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Abstract

We compute the multiplicative constant in the large gap asymptotics of the Meijer-G point
process. This point process generalizes the Bessel point process and appears at the hard edge of
Cauchy-Laguerre multi-matrix models and of certain product random matrix ensembles.

1 Introduction and main results

The Meijer-G point process is a determinantal point process whose kernel is built out of Meijer G-
functions. It appears in the study of the smallest squared singular values of certain product random
matrices [32, 28] and in Cauchy multi-matrix models [11, 7] in the limit of large matrix dimension (see
below for more details). Of particular interest is the distribution of the smallest particle, or equivalently,
the probability of finding no particle in the interval [0, s], s > 0. In some particular cases, this distribution
is related to a system of partial differential equations [37, 36]. In this work, we are interested in the
tail behavior of this distribution as s — 400, known as the large gap asymptotics. The study of such
asymptotics was initiated in [16], where the first two terms in the asymptotic expansion were found,
and then pursued in [15], where the third term was obtained. The purpose of this paper is to obtain an
explicit expression for the next term in the expansion, which is the multiplicative constant.

Meijer-G point process. Given m,n,q,p € N=1{0,1,2,...} and a1,...,ap,b1,...,b, € C such that
0<m<yq, 0<n<p and ar—0b;#1,2,3,... foralll<k<n, and1<j <m,

the Meijer G-function is defined by [34, Eq. 16.17.1]
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where 2z € C and 2* = |z|'e!*8* with argz € (—7, 7). The integration contour L separates the poles of
I'(b;—t),j=1,...,m, from those of I'(1 —a; +t), j = 1,...,n. Furthermore, L is unbounded, oriented
upwards, and goes to oo in sectors of the complex plane such that the integral in (1.1) converges. For
example, we can choose L as follows:

o If |argz| < §(2m +2n — ¢ — p), then L can be chosen to start at —ico and end at +ioo.
e If ¢ > p, then L can be a loop starting and ending at +ooc.
e If ¢ < p, then L can be a loop starting and ending at —oo.

Let 7 > ¢ > 0 be fixed integers and let
VtyoooyUpy 1y e e ey g > —1. (1.2)

The Meijer-G point process is a determinantal point process on R™ = (0, +00) whose kernel is given by
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Figure 1: The contours v and 4, and Vpmin = min{vr, ..., vp, p, ..., tq}-

The kernel (1.3) can equivalently be written as [16, Eq. (1.14) and Proposition A.2]

dv F(u) x~4yv~1
14
K(z,9) /27T’L/27TZFU v—u (1.4)

where F' is given in terms of the Gamma function I' by
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The contours v and 7 in (1.4) are disjoint, oriented upwards, and tend to infinity in sectors lying strictly
in the left and right half-planes, respectively. Furthermore, they separate the poles of I'(z) from the
poles of [[1_; T(1 4+ p; — 2) [Tj=, T(1 + v — 2), see Figure 1.

The Meijer-G point process generalizes in a natural way the Bessel point process, which is the point
process most commonly encountered at hard edges for random matrix ensembles. In fact, if ¢ =0, r =1
and v, = v > —1, then the kernel (1.3) can be written as (see e.g. [32, Section 5.3])
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where Kpg, is the kernel of the Bessel point process
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and J, is the Bessel function of the first kind of order v.

KBc(x, y) =

Gap probability. We consider the probability to observe a gap on [0, s] in the Meijer-G point process.
It follows from the general theory of determinantal point processes [35] that this probability can be
written as a Fredholm determinant:

P(gap on [0, s]) = det (1 — K’[o,s])' (1.8)

It is well-known [37] that the distribution of the smallest particle in the Bessel point process (which
corresponds to (1.8) with ¢ = 0 and r = 1) is naturally expressed in terms of the solution of a Painlevé
V equation. For ¢ = 0, r > 2 and integer values of v1,...,v,, the Fredholm determinant (1.8) is instead
related to a more involved system of partial differential equations [36].



Large gap asymptotics. Asymptotics for (1.8) as s — +oo are referred to as large gap asymptotics.
For the Bessel point process, these asymptotics are known and given by:

G(1+v)
(27m)%
where G denotes Barnes’ G-function and K is as in (1.6). The asymptotics (1.9) were first conjectured
by Tracy and Widom in [37], then proved by Ehrhardt [25] for all complex values of v in the strip

—1 < Rev < 1, and finally proved by Deift, Krasovsky and Vasilevska [17] for —1 < Rev. Note that,
because of the rescaling (1.6), the left-hand-side in (1.9) is equal to det (1 — Kgeljo,4s])-

2
det (1 —Kljp,5) = exp < — 5425 — VZ In(4s) + 0(5_1/2)>, as s = 400, (1.9)

The study of the large gap asymptotics of the Meijer-G point process (for general real values of the
parameters) has been initiated by Claeys, Girotti and Stivigny in [16]. They proved that there exist real
constants p, a, b, ¢ and C such that

det (1 —Kljo,4)) :C’exp(—a52”+bs”+cln5+0(s*p)>, as s — 400, (1.10)
and derived the following explicit expressions for p, a and b:!
1—r+q
1 (r—aq)(r—q+1)?
= — = 1.11
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These asymptotics have been extended to all orders in [15], where it was shown that, for any N € N|
there exist constants C1,...,Cx € R such that

N
det (1 — K|[o,s]) = Cexp ( as® 4+ bs” + clns + Zstfjp + O(S(N+1)p)>, as s — foo. (1.13)

Jj=1

Furthermore, the following explicit expression for ¢ was obtained (see [15, Remark 5.2]):
r—q—1 1 : 1
2 2
= - . — . 1.14
‘T Rr-qt1) 2(rq+1)(;1”ﬂ ;;Mk) (1.14)

Note that C' is a multiplicative constant in (1.13), which means that there is no precise description of
the large gap asymptotics without its explicit expression.

The problem of determining multiplicative constants in the asymptotics of Toeplitz, Hankel, and
Fredholm determinants is a notoriously difficult problem with a long history. The first constant factor
problem was solved in Onsager’s 1948 computation for the spontaneous magnetization of the square-
lattice Ising model (see [5, 6] or Yang’s publication [39] on the same subject). The constant in the gap
expansion of the sine kernel is known as the Dyson or Widom—Dyson constant (see e.g. [21, 24]); its
occurrence in the asymptotic expansion was first established in 1973 by des Cloizeaux and Mehta [22],
and its value was first determined (non-rigorously) by Dyson [23] building on earlier work of Widom
[38]. Three different rigorous derivations of the Dyson constant were eventually presented in relatively
rapid succession starting with the derivation by Krasovsky [29] in 2004, followed by the derivations in
[24] and [21]; these results also apply to certain related Toeplitz determinants. Pioneering works where
multiplicative constants are found for other determinants include [19, 4] for the Airy Fredholm determi-
nant, [25, 17] for the Bessel Fredholm determinant, and [30, 20] for Hankel and Toeplitz determinants
with Fisher-Hartwig singularities.

In this paper, we derive an explicit expression for the constant C' in (1.13) for general values of the
parameters. The exact expression of C' combined with (1.11), (1.12) and (1.14) allows for an accurate
description of the large gap asymptotics, in the sense that the ratio

det (1 — K|[073])
Cexp(—as?’ + bs? + cln s)

tends to 1 as s — +00. The following theorem is our main result.

IThree point processes were considered in [16], and the corresponding quantities were denoted with an upperscript (5),
j =1,2,3. The coeflicients (1.11)-(1.12) correspond to [16, Theorem 1.2] with j = 2.



Theorem 1.1 (Explicit expression for the constant C). Let r > ¢ > 0 be fized integers and let
Vl,eo oy Upy 1, ..., g > —1. The constant C that appears in the asymptotic formula (1.10) is given

by
I, GO+ [T, 20
je1 G(L+ ) [T (27)
l+7r—qg—(r—9q) -2+ (r—q?(r—qg-1)
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1<j<k<r 1<j<k<q

exp{(1-r+q)¢'(-1)}
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where G denotes Barnes’ G-function and ¢'(—1) the derivative of Riemann’s zeta function evaluated at
—1.

The proof of Theorem 1.1 will be given in Section 6 after considerable preparations have been carried
out in Sections 2-5.

The value of C' was previously known for some very particular choices of the parameters. In Section
1.2, we recall these expressions and show that Theorem 1.1 is consistent with them. At the end of Section
1.2, we also provide some numerical checks of Theorem 1.1 for certain values of the parameters.

1.1 Applications in random matrix theory

The Meijer-G point process appears at the hard edge scaling limit of several random matrix ensembles
as the size of the matrices becomes large. In what follows, we explain how Theorem 1.1, combined with
the results of [16, 15], can be used to obtain information on the large gap asymptotics at the hard edge
for these models.

The Cauchy—Laguerre multi-matrix model. The Cauchy two-matrix model has been introduced
in [10] and is a model for two positive definite Hermitian matrices coupled in a chain. The probability
density function is defined over all pairs (M7, Ms) of two n X n positive definite Hermitian matrices, and
it takes the form

1 det(M;)* det(Ma)*
Zn det(M1 + Mg)n

e~ Tr(Vi(MO)+Va(M2)) g v py d M, (1.16)

where Z,, is the normalization constant, the two scalar potentials Vi (x), Va(x) grow sufficiently fast as
x — +00, and the parameters a; and as satisfy a; > —1, as > —1, and a1 + ag > —1. The eigenvalues
T1,...,T, of My together with the eigenvalues y1,...,y, of My form a two-level determinantal point
process. The Meijer-G kernel (1.3) was first discovered by Bertola, Gekhtman and Szmigielski in [11],
where they considered the special case of V;(z) = Va(z) = z, known as the Cauchy-Laguerre two-matrix
model. If we consider the point process involving only the eigenvalues of M, the associated limiting
kernel as n — 400 in the hard edge scaling limit, denoted by Goy in [11], is given by (£)**K(z,y), where
K is given by (1.3) with r =2, ¢ =0, vy1 = a1 + as and vy = ;. Letting xyi, = mln{xl, ceyTn}, We
have (see [16, Appendix])

nll}r}_loop(.rmm > ) det (1 — K‘[O’SQ, (1.17)
and we can obtain the tail behavior as s — +00 up to and including the constant for the right-hand-side
of (1.17) by combining (1.13), (1.11), (1.12), (1.14) and (1.15) with »r = 2, ¢ = 0, v; = @1 + a2 and
Vo = (7.



The Cauchy two-matrix model has been generalized to an arbitrary number r of matrices in [7], and
similar results have been obtained at the hard edge as in the case of two matrices. Large gap asymptotics
up to and including the constant can also be obtained using (1.11), (1.12), (1.14) and Theorem 1.1, with
q = 0 but general values of r, v1,...,v,.

Products of Ginibre matrices. A complex Ginibre matrix is a random matrix whose entries are
independent and identically distributed complex Gaussian variables. Let Gi,..., G, be independent
complex standard Ginibre matrices of size (n + v;) X (n + v;_1), where vy = 0 and vy,...,v, are
non-negative integers, and consider the product G, ---G;. If r = 1, the squared singular values are
well-studied and behave statistically as the eigenvalues of the Laguerre Unitary Ensemble, which are
distributed according to a determinantal point process whose limiting kernel as n — 400 in the hard
edge scaling limit is given by the Bessel kernel (1.7) with v = v;. For general r > 2, it is known from
Akemann, Kieburg and Wei [3] that the squared singular values of G, - - - G still form a determinantal
point process, and from Kuijlaars and Zhang [32] that the limiting kernel in the hard edge scaling limit
is the Meijer-G kernel (1.3) with ¢ = 0 (see also [2] for a detailed overview). If i, denotes the smallest
squared singular value of G,.--- Gy, then the limit (1.17) holds, and we can obtain the tail behavior as
s — 400 up to and including the constant for the right-hand-side of (1.17) by combining (1.13), (1.11),
(1.12), (1.14) and (1.15), and setting ¢ = 0.

Products of truncated unitary matrices. Let Uy,..., U, be r independent Haar distributed unitary
matrices of size {1 x {1, ..., 0, x{,, respectively, and let T; be the upper left (n+v;) x (n+v;_1) truncation
of U;, j =1,...,r. The parameters ¢1,. .., ¢, are positive integers, vy = 0 and v, ..., v, are non-negative
integers. Furthermore, assume that ¢; > 2n+v; and ¢; > n+v;+1 for j > 2. The squared singular values
of the product T, --- T} behave statistically as a determinantal point process [28]. Taking n — +o0, we
simultaneously have to let £; = 400 for j = 1,...,r. We choose a subset J of indices

J={j1,...,dqt C{2,...,7}, with0<g=|J|<r

and integers p1, ..., g with g > v + 1, and assume that
lj —n — 400, for je{1,...,r}\ J,
4, —n = g, for j, € J.

Let @min denote the smallest squared singular value of 7). - - - T;. It follows from [28, Theorem 2.8] and
[16, Appendix] that

' S _ i - -
ngrfw P(Zmin > =) = det (1-Klo,9)- with ¢, =n I;IJ(EJ n), (1.18)
J

and as in (1.17) we can obtain asymptotics as s — +oo for (1.18) up to and including the constant by
combining (1.13), (1.11), (1.12), (1.14) and (1.15). Note that in the above two models of product random
matrices, we only need to utilize Theorem 1.1 for integer values of the parameters.

1.2 Consistency checks of Theorem 1.1 and numerical confirmations

We provide three different consistency checks of Theorem 1.1; the first two verify consistency with
known results in the literature for special choices of the parameters (for the constants p, a, b and ¢, these
checks were already carried out in [16, 15]), while the third verifies consistency under the transformation

(ryq) = (r+1,q+ 1) whenever v,11 = pgy1. For ease of explanation, we sometimes indicate the
dependence of p, a, b, ¢, C on the parameters r, v1,...,v, ¢ and p1,..., [ty explicitly, e.g. for C we
write

C((T, Vi, .. '71/7“)’ (q7M17 CIIR 7Mq))'

We also provide numerical confirmations of Theorem 1.1 at the end of this section.



Consistency with the large gap asymptotics of the Bessel point process. Since our proof
of Theorem 1.1 uses the asymptotic formula (1.9) for the Bessel kernel determinant, see Section 1.3,
our work does not provide an independent derivation of the constant factor in (1.9); nevertheless, it is
instructive to verify that Theorem 1.1 is consistent with (1.9). We verify from (1.11), (1.12), (1.14) and
(1.15) that

p((152),(0:5)) =5, a((iw),(0-)) =1, b((15w),(0;5)) = 2w, e((1;%),(0;-)) = =

and

which is indeed consistent with (1.9).

Consistency with known results for the Muttalib—Borodin ensembles. The Muttalib—Borodin
ensembles [33] with a Laguerre weight are joint probability density functions of the form

1 n
— H (x), — x;) (28 — xf) H zie "dxj, (1.19)
" 1<j<k<n j=1
where the n points z1,...,x, belong to the interval [0, +00), Z, is a normalization constant and § > 0

and a > —1 are two parameters of the model. These points behave statistically as a determinantal point
process whose hard edge limiting kernel KM®B can be written in terms of Wright’s generalized Bessel
functions [14]. The corresponding large gap asymptotics are of the form [106]

det (1 _ KMBHO,S]) — CMB exp ( _ gMBg2oMP L pMB pME L MB o O(S_pMB))7 as 5 5 +oo.

The constants pMB, aMB and bMB have been obtained in [16], and ¢MB and CMB in [15]. For ¢ = 0 and
certain particular choices of the parameters r, v1,...,v., o and 6, the kernels K and KMP define the
same point process (up to rescaling), see [31, Theorem 5.1]. More precisely, if » > 1 is an integer, o > —1
and

1 i1
g=- J
.

, vi=a+——, j=1,...,m (1.20)
r
then the kernels K and KMB are related by

«
(x) K(z,y) = r"KMB (2, r"y).
Y
Therefore, if the parameters satisfy (1.20), we obtain the following relations:

p=pMB, a = aMBr?rr, b= bMBpre, c=cMB, (1.21)

C =rrecMB, (1.22)

The relations (1.21) were already verified in [15, Remark 5.2], and we now verify that (1.22) holds. Let
us explicitly write the dependence of CM®B on # and a. From [15, Theorem 1.1], we have

CYE(0,a) = Cw exp (d(1,a) — d(6, a)) exp (240‘(0‘ i 2;; f;) 8040 e)
e (6a9 e Eg) —O= D 9)> ) (1.23)

where d(0, «) is a regularized sum, see [15, Eq. (1.12)]. If € is rational, it follows from [15, Proposition
1.4] that d(f, ) can be expressed in terms of ¢'(—1) and Barnes’ G-function evaluated at certain points.



By specializing [15, Proposition 1.4] for § = 1, we obtain

r?

14+ (142 1 1
d(y.a) =r¢(=1) + Hf—i_a)rln@ﬂ) 12 <3+ - +7r+6a(l +r+ar)) Inr
T
- k
_ZIHG<1+0+T)- (1.24)
k=1

Substituting (1.24) into (1.23) with § = 1, we obtain after a direct computation that

r?

G+ ), G(1+a+k
rrcCMB<%7a) _ ( )H]—l (r71+2m 7‘) eXp{(l _ T)C/(_D}’
G2+ a)(2m) 1
1—7(5+12a) + 2r%(1 + 6 + 6a2)
X exp Inr
24(1+7)
{ 1—2r(1+ 3a) +r%(1 + 6a + 6a?)
XX T 12r

In(1 + 7")} . (1.25)
On the other hand, by substituting the particular values of v; given by (1.20) into (1.15), another long

but straightforward computation shows that

C((r;a,a—k%,...,a—k Tﬁl),(O,—))

r

is also given by the right-hand-side of (1.25), which proves (1.22).

Poles-zeros cancellation. If one increases simultaneously r and ¢ by 1, with v, 1 and p441 such that
Vrg1 = [lg+1, it is easy to see from (1.5) that F' (and henceforth the kernel K) remains unchanged. We
verify directly from (1.15) that

C((T—’_ 1;V17"'7V’I“3V’r‘+1)’(q+ 1;ﬂ17"',/~Lq7VT+1)) = C((T;Vl,'“;VT)v(q;/j'lv"'a;u'q))a

which is consistent with this observation.
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Figure 2: Numerical confirmations of Theorem 1.1.

Numerical confirmations. The all-order expansion (1.13) implies in particular that the function
5+ sp(lndet (1 —Klp,5) — { —as® +bs” +clns + lnCD (1.26)

converges to a constant C; as s — +o00. Figure 2 shows the graph of the function (1.26) in the following
two cases:

Left: r=3, ¢=2, vy =131, v,=215 wv3=3.19, pu; =187, puy=2.61,
Right: r=4, ¢g=1, v =131, v, =215, vr3=2.61, vy=3.19, pu; =1.87,

which correspond to the coefficients
Left: p ==, a=1, b=4.34, c~ —1.551, InC ~ —2.963,

~ 12.97, ¢~ —2.437, InC ~ —10.097.

Y a =

=N

4
Right: p= —,
V3



For these two choices of the parameters, we observe in Figure 2 that the function (1.26) seems indeed to
converge to a constant as s — +o00. These observations support the validity of (1.11), (1.12), (1.14) and
Theorem 1.1, and even slightly more than that, since they also suggest that the first error term in the
large s asymptotics of Indet (1 —K]j0,5]) is of order s7, which is consistent with (1.13). It also follows

from (1.13) that
C(s) := det (1 — 1K|[Ovs])\e_(_‘wz‘”“l”“““I1 9 - O, as § — +00.

We collect here the numerical values of In C' and In C (s) for five choices of the parameters.

InC InC(s) parameters

~ —2.96 ~ —3.03 r=3,q=2, v1 =131, v, =215, v3=3.19, pu; = 1.87, pus = 2.61, s =18
~ —10.097 | = —10.226 | r =4, g =1, v; = 1.31, vy = 2.15, v3 = 2.61, vy = 3.19, uy = 1.87,5 =120
~—4877 |~ —-4863 |r=4,q=1, 11 =009, vy =117 v3 =144, vy =177, py =1.29,s =40
~—3.693 |~-3684 |r=3,qg=1,1v, =081, vo=145 v3=1.71, p; =1.17,5 =32

~-3919 |~-3972 |r=2,q=1, v, =121, v, =345, uy =1.87,s =30

These numerical checks have been made using the linear algebra package for Fredholm determinants of
Bornemann [13].

1.3 Outline of the proof

The expressions (1.11), (1.12) and (1.14) for the coefficients p, a, b and ¢, as well as the all-order expansion
(1.13), were obtained in [16, 15] via a method that we briefly explain here. There is a standard procedure,
named after Its, Izergin, Korepin and Slavnov (IIKS) [27], which expresses the logarithmic derivative?
of the Fredholm determinant of an integrable kernel in terms of the solution of a Riemann—Hilbert (RH)
problem. The kernel K given in (1.4) is not integrable (in general), but it was shown in [16] that the
ITKS procedure can still be applied (this fact is far from obvious—it is based on ideas from [8, 9] and
uses the Mellin transform, see [16] for details). Using the IIKS procedure, the authors of [16] were able
to express

OsIndet (1 — Ko, 1.27)
[0,5]

in terms of the solution Y of a 2 x 2 matrix Riemann-Hilbert (RH) problem. A Deift/Zhou [18] nonlinear
steepest descent analysis of this RH problem yields an all-order expansion of Y as s — 400 [16, 15],
and hence also of (1.27). The constants p, a, b and ¢ of (1.11), (1.12) and (1.14) were then obtained
after integrating in s the large s asymptotics of (1.27). However, with this method, C appears as an
integration constant, and therefore remains undetermined.

The considerations above show that the determination of C' is an essentially different problem than
finding the other constants in the large s asymptotics of det(1 — K] ). The general strategy of the
present work consists of using different, and more complicated, differential identities than (1.27). Similar
strategies were used in some of the works mentioned below (1.14), and also in [26, 12] (although in
[26, 12] the multiplicative constants were not determined).

As mentioned, we need to use different differential identities than (1.27) to evaluate C (i.e. differential
identities with respect to other parameters than s). The large gap asymptotics for the Bessel point process
is known up to and including the constant (see (1.9)), so the idea is to find a path in the set of parameters
T, q, Vi, Vp, [41,..., g which interpolates smoothly between the Bessel kernel and K. The existence
of such a path is a priori not clear, since the parameters r and ¢ are integers. The simple, but central
idea of this paper is to first set the parameters v1,...,v,, i1, ..., ftq associated to K equal to vpyin, where

7:u’l1}7

and “smooth” the product of Gamma functions in (1.5) by considering the following kernel:

du dv Fp(u) o~ %y*~!
K - [ &) ry
(@9) L 27i L 2mi Fp(v) v—u

2The derivative can be taken with respect to any given parameter of the associated kernel, as long as the kernel depends
smoothly on this parameter.

Vmin = min{vy, ..., Vp, i1, . . .

(1.28)




where r > 1 and v > —1 are real-valued parameters and

I'(z)

F.(z) = Tatv—2)

(1.29)

and where we choose the branch such that F,.(z) is analytic for z € C\ (—o0,0]. Starting with r» = 1
(note that K, reduces to the Bessel kernel for r = 1), we first increase r from 1 to » — ¢ and then
successively move each of the remaining parameters from vy, to its desired value. The process relies on
the successive integration of appropriate differential identities for the following quantities:

87’ In det (1 - KTl[O,s])7 (130)
Oy, Indet (1 =K ), £€{1,...,r}, (1.31)
Oy, Indet (1 - Klp), C€{1,....q}. (1.32)

More precisely, let us define K, ¢ € {0,1,...,r,r4+1,...,r+ ¢} by

K(z) _ {K'w+1—...—u7-—M1_m_Mq—umm7 if £ e {0» ST A 1}’ (1.33)

K|M(—’r~+1:---:ﬂq:”min7 if ¢ S {T, T+ q}

Note that K(®) = K,._,, where K,_, is defined by (1.28) (with r replaced by r — ¢ and v by Vi), and
K("+9) = K. By integrating successively (1.30), (1.31) and (1.32), we obtain

r—q
Indet (1 — Ky—gljo,5)) = Indet (1 — Kr—1]jo,5]) + / Oy Indet (1 — Ky |jo,5 ) dr’, (1.34)
1

vy
Indet (1 — K¥|j ) =Indet (1 - K Y| ) + Oy Indet (1 — Ko g)dvy, £=1,...,m,
He

Indet (1 — K" ) = Indet (1 — KO0 4) + Oy Indet (1= K0 g)dpp, £=1,....q.

Vmin

Since the large s asymptotics of In det (1 -K,—1 |[075]) are known up to and including the constant term,
see (1.9), this method allows us to obtain C' by keeping track of the term of order 1 in the identities
(1.34).

Remark 1.2. In this work, we focus on proving the expression (1.15) for C'. We could also have computed
the coefficients p, a, b and ¢ with the same method (this would have provided an alternative proof and
another consistency check for these constants), but these constants are already known [16, 15], and in
order to limit the complexity and length of the paper, we have decided to not pursue this direction.

1.4 Organization of the paper

By employing the ITKS procedure, we will express the quantities (1.30), (1.31) and (1.32) in terms of Y.
Since we use the same RH problem as in [16, 15], we can recycle some of the analysis of these papers.
We present the necessary material from [16, 15] in Section 2. In Section 3, we express the quantities
(1.30), (1.31) and (1.32) in terms of Y. Section 4 is devoted to the first differential identity (1.30).
More precisely, we compute the large s asymptotics of (1.30) up to and including the constant term
and then perform the integration with respect to 7’ in (1.34). In Section 5, we proceed similarly with
the differential identities with respect to v;, ¢ = 1,...,r and p;, j = 1,...q. The proof of Theorem 1.1 is
completed in Section 6.
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2 Background from [16, 15]

In this section we recall some results from [16, 15] that will be used throughout the paper. The notation
adopted in this paper is the same as in [15], and is also almost identical to the notation used in [16]. The
only difference with [16] is that the function denoted by G in this paper and in [15] is instead denoted
by G in [16]. In this paper, as well as in [15], G denotes Barnes’ G-function.?

We start by stating the RH problem for Y.

RH problem for YV
(a) Y :C\ (yU#) — C?*2 is analytic, where v and 7 are the contours shown in Figure 1.

(b) Y has continuous boundary values Y and Y_ on yU# from the left (+) side and right (—) side of
~v U 7, respectively, and obeys the jump relations

Yi(z) =Y_(2) ((1) _S_le(Z)> ) if z € 7, (2.1)

1 0 . ~
V@) =Y-) (ep(yr 1) itz € 4, (22)
where F is defined as in (1.5).

(¢) Y admits an expansion of the form

Y(z)=1+ Y17(8) +0(27?), as z — 09, (2.3)

where Y7 is a 2 X 2 matrix that depends on s but not on z.

It is shown in [16] that the solution of the RH problem for ¥ exists and is unique for all s € R. In the
steepest descent analysis of the RH problem, the authors of [16] introduce a sequence of transformations
Y —Uw—T+— S~ R, where R is the solution of a small norm RH problem. We only recall here what
is needed for the proof of Theorem 1.1, and refer to [16, 15] for more details. Let us choose the branch
for In F' such that

InF(z) =InT(z) + ijln (14 pp — 2) — ilnF(l +vj —z), (2.4)
k=1 j=1

and the branches on the right-hand-side of (2.4) are the principal ones. Then z — In F(z) is analytic for
z € C\ ((—00,0] U[1+ Vpin, +00)). The first transformation ¥ +— U involves the change of variables

. 1 + Vmin
2(Q) = isPg + L Ymin,
where we recall that vy, = min{v1,..., v, p1,. .., te}. The asymptotics of In F'(2({)) as s*{ — oo are
. 1 + Vmin . . . .
InF|is’C + — )= is”CIn(s) + is” (clgln(lg) + coCIn(—iC) + 03C)

+ caln(s) + ¢5 In(i¢) + cg In(—i¢) + c7 + I (9( L ),

15PC s2r(2
where the constants c1, ..., cg are given by
Vi 1 1 "
-1 o _ o 1 __ Ymin _ )
a=1 a=r-g¢ a=-(-¢+tl) a=- +1+r_q<2uk ZVJ>,
k=1 Jj=1
q r
min min 1 -
05:V2 ) CGZ(T—Q)V2 +Zﬂk—zij C?Z¥ln(27)’
k=1 Jj=1
14+r—gq 1 1< - Vi 1 .
T COREYRE DO ED A BT § o8 9] 29
k=1 j=1 k=1 j=1

m,n

3If G has subscripts and superscripts, such as Gy, » then it denotes the Meijer G-function.
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Figure 3: The points by = |bz|e’® and by = —by and the contour Z5 = [by, 0] U [0, ba].

We define the function G by
. ]- + min —is ns—
G(¢) = F<zs”c+ 72” )e Heins=h(Q) (2.6)

where h(¢) = —((c1 In(i¢) 4+ c2 In(—i¢) +¢3). Note that the function G({) also depends on the parameters
s, 1, q, Vj, and py, although this is not indicated in the notation. The T' +— S transformation utilizes a
g-function ¢ — ¢(¢) which is analytic for ( € C\ X5, where X5 is the union of two segments

E5 = [b1,0] U [0, ba], (2.7)

oriented from left to right, see Figure 3. The points b; and by which characterize X5 are defined by

by = —b1 = |bole’®, $€[0,%), (2.8)
where
TFDT  eytende —riq
Reby = —Reb; = 2<C2> e 2 o(r — g,
(&1

cg—cp  r—q-—1
co +c1 _rfq+1

sin ¢ = €1[0,1).

The g-function is defined via its second derivative given by

w1t e 11 idmby
1O=-"5 (15 a6 ) (29)
where ¢ — r({) is analytic for ¢ € C\ 35 and is defined by
7(¢) = V(¢ = b1)(C — ba), (2.10)

where the branch is fixed such that r(¢) ~ ¢ as { = co. For ¢ € X5, one has r(¢) + r_({) = 0. It can
be shown that g”(¢) = O((™3) as ( — oo, and then ¢’ and g are defined by

¢

¢
70 = / O, g(0) = / g (€)de, (2.11)

oo o0

where the path of integration lies in C\ ¥5. The RH problem for S has exponentially decaying jumps
outside Y5, and one needs to construct approximations to S in different regions of the complex plane. Let
Ds(b1) and Ds(be) denote two disks of sufficiently small radius 6 > 0 centered at b and by, respectively.
For ¢ € C\ (]D)(;(bl) U Dg(bg)), S is approximated by a so-called global parametrix P(°°) while for
¢ € Ds(b1) UDs(be), S is approximated by local parametrices P that are defined in terms of Airy
functions. We omit the exact definition of P here, the interested reader can find it in [16, 15]. The
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construction of P(>) is given in terms of a function p that will be important for us and which is defined
by

p(¢) =

T(C) / hlg(g) d§ (2.12>

2w Jy, (8 €=
where the branch of In G is such that

+ Vmin

Ing(() = 1nF<isPC+ ! 5 ) —is”(C1lns — h(Q)).

The function p has the following jumps across s:

p+(¢) +p-(¢) = —IngGg((), ¢ € s, (2.13)

and the following asymptotics as { — oo:

1 ng(¢)

T 2mi w5 T+(§)

p({) =po+ O, where  po dé.

The global parametrix P(°)(¢) is defined by [16, Eq. (3.51)]

(2.14)

(c0) ~Pos ()(20) (()P(€) . (00) | (LOHO OO
P (C) = e Po 3Q (C)ep 3 with Q (C) = 5 W(C)—';(C)71 ’Y(O"‘j(()*l ,

where the branch of the function

1
A ) H
7(¢) = ( b
is chosen such that (¢) is analytic on C\ X5 and v(¢) ~ 1 as ( — co. The solution of the RH problem
for R is then given by [16] (see also [15, Eq. (2.32)])

R(C) = 9975 8(0) x {P(olewa ¢ € Ds(br) UDs(by), (2.15)
PE(() e, (€ TR\ (Ds(b1) UD4(b2))-
Let {3,}1 denote the contours
Sy =% =by+eTIRs,  Ty=-F5=by+e “Rxo
for some fixed € € (0, 5), with the orientation from left to right, and define
;=5\ (Ds(b1) UDs(b2)),  j=1,...,5. (2.16)

The function R defined in (2.15) is analytic for ¢ € C\ I'g, where

5
Lr = (0Ds(b1) U ODs(ba)) U U %,

Jj=1
and dD;(by) and 0Ds(b2) are oriented clockwise, see Figure 4.

Remark 2.1. The jumps for Y depend on F. If F is replaced by F,. in (2.1)-(2.2), then the steepest
descent analysis of Y has not been carried out in [16]. However, it is not hard to see that the same
analysis applies also in this case (with v, = v); the only difference is that the coefficients (2.5) are
replaced by

1
c1 =1, co =, cs=—(r+1), C4=V( " >,

2 14r
v rv 1—7r 1+7r 1
s=y  a=-. e=1pTmen,  w=1E(w-3). (217)
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Figure 4: The contour I'p.

3 Differential identities in r, vy, and

In this section, we express the logarithmic derivatives (1.30), (1.31) and (1.32) in terms of the RH problem
for Y via the ITIKS procedure. By combining [16, Propositions 2.1 and 2.2] and [9, Theorem 2.1], we
obtain

OrIndet (1 — K, |jp5) = /U~ Tr[Y__l(z)Yi(z)@TJ(z)Jfl(z)]%, (3.1)
Oy, Indet (1 = K]|(5) = /U~ Tr[Y:l(z)YL(z)awj(z)rl(z)}%, te{l,...,r}, (3.2)
By Indet (1 — Klg.) = /U~ Tr[Y_—l(z)YL(z)awj(z)rl(z)]%, fefl...qh,  (33)

where the RH solution Y in (3.1) has the jumps (2.1)-(2.2) with F replaced by F, (defined in (1.29)).
The quantity (8,.J)J~! in (3.1) is given by

Oy J(2)J M (2) =InT(1+v —2)(J(z) — I)os. (3.4)
In (3.2)-(3.3), Y satisfies the jumps (2.1)-(2.2) with F given by (1.5), and we have
Oy (2)JH2) = v (1 + v — 2)(J(2) — I)os, te{l,...,r}, .
6MJ(Z)J71(Z) = —1/1(1+/14—z)(J(z)—I)03, ted{l,....q}, (3.6)

where ¢ = (InT")’ denotes the di-gamma function. The same arguments as in the proof of [15, Lemma
6.1] apply here (so we do not provide details), and we obtain

9, Indet (1 — K, |jg.y)) = % / (1 + v — 2) Te[Y]  (2) Y (2)os — Y__l(z)YL(z)ag]g, (3.7)
YUY 7”
1 d
Oy, Indet (1 — K| 4) = 3 V(1 4+ v — 2) Tr[Y_,__l(z)Y_f_(z)ag ~Y ')’ (2)03]2—2,, (3.8)
YUY m
1 _ . _ d
O, Indet (1 —Klj,q) = -5 / V(1 + pe — 2) THY M (2)Y] ()03 — YO 1(Z)Yl(z)ag]2—;, (3.9)
YUy

where £ € {1,...,7} in (3.8) and £ € {1,...,q} in (3.9).

Using the chain of transformations Y — U +— T +— S — R in the steepest descent analysis of [16],
we rewrite the differential identities (3.7), (3.8), and (3.9) in a way that is more convenient for the
asymptotic analysis as s — +00. Recall that the transformation Y +— U involves the change of variables
z =19(s" + (1 + vmin)/2 (and that vy, = v in (3.7), see also Remark 2.1). The functions

]. 1 2 — VUmin . 1 2 — VYmin .
lnF< ;Vigsp), 1[1(WZCS’D>, and 1[1(W2C5p) (3.10)

2 2
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Figure 5: The contour ok surrounds X5 but does not enclose any of the poles of the functions in (3.10).

appearing in (3.7), (3.8) and (3.9) have infinitely many poles on éR~. These poles depend on s and
approach 0 as s — +o00. For example, the left-most function in (3.10) has simple poles at {¢; T CiR™,

j=0
where
1 /[1+v
= — j =0,1,...
CJ Z'Sp( 2 +.]>7 J ]

Following [15], we define for K > |bg| the contour ok as given in Figure 5. The contour oy surrounds
Y5 in the positive direction in such a way that the poles of (3.10) lie in the region exterior to ox. The
circular part of ox has radius K. We choose the contour o to cross the imaginary axis at the point
Co/2 and to have a horizontal part of constant length as s changes. Note that, since the poles of (3.10)
approach 0 as s — 400, the contour o depends on s, even if K is independent of s. We define o = o),
Furthermore, we define the contour

Sk = Uij\{\CISKL

where the contours %, are defined by (2.16).
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Lemma 3.1 (Differential identities). Let K be such that K > 2|ba|. Then the following statements hold:
(a) Let r > 1 and v = vpin > —1. Then

87» In det (1 - KT'[O,S}) = 1177- + 1277- + 1377.(K) + 1477-(K), (311)
where
1 d
L, = —sp/lnf( ; isC) g (4)275Z (3.12)
__1 1+v . (00) () =1 p(o0) (Y g | FE
Ly = =3 /alnF( : zsf’g) Tr [P ()P 3] 5 (3.13)
d
Iy . (K) = —% /UK 1nr(—1 JQF L= isC) Tr [P (Q) e RO R/ (e PO () 2—751
(3.14)
L (K) = %/2 lnf(i— °¢)x

Tx [PO9)(Q) e 7 (RTHO R, (C) - R:l(<)R’_(<>)e”°”3P<°°><<)ag]%. (3.15)

(b) Let r > q >0 be integers. Let £ € {1,...,r} and k € {1,...,q}. Then
Oy, Indet (1 = Kljo5)) = T1,0, + L2, + I3, (K) + It (K), (3.16)
Oy Indet (1 —Klgg) = =1 — oy — T (K) = Ty (K, (3.17)
where, for a € {vy, ux},

ha== [w(FEG i) g0 (315)

2mi’

ho=—3 [ (”2“ Vi z’spc)Tr [P () PO () 03] o (3.19)
X T [POO(Q) s R QR Qe PO Qo) (3.20)

LialK) = 5 e Y L LS R
* (REHOR, Q) = R QRL(Q)em™ PO (O] o (3.21)

Proof. The proof is analogous to the proof of [15, Lemma 6.2] and consists of implementing the chain of
transformations Y +— U +— T +— S +— R in (3.7), (3.8), and (3.9), and performing a contour deformation.
O

Sections 4 and 5 are devoted to the computation of the constant terms in the large s asymptotics
of the right-hand sides of (3.11), (3.16)—(3.17) and to the integration of these identities. The proof of
Theorem 1.1 is then given in Section 6.

4 Asymptotics of the differential identity in r

In this section, we compute the large s asymptotics of the four quantities Iy ,, o ,, I3 ,(K), and Iy ,(K)
appearing on the right-hand side of the differential identity (3.11) in r. By integrating the resulting
asymptotics with respect to r, we obtain the constant term in the large s asymptotics of Indet (1 —

T’h]r)oughout this section, we assume that » > 1 and v > —1. The quantities ¢y, ..., cg and by, by are
defined by (2.17) and (2.8), respectively. As mentioned in Remark 1.2, we focus in this work on proving
the expression (1.15) for C, because the coefficients p, a, b and ¢ are already known from [16, 15].
Therefore, to avoid unnecessary computations, we introduce the notation 2.
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Notation. Let ¢t € R and f, g : (t,00) — C. The notation
f(s)=9Q(g(s)), as s — 400,
means that either f = 0 or that there exist ¢ > 0 and s¢p > 0 independent of s such that

£ (s)| = clg(s)], for all s > so.

4.1 Asymptotics of I,
Proposition 4.1. Let v > —1 and let I, be the function defined by (3.11). Then

I, =Q(n(s”)) + I{Cr) + O(IH(SQ> (4.1)

4

as s — 400 uniformly for r in compact subsets of [1,+00), where

+eo [1—302 v+1 v—1 v+1 Im by
I(C)zcl "(-1) -1 Inl'[ —— 1-—F-
Lr 2 or PN G == J+ =l = b2 ]

c1+ co 2 (( Imb2> <b2+Imb2> Im by )
+ 1-3v 1+ In -2 In |bs| ). 4.2
Proof. We define the function
¢ 1
U(C) = SP/ 1nF(—£V - ispg> de. (4.3)
0

Then ¥(() is analytic on ¢ and an integration by parts and (2.9) yield

B = [ W00 ©Q5n =52 [wo(1- 752 ) ook

where we have used the fact that %\I/(g ) has no pole at { = 0. We first collapse the contour o onto Xs.
Second, recalling that ro(¢) + r_(¢) = 0 for ¢ € X5, we rewrite the resulting integral only in terms of
r4. Finally, we deform the contour on the + side of X5 into another contour 7;,5,, which is the part of
the counterclockwise oriented circle with radius |bs| centered at the origin going from b to b;. We note
again that, since %\I/(C ) is analytic at ¢ = 0, there is no residue at ( = 0 during this contour deformation.

This gives
Tmby\ 1 d¢

It remains to compute the large s asymptotics of ¥(¢) uniformly for ¢ € ,p, . The following formula is
useful for us (cf. [34, Eq. 5.17.4])

Il,r = i(Cl + 02)/

Yboby

/ InT(z")dz" = 21 In(27) — =Dz
. 2 2

+(z—1)InT(2) — InG(z), (4.5)

where G is Barnes’ G-function. By applying (4.5) twice with

zzl—;y—is”c and z:l—gy
in (4.3), we obtain
To—
V() = i[ﬂ InT(2")dz’'
:% {SQPCQ +is”¢(v — In(27)) — 2In G(g(yl;f;%) —(1-v)ln F(l;gzl;j;pg)
_ 2i5”§1nF(1 ; v ispgﬂ . (4.6)
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The large z asymptotics of InT'(z) and In G(z) are given by (cf. [34, Eqs. 5.11.1 and 5.17.5])

2 1 1
InG(z+1) = ZZ +zInT(z+1) — (z(z;— ) + B

)1 2= o+ (1) +0(),
InT(2) =(z—3)Inz—2+= 1n(27r)+%+0( %) (4.7

as z — oo uniformly for |arg z| < m — € for some € > 0. This implies

) T imv? v
W(() = Q(In(s?)) — 24{1 —avt - T 240 (1) + 3 - 241nG< ;1)
—|—12(V—1)lnF< ;1) +(1_3y2)1ng}+0(sﬂ) (4.8)

as s — —+oo uniformly for ¢ € 4,5, and 7 in compact subsets of (0, +00). Substituting (4.8) into (4.4)
gives (4.1) and, in particular,

o2 -2 e ne(72) e (252))
imby ) 1 d e te 2 imby\ 1 d¢
X[Yb2b1 (1_ C )7"(027('2—1_ 24 (1_3V >[sz51 hl(g)(l_C)?“(C)Qm

It was shown in [15, Lemma 7.2] that

1 d¢ / In(¢) d¢ ,
2/ =1, 2 — =1In (i(|b2| + Imby)) — In(2),
ogh r(C) 2mi voge, T(C) 2mi (i(1b| ) 2)
. In ( 2ibs |* )
2/ L ode i 2/ In(¢) d¢ _ " (itmrs) 19)
oy, CT(C) 2 b2’ gy CT(C) 2 i|ba| ’ '
which proves (4.2) and the proposition. O

4.2 Asymptotics of I,

In this subsection we compute large s asymptotics for I5 ., which we recall is given by

dg

Igr**’/(,lnFG%—zng) Tr{ p>= )(Oilp(oo)(o 03}2 et

2

Recalling the definition (2.14) of the global parametrix P(>)((), a straightforward calculation yields

Tx [PO(Q) 7 PE(C) 3] = Te [QE(Q) QY (o] + T (O = 20/(). (4.10)

Therefore, integrating by parts, using the jump condition (2.13) of p(¢), and then collapsing the contour
o onto Y5, we obtain

B =it [ w5 =i CpOg s =i [ w( i) 00 - p- (@) 5 = 7+ X

211 211
where
. 14+v dC
. l+v d¢
XTZSP/ZS¢( : g) InG(¢)5 > (4.11)

It remains to find the large s asymptotics of Z, and X,..
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4.2.1 Asymptotics of X,

The large s asymptotics of X, are described in terms of the Hurwitz zeta function {(z, ) which is defined
for Rez > 1 and u#0,—1,—-2,... by

> 1

o) =2 Gy
Proposition 4.2. Let v > 0 and X, be defined by (4.11). Then
_ P (© o x(©) | y(© In(s”)
X, =Q(In(s")) + X, + X, + X354+ O " (4.12)

as s — 400 uniformly for r in compact subsets of [1,+00), where

Xl(?T) = 4;7r{6ry2 [an(—ibl) - 1n2(—ib2)] + 6v1n(2m) [1n(ib2) - ln(ibl)]
+ [In(—ibs) — In(—iby)] ((1 +7)(1 - 302) + 6v(1 — 2r) m(zﬁ))
+ 612 ( In(—iby) In(ibs) — In(—iby) ln(ibl)) } (4.13)
c , vin(2r)  3vr-1 1+v v+1 v+1
X =G +v)—(-1) - T+ 5 §<1, 5 +1>+ 5 ln( 5 ), (4.14)
r r —3)v2 In(by /by) In(—by by — 312 r) —6(r — v 1n(27) In(by /by
NCIRE: +3£1 3)v? In(b /bijri( biby)  (1—33)(1+ )246( 1)y In(2m) 1 (Zﬁ/ib ) )

where (' (z,u) = 0,((z,u) denotes the derivative in the z-variable of the Hurwitz zeta function.

Proof. We first rewrite the integral X, in a convenient way. Performing an integration by parts yields

Ly NGO dC
. +/25 lnF< 5 zs”C) G(C) ami” (4.16)

D5 i) nG(Q) |

X, =
211

By the definition (2.6) of G(¢) (with F replaced by F,) and the identity p=1 = ¢; + co, it holds that

gg'ég)) _ isp{¢(1 ty z'sp) ~Inis"C) + m(lg” - isﬂ) - rln(—z‘spo}. (4.17)

By substituting (4.17) into (4.16) and using the change of variables w = is”(, we split X, as

Xr =X+ Xop+ Xsp, (4.18)

where X ., X5, and X3, are given by

b2

_lnF(ler—” —is*¢) InG(Q)

211

Xl,r =

)

¢=b1

X27T:/ 1nF(1;V—w){¢(lgy+w)—ln(w)—f(w)};l:;,
isP X5
ngr:/ N lnF(lgyw){m/(l—;yw) rln(w)Jrf(w)};l:;,

1 m 1—302 1+v
— d = . 4.19
(w—m (w—m)2> +24(w—m)2 an " 2 (4.19)

with
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We have added and subtracted the term f(w) in order to make the integrand of X» , vanish as w=2Inw
as w — oo. Indeed, from (4.7) and the asymptotic formula [34, Eq 5.11.2] of the di-gamma function
given by

1 1 1
for |arg z| < m — § with some fixed § > 0, we have
1+v v 1— 302 1
=1 A — 421
¢( 2 +w) MU o T ome +O<w3>’ (4.21)
1
=lhw+ f(w) —|—(9(w3), w — 00, (4.22)

where |argw| < m — § with some fixed § > 0. Note that the integral X, is convergent as long as
m ¢ isPX5; the choice m = HT” is made because it makes the upcoming computations easier. The
remainder of the proof consists of computing the large s asymptotics of X ,, Xo, and X3 .

Asymptotics of X; ,. From [16, Eq. (3.15)], we have

InG(¢) =calns+cs 1n(i§)+celn(i{)+c7+i§fz+0<52pl<2>, sP¢ — oo. (4.23)

The asymptotic formula (4.23) is in particular valid for ¢ = b; and ¢ = bs. By combining these
asymptotics together with (4.7) and (2.17), we obtain

P
X1, =Q(In(s”)) + Xfcr) + O(ln(i)> as s — 400, (4.24)
’ s

where Xfcr) is given by (4.13).
Asymptotics of X5 ,. Recall that X, is given by
14+v 14+v dw
Xo, = InT - -1 - —,
o= [ P ) (7 ) w0
and that the integrand is O(w=? lnw) as w — oo. Thus we have
1+v 1+v dw In(s”)
InT - -1 - —
/oc n ( 5 w){¢< 5 —|—w> n(w) f(w)}2m,—|—(9< " )

In(s?
=: XéfT) + (’)<n(8))

sP

X2,7‘

as s — +o0o, where f(w) is defined by (4.19) and where the contour 7 is a line oriented upwards and
approaching infinity which crosses the real line between the origin and m = 1'2"—” (see Figure 6). We will
compute X , by integration and then contour deformation. However, we first need to add and subtract

the term 5 in the integrand and to split X, into two parts as follows:

(c) 1+v 1+v v 1—3v2 dw
X570 = InT — —1 S S G
2w / " ( 2 w){d’( g tw)-In(w) - oo 24(w —m)2 [ 2mi

oo

+/ mr(tv_ N v L __m dw
e 2 2w 2\w-m (w—m)?/) | 2mi

Now, we integrate by parts the first integral, while the second integral can be evaluated explicitly by
deforming the contour to infinity on the left half-plane (there is only a residue at w = 0). This gives

X :/ 1/;(1;” w){lnF(lJQFV +w) +w(1 - In(w))

oo

_ a2
len(w)+ 1-3v _ In(2m) d—wﬂrzlnl“ 1+v '
2 122w —v —1) 2 2wi 2 2




Figure 6: The contour 7.

For the remaining integral, we deform the contour to infinity in the right half-plane. Note that this would
not have been possible without adding and substracting the term 5. Since 1/)(1+7” —w) has simple poles

X
e

with residue 1 at w =m +n, n =0,1,2, ..., we pick up the following residue contributions
1-3v2 In(2
{ lnF(l + y+n) + (n+m)(1 — ln(n+m)) _ %ln(n+m) i 2431/ B Il(27T)}
n

at the points n+m forn =1,2,..., and

{ InT(L+2) + m(1 — In(m) — % nm) — 227 } L el —3v%)

2 24

at w = m, where g is Euler’'s gamma constant. This yields

ye(l—3v2) v 1+v
—~ 4+ —InT .
S Y S Rl

The series is convergent since it arises from a convergent integral. We rewrite Euler’s gamma constant

(see [34, Eq. 5.2.3]) as

oS [Eon(1+)] 29

which implies

. > 1— 312 1
X5°) ;{lnf(lJrqun) + (n+m)(1—In(n+m)) + 23” In (1+ n+1>
v In(27) v 1+v
This series can be computed explicitly. From the formula (cf. [34, Eq. 5.17.1])
G(z+1)=T(2)G(2),
we deduce
N
=Y WmI(l4+v+n)=-InG2+v+N)+mG(1+v).
n=0
The asymptotic formula (4.7) then implies that
al In(2n)
=Y WT(1+v+n)=Q@nN) - (-1) - 5 (1+v)+ InG(1+v)+0O(NY) (4.27)
n=0
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as N — +oo, where ¢'(—1) denotes the derivative of the Riemann zeta function evaluated at —1.
Furthermore, from [15, Eq. (10.11)] with § = 1, we have

N
1 1 1 1
Z( ;V—Fn)ln( —;V—Fn): —;Vln< ;V>+Q(IHN)

n=0

+

3(1+V2)+8+121/_<,<_1 1+v

—1
51 5 +1>+O(N ) N — 400, (4.28)

where we recall that {(z,u) is the Hurwitz zeta function and ¢'(—1,m + 1) = 9.{(z,m + 1)|,=—_1. Also,
it is easy to verify from I'(z 4+ 1) = 2T'(2) that

N

1 1 1
Zln(;y-i—n) :lnF( ;V+N+1) —lnF( ;”)
n=0

and thus, by (4.7),

N
v 1+v - v v 1+v 1
5 nEZO In (2 + n) =Q(nN)+ 1 In(27) 5 lnF< 5 > +O(N7), N — +o0. (4.29)

Another straightforward calculation shows that

N

Y <1+ _1|_1>1n(N+2)1nN+(9(N1), N = +oo. (4.30)
n

n=0

Substituting (4.27), (4.28), (4.29), and (4.30) into (4.26) gives

In(s?)

Xo, = X + (’)< -

), s — 400, (4.31)
where XQ(? is given by (4.14).

Asymptotics of X3 ,. The integrand of X3, is analytic on the left of is”¥5. By deforming the contour
15PX5 t0 18 Yp,b, , Where yp,p, is defined as in (4.4), we rewrite X3, as follows:

1 1 d
X37r:7/ lnF< +Vw>{m/)( +Vw)rln(w)+f(w)}u{
. 2 2 2
2°1
= —/ 1n1"<
18P Yoy by

1+v 1+v v 1-3v2) dw In(s”)
> ‘“’){“”( 2 _w)_Tln(_w)+2@u+W}2m+O< ”

as s — +o00. Using the asymptotic formulas (4.7) and (4.20) for the integrand of X3 ,, we find

wo=-f {50-D(meEw -1

n 1+7r =321 +7r)—6(r—1)rin2nr) — (1 +7r+3(r—3)v?) In(—w)
24w

+O0(w™? ln(—w))};:; + O<M> 5 — 400.

sP

After the change of variables w = is”(, we obtain

X3, = Q(In(s")) + Lt r+3(r = 3)u7 / In(=i¢) d¢
Vooby

24 ¢ omi
1+7r—3%1+7r)—6(r—1)rin(2n) 1d¢ In(s”)
_ L /Wl omi t o( > ) (4.32)
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as s — +o0o. Since

/ 1d¢  In(b/bs) / In(—i¢) d¢ _ In(by/by) In(—b1by) (4.33)
Yoghy ¢ 2mi 27 Yoghy ¢ 2m 473
the asymptotics (4.32) can be rewritten as
c In(s”
X3, = Q(ln(sp)) + X?ET) + O(?), s — 400, (4.34)

where Xécr) is given by (4.15).

Asymptotics of X,. By substituting (4.24), (4.31), and (4.34) into (4.18), we obtain (4.12). This
completes the proof of Proposition 4.2. O
4.2.2 Asymptotics of Z,

In this subsection, we compute the asymptotics of

@

2mi’

(4.35)

Z, = —22’5”/ 1/)(1 JQF - is”()p(C)
Yoaby

where p({) is defined by (2.12). Some of the following computations are similar to those performed in
[15, Section 8]. In particular, the quantity f; in [15, Eq (3.15)] is in our case equal to

~ 32 -1
h=-—=

and appears naturally in the asymptotics of Z,..

Proposition 4.3. Let v > —1 and Z, be defined by (4.35). Then

P
Z, = Q(In(s")) + 2% + o(lzj ) (4.36)

as s — 400 uniformly for r in compact subsets of [1,+00), where

70 — _Qi{i <08(argb1 —arg ) N m(cg — 2if1) (1 Imbg>> L % (iCS((lnbl)Q — (Inby)?)

2 2 b mi\ 4
7T(Cg — 2if1) 2i|b2|2 Z(|b2| + Im bg)
TS = 2 1| — Tmby — [bo|In [ 2220 ) 4 Ty In | S22L T TH02)
+ TN |b2| — Im by — [ba|In o] + Im by +Im by In >
v ) ) 2 .
+ Tor ( — 4im In(|b2])(c5 — cg) + dimeg In <b2—|—1mb2> + In by (—2¢7 + im(3c5 + ¢6))
— (e + ¢6) In?(by) + In(ba) (2¢7 + im(cs — cg)) + (cs5 + c6) In?(bg) + 27r205> } (4.37)
Proof. By (4.20), we see that
VY Ltv_ is?¢ | = In(s”) + In(—i¢) — A O(s72") as s = 400 (4.38)
2 2isP( ’ ’ '

uniformly for ¢ € 73,5, . From [15, beginning of Section 8.3 and Eq. (3.38)] with the coefficients ¢y, ..., cg
given by (2.17), we have

6) = £ n(sr) + T 4 2

+0(s7) (4.39)
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as s — +oo uniformly for ¢ € 7p,,, and r in compact subsets of [1, 4+00), where

= —c5T iooidg — cgT 7im7d§ —c5In(i¢) — cgIn(—iC) — ¢

BO=—erl() [ =g —orO [ sy el - cola(—i)) —er (40)
ic g — =1

A(Q) = 278 H(OSng;f' (4.41)

After substituting (4.38) and (4.39) into the definition (4.35) of Z,., we write

Z, = Q(In(s")) — 2¢( AQ)(In(e) - =y K ¥ /V B() dC) + O(ln Sp) (4.42)

Ybaby C 2mi

as s = +o0o. It was shown in [15, Lemma 8.4] that

A(C)d¢ = — cs(argby — arg bo) 3 w(cg _ 3u122—1) <1 B Imb2>’ (4.43)
Vooby 2 2 |b2|
_ ey 2 2y T(es — 31’271) 2i[bs|?
/%Zb1 In(¢)A(¢)d¢ = T((lnbl) — (Inbg)?) + — 2|b2|12 {|b2| —TImby — |bz]In (|b2| n Imb2>
+ (Im b2) In <Z(b2—;Ime)> }, (4.44)
B¢) ., . 1f . _ : 2
[ybzbl ng = 2{ 4im In(|be|)(c5 — cg) + 4imeg In <|b2| n Im(b2)>
+ In(by)(—=2¢7 + im(3cs + ¢c6)) — (c5 + c6)(Inby)?
4+ In(by)(2¢7 + im(cs — cg)) + (c5 + c6)(In b)? + 27r205}. (4.45)

By substituting (4.43), (4.44), and (4.45) into (4.42), we obtain (4.36) after a long computation. This
completes the proof of the proposition. O
4.3 Asymptotics of I5,(K) and I, (K)

In this section we compute the large s asymptotics of I3 ,(K) and I4,(K) defined in (3.14) and (3.15).

Proposition 4.4. Let v > —1 and K = s”. Then

I, (K) = Q(In(s)) + 1) + O <lni‘jp)> (4.46)

as s — 400 uniformly for r in compact subsets of [1,+00), where

g _ =20 47) +3r(r? — 2 + 2r(1 + 3rv?) In(r)
o 24r(1 + 1)2 '

Proof. Proceeding as in the proof of [15, Proposition 9.1], one obtains

Iy (K) = ——— 1nr(”2” - z'sf’c)W(odC " O(ln(sﬁ)), 5 = +oo,

2sP J5 27 sP

where ¢ surrounds the horizontal segment [b1,bs] but does not surround the origin, and is oriented
counterclockwise. The function W (() is defined by

1 A 2B A 2B
WO=m5™ K‘ (SN RSN <c—b2>3>
¢—imbd iReb
x( iRe by ’ ﬂmbzig”’ (4.47)
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where 7({) = 1/(¢ — b1)(¢ — b2) has a branch cut on [by, bs], such that 7({) ~ ¢ as ( — co. The matrices
A and B denote the coefficients appearing in the large s asymptotics of R (cf. [15, Proposition 4.1]) and
are given by

Al 1 Aio 501 ) 1
A= 2) p—___ o AR 4.48
(Az 1 A2,2> 48(cy + o) \1  —i ( )
with

3Im by + 2iRe by — 12(|ba|(c5 — c6)(cs + c6) + (2 + c2)Im by + 2icscsRe bg)

A= 48(c1 + c2)Re by ’
Apy— 4i(3|b2|(cs — c6) (1 + c5 + c6) + Im by + 3(c5 + 2 + ¢ + ¢2)Im by)
’ 48(c1 + c2)Re by
(54 12¢6 + 12¢5(1 4 2¢4))
B 48(c1 + ¢2) ’
Ay = 12é]ba|(cs — c6) (=1 + ¢5 + ¢6) + 4i(1 + 3(c5 — 1)es + 3(cg — 1)cg)Im bo
’ 48(c1 + c2)Re by
=5+ 12(c5 + g — 2¢5¢6)
48(c1 + ¢2) ’
Ao =—A1,.

Using the asymptotics (4.7) of InT', we obtain

I3, (K) = —%[ (1- ln(—ispC))CVV(C)2df< + (9( iip)>, s — +00. (4.49)
From (4.47), we see that
o Tr[(A - A)O’g] 3 1 — 12¢5¢6 3
W(() = —742 o) = 76(01 o) +0(¢%) as ( — oo.
Thus, after splitting the leading term in (4.49) into two parts, we obtain
1 12c5¢6 —i i , dC In(s”)

as s — 400, where we have deformed & to infinity for the first part. The last integral in (4.50) can be
evaluated as follows:

s [ = {5 [ weoavogl ] [ v

' - d
= lim { — - Tr[(A — A)os) / ( ic) C / W (it)idt ¢,
R—o0 2 Cr C 27TZ 2 —R
where Cg is the circle centered at the origin of radius R oriented positively. Since
ln(—i
cn ¢ 2m
7(it) = —i/(t — Imby)2 + (Reby)2, for t < 0,

we compute the integral sz rCW(C)dC by a rather long primitive calculation, which uses the definition
(4.47) of W((). Then, after substituting the expressions (2.5) and (2.8), we obtain

i d¢ (A+r)(=2+7r2+9r—3)r?) +2r(1+ 3rv?)In(r)

5/(; ( ,LC)CW(C)Z]T’L - 24r(1+r)2 . (451)

Substituting (4.51) into (4.50) and using again (2.17), we obtain (4.46), which finishes the proof. O
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Proposition 4.5. Let v > —1 and K = s?. Then, for any integer N > 1,
I, (K)=0(s) (4.52)
as s — 400 uniformly for r in compact subsets of [1,+00).

Proof. The proof is analogous to the proof of [15, Proposition 9.2] and relies on the large s asymptotics
of R. O

4.4 Integration of the differential identity in r

In this subsection, we compute the constant term C, in the large gap asymptotics for the point process
defined by K,.. From [16, 15], these asymptotics are of the form

det (1 —Ky|jo,5)) = Crexp < —a,s% +b,s" + ¢, Ins+ O(sp)), (4.53)

where the constants p, a,, b, and ¢, are given by

r—1 rv?

1 riE (r +1)2 . B
N T12(r+1) 2(r41)°

:1+T’ bT:(l—FT)TﬁI/,

p

Proposition 4.6. Let v > —1 and r > 1. Then

det (1 —Ky|jp,5) = Crexp ( A A (9(5‘”))7

where
Gl +v)r , —2+7%(r—1+12%)
crfWexp{f(rfl)C (1)}eXp{ 24(r + 1) i )}
r—1)2 rv?
cop { L CEUE L

Proof. Tt follows from the analysis of [16, 15] that the error term in (4.53) can be differentiated with
respect to r and that its r-derivative is of order O(s~?In(s”)) uniformly for r in compact subsets of
[1,400). Therefore we have
O, Indet (1 — Kr|[0,s]) = —20,(p)a,s**Ins — 0,a,5% + 0,(p)bys” Ins + 0,.(b,.)s”
+ 0r(ep) In(s) + 0,(In C.) + O(s~ " In(s”))

as s — +o00, uniformly for r in compact subsets of [1,4+00). Thus, from Lemma 3.1 and Propositions
4.1, 4.2, 4.3, 4.4, and 4.5, we infer that

0, (In Cy) = 1) + X{) + X5 + X{) + 209 + L)
2—-2r+3rv? vin27)  1+4+r(r—1+7r2+6(2+7)?)

= - 1
24r PR 12(r +1)2 a(r)
1 5 v—1 1+v 1+v vIn(2m)
—12(7"—1+61/)1n(1+r)+21nf< 5 )—1nG< 5 >— 1
32 —1 , 1+v v+1 v+1
+InG1+v)+ 51 —C(—1,2+1)+ 5 ln< 5 )
Applying the identity [1, Eq (18)]

InG(z+1)=(-1) - (-1,z+ 1)+ zInT(z + 1) (4.54)
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with z = 1"%, we get

r—2 wvin@2r) 1+4+7r(r—1+7%+6(2+7r)?)
1 = — 1
O(InCr) = = 5 T 12(r + 1)2 n(r)

- %(r —14+6)In(1+7) - (-1) +InG(1 +v).

Integrating this identity with respect to r from r =1 to a fixed » > 1, we obtain

r 2 _
/ O (In Cpr)dr' = % In(2) — 1/(7’%)111(271’) +(r—1) <ln G(l+v) - (’(—1))
1
—2472(r — 1+ 1202) (r—1)2 + 12rv?
4G+ 1) In(r) — o In(1+ 7).
Since InCy = InG(1 +v) — §1n(27) — V; In2 by (1.9), we arrive at
In(2
InC, =rlnG(l+v) —re né ™ _ (r—1¢'(-1)
—247%(r — 1+ 1212) (r—1)2 4+ 12r12
- In(1
24(r + 1) n(r) 24 n(l+r)
and the proposition follows by exponentiating both sides. O

5 Asymptotics of the differential identities in v, and pu,

In this section, we compute the large s asymptotics of the differential identities (3.16) and (3.17). For
@ € {1,y Vr, i1, - -, Hg}, these identities express dq Indet(1 — Kl 4)) in terms of the quantities Iy o,
Iya, I3 o(K), and Iy o (K) defined in Lemma 3.1. By computing the asymptotics of these quantities and
then integrating with respect to «, we can deduce the large s asymptotics of

Indet (1 — K|[07S]),

see also the outline in Section 1.3; in particular (1.31)-(1.32).

In the remainder of the paper, we let r > ¢ > 0 be integers and let vy,...,vp, p1,. .., jig > —1 be the
parameters associated to the kernel K defined in (1.3). We set vmin := min{v1,..., v, ti1, ..., tg}. The
constants ¢y, ..., cg and by, by are defined in (2.5) and (2.8), respectively, and we will use the notation
introduced at the beginning of Section 4.

5.1 Asymptotics of [,
Proposition 5.1. Let I , be the function defined in (3.18). Then

Lo =Q(In(s”)) + I{CL + O(M> (5.1)

SP

as s — +oo uniformly for o in compact subsets of (—1,+00), where

I:ECC)£ _ 7(01 + ¢2) <1n(27r) lnr<1+2aumin>> (1 B Ime)

2 2 2 |bs]
20 — Vpin [ In(Jb2| + Imbo) — In(2)  Imby 2|by|?
— — 1 . 5.2
(er+ )= < 2 20ba]  \Jba] + Im by (5:2)
Proof. Integrating I o, by parts as in the proof of Proposition 4.1, we find

. ~ iIm b2 1 dC
ho=iter b [ w0 (1- B2 ) o 5.3

_— ¢ r(¢) 2mi
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where 73,5, 18 defined as in (4.4) and

V() =— Sp/0<w<1+2a2—umm —isp§)d§

_ —ilnf(il +20 = Vmin

(1 + 200 — Vmin)
2 2 '

—ispg) 4+ilnT

A direct computation using the asymptotics (4.7) yields

T 200 — min . 1 2 1 200 — min 1 P
B(¢) = Q(In(sP)) — i =2 0min gy ¢y — 2= LICL N r(*o‘i”) +0<“(5)) (5.4)

2 2 2 sP
as s — +oo uniformly for o in compact subsets of (—1,+00), and uniformly for ¢ € 74,5,. We obtain
(5.1)-(5.2) after substituting (5.4) into (5.3), using (4.9) and then simplifying. O

5.2 Asymptotics of I,
Let I3 o be the function defined in (3.19). Using (4.10), we can write

/ F(¢ 2m

where p(() is defined by (2.12) and F(() is defined by

F) = —w(HQO‘Q_””““ _ ispC>. (5.5)

We integrate by parts and then deform the contour and use the jumps for p as in the beginning of Section
4.2. This yields

—[2,(1 = Za + Xou
where
d¢ dg
Lo =—2 F(Op(¢)=—, X, = ()InG(¢ 5.6
[ Fonog,; [ Fomay; (56)
Proposition 5.2. Let X, be defined by (5.6). Then
In(s?
XQ:Q(ln(sp))—FX(C) +X( (C) —|—O< nii )> as s — 400, (5.7)
uniformly for « in compact subsets of (—1,+00), where
X{C; = 21_{05(ln(—ib1) In(ib1) — In(—ibo) In(ibs))
’ i
+ co(In®(—ib1) — In®(—ib2)) + c7 (In(—iby) — In(—ibs)) } (5.8)
© _ % 14200 viin ) Vinin 1
Xz’a—kz_o{ln(k—&— 5 ) v(k+1+a)+ =" (1+k+1 (5.9)
T q
() _ J  Vmin 2V — Vmin 24 — Vimin | In(b1/b2) In(|b2])
Xgon = R P > } i~ . (5.10)

j=1 k=1
Proof. Recalling the definition (2.6) of G(¢) and using the identity p~! = ¢; + ¢, we see that

]-+Vmin . I ]-+2,U/k_Vmin . g 1+2Vj_Vmin .
an(C)ZlnI‘(Z-l—ls”C)-i—ZlnF(2—zs”( ~> InT L s

k=1 Jj=1
— 15" (c1 In(is”C) + e In(—is”C) + c3).
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Hence, recalling the values (2.5) of ¢;, ¢co and c3,

/ a r
gg((g)) —i8p<¢(1 +2Vmin +iSpC) ;¢(1+2Hgymin ’LSPC> +Z¢(1+2Vj2 Vmin ZSPC>

j=1

—In(is?¢) — (r — q) ln(—ispC)> )

Therefore, after integrating by parts, we can write
Xa = Xl,a + X2,o¢ + X3,a7

where
F(Qmg()]”

Xia=
! 211

)
)

(=b1

1+ 20 — viin 1+ Vimin Vmin dw
X940 = -~ Tmin - = —1 - —,
- o o) (g ) - g
1+2a_Vmin 1 1+2 — Vmin
R T L R N s
iP5 k=1

+Z’(/}<1+2V] — Vmin w> . (’I’*q) hl(*w)ﬁ* Vmin }dw

2 2w —m) [ 2mi’

j=1

Here we have used the change of variables is”¢ = w in the expressions for X; , and X3 ,, and m is an
arbitrary constant which lies in C\ is?X5; it will be convenient to henceforth choose m = HQO‘%V“ As
in the proof of Proposition 4.2, we have added and substracted one term in order to ensure that Xs
has a limit as s = 4o00. It remains to compute the large s asymptotics of X o, X2 o, and X3 4.

Asymptotics of X; ,. By combining (4.23) and (4.38), we obtain directly that

. In(s”
X10 = QIn(s”)) + X + o(rl(i)> 5 = +00,
’ S

where X(©

1,

is given by (5.8).

Asymptotics of X5 ,. The expansion (4.21) implies that

[ (1420 — v 1+ Viin Vinin dw In(s”)
Xoo= [ o(FEE ) e ) i - gk o7

as s — +00. We deform the contour of integration to infinity in the right half-plane and pick up infinitely
many residue contributions at the points m + k, k = 1,2,..., of the form

1+2a_ymin Vmin
—{w(k+1+a)—1n<k+ 5 >— Qk}

and one residue contribution —t(1 + a) + In(m) — EZ=in at the point m. Using the identity (4.25), it
follows that

= 1+2a_7/min Vmin
Xoa=-)_ 1/)(k+1+a>—ln<k+ 5 )— 2k}

1+ 20 — Vmin YEVmin In(s”)
— (1 1 — @)
o( +a)+n( 5 ) 5t ( -
¢ In(s”
:Xél—k@(rl(i)), 5 — +o00.
’ s



Asymptotics of X3,. For X3,, we first deform the contour is”Ys5 to is”7p,s,, then we apply the
change of variables w = is”¢ and the large s asymptotics (4.38) of . This gives
s

q .
_ p _ Vmin 2Vj — Vmin _ 2#16 — Vmin / ln(_ZC) ﬁ ln(sp)
X3,a = Q(In(s”)) + { D) + Z 2 ; 2 voge, G 2mi +0 sP

j=1

as s — +o00. Using the second integral in (4.33), we obtain

c In(s”
Xg,a:Q(ln(s”))—&—X?Ei—&—(’)(Il(f»), as s — +00.
' s
O
Proposition 5.3. Let Z, be defined by (5.6). Then
. In s”
Zo = Q(In(s”)) + Z9 + (’)( " ) (5.11)
as s = +oo uniformly for a in compact subsets of [0, +00), where
1 2
79 = —{ —4miln(|b — dimegIn | ————r
hy 47”,{ miln(|bz|)(cs — c) + 4imeg In <b2 +Imb2>
+1In(by)(—2¢7 + im(3c5 + ¢6)) — (c5 + c6)(Inby)?
+1In(b2)(2¢7 + im(cs — ¢c6)) + (c5 4 c6)(Inbo)? + 27r205}. (5.12)

Proof. A formula for the large s asymptotics of the function F(¢) defined in (5.5) can be deduced from
(4.38) (with v replaced by 2&¢ — Vpin). This formula is uniform for ¢ € 7,5, and can be differentiated
with respect to (. Hence

F(¢) = —% +0(s77) as s — +oo, (5.13)

uniformly for ¢ € yp,p,. Substituting (5.13) and the asymptotic formula (4.39) for p(¢) into the definition
(5.6) of Z,, we infer that

o 1d¢ B(¢) d¢ In s”
Zom S [ i [ S o ()

as s — +oo uniformly for a in compact subsets of (—1,+00), where B(() is defined by (4.40). Recalling
(4.45), the proposition follows. O

5.3 Asymptotics of I3 ,(K) and I, ,(K)
We next show that the quantities I (K) and I (K) defined in (3.20) and (3.21) vanish as s tends to
400 for K = s”.
Proposition 5.4. Let v > —1, K = s”, and let N > 1 be an integer. Then
In(s?
Lo(K)=0 (rl(s)

" ) and I o(K) = O(s7 ") (5.14)
as s — +oo uniformly for a in compact subsets of (—1,+00).

Proof. The proof for I o(K) is similar to (but easier than) the proof of Proposition 4.4. In fact, it
follows from (4.38) that

w(m%_m . c) — O(1n(s")

as s — +o0o uniformly for ¢ € & (see the proof of Proposition 4.4 for the definition of &), from which we
immediately deduce that

In(s?
137Q(K)0(n(j)>, as s = +00.
s
The proof for Iy o(K) is analogous to the proof of Proposition 4.5 and we omit the details. O
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5.4 Integration of the differential identities in v, and

By using the results of the previous subsections, we can compute the large s asymptotics of 9, In C for
any o € {v1,...,Vp, lt1,. .., g} Integration with respect to « then yields the following proposition.

Proposition 5.5. Let r > g > 0 be integers and suppose that vi,...,Up,pi1,..., g > —1. Let Vyin =
min{vy, ..., Vp, i1, ... gt If €€ {1,...,1r}, then

Ve

9y, (In C)dvy = (Ve — Vimin <Z v — Z pk> (In(r —q) —In(1+7r —q))

Vmin

7#
2 2 2 2
vy — m1n1+r_q_(’r_q) . . o V¢ = Vnin o
R P n(r—q) = (2+q—r)=— = In(l+r—q)
In(27)
—|—1HG(1—|—V€) _lnG(1+Vmin) +(Vrnin _VK)T- (515)
Ifee{1,...,q}, then
He
By (10.C)dpty = (i — (Zw Z uk) (In(r — ) — In(1 + 7 — g))
o k;ﬁé
2 2 2 2 2
,ug—uminl—l—r—q—&-(r—q) _ _ _ Mg = Vmin _
T e N R )
In(27)
- lnG(]- + ,U'Z) + hIG(]- + Vmin) - (Vmin - NZ) (516)

2

Proof. We only consider the case o = vy, £ € {1,...,r}. The case a = puy, £ € {1,...,q}, is analogous.
We start by integrating the term XQ(?Z[ defined in (5.9). By Fubini’s theorem, we can interchange the
order of integration and summation, which implies

Ve . o 14+ 20 — Viin 1+ 20y — Vnin
T B T NS A
Vmin k=0

min 1
+ l/2 (V¢ — Vmin) In (1 + k—i—l) + lnr<k +1+ I/min> + Vimin

1+ Vmin 14 Vmin
—k+——|In({k+—) ;.

Simplification gives (see (4.27), (4.28), and (4.30))
In

Vyp 2
/ X(°) v = (2”) (Vanin — V) + M G(1 + 1) — In G(1 + vnin)

+ 1+ 21/@ — Vmin 1 1+ 2V€ — Vmin 1+ Vmin 1 1+ Vmin
2 " 2 2 "\ 2

1+2 — Vmin ]-+ min
() () G,

On the other hand, part (b) of Lemma 3.1 and Propositions 5.1, 5.2, 5.3, and 5.4 imply that

1+ 2vp — Vimin In(27)
InT —

8,,(InC) — X5 =

2,vp

g . 14+r—q—(r—q)?
A Dowi =D ) In(r—q) + v r— In(r —q)
= k=1

it
r q
- (Zl/j - Z,uk) In(l+r—-¢q)—2+q—r)vyIn(14+7r—q). (5.18)
= k=1
it
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Using the identity (4.5), we can integrate the term in (5.18) involving the Gamma function:

ve 1 2v) — min In(2
/ 1nr<+”f2”>dy; - n(zﬂ) (Ve — Vinin) — %(w ~ VUmin)

1- 21/[ + Viin 1+ 2”@ — Vmin 1- Vmin 1+ Vmin
— > lnF( 5 ) + 5 lnF< 5 )

—1nG<1+2W2_Vmin)+lnG<1+2VMI>.

Integrating also the other terms in (5.18) and utilizing (5.17), we arrive at

Ve 1 2 1-2 min 1 2 — Ymin

[ ay oy, = n(2 ™) (s — vian) — 2 (ve = vinin) — ”‘; v lnF< * Lt )
1- min 1 min 1 2 ( — Pmin 1 min In(2

+2Vlnf(+2y> lnG<+Wzy)+lnG< +2V > - n(27r)(l/efvmin)

— Vmin) (Z v — Z”’“) In(r —q) —In(1+r — q)) n 1n(227T) (Vmin — )

J#
2 2 2 2 2
Vﬁ_yminl—i_r_q_(T_Q) V¢ = Vhin
In(r —q) — (24 q — r)2L—20 (] 49 —
S T— n(r—¢) - 2+q¢-r)— n(l+r—q)
1 2 — VYmin 1 2 — Vmin 1 min 1 min
FInG(L+ vg) — I G(L + vy 4+~ Ve Ymin g (L 2V 7 Vinin ) L+ Vmin g (FF
2 2 2 2
1 2 — Vmin 1 min
—c’(—l;”g”)+<’(—1;+2”)+”;<w—umm>.

In view of (4.54) and the identities I'(z + 1) = 2I'(z) and G(z+ 1) = I'(2)G(z), this expression simplifies
0 (5.15). The proof of (5.16) is analogous. O

6 Proof of Theorem 1.1

We use the strategy described in Section 1.3 to prove Theorem 1.1. Let C® be the multiplicative
constant arising in the large gap asymptotics for the point process induced by K, ¢ € {0,...,7 +q},
where K is given by (1.33). The final constant is given by

T v q Pk
mC=mCry+ Y 0y (InC)dvy + 3 By, (In CH0)dp, (6.1)

¢=1 Y Vmin ¢=1 Y Vmin

where C,_, is the constant in (4.53) associated with K,_,. Proposition 4.6 with r replaced by r — ¢ gives

InCr_g=(r—¢)InG(1 + vmin) — ln(2277) Vmin(r —q) — (r —q —1){'(-1)
L 2P T ) oy e P20 - iy g ()

A(r —q+1) 24

On the other hand, Proposition 5.5 shows that, for £ =1,...,r,

Ve

a (IDC(Z))dV = VZ_len <ZVJ T—q—f)umin)(ln(r—q)—ln(l—l—r—q))

Vmin

2 2 2 2
Vﬂ_yminl—'_r_q_(r_q) _ o o V¢ = Vmin _
+ 5 T— In(r—q)—(2+g¢ 7“)72 In(l1+4r—q)
In(27)
+ hl G(l + VZ) - 111 G(l + Vrnin) + (Vmin - VK)T (63)
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and, for £ =1,...,q,

e r -1
Oy (In CT Nl = (Vnin — o) < Z vj — Z wr — (g — E)z/min) (In(r —q) —In(1+r —q))
Vmin J=1 k=1
2_ 2 2 2 _ 2
luéiymin1+rfq+(r7Q) He — Vmin
In(r — q) — (r — g~ Ymin g 4y
= [— n(r—q) = (r—ag=— n(l+r—q)
In(27)
—InG(1 4 pe) + In G(1 4 vmin) — (Vimin — fe) 5 (6.4)
By substituting (6.2), (6.3), and (6.4) into (6.1), we find the expression (1.15). This completes the proof
of Theorem 1.1. (|
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