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1 Introduction

In infinite discrete time horizon optimal growth models, a limitation to the use
of the tools of dynamic programming is the lack of a general approach for the
cases where returns are unbounded. But when these ones are bounded below
and bounded above by some function ¢, the problem is overcome by introducing
a Banach space of functions with a ¢ -sup-norm (see e.g. Boyd III, 1989, Duran,
2000). The value function will be the unique solution to the Bellman equation
in this Banach space since it is a fixed point of a contraction mapping which is
the operator defined by the Bellman equation.

When the returns are unbounded below, attempts to overcome the difficulty
were briefly done in Boyd III (1990) by imposing an upper bound and a lower
bound on the rate of growth of the state variables. Another very interesting
approach is proposed by Alvarez and Stokey (1998) when the returns are ho-
mogeneous of degree 6 or logarithm. But they impose that the technology is of
constant returns to scale. Thanks to these assumptions, the value function V' is
either homogeneous of degree 6 or of the type:

ko In(lk])
W a )

Here (3 is the discount factor which is less than one for the logarithm case.

V(k)=V( Wk # 0.

They therefore consider the Bellman equation in the class of functions which
are either homogeneous of degree 6, or of the previous type if the returns function
is logarithm. When 6 is positive, or when the returns function is logarithm, they
use a contraction theorem in these kinds of Banach spaces.

The main limit of their approach is to exclude the very usual case with strictly
decreasing returns, or the case with increasing returns.

In this paper we try to overcome this difficulty. But we would like also to pro-
pose a synthetic frame for optimal growth models with bounded or unbounded
(below/above) returns. The returns could be of any type, i.e. decreasing, increas-
ing or constant returns to scale. We prove existence of optimal solutions. The
value function is upper-semi-continuous. It is the unique solution to the Bellman
equation in some class of functions. This result is proved without contraction
mapping technique. And as in the standard cases, the Bellman equation will
provide an algorithm to find the value function. The well-known models in dy-
namic programming or the ones of Alvarez and Stokey (1998) will be particular
cases of our setting.

Our paper is organized as follows:



In section 2 we present the model. Existence of optimal paths and properties
of the value function are given in section 3. In section 4 we show that the value
function is the unique upper-semi-continuous solution to the Bellman equation in
a class of upper-semi-continuous functions which verify transversality conditions.
In order to obtain that the value function is continuous, we add some more
assumptions which are satisfied in the usual cases or in the models of Alvarez
and Stokey (1998) (but they are also satisfied in non standard models) (section
5). In section 6, we show that the operator defined by the Bellman equation
provides an algorithm to find the value function. In section 7, we apply our
results to several models : bounded from below returns, Alvarez and Stokey
models, homogeneous or logarithm criteria with strictly decreasing returns to
scale technology, human capital model, learning by doing model.

2 The Model

In this section, we present the model and its assumptions. We make a few
comments on the assumptions and introduce two lemmas about the set-up of the
model.

Consider the following optimal growth model:

Maximize 3,55 B F (x4, £441)

st e € D(xy),
zo € IRY is given.

We assume that V¢, z, € IR]}.

We make the following assumptions:

(H1) T is a continuous, non-empty compact-valued correspondence
from IR" into IRY}.
0 € I'(0).

Let II(zo) denote the set of feasible sequences from x(:

(xg) = {j = (21,0, ¢, ...) € (R})T/VE> 0,244 € F@t)}



(H2) 3y >0,7# 1,49 >0, such that y € T'(x) = |ly|| < v|lz| + "
( Note that assuming that v # 1 is not a restriction since if v =1
then take vy =1+4¢ withe > 0.)

(H3) Vo # 0,37 € [(xo) such that limy_ 0 Y1 B F (4, T411) > —00.

(H4) The function F : graphI’ — IRU {—o0} is continuous in any
(x,y) € graphl such that F(z,y) > —oc.
If F(z,y) = —oo and if lim, (2", y") = (x,y) then lim, F (2", y") = —o0.

(H5) 5 >0.

(H6) Vaz, € R}, VV(x) neighborhood of zy in IR, Ve > 0,37} such that
VT > T,V € V(xg), V! € II(zf), one has:
0 Bt (x, x, ) < e where F™ (24, 241) = Max (0, F(@y, x441)).

Lemma 1 If (H2) holds , then YV, € IR}, VT € II(xg), one has:

1_7t !

1—77

vt [l < 5" floll +

Proof: It can be easily proved by induction.
Q.E.D.

We will now introduce two assumptions which together with (H2) and (H5)
induce (H6):

(H7) V(z,y) € graphl', F(z,y) < A+ B(||z|| + |ly||) with A >0,B > 0.

(H8) p<1;py<l.

Comments on the assumptions

(H1) is quite standard. But we do not constraint that I'(0) = {0}. In some
models !, this assumption may be false.

!see example 6 on the “Learning By Doing” model.
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(H2) is usual. Note that we can replace (H2) by the following assumption:
For any =y € IR}, there exists a neighborhood of zy in IR", V(zo), there exists
a sequence of compact sets of IR", {K(x¢)}, such that for any z( € V(xy), for
any ' € II(xyp), one has z; € Ky(zy),Vt > 0.

This assumption may allow technologies with increasing returns. Observe that
from Lemma 1, if (H2) holds, then the previous assumption also holds.

(H3) implies that V(x¢) > —oo for any xy # 0.

This assumption is satisfied in a one sector model where the technology is de-
scribed by a concave function f which satisfies f(0) = 0 and f/(0) > 1

Indeed, consider the model

Maximize 372, ftu(c;)

st o+ ki < fke),
ko > 0 is given.

with 8 € [0, 1], and u concave.
For any ko > 0, let € > 0 be such that ¢ < ko and f’(¢) > 1. Then we have
e < f(e). The sequence k = (ko,e,¢,...,€,...) is feasible and

+oo

ZﬁtF ki ki) = Z Bhu( —kir1) = u(f(ko)—¢)+ 1 fﬁu(f(&?)—a) > —00.

=0

Hence (H3) is satisfied.

Becker, Boyd IIT and Foias (1991) impose in their Axiom of finitude (p.457) that
RS ‘ u(f(e)—ef'(e)) > —oo. One can see that f(e) —ef'(e) < f(¢) —e. Hence

their condition implies (H3). (But their paper deals with a more general utility

function, the recursive preference).

(H4) and (H5) are usual.

(H6) is by far the most important assumption. It plays a crucial role in the
proof of the u.s.c. of the value function. It is satisfied in the usual cases where
(H7) and (HS8) are fulfilled. It is also satisfied in the case? where the utility
function is logarithm or homogeneous of degree 6, (6 < 0).

(H7) and (H8) are quite usual. In particular, they ensure together with (H2)
that V(zg) < 4o00.

2see Section 7 about the examples.



Proposition 1 (H2), (H5), (H7) and (H8) induce (H6).

Proof:
Consider o € IR}. Under (H2), Lemma 1 is true. Then, by (H7):

11—~
L=y

F(zp, 1) <A+ BY + B(1+7) (|2 + ).

Then:

o AT oy B (L4
25F+($t,$t+1)§1_6+|1_7|1_5—0— T

(48)" ol

! 1
Let ®(z) := 45 + =2 + 422 |z||. Then:

+00
Z BtFJr(xt, $t+1) < mam{ﬁT, (Wﬁ)T}¢($o)~
=T
Since ¢ is continuous, if V(zg) is a neighborhood of xq, we define
C = sup{®(z);x € V(x0)}. Given ¢ > 0, choose T such that
maz {3, (18)"} <e.

Q.E.D.

REMARK 1 Assumptions (H5) and (H6) imply that Yz, € IR, the sum
S BUF (24, w441) i meaningful and equals the limit of S1_ B F (x4, 2441)
when T — +00.
Indeed, one has:

T T T
ZﬁtF(Im l‘t+1) = ZﬁtFJr(xt, $t+1) + ZﬁtF_(xt, $t+1)
t=0 t=0 =0

By (H6) the sum >,°5 B F* (24, x111) is finite.
By (H5), the sum Y55 B'F~ (x4, 2441) exists, hence 3,55 B F (x4, 2441) also ex-
18t8.

Lemma 2 Assume (H1) and (H2). Then:
(i) Yxo, Il(zo) is compact for the product topology.
(i) The correspondence 11 is continuous for the product topology.
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Proof:
(1) The proof is standard.

(i)

e Let (), be a sequence that converges to zo and " € II(zf),Vn. By

(H2), for n big enough, " belongs to a compact set of the product topol-
ogy. Without loss of generality, 2" can be assumed to converge to z. Since
x}p € I'(zf), from (H1) one has x; € I'(zg). By induction, x4, € I'(x), Vt.
We have proved that II is upper semi-continuous.

Let us now prove that II is lower semi-continuous.

Let Z € II(zg) and let (x3), be a sequence that converges to xy. Since I’
is l.s.c., there exists a sequence (xy*, z1") where 7 € I'(xg'),Vny, (23")
is a subsequence of (zf) and x7' converges to z;. Again by the semi-
continuity of I', there exists a sequence (z(?, z1?, z5%) where (z(?, 271?) is
a subsequence of (zg', z7'), 52 € I'(21?),Vny, and z35? converges to xs.

. . . n n n n
By induction, there exists a sequence (z"™", 27", ..., 2", z,1%") where
ner1  Netl nir1  Nedl
(o™, o™ L ) — (o, 21, -y T, Tey1) When nyyq — 00
Now define

2" = (P, g™) € (zg), with g™ € I(x])

5 = (a4, 25, ™) € TM(af?), with 7 € TI(a}?)

B = (@, 2, ) € T(agt), with 5 € TI(a}"

)
Since z(* — xg, by (H2), one can assume that 2" — 2z € Il(zg). Fix T.
By construction, for ¢ large enough one has z7' = x7'. Hence Z = 7.

Existence of an optimal solution -
Value Function

From Remark 1, one can define:

+00
u:z € Il(zg) — w(@) =Y B'F (x4, xe11).
=0



The problem then becomes:

Maximize u(Z)

Proposition 2 Assume (H4), (H5) and (H6). Then u is upper semi-continuous
on Il(zg) for the product topology.

Proof:
Let 2" be a sequence that converges to Z, 2" € II(xg). Let € > 0.

(H6) = 3T such that VI' > T

u(@™) < ST B}, af) + €

lim sup,, u(") < ¥{' B F (24, 2041) + €
limsup,, u(2") < 32155 B'F (24, 241) + €
lim sup,, u(2") < u(Z) + ¢

44

Q.E.D.

We define the value function V as:
Mazx ZLC’S BF (w4, 2141)

vxo’ V<x0) - Ti41 S F(It),\V’t Z 0,

zo € IRY} is given.
Equivalently:
GO
Theorem 1 Assume (H1), (H2),(H4), (H5) and (H6). Then
(i)  There exists an optimal solution.
(i)  The value function V is upper semi-continuous.

(iii)  Assume moreover (H3). Then Yz # 0,V (zg) > —oc.

Proof:

(1) is obvious since w is upper semi-continuous and II(xg) is a compact set.
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(17) We can not use the Maximum Theorem to prove the statement since u(Z)
may be equal to —oo for some . We will give a direct proof in which (H6) has
a crucial role.

Let xj be a sequence that converges to zg. Let (z(*) be a subsequence such that
limsup,, V(z}) = limg V(zg*). Let ¢ > 0. From (H6), there exists kg and Tj
such that, Vk > ko, VT > Ty,

+oo r
V(zg*) = ZﬁtF it Tt Z F(xi* xit)) + €.

Fix T > T,. By (H2), the subsequence (™) which belongs to II(xy*) may be
assumed to converge to some Z € I1(xg).
Let k — +o0:

M%

lim sup V(zg) F(zy, 1) + €.

Let T'— +o0:
hmsup Vi(xg) <u(@) 4+ ¢ < V(xg) + €.

(#ii) is obvious.

Q.E.D.
Proposition 3 Assume (H1), (H2),(H4), (H5) and (H6).
A sequence T* is a solution if and only if:
vtV (zp) = Flag, vi) + BV (25,.)
Proof: It is quite standard.
Q.E.D.

4 The Bellman Equation
Let us consider the following set:
IT'(wo) = {Z € I(xo)/u(Z) > —oo}

Assumption (H3) guarantees that Vg # 0,11 () # 0.



Proposition 4 Assume (H1), (H2),(H3), (H4), (H5) and (H6). Then the

value function V' wverifies:

(i) Vaxo,VV(x0) nezghborhood of xg in IR}, Ve > 0,3Tq such that VT > Ty,
Yl € V(xg),Va' € TI(x}), one has: BTV(xT) <e.
And hence:
(ibis) Vwo,VZ € (), limsup 8V (z;) < 0.

(ii)  Vaxo such that TI'(zg) # 0,V € T (z0), limy_ 4o BTV (z7) = 0.

Proof: .

(i) By (H6), 3T, VT > Ty, V|, € V(zo),e > 0,Vz! € I(xy),
—+o0 “+o0
Z ﬁtF(l‘;,x;+1> S Z ﬁtF+<x:ﬁ?x;+1) S €
t=T t=T

Let ' be in II(z)), T > Ty, & € I1(z)

One has (2, ..., 2, Tp11, ...) € (7).

Then S F(af, ipiq) + BT F(Zri, r42) + ... < €.
Finally 87V (z) < e.

(ibis) follows from (7).

(17) Vz € II'(xp), one has:

MH

—o00 < u(z F(xy, x141) +5 V(75T 1)

Then: .
0=l |u(®) = 32 0 F(wiszusa)| < lmind 5747V (o).

From (ibis) one gets limp 8771V (z741) = 0.
0.E.D.

Comparison with some other results

When the return function is bounded below and bounded above by some continu-
ous function ¢, one can use the contraction mapping technique with a ¢ —norm.
It is the case in Boyd III (1990) and Duran (2000). The contraction technique
is also used by Dana and Le Van (1991) to study the Pareto- optimality with
recursive preferences. They transform the Pareto problem in an optimal growth
model.



When the returns are not bounded below, Boyd IIT (1990) imposes the rate
of growth of the state variables to lie between two bounds, in order to use the
contraction method. Stokey and Lucas (1989, p.73) show that the value func-
tion is the unique solution to the Bellman equation under a stronger condition
than ours,which is: Vzo,VZ € Il(zg),lim, 5"V (z,) = 0. They do not use the
contraction technique. Alvarez and Stokey (1998) consider returns which are
homogeneous of degree 6 or Logarithm. They impose the technology to be a
cone.

Our assumption (HG6) allows to get the transversality conditions (ibis) and
(17).

Streufert (1990, 1992), in an abstract setting, introduces the notion of bi-
convergence, a limiting condition ensuring that returns of any feasible path are,
on the one hand, sufficiently discounted from above (upper convergence) and-
from below (lower convergence). However, in the case where one-stage return of
—oo is admissible, the return function fails to be lower convergent. Notice that
Streufert does not use the contraction method to prove that the value function
is the unique solution to the Bellman equation.

In the next theorem, we prove the uniqueness of the solution to the Bellman
equation in a certain class of functions, without using any contraction mapping
argument. Let us introduce such a class of functions:

Let S be the set of functions f which are upper semi-continuous, from IR?
into IR U {—o0} and which verify:

+

B far) <e
(ii) Vzo such that IT'(zg) # 0,V € 11 (), limr_ o0 87 f(z7) = 0.

Let S” be the set of functions f which are upper semi-continuous, from IR’}
into IR U {—oo} and which verify:

(ibis) Vo, VZ € (), lim sup, B* f(x;) < 0.
(ii) Vo such that IT'(xg) # 0,z € I (o), limp_ 1o BT f(z7) = 0.

One has S c 5.
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Theorem 2 Assume (H1), (H2), (H4), (H5) and (H6).

(i) 'V wverifies the Bellman equation:
(B) Vo, V(zo) = Max{F(x0,y) + BV (y);y € T'(x0)}.

(i) 'V is the unique solution in S’ to the Bellman equation.
Hence it is the unique solution in S.

Proof:
(1) is standard.

(17) Let W € S be another upper semi-continuous solution to the Bellman equa-
tion. Since W is u.s.c., from (H4), the function F(zo,.) + SW(.) is w.s.c. T'(zo)
is compact. There thus exists 1 € I'(x) such that:

W(zo) = F(zo,21) + BW (21).
By induction, one has:

Ztho BUF (24, mep1) + BT W (@141)
lim7_ 4 oo ZtT:() BEF (x4, 441) + limsupy BT W (2741)

u(z)
V(zo).

We will show that W(zg) > V(xg),Vzg. We first assume that zo # 0 and
take & € II'(xp). One has:

W (o)

IANIAIA I

W(l’o) Z F(l‘o,xl) + ﬁW(lj)
By induction, one has:

Yo B F (x4, w41) + BTTW (w74)

hIHT_)_,_OO ZtT:(] ﬁtF(It7 $t+1) + hmT 5T+1W(ZET+1)
u(7)

Hence W (xzg) > V(xo).

So we have proved W (zg) = V (zo) if zo # 0.
Assume now that zy = 0. If II'(0) = 0, then V(0) = —oco < W(0). Since
W(zg) < V(xg), Vg, one has W(0) = V(0). If I'(0) # (), take Z € IT'(0). By the
same proof as before, one obtains that W (0) > V(0), hence W (0) = V(0).

W (o)

VIV IV

Q.E.D.



5 On the Continuity of the Value Function

Let us introduce the following assumptions:

(H9) Vzy e RY,3% € (xg) such that Y75 6" F (2, 2441) > 0.

(H10) [, F and § verify: V(x,y) € graphl’, Vo €]0, 1]

(a) (az,ay) € graphl.

(b)  Flaz,ay) = ®1(a)F(z,y) + Pa(a)
where ®; and ®, are continuous on ]0,1], ®1(1) = 1,P(1) =0
and if § > 1 then ®y(«) = 0.

(c) Let 2 bein IR}. Vy € I'(2),
y verifies Ve > 0 sufficiently small, there exists a neighborhood
of  in IR}, V(Z), such that (1 —¢)y € I'(x), Vo € V().

(Hll) ') = {0}, F(0,0) = —oc.
There exists a continuous function ® that verifies:
Vo such that TT'(zg) # 0, 35,25 B F (4, 2441) > (20)
and Vz € II'(zg), lim; 3'®(x;) = 0.

Comments on the assumptions

(H9) ensures that V(xzg) > 0,Vxy. It is less restrictive than the assump-
tion that F' is positive. If 8 < 1, then one can replace it by: da € IR such
that Voo € RY,3% € I(xg), X155 B'F (2, 2441) > a. Obviously, if 3 < 1,
this assumption is satisfied if F' is bounded below. It can be weakened in:
VLCO € Ri, V(Qfo) > 0.

(H10) If graphl' is convex or is a cone then obviously (H10a) holds. If F
is concave and F'(0,0) > —oo then (H10b) holds with ®;(a) = «, and

Py(ar) = (1 — ) F(0,0).

We give examples in which F is concave and F'(0,0) = —oo, and (H10b) holds.
(i) A > 0,F(\z, \y) = NF(z,y) with § < 0. One can check that ®;(a) = of
and ®o(a) = 0.

(ii) F(z,y) = F1(f(z) —y) where the function Fj is homogeneous of degree 6 < 0

12



and f is concave with f(0) = 0. We have

Flaz,ay) = Fi(f(oazr) - ay)
Fi(a(f(x)—y) = o’Fi(f(z)—y)
= oF(x,y).

(iii) F(z,y) = In(f(x) — y) where the function f is concave with f(0) = 0. We

have
In(f(az) — ay)

In(a(f(z) —y))
In(a) + F(x,y).

AVAN|

Flaz, ay)

VIV

Here, ®1(a) = 1, Po(a) = Ina.

(H10c) is verified in the following case: I'(z) = {y € R,y < f(z)} where f is
strictly increasing and continuous, and such that f(0) > 0.

Let z > 0 and y < f(x). If y > 0, then (1 —¢)y < f(z). By the con-
tinuity of f, (1 —e)y < f(2'),Va' € V(z). If y = 0 then 0 < f(x) and
(1-¢)0=0< f(2'),V2' € V(z).

Let x =0 and y < f(z). If f(0) > 0 the previous argument holds. If f(0) =0,
then y =0 and (1 —¢)0 =0 < f(2'),Va' > 0.

We give now an example where graphl’ is not convex and (H10a), (H10b)
hold.
Let I'(z) = {y € R,y < f(z)}

where
flz) = a for0<z<a

= g forz>a.

Let F(z,y) = M, 6 < 0. One can check that (H10b) holds and 0 < o < 1,

and
az) — ay)? a?

F(az, ay) =

We give now an example where (H10) is not satisfied and the value function is
not continuous.

Let I" be defined as follows:

Ix) = {0} for z € [0, §]
M(z) = {2z2—-1} forze[3,1]
Ix) = {1} for x > 1.
and let F(z,y) = In(2x — y).
Then, if (x,y) € graphl’, one has:
F(z,y) = In(22) if z €0, 4]
=0 if v € [3,1]

= n(2x—1) ifz>1.
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One has V(1) = 0. Let 0 < ¢ < 1. Let us compute V(1 —¢). Posit o = 1 —¢.
Then 1 =2(1—¢)—1=1—2¢,290 =1—4e,...,x; = 1 — 2'¢. There is a T such
that for t > T, 1 — 2te < % Hence, for t > T, x; = 0. One can then easily check
that V(1 —¢) = —c0.

In this example, (H10) is not satisfied.

(H11) If & = 0, then it coincides with (H9) except for zp = 0. We think
that it is interesting to make a distinction between the two cases because of the
“singular” point which is the origin

Theorem 3 Assume (H1), (H2), (H4), (H5), (H6).

(i)If we have in addition (H9), then V is continuous and is the unique solu-
tion in S to the Bellman equation.

(i) If (H10) holds then the same claim is true.

(iii) If (H11) and (H3) holds then we have the same conclusion.

Proof:
(i) It suffices to prove that V' is ls.c.
Let 2 be such that lim,, 2} = ¢ and z verify V(zq) = S5 B F (x4, 441). Since
IT is Ls.c., there exists " such that lim, 2" = Z and 7" € II(zf), Vn. Let us fix
N. One has: v
V(xg) = Z B (a7, Ti) + 5NV(£E§§+1)-

=0
(H9) implies that V(z) > 0,Vz € R". Hence, V(zf) > S o B F (2}, 22,,). Let
liminf, V(22) = limg V(zg*). Hence, liminf, V(2B) > SN B'F (x4, 7441). Let
N — +o0: liminf, V(x) > Y55 B F(xy, 141) = V(x0)

(17) As before, we will show that V' is l.s.c.
Let zy € ['(x) verify V(xg) = F(xg, 1) + SV (x1). Let 2§ — xo. Let € > 0
be sufficiently small. From (H10c), for any n large enough, (1 — ¢)x; € I'(zf).
Hence V' (zf}) > F(z§, (1 —¢)x1) + BV ((1 — €)z1). From (H10a), (H10b), one
has:

(I)Q(l — 5)

V(1 =¢e)zi) > 01(1 —e)V(21) + 1-3

if g <1,

and
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Hence

liminf V(z§) > F(zo, x1) + 01(1 — &)V (21) + %&6) if g <1,

and
lin}lian(a:g) > F(zg,21) + fP1(1 — )V (xy) if B> 1.

Let € — 0: liminf, V(23) > F(xo,z1) + BV (21) = V(x0).

(iit) Let & € M(zo) verify V(zg) = Y15 B1F (24, v041). Let zf be such that
lim, xj = xy. Since II is Ls.c., there exists 2" € II(zy), Vn and lim,, 2" = Z. Let
N be fixed. One has:

N

V(zg) = > B'F(af, afsy) + BV (@),
=0
We have, for any ¢, II'(z;) # 0. Since I'(0) = {0} and F(0,0) = —o0, we have
x; # 0,Vt. We have lim, 2’y ; = xn41, hence for any n large enough, 2%, # 0.
From (H3), IT'(2%,) # 0 for n large enough, V (2%, ,) > ®(2%,,). Thus:

N
V(xg) > ZﬁtF(xt axt+1) ﬁNHcD(foﬂ)a
t=0

and

N
hm inf V' (xf) Z (x4, Tys1) BNH@(xNH)

t=0

Let N — +o0:

lim inf V(zg) > V(xg) + li]{]n YLD (2 11) = V(zo).
Obviously, V' is the unique solution in S to the Bellman equation.

Q.E.D.

REMARK 2 The continuity of V' must be understood in a generalized sense as
follows:
If V(zo) = —o0 and if x,, converges to xo then V(x,) converges to —oc.

Proposition 5 Let G be the optimal policy, i.e.
G(z) = Argmaz{F(z,y) + 6V (y);y € I'(z)}.

Under the assumptions of Theorem 3, G is an upper semi-conlinuous correspon-
dence.
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Proof: We can not directly use the Berge Theorem because V' may be equal to
—oo at some point.We give here an elementary proof.

Let xy be a sequence that converges to zo and let y" € G(xf),Vn. We have
y" € I'(xy), Vn. Since I' is u.s.c., one can assume that y™ converges to y € I'(zg).
Let z € I'(x). I being l.s.c., there exists {2z} — z and z” € I'(xf), Yv. We have:

Vo, V(zy) = F(zb,9") + BV (y")
> F(xg,2") 4+ BV (2¥)
Let v — +o0:
V(zo) F(zo,y) + BV (y)

> Flao2)+ AV (2)

since V' is continuous (in a generalized sense) and F is continuous (in a generalized
sense). Thus y € G(xy).

Q.E.D.

6 Algorithm to find the Value Function

Let T be the mapping which associates with any u.s.c. function f from IR’} into
IR U {—00} the u.s.c. function T'f defined as follows:

Tf(x) = maz{F(z,y) + Bf(y)};y € [(v)}.

Lemma 3 Assume (H1), (H2), (H4), (H5), (H6). T maps S into S and
maps S’ into S'.

Proof:

It is clear that T'f is u.s.c. Let us show that T" maps S into S:

Let us show that T'f verifies (i).

Let 2y € IR, V(xo) a neighborhood of zq in R,z € V(x), 2" € II(x(),e > 0.
(H6) implies that 373, VT > Ty, >, 81 F* (x}, 25,4) < 5.
f € S implies by (i) that 3Ty, VT > Ty, 87 f(af) < 5.

Let & = (¢, #p41, £142,...) € H(a4). Then (2, ..., 2%, &141,...) € T(x}). Let
Zp := a/p. One has:

+oo
> B FT (&, &) <

t=T

?

N ™

and
B f (@) <

DO ™
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Then
+oo

Vi € M(ah), Y. BF (0, 8e1) + 87 f(G711) <e,

t=T

and thus one has Yy € T(2}), 8TFT(z},y) + 7 f(y) < e. But one has
BT F(z},y) < BTF*(x},y), so one finally has:

Vy e D(ay), BT F(x),y) + 87 f(y) < e

and
BITf(ah) < e.

Let us show that T'f verifies (ii).
Let x¢ be such that IT'(zg) # 0 and let 2’ € II'(xg). Let us show that
limy BTT f(xr) = 0. Let y € T'(ar):

Tf(xr) > F(zr,y) + Bf(y).

One has

+oo
VI € IT'(zg), —00 < > B'F (x4, 441) < +00.
=0

Then:
(%) lign B'F (24, 0041) = 0.

Then one has, by (%) and f € S:

h%ﬂ BT f(xr) > li%ﬂ BYF(xr, xri1) + li%n B f(aria) >0

Let us show that 7" maps S’ into S":
Let us show that T'f verifies (ibis). For any & € II(x() one has:

+oo
Y BFT (g, w040) <,
=T

and
limsup " f(z;) < 0.
t

Then one has:
Vi € I(ah), BT F (7, dr41) + 877 f(@ri) < e+ BT f(arsa),

vy € D(ay), 87 F(ap,y) + 677 f(y) <e + 5 f(y)

17



and finally
limsup 87T f(xr) < e.
T

Q.E.D.

Theorem 4 Assume (H1), (H2), (H4), (H5), (H6). Then

(i) Vo € R,V (x) = lim,, T" f(x), where f is any function in S.
In particular V(x) = lim,, T"0(x).

(it) Vo € R,V (x) = lim, T" f(x), where f is in S" verifying Tf < f.

(1ii) Assume that F' is positive. Then V is the uniform limit on any compact set
of R of T"f where f € S and is positive. In particular, T"0 converges to V
uniformly on any compact set of IR .

(iv) Assume moreover (H8). Let f be an u.s.c. function from IR" into IRU{—o0}
which verifies:

(a) Vo € RY, f(x) < A'||z|| + B', with A’ > 0,B" > 0.

(b) Vi € T (x0), limp BT f(x7) = 0.

Then Vo € R", lim, T" f(x) = V().

In particular, for any constant a, lim,, T"a(z) = V(x¢)

Proof:

(i) Let zg € IR". Let [ be a cluster point of {T™ f(xo)}: | = lim, T" f(zo).
Let us show that [ > V(z).

If ' (20) = 0 : V(z9) = —00 and | > V(z0).

If 1T (o) # 0 :

Let & € IT' ().

T f(x0) > F(xo, 1) + BF (21, 2) + .. + 0" F(2y1,7,1) + BV F(2,)

= 1> lim, XV BF (x4, 2441) + lim, BV F(z,)

=1 > u(x) ( f verifies (ii) and IT'(zq) # 0).

= 1> V(x).

Let us show that I < V(x).

Let us associate with any v the sequence §” = (z¥, 2%, ..., %, YRy, ---) € (o)
such that

T f (o) F(wo, ) + BF (21, 25) + ... + BY T F(af_y, 2) + BV f(aR)

< Flao, ) + BF(at,25) + .. + fYF (2%, a%) + ¢

Without loss of generality, we can assume that ¢ converges to
¥ = (1,%2, ., TN, YN 41, )

18



Let v converge to +o00, then
| < F(xwg, 1) + BF (21, 29) + ... + BN ' Fon_1,on) + €
Let € converge to 0, and N to 400, then
I < V(xo)

(77) The proof that [ > V(xg) is the same as in the case (i). Let us show now

that [ < V(xo).
As previously let us associate with any v the sequence

SV

g = (z¥, 25, ..., 2%, YR 41, ---) € II(z0) such that

T"f(zo) = F(wo,ay)+ BF(af,a5) + ...+ BN F(af_y, o) + YTV f ()
< F(wo,ay) + BF (2, 25) + ... + BV VF (), a%y) + BV f(ay) since T'f < f.

Let v converge to +o00 and N to +oo, and then one has [ < V(x).

(i17) Let X be a compact set of IR". Suppose the assertion is false:
de > 0,3{a"} C X such that Vn, |T"f(z") — V(z")| > e.

Since X is compact, 2" can be assumed to converge to o € X. Let [ be a cluster
point of {T" f(x™)}: | = lim, T" f(«"). There exists Ty, there exists N such that
for any v > Ty, v > N one has:

B f(ay) <e.
One has
(T f(a¥) = F(a¥,a%) + BF (27, 25) + ... + BV F (2, a%) + BV f(2))

Let us associate with any v the sequence ' = (z7, 25, ..., 2%, yx41, ---) € I(a¥).
As x, converges to g, and without loss of generality ¢” can be assumed to
converge to T’ € II(zp). Then by v — +o00 and since f is u.s.c.:

(1) = 1 < F(zo, 1) + BF (21, 23) + ... + 8V ' Foy_y, on) + ¢

Since F' is positive, one has then | < u(%') + ¢ < V(o) + €.

Now, let Z € II(zg). As ¥ converges to xy and II is u.s.c.,

32" € T(2¥), Vv, 2" converges to Z. Let N be fixed, v > N. Since F is positive,
F verifies (H9) and:

TV f(x") > F(a",2") + BF(a'],2) + ... + BV F (2, 2" 11)
o+ BF (7)) + B ()
> F(zv,2')) + BF(2'],25) + ... + N F (2", ")
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Let v — +o0:
| > F(zo,71) + BF(21,29) + ... + BY F (2N, Tn41),

and then let N — +o0:
[ > u(2)

and finally

Since V is continuous, V' (z,) converges to V' (zg), we have a contradiction.
(iv) Let us show that such a function f belongs to S.

Let us show that f verifies (i).
Let z9 € IR, V(x0) be a neighborhood of zy in IRY}, and ¢ > 0. By (H2), one

has:
flar) < AT |zoll + 752 )+B’
< 7 A(lwoll + w” i + B
BT fler) < (BT (Alzoll + 225) + 7 (42 + B)
< 6T (A ol + B B).

where 67 = max{(Bv)T 5T}

Let W(xzg) = A'||xo| + ‘AV B’. Then

BT fzr) < 670 (xo).

Since W is continuous, define D := sup{¥(x);z € V(xo)}. Then, by (H8), there
exists Ty such that for any xj, € V(zo), for any 2/ € Il(xy), for any 7' > T}, one
has 87 f(zr) <e.

f verifies (ii) ((a)). Then f belongs to S.

Q.E.D.

Corollary 1 Assume (H1), (H2), (H4), (H5) and (H6). Let V be an u.s.c.
function from IR} into IR U {—oo} such that

(i) TV<V.

(1) Vo € R}, VT € I(xo), limsup, BV (z;) < 0.

(iii) u(Z) < V(xg),Vao € IR VT € (w).

Then V = lim, ™V .

Proof:
It suffices to prove that V € S’. The conclusion follows Theorem 4, statement
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(i1). Tt remains to prove that Vao, € R™, Vi € TI'(x), lim; 3V (x;) = 0. But (i)
implies that V(z) < V(z0), Vao. Hence Vi € IT'(zo),

0 = limy 'V (2;) < liminf, 8'V (2,). Since limsup, 8'V (z;) < 0, we have

limy 31V (x;) = 0.

Q.E.D.

REMARK 3 Stokey and Lucas (]9?9, p.93) obtain the same result with a redun-
dant assumption which is lim,, TV s a fixed point of T'.

7 Examples and Applications

7.1 Example 1: the case with bounded from below re-
turns

Consider the benchmark model in section 1. Assume (H1), (H2), (H4), (H7),
(H8) and that F'is positive. In this case we have:

Proposition 6 There exists an optimal solution. The value function V' is posi-
tive, continuous and verifies:

Ve, V(z) < alle] + b

for some a > 0,b > 0.

V' is the uniform limit on any compact set of IRY, of T f where f is continuous,
positive, bounded by a linear function g, i.e. g(x) < d||z|| + b for some non
negative numbers a’',b'.

Proof: It follows Theorem3, statement (i), and Theorem 4, statement ().

Q.E.D.

REMARK 4 In this case, one can use, as in Dana and Le Van (1990) or Duran
(2000), the contraction mapping T provided by the Bellman equation, on the
space E of continuous functions endowed with the norm || f|| = SUD,c jr %
V' is the limit in this norm of the sequence {T™ f} for any f in E. Hence it is the
uniform limit on any compact set of this sequence. Our result is in conformity

with this well-known result.

21



7.2 Example 2: the utility function is homogeneous of de-
gree 0 < 0, the technology exhibits strictly decreasing
returns

Consider the model
Maximize };°, ﬁt%

s.t. Vta ¢+ kt—l—l S f(kt)7 Ct Z 07 kt Z 07
ko > 0, is given.

where 6 < 0, € [0, 1].

0
’

Let F(z,y) = Y0 1() = [0, f()].
The problem becomes:
: : [ee} Tt) —Tp41 0
Maximize } ;7 ﬁtM

s.t. vt,iﬁprl S F(mt)v
xg > 0 1is given .

Proposition 7 Assume that f is concave, continuous, strictly increasing, differ-
entiable, f(0) =0, f'(0) > 1, f'(00) < 1. There ezists an optimal solution. The
value function V is continuous. V(0) = —oo, V(z) > —oo,Vz > 0. V = lim T"0,
where T' is the operator defined by the Bellman equation (see section 5).

Proof: (H1), (H4), (H5) are trivial. Let us prove that (H2) is true with
v < 1. Indeed, let Z be such that f(z) = z. Then f'(z) < 1. From the concavity
of f, one has f(x) < f'(z)(x — Z).

Now since f is concave and the utility function is concave and increasing,

(HT) is true. Obviously, (H8) is also true. (H10) is verified (see comments on
(H10) in section 6). Let us prove (H3).

If zy < Z then f(zy) > x¢ and the sequence (xg, x,...) is feasible from x

and >, ﬁtF(ﬁt,xtH) = % > —00.

If zy > z, then choose x1 > 0 such that 0 < z; < Z.
The sequence (zg, 1, 1, . ..) is feasible and
SO (24, 2441) = F(xo,21) + ﬁF(wl,xl) > —00.
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The conclusion now follows Theorem 1, Theorem 3 statement (i7), and The-
orem 4.

Q.E.D.

7.3 Example 3: the criterion function F' is homogeneous
of degree f and the technology is a cone (Alvarez,
Stokey, 1998)

Consider the model in section 1. We assume as in Alvarez and Stokey (1998):
(A1): (H1) of section 1; graph T is a cone.

(A2): (> 0; there exists a continuous and homogeneous of degree one selection
g of ' and a strictly positive number ¢ with u = B¢% < 1 such that

lg(@)]] > &ll], Va.

(A3): F: graphl’\ {0} — IR_ is continuous, homogeneous of degree # < 0 and
for b> 0
F(z,y) < =bllz,V(z,y) € graphl

F(0,0) = —oc.

Proposition 8 There exists an optimal solution. The value function V is con-
tinuous and homogeneous of degree 6.

V =1lmT™f, where f is negative, continuous, homogeneous of degree 8. In
particular, V = limT™0.
Proof: Obviously, (H1), (H4), (H5) are satisfied. Let us check (H2). One
has:

If z #0,y € I'(z) implies y € [|z[|T'(;3;)-

Hence if y € T'(z) then ||y|| < «f|z||, where o = max{||z|| | z € T'(u), [|u]| = 1},
since I is continuous. Let us check (H3): (A2) and (A3) imply that (see Alvarez

and Stokey, 1998, for the proof) Vg the sequence Z = (z9, g(z0), ¢*(z0), - - -, g: (o), - -

verifies:
14 &9

Zt:/@tF(xtaxtﬂ) > —BHxOHQ 11—
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(H6) is true because F' is negative.

We claim that (H11) is true. Indeed, for any x¢ # 0 one has:

—00 < > BIF (24, x41) < =Y B2 ||, VE € IT' (o).
t

Hence lim; 3||z||® = 0,V& € II'(xg).

) 6
Posit ¢(xg) = _BH“’OHO%‘

One has Vo # 0,VZ € IT'(zg), lim; 5'¢(x;) = 0.

It follows from Theorem 1 that an optimal solution exists and that
V(xg) > —o00,Vxy # 0. Obviously V(0) = —oo. It can be easily checked that
V' is homogeneous of degree 6. To end the proof, we have just to prove that
any function f, negative, continuous, homogeneous of degree 6, belongs to the
class of functions S defined in section 3. Since f is negative, condition (i) in the
definition of S is obviously verified. Since we have proved that
lim; B||z¢||° = 0,VZ € II'(x0), and since |f| is bounded on the unit-sphere,
condition (ii) in the definition of S is also true. The conclusion follows the
statement (i) of Theorem 3.

Q.E.D.

REMARK 5 In fact assumption A2(e) in Alvarez and Stokey, 1998, page 174,
1s not necessary for their results. Our conclusion is stronger than theirs which
states that V.= limT™0 or V. = limT™h, where h (negative, homogeneous of

degree 0) is the total discounted return from following a stationary policy (see
their Theorem /).

7.4 Example 4: the utility function is logarithm and the
technology is of strictly decreasing returns

The model is
Maximize 372, 3*Ln(c;)

s.t. \V/t, Cct + kt+1 < f(kt), Cy > O, ]{It > O,
ko > 0, is given.

where 3 € [0, 1].
Let F(z,y) = Ln(f(x) —y),T'(z) = [0, f(2)].
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The problem becomes:
Maximize 7% B Ln(f(x;) — x441)

s.t. Vt,$t+1 S F('xt)v
o > 0 1is given .

Proposition 9 Assume that f is concave, continuous, strictly increasing, dif-
ferentiable, f(0) =0, f'(0) > 1, f'(c0) < 1.
There exists an optimal solution for any xq > 0. The value function V is

continuous. V(0) = —oo; V(xg) > —o0, Vg # 0. V = lim,, T™0.

Proof: As in Example 2, (H1), (H2), (H3), (H4), (H7), (H8) and (H10)
are satisfied. The conclusion follows Theorem 1, statement (ii) of Theorem 3,
and Theorem 4.

Q.E.D.

7.5 Example 5: the criterion function F' is logarithm and
the technology is a cone (Alvarez and Stokey, 1998,
p.183)

Consider the model of section 1. The following assumptions come from Alvarez
and Stokey, 1998, p.183:
(B1): (H1) of section 1; graph I' is a cone.

(B2): 3 €]0,1]. There exists a continuous and homogeneous of degree one
selection g of I' and a strictly positive number £ such that

lg(@)[| = &=l Va.

(B3): F: graphl' \ {0} — IR verifies:

F(z,y) = Ln(y(x,y)) where ¢ : graphl’ \ {0} — IR, is continuous and
homogeneous of degree one, and (0,0) = 0.

There exists 0 < b < B such that:

bllz]| < (x, g(x)), V.
b(x,y) < B(llzll + [lyl), vy € T(x), V.
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Proposition 10 There exists an optimal solution for any o in IR". The value
function V' is continuous. V (zg) > —oo,Vxy # 0.V (0) = —oc.

Vo #0,V(z) = V(g + %I;H)_

V = lim,, T™0. More generally, V = lim,,, T™ f where f is continuous, verifies
f(0) = —c0 and

Va0, f(x) = () + 55450

Proof: Let us check that (H1), (H2), (H3), (H4), (H5), (H6), (H11) are
satisfied.

(H1) is obvious. Since I' is continuous and graphl is a cone, (H2) is satisfied
as in example 3. More precisely, one has: y € I'(z) = ||y|| < v]|z]|.

Now let zg # 0. Let Z satisfy x;.1 = g(2), Vt > 0. One has:
2o Bz, we1) = X2 B Ln(Y(xe, 1e41)) = 3720 B Ln(bl|z]|) > Lln_(f;) +

3520 B In(E |zoll) = 5 + Ln(€) 3532018 + LUl > —oo. Hence (H3) is
satisfied.

(H4), (H5) are obvious.
Let us check (H6). One has:
F(zr, 2101) = L (e, 2011)) < In(B([[z[+ lza]])) < Ln(B(1+5)7"|zol]).

Hence FT (x4, 2441) < |Ln(B(1 +7))| + max{0, Ln(||zo|)} + t|Ln(y)|. (H6)
is therefore satisfied.

Let us check (H11). Obiously I'(0) = {0} and F(0,0) = —oco. We have seen
that Yz # 0, the following inequality holds:

S0 B F (x4, g()) > LlnT(Z) + Ln(&) X2, 6" + M.
Define

¢(z0) = Lf%(g) + Ln(&) Y2, t3t 4 Lol

Let & € II'(x). One has:

—00 <32 B F (wr, m1) < 320 B Ln(B(1 4 7)])

< X2, B Ln(B(1+ 7)) 4+ X2 B L))
G 5722 B (" |lzo|)
Q.

A A

Hence the sum 322, 3'Ln(||x||) exists, and lim; 5 Ln(||z||) =0
Thus lim; f'¢(x;) = 0 for any & € IT'(z) : (H11) is satisfied.
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It follows from Theorem 1, statement (iiz) of Theorem 3, Theorem 4, that V/
is continuous, V(x¢) > —oo, Vg # 0.V(0) = —oo, and V' = lim,, T™0.

It is easy to check that Vo # 0,V (z) = V(;3;) + %'g”)

Now, let f be continuous and satisfy:

Vo £ 0, f(e) = f (i) + B £(0) = —oc.

We claim that f € S. Indeed let Z € II(xp). One has, if z; # 0,

n(~t||z n n(llz
f @) < maxygn | f(z)] + 220l = 4 4 5n0) o Lellsol),

Since f(z;) = —o0 if 2y = 0, we have limsup 5 f(z;) < 0 for any Z € TI(z),
for any . Condition (i) in the definition of S is fulfilled.

Now let & € II'(zp). Then Vt,z; # 0 and

Ln]lz]])
1-p

B () = B () + 8

We have seen that 5'Ln(||x||) — 0,VZ € IT'(zy).
Since, obviously G'f(:£:) — 0 because f is continuous, finite valued on the

[l
unit-sphere, condition (ii) in the definition of S is satisfied. Use statement (i) of

Theorem 4 to conclude.

Q.E.D.

7.5.1 Application 1: The AK Model

Consider the model:
Maximize 372, Bfu(c;)

S.t. \V/t, ct + [t S Ak’t, with A >0
[t = kt+1 - (1 - 6)kt
¢ >0,1; >0,k >0
ko > 0 is given.

where 5 €]0, 1], 6 €€]0, 1]
Here, u(c) = Ln(c) or % with 6 # 0.
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The problem is equivalent to
Maximize > ;% ffu((A+ 1 — 8)kt — kiy1)

s.t. (1 - (S)kt S kt—l—l S (A +1-— 5)kt,‘v’t
ko > 0 is given.

If & > 0, it is a problem with returns bounded from below (example 1). If
0 < 0 or if u(c) = Ln(c) then it is an application of example 3 or example 5. The
selection g may be defined as g(z) = rz with 1 —6 <r < A+ 1— 4. One can
check than all the other assumptions of example 3 or example 5 are fulfilled.

7.5.2 Application 2: A Human Capital Model (Stokey and Lucas,
1989, p.111)

We here present a simplified version of the Lucas model which is given in Stokey
and Lucas, 1989, p.111.

Assume that at date ¢, the growth of rate of the human capital, is given by
the formula

hy
by = ¢( h:l)

where h; is the human capital at date ¢ and b; is the number of working hours.

We assume that ¢ is continuous, decreasing, ¢(1+ ) =0, ¢(1 —6) = 1, where
A>0and 0 <6< 1.

The model is

Maximize > 22, ﬁt%
s.t. \V/t, 0 S Cy S (btht>a, (0% E]O, 1[
where 6 # 0,60 < 1.

Proposition 11 Assume (14 \) < 1.
The value function V is continuous. Moreover, Vh,V (h) = Ah??.
The optimal path h* verifies: Vt, hi ., = u*hy for some u* € [1 — 6,1+ A].

Proof: The model becomes

(hid1))as

o [hed
Maximize 22, * it

s.t. Vt, (]. - 5>ht S ht+1 S (1 -+ >\)ht
ho > 0 is given.
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If & > 0, the model is of the class of models in Example 1 and V' is continuous.

Let us consider the case where 6 < 0. We have a model of Example 3 where
the degree is afl. More precisely:

F(a,) = 5oL, () = [(1 - 8}z, (1 4+ V)],

Assumption (A2) in example 3 is satisfied with g(z) = z,Vz while (A3) is
satisfied with b = —% > 0.

We have V' = lim T™0. Let us successively compute T™0. Let x # 0.

One has:
T0x) =  max  {o(@o(U))) =2 max  {=o(u)’} = A,
ye[(1-8)x,(1+M)z] ~ 0 x ue[(1-6),(1+))] - 0
and
1 Y 1
2 _ - J\\ab aby _ .af - af abfy af
T = e Bana g 0GOS =0 g (o)A = Awr

By induction: 7"0(z) = A, z°?.
Hence, A, — A and V(z) = Az*’. Obviously, V(0) = —oo.

We have the Bellman equation:

1 Y \\ab 0 9 1 0 0
- — )+ BAY} = —(u)*+BAu}.
Vo7 0.V(z) ye[(lfgiﬁﬂ)z]{e(mﬂx)) oAy = ue[(fgsz)%?((ux)}{eqb(u) oAU

Let u* be an element of the Argmax. Then if A* is an optimal path then it
verifies: Vt, hy ; = u*h; .

Q.E.D.

7.6 Example 6: Learning By Doing Model (Stokey and
Lucas, 1989, p.108)

In this model, we have a case where I'(0) # {0}, the criterion function F is not
bounded below but the value function is continuous and finite valued.

Let C denote the cost function of a monopoly. C' depends on the production
at date t, ¢;, and on the cumulated production @), where Q; = Q;_1 + ¢;_1.
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More precisely, C; = C(q—1,Q;). We assume that C' is convex, continuously
differentiable and verifies: ¥Q, C(0,Q) = 0,0 < ¢ < 42(0,Q) < &

The price is given by an inverse demand function 1 which is continuously
differentiable, strictly decreasing and such that the income function ¢ (q) is
strictly concave. We assume that ¢(0) > ¢ and ¢(0c0) < c.

We maximize the intertemporal profit of the monopoly:

Maximize Y12 ' [(Qi41 — Q) V(Qur1 — Qi) — C(Qu1 — Qu, Q)]

s.bo Qi1 = Qp, Vit
Qo > 0 is given .

The criterion function F'is: F(z,y) = (y — 2)Y(y —x) — C(y — z, x).
We will show that given z > 0, F'(z,y) — —oo when y — o0.
Since C' is convex, we have C(z,y) = C(z,y) — C(0,y) > %(O, y)x > cx.

Consider the function f defined by f(z) = x)(z) —cx. We have @ converges
to ¥(00) — ¢ < 0, when # — oo. That means that f(z) — —oo when 2 — oc.
Since F(z,y) < (y—z)¥(y—z) —c(y—z) = f(y —x), then F(z,y) — —oo when

Yy converges to oo.

Proposition 12 Assume (3 € [0,1[. There exists an optimal solution. The value
function is positive and continuous.

Proof: For any @y > 0, the sequence (Qo, Qo,--.,Qo,...) is feasible. Thus
V(Qo) = 0.

Consider the function f defined above: f(z) = x¢(x) — cx. f is strictly
concave, f(0) = 0. We have @ converges to ¥(0) — ¢ > ¢—c¢ > 0 when z

converges to 0. In other words, f/'(0) > 0. We have seen that f'(co) < 0. There
exists a unique maximum point T with f'(Z) = 0. Hence f(z) < M,Vx > 0.

But F(z,y) < f(x —y). We then have 0 < V(Qp) < %,VQO > 0.

We also have: Y372 B1(Qr11 — Qi)Y (Qry1 — Qi) — C(Qry1 — Qr, Q1)) < (Q1 —
Q)Y (Q1— Qo) —C(Q1—Qo), Qo) +ﬁ% < (Q1—Q0)¥Y(Q1— Qo) —c(Q1 — Qo) +
A1t = f(Q1 — Qo) + 15

The function g(z) = f(x) + ﬂ% is strictly concave, g(0) = 2L > 0,

1-8
g'(0) > 0, ¢’(00) < 0. Therefore, there exists a unique point & such that

g(x) >0 < 2.
Since V' (Qo) > 0, we must choose ()1 such that Q1 — Qy < .

30



The problem now becomes:
Maximize 372, B F(Qy, Qi+1)

st. V,Q < Qi S Qi+ 7
Qo > 0 is given .

Here we have I'(x) = [z, z + z].

Since x1p(x) is concave,(HT) is verified because there exists a,b > 0 such that
F(z,y) <aly —z)+b<aly+x)+0b.

Here (H2) is satisfied with v = 1 4+ ¢,Ve > 0. Since # < 1, one chooses &
small enough such that §(1 +¢) < 1 and (H8) is satisfied. Thus (H6) is true.

(H9) is also true since if £ = (Qo, Qo, - - -, Qo, . . .) one has
Y20 B F(Qr, Qi) = 0.

The conclusion now follows statement (i) of Theorem 3.

Q.E.D.
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