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Despite its role in the global "nancial crisis, collateralized loan obligation (CLO) remains a powerful tool to direct 
funds towards the real economy. In particular, it enables development banks to increase credit supply to small and 
medium-sized enterprises (SMEs). Public "nancial institutions thus face the challenge of identifying a subset of 
credits to be pooled in a CLO for the sake of reaching a speci"c "nancial target. The resulting problem is a mixed-
integer nonlinear program, which is NP-hard. In this paper, we propose an approximate optimization problem 
that combines a large pool approximation, linearization of ancillary variables, and clustering. This approximate 
optimization problem delivers a solution (i) that improves the value of the objective function under the exact 
criterion compared to the solution of a derivative-free mixed-integer algorithm solving the exact problem and 
(ii) in a much lower computation time. As illustration, we consider two realistic CLO objective functions. We 
rely on the celebrated one-factor Gaussian copula in the main examples, but make clear that this assumption is 
not a restriction and can be relaxed. Our results contribute to reduce the funding cost of SMEs and are of direct 
interest for securitization stakeholders such as public "nancial institutions, commercial banks and pension funds.

1.  Introduction

Small and medium-sized enterprises (SMEs) play a key role in the 
economy by contributing to job creation and global economic develop-
ment. In the European Union alone, there are 24.7 million SMEs, repre-
senting 99.8% of all non-"nancial businesses, accounting for 64.4% of 
all employment and 51.8% of the value added in the non-"nancial busi-
ness economy (European Commission, 2023). SMEs are typically much 
riskier than larger "rms because of their limited size and "nancial capac-
ity, which makes them less resilient to economic shocks (OECD, 2023). 
According to a recent report of the European Commission (2023), “"rms 
across the EU have experienced an increase in bankruptcies since the 
second half of 2022, which is largely due to regulatory changes (…), 
the delayed e#ect of the pandemic, a greater prevalence of late pay-
ments and increased di!culties in accessing "nance (…).” The latter is 
identi"ed as one of the main issues: “In 2022, the share of SMEs not ap-
plying for bank loans due to fear of possible rejection rose to 6.6%, up 
from 5.4% in 2021 (with small "rms being most impacted) - whereas 
the corresponding share among large "rms decreased”. Although the 
portion of SME loans to total business loans has increased to reach 44% 
in recent years (OECD, 2023), about half of the SMEs have unmet credit 
needs (Owens & Wilhelm, 2017). This mismatch between credit supply 
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and demand can be explained by a reduced risk tolerance of private 
banks but, to some extent, also results from decisions taken by central 
authorities themselves such as changes in bankruptcy regulation, more 
stringent capital requirements, or rise of interest rates to "ght in$ation, 
to name but a few.

The question of SMEs’ access and cost of funds is thus a primary con-
cern for policymakers. The European Commission has launched several 
"nancing programs to reduce both interest rates and collateral require-
ments, and to increase "nancing volumes. Many of these programs are 
handled by the European Investment Bank via the European Investment 
Fund thanks to securitization, and collateralized loan obligation (CLO) 
in particular. In a nutshell, the idea is that a public "nancial institution 
(PFI) such as the European Investment Fund purchases loans by com-
mercial banks and turns them into tradable securities which can then 
be sold on "nancial markets. Although securitization is sometimes per-
ceived as a weapon of wealth destruction since the global "nancial crisis, 
it is also considered by many stakeholders as the greatest !nancial inno-
vation of the past century. Securitization of SME loans can be appealing, 
with four positive outcomes. First, it allows one to transfer risk to ex-
ternal investors. Commercial banks can use the released capital to issue 
new loans, thereby increasing the amount of private money injected in 
the economy. Second, these securities form a new class of "nancial prod-
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ucts, allowing investors such as pension funds to better diversify their 
portfolios. Third, the PFI can focus on speci"c types of loans and boost 
the development of high-priority sectors (e.g., cybersecurity, sustain-
able activities, renewable energy, etc). Finally, focusing on bene"ts for 
SMEs, the securitized assets bene"t from a credit enhancement mech-
anism (via CLO tranches) that will reduce the risk premium required 
by external investors. This, in turn, leads to a substantial decrease of 
SMEs’ funding costs while putting only a limited amount of PFI’s public 
money at risk. Therefore, securitization provides a unique opportunity 
for governments willing to support SMEs.

In this context, the problem of optimal loan selection consists in as-
signing to each candidate loan — usually among a couple of thousands 
— a selection indicator specifying whether the loan needs to be securi-
tized in a CLO designed to achieve a speci"c "nancial goal. Mathemati-
cally, this amounts to determining the entries of a binary vector for the 
sake of optimizing an objective function, leading to a high-dimensional 
mixed-integer nonlinear program (MINLP) known to be NP-hard. In ad-
dition, evaluating the objective function can be very costly, as it of-
ten features the joint distribution of the losses, hence, requires time-
consuming numerical methods such as Monte Carlo sampling or Laplace 
transform. The main contribution of this paper is to propose an approx-
imate optimization problem which delivers a solution (i) that is better 
than the solution of a derivative-free mixed-integer algorithm solving 
the exact problem and (ii) in a much lower computation time. We con-
sider that the solution of algorithm 𝜔 is better compared to the solution 
of algorithm 𝜀 if the exact objective function evaluated at the solution 
of 𝜔 is lower than the exact objective function evaluated at the solution 
of 𝜀, assuming one is minimizing the objective. The considered approx-
imations enable us to circumvent the most challenging aspects of the 
problem by decreasing its dimension, relaxing the binary constraints 
and tackling the nonlinearity issues.

The "rst attempt to address the problem of a credit portfolio con-
struction from a quantitative perspective is due to Bennett (1984). The 
author argues that the main concepts inherent to Modern Portfolio The-
ory also apply to loan selection when constructing credit portfolios. De-
pendence between losses, in particular, is of primary importance. Since 
then, most of the developments dealt with the modeling and compu-
tational aspects of the loss on a pool of loans. For instance, extensive 
research has been conducted to understand the limit behavior of port-
folio losses, leading to the well-known large pool (LP) approximations; 
see e.g. (Vasicek, 1991) for homogeneous pools and (Gordy, 2003) for 
the extension to heterogeneous loans, which form the cornerstone of 
Basel’s IRB regulation (BCBS, 2023). Corrections for "nite-size, gran-
ularity or multi-factor adjustments have been proposed (Düllmann & 
Masschelein, 2007; Gordy & Lutkebohmert, 2013; Laurent & Sestier, 
2016; Pykhtin, 2004). Similarly, e!cient computational methods for 
estimating loss distributions or quantiles of "nite pools have been stud-
ied, including Laplace transform, saddlepoint or advanced Monte Carlo 
approximations; see (Eglo# & Leippold, 2010; Glasserman & Ruiz-Mata, 
2006; Gordy, 2002), among others.

Some authors focus on the optimization of the waterfall design in the 
securitization context (Huang et al., 2007). Surprisingly, the literature 
on asset selection for securitization is relatively scarce. Some papers 
study the problem of designing optimal synthetic Collateralized Debt 
Obligations (CDOs), whose underlying assets are not loans but credit 
default swaps (CDSs). In this problem, the decision variables represent 
the relative notional amounts of each CDS — called investment weights
hereafter — and are modeled as continuous variables in [0, 1] de"ned on 
the corresponding simplex. For instance, Jewan et al. (2009) consider a 
multi-objective optimization problem which consists in determining the 
investment weights associated with each CDS listed in the iTraxx Eu-
rope S5 series. Their objective is to minimize the tail conditional expec-
tation of the CDO while maximizing the spread of a given tranche. This 
problem is solved under various constraints using a genetic algorithm 
and the objective function is evaluated via Monte Carlo. Similarly, Vere-
myev et al. (2012) consider three optimization problems for designing 

synthetic CDOs where the decision variables are the attachment and de-
tachment points of tranches, sometimes combined with the investment 
weights. The authors solve the problems at hand using the S&P CDO 
Evaluator and the Portfolio Safeguard solver of AORDA. Bo and Cap-
poni (2014) consider a dynamic programming approach to optimally 
invest in a money-market account and in a portfolio of CDSs under con-
tagion risk. These papers depart from the problem at hand in the sense 
that they do not feature integer constraints, short-selling might be per-
mitted, the numerical applications focus on much smaller pools (of size 
50, 53 and 2, respectively) and seem hardly scalable to face typical CLO 
sizes (tens of thousands of loans).

Westerfeld and Weber (2009) tackle the problem of optimal loan se-
lection for CLOs. Their objective function takes the form of a weighted 
sum of the loans’ risk contribution where the weights are the member-
ship indicators and the risk measure is the unexpected loss contribution 
of the loan, that is, the variance of the loan’s loss scaled by its expo-
sure. They propose a heuristic exploiting the property that the objec-
tive function only relies on the marginal characteristics of the loans and 
not on their joint distribution, thereby avoiding the need to postulate a 
portfolio loss model. Closest to our work is Saunders et al. (2007), who 
determine the optimal investment weights associated with a given num-
ber of buckets made of homogeneous loans for the sake of minimizing 
a portfolio’s risk measure (VaR or CVaR). In this setup, the objective 
function takes the form of a sum of buckets’ contributions scaled by 
the investment weights, leading to a linear program whose dimension 
is the number of buckets. The individual contribution of each bucket 
is evaluated thanks to the loss distribution provided by the large ho-
mogeneous pool assumption associated with a single risk factor model. 
This approach relies on two key features. First, there must be a single 
systematic factor and the objective function must display the portfolio 
invariance property, i.e., can be decomposed as the sum of the buckets’ 
contribution. Second, it is assumed that there are in"nitely many ho-
mogeneous loans in each bucket (rating class), such that the decision 
variables are investment weights rather than membership indicators. 
Sirignano et al. (2016) consider a pool of "nite size and face the chal-
lenging aspects related to the number of loans and the integer constraint 
by relying on an approximation of the initial problem at hand. They con-
sider a class of objective functions taking the form of a function of the 
expectation of transformed returns and a rather general discrete factor 
model whereby each loan is characterized by a set of static features , 
some time-varying credit state variables, and a common process driving 
the correlation between the loans’ states. They propose an approximate 
version of the initial optimization program which relies on the asymp-
totic (large pool) law of the portfolios for this class of models. They dis-
cretize the feature space using a sparse grid. Their optimization program 
searches for a distribution over the space of probability measures whose 
dimension is the number of loans to be selected, assumed to be given. 
Although (Saunders et al., 2007) and (Sirignano et al., 2016) represent 
signi"cant progress, they focus on rather speci"c settings. Saunders et 
al. (2007) rely on portfolio invariance and in"nitely large homogeneous 
rating buckets, resulting in a linear but restrictive formulation of the ob-
jective. Sirignano et al. (2016) accommodate "nite heterogeneous pools 
via sparse-grid discretization but with a pre-speci"ed selection size and 
objective functions taking the form of the expectation of transformed 
returns. 

We contribute to the "eld by proposing an approximate optimization 
problem to the loan selection problem featuring a general, nonlinear ob-
jective function and a large but "nite loan pool. This approximate opti-
mization problem delivers a solution that improves the objective value 
under the exact criterion and that is much faster. We combine cluster-
ing and a linearization of ancillary variables to reduce dimensionality 
without imposing portfolio invariance or "xing the number of selected 
loans ex ante. This preserves the generality of the objective and the 
factor model, and scales to large, "nite portfolios. Clustering reduces 
dimension and relaxes the binary constraint. We "rst group the loans 
sharing similar characteristics into clusters and treat their centroids as 
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“prototypical loans”. Then, we determine the optimal amount to invest 
while relaxing the binary constraint. The intuition behind this idea is 
close to the homogeneous pool assumption of Saunders et al. (2007): 
By grouping the loans sharing similar characteristics into clusters, we 
create buckets of loans that are rather homogeneous. We compute ex-
plicitly the selection indicators by projecting the solution on the set of 
conformable vectors with binary entries. Although these approximations 
can be considered separately, combining linearization and clustering de-
livers promising results. Besides relying on the LP approximation and 
Laplace transform, we propose a granularity adjustment (GA) to com-
pute the expected loss of a tranche. We apply our approach on two ob-
jective functions which aim to be potential targets that a structurer may 
want to consider, namely (i) a rating de"ned as a function of the ex-
pected loss and the weighted average life of a CLO tranche and (ii) the 
amount of capital that is released.

The paper is organized as follows. The principles of securitization are 
recalled in Section 2. Section 3 gives a summary of the main "nancial 
variables that may be of interest for the structurer and proposed “stan-
dard” modeling choices for each of them as illustration. We describe a 
general form for the optimization problem in Section 4 and discuss sev-
eral approximations to e!ciently solve the problem. Section 5 presents 
two "nancial applications that "t the proposed general problem in the 
one-factor Gaussian copula model. Section 6 presents an empirical anal-
ysis and discusses the results. Finally, Section 7 explains how this ap-
proach can be extended to other loss models, based on multiple factors 
and/or other copulae.

2.  Securitization

We consider the problem of an originator willing to design a CLO 
starting from an initial pool ∱ = {1, 2,… , 𝜗} of "xed-rate defaultable 
loans taken from credit portfolios collected from issuers such as banks 
or other credit institutions. The securitization process consists in two 
main steps: (i) analyzing the loans in ∱ and (ii) designing the waterfall 
(that is, the algorithm that will allocate the cash$ows across tranches) 
on a portfolio ∲ of loans selected from ∱ that will be embedded in the 
structure. This second step consists in designing the pool so that the 
CLO meets speci"c features in terms of risk-return trade-o#, rating or 
capital requirements. In this paper, we focus on a standard sequential 
architecture featuring 𝜛 tranches given exogenously by a structurer. The 
tranches bear losses in reverse seniority order; a tranche 𝜚 ε {1, 2,… , 𝜛}
will incur principal losses if and only if the notional of the more junior 
tranches has been fully wiped out. Each tranche 𝜚 is characterized by a 
pair of attachment and detachment points (𝜔𝜚 ,𝜍𝜚 ) satisfying 0 ∳ 𝜔𝜚 <
𝜍𝜚 ∳ 1. The 𝜛 tranches form a partition of the [0, 1] interval in the sense 
that 𝜔1 = 0, 𝜍𝜛 = 1 and 𝜔𝜚+1 = 𝜍𝜚 . Assuming the waterfall to be given, it 
remains to identify the portfolio ∲ of loans so as to reach the structurer’s 
objectives. Mathematically, ∲ can be represented as the vector of IDs 
of the loans being selected, ∲ 𝜑 ∱, or via the membership vector 𝝎 =
(𝛻1,… ,𝛻𝜗 ) where 𝛻𝜕 ϑ= 1{𝜕ε∲} is a binary weight indicating whether 
loan 𝜕 is embedded in the securitization or not. The membership vector 
is found by solving an optimization problem. We assume that the loans 
are purchased from the issuers such that the lifetime of ∲ corresponds 
to the maturity of the longest loan.

2.1.  Portfolio of defaultable loans

The loss associated with the default of loan 𝜕 ε ∱ with maturity ℵ𝜕
can be decomposed as

ℶ𝜕 ϑ= ℷ𝜕 ϖ ℸ𝜕 ϖ 𝜀𝜕 .

In this expression, ℷ𝜕 > 0 stands for the outstanding notional, ℸ𝜕 ε
[0, 1] is the loss given default (LGD) de"ned as the ratio of ℷ𝜕 that is 

lost upon default prior to the maturity ℵ𝜕, and 𝜀𝜕 ϑ= 1{⊳𝜕∳ℵ𝜕} is the 
associated default indicator with ⊳𝜕 the default time of the loan 𝜕.1

The relative credit loss on a non-empty portfolio ∲ with membership 
vector 𝝎 reads as

ℶ(𝝎) ϑ=
⌋𝜗

𝜕=1 𝛻𝜕ℶ𝜕

ℷ(𝝎)  where ℷ(𝝎) ϑ=
𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕

is the pool’s outstanding notional at inception. Because the membership 
vector 𝝎 belongs to the set B𝜗  of 𝜗-dimensional bit arrays, the size of the 
portfolio ∲ is just its Hamming weight: ⌉𝝎⌉ ϑ= ⌋𝜗

𝜕=1 𝛻𝜕. The relative loss 
is thus 0 if no loan in ∲ defaults prior to the pool maturity max𝜕ε∲ (ℵ𝜕). 
On the other hand, the loss is 1

ℷ(𝝎)
⌋𝜗

𝜕=1 𝛻𝜕ℸ𝜕ℷ𝜕 ∳ 1 if all the loans in ∲
default before ⊲ , where the equality holds only if all the LGDs are equal 
to one.

The expected loss (EL) on ∲ is the average loss incurred by an in-
vestor holding the pool until ⊲ :

EL(𝝎) ϑ= E(ℶ(𝝎)) =
⌋𝜗

𝜕=1 𝛻𝜕E
{

ℶ𝜕
}

ℷ(𝝎) .

In the special case where the LGDs are considered as constant, the 
EL on loan 𝜕 reads as
E
{

ℶ𝜕
}

= ℷ𝜕ℸ𝜕0𝜕  with 0𝜕 ϑ= E(𝜀𝜕) = P(⊳𝜕 ∳ ℵ𝜕) .

2.2.  Tranches of a portfolio

The size of tranche 𝜚 relative to ℷ(𝝎) is 1𝜚 ϑ= 𝜍𝜚 ϱ 𝜔𝜚 > 0, satisfying 
⌋𝜛

𝜚=1 1𝜚 = 1. The loss on the tranche relative to its outstanding notional 
ℷ𝜚 (𝝎) = 1𝜚 ϖℷ(𝝎) becomes:

ℶ𝜚 (𝝎) ϑ=
⦃ℶ(𝝎) ϱ 𝜔𝜚

1𝜚

⦄

 where [2] ϑ= min(1,max(0, 2)) .

Observe that ℶ𝜚 (𝝎) = 0 if and only if ℶ(𝝎) ∳ 𝜔𝜚 and ℶ𝜚 (𝝎) = 1 if and 
only if ℶ(𝝎) ⨋ 𝜍𝜚 . Note the distinction: ℶ𝜚 denotes the loss on loan 𝜚
in the master pool ∱, while ℶ𝜚 (𝝎) denotes the loss on tranche 𝜚 in the 
selected portfolio ∲ , with membership vector 𝝎. The same distinction 
applies to ℷ𝜚 and ℷ𝜚 (𝝎). The sum of the losses on the 𝜛 tranches is 
equal to the total loss experienced by the portfolio: ⌋𝜛

𝜚=1 ℶ𝜚 (𝝎)ℷ𝜚 (𝝎) =
ℶ(𝝎)ℷ(𝝎).

Similar to the EL on a portfolio ∲ , one can compute the EL on a 
tranche 𝜚 of ∲ , de"ned as the expected value of the loss on the tranche 
relative to its notional:

EL𝜚 (𝝎) ϑ= E(ℶ𝜚 (𝝎)) = E
⟨

⦃ℶ(𝝎) ϱ 𝜔𝜚

1𝜚

⦄

⟩

. (1)

Because of the nonlinear min-max operator 2  [2], computing EL𝜚
requires the distribution of ℶ(𝝎). There are two classes of portfolio loss 
models. Top-down models aim to directly model the total losses on the 
credit portfolio ℶ(𝝎) as a single variable (Giesecke et al., 2011). Cred-
itRisk+, for instance, postulates a model for the number of defaults in 
the portfolio by assuming for the latter a binomial distribution with ran-
dom (gamma-distributed) mean. Bottom-up models, instead, start from 
the marginal distributions of the individual losses and postulate some 
copula to obtain a joint distribution, from which the distribution of ℶ(𝝎)
can be inferred. This is the setup adopted in the Basel regulation, which 
assumes a one-factor Gaussian copula framework to couple the default 

1 Another common decomposition is to replace ℷ𝜕 by EAD𝜕, the exposure at 
default of loan 𝜕. The latter is typically smaller than the former in presence of 
amortization, hence, considering ℷ𝜕 instead of EAD𝜕 is a conservative approach. 
However, note that this di#erence does not really matter in our setup because 
it simply amounts to rede"ne the LGD factor. Considering the LGDs as known 
constants may seem unrealistic but our point in this section is to sketch the 
salient features of the securitization process and analyze the resulting optimiza-
tion problem. In practice, one could consider variants of this setup featuring 
stochastic LGDs; see Section 7.
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times (see Section 3.1). This is also the setup adopted by Jarrow and 
Van Deventer (2023) to compute CLO tranches’ loss probabilities and 
capital factors. For a comparison between top-down and bottom-up ap-
proaches, we refer to Giesecke (2008). We focus on bottom-up models in 
the sequel. Besides modeling the individual characteristics of the loans 
(ℷ𝜕, ℸ𝜕 and 0𝜕) one thus needs to assume a speci"c dependence struc-
ture between the ℶ𝜕’s, hence, between the 𝜀𝜕’s. Factor models will be 
discussed in Sections 3 and 7.

3.  Main !nancial variables

The features of the securitized products depend both on the waterfall 
and on the loans embedded in the CLO, that is, on the characteristics of 
the portfolio ∲ . In Modern Portfolio Theory, the objective of the port-
folio manager is to identify the variables that matter to the investors 
(e.g., the expected return and variance in Markowitz’s theory), build an 
objective function out of them that would depict the investor’s prefer-
ence (quadratic expected utility), and solve an optimization problem to 
determine how to invest in the assets of a given universe. Similarly, the 
purpose of the structurer is to identify the variables that matter in the 
design of the product, build an objective function trading o# between 
those, and solve for the membership vector 𝝎. It is not the purpose of the 
paper to identify the most relevant objective function a structurer may 
want to consider, as many di#erent choices can be relevant. Instead, we 
discuss some standard indicators extensively used in asset-backed secu-
rities (ABS) such as the expected loss on the tranche discussed above, the 
weighted average coupon, the weighted average maturity, the weighted 
average life and the capital requirements. Two possible objective func-
tions built upon these variables will be considered in Section 5 for illus-
tration purposes.

3.1.  Expected loss on the tranche

The expected loss on a tranche (ELoT) is perhaps the most important 
risk factor of a tranche. It is driven by the joint behavior of the default 
indicators 𝜀𝜕’s. In line with the Basel model used to compute capital 
requirements discussed in Section 3.2, speci"c attention is given to the 
one-factor Gaussian copula (1FGC) approach, which is used for illustra-
tion purposes throughout the text. Alternative choices are possible, as 
discussed in Section 7. This formulation provides the unexpected loss 
using asymptotic results that rely on the LP assumption.

In the one-factor model, the default event of loan 𝜕 is modeled indi-
rectly using latent variables 3𝜕’s taking values below a given threshold 
4𝜕: {⊳𝜕 ∳ ℵ𝜕}  {𝜀𝜕 = 1}  {3𝜕 ∳ 4𝜕}.

Letting 56 denote the (invertible) cumulative distribution function 
of a continuous random variable 6, setting 4𝜕 ϑ= 5ϱ1

3𝜕
(0𝜕) guarantees that 

P(3𝜕 ∳ 4𝜕) = 0𝜕, hence, allows one to preserve the marginal default prob-
ability (PD) of the loans. The dependence structure between the default 
indicators is handled by decomposing the 3𝜕’s as a weighted sum of two 
standard i.i.d. variables: a common (systematic) random variable 3 and 
a "rm-speci"c (idiosyncratic) random variable 7𝜕,

3𝜕 = 8𝜕3 +
⟪

1 ϱ 82𝜕 7𝜕  where 3, 71,… , 7𝜗

are independent and standardized. (2)

The loading factors 8𝜕 ε (ϱ1, 1) control the correlation between the 
credit worthiness variables 3𝜕’s, hence, between the default indicators 
𝜀𝜕’s. In such a model, the default events are independent given 3 and 
the conditional probability of default of "rm 𝜕 is 0𝜕(3) ϑ= P(3𝜕 ∳ 4𝜕⌉3).

The ELoT (1) can be estimated using numerical approaches, such as 
Monte Carlo. However, for speci"c portfolio loss models more e!cient 
methods exist. In single-factor models, for instance, one can exploit con-
ditional independence and Laplace transform: Compute the product of 
the moment generating functions associated with the conditional distri-
butions of the individual losses 0𝜕(3), get the portfolio loss distribution 
using inverse Fast Fourier Transform (FFT), and integrate out 3. This 

approach is very e!cient and delivers very good results for small or 
moderate pool sizes. Otherwise, numerical issues can appear in the in-
verse FFT, and choosing an appropriate number of points can be critical 
(see Supplementary Material A.1 for more details about this approach). 
For large pools, the ELoT can be e!ciently approximated by relying on 
the LP approximation (Gordy, 2003). If the portfolio is in"nitely gran-
ular in the sense that it has a nearly in"nite number of loans with in-
"nitesimal relative exposures, the impact of the idiosyncratic variables 
can be completely diversi"ed away and the portfolio loss converges in 
law to its conditional expectation:
ℶ(𝝎)

𝜗ς
⥳ ℶ(𝝎;3) ϑ= E(ℶ(𝝎)⌉3) with

ℶ(𝝎; 4) = 1
ℷ(𝝎)

⌈

𝜕
𝛻𝜕ℷ𝜕ℸ𝜕0𝜕(4) . (3)

In other words, the randomness embedded in ℶ(𝝎) = ℶ(𝝎;3, 𝜺) re-
sults solely from 3, asymptotically: In the limit where 𝜗  ς, the 
impact of the idiosyncratic risks 𝜺 vanishes. The asymptotic ELoT on 
tranche 𝜚 is thus obtained by replacing ℶ(𝝎) by its asymptotic version 
ℶ(𝝎;3) in (1). We conclude that for 𝜗 large enough, the ELoT on tranche 
𝜚 can be estimated from its LP approximation as an integral of the asymp-
totic EL with respect to 3:

EL𝜚 (𝝎) ϑ= E(ℶ𝜚 (𝝎)) φ E(ℶ𝜚 (𝝎;3)) =
ς

⨌
ϱς

⦃ℶ(𝝎; 4) ϱ 𝜔𝜚

1𝜚

⦄

953 (4)

=ϑ ELς𝜚 (𝝎) . (4)

Remark 1. The 1FGC model corresponds to the special case where 
3, 71,… , 7𝜗 ∇ ⨍ (0, 1). This is convenient because then 3𝜕 ∇ ⨍ (0, 1) for 
all 𝜕 and any choice of the loadings. Letting ∂ denote the cumula-
tive distribution of the standard normal distribution, . = ∂− its den-
sity, 4𝜕 = ∂ϱ1(0𝜕) its 0𝜕-quantile and setting the loadings 8𝜕 =

⟫

,𝜕 for 
,𝜕 ε [0, 1] yields,

0𝜕(3) = ∂
❲

∂ϱ1(0𝜕) ϱ
⟫

,𝜕3
⟫

1 ϱ ,𝜕

❳

. (5)

The Gaussian coupling is very popular because of its use in Basel regula-
tion. Nevertheless, this assumption can be easily relaxed; what matters 
for the LP trick to work is the independence of the underlying vari-
ables 3, 71,… , 7𝜗 . Our method encompasses any model to which the LP 
approximation applies such as the <-copula or multi-factors models, in-
cluding some stochastic LGD extensions. Examples of families of models 
that can be accommodated are provided in Section 7.

Clearly, computing ELς𝜚 (𝝎) in (4) only requires to perform an inte-
gral with respect to a standard normal variable, which is much easier 
than evaluating EL𝜚 (𝝎) in (1). Moreover, in contrast with the latter, the 
former can be linearized in the weights (see Section 5.3). This feature 
will play a central role later. Nevertheless, it remains true that ELς𝜚 (𝝎)
is an asymptotic approximation to the actual ELoT, EL𝜚 (𝝎): Eq. (3) im-
plicitly assumes that the conditional variance of the loss collapses to 
zero, i.e., that the idiosyncratic risks are fully diversi"ed away. Clearly, 
this is a strong assumption when 𝜗 is not too large (see Supplementary 
Material A.2 for a discussion about the quality of the approximation 
ELς𝜚 (𝝎) φ EL𝜚 (𝝎)). It is possible to adjust the LP expression, correcting 
for the "nite size pool. Such GA have been studied in details in the con-
text of quantile estimation, at the heart of value-at-risk and Basel regu-
lation on capital requirements (Gordy & Lutkebohmert, 2013). Inspired 
by the latter and using the expressions derived in Barbagli and Vrins 
(2025), we propose a GA tailored for the ELoT in Supplementary Ma-
terial A.3. In a nutshell, the idea consists in performing an Edgeworth 
expansion of ℶ around E(ℶ⌉3) in a single risk factor model, truncat-
ing this expansion at the second moment of ℶ ϱE(ℶ⌉3). Compared to 
the asymptotic case, this extra term captures the variance of the condi-
tional portfolio loss — which, in general, is zero only when the pool size 
is in"nite. By correcting for the residual idiosyncratic risk, the resulting 
expression is expected to provide a more accurate view of the portfolio 
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loss, hence, of the ELoT.2 The adjustment for a tranche (𝜔𝜚 ,𝜍𝜚 ) with 
size 1𝜚 = 𝜍𝜚 ϱ 𝜔𝜚 and constant LGDs is ELℏ𝜔

𝜚 (𝝎) = ELς𝜚 (𝝎) + >+EL𝜚 (𝝎), 
where, in the special case of the 1FGC model,3

>+EL𝜚 (𝝎) =
⋆(≨ϱ1(𝜔𝜚 )) ϱ ⋆(≨ϱ1(𝜍𝜚 ))

21𝜚
with

⋆(2) = ϱ.(2)𝐴2(2)
≨−(2) , ≨(2) =

⌈

𝜕
𝛻𝜕ℸ𝜕0𝜕(2) and

𝐴2(2) =
⌈

𝛻2
𝜕 ℸ

2
𝜕 0𝜕(2)(1 ϱ 0𝜕(2)).

Interestingly, >+EL𝜚 is analytical, hence, comes for free in terms of com-
putational cost compared to ELς𝜚 . Featuring a second-order adjustment, 
though, ELℏ𝜔

𝜚  is nonlinear in the weights.

3.2.  Capital requirements

In Basel regulation, capital requirements correspond to the unex-
pected losses computed under the 1FGC model. It is the di#erence be-
tween the value-at-risk (at 99.9% con"dence level) and the expected 
loss (4) when relying on (3) and (5). The corresponding provisions add 
up,4 that is, the capital 𝐵(𝝎) associated with holding ∲ is the sum of 
the capital requirements associated with the underlying loans:

𝐵(𝝎) =
⌋𝜗

𝜕=1 𝛻𝜕𝐵𝜕ℷ𝜕

ℷ(𝝎) , (6)

where 𝐵𝜕 is the capital requirement of loan 𝜕 per unit of outstanding 
exposure. Capital requirements at the loan level are governed by the 
Basel guidelines and salient points associated with their computation are 
recalled in Supplementary Material B. The capital requirement 𝐵𝜚 (𝝎)
for the tranche 𝜚 (relative to its notional) is a regulatory variable that is 
de"ned by Basel guidelines. Leveraging on the operator [.], its expression 
in the o!cial documents (BCBS, 2019) simpli"es to:

𝐵𝜚 (𝝎) ϑ= 𝐶𝜚 (𝝎) + (1 ϱ 𝐶𝜚 (𝝎))𝐵CLO
𝜚 (𝝎)  where 𝐶𝜚 (𝝎) ϑ=

⦃𝐵(𝝎) ϱ 𝜔𝜚

1𝜚

⦄

(7)

and

𝐵CLO
𝜚 (𝝎) ϑ= 𝐷8(𝝎)𝐸𝜚 (𝝎) ϱ 𝐷8(𝝎)𝐹𝜚 (𝝎)

8(𝐸𝜚 (𝝎) ϱ 𝐹𝜚 (𝝎)) , with

8(𝝎) ϑ= ϱ1
𝐵(𝝎) , 𝐸𝜚 (𝝎) ϑ= 𝜍𝜚 ϱ𝐵(𝝎) and𝐹𝜚 (𝝎) ϑ= max(𝜔𝜚 ϱ𝐵(𝝎); 0).

Again, note the di#erence between 𝐵𝜚 , the capital associated with 
loan 𝜚 in the pool ∱, and 𝐵𝜚 (𝝎), which represents the capital require-
ment of tranche 𝜚 on the portfolio ∲ 𝜑 ∱. Because 𝐵𝜚 (𝝎) depends on 𝝎
via 𝐵(𝝎) only, we introduce for further reference the notation 𝐺𝜚 (⋛):
𝐵𝜚 (𝝎) = 𝐺𝜚 (𝐵(𝝎)) . (8)

The capital released by selling tranche 𝜚 is given by the di#erence of 
the capital on the portfolio ∲ and the capital that one must hold when 
keeping all the tranches of ∲ but the 𝜚th one:

+𝐵𝜚 (𝝎) = 𝐵(𝝎) ϱ
𝜛
⌈

𝐺=1
1{𝐺⨎𝜚}1𝐺𝐵𝐺(𝝎) > 0 . (9)

2 The magnitude of this correction heavily depends on the size of the pool, 
the loading factors and the design of the tranches. See the di#erence between 
columns 5ς,ω and 5ℏ𝜔,ω in Tables 4 and 5, as well as Fig. 4 in the Supplementary 
Material for an illustration of the impact of the loading factor.
3 Note that ≨ is monotonic in 2, hence, its inversion is easily performed using 

root search. The expression in the Supplementary Material is more general and 
can accommodate stochastic LGDs, possibly correlated with 3.
4 This property is called portfolio invariance.

Remark 2.  In general, +𝐵𝜚 (𝝎) ⨎ 1𝜚𝐵𝜚 (𝝎) because the portfolio in-
variance property holds for loans but not for tranches: The capital re-
quirements of a tranched structure exceed the capital requirements on 
the portfolio in the sense that ⌋𝜛

𝜚=1 1𝜚𝐵𝜚 (𝝎) > 𝐵(𝝎) when 𝜛 > 1.5 How-
ever, the total capital on the structure ⌋𝜛

𝜚=1 1𝜚𝐵𝜚 (𝝎) does not depend on 
the number of tranches nor on the choice of the attachment/detachment 
points. 

3.3.  Weighted average maturity, coupon and life

Besides credit risk, investors typically also care about the maturity 
and the coupon of the product they invest in. However, a portfolio is 
often made of thousands of loans, each having its own maturity ℵ𝜕 and 
rate 𝐻𝜕. To circumvent this problem, investors in the ABS market rely on 
meta-variables that describe the aggregated behavior of the portfolio as 
a whole. The weighted average maturity (WAM) and weighted average 
coupon (WAC) provide the “portfolio equivalents” of the loans’ matu-
rity and coupon rate. The corresponding expressions (de"ned relative 
to the pool notional for consistency with the earlier sections) are given 
by the average of the maturities and coupons of the loans embedded in ∲ , weighted by the relative notional ℷ𝜕±ℷ(𝝎), see e.g. (Veronesi, 2010) 
or (Petitt et al., 2015):

WAC(𝝎) ϑ= 1
ℷ(𝝎)

𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕𝐻𝜕  and WAM(𝝎) ϑ= 1

ℷ(𝝎)

𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕ℵ𝜕.

(10)

A crucial risk variable in "xed income analysis is duration, aiming to 
capture the sensitivity of the value of a security to interest risk. A simi-
lar (although slightly di#erent) concept in ABS is the weighted average 
life (WAL), aiming to represent the expected amount of time needed to 
repay one unit of principal. Similarly to the ELoT, a detailed calcula-
tion of the weighted average life of a tranche (WALoT) would require 
a stochastic model and a description of the waterfall driving the amor-
tization pro"le. Nevertheless, the goal of the WAL is merely to give an 
indication of the “average lifetime” of the portfolio rather than to be 
an accurate estimation of interest-rate risk, as illustrated by the market 
conventions and the lack of academic literature on the topic. In the ABS 
industry, the WAL of ∲ is practically de"ned as the sum of the payment 
times <𝜕 weighted by the part of the cash$ow paid at <𝜕 that relates to 
capital. Assuming we are at time < = 0 and ⨏ = {<1, <2,… , <𝐼} is the set 
of payment dates of the cash$ows coming from the loans:

WAL(𝝎) =
⌋

<𝜕ε⨏ <𝜕 ϖ 0(<𝜕;𝝎)
⌋

<𝜕ε⨏ 0(<𝜕;𝝎)
,

where 0(<;𝝎) is the amount of capital repayment paid at time < in the 
portfolio ∲ . The function 0(<;𝝎) depends on the loan characteristics such 
as the coupon rates, the maturities and the possible prepaid amounts.6

In practice, the WAL of a tranche is often modeled using a top-down 
approach where the portfolio is taken as a single loan whose “maturity” 
and “coupon rate” can be regarded as ⊲ =WAM(𝝎) and 𝐻 =WAC(𝝎). In 
this setup, the WAL on a portfolio ∲ depends on 𝝎, 𝐻, ⊲  and a parameter 
(possibly functional) 𝐽 called prepayment rate which controls the rate at 

5 In other words, keeping the portfolio ∲ is less costly in terms of capital that 
keeping all the 𝜛 tranches of that portfolio when 𝜛 > 1. This seems inconsistent, 
but is nonetheless inherent to the Basel framework. We presume that this is 
because it is practically irrelevant: There is no incentive in tranching a portfolio 
if all the tranches are kept.
6 Note that the WAL is computed by assuming that the capital payment cash-

$ows are deterministic which is contradictory with the existence of credit risk. 
This can be seen as a convention. The WAL aims to convey information about 
other features of ∲ . In practice, the lifetime of a portfolio is impacted by the 
early termination related to the defaults, which can be considered as a form of 
prepayment. Therefore, the impact of credit risk on the actual lifetime of a pool 
could be captured by playing with the prepayment rate.

European�Journal�of�Operational�Research�xxx��������xxx�

5�



A. Germain and F. Vrins

which the underlying principal is repaid ahead of schedule. Prepayment 
is a phenomenon that depends on macro-economic environment (such 
as interest rates) and private events impacting the customer’s life (di-
vorce, moves, "re sales, death, etc), and is therefore di!cult to model. 
Standard market practice is to describe prepayment using the PSA model 
which provides a speci"c shape for the monthly prepayment rate (CPR) 
pro"le that can be adjusted to the portfolio dynamics by tuning a pa-
rameter 𝐾 called “PSA level”. Speci"cally, the CPR pro"le grows linearly 
with the month index 𝜕 until the 30th month and is constant afterwards:7

CPR(𝜕) = 𝐾 ϖ 6% ϖmin
⟨

1; 𝜕
30

⟩

.

A 100% PSA pool corresponds to 𝐾 = 1. For more information about 
PSA we refer to Veronesi (2010) which provides a very comprehensive 
treatment of ABS notions.

Recall that the focus of this paper is on the optimization problem 
related to securitization designs, not to propose a precise model for a 
particular waterfall. Therefore, we model the WAL using a schematic 
continuous-time prepayment framework inspired from the discrete-time 
PSA model leading to a semi-closed form solution. Speci"cally, we as-
sume that

WAL(𝝎) =
⨐ ⊲
0 < ϖ 0(<;𝝎)9<

⨐ ⊲
0 0(<;𝝎)9<

where ⊲ =WAM(𝝎) is the WAM of ∲ . The dynamics of 0(⋛,𝝎) depend 
on the principal repayment, on the continuously compounded version 
𝐿𝐻 = ln(1 + 𝐻) of the WAC coupon rate 𝐻 (which controls the amortization 
pro"le, hence, the stream of so-called scheduled principal payments) as 
well as on the pro"le of the portfolio’s prepayment rate 𝐽(⋛) (stream of 
unscheduled principal payments). Even in the case of a homogeneous pool 
(𝐻𝜕 = 𝐻 and ℵ𝜕 = ℵ), the portfolio coupon (that is, the cash$ow paid) 
at time < depends on < whenever 𝐽(<) > 0. This is because the cash$ow 
related to principal payment at < increases in case of prepayment such 
that, afterwards, the principal payments drop.

We show in Supplementary Material C that, for a tranche 𝜚 and as-
suming that 0(<;𝝎) represents the principal cash$ows relative to the no-
tional of the pool, the WAL on a tranche 𝜚 can be modeled as:

WAL𝜚 (𝝎) ϑ=
⨐ ⊲𝜚
⊲𝜚ϱ1

< ϖ (𝑀(<) + (𝐽(<) ϱ 𝐿𝐻)𝐼(<))9<

1𝜚
, (11)

where

𝑀(<) ϑ= 𝐿𝐻eϱ ⨐ <
0 𝐽(𝐸)9𝐸

1 ϱ 𝐷ϱ𝐿𝐻⊲  and 𝐼(<) ϑ= 1 + 𝑀(<)𝐷𝐿𝐻< ⨌
<

0

𝐿𝐻 ϱ 𝐽(𝐸) ϱ 𝑀(𝐸)
𝑀(𝐸)𝐷𝐿𝐻𝐸

9𝐸

(12)

are the coupon per unit of time and outstanding notional of ∲ relative 
to ℷ(𝝎) at time <, respectively, ⊲𝜚 is the time at which tranche 𝜚 is fully 
repaid and the denominator comes from the fact that the sum of the 
principal payment on tranche 𝜚 relative to the notional of ∲ is equal 
to ℷ𝜚±ℷ(𝝎) = 1𝜚 . We consider speci"c pro"les for the prepayment rate 
function <  𝐽(<) inspired from the PSA model and show that, in such 
cases, the times ⊲𝜚 are easily found by computing the root of monotonic 
functions. Note that since the WAL of a tranche is a function of 𝐻, ⊲  and 
𝐽,

WAL𝜚 (𝝎) = wal𝜚 (WAC(𝝎),WAM(𝝎)) (13)

for some function wal𝜚 (⋛, ⋛) because 𝐽(⋛) is a function of WAC(𝝎) and 
WAM(𝝎), too.

7 A potential justi"cation for this pro"le is to notice that people take time be-
fore thinking of re"nancing their loans as the market conditions or their private 
situations need to evolve in order for prepayment to make sense.

4.  Optimization problems

Having given an overview of the main "nancial variables driving the 
risks associated with credit portfolio tranches and some corresponding 
models to evaluate them, we proceed with the analysis of the related 
optimization program and derive some alternatives that help circum-
vent the computational issue resulting from its NP-hard nature. Two 
parametric forms of objective functions that a structurer may want to 
minimize and that will be considered in our numerical experiments are 
introduced in Section 5. Before detailing the di#erent optimization pro-
grams, Table 1 summarizes the main ELoT approximations introduced 
in Section 3, together with their implementation scope.

4.1.  Original problem

The goal of the structurer is to "nd the vector 𝝎 solving:
Program 1

min
𝝎εB𝜗

5 (𝝎) s.t.
/

𝝎 ε ⨑
ℷ(𝝎) ⨋ ℷ

where ℷ > 0 is a strictly positive "nite lower bound on the pool’s no-
tional and ⨑ represents a set of optional linear constraints involved in 
the securitization, e.g., aiming to foster diversi"cation across regions or 
economic sectors. Function 5 (⋛) represents the preferences of the origi-
nator and is typically nonlinear in the main "nancial variables, hence, 
in 𝝎. This is a knapsack problem (Wolsey, 2020): Program 1 is a MINLP 
which, moreover, is typically high-dimensional (the number of loans is 
often between 1000 and 100,000) and for which the derivative of the 
objective function is hard to compute. This is due to the fact that the 
derivatives of some of the main "nancial variables are not available in 
closed form, like the exact ELoT (see Supplementary Material A.1) and 
the WALoT (see Supplementary Material C). This problem is NP-hard. 
Therefore, "nding e!ciently the solution to an approximate problem 
might be better than tackling the exact problem using derivative-free 
solvers. As stated by Sirignano et al. (2016), “MINLP solvers’ success 
can vary in practice depending upon the particular problem. A priori, 
the computational performance of a particular MINLP solver on a prob-
lem is di!cult to anticipate”, a statement that our empirical analysis 
con"rms. This is the purpose of the next section to propose approximate 
optimization problems.

4.2.  Approximate optimization problems

The main challenges associated with Program 1 are of two types. 
First, Program 1 is a high-dimensional problem whose optimization do-
main is discrete (𝝎 ε B𝜗  where 𝜗 is large). Second, 5  is typically non-
linear (see Section 5 for examples of objective functions). In this section, 
we consider three approximations of Program 1 that mitigate these is-
sues.

4.2.1.  Clustering and projection
The main idea of this approximation is to notice that if two loans 

are very similar, choosing one or the other has a limited impact on the 
objective function 5 . One could thus group the 𝜗 loans into 𝑁 clusters 
and, instead of assigning a binary weight 𝛻𝜕 to each loan, assign a non-
negative real number 𝐿𝛻𝑂 to each cluster 𝑂 ε {1, 2,… ,𝑁} representing 
the notional that we invest in each cluster relative to the maximum out-
standing notional ℷ𝑂 available in the latter. Noting 𝑂(𝜕) the cluster of 
loan 𝜕, one simply gets ℷ𝑂 =

⌋𝜗
𝜕=1 1{𝑂(𝜕)=𝑂}ℷ𝜕. By doing so, the optimiza-

tion domain of the sub-program changes from B𝜗  to R𝑁
+  de"ned as the 

set of 𝑁-dimensional vectors with nonnegative real entries. The bene-
"ts of doing this are twofold. First, the dimension is reduced from 𝜗 to 
𝑁 where 𝑁 𝑃 𝜗 , typically. Second, the integer constraint is relaxed. Of 
course, the solution vector 𝝑𝝎 ε R𝑁

+  of amounts (relative to the maxi-
mum outstanding notional) to be invested in each cluster will then need 
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Table 1 
Summary of ELoT approximations and their main characteristics. Programs are introduced in this sec-
tion; this table serves as an overview of the approximations discussed in Section 3.

 ELoT approximations
 Property  LP  GA  Laplace  CLT
 Linearity in 𝛻  Yes  No  No  No
 Typical pool size  Large (𝜗 𝑄 1000)  Medium-Large  Small-Medium (𝜗 𝑅 1000)  Small-Medium
 Computational cost  Very low  Low  High  Very high
 Accuracy  Moderate  High  Very high  Very high
 Feasibility in programs  All  1-2  1-2  1-2

to be projected on the set of attainable portfolios to obtain 𝝎 ε B𝜗 . This 
is tackled in a second step.

Speci"cally, we "rst run a clustering algorithm on the pool ∱. Next, 
we consider the pool 𝐿∱ where each “prototypical loan” 𝑂 has the charac-
teristics of its centroid, 𝑆(𝑂), except that its “notional” is set to ℷ𝑂 and 
that fractional shares of such loans can now be purchased. This leads to 
the following program:

Program 2: (Clustered version of Program 1)

min
𝐿𝝎εR𝑁

+

5 ( 𝐿𝝎) s.t.
\

(

)

(

⦅

𝐿𝝎 ∳ 𝛚
𝐿𝝎 ε 𝐿⨑

ℷ(𝝎) ⨋ ℷ

where 𝛚 ε R𝑁 is a vector of ones and ℷ( 𝐿𝝎) ϑ= ⌋𝑁
𝑂=1 𝐿𝛻𝑂ℷ𝑂 is the total 

notional invested. Finally, we need to map the “optimal cluster weight 
vector” 𝝑𝝎ω ε R𝑁

+  to a portfolio 𝝎ω ε B𝜗 . To this end, we select the loans 
closest to their centroid in each cluster until the optimal proportion is 
reached.

Projection 2:

𝝎ω ε argmin𝝎εB𝜗

𝜗
⌈

𝜕=1
𝛻𝜕9𝜕  s.t. 

𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕1{𝑂(𝜕)=𝑂} ⨋ 𝐿𝛻ω

𝑂ℷ𝑂 ∓𝑂 ε {1, 2,… ,𝑁},

where 9𝜕 is the distance of loan 𝜕 from its centroid 𝑆(𝑂(𝜕)). By doing 
so, one obtains a portfolio 𝝎ω ε B𝜗  which allocates the wealth across 
clusters in a similar way as 𝐿𝝎ω ε R𝑁

+ , while being close to the proto-
typical loans forming 𝐿𝝎ω. Compared to Program 1, Program 2 is much 
more tractable. It can be solved using a derivative-free algorithm and 
a Mixed-Integer Linear Program (MILP) for Projection 2. Moreover, the 
projection step is trivial because it simply consists in selecting, for each 
cluster 𝑂, the loans being closest from their centroid while a notional 
threshold is not reached.

4.2.2.  Linearization
Another common procedure to address the complexity of optimiza-

tion problems is to consider approximations exploiting the shape of 
the functions at hand such as linearization schemes. To this end, 
let us write the objective 5  as a function of 𝐼 ancillary variables 
60(𝝎),61(𝝎),… ,6𝐼(𝝎) and propose, for each of them, a linear approx-
imation 6𝜕(𝝎) φ 𝝎𝑇𝝕𝜕 =ϑ >6𝜕(𝝎) for 𝜕 ε {0, 1,… , 𝐼} where 𝝕𝜕 ε R𝜗 . This 
yields an alternative version of 5  featuring the linearized ancillary vari-
ables:

5 (𝝎) ϑ= 𝑈
{

60(𝝎),…,6𝐼(𝝎)
}

φ 𝑈
{ >60(𝝎),…, >6𝐼(𝝎)

}

=ϑ >5 (𝝎) .

Note that we do not linearize 5 , only the ancillary variables 6𝜕. In 
particular, 𝑈 can be nonlinear. In our application, the ancillary variables 
could be the expected loss, the capital requirement or the weighted av-
erage life of the tranche. We assume that 5  is monotonic in at least one 
of them, and choose the convention that 5  is increasing in 60. One can 
thus optimize 5  indirectly as follows:

Program 3 (Linear approximation of Program 1)
min
>𝝔εR𝐼

𝑉( >𝝔) ϑ= 5 (𝝎ω( >𝝔))

where

Sub-program 3

𝝎ω( >𝝔) ε argmin𝝎εB𝜗 >60(𝝎) s.t.
\

(

)

(

⦅

𝝎 ε ⨑
ℷ(𝝎) ⨋ ℷ
>6𝜕(𝝎) = >2𝜕 , 𝜕 ε {1, 2,… , 𝐼} .

Concretely, we seek to "nd the membership vector 𝝎ω minimiz-
ing the objective function 5 (𝝎) indirectly, via a function 𝑉 of a vector 
>𝝔 = ( >21,… , >2𝐼) of scalar variables. The value 𝑉( >𝝔) coincides with the ob-
jective function 5  evaluated at the portfolio 𝝎ω( >𝝔) minimizing the linear 
approximation >60 of the monotonic variable 60 over a restriction of B𝜗

satisfying >6𝜕(𝝎) = >2𝜕, 𝜕 ε {1,… , 𝐼}. Instead of minimizing 5  by solving a 
MINLP in the space B𝜗  (Program 1) we now have a nonlinear program 
(NLP) in dimension 𝐼 𝑃 𝜗 (Program 3) which features the solution of 
a MILP (Sub-program 3) at each evaluation of the objective function 
𝑉. Note that this sub-program could be infeasible for some vectors >𝝔 im-
posed for the linearized ancillary variables, as the set of portfolios meet-
ing these constraints might be empty. In practice, replacing the equality 
constraints of Sub-program 3 by inequalities helps decrease the number 
of cases for which Sub-program 3 is infeasible. Infeasible cases are ruled 
out by forcing then 𝑉 to return a very large number. Moreover, in the 
empirical analysis, it is trivial to "nd lower and upper bounds for each 
element of >𝝔 for a given pool ∱ of loans and for a given ℷ . This also 
decreases the number of infeasible cases.

4.2.3.  Combining linearization, clustering and projection
Finally, we consider a third variant where the clustering and the 

linearization approaches are combined. This leads to a program similar 
to Program 3 but where Sub-program 3 is replaced by Sub-program 4 
(optimizing over R𝑁

+  instead of B𝜗 ), and project the solution of Sub-
program 4 𝐿𝝎ω ε R𝑁

+  onto B𝜗  to get our “optimal” portfolio 𝝎ω using 
Projection 2. Note that relaxing the binary constraint also reduces the 
number of cases where Sub-program 3 is infeasible. This leads to the 
following program:

Program 4 (Clustered version of Program 3)
min >𝝔εR𝐼 𝑉( >𝝔) ϑ= 5 (𝝎ω( >𝝔))

where

1. Sub-program 4 (Clustered version of Sub-program 3):

𝝑𝝎ω ε argmin 𝝑𝝎εR𝑁
+

>60( 𝐿𝝎) s.t.

\

(

(

)

(

(

⦅

𝐿𝝎 ∳ 𝛚
𝐿𝝎 ε 𝐿⨑

ℷ( 𝐿𝝎) ⨋ ℷ
>6𝜕( 𝐿𝝎) = >2𝜕 , 𝜕 ε {1, 2,… , 𝐼}

2. Projection 2 𝐿𝝎ω  𝝎ω (as in Program 2).

Program 4 combines the best of the two worlds. It can be solved 
using a derivative-free algorithm that will compute at each evaluation of 
the objective function 𝑉 the solution of Sub-program 4, that is, a Linear 
Program (LinP) and the solution of Projection 2, that is, a MILP. As 
stated before, "nding a solution to the MILP is trivial. This program is 
fast and provides high-quality solutions in our applications, as shown in 
Section 6.
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5.  Financial applications

We now introduce two di#erent applications of loan selection for 
securitization. In line with the existing literature (Jewan et al., 2009; 
Sirignano et al., 2016), we "rst consider the case of a structurer work-
ing for a development bank whose mission is to stimulate local economy 
by reducing the SMEs’ cost of funds. A common procedure to achieve 
this goal is by securitizing loans bought from commercial banks, and 
issuing the senior tranche. The risk associated with the "rst tranche is 
kept by the investment bank. The senior tranche, however, bene"ts from 
a credit enhancement mechanism and can now be sold to risk-averse in-
stitutional investors such as pension funds. The main objective of the 
structurer is thus to design a “AAA” tranche.8 To mimic the rating score 
procedure, we consider two key drivers for the rating of a tranche: the 
ELoT and the WALoT. This is consistent with both previous studies (Ay-
otte & Gaon, 2011; Chen et al., 2024; He et al., 2012) and industry prac-
tice. Clearly, the attractiveness of a tranche decreases with the expected 
loss but increases with the average life.9

The second application takes the point of view of a PFI aiming to 
maximize the economic impact of the money invested, as motivated in 
the introduction. For this purpose, a PFI would theoretically "nance as 
many loans as possible. Unfortunately, they are constrained by the capi-
tal requirements needed for each loan. The idea behind securitization is 
to release the capital of the PFI by selling those loans to investors as se-
curitized assets, the PFI keeping only the most junior tranche of the CLO 
(and therefore capital requirement on this tranche). However, releasing 
this capital has a cost. We consider an objective function where we min-
imize the cost of releasing one unit of capital. This objective function 
is particularly relevant because it describes the trade-o# faced by the 
structurer on the riskiness of the loans to include. By releasing a riskier 
tranche, the PFI releases more capital but the investor is expecting a 
higher return and this increases the cost of release. Our objective func-
tion therefore encapsulates existing formulations in the literature that 
optimize risk metrics of tranches. Note that the objective of optimiz-
ing the rating of the senior tranche and minimizing the cost of capital 
release could also be the goal of a private structurer.

5.1.  Target rating

As "rst application, we consider a structurer willing to maximize 
the attractiveness of the most senior tranche, 𝜛 . The attractiveness of a 
tranche is represented via a risk score function (the lower the score, the 
more attractive the tranche ceteris paribus). Here, we consider a risk 
score bounded between 0 and a 20 as per the following form for the 
objective function:

5 (𝝎) = min
{

20;max
{

0; 8 ϖ
⟫

EL𝜛 (𝝎) ϱ 𝑊 ϖ log(WAL𝜛 (𝝎))
}}

with 8, 𝑊 > 0.
(14)

Since WAL𝜛 (𝝎) = wal𝜛 (WAC(𝝎),WAM(𝝎)), 5 (𝝎) is a deterministic 
function of 𝝎 via the ancillary variables EL𝜛 (𝝎),WAC(𝝎) and WAM(𝝎),

5 (𝝎) ϑ= 𝑈 (EL𝜛 (𝝎),WAM(𝝎),WAC(𝝎))

φ 𝑈
⟨

𝑋EL𝜛 (𝝎),𝑌WAM(𝝎), 𝑍WAC(𝝎)
⟩

=ϑ >5 (𝝎) , (15)

8 Although the loans being securitized therein are mortgages and not SME 
loans, a typical example of a two-tranches CLO is Belgian-lion-RMBS-I is-
sued by ING Belgium. The folder can be found here https://assets.ing.com/m/
45ab9323d4442c8a/original/RMBS-I-Fitch-Presale-Report.pdf. One can read 
in the “Financial structure” section (p.3) of that document that “The issuer 
[buys] from the seller the initial portfolio of EUR 5,330,415,230 (the current 
balance as of the cut-o# date), constituting 56,899 loans.”
9 In this setup, we do not include the return of the tranche because we adopt 

the viewpoint of an investment bank willing to target a speci"c rating. The 
corresponding spread will be determined accordingly.

where 𝑋EL𝜛 (𝝎),𝑌WAM(𝝎), 𝑍WAC(𝝎) are the linearized version of the cor-
responding "nancial variable (see Section 5.3). It is clear from (14) that 
5 (𝝎) is increasing in EL𝜛 (𝝎), such that the latter can serve as 60. One 
can rely on the approximate optimization problems of Section 5.4 to 
optimize 5 (𝝎). Note that "nding the best functional form to approxi-
mate the rating as a function of ELoT and WALoT is out of the scope 
of this paper. Any rating function that only depends of 𝝎 via the ELoT 
and the WALoT (and any other key driver of the rating that could be 
reasonably linearized) could be optimized using the approximate opti-
mization problems, if the rating function is monotonic in at least one of 
the drivers. 

5.2.  Cost of capital release

As a second application, we consider a structurer willing to minimize 
the cost of releasing one unit of capital. For the sake of simplicity, we 
consider for this section a setup with two tranches: a junior one (referred 
to as tranche 1) kept by the issuer, and a senior one (tranche 2) sold to 
investors. In such a case, the objective function takes the form

5 (𝝎) =
𝑀2(𝝎)

+𝐵2(𝝎) . (16)

The denominator corresponds to the release of the regulatory provi-
sions associated with tranche 2 given in (9). The numerator 𝑀2(𝝎) corre-
sponds to the annualized cash$ows that will be lost as a result of trans-
ferring the senior tranche to investors.10 Relying on expressions relative 
to the pool notional ℷ(𝝎), the cost of releasing tranche 2 is the product 
of the tranche spread (an annualized rate, ♭2(𝝎)) with the tranche size:
𝑀2(𝝎) = ♭2(𝝎) ϖ 12 . (17)

There is no clear expression for the spread of a tranche as a func-
tion of the pool’s characteristics. This is due to markets’ incompleteness: 
Each product is unique (portfolios di#er) and the cash$ows cannot be 
replicated because the underlying loans are not tradable. This contrasts 
with synthetic CDOs, where the underlying CDSs can be traded. Since 
the spread strongly depends on the risk score, we use the same drivers 
as in the "rst application: the ELoT and the WALoT. A reasonable para-
metric form is obtained by assuming that the cash$ows collected during 
the lifetime of the tranche should be an increasing function of its WAL 
(time-value of money) and EL (credit losses):
♭2(𝝎) ϖWAL2(𝝎) = 𝐾 ϖWAL2(𝝎) + ♮ ϖ EL2(𝝎) with 𝐾, ♮ ⨋ 0 .

The scaling coe!cients 𝐾, ♮ control the weight of each risk in the 
spread. This yields the expression for the tranche spread as a linear func-
tion of the annualized expected loss:

♭2(𝝎) = 𝐾 + ♮ ϖ
EL2(𝝎)
WAL2(𝝎) . (18)

Note that the spread increases with the ELoT but decreases with the 
WALoT. Therefore, the latter acts as a penalty ruling out the portfolios 
consisting of loans bearing low credit risk because of expiring shortly. 
Clearly, 5 (𝝎) = 𝑈 (EL2(𝝎),𝐵(𝝎),WAC(𝝎),WAM(𝝎)) because +𝐵2(𝝎) =
𝐵(𝝎) ϱ 11𝐺1(𝐵(𝝎)) and WAL2(𝝎) is a function of (WAM(𝝎),WAC(𝝎)). 
It is obvious from (16), (17) and (18) that 5 (𝝎) is a monotonic func-
tion of EL2(𝝎). One can rely on the approximate optimization problems 
of Section 5.4 to optimize 5 (𝝎) if one can approximate EL2(𝝎), 𝐵(𝝎), 
WAC(𝝎), WAM(𝝎) by a linearized version 𝑋EL2(𝝎), >𝐵(𝝎), 𝑌WAM(𝝎), 
𝑍WAC(𝝎). This is the purpose of the next section.

10 Note that the cash$ow on the numerator is the annual premium for bearing 
the credit risk of tranche 2 while the capital requirement in the denominator 
aims to cover the unexpected losses only, that is, the losses exceeding EL2(𝝎). 
One could reduce the numerator by the annualized ELoT in order to focus on 
the unexpected loss and related cash$ows, but we stick to (16) as it does not 
change the expression of 5 .
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5.3.  Linearization of the main !nancial variables

Both objective functions introduced above feature 𝐵(𝝎), WAC(𝝎), 
WAM(𝝎) and EL2(𝝎) as ancillary variables. Note that one needs to spec-
ify which of the Laplace (EL2), LP (ELς2 ) or GA-adjusted (ELℏ𝜔

2 ) estima-
tion of the ELoT we shall consider in the objective function. We high-
light this choice via a superscript in the objective, leading to 5 ,5ς and 
5ℏ𝜔, respectively. We now propose linear approximations for these four 
ancillary variables. As mentioned in Section 3.1, the ELoT computed us-
ing Laplace or its GA estimation are both nonlinear in the weights. The 
LP expression is more convenient but, still, ELς𝜚  departs from a "nite 
weighted sum of the membership vector 𝝎 for three reasons: It features 
an integral, it relies on the min-max operator [.] and the pool notional 
ℷ(𝝎) shows up in the denominator.

To deal with the "rst problem, we replace the integral in (4) by a 
"nite sum using a quadrature scheme. Quadratures are e!cient proce-
dures to estimate the value of an integral using a "nite sum of ♯  terms. 
Some quadrature schemes are tailored for expectations. For instance,

E(⋆(3)) = ⨌
ς

ϱς
⋆(2)03 (2)92 φ

♯
⌈

𝐺=1
⌣𝐺⋆(2𝐺)03 (2𝐺) ,

where (2𝐺,⌣𝐺) are the ♯ -points quadrature nodes and weights, respec-
tively. The approximation is exact for polynomials of degree 2♯ ϱ 1 or 
less. Moreover, the approximation can be made arbitrary good in the 
sense that the RHS tends to the LHS as ♯  ς. Applying this to (4) leads 
to the LP approximation to the exact EL𝜚 (𝝎), which can be plugged in 
the objective function to get 5ς: 

EL𝜚 (𝝎) φ ELς𝜚 (𝝎) =
♯
⌈

𝐺=1
⌣𝐺

⦆

𝜗
⌋

𝜕=1
𝛻𝜕ℷ𝜕ℸ𝜕0𝜕(2𝐺) ϱ 𝜔𝜚ℷ(𝝎)

1𝜚ℷ(𝝎)

[

03 (2𝐺) , (19)

where (2𝐺,⌣𝐺) are associated with a ♯ -point quadrature. When 3 ∇⨍ (0, 1), for instance, 03 = .. The fact that ELς𝜚  is still nonlinear due 
to the operator [.] is not an issue for optimization purposes because it 
can be easily circumvented using slack variables.11 Finally, we replace 
ℷ(𝝎) in the denominator of (3) by the lower bound ℷ used in the con-
straints, which amounts to replace ℷ(𝝎) by ℷ in (19). The resulting 
expression will serve as ancillary variable >60(𝝎).

We deduce from (6) and (10) that applying the same trick to the 
denominator of 𝐵(𝝎),WAC(𝝎) and WAM(𝝎) makes them linear in 𝝎, 
hence, could serve as ancillary variables, too. We note 𝑋EL𝜚 (𝝎), 𝑍WAC(𝝎), 
𝑌WAM(𝝎) and >𝐵(𝝎) the "nancial variables linearized as explained above.

5.4.  Overview of the optimization problems

To build the four di#erent optimization programs, we have used 2 
di#erent approximations: (i) linear approximations of the ancillary vari-
ables and (ii) clustering loans to reduce the dimensionality and relax the 
binary constraint. Table 2 summarizes the various programs at hand as 
well as which assumptions is used in each of them. Observe that Pro-
grams 1 and 2 can handle any of the three variants of the objective (5 , 
5ς or 5ℏ𝜔, indi#erently) although the evaluation of the "rst (exact) 
objective is much more time-consuming than the last two. In contrast, 
Programs 3 and 4 deal with 5ς only, because they require a linearized 
form; see Section 5.3.

6.  Empirical analysis

Let us now assess the performance of the approximate optimization 
problems proposed in Section 5.4 on either "nancial applications pro-
posed in Section 5.

11 Alternative schemes can be considered, dropping the [.] operator and/or 
relying on quadrature schemes for truncated distributions, but this result in a 
nonlinear expression in 𝝎, hence, are not appropriate for our purpose.

Table 2 
Optimization programs, related approximations, and variants of the objective 
function which they can handle.
 Pgm  Type  Linearization  Clustering  Objective
 1  MINLP  No  No 5 ,5ς ,5ℏ𝜔

 2  NLP + projection  No  Yes 5 ,5ς ,5ℏ𝜔

 3  NLP (MILP at each iteration)  Yes  No 5ς

 4  NLP (LinP + projection at each iteration)  Yes  Yes 5ς

6.1.  Data

Testing empirically the performance of the approximate optimiza-
tion problems in our context requires to make some assumptions about 
the credit pool’s characteristics and model parameters. The proposed 
setup is motivated by previous academic research or, for more business-
related items such as loans’ interest rate or rating functions, based on 
extensive discussions with major players active in the "eld of SME 
loans securitization. As for the pool characteristics, two setups can be 
adopted: a deterministic or a stochastic approach. Regarding the de-
fault probabilities, for example, Glasserman and Ruiz-Mata (2006) sets 
the marginal PD’s in [0, 0.02] using a deterministic data generating pro-
cess 0𝜕 = 0.01(1 + sin(16⌣𝜕±𝜗)) while Gordy (2002) sample from the ex-
ponential law, 0𝜕 ∇ Exp(⌢) i.i.d. for some scale parameter ⌢ > 0. In this 
empirical study, we adopt the stochastic approach, which allows us to 
assess the impact of various parameters on di#erent pools which are 
statistically equivalent.

We build our heterogeneous pools according to the stochastic model 
summarized in Table 3. The notional ℷ𝜕 and the maturity ℵ𝜕 of each 
loan are positive variables that can be generated using i.i.d. samples 
from a Gamma distribution. Based on discussions with practitioners, 
we calibrate the parameters of the notional (in units of 5k) distribu-
tion to satisfy E(ℷ𝜕) = 5 and V(ℷ𝜕) = 3.5. For the maturity (in years), 
we choose the Gamma parameters to match E(ℵ𝜕) = 5 and V(ℵ𝜕) = 1. 
As for the LGD ℸ𝜕, we choose to draw from a Beta distribution to com-
ply with the [0, 1] interval. We set the parameters to match the "rst 
and second moments reported in previous studies (Caselli et al., 2008; 
Kaposty et al., 2022). Regarding the marginal default probabilities, we 
are interested here in two horizons: the probability that the loan de-
faults before maturity, 0𝜕 = P(⊳𝜕 ∳ ℵ𝜕), and the 1-year PD that matters 
for regulatory capital requirements, PD𝜕 = P(⊳𝜕 ∳ 1). In order to have 
consistent probabilities bounded in [0, 1], we adapt the procedure of 
Gordy (2002) and draw exponential marginal cumulative probability 
curves, 5𝜕(<) = P(⊳𝜕 ∳ <). To this end, we "rst draw a default rate ⌢𝜕 > 0
for each loan using i.i.d. Gamma samples, ⌢𝜕 ∇ ((8, 𝑊), where 8 and 𝑊 are 
chosen to match the "rst and second moments of previous studies (An-
dreeva et al., 2016; Kim & Sohn, 2010; Stevenson et al., 2021). Then, we 
postulate an exponential law with parameter ⌢𝜕 for the marginal default 
distributions,

5𝜕(<) = 1 ϱ 𝐷ϱ⌢𝜕< . (20)

Then, we simply set 0𝜕 = 5𝜕(ℵ𝜕) and PD𝜕 = 5𝜕(1). The expected default 
rate in the pool by a "xed time horizon < is

E

❲

1
𝜗

𝜗
⌈

𝜕=1
5𝜕(<)

❳

= 1 ϱ 1
𝜗

𝜗
⌈

𝜕=1
E(1 ϱ eϱ⌢𝜕<) = 1 ϱ (1 + 𝑊<)ϱ8 ,

such that the expected 1-year PD is 3.43%.12 The annual rate 𝐻𝜕 of loan 
𝜕 is taken as a deterministic function of the maturity ℵ𝜕 and the 1-year 
relative expected loss PD𝜕ℸ𝜕 of the loan:

𝐻𝜕 =
50 + 0.8 ℵ𝜕 + 8000 PD𝜕ℸ𝜕

10000 . (21)

12 Note that this setup is merely used to set the parameters of the pool, not to 
actually sample default times.
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Table 3 
Stochastic model used to generate the parameters of the loans. 
The notional is given in units of 5k euros and maturity in years. 
The default times follow an exponential law with parameter ⌢𝜕. 
The expectations and standard deviations are computed analyt-
ically.

 Symbol  Variable  Distribution  Mean  Std Dev.
ℷ𝜕 notional ((2, 2.5)  5  3.535
ℸ𝜕 LGD ♮(2, 2)  0.5  0.224
ℵ𝜕 maturity ((20, 0.25)  5  1.118
⌢𝜕 default rate ((7, 0.005)  0.035  0.013
0𝜕 PD at maturity  0.158  0.063
PD𝜕 PD at 1Y horizon  0.034  0.013
𝐻𝜕 interest rate  0.019  0.008

In Supplementary Material D, we present histograms and descriptive 
statistics for the characteristics of the loans in a pool of size 𝜗 = 10, 000, 
and show that they comply with the moments in Table 3.13

Having "xed the pool parameters, we can now proceed with the 
model driving the portfolio losses. Although other choices can be made, 
we consider for illustration purpose the 1FGC setup, and assume that the 
expression of the loading factors controlling the dependence between 
the defaults coincides with the Basel formula of capital requirements 
(see Supplementary Material B).

With regard to the CLO design, we assume that the structurer wants 
to select ℷ = 0.75 of the total outstanding of the loans in the portfo-
lio. For the sake of simplicity, we do not consider any constraint in ⨑
(see Supplementary Material J for a case with sector diversi"cation con-
straints). For the tranching structure, in line with (Antoniades & Tara-
shev, 2014), we assume a CLO with 3 tranches: a junior one with at-
tachment and detachment points equal respectively to 0% and 10%, a 
mezzanine tranche with attachment and detachment points of respec-
tively 10% and 20% and a senior one with attachment and detach-
ment points of respectively 20% and 100%. Since the second applica-
tion features only two tranches, we merge the mezzanine and the senior 
tranches to get 𝜔1 = 0, 𝜍1 = 𝜔2 = 0.1, 𝜍2 = 1. In the "rst application, 
the parameters 8 and 𝑊 are set respectively to 300 and 0.5. In the sec-
ond application, the parameters 𝐾 and ♮ are respectively set to 0.0004 
and 0.5. With regard to the integral in the ELoT, we rely on a change of 
variable 2 = tan(⌣±2𝐸) combined with the Gauss-Legendre quadrature:

⨌
ς

ϱς
⋆(2)92 = ⌣

2 ⨌
1

ϱ1

⋆(tan(⌣±2𝐸))
cos2(⌣±2𝐸)

9𝐸 φ ⌣
2

♯
⌈

𝐺=1
⌣𝐺

⋆(2𝐺)
cos2( 𝐿𝐸𝐺)

, (22)

where 𝐿𝐸𝐺 = 𝐸𝐺⌣±2, 2𝐺 = tan( 𝐿𝐸𝐺) and the (𝐸𝐺,⌣𝐺) pairs are obtained us-
ing gauss.quad(P,‘legendre’) available in the statmod library of the 
statistical software R, using ♯ = 100 points.14 A 100% PSA model is 
considered to assess the impact of prepayments on the WAL. For the 
clustering procedure, we use k-means algorithm on the standardized set 
of all loans characteristics used in the optimization and we report the 
performance for di#erent number of clusters 𝑁.

13 Of course, many di#erent setups could be considered. Still, it is compa-
rable to credit pools investigated in other studies. Düllmann and Masschelein 
(2007), for instance, consider a homogeneous pool of 𝜗 = 6, 000 SME exposure 
with 1-year default probability PD=2%, an LGD of ℸ = 45% and a notional of 
ℷ = 1, 000. In this work, we consider larger PD’s and notional amounts in or-
der to better stick to actual "gures. In addition, we consider a heterogeneous 
pool as the loan selection problem is trivial otherwise, all loans being mutually 
exchangeable.
14 Note that the gauss.quad.prob(P,’normal’) command yields the points 
(2𝐺,⌣𝐺) such that E(⋆(3)) = ⨐ ⋆(2).(2)92 φ ⌋♯

𝐺=1 ⌣𝐺⋆(2𝐺) and seems therefore 
more appropriate to compute integrals with respect to the normal distribution, 
making the economy of a change of variable and of the evaluation of the .(2𝐺)s. 
However, the Gauss-Legendre scheme proves to be much more e!cient when 
dealing with ELoTs, as noted in Vrins (2009).

6.2.  Solutions of the programs and heuristics

In this section, we compare the e!ciency of the various methods 
summarized in Table 2 in terms of the terminal value of the objec-
tive function, the similarities in the solution portfolios, and computation 
time.

We consider two di#erent algorithms to solve Program 1: a Genetic 
Algorithm (GEN) from R package GA15 and a binary Particle Swarm Op-
timization algorithm (PSO) as in Khanesar et al. (2007).16 Programs 
2, 3 and 4 are solved using Nelder-Mead algorithm from R package
nloptr using default convergence criterion: Stop when an optimization 
step changes every parameter by less than 1 ϖ 𝐷ϱ04 multiplied by the ab-
solute value of the parameter. The notional constraint is added to the 
objective as a penalty in Programs 1 and 2. All MILPs (Program 3) and 
LPs (Program 4) are solved with Gurobi using default parameters. We 
compare the solutions of these "ve programs to those of four heuristics, 
leading to analyze a total of 9 di#erent algorithms. First, we consider 
a heuristic (called “Heuristics (EL)” in the sequel) exploiting the con-
nection between the riskiness of a tranche and that of the underlying 
loans. It consists in selecting the loans in ascending order of their ex-
pected losses until all the constraints are met. Alternatively, the priority 
rule can be determined by sorting the loans in descending order of their 
maturity, capital requirement or coupon, leading to Heuristics (M), (K) 
and (r), respectively.

Tables 4 and 5 display a comparison of the algorithms’ performance 
respectively for Application 1 and 2 considering a pool of either 100, 
1000 or 10,000 loans. The "rst 4 lines are heuristics. The next 3 lines 
show the results for Programs 1 and 2 when the iterations call the ex-
act (Laplace) objective function, 5 . The next 6 lines show the same but 
when the objective function being optimized is 5ℏ𝜔 or 5ς. Finally, the 
last 2 lines refer to the solution of our algorithms (Programs 3 and 4) fea-
turing 5ς and linearization, without or with clustering. Columns 5ς,ω

refer to 5ς(𝝎ω), i.e., show the terminal values of the objective function 
featuring the LP approximation of the ELoT. Columns 5ℏ𝜔,ω and 5 ω are 
similar but when using the GA approximation or the exact (Laplace) 
EloT in the objective, respectively.  The computation time is capped to 
1 h.17 In Program 4, we "x the number of clusters to 𝑁 = 20 for the 100 
loans dataset, 𝑁 = 200 for the 1000 loans dataset and 𝑁 = 2, 500 for the 
10,000 loans dataset.

Let us "rst consider Table 4 (Application 1). Observe "rst the dif-
ferences between the results in columns 5ς,ω,5ℏ𝜔,ω and 5 ω for a given 
pool size, which underpins the impact of considering ELς𝜚 , ELℏ𝜔

𝜚  or EL𝜚
(Laplace) in the expression of the objective. As expected, the gap is es-
pecially large when the pool size 𝜗 is small, and vanishes as 𝜗 increases. 
Second, the GA is e!cient in the sense that 5ℏ𝜔,ω is, in most cases, a 
better estimation of 5 ω compared to 5ς,ω, and comes at no extra compu-
tational cost compared to the latter. Not surprisingly, this improvement 
is mainly relevant when the size of the pool is small or moderately large. 
Third, it is worth noting that despite these di#erences, evaluating the 
relative performance of the algorithms based on 5ς,ω,5ℏ𝜔,ω or 5 ω leads 
to similar rankings. Indeed, searching for the program delivering the 
lowest value of 5ς,ω,5ℏ𝜔,ω or 5 ω (identi"ed in bold) lead to a same algo-
rithm (here, Program 3 for all considered pool sizes).18 Fourth, heuristic 
portfolios perform badly compared to any of the optimization program, 
except for Heuristics (EL). This underlines the usefulness of solving the 
optimization problem rather than selecting the “best” loans based on 
marginal criteria. Fifth, interestingly, the terminal values of the objec-
tive function (column 5 ω) associated with Programs 1 and 2 are better 

15 Parameters popSize and maxiter are set to match a desired running time 
(e.g. 1 h).
16 Parameter maxit is set to match a desired running time (e.g. 1 h).
17 We use a 12th Gen Intel(R) Core(TM) i7-12700H processor, 2300MHz, 14 
cores, 20 logical processors with a RAM of 16 Go.
18 Recall that the GA comes at no computational cost compared to LP, but is 
nonlinear in the weights, hence, cannot be applied to Programs 3 and 4.
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Table 4 
Application 1. Terminal values of the objective as a function of the method used to compute the ELoT: LP (5ς), GA (5ℏ𝜔) or 
“exact” (5 , Laplace transform). Columns labelled 5ς,ω refer to 5ς(𝝎ω), i.e., to the objective where the ELoT at the solution 
portfolio 𝝎ω is computed using the LP approximation. Similarly, columns 5ℏ𝜔,ω and 5 ω give 5ℏ𝜔(𝝎ω) and 5 (𝝎ω), the values 
of the objective at the same "nal solution 𝝎ω when the ELoT is computed using LP+GA or Laplace, respectively. The ELoT 
approximation associated with the objective that is called by the programs during the iterations are indicated in the left 
column. Computation time is capped at 1 h.
 Algorithm 100 loans 1, 000 loans 10, 000 loans

5ς,ω 5ℏ𝜔,ω 5 ω 5ς,ω 5ℏ𝜔,ω 5 ω 5ς,ω 5ℏ𝜔,ω 5 ω

 Heuristics (EL)  1.0174  1.8082  1.8987  2.3103  2.4601  2.4654  2.1534  2.1681  2.1855
 Heuristics (M)  6.9262  9.2183  9.5705  9.1633  9.4992  9.5049  8.7901  8.8226  8.8795
 Heuristics (K)  10.0900  12.7597  13.0493  14.2832  14.6671  14.6711  14.1319  14.1697  14.2240
 Heuristics (r)  9.7924  12.5302  12.8448  14.1423  14.5322  14.5363  14.0525  14.0908  14.1398
 Pgm 1 (GEN) on 5  2.4478  3.6426  3.8849  6.7578  7.0489  7.0550  7.0079  7.0371  6.9811
 Pgm 1 (PSO) on 5  2.8065  4.2618  4.5915  6.0255  6.3527  6.3617  7.6836  7.7282  7.7138
 Pgm 2 on 5  4.1476  5.8782  6.2857  5.4913  5.7365  5.7426  7.1217  7.1541  7.1001
 Pgm 1 (GEN) on 5ℏ𝜔  0.6448  1.2667  1.2712  4.8916  5.1165  5.1222  6.5646  6.5929  6.5697
 Pgm 1 (PSO) on 5ℏ𝜔  0.7224  1.3933  1.4475  4.6312  4.8759  4.8828  6.6520  6.6914  6.6644
 Pgm 2 on 5ℏ𝜔  0.8230  1.5018  1.7211  4.1423  4.3669  4.3736  5.3306  5.3551  5.3927
 Pgm 1 (GEN) on 5ς  0.6524  1.2780  1.3568  4.6743  4.9017  4.9076  6.4991  6.5268  6.5120
 Pgm 1 (PSO) on 5ς  0.8804  1.6880  1.8339  4.3707  4.6073  4.6142  6.6520  6.6914  6.6644
 Pgm 2 on 5ς  0.7830  1.4566  1.6132  4.3354  4.5634  4.5700  5.3440  5.3686  5.4070
 Pgm 3 on 5ς  0.6338  1.2459  1.2308  2.0764  2.2195  2.2247  1.8895  1.9031  1.9303
 Pgm 4 on 5ς  0.6903  1.3247  1.3424  2.1072  2.2488  2.2538  1.8913  1.9050  1.9322

when the programs feature 5ς or 5ℏ𝜔 (lines) in the iterations instead 
of 5 . This shows that using an approximate expression of the objective 
function in the iterations can lead to a better solution 𝝎ω, measured in 
terms of the exact objective function. This can be intuitively explained 
by the fact that evaluating 5ς or 5ℏ𝜔 is much faster than evaluating 5
(Laplace or, worse, Monte Carlo). Because Programs 1 and 2 run until 
the one-hour time out, a much smaller number of iterations can be per-
formed when optimizing 5  instead of its approximations. Furthermore, 
recall that despite the values of 5ς(𝝎),5ℏ𝜔(𝝎) and 5 (𝝎) may di#er 
for a same pool 𝝎, the link between them seems to be “comonotonic” 
(improving 5ς(𝝎) or 5ℏ𝜔(𝝎) seems to enhance 5 (𝝎), too). Sixth, and 
most importantly, Program 3 and 4, which rely on 5ς, deliver the best 
solutions for all pool sizes. The fact that Program 1 (GEN) on 5ℏ𝜔 seems 
competitive when 𝜗 = 100 can be explained by the conjunction of two 
phenomena. First, the performance of Program 1 is expected to be good 
because the dimension of the search space is lower and 5ℏ𝜔 is a cheap 
but yet reliable estimation of 5 . At the same time, Programs 3 and 4 
rely on “large dimension” approximations and, therefore, do not aim to 
accommodate small pool sizes. Interestingly enough, though, the best 
solution is found by Program 3 for all pool sizes, while Program 4 yields 
comparable results.

Most of these conclusions apply to Application 2 (Table 5). The main 
di#erence is that for small pool sizes (100 loans) Program 1 (GEN) iter-
ating based on 5ℏ𝜔 delivers the best solution, while Program 4 is best 
in all other con"gurations (improving slightly the results found by Pro-
gram 3).

Those results underline the usefulness of relying on both the cluster-
ing and the linearization approximations in spite of the fact that they 
iterate upon an objective function that features the LP approximation of 
the ELoT. In Supplementary Material E, we report the value of the ancil-
lary variables for solution portfolios. We also show that the value of the 
objective function before projection and/or using quadrature remains 
very close to the "nal value. In Supplementary Material F, we investi-
gate further the similarities of the solution portfolios by looking at the 
overlap between membership vectors. Program 1 leads to a solution that 
is relatively di#erent compared to the others. Programs 3 and 4 yield 
quite similar solutions with an overlap rate higher than 90%. Comple-
mentary "gures about the variability of performance across simulation 
runs can be found in Supplementary Material G. Considering Application 
2 and a pool of 1000 loans, numerical results con"rm the superiority of 

Program 4: Not only is it the best in all runs, but it also exhibits the 
lowest standard deviation. Moreover, the "rst "ve places of the rank-
ing, starting from the best algorithm, are Programs 4, 3, 2, 1 (GEN) and 
1 (PSO) in this order, for all the simulated pools and regardless of the 
ELoT approximations used to evaluate the terminal values. The heuris-
tics complete the rankings, in an order that can slightly vary across runs.

Since, in practice, pools of less than 1000 loans are very rare due to 
the lack of information about the underlying loans combined with the 
large exposure to idiosyncratic risks, we focus for the rest of the paper 
on pools of 1000 and 10,000 loans. Moreover, since Programs 1 and 2 
deliver better results when applied on 5ς than when applied on 5ℏ𝜔

or 5  for those pool sizes, we only give the results associated with the 
former in the rest of the paper.

6.3.  Convergence

The results reported in Section 6.2 show that our approximations 
help increase the quality of the solution. Interestingly, they also help 
drastically reduce the computation time. Fig. 1 illustrates the conver-
gence speed of the algorithms applied on 5ς for Application 1 for a 
pool featuring 1000 (a) and 10,000 (b) loans. The solution provided 
by Program 1 (GEN) improves at a very low pace, especially when the 
pool size is large. Note that "rst iteration of Program 1 — hence, the 
time taken to return the "rst value of the objective function — takes 
more time (φ 10 sec) than the ones of Programs 2, 3 and 4 due to the 
nature of the Genetic Algorithm. Program 2 behaves slightly better in 
this case, but exhibits longstanding plateaus. The solutions of Programs 
3 and 4 are much better than those returned by Programs 1 and 2, as 
reported in Tables 9 and 10. Additionally, Programs 1 and 2 run up to 
the one-hour time out, while Programs 3 and 4 converge — hence, stop 
— much before (in less than 20 sec for 1000 loans and less than 120 sec 
for 10,000 loans), although Program 4 is about twice as fast as Program 
3 when facing large pools. It is worth noting that it is very common for 
structurers to run a program several times (for instance to analyze the 
impact of the attachment point of the senior tranche on the objective 
function). Therefore, cutting the computation time by a factor 30 while 
improving the results simultaneously is a genuine bene"t. The results for 
Application 2 are shown in Fig. 1 (panels c and d) and exhibit a similar 
pattern. In particular, the quality of the solutions of Programs 3 and 4 
are comparable, and much better than that of the solutions of Programs 
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Table 5 
Same as Table 4 but for application 2.
 Algorithm 100 loans 1, 000 loans 10, 000 loans

5ς,ω 5ℏ𝜔,ω 5 ω 5ς,ω 5ℏ𝜔,ω 5 ω 5ς,ω 5ℏ𝜔,ω 5 ω

 Heuristics (EL)  0.0959  0.1197  0.1208  0.0522  0.0536  0.0535  0.0542  0.0544  0.0543
 Heuristics (M)  0.0528  0.0628  0.0625  0.0541  0.0552  0.0552  0.0534  0.0535  0.0535
 Heuristics (K)  0.0522  0.0610  0.0606  0.0542  0.0551  0.0550  0.0538  0.0538  0.0539
 Heuristics (r)  0.0538  0.0628  0.0624  0.0571  0.0580  0.0580  0.0560  0.0560  0.0561
 Pgm 1 (GEN) on 5  0.0451  0.0556  0.0555  0.0513  0.0525  0.0525  0.0518  0.0519  0.0519
 Pgm 1 (PSO) on 5  0.0486  0.0614  0.0614  0.0521  0.0535  0.0535  0.0522  0.0524  0.0524
 Pgm 2 on 5  0.0520  0.0629  0.0628  0.0486  0.0496  0.0496  0.0517  0.0518  0.0519
 Pgm 1 (GEN) on 5ℏ𝜔  0.0433  0.0529  0.0528  0.0468  0.0479  0.0479  0.0506  0.0507  0.0507
 Pgm 1 (PSO) on 5ℏ𝜔  0.0437  0.0538  0.0536  0.0477  0.0489  0.0489  0.0522  0.0523  0.0523
 Pgm 2 on 5ℏ𝜔  0.0470  0.0574  0.0572  0.0470  0.0482  0.0482  0.0485  0.0486  0.0485
 Pgm 1 (GEN) on 5ς  0.0433  0.0537  0.0536  0.0471  0.0482  0.0482  0.0505  0.0506  0.0506
 Pgm 1 (PSO) on 5ς  0.0453  0.0566  0.0564  0.0480  0.0492  0.0492  0.0522  0.0523  0.0523
 Pgm 2 on 5ς  0.0453  0.0551  0.0550  0.0453  0.0464  0.0464  0.0484  0.0485  0.0484
 Pgm 3 on 5ς  0.0457  0.0559  0.0560  0.0417  0.0429  0.0428  0.0416  0.0417  0.0416
 Pgm 4 on 5ς  0.0447  0.0545  0.0544  0.0414  0.0425  0.0424  0.0412  0.0413  0.0414

Table 6 
Distribution of the parameters for each stochastic model.

 Low-quality loans
 High variance  Low variance

 Symbol  Variable  Distribution  Mean  Std Dev.  Distribution  Mean  Std Dev.
ℸ𝜕 LGD ♮(1.5, 1)  0.6  0.262 ♮(3.5, 3)  0.54  0.182
ℵ𝜕 maturity ((8, 0.5)  4  1.412 ((40, 0.1)  4  0.63
⌢𝜕 default rate ((1, 0.05)  0.05  0.05 ((10, 0.005)  0.05  0.016

 High-quality loans
 High variance  Low variance

 Symbol  Variable  Distribution  Mean  Std Dev.  Distribution  Mean  Std Dev.
ℸ𝜕 LGD ♮(1, 1.25)  0.44  0.275 ♮(3, 4)  0.429  0.175
ℵ𝜕 maturity ((20, 0.3)  6  1.341 ((60, 0.1)  6  0.775
⌢𝜕 default rate ((5, 0.006)  0.03  0.013 ((50, 0.0005)  0.025  0.003

1 and 2. Furthermore, they also converge much faster, and Program 4 
proves to be superior to Program 3 for either pool sizes.

6.4.  Sensitivity analysis

In this section, we stress the parameters of Table 3 by proposing four 
new stochastic models to generate the parameters of the loans. We con-
sider either low-quality loans (compared to the original setup of Table 3) 
by increasing the average default rate and LGD and by decreasing the 
average maturity or high-quality loans by decreasing the average default 
rate and LGD and by increasing the average maturity. Moreover, we 
consider respectively a high variance or a low variance by increasing or 
decreasing the variance of each distribution compared to the original 
setup of Table 3. For the sake of conciseness, we do not display the val-
ues of 0𝜕, ♯𝜍𝜕 and 𝐻𝜕; which are functions of the other parameters. The 
corresponding distributions are given in Table 6.

Table 7 displays the results of each heuristic and each program ap-
plied on 5ς for each stochastic model, considering both Application 1 
and 2 and featuring 1000 or 10,000 loans. As before, we cap the com-
putation time to 1 h and we "x the number of clusters to 𝑁 = 200 for 
the 1000 loans dataset and 𝑁 = 2, 500 for the 10,000 loans dataset. We 
evaluate each terminal value using 5ℏ𝜔 because it is the best compro-
mise between computation time and accuracy. The results in terms of 
programs’ performance are similar to the ones obtained previously. The 
best heuristic is di#erent for each con"guration which underlines the 
complexity of the optimization problem. Programs 3 and 4 "nd the best 
solution in every con"guration. Note that Program 4 "nds the best solu-
tion in a large majority of con"gurations and, in the few con"gurations 

where Program 3 performs better than Program 4, the two solutions are 
extremely close (in terms of terminal value of the objective function). 
This underlines again the usefulness to combine both linearization and 
clustering.

6.5.  Impact of the number of clusters and the clustering algorithm

A central parameter in Programs 2 and 4 is 𝑁, the number of clus-
ters. In this section, we discuss its impact on the quality of the solution. 
We also assess the impact of the clustering algorithm on the quality of 
the solution by considering besides k-means three other clustering algo-
rithms: a hierarchical clustering with average linkage, a model-based 
clustering based on Gaussian mixture models and DBSCAN (density-
based spatial clustering of applications with noise). Note that DBSCAN 
selects automatically the number of clusters and that this number is very 
low (between 2 and 4 clusters, depending on the con"gurations) if one 
considers a standard setup of DBSCAN.19 In line with the standard use 
of k-means, we run the clustering algorithm 𝐼𝐺 times and select the best 
within-cluster sum-of-squares run. We set 𝐼𝐺=100, which o#ers a good 

19 The number of clusters chosen by DBSCAN will be driven by the two re-
quired input parameters: minPts, the minimum number of points required to 
form a dense region and ℏ, the radius of a neighborhood. We follow the rec-
ommendations of the DBSCAN authors to determine those two parameters, by 
choosing ℏ where there is an elbow in the k-distance graph with 𝐺 = 𝑎𝜕𝐼♯ <♭ ϱ 1
and by setting 𝑎𝜕𝐼♯ <♭ = 20 where 0 is the number of variables used for cluster-
ing.
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Fig. 1. Evolution of the objective function 5ς(𝝎) with respect to time for each program in Application 1 (top) and 2 (bottom). Logarithmic scale for x-axis. Dash-
dotted (black, top) line for Program 1 (GEN). Dotted (black, top) line for Program 2. Dashed (blue, bottom) line for Program 3. Solid (blue, bottom) line for Program 
4. (For interpretation of the references to colour in this "gure legend, the reader is referred to the web version of this article.)

compromise between stability and computational time. Other clustering 
algorithms are deterministic given their inputs.

We draw ten independent credit portfolios of 10,000 loans according 
to Table 3 (i.e., we have ten di#erent independent copies of a pool of 
size 𝜗 = 10, 000)20 and report the solution of Program 4 after a running 
time of 60 s for di#erent number of clusters and di#erent clustering al-
gorithms as a form of boxplots. We compare it to the solution of Program 
3 after the same running time. Note that both are applied on 5ς and 
we also use 5ς to evaluate the terminal values. The results are shown 
in Fig. 2. In Application 1 (panel a), increasing 𝑁 quickly improves the 
solution up to 𝑁 = 500. After this point, the function is rather $at which 
suggests that the solution is not too sensitive to the number 𝑁 of clus-
ters chosen, at least when this number is not too low compared to the 
pool size 𝜗 . The optimum is around 𝑁 = 1, 000 and the function is U-
shaped; increasing 𝑁 further deteriorates slightly the solution, with an 
average deterioration of 10% in relative value of the objective function 
between 𝑁 = 1, 000 and 𝑁 = 10, 000. In Application 2 (panel b), the pat-
tern is similar and the U-shape is more striking but the solution does not 
critically depend on 𝑁 in the sense that Program 4 performs better, on 

20 Results are similar for 𝜗 = 1, 000.

average, than Program 3 (last box) for every 𝑁, and is quite insensitive 
to 𝑁 for reasonable choices: The average deterioration of the objective 
function in relative value between the optimum and the worst point is 
2.5%. The U-shape of the solution with respect to 𝑁 was expected be-
cause the approximation is too rough at the extremes. The clustering 
is too rough when 𝑁 is small, such that the projected solution 𝝎ω can 
deviate substantially from 𝐿𝝎ω. When 𝑁 is too large, many clusters will 
contain a single loan, in which case the procedure essentially amounts 
to relax the binary constraint and then project the solution.

The optimal order of magnitude of the number of clusters is likely 
to be linked to the number of underlying loans and also, intuitively, to 
what extent are the loans similar. If we stress the parameters of Table 3 
as we did in Section 6.4, we observe empirically that the optimal number 
of clusters is generally lower for the low-volatility cases, which con"rms 
the initial intuition. For example, the optimal number of clusters for Ap-
plication 2 considering 10,000 loans is 25 for low-volatility cases and 
2500 for high-volatility cases. Although DBSCAN performs much worse, 
which can be explained by the extremely low number of clusters being 
selected, the performance of our approach is rather insensitive to the 
clustering method when the number of clusters is not too low. As a rule 
of thumb, we recommend choosing a 𝑁 between 5% and 25% of the 
pool size. Furthermore, we recommend using k-means in this context. 
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Table 7 
Terminal values of the objective function found by each heuristic and each program applied on 5ς

after max. 1 h for each stochastic model, for each application and for each dataset. Terminal values are 
evaluated using 5ℏ𝜔.

 Algorithm  Low-quality loans
 High variance  Low variance
 1,000 loans  10,000 loans  1,000 loans  10,000 loans
 App. 1  App. 2  App. 1  App. 2  App. 1  App. 2  App. 1  App. 2

 Heuristics (EL)  1.4835  0.0407  1.8364  0.0365  5.6333  0.0669  5.7032  0.0657
 Heuristics (M)  10.2020  0.0685  13.2227  0.0757  13.4829  0.0828  13.9514  0.0827
 Heuristics (K)  18.2856  0.0773  20.0000  0.0834  18.5864  0.0834  19.5665  0.0845
 Heuristics (r)  18.7188  0.0866  20.0000  0.0910  18.5262  0.0880  19.4896  0.0884
 Pgm 1 (GEN)  3.4384  0.0461  8.2967  0.0643  8.0738  0.0731  11.2549  0.0773
 Pgm 1 (PSO)  5.0872  0.0489  9.5275  0.0693  10.2294  0.0744  11.7656  0.0791
 Pgm 2  2.5526  0.0378  6.6394  0.0573  7.5045  0.0728  9.8221  0.0753
 Pgm 3  1.2240  0.0323  1.5555  0.0321  5.3042  0.0640  5.4666  0.0627
 Pgm 4  1.2183  0.0325  1.5564  0.0319  5.3422  0.0640  5.4720  0.0626
 Algorithm  High-quality loans

 High variance  Low variance
 1,000 loans  10,000 loans  1,000 loans  10,000 loans
 App. 1  App. 2  App. 1  App. 2  Appli 1  App. 2  App. 1  App. 2

 Heuristics (EL)  0.4313  0.4053  0.2615  1.6153  0.7148  0.1378  0.5442  0.1760
 Heuristics (M)  6.6616  0.0474  5.6645  0.0442  3.4836  0.0415  3.2782  0.0408
 Heuristics (K)  13.4579  0.0460  12.0468  0.0430  6.4326  0.0366  6.3540  0.0356
 Heuristics (r)  13.3356  0.0470  11.8613  0.0441  6.3828  0.0370  6.3032  0.0359
 Pgm 1 (GEN)  1.9302  0.0419  3.9170  0.0432  1.8152  0.0389  2.5417  0.0410
 Pgm 1 (PSO)  5.2759  0.0435  4.4104  0.0446  4.0135  0.0396  2.8643  0.0424
 Pgm 2  0.9689  0.0392  2.8197  0.0404  1.6840  0.0373  1.9994  0.0386
 Pgm 3  0.1481  0.0378  0.0871  0.0359  0.8016  0.0402  0.4752  0.0413
 Pgm 4  0.1260  0.0365  0.0287  0.0344  0.6413  0.0364  0.4553  0.0349

First, k-means is extremely fast.21 Dealing with more greedy algorithms 
triggers a question: How should the computation time be allocated to 
handle optimization vs. clustering tasks? Moreover, k-means can feature 
a large number of cluster 𝑁 compared to the number of loans 𝜗 while 
some algorithms such as model-based clustering might fail for large 𝑁.22 
Last but not least, k-means is particularly suited in our context because, 
for the projection step, we select for each cluster the loans being clos-
est from their centroid. This is perfectly aligned with the way k-means 
assigns a loan to a cluster.

6.6.  Impact of the number of tranches

In the considered applications, the number of tranches does not have 
a substantial impact: In the "rst application, the goal is to optimize the 
rating of the most senior tranche without any constraint on the other 
tranches and, in the second application, the goal is to minimize the cost 
of capital release for the issuer. In this context, one needs to di#erentiate 
between which tranches are kept by the issuer and which tranches are 
sold to investors. We assumed so far for this application that there were 
only two tranches, one kept by the issuer and one sold to investors. One 
could release this assumption by assuming that the numerator becomes 
the cost of releasing all the tranches that are sold. However, for the 
"rst application, one might argue that the issuer should not only be 
interested in the rating of the most senior tranches but in the rating of all 
the tranches of the deal. This will lead to a multi-objective optimization. 
In Supplementary Material H, we consider a CLO of 10 tranches based 
on Filomeni and Baltas (2023) and we optimize the rating of the most 
senior tranche while constraining the rating of all the other tranches to a 
target. Program 4 is the best in terms of value of the objective function. 

21 If one consider 10,000 loans and 500 clusters and default settings for each 
algorithm, K-means takes 0.08 s, hierarchical clustering takes 2.75 s and model-
based clustering takes 636 s.
22 The mclust function in R fails when considering 𝑁 = 1.000 and 𝜗 = 10.000.

It is also the only one that is able to satisfy all the constraints. This 
underlines once again that combining both clustering and linearization 
can be useful.

7.  Extensions of the credit loss model

Our approach is illustrated using the one-factor Gaussian copula loss 
model. This choice is motivated by the fact that the 1FGC loss model is 
not central in our paper and can be expressed in a concise way. More-
over, in spite of its simplicity, it remains widely used in the industry and 
for regulation purposes. Nevertheless, it is important to realize that this 
choice is not a restriction of our approach and can be easily relaxed. For 
instance, Remark 1 highlights that only the shape of 0𝜕(4) in (5) changes 
when changing the distribution of the latent variables 3, 71,… , 7𝜗 . In 
addition, one could consider other kinds of coupling schemes (copula 
or number of factors). Moreover, the LGD can also be dependent upon 
the factors. In this section, we introduce some variants of the 1FGC setup 
that can be easily tackled in our framework. Some related results are re-
ported in Supplementary Materials. They illustrate that the conclusions 
drawn in the previous section are not only valid in the 1FGC setup, but 
hold in those frameworks, too.

7.1.  Non-Gaussian copula

A "rst extension of the 1FGC approach deals with the type of copula 
controlling the dependence structure between the default events. For 
instance, dealing with the LP approximation in a <-copula is not much 
di#erent. This model is obtained by rescaling the 3𝜕’s in (2) with another 
systematic component ⟫𝑏±𝑐  where 𝑐 ∇ 𝑑2(𝑏) is independent from the 
standard normal variables 3, 71,… , 7𝜗 . Hence, we have independence 
between individual losses when conditioning on the pair (3,𝑐 ), leading 
to a 2-factor model. One gets that for 𝜗  ς,

ℶ(𝝎)  E(ℶ(𝝎)⌉3,𝑐 ) = 1
ℷ(𝝎)

𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕ℸ𝜕0𝜕(3,𝑐 )
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Fig. 2. Distribution of the objective function 5ς(𝝎ω) (top) and of the projection error ( >5ς( 𝐿𝝎ω) ϱ 5ς(𝝎ω)) in Program 4 as a function of the number 𝑁 of clusters 
estimated by running the algorithm on 10 independent copies of a portfolio of size 𝜗 = 10, 000 loans. The last boxplot in the top panels refers to Program 3 (no 
clustering) on 5ς. In the "rst boxplot, 𝑂ω refers to the number of clusters chosen by DBSCAN that can vary from 2 to 4 depending on the dataset.

𝛻⋆𝐷𝐻𝐷 0𝜕(3,𝑐 ) = ∂
]

⟦

⟦

⟦

⟧

⟪

𝑐
𝑏 ∂

ϱ1
𝑏 (0𝜕) ϱ 8𝜕3

⟪

1 ϱ 82𝜕

⌊

⌋

⌋

⌋

⌈

and ∂ϱ1
𝑏  is the quantile function of the standard Student-< distribution 

with 𝑏 degrees of freedom. The integral in (4) is now bi-dimensional (one 
needs to integrate 𝑐  away on the top of 3), which remains tractable. 
Because the Chi-squared belongs to the Gamma family, the integra-
tion with respect to 𝑐  can be achieved using appropriate quadrature 
schemes. Supplementary Material I displays the solution of each pro-
gram when a t-copula is considered. The results in terms of programs’ 
performance are similar to the ones obtained previously with the 1FGC.
7.2.  Multi-factor models

The loss model can also feature several systematic factors, for exam-
ple, capturing regional or industry e#ects. The multi-factor setup corre-
sponds to the case where the default events are all mutually indepen-
dent conditional uppon a set of factors 𝛆 = (31,… ,3𝐺)𝑇. In this model, 
Eq. (2) changes to

3𝜕 = 8𝜕𝑒𝜕 +
⟪

1 ϱ 82𝜕 7𝜕where 𝑒𝜕 = 𝝇𝑇𝜕 𝛆 and 𝝇𝜕 ε R
𝐺  satis"es ⌉𝝇𝜕⌉ = 1.

(23)

In this case, the LP approximation yields

ℶ(𝝎)  E(ℶ(𝝎)⌉𝛆) = 1
ℷ(𝝎)

𝜗
⌈

𝜕=1
𝛻𝜕ℷ𝜕ℸ𝜕0𝜕(𝛆) as 𝜗  ς ,

where 0𝜕(𝛆) is the conditional PD of 𝜕 given 𝛆. This shows that extend-
ing our setup to multiple and arbitrary factors is straightforward; the 
only price to pay is that the dimension of the integral in (4) becomes 
multidimensional. This is not an obstacle to using our quadrature ap-
proximation as long as the number 𝐺 of factors and the number of 
quadrature points are not too large. Note that this setup can be com-
bined with the <-copula, it su!ces to scale the 3𝜕’s in (23) by 

⟫

𝑏±𝑐 . 
One could also proxy this multi-factor model using a comparable single-
factor (CSF) model following (Pykhtin, 2004). Supplementary Material 
J illustrates the performance of our approach in such a case using evi-
dence from Hahnenstein (2004), and includes diversi"cation constraints 
for each sector. The conclusions are similar to those obtained with the 
1FGC. In particular, optimizing the objective function associated with 
the CSF model using Programs 3 and 4 leads to a substantial improve-
ment compared to running Programs 1 and 2. Note that it is hardly 
possible to apply Programs 1 and 2 to the exact EL𝜚 computed using 
the multi-factor model, as each evaluation of the latter is extremely
time-consuming.

7.3.  PD-LGD dependency

Finally, our setup can also accommodate stochastic LGDs ()𝜕) pro-
vided that the default events and the losses all remain mutually indepen-
dent conditionally upon the systematic factor, 3. For any such coupling 
scheme, it su!ces to replace ℸ𝜕 in (3) by ℸ𝜕(3) where ℸ𝜕(3) ϑ= E()𝜕⌉𝜀𝜕 =
1,3) and the linearity in 𝝎 is preserved. See Barbagli and Vrins (2023) 
for more details and some tractable examples. This also applies when 
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considering a multi-factor setup and/or the <-copula (conditioning with 
respect to 𝛆, (3,𝑐 ) or (𝛆,𝑐 ), depending on the approach chosen).

8.  Conclusion

SMEs account for an important part of wealth creation in modern 
economies. Yet, they are typically riskier than large "rms and, conse-
quently, face more di!culties to get "nanced. In an era of costly en-
ergy, high in$ation, and scarce public investment capacities, reducing 
the funding costs of SMEs is therefore more critical than ever.

Among the various strategies put in force by public "nancial insti-
tutions (PFIs), securitization proves to be particularly e!cient for this 
purpose. Thanks to the credit enhancement mechanism inherent to col-
lateralized loan oblogations (CLO), transferring SME loans from com-
mercial credit institutions to private investors while the junior tranche 
is held by PFIs is a way to reduce the requirements regarding both in-
terest rates and collateral. On the other hand, these loans are removed 
from the balance sheet of commercial banks, leading to capital release 
and, consequently, increasing the available "nancing volumes. Finally, 
these tranches form a new asset class with various risk-return pro"les, 
enabling fund managers to build more e!cient portfolios.

A key step in the securitization process is the identi"cation of which 
loans to embed in a CLO. Indeed, the loan selection problem is a high-
dimensional mixed-integer nonlinear optimization program (NP-hard) 
featuring complex objective functions whose evaluation relies on costly 
numerical methods such as heavy Monte Carlo simulations and whose 
derivative is typically not available in closed form. In this paper, we 
circumvent this challenge by relying on clustering and linearization. 
Speci"cally, we derive approximations of the original problem which 
are lower dimensional, relax the binary constraints and tackle nonlin-
earity issues. Our approach can accommodate pools made of several 
thousands of loans, various forms of objective functions and di#erent 
loss models. Our simulation studies feature realistic pools and show that 
the proposed approach delivers a solution leading to an improved value 
of the objective function associated with the exact criterion. Moreover, 
it does so in a lower computation time compared to standard derivative-
free mixed-integer algorithms in every tested con"guration.

The traditional approach to select loans to embed in a given CLO is to 
identify a few portfolios by relying on heuristics or running brute force 
algorithms, compare the corresponding values of the objective function, 
and select the best solution. The philosophy of the approach we propose 
is to suggest the structurer to also involve, in his comparison, portfolios 
solving approximate problems such as Programs 3 and/or Programs 4. 
Indeed, our numerical results indicate that those solution portfolios are 
easy to "nd and might signi"cantly outperform those found with the 
traditional approach in terms of the actual waterfall.

Our contribution is useful for any stakeholder involved in the selec-
tion step of the loans securitization process, including PFIs such as de-
velopment and central banks, as well as the structuring teams of com-
mercial banks. Moreover, by enhancing the securitization procedure, 
our research also bene"ts to public authorities, private investors such 
as pension funds, as well as to the SME sector as a whole.
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