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Abstract

With advancements in electronics and computer science, new research pos-
sibilities have emerged, enabling the resolution of previously inaccessible
complex problems. Multiple sensor network applications have benefited
from this aspect, particularly regarding real-time feasibility for low-cost im-
plementation. Our main objective is to introduce accelerated adaptations of
robust algorithms based on sparse coding theory, previously overlooked due
to their heavy computational requirements. Built upon this observation,
this thesis explores accelerated adaptations of robust sparsity-driven esti-
mation techniques, explicitly focusing on multistatic radars and extending
to sensor networks sharing similar characteristics. By leveraging existing
research on algorithmic accelerations, we provide insights to replace con-
ventional standard real-time approaches with more robust algorithms.

The results of this thesis are divided into three targeted acceleration
contexts, progressively studying our objective from an abstract point of
view toward application-specific considerations. First, we investigate the
acceleration of robust sparse signal decomposition algorithms, aiming to
solve challenging NP-hard sparse decomposition problems efficiently. Our
novel approach called “Peeling” successfully accelerates standard Branch-
and-Bound procedures for the sparse decomposition task. Second, we focus
on decomposing continuous sparse signals in the estimation and sensing
context. In particular, we developed a novel interpolation-based continuous
version of the Orthogonal Matching Pursuit (OMP) algorithm that is faster
with respect to state-of-the-art propositions and more efficient than con-
ventional discrete approaches, which rely on gridding the observed scene.
We also provide extensions that are specifically tailored for radar systems.
Lastly, we address the single-step estimation processes in sensor networks
by introducing a generalized acceleration framework for single-step methods
called “Grid Hopping”. Bridging a gap between distinct research communi-



ties, we formally study existing trade-offs between (i) two-step procedures,
commonly used for their simplicity and low computational requirements,
and (ii) single-step methods offering more robust results but suffering from
high computational complexity.

Throughout this thesis, we present detailed motivations and descrip-
tions of our contributions to each research question. The newly designed
algorithms are evaluated through extensive Monte-Carlo simulations and
real-world applications in the context of Multistatic Radar (MSR). The
evaluation includes analyzing numerical results and using measurements
recorded by our active multistatic radar system tailored for this research,
hence assessing the acceleration provided by our propositions compared to
existing algorithms.
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Chapter 1

Introduction

HE ever-increasing advancements in electronics and computer science
| have recently opened up new research possibilities by enabling the
resolution of problems that were previously considered inaccessible
due to their complexity. Many applications relying on networks of multiple
sensors have greatly benefited from these developments. In particular, esti-
mation techniques that were once impractical to be solved in real-time have
now become feasible and attainable in low-cost applications. Nonetheless,
this increase in the computational power reachable within low-cost con-
straints may only be exploited with careful attention and dedicated efforts
to adapting algorithms initially designed for non-real-time contexts to the
real-time domain. In this research thesis, we aim to take a step in that direc-
tion by introducing accelerated adaptations of robust algorithms that were
previously left apart due to their heavy computational requirements. By
building upon existing research on algorithmic accelerations in the sensor
network context, we intend to provide new insights to replace conventional
real-time approaches with more robust algorithms.

Among sensor networks, our particular interest lies in Multistatic Radar
(MSR) systems. As depicted by Fig. 1.1, a multistatic radar comprises
one or more transmitters and at least two receivers positioned at widely
spread locations around the observed scene. These systems find increasing
utilization in diverse applications, including low-cost monitoring and auto-
motive systems [LLCT16, SN16, SCM18]. The particular multistatic geom-
etry enables the estimation of the location and velocity of one or multiple
targets with an increased diversity by viewing the targets from different an-
gles [HBC08, SGGM13, SCWL15]. While passive bistatic and multistatic
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Figure 1.1: Representation of a multistatic radar with two transmitters and three re-
ceivers.

Transmitting Y Receiving

radars are vastly studied in the literature, active multistatic radars have
more recently emerged in shorter-range applications [DDWBO7].

Despite our specific focus on MSR systems, the scope of this research
encompasses a broader domain of sensor networks that share common char-
acteristics with this system. In particular, we focus on systems for which the
estimation of multiple features from the scene amounts to recovering a joint
sparse decomposition of the signals recorded by the system in an application-
dependent vector space. In addition to MSR [GN11, YGD13, LP15], this
is for instance the case of sound Source Localization (SL) from arrays of
microphones [PGPM13, DLJ*22].

Presented from general to particular, our research question is articulated
around accelerating three specific contexts currently known for their high
computational requirements when addressed using state-of-the-art methods.

(RQ. 1) Accelerating the “strong” sparse signal decomposition defined from
the minimization of an £y-regularized problem,

(RQ. 2) Accelerating the decomposition into continuous sparse signals in the
estimation context of sensor networks and

(RQ. 3) Accelerating the “single-step” estimation processes for sensor net-
works.

Each context is ultimately particularized for use in MSR systems.

4



1.1. Targeted Acceleration Contexts

1.1 Targeted Acceleration Contexts

Before detailing the outline of this dissertation with the actual descriptions
of our contributions, let us deepen the motivation of the three research
questions listed above.

Regardless of the applicative context, finding a sparse representation
of a given measurement y consists of identifying a small subset of an ex-
tensive collection of vectors, called “atoms”; along with weights forming
a linear combination approximating y. Introducing a few notations, with
A being a matrix gathering in its columns the collection of atoms, this
task is equivalent to finding a sparse vector s —i.e., with a few of non-
zero components— such that y ~ As. This task can be accomplished
in many ways, ranging from potentially very fast heuristics to solving in-
tensive non-convex optimization problems. The raw or “strong” formula-
tions of the decomposition problems involve the inconvenient use of the “fq
pseudonorm operator”. These have been proven to define NP-hard problems
and are condemned to be solved within a combinatorial computational com-
plexity. Standard approaches to solve them, like Branch-and-Bound (BnB)
algorithms [Cpl09, BNCM15, BKM16, BCWP21, HMS22, GHE22], thus
maintain the complexity of an exhaustive search in the worst case scenario,
rendering them not suited for real-time sensing scenarios.

To address this challenge, numerous alternative formulations emerged
over the past few decades, offering tractable procedures with polynomial
computation time able to recover approximate solutions of the raw decom-
position problem [FR13, Ch. 3]. Among these, the Orthogonal Matching
Pursuit (OMP) [PRK95] stands as one of the fastest heuristics and is famous
even within specific sensor network research communities for its effective-
ness in recovering “very sparse” decomposition. Although OMP and other
methods successfully recover the solutions of the raw formulation in “easy”
setups, they usually fall short for more challenging instances of the problem.

Addressing the problem formulated in RQ. 1, we initially investigated the
possible enhancement of OMP by incorporating tests originating from BnB
procedures into its iterations, potentially leading to greedy algorithms that
align more closely with the exact solution of the raw sparse decomposition
problem. However, defining the intended enhanced OMP appeared to be a
more challenging task than initially expected since BnB procedures rely on
convex relaxations which are conventionally defined too loosely for poten-
tial extensions to the OMP context. In collaboration with the team of Dr.
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Cédric Herzet during my stay at INRIA (Rennes), we thus decided to con-
centrate our effort on a correlated topic: Accelerating the BnB method
tailored to solve the raw problem. Our acceleration operates by itera-
tively tightening the convex relaxation internally exploited by the BnB pro-
cedures. The resulting technique, coined “peeling” straightforwardly applies
to many scientific fields that find interest in solving the raw ¢y problem, such
as statistics, machine learning, or inverse problems [CT05, DET05, TW10].
It is additionally hoped to pave the way for future work on new generations
of greedy algorithms for sparse signal decomposition.

Next, RQ. 2 extends beyond the discrete framework considered in RQ. 1.
While this discrete framework characterized by a finite number of atoms in
A has maintained the focus in the field of sparse signal representation,
many applications strive to recover a sparse representation that describes a
physical reality in a continuous domain. One such example is localization
sensor systems, whose objective is to represent the scene as a sparse signal
parameterized by the spatial domain. The resulting sparse signal’s sup-
port corresponds to a map indicating the locations of the observed targets.
Since locations are taken from a continuous domain, applying the conven-
tional discrete approaches amounts to defining a gridding of the observed
scene. Although the grid approach is widely employed, it exhibits limita-
tions resulting in low estimation performance when using a coarse grid or
excessive computational time when employing a finer grid.

Alternatively, existing decomposition algorithms relying on continuous
parametric dictionaries of atoms have emerged with multiple formulations,
each commonly extending classic on-the-grid problems [CFG14, DDP17,
SRHG18, DHD19, TAL19, KTTG17]. Most of them involve solving one or
multiple highly non-convex optimization problems, often making them im-
practicable for real-time sensing applications. From this observation, mul-
tiple contributions suggesting approximations of the continuous parametric
domain by means of interpolation strategies have been proposed over the
past decade [ETS11, FDD13, KYHP15, CH19]. In particular, the authors
in [KYHP15] have proposed an interpolation-based extension of OMP. Al-
though promising in terms of complexity, their proposition computationally
remains out of reach for real-time low-cost applications such as MSR sys-
tems. Thus, a focus of our work pertaining to RQ. 2 is to provide a faster
adaptation of their proposition that is suitable for such applications. Ad-
ditionally, we pursued careful efforts to develop a continuous OMP that
explicitly matches the particularities of radars, such as the inherent factor-
ization properties of its signal model.
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(a) (b)
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Sensors
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Figure 1.2: Simplified representation of the (a) two-step and the (b) single-step proce-
dures.

The third research question tackled by this thesis is specific to the sensor
network architecture. In multistatic radars, as well as other sensor network
applications, the algorithms designed for estimating features from the ob-
served scene are commonly classified into two categories: the “two-step”
and the “single-step” procedures. The two-step methodology is commonly
employed in sensor network estimation applications because of its simplic-
ity of implementation and low computational requirement. As shown in
Fig. 1.2(a), two-step procedures consist of each sensor applying first the
same signal processing technique one would use for the sensor alone and,
next, combining the resulting intermediate estimates to obtain those of in-
terest.

Single-step methods have long been left aside in many applications (in-
cluding MSR) because of their potentially very high computational complex-
ity. They are, however, known to provide more robust results against many
practical non-idealities in the measurement processes [DSBO01, P.03, ZFZ08,
BKY16]. In specific cases such as sound SL applications, the single-step
method has maintained interest and led this community to develop some
application-specific accelerated single-step algorithms [CML11, DDSvW21].
Our contribution associated with RQ. 3 is, therefore, to fill the gap between
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research communities by extending acceleration approaches to a general-
ized framework that encompasses multiple sensor networks sharing com-
mon properties with MSR and SL contexts. We named our generalized
acceleration framework “Grid Hopping (GH)”. This technique relies on the
interpolation strategies studied in RQ. 2 to accelerate evaluations of objec-
tive functions on a grid of interest from a more practical gridding of the
sensing space.

In the next section, we provide an overview of this document’s organiza-
tion and explain its contributions in connection with our research questions.

1.2 Outline and Contributions

Fig. 1.3 describes the overall organization of this thesis. The subsequent
chapters are organized into four distinct parts, each represented by a color
in this diagram. The first part is depicted by gray blocks. It provides no
contribution related to our three research questions but instead focuses on
providing the reader with the theoretical background required to go through
the following chapters. More specifically, basic concepts on radar systems
are introduced in Chapter 2 and will serve for the validation of our methods
proposed in Chapters 5 to 7. The sparse coding theory is another crucial
ingredient of this research and standard concepts are explained in Chapter
3.

The second part of this document is represented by the blue blocks
in Fig. 1.3. That part focuses on acceleration strategies for the sparse
decomposition of a single measurement (typically, given a single sensor).
We respectively address RQ. 1 and RQ. 2 in Chapters 4 and 5.

The third part is represented by green blocks in Fig. 1.3 and tackles accel-
eration procedures designed for sparse decomposition in the sensor network
context. While Chapter 6 is more of a transition chapter from single sensor
to sensor networks, our main contributions regarding RQ. 3 are given in
Chapter 7.

The last part, shown by the white block, provides discussions on the
contributions and concludes this work. In detail, the role and contributions
of each chapter are as follows.

e In Chapter 2, we introduce essential concepts on radar systems.
More specifically, an emphasis is set on Frequency-Modulated Contin-
uous Wave (FMCW) radars, which fit low-range and low-cost appli-
cations well. In that chapter, we explain the derivation of a simplified
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Figure 1.3: Outline of the thesis. Gray blocks represent the first part: “Introduction
and Background”. The blue and green blocks stand for the chapters that respectively
belong to Part IT and Part III. The white block corresponds to the conclusion. White
sub-blocks represent descriptions of existing concepts in the literature, and red texts are
actual contributions. The orange text is a minor side contribution we briefly overview in
this document.
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10

model for the signals acquired by such a system. We also introduce sig-
nal processing techniques that will later be assimilated into the sparse
coding theory. Finally, this chapter presents a side and minor contri-
bution (represented by the orange box). It consists of the design of an
active MSR system that I conducted with Maxime Drouguet. Since
the challenges associated with this design lie outside the more theo-
retical scope of this thesis, we focus on a comprehensive description
of the system and explain the measurement campaign we performed
with the system. The data acquired by those measurements will later
be used to assess our accelerated algorithms in Chapter 7.

Chapter 3 is another introductive chapter focusing on more theoret-
ical considerations. In substance, the general problem of decomposing
a signal into a linear combination of a few waveforms taken from a
dictionary is presented in both discrete and continuous formulations.
The raw NP-hard problem involving the £y norm is presented, and the
standard BnB approach to solving it is introduced. This chapter also
presents OMP as well as simple continuous extensions of this greedy
algorithm. All the concepts from that chapter are extensively used in
Chapter 4. Chapter 5 and 7 also rely on concepts provided in Chapter
3 since they intend to extend OMP.

With Chapter 4, we introduce the first contribution of this thesis,
addressing RQ. 1. This contribution is the result of a collaboration
with Théo Guyard, Clément Elvira, and Cédric Herzet during my
stay at INRIA Rennes and presented at EUSIPCO 2023 [GMEH23].
In that chapter, we present our novel methodology, coined peeling, to
tighten the convex relaxation used in BnB procedures. This results
in a faster version of this algorithm, allowing a quicker exploration of
the decision tree intrinsically built by BnB.

Chapter 5 moves on to RQ. 2 and starts with a review of interpolation
techniques in sparse coding. Next, we describe existing formulations
of continuous OMP algorithms. Studying them leads to the definition
of a new interpolation-based continuous version of OMP that best
matches the requirement of targeted real-time applications. In partic-
ular, we extend our algorithm to the factorized context of the FMCW
radar signal, described in Chapter 2. These latest results have been
presented at iTwist’20 [dGVJ20] and ICASSP’21 [dGFVJ21].



1.2. Outline and Contributions

e Chapter 6 acts as a transition toward our third research question. In
that chapter, we gathered multiple sensor network applications into
a single framework. The resulting unified model is thereby used to
rewrite the principle of two-step and single-step methods. In particu-
lar, this chapter offers a contribution in the scope of RQ. 3 by extend-
ing a work proposed by my Master thesis on the specific application of
single-step procedures to the factorized model resulting from the con-
text of MSR. Indeed, we provide a novel theoretical bound enabling
us to quantify the precision loss due to the approximations required
for the factorization of the single-step procedures. Using Monte-Carlo
simulations, we also demonstrate superior robustness against the noise
of the single-step methods over their two-step counterparts in the MSR,
context.

e In Chapter 7, we introduce and study our main contribution in the
sensor network field: Grid Hopping (GH). The technique relies on the
concepts intensively described in Chapters 5 and 6. After a detailed
connection with similar techniques in the literature, we present the
general formulation of Grid Hopping (GH). Next, we evaluate our
technique’s performance through Monte Carlo simulations and with
a novel theoretical error bound on its output in a simplified scenario.
Finally, specific concerns about the practical implementations of GH
to the MSR context are addressed. We end the chapter by applying
the three methods (two-step, single-step, and GH) to the measurement
acquired with the system that we designed and described in Chapter 2.
We recently presented the application of GH to multistatic radars at
the ISCS 2023 conference [MFD™23].

e In Chapter 8 we discuss the contributions of this thesis. We inves-
tigate new possibilities to extend our work and connect it to other
fields and concepts such as machine learning, target tracking, and the
Cramer-Rao Lower Bound (CRLB).

In the next section, we list the publications produced by the research
presented in those chapters.
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1.3 List of Publications

1.3.1 Journal Papers

(to be Submitted in IEEE Transaction on Signal Processing) G. Mon-
noyer, T. Feuillen, L. Vandendorpe, L. Jacques, Grid Hopping in Sen-
sor Networks: Acceleration Strategies for One-Step Estimation Algo-
rithms.

(Published, Dec. 2022) M. Bodehou, G. Monnoyer, M. Drouguet, K.
Al Khalifeh, L. Vandendorpe, C. Craeye, Metasurface Antennas for
FMCW Radar, in IEEE Antennas and Wireless Propagation Letters,
vol. 22, no. 5, pp. 1040-1044, May 2023.

1.3.2 Conference Papers
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(Sep. 2023) T. Guyard, G. Monnoyer, C. Elvira, C. Herzet, Safe
peeling for l0-regularized least-squares, in Proceedings of European
Signal Processing Conference 2023 (EUSIPCO 2023).
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Using FMCW Radars, in Proceedings of the 2021 IEEE International
Conference on Acoustics, Speech, and Signal Processing (ICASSP
2021).
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Going Below and Beyond Off-the-Grid Velocity Estimation from 1-bit
Radar Measurements, in Proceedings of 2021 IEEE Radar Conference
(RadarConf21).

(Jun. 2020) G. Monnoyer, L. Vandendorpe, L. Jacques, Factoriza-
tion over interpolation: A fast continuous orthogonal matching pur-
suit, in Proceedings of International Traveling Workshop on Interac-
tions between low-complexity data models and Sensing Techniques
(P"TWIST20).



1.4. Additional Contributions

e (Dec. 2019) G. Monnoyer, T. Feuillen, L. Jacques, L. Vandendorpe,
Sparsity-Driven Moving Target Detection in Distributed Multistatic
FMCW Radars in Proceedings of 2019 IEEE 8th International Work-

shop on Computational Advances in Multi-Sensor Adaptive Process-
ing (CAMSAP).

1.4 Additional Contributions

In parallel with the work performed on the thesis, I actively contributed
to the “LUMINET” Walloon region’s project. This project aimed to in-
vestigate new possibilities to take advantage of the lampposts structure in
cities to incorporate traffic monitoring systems based on the collaborative
working of opportunistic wireless source localization and multistatic radar
systems. Participating in this project provided me with specific feedback
on my theoretical work from researchers whose focuses lie on more practical
concerns, hence increasing the interdisciplinary aspect of my work. More-
over, it provided a favorable context, in terms of available resources, for the
design of our active multistatic radar working in the K-band. While this
system is explained in Chapter 2, we take a brief instant at the end of this
introduction to mention a corollary work on that topic: the development of
the software that I called “Picoradar”. It is open source and can be found
at https://gitlab.com/gilles.monnoyer.dg/Picoradar.

The name Picoradar refers to its initial implementation intended to in-
terface the “Picoscope” acquisition board. Still, I ultimately extended the
software to interface both this board and the one from National Instrument
mentioned in Chapter 2. Picoradar provides an efficient user-friendly graph-
ical interface tailored for FMCW multistatic radar applications. It encap-
sulates all the interfacing procedures to translate from the high-level radar
signal point of view toward the low-level electronic considerations of the
acquisition board. In other words, it enables the efficient application of all
the electronic modifications in the acquisition board from a signal-oriented
graphical interface in a real-time fashion. This software was therefore of
great help in developing and debugging the MSR hardware as well as effi-
ciently performing the measurement. The easy-to-handle interface offered
by my software also makes it an excellent pedagogical tool that we have
been using for the past three years since its early development in project
courses intended to introduce radar systems to third-year bachelor students.
Picoradar enabled the student to observe in real-time the results of their
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Figure 1.4: graphical interface of Picoradar in “read mode”.

algorithms while acquiring data and to directly observe the impact of any
change in the radar modulation’s properties. Indeed, the software offers
a short and simple kind of “API” to easily include new custom process-
ing tabs, which is a convenient feature for the students, as well as during
hardware development where one desires to switch in real-time from one
processing to another.

Fig. 1.4 shows an overview of the graphical interface offered by Pico-
radar. The software has two modes: (i) an “acquisition mode” for which
the acquisition board must be connected to the computer to offer all the
real-time features mentioned above and (ii) a read mode enabling the sim-
ulation of the record mode by loading data recorded during an instance of
acquisition mode.
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Chapter 2

Background on FMCW
Radar Systems

radar technology. We begin with the derivation of a simplified sig-
nal model that will be used in subsequent chapters to particularize
our approaches to the radar context. A specific emphasis is set on the
assumptions and approximations required for the derivation of this stan-
dard model, as well as insight into the potential impacts they have on the

THIS chapter provides the reader with the background on the FMCW

techniques proposed in the following chapters. Standard targets’ parameter
estimation algorithms are also presented and illustrated.

We finally describe the principle of the multistatic radar. We overview
the conception of an experimental setup designed in collaboration with
Maxime Drouguet.

Thereby, this chapter’s purpose is twofold: Introduce the reader to the
main concepts of FMCW radar systems and describe the experimental setup
from which we recorded real-world data that we use in the next chapters to
validate the algorithms developed throughout this work.

2.1 Introduction to Radar Systems

In civilian, monitoring, or military applications, radar systems have been
widely considered to offer low-cost solutions. In practice, radar systems
offer a wide range of possible designs, each with its unique properties and
advantages. Two fundamental classes of radars are Pulse Doppler Radars
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(PDR) and FMCW Radars. While Pulse Doppler Radars (PDR)s use se-
quences of short pulses separated by long breaks, FMCW radars employ
continuous modulated signals. While this chapter is focused on the design
and the theory of FMCW radars, understanding first the ideas behind the
PDR enables us to understand better the specificity of FMCW radars.

PDRs represent the most intuitive design for a radar. In brief, the
short pulses they transmit st(t) are waveforms modulated around a carrier
frequency fy. At the reception, the distance information is encoded in the
delay of the received signal, which is the echo of the transmitted one that the
target has reflected. Speed information can be recovered by inspecting the
Doppler effect on the received waveform compared to the known properties
of the transmitting one. Alternately, the phase shift between successive
pulses can be used to determine the speed. The resolution of the range
estimation is directly connected to the pulse duration Tp by %, where ¢
stands for the speed of light. Since the pulse duration is approximately
the inverse of the pulse’s bandwidth, it results by the Shannon-Nyquist
sampling theorem that given the sampling period, T5 must be smaller than
Tp. This implies that PDRs require a high sampling frequency to reach a
fine resolution. For example, the multistatic PDR developed in [DDWB07]
uses a 100MHz sampling frequency for a 6m resolution. PDRs are therefore
more suited for long-range applications, such as aircraft detection, where
such a broad resolution makes sense. This is all the more the case as PDRs
enables to concentrate a low average power into brief and powerful pulses
able to reach long distances and compensate for the resulting path loss.

On the other hand, FMCW radars transmit uninterrupted signals, with
an instantaneous carrier frequency f.(t), modulated around a central car-
rier. The received signal is demodulated by mixing it with the currently
transmitted signal. The distance information is thus contained in the dif-
ference between the received frequency and the one that is currently being
transmitted. Since the demodulated signal directly contains this difference
in frequency, the resolution no longer depends on the sampling frequency.
This resolution is instead given by

Range Resolution = (2.1)

C
5B
where B denotes the bandwidth over which the modulation is performed.
For a given modulation, the sampling frequency instead imposes a maximal
unambiguous range. This aspect will be clarified in the next sections of
this chapter. Typical sampling frequencies used by FMCW radars are thus
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around a few MHz at most [FMV16], which makes them suited for low-cost
short-range applications. Considering this aspect as well as the expertise of
the UCLouvain research team in telecommunications, we therefore focused
on the design of an active FMCW radar in order to validate our works on
accelerated estimation algorithms for sensor networks. The subsequent sec-
tions develop the FMCW radar theory and we end this chapter by describing
our Multistatic Radar (MSR) system.

2.2 FMCW Radar System Description

With this section, we present the practical implementation of a simple
FMCW radar composed of a single transmitter and receiver. The main
hardware components used by this system are represented in Fig. 2.1. The
scheme on this figure is valid for both the monostatic configuration, where
the transmitter (TX) and the receiver (RX) are colocated, and the bistatic
configuration in which the receiver is remotely located.
7
SRF (t)

VCO X

Antenna

R{ren (1)) ((«
TRF(t) Y
3{y} «{ADC [LP}
g{T‘BB (t) } — Mixer RX
Antenna
—— Base Band (BB) =—— Radio-Frequency (RF)

Figure 2.1: Simplified schematic representation of the main hardware components in the
IQ demodulation of a FMCW radar composed of a single transmitting antenna and a
single receiving antenna.

The radar system shown in that figure is controlled by the Viune signal
which is generated according to the desired modulation and the frequency
response of the Voltage Controlled Oscillator (VCO). This signal inputs
the VCO which performs the Frequency Modulation (FM) process by out-
putting the Radio Frequency (RF) signal sgp(t), itself broadcasted by the
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Chapter 2. Background on FMCW Radar Systems

TX antenna. At the receiving side, the signal rrp(t) provided by the RX
antenna is first amplified before feeding two “mixers” for the demodula-
tion process. Each mixer multiplies rrp(t) either by the transmitted signal
srr(t) or by a /2 phase-shifted version of it. After the application of a low
pass filter, the real and imaginary parts of the baseband signal rgg(t) are
respectively obtained before being sampled at a rate that depends on the
performance targeted by the system. The sampling process finally provides
the measurement y whose expression is derived in the next section.

We end this section by drawing attention to two aspects of the system
which need to be carefully taken into account in the actual design of the
multistatic radar presented at the end of this chapter.

The first aspect concerns the properties of the VCO. This component
outputs a signal whose instantaneous frequency is driven by the value Viyne(t)
following its frequency response fyco(+). Thereby, assuming a unit ampli-
tude for sgrp(t) without loss of generality, its ideal expression reads

srr(t) = cos (27‘(‘/0 fveco (Vtune(t/))dt/ + (250), (2.2)

where ¢ stands for the initial phase of the VCO. For reasons beyond
the scope of this work, the response fyco is commonly non-linear and
temperature-dependent. Therefore, given a desired modulation f.(t) of the
transmitted frequency, the feeding signal V;yn. needs to be carefully cali-
brated. When this calibration is imperfect —and such that fyvco (Vtune (t))
differs from the targeted modulation f.(¢)— mismatches between the ac-
tual received signal and the model from which the estimation algorithms
are derived happen. These mismatches grow stronger as the delay between
the transmission of sgrr(t) and the reception of rrp(t) at the mixer’s level is
higher. Therefore, this non-ideality becomes a stronger concern in bistatic
—and hence multistatic— configurations where at least one RF signal must
inevitably be carried across long distances, inducing extra delays in the
received signal with respect to the transmitted one.

As a second aspect, we highlight that the delay from which distances are
estimated is captured in y at the mixer level. Said differently, the measure-
ment y is parameterized by the delay as measured between the output of
the VCO and the reception of rrp(t) in the mixer. It is therefore commonly
necessary to correct the estimated distance by subtracting a distance that
approximately corresponds to the length of the RF cables. A simple cali-
bration procedure, consisting of the observation of a target with a known
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X
Antenna

X

Antenna

Target Target

<5

RX
Antenna

RX
Antenna

Mixer

Figure 2.2: Two possible configurations for the mixer’s location in a bistatic radar con-
figuration. The resulting delay corresponds to the difference between the distances of the
blue path minus the red path.

location, is enough to determine the value of the corrective constant term.
While this aspect is often anecdotal in monostatic configurations, bistatic
—and hence, multistatic— radars must consider it carefully in its design.

In short, the mixers of a multistatic radar can be either colocated with
the transmitter or the receiver, as shown in Fig. 2.2. When the mixer is
located with the transmitter as in (a), then the delay caused by the long RF
connection between the nodes is positively added to the delay of interest
(the one from the path TX-target-RX). On the other hand, the delay of the
connection is subtracted in the second configuration. Since the connection
commonly follows the shortest path from TX to RX, the second configu-
ration typically does not cause the observation of negative delays (i.e., the
blue delay is typically always longer than the red one). We explained be-
fore that some non-idealities, such as an imperfectly calibrated Viune signal,
show a stronger impact on the signal’s quality when affecting longer de-
lays. The second configuration should therefore be preferred to optimize
the quality of measurement. In practice however, we still considered the
first configuration in the design of our MSR system because placing all the
mixers associated with all receiving nodes in the same location enabled an
easier management of power supplies, and hence a reduced cost as well as
a better stability of the system with less power amplifiers.

The third element affecting the performance of radar measurement is
the clutter. The clutter is a generic term used in radar systems to name
all the undesired and non-constant signals that cannot be considered as
noise or interference. The three most common sources of clutter are (i)
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RX

X

Figure 2.3: Representation of the simple estimation scenario of a FMCW bistatic radar,
graphically showing the main geometrical quantities used in the model. The blue arrows
depict the path followed by the wave in the propagation process.

the internal leakage within the RF circuit, (ii) the direct transmission from
the TX antenna toward the RX antenna, and (iii) reflections on the static
“background” of the observed scene. Although many techniques exist to
remove clutter from radar measurements, either by means of an enhanced
hardware design or with more sophisticated signal processing techniques,
we restrict our application to an aggressive pre-processing step. In brief, we
erase from the signal all contributions from non-moving targets.

All in all, these three aspects constitute the most important sources of
differences between the theory studied in this whole work and the results
from the experimental measurements.

2.3 FMCW Radar Signal Model

We can now derive a simplified model for the measurement y received from
the FMCW radar represented in Fig. 2.1. The standard radar system is

composed of one transmitting antenna located in >

and one receiving
antenna located in %X, This couple forms a bistatic pair, which is a generic
building block for all radar configurations. Indeed, the monostatic radar is

RX "and a multistatic radar

a particular case of bistatic radar with £™T* = x
is a collection of multiple bistatic “transmitter-receiver” pairs.

We begin our derivation by considering the observation of a scene com-
posed of a single point target located in x* and moving with a constant
velocity vector v*, respectively known to belong to domains of interest X

and V, as depicted by Fig. 2.3. By the end of this section, we extend the
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2.3. FMCW Radar Signal Model

model to the observation of K targets with the k-th target’s location and
velocity respectively denoted by z; and vj.

Let us emphasize that, for the sake of simplicity in the notations through-
out this presentation, we adopt the following normalization.

Definition 2.1 (Normalization of the Target Parameters). All locations
provided in a radar context are expressed with dimensionless quantities,
normalized with respect to the radar’s range resolution given by 5%. Sim-
ilarly, the velocities are expressed in a normalized manner with respect to
the radar’s speed resolution given by %ﬁ, for a carrier frequency fy and
a processing frame duration Tpp.

The expressions used for the resolutions in the normalization originate
from the reasoning given at the end of this section. To make this normal-
ization clearer, consider the FMCW radar with a bandwidth B = 250MHz,
a carrier fy = 24GHz, and acquiring processing frames of duration Tpp =
10ms. This radar’s range and speed resolution are given by .6 meters and
.625 meters per second. Thus a target located in [12, 6] in meters and mov-
ing following a velocity vector [5,7.5] in m/s is modelled by the unitless
vectors * = [20, 10] and v* = [8,12]. In addition to simplifying the signal
model, this normalization allows for a direct assessment of the efficiency of
the algorithms proposed in this presentation. This is because the estimation
performance on £* and v* are independent of the radar’s internal properties,
which are determined by the choice of its modulation parameters.

2.3.1 Signal Model Derivation

After the reflection of the transmitted wave on a single point target modeled
by (z*,v*), the signal received by the system is modeled as a noisy version of
the transmitted signal sgr(t) affected by a delay-Doppler term 7. Assuming
Viune to be perfectly calibrated to get the desired modulation f.(¢) at the
output of the VCO, the received signal is modelled by

TRF (t) = Asgrr (t - T) + w(t) (23)
= Acos (271'/ fe(t' —7)dt' + qSo) +w(t) (2.4)
— Acos (27r/0 @+ <z>0) +w(t), (2.5)
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Figure 2.4: Schematic representation of the linear chirps frequency modulation on both
the transmitter and receiver sides. This modulation is characterized by a bandwidth B,
a main carrier fp, and a chirp repetition period 7.

where A is an attenuation factor. In short, this factor integrates the com-
bined effects on the received power of the path loss of the transmission, the
gains of the antennas, and the reflectivity of the target. We shall discuss this
aspect in more detail by the end of this section. The Additive White Gaus-
sian Noise (AWGN) term w(t) amounts to the noise that mainly originates
from the system’s hardware components. After the coherent demodulation,
the resulting baseband signal is modeled by

rpp(t) = aexp (j?w(/ot fe(tHat' — /OtT fc(t/)dt’)) + w(t), (2.6)

where & € C is a complex coefficient whose amplitude is proportional to A
and phase depends on the demodulation process.

The modulation that has the focus in our work — since we are employing
it in our MSR system— is the linear chirp function represented in Fig. 2.4.
This modulation is characterized by a bandwidth B, a main carrier fy, and a
chirp repetition period T.. The chirp duration is given by M Ty < T, where
M and Ty respectively stand for the number of samples acquired per chirp
and the sampling frequency used in the acquisition process. A processing
frame is composed of M, successive chirps, hence resulting in Tpp = M. T¢.

In Fig. 2.4, the distance information is encoded in the horizontal shift,
which is in turn translated into a constant frequency difference between
the transmitted and the received frequencies in a given linear chirp. Since
the demodulation can be interpreted as the extraction of this difference of
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2.3. FMCW Radar Signal Model

frequency, estimating range from a FMCW radar using linear chirp amounts
to determine a constant frequency in the demodulated signal. The speed
information is translated into successive phase shifts from one chirp to the
next in the received signal. It thereby produces a constant frequency on
the signal built by taking one corresponding sample in each chirp from the
demodulated signal.

We underline that while forcing the equality M Ty = T, appears as a
natural choice, the respective settling times of the Digital to Analog Con-
verter (DAC) and VCO constrain us to insert breaks between subsequent
linear chirps. Given m. and mg respectively denoting a chirp index and
a sample index inside the chirp, we must ensure that the (m.Ms + ms)-th
acquired sample always provides a sample in the echo of the m.-th trans-
mitted linear chirp. To this end, we additionally assume that 7 < Ty. Still,
this constraint can be relaxed at the cost of a loss in the effective bandwidth
if one discards the first acquired samples of each received chirp.

For a given chirp index m., the modulated frequency f.(t) with the
repetition period T, represented in Fig. 2.4 is thus expressed by

fO + T t— chC) ift e mcTe, mTe + MT
felt) = wa [ ] (2.7)

fo otherwise.

With this expression, one reformulates (2.6) by applying

t
/0 fe()dt' = fot + $BMTyme + (t —m.Te)2. (2.8)

1 B
2 M.,

The demodulated signal corresponding to the mc-th chirp is then written
as

_ . B
ree(t) = aexp [7‘]271'(]007'4’@7 (t—meTe)— %

For the next step of this derivation, we link the delay-Doppler term 7
to the target’s parameters «* and v*. To this end, let us notice that this
term encompasses the delay corresponding to the path from ™ to x*
and coming back to ¥ as well as the Doppler shift due to the target’s

velocity. Those are commonly modeled using the concepts of bistatic range
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(a) Location and Ranges (b) Velocity and Speeds
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Figure 2.5: Representation of the simple estimation scenario of a FMCW bistatic radar,
connecting the location to the bistatic range and the velocity to the bistatic speed.

and bistatic speed which are respectively defined by

r* =1 (" — ™2 + |lz* — ™2 + rcaple) and (2.10)

u* ::%<hTX—|—hRX, v*>’ (2.11)
where we define unit directional vectors by
TX

T —x T —x
R™ = ————— and R®i= —
Jzs —a™¥]; " o — "X

RX
(2.12)

Those quantities are graphically shown in Fig. 2.5. The % factors are con-
ventions, thanks to which, for a monostatic configuration, these concepts
reduce to the range and the radial speed of the target. The constant term
Tcable Mmodels the additional delay caused by the length of the RF circuitry
connecting the VCO to the TX antenna and the RX antenna to the mixer.
All in all, given c to denote the speed of light and taking into account the
normalization from Def. 2.1, the delay-Doppler term reads

T=2((5)r" + (m)u*t) (2.13)

We finally derive the expression of the sampled measurement y € CMeM-,
The Analog to Digital Converter (ADC) samples the signal at a rate 1/
and discards the samples corresponding to breaks between chirps. There-
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fore, we construct y by setting its (m.M;s + ms)-th component by
YmeMg+mg = TBB(’ITLCTC + mSTS). (2.14)

Injecting (2.13) and (2.9) in the above ultimately leads to the FMCW com-
plete signal model
y = aa™V (1 u*) + w, (2.15)

where « is a phase-shifted version of & discussed in Sec. 2.3.2 and the
(meMs + msg)-th component of the FMCW radar atom is written as a triple
product of complex exponential signals that read

AN, (77, 0%) := exp [ — 2 (7" + ogu®) 1)

exp [ —j2mu* Feexp [ — j2nD]. (2.16)

In the above, we define the shift factor by o, := %

a distortion term which non-linearly couples the indices ms and m. and
which is sometimes neglected [MFJV19, dGVJ20]. For the study presented
in Chapter. 5, we only require to point out that under the assumption
T < Tg, the following inequality holds for all m. € [M,] and all mg € [M],

Moreover, D is

D] < of-u*. (2.17)

The third exponential factor can thus safely be neglected for low-speed
targets since by definition of a FMCW radar, B < fj and hence |D| < 1.
When a radar is designed for the estimation of higher speeds, the algorithms
built upon the model simplified by neglecting D can suffer from model
mismatch which deteriorates their results. This effect will be highlighted in
the validation of the off-the-grid algorithms proposed in Chapter 5.

When the simplification is applied, we can rewrite y in factorized fashion
by reshaping it into the matrix Y € CM<*Ms such that Yo, m. = Ym. M.+m.-
The factorization results from the following observation. In (2.16), the first
exponential factor expresses a frequency along the dimension indexed by
mg. Since this corresponds to samples within the chirps, we refer to this
part of the model as the inner signal. The second exponential similarly
expresses a frequency along m. and is called the outer signal. It follows

Y = aa®™(u*) @ a™(r* + ouu*) + W, (2.18)
where ® denotes the outer vector product. In the above, W corresponds
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to the noise vector w which has similarly been reshaped. The inner and

outer radar atoms are specific cases of Fourier atoms. Their expressions are

respectively given by a™(:) := (ai*(-),--- ,aly (:))" and a™(-) = (a§"*(),
. ,a}’\‘j:(-))—r with

airlrlzs (T) ‘= €exp [ - jQWTms/Ms]a (219)
acr)r?: (u) ‘= €Xp [ - jQWumc/Mc]- (2.20)

Since the range and the speed are both related to a frequency to be esti-
mated from the discretized measurement, the sampling theory imposes that
these quantities must be a-priory known to belong to intervals of values
with respective widths equal to My and M.. This is required to guaran-
tee an unambiguous estimation. With the normalization from Def. 2.1, the
conventional prior knowledge on these are

" € R := [Fmin, Tmin + Ms[ and (2.21)
u* el :=[-M./2, M./2], (2.22)

where 7, is an arbitrary minimal range of interest which is chosen de-
pending on the practical application. To ensure that we meet the above
conditions on the range and the speed, we will always assume that the fol-
lowing sufficient conditions are met in the radar context. First, the location
domain X is such that for all x € X,

T'min < ||5'3 - mTX”Q S Tmin + Mc and

N 2.23
Tmin < [ — ™2 < rmin + Me. (22%)

Also, the velocity domain V is such that for all v € V,
Jolla < M. (2:24)

The reader may have noticed that the frequency of the inner atom is
related to a linear combination of the range and the speed, and not the

range alone. This has however no effect on the definition of R since the
sampling theory only imposes its span. Moreover, combining o, = 1\1\;[[2% <

3 With (2.22) yields |oyu*| < 0.5. In other words, the shift caused by
the velocity in the frequency of a™® is bounded by half the range resolution.

While this coupling has no effect on the estimation of ranges and speed
from a monostatic (or bistatic) radar, we will show in Chapter 6 that it is
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detrimental to the performance of algorithms directly estimating x* in a
single step from the collection of signals provided by a multistatic radar.
We will also demonstrate that the further away the receivers are located
from the observed scene, the smaller the detrimental effect.

Thanks to the normalization, the models do not depend on the choice of
bandwidth, carrier frequency, sampling frequency, and chirp duration. The
effect of these parameters’ values is gathered in the translation from the
normalized to the actual values. Thus, the validation results obtained for a
given set of values for Mg — M. are valid regardless of the choice of other
parameters.

2.3.2 Modelling the Scattering Coefficient

Let us add a few notes on the model we use in this work for the scattering
coefficient «. Just like the range r* and the speed u*, the scattering coeffi-
cient a is an unknown variable that can be estimated. The coeflicient « is
related to @ by

a=aexp (—j2risr). (2.25)

Since we consider a K-band signal, the phase shift applying in (2.25) is
highly sensitive to the exact value of r*. Considering a typical value of
fo = 24GHz, the phase increases by 27 every increment of 6.25 millimeters
in the range. As the sizes of the targets themselves are usually significantly
larger than lcm, the phase of « is supposed to be a random variable that
follows a uniform distribution between 0 and 2.

We remind here that the amplitude « is proportional to the attenuation
term A introduced in the expression of the received signal (2.3). Therefore,
the value of |a|? is given by the received power Pgr, which correlates with
the target’s location by the “Radar Equation”. This equation provides an
expression of the received power as a function of the transmitted power Pr
by

GTGRr)?

Pr=Pr——
R T(47r)3r%r%{0

(2.26)
In the above, G and G respectively denote the gain of the TX and the
RX antennas, A is the wavelength of the transmitted signal, rr and rg
are respectively the distances from the TX and RX antennas to the target
and o is a variable called as the Radar Cross Section (RCS). This variable
corresponds to an equivalent surface of the target, which is highly dependent
on its geometry, material, and the frequency band used by the radar. Due to
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this extreme sensitivity, the value of o is commonly modeled as stochastic
with an exponential distribution. Putting all together, it results that «
follows a centered complex normal distribution whose variance depends on
the target’s location following the value of Pg.

In all the simulations performed in the subsequent chapters, we however
assume that o ~ CN(0,1) independently of the target’s location. This
assumption enables us to focus our result on the conclusions directly drawn
from the algorithms’ performance. This assumption is motivated by a work
that I performed in collaboration with Dr. Modeste Bodehou [BAGD™23].
In this contribution, we demonstrated the effectiveness of low-cost antennas
that exhibit radiation patterns that compensate for the path loss, given a
known geometry of the radar system. Those antennas were shown to provide
signals with a distribution of amplitudes that is independent of the target’s
location.

2.3.3 Observation of Multiple Targets

We conclude the section by extending the measurement model (2.15) to the
observation of multiple targets. Given the observation of K point targets, if
k-th of them is modelled by the location-velocity couple (z}, v} ), then using
the relations (2.10) and (2.11), one can define the associated range-speed
couple (7}, uy). Since the waves coming back from the different targets add
to one another, the model (2.15) is straightforwardly extended with the
linear combination

K

y = Z @™V (7 ul) + w. (2.27)
k=1

In the above, the scattering coefficient oy associated to the k-th target
is considered to be independent to oy for all &' # k. Using the same
approximations as explained in Sec. 2.3.1, the model above is factorized

into
K

Y =) ara®™(uf) @ a™(rj + ouuj) + W. (2.28)
k=1
The model (2.27) will extensively be used in the next chapters to generate
synthetic radar signals. The atom function @™V will also constitute a
building block for algorithms taking the distortions into account. Those
algorithms are mainly implemented in Chapter 5 to serve as a comparison
standard for the algorithms based on the factorized model (2.28).
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In subsequent chapters, both formulations will be connected to the
sparse coding theory. More precisely, apart from the noise, the measure-
ment y appears to be decomposable as a sparse signal in the continuous
domain R x U. The decomposition is expressed either through the single
continuous dictionary parameterized by the range-speed couple with the

fmew

atom function a , or in a factorized fashion through a pair of inner and

outer dictionaries respectively parameterized by the range and the speed.

2.4 Estimation of Target Parameters

Estimating the target’s location and velocity vectors requires the use of more
than one bistatic pair, 7.e., a multistatic radar. This introductive chapter
focuses on basic radar theory, and hence we restrict this section to concepts
for the estimation of ranges and speeds from one bistatic pair. We leave the
estimation algorithm designed for MSR to the Chapters 6 and 7, which are
dedicated to sensor networks.

In most radar applications, the factorized model given by (2.18) is used
for the design of estimation algorithms. When a single target needs to be
located, a conventional maximum likelihood approach leads to the maxi-
mization of the 2D Discrete Time Fourier Transform (DTFT) of Y. This
amounts to a particularization of a correlation between the received signal
and the continuous dictionaries given by the parametric atoms a'® and a°".
Mathematically, since the scattering coefficient « is unknown and modeled
as a complex normal random variable, the range and speed estimates 7 and
4 are computed from

(7,4)" = argmax 3|[a™(r + Uuu)]T Yy aout(u)|2.
reR, uel

(2.29)

Remark 2.1. Tt is important to note that the periodicity of the output of the
DTFT implies that the above can be solved by first ignoring the constraint
r € R, u € U and then projecting the resulting estimates onto the domain
R — U with an appropriate modulo operation. Moreover, doing so enables
us to ignore the term o,u in the objective function of (2.29) and subtract
oy from the resulting preliminary range estimate.
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Figure 2.6: Range-Doppler maps of simulated signals following the model (2.15) with one
target characterized by (a) »* = 10 and v* = —12 and with My = M. = 32, and (b)
r* =10 and u* = 112 and with Mg = 32, M. = 256, zoomed around the target’s value.

The problem (2.29) is commonly solved by an on-the-grid strategy which
discretizes the space R xU. Given a uniform discretization with respectively
N, and N, range and speed bins, the use of the Fast Fourier Transform
(FFT) algorithm yields the computational complexity O (N, N, log(Ms)).

Two examples of the output of the 2D FFT of the measurement, called
a range-Doppler map, are given in Fig. 2.6. In Fig. 2.6(a), y corresponds to
the noiseless observation of single target with »* = 10 and u* = —12. Since
we used My = M. = 32, B = 250MHz, and fy = 24GHz, the distorsion
is negligible because |D| < 0.17 for all u* € U. The range-Doppler thus
corresponds to a 2D Dirichlet kernel shifted according to values of r* and

u*. More precisely, this figure shows a negligibly distorted version of the
function

‘Oé||<ain(r)7 ain(r* +Uuu*)>| }<aout(u)7 aout(u*)>’

= |of

sin(mw(r* + oyu* —r))
sin(m(r* + oyu* —r)/Ms)

sin(m(u* — u))
sin(m(u* —u)/M.)|’

(2.30)

evaluated in all r € R and u € Ug where Rq and Ug respectively denote
discretizations of R and /. The width of the main lobe of the kernel cor-
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Figure 2.7: (a) Range-Doppler map corresponding to a synthetic measurement y fol-
lowing the model (2.27) with K = 3 targets simulated and a SNR of 15dB. The radar
properties are Ms = M. = 32. (b) Range and Speed Profiles were obtained by taking
the norms respectively of rows and columns of the range-Doppler map.

responds to the radar’s resolution. By definition of the normalization given
in Def. 2.1, it always equals 1. Also, note that the peak appears in a range
of 9.7 instead of 10 because of the shift caused by o,u*. In Fig. 2.6(b), the
choice M, = 256 enables U to include higher values for the normalized speed.
Thus, since the target depicted in this figure is characterized by u* = 112,
we have a non-negligible distortion, and hence, the Dirichlet kernel deteri-
orates. This observation has an impact on the translation-invariance of the
actual kernel. Thereby, many algorithms, including the ones presented in
this work, exhibit lower performance when M, is higher.

Finally, Fig. 2.7 shows an example of a range-Doppler map obtained
from a simulated measurement with K = 3 targets under a 15dB Signal-
to-Noise Ratio (SNR) scenario. This is the kind of range-Doppler map one
can expect from actual experimental results.

To estimate the parameters from multiple targets, we will consider iter-
ative strategies that sequentially estimate and clear the contribution of each
target in the measurement. Formally, we will apply off-the-grid extensions
of the OMP algorithm to radars in Chapters 5 and 7. Background on sparse
coding theory and heuristics like OMP are provided in the next chapter.
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2.5 Multistatic Radar: System Description

A minor contribution of this thesis is the design of an active Multistatic
Radar composed of one transmitter and 8 receiving antennas. The radar
system is built around the BGT24 family of radio frequency transceivers
from Infineon. Fig. 2.8 shows a simplified schematic of the designed hard-
ware, and Fig. 2.9 is a picture of the transceiver board. The base station
includes a computer, the acquisition board, one transmitter, and a four
antennas array. Three remote stations are connected to the base station
through coaxial cables of length up to 24 m and are equipped with respec-
tively a two-antennas array and twice a single antenna. A general-purpose
data acquisition board (NI 6378 from National Instruments) outputs voltage
ramps toward the voltage-controlled oscillator (BGT24MTR11) to generate
chirps of duration T, = 128us around fy = 24GHz, with B = 250MHz. This
signal feeds the transmitting antenna and is also split to feed the 16 mixers
required for the demodulation of the signals coming from all the receivers.
The receivers are 1Q demodulators (BGT24MR2) followed by baseband am-
plification and filtering circuits. The remote stations have a local low-noise
amplifier to compensate for the losses in the cables. The baseband signals
are sampled by the acquisition board sending processing frames of M. x M
samples, with My = M, = 128, to the computer to perform the detection of
targets.

The chosen NI acquisition board can transmit and sample all 16 channels
at a rate of 2MHz synchronously by connecting all the ADCs and the DAC
to the same internal clock. This is a crucial aspect since any time shift
between those components potentially results in additional distortions in
the signal when they grow beyond 1/B. We also emphasize that, according
to the remark given in Sec. 2.2, we located all the mixers in the transceiver
board. This potentially leads to degradation in the received signals since
the Viune signal is unlikely to be perfectly calibrated at each instant because
of its strong temperature dependency.

To validate the different algorithms developed in Chapters 6 and 7,
we performed an extensive measurement campaign with this multistatic
radar system in the framework of the LUMINET project. A picture of the
whole system as used during the measurement is given in Fig. 2.10. We
considered four distinct scenarios in which one or two cars moved along
known paths represented in Fig. 2.11. For each scenario, we recorded 1000
processing frames of 128 x 128 samples each, for an approximate total of
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Figure 2.8: Simplified schematic representation of our active multistatic radar design.

60 seconds. We repeated each scenario five times, resulting in a total of
20,000 recorded processing frames for 22GB of raw data. The dataset can
be found in open access at https://gitlab.com/gilles.monnoyer.dg/
msr-dataset-22-08-2022. While results of the application of our algo-
rithms on a selection of this data set will be given in Chapter 7, we already
show in Fig. 2.12 an example of range-Doppler maps obtained from the
simultaneous observation of two cars by the system. We applied the pre-
processing mentioned in Sec. 2.2 to remove the static clutter. More precisely,
we remove from each chirp the average of all the chirps, resulting in a can-
cellation of all the static contributions in the received signal. We see in this
figure the main lobes corresponding to each target, confirming the proper
working of our system.


https://gitlab.com/gilles.monnoyer.dg/msr-dataset-22-08-2022
https://gitlab.com/gilles.monnoyer.dg/msr-dataset-22-08-2022
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Figure 2.9: Photo of the transceiver board used for the LUMINET project
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Figure 2.10: Picture of the whole multistatic radar. The white lines represent the delim-
itation of the road over which the cars moved during the measurement.
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2.6 Summary

This chapter introduced the basics of FMCW radar technologies regarding
both their hardware conception and the standard estimation algorithms. We
highlighted a few non-idealities resulting from imperfect hardware. When
applying to Multistatic Radar the algorithms we propose in Chapters 5,
we will particularly study the impact of these specific limitations on the
resulting performance.

While deriving the FMCW radar signal model, an emphasis was put on

the factorization of the model and the simplifications this process requires.
Since the inner and outer atoms a™ and a®®t are particular cases of Fourier
atoms, they will be extensively to illustrate concepts in subsequent chapters
chapter.

We finally presented a side contribution: the conception of an active
FMCW MSR tailored to validate our algorithms. Chapter 7 will show a
sample of processed data resulting from our measurement. Still, the reader
can find the whole dataset at https://gitlab.com/gilles.monnoyer.dg/

msr-dataset-22-08-2022.
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Chapter 3

Introduction to Sparse
Coding

HROUGHOUT this dissertation, we describe multiple propositions of
T algorithms that share a common property: they all amount to ex-
tensions of existing procedures defined in the sparse-coding frame-

work. We start with the definition of the general problem of decomposing
a signal into a linear combination of a few waveforms taken from a con-
tinuous dictionary. Next, we particularize in Sec. 3.2 this problem to a
discrete framework. This enables us to present multiple standard formu-
lations and corresponding solvers from the literature. More precisely, the
Branch-and-Bound (BnB) approaches are described in Sec. 3.4 and will serve
as a starting point for the proposed “peeling” method that we introduce in

Chapter 4.

In Sec. 3.3 we describe the Orthogonal Matching Pursuit (OMP), a fast
heuristic that intends to approximately solve the problem which is exactly
solved by the BnB approaches. We formulate it in both the continuous
and the discrete setups. This algorithm will be extended multiple times in
Chapters 5 to 7. We end this chapter with an intuitive comparison of the
respective ideas behind BnB and OMP, hence motivating the connection
between Chapter 4 and the next ones.
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3.1 Sparse Representation of a Signal

This chapter is articulated around a generalization of the measurement y
provided in the previous chapter for radar applications. The model (2.27)
hinted that a radar signal can be decomposed into a linear combination
of a few waveforms which can, under a few assumptions, be assimilated
to functions called Fourier atoms. In this chapter, y € CM denotes a
generic measurement which possesses, up to some additive noise w, a K-
sparse decomposition in a sensing domain ©. More precisely, we assume
that a measurement y such that there exists a collection of K parameters
15+ ,0% € O from which it decomposes into

M=

Y= a a(by) +w, (3.1)

k=1
where a denotes the atom function mapping any parameter taken from ©
onto a waveform in CM which acts as a building block for the measurement
y. Without loss of generality and for the sake of simplicity, we always
define the atom such that ||a(8)|2 = 1 for all § € ©. The coefficients «y
model unknown complex coefficients randomly taken from a complex normal
distribution, in accordance with the conclusions of Sec. 2.3.2. Equivalently,

y is said to be decomposable by the continuous parametric dictionary A,
defined following Def. 3.1 [Gri01, JVO08].

Definition 3.1 (Parametric Dictionary). Given an atom function a() :
© — CM | the continuous parametric dictionary A is defined as the set

A:={a(d): 0 € 6}. (3.2)

The sparse decomposition problem is formulated as the recovery of the
ground truth parameters 67, --- , 60} from y. We restrict our work to dic-
tionaries such that any measurement y following the model (3.1) with no
noise has a unique K-sparse decomposition in A. In [DE03] Donoho and
Elad provided a necessary and sufficient condition for the above to hold
when working with a discrete dictionary gathering a finite set of atoms.
Following extensions of their conclusion for continuous dictionaries [YX14],
we impose the Assumption 3.2 below on the dictionary.
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3.1. Sparse Representation of a Signal

Assumption 3.2 (Uniqueness Condition). The sparsity K is such that
K< % and the parametric dictionary A is such that any set of 2K distinct
atoms® taken from it forms a linearly independent set of vectors.

%In practice, a minimal separation between the parameters {91’;},‘2{:1 is required to
ensure numerical stability.

Let us highlight that the assumption above implies that the parametric
atom function a is injective over © and such that for all 8’ # 6 € © there
exists no scalar a € C such that a(f) = aa(6’).

We also emphasize that unless otherwise stated, we assume throughout
the whole document that we only use dictionaries exhibiting a property of
tranlation-invariance [Denl8, CH21]. This concept is defined as below.

Definition 3.3. The dictionary A is said translation-invariant if the inner
products of its atoms obey the following invariance property for all 8,6’ € O,

(a(6), a(0')) = (0 — 0'). (3.3)

This property naturally holds for Fourier dictionaries, which we will
extensively use for illustration purposes in Chapter 5 on fast off-the-grid
sparse decomposition algorithms.

Ezample 3.1 (Fourier Dictionary). In subsequent chapters, we will often
illustrate properties of dictionaries and algorithms using a Fourier dictionary
with atom length M = 16 and © = [0, M[. The corresponding atom function
is characterized by its m-th component, which reads

am(0) := exp (j2m07%). (3.4)

Let us consider the measurement example y = aa(0*) with o = 1 + .5j and
6* = 5.3. The correlation |(a(8), y)|* = |a|?|k(6 — 6%)|? corresponds to a
“Fejér” kernel [Hof07], which is translation invariant and shown in Fig. 3.1.

We remind that the inner and outer atom functions from a radar mea-
surement, respectively given in the equations (2.19) and (2.20), are partic-
ular cases of Fourier atom function. Therefore, Ex. 3.1 notably corresponds
to a simplified FMCW radar signal modulated with a single chirp and 16
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Figure 3.1: Plot of a Féjér kernel corresponding to the function |k(-)|? associated to the
atom function from Ex. 3.1.

samples and resulting from the observation of a static target located in a
normalized distance r = 5.3.

We now express the decomposition problem associated with the con-
tinuous model (3.1). The literature on the continuous sparse decomposi-
tion of signals presents many different formulations for this problem [JV08,
TBSR13, TA18, KTTG17, EGSH21]. For the sake of simplicity, we restrict
ourselves to the following,

Join - min [|y — 3542, o a(0x)]|5, (35)
where o := (ay,...ag)" and @ := (0,...,0k) . The above is mathe-
matically similar to the problem addressed by P-J. Bénard et al. in [TA18,
TAL19] without the minimal separation constraint between the parameters,
and is most likely NP-hard. Addressing this problem, however, intrinsically
assumes the prior knowledge of the sparsity level K. When this informa-
tion is neither known nor arbitrarily defined by the application, one can use
regularized formulations that we detail for discrete cases in the next section.

3.2 Discretized Problem

Although estimation problems —such as those derived for radar applica-
tions in the previous chapter— are more naturally connected to the field
of sparse coding by means of a continuous dictionary, the field has initially
been more widely studied with discrete formulations. In fact, the afore-
mentioned estimation problems are also commonly reduced in practice to a
discretized version. Moreover, most solvers, either exact or heuristics, for
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3.2. Discretized Problem

the problem (3.5) are derived by extending existing techniques designed for
its discretized counterparts.

Definition 3.4 (Discretized Parametric Dictionary). Given the dictionary
A parameterized over the domain ©, with Og := {6, }_, discretizing ©,
discretized parametric dictionary is defined by the matrix A € CM*Y such
that

A= [al,--- ,aN]7 (3.6)

where a,, := a(6,,).

Using the discrete dictionary A, we reformulate the decomposition prob-
lem (3.5) with the restriction to approach the measurement y by a linear
combination of the atoms gathered in the columns of A only. With s de-
noting the sparse vector to construct in the domain CV, this problem reads

min 1|y — As|3. such that |s|o <K, (3.7
seCN

where the operator || -||o denotes the £y-pseudonorm which counts the num-
ber of non-zero elements in its argument. In brief, solving (3.7) amounts to
finding a sparse vector with no more than K non-zero components whose
locations correspond to the parameters él, e ,éK (via the gridding O¢).
We emphasize that these problems are similarly used in contexts involving
non-parametric dictionaries, i.e., potentially any matrix A of size M x N,
typically (but not necessarily) with N > M.

In the literature, a variation of this decomposition problem is often stud-
ied. This alternative imposes the sparsity of its solution using a regular-
ization instead of the constraint used in (3.7). With A > 0 denoting a
regularization parameter, it reads

p' = min P(s):= 3y — Asll; + Alls]o- (3.8)
Note that problems (3.7) and (3.8) have been shown to be partially equiv-
alent [Nik16]. We summarized this partial equivalence with the schematic
example in Fig. 3.2. Considering first a “very” high value for A (in the far
right of the figure), the optimizer of (3.8) is the zero vector. Progressively
decreasing A will modify this optimizer per stage. More precisely, at some
point, X\ is sufficiently small to afford one non-zero element in the optimal
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Figure 3.2: Schematic example of the connection between the regularized problem (3.8)
and the constrained problem (3.8). The values \; represent critical values for the regu-
larizer for which the equivalence with a single constrained formulation does not hold.

value of s. Then, there is a smaller value of A such that the solution of
(3.8) can afford being 2-sparse, and so on. However, some values of sparsity
level K may have no corresponding stage in the partition of the possible
values for \. Moreover, the critical values of the regularizer between sub-
sequent stages yield regularized problems containing multiple optimal sets
of the constrained problems. Nonetheless, this partial equivalence is gener-
ally sufficient to translate most conclusions drawn for one formulation into
equivalent or adapted conclusions for the other.

Solving (3.8) is of paramount interest in many scientific fields such as
statistics, machine learning, or inverse problems [CT05, DET05, TW10].
Unfortunately, this problem also turns out to be NP-hard [Nat95, CGWY12].
This means that an exhaustive search among all the possible subsets of the
column of A is required to find the solution of (3.8).

The challenging complexity of these problems has led researchers of the
last decades to propose a wide range of computationally tractable proce-
dures able to recover approximate solutions of either (3.7) or (3.8). Among
these fast alternatives, convex relaxations and greedy algorithms have be-
come very popular, see [FR13, Ch. 3]. Although these procedures often
successfully recover the actual solutions of (3.7), they are usually unsuited
to tackle challenging instances of the problem. This observation, combined
with recent advances in integer optimization and hardware performance,
has revived the interest in methods solving (3.8). A standard approach is
to use a BnB algorithm that solves (3.8), see [Cpl09, BNCM15, BKM16,
BCWP21, HMS22, GHE22]. The approach provides a potentially faster
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solving procedure of (3.8) than the exhaustive search. Still, the NP-Hard
nature of this problem remains, and hence, BnB amounts in a theoretical
—vet very unlikely— worst-case scenario to the exhaustive search.

In the next section, we will focus on the standard greedy algorithm
known as Orthogonal Matching Pursuit (OMP), which is a fast heuristic
to approximately solve (3.7) or (3.5), respectively in discrete and contin-
uous setups. Next, Sec. 3.4 is dedicated to introducing BnB procedures.
In an attempt to leverage ingredients from BnB methodology to improve
the performance of OMP, we will present in Chapter 4 a novel approach,
coined “Peeling”, which extends beyond the standard formulation of BnB.
This peeling strategy potentially offers the possibility of future work on en-
hancing OMP by injecting, in its procedure, some tests inspired by the BnB
philosophy. These tests may enable future work to guide OMP by discard-
ing or validating atoms known to match the decomposition provided by the
exact solution of the ¢y problems given in this section.

3.3 Orthogonal Matching Pursuit

Greedy algorithms offer a fast alternative to solving the NP-hard problem
presented in the previous section. The most famous of these algorithms is
the Orthogonal Matching Pursuit (OMP). We formulated it in its standard
discrete formulation in Alg. 1, with the operator +— denoting the affectation
of a new value in a variable. By design, OMP’s philosophy can be interpreted
as an attempt to solve the constrained formulation (3.7) approximately.
Indeed, from the knowledge of a targeted sparsity K for the resulting vector
s, OMP greedily minimizes (3.7) by iteratively solving

. 1 2
min =||lr — Asl|3, 3.9
omin e As[3 (39)
and subsequently updating the residue r. With different words, each itera-
tion looks for the atom from A that best fits the residue and next, removes
from y an orthogonal projection of this signal onto the space generated by
the set of selected atoms at the current iteration.

Remark 3.2. OMP can be adapted to match the philosophy of the regu-
larized problem. To this end, one can replace the pre-determined number
of iterations with a stopping criterion. Indeed, given the iteration k, when
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Algorithm 1: Orthogonal Matching Pursuit (OMP)

Input :y, A K
Output: s

begin
Initialization: r <+— y;
for k=1 to K do

1. Selection Step

i, = argmax,,cpy [(@n, 7)| (3.10)

2. Fitting Step

G — argmingccr %Hy — lan,, -, an,] aHi (3.11)

3. Residue Update

'T'(—y— |:a'fL17"' 7aﬁk]d (312)

A

s=an, a6

1[l7[|3 < Ak, one stops the procedure since any additional atom selection
would increase of cost function of (3.8).

When applied to the parameter estimation context with a parametric
dictionary, OMP is by definition restricted to the grid ©g. Many propo-
sitions of greedy heuristics extending the OMP’s principle have been stud-
ied in the literature, each with its own characteristics [KYHP15, EGSH21,
KTTG17]. In this chapter, we maintain the focus on the most standard
approach to defining Continuous OMP (COMP), described in Alg. 2. This
algorithm follows the exact same principle as the standard discrete OMP
by searching for atoms in A instead of A. The collection of N scalar prod-
ucts in the selection step of OMP is thus replaced by a usually non-convex
optimization problem defined in the space © (see equation (3.14)). In fact,
this COMP formulation iteratively solves

arg min min ||r — ca(9)||3, (3.13)
oce «acC
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Algorithm 2: “Standard” Continuous OMP

Input :y, A K

Output: él, L0k
begin
Initialization: r <— y;

for k=1 to K do

1. Selection Step

~

0, = argmaxycg |(a(f), 7)| (3.14)

2. Fitting Step

P

A 2

& «— argmingecn 5|y — [a(bh), - ,a(bh)] o (3.15)
3. Residue Update
r—y— [a(0), - ,a(l))] & (3.16)

which is reduced to (3.14) since we only consider atoms of unit power. This
problem can, for instance, be solved by means of a gradient ascent initialized
by a grid search [TA18, TAL19], or approximately with an interpolation
strategy [KYHP15, CH19).

Alternate and more advanced approaches suggest reinforcing the fitting
step (3.15) with a global gradient descent, yielding more robust results with
a potentially very high computational requirement (see e.g., [KTTG17]).
Formally, Alg. 2 can be enhanced (or “refined”) by adding, after the step (3.15),
a global gradient descent aiming to solve

. A . 2
&,0 «— argmin |y — [a(61), - ,a(bk)] o (3.17)
acCk, 6eOk
and typically initialized with the current values of & and 0 := (01, - - -, 0y).

This additional step enables the greedy method to iteratively adjust deci-
sions taken on 6 during the previous selection steps. Formulated differently,
this extension amounts to solving the initial problem (3.5) with a gradient
descent whose initialization is iteratively constructed by the greedy pro-

45



Chapter 3. Introduction to Sparse Coding

cedure. In our work, we use the name “Refined-COMP” to refer to the
algorithm extending Alg. 2 by including the iterative global gradient de-
scent (3.17). This enables us to distinguish it from the “Standard-COMP”
that exactly corresponds to Alg. 2.

3.4 Principles of BnB Methods for ¢, Sparse
Decomposition

Most of the content of this section is taken from our publication presented
at EUSIPCO 2023. “T. Guyard, G. Monnoyer, C. Elvira, C. Herzet, Safe
peeling for 10-reqularized least-squares, in Proceedings of European Signal
Processing Conference 2023 (EUSIPCO 2023).” [GMEH23]

In this section, we introduce the main principles of BnB procedures that
we use to solve the {y regularized problem in a discretized context, i.e.,
the problem (3.8). We only review the elements of interest to introduce
the proposed peeling method. We refer the reader to [Wol20, Ch. 7] for an
in-depth treatment of the subject. Also, we formulate it in the context of a
dictionary A and sparse signals s defined over R instead of C. This is done
without loss of generality since any complex problem can be reformulated in
a real context by splitting the real and the imaginary parts, hence leading
to a problem in which all dimensions are doubled. The targetted problem
thus amounts to finding one or multiple vectors s € RV minimizing (3.8).

We remind the reader that the problem (3.8) is NP-hard. Finding its
minimizers requires, in the worst case, to perform the whole exhaustive
search over the 2%V possible supports for the solution (each index of s* can
either be zero or non-zero, leading to 2%V possibilities). The BnB procedures
offer a strategy to explore the set of possible supports efficiently.

In this section, it is convenient to use the indicator operator n to write
the constraints on the optimization problems. This operator returns 0 if the
condition in its input is met, and 400 otherwise.

3.4.1 Pruning

The principle of BnB methods is illustrated in Fig. 3.3. Its crux consists
in identifying and discarding some subsets of RY which do not contain a
minimizer of (3.8). To do so, one constructs a decision tree in which each
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Node D 5.0 Node p
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Figure 3.3: Schematic representation of an example of a tree constructed by a BnB
procedure. At each node, an upper bound on the root problem is computed with a
fast heuristic (e.g., OMP), and a lower bound on the problem restricted to this node is
computed from a convex relaxation. The lower bound is given at each node v by the
value of r¥ instead of p¥ for reasons detailed in Sec. 3.4.2.

node corresponds to a particular subset of RY. In our context, a tree node
is identified by two disjoint subsets of [N], say vy and v4. The goal at node
v := (vp, 1) is to detect whether a solution of (3.8) can be attained within

S :={seRN:s,, =0, s, #0}, (3.18)

where s,, denotes the restriction of s to its elements in v. For example,
the node 2.2 in Fig. 3.3 is characterized by vy = {i} and 11 := {j}, for some
i # j € [N] arbitrarily chosen to construct the tree.

In particular, let S* be the non-empty set of minimizers of (3.8). Given
some known upper bound p on the optimal value p*, if we let

Y= min P¥ 3.19
p” = min P*(s) (3.19)
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with P¥(s) := P(s) + n(s € §¥), we obtain the implication
P >p = 8V NS* =0 (3.20)

Indeed, since p > p*, the above implies p* > p* and hence, S” cannot
contain the minimizer of the root problem (3.8). In other words, if the
minimal objective of the decomposition problem restricted to v is higher
than a known upper bound p on the initial problem, then the subset S&”
does not contain any solution of (3.8). It can therefore be discarded from
the search space of the optimization problem. This operation is usually
referred to as “pruning”.

3.4.2 Bounding and Relaxing

Making a pruning decision at node v requires the knowledge of p and p”.
On the one hand, finding p is an easy task since the value of the objective
function in (3.8) at any feasible point constitutes an upper bound on p*.
Typically, we evaluate a new feasible point each time we reach a node,
providing a candidate for our upper bound. We keep track along the tree
of the best upper bound that has been met so far. On the other hand,
evaluating p” is NP-hard. This issue can nevertheless be circumvented by
finding a tractable lower bound r” on p” and relaxing (3.20) as

"> p = S'NS =0 (3.21)

One ubiquitous approach in the literature [BMBN22, BCWP21, BNCM15]
to find such a lower bound consists in:

i) Adding an extra term “n(s € [I,u])” to the cost function of (3.8), for
some well-chosen bounds I € RY and w € RY.! In particular, the
new constraint “s € [, u]” must lead to a problem fully equivalent to
(3.8), that is

Vs* € §*: s* €[l ul. (3.22)

i1) Exploiting the convex relaxation of the function [|-||, on the bounded

IThis additional constraint usually takes the form “—M < s; < M, Vi” with M > 0
and is known as “Big-M” constraint, see [BNCM15, Sec. 3]
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set ¥ N [l,u], given by

Isllo > ]+ 3 Bt - ke, (3.23)

1€EVe

where [s]+ = max(s,0) refers to the positive-part function and | - |
denotes the cardinality of a set. in the above, v := [N]\ (voUr1) and
we use the convention “0/0 = 0”.

On the one hand, item ¢) implies that the pruning test (3.20) involves the
following quantity (rather than p¥):

v l = i f PV ’l7 3.25

pilu) = inf PY(sil u) (3.25)

where P¥(s;1,u) := P”(s) + n(s € [l,u]) is the objective function of the

decomposition problem restricted to the node v endowed with the extra

term “n(s € [l,u])”. On the other hand, a lower bound r¥(I,u) on p” (I, u)
can be obtained by using (3.23) and solving

rV(l,u) = min RY(s;1,u) (3.27)
where

RY(s;l,u) = Ly — As|5+ 2 buke  oile

1€V,

+ Mva| +1(sy, =0) +1(s € 1, ul).

We note that (3.27) is a convex problem and can be solved efficiently to
good accuracy via numerous polynomial-time numerical procedures, see
e.g., [Becl7, Ch. 10].

In practice, the choice of I and uw must respect two conflicting impera-
tives. First, the new constraint “s € [l,u]” should not modify the solution
of our target problem (3.8) and condition (3.22) must therefore be verified.
Since &* is obviously not accessible beforehand, this suggests that the en-
tries of I and u should be chosen “large enough” in absolute values. Some
heuristics are commonly used in the literature to select proper values of the
bounds, see [BNCM15, Sec. V.B], [GHE22, Sec. 5.1] or [MBM*20, Sec. 4].
Second, the tightness of (I, u) with respect to p”(l,u) degrades with the
spread of the set [I,u]. This impairment pertains to a large class of mixed-
integer problems and is well known in the literature, see e.g., [CRT90]. In
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particular, the right-hand side of (3.23) tends to |v;| whenl < s and s < u.
Therefore, setting the entries of I and w with too large absolute values is
likely to degrade the effectiveness of the relaxed pruning decision (3.21).

In Chapter 4, we present a collaborative work performed with Théo
Guyard under the supervision of Dr. Cédric Herzet in which we propose
a solution to address this problem by deriving a methodology that locally
tightens the constraint s € [l,u] at each node of the decision tree while
preserving the correctness of the BnB procedure.

3.4.3 Enhancing BnB with Screening

In more recent contributions [AG20, GHE21], the authors suggested an
acceleration of BnB procedures. This acceleration adapts to the BnB con-
text a technique called “screening” that was initially defined to accelerate
solvers tailored for convex relaxations (e.g., the LASSO problem [Tib96])
of the sparse decomposition problem [BERG15, XWR17, NFGS16]. Under-
standing this method motivates the connection between BnB and greedy
algorithms and thus motivates the research on the peeling methodology
that we describe in Chapter 4.

In a nutshell, the screening technique in the BnB context enables the
procedure to anticipate, with almost no additional computation time, lower
bounds on nodes that have not yet been explored in the tree.

To understand the principle of this technique, let us assume what hap-
pens in BnB when reaching a node v. Arriving at node v, the procedure
potentially updates the upper bound kept in track and solves the relaxed
problem (3.27) to obtain a lower bound for this node, denoted r”. Next, if
the procedure has not pruned the node, it must select a new index, say 1,
that has not yet been affected to either v or v; to keep descending along the
tree. Let us denote by v; one of the two resulting child nodes?. Reaching v;,
a conventional BnB method will repeat the same operations as for node v.
With the screening, instead of directly solving the relaxation on the node
v; to obtain r"*, we first quickly evaluate a lower bound on r*:. With d;
denoting this lower bound, we directly conclude by construction that

di >p = 1, > P. (3.28)

If the above is observed, the knowledge of d;, instead of r,,, is sufficient to
prune the node v;.

2it does not matter which of the two nodes it refers to
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Exploiting the weak duality theorem [BV04, Chapter 5|, the screening
technique succeeds in providing multiple values for lower bound d; that can
be computed from the knowledge of ¥ with no additional computation time.
In short, this theorem states that there exists a dual function D¥i (w) such
that for all w € RM

DY (w) < ri. (3.29)

In [AG20, GHE21], the authors showed that the conventional solvers
used to compute ¥ typically evaluate ingredients required to evaluate D (w)
for all ¢ and for as many values of w as the solver went through during its
iterations. Therefore, during the process of solving the relaxation at node
v, we simultaneously evaluate values for D" (w) and for each index i, we
keep track of the best (higher) evaluation encountered. All in all, given the
distinction 1/1Q and Z/il between the node in which ¢ has, respectively, been
added to v or to vq, we can directly remove from the problem restricted to
v all the atom indices that meet the condition

D" (w) > p. (3.30)
Similarly, we can directly validate that any atom satisfying
D" (w) > p (3.31)

is selected in the solution of the v-restricted problem (3.19).

3.5 Hints of Screening in OMP

The Orthogonal Matching Pursuit algorithm described in Alg. 1 can be
interpreted as a simple exploration of the BnB tree of nodes. That is, each
selection step corresponds to a branching decision, choosing which index to
add into the set vq, which is initialized to the empty set at the beginning
of the algorithm. Therefore, at a given iteration of OMP, one can decide
to solve (3.27) either exactly or approximately to obtain a value for a dual
variable w from which the tests (3.30) and (3.31) can be performed. If the
test (3.30) passes for some indices i, then the corresponding atoms can be
removed from the dictionary A, hence dynamically reducing the dimension
of the problem to solve, which amounts to reducing the computation time
of the next iterations of OMP. If on the other hand the test (3.31) passes
for an index 4, then this index can directly be selected in the solution set
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of selected indices. This index is not only part of the solution of the greedy
algorithm, but also guaranteed to belong to the solution of the ¢y NP-hard
problem restricted to the node defined by the current iteration of OMP.

This strategy potentially enables the acceleration of OMP and provides
guarantees that some indices of the resulting solution match the solution of
the initial NP-hard problem that OMP intends to approximately solve. This
was the initial goal of my collaboration with the team of Dr. Cédric Herzet
at the INRIA research center in Rennes. In practice, however, we have
not yet succeeded in successfully implementing this technique in a way that
enables us to effectively pass the abovementioned tests in the OMP context.
We suspected that this is caused by bad conditioning of the bounds ! and
u and thus, motivated us to concentrate on the problem of improving the
evaluation of the best possible value for these bounds. This leads us to the
peeling strategy that we present in Chapter 4.

3.6 Summary

In this chapter, we introduced multiple formulations for finding sparse signal
representations. We focused on the parametric dictionaries we exemplified
with a decomposition in the Fourier domain.

Distinguishing discrete and continuous situations, we provided the stan-
dard formulation of a famous greedy algorithm: the Orthogonal Matching
Pursuit. In the continuous configuration, the name Continuous OMP have
been used in the literature to denote multiple possible extension of the
OMP. We highlighted two of them that we named the “Standard-COMP”
and the "Refined-COMP”. The latest is expected to provide stronger results
than the first, with an increased computational complexity. In Chapter 5,
we will explore other alternatives extending these two algorithms using in-
terpolation.

This chapter also described the basic concepts of the BnB algorithms.
These concepts act as the starting point for the next chapter.
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Chapter 4

Accelerating Sparse
Decomposition with
Peeling

The results of this chapter have been accepted to appear in the proceedings
of the IEEE conference EUSIPCO 2023. This is a work performed in collab-
oration with Théo Guyard (INSA Rennes), Dr. Clément Elvira (Centrale-
Supelec Rennes), and Dr. Cédric Herzet (INRIA Rennes). The numerical
results presented in this chapter have been produced by Théo Guyard and
are available in https://github.com/TheoGuyard/BnbPeeling.jl. The
mathematical development and theory of the peeling technique, as well as
the interpretation of the results, is a collaborative work of all the authors.

Most of the content of this chapter is taken from our publication presented
at EUSIPCO 2023. “T. Guyard, G. Monnoyer, C. Elvira, C. Herzet, Safe
peeling for 10-reqularized least-squares, in Proceedings of European Signal
Processing Conference 2023 (EUSIPCO 2023).” [GMEH23]

problem (3.8) is by itself of high interest in many scientific fields
that we listed in the previous chapter. We emphasized in that
chapter that Branch-and-Bound (BnB) procedures require the definition
of some bounding constraint on the non-zeros values of the reconstructed

ﬁ CCELERATING the solving process of the ¢, sparse decomposition
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sparse vector. The arbitrary nature of adding this constraint comes with
two issues we detailed in the last chapter. First, since the optimal vector is
unknown before solving the problem, these bounds are commonly set with
high absolute values to avoid altering the solution. Higher values, however,
reduce the ability of BnB to prune node and hence to provide acceleration
with respect to the brutal exhaustive search. Second, we concluded before
that a loosely conditioned relaxation (i.e., with a high absolute value of
these bounds) may prevent us from the possibility of adapting the node
pruning principle to greedy algorithms such as OMP. Since this latest ex-
tension of OMP could lead in the future to significant improvement in the
performance of greedy algorithms, which have the focus in Chapter 5 to
7, it is of paramount interest to find a way to improve the conditioning of
those bounding constants.

This chapter thus proposes a new strategy, dubbed “safe peeling”, to
enable more aggressive pruning in the BnB tree by refining those bounding
values. In a nutshell, our contribution is a computationally simple test ap-
plied at each node of the BnB decision tree to identify some intervals of RV
which cannot contain a solution of (3.8). Our numerical experiments show
that the proposed method significantly reduces the solving time compared
to state-of-the-art concurrent methods. The name “safe peeling” comes
from the fact that the proposed method enables to reduce (or in more figu-
rative terms, “to peel”) of the feasible set of the problem at each node of the
decision tree while safely preserving the correctness of the BnB procedure.

Proofs of the results presented in this chapter are postponed to Sec. 4.4.

4.1 The Peeling Principle

In this section, we introduce our proposed peeling procedure. As an initial
assumption, we suppose that some interval [I,u] verifying condition (3.22)
is known. This assumption will be relaxed later on in Sec. 4.1.3.

Our goal is to find a new interval [I', u/] such that

Vs [lu]\[l',u]: P’(s;l,u) >p (4.1a)
[, '] C[l,u). (4.1b)

These requirements imply that the pruning decision (3.20) made at node v
remains unchanged when replacing constraint “s € [I,u]” by “s € [I',u]”
in (3.25). More specifically, the result from the following lemma holds.
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Standard BnB BnB with peeling

s €[-2,5,3]
LB=2,5

se[-1,2]
LB=3,2

Figure 4.1: Schematic representation of an example of tree exploration (left) with no
peeling and (right) with our peeling methodology.

Lemma 4.1. Assume [l,u] and [lI',u'] verify (4.1a)-(4.1b), then

p'(l,u)>p <= p’(l,u) > p. (4.2)

A proof of this result is available in Sec. 4.4. A consequence of preserving
the pruning decision is that taking the new constraint “s € [I’,u’]” into
account at node v does not alter the output of the BnB procedure. In
particular, it still correctly identifies the solutions of (3.8). The second
requirement (4.1b) implies that 7 (I', ') can possibly be larger than (I, w)
since the lower bound in (3.23) is tightened by considering lower absolute
values for I and w. Overall, any choice of [I', '] verifying (4.1a)-(4.1b)
thus keeps unchanged the output of the BnB procedure while allowing for
potentially more aggressive pruning decisions. This aspect is illustrated in
Fig. 4.1, showing how the peeling potentially enables the BnB procedure to
prune a node earlier than its standard counterpart with no peeling.
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In the rest of this section, we describe a strategy to find some interval
[I',u] satisfying (4.1a)-(4.1b). Because of the symmetry of the problem
at stake, we only focus on the construction of the upper bound w’. The
identification of a lower bound I’ can be done along the same lines.

4.1.1 Target Peeling Strategy

Given some index j € v, and a > 0, we consider the following perturbed
versions of (3.25):

po(l,u) == inf PY(s;l,u)+n(s; > ). (4.3)
seRN
Problem (4.3) corresponds to (3.25) where s, is additionally constrained to
be strictly greater than a. The following lemma then trivially follows from
the definition of p% (I, u):

Lemma 4.2. If a € [0,u;[ and
pa(l,u) > p, (4.4)

then (4.1a)-(4.1b) hold with

, {a ifi=j g

u; otherwise.

This result thus states that any a € [0, u;[ verifying (4.4) enables to con-
struct some w' automatically fulfilling (4.1a)-(4.1b). Unfortunately, evalu-
ating (4.4) involves the same computational burden as solving (3.25). This
problem can nevertheless be circumvented by finding some proper lower
bound on p% (I, u) as described in the next section.

4.1.2 Tractable Implementation

In Sec. 4.4, we leverage Fenchel-Rockafellar duality for problem (3.27) to
show that for any w € RM | the following lower bound on pY (I, u) holds:

pa(l,u) 2 D" (wil,u) +vj(w;l,u) + af-a] w]y, (4.6)
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where

D”(w;l, u) := $lyll5 — 5lly — w(3 + Al
= moilal w) = > pai(a] w)
1€V 1€V,
. L T T
Yj(wil,u) = py j(a; w) —ujla; wly + A

and jiyi(v) 1= [0 — pls + [liv — .
Using this result, condition (4.4) can be relaxed as

DY (w;l,u) + ¢ (w; 1, u) + a[—a] w]; > p. (4.7)

Hence, choosing any a € [0,u;] verifying (4.7) for some w € RM defines a
new valid constraint via (4.5), in the sense of (4.1a)-(4.1b). Interestingly,
the left-hand side of (4.7) depends linearly on «, thus allowing to precisely
characterize the range of possible values satisfying the strict inequality (4.7).
This leads us to the main result of this section.

Proposition 4.3. Let w € RM, If a;»'—'w >0 and
D" (w;l,u) + ¢;(w;l,u) > p, (4.8)

then u' defined as in (4.5) with o = 0 fulfills (4.1a)-(4.1b). Moreover, if
a;—w <0, then u’ defined as in (4.5) with any « € [0, u;[ verifying

p—D"(w;l, u) — ¢j(w;l u)
ij]+

o> o=

E—a (4.9)

fulfills (4.1a)-(4.1Db).

Our next result shows that Prop. 4.3 can be applied to all indices j € [N]
either sequentially or in parallel, while preserving the correctness of the BnB
procedure:

Lemma 4.4. Let [l',u/] and [I”,u"] be two intervals satisfying (4.1a)-(4.1b).
Then, the interval I, w'] N [U",u"] also fulfills (4.1a)-(4.1b).

A proof is available in Sec. 4.4.
We note that in terms of complexity the parallel application of Prop. 4.3
to all indices j € [N] requires the computation of the inner products
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{a/ w}¥, and one single evaluation of D”(w;l,u). Interestingly, these
inner products are already computed in most numerical procedures solv-
ing (3.27) and are thus usually available at no additional cost, see e.g., [GHE22,
Sec. 4.3]. The overhead complexity of applying in parallel our proposed
peeling strategy thus scales as O(N + M).

4.1.3 Propagating Peeling Down the Tree

In this section, we emphasize that any interval [l u'] verifying (4.1a)-(4.1b)
at node v can be used as a starting point to apply our peeling procedure at
the child nodes of v. More specifically, the following result holds:

Lemma 4.5. Let [I',u'] be some interval verifying (4.1a)-(4.1b) at node v
and let V' be some child node of v. Assume that the peeling procedure defined
in Prop. 4.3 is applied at node v with [I',u'] as input, rather than [l,u], to
generate a new interval [I”,u"]. Then we have

Vs e [Lu]\[I”,u"]: P (s;l,u) >p (4.10a)
0w’ C [i,u]. (4.10D)

A proof of this result is available in Sec. 4.4. In other words, Lem. 4.5
states that any peeled interval [I’,u/] computed at node v can be used as a
starting point to apply a new peeling step at any child node /. This allows
to propagate the peeled interval [I', u/] down the decision tree to hopefully
improve sequentially the tightness of the convex relaxation (3.27).

4.2 Numerical Results

This section reports an empirical study demonstrating the effectiveness of
the proposed peeling procedure to accelerate the resolution of (3.8) on a
synthetic dataset. We refer the reader to [BKM16, HTT17] for an in-depth
study of the statistical properties of the optimizer obtained from this prob-
lem.

4.2.1 Experimental Setup

We consider instances of problem (3.8) with dimensions (M, N') = (100, 150).
For each trial, new realizations of A,y and \ are generated as follows. Each
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row of the dictionary A is drawn from a multivariate normal distribution
with zero mean and covariance matrix K € RV*N. The (i,7)th entry of
K is defined as K;; = pli=3l Vi, j € [N], with p = 0.1. Each realization
of y is generated in two steps. We first create a K-sparse vector st ¢ RN

with evenly-distributed non-zero components, where K = 5. The non-zero
T_

P =

entries are defined as s sign(r;) + r; where 7; is an independent realiza-
tion of a zero-mean Gaussian with variance o2. We then set y = As’ +w
for some zero-mean white Gaussian noise w. The variance of the noise is
adjusted so that the SNR := 101log;, (|| AsT||3/||w]|3) is equal to 15dB. The
parameter A is calibrated for each instance of (3.8) using the cross-validation
tools of the LOLEARN package [HM20] with the default parameters. More
specifically, we call the cv.fit procedure that takes y and A as inputs
and returns couples (sy,,cy,) from a grid of values {\;};cn selected data-
dependently by the package. The vector sy, is an approximate solution
of (3.8) where the weight of the fp-norm is set to A; and ¢y, is an associated
cross-validation score computed on 10 folds of M /10 randomly sampled rows
in A and entries in y. We then set

A =argmin cy, s.t. |[sy,|lp = HSTHO. (4.11)
i

i

4.2.2 Competing Procedures

We consider the following numerical solvers addressing (3.8): ¢) CPLEX [Cpl09],
a generic mixed-integer problem solver; ;) LOBNB [HMS22], a standard BnB
procedure using a “breadth-first search” exploration strategy, see [HMS22,
Sec. 3.3]; iii) SBNB, a standard BnB procedure using a “depth-first search”
exploration strategy, see [MBM™20, Sec. 2.2]; iv) SBNB-N, corresponding to
SBNB enhanced with additional “node-screening” techniques, see [GHE22];
v) SBNB-P, corresponding to SBNB enhanced with the peeling strategy pre-
sented in this paper. LOBNB, SBNB, SBNB-N and SBNB-P all use the same
solving procedure for relaxed problem (3.27), namely a coordinate descent
method [Wril5]. We use the C++ implementation of CPLEX! and the
Python implementation of LOBNB.? SBNB, SBNB-N and SBNB-P are im-
plemented in Julia.

For SBNB-P, peeling is applied at each iteration of the numerical proce-
dure solving the relaxed problem (3.27). We use the current iterate, say s,
to define w := y — As®) and apply the peeling rules defined in Prop. 4.3

Ihttps://github.com/jump-dev/CPLEX.j1
2https://github.com/hazimehh/LOLearn
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in parallel, i.e., simultaneously for all the components of s. The value of «
satisfying (4.9), if any, is chosen as o = a + 10716, The peeled intervals are
propagated through the decision tree as described in Sec. 4.1.3.

All the solving procedures are provided with the initial bounds I =
—M1 and v = M1 for some proper value of M. This corresponds to
the standard “Big-M 7 constraint commonly considered in the literature
[MBM*20, BMBN22, BCWP21, BNCM15]. As far as our random sim-
ulation setup is concerned, it can be shown that (3.8) admits a unique
minimizer s* with probability one. We thus choose M = 7||s*||o for some
~v > 1 in our simulations. This requires to solve (3.8) once beforehand to
identify s*. This operation is here only done for the sake of comparing the
sensibility of the solving methods to the choice of ~.

In practice, we obtain s* by solving a sequence of problems with an
increasing value of M in the Big-M constraint. More specifically, letting
s#; denote the solution of (3.8) with the additional constraint “—M1 <
s < M1”, we are guaranteed that s* = s}, as soon as the strict inequality
ls/lloo < M holds. We thus compute the solution s}, for a sequence of M
of the form {n*Mj}ien with 7 = 1.1 and for some My > 0 and stop as soon
as ||shsllco < M.

4.2.3 Computational Gains

Fig. 4.2 presents the performance of the considered solving procedures. All
results are averaged over 50 problem instances. Experiments were run on
one Intel Xeon E5-2660 v3 CPU clocked at 2.60 GHz with 16 GB of RAM.
The left column in Fig. 4.2 represents the average solving time of each pro-
cedure as a function of v (top) and o (bottom); the right column illustrates
the gain allowed by the proposed method in terms of solving time (solid)
and number of nodes explored (dashed) as compared to its best competitor,
that is SBNB-N.

We note that SBNB-P leads to the smallest running time in all the con-
sidered setups. Since the latter corresponds to SBNB where peeling has
been added, the spacing between the red and green curves materializes the
gain provided by peeling. As far as our simulation setup is concerned, we
see that the proposed method enables an acceleration of almost one order
of magnitude with respect to SBNB. It is noticeable that this acceleration
occurs even if v = 1, that is, the Big-M constraint is perfectly tuned to the
problem at hand. This is due to the fact that peeling can refine individu-
ally each component of the initial bounds I and w at each node of the BnB
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Solving time (sec.) Gain

102 |

104 |

-~ CPLEX -= LOBNB -* SBNB SBNB-N -»- Sbnb-P

Figure 4.2: Left: Solving time as a function of v (top, o = 1) and o (bottom, v = 5).
Right: gain in terms of solving time (solid) and number of nodes explored (dashed) with
respect to SBNB-N.

decision tree to fit the local geometry of the problem.

We also notice that SBNB-P improves over SBNB-N, which can be seen
as another acceleration of SBNB. In particular, SBNB-P performs always as
well as SBNB-N as emphasized by the gains in the right-hand side of Fig. 4.2.
We note in particular the gain provided by peeling in terms of number of
nodes processed by the BnB procedure: as expected, peeling allows for more
aggressive pruning and thus reduces the number of nodes to be explored.

For now, we only varied the parameters that may directly influence the
Big-M constraint. To give a broader overview of the performance allowed by
our peeling methodology, we have selected three different types of instances
of (3.8) with increasing hardness. We still fix M, N and SNR but we vary
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Easy - Solve time Medium - Solve time Hard - Solve time
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Figure 4.3: Solving time as a function of v (top, 0 = 1) and o (bottom, v = 3).

K and p to control the instance’s inherent complexity. On the one hand,
larger K leads to problems with a more complex combinatorial nature. On
the other hand, increasing p leads to more correlation between the columns
of A, which brings the local minima of (3.8) closer to the global ones. Both
of these effects make the problem harder to solve. Our three setups are
constructed with the following combination of the parameters:

K M N p SNR

Easy 5 100 150 0.1 15
Medium 7 100 150 0.1 15

Hard 7 100 150 0.8 15

We note that the maximum solution time allowed for the solver is 30 hours,
that is just above 10° seconds. For particularly hard instances, some solvers
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hit this time limit. Since it only concerns a minority of the trials, we have
decided not to remove them, but this may have slightly lower their mean
solution time.

Fig. 4.3 shows the solution time of the different methods for the three
different types of instances when varying v and o. We roughly observe the
same behaviors as in Fig. 4.2. A notable remark is that the more difficult
the instance, the larger the gains permitted by our peeling methodology.
Our empirical analysis is that on harder instances, the BnB tree has to
be explored more extensively. Tightening the bounds at a given node will
therefore allow a greater number of nodes to benefit from the strengthen-
ing of the relaxations. The solving time will therefore be further reduced.
When varying -, the gains of the method implementing our peeling strategy
(SBNB-P) again its best concurrent (SBNB-N) almost reach a factor 2 on
EASY instances. On MEDIUM instances, it reaches a factor 4 and on HARD
instances, it reaches a factor 5.

4.3 Discussion

In this chapter, we presented a tractable strategy, named “peeling”, to
tighten the box constraints used in a BnB procedure tailored to £y-regularized
least-squares problems. Unlike the standard approach, which imposes one
global constraint to the problem, our strategy aims to locally refine the box
constraints at each node of the decision tree. This refinement enables to
strengthening the convex relaxations used in the pruning decisions made by
the BnB procedure and can lead to significant improvements in terms of
solving time, as emphasized by our simulation results.

Following the comments from Sec. 3.5, the results of this chapter po-
tentially open up new ways for future research projects to extend the peel-
ing and screening techniques to enhance greedy algorithms. Indeed, the
stronger convex relaxation the peeling provides may enable screening tests
to pass in the branches explored by greedy approaches. Achieving this task
is expected to require additional research on identifying “good” suboptimal
values of the dual variable from which the evaluation of the screening tests
is more likely to pass successfully.
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4.4 Appendix: Proofs

4.4.1 Proof of Lemma 4.1
We first have

p’ (U u) > p” (L, u)

since [I',u'] C [I,u] from (4.1b) and the left-hand side corresponds to the
minimum value of a problem more constrained than the right-hand side.
The reverse implication in (4.2) is thus always verified.

The direct implication results from the following observations. If p” (I, u) <
P, then we have

P (L) =p" (', u)
since (4.1a) ensures that the minimizers of P”(s;l,u) do not belong to
[L,u] \ [I',u] and are therefore also minimizers of P¥(s;l',u’). We thus
obtain the direct implication by contraposition.

4.4.2 Proof of (4.6)

We first note that

pL(l,u) = Sier]}ng P"(s;l,u) +n(s; > a) (4.12a)
> sieI]gN Ry (s;l,u) +n(s; > a) (4.12Db)
> sierllRfN Ry (s;l,u) +n(s; > @) (4.12¢)
= srgﬂigrj{r Ry (s;l,u) +n(s; > a) (4.12d)

where

RY(silu) = Yy — As|3+A Y (e - )

i
1€ve\J

+ A1+ 1)+ 18y, =0)+n(s €[l,u]) (4.13)

and the last equality follows from the fact that the objective function is
lower-semi-continuous and its domain is closed and bounded.
The lower bound in (4.6) then stems from the Fenchel-Rockafellar dual
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problem of (4.12d). More specifically, we first notice that (4.12d) can be
rewritten as

min £(As) + g(s) (4.14)
with
f(z) =%l —=ll; (4.15a)
9(s) =g;(s;) + Zgi(si) (4.15b)
i#j
and

gi(s) = n(s € [, uy]) + A
n(s =0) ifi ey
9i(s) = < n(s € [li,u;]) + A iftiewn
n(s € [l w]) + A — ) if i e w\j.

Us

Second, we have from standard results of convex optimization [Bec17, Ch. 12]
that the Fenchel-Rockafellar dual problem of (4.14) reads

max —f*(—w) — g* (AT w), (4.16)

weRM

where f* and g* denote the convex conjugates of f and g (see [Becl7,
Def. 4.1]). In particular, we have Vs € RV w € RM:

f(As) +g(s) = —f*(~w) — ¢ (AT w) (4.17)

as a consequence of weak duality applied to the pair (4.14)-(4.16). Our
lower bound in (4.6) corresponds to a particularization of the right-hand
side of (4.17) to (4.15a)-(4.15b). In particular, applying the definition of
the convex conjugate to the function f, one easily obtains:

Fr(w) = =5lyli3 + 3lly +wl3. (4.18)
Invoking Lem. 4.6 in Sec. 4.4 with (b,l,u) = (X, &, u;), we obtain

g3(v) = wilo]+ — a[—vls — A (4.19)
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Applying again Lem. 4.6 with

0,0,0 if i €
Ot = {000 rre
()\Ji,ui) if 1 € vy,

leads to
* 0 if i € 1%
9; (v) = o (4.20)
[uv]4 + [Liv]ls =X ifien
where we have used the fact that for all ¢ € vy, u;[v]y = [u;v]4+ (resp.
li[—v]+ = —[liv]+) since u; > 0 (resp. I; <0). Similarly, using Lem. 4.7 in

Sec. 4.4 with (a,l,u) = (A, l;,u;) we obtain:
gr(v) = [uw — N4 + [Liv— A4 ifi€ve\J. (4.21)

Finally, combining (4.18)-(4.21) leads to the desired result.

4.4.3 Proof of Lemma 4.4

Let [I',u/] and [I”,u”] be two intervals satisfying (4.1a)-(4.1b), and defines
S=[',v|N[",u"]. We first note that [I',w| N[l", u"] can be rewritten as

N
S = X [max(l},1”), min(u}, u})]

RS 2Nt )
i=1

where X denotes the Cartesian product of sets, and therefore defines an
interval. It thus remains to show that S fulfills (4.1a)-(4.1b).

First, the inclusion S C [I, u] follows from the fact that both [l',w'] and
(1", u"] verify (4.1b). Second, the fact that S fulfills (4.1a) is a consequence
of the following set equality:

[l7u] \S= ([l,u] \ [l’,u’]) U ([lvu] \ [l//vu”D'

Hence, if s € [l,u] \ S then s € ([l,u]\[l',u]) or s € ([I,u]\ [I",u"]).
Assume without loss of generality that s € ([I,u]\ [I',4/]). Since [I', /]
fulfills (4.1a), we then have P”(s;l,u) > p. One concludes the proof by
noting that the latter rationale holds for all s € [l,u]\ S.
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4.4.4 Proof of Lemma 4.5

If the peeling procedure defined in Prop. 4.3 is applied at node v/ with [l u/]

as input to generate a new interval [I”, u], we have by construction:

vse [,/ ]\[I",u"]: PV (s;l',u') > p (4.22a)
[, u" C ). (4.22b)

We note that (4.22a) is equivalent to
vse [, u]\ 1", u']: PV (s;l,u) >p (4.23)

since s € [I',u'] and [I', '] C [, u] by hypothesis.

Moreover, we have
P”/(s;l,u) > P¥(s;1,u).

since S¥° C &” for any child node v/ of v. Hence, any interval (', v
verifying (4.1a) at node v obviously also fulfills (4.1a) at v/, that is

Vs e [Lu]\[I/,u]: P (s:1,u) > p. (4.24)

Combining (4.22b), (4.23) and (4.24), we finally obtain the result.

We finally derive the expressions of two conjugate functions appearing
in the derivation of (4.6). The results are encapsulated in Lem. 4.6 and 4.7
below.

Lemma 4.6. Let g: R — R be defined for all s € R as
g9(s) =b+n(s € [l,u])
forbeR and Il < wu. Then,

9" (v) = ufv]y —[-v]4+ —b.

Proof. By definition of the convex conjugate (see [Becl7, Def. 4.1]), one has
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Yv € R:

S
*
—

<
N

I

sup vs — g(s)
seR

max vs—b
1<s<u

= ufv]y —Il[-v]4+ —b

Lemma 4.7. Let g: R = R be defined for all s € R as
g9(s) =n(s € [l,u]) + $[sl+ — F[—s]+
fora>0andl <0< u. Then,
g*(v) = [w — a]4 + [lv — a]+.

This expression remains valid for 1 <0 < u as long as we use the convention
“©/0=0"

Proof. Prior to proving the lemma, let us first show that the following result
holds true: for all scalars § € R, u > 0, we have

max fs—gs=[pf—aly. (4.26)
Note that the maximum in (4.26) is attained since the optimization problem
amounts to maximizing a linear function over a (nonempty) compact set.
Now, if © = 0 we have
max f[s— 2s=0
0<s<p B

by using the convention “0/0 = 0”. Moreover, if u > 0:

— 85 — ! —
B 00 e = i, S
=[up —al4.

Overall, one can summarize the two cases as

max (s — %s=[uf —al; (4.28)

0<s<p H
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since a > 0.

We now turn to the proof of Lem. 4.7. By definition of the convex
conjugate (see [Becl7, Def. 4.1]), one has Vv € R:

g*(v) = sup vs — g(s).
seER

The above problem can be equivalently expressed as

9" (v) = max {g7 (v); g5(v) } (4.29)

where

g1 (v) :=sup vs — g(s)
s>0

93(v) == sup vs — g(s).
s<0

On the one hand, g (v) can be rewritten as

gi(v) = sup wvs— %s.
0<s<u

By applying (4.26) with (8, u) = (v, u), we then obtain:
95 (v) = [uv — a) 4. (4.32)

On the other hand, we have

* _ a
g5(v) = sup wvs— ¢s
1<s<0
= sup —vs' — s
0<s'<—1

Hence, using (4.26) with (8, ) = (v, —1) leads to
g3(v) = [lv — als. (434)
Finally, plugging (4.32)-(4.34) into (4.29) yields

g*(v) = max {[uv — a4 [lv — al }

= [uv —aly + [lv — a]+
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where the last equality follows from the fact that
w—a>0 = lv—a<0.

Indeed, if uv — a > 0 then necessarily u > 0 since a > 0. We thus have
v > % > 0. This implies that lv —a < 0 since [ < 0 and a > 0. O
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Chapter 5

Leaving the Grid with
Interpolation

XTENDING the sparse coding theory to sensor applications with both
E low-cost and real-time requirements, such as radars, is a challenging
task that can only be addressed by means of fast heuristics. Indeed,
these circumvent the challenge of solving the initial NP-hard problem which
requires too much computation power. The famous Orthogonal Matching
Pursuit (OMP) algorithm presented in Chapter 3 for parametric dictionar-
ies is known for its efficiency in the decomposition of highly sparse signals
(i.e., with a very small number of atoms in the decomposition). This ob-
servation however only holds for its discrete version, restricted to a grid
of parameters. Reducing the errors caused by the gridding can be achieved
either by (i) using a denser grid or (ii) solving a highly non-convex optimiza-
tion problem [TA18]. Both cases result in a deterioration of the speed of
the decomposition procedure. This chapter investigates alternatives based
on a principle of “atom interpolation”, recently introduced in multiple con-
tributions [ETS11, FDD13, KYHP15, LZL*18, CH19]. We leverage this
technique to derive extensions of OMP, able to leave the grid quickly.

In more detail, the progression of this chapter can be explained in three
parts, each with one contribution. This first part theoretically introduces
the interpolation procedure (Sec. 5.1) and details the different patterns
(Sec. 5.2). It provides then, as a contribution, a theoretical bound on the
application of interpolation in the first iteration of OMP (Sec. 5.3). The
second part (Sec. 5.4) compares different practical implementations of an
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interpolation-based Continuous OMP (COMP) with a novel proposition.
Our proposition, built upon the conclusions drawn in the first part, demon-
strates superior performance compared to existing propositions from the lit-
erature when the ground truth is subjected to some separation constraints.
The third and last part starts with the introduction, in Sec. 5.5, of our
“Factorization over Interpolation” strategy that we presented in [dGVJ20].
Our implementation of COMP is thereby extended to encompass factorized
models such as encountered in the context of FMCW radars. We finally
show and discuss the numerical results of applying our factorized algorithm
compared with other methods.

All the proofs of the theorems and lemmas given in this chapter are
gathered in the last section of this chapter.

5.1 Interpolation-based Atom Selection

The atom selection is the key step of greedy algorithms such as OMP. In
the continuous formulation given in Alg. 2, this step reads

0 = arg max|(a(f), )
9ce

: (5.1)

given 7 to denote the residual signal at the beginning of a certain iteration.
This problem is commonly highly non-convex and hence, the available meth-
ods to solve it often appear as computationally too demanding for real-time
low-cost applications. This chapter thereby focuses on accelerated alterna-
tives, built upon interpolation of atoms, to approximately compute 0.

The presented technique enables us to approximate any atom taken from
the continuous set A with a linear combination of a finite set of atoms,
gathered in the discrete dictionary A given by Def. 3.4. More precisely,
the interpolation is performed piecewise from a partition of the domain O.
To maintain the simplicity of notations, we impose the partition to provide
exactly one subset of © around each grid point from O¢ := {6,,}N_,. The
resulting partition is schematically illustrated in Fig. 5.1. This yields, for
n € [N], the subsets denoted by ©,, such that © = U, ©,,. Formally, with
I denoting the interpolation order standing for the number of interpolants,
we gather in A,, the atoms from which the interpolation in ©,, is performed.
More precisely, if 9_7,714 denotes the i-th interpolant grid component taken
around 0,, in O, it reads

A, =a(0n1), -, albn)]. (5.2)
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Continuous Dictionary A4 := {a(f): 0 € ©}

a(.)
O F— o . —
1 02 03 On
> Discretized Dictionary A
Interpolation:
0, O3 0Oy On
o | I ——t ——1 I I I I !
N [RAD)
Up=10n 03,2
) |
A, A,
L D4(0)
L (9) > Interpolated Dictionary

A:={a(9):0ce}

Figure 5.1: Schematic representation of the partition of the parameter domain © that is
used to generate the interpolated dictionary A defined in Def. 5.1.

Typically, a 1-D and uniform grid ©¢ with a spacing A between adjacent
bins gives 0, ; = 0, + (i — [ 152 |)A. The approximated dictionary A is then
defined by the following.

Definition 5.1 (Approximated Continuous Dictionary). The approximated
dictionary A reads

A:={a(9) :6c o}, (5.3)

where a approximates the atom function a through the piecewise interpo-

lation reading for 6 € O,
a(f) = A,c. (5.4)

In the above, we obtain the I interpolating weights by ¢ = ®,(6) € Rf
where the expressions for the interpolating functions {®,,}2_; are driven by
the choice of interpolation pattern. By definition, those are defined such
that the approximation is exact on the grid and hence

a(f) =a(f) forall 0 €Og (5.5)

We can now accelerate the atom selection by searching for the best
matching atom in A instead of A. This idea was notably hinted at in [CH19).
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Using the decomposition (5.4), the approximated selection step writes

max |(a(6), y)| = max max |(2.(6), Ally)l. (5.6)
In practice, this selection computationally amounts to first evaluating the
whole on-the-grid correlation A7y and next, for each index n, extract a set
of I elements from the resulting vector to perform the inner maximization.
This latest typically requires less computation time to solve than (5.1) be-
cause we commonly choose (i) an interpolation order I such that I < M
and (ii) interpolating functions ®,, with simple expressions. As shown in
the next section, the commonly employed interpolation patterns come with
closed-form expressions for the inner maximizer of (5.6). This results in a
complexity for the above which is dominated by the evaluation of A% y.

Remark 5.1. The selection (5.6) is only valid when A contains atoms with
constant ¢5 norm. Otherwise, one should instead inject the approximation
into (3.13), which results in replacing the inner maximization of (5.6) by

H
max —K(I)"(o)’ A, y>| (5.7)
00, || An®,(0)|2
With the above denominator entailing the norm of an M-length vector,
the computational complexity of solving (5.7) is anticipated to exhibit a
computational complexity that scales proportionally to M.
To guarantee a negligible computation time for this step, we suggest in this
work the following approzimation when the interpolated atoms have a non-
uniform power over ©. First, The non-normalized selection step (3.13) is
relaxed as

B = argmingccr 1lly — AnBl3, (5.8)

and next, the minimizer B of the above is projected onto the space of feasible
interpolating coefficients through

(®4(6), B)l
max ———————, 5.9
00, ||D,(0)]2 (&)
In Sec. 5.4 and 5.5, we also leverage this relax-and-project approach to pro-
pose a version of COMP that is faster than existing implementations from
the literature.
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5.2 Interpolation Patterns

In Def. 5.1, we stated that the interpolating function ®, depends on the
chosen interpolation pattern. This aspect is clarified in this section, which
summarizes several patterns from the literature and reformulates them to
fit the framework given in the previous section. To this end, we restrict
the range of interpolating functions to those matching the decomposition
below. Given a function ¥, (),

®,(0) := U, U,(0), (5.10)

for some matrix U,, € CI*I,

To maintain lighter notations, we drop the index n from the interpolat-
ing function. We also impose the resulting function ¥ to be expressed as a
function of the off-the-grid shifts 6 := 6—80,,, thereby restricting the study to
interpolation strategies that are uniform over the partitioning of ©. Inter-
estingly, actual implementations of interpolation-based methods commonly
meet these restrictions. Still, the reader can straightforwardly extend the
patterns described below to their non-uniform version by inserting back the
indexes n accordingly. This simplification yields, for all 8 € ©,, and given
n e [N],

al0) =A, U¥(0—0,). (5.11)

The following lemma provides sufficient conditions for the approxima-
tion (5.11) to define an interpolation from the grid O¢. Its proof is provided
in Sec. 5.8.

Lemma 5.1 (Interpolation Constraint). Given © := UN_,{#—6, : 0 € ©,,},
if {U(0):46 € é} > I is such that any set of I vectors taken from it forms
a set of linearly independent vector, then the approximation (5.11) is an
interpolation in the sense of the constraint (5.5), with

-1

U:=| : : (5.12)
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The most commonly used interpolation patterns —that we present in
the next section— all meet the condition provided by Lem. 5.1. They
are thus fully explained by their corresponding expression for W. Still,
in the literature, the matrix U is either intrinsically encapsulated in the
interpolating function ¥ [CH21] or in the definition of interpolant atoms
[ETS11, FDD13, KYHP15]. In the next section, we reformulate the pat-
terns described from those contributions to fit (5.11).

We now provide the expressions of ¥ corresponding to different existing
patterns.

5.2.1 Polynomial and Taylor Interpolations

The simplest interpolation is obtained when the interpolating function pro-
vides a polynomial basis. For simplicity, we provide it for a 1-D domain ©,
i.e.,

U(6) =[1,6 8. (5.13)

Following the same idea, the authors in [ETS11] suggested an interpolation
based on a Taylor expansion of the dictionary. Precisely, this pattern does
not exactly fit the model (5.11) because A,, should contain the atom a(6)
and its derivatives evaluated in 6,,. This in turn multiplies by I the number
of discrete dictionaries to store in memory. In practice, this also multiplies
by I the number of scalar products to perform prior to solving the inner
maximizations in (5.6). Yet, we point out that the polynomial interpola-
tion here above follows the same philosophy as the Taylor one because the
product A, U yields approximations of the derivatives of a, through finite
differences. This can be observed in the simple example below.

Example 5.2. Considering a uniform grid ©¢g with spacing A and the first
order polynomial interpolation, 4.e., with I = 2, it results

-1

—
o
—
je)

U= - . (5.14)

D=
>|=

In the search for computational efficiency, one should prefer the polyno-
mial over the Taylor approximation since it requires I times fewer operations
to perform for asymptotically similar results as ©g get denser.
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Remark 5.3. We emphasize that first-order polynomial interpolation (I = 2)
delivers a closed form expression for (5.9) since setting the derivative of its
objective function to zero amounts to determine the roots of the following
second-order polynomial in 4,

R{B1B2}(1 — 8%) + (182 — 1B11})0 = 0. (5.15)

Note that when f is real, the above is solved by § = 3,/,.

5.2.2 Least-Squares Optimal Interpolation

While the polynomial interpolation is simple and versatile, it is known to
result in limited performance when compared to other existing patterns.
One can thus search for the best pattern by minimizing the squared dis-
tance between the actual atom and its approximation. This is equivalent to
orthogonally projecting each atom a(f) onto a vectorial space V' of dimen-
sion I. Since we aim for an approximation performing an interpolation, the
unique possibility is for V' to match the space generated by the columns of
A,,, which directly leads to

a(f) = A,Ala(d). (5.16)

For translation invariant dictionaries, when ©¢ defines a 1-D uniform grid,
the above fits the model (5.11) with

_ T
where the kernel « is defined as in Def. 3.3. Note that the optimal interpola-

tion proposed here is a narrower definition than the optimal approximation
mentioned in [CH19] which is not restricted to being an interpolation.

Although this pattern provides the best approximation a, it is often com-
putationally inefficient in practice for multiple reasons. First, the function x
might have no closed-form expression or a complicated one. Additionally, If
A is defined over C, then the interpolating coefficients resulting from (5.11)
are likely to be complex numbers. Computationally speaking, this results
in an interpolation with an apparent order 21.
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5.2.3 Polar and Raised-Cosine Interpolations

In seeking a compromise between the polynomial and the least-squares op-
timal interpolations, the polar interpolation has been introduced in the con-
text of sparse coding by E. P. Simoncelli et al. in [ETS11] and then applied
to Fourier dictionaries in [FDD13]. These papers describe this interpolation
in what we shall call here its “classic” formulation, intrinsically restricted to
applications with a 1-D uniform grid ©¢ and with I = 3. This pattern has
shown particularly good performance for translation invariant dictionaries.
In short, it exploits the fact that the atoms from A define a manifold that
lies on the sphere of radius 1 in CM. Therefore, the set .A,, can be efficiently
approximated by the unique arc of a circle that passes through three atoms
as represented in Fig. 5.2(a). In our formalism, the interpolating function
reads

U(6) = [1, Reos(£4), Rsin(£6)] ", (5.18)

where the radius R and the angle ¢ are as shown in Fig. 5.2(c). Since the
product A, U projects the interpolant atoms A,, onto the basis (&1, &2, &3)
depicted in Fig. 5.2(c), it directly yields approximations a(f) belonging to
the circle shown in this figure, given 6 € ©,,. In practice, R and ¢ are com-
puted with simple trigonometric identities from the angles (see Fig. 5.2(b))

P1 = R{(a(bn), a(bn — D))}, (5.19)
b = R{{a(0, + A), a(f, — AN}, (5.20)

More recently F. Champagnat and C. Herzet have shown that the polar in-

terpolation reaches the least-square optimality for dictionaries that exhibit
raised-cosine-shaped kernels [CH19]. From this observation, they proposed
an extension of this pattern that goes beyond the restrictions for which
the initial polar interpolation applies [CH21]. In this sense, their proposi-
tion can be assimilated as a higher-order polar interpolation. In practice,
this technique is similar to the Least-Squares (LS)-optimal interpolation by
replacing the exact kernel k by a raised cosine approximation

I
R() = Ao + 225 A, cos(wid), (5.21)

with some variables A\; and w; to be determined to meet the constraint

/%(9” i Hn i’) = K(Qn i Onﬂ»/) (522)

) 3 )
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Figure 5.2: Schematic representation of the polar interpolation principle. The notation
a; is a shortcut for the interpolant atoms a(6y, ;). The manifold described by A is shown
in (a) and is approached by the red circle whose arc between a1 and as represents A, .

for all 4,3’ € [I]. When I = 3 and O¢ is a 1-D uniform grid, the above is
equivalent to the classic polar interpolation. All in all, this pattern offers
the advantage of preserving in A both the normalized and the translation-
invariant natures of A. Moreover, the classic polar interpolation offers a
simple expression for the inner maximization (5.6). This expression is pro-
vided by the following lemma, whose proof can be found in Sec. 5.8.2.

Lemma 5.2 (Polar Selection Step). Given g € C! and the interpolating
function U defined as in (5.18), the optimizer of

max, 3(¥0), gl (5.23)
o€[-3.3]
is given by
5 — or n anll @D R{g2/¢}
0=Aclpgy (¢ areeos (\/ﬂ%{gz/c}um{gs/c}?))’ (5.24)
where ¢ € C obeys
— R R{g2/¢}g2+R{g3/C}gs 5.95
C= 0t R e/ R )2 (5.25)
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Remark 5.4. When g € R’ all the denominators ¢ cancel out in Lem. 5.2,
and hence the above particularizes into Lemma 1 from [CH19], which directly
provides a closed form expression for §. Otherwise, we evaluate 8 quickly by
initializing ¢ = g; and iteratively updating it according to (5.25). Note that
a complex dictionary like in radar applications typically yields g € C’.

5.2.4 Interpolation Gap

We complete our tour of the interpolation patterns with a comparison of
their intrinsic performance when applied to the Fourier dictionary from
Ex. 3.1. First, for illustrative purpose, Fig. 5.3 shows the objective function
|{(@a(f), y)|? resulting from the application of different patterns, in compari-
son with the exact squared correlation |(a(6), y)|?, where y corresponds to
the measurement signal from the same example.

The intrinsic precision of each interpolation technique, relative to a given
parametric dictionary A, is formally evaluated by the interpolation gap ex-
plained in Def. 5.2 below. The performance of interpolation-based sparse
decomposition algorithms is intrinsically related to this quantity, as studied
in the next section.

—— Exact ) — Exact (—\
1.0 NN (I=1) 1.0 Polyn (I = 3)
0.5 0.5
0.0 fe—=0r—1= \_./?“ 0.0 ,./v"?\/ o P
3 4 5 6 7 3 4 5 6 7
—— Exact (\ —— Exact
1.0 Polar (I =3) \ 1.0 LS ({=3)
0.5 { \\ 05 }
0.01== s, S «— T 0.0 f=o—= — T o1
3 4 5 6 7 3 4 5 6 7
0 0

Figure 5.3: Application of multiple interpolation patterns to the selection step of the
single iteration of continuous extensions of OMP, applied to the signal given in Ex. 3.1.
The resulting approximated objective functions for the selection step are compared with
the exact one.
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Definition 5.2 (Interpolation Gap). Given an interpolation strategy gener-
ating A according to Def. 5.1, the interpolation gap is the worst-case distance
between any atom from .4 and its correspondence in A. It writes

¢ :=max||a(f) — a(d)]2 (5.26)

In substance, the value of £ is driven by three elements: (i) the nature
of the interpolation, (ii) its order I, and (iii) the density of ©¢ that we
characterize by Ng /M, reminding that Ng := |©¢|. This effect is observed
in Fig. 5.4, showing the gaps corresponding to all the patterns previously
presented when applied to Ex. 3.1. Note that the Nearest Neighbour (NN)
technique corresponds to a unique possible pattern exhibiting I = 1, which
amounts to no interpolation by taking the closest grid component from
O¢. Since the considered grid ©¢g is uniform, Ng/M is proportional to
the inverse spacing A~! . Commencing from a density sufficiently high to
capture the curvature of the manifold of A, we empirically observe that the
interpolation gap decreases following the standard rule

E=hAl, (5.27)

for some pattern-dependent constant k. This behavior is a well-known result
for polynomial interpolations [SM03]. As expected, this constant is the
smallest for the LS-optimal pattern while the polar interpolation, suited for
the translation-invariant dictionary A, exhibits better performance than the
polynomial one. We can now mathematically relate the interpolation to the
performance of the selection step in a simple scenario.

5.3 Bound on the Selection Process

The first contribution of this chapter is the derivation of a bound on the
estimation error between the ground truth * and its estimation § being
the maximizer of the interpolated selection (5.6). We consider a noiseless
measurement y that follows the model (3.1) with K = 1. This bound is
later extended for the Grid Hopping method presented in Chapter 7.

The bound on ||§ — 6*||; is derived using two concepts: (i) the interpo-
lation gap and (ii) the lobe property of the squared kernel |x(5)|? that we
define here below.
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100,

10724

1074

No/M

Figure 5.4: Interpolation gaps of multiple interpolation patterns applied to approximate
the dictionary from Ex. 3.1, performed from a uniform grid of Ng bins.

Definition 5.3 (lobe-r function). Given r > 0 and a domain Z C R", a
function f : Z — R is said to be lobe-r if there is R > r such that for all
2 € By(r) and for all 2°" € Z\B,,(R), we have

F(Z") > f(z2"), (5.28)

and if there are positive lobe-bounding constants 0 < U < L such that for
all z € Boo(R), the following lobe-bounding property holds

1-Lll2llf < f(z) < 1- U3 (5.29)

In particular, all the above implies that f(z) has a unique global maximizer
at z = 0 with f(0) = 1.

We illustrate the concept of lobe-r function with a simple example that
follows up Ex. 3.1.

Ezample 5.5 (Féjér Kernel as a Lobe-r function). Given a Fourier dictionary
whose atom expression is given in (3.4), the resulting kernel |x(5)|?
a Fejér kernel, which is lobe-r as depicted in Fig. 5.5.

defines
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Fejér Kernel and Bounding Parabolas

1.01 |I{(§) ‘2
—— Upper Bound

—— Lower Bound

0.51

0.01

—15 ~1.0 —0.5 0.0 0.5 1.0 15

Figure 5.5: Representation of the squared kernel (zoomed in around zero) of the Fourier
dictionary from Ex. 3.1 and the optimal choice, according to (5.30), of lower and upper
bounding parabolas given the choice r = .5.

Example of 2D lobe-r function f(z)

& 00 ( ) >< :705
N %ﬁ

Figure 5.6: Example of 2D lobe-r function with a color mapping for the inner lobe (in
green), the outer lobe (in blue), and the exterior (in red).

The features of lobe functions can be better observed from the 2D ex-
ample, obtained by an outer summation of Fejér kernels, shown in Fig. 5.6
from which three distinct regions can be observed. First, the terms Inner
Lobe and Exterior denote respectively the domains By (r) and Z\B (R),
respectively shown in green and red in Fig. 5.6. The equation (5.28) implies
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Chapter 5. Leaving the Grid with Interpolation

that all evaluations of f inside the inner lobe yield a higher value than all
evaluations from the exterior. Practically speaking, the inner radius r of
the squared kernel |r(-)|?
concept of resolution of the given sensor.

in a specific application is closely related to the

The infinite ball is used to define the limitation of the exterior because of
its invariance properties in concatenations. This choice will come in handy
when the bound presented here will be extended to multi-sensor domains
where outer summations of lobe functions are involved.

The blue region is the Outer Lobe, inside which no such hierarchy can
be established on the evaluations of f. Nonetheless, the lobe-r function is
known to conform to the quadratic decreasing properties given by (5.29).
The reader may notice that there is commonly no unique choice for the
bounding constants U and L, and thereby Fig. 5.5 only shows one arbitrary
choice for them. In practice, for the remainder of this chapter, given an
inner radius r, we set the values of these constants following the rule

L=3|f"(0),

5.30
U= (1~ f(r) (:30)

Under some conditions, the values for U and L given by (5.30) may be their
tightest values (respectively highest and lowest admissible value). However,
this aspect still needs to be proven.

Using the notion of lobe functions, we provide the bounding theorem.

Theorem 5.3 (Interpolated Selection Error Bound). Given

1. a translation-invariant parametric dictionary A such that |k(0)|? is

lobe-r with upper and lower bounding constants U and L,

2. an interpolation strategy yielding an interpolation gap &, and

3. the noiseless 1-sparse measurement y = a(0*),
if

€< 273 U2, (5.31)

then the estimate O optimizing (5.6) exhibits the bound

16 — 67| < YLV ¢ (5.32)

The proof of Thm. 5.3 is provided in Sec. 5.8.
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(a) Max. Selection Error (b) Max. Selection Error
10°4 10°4
10714 107!
10724 1072
107%4 107%
10744 10744
1 107 10°° 107!
3
Bound —— Polyn (I =3) —— Polar (I =3)
— NN (I=1) === Polyn (I =5) -== Polar (I =5)

Figure 5.7: Performance of the interpolation-based selection step applied to Ex. 3.1 with
multiple interpolation patterns. The results shown in (b) with respect to the interpolation
gap and compared with the theoretical bound from Thm. 5.3.

We end this section by evaluating this bound’s tightness through Monte-
Carlo simulations. To this end, we drew 10,000 realizations of random 1-
sparse noiseless measurements y with the dictionary from Ex. 3.1. The
worst-case performance of the approximated selection step is represented in
Fig. 5.7(a). In Fig. 5.7(b), we displayed these same results with respect to
the value of the interpolation gap £ (see Def. 5.2 and Fig. 5.4) and compared
them with the bound from Thm. 5.3. We computed the bound using the
bounding constants shown in Fig. 5.5. We remark that the maximum er-
ror resulting from the NN “interpolation” corresponds to the discretization
error, directly due to the gridding ©¢, since no interpolation is actually
performed. The other interpolation pattern exhibits wort-case errors that
properly fit the tendency given by our bound.

We emphasize that the bound could be improved by adaptively selecting
the best inner radius r according to the value of £ by activating the con-
straint (5.31). This would lead to a &-dependent value of U in (5.32). Still,
when the squared kernel is closely upper bounded by a parabola, the value
of U, given by (5.30), fluctuates only slightly with r (or equivalently, with
). Consequently, a fixed value of U is sufficient to provide a bound that
captures the linear link between the worst-case selection error and the inter-
polation gap, as depicted in Fig. 5.7(b). Finally, we inform the reader that
to avoid redundancy, we do not show the values for the average selection
error here since it follows, up to some constant factor, the same evolution
as the maximum error shown in Fig. 5.7.
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5.4 Interpolation in Continuous OMP

While the previous sections focused on the application of atom interpola-
tion to the decomposition of 1-sparse signals, we now return to the ini-
tial problem of representing K-sparse signals, given K > 1, with fast
heuristics. To this end, we presented in Sec. 3.3 the Continuous OMP
(COMP) in its most natural version and explained that the literature on
continuous versions of OMP can be ambiguous since many distinct ap-
proaches, yet relying on different principles, have been assimilated this
name [KYHP15, EGSH21, FDD13, CH19, KTTG17]. The second contri-
bution of this chapter is thus the presentation of a continuous extension
of OMP that is built upon the above-mentioned propositions to best fit
the computational complexity requirements of real-time sensing applica-
tions such as radars. In substance, this section compares the Standard-
COMP formulation, given by Alg. 2, with two competing alternatives for
interpolation-based continuous OMP.

5.4.1 Implementations of Interpolation-based COMP

The first interpolation-based alternative was briefly exposed in the introduc-
tion of this chapter. It simply extends the Standard-COMP by replacing
the exact selection step (3.14) with the approximation (5.6). One may, how-
ever, notice that solving the inner maximization of (5.6) for all n € [N] can
be computationally demanding, even with a low-order interpolation. We
circumvent this issue by remarking that, given a grid O¢ sufficiently dense,
the following approach can safely substitute the selection of é,

fl = argmax,, ¢y a(B,), r)], (5.33)

j_ . H
0 = max [(@4(0), AL'7). (5.34)

to output the same results as (5.6). Let us emphasize that this simplification
follows the same principle as implementing the selection step from Standard-
COMP with a gradient descent initialized by an on-the-grid search, instead
of many descents from all possible initializations taken from ©¢g. Addition-
ally, let us point out that for interpolation patterns providing approxima-
tions of the non-uniform norm over O, the maximization (5.34) is replaced
by the relax-and-project procedure explained in Rem. 5.1. We label “Interp-
COMP” the version of COMP that modifies Alg. 2 by substituting selection
step (3.14) with the approximation (5.6) as explained here above.
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5.4. Interpolation in Continuous OMP

More robust results can be obtained if one works from the Refined-
COMP instead of the Standard-COMP. In Sec. 3.3, we explained how this
refined version provides better results by iteratively refining the parame-
ter estimates using the global gradient descent (3.17). The proposition of
interpolation-based COMP proposed by K. Knudson et al. in [KYHP15]
can be interpreted as an extension of this Refined-COMP. Mathematically,
their proposition amounts to (i) applying the interpolated selection step ex-
plained here above and (ii) approximating the global gradient descent (3.17)
using the interpolation. This approximation can be expressed using ¥ to
denote the space of feasible interpolating coefficients (i.e., the image space
of the interpolating function ¥), up to a multiplicative complex scalar. With
B = [Bl, e ,Bk] with ,[:32 € C! for all 4, it reads

B +— argmin tly - Zle AmU,Bin. (5.35)
B,€, Viclk]

By construction, it results that 3; carries information about both dy, and
0; = 0; — 0;, that can be recovered by applying subsequently

; (). B)

; = argmax ————— (5.36)
e o)l

and the basic closed form expression (3.15) to recover the coefficients «;.

We call “Knudson-COMP?” the resulting algorithm extending the Strong-

COMP by using the above instead of (3.17).

In the next section, we show by means of Monte Carlo simulation that
the Knudson-COMP indeed enables to approach the performance of the
Strong-COMP in a lower computation time. However, this reduction in the
computation time is unsatisfying to enable its use for real-time applications
such as FMCW radars. Our contribution to the topic is thus to propose
an additional alternative based on Knudson’s proposition. Our method,
detailed in Alg. 3, widens the application of the relax-and-project idea (see
Rem. 5.1) to the joint computation of matching coefficients B, performed
from all the interpolant atoms by (5.38). It thus amounts to drop the “j3; €
W7 constraint from (5.35), hence leading to the step (5.38). This change still
allows our algorithm to progressively tune both & and the off-grid shifts bi
while reducing the computational complexity of the algorithm since (5.38)
comes with a well-known closed-form expression. For its connection with
the Knudson-COMP, we name our proposition the “Relaxed-COMP”.
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Chapter 5. Leaving the Grid with Interpolation

Algorithm 3: Relaxed COMP
Input :y, A K
Output: {4;}K |

begin
Initialization: r +— y.
for k=1 to K do

g = argmax,,c(yj l(a(6,), )| (5.37)
B%argminﬁecu %Hy— [Aﬁl,"‘ ,Aﬁk} ,3“; (538)
re—y—[An, -, An] B (5.39)

for k=1 to K do

b — G+ argmax L20):UTB]
Nk

(5.40)
seo o (O

Alternatively, the step (5.38) can be interpreted as creating a “forbidden
zone” around selected grid points whose width is determined by the order
of the interpolation solely. This results in a more aggressive removal of
atoms’ contribution to update the residue. The algorithm is then expected
to provide better performance for measurement in which the K atoms corre-
sponding to the ground truth parameters are moderately correlated. Indeed,
suppose these atoms are close to orthogonal. In that case, there is no gain
provided by the ability to tune the off-the-grid shift adaptively, and hence,
no difference can be observed with the first interpolation-based method. If
the atoms are very close, then the aggressive removal may erase the contri-
bution of other atoms from the ground truth before being able actually to
detect them. This effect is illustrated in Fig. 5.8, showing the correlation
functions that appear in the two first iterations of the Standard-COMP in
(a) and of the above-relaxed method in (b) when y is a noiseless measure-
ment obtained from a combination of two close atoms in the parametric
dictionary of Ex. 3.1. Nonetheless, our proposition appears most efficient
as long as we assume a minimal separation between the true parameters
from which y originates, as shown by the numerical results below.
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Figure 5.8: Representation of selections step’s objective function of the Standard-COMP
in (a) and of our relaxed proposition in (b), respectively performed during the first
(dashed) and the second (solid) iterations of the algorithm.

Accuracy \

Speed ,

With Gradient ‘With
Methods Interpolation
Standard Standard — Interpolated -
Accuracy g Selection COMP COMP our
Speed \ Iteratively Refined Knudson - Contribution
Refined COMP COMP Relazed -
Selection COMP

Table 5.1: Summary of the different implementations of a Continuous OMP algorithm
explored in this document.

5.4.2 Numerical Results

In this section, we present the results of Monte Carlo simulations that com-
pare the different implementations of COMP we explored in Chapter 3 and
in this chapter. The five competing algorithms are summarized in Table 5.1.

We used a Fourier dictionary composed of atoms with M = 256 compo-
nents for all the results shown in this section. We generated 50,000 random
realizations of K = 5 true parameters {0} }X_| from which we built noiseless
measurements y according to the model (3.1) (excluding the noise term).
We restricted the random selection of these parameters to a minimal sepa-
ration condition given by

107 — 07| > e, (5.41)

and studied the impact of the value of e on the competing algorithms.
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The coefficients {a} }X | are randomly selected from independent complex
normal distributions. For each realization, each of the three algorithms
provided estimates {Qk}le that we sorted to minimize the average error,

which reads
K
E = % > i1 Bk, (5.42)

where we define the error Ej, := |0, — 05|. We evaluated the performances of
the competing algorithms using two metrics that convey more information
than the average error given above, namely the Miss Rate (MR) and the
Average Hit Error (AHE). In short, the MR counts the ratio of estimates
such that Ej > 1 while the AHE averages the errors that were not counted as
misses. In a nutshell, this enables us to distinguish the algorithms’ detection
and precision abilities. This aspect was stressed in Fig. 5.8. The sub-figure
(a) shows a scenario where the lower spike is detected (possibly with low
precision) in the second iteration of the Standard-COMP. In opposition, the
sub-figure (b) shows a situation in which the second iteration of a greedy
procedure fails to detect the second parameter, causing a “miss”, which
we formally define as an error larger than the width of the main lobe of
the kernel of the parametric dictionary. This width is 1 for the Fourier
dictionary of interest in that section.

We start our comparison by restricting the results to the algorithms that
do not perform “refinement” of the parameter selections. More precisely, we
compare first the Standard-COMP with the Interpolated-COMP. We also
show the performance of the conventional discrete OMP algorithm, as a
reference. We implemented the Interpolated-COMP with two interpolation
patterns: a first-order polynomial (I = 2) and a polar interpolation (I = 3).
The performance and the computation time characterizing the output of
each of the four competing implementations are depicted by Fig. 5.9, with
respect to the density of ©¢ and with a constant minimal spacing e = 1.

As expected we first observe that all off-the-grid techniques outperform
the OMP, which is restricted to the grid. The performance of the Standard-
COMP does not depend on the grid density since the simulations were
performed only with densities sufficiently high for the grid search always
to provide initialization, which fell in the basin of attraction of (3.14). Its
computation time, however, decreases with the grid density since a more
robust initialization leads the gradient descent procedure to require fewer
iterations to reach its exit criterion, met when the Newton step is smaller
than 1075, Eventually, this effect ceases, and the computation time grows
due to the complexity of the grid search starting to dominate.
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Figure 5.9: Miss Rate, Average Hit Error and computation times resulting from 10,000
realizations of noiseless signals that are exactly 5-sparse (K = 5) in a continuous Fourier
dictionary with M = 256. The minimal separation e is set to 1. The results are shown
with respect to the number of grid points Ng = |O¢|.
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Figure 5.10: Performance of the Refined-COMP and its interpolation-based extension
in the same conditions as Fig. 5.9. In (a) and (b), a minimal separation of 1 between
elements of the ground truth is imposed. In (d) and (e), this separation is set to 2.
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The Interpolated-COMP faithfully approximates the Standard-COMP
and, thus, yields performance that asymptotically tends toward the one of
this algorithm. Its computation time is close to one of the OMP because
we focused on interpolation patterns endowed with the (quasi) closed-form
expressions to recover off-grid shifts, as explained in Sec. 5.2 i.e., the first
order polynomial and the standard polar interpolations. The polar interpo-
lation appears to be more efficient since a lower-density grid can be used to
get the same performance as those obtained from the polynomial one.

We continue our analysis by adding the performance of algorithms based
on the Refined-COMP. This includes the Knudson-COMP and our proposi-
tion: the Relaxed-COMP. Fig. 5.10(a)-(c) shows results obtained in similar
conditions as Fig. 5.9 for the three algorithms of interest. Fig. 5.10(d)-(e)
shows similar results obtained with e = 2 instead of one. We showed the
same two interpolation patterns for the Relaxed-COMP. For the Knudson-
COMP, we only displayed results for the polar interpolation for clarity pur-
poses. The reader can refer to [KYHP15] to observe how other interpolation
patterns behave with this algorithm.

As expected, these algorithms all offer better performance compared
to the Standard-COMP approach. They thus also offer better performance
than the Interpolated-COMP, which imitates the Standard-COMP. Increas-
ing e from 1 to 2 naturally improves the performance of all algorithms since
it provides them with an “easier” instance of the estimation problem. As
already hinted, our proposition is more impacted by this parameter than
the other algorithms. Indeed, our proposition provides significantly less ro-
bust results than the Knudson-COMP and the Refined-COMP for e =1
but better results than these counterparts when e = 2. Moreover, when
e = 1, the MR is capped only for the polar interpolation, while the lower-
order polynomial pattern results in a lower error. When e = 2, the apparent
lower cap disappears, and the MR from the polar Relaxed-COMP quickly
drops near zero for a sufficiently dense grid.

The effect of e is fully explained by observing Fig. 5.11 where the same
performance metrics are shown for a fixed density No/M = 4 and with
respect to the separation e. In this simulation, we forced each realization
of ground truth to have one pair of parameters eractly separated by e.
While applying Relaxed-COMP with the two patterns yields similar AHE
and hence similar precision, the MR is strongly affected by the separation.
With this figure, we can draw two conclusions. First, our method is specif-
ically tailored to treat cases with minimal separation constraints on the
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Figure 5.11: Results of a simulation similar to Fig. 5.10 presented for a fixed value
No/M = 4 and varying the minimal separation e.

ground truth. If one expects no such separation, then using one of the four
other off-the-grid algorithms is preferred, with the exact choice depending
on the available computational power. Second, when using our Relaxed-
COMP, higher-order interpolation patterns constitute a better choice than
lower-order ones only if we expect a sufficiently separated ground truth to
estimate.

We end the section by comparing the application of our algorithm with
all the patterns presented in Sec. 5.2. The results are shown in Fig. 5.12.
We directly notice that the absence of close form estimation of the off-
the-grid shift negatively impacts the computation times exhibited by the
other patterns than the one used to obtain the previous results. Also, the
patterns with order I = 5 have their MR being capped, indicating that they
require a higher separation than the value e = 2 used to get those results.
Finally, although the Relaxed-COMP with the LS-optimal interpolation
yields the best performance regarding both the MR and the AHE, its high
computation time makes it not suitable for the real-time applications which
constitute the focus of this work.

In the next section, we will build upon the Relaxed-COMP to derive an
extension that exploits factorization features from the measurement model.
Such factorization notably appeared in the FMCW radar applications that
we presented in Chapter 2.
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Figure 5.12: Results of a simulation similar to Fig. 5.10 focusing on more interpolation
patterns used with the relaxed COMP.

5.5 Factorized COMP

The content of this section and the next one have been presented at
iTwist’20 [dGVJ20] and ICASSP’21 [dGFVJ21].

We can now enter the final part of this chapter, focusing on factorizable
dictionaries. In this case, greedy algorithms extending the OMP can be ac-
celerated. For instance, in work [ZW13, FHW11], the authors consider an
adaptation of OMP, that we coin Factorized OMP (F-OMP), which lever-
ages the factorization to reduce the dimensionality of the recovery problem.
Yet, F-OMP only enables the estimation of on-the-grid parameters from
a finite discrete set of parameters. In this section, we will propose the
Factorized COMP (F-COMP), which extends the Relaxed-COMP to the
factorized framework used by F-OMP. Note that from now on, we drop the
“Relaxed” prefix of the Relaxed-COMP and simply call it COMP.

Precisely, we consider in this section the particular case of multidimen-
sional parameters 6 = (6y,...,0;)" taken from the factorizable domain

©=0;x---x0r, (5.43)

and the parametric atom a(f) that factorizes in L sub-atoms. More pre-
cisely, introducing the tensor atom B(f) € CM**ML reshaping a(f) €
CM as

By, my, (0) := an(0), (5.44)
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with m = mp, + 37 (me — 1) T1_ .y M; € [M], my € [My) for all £ € [L]
and M = MM, --- My, we assume that the atom B(#) decomposes in

B(0) :==b1(61) ® - @br(0L). (5.45)

In (5.45), each by(6;) € CM¢ is a sub-atom taken from the continuous sub-
dictionary By := {bi(0) : 6§ € O,}. In the tensor reshaped domain, the
decomposition (3.1) becomes

Y =35 arB(0) + W, (5.46)

where Y € CM1>*xML g the tensor-shaped measurement, i.e., Yo, ... m, =
Y-

We emphasize that the factorized model (5.46) particularizes to the sim-
plified model of FMCW radar’s signal (2.28), given L = 2 (one dimension
for the inner signal connected to the range of the target, and the other for
the outer signal connected to its speed). Still, as stated in Chapter 2, this
factorization only applies to FMCW radars under a few simplifications on
the model, which can cause mismatches that are studied in the next and
final section of this chapter.

We now derive the Factorized COMP (F-COMP). To accelerate the
Relaxed-COMP studied in the previous sections, we extend the interpola-
tion of the atom presented in Sec. 5.1 to the above-factorized model. Prac-
tically, it directly results from (5.45) that the interpolant atoms used to
derive a(#) are factorizable, regardless of the chosen interpolation pattern.
We can thus apply the factorization-over-interpolation principle that we
presented in [dGVJ20]. Partitioning © in a similar fashion as explained in
Sec. 5.1 provides, for each n-th element of the partition, the tensor-shaped
interpolation that reads

I
B(0) = > c:B(6,.), (5.47)
i=1
where the coefficients ¢ := (cy,...,cr) " are obtained from the interpolating

function ®,,(6).

We can now explain how the selection (5.37) and the projection (5.38)
both take advantage of the factorization to reduce their respective required
computation time. With R denoting the tensor-shaped residue being used
in a certain iteration of the relaxed COMP, the correlation in the selection
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Figure 5.13: Representation of the successive mode products R x1 By X2 B2 X3 B3

process (5.37) is equivalently computed with the sequence of tensor mode
products

0(9) = <a(9), 7"‘> =R X1 b1(91) Xo +++ X, bL((gL) (548)

Remark 5.6 (Reminder on mode products). Given the tensor T €
CMix-XMr and the matrix V. € CMexN the output of the f-mode product
S =T x,V is such that for all n € [N],

M,
Sml,"'7m2—17n7me+1,"',mL = § Tmly"'7m27"'mLVn,i' (549)

my=1

A schematic example of a series of L = 3 mode products with three matrices
is shown in Fig. 5.13.

Assuming for simplicity M, := My = My = --- = M, and that the grid
O¢ results from the discretization of each sub-domain ©, into N, > M,
grid bins, the computational complexity of the evaluation of (5.48) on the
grid O¢ is given by O(L M, NF) instead of the (M,N,)* products that
would be required for the direct evaluations of (5.37) without leveraging
the factorization of the atom function. When multidimensional Fourier
atoms are considered, like in the simplified radar model (2.18), then the
factorization above is intrinsically leveraged by the multidimensional FFT
algorithm to attain the mentioned reduction of computational complexity.

Next, to leverage the factorization in the computation of B performed
by (5.38), we propose the following procedure, inspired by the implemen-
tation of the Factorized 2D-OMP (F-OMP) in [FHW11]. Given the in-

98




5.6. Numerical Validation of F-COMP

dex 7 resulting from the selection step in the k-th iteration of the re-
laxed COMP, the i-th interpolant grid component in ©g decomposes as
éﬁm = (éﬁk’iJ, . ,éﬁk’i’[‘). With this notation, one takes advantage of the
factorization to perform (5.38) faster as follows,

B=H"f, (5.50)
where H=H,®---® Hy € C'F*Ik and H, :Eng with
B¢ = [be(Os,1.0), -+ 5 be(0y1,0)] (5.51)
and f = (fi1, - fu1, fa1, -+, fr.r) € CI* where
fii=C(a, ), (5.52)

which is computed by (5.48).

Overall, the computational complexity of F-COMP is dominated by
the selection step, to which we must add the computation of the off-the-
grid shift. Motivated by the study of the previous section, we restrict
the implementation of F-COMP to interpolation patterns provided with
(quasi) closed form solution for the estimation of off-grid shifts. Although
the proposition in [CH21] suggests that the polar interpolation straight-
forwardly extends, using their model, to the factorized framework of this
section, we restrict to a first-order polynomial interpolation our numerical
application of F-COMP to FMCW radars, which is shown in the next sec-
tion. When the parameter domain factorizes by (5.43), then decomposing
the off-the-grid shift as 6 = (01,--- ,0z) ", this pattern is defined by

W(8) = [1,61,--+,61], (5.53)

and hence I = L + 1. Each off-the-grid shift §, can then be approximated
by applying the expression (5.15) in which Bz is replaced by BZ 4+1- This
pattern, along with the factorization-based accelerations detailed in this
section, is applied to numerical simulations of a FMCW monostatic radar
in the next section.

5.6 Numerical Validation of F-COMP

To compare the effectiveness of both our relaxed version of COMP and its
extension F-COMP explained above, in a practical scenario, we simulated
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the signals received from an FMCW monostatic radar by generating signals
given by the model (2.27) while ignoring the noise term. Formally, this
model requires the simplifications explained in Sec. 2.3.1 to allow its factor-
ization from which F-COMP is built. Therefore, we expect COMP to yield
better estimation performance since we build it upon the exact model.

In practice, this section presents the results published in [dGFVJ21] in
which we compared four algorithms,

1. OMP which uses the exact radar model while being restricted to the
grid and acts as the reference algorithm,

2. F-OMP leveraging the factorization of the simplified radar model and
thereby accelerating OMP at a cost in the resulting precision,

3. COMP which uses the exact radar model and the interpolation to
leave the grid,

4. F-COMP which accelerates COMP with the factorization with a re-
duced performance due to the model mismatch.

The range-Doppler maps shown in Chapter 2 result from the 2D Fourier
transform of the received signals and hence, amount to the correlation
functions used by both F-OMP and F-COMP. By construction, we expect
COMP to provide the best performance with a high computational time and
F-OMP to be the fastest algorithm while yielding the most approximate re-
sults. Our approach, F-COMP, is a compromise between these two. The
question addressed in this section is as follows. Under which conditions on
the radar system can F-COMP significantly improve the performance of F-
OMP while being significantly faster than COMP? This question originates
from the observation that the precision gained by leaving the grid with the
interpolation may appear as negligible with respect to the mismatch errors
that we highlighted in Sec. 2.4.

The simulated radar was characterized by the quantities B = 250MHz,
fo =24GHz, Ty = 5us and T, = M Ty, for multiple values for the respective
numbers of chirps and samples per chirp, i.e., M. and M. For each config-
uration, we generated 10,000 realizations of the measurement y by picking,
for each of them, K = 5 random values of ranges and speeds from uniform
distribution in the range and speed domains, R and U, respectively defined
as in (2.21) and (2.22). The K = 5 scattering coefficients were indepen-
dently drawn from complex normal distributions of unitary variance.

The performance is evaluated by means of the MR and the AHE, defined
in Sec. 5.4 from the following expression for the error Ej. Given the ground
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Figure 5.14: Results of the Monte-Carlo simulations of an FMCW radar with: (a) the
comparison the four algorithms (F)-(C)OMP given M, = Mg = M. = 16 and for any
value of N, = Ny = Ny, (b) the comparison of the two factorized algorithms given
M, = 64.

truth ranges and speeds respectively denoted by {r;}<  and {u}}X_ |, and
their respective estimates {fy }H<_ |, {ak}_,, we use for each k € [K]

By = (Fe ) " = (e up) e, (5.54)

The concatenation of the range and speed into a single vector done above
makes sense since we consider the normalization explained in Def. 2.1.

In real radar applications, the “non-factorized algorithms" that exploit
the exact signal model are often not practicable because of their excessively
high memory and time requirements. Before comparing the two “factorized
algorithms" with realistic radar parameter values, we first compared the
results of the four algorithms with low numbers of acquired samples, i.e.,
M, := My = M. = 16. This enables separable observations of the effect
of the factorization and the interpolation. From Fig. 5.14, it is clear that
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Miss Rate Ratio Av. Hit Error Ratio Comp. Time Ratio

Figure 5.15: Improvement ratio when coming from F-OMP to F-COMP. For instance,

%, showing to what extent F-COMP

provides better performance with respect to F-OMP for many values of Mg and M,
given Ny = 2Mgs and Ny = 2M, for all set.

the Miss Rate Ratio corresponds to

the computation times of non-factorized algorithms grow faster with N,
than the factorized ones. The gaps in computation time between the Con-
tinuous algorithms and their respective on-the-grid counterpart correspond
the computation time of the off-the-grid corrections. Fig. 5.14 also shows
that the continuous algorithms provide better estimations than on-the-grid
algorithms for all values of N,.

The performance loss caused by the approximation used by the fac-
torized algorithms only appears with a dense grid (high value of N, /M,).
Indeed, Fig. 5.14 shows that when the grid density is low, F-COMP and
COMP almost have identical performance because the effect of this approxi-
mation is dominated by the grid error. Therefore, non-factorized algorithms
are only advantageous when using a dense grid, in which case they are not
practicable in terms of computation time and memory requirement. Re-
garding the factorized algorithms, F-COMP is only slower than F-OMP by
a constant term (which depends on the interpolation scheme) while provid-
ing significant improvement by enabling off-the-grid target estimation. For
this reason F-COMP appears as the best trade-off between performance and
computation time for most values of MR and AHE it can reach.

Fig. 5.14 (b) presents the result from a simulated radar with the more
realistic value M, = 64. It also reveals that the F-COMP curves satu-
rate to greater (i.e., worse) values of MR and AHE than the results from
Fig. 5.14(a). This deterioration is caused by an increase of the model mis-
match because MC% is larger, which diminishes the validity of neglecting
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the distortion to go from the exact to the factorizable radar model.

We finally analyzed the effect of My and M., through their impact on
the model mismatch, on the performance gain between F-COMP and F-
OMP. We varied these numbers from 8 to 256 while maintaining N, = 2Mg
and N, = 2M,. Fig. 5.15 shows the ratios between the computation times
and our performance metrics of these two algorithms. Since the targets
are taken uniformly at random in the domain © whose size is Mg x M.,
increasing either My of M, increases the proportion of realizations in which
the ground truth parameters are more separated with respect to the radar’s
resolution. Indeed, on the one hand, © gets larger, while on the other hand,
both the speed and the range resolutions of the radar —corresponding to
the width of the main lobe of the kernel associated with A4— are fixed to
1 by definition of their normalization. Therefore such an increase should
lead to a particular improvement in the performance of the interpolated
procedure, as dictated by the conclusion of Sec. 5.4. This improvement of
MR is, however, observed only along the M; direction in Fig. 5.15. Along the
direction of M., this improvement is overwhelmed by the increasing model
mismatch, deteriorating the MR and AHE ratios for large values of M.. To
sum up, Fig. 5.15 reveals that for all values My and M., F-COMP always
exhibits better performance than F-OMP. Yet, the improvement tends to
fade as Mcf% increases.

5.7 Discussion

This chapter introduced the reader to the use of interpolation techniques
in the context of the sparse decomposition of signals. This concept is of
paramount interest for the subsequent chapters, in which we leverage the
techniques presented in this chapter to accelerate so-called “single step”
estimation methods for sensor network applications.

We started the chapter with a review of various popular interpolation
patterns. We reformulated these interpolations with a unified notation en-
abling us to fully understand them by only providing their associated “in-
terpolating function” (denoted by ¥). This part of the chapter ended with
the definition of the interpolation gap £, which is a useful tool to evaluate
the precision of an interpolation pattern. We added our first contribution
to this topic by exploiting the interpolation gap to provide a theoretical
estimation bound for the interpolation-based selection step in OMP-based
algorithms.
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Next, the study from Sec. 5.4 compared distinct existing implementa-
tions of a Continuous OMP (COMP) exploiting the interpolation. Identi-
fying the respective limitations of each implementation enabled us to de-
rive our proposition coined the “Relaxed” COMP. Our proposition does
not necessarily surpass existing greedy algorithms in terms of performance.
However, its interest resides in its ability to reduce to near-zero the Miss
Rate (MR) of the parameter estimation with low computation time when a
constraint of sufficient separation in the ground truth is met. This makes it
an excellent alternative for radar applications, as we emphasized in the last
sections of this chapter using extensive Monte Carlo simulations.

For radar applications, we ended by developing the Factorized COMP
(F-COMP), extending our “Relaxed” COMP to exploit the factorized nature
of radar signals. We showed how some values of the radar system parameters
affect, but do not remove, the performance gain of F-COMP over F-OMP.
Future work on this topic includes the application of F-COMP to radars with
strong interpolation patterns such as polar interpolation. Also, theoretical
bounds on the continuous sparse decomposition with more than K = 1
targets could be investigated in the future, notably extending Tropp’s result
on OMP [Tro04].
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5.8 Appendix: Proofs

5.8.1 Proof of Lemma 5.1

Since the interpolant points are distinct from one another, the rows of U !
are linearly independent. It results for all ¢ € [I] that U¥(6,,; — 6,,) yields
a vector of zeros except in its i-th entry, which contains 1. This directly

implies (5.5) and concludes the proof.

5.8.2 Proof of Lemma 5.2

Proof. This proof relies on the equivalence

§:= argmin 11(¥(8), g)|* = argmin min i{|a¥(5) — gl|3. (5.55)
A A A A, acC
sel-5,5] oc[-35,31

This holds since the inner minimization of the right-hand side of the above

has a closed-form expression for its minimizer given by as = <|‘Illp(f 5)) If ! whose
2

denominator |[¥(8)]|3 = 1 + R? is constant (see model (5.18)).
Next, we use the notation ¢ := ay, d.e.,  is the minimizer of the inner
minimization associated with the minimizer ¢ of (5.55). By construction,

we have
6 = argmin 3[|C¥(5) — g|f3. (5.56)
A A
sel-5,5]

Using the polar interpolation function (5.18), it can be written as

0 = argmin 1R(|CRcos(£5) — go|® + [(Rsin(£0) — g3]?) (5.57)

sl B A
6[7 2 2]

= argmax R{g2/(} cos(%&) + R{gs/C} sin(%é). (5.58)
A A
sel-5,31]

We can now use the lemma 1 from [CH19] on (5.58) to provide its optimizer.
We thus have

S A - R{g2/C}
0= Aclip_gy (¢ arecos (\/%{gz/C}gzer%{gs/C}?)) : (5.59)

which proves the expression (5.24). Finally, we inject the above into ¢ :=

(¥(5), 9)

IGIER We drop the constant denominator in the expression of { since it
2
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has no consequence on the expression of 4. It leads to (5.25) and concludes
this proof. O

5.8.3 Proof of Theorem 5.3

Given the ground truth 6* € ©, the noiseless selection step can be simplified
by 6 = 6* + § with
6 = argmax |&(8)|?, (5.60)
€O

where the kernel x is approximated by & with the interpolation, i.e.,
R(6) :={(a(0+ ), a(0)). (5.61)

The proof of Thm. 5.3 requires the three following lemmas. The first
one is a direct consequence of the definition of lobe-r functions and the two
others enable us to connect the interpolation gap to the difference between
the exact and the interpolation-based objective functions of the selection
step. They are proven in the next subsections.

Lemma 5.4. Given the lobe-r function f with bounding constants U and
L, it holds
max {f(2):z € Z\B(R)} < 1—Ur? (5.62)

Proof. The inequality (5.29) yields f(z) < 1 — Ur? for all z € By(r) and
hence, the definition (5.28) directly provides (5.62). O

Lemma 5.5. Given three vectors vy,vs and vs with unit f2 norm and a
positive gap €, if
v — 22 <&, (5.63)

then
|[{v1, v3)[* = |2, v3)[?| < V2e (5.64)

Lemma 5.6. Given 0 <e <1, 0<n <1 and three vectors vi,vs, and vs
with unit £o norm and such that

|{vq, 112>|2 >1—g2 (5.65)
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[(v1, vs)[> > 1 =77, (5.66)

then
|[(v1, vs)|* — [(va, vs)[?| < 2en + & (5.67)

We prove Thm. 5.3 in two steps. First we use Lem. 5.5 to show that
the condition (5.31) is sufficient to guarantee that 4 is inside By(r), which
allows us to use the lobe bounding property (5.29). Next, we use Lem. 5.6
to prove the bound (5.32). We start by noticing from Lem. 5.5 that

|17 (6)1* — [5(8)?] < V2. (5.68)

Since |r(-)|? is a lobe-r function, combining the Lem. 5.4 with the above
leads to
max {|7(0)]? : 0 € O\Boo(R)} < 1 — Ur? + V/2¢, (5.69)

while we have |&(5)|2 > 1 — v/2¢. Therefore (5.31) is sufficient to have

|7(6)2 > maxs {|7(6)|? : 6 € ©\Buso(R)}. This ends the first part of this
proof.

In the second part, we use Lem. 5.6 with the three vectors a(6* + 4),
a(f0* + 9) and a(f*). The definition of the interpolation gap implies for all
0 € 0O,

& > |la(9)—a(®)|l3 = 2(1-R{(a(0), a(0))}) = 2(1-[(a(0), a(9))]), (5.70)
which in turn leads to
(0)? = |(a(6" +8), a(6" + 8))|> > 1 — &2, (5.71)
Additionally, the lobe bounding property of |#(8)|? gives
|£(8)* = [(a(6" +0), a(6")* = 1 — L|3]}3, (5.72)

and thus, Lem. 5.5 yields [|Z(6)[2 — |k(6)[?] < 2vLE||3]2 + €2

Finally, by definition of the maximizer $ and the lobe-bounding prop-
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erty (5.29), this inequality holds:

1—¢% <[r(0)]?
< |R(0)
< |k(0)|* + 2VLE||5]2 + €2
<1-U|6|3 +2VLE|d]|2 + €.

(S9N

This can only be true if the bound (5.32) holds, and thereby, we conclude
this proof.

5.8.4 Proof of Lem. 5.5
The left part of (5.64) factorizes in conjugate symmetry as
2
[[(v1, va)[* = [(v2, v3)||” < [(v1 — s, v3)[[(v1 + V2, v3), (5.73)

which directly yields (5.64).

5.8.5 Proof of Lem. 5.6

For this proof, we use the notation V; = vivfl fori =1,2,3. We can rewrite
the left part of (5.67) and bound it with the Cauchy-Scharwz inequality as

(w1, v3)|* = [(va, v3)[*| = [(V1 = V2, Va)p| (5.74)
= | — Vo, Vi =V3p — (V] = Vg, V1>F|

(5.75)

<[[Vi=Vaolp|Vi—=Vilp+[1=(V1, Va)r|

(5.76)

Since |V; — V|| = 2—2[(v;, v;)|> and (V1, Va)r = |(v1, v2)|?, injecting
the conditions (5.65) and (5.66) in the above directly provides (5.67) and
conclude the proof.
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Chapter 6

Two-step and Single-step
Methods in Sensor
Networks

ULTISTATIC radar systems, briefly introduced in Chapter 2, share
‘\ /‘ multiple characteristics with other sensor networks. Notably,
many algorithms developed independently by distinct research
communities on specific sensor networks can be unified in a single frame-
work and connected to the sparse decomposition of signals we studied in
Part II. Part IIT thereby expands beyond the single sensor scenario —that
was implicitly considered in Chapter 5— by studying a generic sensor net-
work observing different transformations of a common scene. Essentially,
the overall purpose of this chapter is to establish the mathematical frame-
work that will be extensively employed in Chapter 7, where our key contri-
bution to the topic is derived.

More specifically, this chapter first aims, in Sec. 6.1, to define a novel
unified formalism that encompasses several applications, including Multi-
static Radar (MSR), sound or RF source localization from Time Difference
of Arrival (TDoA)s or Direction of Arrival (DoA)s. This enables us to gen-
eralize the conclusions we will draw in the whole Part III beyond the MSR,
context. In Sec. 6.2, we connect to our formalism a common classification of
estimation algorithms designed for the multi-sensor context that emerged
separately in multiple research communities. This classification gathers,
on the one hand, two-step methods that are known for their simplicity of
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implementation and their low complexity [Han87, FHW17, CT18, SNH09,
SC19, CBH06, FRMTS17, KGP20]. On the other hand, we name single-step
methods the strategies that jointly process all the received signals, hence
providing more robust results [BM11, GN11, YGD13, MFJV19, YLGD21,
BKY16, HPKS12, CML11, LMN*15, BD20a, MCLE13, COH18, BD22].

In Sec. 6.3, we mathematically exemplify the particularization of our
general framework to a few typical applications. Notably, an emphasis on
MSR systems is given in Sec. 6.3.3 where we highlight elements of a previous
work [MFJV19] that concluded my Master thesis on factorization strategies
for the single-step estimation in the specific context of FMCW MSR. That
section extends it with a novel theoretical bound on the estimation error
caused by the factorized estimation process. Finally, the single-step methods
have multiple times been shown to provide more robust estimation results
than their two-step counterpart when the signal transmission is submitted to
high noise [BKY16] or is subjected to reverberation [DSBO01, P.03, ZFZ08],
for given application fields. With this chapter, we bring more evidence in
this direction by showing how those conclusions still hold for FMCW MSR
systems whose signal model follows the expressions from Chapter 2. This is
shown through Monte-Carlo simulations in which noise is the only nuisance.

All the proofs of the theorems and lemmas given in this chapter are
gathered in the last section of this chapter.

6.1 The Multi-sensor Sensing Model

This chapter generalizes the estimation problem originating from the multi-
static radar application. In substance, we consider the abstract problem of
estimating a parameter of interest denoted by p* from the signals received
by @ distinct sensors. We specifically consider the case of multi-sensor
systems in which each sensor taken individually is only sensitive to a cer-
tain projection of p* onto a low-dimensional observation space, from which
p* typically cannot be retrieved unambiguously. For instance, any sensor
measuring transmission delays observes a projection of a 2D (or 3D) target
location onto a 1D domain of distances between the target and the sen-
sor. Practically, this framework encapsulates any application that could
require triangulation, multilateration, or hyperbolas intersection for a given
estimation context. Examples of applications in connection with existing
estimation problems from the literature and for which our study applies are
detailed in Sec. 6.3.
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Parameter Projection Sensing Process
Process
S0 e e — A\
B 0r € ® Yy = ara(07) + wy
p*. . .

Yo = aga(fy) +w

0 € 0 @ = aqga(lg) + wq

=S | L — M

Figure 6.1: Schematic representation of the two processes that characterize the acquisition
model of a sensor network. Each g-th sensor observes a signal y, which is parameterized
by the sensed parameter 6,. The g-th sensed parameter is a projection parameter of
interest p from the domain of interest P onto the sensing domain ©.

Our generalized mathematical model for the targeted sensor networks
interprets the measurement as a composition of two processes: (i) the pa-
rameter projection process, which projects the parameter of interest into the
sensing space, and (7¢) the sensing process that provides the received signals
as functions of the sensed parameters. These processes are represented in
Fig. 6.1, using the notations that are defined hereafter.

6.1.1 Parameter Projection Model

As depicted by Fig. 6.1, each sensor, indexed by ¢ € [Q], may observe
the parameter of interest p* only through a specific parameter projection
operator S,. Assuming that p* belongs to a domain of interest P C RY,
this function maps from P onto the sensing domain © C R,

Formally, we denote by 6 the g-th sensed parameter related to p*
through

0 = Sy(p"): (6.1)

While p* has a physical meaning of interest, 6, may either have another
physical meaning of lesser interest or none at all. Fig. 6.2 represents simple
examples of Parameter Projection Function (PPF)s where p* is a location
and 6 is a projection of this location on a reduced domain such as the
2D photography of a 3D space or a distance between p* and a location of
reference.

113



Chapter 6. Two-step and Single-step Methods in Sensor Networks

(a) (b)
0, Cc R?
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Figure 6.2: Representation of two examples of PPFs S(-) where the parameter of interest
is a location. (a) The sensed parameter is a distance between p* and a reference location.
(b) The sensed parameter is a 2D location in a plane corresponding to a photography of
the 3D domain of interest.

The definition of the PPF comes with a few crucial assumptions.

Assumption 6.1 (Assumption on the Parameter Projection Function).

1. Each local projection function S, taken alone can be non-injective.

2. The global projection function

5(p) == (S1(p),-- ,Sa(@) - (6.2)

is injective over P. Equivalently, S is a bijection between P and the
admissible sensing domain

T :=S(P):={0=8(p):pecP} (6.3)

3. For all ¢ € [Q], S, is differentiable over P.

4. The domain of interest P and the sensing domain © are bounded.
Thus T is also bounded.

Additionally, for simplicity, we assume that the sensing domain © is
identical for all index g. We also set d = 1 for the remaining of this disser-
tation. Still, the approaches studied in this chapter and the next one can
be extended beyond these two restrictions.
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The assumptions 6.1.1 and 6.1.2 translate the contrast between the po-
tential inability of one sensor alone to recover p* unambiguously but the
ability of the whole network to do so. By studying the jacobian of S us-
ing the definition below, we can evaluate its ability to provide outputs that
enable us to efficiently discriminate between input parameters of interest.
This definition will be used for deriving theoretical error bounds later in
this chapter and the next.

Definition 6.2 (Variations of parameter projection). Given the global pro-
jection function S : P +— T, we respectively define the maximal and the
minimal variation coefficients by

Arﬂin = gg,g Amin (J(p)TJ(p)) (64)
Amax = max Amax (J(p) " I (p)) (6.5)

where J(p) denotes the jacobian matrix of S evaluated in p.

The quantities Apin and Apax carry information about the ability of the
global parameter projection function S to observe P unambiguously. Said
differently, they relate the inherent geometry of the sensing problem for a
given domain of interest P to the “injectivness” of the parameter projection.
We emphasize this aspect with the following lemma, whose proof is given
in Sec. 6.7.1.

Lemma 6.1. Given a global PPF denoted S differentiable according to the
assumption 6.1.8 and a convex domain P meeting As. 6.1.4. If S does not
meet As. 6.1.2, meaning that is it non injective over P, then

>\min = 07

where Amin s defined according to Def. 6.2.

With this lemma, we notice that the ill-posed situation of a non-injective
global projection function yields A, = 0. Conversely, the ideal and usually
unreachable geometry implies Apin = Amax-
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6.1.2 Sensing Model

Our sensing scenario considers that each g-th sensor records a signal directly
parameterized by the value of the sensed parameter 67. In all generality,
the sensing process is directly explained by the atom function a and the
parametric dictionary it defines, according to Def. 3.1.

If the network observes a scene from which a single parameter of interest
needs to be estimated (e.g., a multistatic radar observing a single moving
target, or a single source of sound captured by a network of microphones),
then up to an additive noise, the g-th recorded signal y, is 1-sparse in the
continuous dictionary A. Mathematically,

Y, = qga(fy) +w,. (6.6)

In (6.6), the complex coefficient oy € C models, in all generality, an un-
known amplitude and phase. The term w, is an additive measurement
noise assumed white and Gaussian.

It is important to note that our model assumes a sensor network observ-
ing the common scene in an incoherent manner. This concept is related to
the prior knowledge on the coefficients {aq}?zl only. When the phase shifts
they cause are not only unknown but also independent from one another,
the measurements are said to be incoherent. This has an impact on the
design and the performance of the single-step method that we describe in
Sec. 6.2. Indeed, in applications where coherent measurements are obtained
(e.g., in which all o, are guaranteed to be a positive real number), we can
leverage this additional information to develop more robust single-step al-
gorithms. Nonetheless, any algorithm designed for incoherent measurement
is suited (yet suboptimal) to process signals originating from a coherent
sensing process. The opposite is not true. This distinction between co-
herent and incoherent single-step methods is notably examined in [BM11].
We will briefly revisit this discussion when presenting implementations of
single-step methods in Sec. 6.2.

For simplicity of notations, we assume that the atom function a is iden-
tical for all index ¢ € [Q]. Practically, this implies that we consider a net-
work composed of homogeneous sensors. For example, the multistatic radar
presented in Sec. 6.3.3 must be composed of radars operating on identical
modulation and acquisition settings. Similarly, the arrays of sub-receivers
composing the DoA-based localization system described in Sec. 6.3.2 must
all have identical spatial geometry of sub-receivers. While all the conclusions
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drawn in this chapter and the next one also extend beyond this restriction,
the performance bounds derived in those two chapters are built upon it.
Considering the injectivity assumptions of the projection operator S, the
assumption 3.2 on the atom function guarantees the ability of the network
to recover p* unambiguously.

Finally, assuming a more general model where multiple parameters of
interest are simultaneously observed, the sensor networks are assumed to
record a linear combination of waveforms, each associated with one parame-
ter of interest. This is often the case for localization systems when multiple
targets have to be located simultaneously, as highlighted in Sec. 6.3. Given
K parameters of interest denoted by pj, ..., pJ to be estimated, the multi-
parameters model addressed by our work is

K
Yo = D aqra(Sy(ph)) + wy, (6.7)
k=1

where the coefficient oy, depends on both k and ¢ which respectively index
the observed parameter of interest and the sensor. Let us point out that
in the context of the model (6.7), the concept of coherent or incoherent
measurement refers to the dependence or not of the phase shifts in the
coefficients a4 only along the index ¢g. By definition of the sensing scenario,
the independence along the index k is guaranteed since it corresponds to
distinct elements of the observed scene.

6.2 Two-step and Single-step Methods

Starting from the above general signal model for sensor networks, we can
now formalize the two conventional classes of techniques, namely the single-
step and the two-step methods, to recover the parameters of interest from
the measurements {yq}qQ=1 C CM. In brief, on the one hand, the two-step
methods separately estimate intermediate parameters in each sensor before
combining them. On the other hand, the single-step methods jointly process
all the received signals.

Two-step methods: The two-step framework is schematically represented
by Fig. 6.3. In short, each signal y, is first separately processed by work-
ing in the sensed domain O solely, thereby ignoring the multi-sensor aspect
of the system. For each receiver, the algorithm behind this first step thus
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Figure 6.3: Schematic representation of the two-step procedure.

corresponds to the decomposition of y, onto a sparse representation in the
dictionary A, parameterized over ©. In this research, we consider for this
task the application of OMP or any of its off-the-grid extensions that we
explored in Chapter 5. In the second step, for each k-th parameter of inter-
est, a group of @) intermediate estimates is combined to output the estimate
o

Let us emphasize that in the estimation context of multiple parameters
of interest, any two-step method requires an intermediate “sorting” task,
represented in Fig. 6.3. This challenging task is sometimes named the “data
association problem" [BP07, ABM15, WL15]. In short, the sensed parame-
ters provided by each sensor need to be correctly associated with one another
for the second step. In [AM18], the authors propose to solve this with fea-
ture vectors based on the structure of speech signals. In other applications,
the problem is addressed through tracking [GTK13, JEM16, LJT*20].

For the sake of simplicity, we mathematically provide the expression
corresponding to both steps when restricted to the estimation of a single
parameter p*. We remind that, in this simple situation, OMP is reduced to
its atom selection step. Its expression in (3.14) is here re-expressed by

0, = argmax |Cy(9)]*, q € [Q), (6.8)
0cO
where
Cy(0) = (y,, a(0)). (6.9)
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6.2. Two-step and Single-step Methods

As stated earlier, the above can be solved quickly by reducing the problem
to a grid search on O¢ or by leveraging the interpolation to leave the grid.

The second step estimates p from the non-linear least squares minimiza-
tion:
p =argmin ||6 — S(p)||2. (6.10)
peP

This second step is referred to as multilateration for ellipses or hyperbo-
las intersection [KGP20, FHW17], and triangulation for directions intersec-
tion [Han87].

Single-step methods: In the single-step algorithms, all the signals are
processed together to directly output estimates of the parameters of interest.
Given a single parameter p* to estimate, the method is reduced to

p = argmax 352, |Cy(S,y(p)) . (6.11)
peP

In this single step, one thus looks for a value of p € P directly maxi-
mizing the non-coherent sum of all measurement correlations with S;(p).
Although the interpolation-based strategies studied in the last chapter can
be extended to efficiently solve (6.11) in an off-the-grid fashion, we postpone
this study to Chapter 7. We assume for this chapter that problem (6.11) is
either approximately solved by a grid search over Pg, uniformly discretizing
P into Np grid bins, or refined by means of a gradient ascent initialized by
the on-the-grid estimate.

Remark 6.1 (Connection with Maximum Likelihood Estimation). As derived
in multiple work on single-step methods [P.03, YLGD21, NBVD12, BKY16],
considering additive white Gaussian noise vectors independent from one sen-
sor to another in the model (6.6), the single step above amounts to a max-
imum likelihood estimator. This results from the log-likelihood function,
which reads up to an additive constant,

Q
log P({y,}is [P, @) = =) lly, — aga(Se(m))l3- (6.12)

Since all o, are independent from one another and from p, and since the
atom function a is normalized, maximizing (6.12) is equivalent to (6.11).
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Algorithm 4: Block OMP in the Multi-sensor Context

Input :y, K

Output: p,, - ,Dx

begin

Initialization: r, «— y, for ¢ € [Q];
for k=1 to K do

1. Selection Step

P = argmax,cp Z(?:l |(a(Sy(p)), rq>|2 (6.14)

2. Fitting Step

g <— argming, ccx 3|y, — By aH;, Vg € [Q] (6.15)
where B, := [a(S,(p1)), -, a(Sq(Pr))]

3. Residue Update
rg+—y,— By&, VqelQ) (6.16)

Following up on the comments from the previous section, We also em-
phasize that given a coherent set of measurements, the single-step procedure
given above can be replaced by

2

i)coherent = argéppax Zqul Cqu (Sq (p)) ’ (613)
P

with ¢, € C denoting known or estimated phase coefficients enabling the
coherent summation. In a nutshell, the coherent single-step estimation con-
catenates all the signals {yq}f:1 into one vector and does the same for the
atoms {a(Sq(p))}q(’_’):1 and thus proceeds like a single sensor estimation in
the domain of interest P.

When multiple parameters of interest pji,...,pJ must be jointly esti-
mated from the @ measurements, the single step (6.11) straightforwardly
provides the selection step of an extension of OMP, commonly referred to
as Block Orthogonal Matching Pursuit (BOMP) [GN11, YGD13, SCWL15,
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LP15]. This algorithm, detailed in Alg. 4, specifically corresponds to the
application of a proposition of Y. C. Eldar [EKB10] to the sensor network
framework of this chapter. In a nutshell, Block Orthogonal Matching Pur-
suit (BOMP) leverages the prior knowledge that all the signals {yq}qQ:1
exhibit sparse representations with identical support in the domain of in-
terest P. Thereby, it greedily searches for the best collection of atoms that
jointly fits all the received signals while corresponding to a single value p,
viewed through the projection operators S, associated with each received
signal. Again, in the case of coherent measurements, BOMP can be adapted
by replacing the selection step with a similar step as (6.13).

6.3 Examples of Applications

In this section, we overview a few standard examples of applications for
which the model and the two classes of methods described above apply.
For each application, we describe the contextual meaning of four quanti-
ties, (i) the number @ of acquired signals, () the length M of the mea-
surements, (4i) the sensed parameters {0 }?:1, and (iv) the parameter of
interest p*. Moreover, we provide the parametric expression of the atom
a(0) = (a1(0), - ,an(0))" and the expression of the PPF S,(p) which
links the parameter of interest with the g-th sensed parameter. For the sake
of simplicity, we express the most basic form of those applications to show
how they relate to our model. We also provide references for more details
and advanced configurations.

We begin with the source localization by means of Time Difference of
Arrival (TDoA) before showing the same kind of application based on Di-
rection of Arrival (DoA). As a third example, we will show how the FMCW
MSR, introduced in Chapter 2, fits our general model. The reader may no-
tice that those applications are not mutually exclusive since, for example,
there exist radars based on the estimation of TDoA [KGBR21, YGLT19).
Also, some source localization systems are able to perform both the TDoA
and the DoA estimation. Additionally, radars with antenna arrays on each
receiving node (such as our system presented in Sec. 2.5) are sensitive to
DoA on top of the bistatic ranges and speeds related to each observed tar-
get. All these examples can be explained by appropriately adapting the
projection function S and the atom function a. The simplified standard ap-
plications reviewed in this section thus provide the essential building block
for the design of these extensions.
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Chapter 6. Two-step and Single-step Methods in Sensor Networks

Application Q M p*
. . RX ant X 1 .
Localization with MSR, an ennas. Samip .es target’s location
number of chirps | per chirp
Velocity with MSR RX antennas chirps target’s velocity
. Fourier bins .
Source Loc. from TDoA | pairs of RXs used in GCC | souree location
Source Loc. from DoA sensor arrays sub-receivers source location
per array
Application parameter projection Sy(p) = | atom an(0) =

Localization with MSR | 4 (|[p— ™ (]2 + [[p — x;*[]2) | exp(j2rOm/M)

Velocity with MSR L™ + h*, p) exp(j2rdm /M)

cTy

Source Loc. from DoA Z(p— ar:qRX) exp(j2r AT h,)eq)

(
Source Loc. from TDoA | —=(|lp — zqll2 — lp — 4 ||2) exp(j2mOm /M)
(

Table 6.1: Summary of the applications presented in Sec. 6.3. The meaning of each
quantity in the model (6.6) is detailed for each application.

Furthermore, depending on the practical context of each application, the
() measurements can either be coherent or incoherent [BM11]. As explained
in the previous sections, this aspect do not alter the general model (6.7).
The single-step method must simply be designed in accordance with the
nature of the measurement. Let us note that some applications perform
hybrid coherent-incoherent measurements. For example, our MSR, system
with antenna arrays on each receiving node yields coherent measurement
between receivers inside the same array but incoherent from one node array
to another. This aspect will be taken into account in the next chapter, in
which the measurement results are extensively exploited to demonstrate the
effectiveness of our method “Grid Hopping”.

The instantiation of (6.6) to the presented standard applications are
summarized in Table 6.1

6.3.1 Source Localization with Time Difference of Ar-
rival

The model provided in Sec. 6.1 first applies to systems focusing on the es-
timation of the location of the source of a signal, which thereby acts as the
parameter of interest p*. In most applications, the receivers are not —or
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6.3. Examples of Applications

Figure 6.4: Representations of the three standard application that enters into the scope
of this chapter. The dashed lines represent the locus of identical sensed parameters in the
domain of interest. (a) A source localization system where p is the source’s location to
estimate and composed of four RX. The locus identical sensed parameters are hyperbolas.
(b) A source localization system composed of four receiving nodes, each composed of an
array of L receivers. (c-d) A multistatic radar composed of one TX and three RX. Each
RX provides one measurement such that @ = 3. For the location estimation, the locus
of identical sensed parameters is given by an ellipse whose focuses are the locations of
the TX and the given RX. For the velocity, the locus are lines whose slope matches the
tangent to the ellipses shown in (c).

imperfectly— synchronized with the transmitter, and hence, the delays can-
not be used for the intersection of ellipses like in radar systems. Therefore,
evaluating the TDoA between pairs of receivers is a commonly used strategy
that leads to the intersection of hyperbolas, as shown in Fig. 6.4(a). This
method is typically used in sound source localization [P.03] or in Ultra-
Wide Bandwidth (UWB) positioning systems [ADGD17, DDG"20]. The
reader can refer to review articles for a detailed description of those appli-
cations [CAAT17, DM22].

Connecting this kind of system to our general sensing model is not
straightforward because the signals that we denote by y, refer here to an
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Chapter 6. Two-step and Single-step Methods in Sensor Networks

intermediate product of the conventional processing applied to the raw sig-
nals. This “pre-processing” step is briefly explained hereafter. Let us de-
note by L the number of receivers (such as microphones for sound source
localization) located around p* as depicted in Fig. 6.4(b). There are thus
@ = L(L — 1)/2 pairs of receivers that we associate to record the TDoA.
Each of the @ pairs ends up providing one pre-processed measurement y,.
In substance, each g-th pair yields y, at the output of step called “General-
ized Cross-Correlation (GCC)” using a phase-transform weighting function.
This amounts to computing the Discrete Fourier Transform (DFT) of each
of the L received signals, and, given a pair of receivers, multiplying their
two spectra and keeping only their phase by modulus division.

Mathematically, for a single source, all receivers record the same signal
with different unknown delays 7,. Therefore, given F'(w) to denote the
output of the DTFT of the signal transmitted by the source, the spectra of
the /-th received signal reads

F(w) exp(—jwTy), (6.17)

up to an amplitude and phase coefficient and some additive noise. Multiply-
ing the conjugate (-th spectra with the #/-th one yields |F(w)|? exp(—jw(r¢ —
7¢)). The commonly used “phase transform” [CAA'17] keeps only the
phase of this expression. Finally, taking into account the amplitude and
phase coefficient and the additive noise, we obtain an expression that fits
our signal model. Indeed, since the DFT is tantamount to discretizing the
ouput of the DTFT, setting the sensed parameter 6 = 7, — 7 results in
the expression (6.6) in which

am (0) = exp(j2rOm /M), m € [M]. (6.18)

The PPF, which maps the location p* to the TDoA (normalized with respect
to the sampling time Ty for simplicity) has thus the following expression:

S%) = g (Ip — zgll2 — lIp — x4 l12), (6.19)

where x, and :vfl denote the locations of the two receivers of the g-th pair.

In the case of multiple sources, (6.7) can hold under additional assump-
tions. For cooperative transmitters, as in UWB applications, the trans-
mitted waveforms are usually adjusted to have non-overlapping spectra (or,
equivalently, to have good cross-correlation properties), which directly leads
to separable measurements y, as expressed in (6.7). In sound source local-
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Figure 6.5: Representation of one node of a DoA-based application. A node is composed
of M nodes of co-located sub-receivers such that the source is located in the far field,
which implies that the angle of arrival § (which acts as the sensed parameter) is identical
for all receivers of a given array.

ization for speech processing, speakers are typically non-cooperative. How-
ever, under the Window-Disjoint Orthogonality (WDO) assumption [SHOS],
as one source is dominant in each time-frequency bin of the received sig-
nal, the spectra of two sources are non-overlapping at each instant. In this
case, the multiple targets model (6.7) still holds for speech signal processing
applications.

6.3.2 Source Localization from Directions of Arrival

The model (6.6) is also applicable in the context of the estimation of the
location of a source (or a reflector) from a collection of () sensor arrays, such
that each array senses a Direction of Arrival (DoA) of the wave emitted by
the source (or reflector) [Dog05, DOR08, WYL20, Wei04, WLW22]. In
these applications, p* is the location to estimate from the intersection of
lines given by the DoAs, such as depicted in Fig. 6.4(b) Practically, DoAs
are often observed from arrays of microphones [WYL20, AAM21, PGPM13],
or radio frequency receivers [Wei04, WLW22].

In those applications, each sensor array is composed of M sub-receivers
as depicted in Fig. 6.5. The atom function in model (6.6) corresponds to the
steering vector [CKS89, KSF14] which can, for a generic array of receivers,
be written as in [DORO0S8, C.22]. With our notations, this writes

am(0) = exp(j2rA~ bl eg), m e [M]. (6.20)

In the above, A is the wavelength of the received signal, h,, is the vector
pointing from a chosen reference sub-receiver’s location toward the m-th
sub-receiver, and ey is the unit vector pointing in the direction given by
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Chapter 6. Two-step and Single-step Methods in Sensor Networks

the sensed parameter §. If the location to estimate p* lies in 2D, then 0 is
an angle of arrival defined with respect to an arbitrary reference direction.
If, however, p* is a 3D position, then 6 is a pair of azimuth and elevation
angles. In both cases the PPF reads

S3°%(0) = L(p — ;). (6.21)

The extension for the localization of multiple sources is valid in DoA-
based applications for the same reason as provided in Sec. 6.3.1 for TDoA.

6.3.3 Multistatic FMCW radar

Last but not least, we particularize our model to the context of a multi-
static radar composed of one TX and ¢ RXs. Formally, the parameter of
interest p* = [x*,v*] " represents the couple of normalized location-velocity
of a target, according to Def. 2.1. The sensed parameter 6, corresponds to
the couple of bistatic range and speed, as observed by the g-th receiver.
Extending the model defined in Sec. 2 to the multistatic context, we ob-
tain expressions that fit the model (6.7) with the atom function being the
function @™V (.) —given in (2.16)— and the PPF defined, with p = (z,v),
by

S;a“ge(m) + aqupeed(a:, v)

Sfmcw(p) _
q speed
qu (IE, ’U),

(6.22)

N

where, following the conclusions from Sec. 2.3.1 in the equations (2.10) and
(2.11), and ignoring for simplicity the range calibration due to the length
of the RF cables, we have

Spte(@) = lw - o+ [l — @y |2,

6.23
S;peEd(:l:,’U) = <hTX + thX’ ’U>. ( )

hT* and thX are repre-

We remind the reader that the directional vectors
sented in Fig. 2.3(b) and depend on the value of , following the expres-
sion (2.12).

This joint location-velocity model has been used multiple times to derive
single-step methods for target detection using FMCW MSR [GN11, YGD13,
SCWL15, BM11]. Yet, the required discretization of the 4D location-
velocity space often yields algorithms with unscalable computational com-

plexity regarding the real-time requirement of a multistatic radar, when
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working with realistic dimensions of the radar signals. Inspired by works
performed on pulse-Doppler radars [LP15], I proposed during my Master
thesis a factorization-based methodology that enabled us to circumvent this
limitation. While in this work, we shall directly consider the use of this fac-
torization, the reader may refer to [MFJV19, dG19] for more details on this
topic and simulation results showing the effectiveness of the technique with
respect to its non-factorized counterpart.

When applying the factorization, the BOMP’s selection step (6.14) is
split into two parts with the following order: first, the estimation of location,
performed as though the M, chirps were distinct and non-coherent signals,
and next, the estimation of the velocity. The estimation of the location,
performed from virtually QM. signals, and the subsequent estimation of
velocity, which assumes a known target’s location, can thus be interpreted
as separated applications of our general framework.

Let us stress the approximations required for this separation by rewrit-
ing, in the multistatic context, the factorized expression of the FMCW radar
signal that we formulated in Chapter 2 by (2.18). Neglecting the distortion
term in (2.16) and using the PPFs given in (6.23), the matrix-reshaped ¢-th
RX’s measured signal, acquired in the presence of a single target, reads up
to some additive noise,

Y, = a,a™ (S (@) + 0, S (2, v*) ) @ @ (S (@, v7)). (6.24)

Unlike the range and the speed, the location * and the velocity v* are non-
linearly coupled in the input of both a'™ and a®® in the above, hence pre-
venting the desired separation of the BOMP’s selection step. The method
that we proposed in [MFJV19] is built upon the following approximation,
which reads, given the shifted location z§ := * 4 o, v,

Yq ~ aqain(S;ange(w* +0‘u’U*)) ®aout(8;peed(w*)v*)).

~ aga™ (S (xf) ) @ aout(SspeEd(wg — oy 0", v")). (6.25)

Taking advantage of the definition of the outer product ®, each column
of Y, can now be interpreted as one signal, distinct from the other columns,
thereby yielding a total of QM. signals to which BOMP can be applied.
Each resulting signal follows our model (6.6) with the shifted location as the
parameter of interest, a™(-) as the atom function (see (2.19)) and S;*"€°(-)
for the projection function. The resulting problem’s geometry is illustrated
in Fig. 6.4(c), showing the elliptic loci that originate from the definition of
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S;ange(').

Next, assuming that the shifted location &g has been estimated from
the above, the velocity estimation is linked to our formalism by setting
the target’s velocity for the parameter of interest. We then set a®“(-) as
the atom function (see (2.20)) and SiP**d (&g — o, w,v) for the projection
function, in which v is the only variable since & is fixed by the previous
step.

Putting all together, using Y to denote the mc-th column of the
M x M, matrix-reshaped g¢-th measurement, the selection step (6.14) of
the first iteration of BOMP is thus replaced by the factorized selection:

Q M.
&g := arg maxz Z |<ain(S;ange(a:)), Y7 2, (6.26)
xeX a=1me—1
Q
v = arg maxz (@ (S;Peed(:%k —oyv,v)), gq>|2, (6.27)
veV a=1

where the me-th component of g, is (a™(S;*¢°(&g)), Y7, ). The next
iterations of a BOMP procedure are similar to the above, using the residue
which is progressively updated by the greedy method instead of Y7, .

While the impact of this simplification has been empirically studied in
our previous work [MFJV19], we deepen our understanding of this effect by
means of the theoretical bound on the selection step’s error, derived in the
next section.

6.3.4 Illustrations of the Single-step Selection

We finalize this section with a few illustrations of correlation functions, max-
imized in the selection of the first iteration of BOMP. For each of the four
contexts appearing in Table 6.1, we considered a system whose geometry
is described by Fig. 6.6 and in which the TX’s location ™% is only to be
taken into account for the MSR context. For the estimation of source loca-
tion from DoA, each of the five nodes is zoomed-in by Fig. 6.6(b), showing
a circular array of M sub-receivers. In all applications, we set M = 64 and
Q@ = 5, except for the intersection of TDoA in which 5 receiving nodes yield
@ = 10 measurements. We build measurements y, by considering a single
target located in the normalized location [-16, 32] and, for the estimation
of velocity with MSR, a normalized velocity [12, -5]. We added some noise
to the measurement given a 20dB SNR.
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Figure 6.6: Schematic representation of the geometry of the system used to illustrate the
single-step and the two-step principles. (a) Representation of the locations of the five
nodes, hence yielding Q = 5, except for TDoA-based localization where we get L = 5
and @ = 10. (b) Zoom on each node for the DoA-based localization, where a circular
array is considered.

The resulting global correlation functions computed by single-step meth-
ods are depicted in Fig. 6.7, following the same order as the schematic pre-
viously shown in Fig. 6.4. We naturally observe that the mapping intrinsi-
cally performed by the composition of the functions C' and S, let appear in
Fig. 6.7 the loci represented in Fig. 6.4. The resulting intersection of these
loci somehow enables the single-step method to counter the possibility of
one (or several) sensors taken alone to fail in the detection of the target.
Indeed, the single-step decision is taken from a consensus on the value of p
that delivered the most overall power across all the received signals. Said
differently, it directly gathers all available information and promotes, via
the mappings Sq(p), consistent models across all sensors, thereby poten-
tially offering a more robust estimation of p*.

In comparison, Fig. 6.8 shows the objective functions from (6.8) for the
first received signal (i.e., for ¢ = 1). Since the sensing domain O is a
1D domain of distances, defining a grid ©g with sufficient density to find
the main lobe of the objective function of the two-step method appears to
require the use of significantly fewer bins than required for a similar sampling
of the 2D correlations used by single-step methods. Given Ng := |©¢| and
Np := |Pg| denoting the respective cardinality of the sensed grid and of
the grid of interest, it yields the relation Np > Ng which intensifies as a
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Figure 6.7: Single-step correlation functions obtained for our four standard examples of
applications in the first selection step of BOMP given the setup shown in Fig. 6.6. (a)
Source Localization (SL) from TDoA, (b) SL from DoA, (c) target localization from
MSR, and (d) velocity estimation from MSR.

higher precision is targeted by the use of denser grids. This is why two-step
methods are known to be faster than their single-step counterparts.

The upcoming sections of this chapter highlight the superiority of the
estimation performance of the single-step parameter selection compared to
its two-step counterpart, with a specific focus on the MSR application.
However, in the following chapter, our focus will shift towards addressing
the question of preserving the strengths of both the two-step and single-step
approaches through a hybrid strategy coined Grid Hopping method.
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Figure 6.8: First (for ¢ = 1) correlation function obtained in the two-step method applied
to our four standard examples of applications given the setup shown in Fig. 6.6. (a) SL
from TDoA, (b) SL from DoA, (c) target localization from MSR, and (d) velocity
estimation from MSR.

6.4 Bound on the Factorized One-sep Selec-
tion in Radar Applications

Applying the approximation (6.25) has consequences on the estimation per-
formance at the output of the factorized selection (6.26) when compared to
the output of (6.11) used with the complete model (6.22). First, as studied
in [BM11], it reduces the robustness against noise since (6.26) adds up the
M. correlations in a non-coherent manner. Moreover, the approximation
which removes the function Sgpeed in the input of a™ generates a model
mismatch on the estimation performance, thereby preventing the ellipses
that we observe in Fig. 6.4(c) to exactly meet in one point. To evaluate the
impact of this mismatch, let us study a simple case in which a multistatic
radar observes a single target in noiseless conditions. In that situation,
the estimation error from the exact method, with no approximation on the
model, and not restricted to a grid search, is always zero. Since this is
no longer the case with the approximation and the use of the factorized
selection step (6.26), we hence provide an upper bound on the resulting
error.
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The bounding theorem presented in this section relies on the definition
of “lobe-r” functions, introduced in Def. 5.3. We remind the reader that
the atom function a!™ is nothing more than a Fourier atom and thereby, its
associated correlation kernel & is translation invariant and such that |s(-)[?
is a lobe-r function with lower and upper bounding constants L and U, as

notably shown in Ex. 5.5.

We now define the notations used in the writing of this theorem. To
this end, we first remind that the location domain X is assumed to meet
the condition (2.23) in which 7y, is a minimal normalized (and hence
dimensionless, see Def. 2.1) distance between any location from X and
any transmitting or receiving node composing the MSR system. Addi-
tionally, given the global PPF defined for all € X by S™"&¢(x) :=
(81" (®),--- , 85" (®)) T, the associated coefficient of variation defined

by Def. 6.2 are denoted by Apin and Apax. Finally, we define the square-root

2
Rp := | jameh L, (6.28)

where auax 1= max,e(q] lag| and apmin = minge(g) lag|.

power ratio by

Theorem 6.2 (Factorized-MSR Selection Error Bound ). Let us consider
a linear-chirp FMCW MSR observing (i) a single target, (ii) in noiseless
condition, and (i) such that the expression of each q-th receiver’s signal
follows (6.24).
Given a location x* and a known wvelocity v*, respectively taken from the
location domain X and the velocity domain V meeting the conditions (2.23)
and (2.24), with &s denoting the output of the location selection step (6.26)
and with

T = :i:s — Juv* (6.29)

denoting the corrected location estimate. If

Q 1

bl - < Rt .
TS Rem (6.30)

the following bound on the location estimation error holds

1
& — s <AL (Rp+1)2 .
& — &"ll2 < Apin (Re +1) § 5 ——

min

(6.31)
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Figure 6.9: Examples of the MSR geometry with (a) e = 0, (b) e =4 and (c) € = 10.
When ¢ = 0, the receivers are located on the edge of the location domain. Else they are
located at a distance of either £ of v/2¢ away from X.

In short, this theorem states that the effects of the approximation be-
come negligible as the value of ry;, increases. Indeed, in the ideal condi-
tions of this theorem, the estimate & only differs from the ground truth «*
because of the model approximation. Therefore, the bound (6.31) states
that its effect vanishes for a sufficiently high value of rp;,. This could
have been anticipated since the approximation going from (6.24) to (6.25)
can be interpreted as a linearization of the function S;**#¢(x + o,v) into
Sinee () + 0, SP (2, v). Indeed, SiP°d(z,v) amounts to the first order
derivative with respect to v of §;*"¢(x+0,v). As the ellipses are more keen
to be approximated by lines when their foci are further apart, increasing
Tmin leads to a smoother linearization.

Note that the bound hints that better results are expected when @ is
small. Decreasing @ is, however, likely to significantly reduce Api, and
possibly make it tend toward zero if the bijectivity of S™"&° is no longer
guaranteed, pushing the bound toward positive infinity. Furthermore, a
tighter bound, taking into account the fact that a distance equal iy, is less
likely to be met at the same time with respect to all RXs as ) increases
may be developed in the future to remove the presumably false intuition
given by the above that one must decrease @ to obtain a smaller error.

6.5 Simulations of MSR Applications

In this section, we present the results of Monte-Carlo simulations of a multi-
static radar composed of one transmitter and ) = 5 receivers and observing
a single target located in £* and moving with a velocity v*. The goal of this
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section is two-fold: (i) compare the performance two-step and single-step
methods when applied to MSR and (ii) observe the impact of the anten-
nas’ location on the estimation performance that we hinted by means of
Thm. 6.2.

6.5.1 Simulated System

We simulated multiple geometries for our MSR system characterized by dif-
ferent locations of their constituting antennas. These locations are fully de-
scribed by a distance parameter € modeling the distance between the scene
(i.e., the location domain X') and the antennas. More precisely, Fig. 6.9
shows examples of geometry obtained for different values of e, which is ac-
tually equivalent to the quantity 7y, used in Thm. 6.2. We then considered
two measurement scenarios:

e Scenario 1: The estimation of the location * only, using a single
chirp (M. = 1) of My = 64 samples.

e Scenario 2: The estimation of both the location &* and the velocity
v*, using M. = 64 chirps, each of M = 64 samples. In that scenario,
the distortion-free model (6.24) was used to generate the signals.

The location domain is always X' = [—24,24] x [0,48] and the velocity
domain is V := [-32/v/2,32/+/2)?. For each geometry, we generated 10,000
realizations of radar measurement from the true location =* and the true
velocity v* taken randomly following a uniform distribution on respectively

X and V.

6.5.2 Competing Estimation Methods

Since there is only one target to locate, the estimation methods are reduced
to their selection step, introduced in Sec. 6.2.

The two-step estimation is thus fully explained by the equations (6.8)
and (6.10). We solved the maximization (6.8) in two ways either by re-
stricting it to an exhaustive grid search on the grid ©g or by refining
this grid search with a gradient ascent. The first case is labeled “ONG”
and the second case “OFG”, respectively standing for on-the-grid and off-
the-grid. In both cases, the used grid ©g was uniformly discretizing ©
with a constant bin spacing 1/4. In the scenario 1, © is the range domain
R = [0, M;], leading to 256 bins. In the scenario 2, © is the range-speed
domain R x U = [0, M;] x [—M./2, M. /2], leading to 65536 bins. Note that
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S-S. (ONG) | S-S. (OFG) | T-S. (ONG) | T-S. (OFG)
Scenario 1 15.22ms 30.79ms 0.64ms 3.70ms
Scenario 2 812ms 1010ms 38ms 62ms

Table 6.2: Average computation times of obtained for two-step (T-S) and single-step
(S-S) selections in both simulated scenarios.

we took advantage of the Fourier nature of the used dictionary and the use
of a uniform grid to use either a 1D FFT or a 2D FFT to perform the grid
search in scenarios 1 and 2, respectively.

The single-step estimation corresponds to solving either (6.26) only (with
M, = 1) for the scenario 1 or both this equation and (6.27) for the scenario 2.
We also performed either on-the-grid estimations using an exhaustive grid
search over uniform grids with a 1/4 bin spacing or off-the-grid estimations
by refining the grid estimate with a gradient ascent. Note that no FFT can
be used in that situation.

Each method outputs either the estimate & for scenario 1 or both & and
© for scenario 2. We thus defined the error £ term which is contextually
defined by ||& — x*||2 or ||(Z,?) — (x*,v*)||r. The performance metrics are
similar to those used in Sec. 5.6. That is, we use (i) the Average Error (AE)
over the 10,000 realizations, (ii) the Miss Rate (MR) that counts the ratio
of estimates such that E > 1, and (iii) the Average Hit Error (AHE) that
averages only the errors whose value is below 1.

6.5.3 Comparing Two-step and Single-step Methods

We begin with scenario 1 in Fig. 6.10, where the performance is plotted
with respect to the SNR that characterizes the measurement. Overall, we
observe that the single-step method provides a stronger robustness against
noise that is translated in the three metrics. We observe that the on-the-
grid version of the methods does not alter when compared to their off-the-
grid counterparts, the detection ability of the algorithms since the MR is
identical in both cases. The only consequence of the on-the-grid restriction
is the precision of the estimation, which is limited by the density of the
used grid. The advantage of using a single-step method in the on-the-grid
context is only appearing when the nuisance (the noise here) is sufficiently
strong to overcome this grid limitation.

When inspecting the off-the-grid versions of the algorithms, we observe
two regimes in the Average Error (AE) curves, characterized by a sudden
change of slope. While the second and final slope of the AE curve is identical
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(a) Average Estimation error (b) Miss Rate (C) Average Hit Error
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---- Two-Step (OFG) ---- Single-Step (OFG)

Figure 6.10: Comparative performance results of the application of the four competing
algorithms in scenario 1.

for both methods, the single-step process starts its evolution with respect
to the SNR with a more negative slope. This can be explained since the
consensus taken across all the receivers leads to a stronger detection ability
(smaller probability of completely missing the target), highlighted by the
MR curves that also show distinct slopes between the two methods. The
precision, however, highlighted by the AHE exhibits a similar slope for both
methods.

Table 6.2 gathers the average computation of each algorithm. This
confirms the intuition that despite single-step methods being more robust
against noise, they require a drastically higher computation time than their
two-step counterparts.

Let us continue with scenario 2, for which the results are shown in
Fig. 6.11. While the on-the-grid versions of the algorithm tell a similar
story as for scenario 1, this is not the case for the off-the-grid versions. The
additional saturation is caused by the mismatch we pointed out and studied
in Thm. 6.2. Again, Table 6.2 shows the average computation and leads to
the same conclusion as for scenario 1. Note that the computation time for
scenario 2 is significantly higher since we have M. = 64 instead of 1.

6.5.4 Impact of the MSR’s Geometry

We end this section with the evaluation of the impact of the spacing ¢ of the
antennas with respect to the scene X on the estimation performance. The
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(a) Average Estimation error (b) Miss Rate (C) Average Hit Error
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Figure 6.11: Comparative performance results of the application of the four competing

algorithms in scenario 2.
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Figure 6.12: Estimation error as a function of the spacing between the transmitting and
receiving nodes with respect to the observed scene, in an MSR context.
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resulting average estimation error is shown in Fig. 6.12(a), and the maximal
error obtained among all the realizations is plotted in Fig. 6.12(b). Since
the simulations were performed in noiseless conditions, the fact that off-the-
grid algorithms provide non-zero estimation errors can only be explained by
the model mismatch studied in Thm. 6.2. We observe a neat decrease of
this error in both metrics when the value of € increases. Interestingly, the
conclusions from Thm. 6.2 also apply to the two-step parameter selection.
We note that the on-the-grid curves saturate because of another limitation:
the discretization error. This aspect will be more deeply studied in the next
chapter.

To summarize, we confirm with this simulation that the model mismatch
induced by the factorization of the MSR model (6.25) can be neglected given
transmitting receiving nodes that are sufficiently far away from the observed
scene. Therefore, we can safely neglect this aspect in the subsequent ap-
proaches we will propose in the next chapter to improve the single-step
methods.

6.6 Discussion

In this chapter, we presented and illustrated the distinction between two-
step and single-step estimation methods in the sensor network context.
These two classes of methods will constitute the starting point of the deriva-
tion of our “Grid Hopping” framework that we describe in the next chapter.
We dedicated careful efforts to unifying multiple applications (such as sound
source localization or radars) under a single mathematical formalism. Unlike
literature on similar topics, this enables us, in the next chapter, to provide
accelerations that remain valid independently of the targetted application.

In the second part of this chapter, we focused on Multistatic Radar
(MSR) systems. We theoretically showed under which conditions on the
system’s geometry the factorization that we intuitively used in previous
research [MFJV19] yields negligible model mismatch. We also confirmed
with Monte Carlo simulations the superiority of single-step methods over
their two-step counterparts in terms of estimation performance.

Although this chapter brings only minor contributions to the sensor
network community, the mathematical formalism it introduces paves the
way for the next chapter, which contains our main contribution to the topic.
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6.7 Appendix: Proofs

6.7.1 Proof of Lemma 6.1

Proof. If § is non-injective over P, then there exist two distinct parameters
D1, Dy € P such that S(p;) = S(p,). From the Taylor’s theorem, there is
at least one scalar € € [0,1] such that

S(py) =J(py + @y —p1)) (P2 — P1): (6.32)

Denoting p := p; + £(py — py), the convexity of the set P imposes that
p € P. Moreover, (6.32) associated to the equality S(p;) = S(py) im-
plies that J(p)(ps — p;) = 0. Therefore, (p, — p;) is an eigenvector of
J(p) " J(p) associated with the eigenvalue 0. Finally, since J(p)'J(p) is
positive semidefinite by construction, we conclude that A,;n = 0 and this
proof as well. O

6.7.2 Proof of Theorem 6.2

Thm. 6.2 is a particular application of the following theorem, proven in the
next section.

Theorem 6.3 (Lobe Function Maximization Bound). Given the lobe-r func-
tion f : Z — R with lower and upper bounding constants L and U, and given
a set Z' C Z, if there is

Zref € Z' NBy(r), (6.33)

then the estimator z defined by

2 := argmax f(z) (6.34)
zcZz!

is such that |22 < \/%”ZrefHZ

In short, Thm. 6.3 provides a bound on the maximization of a lobe-
r function restricted to a domain Z’. if Z’ contains 0, then the error is
naturally 0 by definition of a lobe-r function. Else, given a candidate z,.f in
the inner lobe of f, the decreasing properties of f guarantee given that our
candidate is not the maximizer, then the maximizer 2 can not be further
away from 0 than a value proportional to the norm of our candidate.
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The application of the above theorem to obtain Thm. 6.2 relies on three
lemmas, given hereafter and whose proofs are given at the end of this ap-
pendix.

o The first one (Lem. 6.4) uses the concepts from Def. 6.2 to enable us
to navigate the bounds from the domain of interest P (which is X in
the MSR context) to the admissible sensed domain 7 that we defined
in the general context in (6.3).

o The second lemma (lem. 6.5) explains how we can translate any outer
summation of similar lobe-r functions into a novel higher dimensional
lobe-7 function, with a new lobe radius 7 and new bounding constants,
expressed from the constants defining the initial lobe-r function.

o Unlike the two first lemmas, the third one (Lem. 6.6) is specific to
radar applications and directly bounds the approximation error on
the PPF modification that was performed when going from (6.24) to
(6.25).

Lemma 6.4. Given a global PPF following assumption 6.1 and denoted
by S, for all pairs py,py € P and 01,05 € T such that 6, = S(p;) and
0> = S(p,), the following holds

)‘min”Pz _leg < ||02 - 01“% < )‘maXHP2 - P1||§~ (6~35)

Lemma 6.5 (Summation of lobe functions). Given positive scalars
bi, - ,bg such that 22221 by =1 and the separable function

fo i 299 R ¢ fo(z) = 22 bof(2q) (6.36)

with z = [z],-- ,zg]—'—, fs, is lobe-F whose lobe is bounded by L and U
obtained from

72 = U minp?, (6.37)

L = Lbyax, (6.38)

U = Ubwin, (6.39)
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and where byax = maXge[q] by and byin = minge(q) by.

Lemma 6.6 (Range Approximation Error). Let SF*&¢(-) and SiPeed(-) be
defined as in (6.23). Given a normalized location x € X and a normalized
velocity v € V with X and V respectively defined following (2.23) and (2.24),
then

SIE (4 4 04v) —

—~

S5 () + S (x, ) ) |

1 1
1
1 6.40
8<2||<fc—ﬂcTX||2—1+2||£1>—9135‘XII2—1> )

IA

Corollary 6.7 (Loose Range Approximation Error). Under the same con-
ditions of Lem. 6.6, the bound it provides can be simplified using the loose
upper bound

1

|S525( + o) — (S55(@) + 557w, v)) | < d——7,

(6.41)

where rmin s the minimal distance between x and any transmitting or re-
cetving node.

Proof. This is a direct consequence of the application of the condition (2.23)
on X to (6.40). O

We can now start the demonstration whose main principle is to make
appear a formulation that meets the conditions of Thm. 6.3. To this end,
and to improve the reading of this demonstration, let us define the following
notations.

e First, returning to the physical meaning of the output of the PPFs
Srange and SP°d | we use the notations from Chapter 2 to denote the

true ranges and speeds associated to the observed target, i.e., for all

q € [QJ,

ry =8 (2Y)  and  uy = S;p%d(a:*,v*). (6.42)
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¢ To smoothly meet the conditions of Lem. 6.5, we define the normalized
scattering coefficients

Yo = lagl ) o lag |, (6.43)

and more specifically Ymax := maXge(Q] Vg and Ypin = minge(q) Vq-

o Using the above, we define the total squared kernel function, resulting
from the outer summation of the squared kernels associated with a'™
by

2
k5(8) = 35ls val(a(by). a6y +,))|

for all 6 := (64, - ,GQ)T € ©9 and for all § := (1, - ,5@)—r € 09,

(6.44)

o Finally, while the parameters of interest in this context are the shifted
true and approximated locations, (&g and x§, respectively, the quan-
tity acting as the sensed parameters are the projection of these shifted
locations into the range domain. In this MSR context, we thus define
them as

é = (él, tee ,éQ)T = Srange(i’:s),

* * * range * (645)
0" = (05, - ,05) " =S (xg).

We emphasize that given that X acts here as the domain of interest,
and since from assumption 6.1, the global PPF, denoted by S, is a
bijection from X to the admissible sensed domain 7. This latest
corresponds, in this context, to the set of possible collections of range
that matches a location in X.

The demonstration now begins by using Lem. 6.4 to obtain the inequality
2" — &2 = [[2* + owv™ — (Z + 0uv”)[l2Zs |2
< Aiull0” = B2 (6.46)

min

With & := 6" — @, the demonstration now amounts to derive an upper
bound on ||d]|2. With the notations presented here above, we rewrite the
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selection step (6.26) as

Q

A * * range 2
&5 = arg max Z’yq|<a(rq +ouuy), a(SyE(x)))| (6.47)
EAS
q=1
= argmax k(1) + oyuy, — 8§ (x)) (6.48)
reX
Now defining the error term e := (e, -+ ,eq) ' such that
eq =1y +oguy — SE(x + oyv”), (6.49)

that we shall later bound by means of Lem. 6.6, it follows

&g = argmax ky (S (¥ 4 0,v") + e — S (x)) (6.50)
zeEX

= argmax £y (0" + e — §™"(x)). (6.51)
zeEX

Given that S is a bijection from X to 7, and using the notations from (6.45),
calculating &g from the above is tantamount to finding € from

0 := arg max Ky, (0* +e— 0). (6.52)
ocT

Ultimately, we can write

~

0 := argmax k5 (6 + €), (6.53)
écT—-0*
and, with & =5 + e,
§ = argmax kyx(4), (6.54)
6T —(6*—e)

which is uniquely connected to our initial problem through &g = S~* (0* +
e—|—3/). While 7 — 6" contains 0 —since 8™ € T by definition—, 7 — (0" —e)
is unlikely to contain it. We know however from this reasoning that e €

T—(0"—e).

Since there exist positive constants r, L, U such that the squared kernel
|k(-)|? associated to the Fourier atom a'™ is a lobe-r function with bounding
constants L and U (see Ex. 5.5), Lem. 6.5 guarantees that xx is a lobe-7
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with the constants

L= Ymax L, U= YminU, = \/ ::mling’f (6.55)

We can now use Thm. 6.3 on the problem (6.54). Given that e € T —
(0" — e), it yields

~!
16']l2 < 4/ 2222F]le]l2, (6.56)

Ymin U

and hence with the triangular inequality, we have

18112 < (/2225 + 1) el (6.57)

We end this demonstration by using the Corollary. 6.7 to obtain the upper

bound 1

2 -1
Injecting the above in (6.57) and then in (6.46) yields (6.31) and concludes
this proof.

lellz < leflx < (6.58)

6.7.3 Proof of Theorem 6.3

The condition (6.33) guarantees that z. lies inside the inner lobe of f.
Since by definition, f(2) > f(2zyef), the condition (5.28) implies that 2 is
inside the outer lobe of f and hence, the lobe bounding properties (5.29)
applies. We can now write

1_L||ZrefH§ S.f(zref) Sf(f) < I_U“‘%”%a (659)

which directly leads to the conclusion of Thm. 6.3 and concludes this proof.

6.7.4 Proof of Lemma 6.4

From a first-order Taylor series error bound, we have

S S
62 = 612 < max x S=SE T (p) (P, — 1) (6.60)
< max || J(p)[|2]ps — p1l2- (6.61)
pEP

As [|J(p)|l2 = )\%n/;fx(J(p)TJ(p)), the right part of (6.35) is proven. The
inverse S~! : T + P has its Jacobian evaluated in @ denoted by J(8). A
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similar reasoning leads to

— < 7 - .62
1Pz = P [l2 < max||J(8)][2]]62 — 61l (6.62)

The function S is a bijection and hence (:T(H)Tj(a))_l = J(p)"J(p).
Therefore, we have A~}

min

= maxger ||J(8)]|2, which concludes the proof.

6.7.5 Proof of Lemma 6.5

We first prove that property (5.28) holds for fs with 7 defined by (6.37).
We define

Hin . [(ziln)T7... 7(Ziél)T]T (6.63)
Lout . [(z(fUt)T, e (Z%“t)T]T, (6.64)
such that z°" € Z9\B(R) and that 2" € By(r) C Z for all ¢ € [Q]. By

construction, there is at least one index ¢’ € [Q] such that 201" € Z\Bo (R).
For such index ¢’, the properties of a lobe-r function guarantee that

f(zg") < mingep, () f(2) (6.65)
<1 —Umax,ep, () |23 (6.66)
=1-Ur? (6.67)

For other indexes g # ¢', we have f(z"

of f by definition. Using the above, we can write

) < 1 since 1 is the maximum value

fo(2°") < 1 — b, Ur?. (6.68)
<1 — byinUr2. (6.69)

Moreover, using property (5.29), we have

fe(z™) > S22 b,(1 - L|21"]3) (6.70)
>1- 32 bL 23 (6.71)
>1— bmaxL||zin||§ (6.72)
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From (6.68) and (6.72), we deduce that any couple (2™, 2°U') defined as
above exhibits the inequality

Fo(2™) = F£(2°") > buinUr? — bunaxL|| 2™ 2. (6.73)

A sufficient condition for fs(z") — fs(2°%) to be strictly positive is that
|23 < Y bminy2 .= 72 which proves (6.37).

Now we prove that the bounding property (5.29) holds for fx; with L
and U. Given z = [z],--- ,zg]—r € B (R) C 29, we have that for all
q € [Q], z4 € Boo(R) C Z. Therefore, lower bound in (5.29) applies and we
have

fe(2) = 1= 0 by Lz,3 (6.74)

>1- bmaxL”zHg (6.75)

which proves (6.38). Similarly, the upper bound in (5.29) applies and we
have

fe(2) < 1= 30, bUl1zgl3 (6.76)

< 1= binUll213 (6.77)

which proves (6.39) and concludes this proof.

6.7.6 Proof of Lemma 6.6

This lemma is a consequence of the error bound obtained from the following
second-order Taylor series, holding for all &, b € R™,

[z +bll2 = (lzll2 + (25> &) < 3 Joax b H(z +b)b|,  (6.78)

where given I to denote the identity nxn matrix, the Hessian reads H (x) :=
1 1

Tela® ~ T3 xx . It directly follows

) e
[+ bll2 = (llzll2 + (- 8D < 377 3

(6.79)
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By appropriately substituting « by  — ™ or « — a:f;

to fit the definitions (6.23), we directly get

X and b by o,v above

’S;ange(w + qu) o (S;ange(w) _|_S;P‘38d(:13,v))|

oallvli3 oxllvli3

3 H (6.80)

=

|z — TX + oyv||2 x —xBX 40,0y

Now since oylv]l2 < 1 by the definition (2.24) of V, the above leads to
(6.40), which concludes the proof.

147






Chapter 7

The Grid Hopping
Framework

both come with their advantages and disadvantages. We concluded
that although the superior robustness of the single-step strategy
provides significantly higher estimation performance when applied to most
systems, including Multistatic Radar (MSR), the computational cost it im-

THE single-step and the two-step approaches presented in Chapter 6

plies makes it seldom used in practice, where real-time and low-cost ap-
plications are often targeted. This chapter builds up from the concepts
introduced in both Chapters 5 and 6 to derive our main contribution in
sensor networks: “Grid Hopping (GH)”. The proposed framework encapsu-
lates and extends existing acceleration approaches from the literature re-
lated to different applicative fields, including the Source Localization (SL)
of sound or from Ultra-Wide Bandwidth (UWB) systems, as well as mul-
tistatic radars. The connection of GH with these contributions is reviewed
in Sec. 7.1. Practically, GH is detailed in Sec. 7.2 and relies on the inter-
polation from one grid, which discretizes the sensed parameter’s domain, to
another grid which corresponds to a set of candidates in the domain of the
parameters of interest.

The performance of GH is studied in three parts. First in Sec. 7.3
with the derivation of a novel theoretical bound quantifying the impact of
GH on the performance of the single-step methods. In short, this result
is a combined extension of both the bounds proposed in Chapter 5 for the
selection step using atom interpolation and in Chapter 6 for the single-step
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selection restricted to a subset of the domain of interest. Our GH bound
enables us to see the separate impacts of (i) the properties of the projection
process between the parameter of interest and the sensed parameters (e.g.,
from a position to a collection of distances), (ii) the intrinsic precision of
the single-step methodology and (iii) the precision loss due to GH. These
three aspects are respectively connected to the nature and the locations
of the sensors, the density of the grid of parameters of interest, and the
interpolation strategy from the grid of sensed parameters.

Secondly, we evaluate in Sec. 7.4 the effectiveness of our method by
means of extensive Monte-Carlo simulations of multiple systems to which
the GH framework applies. Finally, we particularize our method to the
factorized BOMP algorithm designed for MSR. application, introduced in
Sec. 6.3.3 and next, we validate our method by applying it on data resulting
from measurement performed using the active MSR system that we designed
and presented in Chapter 2.

All the proofs of the theorems and lemmas given in this chapter are
gathered in Sec. 7.8

7.1 Related Work on Accelerated One-step
Methods

Enhanced single-step methods have been studied independently in different
signal-sensing communities, each proposing specific acceleration strategies.

In the MSR field, a single-step method, often referred to as joint [BM11,
GN11, YGD13] or direct [BKY16, HPKS12, YLGD21] arises in connec-
tion with the sparse signal recovery literature as an application of the
BOMP algorithm proposed by Y. C. Eldar in [EKB10]. As previously high-
lighted in Sec. 6.3.3, the discretization of the 4D (or 6D) location-velocity
space is a limitation that makes such single-step method unsuitable for
real-time applications. Factorization approaches such as those suggested
in [LP15, MFJV19] and explored in the previous chapter enable the sequen-
tial estimation of locations and velocities which significantly reduces the
computation time. They remain however not sufficient for practical appli-
cations to consider the use of single-step method in real-time applications
targeted for multistatic radars.

When applied to the SL field, the single-step method corresponds to the
Steered Response Power (SRP) algorithm. Many low-complexity strate-
gies have been proposed to decrease the computational complexity of SRP.

150



7.2. Enhancing the One-Step Approaches with Grid Hopping

In [DBAO7] the authors propose different techniques to restrict the research
to a subset of the domain of interest. In [BD20b], a hybrid approach be-
tween the single-step and two-step paradigms is developed by leveraging the
intrinsic properties of speech signals to first perform a two-step estimation
and then correct it with a single-step-like approach to avoid data-association
issues. Other techniques such as the stochastic region contraction proposed
in [DSY07] or grid rescaling methods from [MCLE13, COH18, BD22] pro-
pose to iteratively refine the search space, starting from a coarse search
of candidates. In [CML11, LMN*15, BD20a], the authors propose a volu-
metric technique that enables to represent multiple grid bins into a single
one, enabling the search on a coarser grid. In the contributions above,
the SRP map is computed from the computation of the Generalized Cross-
Correlation (GCC) [KC76]. As shown in ..., this mapping is an approx-
imation which can be assimilated as the most simple particularization of
GH.

In [DDSvW21], the authors propose a low-complexity single-step algo-
rithm that exploits the Shannon-Nyquist sampling properties of the speech
signals in order to build an interpolation-based mapping from the delay
grid bins to the location grid. Grid Hopping appears as a generalization
of this work for other applications as well as other interpolation strate-
gies with different properties. The bound derived in Sec. 7.3 enables us
to quantify the performance loss caused by the use of GH with different
interpolations, including the one presented in [DDSvW21] and the polar
interpolation [ETS11] which is popular in sparse continuous signal recovery
community [FDJ15, KYHP15].

7.2 Enhancing the One-Step Approaches with
Grid Hopping

The presentation of the GH approach is done in three parts. We first provide
the reader with the intuition behind the technique by studying a simple
example. Next, we formalize the mathematics of GH, enabling to “hop”
from the grid O to the grid Pg. This includes a study of the computational
complexity of the different algorithms for parameter estimation from sensor
networks. Finally, we extend the technique by adding an off-the-grid step,
built upon the COMP algorithm described in Chapter 5.
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Figure 7.1: (a) Representation of a multistatic radar composed of one TX and three
RXs. The grid of dots represents the elements of Pg. (b) The joint correlation function
used in (6.11). The grid Pg is also shown in grey. (c¢) The correlation function of the
first step (6.8) for ¢ =1 (top) and ¢ = 2 (bottom) corresponding to two of the three RXs
in the situation described in (a). The big blue dots represent the samples taken on the
grid ©g. The small grey dots are the samples taken on the grids Sq(Pg).

7.2.1 Motivation for Grid Hopping

Let us first motivate and hint at the idea that resides behind GH by observ-
ing an example of the application of the single-step and two-step methods.
We consider the case of a simple multistatic radar composed of one TX and
two RXs, located according to Fig. 7.1(a). The system acquires a single
chirp in which M = 16 samples are taken in order to determine the location
p* of a single target.

Fig. 7.1(b) shows an example of a resulting correlation function used by
the single-step’s selection. Due to the potentially high non-convexity of this
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function, the problem of finding its maximum usually requires evaluating
it on the grid Pg, represented by the gray dots in this figure. From this
on-grid estimate, one is either satisfied or chooses to refine it off-the-grid.
This is typically done for example by means of a gradient ascent or with
an interpolation-based method following the ideas presented in Chapter 5.
In each of these cases, evaluating the global correlation on the grid Pg is a
required step.

In Fig. 7.1(c), we observe the correlations that one maximizes when
using a two-step approach. The blue grid represents the sensing grid ©¢
which discretizes the sensing domain © with an equivalent spacing as the
grid Pg discretizes P. Formally, this grid density aspect is quantified using
the covering radius defined by the following.

Definition 7.1 (Covering radius). Given a subspace Z, the grid Z¢ is said
to discretize Z with a covering radius defined by

max min ||z — 2'|s. (7.1)
z€Z z'€2¢g

To motivate the principle of GH, we added in Fig. 7.1(c) the transforma-
tion of Pg through the projection functions S,. Computationally speaking,
the full grid search used to ezactly solve the single-step problem (6.11) re-
stricted to the grid Pg requires, for each index ¢ € [Q], to evaluate Cy(6)
for all 6 taken from the grid S;(Pg) of cardinality Np. With GH, we
thus propose to use atom interpolation to “hop” from the grid ©¢ onto
the grid S,(Pg) for the evaluations of C,. This operation is expected to
provide a good approximation of the exact single-step grid search with a
computational complexity with the same order of magnitude as exhibited
by two-step methods, which are commonly faster. Fig. 7.2 illustrates this
idea, as applied to our simple example. The yellow curves correspond to the
approximations obtained using the interpolated atoms instead of the actual
ones in the correlation processes. Since any value in these approximated
curves can be computed with no significant computation time from the blue
grid, we expect this process to be faster than the computation of all the
grey points.

Intuitively, the performance of GH can be motivated by the following
reasoning. Given a ground truth p*, the precision of the estimate p resulting
from (6.11) restricted to Pq is intrinsically limited by the density of this
grid. Yet, as we observe respectively in Fig.7.1(b) and (c), the grids S,(Pg)
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Figure 7.2: Intuitive representation of the grid hopping principle applied to the simple
example from Fig. 7.1.

discretize ©® more densely than Pg discretizes P. Therefore, we expect
—and later quantify with the bound derived in Sec. 7.3— that the error
caused by an interpolation from the lower density grid ©¢ represented in
Fig.7.1(b) to S4(Pg) is often negligible with respect to the limitation of
precision intrinsically caused by the gridding Pq of P.

7.2.2 Hopping from One Grid to Another

We continue our exploration of GH by keeping the focus on the first iteration
of BOMP. We leave for the next section the full description of an adaptation
of BOMP with GH.

Implementing the principle exposed in the previous section, GH starts
with the evaluation of the set Cy(O¢) for each g € [Q)], like in the first step
of the two-step method (6.8). Next, the set Cy(S,(Pg)) is approximated
using the interpolation principle from Chapter 5. In practice, for all sensor
indexed by ¢ € [Q], each grid bin p,, € Pg with n € [Np] is mapped to
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one bin taken from ©¢g. This mapping operation amounts to the offline
computation of @ lookup tables, each providing a connection between Pg
and ©¢g by minimizing

D 92
Zg[ljlvr; 100 — Sy (P,)], (7.2)

where we remind that Ng denotes the cardinality of O¢.

Next, for all ¢ € [Q] and for all n € [Np], a set of interpolating coeffi-
cients ¢ are computed offline according to a chosen interpolation pattern.
With ¢ denoting the index in ©¢ that is associated to n by (7.2), and using
the notation of Def. 5.1, those coefficients are such that

a(Sq(Pn)) = a(S,(p,)) = Ace. (7.3)

Once the mapping and the set of interpolating coefficients are deter-
mined offline, GH amounts to using a instead of a in the evaluation of the
correlation functions. Thus, the following interpolated correlation function
is computed online,

CQ(Sq(ﬁn)) <yq7 Zcz 9[ 2 (74)

This ultimately leads to the grid-hopping estimate

p—a;gegnn S 1C(Sq(p))I2. (7.5)

In practice, for each index ¢, we store the interpolating coefficients (de-
noted by ¢; in (7.4)) in a large sparse matrix C, € CVP*Ne  This matrix
thus contains I non-zero component in each row, at locations driven by the
lookup table computed according to (7.2).

Overall, the QM Np products required for the grid search of the one-
step estimation (6.11) is replaced by the computation of QM Ng products
for the calculation of the @ sets of correlations C,(©¢) plus additional
QINp products for the interpolation (7.4). Because in non-degenerate con-
ditions I <« M and Ng < Np, the GH-based grid search is expected to be
computed faster than the standard single-step on-grid selection step.

We illustrate this effect with Fig. 7.3. We obtained those heatmaps
using a simulated measurement based on the MSR system whose geometry
is defined in Fig. 6.6. We used GH with a polar interpolation from a grid
©¢ with a spacing 1/8 onto a grid of interest Pg with a regular spacing
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Figure 7.3: Example of the application of GH in the selection step of the first iteration
of BOMP. The GH Error corresponds to the absolute difference between the exact (left)
and the approximated (center) correlation.

1/4. Computing the exact single-step correlation took 12ms while the GH
approximation only required 0.8ms to calculate. While this improvement is
significant, it only accelerates the estimation of p* restricted to the grid Pg.
In the next section, we propose to use the interpolation a second time to
efficiently leave this grid without dominating the computation time of the
accelerated grid search that we just presented.

7.2.3 Hopping Off-the-Grid

Following the principle of our proposition of interpolation-based Continu-
ous OMP, detailed in Alg. 3, we interpret the above on-the-grid estimation
as a first step that can later be refined without additional computation of
correlations. When GH is used, we dispose of the values of C; evaluated
on Og. Therefore, in this section, we suggest applying an off-the-grid pro-
cedure that leaves the grid P for the continuous space P while working
with interpolations defined in the sensing domains © of each signal. Not
only does this choice enable the use of simple interpolation patterns, already
studied in Chapter 5, but it also leads to a fast way to interpolate the global
correlation function outside Pg by only using values already computed.

Practically, given that the n-th bin of Pg has been selected by the grid
search (7.5), we refer to the lookup table (computed offline following (7.2))
and collect index ¢, that connects 7 to the sensing grid, for all ¢ € [Q)].
Next, defining

9, = UTAqu7 (7.6)
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we interpolate p off-the-grid with
Q —
pi=max > (g, V(Sy(p) = 0r,))]. (7.7)
qg=1

Since U is computed offline and Ag y, amounts to take I samples from the
set Cq(O¢), retrieving the values g, requires no computation time. We pro-
pose to solve (7.15) using a gradient ascent initialized in p,,, denoting the
on-grid estimate given by (7.5). Since the applications detailed in Sec. 6.3
yield PPFs with simple closed forms for both their expression and their
derivatives, we use a Newton step in this ascent. Note that given a suffi-
ciently dense grid, the initialization is commonly such that the procedure
converges in a few iterations, that we limit arbitrarily to 10. We emphasize
that by construction, its complexity is insensitive to the dimension of the
problem, i.e., M, Ng and Np. That is, the complexity of evaluating the
objective —and its derivatives— of (7.7) only depends on the number of
processed signal (Q and the order of interpolation I. As the limited number
of evaluations is firmly limited, we conclude that the additional computa-
tion time of this step becomes negligible when compared to the grid search
for a sufficiently large scale of the estimation problem.

Let us finally fully express the resulting extension of BOMP, endowed
with Grid Hopping on and off the grid. The resulting algorithm is detailed
in Alg. 5, given measurements that follow model (6.7).

7.3 Grid Hopping Estimation Error Bound

Now that we presented the GH framework, we evaluate its performance
by first derivating a theoretical bound on the estimation error resulting
from its application in a simple scenario. Note that even in the off-the-grid
extension detailed in Alg. 5, the grid selection step (7.9) remains the critical
aspect since the off-grid shift is computed around this estimate. Therefore,
combining the messages that we previously conveyed in both Thm. 5.3 and
Thm. 6.3, we study an upper bound on the on-the-grid GH estimation error.
Precisely, we focus on the noiseless observations of one parameter p* € P
(e.g., a single source to localize). Given the estimate p provided by (7.5), we
derive an upper bound on the value of |p — p*||2. This bound is given with
respect to the properties of the grids ©g and Pg as well as the interpolator
used for Grid Hopping (GH), showing the effect of each processing step.
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Algorithm 5: Grid-Hopping Continuous BOMP
Input : K, y,, Alookup tables £, and lookup sparse matrices C,

OUtp]—It: ﬁla e 7f)K

begin

Initialization: r, +— y, for ¢ € [Q];
for k=1 to K do

1. Selection Step

zg=Ary, Vge[Q] (7.8)
o 2
A, = arg max Z |C 24| (7.9)
n€[Np] g=1

2. Fitting Step
Bq «— argmingccrr 5|y — [Ag,, . Ag, ] ﬁ”; Vq € [Q]

where éq,l, s ,€q7k = Eq(’flk).

3. Residue Update
ro— Y, — [Av,. 0 As ] By Va € [Q)] (7.10)

4. Off-grid Shift

Q
pi= I;Ig%ZKgq, V(Sy(p)—0;,,))], ke [K] (7.11)

where g, are obtained by (7.6).

In the following theorem, we use a notation for the normalized amplitude
coefficients, defined as

Vg = |aq|2/ Zgzo |O‘q/|27 (7.12)
and we set Ymax 1= Maxge[q] Vg, as Well as Yy = minge() vq-
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Theorem 7.1 (Grid Hopping Bound). Let us assume that

(A.1) the atom function a is translation invariant and such that |x(-)|?

where k is defined as in (7.1), is a lobe-r function with L, U as lower

7

and upper bound constants respectively,
(A.2) the grid Pg discretizes P with a covering radius p, and

(A.3) We use an interpolation scheme with an interpolation gap §.

Given measurements provided by (6.6) with no noise, the following bound on
the estimate p resulting from the estimation (7.5) holds. Given the constants

Rp = ,/751::, U := Umin, Rp := RP/\/E, (7.13)

if
(AmaxRP) p* < 17 — 222¢, (7.14)

then

o9l < Ak (2B €+ ZRRE + DE + OB 7). (1.15)

The proof of Thm. 7.1 is provided in Sec. 7.8.1. In words, it tells us that
given a grid with a coverage radius p sufficiently smaller than the inner lobe
r, the estimation error between p and p* is upper bounded by a weighted
sum of the interpolation gap £ and an f5 combination of £ and the grid gap
p. We remind for interpretation purposes that the radius r is here associated
2

with the squared kernel function |k(-)|* of one sensor taken alone and hence

quantifies the intrinsic resolution of each sensor.

If GH is not used, hence leading to the classic single-step method, then
the only remaining error is the gridding error, proportional to p. If, on
the other hand, the GH is used to estimate p in a continuous space —
e.g., with an infinitely dense grid Pg— then the gridding error is zero and
only interpolation error remains, proportional to £&. Thm. 7.1 confirms the
intuition that since GH is a combination of these two scenarios, it results
in an error that asymptotically linearly combines their respective bounding
errors.

1
The factor A2 translates the impact on the geometry of the parameter
projection function S, which is often related to the sensor network’s ability

to observe the parameter of interest diversely. Notably, a poorly conditioned
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network implies that A, is close to 0. The value of A, reaches 0 when
one or more values of p € P cannot be estimated unambiguously by the
system. This happens, for example, if one places all the receivers of any
localization system in the same location.

It is also noticeable from this bound that the imbalance between the
power levels of the received signals (i.e., Ymax := maXge(Q] Vg = VYmin ‘=
minge(g) v4) negatively impacts the estimation performance in single-step
methods. Indeed, this aspect is highlighted in the definition of the term
Rp, which is minimized when all the received signals exhibit similar power
(with ideally Ymax = max.e[Q] Vg = Ymin := Mingelg)Vy). We discuss in
Chapter 8 hints of strategies to approximately reach this optimal aspect,
opening perspectives of future work on the topic.

The bound also enables us to study the compromise between using dense
grids or higher-order interpolation schemes. For the following reasoning, we
remind the reader that the computation of p with GH has a computational
complexity proportional to NoM + Npl. If the term is p dominates the
error, then we can only decrease p to significantly improve the performance,
increasing Np. If, however, the term in £ dominates the error, then we
can decrease this term either by using a more precise interpolation scheme
(e.g., using a polar interpolation instead of a nearest-neighbourg strategy)
or by increasing the density of the observation grid ©g. Computationally
speaking, in the first case, we increase I; in the other case, we increase
Ng. Therefore, for a given signal length M, determining the best choice
between these two ways of decreasing ¢ depends on the value of Np. If
NgM dominates the computation time, then a higher-order interpolation
scheme will be preferred. If NpI is high, then one should use a low-order
interpolation scheme with a denser grid ©¢. This effect will be observed in
the simulation results shown in the next section.

7.4 Numerical Results

This section presents numerical results from extensive Monte-Carlo simula-
tions. First, we compare the bound derived in Sec. 7.3 with results obtained
from the simulation of the simple MSR application presented to motivate
GH in Sec. 7.2, given a simplified noiseless scenario which fits the condi-
tions for which Thm. 7.1 applies. Next, we assess the effectiveness of GH by
means of simulations performed for two applications presented in Sec. 6.3
and using several different interpolation schemes described in Sec. 7.2.
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Figure 7.4: (a) Comparison of the maximal squared error ||p—p*||3 observed over 10,000
realizations of p* for multiple inteprolation schemes used in GH. (b) The same results
as in (a) plotted with respect to the interpolation gap ¢ given in Fig. 5.4.

7.4.1 Evaluation of the GH Bound

For this simulation, we randomly selected 10,000 realizations of the true
parameter of interest p*, each time taken following a uniform distribution
in the domain P depicted in Fig. 7.1(a). For each selected value of p*, the
collection of measurements {yq}qu1 were computed according to a noiseless
scenario with equal power in each signal. This latest simplification leads
t0 Ymin = Ymax = 1/Q. For each realization, the GH method was used
with all the interpolation schemes that we compared in Fig. 5.4, outputting
an estimate p of p*. These estimations were performed for several uniform
griddings O¢ of © and griddings Pg of P. The grids Pg all have a structure
similar to the grid from Fig. 7.1(a) and are defined with different spacing
between adjacent bins, directly proportional to the covering radius p.

For each grid and each interpolation scheme, we saved the realization
which provided the worst (higher) estimation squared error ||p — p*||3.
Fig. 7.4(a) depicts these worst-case errors with respect to the density of
O¢ expressed by Ng/M, while the density of Pg is fixed with p =1/8. In
comparison with Fig. 5.4, we observe that, as expected, the interpolation
schemes that exhibit lower interpolation gaps & lead to a lower worst-case er-
ror. As Ng increases, the error decreases according to the value of £ shown
in Fig. 5.4 before reaching the grid error, which results from the limited
density of Pg.
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Figure 7.5: Comparison of the GH bound with the maximal squared error ||p — p*||2 ob-
tained using GH with the order-5 polar interpolation [CH19]. Multiple uniform griddings
Pq, with three different covering radius p are compared.

The link between the worst-case squared error and the interpolation gap
¢ is better represented by Fig. 7.4(b) where the same data as in Fig.7.4(a) are
plotted with respect to the values of £ taken from Fig. 5.4. In this figure, we
added the GH bound which has been computed given the constant covering
radius p = 1/8. Similar results, restricted to the polar interpolation, are
depicted in Fig. 7.5 for multiple values of p. Each curve exhibits two regimes.
The left flat part corresponds to values of ¢ such that the interpolation
term dominates the error while the right increasing part corresponds to the
regime where the term in p dominates the bound’s expression. The same
two regimes with equivalent slopes appear with the simulated results. The
vertical shift between the theoretical bound and the results is caused by a
constant factor while the horizontal shift translates a mismatch between the
weightings of p and £ in the expression of the bound with respect to the
actual effective weightings given an interpolation scheme. Those are due to
the unlikeliness of all inequalities of the bound to be tight simultaneously
in a single value of p*. Nonetheless, the weighted-sum property of p? and
£? is preserved when moving from the theory to the simulations.

7.4.2 Grid-Hopping Performance

We validate now the ability of GH to provide a good compromise between
existing methods by comparing it to the two-step and the single-step meth-
ods proposed in Sec. 6.2. To this end, we simulated two different systems
to which GH can apply under noisy conditions. While multiple contribu-
tions in the literature of each field have already shown the superiority of
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single-step methods with respect to the two-step methods under sophisti-
cated nuisance, including reverberation [DSB01, P.03, ZFZ08, BKY16], we
restrict here our study to the robustness of the estimation against white
noise. This simple case enables us to compare the effectiveness of GH,
when used with different interpolations, to attain performance comparable
to those of single-step methods with a computational complexity closer to
two-step methods. The evaluation of GH in the presence of other nuisances
is kept for future work.

The first application is a MSR with the same characteristic as the one
described in Fig. 6.6(a). The other application is a network of circular sensor
arrays such as depicted by Fig. 6.6(b). In both cases, we have measurements
y, each with M = 64 components.

We start with the results from the MSR’s simulation. For multiple values
of SNR, we averaged the estimation error ||p — p*||2 over 10,000 realizations
of noisy signals (see model 6.6) in which p* have been taken uniformly at
random in P and the coefficients a,y have been taken independently for each
index ¢ from a complex normal distribution of variance equal to 1.

Fig. 7.6(a) shows the results of this simulation when the covering radius
p of Pg is equal to 1/4 and when Ng/M = 4. We observe first that
the single-step method provides stronger robustness with respect to noise
than its two-step counterpart. When the SNR is high, the performance
saturates as it reaches the limitation due to the gridding Pg. The GH
curves follow the one of the single-step but saturate sooner to reach, at
high SNR, performances which depend on the choice of interpolation. The
nearest neighbor strategy logically leads to the worst GH performance while
higher order interpolations exhibit performance so close to the single-step
algorithm that their curves cannot be distinguished in this figure.

Fig. 7.6(b) and (c) respectively show the average estimation error and
the computation time with respect to the number Ng of grid bins of the
sensing domain with a constant SNR set to 20dB. Increasing Ng leads to a
smaller value of ¢ for a given interpolation pattern of order I, but increases
the computation time required for GH. Since in this situation, the term in
NoM is significant in the computation time of GH methods, increasing Ng
deteriorates the speed of the algorithm. It results that the polar interpola-
tion with No/M =~ 4 appears as potentially the best compromise between
the performance and the computation time. Note that the LS interpolator
requires a higher computation time than the polar one because it requires
complex interpolating coefficients and hence, is virtually of order I = 6
instead of 3 as far as the computation time is concerned.
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Figure 7.6: Simulation results from the MSR system showing the average of the estimation
error ||p — p*||2 over 10,000 realizations of noisy signals following (6.6). The polynomial,
the polar, and the LS interpolators used in GH for this simulation are all of order I = 3.
In (a), the performance of the polar and LS interpolation-based GH are merged with the
performance of the single-step method. In (f), the performance of the polynomial and
LS interpolation-based GH are merged with the performance of the single-step method.
The computation time of the polynomial is the same as the computation time for the
polar method. (a)-(c) for p =1/4. (d)-(f) for p =1/8.

Let us remark that NN-based grid hopping method has been computed
faster than the two-step method in this case. Although this may seem
surprising, this happens because we limited the scale of the problem to
M = 64, resulting in a computation for the multilateration step (6.10) that
potentially surpasses the one of GH. If one increases the dimensionality of
the problem, we expect to observe the computation time of the two-step
method to be affected by a smaller increase than the GH-based algorithms,
thereby leading to the conclusion that the two-step method is the fastest.
In this higher dimension scenario, we also expect the single-step method’s
computation time to skyrocket. In fact, we set the limitation M = 64 in
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Figure 7.7: Simulation results from the DoA-based localization system following the same
principle as Fig. 7.6, for p = 1/8.

order to maintain a scalable memory requirement for the exact single-step
algorithm. Indeed, in order to fit real applications, we scale the location
domain P with the radar’s maximal non-ambiguous range (see the rule
given by (2.23)). It results that in 2D, Np is proportional to M? ans hence
the single-step dictionaries {a(d) : 6 € S,(Pg)} are matrices that scale in
O(M?3). Therefore, storing them appears as another limitation of the exact
single-step method which is solved with grid hopping.

In Fig. 7.6(d) to (f), the same results are plotted for a covering radius p =
1/8 and with Ng/M = 8 in (d). The same conclusions as before apply but
the computation times tell another story. The increase in the number of grid
bins Np in the grid of interest has multiple consequences. First, the two-step
method is now clearly the fastest method, confirming its lesser dependence
on the scale of the problem. Moreover the term in Npl now dominates the
computation time of GH. Therefore, seeking to improve the performance
of the GH algorithms, it is now more efficient to reduce £ by increasing
Ng instead of I. Practically, this translates into the conclusion that the
nearest neighbor strategy with a dense sensing grid ©¢ is the best choice
in terms of compromise between performance and computation time. This
observation confirms the intuition described in Sec. 7.3 from the inspection
of the GH bound. In short, when Np is sufficiently small, then a higher order
interpolation is preferred to reach the single-step method’s performance with
GH. As Np becomes larger, using a lower order interpolation with a dense
sensing grid ©g becomes computationally more efficient.
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Figure 7.8: Results similar simations as in Fig. 7.6, comparing on-the-grid (ONG) meth-
ods and off-the-grid (OFG) methods. (a)-(c) for p = 1/4. (d)-(f) for p = 1/8.

We can now move on to the second application, for which results ob-
tained in similar conditions are shown in Fig. 7.7. Since the atom function
described by (6.20) is not translation invariant, we can no longer use the po-
lar interpolation for which this property is a requirement. Also, this implies
that our theoretical bound is no longer guaranteed. Still, we observe similar
results as those from Fig. 7.6 in the MSR context and thus we conclude
that the main intuition provided by the bound can be extended beyond the
assumption it has been built upon.

Next, we decided to concentrate on the use of polar interpolation and to
apply it to the off-the-grid GH technique that we proposed in Alg. 5. With
the same conditions as Fig. 7.6, we compare in Fig. 7.8 the performance of
six algorithms. The first three, labeled as “ONG”, are restricted to the use
of the grids Pg and/or ©¢ that were already used for the results in Fig. 7.6.
For each of them, we added an off-the-grid version. The off-grid single-step
algorithm solves (6.11) by refining the grid search with a gradient ascent on
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the global correlation function, initialized in the on-the-grid estimate. In
the off-grid two-step algorithm, we similarly performed a gradient ascent to
refine the on-the-grid estimate in the first step (6.8). Finally, the GH-based
off-grid method amounts to Alg. 5 with a single iteration.

We observe in Fig. 7.8(a) that the off-the-grid GH yields results that ex-
hibit robustness with respect to noise that is similar to the one of the exact
single-step method. At high SNR, its performance saturates toward an error
value which corresponds to the effect of the atom approximation intrinsi-
cally used in GH. We observe however in Fig. 7.8, in which a SNR of 20dB is
constant, that this saturation can be pushed to a lower value by increasing
the density of O¢ (i.e.,, by increasing Ng). This is confirmed in Fig. 7.8(d)
where p = 1/8 and No/M = 8 are used. The off-the-grid GH seems to
exactly fit the performance of the exact single-step algorithm in that case.
By inspecting Fig. 7.8(c), we observe that the off-the-grid shift computa-
tion described in (7.7) leads to a significant increase in the computation
time compared to the on-the-grid version of GH. Again, since this step’s
computation time is independent of the problem’s dimension, we expect an
attenuation of this effect in problems of higher scale, typically with higher
values for M and/or Np. Fig. 7.8(f) shows the results for a higher value
of Np and thereby confirms our intuition since we observe a reduced gap
in the computation time between on-the-grid algorithms and their off-the-
grid counterparts. Overall, the off-the-grid GH selection algorithm meets
its promise by proposing an alternative that reaches the performance of the
single-step method with a computational burden closer to the one of the
two-step method.

7.5 Specific Application of GH to Multistatic
Radars

The content of this section and the next one have been presented at the
ISCS’23 conference [MFD*23].

We enter the final part of this chapter: the specific application of GH to
the factorized single-step signal processing that we introduced in Sec. 6.3.3.
Since the definition of GH is given in this chapter for the general sen-
sor network context, it straightforwardly applies to the location selection
step (6.26). For the velocity selection described by (6.27), however, the ap-
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plication of GH comes with one challenge that translates into a restriction
on the choice of speed grid and interpolation pattern. Indeed, let us point
out that the definition of the effective PPF used in (6.27) to connect any
velocity v from V to a set of speeds depends on the knowledge of the target’s
location. Therefore, the lookup table and the interpolating coefficients can
no longer be computed offline. We instead need to compute them online
from the value of the location estimate &. Fortunately, this task can be
performed fast when working with a uniform grid in the speed domain and
a nearest neighbor strategy as “interpolation”. In that situation, the com-
putation of the lookup table is reduced to a thresholding operation on the
result of a small-scale matrix product. More specifically, from the estimate
&, one can compute for all ¢ € [@], the directional vector

. &2 & ahX
h, == —~ + — a > 7.16
‘ 2<w—wTXn2 &~ =[], (7.16)

=

We can then rewrite S;peed(v) = ﬁ;—'v. Therefore, given Vg to denote the
2 x N matrix containing the N velocities contained in the velocity grid Vg,
A to denote the spacing between adjacent bins in the speed grid, the ¢-th
lookup table is directly obtained from UALqTVG /A, where |-] is the rounding
operator to the nearest integer. This is computed in an insignificant com-
putation time. Moreover, no interpolating coefficients need to be computed
since we consider the nearest-neighbor strategy.

7.6 Experimental Results

We finally validate the GH strategy by applying it to a sample of the data ob-
tained during the measurement campaign described in Chapter 2. Although
we recorded data from many different scenarios, potentially involving the
simultaneous observation of multiple cars passing by the receiving antennas
(see Fig. 2.11), this section is now restricted to the simplest scenario in
which a single car is observed. This scenario was schematically represented
in Fig. 2.11(a) redrawn in Fig. 7.10(a) with more precision. Moreover, to
simplify the connection with our generalized sensing model, only one RX
antenna in each station was used for the processing presented in this section.
The processing of more sophisticated scenarios and using all height anten-
nas present in our system —for which we already dispose of the recorded
data— is left as a perspective of future work.
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Figure 7.9: Example of the single-step correlation functions computed from one of the
processing frames acquired during the measurement campaign.

For this scenario, we remind that we acquired signals for 60 seconds at a
rate of one processed frame every 60ms on average. A processing frame is a
block of M. = 128 subsequent chirps, each composed of Mg = 128 samples.
We remind the reader that the radar’s ranging resolution is 60cm since it
works on a 250MHz bandwidth. We first applied three estimation methods
to each frame to retrieve the location and the speed of the single target.
These are (i) the two-step estimation, (ii) the single-step estimation, and
(iii) the single-step estimation enhanced with GH.

First, Let us illustrate with Fig. 7.9 the correlation functions used by the
single-step method, approximated with GH, from one representative data
frame. In the location correlation displayed in Fig. 7.9(a), we neatly ob-
serve the intersection of ellipses that we encountered many times from the
simulations throughout Chapters 6 and 7. Similarly, the linear intersection
corresponding to the velocity estimation appears when observing the cor-
responding correlation shown by Fig. 7.9(b). At least three comments can
be made on this result. First, observing comparable figures from real-world
experimental results in contrast to simulated data is a positive indication
of the reliability and validity of the derivation proposed in those chapters.
Second, since we used conventional patch antennas, there is no compensa-
tion for the path loss in the acquired data, leading to significantly distinct
power levels in the signals received from different receivers. It results in el-
lipses with different intensities in Fig. 7.9(a) and ultimately in a potentially
less precise estimation according to the conclusions drawn from Thm. 7.1.
Third, both the ellipses in Fig. 7.9(a) and the lines in Fig. 7.9(b) do not
all exactly meet in the same point. This difference with the theory mainly
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Figure 7.10: (a) representation of the antennas’ locations with respect to the observed
scene. The car moved along the blue curve. The dashed part corresponds to the locations
of the cars that we discarded since they are outside the sight of the receivers. (b)
Estimates obtained by processing the 433 frames of interest with the two-step method
restricted to range and speed grids with spacing 1/8 times the radar’s resolution. (c)
Similar estimates from single-step method restricted to location and velocity grids with
spacing 1/2 times the radar’s resolution. (d) Similar estimates obtained by hopping from
the grids used in (b) onto the grids used in (¢) with polar interpolation.

comes from the non-point nature of the target. Since the observed car is
significantly larger than the radar’s resolution, this aspect that is not taken
into account by our model negatively affects the results. This aspect is dis-
cussed in Chapter 8 in which we briefly investigate solutions left for future
work to overcome the limitations of the current system.

Applying the three approaches to all processing frames yields location
and velocity estimates plotted in Fig. 7.10. Let us point out that since the
true path followed by the car is known, we discarded a set of frames that we
know to correspond to the instant during which the car was located outside
the sight of the receivers, hence leaving 433 relevant frames to process. We
conclude from Fig. 7.10 that (i) the single-step method indeed produces
more estimates that correctly follow the true path and (ii) the GH method
produces estimates very close to those obtained from the single-step method.
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Figure 7.11: (a) Estimation error of all the 433 processing frames of interest, as obtained
by the three estimation methods. (b) Hit Ratio as a function of the tolerance ratio (in
meters). Three distinct densities of the grid Xg are respectively shown in solid line for a
spacing of 1/2 the resolution, in dashed for a spacing 1/4 the resolution, and in dotted
line for a spacing 1 the resolution. (¢) Computation time of the methods with respect
to the grid density of Xq.

Finally, the three methods’ performance and computation time are com-
pared in Fig. 7.11. Each location estimate resulting from each algorithm
was compared to the approximated ground truth drawn in Fig. 7.10(a). As
the car is not a single point in space, such a comparison can only make
sense with a tolerance threshold. When the error between an estimate and
the reference is smaller than the “hit threshold", we counted it as a hit (see
Fig. 7.11). We thus defined the hit ratio as the amount of hits divided by the
total number of frames. The performance was tested for multiple densities
of the location grid X, defined as the inverse of the spacing between adja-
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cent bins (in the normalized domain, i.e., expressed as a number of times
the resolution). We observe as expected that the single-step method per-
forms better than the two-step one with a higher computational time. The
hopping strategy provides an alternative with a computation time closer to
the two-step method while exhibiting performance similar to the single-step
method. This final result confirms the effectiveness of GH in a practical
MSR application and concludes this chapter.

7.7 Discussion

With this chapter, we leveraged the concept provided by Chapters 5 and 6 to
introduce and evaluate a novel technique that we coined Grid Hopping. This
framework generalizes multiple acceleration strategies used for single-step
estimation methods for networks of sensors. With Alg. 4, we also extended
the BOMP algorithm to both apply the GH acceleration and perform off-
the-grid estimation in the sensor network context. We validated, with Monte
Carlo simulations, the ability of GH to perform similarly to standard single-
step methods while exhibiting a computation time closer to the one of two-
step methods.

By means of a few assumptions on the system and the sensing scenario,
we provided a theoretical bound on the estimation error between the GH
estimate and the ground truth. This bound leads to a rule that indicates
under which conditions using a lower order interpolation with a dense grid
is computationally more efficient than using a high order interpolating with
coarse grids for similar performance. With the Monte-Carlo simulations,
the rule was confirmed to apply beyond the restrictive assumption derivate
of the bound. Our bound suggests that working with signals of equivalent
power yields more robust results. This observation can open the way for
future research on signal conditioning and pre-processing at the receiver
level to meet this criterion efficiently.

Finally, we evaluated the efficiency of GH in real conditions by applying
it to the measurement we performed with our multistatic radar. The current
comparison is restricted to a single interpolation scheme and our most simple
scenario with a single car moving. Still, the data bank we collected during
our measurement contains many more sophisticated scenarios on which GH
could be tested in the future. Those data can be found in open access at
https://gitlab.com/gilles.monnoyer.dg/msr-dataset-22-08-2022.
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7.8 Appendix: Proofs

7.8.1 Proof of Theorem 7.1

Theorem 7.1 results from the application of a more general theorem: Thm. 7.2,
proven in the next section. We provide first this general theorem which is
proven in the appendix of this paper. Note that in this whole section,
f: Z+— Ris a lobe-r function with lobe-bounding constants L > 0 and
U >0.

Theorem 7.2 (Lobe Function Maximization Bound). Let f : Z — R be an
approzimation of the lobe-r function f such that for oall z € Z,

|f(2) = f(2)] <. (7.17)
Given a set Z' C Z, if there is zwof € Z' such that

lzrel3 < 22522, (7.18)
then the estimator Z defined by

% := argmax f(z) (7.19)
zeZ’/

is such that ||2[3 < &l|zwetl3 + 2 1.

In words, Thm. 7.2 provides a bound on the distance between (i) the
maximizer, restricted to Z’, of f which approximates the lobe-r function
f and (ii) the exact maximizer of the f with no restriction, which is 0 by
definition of a lobe function.

We provide some intuition on the idea behind this theorem. Given Z’,
we select the z.of € Z’ with the lowest £ norm to obtain the best bound.
Therefore, while the optimization (7.19) will not necessarily return z,¢, this
value is the best estimate we could hope for since (7.19) is restricted to Z’.
When the constraint (7.18) applies, we impose zq¢ to belong inside the inner
lobe of f, with a “security” coefficient U—LG to account for the error between
f and f. Therefore, Thm. 7.2 tells us that if z. is sufficiently inside the
inner lobe, not only we are guaranteed to have 2 inside the outer lobe of f
(which is a consequence of (5.28)), but also the decreasing properties of f
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enable us to bound the /5 norm of 2.

The bound is reached with equality in the unlikely event of f(zyer) hit-
ting the lobe’s lower bound with a maximally unfavorable approximation
error between f(zf) and f (2ref). In contrast, another point of Z’, whose
{5 norm reaches the bound of Thm.7.2, exhibits a maximally favorable ap-
proximation error while hitting the lobe’s upper bound (5.29).

To prove Thm. 7.1, we apply Thm. 7.2 on the functions we define here-
after. Given the ground truth p* which is sensed through its associated
sensed parameters 8% = (67, - - ,92‘2)—'— := S(p*), the approximated kernel,
which results from the use of a@ instead of a in the correlation process, reads
for all q € [Q],

kq(6) == (a(0; +4), a(0y;)) (7.20)

Next, we consider the summation performed in the single-step method with
and without GH respectively in (6.11) and (7.5). When particularized to the
noiseless context for which this bound applies, and given 6 := (01, - - -, (5Q)T,
this yields

ks(8) == S0 g 1K6(80)1%, (7.21)
i (8) 1= iy Ve |(5y) (7.22)

With these new functions, we can rewrite (7.5). Mathematically, with
6=0-0", (7.23)

the optimization in (7.5) is equivalent to first solve

d = arg max £(9), (7.24)
scTa

where Tg = {S(Pg) — 0*} C {T — 0"}, and then apply the bijection
p=3S"16"+9).

We demonstrate now in three steps that (7.24) meets the conditions for
Thm. 7.2. Respectively those steps show that (i) |k (d)|? is a lobe function,
(ii) |kx(d) — kx(0)| is bounded, and (iii) the condition (7.14) is sufficient
to guarantee the existence of a bin in 7g which exhibits a bound that is
assimilated to (7.18).

Step 1. Since A.1 imposes that |k(5)|? is a lobe-r function and by con-
struction Zqul v = 1, we can use Lem. 6.5 to derive the properties of k5.
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We conclude that sy is a lobe-7 with lobe-bounding constants L and U
defined by

L= 'Vmava U= ’YminUa = %T' (725)

Setp 2. The definition of the interpolation gap implies for all € O,
& > [a(0)—a(0)ll3 = 21-R{(a(9), a(0))}) > 2(1-(a(0), a(9))l), (7.26)
, which in turn leads to
7(0)]* = [{(a(6* +9), a(6* +9))[* > 1 — €2 (7.27)
Additionally, the lobe bounding property of |x(5)|? gives
|5(8)* = [{a(6" +0), a(9))* = 1~ LI|0]3- (7.28)

Thus, applying both Lem. 5.5 and Lem. 5.6 to the functions |x(-)|? and
|Feq(+)]? yields, for all ¢ € [Q] and for all § € {© — 6} },

|I7q(9)* = |x(8)*| < min {V2€,2VLE|6]2 + €7} (7.29)

Next, we extend this result to £x. More precisely, for all § € {T — 0"},

|2 (8) — k()] = | 28, Ya(|7q ()1 — |k (5,)[?)] (7.30)
= 32 7| IR (8g) 1% — 15 (8) 2] (7.31)
< min {v2¢,2VLe|6]|5 + €2}. (7.32)

Step 3. The assumption A.2 implies that there is p,s € Pg such that
|Pres — P*113 < p?. Applying Lem. 6.4 with O,r = S(p,o¢) results in ||@rer —
0|2 < Amaxp?. By construction, we have .o := Ot — 0° € Tg. We can
thus apply Thm. 7.2 to the maximization (7.24). Putting all together, if p
is such that

Amaxp? < TEAE (7.33)
= B - 300 (734
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then

»‘h(

18112 < & Amaxp® + £LE € 18]12 + 26, (7.35)

< L s + YL €185 + 262, (7.36)

Q}z\hz

Finding the only positive root of the hence formed order-2 polynomial in
|62 vields,

VU 8]l < 2¢/Le + /(4L + 2 + L|d,etl. (7.37)

Since |dref |3 < Amaxp?, then using the correspondence from (7.25) and with
Rp defined by (6.28), we obtain

VU %min [81l2 < 2Ro€ + /(4R +2)€ + Lymachmacp®.  (7.38)

7.8.2 Proof of Theorem 7.2

The proof Thm. 7.2 exploits the decreasing properties (5.29) of the lobe-r
function f. To use it, we must first guarantee that Z belongs inside the
outer lobe, i.e., 2 € By, (R). To this end, we show that z.¢ is such that
f(zret) > f(2) for all z € Z\Bu(R). If this holds, then since f(2) > f(2ef)
by definiton of 2, we conclude 2 € B (R).

The constraint (7.18) on the ¢; norm of z,. is tantamount to

1 —L|zwetlz —n>1-Ur*+n (7.39)

Since we remind that L > U and r < R, the constraint (7.18) also guarantees
that z,ef € Ba(R) C Boo(R) and hence the lobe decreasing properties (5.29)
apply to the above. This yields, for all z € Z\B.(R),

f(zret) =1 > f(2) +n, (7.40)

and thus f(z.ef) > f(2) since (7.17) holds. As stated before, this proves
2 € Boo(R).

We can now apply (5.29) on f(2). This leads to 1 — U||2|3 +n >
( ) n = f(A), and f(zref) Z (zref) -n=1- LHzrefHQ 1. Since
(2) > f(2ret), this implies [|2[13 < £||zref[|3 + 27 and concludes the proof.

J(2
f
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Chapter 8

Conclusions and
Perspectives

HIS thesis intended to contribute to setting one step forward in ac-
| celerating computationally heavy procedures to make them meet
the specific real-time and low-cost constraints applied in many es-
timation applications with sensor networks. Motivated by the continuous
advances in hardware performances, this research aimed to leverage the re-
sulting procedures to enhance the performance of multiple sensor network
applications, with specific attention drawn to Multistatic Radar (MSR) sys-
tems. To perform this task, we sequentially focused on three connected di-
rections: (i) strengthening the box constraints in Branch-and-Bound (BnB)
procedures to solve the ¢y regularized sparse decomposition problem, (ii)
leveraging interpolation to perform fast off-the-grid estimation and (iii)
finding a computationally efficient trade-off between two-step and single-
step methods in the estimation context with sensor networks.

The conclusions we draw from the outcome of this research are twofold.
First, our interpolation-based extensions of existing off-the-grid and single-
step approaches do not claim to offer the best possible solution that sys-
tematically surpasses existing approaches from the literature. In fact, the
optimal best choice of algorithm strongly depends on the specific appli-
cation context. Moreover, any practical implementation of our proposed
methods requires application-specific adaptations to obtain optimal perfor-
mances. This necessity became apparent when we tailored our techniques to
the context of MSRs, and it also applies to other types of sensor networks.
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Nonetheless, with our contributions providing both theoretical and exper-
imental validation of the effectiveness of novel methods, we hope to have
brought new perspectives that emphasize the credibility of considering off-
the-grid and single-step approaches in localization systems, including MSRs
and other systems discussed in Chapter 6.

Second, our numerical results demonstrated the effectiveness of our “peel-
ing” technique to accelerate the sparse decomposition of signals by the £,
regularized problem in a simple scenario. Still, the method remains in its
early developing stage. Notably, many proofs of effectiveness are still re-
quired if one wishes to see it as a novel state-of-the-art method for solving
large-scale problems in statistics or machine learning. Additionally, our
initial intention to connect this technique with real-time estimation appli-
cations still requires developing greedy algorithms improved with adapted
peeling and screening principles. While this thesis did not achieve this task,
we hope future work emerges on that topic.

In the following sections, we give an overview of this thesis’s specific
contributions and limitations, as well as some insights on possible further
research.

8.1 Achievements and Limitations

The outcome of this thesis can be classified in three distinct yet connected
levels of abstraction of the problems they address: (i) the sparse decompo-
sition level, (ii) the sensor network level, and (iii) the specific MSR applica-
tion level. The achievements and the limitations that lead to perspectives
of future work are sorted and summarized in Table 8.1.

In Chapter 2, we described a small side contribution: the conception of
an active Frequency-Modulated Continuous Wave (FMCW) MSR system
and the associated measurement campaign we performed. Although its
design is not assimilated as a full contribution, the measurement we acquired
provided a large data bank. These contain the observation of various civil
scenarios involving multiple cars passing by the antennas composing the
system. We used a small subset of these measurements to validate the
methods proposed in Chapter 7. However, all the advanced setups with the
simultaneous observation of multiple targets have not been exploited yet.
The whole recorded data samples remain available for future work either on
Grid Hopping (GH) or any other research project on active FMCW MSR.

To the other side of the abstraction levels, Chapter 4 presented a
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Sparse .
parse. Specific MSR
Representation of Sensor Networks . .
R Considerations
Signals
* MSR design and large
bank of data
Chapter 2
e Many scenarios yet to
process
* Strongt.hcn' convex + Extension of BnB and
relaxation in BnB. > Peeling to Multiple
Chapter 4 Reduced comp. Time Measurement Vector
* Implications in Greedy Context

methods ?

. 9 5 s * Factorized COMP
+ Unified formulations of Continuous OMP that

snei ses validated with Simulations
Chapter 5 atom interpolation spmf%call'y Rouets fo’r
. ) localization systems
techniques PemiiiiGs *  Experimental Validation ?
Chapter 6 ¢ Unified model : IFac'forlzatlon BAISTR! ot
in Single-step
* Grid Hopping * MSR Factorization aspects
¢ Performance Bound in GH
*  Numerical validation * Experimental validation
Chapter 7
*  Optimizing Geometry ¢ Advanced Scenarios
for GH (K=>1)

*  Connection with CRLB

Antenna Arrays

Table 8.1: Summary of the contributions and accomplishments of this thesis (in blue) as
well as the current limitations, opening the way for future research projects (in orange).

tractable strategy, named “peeling”, to tighten the box constraints used in
a BnB procedure tailored to ¢y-regularized least-squares problems. Unlike
the standard approach, which imposes one global constraint on the prob-
lem, our strategy aims to refine the box constraints at each decision tree
node locally. This refinement strengthens the convex relaxations used in
the pruning decisions made by the BnB procedure. As emphasized by our
simulation results, it can lead to significant improvements in solving time.
Following the above comment on this part of this thesis, we note that the
conclusions from this chapter potentially open up new ways for future re-
search, including the extension of ¢ peeling and screening techniques to the
multiple measurement vector context or the enhanced greedy algorithms.

Chapter 5 continued the journey on the acceleration of sparse decom-
position by introducing the off-the-grid estimation problem. It started with
the review of multiple commonly used atom interpolation patterns to ulti-
mately compare their effectiveness within different variants of Continuous
OMP (COMP). More specifically, we proposed a new version of a contin-
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uous OMP acting as a compromise between existing approaches, intended
to meet the desired computational time requirement for real-time sensor
contexts. Although our method does not surpass the performances of the
competing approaches for all sensing scenarios, it finds specific interest in
signals featuring characteristics of the radar measurement model. In these,
the physics of the problem guarantees minimal separation between ground
truth distances of the reflectors in the scene. It hence matches the particular
case for which our proposition is particularly efficient.

Entering Part I1I, we provided in Chapter 6 a transition introducing
crucial concepts to extend from the framework of one measurement to the
simultaneous observation of a scene by means of @) distinct sensors, each
yielding one measurement. While the research on sensor network estimation
algorithms is widely spread across multiple distinct communities, we aimed
to unify their model into a single formalism that encompasses the properties
shared by distinct applications. Next, extending a work performed during
my Master thesis, we particularized our model to the factorized context
appearing in FMCW MSR systems. Specifically, we deepened the study of
the model mismatch that inevitably arises while applying this factorization.
We thus defined a novel theoretical bound on the estimation error in a simple
scenario. One may consider future work deriving a tighter formulation of the
bounds, using, for instance, higher order bounding lemmas on the Parameter
Projection Function (PPF). Still, this might not appear as a fertile direction
since the current formulation of the bounds is already sufficient to relate the
central tendency between the geometry of the system and the impact of the
model mismatch.

We ended the technical part of this manuscript with Chapter 7 and
the introduction of GH. Our technique is built upon the concepts and the
models described in Chapters 5 and 6 and intends to accelerate single-step
estimation methods for sensor networks. With extensive Monte-Carlo of
distinct systems falling into the scope of Chapters 6, we validated the ability
of GH to result in similar performance as standard single-step methods while
exhibiting a computation time closer to the one from two-step methods. We
also observed this effect while applying GH to actual measurement recorded
by the system presented in Chapter 2. Finally, we studied its limitation by
means of an additional upper bound on the estimation error it provides in a
simple noiseless scenario. We confirmed our interpretation of the implication
of the bound by observing its effect on the Monte-Carlo simulations. We
leave the critical discussion on the content of this chapter to the next section,
in which we suggest new directions for potential future research projects.

182



8.2. Perspectives of Future Research

8.2 Perspectives of Future Research

Let us extract from our conclusions a few hints for future work targeting
each of the three levels corresponding to the columns of Table 8.1.

Sparse Decomposition Level : Based on conclusions explained at the
beginning of this chapter, we identify in that level two main research di-
rections to follow up on our work: (i) the extension of peeling to more
sophisticated scenarios and (ii) pursuing the work on improving Orthogonal
Matching Pursuit (OMP) by injecting some BnB inspired tests within its
iterations.

Sensor Network Level: Interestingly, the grid hopping estimation bound
provided by Thm. 7.1 to evaluate the impact of the systems’ properties on
the precision loss caused by GH can be connected with the joint Cramer-
Rao Lower Bound (CRLB) computed in a similar context (e.g., see [GHB10,
TIKY16]). That is, the CRLB is given either by the determinant or the
eigenvalues of the inverse of the Fisher Information Matrix (FIM). In the
single-step estimation framework, the evaluation of this latest in any p € P
is proportional to J(p)'J(p), i.c., the same quantity we used to define
the constant A, i, that drives the value of our GH bound. Still, it is worth
noting that both the joint CRLB and our bound study are distinct but com-
plementary aspects of the estimation. On the one hand, CRLB study the
estimation error caused by the noise while considering an exact continuous
single-step solver. On the other hand, our bound focuses on the impact
of the model approximations of the discretization and the use of GH in a
noiseless scenario. It is, therefore, of high interest to observe that optimiz-
ing the sensors’ localizations of a given system is aligned with respect to
these two distinct aspects. Our bound, however, enables novel considera-
tions with respect to the CRLB: it conveys information about the impact
of the choice of grid Pg on the performance of GH. To sum up the consid-
erations brought by this paragraph, we suggest that future work connecting
our bound with the CRLB to optimize the design of sensor networks, as
well as the grid Pg discretizing P, can be of high interest to increase the
estimation performance in many localization scenarios.

Additionally, our GH bound suggests that working with signals of equiv-
alent power yields more robust results. While this property can be ensured
by first normalizing the power of each received signal, this may appear as
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an imprudent decision when working in the real, noisy world. Indeed, this
would amount to dramatically increase the noise power of signal observing
the features of interest with low Signal-to-Noise Ratio (SNR), hence degrad-
ing the overall estimation performance of single-step methods. We propose
instead to apply a first pre-processing step to separately denoise each sig-
nal prior to the above-mentioned power normalization at the input of a
single-step algorithm. We emphasize that our suggestion is not equivalent
to a two-step method since there is no objective of finding preliminary es-
timates. This denoising step may, for instance, be efficiently accomplished
with a weakly regularized LASSO procedure at each receiver’s level. On
top of the desired increase in estimation performance, this could also lead
to simplifications in the hardware requirements since one should only trans-
mit —to the central computation unit— compressed versions of the received
signals instead of their full-resolution versions.

Multistatic Radar Level : The radar signal model derived in this re-
port and subsequently used to validate our methods possesses one main
drawback: The assumption that a single-point scatterer well represents tar-
gets. In reality, the signal received by each antenna is a sum of the echos
originating from the reflection of multiple salient scattering points of each
target. Since the exact location of these salient points depends on the angle
from which the target is observed, this has two main consequences on the
application of single-step methods to MSR.

First, one needs to estimate an unknown number of estimates (of location
and velocity) for each target instead of one. Studying the structure of the
clusters of resulting estimates is of paramount interest for target recognition.
While this aspect extends beyond the scope of our work, it was notably
investigated by Dr. Zijian Wang in the framework of the LUMINET project
I participated in. Combining the effort of this thesis on accelerating single-
step procedures with the target recognition topic may lead to new research
projects in the future.

The second consequence is that each sensor may not observe the same
parameter of interest if one keeps the radar formulation we proposed in
Chapter 6. This leads to two open questions: (i) Can we find a new defini-
tion of the PPF operator to take this mismatch into account, and (ii) Can
we evaluate its impact using an extension of our estimation bound?
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8.3 Final Words

We are now reaching the end of this dissertation. At the end of the day, seek-
ing to enhance the estimation capabilities of multistatic radars has driven
my research far beyond the specific scope of this application.

While some conclusions of this work apply to MSR alone, others quickly
appeared to me as generalizable to other sensors. Investigating the acceler-
ation of heavy sparse decomposition algorithms in that particular context
eventually led me to briefly set aside the sensor applications to study, at
a more abstract level, how seldom used decomposition problems can be
brought back to the scene while maintaining tractable solving times. While
these considerations might have diffused the focus of this thesis over many
distinct topics, I aspire to have provided new connections between yet sep-
arated research fields.

In the end, bringing these algorithms forward to the scene as new credi-
ble approaches for real-time applications has led to more questions than di-
rectly applicable contributions in off-the-shelf sensor networks. It is thereby
expected to have opened the way for a long list of future exciting research
projects on a wide variety of related topics.
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