas they systematiaallyrestimate it in production
tasks (Castronovo & Seron, 2007a; Cordes et a1 2Whalen et al., 1999). These
opposite patterns of performance have also beeerwdd with psychophysical
stimuli such as brightness. Until now, however,yoahe hypothesis has been put
forward to account for these phenomena: the reigreseffect (Stevens &
Greenbaum, 1966; Teghtsoonian, 1973) according thichw under- and
overestimation are observed because individuats temse a shortened range of the
variable under their control, whether it is the fn@&ncontinuum as in perception
tasks, or the physical (e.g., brightness) continuasnin the production tasks.
However, such a tendency to “regress” toward thearmelue of a serie of controlled
stimuli cannot account for the fact that under- awveérestimation are observed as
soon as participants give their first estimationugger, 1982). A new hypothesis (the
bi-directional mapping hypothesis) will therefore &xamined in the third Chapter of
the present thesis. This hypothesis relies on tesumaption that under- and
overestimation actually reflect the differentialabeg of the symbolic and non-
symbolic representations of numbers and the doeatif the mapping process that

takes place between these two representations.
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Under-and overestimation were also observed incqupate arithmetic tasks,
but, in this case, these reverse patterns of pedoce were interpreted as reflecting a
leftward or rightward displacement along the memamber line (the momentum
hypothesis; McCrink et al., 2007). As a rightwarsippthcement may also occur in the
numerosity production task, the fourth chapter lté present thesis will examine
whether the momentum hypothesis could be considessed an alternative
interpretation to the overestimation error obsefnvesumerosity production tasks.

Finally, it has been found that the general tendéaainderestimate numerosity
in a numerosity perception task may be calibrategmbolic feedback is provided to
participants (Izard & Dehaene, 2008; Minturn & Rmek951). In Chapter 5, we will
examine whether the format used to present thebfesdtrial and the participants’

responses may influence the shape of the calibrafiect.
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CHAPTER 3

Under- and overestimation: a bi-directional mappingprocess between symbolic

and non-symbolic representations of number®?

Abstract

Over the last 30 years, numerical estimation has @rgely studied. Recently,
Castronovo and Seron (2007a) proposed the bi-tredt mapping hypothesis in
order to account for the finding that dependenttba type of estimation task
(perception vs. production of numerosities), regematterns of performance are
found (i.e., under- and overestimation respectivefiere, we further investigated this
hypothesis by submitting adult participants to ¢htgpes of numerical estimation
task: (1) a perception taskin which participants had to estimate the numéras a
non-symbolic collection;(2) a production task in which participants had to
approximately produce the numerosity of a symbaiemerical input; (3) a
reproduction taskin which participants had to reproduce the nursigroof a non-
symbolic numerical input. Our results gave furtlepport to the finding that
different patterns of performance are found acowrdo the type of estimation task:
(1) underestimation in the perception tagX; overestimation in the production task;
(3) accurate estimation in the reproduction task. Meee, correlation analyses
revealed that the more a participant underestimistédde perception task, the more
he/she overestimated in the production taMe discussed these empirical data by
showing how they can be accounted for by the @eaiional mapping hypothesis

(Castronovo & Seron, 2007a).

! This section is a modified version of an articiéhvan identical title by Crollen, Castronovo and
Seron, which has been published in Experimentattrdggy, 2011, 58(1): 39-49. In order to avoid
redundancy with the preceding sections, the intttdn has been shortened.
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1. Introduction

The bi-directional mapping hypothesis was receptigposed by Castronovo
and Seron (2007a) to account for the under- andestienation found in numerosity
perception and production tasks. This hypothesiBesreon three classical
assumptionsf1) the existence of several numerical representati@dshe existence
of transcoding routes between these representat@nihe existence of difference in
precision between the different numerical represents.

Based on these three assumptions, the bi-direttiorepping hypothesis
assumes that the opposite patterns of performangelfin the numerical perception
and production tasks (i.e., under- vs. overestionatare the result of transcoding
activities between the analogue magnitude repragent and its corresponding
symbolic representations (i.e., verbal numeralambic numerals). In a perception
task, the numerical process goes from a positionthen subjective number line
logarithmically compressed to its corresponding Isglc linear representation. As
the objective magnitude is always smaller tharstiitgective one, participants under-
estimate the numerosity presented (see Fig. 3kdh&grsely, in a production task, the
numerical process goes from a position on the sjyimblinear numerical
representation to its corresponding magnitude oa $lbjective number line
logarithmically compressed. As the subjective magia is bigger than the objective
one, participants over-estimate the target mageifsde Fig. 3-1b).

While a large body of research has tried to condjze the general laws of
numerical processing (e.g., the scalar variabilgginciple, the power-shaped
distribution of the response function, the compgresscaling of the mental number
line), little has been done to study the mappinttalbetween the symbolic and non-

symbolic representations of numbers. The reseachieo examined these particular
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mapping abilities essentially did it in only oneredition: the non-symbolic to
symbolic mapping (Izard & Dehaene, 2008). Moreowsrthe bi-directional mapping
hypothesis has been proposed a posteriori by Gestoo& Seron (2007a) to account
for some of their results, it certainly needs to supported by further empirical
evidence. Therefore, the current study has thrgernaams: (1) directly address the
guestion of adults’ mapping ability in both direxts; (2) investigate whether the
direction of the mapping process has an impact amigipants’ performance in
numerical estimation tasks (i.e., under- and ov@nasion); (3) examine the validity
of the bi-directional mapping hypothesis to accdonthe under- and overestimation

errors observed in numerosity estimation tasks.

A
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Fig. 3-1. Mapping processeshown by the grey arrowfA) in a perception task, the
numerical process starts from a position on the -syonbolic numerical

representation which is logarithmic and goes tooaitpn on the linear symbolic
numerical representation, which involves underediiom; (B) in a production task,

the numerical process goes from a position on yh&slic numerical representation
to a position on the non-symbolic numerical repnésgon, which involves

overestimation.

To this end, the same participants were testechiiaet different numerical

estimation experiments, which involved the sammii (i.e., set of dots and Arabic
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numerals) and response modalities (i.e., use otengometer). Experiment 1 used a
non-symbolic to symbolic numerosity perception tdskt required the estimation of
the number of dots presented within a display. Erpent 2 used a symbolic to non-
symbolic production task in which participants h#&a produce dot patterns
corresponding to the numerosity of a symbolic Acabimeral. Finally, Experiment 3
employed a non-symbolic to non-symbolic reproductiask, in which participants
had to reproduce, through the production of a $etots, the numerosity of a non-
symbolic input (set of dots). Moreover, as a ldngdy of research demonstrated that
estimation may be based on factors other than rasitgrper se (e.g., Allik &
Tuulmets, 1991; Durgin, 1995; Frith & Frith, 19%insburg, 1980; Krueger, 1972),
the dot patterns were controlled for low-level @onbus variables (i.e., luminance,
total area, density and dot size).

If, as postulated by the bi-directional mapping d¢iyesis, the direction of the
mapping process between the symbolic and non-symboierical representations
has an impact on the estimation patterns of pedaon®, then (1) in the perception
task, participants should underestimate the nuntgrof the non-symbolic targets;
(2) in the production task, participants should ovemeste the number of dots to
produce in order to reach the magnitude of the ®jimbtarget; (3) in the
reproduction task, more accurate estimations shdadd found. Indeed, this
particularly original estimation task, allowing aegter investigation of the bi-
directional mapping hypothesis, could involve: eitfll) the absence of a mapping
process, as only the non-symbolic numerical reptesen could be activated to
solve the task (the non-symbolic input activatgmbsition on the mental number line,
which is directly reactivated at the response petida stage); of2) a bi-directional

mapping with a symbolic mediation (the non-symbatjout is implicitly tagged by a
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symbolic label which serves, in turn, as a basiglie response production). In both
situations, accurate estimates should be founceddin the first case, no mapping
would take place, therefore no systematic biakenesstimates should be found. In the
second case, the two mappings would go in oppaligetions; as a consequence,
they should cancel each other out.

Finally, as the same participants were involvedbath types of numerical
estimation tasks and following the assumption thate are individual differences in
the mental number line acuity (Halberda et al.,80@articipants with more precise
“number sense” should show less under- and overattn, compared to
participants with less precise number sense, ih tha perception and the production

tasks.

2. Experiment 1: numerosity perception Experiment

2.1 Participants

The participants were 15 volunteers (4 males, Mafes; 13 right-handed, 2
left-handed), aged between 19 and Bl 26.3 + 3.8). They participated in all three
experiments, which were conducted in consecutigsises on different days. Eight
participants performed first the perception taskl ahen the reproduction task,
whereas the remaining participants performed th@sdasks in reverse order. All 15
participants were submitted to the production iaskhe last experimental session in
order to avoid participants gaining information the experimental number range

used.
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2.2 Stimuli and procedure

Sixteen different numerosities were used to devéieptarget sets of dots: [21,
24, 27, 30, 33, 36, 39, 42, 49, 56, 63, 70, 77984 98]. The numerical range started
at 21, as previous studies showed that numeri¢ah@®s are usually accurate for
numerosities smaller than 20 (Indow & Ida, 1977;uéger, 1982, 1984).
Numerosities larger than 21 were chosen by applginatio going from .87 to .93, as
this ratio corresponds to the discrimination thaddhin human adults (Halberda &
Feigenson, 2008; Pica et al., 2004; van Oeffeléro&, 1982).

Low-level continuous perceptive variables, such tatal occupied area,
luminance, dot size and density, were controlledhig&n non-symbolic input stimuli
(see Dehaene, lzard & Piazza, 2005), by the inttolu of two different sets of
stimuli: the Extensive Set and the Intensive gethe Extensive Set, the sum of the
area of all the dots (the luminance) and the totalupied area on the screen were
kept constant across numerosity. As a consequéreeensity of the array increased
with increasing numerosity and the size of the dd¢greased with increasing
numerosity. In the Intensive Set, the size of thes dind the density of the pattern
(i.e., free area around each dot, comprised bet@eand 3 times the dot’s radius)
were kept constant. As a consequence, the luminandethe total occupied area
increased with increasing numerosity. The dots veaek on a white background
(see Fig. 3-2).

The experiment was conducted on a PC computer. Eathbegan with the
presentation of a fixation cross (1000 ms). Thepaiern of dots was flashed on the
screen for a duration of 250 ms. After the predemiaof the pattern, the sign “="
(500 ms) was displayed on the screen, followedbyArabic numeral “1”, indicating

to the participants that they had to start theiimestion. To give their answers,
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participants had to go through the Arabic numersésjuence by turning a
potentiometéron a response box. By turning the potentiometehéoright or to the
left, participants were able to go through the Acalumerals sequence forwards or
backwards. The response box allowed the produatioall the Arabic numerals
ranging from 1 to 254. Participants were askecport their completion by pressing
a button on the same response box. Moreover, ierdcdavoid memory limitations
during response production, participants were eragmd to decide on the Arabic

numeral to reach before starting turning the patemgter.
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Fig. 3-2. Examples of stimuli belonging to the Extensive (apy intensive (down)
sets.

Each participant completed eight practice triaddipived by eight blocks of 32
experimental trials each. Within a block, each ohthe 16 target numerosities of the
Extensive set and of the Intensive set was rand@mdgented once. That is, half of
the trials (N = 128) were drawn from the Intenssat and the other half from the

Extensive set. Block order was counterbalancedsacparticipants such that eight

% The response box measures a relative positidragino beginning, no end), contrary to a classic
potentiometer which only provides a measure ofteokte position. The use of such a “relative”
potentiometer does not allow participants to usohibe location references to solve the task.
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participants undertook Block 1 to Block 8 and thieeo seven participants Block 8 to
Block 1. Participants received no information abthg range of numerosities to be

presented and no feedback regarding their perfozean

2.3 Results

Data for the trials in which a participant’'s respenwas three standard
deviations above the participant’s overall mearpoase were excluded from the
analysis (1.5% of the data). Moreover, as prelimjiramalyses showed that the mean
estimates and their standard deviations were nwhalty distributed, the following
analyses were conducted on their logarithmic tansation.

Linear mixed models (LMM)with numerosity as a fixed effect and subjects as
a random effect were first conducted to determimether participants’ patterns of
performance obeyed Weber's law (i.e., constant CVhg results showed that the
log of the mean estimates increased with targetmnimate, F(15,224) = 40.17p <
.001, as did the log of the standard deviatib(15,224) = 12.26p < .001. The
coefficients of variation were then computed (C\standard deviation/mean) and
analyzed using a LMM with the same fixed and randafacts as previously. The
results showed that the CVs were constant acraggettaize (i.e., signature of
Weber's law), as they did not significantly varytkvinumerical sizep > .9.
Moreover, as the numerosity perception task pressimilarities to psychophysical
perception experiments, estimates were expectedfortm a power function of

numerosity. If the response function was actuatiwer-shapedy = kg"), then the

log(response) function should be a linear functibthe log(numerosity) (log = n

% The linear mixed model was used because: ajit isxtension of the general linear model but does
not require observations to be independent wittstzon variance; b) it presents the advantage dovall
the specification of random (subjects, in our eipents) and fixed effects (numerosity, in our
experiments) and thus avoids averaging acrossna#irgsions.
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log @+ k). The results showed that this log-log regressiadyeis fitted the data very
well (R? = .99, p < .001). Furthermore, the exponent of the powerction was
smaller than 14 = .84) indicating that responses were not linaear dhaped as a
power function.

Finally, to see whether the participants’ responsesre accurate,
underestimated or overestimated, t-tests with tavisie of zero were conducted on
the error rate (ER), which was defined as follo®® = (participant’s response —
target magnitude)/target magnitude). Accordingly, ER of zero indicates accurate
estimation, a negative ER reflects underestimatiomagnitudes, and a positive ER
overestimation of magnitudes. As a preliminary @aisamples t-test showed that the
ER was equivalent in the Extensid € —.38 + .15) and Intensive sel € — .37
.15), p > .3, data from the two sets were merged. The ri#aifor the whole set of
numerosities) was —.38, which was significantlyfetént from zerof(15) = —29.30,

p < .001. As shown in Figure 3-3, the underestinmagoror was observed for each
target magnitude (apls< .001) and increased with increasing target magdeit=(15,
210) = 14.21p < .001. Moreover, an analogous t-test of ER faccpce trials showed
that participants systematically underestimateditiseitem (Krueger, 1982}(14) =

- 4.19,p=.001 M = -.40 £ .37).

2.4  Discussion

Altogether, these first results replicated patteshgperformance previously
found in studies on numerical estimatiofl) both the means and the standard
deviations of the numerical judgments increased he target magnitudes and in
direct proportion. This resulted in constant camdints of variation across target size

(Castronovo & Seron, 2007a; Cordes et al., 2001aMhet al., 1999), and indicated
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that the scalar variability principle well descibeur data(2) participants’ responses
varied as a power function of the input stimulusdfiw & Ida, 1977; Krueger, 1972,
1982, 1984, 1989)(3) participants underestimated magnitudes in a nwaleri
estimation task involving the perception of a numsdy and a non-symbolic to
symbolic numerical mapping (e.g., lIzard & Deha€e2#)8); (4) the underestimation
error increased with increasing target magnitusesaccurred as soon as participants
made their first numerical judgment (Krueger, 1982)

In order to examine whether the opposite mappingcgss (i.e., from a
symbolic input to a non-symbolic output) would ledte same participants to
overestimate the same target magnitudes, as peddist the bi-directional mapping
hypothesis, a second experiment was conducted. Jéusnd experiment was a
production task requiring participants to producpadtern of dots corresponding to

the magnitude of a target Arabic numeral.

3. Experiment 2: numerosity production Experiment

3.1 Stimuli and procedure

In the numerosity production task, the numericabea(i.e., 21, 24, 27, 30, 33,
36, 39, 42, 49, 56, 63, 70, 77, 84, 91, 98) ancerias (i.e., Extensive and Intensive
patterns of dots) used were the same as in the nogitye perception task of
Experiment 1.

Each trial began with the presentation of a fixatowoss (1000 ms), then, the
target Arabic numeral appeared on the screen turation of 1000 ms. Afterwards,
the sign “=" was presented (500 ms), followed bgiagle dot, indicating to the
participants that they had to start the dots’ potida by turning the potentiometer (to

the right to increase the number of dots appeasimghe screen, and to the left to
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decrease the number of dots). The response bowedi@articipants to produce all
the numerosities ranging from 1 to 254. Howeverfigigants were encouraged to
stop the dots’ production as soon as they belieteedhave reached the target
numerosity. Participants were also encouraged ® as few back and forth
movements as possible to get to their final respohalf of the pattern of dots
produced by participants was initiated from theesive set and the other half from
the Intensive set in order to control perceptivealdes. In order to avoid the use of
an overt or covert counting strategy, the dots amzkquickly on the screen (creation
of one dot every 1.4° of angular rotation) and ipgrants were explicitly instructed
not to count the number of dots they produced. TWeke also required to perform
the task as fast as possible and had to report¢beipletion by pressing a response
button on the response box.

The presentation and number of practice and expetahtrials was identical to
that in Experiment 1. Also, no information aboutmerosity and no performance

feedback were provided.

3.2 Results

Data for the trials in which a participant’'s respenwas three standard
deviations above the participant's overall mearpoese were excluded from the
analysis (1.3% of the data). Moreover, as prelimjirenalyses demonstrated that the
mean estimates and their standard deviations wetenormally distributed, the
following analyses were conducted on their loganithtransformation.

As previously, LMM (with numerosity as a fixed effeand subjects as a
random effectyvere used to see whether participants’ patterqpedbrmance obeyed

Weber's law. The results showed that the log ofni@an response increased with the
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target magnitudeF (15, 224) = 56.96p < .001, as did the log of the standard
deviation,F(15, 224) = 39.37p < .001. Moreover, these two measures appeared to
increase in direct proportion, as constant CVs wetend across target size (i.e.,
signature of Weber’'s lawp > .2). In psychophysical production experiments t
shape of the response function is generally povweaped. A regression analysis
showed that this property extended to the presatat the log(response) function was
actually a linear function of the log(numerositiRf € .99,p < .001) and the exponent

(6 = 1.08) indicated that the larger the target dize larger the response.

Then, to see whether the participants’ respongee accurate, overestimated or
underestimated, t-tests with a test value of zezceveonducted on the error rate. As
in the perception task, data from the Extensivelatehsive stimuli sets were merged
as ER appeared to be equivalent in these two Igets.b2 + .35 in the Extensive Set;
M = .55 £ .45 in the Intensive Sqi,> .6). The mean ER for the whole set of
numerosities was .52, which was significantly difet from zerot(15) = 26.61p <
.001. As shown in Figure 3-3, participants’ overaation error was found for each
target number (alps < .001) and increased with increasing magnitkg&s, 210) =
2.21,p < .01. Moreover, an additional t-test analysisve for practice trials that
the overestimation error occurred as soon as paatits make their first numerical

judgment M = .38 + .504(14) = 2.99p = .01).

3.3 Discussion

Most of the results of Experiment 1 were replicated this Production
Experiment. Firstly, both the means and the stahdviations of the numerical
estimates increased with the target magnitude angirect proportion, so that the

scalar variability principle described the partamps’ patterns of performance.
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Secondly, participants’ responses were power-shapeiddly, the estimation error
increased with increasing target magnitude.

The only difference found between Experiments 1 2mdas that participants’
responses were, here, overestimated instead ofg hemderestimated as in the
perception task. This last finding strengthenskihdirectional mapping hypothesis’
postulate according to which under- and overestonadlepends on the direction of
the mapping process that takes place between tfferatitly scaled numerical
representations. In order to further investigates thostulate, a third experiment
involving the activation of the non-symbolic nunoali representation in input as in
output was conducted. In this third task, partioisahad to produce a dot pattern

having the same magnitude as a target patterntsf do

4. Experiment 3: numerosity reproduction Experiment

4.1 Stimuli and procedure

In the present numerosity reproduction task, th@emical range and materials
used were the same as in the two previous expetsm&ach trial began with the
presentation of a fixation cross (500 ms). Themjoa pattern was flashed on the
screen for a duration of 250 ms. Following the eéagresentation, the sign “=" (500
ms) was presented. Then a single dot appeared ersdieen, indicating to the
participants that they had to start their respgmeduction, using the same procedure
as in Experiment 2 except for the following: forfhaef the trials, the input stimuli
were from the Extensive set and induced the preolucif an Intensive output. For
the other half of the trials, the input stimuli werom the Intensive set and induced

the production of an Extensive output. To reprodapproximately, “by feel”, new
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patterns of dots having the same magnitude as #ngett dot pattern, the
potentiometer had to be used like in Experiment 2.

The presentation and number of practice and expetahtrials was identical to
that in Experiments 1 and 2. Also, no informationoa numerosity and no

performance feedback were provided.

4.2 Results

Data for the trials in which a participant’'s respenwas three standard
deviations greater than the participant's overadlam response were excluded from
the analysis (1% of the data). Again, preliminanalgses showed that the mean
estimates and their standard deviations were nomalty distributed, therefore,
LMM (with numerosity as a fixed effect and subjeets a random effect) were
performed on the logarithmic transformation of #heseasures in order to look for
the signature of Weber’s law in participants’ patseof performance. In this task, the
log of the mean estimates increased with the tangemitudeF(15,224) = 79.26p <
.001, as did the log of the standard deviat(i5,224) = 31.46p < .001. Moreover,
the mean number of dots produced and their standiewdtion increased in direct
proportion, given constant CVs across target nusigrop > .5 (i.e., signature of
Weber’'s law). Then, to see whether the responsetiitm of the task was a power
function, a regression analysis was run on thenlagierosity) and log(response). As
in the previous experiments, this log-log regressitied the data perfecthRf = .99,
p < .001). Moreover, the exponent of this regressi@s smaller than 15(= .76),
indicating that responses were shaped as a powetidn and were not linear.

Finally, to see whether the participants’ responsegre accurate,

underestimated or overestimated, t-tests with taviasie of zero were conducted on
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the error rate. As the ER was equivalent in theeBsive M = .12 + .22) and
Intensive setsM = .04 = .31)p > .4, data from the two stimuli sets were mergdue
mean ER (for the whole set of numerosities) was WBich was significantly
different from zero t(15) = 2.30,p < .05). However, as shown in Figure 3-3,
participants’ responses were only overestimatedhi®ismallest numerosities from 21
to 36, ps<.01), but accurate for all the other numerositiesn 39 to 98 jfs > .05). A
repeated measures ANOVA with numerosity as a withibject factor showed that
the ER decreased with increasing magnitdg{@b, 210) = 37.73p < .001, andan
independent sample t-test with a test value of zermlucted on the first practice trial
showed that no systematic under- or overestimagioor occurs on participants’ first

estimations = -.18 £ .45p > .1).

—a— Perception task
Production task
06 + —a— Reproduction task
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Mumersities

Fig. 3-3. Mean ER for each target magnitude of the numeropirception,
production and reproduction tasks.

4.3 Discussion
Experiment 3 reflects perfectly the access to teenasitic non-symbolic

numerical representation to perform the task. Fisstalar variability principle
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accounted for the participants’ pattern of perfanoea Second, the response
distribution of the task was a power function a# thput stimuli.

Moreover, although the mean ER for the whole setnoimerosities was
significantly greater than M = .08), responses were nevertheless more acaduarate
the reproduction task than in the two previous erpents M = -.38 in the
perception taskM = .52 in the production task), botk <.001. This original finding
gave further support to the bi-directional mappgiygothesis and is therefore further

analyzed in the next section of this paper.

5. Comparison between the tasks

As the same group of participants took part inttiree numerosity estimation
tasks, several analyses were conducted to directigpare the tasks. Firstly, we
conducted a repeated measures ANOVA on the ER thihtask (Perception vs.
Production vs. Reproduction) as a within-subjectda This analysis confirmed that
participants showed different patterns of perforogaaccording to the task(2,28) =
45.57,p < .001: they underestimated the target numerssitiehe perception task,
overestimated them in the production task and hatteb estimations in the
reproduction task (see Figure 3-3). Secondly, ard®eaparametric correlation
analysis was conducted to investigate whether éngcfpants’ ERs were correlated,
especially in the perception and production ta$ke results showed that the more a
participant underestimated the target magnitudethénperception task, the more
he/she overestimated similar target magnitudeldrptoduction task,(15) = -.53p
= .02 (one-tailed) (see Fig. 3-4a). Thirdly, forckgarticipant, the perception and
production response means were submitted to sepdirsar regressions with

numerosity. Each of the 30 equations computed septed the best description for a
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particular participant of the relation between thsponse mean and the numerosity
variable. A Pearson parametric correlation analyss then conducted to examine
whether the regression coefficients (the slopeghef regression analyses) of the
perception and production tasks were correlatecimghis analysis suggested that
the more a participant underestimated target magest in the perception task (the
more the slope of the regression analysis was emé#ilan 1), the more he/she
overestimated target magnitudes in the productask {the more the slope of the
regression analysis was bigger thanr{}s) = -.57,p = .01 (one-tailed) (see Fig.

3-4b).
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ER Perception task
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ER Production task

Slope Production task
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0 0.2 0.4 0.6 0.8 1
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Fig. 3-4.(A) Correlation between the error rates of each ppetitiin the numerosity
perception and production task®) (Correlation between the regression slopes of
each participant in the numerosity perception adyction tasks.
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6. General discussion

Numerical estimation constitutes one of the threennmumerical quantification
processes with subitizing and counting. Howeveerghis a gap in the literature
regarding the study of that particular process,masst of the time it has been
investigated in a single direction with percepttasks involving a mapping process
from a non-symbolic collection to a symbolic nurcatilabel (e.g., 1zard & Dehaene,
2008). Therefore, the aim of our study was to exanwhether the direction of the
mapping process could have an effect on adults’emasity estimation performances,
as predicted by the bi-directional mapping hypathéSastronovo & Seron, 2007a).
In order to do so, 15 participants were submittedhree numerosity estimation
experiments, each of them involving a different piag: (1) a numerosity perception
task requiring participants to estimate the nundedtots presented within a display
(i.e., non-symbolic to symbolic mapping®) a numerosity production task requiring
participants to produce the number of dots cornedpg to a target Arabic numeral
(i.e., symbolic to non-symbolic mapping§3) a numerosity reproduction task
involving the non-symbolic reproduction of an inplat pattern (i.e., no mapping or a
bi-directional mapping).

As expected, different patterns of performance wetmd according to the
task used: underestimation in the perception taskrestimation in the production
task; more accurate estimations in the reproduc¢tish. To our knowledge, this last
task has never been reported in the literaturdasitthe peculiarity to allow a further
reinforcement of the idea that it is the mappingcpss and its direction that account
for the error patterns found in the perception pratiuction tasks. In the same way,
the high correlation observed between participandg€gree of under- and

overestimation is also a strong and original argunie favor of the bi-directional
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mapping hypothesis. As it is generally assumed that precision of the mental

number line is not the same across individuals k#berda et al., 2008) and, within
the framework of the bi-directional mapping hypdise it was expected that a
participant with an “imprecise” mental number linender- and overestimate
numerosities in the same proportion in a percepiod a production task, and to a
greater extent than a participant with a more geeciumber line. This observation
that the greatest “underestimators” in the peroeptask were also the greatest
“overestimators” in the production task may reflebe fact that the experience
individuals have with numerical information has anpact on their numerical

estimation abilities: the greater their experientiee better their performance
(Castronovo & Seron, 2007a; Lipton & Spelke, 208&gler & Opfer, 2003; Verguts

et al., 2005).

The results of our three experiments also confirrtieat the participants’
behavior followed two major and well-establishedygh®physical laws: (1)
participants’ patterns of performance were wellcdégd by the scalar variability
principle (i.e., signature of Weber's law) (e.gastonovo & Seron, 2007a; Cordes et
al., 2001, Whalen et al., 1999)2) the response distribution in the three tasks
corresponded to a power-function of the input magie (Indow & Ida, 1977,
Krueger, 1972, 1982, 1984, 1989).

Therefore, in an attempt to integrate all of ouservations in a more general
psychophysical background based on the simpler fofmthe power function
Y=k @" (Stevens, 1957), we postulatdtt the value of the exponemtmight be
affected, in numerosity estimation tasks, ) the inter-task numerical mapping
differences (i.e., exponent lower than 1 in task®lving a non-symbolic to symbolic

mapping and exponent greater than 1 in tasks imgla symbolic to non-symbolic
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mapping);(2) individual differences in the precision of the rre@mumber line (i.e.,
lower power exponent for participants with imprecisumerical representation). In
other words, the psychophysical function of numigyasstimation might result from
the integration of several differently weighted egpof factor. This idea remains of
course speculative and needs to be further invastign future research.

To conclude, to our knowledge, the present stgdthe first one to directly
investigate in adults different types of numeriesfimation tasks, involving different
mapping routes and their impact on the patterngeoformances found. Our results
provide further evidence to the fact that numerestimation tasks present regular
and predictable behavioral data: the signature eb#&Ys law, the power-shaped
distribution of the mean response function and,ariorportantly, different patterns
of performance according to the type of numeristingation used and the direction
of the mapping it involves: underestimation in @gion tasks (non-symbolic to
symbolic numerical mapping), overestimation in prciibn tasks (symbolic to non-
symbolic numerical mapping), more accurate estwonatiin reproduction tasks (no
mapping or a bi-directional mapping process). Qudy also showed that the recent
bi-directional mapping hypothesis accounts well foese results. Future studies
should further investigate this model by explorother psychophysical dimensions
such as time, space, weight, brightness, etc. \Weady know that Weber's law
applies to the discrimination of these dimensi@ssijt does to the discrimination of
numerosities. So, it is likely that the same underd overestimation phenomenon

occurs whenever we need to map continuous quandtid discrete measures.
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