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Electric Field Integral Equation-Based Synthesis of Elliptical-Domain
Metasurface Antennas

Modeste Bodehou™, Christophe Craeye™, and Isabelle Huynen

Abstract— A method based on the electric field integral equation is
proposed for synthesizing planar metasurface (MTS) antennas built on
elliptical apertures. The MTS is modeled with a modulated tensorial
surface impedance. Entire-domain basis functions are used to discretize
efficiently the currents as well as the surface impedance, allowing a
quasi-direct computation of the surface impedance from the desired
radiation pattern. The corresponding surface currents are combined with
the near-field radiation from a constant reactance to derive the surface
impedance of the MTS. The obtained algorithm is, therefore, systematic
and can be applied to generate arbitrary radiation patterns, with control
on the amplitude, phase, and polarization. Numerical validation of the
proposed technique illustrates the effectiveness of the method.

Index Terms—Beam shaping, impedance boundary condition (IBC),
integral equations (IE), modulated metasurface (MTS) antennas.

I. INTRODUCTION

A formalism based on surface integral equations (IEs) has recently
been used to design modulated metasurface (MTS) antennas on cir-
cular domains [1]. Depending on the type of radiation pattern and/or
the azimuthal asymmetry of the feed, it may be more convenient to
design the MTS on an elliptical aperture [2]. Indeed, in some practical
cases, the radiated power density on the MTS is not azimutally
symmetrical. Using an elliptical aperture, one can reduce the antenna
footprint without significantly affecting the radiation pattern, and
thus improve the antenna aperture efficiency [2]. This communication
extends the synthesis algorithm proposed in [1] to elliptical domains.

Planar modulated MTS antennas are a class of leaky-wave antennas
usually consisting of dense printed patches on a grounded substrate.
The patches’ layer implements a presynthesized sheet transition
impedance boundary condition (IBC), which linearly relates the
averaged tangential electric field to the averaged surface current on
the MTS [3]-[5]. The radiation results from the modulation of the
IBC through a perturbation of the surface wave (SW) generated by the
antenna feed. This idea has been first highlighted in [6]. Since then,
many authors have presented techniques for designing the surface
impedance in order to control the antenna radiation pattern. The
proposed methods were first based on holographic techniques [7] and
have allowed the control of the aperture electric field phase [8], [9].
Then, Maci et al. [10] proposed for the first time an amplitude-
and phase-based synthesis of the aperture field, which significantly
widens the class of synthesizable aperture fields. Subsequently,
Minatti et al. [11] proposed a flat optics-based iterative algorithm
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Fig. 1.  Elliptical-domain modulated MTS antenna build with a grounded
dielectric slab substrate.

for synthesizing a class of radiating aperture electric fields. The used
technique consists of locally expanding the fields on the aperture
into Floquet harmonics. The surface impedance is then obtained after
matching the desired radiating aperture field with the —1 mode of
the Floquet expansion. A variant of the technique used in [11] has
also been proposed in [12]. Once the surface impedance has been
computed, the validation is usually carried out by solving the electric
field IE (EFIE) with the method of moments (MoM) [13]-[16].

Recently, Bodehou er al. [1] proposed a different synthesis
approach directly based on the EFIE. This approach is no longer
based on the local periodicity assumption but makes use of Fourier—
Bessel basis functions (FBBFs, defined over the entire domain) to
discretize efficiently the surface currents as well as the surface
impedance. The EFIE is then inverted while constraining (in a
least-squares sense) the surface impedance to be anti-Hermitian,
as required for implementation with lossless patches. That results in a
systematic and efficient algorithm able to generate arbitrary radiation
patterns. This communication generalizes the procedure of [1] to
the more general class of elliptical-domain MTSs. The latter have
been analyzed using entire-domain basis functions in [16], where the
ellipse is obtained from stretching the disk in one direction. It is
shown in the following that this generalization does not significantly
affect the computational complexity of the synthesis procedure.

The remainder of this communication is structured as follows.
Section II presents the FBBFs, and the surface impedance and
currents discretization. Section III describes the synthesis technique.
Section IV provides a numerical validation of a designed surface
impedance. Finally, Section V concludes this communication.

II. CURRENTS AND SURFACE IMPEDANCE DISCRETIZATION

The MTS antennas of interest are realized on an elliptical aperture
on the top (z = 0) of a grounded substrate [see Fig. 1]. The
semimajor axis of the ellipse of length @ is assumed without loss
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of generality to be along the x-axis and the semiminor axis of length
b along the y-axis, where X and y are the unit vectors along the
x- and y-directions, respectively. The vector p = (p, ¢) identifies an
observation point on the MTS, where p and ¢ are, respectively, the
radial and azimuthal coordinates. In such a structure, the FBBFs are
defined as [16]

R (x, ) = Fn(p)e "¢ )

where
Fm,n(p/) = Jn(/lf',lp/) (2)

and p’ = /(x/a)?> + (yp/a)?, tan(¢’) = yp/x, p = a/b > 1,
and A is the mth positive zero of the Bessel function of order n.
In this way, the (nonprimed) coordinates are defined over the ellipse,
while the primed ones are defined over the corresponding disk. Those
basis functions admit a closed-form Fourier transform Iém,n(kx, ky)
(see the Appendix), where ky and ky are the spectral variables in
Cartesian coordinates. The surface current distribution is projected
into its x- and y-components. Each component is then expanded into
FBBFs as follows:

N M
Iy = D D i Ry E + i Ry a (2,03, (3)
n=—N m=1

Note that contrary to [1] where a (p, (i)) polar representation was used
for the vector and tensor expansions, we use here a (%, y) formulation.
Indeed, in a polar system of coordinates, the unit vectors are no
longer orthogonal after stretching the FBBFs. In this context, it has
been found necessary to use the Cartesian reference system when
dealing with an elliptical domain. For a circular domain, the (p, (i))
formulation is preferred, especially for a scalar IBC where the current
is only directed along p.

Let us now assume that one is interested in synthesizing a capac-
itive tensorial sheet impedance of the form

7P (x,y) = ZiP + PPP(x,y)
787 (x,y) = 2 (x, y) = PP? (x, y)
25,y = 287 — PP (x,y) )

where éo = diag(ng N Zg) ¢) is the unmodulated (average) reactance
tensor and is assumed to be purely imaginary, with a negative
imaginary part. Note that ng and Zg¢ do not need to be con-
stant over the aperture. One can choose a given aperture variation
according to the type of patches used for the IBC implementation.
The only requirement is that they have to be known. The modulation
functions PP (x,y) and PP?(x, y) are also assumed to be purely
imaginary. Finally, the modulation depth of each element of the tensor
reactance (m = max |P|/|Zg|) is assumed to be smaller than 1.
The above-mentioned capacitive tensorial sheet transition boundary
condition is anti-Hermitian, as required to allow implementation
with lossless patches [3]-[5]. The reactance tensor (4) written in a
Cartesian system of coordinates then takes the following form:

75 (x, ) = Zg" (x, y) + P (x, y)
Zg (x,y) = Zg (x,y) = P (x,y)
Zéy(x’y) = Z(y)y(x,y)_Pxx(x’y) (5)

where Z§*(x,y) = ng — (ng — Zg¢) sin? ¢ and Zgy(x,y) =
ng - (ng - Zg’ gb) cos? ¢ are the average reactances in the Cartesian
system of coordinates. The IBC (5) is then discretized into FBBFs
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as follows:
8~ D [K§ mg.ng) + X§ (g, ng)|Rmsns — (6)
ng,ms
zg ~ D X (ms, ng) R ng @)
ns,ms
7y ~ > [K (mg.ng) = X (ms,ns) | Rms.ng ()
ns,ms

where the (x,y) dependence has been implicitly omitted and
Kg"(mg,ng) and Kgy(mg,ng) correspond, respectively, to the
expansion coefficients of the average reactances Zf)‘x and Z(y)*y into
FBBFs. Since FBBFs are orthogonal, this expansion is carried out
through a simple projection.

A spatial FBBF decomposition of a function f(x,y) can be
obtained as

Y .
amn = Ko(m,n) /.f(x, Y)Rm,n(x, y)dx dy (9)

where Ko(m,n) = —naZJn_l(/lnm)J,,+1(inm) and the integration
is carried out over the elliptical domain. The superscript (*) corre-
sponds to the complex conjugate. To evaluate this integral, it is more
convenient to stretch the ellipse into the circle through the change of
variables x’ = x and y’ = yp. One obtains

a :;//f x y_/ R* | x’ y_/ dx'dy’. (10)
" Ko(m,n) “p) "\ p ‘

The function Ry, (x’, ¥’/ p) corresponds to a circular-domain FBBF
of radius a as defined in [15]. It means that projecting a function
f(x, y) over an elliptical-domain FBBF is equivalent to projecting the
function f(x,y/p) over the corresponding circular-domain FBBF.
This operation is much less time consuming since the azimuthal
integration can be done with the fast Fourier transform and the radial
part with the Gauss—Legendre quadrature, as explained in [15].

The parameters X" (mg, ng) and Xiéy (mg,ng) in (6)—(8) are the
unknowns expansion coefficients of the surface impedance modu-
lation. Since P**(x,y) and P*Y(x,y) are assumed to be purely
imaginary, the coefficients X" (mg, ng) and X§y (mg,ng) need to
satisfy the following symmetry:

_ Xg(mg,ng)
(=D"
where we have omitted the superscripts xx and xy.

The synthesis problem then consists of finding the reactance
modulation, which will provide the desired radiation pattern. In the
remainder of this communication, basis functions with subscripts S,
t, and b refer to decomposition of the surface impedance, fields, and
currents, respectively.

(Xs(mg, —ng)* = (1)

ITII. SYNTHESIS OF THE MTS

We first make the assumption that the substrate, the average
sheet transition IBC éo, and the MTS excitation are a priori
known. The excitation is designed to maximize the power balance
between the excited SW and the directly radiated space wave. The
above-mentioned choices usually depend on other considerations
relative to the feed efficiency, the IBC implementation process with
patches, and the bandwidth. These issues are outside the scope of
this communication and have been already treated in [18], [19].

Now, let us assume that one is interested in generating a
given known radiation pattern F(0, @) in amplitude, phase, and
polarization, where F is the spatial electric field distribution in
the far field, and @ and o are, respectively, the elevation and
azimuthal angles [see Fig. 1]. We define the observation direction as
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Fig. 2. Cut in the o = 0 plane of the copolar radiation pattern. The result

obtained after subtracting the aperture electric field generated by the feed is
compared with that obtained without subtracting the feed contribution. The
left and the right inset disks correspond, respectively, to the pp component
of the synthesized reactance (obtained without feed field subtraction), and the
corresponding absolute value of the current distribution (in log scale).

i = (ux,uy,uz) = (sinfcosa,sinfsina,cosd), and their cor-
responding spectral variables as (ky, ky,k;) = koit, where ko is
the free-space wavenumber. The radiation pattern F is linked to the
visible part spectrum of the tangential electric field f on the MTS as

follows:
-l i
where g ~ 377Q is the free-space impedance. Frg and Frys are

the components of the radiation pattern F (6, a), respectively, parallel
to m and ¢ vectors in Fig. 1. The visible spectrum corresponds to the
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part of the spectrum for which ,/k)% + k% < kg. The corresponding
visible current spectrum is then obtained as
i=@G"H'@-Ey (13)

where QE] is the dyadic spectral Green’s function of the grounded
substrate [20], E; is the visible spectrum of the MTS excitation,
and f is rescaled with respect to the radiated power. The latter
has been computed using the technique described in [1]. For the
synthesized MTSs, we have observed that Ei can be neglected in
comparison with f. This assumption has been implicitly made in [1].
As an example, Fig. 2 compares the radiation pattern obtained in
[1, Sec. V.B], where I:],- has been neglected in the synthesis, with
that obtained without neglecting E;, both for a circular-domain MTS.
One can observe that a very similar performance has been achieved.
When the visible part of E; is much smaller than f, it is difficult
to say whether the subtraction in (13) will be favorable to the final
design. This should be decided based on correspondence between
final full-wave simulation and initially the desired radiation pattern.
At this moment, only the visible part of the current spectrum
is known. To synthesize the MTS, one also needs the invisible
(near-field) part. This near-field part cannot be neglected since the
radiation phenomenon comes from the leakage of an SW. For some
canonical patterns, analytical expressions of the near field have been
proposed in [10]. However, when one is dealing with an arbitrary
radiation pattern, finding the appropriate near-field part is not an easy
task. Therefore, as in [1], we make in a first instance, the simplest
assumption, i.e., the near-field spectrum is obtained in the absence of
modulation. This is the simplest possible estimation since it does not
even take into account the leakage rate a (x, y) nor the phase constant
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variation AfS(x, y) on the MTS aperture. In passing, finding a priori
these parameters for an arbitrary-shaped pattern is not a well-posed
problem. This “simplest” invisible current spectrum, in combination
with the visible spectrum part (obtained from the pattern), forms a
first estimate of the current distribution spectrum J on the MTS. The
corresponding surface impedance can then be obtained after solving
the EFIE. Following the same reasoning as described in [1], one
obtains that the IBC modulation satisfies the following equation:

XXX 7.5:x 7.5:y

(% 20
where X§x and Xiéy are the expansion coefficients of the IBC
modulation given in (6)—(8). Z5* and Z5+Y are defined as

(14)

25 (mg,nsimine) =D iy, Zmp, np; ms, ngsme,ng) - (15)
np,mp
Z5 (mg, ng; me, ng) = Z imyny Z(Mp, nps mg,ng;me,ng)  (16)
np,mp
with Z = (a2 /p)Zy, where Zy is tabulated and has been defined
in [1], [15].
The vector U is computed as

U= [Ux] _ [zgc Z)éy} [P‘} [Vx} [Xﬂ a7)
=" luy| = | gyx yy 0 I I VA B RS
U Ly I A% Xy

where Z)(‘;x , Z)g , Zéx, and Zéy are the different components of
the substrate interaction matrix. They can be computed using the
procedure described in [16]. I* and I are the column vectors with
the expansion coefficients (into FBBFs) of the previously estimated
surface current distribution J, along ay and ay, respectively. Those
expansion coefficients are computed through a spectral-domain pro-
jection of J (20). V¥ and VY correspond to the excitation vector.
They are computed in the same way as in [16]. Finally, X’IC( and X;(
are defined as

— 757K
XY = 25K
Y SyRYY
Xy = 257Ky

(18)
19

where K’g" , and K?y are the vectors, respectively, containing the
expansion coefficients of the known average reactance Zj* and Z())’y.
The excitation vectors V¥ and VY correspond to the projections of
the excitation fields on the entire-domain testing functions. As such,
they can be computed for elementary dipole as well as for more
realistic extended feeding structures. Equation (14) is solved while
imposing the symmetry (11) in the coefficients of X" and those of
X)Scy in order to constrain the impedance to be anti-Hermitian. This
condition is imposed in the least-squares sense (see [1, Sec. IV.A]),
which in turn leads to significant changes in the current distribution,
including in its invisible (i.e., nonradiating) part. The surface currents
and far fields are then simulated with the MoM using the derived
anti-Hermitian IBC. Depending on the obtained modulation depth
or the generated pattern performance, the radiated power is tuned
accordingly.

The resulting algorithm is then the same as in [1], except that the
EFIE operator is given by (14), the spatial projection operation is
given by (10), and the spectral projection of a function f (kx, ky)
over an elliptical-domain FBBF spectrum is equivalent to projecting
the function p f (kx, kyp) over the following circular-domain FBBF
spectrum:

1 ~ ~
e [ DK Ryttt

where Ko(m, n) = —47r3a2Jn_1(/lnm)Jn+1(/1nm). This leads to an
MTS synthesis process over an elliptical domain that is almost as

(20)
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Fig. 3. Circularly polarized radiation pattern in the spectral (kx, ky) plane.
(a) Copolar component for designed MTS. (b) Cross-polar component for
designed MTS.

fast as that for a circular domain, when using the same number of
basis functions for sheet impedance and currents. The only difference
resides in the computation of the substrate matrix interaction Z G
which requires for elliptical domain, a harmonic development of the
Green’s function [16]. However, this matrix needs to be computed
only once for any pattern once the aperture size and the substrate are
known since Z ., does not depend on the IBC.

IV. NUMERICAL VALIDATION

This section presents a numerical validation (based on the MoM
algorithm validated in [16], [17]) of a synthesized elliptical-domain
MTS IBC. The MTS has been designed to radiate a spectral circularly
polarized rectangular beam and is fed with a vertical elementary
dipole placed at the center (p = 0), and in the middle of the
grounded substrate (z = —d/2), where d is the substrate thickness
[see Fig. 1]. This beam is defined as Frrp = cosa—jsina and
Fry =sina + jcosa for —Aky < ky < Akx, —Aky < ky < Aky
and Frg = Fry = 0 elsewhere. TE and TM stand, respectively,
for the transverse electric and transverse magnetic components of
the electric far field F. We have chosen Aky = 0.29 ky and
Aky = 0.09 kq. This beam has already been designed in [1, Sec. V.B]
considering a circular domain. As can be seen from the results pre-
sented in [1, Sec. V.B], the surface current distribution is azimuthally
no symmetrical since the modulation depth is larger in the y-direction
than in the x-direction. This is consistent with the pattern shape. For
such a pattern, one can reduce the size of the disk in the y-direction
without significantly affecting the radiation performance. However,
simply cutting the MTS will not lead to optimal performance since
the radiation originates from a global effect. In this communication,
we designed the MTS on an ellipse with semimajor axis equal to
the radius used in [1], i.e., 104 and a semiminor axis equal to 74,
thus leading to p ~ 1.429. The operating frequency is 18 GHz and
the substrate parameters are the same as in [1]. The design has been
carried out using the following values defining the number of basis
functions Ng = 20, Mg = 50, N, = Ny =20, My, = M; = 55, and
the designed MTS IBC has been analyzed with the method presented
in [16], using N = N; = 30 and M, = M; = 60, which leads to
7320 basis functions. Fig. 3 shows the obtained radiation pattern
in the spectral (ky,ky) plane, and Fig. 4 represents a cut of this
pattern in the a = 0 plane. Fig. 5 compares the computed copolar
radiation pattern with that obtained in [1, Sec. V-B], corresponding
to a circular-domain MTS of radius equal to the semimajor axis of
the ellipse.

One can see that almost the same gain has been achieved compared
to [1, Sec. V.B], but using only 70% of the initial surface.
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Fig. 4. Cutin the a = 0 plane of the radiation pattern for the designed rectan-
gular beam radiating MTS. The right-handed circular polarization (RHCP) and
the left-handed circular polarization (LHCP), respectively, correspond to the
copolar and cross-polar directivities. Inset disk: absolute value of the current
distribution on the designed MTS (in log () scale) for a unit current excitation.
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Fig. 5. Cut in the o = 0 plane of the copolar radiation pattern. The result

obtained with the designed elliptical-domain MTS is compared with that of the
circular-domain MTS. Inset disks: absolute value of the current distribution
(in logyq scale) on the elliptical MTS and on the circular MTS for a unit
current excitation.

TABLE I
COMPUTATION TIMES FOR THE DESIGNED IBC

Solver Circular domain  Elliptical domain
Substrate matrix 15s 5.3 min
Invisible spectrum 46 s 52s
Radiated power 1.1 min 1.1 min
Visible spectrum 2.3 min 2.4 min
EFIE inversion 3.7 min 8.2 min
Total computation time 8.1 min 17.86 min

Finally, the synthesis computation time is summarized in Table I,
where a comparison between the circular-domain synthesis and the
elliptical-domain synthesis is also made. The code has been developed
using the MATLAB language [21] on a conventional laptop computer.

One can observe that the main difference when going from
circular domain to elliptical domain is related to the substrate matrix
computation, which requires a harmonic development of Green’s
function. It is worth mentioning that this matrix has to be computed
only once in an optimization procedure since it does not depend
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on the surface impedance nor on the excitation. However, the overall
computation time is dominated by the solution of the EFIE (including
matrix filling) in the least-squares sense, which allows the derivation
of the reactance from the objective currents. In this example, the latter
operation is more time consuming for the elliptical domain due to
the finer azimuthal discretization required (N = 20 versus N = 15).

V. CONCLUSION

We have presented an extension of the work in [1], which proposed
a systematic IE-based design of circular-domain MTS antennas. The
illustrative example shows that the antenna aperture efficiency can
be significantly improved using an elliptical domain, as compared
to the case of the classical circular aperture. Although orthogonal
entire-domain basis functions have been used here, these proper-
ties are not mandatory, i.e., the method can be adapted for local,
nonorthogonal basis functions. However, in those cases, the projection
operations need to be carried out by solving a linear system of
equations, which is much more time and memory consuming. Local
basis functions have advantages of coping with arbitrary shapes.
However, discretizing typical current distributions on MTSs with such
a basis requires typically more than 50000 unknowns [14], for which
direct inversion is unfeasible on classical personal computers.

APPENDIX
FBBF FOURIER TRANSFORM

The Fourier transform of the FBBFs, as defined in (1), is given as
e [ a2yt () dn ()
2 2
14 (A%) — (k;)a)

Iém,n(kxaky) = (21

where k), = /(kx)? + (ky/p)?, tan(a’) = ky/(pky), and kx and ky

are the spectral variables written in a Cartesian system of coordinates.
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