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Abstract

Ehm et al. (2016) defined forecast dominance, or Bregman dominance as dominance for
every Bregman loss function. This letter explores Bregman dominance to compare competing
candidate pure premiums. An effective testing procedure for Bregman dominance is proposed
based on Murphy diagrams and its performance is evaluated through a simulation study. An
application to a Swiss motor insurance data set demonstrates the potential of the proposed
procedure.
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1 Setting

Given a response Y (claim number or claim amount) and a set of featuresX1, . . . , Xp gathered
in the vector X, actuarial pricing aims to evaluate the pure premium µ(X) = E[Y |X] as
accurately as possible. To this end, the function x 7→ µ(x) = E[Y |X = x] is approximated
by a (working, or actual) pure premium x 7→ π(x) based on an additive or piece-wise
constant score. Once fitted on the training data set using an appropriate learning procedure,
this produces estimates, or predicted values π̂(x) for µ(x).

The developments in this paper hold the training set as fixed. Precisely, π̂ is assumed
to have been obtained by minimizing the average empirical loss given some training set
and all formulas in the text are meant given this training set. The respective performances
of competing models can then be assessed on the basis of a validation set {(Yi,X i), i =
1, 2, . . . , n}, that has not been used to obtain π̂. Provided the validation set comprises a large
number of independent and identically distributed random vectors (Yi,X i), this allows us to
perform calculations with a generic random vector (Y,X), independent of, and distributed
as the observations contained in the training set.

2 Bregman dominance

Savage (1971) established that Bregman loss functions are those attaining their minimum
at the expected value of the response, subject to weak regularity conditions. The class
of Bregman loss functions is then said to be strictly consistent for the (conditional) mean
functional. We refer the interested reader to Gneiting (2011) for a general overview of
consistency in statistics.

Since pure premiums correspond to conditional expectations, every Bregman loss function
is thus eligible to fit π̂. See e.g. Table 1 in Krüger and Ziegel (2021) as well as Patton (2020)
for examples of Bregman loss functions. Interestingly, all deviance functions associated to
Exponential Dispersion distributions are Bregman loss functions.

As pointed out in 2015 by Patton (the reference is now updated to Patton, 2020), rank-
ings of two predictors may depend on the specific consistent loss function used for out-of-
sample evaluation. That is why Ehm et al. (2016), Ehm and Krüger (2018), Yen and Yen
(2021), Ziegel et al. (2020) and Barendse and Patton (2021) proposed graphical tools and
hypothesis tests to assess the robustness of empirical forecast rankings. In their terminol-
ogy, one predictor dominates another if it performs better with respect to every consistent
loss function. This approach leads to Bregman dominance when considering pure premi-
ums. Stated precisely, π̂2 outperforms π̂1 in terms of Bregman dominance if the inequality
E[L(Y, π̂2(X))] ≤ E[L(Y, π̂1(X))] holds true for every Bregman loss function L. This guar-
antees that the better performance of π̂2 compared to π̂1 is robust across all Bregman loss
functions.
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3 Murphy diagram

Krüger and Ziegel (2021) established that π̂2 outperforms π̂1 in terms of Bregman dominance
if, and only if,

E
[
(t− Y )

(
I[π̂2(X) > t]− I[π̂1(X) > t]

)]
≤ 0 for all t ∈ R, (3.1)

where I[·] is the indicator function (equal to 1 if the event appearing within the brackets is
realized and to 0 otherwise). Denoting as

Lt(π̂k(X), Y ) =
1

2
(t− Y )I[π̂k(X) > t] (3.2)

the extremal consistent loss function of Ehm et al. (2016) for the mean indexed by the
parameter t ∈ R (up to a term that does not depend on π̂k(X)), k = 1, 2, we see that (3.1)
is equivalent to E[Lt(π̂2(X), Y )] ≤ E[Lt(π̂1(X), Y )] for all t ∈ R.

Ehm et al. (2016) used the extremal consistent loss functions (3.2) to graphically compare
performances of two predictors. Those graphs are known as Murphy diagrams. While the
Murphy diagram is a useful tool, it only provides graphical evidence of the performance
differences but gives no formal statistical justification. Ehm and Krüger (2018), Krüger
and Ziegel (2021) and Yen and Yen (2021) already developed statistical tests for Bregman
dominance based on the extremal consistent loss functions of Ehm et al. (2016). However,
these authors consider forecasts based on time series whereas the present paper considers
predictions made from independent data as commonly found in insurance. This allows us to
propose a simple testing procedure of Kolmogorov-Smirnov type.

4 Testing for Bregman dominance

Consider two predictors π̂1(X) and π̂2(X) valued in the sets Ω1 ⊆ R and Ω2 ⊆ R, respec-
tively, and let Ω = [min(Ω1 ∪ Ω2),max(Ω1 ∪ Ω2)] ⊆ R. From (3.1), we want to test the null
hypothesis

H0 : E
[
(t− Y ) (I[π̂2(X) > t]− I[π̂1(X) > t])

]
≤ 0 for all t ∈ Ω

against the alternative

H1 : E
[
(t− Y ) (I[π̂2(X) > t]− I[π̂1(X) > t])

]
> 0 for some t ∈ Ω.

Let

D(t) := E
[
(t− Y ) (I[π̂2(X) > t]− I[π̂1(X) > t])

]
, t ∈ Ω, and D := sup

t∈Ω
D(t).

The null hypothesis H0 is then equivalent to D ≤ 0. A natural estimator Dn(t) of D(t) is

Dn(t) =
1

n

n∑
i=1

(t− Yi) (I[π̂2(X i) > t]− I[π̂1(X i) > t]) .
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A test statistic of Kolmogorov-Smirnov type can then be defined as

Tn = sup
t∈Ω

√
nDn(t).

The test will reject the null hypothesis H0 at level β ∈ (0, 1) if the value of Tn exceeds some
critical value cβ. The critical values cβ can be obtained by studying the limiting behavior of
the empirical process

√
n(Dn(t) − D(t)) under the null hypothesis. We have the following

result.

Proposition 4.1. Assume that the second moment of Y exists, i.e. E[Y 2] < ∞. Then,
when D(t) = 0, which is at the boundary between H0 and H1, the empirical process

√
nDn(t)

converges weakly to a Gaussian process with mean zero and covariance function

Σ(t1, t2) := E
[
(t1 − Y )

(
I[π̂2(X) > t1]− I[π̂1(X) > t1]

)
(t2 − Y )

(
I[π̂2(X) > t2]− I[π̂1(X) > t2]

)]
. (4.1)

The proof of Proposition 4.1 is given in Appendix A. From Proposition 4.1 and the
continuous mapping theorem, it follows that a Kolmogorov-Smirnov type test can be derived
by rejecting the null hypothesis H0 at the asymptotic level β ∈ (0, 1) when

Tn = sup
t∈Ω

√
nDn(t) > cβ, (4.2)

where the critical value cβ can, in principle, be obtained from Proposition 4.1. Although
Proposition 4.1 shows that Tn in (4.2) is a natural test statistic for the problem considered,
computing the critical value cβ is challenging as it requires the computation of Σ(t1, t2), which
is impractical due to the unknown distribution of (Y, π̂1(X), π̂2(X)). Hence, we propose in
Appendix B a Monte Carlo procedure to perform the test, following Zhu et al. (2016). A
simulation exercise is performed in Appendix C, demonstrating that the procedure described
in Appendix B achieves the correct nominal β-level constraint and maintains power under
the alternative hypothesis.

5 Case study

5.1 Data set

We consider the Swiss motor insurance data set used in Wüthrich and Buser (2016) and in
Wüthrich (2020) consisting of 500 000 insurance policies. For each policy i (i = 1, . . . , 500 000),
the data set records the numbers of claims Yi filed by the policyholder i, the corresponding
exposure-to-risk ei ≤ 1 and the features X i = (Xi1, . . . , Xi8) where Xi1 is the age of the
driver (age), Xi2 is the age of the car (ac), Xi3 is the power of the car (power), Xi4 is the
fuel type of the car (gas), Xi5 is the vehicle brand (brand), Xi6 is the area code of the living
place of the driver (area), Xi7 is the population density at the living place of the driver
(dens), and Xi8 is the Swiss canton of the license plate of the car (ct).

This data set is unique because the values eiµ(X i) of the true model are also provided.
In fact, the number of claims Yi has been generated from a Poisson distribution with mean
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eiµ(X i). We partition the dataset into a training set D and a validation set D. The training
set D comprises 80% of the observations from the entire dataset, while the validation set D
contains the remaining 20% of observations.

5.2 Models under consideration

The observations (Yi,X i) are assumed to be independent. Given X i = xi and the exposure-
to-risk ei, the response Yi is assumed to follow a Poisson distribution with mean eiµ(xi).
Thus, µ(xi) represents the expected annual claim frequency for policyholder i. Our objective
is to estimate the function x 7→ µ(x) using the observations (Yi,X i) in the training set D.

We fit generalized additive models (GAMs) on D with Poisson deviance loss and log-link
function using the R package gam. More precisely, we fit two GAMs producing the following
predictors:

• π̂GAM1, using one feature, namely X1 (age);

• π̂GAM2, using two features, namely X1 (age) and X6 (area).

In both models, the effect of the covariate age is captured by splines, and we do not consider
interaction terms.

We also train gradient boosting trees (GBTs) on D with Poisson deviance loss and log-
link function with the help of the R package gbm. The bagging fraction γ is set at 0.5. The
shrinkage parameter κ is set at the low value 0.01. The size of the trees is controlled by the
interaction depth ID. We fit two GBTs on 80% of the observations in D and the optimal
values for the number of trees T are determined by minimizing the out-of-sample Poisson
deviance loss computed on the remaining 20% of observations in D, producing the following
estimators:

• π̂GBT1, using features X1 (age) and X6 (area) and ID = 2;

• π̂GBT2, using all 8 available features and ID = 2.

We expect π̂GBT1 to produce better results than with the GAMs because we allow for inter-
action effects between feature components age and area. Moreover, π̂GBT2 is expected to
perform better than the others since it uses all features, unlike the other models considered.

In Table 5.1, we compute out-of-sample estimates (on D) of the generalization errors
(with the Poisson loss function) for the four models under consideration as well as for the
true model. As expected, we notice that π̂GAM2 slightly outperforms π̂GAM1 and that π̂GBT1

outperforms π̂GAM2. Moreover, π̂GBT2 has the lowest error among the four models considered.
It is interesting to notice that the error of π̂GBT2 is very closed to the one of the true model
µ, so that π̂GBT2 seems to be a good candidate to approximate µ.

5.3 Testing for Bregman dominance

Table 5.2 contains the values of p̂ of our testing procedure computed on the validation set D
with B = 500. We observe that the null hypothesis H0 is always rejected when π̂1 = µ, as
expected, except for π̂2 = π̂GBT2. Similarly, H0 is always rejected when π̂1 = π̂GBT2 except for
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µ 279.23 · 10−3

π̂GAM1 313.26 · 10−3

π̂GAM2 312.74 · 10−3

π̂GBT1 291.74 · 10−3

π̂GBT2 279.75 · 10−3

Table 5.1: Out-of-sample estimates (on D) of the generalization error.

π̂2 = µ, as expected. Hence, for π̂GBT2 and µ, our test cannot determine if either of the two
models outperforms the other in terms of Bregman dominance. Moreover, for π̂1 = π̂GAM1

(resp. π̂1 = π̂GAM2), we do not reject H0, except for π̂2 = π̂GAM2 (resp. π̂2 = π̂GAM1).
Therefore, for π̂GAM1 and π̂GAM2, one can say that neither model outperforms the other
in terms of Bregman dominance. Finally, for π̂1 = π̂GBT1, H0 is rejected for π̂2 = π̂GAM1

and π̂2 = π̂GAM2 and is not rejected for π̂2 = π̂GBT2 and π̂2 = µ, which is not particularly
surprising here.

π̂2

µ π̂GAM1 π̂GAM2 π̂GBT1 π̂GBT2

µ / 0.000 0.000 0.000 0.272
π̂GAM1 1.000 / 0.000 0.908 0.960

π̂1 π̂GAM2 1.000 0.000 / 0.924 0.962
π̂GBT1 1.000 0.000 0.000 / 0.976
π̂GBT2 0.980 0.000 0.000 0.000 /

Table 5.2: Values of p̂ for B = 500. The null hypothesis H0 : E
[
(t −

Y ) (I[π̂2(X) > t]− I[π̂1(X) > t])
]
≤ 0 for all t ∈ Ω is rejected at the level 0.05 when p̂ < 0.05.

Figure 5.1 displays Murphy diagrams for the extremal consistent loss functions Lt(π̂(X), Y )
defined in (3.2). More precisely, it shows the estimates of E

[
Lt(π̂(X), Y )

]
on the validation

set D for the models π̂ under consideration as well as for the true model µ. It is interesting
to notice that Murphy diagrams almost coincide for π̂ = π̂GBT2 and π̂ = µ, which confirms
the difficulty of our test in distinguishing between these two models. Also, one sees that
Murphy diagrams intersect for π̂ = π̂GAM1 and π̂ = π̂GAM2, which suggests that neither
model dominates the other, as confirmed by our testing procedure.
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Figure 5.1: Murphy diagrams for π̂GAM1 and π̂GAM2 in red, π̂GBT1 and π̂GBT1 in blue, and
for µ in black.
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- Krüger, F., Ziegel, J.F. (2021). Generic conditions for forecast dominance. Journal of
Business & Economic Statistics 39, 972-983.

- Patton, A.J. (2020). Comparing possibly misspecified forecasts. Journal of Business
& Economic Statistics 38, 796-809.

- Savage, L.J. (1971). Elicitation of personal probabilities and expectations. Journal of
the American Statistical Association 66, 783-810.

- van der Vaart, A. W. (2000). Asymptotic Statistics. Cambridge University Press.
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APPENDIX

A Proof of Proposition 4.1

Let

gn(t) :=
√
nDn(t) =

1√
n

n∑
i=1

(t− Yi) (I[π̂2(X i) > t]− I[π̂1(X i) > t]) .

For t1 < t2, since D(t1) = D(t2) = 0 and the random vectors {(Yi,X i), i = 1, . . . , n} are
i.i.d., it is easy to see that

E[gn(t1)gn(t2)] = E
[
(t1 − Y ) (I[π̂2(X) > t1]− I[π̂1(X) > t1])

(t2 − Y ) (I[π̂2(X) > t2]− I[π̂1(X) > t2])
]
.

Letting
M(Y, π̂1(X), π̂2(X), t) := (t− Y ) (I[π̂2(X) > t]− I[π̂1(X) > t]) ,

we have that since Y is square integrable, the class of functions {M(Y, π̂1(X), π̂2(X), t), t ∈
Ω} is P− Donsker in the sense of Theorem 19.5 in van der Vaart (2000) so that the result
follows.

B Monte Carlo testing procedure

1. GenerateB independent samples U 1, . . . ,UB, where the bth sample U b = (Ub1, . . . , Ubn)
contains n independent standard Gaussian random variables.

2. Compute

p̂ :=
1

B

B∑
b=1

I

[
max
t∈Ω

∆ (t,Dn(t),U b) > max
t∈Ω

√
nDn(t)

]
,

where

∆ (t,Dn(t),U b) :=
1√
n

n∑
i=1

(
(t− Yi) (I[π̂2(X i) > t]− I[π̂1(X i) > t])−Dn(t)

)
Ubi.

3. Reject the null hypothesis at the level β when p̂ < β.

C Simulated example

In this simulation exercise, µ(X), π̂1(X) and π̂2(X) are assumed to be uniformly distributed
over [a, b], with b > a > 0, µ(X) and π̂2(X) are supposed to be mutually independent and
µ(X) and π̂1(X) are made dependent through the use of a Gaussian copula with a correlation
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coefficient ρ ≥ 0. Therefore, since E
[
(t− Y )I[π̂k(X) > t]

]
= E

[
(t− µ(X))I[π̂k(X) > t]

]
for

k = 1, 2, we have

E
[
(t− Y )I[π̂2(X) > t]

]
≤ E

[
(t− Y )I[π̂1(X) > t]

]
for all t ∈ [a, b]

⇔ E
[
µ(X)|π̂2(X) > t

]
≥ E

[
µ(X)|π̂1(X) > t

]
for all t ∈ [a, b]

⇔ E
[
µ(X)

]
≥ E

[
µ(X)|π̂1(X) > t

]
for all t ∈ [a, b].

When ρ = 0, we get E
[
µ(X)|π̂1(X) > t

]
= E

[
µ(X)

]
, so that this case coincides with the

boundary of the null hypothesis. Increasing the value of ρ increases E
[
µ(X)|π̂1(X) > t

]
, so

that the larger ρ, the further the data generating process is from the null hypothesis.
For this simulation exercise, we assume that Y given X is Poisson distributed with mean

µ(X), which is a typical case in insurance when the response represents the number of claims
made by a policyholder over one year for instance, and we suppose that a = 0.05 and b = 0.5.
We consider ρ = 0, 0.1, 0.5, 1, and for each value of ρ, we generate R = 1000 independent
samples (Y1, π̂1(X1), π̂2(X1)), . . ., (Yn, π̂1(Xn), π̂2(Xn)).

Figure C.1 displays empirical rejection frequencies of the test performed using steps 1-3
of the Monte-Carlo procedure described in the previous section with B = 500 at the nominal
level β = 5% for sample sizes n = 500, n = 1000 and n = 1500. The test satisfies the
level constraint since the rejection frequencies for ρ = 0 are close to the nominal level 5%.
Moreover, the testing procedure shows higher power as n increases.
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Figure C.1: Empirical power curves of the test for various sample sizes.
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