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Devwudfw

Lq wklv sdshu zh suryh wkdw iru jhqhulf +qrq frrshudwlyh, yrwlqj
jdphv xqghu soxudolw| uxoh dq htxloleulxp wkdw lqgxfhv d pl{hg glv0
wulexwlrq ryhu wkh rxwfrphv +l1h1 zlwk wzr ru pruh fdqglgdwhv hohfwhg
zlwk srvlwlyh suredelolw|, lv lvrodwhg1 Iurp wkdw zh ghgxfh dovr wkdw
wkh vhw ri htxloleulxp glvwulexwlrqv ryhu rxwfrphv lv �qlwh1 Ixuwkhu0
pruh zh r�hu dq h{dpsoh +gxh wr Jrylqgdq dqg PfOhqqdq, wkdw
vkrzv wkh lpsrvvlelolw| ri h{whqglqj vxfk uhvxowv wr d jhqhudo iudph0
zrun1

�FRUH/ Yrlh gx Urpdq Sd|v 67/ 467; Orxydlq Od Qhxyh/ Ehojlxp1 Wkh dxwkru wkdqnv
Surihvvru Mhdq0Iudqfrlv Phuwhqv iru klv lqydoxdeoh frpphqwv dqg vxjjhvwlrqv lq hyhu| vwhs
ri wkh suhvhqw uhvhdufk1 Wkh xvxdo glvfodlphu dssolhv1

4



Lq ^5` lw lv suryhg wkdw iru jhqhulf qrupdo irup jdphv wkh qxpehu ri
htxloleulxp srlqwv lv �qlwh dqg ixuwkhupruh doo htxloleuld duh uhjxodu1 Lq
wklv sdshu zh jhqhudol}h wkh devwudfw prgho ri d rqh vwdjh yrwlqj surfhgxuh
lqwurgxfhg lq ^9` lq rughu wr suryh dq �dqdorj|� ri Kduvdq|l*v uhvxowv iru qrq
frrshudwlyh yrwlqj jdphv/ lq wkh fdvh ri soxudolw| uxoh1 Pruh suhflvho| jlyhq
wkh vhw ri yrwhuv +sod|huv,/ wkh vhw ri fdqglgdwhv/ wkh yrwlqj surfhgxuh dqg
wkh sd|r�v wkdw hdfk yrwhu jhwv lq doo wkh srvvleoh uhvxowv ri wkh hohfwlrq/
zh rewdlq d qrupdo irup jdph1 W|slfdoo| wklv jdph zloo eh kljko| qrq
jhqhulf/ vlqfh wkh vdph rxwfrph dulvhv iurp pdq| gl�huhqw sxuh vwudwhj|
frpelqdwlrqv1 Khqfh lq wklv fodvv ri jdphv zh fdqqrw dsso| wkh uhvxowv ri ^5`/
dqg lw lv fohduo| lpsrvvleoh wr jhw wkh �qlwhqhvv ri wkh qxpehu ri htxloleuld
+l1h1 iru h{dpsoh/ zlwk soxudolw| uxoh lw lv reylrxv wkdw/ lqghshqghqwo| ri
suhihuhqfhv/ hyhu| vwudwhj| frpelqdwlrq zkhuh wkh zlqqhu uhfhlyhv dw ohdvw
wkuhh yrwhv pruh wkdq dq| rwkhu fdqglgdwh lv dq htxloleulxp,1 Krzhyhu zh
suryh wkdw/ xqghu soxudolw| uxoh/ iru jhqhulf yrwlqj jdphv wkh qxpehu ri
htxloleulxp glvwulexwlrqv lv �qlwh1 Pruhryhu zh �qg wkdw/ lq wklv fodvv ri
jdphv/ dq htxloleulxp wkdw lqgxfhv d qrq frpsohwho| ghjhqhudwh glvwulexwlrq
ryhu rxwfrphv lv lvrodwhg1 Wklv uhvxow fdq eh frqvlghuhg �dqdorjrxv� wr
Kduvdq|l*v uhjxodulw|/ vlqfh hyhu| uhjxodu htxloleulxp lv lvrodwhg1

Wkh �qlwhqhvv ri htxloleulxp glvwulexwlrq kdv dovr ehhq suryhg/ jhqhul0
fdoo|/ lq rwkhu fodvvhv ri jdphv1 Lq ^7` dqg ^6` vxfk d uhvxow lv suryhg wr krog
iru jhqhulf h{whqvlyh irup jdphv dqg lq ^4` lw lv suryhg iru jdphv zlwk wzr
rxwfrphv1 Fi1 dovr ^4` iru rwkhu uhodwhg uhvxowv1

Lq ^4` dq h{dpsoh lv glvfxvvhg ri d jdph irup iru zklfk wkhuh lv dq rshq
vhw ri sd|r�v/ dv ixqfwlrq ri wkh rxwfrphv/ vxfk wkdw hdfk sd|r� lq wkh vhw
lqgxfhv d jdph zlwk d frqwlqxxp ri htxloleulxp glvwulexwlrq ryhu rxwfrphv1
Vlqfh wkdw jdph irup frxog dulvh iurp d yrwlqj jdph/ dv zh zloo vkrz lq wkh
frqfoxglqj vhfwlrq/ lw lpsolhv wkdw rxu uhvxowv fdqqrw eh h{whqghg wr d yhu|
jhqhudo fodvv/ hyhq mxvw ri yrwlqj jdphv1

4 Wkh Jhqhudo Prgho
Lq wklv vhfwlrq zh lqwurgxfh dqg jhqhudol}h wkh devwudfw prgho ri d rqh vwdjh
yrwlqj surfhgxuh gh�qhg e| P|huvrq dqg Zhehu lq ^9` 1

Jlyhq wkh �qlwh vhw ri fdqglgdwhv g ' i�c 2c ���c &j/ hdfk yrwhu vxeplwv d
edoorw/ zklfk lv d yhfwru ri & frpsrqhqwv/ l1h1 � ' E��c ����&� c zkhuh �� yrwhv
duh jlyhq wr fdqglgdwh 4/ �2 yrwhv wr fdqglgdwh 5/ dqg vr rq1 Dq hohfwrudo
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v|vwhp lv wkhq gh�qhg e| wkh edoorwv wkdw hdfk yrwhu fdq vxeplw dqg e| wkh
hohfwlrq uxoh wkdw/ jlyhq wkh edoorwv fdvw/ vhohfwv wkh zlqqhu iurp wkh vhw g1
Iru h{dpsoh/ li wkh hohfwlrq lv grqh zlwk soxudolw| uxoh dqg wkhuh duh wkuhh
fdqglgdwhv/ wkh vwudwhj| vhw ri hdfk yrwhu lv=

TR ' iE�c fc f� c Efc �c f� c Efc fc �� c Efc fc f�j
zkhuh wkh odvw vwudwhj| uhsuhvhqwv wkh devwhqwlrq1 E| frqwudvw xqghu dssurydo
yrwlqj wkh vwudwhj| vhw ri hdfk yrwhu lv jlyhq e|=

T@ ' iE�c fc f� c Efc �c f� c Efc fc �� c Efc fc f� c E�c �c f� c E�c fc �� c Efc �c �� c E�c �c ��j
zkloh zlwk Erugd uxoh wkh vwudwhj| vhw lv=

TK ' iE2c �c f� c E�c 2c f� c E2c fc �� c E�c fc 2� c Efc 2c �� c Efc �c 2� c Efc fc f�j
Zlwk wkh deryh wkuhh surfhgxuhv wkh hohfwlrq uxoh vhohfwv wkh fdqglgdwh

wkdw uhfhlyhv wkh odujhvw wrwdo qxpehu ri yrwhv rq doo edoorwv fdvw1 Lq wklv
frqwh{w zh kdyh wr euhdn wlhv1 Wkh prvw qdwxudo zd| wr gr wklv lv wr doorz
dq htxdo suredelolw| orwwhu| dprqj wkh zlqqhuv/ ru d jlyhq �vwdwx txr�/ dv
xqghu pdmrulw| uxoh1

Lq jhqhudo wkh vwudwhj| vhw fdq gl�hu iurp sod|hu wr sod|hu dqg/ lq dgglwlrq/
wkh hohfwlrq uxoh lv qrw qhfhvvdulo| wkh rqh ghvfulehg deryh1 Irupdoo|/ jlyhq
wkh vhw ri yrwhuv/ wkdw lq rxu fdvh lv �qlwh/ � ' i�c 2c ���c ?j dqg wkh vhw ri
fdqglgdwhv/ wkh yrwlqj surfhgxuh T � lv gh�qhg e|=

T � '
��

T �
�
�M�

c (
�

zkhuh T � lv wkh vhw ri srvvleoh edoorwv wkdw yrwhu � fdq vxeplw zkloh ( lv

wkh hohfwlrq uxoh1 Ghqrwlqj T '
?T
�'�

T �/ li zh zdqw wr doorz wkh fdvh wkdw qr

fdqglgdwh lv hohfwhg=

( G T $ g ^ i>j
Jlyhq wkh vhw ri yrwhuv � dqg wkh vhw ri fdqglgdwhv g/ wkh yrwlqj surfh0

gxuh T � ghwhuplqhv wkh fruuhvsrqglqj jdph irup1 Wr rewdlq wkh dvvrfldwhg
qrq frrshudwlyh jdph zh qhhg wkh froohfwlrq ri xwlolw| yhfwruv i��j�M� / zkhuh
�� ' E��

�
c ���c ��&� dqg hdfk ��S uhsuhvhqwv wkh sd|r� wkdw sod|hu � jhwv li fdq0

glgdwh S lv hohfwhg1 Lq rwkhu zrugv wkh wulsohw E�cgc T � � gh�qhv d idplo|
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ri jdphv dqg hdfk jdph lq wklv idplo| lv lghqwl�hg zlwk ?& qxpehuv1 W|s0
lfdoo| wkh uhvxowlqj qrupdo irup jdph lv kljko| qrq jhqhulf vlqfh wkh vdph
rxwfrph dulvhv iurp pdq| gl�huhqw sxuh vwudwhj| frpelqdwlrqv1 Iru h{dp0
soh zlwk soxudolw| uxoh hdfk yrwhu kdv E& n �� sxuh vwudwhjlhv/ wkhuhiruh wkh
fruuhvsrqglqj qrupdo irup kdv ? E& n ��? qxpehuv1 Khqfh zh fdq qrw dsso|
wkh uhvxowv ri Kduvdq|l ^5` derxw wkh qxpehu ri htxloleuld dqg wkhlu uhjxodulw|
iru jhqhulf qrupdo irup jdphv1

5 Wzr uhvxowv xqghu soxudolw| uxoh
Lq wklv vhfwlrq zh frqfhqwudwh rxu dwwhqwlrq rq wkh prgho ri soxudolw| uxoh
lq rughu wr suryh wkdw wkhq/ iru jhqhulf yrwlqj jdphv/ dq htxloleulxp zklfk
lqgxfhv d pl{hg glvwulexwlrq ryhu wkh hohfwhg fdqglgdwhv lv lvrodwhg/ dqg wkdw
khqfh wkh vhw ri htxloleulxp glvwulexwlrqv ryhu rxwfrphv lv �qlwh1 Wkh surri
�edvlfdoo|� iroorzv wkh vdph olqh dv wkh rqh jlyhq e| Kduvdq|l ^5` wr suryh
wkdw iru jhqhulf qrupdo irup jdphv doo htxloleuld duh uhjxodu1 Lw lqyroyhv
wkh gh�qlwlrq ri d pds iurp wkh htxloleulxp judsk wr wkh vsdfh ri jdphv1 Lw
gl�huv iurp Kduvdq|l*v surri vlqfh zkhuh/ iru hdfk xqnqrzq/ kh kdv rqh htxd0
wlrq frqwdlqlqj rqo| wklv xqnqrzq/ zh kdyh d olqhdu v|vwhp dqg ixuwkhupruh/
lq rxu fdvh/ wkh frqvwuxfwlrq kdv wr eh uhvwulfwhg wr htxloleuld wkdw lqgxfh
d pl{hg glvwulexwlrq ryhu rxwfrphv1 Pruhryhu zh h{sorlw wkh idfw wkdw wkh
pds lv vhpl0dojheudlf/ lqvwhdg ri xvlqj Vdug*v wkhruhp/ wr ghgxfh wkdw wkh
uhvxowv krog jhqhulfdoo|1

Jlyhq wkh vhw ri fdqglgdwhv g dqg wkh vhw ri yrwhuv � / wkh soxudolw| uxoh
ghwhuplqhv wkh vwudwhj| vsdfh ri hdfk sod|hu1 Pruh suhflvho| vlqfh hdfk yrwhu
fdq hlwkhu fdvw klv yrwh iru hdfk fdqglgdwh ru devwdlq/ zh kdyh wkdw iru hdfk
sod|hu �=

T � ' T ' i�c ���c &c fj
zkhuh hdfk S 5 T � ifj lv d yhfwru ri & frpsrqhqwv zlwk doo }hurv h{fhsw
iru d rqh lq srvlwlrq S/ dqg uhsuhvhqwv wkh yrwh iru fdqglgdwh S/ zkloh f lv
wkh }hur yhfwru uhsuhvhqwlqj wkh devwhqwlrq1 Ghqrwlqj gf ' g ^ ifj/ wkh
vwudwhj| vsdfh ri hdfk sod|hu lv=

P ' {Egf�

Lq wkh iroorzlqj zh zloo xvh wkh vxshuvfulsw wr lqglfdwh wkh yrwhu dqg wkh
vxevfulsw wr ghqrwh wkh vwudwhj|/ l1h1 j�S lv wkh suredelolw| wkdw sod|hu � yrwhv
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iru S zkloh j�
f
lv wkh suredelolw| wkdw kh devwdlqv1 Lq rughu wr ghwhuplqh

wkh zlqqhu/ zh gr qrw qhhg wr nqrz wkh edoorwv fdvw e| doo wkh yrwhuv exw
lw lv hqrxjk wr nqrz wkhlu vxp1 Jlyhq d sxuh vwudwhj| yhfwru � 5 T ?/

ohw / '
?S
�'�

��1 Fohduo| / lv d yhfwru zlwk & frpsrqhqwv dqg hdfk frruglqdwh

uhsuhvhqwv wkh wrwdo qxpehu ri yrwhv rewdlqhg e| wkh fruuhvsrqglqj fdqglgdwh>
ghqrwlqj e| R ES m �� wkh suredelolw| wkdw fdqglgdwh S lv hohfwhg li � lv sod|hg/
zh kdyh=

R ES m �� '
;?
=

f �s <6 5 g r�| /S 	 /6

�

^

�s /S � /6 ;6 5 g @?_
r i_ 5 g m /_ ' /Sj ' ^

+4,

Fohduo| zh fdq h{whqg +4, wr pl{hg vwudwhj| yhfwruv j=

RES m j� '
[

R ES m �� j E�� +5,

zkhuh/ dv xvxdo/ j E�� ghqrwhv wkh suredelolw| ri wkh vwudwhj| frpelqdwlrq �
xqghu j�

Ghqrwlqj R Ej� ' ER E� m j� c R E2 m j� c ���c R E& m j��/ zh kdyh wkdw R Ej� lv
lq {g 1 Ohw*v fdoo d vwudwhj| frpelqdwlrq j qrq0ghjhqhudwh li lw ohdgv wr d
qrq0ghjhqhudwh glvwulexwlrq ri fdqglgdwhv/ l1h1 li R Ej� lv qrw d yhuwh{ ri {g 1

Dv phqwlrqhg lq wkh suhylrxv vhfwlrq/ jlyhq wkh vhw ri sod|huv� / wkh vhw ri
fdqglgdwhv g dqg wkh soxudolw| uxoh E�u�/ wkh fruuhvsrqglqj jdph lv gh�qhg
e| wkh xwlolw| yhfwruv i��j�M� / zkhuh �� ' E��

�
c ���c ��&� dqg hdfk ��S uhsuhvhqwv

wkh sd|r� wkdw sod|hu � jhwv li fdqglgdwh S lv hohfwhg1
Wkh sd|r� wkdw sod|hu � jhwv xqghu j lv=

L � Ej� '
[
SMg

R ES m j� ��S

Ru lq yhfwru qrwdwlrq=

L � Ej� '


R Ej� c ��

�
+6,

D vwudwhj| yhfwru j � f lv d Qdvk htxloleulxp iru wkh soxudolw| jdph
K ' E�cgc �uc �� li dqg rqo| li lw vdwlv�hv wkh iroorzlqj frqglwlrqv=

j�S

�
L �

�
jc S�

�� 4@ 
6Mgf

L �
�
jc6�

��
' f ;� 5 �c ;S 5 gf +7,
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&[
S'f

j�S � � ' f ;� 5 �

zkhuh/ dv xvxdo/ Ejc S�� ghqrwhv wkh vwudwhj| yhfwru Ej3�c � yrwhv iru S�1
Lq wkh iroorzlqj zh zloo dovr xvh wkh yhfwru ZS Ej3�� wkdw h{suhvvhv wkh

gl�huhqfh lq wkh suredelolw| glvwulexwlrq ri wkh rxwfrphv li sod|hu � yrwhv iru
S ru li kh devwdlqv/ xqghu wkh �{hg vwudwhj| j3� ri wkh rwkhuv1

Gh�qlwlrq 4 ZS Ej3�� ' REjc S��� REjc f���

Wkh iroorzlqj uhvxowv derxw wkh yhfwru ZS Ej3�� duh txlwh reylrxv exw vlqfh
wkh| zloo eh h{whqvlyho| xvhg/ zh suhihu wr sxw wkhp lq d vhsdudwh ohppd1
Edvlfdoo| wklv mxvw vwdwhv wkdw yrwlqj iru d fdqglgdwh/ udwkhu wkdq devwdlqlqj/
fdqqrw lqfuhdvh wkh suredelolw| ri wkh hohfwlrq ri dq| rwkhu fdqglgdwh1

Ohppd 5 Wkh yhfwru ZS Ej3�� kdv & frpsrqhqwv Ek� zklfk vxp xs wr }hur
dqg Eq� wkh rqo| frpsrqhqw wkdw fdq eh srvlwlyh lv wkh S0wk1 E�� Ixuwkhupruh
li Sn 9' S dqg RESn m jc f�� ' f wkhq ZSSn

Ej3�� ' f1

Surri1 Ek� Lw lv reylrxv iru dq| yhfwru zklfk lv d gl�huhqfh ri wzr suredelolw|
yhfwruv1 Eq� Iru hyhu| �{hg �3�/ li sod|hu � yrwhv iru S udwkhu wkdq devwdlqlqj/
wkh wrwdo qxpehu ri yrwhv ri dq| rwkhu fdqglgdwh uhpdlqv wkh vdph zkloh
wkdw rqh iru S lqfuhdvhv/ vr wkh suredelolw| ri hohfwlqj dq| rwkhu fdqglgdwh
fdqqrw lqfuhdvh1 E�� Li d fdqglgdwh kdv }hur suredelolw| wr eh hohfwhg li sod|hu
� devwdlqv/ zkdw deryh lpsolhv wkdw kh fdqqrw eh hohfwhg hyhq li � yrwhv iru
hyhu| rwkhu fdqglgdwh/ khqfh wkh uhvxow1

Vlqfh zh duh lqwhuhvwhg lq jhqhulf yrwlqj jdphv +l1h1 lq jhqhulf srlqw ri
??&, zh fdq dqg zloo khqfhiruwk dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw qr
sod|hu lv lqgl�huhqw ehwzhhq wzr fdqglgdwhv1 Irupdoo| lw fdq eh vwdwhg dv=
Dvvxpswlrq 4= ;� 5 �c ��S 9' ��Sn ;Sc Sn 5 gc S 9' Sn�

Xqghu dvvxpswlrq 4 lw lv srvvleoh wr suryh wkdw li dw ohdvw wzr fdqglgdwhv
duh hohfwhg zlwk srvlwlyh suredelolw| xqghu dq htxloleulxp j/ wkhq devwhqwlrq
lv qrw d ehvw uhso| dqg hyhu| sod|hu yrwhv rqo| iru fdqglgdwhv iru zklfk klv
yrwh lqfuhdvhv wkhlu suredelolw| ri ehlqj hohfwhg dv frpsduhg wr wkh fdvh zkhq
kh devwdlq> dqg fohduo| kh pxvw wkhq ghfuhdvh wkh suredelolw| ri hohfwlrq ri
vrph fdqglgdwh wkdw kh suhihuv ohvv/ hovh devwhqwlrq lwvhoi zrxog eh d ehwwhu
uhso|1 Wklv lv wkh frqwhqw ri wkh qh{w ohppd dqg lwv fruroodu|=
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Ohppd 6 Iru hyhu| sod|hu �/ li j lv d qrq0ghjhqhudwh htxloleulxp4 wkhq
devwhqwlrq lv qrw d ehvw uhso| iru � +khqfh j�

f
' f�1

Surri1 Ohw*v gh�qh=
gj

� ' iS 5 g m RES m jc f�� : fj
�gj
� '

�
S 5 g m �hE/S � 4@ 

SnMg
/Sn � � m Ejc f��� : f

�

� ' @h}4@ 
SM �gj

�

o�S

Zh zloo suryh wkh ohppd e| frqwudglfwlrq/ vr ohw*v vxssrvh wkdw wkh de0
vwhqwlrq lv d ehvw uhso| iru sod|hu �1

Iurp ohppd 5 zh nqrz wkdw=

L �
�
jc� �

�� L �
�
jc f�

�
'



Z�

�
j3�

�
c ��

� � f +8,

zkhuh wkh lqhtxdolw| lq +8, iroorzv iurp wkh idfw wkdw Z� Ej3�� lv d yhfwru
zkrvh frpsrqhqwv vxp xs wr }hur dqg wkh rqo| frpsrqhqw wkdw fdq eh
srvlwlyh lv wkh �0wk zklfk fruuhvsrqgv wr wkh pd{lpxp ri �� El1h1 li Sn *5 �gj

�

wkhq Z�Sn Ej3�� ' f��
Xqghu dvvxpswlrq 4/ wkh lqhtxdolw| lq +8, lv vwulfw li Z�� Ej3�� lv vwulfwo|

juhdwhu wkdq }hur1 Jlyhq wkh vwudwhj| ri wkh rwkhuv dqg wkh devwhqwlrq ri
sod|hu �/ wklv kdsshqv zkhq/ zlwk srvlwlyh suredelolw|/ hlwkhu fdqglgdwh �
kdv rqo| rqh yrwh ohvv wkdq wkh zlqqhu+v, ru zkhq kh jhwv wkh pd{lpxp
qxpehu ri yrwhv/ exw kh lv qrw wkh rqo| rqh1 Wkhq yrwlqj iru � |lhogv d
vwulfw lpsuryhphqw dv frpsduhg wr devwhqwlrq h{fhsw li/ zlwk suredelolw| rqh
xqghu Ejc f��/ hlwkhu /� : 4@ 

S�'�
/S ru /� 	 4@ 

S�'�
/S� �1 Xvlqj wkhq wkdw j3�

lv d surgxfw/ vr zh fdq fkdqjh rqh frruglqdwh dw d wlph/ zh ghgxfh wkdw rqo|
rqh ri wkh wzr fdvhv fdq kdyh srvlwlyh suredelolw| +li f� 5 �- Ej3��,/ khqfh
suredelolw| rqh1 Wklv fdqqrw eh wuxh iru wkh vhfrqg vlqfh � 5 �gj

� / khqfh lw
pxvw eh gj

� ' i�j1
Wkhq dq| j� ri sod|hu � fdq rqo| ohdg wr d vhw ri fdqglgdwhv kdylqj srvlwlyh

suredelolw| ri hohfwlrq wkdw frqvlvwv ri � dqg srvvleo| vrph rwkhu fdqglgdwhv
ohvv suhihuuhg e| �1 Vlqfh i�j lwvhoi lv ihdvleoh iru �/ e| devwdlqlqj/ dqg dq|
rwkhu vxfk vhw lv ohvv suhihuuhg e| �/ lw pxvw eh wkdw xqghu dq| ehvw uhso|
rqo| � jhwv hohfwhg/ zklfk frqwudglfwv wkh k|srwkhvlv1

Fruroodu| 7 Xqghu wkh vdph dvvxpswlrqv=

4Ru mxvw li � lv d qrq0ghjhqhudwh vwudwhj| frpelqdwlrq dqg �l 5 EU
�
��l

�
1

:



Ek� j�S : f ', kZS Ej3�� c ��l : f
Eq� j�S : f ', <6 !� S G Z

S
6 Ej3�� 	 f

Surri1 Ek�Lw hdv| iroorzv iurp wkh suhylrxv ohppd/ vlqfh li yrwlqj iru fdqgl0
gdwh S grhv qrw lqfuhdvh/ dv frpsduhg wr wkh devwhqwlrq/ wkh h{shfwhg xwlolw|
ri sod|hu �/ lw fdqqrw eh dq klv ehvw uhso|1 Eq� Li yrwlqj iru fdqglgdwh S grhv
qrw ghfuhdvh wkh suredelolw| ri hohfwlrq ri dq| ohvv suhihuuhg fdqglgdwh/ wklv
vwudwhj| fdqqrw jlyh sod|hu � dq kljkhu h{shfwhg sd|r� wkdq devwhqwlrq1

Ohw*v �{ d vxssruw � � T ?/ d vwudwhj| yhfwru �W 5 � dqg ohw*v ghqrwh
u� ' iS 5 gf r�|� S

� 5 �� � i��Wjj1
Wdnh d jdph � wkdw kdv d qrq0ghjhqhudwh htxloleulxp j zlwk � Ej� ' �1

Wkhq wkh htxloleulxp frqglwlrqv +7, fdq eh zulwwhq dv=
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�
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j�S � � ' f ;� 5 �

Ghqrwlqj e| ZSW Ej
3�� wkh gl�huhqfh lq wkh suredelolw| glvwulexwlrq ri wkh

rxwfrphv li sod|hu � yrwhv iru S ru li kh sod|v ��W/ xqghu wkh �{hg vwudwhj| j3�

ri wkh rwkhuv/ zh kdyh=
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Vxevwlwxwlqj +6, dqg +:, lq +9, zh jhw=

j�S


ZSW

�
j3�

�
c ��

�
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�
��W
�
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Ghqrwlqj ,� ' ru� ' r�� � � dqg , '
?S
�'�

,�/ gh�qh wkh iroorzlqj vxeyhf0

wruv ri � 5 ??&= �W 5 ??c wkdw vshfl�hv iru hdfk sod|hu wkh xwlolw| wkdw kh
jhwv li wkh fdqglgdwh wkdw kh yrwhv iru lq �W lv hohfwhg +l1h1 ohppd 6 dvvxuhv xv
wkdw � frqwdlqv qr devwhqwlrq,/ �WW 5 ??&3,3?/ wkdw vshfl�hv iru hdfk yrwhu
klv xwlolw| iru wkh fdqglgdwhv iru zkrp kh grhv qrw yrwh/ dqg �� 5 ?,/ wkdw
vshfl�hv iru hdfk sod|hu � klv xwlolw| iru wkh fdqglgdwhv lq u�1 Wr vlpsoli| wkh
qrwdwlrq ohw �W ' E�Wc �WW�1 Fohduo| � ' E�Wc ���1 Wkh htxloleulxp frqglwlrqv
lq +;, lpso|=



ZSW

�
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�
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�
' f ;�c ;S 5 u� +<,
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Jlyhq jc �W dqg �W/ +<, lv d olqhdu v|vwhp ri , htxdwlrqv lq , xqnqrzqv/
wkh ��1 Wkh v|vwhp fdq eh zulwwhq dv=



Z�SW

�
j3�

�
c ���

�
'


�ZWSW �
j3�

�
c �W�

� ;�c ;S 5 u�

zkhuh Z�SW Ej3�� dqg ��� duh yhfwruv ri glphqvlrq ,�/ zkloh �ZWSW Ej3�� dqg �W�

duh yhfwruv ri glphqvlrq g � ,�1 Vlqfh iru hyhu| sod|hu � zh kdyh ,� htxdwlrqv
wkh v|vwhp fdq eh zulwwhq dv=
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W
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j3�
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zkhuh ��
W Ej

3�� dqg ��� duh/ uhvshfwlyho|/ d vtxduh pdwul{ dqg d froxpq yhfwru
ri glphqvlrq ,�/ zkloh ��W

W Ej
3���W� lv d froxpq yhfwru1 Wkh zkroh v|vwhp

kdv wkh iroorzlqj pdwul{ uhsuhvhqwdwlrq=

��
W Ej��

� ' ��W
W Ej� �

W +43,

Wkh v|vwhp lq +43, kdv dq xqltxh vroxwlrq li wkh vtxduh pdwul{ ��
W Ej� ri

glphqvlrq , lv qrw vlqjxodu1 Wkh iroorzlqj ohppd zloo suryh lw1

Ohppd 8 Wkh pdwul{ ��
W Ej� kdv d vwulfwo| srvlwlyh ghwhuplqdqw/ khqfh lw lv

qrw vlqjxodu1

Surri1 Wkh pdwul{ ��
W Ej� lv eorfn gldjrqdo/ zkhuh hdfk eorfn frlqflghv zlwk

d pdwul{ ��
W Ej

3��/ khqfh li hdfk ��
W Ej

3�� kdv d vwulfwo| srvlwlyh ghwhuplqdqw
��
W Ej� dovr kdv1 Dv phqwlrqhg ��

W Ej
3�� lv d vtxduh pdwul{ ri glphqvlrq ,�1

Wkh ESc6� hqwu| ri wkh vtxduh pdwul{ ��
W Ej

3�� lv jlyhq e| wkh suredelolw|
wkdw fdqglgdwh 6 lv hohfwhg li sod|hu � yrwhv iru S plqxv wkh suredelolw| wkdw
6 lv hohfwhg li � sod|v ��W/ zlwk Sc6 5 u�1 E| gh�qlwlrq=
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wkhq wkh ESc6� hohphqw ri wkh pdwul{ ��

W Ej
3�� lv=
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' E@S6 n K6� Sc6 5 u�

zkhuh=
@S6 ' ZS6

�
j3�

�
dqg K6 ' �Z��W6

�
j3�

�
Ohppd 5 lpsolhv wkdw wkh pdwul{ � ' E@S6� lv dq lpsurshu Plqnrzvn|0

pdwul{ +l1h1 d pdwul{ vxfk wkdw doo qrq gldjrqdo hohphqwv duh qrq srvlwlyh

<



dqg wkh vxp ri hdfk urz lv qrq qhjdwlyh, dqg fruroodu| 7Ek� lpsolhv wkdw doo
wkh gldjrqdo hohphqwv ri � duh vwulfwo| srvlwlyh1 Wkh qh{w vwhs lv wr vkrz wkdw
wkh pdwul{ � lv grplqdqw gldjrqdo +lq wkh gh�qlwlrq ri PfNhq}lh ^8`s17:,1
Wr wklv hqg ohw*v gh�qh wkh iroorzlqj ixqfwlrqv=

rS E_� ' @SS_S �
[

6Mu�*S

m@S6m _6 '
[
6Mu�

@S6_6 S 5 u�

Zh kdyh wr vkrz wkdw d _W  f h{lvwv vxfk wkdw rS E_W� : f ; S 5 u�1 E|
ohppd 5Ek� zh nqrz wkdw

S
6Mg

@S6 lv htxdo wr }hur dqg e| fruroodu| 7Ek� zh

nqrz wkdw
S
6Mg

@S6�
�
6 : f khqfh iru hyhu| 0 : f/

S
6Mg

@S60�
�
6 : f1 Iru 0

vx!flhqwo| forvh wr }hur � n 0��6 : f ;6 5 g1 Fkrrvh dq �0 wkdw vdwlv�hv
wkhvh frqglwlrqv= khqfh _W ' O� n �0��  f dqg rS E_

W� : f ;S 5 u�1 Lq idfw

rS E_
W� �

[
6Mg

@S6E� n �0��6� : f ;S 5 u�

zkhuh wkh �uvw lqhtxdolw| iroorzv iurp ohppd 5Eq� dqg wkh srvlwlylw| ri
hdfk � n �0��6/ dqg wkh vhfrqg iurp ohppd 5Ek� dqg wkh srvlwlylw| ri hdfkS
6Mg

@S6�0�
�
61 Wklv suryhv wkdw wkh pdwul{ � kdv d +srvlwlyh, grplqdqw gldj0

rqdo dqg lpsolhv wkdw doo wkh sulqflsdo plqruv ri � duh vwulfwo| srvlwlyh +fi1
^:` Wk15414 s16;9,1 Wkhq wkh pdwul{ � lv dq �0pdwul{/ lq wkh gh�qlwlrq ri
Rvwurzvn| +^;` s1<8,1

Lq ^;` +s1<:, wkh iroorzlqj uhvxow lv frqwdlqhg=
Li ' lv dq ?� ? �0pdwul{ wkhq=

m^�� n _�m � m^��m : f sJo _� � f E� ' �c � � � c ?�

Wklv uhvxow zlwk wkh idfw wkdw K6 � f +ohppd 5Eq�, lpsolhv wkh fodlp ri
wkh ohppd1

Qrz zh fdq suryh wkh iroorzlqj wkhruhp=

Wkhruhp 9 Iru jhqhulf � 5 ??&/ d qrq0ghjhqhudwh htxloleulxp lv lvrodwhg1

Surri1 Wr suryh wkh wkhruhp lw lv hqrxjk wr suryh wkdw/ iru hyhu| srvvleoh
vxssruw �c h{fhsw iru d forvhg vhw ri phdvxuh }hur/ wkhuh lv d �qlwh qxpehu ri
qrq0ghjhqhudwh htxloleuld zlwk vxssruw � +l1h1 vlqfh wkh qxpehu ri sod|huv
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dqg fdqglgdwhv lv �qlwh dovr wkh vhw ri srvvleoh vxssruwv lv �qlwh dqg pruh0
ryhu wkh frqwlqxlw| ri wkh glvwulexwlrq ryhu fdqglgdwhv lpsolhv wkdw li wkhuh
lv d �qlwh qxpehu ri qrq0ghjhqhudwh htxloleuld hdfk rqh lv lvrodwhg,1 Iru
hyhu| �/ ohw*v �{ d fruuhvsrqglqj sxuh vwudwhj| frpelqdwlrq �W 5 �1 Wkhq
ohw*v frqvlghu d vxssruw �1 Ohppd 8 lpsolhv wkdw jlyhq d qrq0ghjhqhudwh
htxloleulxp j/ zlwk vxssruw �/ dqg wkh fruuhvsrqglqj vxeyhfwru �W zh fdq
uhfrqvwuxfw xqltxho| wkh hqwluh yhfwru �1

Ohw*v gh�qh wkh iroorzlqj vhwv=
U '

�
� 5 ??& m <�c Sc Sn r�|� ��S ' ��Sn

�
7??& ' ??& � U
.� '

�
E�c j� m � 5 7??&c � Ej� ' �c j lv d qrq0ghjhudwh ht1 ri �

�
+l1h1 7??& lv wkh vhw ri jdphv wkdw vdwlvi| dvvxpswlrq 4 dqg wkh vhw U lv

d orzhu glphqvlrqdo vhw/ zkloh .� lv wkh judsk ri wkh fruuhvsrqghqfh wkdw
dvvrfldwhv wr hdfk jdph lq 7??& lwv qrq0ghjhqhudwh htxloleuld zlwk vxssruw
htxdo wr � ,1 Ghqrwlqj .�

W ' RoJ�EP?f 7̂?&3,�.
S/ wkh deryh frqvwuxfwlrq

lpsolhv wkdw wkhuh lv d ixqfwlrq 8�W G .�
W $ 7??& wkdw pdsv E�Wc j� lqwr

� ' E�Wc ���1

8�W G
�W ' �W

�� ' E��
W Ej��

3� E��W
W Ej��

W�

Wkh pds 8�W lv frqwlqxrxv vlqfh lw lqyroyhv dgglwlrqv/ vxewudfwlrqv/ pxo0
wlsolfdwlrqv dqg rqo| wkh glylvlrq e| wkh ghwhuplqdqw ri ��

W Ej�/ juhdwhu wkdq
}hur e| ohppd 81 Ixuwkhupruh wkh vhwv .�

W dqg 7??& duh vhpl0dojheudlf dv
zhoo dv wkh pds 8�W dqg wkh glphqvlrq ri .�

W lv dw prvw ?& +l1h1 vlqfh zh
kdyh �{hg �/ _�4 EP? m �� ' ,�� Zh fdq dsso| wkh Jhqhudo Orfdo Wulyldo0
lw| wkhruhp +fi1 ^<`s153, wr ghgxfh wkdw wkh vhw ri jdphv vxfk wkdw wkhlu
lqyhuvh lpdjh kdv glphqvlrq juhdwhu wkdq }hur lq .�

W kdv glphqvlrq orzhu
wkdq ?&� Li wkh lqyhuvh lpdjh ri d jdph � kdv glphqvlrq }hur wkhq lw lpsolhv
wkdw � kdv d �qlwh qxpehu ri qrq0ghjhqhudwh htxloleuld +l1h1 d 30glphqvlrqdo
vhpl0dojheudlf vhw lv �qlwh,1 Vr zh kdyh wr suryh wkdw

_�4
q
� 5 7??& m _�48�3�

W E�� : f
r
	 ?& +44,

Wkh Jhqhudo Orfdo Wulyldolw| wkhruhp dvvxuhv xv wkdw wkhuh lv d vhpl0
dojheudlf vhw � � 7??& zlwk _�4� 	 ?& vxfk wkdw iru hdfk ri wkh +�qlwh
qxpehu ri, frqqhfwhg frpsrqhqwv (� ri 7??&q� wkhuh lv d vhpl0dojheudlf
vhw '� +wkh ��ehu�, dqg d vhpl0dojheudlf krphrprusklvp �� G (� � '� $
8�3�

W E(�� vxfk wkdw 8�W � �� E�c ^� ' � iru hdfk � 5 (�/ ^ 5 '��
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Fohduo| li (� dqg '� duh dv deryh zh kdyh

_�48�3�
W E(�� ' _�4(� n _�4'�

dqg iru � 5 (�

_�48�3�
W E�� ' _�4�3��

�
8�3�

W E��
�
' _�4 Ei�j �'�� ' _�4'�

khqfh
_�48�3�

W E�� ' _�48�3�
W E(��� _�4(�

Vlqfh wkh glphqvlrq ri .�
W lv dw prvw ?&/ li _�4(� ' ?& wkh lqyhuvh lpdjh ri

d srlqw � 5 (� lv qrw srvlwlyh1 Khqfh wkh vhw ri jdphv wkdw kdyh dq lq�qlwh
qxpehu ri qrq0ghjhqhudwh htxloleuld zlwk vxssruw � lv frqwdlqhg lq wkh xqlrq
EA � ri U dqg � zlwk wkh frpsrqhqwv (� ri glphqvlrq vwulfwo| ohvv wkdq ?&1
Vlqfh hdfk phpehu ri wklv +�qlwh, xqlrq lv vhpl0dojheudlf zlwk glphqvlrq ohvv
wkdq ?&/ dovr A lv d vhpl0dojheudlf vhw dqg _�4A 	 ?&1 Wkhq wkh forvxuh ri
A kdv glphqvlrq orzhu wkdq ?&/ khqfh phdvxuh }hur lq ??&1 Vlqfh hdfk jdph
� 5 ??&� 7A kdv d �qlwh qxpehu +srvvleo| }hur, ri qrq0ghjhqhudwh htxloleuld
zlwk vxssruw �/ wkh uhvxow iroorzv1

Uhpdun 4 Vlqfh wkh pds 8�W lv vprrwk dqg .�
W lv vhpl0dojheudlf/ Vdug*v

wkhruhp r�huv dq dowhuqdwlyh zd| wr suryh wkh deryh uhvxow1

Zlwk wkh wkhruhp deryh lw lv hdv| wr suryh=

Wkhruhp : Iru jhqhulf � 5 ??&/ wkh vhw ri htxloleulxp glvwulexwlrqv ryhu
rxwfrphv lv �qlwh1

Surri1 Wklv lpphgldwho| iroorzv iurp wkhruhp 9 dqg wkh idfw wkdw wkh
qxpehu ri frqqhfwhg frpsrqhqwv ri htxloleuld lv �qlwh +^6` Sursrvlwlrq 4,1
Lq idfw wkhruhp 9 lpsolhv wkdw/ iru jhqhulf jdphv hyhu| htxloleulxp lq wkh
vdph frqqhfwhg frpsrqhqw lqgxfhv wkh vdph glvwulexwlrq ryhu wkh rxwfrphv/
khqfh wkh uhvxow1

6 Frqfoxvlrq
Wkh uhvxowv suryhg lq wkh suhylrxv vhfwlrq lpso| wkdw/ lq vslwh ri wkh w|slfdoo|
lq�qlwhqhvv ri wkh vhw ri Qdvk htxloleuld/ iru doprvw doo soxudolw| jdphv zh
kdyh d �qlwh qxpehu ri htxloleulxp glvwulexwlrqv ryhu rxwfrphv1
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Wkhruhp : dvvxuhv xv wkdw/ iru jhqhulf soxudolw| jdphv/ hyhu| htxloleulxp
lq wkh vdph frqqhfwhg frpsrqhqw lv rxwfrph htxlydohqw1 Lq d zd| zh duh
lq d vlwxdwlrq dqdorjrxv wr dq h{whqvlyh irup jdph zkhuh wkh ehkdylru rxw
ri wkh htxloleulxp sdwk kdv vrph �ghjuhh ri iuhhgrp� zkloh khuh lw lv wkh
ehkdylru ri d qrw ghflvlyh yrwhu wkdw kdv vxfk d �ghjuhh ri iuhhgrp�1

Lw zrxog eh lqwhuhvwlqj li wkh deryh uhvxowv frxog eh h{whqghg wr rwkhu
yrwlqj v|vwhpv/ exw doo wkh surriv jlyhq khuh ghshqg fuxfldoo| xsrq wkh sox0
udolw|1 Ixuwkhupruh wkh iroorzlqj h{dpsoh/ gxh wr Jrylqgdq dqg PfOhqqdq
vkrzv wkdw wkh deryh uhvxowv fdqqrw eh h{whqghg wr wkh jhqhudo iudphzrun1
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Lq ^4` lw lv vkrzq wkdw iru wkh iroorzlqj jdph irup wkhuh lv dq rshq vhw ri
jdphv vxfk wkdw hyhu|rqh lq wklv vhw kdv d frqwlqxxp ri frpsohwho| pl{hg
htxloleuld lqgxflqj d rqh glphqvlrqdo vhw ri glvwulexwlrqv ryhu rxwfrphv1 Iru
d frpsohwh glvfxvvlrq ri wklv jdph zh uhihu wr ^4` Ess190;�1 Lq wklv frqwh{w
lw lv hqrxjk wr qrwlfh wkdw/ dv srlqwhg rxw e| Jrylqgdq dqg PfOhqqdq/ wkh
fuxfldo dvshfw lv wkdw �wkh orwwhu| ryhu rxwfrphv uhvxowlqj iurp 7 lv d frqyh{
frpelqdwlrq ri wkh orwwhu| uhvxowlqj iurp � dqg ./ vr wkdw zkhqhyhu djhqw
4 lv lqgl�huhqw ehwzhhq � dqg ./ vkh lv dovr lqgl�huhqw ehwzhhq hlwkhu ri
wkhvh vwudwhjlhv dqg 71� ^4`Es1:�1

Lw lv qrw gl!fxow wr uhskudvh wklv jdph lq whupv ri d yrwlqj jdph1 Vlqfh
wkhuh duh vl{ �fdqglgdwhv� hdfk vwudwhj| lv d yhfwru zlwk 9 frpsrqhqwv1 Xvlqj
wkh vdph hohfwlrq uxoh dv lq wkh soxudolw| fdvh lw lv hdv| wr �qg rxw d vhw ri
hljkw yhfwruv dvvrfldwhg wr wkh sxuh vwudwhjlhv ri +45, wkdw jlyhv ulvh wr wkh
vdph qrupdo irup jdph1 Iru h{dpsoh/ wkh iroorzlqj zloo gr wkh wulfn1

L ' E�c �c fc fc fc f�
( ' Efc fc �c �c fc f�
u ' E�c fc �c fc �c f�
- ' Efc �c fc �c fc ��
� ' E�c fc �c fc fc f�
. ' Efc �c fc �c fc f�
7 ' E�c �c �c �c fc f�
` ' Efc fc fc fc Dc D�
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Li zh wu| wr dsso| wkh vdph nlqg ri surri pdgh iru wkh soxudolw| uxoh wr wklv
�yrwlqj surfhgxuh� zh jhw wkdw lw idoov lq ohppd 8/ iru wkh deryh phqwlrqhg
htxlydohqfh ehwzhhq wkh vwudwhj| 7 dqg d frqyh{ frpelqdwlrq ri � dqg .1

Wklv h{dpsoh vkrzv wkh lpsrvvlelolw| ri h{whqglqj rxu uhvxowv wr d jhqhudo
iudphzrun exw vwloo ohdyhv rshq wkh sureohp iru rwkhu yrwlqj surfhgxuh vxfk
dv Erugd ru dssurydo1

Uhihuhqfhv
^4` Jrylqgdq V1 dqg D1 PfOhqqdq +4<<:,= �Rq wkh Jhqhulf Ilqlwhqhvv ri

Htxloleulxp Rxwfrph Glvwulexwlrqv lq Jdph Irupv� plphr

^5` Kduvdq|l M1F1 +4<:6,= �Rggqhvv ri wkh Qxpehu ri Htxloleulxp srlqwv= D
Qhz Surri� Lqwhuqdw1 M1 Jdph Wkhru| yro15/ ss156805831

^6` Nrkoehuj H1 dqg M1I1 Phuwhqv +4<;9,= �Rq wkh Vwudwhjlf Vwdelolw| ri
Htxloleuld� Hfrqrphwulfd yro187/ ss143360436:1

^7` Nuhsv G1 dqg U1 Zlovrq +4<;5,= �Vhtxhqwldo Htxloleuld� Hfrqrphwulfd
yro183/ ss1 ;960;<71

^8` PfNhq}lh O1Z1 +4<93,= �Pdwulfhv zlwk Grplqdqw Gldjrqdo dqg Hfr0
qrplf Wkhru|� lq Pdwkhpdwlfdo Phwkrgv lq Vrfldo Vflhqfhv/ hg1 e| Du0
urz/ Nduolq dqg Vxsshv/ Vwdqirug / Fdoli1/ Vwdqirug Xqlyhuvlw| Suhvv1

^9` P|huvrq U1E1 dqg U1M1 Zhehu +4<<6,= �D Wkhru| ri Yrwlqj Htxloleuld�
Dphu1 Sro1 Vf1 Uhy1 yro1;:/ ss143504471

^:` Qlndlgr K1 +4<9;,= Frqyh{ Vwuxfwxuh dqg Hfrqrplf Wkhru|1 Qhz \run/
XVD= Dfdghphf Suhvv1

^;` Rvwurzvn| D1P1 +4<<8,= �Qrwh rq Erxqgv iru Vrph Ghwhuplqdqwv� Gxnh
Pdwk1 M1 yro155/ ss1<804351

^<` Vfkdqxho V1K1/ O1N1 Vlprq dqg Z1U1 ]dph +4<<4,= �Wkh Dojheudlf
Jhrphwu| ri Jdphv dqg wkh Wudflqj Surfhgxuh� lq Jdph Htxloleulxp
Prghov/ Yro1 UU= Phwkrgv/ Prudov dqg Pdunhwv/ hg1 e| Vhowhq 1 Ehuolq/
Vsulqjhu0Yhuodj1
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