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a b s t r a c t

Data centers are now the basis for many Internet and cloud computing services. The
Spanning Tree Protocol and its variants have been widely used in data center networks
for a couple of decades. An efficient use of the limited spanning tree links would enable
to solve the traffic engineering problem in data centers. In this paper, we propose five local
search approaches for generating a good set of spanning trees in data centers using
multiple VLANs. The quality of these algorithms is evaluated by different multi-criteria
assessment methods. The performance of each algorithm is assessed based on three
standard measures: maximal link utilization, sum load, and the number of used links.

! 2014 Elsevier B.V. All rights reserved.

1. Introduction

Currently, data centers containing thousands of servers
are used to support a growing number of services. In many
of these environments, the required bandwidth is growing
quickly and network operators need to find solutions
which ensure that their network can sustain the traffic
demand without having overloaded links.

Current enterprise data centers contain a large number
of Ethernet switches [29–31]. The IEEE 802.1s Multiple
Spanning Tree Protocol (MSTP) [1,2] is widely deployed
in large Ethernet networks. Network operators often divide
the network into different regions, called Virtual Local Area
Networks (VLANs) [3]. Note that two VLANs can share
some nodes. MSTP configures the spanning tree for each
VLAN by computing the least-weight path from each
switch to an elected root switch. From a traffic engineering

(TE) viewpoint, the major drawback is that MSTP itself
cannot ensure a good set of spanning trees for a given set
of traffic demand matrices.

Solving the TE problem in large Ethernet networks can
be defined as the optimization of the network based on
many evaluation metrics, such as link utilization, link
delay, sum load, and number of used links. It is impossible
to optimize all these metrics at the same time because an
improvement in one metric can degrade other metrics. In
practice, network operators would like to provide the best
network performance based on a compromise among a
given set of metrics. Multi-objective optimization [4] is
an interesting approach for solving this kind of TE problem,
where each objective is related to one metric. Solving the
single objective problem is already very complex, as the
search space is exponential even for networks of reason-
able size. Approximate methods, such as Constraint-Based
Local Search (CBLS) [5], have been proved to be well suited
for solving complex combinatorial problems with huge
search spaces such as this TE problem. In this paper, we
focus on approximate methods based on local search.

Online TE [6] approaches are supposed to dynamically
adapt the routing when traffic changes in real-time.
However, the network devices are required to be more
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intelligent and support more flexibles policies rather than
standard switches to perform the local adjustments due
to the actual traffic situation of the network (e.g. OpenFlow
switches [8]). Traditional ‘‘offline’’ TE is used to improve
the performance based on the given traffic demand matri-
ces. The goal is to provide global solutions for the network
design and configuration. The advantage is that the imple-
mentation of offline TE approaches is often perfomed on
cheap and normal switches. Hence, we choose an offline
approach for solving the TE problem in enterprise data
center networks. Offline TE approaches are suitable in pub-
lic datacenters where companies rent a large number of
servers. In such datacenters, each customer defines its con-
tractual traffic matrix and the network needs to be config-
ured to sustain this matrix. The traffic generated by each
customer can vary within the bounds of the contracted
traffic matrix. The Offline Traffic Engineering techniques
proposed in this paper are suitable for environments were
the traffic demand is stable or can be correctly estimated.
Such environments include enterprise datacenter that are
running long batch jobs such as scientific computing. Pub-
lic cloud providers could also benefit from the techniques.
In public clouds, the virtual machines that are used by the
customers are often group in one VLAN per customer for
traffic isolation reasons. Furthermore, many cloud provid-
ers use shaping to limit the bandwidth consumed by each
virtual machine [7]. The shaping configuration of each vir-
tual machine could provide the traffic demand matrix used
by our Offline TE technique to optimise the network.

In this paper, we extend the TE problem defined in [9],
but with two bi-objective optimization problems. The first
one is the minimization of the maximal link utilization and
the sum load. The second one is the minimization of the
maximal link utilization and the number of used links.
The maximal link utilization appears in both problems be-
cause it is the essential metric for assessing the quality of a
TE technique. In this paper, we propose different local
search algorithms which are evaluated on different topolo-
gies. Our contribution is mainly focused on the design,
development, analysis, and experimentation of multi-
objective methods for the TE problem in data centers.

This paper is organized as follows. We first present re-
lated research in Section 2. We describe the theoretical
background of MSTP, Local Search, and Multi-objective
optimization in Section 3. Section 4 presents the problem
statement. Section 5 describes our five proposed local
search algorithms. Our evaluation is presented in Section 6
with an analysis of the experimental results, and we con-
clude the paper in Section 7.

2. Related work

Many TE techniques have been proposed for improving
the performance of 802.1s MSTP in switched Ethernet
networks. The proposed approaches can be divided into
four main classes. First, [10–12] map a set of VLANs to a
given number of spanning trees. Second, [13–15] assign a
set of flows to a set of given spanning trees. Third, [16] ad-
dressed the TE problem by building multiple source-based
spanning trees (constructing a spanning tree for each of

the given source nodes). Last, [17,18] proposes solving
the TE for MSTP by finding the set of spanning trees de-
scribed by customer traffic demands and a given network
topology. But these techniques only cope with networks
of small size, containing fewer than 30 switches. Our local
search algorithm in [9] follows the same approach as in
[17,18], but aims at minimizing the maximal link utiliza-
tion in large Ethernet networks containing more than
500 switches. This paper is an expanded version of [9,19].

From the multi-objective optimization view point, [11]
took into account link load balancing and admission fair-
ness. The framework in [12] considered both network
throughput and delay. Recently, [15] aimed at minimizing
the n worst link loads (with n ranging up to the total num-
ber of network links) and the average link load in the net-
work. However, the final output of these approaches is a
unique solution where the second metric is only consid-
ered as a constraint or a lexicographical objective. In prac-
tice, the outcome of multi-objective algorithms is often a
set of non-dominated solutions, called a Pareto front [4].
Many assessment methods for evaluating the quality of a
Pareto front have been presented, such as in [20–22]. In
the present paper, our local search algorithms will be eval-
uated using five different assessment methods (described
in Section 6).

3. Background

Before describing, analyzing, and evaluating our multi-
objective algorithms, we would like to clarify the concepts
of Multiple Spanning Tree Protocol 802.1s, local search
(LS), and multi-objective optimization (MO), which will
be used throughout this paper.

3.1. Multiple Spanning Tree Protocol 802.1s

The multiple Spanning Tree Protocol allows the utiliza-
tion of several spanning trees inside a single Ethernet
network. It can be used in large networks such as data cen-
ters relying on switched Ethernet. We restrict here our
analysis to VLANs and Ethernet in data centers. Recently,
the TRILL [23] (TRansparent Interconnection of Lots of
Links) protocol has been proposed by Perlman: it has the
ease of configuration of the Ethernet, while benefitting
from the routing techniques provided at Layer 3 with the
ability to multicast and broadcast. TRILL is currently
supported by some high-end switches. In contrast, the
Spanning Tree Protocol is implemented in all commodity
Ethernet switches. In this section, we describe the
Spanning Tree Protocol and its variants.

First, the IEEE 802.1d Spanning Tree Protocol (STP) [24]
reduces the network topology to a single spanning tree. To
compute the spanning tree, special messages called Bridge
Protocol Data Units (BPDUs) are exchanged between
switches. Each BPDU message contains three pieces of
information: the root ID (ID of the switch assumed to be
the root), the transmitting bridge ID (ID of the switch
transmitting the BPDU), and the weight (the weight of
the least-weight path to the root from the transmitting
switch). By default, the STP assigns a weight to each port
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and the link weight is obtained from the weights of one of
its two ports. Consequently, the creation of the spanning
tree is based on the least weight (shortest) path from each
switch to an elected root switch. Thus, when the switch IDs
and link weights are fixed, STP generates a specific span-
ning tree independently of the traffic demand matrices.
Fortunately, one can configure the switch IDs and link
weights to guide the STP to generate an intended spanning
tree [9,19].

The IEEE 802.1w Rapid Spanning Tree Protocol (RSTP)
[25] extends that of 802.1d to accelerate the convergence
of the alternate spanning tree in the case of link failures
or network topology changes. The drawback of 802.1d
and 802.1w is that only a small number of links are in-
cluded in a single spanning tree, since many available links
are disabled. This is unfortunate in a data center network
that contains many redundant links [29–31]. The IEEE
802.1q Virtual LANs (VLANs) [3] enables large Ethernet
networks to be logically divided into many VLANs. VLANs
are mainly used to isolate one application or one data
center customer from the others. The servers (or virtual
machines) which belong to a given VLAN can only commu-
nicate with other servers that belong to the same VLAN.
The IEEE 802.1s Multiple Spanning Tree Protocol (MSTP)
[2] is a combination of 802.1w and 802.1q, enabling service
providers to profit from the available links by spreading
different spanning trees (one SP per VLAN) over a single
physical topology. In practice, however, it should be noted
that while some implementations of MSTP can only com-
pute up to 16 different spanning trees, and map each VLAN
onto one of these spanning trees, this does not restrict the
number of VLANs suported. Most recent switches can
handle up to 4K VLANs.

3.2. Local search and multi-objective optimization

Solving a TE problem (such as load balancing) with the
traditional exact methods in data centers with hundreds of
switches is usually an impossible mission, as the search
space is exponential. Local search is a powerful technique
that can find high quality solutions for computationally
complicated optimization problems (Vertex Cover, Travel-
ing Salesman, or Boolean Satisfiability) in polynomial time.
LS can choose an interesting set of solutions to be explored
from a huge search space, by performing intelligent moves.
LS starts with an initial solution and improves its quality
by iteratively moving from one solution to one of the
neighboring solutions. The search process is finished when
some termination criterion is satisfied. An LS algorithm re-
lies on a neighborhood function, which defines the set of
neighbors for each solution. An LS algorithm also uses a
heuristic (such as best improvement, first improvement,
and random) to choose the neighbor. It can also use
meta-heuristics, such as Tabu Search, Simulated Annealing,
or Variable Neighborhood Search, to guide the search.

In multiple-objective optimization, a solution improv-
ing all the objectives should be preferred. But what if a
solution’s improving one of the objective values degrades
the value of other objectives? For example, for some
solutions, it is possible to modify them such that the num-
ber of used links and the sum load is increased, but with a

reduced maximal link utilization in the network. In the
context of the TE problem, network operators prefer to
provide the best (possible) QoS by striking a balance
between the different objectives. Thus, it is necessary to
define a different concept of ‘‘optimal’’ for multiple-objec-
tive optimization.

Given a minimization problem P with m objective
functions, assume that there is no priority between these
m objectives. Let s1 ¼ ðf1;1; f2;1; . . . ; fm;1Þ and s2 ¼ ðf1;2; f2;2;

. . . ; fm;2Þ be the evaluations of two solutions for P. We say
that s1 dominates s2 (Pareto dominance) when s1 is at least
as good as s2 for every objective and strictly better in at
least one objective:

s1 $ s2 () 8i 2 f1; . . . ;mg : fi;1 6 fi;2;9k 2 f1; . . . ;mg :

fk;1 < fk;2:

Let A be a multi-objective algorithm for P and F denote
the set of feasible solutions generated by A for P. A
solution s% 2 F is called Pareto optimal if s% is not domi-
nated by any solution in F . The Pareto front (PF) of A for
P is the set of all Pareto-optimal solutions in F . Hence,
the output of multi-objective optimization is no longer a
unique solution, but a set of non-dominated solutions,
i.e., the Pareto front.

Different methods have been proposed for obtaining or
approximating the Pareto front, such as Stochastic, Linear
Programing, Preemptive Optimization, Weighting Objec-
tives, Constraint, Goal Programming, and Genetic Algo-
rithms. For multi-objective problems with exponential
search space, it is often impossible to obtain the global Par-
eto front. Stochastic methods (such as LS) are very efficient
at approximating the Pareto front. In this paper, we use the
term Pareto front also to denote an approximate Pareto
front obtained with an LS algorithm.

4. Problem statement

We consider our Ethernet network as an undirected
graph G ¼ ðN; EÞ, where N is the set of switches and E is
the set of links between switches. We assume there is at
most one link between each pair of points. If it were not
the case, the multiple links are aggregated into a single
link. We call BW the matrix of link bandwidths (note that
BW½i; j' ¼ BW ½j; i'). Let V ¼ fV1;V2; . . . ;Vkg be the set of k
given VLANs in the network, with Vr ¼ ðNr ; ErÞðNr # N,
Er ¼ fði; jÞ 2 Eji; j 2 Nrg; 1 6 r 6 k). Each graph Vr is as-
sumed to be connected. We call TD ¼ fTD1; TD2; . . . ; TDkg
the set of k traffic demand matrices where TDr ½i; j' repre-
sents the traffic that switch i sends to switch j in VLAN
Vr (1 6 r 6 k; i; j 2 Nr).

Let W ¼ fW1;W2; . . . ;Wkg be the set of link weight
matrices for the k given VLANs. We denote by
MSPðG;V ;WÞ the set of k spanning trees SP1ðG;V1;W1Þ;
SP2ðG;V2;W2Þ,. . ., SPkðG;Vk;WkÞ obtained by the Multiple
Spanning Tree Protocol [2] on graph G, with set of VLANs
V and set of link weight matrices W.

The Ethernet switching problem here is to distribute
each traffic demand TDr ½i; j' > 0 (1 6 r 6 k; i; j 2 Nr) over
a unique path from i to j in SPrðG;Vr ;WrÞ. Obviously, the
only set that can be configured to change the solution
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(set of k spanning trees) is W. Our three measures
(Umax; SumL and #Links) on each solution are defined as
follows:

First, assume that L½i; j' (i; j 2 N) denotes the load (sum
of traffic flow) on link ði; jÞ. For the computation of L½i; j',
the traffic flow is directed (L½i; j'– L½ j; i'). The utilization
of a link ði; jÞ is the ratio between its load and its
bandwidth:

U½i; j' ¼ L½i; j'=BW½i; j' ði; j 2 NÞ

The link utilization is also directed. The link ði; jÞ is over-
loaded if its load is greater than its bandwidth (U½i; j' > 1 or
U½ j; i' > 1). In practice, a link will be called overloaded
when its utilization reaches 0.9. Let Umax be the maximal
link utilization:

Umax ¼ maxfU½i; j'g ði; j 2 NÞ

Second, we denote by SumL the sum of all link loads in the
network: SumL ¼

P
L½i; j' ði; j 2 NÞ.

Third, let #Links denote the number of used links in the
network. A link ði; jÞ is considered to be a used link if
L½i; j' þ L½ j; i' > 0.

Among these three measures, the maximal link utiliza-
tion value Umax is the most important for evaluating a TE
solution. The ultimate objective is to avoid congestion in
the network (keep the value of Umax under 100%). The sec-
ond measure of the sum of all link loads SumL is an impor-
tant criterion for assessing the total traffic that flows on
each link in the network and also to assess the network de-
lay in some sense. The number of used links #Links is very
significant in terms of network backup in case of link fail-
ures and energy efficiency in data centers [26]. It is impos-
sible to obtain an optimal solution which minimizes Umax,
SumL, and #Links at the same time. In our experiments,
an improvement in SumL or #Links often leads to a degra-
dation of Umax. In addition, taking simultaneously three
objective functions into account for a TE problem on large
data centers is a very complex task. For this reason, we di-
vide these three objectives into two pairs of objectives:
(Umax, SumL) and (Umax, #Links). The formulations of these
two bi-objective optimizations are the following:

Input: Graph G ¼ ðN; EÞ, set of k VLANs V, bandwidth
matrix BW, set of k traffic demand matrices TD

Output:
– Bi-objective 1 (Minimization of Umax and SumL): A

Pareto front PFðUmax ;SumLÞ, each solution in
PFðUmax ;SumLÞ is a set of k spanning trees minimizing
the pair of objectives Umax and SumL.

– Bi-objective 2 (Minimization of Umax and #Links): A
Pareto front PFðUmax ;#LinksÞ, each solution in
PFðUmax ;#LinksÞ is a set of k spanning trees minimizing
the pair of objectives Umax and #Links.

– Given a set of k spanning trees SPi, determine a set
of k weight matrices Wið1 6 i 6 kÞ such that
MSPðWiÞ generates the spanning tree SPi.

We describe in Section 6 the assessment methods for
evaluating the quality of the Pareto front obtained by our
different LS algorithms (in Section 5) for solving these
two bi-objective problems.

5. Proposed algorithms

In this paper, we present five LS algorithms dealing with
the TE problems described in Section 4. We first implement
three LS algorithms that take into account each of the three
objectives to be minimized (Umax; SumL and #Links). To
obtain a bi-objective Pareto front with these algorithms,
we add an observation to store the non-dominated
solutions in their search process. Next, two bi-objective
algorithms are proposed based on the three single objec-
tive methods. We will refer to the three single-objective
minimization algorithms as MinUmax ; MinSumL, and
Min#Links; the two bi-objective algorithms will be referred
to as MinðUmax ;SumLÞ and MinðUmax ;#LinksÞ.

5.1. Generating weight matrices

In Section 3.1, we have stated that the MSTP 802.1s cre-
ates the spanning trees based on two set of parameters:
the switch IDs and the link weights. With 802.1s, the link
weight is an integer in ½1::216 ) 1'. Given a network with
k VLANs, m links, and n switches in each VLAN, even if
we do not consider the selection of the root for each span-
ning tree, the size of the search space if we perform a
search on the link weights is ð216 ) 1Þ

mk
. In addition, it is

difficult to control the change of link weights on the span-
ning tree. Dealing with this link weight problem, we found
that in each VLAN, we can force 802.1s to yield any desired
spanning tree simply by assigning a unit weight to all the
links in a spanning tree and assigning a weight of n to all
the other links in the VLAN.

Furthermore, we showed in [19] that the root determi-
nation has no impact on the single path between any pair
of nodes in the spanning tree and thus has no impact on
Umax; SumL, or #Links. By fixing a unique root for each
VLAN and performing the search on spanning trees, we

can reduce the size of the search space to m
n) 1

! "k

solu-

tions. This is the choice we made for all the algorithms de-
scribed in this section. The solution obtained by using the
default 802.1s MSTP is used as the initial solution for all
five of our LS algorithms.

5.2. Single-objective approaches

5.2.1. Minimization of Umax

Our LS algorithm in [9] deals with the first objective, of
minimizing Umax in large data centers. Experiments were
conducted on different data centers topologies containing
up to 564 switches and 16 VLANs with different traffic
demand matrices that are synthesized from the data center
studies in [27]. The algorithm can however handle a larger
number of VLANs as its complexity is not related to this
parameter. The solutions obtained with MinUmax could re-
duce by 133.26% the value of Umax compared to the solu-
tion given by the 802.1s Multiple Spanning Tree Protocol
standard in our experiments (see Table 1, reduction of
Umax: 233.26–100 = 133.26%).

This MinUmax LS relied on an edge exchange in each
search iteration. First, we find the most congested link

170 T.-V. Ho et al. / Computer Networks 65 (2014) 167–182



ðsmax; tmaxÞ (having Umax) in the network. Then, we apply a
heuristic for selecting a spanning tree SPselected of a VLAN
that contains ðsmax; tmaxÞ based on its load on this most con-
gested link. Other heuristics are applied to select an edge
ðs0; t0Þ 2 SPselected to be removed and to select an edge
ðsI; tIÞ 2 SPselected to be added that maintains the spanning
tree SPselected and minimizes the value of Umax. This edge ex-
change is iterated until a given time limit is reached. We
also use a tabu list [5] for preventing the replacement of
the same couple of edges in successive iterations.

By proving that for each edge replacement, the load
changes only on the links belonged to the cycle created
by adding an edge into the spanning tree [19], we can
speed up the link load recomputation cost in each search
iteration. Other speeding up techniques are also applied
to representing, querying, and updating the spanning trees.

5.2.2. Minimization of SumL
The Optimum Communication Spanning Tree Problem

(OCT) [28] can be considered as a sub problem of this
minimization of sum load in network with one VLAN
containing all its switches. OCT is a very challenging com-
binatorial optimization problem and has been proven to be
NP-hard even with a unit traffic demand matrix
ðTD½i; j' ¼ 1;8i – jÞ. Our MinSumL LS is inspired by the
MinUmax algorithm with the same definitions of the search
space and speeding up techniques.

The key design of each LS algorithm is the definition of
the neighborhood. MinSumL also relies on an edge exchange
in each search iteration to move from one solution to an-
other. To find a heuristic for this LS, we represent SumL
by another formula:

SumL ¼
X

i;j2N

L½i; j' ¼
X

r2½1::k'
i;j2Vr

TDr½i; j' % PathLengthr ½i; j';

where k is the number of VLANs, and PathLengthr ½i; j' is the
number of links on the path from i to j in the VLAN Vr .

With this new definition, we can state that the overall
sum load SumL can be changed by modifying the most con-
tributing pair ði; jÞ, in which the sum load over path
TDr½i; j' % PathLengthr ½i; j' is large. In each search iteration,
we first choose a pair ði; jÞ from x pairs having the largest
sum load over path TDr ½i; j' % PathLengthr ½i; j'. Next, we ap-
ply a heuristic for selecting the edge to be removed on
the path from i to j and the edge to be added for minimiz-
ing the value of SumL. We also use time as the termination
criterion, and a tabu list for this LS.

The speeding up techniques in MinUmax are reused to
accelerate the search. The main computation in this
MinSumL is the computation and comparing SumL in each
search iteration. Obviously, the traffic demand matrices

are unchangeable, so the computation of path length is
the most important task. Fortunately, we can maintain
incrementally the path length between each pair of
switches, relying on the ‘‘magic cycle’’ described in [19].

When the traffic demand matrices are nearly uniform,
the minimization of SumL is equivalent to the minimiza-
tion of the average path length between each pair of
switches in the network. For this reason, the balance span-
ning tree construction of 802.1d STP [24] with the root in
the center is also a very efficient method to reduce the
overall sum load. Thus, with the > initial solution obtained
by 802.1s, MinSumL reduces by 0.57% the value of SumL (see
Table 1, reduction of SumL: 100.57–100 = 0.57%), but com-
pared to a random initial solution, this reduction is about
12% in our experiments.

5.2.3. Minimization of #Links
For this Min#Links, we also iterate a move to a neighbor

solution by performing an edge exchange in each search
iteration. Our heuristic for defining the neighborhood for
Min#Links is based on the following observation.

The number of links used by a set of k spanning trees can
be reduced only if in a spanning tree SPi, we replace an edge
used only by SPi by an edge used by another spanning tree
SPj.

Let the numVLAN of an edge ðs; tÞ be the number of
VLANs that have ðs; tÞ in their spanning trees. From the ini-
tial solution obtained with 802.1s, a set of removable edge
candidates RM is created from the edges with the first x
minimal values of numVLAN. In each search iteration, we
randomly select an edge ðs0; t0Þ in RM to be replaced by
an edge ðsI; tIÞ. We accept only a replacement that reduces
or maintains the current #Links. A random selection of
ðs0; t0Þ is performed after a given number of non-improving
iterations.

In our experiments, the solutions obtained by Min#Links

can reduce by about 18.51% the value of #Links compared
to the solution given by 802.1s (see Table 1, reduction of
#Links: 118.51–100 = 18.51%).

5.2.4. Solution quality
In Table 1, we measure the performance of each single

objective algorithm compared to the default configuration
of the MSTP 802.1s standard. The data set for these exper-
iments is described in Section 6.2. In our tests, a triple mea-
sure of ðUmax; SumL;#LinksÞ is performed on the best
solution given by the three single objective LS. We assume
a value of 100% for the minimum of Umax; SumL, and #Links.
If we only consider the visible improvement in each single
objective compared to the MSTP 802.1s standard, then
MinUmax seems to be the best algorithm and MinSumL is pos-
sibly the worst one. However, in order to reduce by
233.26% the value of Umax compared to 802.1s, MinUmax uses
125.6% more links than Min#Links (about 500 more links in a
data center with 2000 links) and increases SumL by
120.25% more than MinSumL.

It is even worse for Min#Links, where its best solution in-
creases Umax by 346.32% over that given by MinUmax , and
SumL by 131.69% compared to that obtained by MinSumL

in order to reduce 118.51% #Links from the initial solution

Table 1
Single objective algorithm overall performance.

%nAlg. 802.1s MinUmax MinSumL Min#Links

Umax 233.26 100 221.69 346.32
SumL 100.57 120.25 100 131.69
#Links 118.51 125.6 119.29 100
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given by 802.1s. Hence, the overall solution quality of an
algorithm cannot be evaluated by its best solution for a
single objective.

5.3. Bi-objective optimization

Of our three single objective LS, we found that MinUmax

converges much faster than MinSumL or Min#Links. Fig. 1
depicts the improvement of Umax over time of MinUmax for
a data center with 564 switches and 16 VLANs with a time
limit of 15 min. MinUmax reduces Umax by 52.2% compared to
that of 802.1s (from 0.69 to 0.33) after only 10 s. With the
same test, the improvement within the first 10 s of MinSumL

is 3.6% and for Min#Links, 1.77%.
When we look at the number of improvements that

each algorithm makes within the first 10 s, MinUmax

improved its objective value only 6 times while this num-
ber is 18 for MinSumL and 13 for Min#Links. This convergence
observation motivates our algorithmic approach to the two
bi-objective optimizations: MinðUmax ;SumLÞ and MinðUmax ;#LinksÞ.
Here, we do not consider the bi-objective ðSumL;#LinksÞ
because Umax is the essential metric in a TE problem and
we cannot guarantee network congestion avoidance with
only an optimization of ðSumL;#LinksÞ.

5.3.1. Minimization of Umax and SumL
Algorithm 1 describes how the heuristics of two

single objective LSs are included in the search process of
the bi-objective LS. In this case, we combine MinUmax with
MinSumL to define the MinðUmax ;SumLÞ algorithm. In
MinðUmax ;SumLÞ; SumL is considered as Objective 1 to be
regularly minimized (Line 8). The edgeExchangeHeuristicObj1
ðMSP;G;VÞ returns a neighboring solution of the current
solution MSP that minimizes the SumL value by applying
the edge exchange heuristic of MinSumL. With its fast
convergence, the edge exchange heuristics of MinUmax are
periodically applied in the method edgeExchangeHeuristicObj2
ðMSP;G;VÞ (Line 10) after each #stepObj1 iterations to
guide the search by minimizing the value of Objective
2—Umax. The #stepObj1 in Line 7 is an important parameter
for configuring to balance the convergence of Umax

and SumL.

Algorithm 1. Bi-objective Algorithms

The Pareto front is updated with the non-dominated
solutions found during the search process (Line 19). We
diversify the search with a random edge replacement after
a given number of non-improving search iterations (Lines
13–16).

5.3.2. Minimization of Umax and #Links
The MinðUmax ;#LinksÞ LS is also defined by the pseudo code

in Algorithm 1. Here, #Links becomes Objective 1 and we
apply the MinUmax edge exchange heuristic to guide the
search after every #stepObj1. A random move is also
applied to diversify the search when no new non-domi-
nated solutions are found in a given number of successive
search iterations.

Both MinðUmax ;SumLÞ and MinðUmax ;#LinksÞ share the same
design described in Algorithm 1 but they are very different
in their exploration of the huge search space: they apply
different definitions of neighbors. In our experiments, the
configuration of the parameter #acceptIterations is the
same for both problems (50), but different for #stepObj1
(50 for MinðUmax ;SumLÞ and 10 for MinðUmax ;#LinksÞ).

5.3.3. Finding a Pareto front with a single objective algorithm
In the assessment of our bi-objective optimization algo-

rithms, we would like to compare their performance with
single objective algorithms. Such a comparison is possible
by extending our single objective algorithms to compute
a Pareto front. The idea is just to observe a second objective
and compute a Pareto front. In Algorithm 2, we present
how a Pareto front PF can be obtained with a single objec-
tive algorithm. Here, an improvement in the unique objec-
tive is normally stored (Lines 8–10) but a dominance check
is also added in each search iteration to update the Pareto
front PF with the second objective (Lines 12 and 13). By
adding this observation, we have four more Pareto fronts
in each experiment: two PFs of ðUmax; SumLÞ obtained with
MinUmax and MinSumL; and two PFs of ðUmax;#LinksÞ obtained
with MinUmax and Min#Links.

In the next section, we will use different assessment
methods for evaluating our proposed algorithms on differ-
ent network topologies.

Fig. 1. Improvement of Umax over execution time.
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Algorithm 2. Finding PF with Single Objective Algorithms

6. Performance comparisons

This section is organized as follows. We first describe
the evaluation methods for multi-objective approaches in
Section 6.1. Next, the network topologies and traffic de-
mand matrices for our tests are presented in Section 6.2.
Last, our experimental results are discussed in Section 6.3.

6.1. Assessment metrics for multi-objective algorithms

Many measurements can be made for evaluating the
outcomes of multi-objective algorithms. In this paper, we
consider five metrics to use in comparing the performances
of our local search approaches: Purity [20], Spread Metric
[20], Hypervolume [21], Hypervolume-Star, and Binary
!-indicator [22]. These five metrics are very useful for
assessing the quality of an approximation set or a Pareto
front. In this paper, we denote by PFobt the Pareto front pro-
duced by the considered algorithm and PFref the reference
(or best-known) Pareto front. PFref is the best Pareto front,
combining the Pareto fronts PFobt of all the considered
algorithms. In this section, we assume without loss of
generality that all the multi-objective algorithms aim at
solving the minimization problem with two objectives.

6.1.1. Purity
The purity metric [20] measures the percentage of solu-

tions of PFobt that are both in PFobt and in PFref :

Purity ¼ jPFobt
T

PFref j
jPFobtj

;

where jPFobtj is the number of solutions of PFobt and
jPFobt

T
PFref j is the number of solutions contained both in

PFobt and in PFref .
Obviously, Purity 2 ½0;1'; Purity equals 0 when PFobt and

PFref do not share any common solution (all the solutions
of PFobt are dominated by some solutions of PFref ), Purity
equals 1 if PFobt is completely included in PFref (no other
algorithm was able to compute a solution dominating a
solution of PFobt), and a large Purity means a good multi-
objective algorithm. This metric is significant when both
PFobt and PFref have many solutions. However, if
PFobt ¼ fs%g and s% 2 PFref , then Purity ¼ 1. In this case, we
have no guarantee of the quality of the considered
algorithm.

6.1.2. Spread metric
The spread metric (C) [20] measures the maximum size

of the ‘‘holes’’ of a Pareto front. Suppose given
PFobt ¼ fs1; s2; ::; sng with si ¼ ðfi;1; fi;2Þ. We assume that the
objective values are normalized and are sorted in increas-
ing order for objective 1 and in decreasing order for objec-
tive 2. We consider two extreme points s0 and snþ1 of PFobt

such that

f0;1 6 f1;1 and f 0;2 P f1;2;

fnþ1;1 P fn;1 and f nþ1;2 6 fn;2:

The d metric is defined by

di;j ¼ jfi;j ) fi)1;jj; i 2 f1; ::;nþ 1g; j 2 f1;2g;

where fi;j is the value of objective function j of solution
si 2 PFobt

S
fs0; snþ1g. The spread metric C is defined by

C ¼ maxfi 2 f1; ::;nþ 1g; j 2 f1;2g; di;jg:

Fig. 2b depicts an example of a C measurement with
m ¼ 3;C takes the largest value d4;1.

By this definition, PFobt is good if its maximal hole C is
small. However, we found that PFobt1 could have a smaller
C than PFobt2 even if all the solutions of PFobt1 are domi-
nated by some solutions of PFobt2. Thus, we define a new
spread metric C%, measuring the spread (or coverage) of
PFobt over a global Pareto front PFref .

We use two extreme points s0 and snþ1 of PFref to com-
pute both CðPFobt

T
PFref Þ and CðPFref Þ. The C% metric is

defined by

C% ¼ CðPFrefÞ
C PFobt

T
PFrefð Þ :

If PFobt
T

PFref ¼ ;, then C% is undefined. So we set
C% ¼ 0 as the worst case when PFobt does not contain any
solution in PFref . With this assumption, C% 2 ½0;1'. C%

equals 1 (ideal) if PFobt ¼ PFref .

6.1.2.1. Finding extreme points for C%. In [20], an experimen-
tal method was proposed for computing the two extreme
points for C by selecting the pair of objective values corre-
sponding to the highest pairwise distance. This selection
must be performed on the non-dominated solution set
over all runs in order to obtain the two final extreme
points. This method is expensive and incompatible with
the computation of our new metric C%.

For the computation of C%, we found that the two
extreme points cannot belong to PFobt or PFref . Let
s0 ¼ ðf0;1; f0;2Þ and snþ1 ¼ ðfnþ1;1; fnþ1;2Þ be two extreme
points for PFref ¼ fs1; s2; ::; sng with si ¼ ðfi;1; fi;2Þ and n > 1.
If n ¼ 1, the extreme points do not need to be defined,
C% ¼ 0 if PFobt

T
PFref ¼ ; and C% ¼ 1 if PFobt

T
PFref ¼ PFref .

We assume that the objective values are normalized and
are sorted in increasing order for objective 1 and in

decreasing order for objective 2. We put Dist1 ¼
fn;1)f1;1

n)1

and Dist2 ¼
f1;2)fn;2

n)1 . The extreme point values
f0;1; f 0;2; f nþ1;1 and fnþ1;2 are defined by

f1;1)Dist16 f0;16 f1;1 and f 1;2 < f0;26 f1;2þDist2;

fn;1 < fnþ1;16 fn;1þDist1 and f n;2)Dist26 fnþ1;26 fn;2 ð1Þ
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Our definition of f0;1; f 0;2; f nþ1;1 and fnþ1;2 in (1) ensures that
the distance between s0 ) s1 and sn ) snþ1 is always less
than or equal C. In addition, this definition of extreme
points is more compatible with C% because it allows us to
better represent the contribution of PFobt to PFref . In this pa-
per, we fix s0 ¼ ðf1;1; f1;2 þ Dist2Þ and snþ1 ¼ ðfn;1 þ Dist1; fn;2Þ.

6.1.3. Hypervolume
The hypervolume (HP) metric [21] measures the ‘‘vol-

ume’’ of the dominated region defined by a Pareto front
and a reference point smax. Suppose given PFobt¼fs1;s2;::;sng
with si ¼ ðfi;1; fi;2Þ. Let smax ¼ f max

1 ; f max
2

# $
be a reference point

such that f max
1 P maxi2f1;::;ngffi;1g and f max

2 P maxi2f1;::;ngffi;2g.
HP is defined as the surface area of the union of all the
rectangles defined by each of the solutions in PFobt and
the reference point smax.

Fig. 2a presents an example of the hypervolume compu-
tation of a Pareto front obtained from a bi-objective algo-
rithm. In this paper, we normalize the values to [0,1] for
each objective ðsmax ¼ ð1;1ÞÞ. Thus, HP 2 ½0;1'. With HP,
the quality of a Pareto front is evaluated by the surface of
the dominated region which it covers. A method with a
large HP is considered better than a method with a smaller
HP. HP is useful for comparing the performance of different
algorithms solving a specific multi-objective problem.
However, with two different reference points, a Pareto
front PFobt1 could cover a bigger region than a Pareto front
PFobt2 even when the solutions of PFobt1 are completely
dominated by the solutions of PFobt2. So, a unique reference
point is required when comparing different Pareto fronts.

6.1.3.1. Finding the reference point smax. In [21], the authors
simply used the point (0,0) in the context of a maximiza-
tion problem as the reference point for computing the
hypervolume HP of its Pareto front. However, if the consid-
ered Pareto fronts are too far from (0,0), the ‘‘volume’’ of
HP consists of a large surface of the insignificant region
that can make the HP metric inexact. We have the same
problem with the minimization problem if the reference
point is too far from the Pareto front considered.

For a Pareto front PFobt ¼ fs1; s2; ::; sng with si ¼ ðfi;1; fi;2Þ,
we define its upper bound point s% ¼ f %1 ; f

%
2

# $
as

f %1 ¼ fn;1 þ Dist1; f %2 ¼ f1;2 þ Dist2; if n > 1;

f %1 ¼ f1;1 þ
1
2
*maxðf1;1; f1;2Þ;

f %2 ¼ f1;2 þ
1
2
*maxðf1;1; f1;2Þ; if n ¼ 1 ð2Þ

Given m Pareto fronts to be compared,
PFobt1; PFobt2; . . . ; PFobtm, let s%i ¼ f %i;1; f

%
i;2

% &
be the upper

bound point of PFobti. The unique reference point
smax ¼ f max

1 ; f max
2

# $
for computing the HP of these Pareto

fronts is defined by

f max
1 ¼ maxi2½1::m' f %i;1

% &
and f max

2 ¼ maxi2½1::m' f %i;2
% &

:

Our definition of reference point for HP is based on the
solution values of all the Pareto fronts considered. In (2), an
additional distance is added to the maximal values of each
objective ensuring that s1 and sn contribute to the HP of
each Pareto front considered.

6.1.4. Hypervolume-star
The hypervolume-star (HP%) metric is a combination of

the purity and the hypervolume metric. We introduce this
new hypervolume metric to disable the dependence of the
purity on the number of solutions. We define the HP% met-
ric of a Pareto front PFobt over a global Pareto front PFref by

HP% ¼ HPðPFobt
T

PFrefÞ
HPðPFrefÞ

:

We have HP% 2 ½0;1' because PFobt
T

PFref # PFref . HP%

measures the contribution of PFobt in the hypervolume
PFref . HP% equals 0 if PFobt

T
PFref ¼ ; (PFobt and PFref do

not share any common solution). HP% equals 1 if
PFobt

T
PFref ¼ PFref (ideal when PFobt is the global Pareto

front PFref ). In the computation of HP%, one should use
the same reference point smax for computing
HPðPFobt

T
PFref Þ as for HPðPFref Þ.

For computing HP⁄, we only consider the subset
PFobt

T
PFref of PFref . Thus, the upper bound point s%ref of

PFref (computed by formula (2)) is used as its reference

point smax smax ¼ s%ref

% &
.

Fig. 2. Measurement methods.
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6.1.5. Binary !-indicator
For a bi-objective minimization problem, we define

when a solution s1 ¼ ðf1;1; f1;2Þ!-dominates a solution
s2 ¼ ðf2;1; f2;2Þ, denoted as s1+!s2 as follows:

ðs1+!s2Þ () 8i 2 f1;2g : fi;1 6 ! * fi;2

The !-indicator IðPFobt; PFref Þ is the minimum factor !
such that for any solution s2 in PFref there exist at least
one solution s1 in PFobt that is not worse by a factor ! in
all objectives [22].

IðPFobt; PFrefÞ ¼ inf
!2R
f8s2 2 PFref ;9s1 2 PFobt : s1+!s2g

We have IðPFobt; PFrefÞ 2 ð0;1'. The !-indicator
IðPFref ; PFobtÞ compares the distance of PFobt with PFref .
With this metric, when comparing with PFref , the ideal va-
lue is IðPFref ; PFobtÞ ¼ 1. This occurs when PFobt # PFref :
none of the solutions of PFobt is dominated by a solution
of PFref . All of the solutions of PFobt are thus in the global
Pareto front PFref . As to the purity, the limitation of this
measure is that it does not consider the number of solu-
tions of PFobt. If PFobt ¼ fs%g and s% 2 PFref , then
IðPFref ; PFobtÞ ¼ 1 although one cannot thus assess the qual-
ity of PFobt.

6.2. Data set composition

The seven data center topologies for testing our algo-
rithms are described in Table 2. The private enterprise
topology is a 3-Tier Cisco architecture [29] while the cloud
data center uses the 3-Tier textbook data center architec-
ture in [30]. In Table 2, the two VLAN generation types
Geographic (Geo.) and Random (Ran.) are used to create
different tests with the same network topology (same
nodes, same edges, but different VLAN generation). In the
Geographic case, each VLAN is generated geographically
by grouping a set of neighboring racks of switches (i.e.,
the racks of servers in the same or neighboring buildings).
In the Random case, we assume that the racks are assigned
randomly to the different VLANs depending on their
increasing need. The details of the Private (PR) and Cloud
(CL) architectures are presented in [9].

We also use the data center topologies Fat Tree (FT)
[31], PortLand (PL) [32], and the generic topology Ex-
panded Tree (ET) in [19]. To simplify the observations with
five different assessment metrics, we generate 16 VLANs
and a near-uniform traffic demand matrix (see [9]) for each
VLAN for every topology type in our experiments. These
data sets are available online in [33]. The time limit for
running our algorithms was fixed at 30 min for all the net-
work topologies considered. As our algorithms are nonde-
terministic, each algorithm has been executed 10 times on
each instance. Note that all our algorithms can handle a

larger number of VLANs and this parameter does not influ-
ence the complexity of the algorithms.

6.3. Results and evaluation

In this section, the Pareto fronts obtained by our five
proposed LS algorithms in Section 5 are evaluated on the
same data sets (Table 2). For each bi-objective problem,
PFref is the Pareto front which is the union of all the solu-
tions produced by all the algorithms considered. In each
test, the Pareto fronts PFobt obtained by MinUmax ;MinSumL,
and MinðUmax ;SumLÞ are compared in the bi-objective 1 prob-
lem: minimization of Umax and SumL. In the same manner,
the Pareto fronts PFobt obtained by MinUmax ;Min#Links, and
MinðUmax ;#LinksÞ are evaluated in the bi-objective 2 problem:
minimization of Umax and #Links. In this section, we
assume without loss of generality that all the objective val-
ues are normalized to [0,1]. Thus, in each test, the extreme
point 1 is s0ð0;1Þ, the extreme point 2 is snþ1ð1;0Þ and the
reference point is smaxð1;1Þ. Each Pareto front is assessed
by the five metrics described in Section 6.1: Purity, Hyper-
volume (HP), Hypervolum-Star (HP⁄), Binary !-indicator (I),
and Spread Metric (C%). The values of each metric are in
[0,1], and the value 0 is the worst and 1 is the ideal.

Our detailed results for the seven network topologies in
Table 2 are presented in Tables 5–18. (see Appendix A)
with these five assessment metrics. Each table describes
the evaluation for one bi-objective problem ðUmax; SumLÞ
or ðUmax;#LinksÞ on a given test. Table 3 represents the
overall performance for the bi-objective problem 1
ðUmax; SumLÞ on all the network topologies. Table 4 pro-
vides the same information for ðUmax;#LinksÞ. In the tables,
we report the number of solutions in each Pareto front
(#Sol) as a reference assessment metric for better under-
standing the outcomes given by the five principal metrics.
In each table, we also provide the average value (l) and the
standard deviation (r) of each metric over the 10 execu-
tions of the algorithms. We also provide the classical inter-
val ½l) 2r;lþ 2r'. When the metric belongs to ½0;1', this
interval must be included in ½0;1'.

6.3.1. Bi-objective problem 1: Minimization of Umax and SumL
In Table 3, we can see that none of the five metrics of

MinUmax is the best, although its PFobt has more than 24
solutions. MinSumL has the best value for the metrics Purity
and I. However, these metrics are significant only when
PFobt has many solutions but PFobt of MinSumL has on aver-
age only 1.5 solutions. MinðUmax ;SumLÞ has the best value for
three metrics: HP, HP⁄, and C%, and its values for Purity
and I are very close to those of MinSumL, with more than
12 solutions in its PFobt. Except for HP, MinðUmax ;SumLÞ has a
smaller standard deviation than MinUmax on the different
metrics. The MinðUmax ;SumLÞ algorithm is thus more stable.

Table 2
Data set composition.

Sizentype PR GeonRan. CL Geo.nRan. FT Ran. PL Ran. ET Ran.

Num. nodes 242 564 320 313 200
Num. links 549 2024 2048 602 398
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As expected, MinðUmax ;SumLÞ is the best method for solving
this bi-objective problem.

Fig. 3 depicts the assessment metrics for ðUmax; SumLÞ on
an expanded tree topology. None of the five metrics of
MinUmax is the best because most of its solutions in PFref

have a large value for SumL, and its PFobt is mainly con-
tained in the dominated region (Purity ¼ 0:2884). Thus,

the surface of the dominated region covered by MinUmax

measured with HP⁄ (in Fig. 3b) is much smaller than this
surface measured with HP (in Fig. 3a).

In Fig. 3, we can state that MinSumL has the best value for
the metrics Purity and I, because its PFobt has only one solu-
tion, which is contained in PFref . The PFobt of MinðUmax ;SumLÞ is
completely included in the center of PFref and it dominates

Table 3
Performance comparison Umax; SumL.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 24.3 0.2884 0.6788 0.3971 0.8830 0.4986
r 7.8 0.1947 0.0926 0.2024 0.0967 0.2606
l) 2r 8.7 0 0.4936 0 0.6896 0
lþ 2r 39.9 0.6777 0.8640 0.8019 1 1

MinðUmax ;SumLÞ l 12.7 0.8946 0.8683 0.9158 0.9846 0.6640
r 4.5 0.1153 0.1514 0.1275 0.0650 0.1856
l) 2r 3.7 0.6640 0.5655 0.6609 0.8545 0.2929
lþ 2r 21.7 1 1 1 1 1

MinSumL l 1.5 0.8961 0.2075 0.1650 0.9884 0.3883
r 0.7 0.2724 0.1631 0.0941 0.0558 0.0288
l) 2r 0.1 0.3513 0 0 0.8767 0.3308
lþ 2r 2.9 1 0.5337 0.3533 1 0.4459

Table 4
Performance comparison Umax; #Links.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 18.3 0.6611 0.2667 0.3515 0.8729 0.5812
r 9.4 0.2209 0.1240 0.1081 0.1777 0.0661
l) 2r 0 0.2193 0.0186 0.1353 0.5175 0.4491
lþ 2r 37.1 1 0.5147 0.5677 1 0.7134

MinðUmax ;#LinksÞ l 11.8 0.9964 0.6972 0.9255 0.9992 0.7602
r 4.6 0.0172 0.0939 0.1190 0.0036 0.1043
l) 2r 2.6 0.9620 0.5095 0.6875 0.9920 0.5515
lþ 2r 21 1 0.8849 1 1 0.9689

Min#Links l 7.0 0.3412 0.3090 0.1356 0.8745 0.5279
r 3.3 0.3499 0.1594 0.0989 0.1891 0.0519
l) 2r 0.4 0 0 0 0.4963 0.4241
lþ 2r 13.6 1 0.6278 0.3335 1 0.6317

Fig. 3. ðUmax; SumLÞ measurement on expanded tree.
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many solutions of MinUmax . Its Purity, 0.8946, is very large
compared to this value for MinUmax . However, MinUmax and
MinSumL are clearly better than MinðUmax ;SumLÞ from the single
objective performance.

The MinðUmax ;SumLÞ LS provides a good Pareto front by
ensuring a small value of SumL with a significant decrease
of Umax compared to the solution obtained by 802.1s (see
Table 1). Furthermore, the PFref obtained by these three
LSs offers a wide range of solutions for solving this TE
problem.

6.3.2. Bi-objective problem 2: Minimization of Umax and
#Links

In Table 4, MinðUmax ;#LinksÞ has the best average value for
all the metrics. The HP and purity metrics are much larger
than those of MinUmax and Min#Links. Except for HP⁄, it also
has smaller standard deviation than the two other algo-
rithms, underlying a better stability of MinðUmax ;#LinksÞ. As ex-
pected, MinðUmax ;#LinksÞ is thus the best method.

Fig. 4 depicts a measurement for ðUmax;#LinksÞ on a
cloud data center topology with geographic VLAN genera-
tion. In this test, all the non-dominated solutions given
by MinðUmax ;#LinksÞ can be found at the center of PFref . As
shown in Fig. 4b, the hypervolume covered by
MinðUmax ;#LinksÞ is the largest. We can state that by keeping
a small value of Umax and #Links for all its solutions,
MinðUmax ;#LinksÞ provides good choices for network operators.
In Fig. 4, MinðUmax ;#LinksÞ can reduce the value of Umax from 0.7
to 0.3 using only 720 links, while MinUmax needs 750 links to
approximate Umax. In addition, we can easily choose a solu-
tion in PFobt of MinðUmax ;#LinksÞ with a reasonable Umax (less
than 0.5) which uses a small number of links in the
network.

In this test, compared to the solution obtained with
802.1s MSTP standard, Min#Links can reduce about 80 links
while MinUmax markedly reduces the value of Umax: from

0.7 to about 0.2. Especially, the PFref is composed of the
important contributions of all the PFobt obtained with these
three LSs.

7. Conclusion

In this paper, we develop a novel design of multi-objec-
tive algorithms, based on local search, for solving the TE
problem in data center networks. Our multi-objective algo-
rithms show good performance for large data centers, by
integrating the heuristics of each single objective into the
search process. There are few existing assessment methods
for evaluating the performance of multi-objective TE tech-
niques in data center networks. The state of the art
approaches often evaluate their outcomes based on each
single objective observation. In this paper, we introduce a
strong assessment method using three metrics: maximal
link utilization, sum load, and number of used links, for
evaluating the multi-objective overall performance. The
non-dominated set of solutions (Pareto front) obtained by
our multi-objective algorithms offer the network operators
a wide range of good solutions for solving the TE problem
in data center networks.
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Appendix A

Tables 5–18.

Fig. 4. ðUmax;#LinksÞ measurement on cloud data center.
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Table 5
Performance comparison Umax; SumL – cloud geographic.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 23.2 0.0690 0.7459 0.1313 0.8733 0.5612
r 3.04 0.0955 0.0265 0.0569 0.1734 0.1432
l) 2r 17.12 0 0.6929 0.0175 0.5265 0.2748
lþ 2r 29.28 0.2560 0.7988 0.2451 1 0.8476

MinðUmax ;SumLÞ l 12 0.9417 0.9722 0.9773 0.9995 0.8704
r 2.32 0.0452 0.0263 0.0313 0.0011 0.0487
l) 2r 7.35 0.8512 0.9196 0.9148 0.9974 0.7731
lþ 2r 16.65 1 1 1 1 0.9677

MinSumL l 1 1 0.0852 0.0965 1 0.5109
r 0 0 0.0195 0.0114 0 0
l) 2r 1 1 0.0462 0.0737 1 0.5109
lþ 2r 1 1 0.1243 0.1194 1 0.5109

Table 6
Performance comparison Umax; #Links – cloud geographic.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 24.6 0.6016 0.4101 0.5117 0.9036 0.4910
r 2.5 0.1413 0.0579 0.1058 0.2039 0.0487
l) 2r 19.6 0.3191 0.29443 0.3002 0.4957 0.3935
lþ 2r 29.6 0.8842 0.5258 0.7232 1 0.5884

MinðUmax ;#LinksÞ l 16 1 0.6458 0.9179 1 0.7212
r 2.03 0 0.0353 0.0409 0 0.0424
l) 2r 11.94 1 0.5752 0.8362 1 0.6364
lþ 2r 20.06 1 0.7165 0.9997 1 0.8060

Min#Links l 6.4 0.5313 0.2006 0.1614 0.9426 0.4408
r 3.93 0.2546 0.0825 0.0696 0.1240 0.0601
l) 2r 0.54 0.0220 0.0357 0.0223 0.6946 0.32068
lþ 2r 12.26 1 0.3655 0.3005 1 0.5610

Table 7
Performance comparison Umax; SumL – cloud random.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 19.1 0.0628 0.6376 0.1732 0.8721 0.4749
r 2.11 0.1106 0.0474 0.1183 0.0154 0.0188
l) 2r 14.87 0 0.5428 0 0.8413 0.4373
lþ 2r 23.33 0.2840 0.7324 0.4098 0.9029 0.5125

MinðUmax ;SumLÞ l 9 0.8778 0.9741 0.9475 0.9999 0.8603
r 1.79 0.0666 0.0155 0.1568 0 0.0089
l) 2r 5.41 0.7446 0.9430 0.6339 0.9999 0.8424
lþ 2r 12.59 1 1 1 0.9999 0.8781

MinSumL l 1 1 0.1250 0.1608 1 0.4684
r 0 0 0.0457 0.0437 0 0
l) 2r 1 1 0.0336 0.0735 1 0.4684
lþ 2r 1 1 0.2164 0.2482 1 0.4684

Table 8
Performance comparison Umax; #Links – cloud random.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 18.6 0.8065 0.3467 0.4602 0.9181 0.4357
r 2.2 0.1321 0.0312 0.0334 0.0447 0.0311
l) 2r 14.2 0.5422 0.2842 0.3933 0.8287 0.3735
lþ 2r 23 1 0.4092 0.5271 1 0.4979

MinðUmax ;#LinksÞ l 17.3 0.9942 0.6744 0.9276 0.9992 0.6461
r 2.86 0.0188 0.0308 0.0314 0.0025 0.0550
l) 2r 11.57 0.9567 0.6128 0.8649 0.9941 0.5362
lþ 2r 23.03 1 0.7360 0.9904 1 0.7560

Min#Links l 13.3 0.4361 0.4762 0.2547 0.8994 0.4142
r 3.13 0.1385 0.0562 0.0877 0.0141 0.0563
l) 2r 7.04 0.15903 0.3639 0.07931 0.8713 0.3015
lþ 2r 19.56 0.7131 0.5886 0.4301 0.9276 0.5268
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Table 9
Performance comparison Umax ; SumL – private geographic.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 15.7 0.0701 0.6720 0.1048 0.8720 0.4289
r 2.69 0.0426 0.0269 0.0467 0.0265 0.0147
l) 2r 10.32 0 0.6181 0.0113 0.8189 0.3995
lþ 2r 21.08 0.1553 0.7258 0.1982 0.9250 0.4583

MinðUmax ;SumLÞ l 16.6 0.9217 0.9858 0.9236 0.9811 0.7713
r 2.17 0.0517 0.0027 0.0767 0.0559 0.0799
l) 2r 12.26 0.8183 0.9804 0.7701 0.8692 0.6115
lþ 2r 20.94 1 0.9913 1 1 0.9312

MinSumL l 1.9 1 0.3826 0.3841 1 0.4544
r 0.3 0 0.0318 0.0664 0 0.0433
l) 2r 1.3 1 0.3189 0.2512 1 0.3678
lþ 2r 2.5 1 0.4463 0.5169 1 0.5411

Table 10
Performance comparison Umax ; #Links – private geographic.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 13.3 0.7368 0.3516 0.4340 0.9008 0.4376
r 1.85 0.1169 0.0388 0.0465 0.0075 0.0907
l) 2r 9.6 0.5031 0.2741 0.3409 0.8857 0.2561
lþ 2r 17 0.9705 0.4292 0.5269 0.9159 0.6190

MinðUmax ;#LinksÞ l 16.3 0.9877 0.7514 0.9253 0.9981 0.6685
r 2.44 0.0299 0.0498 0.0891 0.0044 0.0885
l) 2r 11.42 0.9278 0.6518 0.7472 0.9894 0.4914
lþ 2r 21.18 1 0.8511 1 1 0.8456

Min#Links l 10.9 0.1743 0.4662 0.1507 0.8001 0.3642
r 2.24 0.1713 0.0839 0.1303 0.2972 0.0264
l) 2r 6.42 0 0.2985 0 0.2057 0.3113
lþ 2r 15.38 0.5169 0.6339 0.4114 1 0.4170

Table 11
Performance comparison Umax ; SumL – private random.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 18.3 0.0601 0.5252 0.1416 0.8846 0.4481
r 3.2 0.0405 0.0457 0.0613 0.0272 0.0668
l) 2r 11.9 0 0.4338 0.0189 0.8302 0.3146
lþ 2r 24.7 0.1410 0.6167 0.2642 0.9390 0.5817

MinðUmax ;SumLÞ l 21.1 0.9384 0.9778 0.9694 0.9990 0.9521
r 3.1 0.0296 0.0082 0.0614 0.0004 0.1426
l) 2r 14.9 0.8791 0.9614 0.8466 0.9983 0.6669
lþ 2r 27.3 0.9977 0.9942 1 0.9998 1

MinSumL l 1 1 0.0519 0.0782 1 0.4067
r 0 0 0.0089 0.0095 0 0
l) 2r 1 1 0.0341 0.0592 1 0.4067
lþ 2r 1 1 0.0697 0.0972 1 0.4067

Table 12
Performance comparison Umax ; #Links – private random.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 16.3 0.7669 0.3356 0.4071 0.9048 0.4835
r 2.3 0.0683 0.0233 0.0287 0.0066 0.0332
l) 2r 11.7 0.6304 0.2889 0.3497 0.8916 0.4170
lþ 2r 20.9 0.9034 0.3823 0.4645 0.9180 0.5499

MinðUmax ;#LinksÞ l 14.2 0.9930 0.7297 0.9407 0.9974 0.7609
r 2.2 0.025 0.0307 0.0327 0.0078 0.0667
l) 2r 9.8 0.9430 0.6683 0.8752 0.9819 0.6275
lþ 2r 18.6 1 0.7911 1 1 0.8942

Min#Links l 9.8 0.2041 0.4296 0.1203 0.8962 0.4159
r 1.4 0.1432 0.0522 0.0835 0.0090 0.0252
l) 2r 7 0 0.3251 0 0.8783 0.3655
lþ 2r 12.6 0.4904 0.5340 0.2872 0.9142 0.4662
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Table 13
Performance comparison Umax; SumL – fat tree.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 41.7 0.6595 0.8034 0.8424 0.9185 0.5236
r 2.9 0.1070 0.0322 0.0916 0.0726 0.1314
l) 2r 35.9 0.4455 0.7391 0.659 0.7733 0.2607
lþ 2r 47.5 0.8735 0.8678 1 1 0.7864

MinðUmax ;SumLÞ l 15.2 0.8618 0.8011 0.9253 0.9711 0.3834
r 2.2 0.1041 0.0408 0.0579 0.0571 0.1059
l) 2r 10.8 0.6536 0.7195 0.8096 0.8570 0.1715
lþ 2r 19.6 1 0.8828 1 1 0.5953

MinSumL l 2.6 0.7308 0.3416 0.2261 0.9604 0.2354
r 0.9 0.3177 0.0404 0.1061 0.0786 0.0042
l) 2r 0.8 0.0954 0.2609 0.0139 0.8033 0.2269
lþ 2r 4.4 1 0.4223 0.4383 1 0.2438

Table 14
Performance comparison Umax; #Links – fat tree.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 43.7 0.4966 0.1335 0.2133 0.6338 0.7383
r 4.2 0.091 0.0166 0.0151 0.0579 0.0231
l) 2r 35.3 0.3143 0.1004 0.1830 0.5180 0.6922
lþ 2r 52.1 0.6789 0.1666 0.2436 0.7496 0.7844

MinðUmax ;#LinksÞ l 5.3 1 0.5568 0.9148 1 0.8538
r 1.3 0 0.0196 0.0306 0 0.0681
l) 2r 2.7 1 0.5177 0.8536 1 0.7176
lþ 2r 7.9 1 0.5960 0.9759 1 0.9900

Min#Links l 4.2 0.9286 0.2790 0.1833 0.9730 0.6955
r 1.96 0.128571429 0.0685 0.0733 0.0832 0.0470
l) 2r 0.28 0.6714 0.1420 0.0367 0.8066 0.6014
lþ 2r 8.12 1 0.4159 0.3300 1 0.7895

Table 15
Performance comparison Umax; SumL – PortLand.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 29.4 0.7211 0.7055 0.9064 0.9674 0.5559
r 3.7 0.1263 0.0437 0.0666 0.0207 0.1715
l) 2r 22 0.4684 0.6181 0.7732 0.9260 0.2128
lþ 2r 36.8 0.9738 0.7928 1 1 0.8990

MinðUmax ;SumLÞ l 7.6 0.7895 0.5674 0.7476 0.9918 0.2644
r 1.9 0.0852 0.0750 0.0826 0.0078 0.0604
l) 2r 3.8 0.6190 0.4173 0.5824 0.9763 0.1437
lþ 2r 11.4 0.9600 0.7174 0.9127 1 0.3851

MinSumL l 1 0.7000 0.0856 0.0347 0.9985 0.2102
r 0 0.4583 0.0171 0.0170 0.0023 0
l) 2r 1 0 0.0514 0.0008 0.9938 0.2102
lþ 2r 1 1 0.1198 0.0687 1 0.2102

Table 16
Performance comparison Umax; #Links – PortLand.

PFnmetric Val. #Sol Purity HP HP⁄ I C%

MinUmax l 6.9 0.3043 0.2260 0.1909 0.9226 0.6181
r 0.7 0.0868 0.0340 0.0321 0.0743 0.0374
l) 2r 5.5 0.1308 0.1579 0.1268 0.7741 0.5434
lþ 2r 8.3 0.4779 0.2940 0.2551 1 0.6929

MinðUmax ;#LinksÞ l 7.3 1 0.8452 0.9707 1 0.8251
r 1 0 0.0527 0.0799 0 0.0916
l) 2r 5.3 1 0.7399 0.8108 1 0.6420
lþ 2r 9.3 1 0.9506 1 1 1

Min#Links l 1.2 0 0.1136 0 0.8589 0.5907
r 0.4 0 0.0801 0 0.1306 0
l) 2r 0.4 0 0 0 0.5977 0.5907
lþ 2r 2 0 0.2738 0 1 0.5907
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