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Abstract
In this work, we have derived a constitutive law describing the elasto-plastic response of tungsten by applying an inverse finite element analysis (IFEA) to grasp the deformation well beyond the onset of deformation instability in tensile tests. A model based on the Kocks-Mecking representation of thermally-activated dislocation-mediated plasticity was applied to characterise the mechanical response of tungsten compliant with the ITER specification. The developed model accurately describes the temperature and strain rate dependent tensile properties in the temperature range 250–600 °C. The capability to extrapolate the hardening law to a higher temperature and strain rate range is demonstrated. A particular advantage of the developed method is its applicability to neutron irradiated materials, for which the uniform elongation is often very low or even negligible.  


[bookmark: _Toc11917965][bookmark: _Toc14026861][bookmark: _Toc19674909][bookmark: _Toc19756296]Introduction
Finite element analysis (FEA) is an important tool used to assess the stress state in constructions and components, and to adjust their design in order to ensure their safe and reliable exploitation. It is applied, among others, for the design of fusion reactors ITER and DEMO [1–3], where the components facing the burning fusion plasma will be exposed to high-amplitude temperature oscillations and the flux of energetic neutrons. Hence the plasma-facing components (PFCs) will host heterogeneous temperature fields with large gradients, inducing large thermal strains [4]. 
Divertor is the part of the tokamak subjected to highest thermal load, designed to help the plasma confinement in the vacuum chamber, and to remove the fusion reaction products and plasma contaminants [4,5]. Long plasma discharges in the tokamak will be accompanied by plasma instabilities called “edge localised modes” (ELMs) which will deposit high thermal energy onto the divertor surface in short frequent pulses [6]. As a result of the combined action of stationary heat loads and ELMs, the surface temperature of divertor monoblocks made of tungsten (W) can reach 2000–3000 °C [7] and the rate of thermal strain can be as high as several s−1 [8].
Constitutive laws for FEA are usually obtained from mechanical tests of materials in tension or compression. There exists a standard approach to extract true stress-strain curves (SSC) from experimental engineering SSCs [9,10]. However, its application is limited up to the onset of deformation instability (corresponding to the sample necking).
Tensile tests of tungsten grade compliant with the ITER-specification [11] demonstrated early necking (low uniform elongation) but significant total elongation [6,12]. Thus, a major part of the experimental SSC is unsuitable for extraction of constitutive law with the standard approach, and an alternative one is necessary. 
One group of alternative methods relies on a continuous measurement of the sample cross-section during mechanical test, which can be done using video recording and consequent image processing [13,14], or involving digital image correlation (DIC) during the test in order to measure strain field in the whole sample [15,16].
Another approach is to use inverse finite element analysis (IFEA). In the conventional direct FEA, a known true SSC (constitutive law) is used to predict the mechanical response of a component with an intricate shape or a non-uniform loading. On the contrary, IFEA identifies iteratively the constitutive law which leads to the best reproduction of a known mechanical response, usually in a specimen with simple shape and loading. Such numerical approach can be applied not only for extraction of a constitutive law [15–22], but also for component geometry optimisation [23–26]. 
Experiments also revealed temperature- and strain-rate sensitivity of flow stress in different grades of tungsten [6,12,27]. Since the temperature and strain rate in tensile tests are usually lower than those expected in the divertor components, extrapolation of experimentally obtained material properties to high temperature is necessary. Besides, in order to accurately respond to evolving non-uniform temperature- and strain rate fields in PFCs during the plasma discharge, the constitutive law should be a continuous function of these variables. Still, many computational works devoted to the analysis of divertor components rely on simplified constitutive laws, such as perfect plasticity [1,2]. 
In this paper we report an algorithm based on IFEA which allows one i) to extract true mechanical properties from experimental SSCs beyond the uniform elongation range and ii) to extrapolate the constitutive law beyond the experimentally tested ranges of temperature and strain rate. The algorithm is applied to parameterise a Kocks and Mecking hardening law [28–32] in order to reproduce the mechanical response of stress-relieved commercially-pure ITER-relevant grade of tungsten fabricated by Plansee AG (referred to as “IGP”, what stands for “ITER-grade Plansee”). 
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[bookmark: MTBlankEqn]To obtain a constitutive law valid in wide ranges of temperature and strain rate we combined various material laws. In particular, the widely used macroscopic Voce law, which predicts that the true stress  saturates at large plastic strain , was enriched by considering that the sensitivity of its parameters to temperature and strain rate results from thermally activated dislocation slip. 





The initial yield stress  depends on temperature T and strain rate  according to a phenomenological formula proposed by Voyiadjis et al. [33]. A constant term  is introduced to account for the significant lattice friction stress also at high temperatures in BCC metals; material constants  and  define the shape of the curve.

[bookmark: ZEqnNum205740]	 	


The increase of strength during plastic deformation (work hardening) follows Taylor [34] according to whom the strength is proportional to the square root of dislocation density . In equation ,   represents the square root of the initial dislocation density:

[bookmark: ZEqnNum839770]	 	

The parameter  defines the strength of dislocation interaction whose evolution with temperature might be properly described by an exponential decay function. But to simplify the optimization problem, it was assumed to decrease linearly with temperature in the considered temperature range, in line with the hardening law of another W grade [29].

		
The dislocation density is updated based on the Kocks-Mecking equation, which links plasticity with thermally-activated dislocation-dislocation interaction:

[bookmark: ZEqnNum684290]		



The Taylor factor  is introduced to link mean shear in slip systems  and true strain  and is assumed to be 2.6 for IGP W.



According to equations  and  saturation of dislocation density and stress occurs when the rate of dislocation multiplication due to their mutual pinning is balanced by their annihilation with other dislocations and grain boundaries (GBs). These two processes are effectively parameterized by coefficients  and  . Integrating equation  we obtain an expression for dislocation density as a function of :

[bookmark: ZEqnNum537389]	 	
Combining this with equation  we obtain the Voce law [35] (representative of deformation stage III): 
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where  is the saturation stress and is the characteristic strain related to the initial hardening rate:


[bookmark: ZEqnNum516098]	,              	
Then, the stress-strain relationship becomes:

[bookmark: ZEqnNum224852]	 	
By matching equations  and  we find the link between parameters of the Voce equation and the Kocks-Mecking model:

	 	


As proposed in [29],  is constant, whereas  accounts for the fact that dislocation recovery is a thermally activated process [36], introducing the temperature- and rate-sensitivity of the material:

[bookmark: ZEqnNum311662]	 	




Here ,  and  are constants. The dislocation annihilation parameterized by  becomes more significant at higher temperatures.
[bookmark: _Toc14026864][bookmark: _Toc19674912][bookmark: _Toc19756299]Finite element simulation of tensile test beyond the onset of deformation instability
The strain hardening law described above was implemented in the form of a UHARD, a user-defined subroutine for the commercial FE solver Abaqus. Both elasticity and plasticity were assumed isotropic (J2 hardening model). 
We performed displacement-controlled FE simulations of the tensile tests with the help of Abaqus 6.17-1. The force applied to the sample in the axial direction and the sample elongation were recorded and recalculated into engineering SSCs. The sample geometry shown in Figure 1 represents the experimental specimen with the gauge length 5.2 mm and cross-section dimensions 1.6×1.8 mm2. The sample was meshed into about 3100 second-order tetrahedral elements varying in size from 0.2 mm in the gauge centre to 2.0 mm in the grips with the help of Gmsh software [37]. The central cross-section of the mesh was tapered by 1 m in both perpendicular directions to ensure the neck formation in the gauge, as it is widely used in FEA of tensile tests, usually measuring 10-4–10-3 of the sample thickness [10,20,38]. An example of von Mises stress distribution in the sample is shown by colours in Figure 1b. The snapshot was taken at the initiation of plastic instability, when the stress field in the specimen gauge had become non-uniform.
[image: ]
[bookmark: _Ref11594552][bookmark: _Toc18075360][bookmark: _Toc19756386]Figure 1. A tensile sample mesh used in FE analysis a) in the non-deformed state; b) at the onset of deformation instability. Colours represent the von Mises stress, ranging from 0 (in the grips) to 400 MPa (in the centre).
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The best set of material parameters was determined by applying an IFEA optimisation algorithm (based on the Nelder-Mead method or “downhill simplex method” [39]) to the whole available set of tensile SSC of IGP W obtained at various strain rates and temperatures. The difference between the simulation prediction and the experimental results (target) was quantified as an objective function whose minimum had to be found.
The algorithm operated in a multidimensional parameter space, and, being a direct search method, did not require the calculation of the objective function derivatives (contrary to the steepest descent method and other gradient methods). As will be shown further, the objective function involved calling an external software (a finite element solver). Thus, the calculation of the objective function derivative was impossible.
A simplex is a generalisation of a polyhedron in an n-dimensional space with n+1 vertices and is formed in the n-dimensional parameter space in the optimization problem. The search begins from a predefined initial point in that space. The algorithm evaluates the objective function at every vertex, and extrapolates its behaviour in order to replace the “worst” vertex (where the objective function value is the largest) with a new one, forming a new simplex. Then the process is repeated in a loop until the objective function minimum is found, corresponding to the best possible match between the experimental data and simulation results.












The iterative algorithm was written in language R with the help of the “neldermead” package [40] and implemented as a shell, which combines the input-output interface, the objective function calculation and the call to the downhill simplex method. The algorithm flowchart is shown in Figure 2. It received a set of N experimental engineering SSCs (the target) and an initial guess of the hardening law parameter set, which formed a point in the 6- dimensional parameter space (     ). The final parameter set (     ) obtained at the end of the search yielded the sought constitutive law, which provided the closest match between the simulated and experimental engineering SSCs.
[image: C:\Users\azinovev\Documents\SCK-CEN\Drafts\2019_10 Papers after the thesis\Chapter 2\pic\Search of multiple curves simultaneously.png]
[bookmark: _Ref11773216][bookmark: _Toc18075361][bookmark: _Toc19756387]Figure 2. Flowchart of the iterative algorithm for the hardening law fitting to multiple stress-strain curves simultaneously.
Every evaluation of the objective function involved launching N simulations of tensile test in Abaqus with the mesh shown in Figure 1 and the hardening law discussed above. It has to be noted that the simulated engineering SSCs tended to deviate from the target ones beyond certain strain even in the last iterations of the algorithm. That is why the range of strain for the objective function evaluation was capped at 24%–40% (identified for each curve individually depending on temperature), which was nevertheless much larger than the uniform elongation, summarized in Figure 6b. Besides, if an engineering SSC featured a yield drop, then only the part beyond it was taken as the target curve, given that the hardening law is only applicable to monotonically increasing true stress.




The objective function  was calculated as the sum of squares of differences between the engineering stress , obtained in a simulation iteration, and the target engineering stress (obtained experimentally) plus the sum of squares of differences between their derivatives with respect to engineering strain (i.e. stress-strain slope ), according to equation . The derivatives were calculated with the finite difference method. A weight coefficient  = 5·10−3 had to be introduced to balance the contribution of both quantities to the total value of the objective function. 

[bookmark: ZEqnNum112589]		
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[bookmark: _Ref11792036][bookmark: _Toc18075362][bookmark: _Toc19756388]Figure 3. Illustration for the evaluation of the objective function. The sum of squares of differences is calculated at a discrete set of strain values, marked with circles. Both the engineering stress (a) and the stress-strain slope (b) contribute to the total value of the objective function. The arrows indicate the way to reduce the objective function, by closing the gap between the simulation result and the target.
Figure 3 illustrates the objective function calculation for a single SSC from the two terms. As mentioned above, only the part of the experimental SSC indicated with the solid line is used for the search. The dashed line shows the complete experimental SSC for clarity. The mismatch was evaluated at a set of P discrete points highlighted with circles and separated by strain spacing, whose optimal value was found to be 2%.
Figure 4 demonstrates the evolution of the input true SSCs (a) and the corresponding output engineering SSCs compared with the target one (b) in a few iterations of the search process for a single combination of temperature and strain rate. The change of shape of the input SSC was due to the change of the parameter set of the hardening law from iteration to iteration, guided, in turn, by the downhill simplex algorithm. The corresponding engineering SSC might occasionally deviate from the target when the simplex algorithm substitutes the “worst” vertex with a “not-so-good” one; such directions of search in the parameter space were discarded. At certain iteration (300th in this case) the simulation returned an engineering SSC perfectly matching the target one within defined range of strain, and the algorithm stopped.
	a) [image: C:\Users\azinovev\Documents\SCK-CEN\Drafts\2019_10 Papers after the thesis\Chapter 2\pic\True stress-strain in iterative algorithm shifted.png]
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[bookmark: _Ref11856456][bookmark: _Toc18075363][bookmark: _Toc19756389]Figure 4. The evolution of (a) input true SSCs, (b) output engineering SSCs in several iterations of the IFEA.
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[bookmark: _Toc14026869][bookmark: _Toc19674915][bookmark: _Toc19756304]Experimental tensile tests
The hardening law parameterisation was based on tensile tests of IGP W carried out at SCK CEN (Belgium) in the temperature range 250–600 °C and strain rates 6·10−5–6·10-3 s−1. The temperature range corresponds to low temperature application window for tungsten as divertor material in ITER. At higher temperatures, experimental tensile tests are more difficult to carry out as they require heat-resistant equipment and measures against rapid oxidation of samples, such as reduction environment. The material was not subjected to neutron irradiation and was tested in the as-received state after fabrication (hammering and stress relieving at 1000 °C). Part of the experimental results was reported in Refs. [6,12].
[image: C:\Users\azinovev\Documents\SCK-CEN\Drafts\2019_10 Papers after the thesis\Chapter 2\pic\Engineering stress-strain with highlighted uniform deformation IGP.png]
[bookmark: _Ref11747175][bookmark: _Toc18075364][bookmark: _Toc19756390]Figure 5. Engineering stress-strain curves of IGP W. Solid lines highlight the range of uniform deformation.
Experimentally obtained engineering stress-strain curves are shown in Figure 5 with dashed lines. The solid lines highlight the uniform deformation range in which the standard approach to obtain true stress and strain can be applied, necessitating the use of an alternative, advanced IFEA algorithm to parameterize the hardening law from the rest of the curve.
The values of yield stress and ultimate tensile strength as well as uniform and total elongation of IGP W are summarized in Figure 6. This tungsten grade has a large total elongation even at 250 °C and high yield stress, in the range 500–700 MPa.
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[bookmark: _Ref12707742][bookmark: _Toc18075366][bookmark: _Toc19756392]Figure 6. a) Yield stress and ultimate tensile strength as well as b) uniform elongation and total elongation of IGP W tested at 6·10−4 s−1.
[bookmark: _Toc14026870][bookmark: _Toc19674916][bookmark: _Toc19756305]Inverse finite element analysis
The parameters describing the evolution of the yield stress as a function of temperature and strain rate (equation ) were fitted before considering the strain hardening. Following [41], the values of p and q were fixed at 0.5 and 1.5, respectively. The other parameters, identified with the help of a non-linear least-squares optimisation method, are summarised in Table 1. A comparison of the experimentally measured yield stress values and the predicted ones is shown in Figure 7 for three different strain rates. 
[bookmark: _Ref12800431][bookmark: _Toc19538112][bookmark: _Toc19547069][bookmark: _Toc19547144][bookmark: _Toc19610932][bookmark: _Toc19756455]Table 1. Set of parameters reproducing the yield stress of IGP W.
	
, MPa
	
, K
	
, s−1
	
, MPa
	p
	q

	2886
	1.91·104
	2.8·107
	495
	0.5
	1.5
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[bookmark: _Ref12800846][bookmark: _Toc18075368][bookmark: _Toc19756393]Figure 7. The best fit of equation  to the yield stress of IGP W at different temperatures and strain rates.


In order to find the strain hardening parameters, the IFEA of the tensile test results utilising the iterative algorithm discussed above was applied to  = 14 experimental engineering SSCs. The initial parameter set, i.e. the starting point for the search, was preliminary estimated based on the typical order of magnitude of the quantities involved in equations –. The initial dislocation density  was set equal to 4.5·1012 m− 2, as measured by TEM [42].
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[bookmark: _Ref11855350][bookmark: _Toc18075369][bookmark: _Toc19756394]Figure 8. True stress-strain curves of IGP W obtained with the help of IFEA of tensile tests.
The finally obtained true SSCs of all the tested samples of IGP W are summarised in Figure 8. Note that the final plastic strain reached values of 0.8–1.0, corresponding to localized plastic strain in the thinnest cross-section of a sample, i.e. in the necking region. 
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[bookmark: _Ref11907317][bookmark: _Toc18075370][bookmark: _Toc19756395]Figure 9. Engineering stress-strain curves obtained in the last iteration of the IFEA of tensile test of IGP W, compared to the experimental data.
The accuracy of the theoretical constitutive law of IGP W can be checked by comparing the engineering SSCs in the last iteration of the IFEA in Figure 9. Despite capping the range of strain for the curve fitting, as mentioned above, a perfect match was achieved for all the SSCs in the whole tested range of temperature and strain rate covering the mechanical response of IGP W after the onset of deformation instability. The corresponding plasticity model parameters found in the IFEA are summarised in Table 2.
[bookmark: _Ref12803814][bookmark: _Toc19538113][bookmark: _Toc19547070][bookmark: _Toc19547145][bookmark: _Toc19610933][bookmark: _Toc19756456]Table 2. The fitted parameters of the hardening law for IGP W.
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	4.38·10-4 
	≈0
	1.17·10-4
	0.348 
	5.1·107 
	2.64·106 
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Discussion










The motivation to perform IFEA on a whole set of experimental stress-strain curves of a given material at once is to ensure that the temperature- and strain rate-dependent plasticity parameters follow the theoretically defined trends. The material constitutive behaviour at any selected combination of temperature and strain rate can be described with the Voce equation  and three temperature- and rate-sensitive Voce parameters (, , ).  is calculated in equation , and two others are obtained in equations  knowing the best set of parameters (, , , , , ) found. 


The characteristic strain  and the saturation stress  calculated in this way are shown with filled circles as functions of temperature in Figure 10 (a) and (b) correspondingly. Both quantities clearly follow the theoretically prescribed trends, and can be extrapolated to higher temperature and strain rate, relevant for the operational conditions expected in ITER. From a practical viewpoint, the model should in any case be most accurate in the conditions favouring damage development in the material, which does not take place at the highest operational temperature attained at the divertor surface. 


Note that the Voce equation is applied here to a material with low uniform strain and large fracture strain, which implies that the Considère criterion is fulfilled much before reaching the saturation stress. Consequently, both  and  are larger than in materials with a relatively high uniform elongation, resulting in steep true stress-strain curves with low curvature, as seen in Figure 8.






The proposed optimization algorithm was also applied in a more conventional way of IFEA: to extract constitutive laws from individual engineering SSCs searching for the best set of the Voce parameters (, , ) per curve ( = 1 in equation  and Figure 2). In this case, computational time was reduced and the match between the experimental and simulated curves was significantly improved compared to Figure 9. Given this improvement, one would expect that the corresponding Voce equation parameters could reveal material’s sensitivity trends, if plotted against temperature and strain rate. The two parameters obtained in this way ( and ) are added to Figure 10 (a) and (b) with open circles. However, no clear trend is observed for neither quantity; the values are quite scattered and even increase around 600 °C, whereas a monotonic decrease is expected according to the used hardening law. Thus, this approach does not have predictive power: the results cannot be extrapolated to higher temperature and strain rate. 




Another noticeable feature is the correlation between  and . It indicates that the Voce equation is less sensitive to simultaneous proportional change of the two parameters, as compared to their separate variation, especially considering the fact that the simulation involves merely a part of the input Voce curve, limited up to true strain ~1. Repetitions of IFEA of an individual engineering SSC with slightly different initial parameter set would result in many pairs of (, ) which keep the same ratio and are located close to each other. These pairs describe true SSCs which nearly superimpose up to the ceiling of true strain ~1, but diverge afterwards. Effectively it leads to quite large vertical error bars in Figure 10 for open circles.
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[bookmark: _Ref52283784]Figure 10. The Voce parameters as functions of temperature, obtained in the IFEA of individual (open circles) or multiple (solid circles) experimental SSCs: (a)  and (b) .
[bookmark: _Toc14026880][bookmark: _Toc19674921][bookmark: _Toc19756315]Strain rate expected at the surface of divertor PFCs in ITER during operation exceeds the typical values used in tensile experiments by orders of magnitude. The hardening law of IGP W cannot be parameterised for such high strain rate deformation, since the tensile tests were performed at strain rate up to 10−5–10−3 s−1. However, an insight into strain rate sensitivity of W at high rates can be gained from mechanical tests of another tungsten grade, an extruded rod from Teledyne Firth-Sterling [43]. The experiments included quasi-static compression (10−3–100 s−1), compression Kolsky bar tests (103–104 s−1) and pressure-shear plate impact tests (104–105 s−1). The value of true stress recorded at 4% of true strain was used as an indicator of rate sensitivity and it showed a linear dependency on the logarithm of strain rate up to ~102 s−1. Here, as well as in a previous paper [31], the authors assumed that the stress response of other tungsten grades measured at low strain rate might as well be extrapolated to higher rates, including 8 s−1 expected in the divertor monoblocks exposed to ELMs. [8]. 
Prior to concluding, we should give a warning regarding the applicability of the reported hardening law in general terms. Based on the analysis performed, we can state that the derivation of a single set of parameters describing plastic deformation in both stress-relieved W (i.e. textured material with elongated grains, multiple sub-grains and high dislocation density) and recrystallized W (large equiaxial grain and low dislocation density material, for which a constitutive law was developed in [31]) could not be achieved. Possibly, the physical reason for this shortcoming comes from physically different evolution of plastic deformation governed by the interaction of dislocations with high angle GBs (in recrystallized material) and with low angle GBs (in stress-relieved material). Indeed, the formation of dislocation pile-ups ahead of GBs up to large extend controls the work hardening and saturation stress, and is the precursor of crack initiation in pure polycrystalline metals, in general. As of today, very little is practically known about these mechanisms in tungsten to construct a robust model. In another paper [recently submitted to JNM and being under revision], however, one set of parameters could characterise the hardening law in both W grades, but only in a limited range of strain. We suppose that it was possible thanks to the incorporation of kinematic hardening in the model, i.e. the backstresses emerging due to dislocation pile-ups at GBs. It makes the model attractive for simulation of cyclic deformation caused by cyclic thermal loads. This feature was not deemed necessary in the present research, since here we focused on the extraction of constitutive law from tensile tests at large strains beyond uniform elongation.

Conclusions
We parameterised a hardening law of uniaxial tension of a commercial grade of tungsten (fabricated according to ITER specification), relying on available experimental data from tensile tests performed at 250–600 °C and strain rates 6·10−5–6·10−3 s−1. The Kocks-Mecking dislocation-mediated plasticity model, in which the dislocation density evolution is affected by temperature and strain rate, was used for the parameterisation and was found suitable for the description of the plastic deformation of the ITER specification tungsten. 
Numerical optimisation with the help of IFEA was used to fit the hardening law, allowing us to expand the range of strain, available for the constitutive law parameterisation, beyond the onset of deformation instability.
The theoretically prescribed trends of temperature- and strain rate-sensitivity of the material were respected by the application of the IFEA to multiple experimental curves at once, which substantiate its robustness. Thus, extrapolation of the obtained constitutive law to the range of the fusion-relevant temperatures (up to 1000 °C) and strain rate (up to 10–100 s−1) was demonstrated to be possible. On the contrary, the application of the IFEA to individual tensile curves was unable to grasp those trends.
[bookmark: _GoBack]The developed hardening law can be directly used to simulate plastic deformation by commercially available FEM solvers in the frame of J2-plasticity model to assess the stress state attained in tungsten monoblocks exposed to thermo-mechanical loads. The same functional as applied here can also be implemented in the crystal plasticity framework for the stress state assessment at the grain level, or it can be exploited to derive the constitutive law of materials exposed to neutron irradiation, which is known to provoke early necking and plastic flow instability, in general.
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