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Abstract

The increasing complexity of modern control systems—spanning applica-
tions from smart grids to autonomous vehicles—has underscored the lim-
itations of traditional control techniques. These cyber-physical systems
(CPS) require advanced frameworks to ensure both efficiency and safety.
This thesis explores abstraction-based control as a promising approach for
CPS, where system behaviors are captured by finite-state models, trans-
forming control tasks into combinatorial problems that enable systematic,
correct-by-design controller synthesis.

First, we develop a theoretical framework to systematically classify and
characterize system relations according to their concretization procedure.
We demonstrate how the abstraction relation can be tailored based on the
desired properties of the control architecture of the original system, irre-
spective of the specification we aim to enforce. Meanwhile, we introduce
key system relations, highlighting their impact on control design and their
role in mitigating the inherent non-determinism caused by discretization.

Second, we introduce algorithms to co-design the abstraction and ab-
stract controller, focusing on relevant regions of the state space specific
to the control task and thereby reducing computational complexity. For
that, we integrate dynamic programming techniques within the abstrac-
tion framework, providing methods to transfer value functions from the
abstract system to the original system, and we propose a framework for
constructing non-uniform cells optimized for the system dynamics and
control objectives. Finally, we implement these algorithms in Dionysos. j1,
amodular package that solves control problems using advanced techniques
from symbolic control, optimization, and learning.
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Introduction

N our modern world, the control systems are increasingly complex (think
of smart grids, autonomous cars, robots and the internet of things).
These complex systems are at the center of a paradigm shift coined as
the cyber-physical revolution by the industrial and academic communities
[KK12, Alul5, LS16]. The industry currently applies classical control tech-
niques even if their requirements are no longer met for these systems. This
causes a loss of efficiency and a lack of guarantees that are crucial in view of
the importance of safety in such systems [BK08]. As a consequence, many
key technological applications run nowadays at sub-optimal regimes.
Generalizing classical control techniques based on frequency analysis
or convex optimization to cyber-physical systems (CPS), such as hybrid
systems [HKPV95], is challenging. In the literature, some works achieve
this for specific classes of hybrid systems but this is usually limited to sys-
tems for which the discrete part is not too complex [Cla97]. However, the
increasing interconnection between computers and dynamical systems de-
mands more general frameworks, which should be able to match the cur-
rent challenges of these cyber-physical systems in a seamless way. For
example, a common method to test the correct behavior of a system is
through simulation [Don07, DM07, GP06]. The key advantage of simula-
tion is its ability to potentially produce a counterexample, i.e., a trajectory
that reaches an undesired set, thereby proving that the system is unsafe.
However, if no counterexample is found, it does not guarantee the sys-
tem’s safety, as there are infinitely many possible trajectories due to uncer-
tainties in initial states, inputs, and parameters. Formal verification frame-
works have been developed using barrier certificates [Pra06, PJ04] that sys-
tem trajectories cannot cross, or using reachability analysis [Alt10] to iden-
tify potential states that a system can reach. Reachability analysis involves
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Fig. 1 The three steps of abstraction-based control.

computing over-approximations of the set of reachable states. However,
these techniques are mainly focused on verification, and are restricted to
some classes of dynamical systems, as the exact reachable set can only be
computed in specific cases [AD94, LPY01].

More often than not with cyber-physical systems, the only sensible way
of developing a controller is by discretizing the different variables, thus
transforming the control task into a purely combinatorial problem on a
finite-state mathematical object, called an abstraction (also known as sym-
bolic model) of this system. This renowned approach, termed abstraction-
based control (a.k.a. symbolic control) [Tab09], involves a correct-by-design
synthesis, whereby a finite-state model approximates the behavior of the
original (a.k.a. concrete) system that, instead, evolves in a continuous (or
even hybrid) state space. This is achieved by defining mathematical rela-
tions between the finite state machine and the original dynamics [AHKV9S,
Tab09, RWR16, BPDB18]. Most abstraction-based approaches [Tab09, Reill,
RWR16, ZPMT11, Girl3, Gir14] for designing a controller C; that enforces
the desired specifications X1 on the original system &7 follow a systematic
three-step procedure, as shown in Figure 1. First, both the original system
&1 and the specifications X are transposed into an abstract domain, result-
ing in an abstract system S, and corresponding abstract specifications 2.
Next, an abstract controller C; is synthesized to solve this abstract control

2 |
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problem (S;,%;). Finally, in the third step, called concretization as opposed
to abstraction, a controller C; that enforces %1 for &7 is derived from the
abstract controller C,.

The effectiveness of this approach stems from replacing the concrete sys-
tem, often characterized by an infinite number of states, with a finite state
system. This allows the use of advanced computational tools from abstract
control synthesis [BYG17, KV01], discrete-event systems [KG12, CLO8] and
games on automata [DAHMO01, MNAO3], to synthesize controllers ensur-
ing specifications often difficult to enforce with classical control methods.

The correctness of this three-step approach is ensured by relating the
concrete system with its abstraction in terms of a system relation. The no-
tion of alternating simulation relation (ASR) [Tab09, Definition 4.19] is crucial
there; indeed, it is proved in the seminal work of [AHKV98] that the ASR
is a sufficient condition for a system S, to correctly represent a system &y,
such that any controller C; for S, can be concretized into a valid controller
Cl for 81.

Although this approach offers a safety-critical framework, the available
techniques suffer important scalability issues. Typically, these methods re-
quire discretizing both the state and input spaces using uniform hyperrect-
angles (cells) [RWR16]. To account for the quantization error between the
actual and quantized states, the forward image of the cells must be over-
approximated under constant discretized inputs. A major drawback of this
approach is that, without incremental stability [Kha96], over-approximation
increases the level of non-determinism in the symbolic system, potentially
leading to intractable or unsolvable problems. Furthermore, the curse of
dimensionality heavily impacts the uniform discretization, as the number
of states grows exponentially with the system’s dimension. In order to
render these techniques practical, it is necessary to construct smarter ab-
stractions that differ from classical techniques by partitioning the state and
input space in a non trivial way.

In this thesis, we aim to address these two key challenges: the non-
determinism in abstractions resulting from discretization and the curse of
dimensionality caused by predefined uniform grid-based discretization.
Our approach combines theoretical and algorithmic developments, along
with practical implementation tools.

First, in order to mitigate the non-determinism arising from state dis-
cretization, we propose avoiding input space discretization. Instead, we
exploit the full input space to design state-dependent controllers that ei-
ther reduce non-determinism or ensure deterministic transitions using lo-
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cal controllers. This approach necessitates a detailed analysis of the link
between steps 1 and 3 of the abstraction procedure (Figure 1), i.e., between
system relations and the concrete control architecture. This enables us to
design more flexible templates for concrete controllers. To this end, we de-
velop a theoretical framework that classifies and characterizes abstraction
relations based on their concretization procedures.

Second, in order to mitigate the computational challenges posed by
high-dimensional systems, we propose a problem-specific approach to ab-
straction construction. By merging steps 1 and 2 of the abstraction-based
procedure (Figure 1), we co-design the abstraction and abstract controller,
guided by the optimal control problem. This allows to construct the ab-
straction incrementally, focusing only on the relevant regions of the state
space, thus reducing computational complexity. We establish a connection
between dynamic programming techniques and alternating simulations,
leveraging these methods to construct smart abstractions.

We review the outline of the thesis below, and briefly summarize each
section.

Outline

Before delving into the core of this thesis, let us briefly outline the con-
tent of this thesis, which is organized around the three key steps of the
abstraction-based approach in Figure 1. Our main contributions are di-
vided into two parts (Part II and Part III), which focus on the results ob-
tained from exploring the connections between steps 1 and 3, and steps 2
and 3, respectively, as summarized in Figure 2.

Part |: Background

We review classical notions that will be essential throughout this the-
sis, including the control framework and a description of the limitations of
classical abstraction-based techniques, which are addressed in this thesis.
Chapter 1: Preliminaries

This chapter introduces some definitions and notations that will be
used throughout the thesis.

4|
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Fig. 2 Structure of the contributions of the thesis. Part II focuses on char-
acterizing the concretization procedure (step 3) with respect to the system
relation between S and S; (step 1). We show that one can tailor the ab-
straction relation depending on the required properties of the concretiza-
tion step and of the finally obtained concrete controller, independently of
the abstract controller synthesis process (step 2). Part III focuses on merg-
ing the abstraction step (step 1) and the synthesis of the abstract controller
(step 2). We show that one can tailor the abstraction construction depend-
ing on the specific control problem considered.

Chapter 2: Control framework

In this chapter, we present the control framework used in this thesis, in-
cluding the definitions of systems, system compositions and control prob-
lems such as specification and optimal control. We also introduce dynamic
programming concepts that will be adapted in the abstraction-based con-
trol framework in Chapter 6. These concepts will be leveraged in Chapter 7
and Chapter 8 to construct abstractions on a reduced portion of the state
space, solving an optimal control problem.

Chapter 3: Abstraction-based control

We formally define the abstraction-based approach within the given
control framework. We then explore the classical abstraction-based method,
which we will later compare with the methods that we introduce in this
thesis, highlighting its limitations.

Part Il: Theory

Motivated by the numerous system relations proposed in the literature
and the limitations of restricting concrete controllers to specific templates,
we present a framework to systematically classify and characterize system

| 5
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relations in terms of their concretization procedure. Specifically, we show
how the abstraction relation can be tailored based on the desired properties
of the concretization step and the final concrete controller, independently
of the abstract controller synthesis process (Figure 2a). The results pre-
sented in this part are partially published in [CGJ24] and were developed
in collaboration with Antoine Girard.

Chapter 4: Simulation relations

We provide a systematic characterization of simulation relations within
a plug-and-play control architecture. Our main contribution is a theorem
(Corollary 4.19) that links these simulation relations to the control archi-
tecture inherited by the concrete system. Meanwhile, we introduce key
system relations, such as the predictive simulation relation (PSR), feedforward
abstraction relation (FAR), and the memoryless concretization relation (MCR),
showing their impact on the control design. We also provide explicit con-
structions of these relations, highlighting the strengths and limitations of
their respective concretization procedures.

Chapter 5: Characterization of simulation relations

We extend the results from the previous chapter by proving a converse
result for Corollary 4.19, showing that if a concretization procedure works
for any abstract controller, the original system must be related to its ab-
straction by the corresponding system relation. To achieve this, we intro-
duce a universal system transformation, referred to as the augmented sys-
tem, which is in feedback refinement relation (FRR) [RWR16, Definition
V.2] with the abstract system, enabling a more flexible class of controllers
than the piece-wise constant controllers of the FRR.

Part 1l1: Algorithms

In this part, we propose tailoring the abstraction construction to the
specific control problem by integrating abstraction and controller synthe-
sis (steps 1 and 2 from Figure 2b). By co-designing the abstraction and
the abstract controller based on the optimal control problem, the abstrac-
tion can be constructed lazily, focusing only on the necessary regions of the
state space.

Chapter 6: Dynamic programming on abstractions

6 |
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Building on the proven success of dynamic programming for solving
optimal control problems for finite systems, this chapter establishes the
connection between dynamic programming techniques and alternating sim-
ulations. Specifically, we focus on demonstrating how value functions that
satisfy Bellman inequalities, computed efficiently in the abstract system,
can be transferred to the concrete system. In Chapter 7 and Chapter 8, we
will demonstrate how these dynamic programming surrogate functions,
though suboptimal, can be leveraged to construct smart abstractions. The
results presented in this chapter are based on preliminary work published
in [CLEJ21].

Chapter 7: Lazy and hierarchical abstractions

In this chapter, we build on the modular framework between alternat-
ing simulations and the Bellman operator introduced in Chapter 6 to trans-
fer optimal cost bounds from abstractions across different levels of nested
partitions. The chapter is organized into three sections, each presenting an
algorithm that builds upon the previous one. We develop a branch-and-
bound algorithm that leverages the bounds obtained from the abstractions
to compute the abstraction over a reduced portion of the state space. The
results presented in this chapter are based on preliminary work published
in [CLEJ21].

Chapter 8: Lazy abstraction based on non-uniform optimized cells

This chapter presents a novel approach to overcome the limitations of
classical abstraction techniques, which are constrained by the curse of di-
mensionality and the non-determinism introduced by discretization. The
proposed algorithm combines a Rapidly-Exploring Random Trees (RRT)
method with ellipsoidal coverings, integrating local controllers within a
high-level controller. This hierarchical control structure eliminates the need
for input space discretization and guarantees deterministic transitions, pro-
viding formal guarantees even in the presence of noise. Moreover, the
use of non-uniform cells and a lazy construction approach significantly
reduces the complexity of the abstraction, while addressing specific con-
trol problems. This chapter gathers the results that have been published
in [CE]24, CEJ23] based on a collaboration with Lucas N. Egidio.

Chapter 9: Dionysos.jl: a modular platform for smart symbolic control

In this chapter, we present Dionysos. j1, a modular package designed

|7
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to solve optimal control problems for complex dynamical systems, using
both state-of-the-art and experimental techniques from symbolic control,
optimization, and learning. Notably, all the algorithms and results dis-
cussed in this thesis are implemented within the Dionysos. j1 package.
This chapter gathers the results that have been published in [CBL]J24a,
CBLJ24b].
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List of symbols

The next list compiles the common notations used throughout the thesis.
Additional notations are defined within the text as needed.

Basics

R,ZN _ Real, integers and positive integer numbers (p. 19)
i3] i1 [i,/10Z, [,I0Z, > i (p. 19)
24 Power set of a set A (p. 20)
%) Empty set (p. 19)
AA = {Ax|x € A} where A is a matrix and A a set (p. 20)
A'A _ {x|Ax € A} where A is a matrix and A a set (p. 20)
int(A),0A Interior and boundary of A C R", respectively. (p. 206)
AeB Minkowski sum of two sets A, B C R" (p. 19)
C,cZ Inclusion, strict inclusion and non-inclusion (p. 20)
FX,UuU) _ Set of single-valued functions f : X — U (p. 154)
K, Koo, KL Class K, K« and ICL functions (p. 42)
Vectors and matrices

R" Vectors of dimension n (p. 19)
R m X n matrices (p. 19)
-1 p-norm (p. 19)
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support(v)
I}’l g lRﬂ Xn

Support of v € R": {i € [1;n] : v; # 0} (p. 205
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AT

Transpose of A (p. 21

Afl

Inverse of A (p. 20

A‘l‘

/\min(A)

Smallest eigenvalue in absolute value of A (p. 204

520
A>-0A>0
Convex analysis

conv(.A)

)
)
)
)
Moore—Penrose inverse of A (p. 207)
)
n X n positive definite matrices (p. 21)
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Positive definitive and semi-definite matrix (p. 160

Convex hull of A (p. 160

CC(A)

Chebychev center of 4 C R" (p. 20

H(c, h)
E(c,P)

Ellipsoid of center ¢ and shape matrix P (p. 21

B(c,r)

)
)
Hyperrectangle of center ¢ and half-length k (p. 21)
)
)

Euclidean ball of center ¢ and radius r (p. 21

Abbreviations

CPS

Cyber-physical systems (p. 1

LMI

FLOPs

Linear matrix inequality (p. 152

Floating-point operations (p. 200

6-GAS

Incrementally globally asymptotically stable (p. 43

DP

ADP

Approximate dynamic programming (p. 35

RRT

ASR

Rapidly-Exploring Random Trees (p. 152

Alternating simulation relation (p. 47

FRR

S-ASR

)
)
)
)
Dynamic programming (p. 35)
)
)
)
Feedback refinement relation (p. 49)

)

Strong alternating simulation relation (p. 79
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PSR Predictive simulation relation (p. 70)
DSR Delayed simulation relation (p. 70)
FAR Feedforward abstraction relation (p. 70)
MCR Memoryless concretization relation (p. 70)
SFR State-feedback abstraction (p. 79)
+ Should be read twice replacing it by “+" and “—" (p. 21)
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1.1

Preliminaries

N order for this thesis to be self-contained, we cover in this chapter pre-
liminaries that are used throughout the text.

Basics

The sets R, Z,IN denote respectively the sets of real, integers and positive
integer numbers. For example, we use [2,b] C R to denote a closed con-
tinuous interval and [a; b] = [a, b] N Z for discrete intervals. The symbol &
denotes the empty set. We denote a matrix A € R"*" by a capital letter
and in bold, and the element of the i-th row and j-th column of A (with
1<i<mand1l<j< n)byA,-]-.

The Minkowski sum of two sets A, B C R" is defined as

AeB={a+blac A be B}.

Given a vector x € R", the p-norm is defined by

n
lxllp = (/leil”-
i=1

Given a compact convex set 4 C R”, we define the Chebychev center of A
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as the center of the minimal-radius ball enclosing the entire set

CC(A) = argmin__ 4 rynea} [Jx = yll2.

The convex hull of a set A C R" is the smallest convex set containing A,
conv(A) = {\ixg + ...+ x| xq,..., 0 €A, A e AL

where A" 1 = {A € R" | A; +...+ A, =1, and Ay,..., A, > 0} denotes the
set of coefficient of a convex combination, i.e., the r — 1-dimensional standard
simplex.

Functions and relations

Given two sets X, ), we define a single-valued map as f : X — ), while
a set-valued map is defined as f : X — 2%, where 2V is the power set of ),
i.e., the set of all subsets of ).

Given a function f : X — Y and two subsets A C X, B C ), we define
the following notation

fA) ={f(x) eV [xe A},
fHB) = {x e X | f(x) € B}.

Note that f does not need to be injective in these definitions. By slight
abuse of notation, we also use the notation A4, A~1B where A is a matrix.

The set of maps A — B is denoted B4, and the set of all signals that
take their values in B and are defined on intervals of the form [0; N[=
[0; N — 1] is denoted B%, B* = UneNu{eo} BN,

Given a set-valued map f : X — 2 and x € XON[, we denote by
f(x) = {y € YONI| ¥k € [0;N[: y(k) € f(x(K))}-

Letv € (X x Y)ONlsuch that v = ((x(0),y(0)),..., (x(N —=1),y(N —
1))) with x € X[ONland y € YONI. We define the projection onto the first
and second components of the sequence as

my(v) =xand my(v) =v. (1.1)
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Given two sets A} and X,, we identify a binary relation R C X} x X,
with set-valued maps, i.e.,

R(Xl) = {XZ | (Xl,XZ) S R} and R_l(xz) = {x1 | (x1,x2) S R}.
IfRip C & x &y and Ry3 C &) x Aj, then their composition

Ry30Ryp = {(x1,x3) € &1 x A3 | 3xp € A such that
(x1,%2) € Ry and (x2,x3) € Roz}. (1.2)

Geometric sets

An n-dimensional hyperrectangle centered at ¢ € R" with half-lengths h €
RY ) is defined as

H(c, h) = {x € R" | |x; — ¢;| < h; fori € [1;n]}. (1.3)
The vertices of H(c,h) are the points ¢ + /1, where each coordinate i takes

either h; or —h;. The symbol + should be read twice replacing it by “+”

”

and “—".
An n-dimensional ellipsoid centered at ¢ € R" with shape matrix P € S,
is defined as

E(c,P):={xeR" | (x—c)'P(x —¢) <1}. (1.4)
A n-dimensional Euclidean ball centered at ¢ with radius r > 0 is

B(c,r) = {x € R" | ||[x — ||z < r} = E(c,r °I,). (1.5)






2.1

Control framework

N this chapter, we introduce the control framework employed in this
thesis, which provides a common formalism to describe systems, con-
trollers, quantizers, and interconnected systems.

First, in Section 2.1, we motivate the use of the control framework from
[RWR16]. We then define systems and their composition in Section 2.2
and Section 2.3, respectively. In Section 2.4, we outline the control prob-
lems, including output specification and optimal control. Next, dynamic
programming concepts are introduced in Section 2.5 that will be adapted
within the abstraction-based control framework in Chapter 6. Finally, Sec-
tion 2.6 and Section 2.7 cover sampled continuous-time systems used in
numerical experiments and the concept of incremental stability, which is
essential for abstraction-based control.

Motivations

We consider dynamical systems defined by the tuple S = (X,U,),F, H)
where X,U, and Y are the state, input, and output sets, respectively, and
F: X xU —2%and H: X x U — 2Y are the transition and output maps,

such that
x(k+1) € F(x(k),u(k))

c ’ (2.1)
y(k) € H(x(k), u(k)).
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T T2
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(1 | F —1>{D Y1 B _2,{13 > Y2
| 1 H, ™ | > H, >
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(a) Serial composition.

C e

Hc:_l D}‘iFC:J

A

Y
I_:Fib{Dl_;H

S

(b) Feedback composition.

Fig. 2.1 Compositions of two systems of the form (2.1). The blue blocks
are delay blocks which represent memory elements that store and provide
the previous value of a signal, e.g., D(x2(k)) = xp(k — 1).
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The use of a set-valued function to describe the transition and output maps
of a system provides a unified formalism for modeling perturbations and
other forms of non-determinism.

While this model is widely used in the literature, it has several disad-
vantages, which we will discuss here.

Firstly, this model introduces subtle issues with interconnected sys-
tems, as detailed in [RWR16, Section III.A]. Specifically, the class of sys-
tems described by (2.1) is not closed under serial composition as shown
in Figure 2.1a, given the natural constraint that the state space of the com-
posed system must equal the product of the state spaces of the individual
systems, as proven with the following example.

Example 2.1 ([RWR16, Section IIL.A]). Consider the serial composition in Fig-
ure 2.1a of S = (X, Uy, V1, Fi, Hy) and S = (X, Uz, Vo, F>, Hp) of the
form (2.1) such that &1 = U; = {0}, 1 = &, = U = {0,1}, and
V> = {a,b,c}. The transition and output maps of these two systems are
illustrated graphically by

0,(0,1) 1,b 1,¢
0,a
0,a
S Sy

where the inputs and outputs are given by the black and red labels on the
transitions, respectively. We prove that one cannot define a system & =
(X,Uy, Y5, F,H) of the form (2.1) that recovers the behavior at terminal
state u1 and vy, under the constraint that X = X; x A5. Since || = 3 >
2 = |X x U], the map H must be set-valued, which in turn implies that
the following properties of the system in Figure 2.1a are not satisfied: (i)
between any two appearances of b in y; there are an even number of a’s,
and (ii) between any appearance of b and any appearance of ¢ there are an
odd number of a’s. A

Secondly, although this model is sufficiently expressive to describe the
systems we aim to control, it does not support the implementation of the
specific class of controllers considered in this thesis, as demonstrated in the
following examples.
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Example 2.2. Consider the feedback composition in Figure 2.1b where S =
(X, U, X,F,H) with H(x,u) = {x},and C; = (X¢, X,U, F¢,, He,). It is im-
possible to implement F¢, and H, such that the system resulting from the
feedback composition of C; and S in Figure 2.1b has the following behavior

xz_ € hZ(fox)
u € hy(x,x;}) (2.2)
xT € F(x,u)

where 1y : X x Xz — 24 and hy : Xp x X — 24¢ are set-valued functions.
Indeed, the set-valued function h; must appear both in F¢, and Hg, as in
the following implementation

Fe,(x¢,x) = {Z € ha(xc,x)},
He, (x¢,x) = {u |z € ha(x¢,x),u € hi(x,2)},

which cannot enforce that z is equal to z due to the non-determinism of h,.

A

Example 2.3. Consider the feedback composition in Figure 2.1b where S =
(X, U, X,F,H) with H(x,u) = {x},and C; = (X¢, X, U, F¢,, He,). Itis im-
possible to implement F¢, and H, such that the system resulting from the
feedback composition of C; and S in Figure 2.1b has the following behavior

u € hy(x, xc)
xt € ha(xe, x,u) (2.3)
xt € F(x,u)

where iy : X x Xp — 24 and hy : Xp x X x U — 2% are set-valued
functions. Indeed, the set-valued function 11 must appear both in F¢, and
He, as in the following implementation

Fe,(xc,x) ={z | € l(x,x¢),z € ha(xc, x, 1)},

He, (x¢,x) = {u € ln(x,xc)},

which cannot enforce that i is equal to 1 due to the non-determinism of h;.

A

As we will see, the non-deterministic nature of /11 and h; is fundamental
for developing non-trivial abstraction-based controllers.
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Y
i iy u|bF e e,
(a) General system (2.4). (b) Moore system (2.7).
S
U L: F £>{D T, “ > H ° L
(c) Simple system (2.8). (d) Static system (2.9).

Fig. 2.2 System representations. For (b), (c), and (d), these are simplified
block diagrams of (a).

As illustrated in Example 2.2 and Example 2.3, the formalism in (2.1)
does not allow for modeling systems where a quantity, computed non-
deterministically in the output map, must be reused in the transition map.

To address these issues, we adopt a more general form of systems pro-
posed in [RWR16, Definition III.1], originally introduced to ensure closed-
ness under the serial composition of two systems (see Example 2.1).

Systems
Systems and controllers are defined using the following common formal-
ism [RWR16, Definition IIL.1].
Definition 2.4 (System). A system is a sextuple
S=(X,UNV,Y FH), (2.4)

where X, U, V, Y are respectively the sets of states, inputs, internal variables
and outputs,and F: X x V — 2% and H: X x U — 2Y*V are respectively
the transition and output maps such that

x(k+1) € F(x(k),v(k)) (2.5)
(y(k), v(k)) € H(x(k), u(k)). (2.6)
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A quadruple (#,v,x,y) € UONLx VIONL 5 XIONL « YIONLis a trajectory of
system S starting at x(0) € X if N € N U {co}, (2.5) holds for all k €
[0; N —1[, (2.6) holds for all k € [0; N]. A

In this more general formalism, the inputs u affect the states x via the
internal variables v. The internal variable v provides a way to address the
issue outlined in the previous section, as detailed below. Specifically, it
enables the transmission of a quantity, computed non-deterministically in
the output map, to the transition map.

Returning to Example 2.1, the internal variables allow to introduce the
constraint up = y; imposed by the composition in Figure 2.1a and re-
cover the behavior of the serial composed system with a system S of the
form (2.4) givenby X = {0,1}, U = {0}, V =Y = {a,b,c} with F(0,a) =
F(1,¢c) = {1}, F(1,a) = F(0,b) = {0}, H(0,0) = {(a,a),(b,b)}, H(1,0) =
{(a,a),(c,c)}-

Returning to Example 2.2 and Example 2.3, we can use formalism (2.4)
to define the controllers C; = (¢, X, Ve, U, Fe, He,) for i € {1,2} with
Ve = X, Fey(x¢,z) = Fe,(xc,z) = {2z} and

He, (xc,x) = {(,2) | z € ha(x¢, x),u € hy(x,2)},

He,(xc,x) = {(u,z) | u € l(x,xc),z € ha(xc, x,u)},
which ensure that the closed-loop system behavior follows (2.2) for C;
and (2.3) for C,. The internal variable v¢ allows to enforce z = z for Cy
and # = u for C,.

The general system S in (2.4) is represented by the block diagram in Fig-
ure 2.2a. We classify the system (2.4) as follows.

Definition 2.5. The system S in (2.4) is

(i) Autonomous if U is a singleton’.
(ii) Static if X is a singleton.
(iii) Moore? if
S = (X,U,U,Y,FH), 2.7)

with V = U, and where H(x,u) = H'(x) x {u} for some set-valued

IWhen X, U, V, and ) are singleton sets, we will consider, without loss of generality, the
singleton {0}.
2This definition is slightly stronger than that in [RWR16] and sufficient for this thesis.
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function H' : X — 2Y. Intuitively, a Moore system has the form

x(k+1) € F(x(k),u(k))
y(k) € H'(x(k)),

representing a system whose output does not depend directly on the
input. For the sake of simplifying notation, we denote the Moore
system (2.7) by the tuple S = (X,U,),F,H').

(iv) Simple if
S:(XIUIMIX/F/IXXZ/{)/ (28)

withV =U,Y = X, and H = Iy . Intuitively, a simple system has
the form
x(k+1) € F(x(k),u(k)),

representing a system without an output. For the sake of simplify-
ing notation, we denote the simple system (2.8) by the tuple § =
(X,U, F). Note that a simple system is Moore.

(v) Static quantizer if
S = ({O}IUr{O}/yrFrH)r (29)

with X =V = {0}, F(0,0) = {0}, and where H(0,u) = {(y,0) |y €
H(u)} for some set-valued function H : U — 2Y. Intuitively, a static
quantizer has the form

y(k) € H(u(k)),

representing a static system characterized solely by a set-valued func-
tion. For the sake of simplifying notation, we denote the static quan-
tizer (2.9) by the set-valued map H.

We illustrate systems (2.4), (2.7), (2.8) and (2.9) in Figure 2.2. A

For a Moore system S = (X,U, Y, F, H), we define the set-valued op-
erator of available inputs as Us(x) = {u € U | F(x,u) # @}, which gives
the set of inputs u available at a given state x. By extension, we define the
operator of available inputs on a set Z C X as Us(Z) = Nyez Us(x).
Additionally, we define the pre operator for a set V C X, which provides
the set of states that can robustly reach V in one time step despite non-
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determinism

preg(V,u) = {x € X | F(x,u) CV}, (2.10)
preg(V) = {x € X | Ju € Us(x) : F(x,u) CV}. (2.11)

We say that a simple system is deterministic if for every state x € X and
control input u € U, F(x,u) is either empty or a singleton. Otherwise, we
say that it is non-deterministic. The system is finite if both X and U/ are finite.

Given two sets U/ and Y, we define a binary relation R C U x Y. De-
pending on the context, the symbol R will be used interchangeably to rep-
resent the binary relation itself, the corresponding set-valued map R : U —
27, or the associated static quantizer system (2.9), commonly referred to as
a quantizer. Additionally, the relation R or its associated quantizer is said
to be strict if R(u) # @ for every u € U, and deterministic if R(u) is a
singleton for every u € U.

We define the behavior of a system as its set of maximal trajectories.

Definition 2.6 (Behavior). Given the system & in (2.4), the set

B(S) = {y |Ju, v, x such that (u, v, x,y) is a trajectory of S on [0; N|,
and if N < co then F(x(N —1),o(N — 1)) = &}

is called the behavior of S. AN

This notion of behavior encompasses both finite and infinite trajecto-
ries, allowing to include blocking systems, which typically appear in the
context of terminating programs.

System compositions

In this section, we define the serial and the feedback composition of two sys-
tems.

We start by defining the serial composition of two systems [RWR16,
Definition IIL.2] as illustrated in Figure 2.3a.

Definition 2.7 (Serial composition). Let S; = (&}, U;, Vi, V;, F;, H;) be sys-
tems, i € {1,2}. Then, Sj is serial composable with S if Y1 C Uy. The serial
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Ul

S

% Y2

%]

H,

V2

SQ OSl

(a) Serial composition S; o S; of two systems of the form (2.4) (see Definition 2.7).

S1
n 7
z3 T Y2
Fy 250> 225 | >
JHE] 7
S] X Sz

(b) Feedback composition S x S, of a system S; of the form (2.4) and a Moore
system S; of the form (2.7) where Hj (x) = {y | 3up € Up : (y2,u2) € Ho(xp,u2)}
(see Definition 2.8).

Fig. 2.3 Composition of two systems of the form (2.4).
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composition of §; and S, denoted by S; o Sy, is defined as
S 081 = (Xip, Uy, V12, Vo, Fio, Hi2), (2.12)

where X5 = X1 X A, Vip = V1 XV, Fip @ Xpp X Vip — 2X12, and Hy :
XlZ X Z/{l — 2372><V12 satisfy

Fip(x,v) = Fi(x1,v1) X F2(x2,02),
Hip(x,u1) = {(y2,0) | 3(y1,v1) € Hi(xq,u1) A (y2,v2) € Ha(x2, 1)},
where x = (x1,x2) and v = (v1,02). A

In practice, the serial composition is used to model the interconnection
of a system with a static quantizer (see Definition 2.5.(v)) in two contexts.
First, the serial composition C o R of a controller C = (X¢,U¢, Ve, Ve, Fe, He)
with an input quantizer R : U’ — 2Yc is given by

CoR=(Xe,U' Ve, Ve, Fe, H'), (2.13)

where H' : Xp x U' — 2Ye*Ve is defined as H'(x¢,u’) = He(xe, R(u')).
Second, the serial composition R o S of a simple system S = (X,U,F)
with a state quantizer R : X — 2% "is given by

RoS = (X,U,U,X',E,H), (2.14)

where H' : X x U — 2¥"*U is defined as H' (x,u) = R(x) x {u}. Note that
the system R o S is Moore.

We define the feedback composition of two systems [RWR16, Definition
II1.3] as illustrated in Figure 2.3b.

Definition 2.8 (Feedback composition). Let S; = (X, U;, V;, V;, Fi, H;) be
systems, i € {1,2}. Then, S is feedback composable with S,, denoted Sj is
f.c. with &, if Sp is Moore, V> C Uy, V1 C Uy, and the following condition
holds

If (y1,v1) € Hi(x1,Y2), (y2,v2) € Hp(x2,y1) and
Fz(Xz,Uz) = @, then Fl(X1,Ul) =g. (2.15)

The feedback composition of S and Sy, denoted by S1 x Sy, is defined as
S1 x 83 = (X2, {0}, V1o, V12, Fiz, Hia), (2.16)
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where Xjp = & X Ao, Vip = Vi1 X Vo, V12 = V1 X W, Fip @ Xip x Vip —
2%2, and Hyp @ Xpp x {0} — 2Y12XV12 satisfy

F12(X,U) = Fl(xl,zq) X Fz(Xz,’Uz),
Hip(x,0) = {(y,v) | (y1,01) € Hi(x1,y2) A (y2,v2) € Ha(x2,y1)},

where x = (x1,%2), v = (v1,v2) and y = (y1,Y2). A

In our context, the system S, represents the system we aim to control,
while S&; represents the controller. Note that the system &7 x & is au-
tonomous. The assumption that S, is a Moore system in Definition 2.8
prevents the closed-loop system from containing a delay-free cycle [Vid81]
by introducing a one-step delay in the feedback loop. The compatibility
condition (2.15) ensures that if the concrete closed loop is non-blocking,
then the abstract closed loop will also be non-blocking.

Given &7 and S, in Definition 2.8, we have B(S1 x &) C (V1 x W»)®.
To simplify further developments, we define the set B (S; x Sz), which
contains the output trajectories of S, under feedback composition with Sy,
as follows

B (81 x 8&2) = 1y, (B(S1 % S2)), (2.17)

where 77y, () is defined in (1.1).

Control problem

In this section, we define the system specifications and introduce the op-
timal control problem, which includes a transition cost function. We also
cover key dynamic programming concepts that will be used to address this
optimal control problem.

Output specifications

We now introduce the concepts of specification and control problem.

Definition 2.9 (Specification). Consider the system & in (2.4). A specifica-
tion ¥ for § is defined as any subset ¥ C V. A system S together with
a specification X constitute a control problem (S,L). Additionally, a con-
troller C is said to solve the control problem (S,%) if C is f.c. with § and
B« (CxS)Cx. A
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Linear Temporal Logic (LTL) [BKO08, Chapter 5] can be used to define
specification X for a system S. We explicitly introduce two types of specifi-
cations that will be considered throughout this thesis: reach-avoid and safety
specifications.

Definition 2.10. We consider a simple system S = (X,U, F).

A reach-avoid specification associated with sets Z, 7,0 C X such that 7 N
O = @ is defined as

L={xec X" |x(0) eI =3INeZ>:
(x(N) e TAVk e [0;N[: x(k) ¢ O)}, (2.18)

which enforces that all states in the initial set Z will reach the target 7 in
finite time while avoiding obstacles in O. We use the abbreviated notation
yReach — 17 7", O] to denote the specification (2.18).

A safety specification associated with sets 7 C Z C X is defined as
Y={xec X*|x(0) € Z=Vke 0o x(k) € Z}, (2.19)

which enforces that all states in the initial set Z will remain in the safety set
Z indefinitely. We use the abbreviated notation ¥5¢ = [Z, Z] to denote
the specification (2.19). A

Optimal control

In addition to specifying the output behavior of the closed-loop system,
transition costs can be incorporated to address optimal control problems.
We focus on the optimal control problem of designing a controller that en-
forces a reach-avoid specification while minimizing the worst-case cost.

Definition 2.11 (Optimal control problem). Given a simple system S =
(X,U,F), a reach-avoid specification Y Reach — [Z,T,0], and a transition
cost function ¢ : X x U — R~ U {oo}, the optimal control problem involves
designing an optimal controller C* that is f.c. with § and minimizes the cost
function

£(C) = {suprGI le(xg), if C solves (S, xReach), (2.20)

00, otherwise.
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Here, I¢(x) : T — R is defined as

N(x)—1

le(xo) = sup Y, clx(i),u(i), (2.21)

(u,x)eB(CxS)|x(0)=x9 =0

where N(x) = mingez_x(k)e7 k i-e, x(N) is the first occurrence in the
sequence x that belongs to 7. A

The function I¢(xp) represents the worst-case cumulative cost to reach
the target set among the closed-loop trajectories starting in state xg. The
overall cost of a controller that solves the reach-avoid specification, £(C),
is the worst-case cumulative cost among trajectories starting in the initial
set. Note that £(C*) = oo if and only if the control problem (S, XReach) jg
infeasible.

Dynamic programming

Dynamic programming (DP) [Ber05, Chapter 1] is a general method for
solving stochastic control problems. It relies on characterizing the value
function, which represents the expected cost incurred by following an op-
timal policy from a given state. The optimal policy is then derived by solv-
ing an optimization problem that involves both the stage cost and the value
function.

In many cases, however, computing or even representing the value
function is computationally intractable. A common alternative is approx-
imate dynamic programming (ADP) [Ber05, Chapter 6][BT96], where the
value function is replaced with an approximate value function. The aim of
ADP is to find an approximation that makes the policy evaluation feasible
(e.g., through convex optimization) while ensuring near-optimal perfor-
mance. ADP techniques often involve parameterizing a family of lower
and upper bounds on the true value function. Ensuring these bounds is
typically achieved using iterated Bellman inequalities [OWB13, WOB15],
which are based on Bellman inequalities (2.24) [Ber05, Ber07, WOB15, Sec-
tion 7.2] and are related to the ‘linear programming approach’ to ADP
[Man60, S585, DFVRO03].

Since in this thesis our focus is on robust abstraction-based control, we
provide in the next sections the worst-case scenario setting rather than the
stochastic one.
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2.5.1 Bellman value function

Given a simple system S = (X, U, F), a value function is a functionv : X —
R>o U {oo}. Given a transition cost function ¢ : X x U — R5oU {oo} and a
value function v, we denote by 7. the Bellman operator defined as

[7:(v)](x) = min (c(x,u)+ max v(x*)). (2.22)

uelg(x) xteF(x,u)
A value function v solving the Bellman equation [Bel57]
o(x) = [Te(0)](x), (2.23)

is commonly referred to as a Bellman value function.
We can derive a static controller from a value function as follows.

Definition 2.12. Given a simple system S = (X, U, F), a transition cost
function ¢ : X x U — R0 U {0}, and a value function v : X — R>o U
{c0}, we define the associated controller with v as the static system C =
({0}, X, X, U, F¢, He) such that

FC(O’x)_{{O} if o(x) < oo,

@  otherwise.

and

He(0,x) = {(u*,x) | u* € argmin, ., () (c(x,u) + max U(x+))}.

xteF(x,u)

The set of admissible inputs of the controller C at state 0 satisfies Uy (0) =
{x | v(x) < oo}. A

A Bellman value function can be used to construct a static optimal con-
troller C* that solves an optimal control problem.

Proposition 2.13. Given a simple system S = (X,U,F), an optimal control
problem with reach-avoid specification XR" = [T,T, 0|, and transition cost
function ¢ : X x U — R~ U {co} such that there exists b > 0 with c(x,u) > b
forall x € X and all u € Ug(x). Let v* : X — R U {oo} be a Bellman value
function such that v*(x) = 0 if and only if x € T, v*(x) = 0 ifx € O, and
v*(x) > 0 otherwise.
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The controller C* associated with v* (Definition 2.12) solves the optimal con-
trol problem (S, [Ue+(0), T, O]) with transition cost c. Moreover, if T C Ue+(0),
then C* solves the optimal control problem (S, ZRh) with transition cost c.

Proof. Since v* is a Bellman value function, it satisfies the Bellman equa-
tion v*(x) = [7:(v*)](x) (2.23). Consequently, for the controller C* associ-
ated with v* (Definition 2.12), the worst-case cost I« (xg) in (2.21) satisfies
le«(x0) = v*(xp). Additionally, for all x € Ue+(0) = {x | v*(x) < oo},
the controller C* minimizes l¢«(x) since v* is a Bellman value function.
In addition, for (u,x) € Hex(0,x), it holds that max,+cp(y,) v*(x") =
v*(x) —c(x,u) < v*(x) — b since c(x,u) > b. As a result, the function
v* decreases by at least b along trajectories of C* x S for all x € Ue-(0),
converging to the minimum of v*, which corresponds to the target set 7
while avoiding the obstacle O. Therefore, C* solves the optimal control
problem as long as Z C Ue-(0). O

Suboptimal and superoptimal value functions

While the Bellman value function v solving the Bellman equation v(x) =
[Te(v)](x) (2.23) is the Grail of optimal control (Proposition 2.13), its com-
putation is challenging. We define two types of value functions, the subop-
timal value functions ([LB]21, Definition 3]) and the superoptimal value func-
tions ([LBJ21, Definition 7]), that satisfy inequalities instead [Ber(5, Section
7.2][Ber07, WOB15],

v(x) < [Te(v)](x) and v(x) > [Te(0)](x), (2.24)

respectively.

As mentioned in the introduction of Section 2.5, these surrogate func-
tions that satisfy a Bellman inequality are traditionally used to bound the
optimal value function in stochastic control problems. In this thesis, we
will show how to apply these functions within the context of abstraction-
based control (Chapter 6), specifically how to translate them from the ab-
stract system to the concrete one.

Definition 2.14 (Suboptimal value function). Given a simple system S =
(X,U,F),avalue functionv : X — R U {co} is a suboptimal value function
with transition cost function ¢ : X x Y — Rsg U {0}, if for all x € X,
v(x) < [Te(v)](x)- A
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Definition 2.15 (Superoptimal value function). Given a simple system S =
(X,U,F) and a set X, C X, a value function v : X — RxqU {co} is
a superoptimal value function with transition cost function ¢ : & x U —
R-gU {0}, if forallx € X'\ Xy, v(x) = o0, and for all x € X, v(x) is finite
and v(x) > [T:(v)](x). A

The following propositions establish how suboptimal and superopti-
mal value functions can be combined.

Proposition 2.16 ((CLEJ21, Proposition 1]). Given a simple system S = (X ,U, F)
and two suboptimal value functions vy and v, with the same transition cost c, the
value function v = max (v, vy) is a suboptimal value function with transition
cost c.

Proof. For any x € X, by (2.22), we have

(Teo)x) = min_ (el + _max olx"))

uels(x) xteF(x,u)

—mi + +
= uer?é?x) (c(x,u) + JCJrrelrlFa(;(/M)max(vl(x ), v2(x )))

= min (c(x,u max max ov;(x"
N LtGUS(X)< ( ’ )+i€{1/2} xt€eF(x,u) l( )>
= max ([T (v1)](x), [Te(0v2)](x))

> max(v1 (x),v2(x))

= v(x).

Proposition 2.17 ((CLE]21, Proposition 2]). Given a simple system S = (X ,U, F)
and two superoptimal value functions vi and v, with the same transition cost ¢

in X, C X, the value function v = min(vy,v,) is a superoptimal value function
with transition cost ¢ in X.
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Proof. For any x € &, by (2.22) and the max-min inequality, we have

T = min (o + max o))

uelds(x) xteF(x,u)

— uer?/fgr(lx) (c(x, u) + x+r£:a};<,u) min(vl(x*),vz(xﬂ))

< i (0 + iy o)
min({7c(v1)}(x), [Te(v2))(x))

< min(vy(x),0z(x))

v(x).

O

Just as a Bellman value function is used to construct an optimal con-
troller (Proposition 2.13), a superoptimal value function can be employed
to construct a static controller that non-optimally solves an optimal control
problem.

Theorem 2.18. Given a simple system S = (X,U, F), an optimal control prob-
lem with reach-avoid specification TR¥ = [T, T, 0], and transition cost func-
tionc : X XU — Rsg U {co} such that there exists b > 0 with c(x,u) > b
forall x € X and all u € Ug(x). Let v : X — Rxo U {oo} be a superoptimal
value function such that v(x) = 0 ifand only if x € T, v(x) = c0if x € O, and
v(x) > 0 otherwise.

The controller C associated with v (Definition 2.12) solves (S, [U¢(0), T, O)).
If T C Ue(0), then C solves (S, ZRe*M). Additionally, the function v(x) provides
an upper bound on the optimal worst-case cost from x and L(C) > L(C*) (Defi-
nition 2.11).

Proof. Since v is a superoptimal value function, for all x € &%, where &, =
{x € X | v(x) < oo}, we have v(x) > [T:(v)](x). For (u,x) € He(0,x),
it holds that max,+cp(y) 0(x™) < v(x) —c(x,u) < v(x) —b < v(x) since
c(x,u) > b. As a result, the function v decreases by at least b along tra-
jectories of C x & for all x € A%, converging to the minimum of v, which

corresponds to the target set 7 while avoiding the obstacle O. O

Thus, the superoptimal value function provides an upper bound on the
optimal worst-case cost of the closed-loop system.
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Fig. 2.4 Closed-loop behavior with the dynamical controller C (Defini-
tion 2.19) constructed from a sequence of superoptimal value functions
v = (v )]2':0 for solving an optimal control problem with reach-avoid spec-
ification XRe2h — [7 T, &]. The initial set Z and the local targets t°, t!, and
t2 C T are shown. The piecewise constant superoptimal value functions
oY and v! are depicted with the blue colormap in (a) and (b), respectively.
A closed-loop trajectory is illustrated, with the controller C in state x; = 0
in (a) and in state x; = 1 in (b).

In order to reduce the computational cost of designing a controller for
an optimal control problem, the overall problem can be divided into sub-
problems by enforcing the visit of intermediate objectives, as discussed
in Section 7.3. To achieve this, we introduce a dynamical controller that
generalizes the static controller from Definition 2.12 by associating it with
a sequence of value functions rather than a single one.

Definition 2.19. Given a simple system S = (X, U, F), a transition cost
function ¢ : X x U — R-o U {0}, a sequence of k value functions v =
(v );‘;& for S, and a sequence of local targets (t]);:& where t/ C X, such

that v/(x) = 0if x € #/, and v/(x) > 0 otherwise. We define the associated
controller with v as the dynamical system C = (X¢, X, X,U, F¢, He), with
Xe ={0,1,2,...,k— 1}, where

{i} if0o<d(x) <o
Fe(j,x) =< {j+1} ifol(x)=0,j<k—1

@ otherwise
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and

He(j,x) = {(u",x) | u” € argmin, g/ (c(x,u) + max vf(x+)> 1.

xteF(x,u)
The set of admissible inputs at state j satisfies U¢ (j) = {x | v/(x) < c0}. A

Note that if k = 1, Definition 2.19 reduces to the static controller in Def-
inition 2.12.

A sequence of superoptimal value functions can be used to construct a
dynamical controller that sub-optimally solves an optimal control problem
by enforcing the visit of intermediate objectives, as shown in Figure 2.4.

Theorem 2.20. Given a simple system S = (X,U, F), an optimal control prob-
lem with reach-avoid specification TR = [T,T, O], and a transition cost func-
tionc: X x U — R U {oo} such that there exists b > 0 with c¢(x,u) > b for
all x € X and all u € Ug(x). Let v = (vf);.‘:_(} be a sequence of superoptimal
value functions for S and (t );‘;& be a sequence of local targets where t C X,
such that v/ (x) = 0ifx € t/, v/ (x) = o0 if x € O, and v/ (x) > 0 otherwise.

Let C be the controller associated with v (Definition 2.19). Define Xé = {x|
vi(x) < oo} forj e [0;k—1). Ifth € X[ forall j € [0;k—2], T C X2,
and t*=1 C T, then the controller C initialized at state 0 solves (S, ZR”Ch)
by sequentially visiting each local target in (t );‘;&. Additionally, it holds that
L(C) > L(C*) (Definition 2.11).

Proof. Apply Theorem 2.18 to each intermediate reach-avoid problem

[Z,t°,0] and [, 11, 0] for j € [0;k —2].

2.6 Continuous-time systems

Although the system formalism introduced in Section 2.2 is discrete-time, it
can also represent various types of systems, including sampled continuous-
time systems. Consider a continuous-time system defined by

(2.25)
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where x(t) € X CR", u(t) e U CR", and y(t) € Y C R represent the
state, control input, and measured output, respectively. The uncertainties
are denoted by w(t) € W C R and 6(t) € D C R™. The functions
fR*xXUXxW — R"and h: R" x D — Y describe the system dynamics
and output mapping, respectively.

As it will be illustrated in Section 3.2.2, we will focus on controlling
continuous-time systems by measuring the state at regular time intervals
and applying constant control inputs between these sampling times. There-
fore, given T € R~ and an interval I C [0, T, a solution of (2.25) on I with
constant input u € U, i.e., u(t) = u forall t € I, is defined as an absolutely
continuous function ¢ : I — R” that satisfies (2.25) for almost every (a.e.)
tel

Definition 2.21 (t-sampled system). Given the continuous-time system
in (2.25) and T € R, the T-sampled system of (2.25) is the Moore sys-
tem §; = (A1,Uy, V1, b, Hy) with Xy = X, Uy = U, Y1 = Y, Hi(x1) =
{h(x1,0) | 6 € D}, and x| € Fy(x1,u7) if and only if there exists a solution
¢ of (2.25) on [0, 7] with input u; satisfying £(0) = x; and &(7) = x. A

Assuming that both V¥ and D contain the origin, we define the nominal
system of (2.25) as the unperturbed system

(2.26)

Assuming that f (-, u,0) is locally Lipschitz, given xy € R" and u € U, we
denote by ¢(-, xp, 1) the unique solution of (2.26) with constant input u
starting at x(0) = xo [Har02].

Stability notions

Stability properties are described through the use of comparison functions.
A continuous function ¢ : R>g — R is said to belong to class K if it is
strictly increasing and y(0) = 0. It is said to belong to class Ko if it is
a K function and () — 400 when r — +o0. Let £ denote the set of
continuous strictly decreasing functions y : R>9g — Rx>g with y(r) — 0
when r — +co. Then, we can denote € KL as functions where B(-, t) €
K forallt > 0and B(r,-) € L forallr > 0.
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Fig. 2.5 Incremental stability. If the continuous-time system (2.25) is in-
crementally stable, the distance between trajectories decreases over time.
Specifically, for any trajectories xo(t), x1(t), and x(t), the inequality
10 () = xi(t)ll2 < B([|x0(0) — xi(0)[[2, ) holds, where i € {1,2}.

The incremental stability is a property of dynamical systems that con-
cerns the behavior of pairs of trajectories with respect to each other, rather
than just the behavior of a single trajectory with respect to an equilibrium
point. It ensures that the distance between any two trajectories decreases
over time or remains bounded, regardless of their initial conditions, as il-
lustrated in Figure 2.5.

We define the incremental stability for continuous-time systems (Sec-
tion 2.6), but the concept can be similarly defined for discrete-time systems
([TRK16, Definition 1]) or switched systems ([GPT09, Definition 2.6]).

Definition 2.22 ([Ang02, Definition 2.1][LS98]). Consider a continuous-
time dynamical system of the form (2.25), where the disturbance takes val-
ues in a closed set YW C IR™. The system is said to be incrementally globally
asymptotically stable (0-GAS) if there exists a function f : R>9 x R>¢ —
R>g of class KL such that for all w € W, and for any initial conditions
x1(0), x2(0) € X, the solutions corresponding to the same input u(t) sat-
isfy

21 (£) = x2(8)]2 < B(11x1(0) — x2(0) |2, 8 227)
forallt > 0. A

In other words, the distance between the trajectories x1 (f) and x5 (t) can
be bounded by a function that depends only on their initial distance and
the time elapsed, and tends to zero as ¢ increases.

Note that in the above definition, the condition holds for any pair of
initial conditions in the entire state space. However, if this property is re-
stricted to initial conditions within a specific region, the system is said to
be locally incrementally stable.






3.1

Abstraction-based control

N this chapter, we formally define within our control formalism the

abstraction-based approach that was briefly introduced earlier. We then

delve into what we term the classical abstraction-based method, along
with its inherent weaknesses. Finally, we outline our proposed solutions
and explain how the thesis is organized to address these challenges.

Definition and properties

In this thesis, we mainly focus on performing state-feedback control of dy-
namical systems using abstraction-based techniques. Consequently, while
the controllers and interconnected systems will be described using general
systems of the form (2.4), the systems we aim to control and their abstrac-
tions are both described as simple systems (Definition 2.5).

We now translate the three steps of abstraction-based control (see Fig-
ure 1) described in the introduction into our mathematical framework.

Consider two simple systems S; and S; and two controllers C; and Cp

Si = (X, Uy, F), 3.1
Ci = (XC,‘/ Xi/ Vcirui/ FCiIHCi)- (32)
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In this context, S is referred to as the concrete system, while S is its ab-
straction. To solve the concrete control problem (Si,%1), the abstraction-
based control procedure proceeds as follows.

Step 1: Abstract the system & into a system S, establishing a relation R C
A1 x X, between their states. Additionally, abstract the concrete
specification into an abstract specification X, ensuring that

R71(%p) C 5. (3.3)

Step 2: Design a controller C, that solves the abstract problem (S;,%;),
i.e., such that
By« (Cz X 82) - 22. (3.4)

Step 3: Construct a controller C; that satisfies the reproducibility condition,
as defined in [CMG]J24, Property 1], ensuring that

By (C1 x 81) € R™YBx(Cr x S2)). (3.5)

This means that for every trajectory x; defined on [0; N[ with N €
IN U {co} of the closed-loop system C; x S, there exists a trajectory
x; defined on [0; N| of the closed-loop system C; x S; satisfying

Vk € [0;N[: (x1(k), x2(k)) € R. (3.6)

The validity of this approach is established by the following inclusions,
which guarantee that the controller C; solves the concrete problem (S, %)

B (Cl X S]) - Ril(Bx (Cz X Sz)) - Ril(ZQ) C 3y,

which follows directly from (3.5), (3.4), (3.3), and the monotonicity of R™!.

In order to be able to construct C; from C, satisfying (3.5), the relation R
must impose conditions on the local dynamics of the systems in the asso-
ciated states, accounting for the impact of different input choices on state
transitions. The alternating simulation relation [Tab09, Definition 4.19] is a
comprehensive definition of such a relation.

Definition 3.1 (Alternating simulation relation). Given two simple sys-
tems &1 and S; in (3.1), a relation R C &) x X} is an alternating simulation
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OOR= o
0 0 1 0 N a @)
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S 1 82 83

Fig. 3.1 Three simple systems S; = (X1, Uy, F), S» = (X, Uy, F,) and
83 = (X3,Z/{3, F3) Specifically, Xl = {1,2,3,4,5}, Z/ll = {0,1}, Xz =
{a,b,c,d}, Uy = {a, B}, X3 = {A}, Us = {a}, the transition maps F;, F,
and F; and the available inputs maps U (.), U(.) and Us(.) are clear from
the illustration.

relation from S; to Sy, denoted S; jﬁSR Sy, if

V(x1,x2) € RVuy € Us, (x2) Juy € Us, (x1)
Vx| € Fi(x1,u1) 3x) € By(xp,up) : (xf,x3) €R. (37)

A

Intuitively, an alternating simulation relation R C A&} x A, describes
which states of S are simulated by which states of Sy. Thus, if (x1,x2) € R,
state xq of system & is simulated by state x; of system S;. Note that there
is a clear order between the two systems as system S simulates system
S1. Informally speaking, condition (3.7) requires the existence of inputs
enforcing desired transitions robustly to the non-determinism of Sj. This
can also be given a game theoretic interpretation. In this two-player game,
given inputs 11 and uy, system S selects a transition xf € F1(xq,up) that
S, must match with a transition xJ” € F>(xp,u2), such that (x;,x; ) € R. If,
for any input uy, there exists an input u; allowing S, to match all transition
choices of player &y, then R is an alternating simulation relation.

Example 3.2. Consider the simple systems &1, Sp, and S3 as defined in Fig-
ure 3.1. We can verify that the relations R C &} x A and Q C A; x A3,
with

R ={(1,a),(2,¢),(3,b),(3,d),(4a),(5¢c)},
Q={(1,4),(24),34),4A4),54)},
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satisfy &p jﬁSR S, and S jSSR S3. As we will see in the next section,
abstraction-based control often entails designing abstractions that group
concrete states together to reduce the number of states to manage, as illus-
trated by S, and S3. However, while both S; and S5 are abstractions of
&1, Sz is likely not a useful abstraction due to its high level of aggregation.
Typically, for a given specification ¥; for Sy, it would be impossible to find
a specification X3 for S3 that meets condition (3.3). A

Note that condition (3.7) can equivalently be rewritten as

V(x1,x2) € RVuy € Us, (x2) Juy € Us, (x1)
Vx{ € Fi(xy,u1) : R(x])NF(xp,up) # 2. (3.8)

Note that Definition 3.1 slightly differs from [Tab09, Definition 4.19],
where there is an additional requirement regarding the outputs of related
states. This requirement is useful for the concept of approximate alter-
nating simulation relation [Tab09, Definition 9.6] which we do not discuss
here.

The relation <#SR is reflexive and transitive, which justifies the use of
the pre-order symbol <.

Proposition 3.3 ([Tab09, Proposition 4.23]). Let Sy, Sy and S3 be simple sys-
tems, and Ry 5, Ry 3 be relations. Then

1§ <SR sy,

ASR ASR ASR
2. If& ij Sz and S jR2,3 S3, then 51 ij,soRLz Ss-

The alternating simulation relation guarantees that any control applied
to S can be concretized into a controller for S that maintains the relation
between the closed-loop trajectories. This is formalized by the following
theorem.

Theorem 3.4 ([Tab09, Proposition 8.7]). Given two simple systems Sy and Sy,
if S; <&5R 8y, then for every controller C, f.c. with Sy, there exists a controller
C1 satisfying (3.5).

Although the alternating simulation relation provides a safety-critical
framework, it has several practical drawbacks in the implementation of
the concrete controller C;, which we will discuss later (see Section 4.6). To
address these issues, various alternative relations have been introduced in
the literature. Among these, the feedback refinement relation [RWR16, Defi-
nition V.2] is central to the further developments of this thesis.
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Definition 3.5 (Feedback refinement relation). Given two simple systems
S1 and Sp in (3.1), a relation R C &) x X) is a feedback refinement relation
from S to S, denoted S; <EXR Sy, if for every (x1,x2) € R

(i) Us, (x2) € Us, (x1);
(ll) Yu, € US2(X2) in’_ <y (xl,uz) : R(xf) 75 %]
and R(x]") C Fy(xp, uz). (3.9)

A

The relation <FRR is reflexive and transitive, which justifies the use of
the pre-order symbol <.

Proposition 3.6 ([RWR16, Proposition V.3]). Let S1, Sy and S3 be simple sys-
tems, and Ry, Ry 3 be relations. Then

1§ <R S

FRR FRR FRR .
2. IfS ij Sy and Sy jRZ,S S3, then &; ijoRm S3;

where Ry 3 0 Ry 5 is defined in (1.2).

The feedback refinement relation is a refined notion of the alternating
simulation relation.

Proposition 3.7. Given the simple systems Sy and Sy in (3.1) and a relation
RC X x A, if & jERR S, then S; jﬁSR So.

Proof. Given (x1,x2) € Rand uy € Us,(x2), it follows from condition (7)
that up € Us, (x1). For any x{” € Fy(x1,uz), we have R(x]) # @ and
R(x]) C Fy(xp,u). This implies that R(x;") N Fx(x2, up) # @. This estab-
lishes condition (3.8). O

As a refined notion of ASR, the feedback refinement relation benefits
from a straightforward concretization scheme, involving the serial com-
position of the quantizer and the abstract controller, as established by the
following theorem and illustrated in Figure 3.2.

Theorem 3.8 ([RWR16, Theorem V.4, Theorem V.5]). Consider the simple sys-
tems S1 and Sy in (3.1). Given R C Xy x &), the following equivalence holds:

(1) & <ERR S,
(2) Forall Cy f.c. with Sy: Cy is f.c. with R o S1 (2.14), Cp o R is f.c. with Sy,
and By (Cz X (R OSl)) C By (Cz X 82)
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Fig. 3.2 Concretization procedure of the abstract controller for the feed-
back refinement relation.

Additionally, it implies that
CIRR = ¢y o R, (3.10)

satisfies By (CIRR x 81) C R7Y(Bx (C2 x 82)).

Classical abstraction-based approach

Although the abstraction-based technique introduced in Section 3.1 does
not theoretically require constructing a finite-state abstraction S; (i.e., de-
scribed by finite state, input, and output alphabets) of the original system
&1, in practice, the usual procedure for abstraction-based controller design
involves constructing a finite-state abstraction of the underlying dynamical
system. This typically involves two steps: time discretization if the original
system operates in continuous-time, and space discretization if the system
has a continuous state space. The reasons for this approach are three-fold

1. It provides a common class of systems, namely discrete models, to
represent all abstractions of various kinds of original systems, thereby
offering a systematic way of designing correct-by-design controllers
for diverse systems.

2. It leverages controller synthesis techniques developed for finite sys-
tems. Numerous automata-theoretic schemes, known as reactive syn-
thesis, exist to algorithmically synthesize controllers that enforce com-
plex specifications, possibly formulated in some temporal logic (see
e.g. [Var95, BJP"12]). This allows for efficient resolution of step 2, i.e.,
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abstract synthesis problem.

3. Time discretization facilitates the implementation of digital controllers
that are easily manipulable by computers.

3.2.1 Classical abstraction

In this section, we discuss what we refer to as the classical abstraction-
based approach (Algorithm 3.1) described in [RWR16]. This technique in-
volves computing a feedback refinement relation (Definition 3.5) using a
uniform grid discretization of the state space and a sampling of the input
space.

In order to construct a finite state abstraction Sy = (X,Us, F>) of §1 =
(X1,Uy, Fy), we discretize the state space and sample the input space. The
classical technique involves discretizing the state space using a uniform
grid defined by

MZ"] = {c € R" | SreznViecpmci = kini}, (3.11)

with grid parameter 7 € RY . The abstract states correspond to the vertices
of this lattice
XQ = [UZ”] N Xl/ (312)

and the strict relation R C A} x &, simply defines the inclusion relation
R={(x1,x) € X1 x Xp | xq € H(xz,g)}. (3.13)

The abstract input space Uy C U is a finite subset of the input space of S;.

The abstraction S is constructed such that S; jf}RR S, over the entire
state space (Line 2), independently of the specification. Then, the specifi-
cation is abstracted according to (3.3) (Line 3), and the abstract problem is
solved (Line 4). Finally, a controller C; for the concrete system is returned
(Line 5).

Theorem 3.9. Algorithm 3.1 returns a controller Cy that solves (S1,%1) if C;
solves (Sp,Xn).

Proof. We have &; jERR S> and R71(X;) C %4. By Theorem 3.8, C; =
Cy o R ensures that By (C; x S;) € RN (B« (C; x S;)). Therefore, if Cy
solves (Sp,Xp), i.e., Bx(Cyr x Sy) C Xy, then

B« (Ci x81) CR Y (Bx(CoxS,)) CR (%) C 5y,
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Algorithm 3.1: Classical abstraction-based algorithm.

1 Function ClassicalAbstraction(S7, X1, R):
2 compute Sp;
3 Y, < get_abstract_specification(Xq, R);
4 Cp + solve(Sy, %0);
5 C1+ CroR;
6 return Cy;
end

i.e., Cq solves (S1,X1). O

Specific implementation

To illustrate the full process, we present a specific implementation of Line 2
of Algorithm 3.1 for a continuous-time system with continuous state and
input spaces.

Consider the uncertain continuous-time system

2= f(x(t),u(t)) +w(t), (3.14)

where f : R" xU — R", x(t) € X CR", u(t) €e Y C R", and w(t) €
W C R". The set W contains the origin and is bounded.

Since we are interested in controlling system (3.14) through a digital
controller, the controls are assumed to be piecewise constant functions
from R>g to Y. Given T > 0, u(t) = u(kt) for all t € [kt, (k+1)7) and
k € Np. Let S; = (X1,U,, Fy) be the T-sampled system of (3.14) (see Defi-
nition 2.21).

To apply Algorithm 3.1, we have to construct an abstraction related
to the original system through a feedback refinement relation R. Accord-
ing to Definition 3.5, this requires adding to the transition map F(xp, u)
all cells that intersect with the image F; (R™!(x), u2). However, comput-
ing the exact attainable set can be challenging or costly due to the non-
linear nature of f. Therefore, abstraction-based techniques often compute
an over-approximation of the attainable sets for a particular cell R~ (xy).

A variety of over-approximation methods have been proposed for dif-
ferent classes of systems and sets, such as those found in [Osi06, Alt10,
Reill, WR14, RWR16].

Using a grid-based discretization, a natural approach involves comput-
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Fig. 3.3 [Illustration of the transition function of an abstraction for sys-
tem (3.14).

ing hyperrectangle over-approximations of the image under the dynam-
ics (3.14) for each cell R~! (x2) and abstract input up € U,. This is achieved
using a growth-bound function [RWR16, Definition VIIL.2][ZPMT11], which
provides a bound on the distance between two trajectories based on the
distance of their initial conditions.

Definition 3.10 (Growth-bound function). Given sets X’ C R", U’ C U,
and the sampling time 7, a map B : RL ) x U' — R is a growth-bound

function on X', U' associated with the T-sampled system of (3.14) if the
following conditions hold:

(i) B(r,u) > B(r',u) wheneverr > " and u € U’;

(i) If ¢ is a solution of (3.14) on [0, 7], with input u € U’ and £(0), p € X/,
then
(1) — go(T, p,u)| < B(18(0) — pl, u) (3.15)

holds component-wise. A

Condition (i) ensures that the closer the initial conditions of two trajec-
tories, the smaller the bound provided by the growth-bound function .
Condition (ii) provides an upper bound on the final distance between two
trajectories based on the distance between their initial conditions. How-
ever, unlike the concept of incremental stability (Definition 2.22), we do
not require that trajectories converge to the same reference trajectory re-
gardless of their initial conditions.

As an example, in [RWR16, Theorem VIIL5], the authors propose a
growth-bound function for the system (3.14) based on a matrix-valued Lip-
schitz inequality.
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Given a growth-bound function §, an abstract state x € A, and an
abstract input up € U, one can compute over-approximation of the cell
related to x5 as follows

Fi(R™1(x2),u2) € H(po(T, %2, u2), B(%,12)).- (3.16)

This requires computing the unique solution of the nominal system with
the initial condition corresponding to the center of the cell and then using
the growth-bound function to obtain a bound of trajectories at time 7, given
the bound on the initial condition x; € R7!(x2) < |x2 —x3| < 1, as
illustrated in Figure 3.3.

The following theorem establishes the validity of the abstraction-based
approach described in this section.

Theorem 3.11 ([RWR16, Theorem VIIL4]). Consider the system Sy, which is
the T-sampled system of (3.14) with S; = (X1, Uy, F1), where Xy is a compact
set. Define the system Sy, = (Xp,Ua, Fy), where X, is given by (3.11), Uy is a
finite subset of Uy, and the transition map F, satisfies Vx, € Xp Vuy € Uy :

H(po(T, x2,u2), B(4,u2)) NR™Y(x)) # @ = xb € Fa(xp, 2). (3.17)
This construction ensures that Sy is a finite-state system and S; jERR Ss.

Once the abstraction is constructed, the concrete specification ¥; must
also be abstracted into X, to satisfy (3.3) (Line 3). The following proposi-
tion provides the conditions for reach-avoid and safety specifications (Def-
inition 2.10).

Proposition 3.12. Given simple systems Sy and Sy as in (3.1) and a relation

R C Xy x X, consider the reach-avoid specification Zlfmh = [Th,T1, O1] and

the safety specification Zf“f ‘ = [I4, 21] for Sy. The corresponding abstract speci-

fications for Sy are

o YReach — [Ty, Tp, Oo] with Ty € R7Y(Tp), RN (T2) € Th, and O1 C
R_l(OZ);

« 3% = [T, Z)) with Ty € RV (Tp), and R"Y(2,) C 2.

These abstract specifications satisfy (3.3), ensuring that R~1(XReach) C yReach
and R-1(25%) € £,
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Algorithm 3.2: Algorithm 3.3:
Symbolic Reach-Avoid Solver. Symbolic Safety Solver.
1Y+ Q; 1Y Xy
2 V'« G(Y); 2 YV« G(Y);
3 while )’ # Y do 3 while)’ # Y do
forx, € )’ do 4 Yy«
4 He, (0,x2) := {(u2,x2) | uz € 5 VYV~ G(Y);
Us(x2), Ba(x2,u2) € V}; end
end forx; € Y do
5 V<) 6 He, (0,x2) = {(uz,x2) | u2 €
6 YV« G(Y); Us(x2), Fa(x2,u2) C YV}
end end
7 Yoo = Vs 7 Voo = s
{0} forx; € Voo {0} forx; € Voo
8 Fo(Ox2) = {@ for x; € X\ Veo * Fa0%2) =10 form e X\ Veo
9 return 9 return
Cr = ({0}, &2, &2, Uy, Fe,, He, ); Cy = ({0}, X2, Ao, Uy, Fe,, He, );

Fig. 3.4 Fixed point algorithms for reach-avoid and safety specifications.
Given a finite-system S, = (A, Uy, F), it returns a static controller C,.
Algorithm 3.2: Such that U, (0) is the largest subset of &, such that C;
solves the abstract problem (S, ZReach) with £Reach = [74. (0), 72, 0,]. Al-
gorithm 3.3: Such that U, (0) is the largest subset of &, such that C; solves
the abstract problem (S,, £5%f¢) with £5¢ = (U, (0),Uc,(0)]. The func-
tions G and G’ are defined in (3.18) and (3.19), respectively. Note that in
both cases, Uc, (0) = Voo, which is the solution of the fixed-point equation.

Next, Line 4 of Algorithm 3.1 involves solving the abstract problem
(S2,%5). This can be approached using graph-theoretic tools since the ab-
stract system is a hypergraph.

For reach-avoid specifications (Definition 2.10), the abstract problem
(Sy, deaCh) with deac}‘ = (I, 72, 0,), can be solved by finding the fixed
point of the following set-valued function

G(Y) = (pres, (V) N (X2 \ O2)) Uy, (3.18)

where pre S5 is defined in (2.11). The abstract problem admits a solution
C, if and only if the static controller C, returned by Algorithm 3.2 satisfies
T, € U, (0), and then C; solves the abstract problem [RZ16].

For safety specifications (Definition 2.10), the abstract problem (S,, £52%¢)
with Z5¢ = (Z,, 2,), can be solved by finding the fixed point of the fol-
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T2

L1

(a) Bicycle model [AMO7, Example 2.8]. (b) DC-DC converter [BPMO05, Section II].

Fig. 3.5 Modeling of Example 3.13 and Example 3.14, respectively.

lowing set-valued function
G'(Y) = pres,(¥V) N 2,. (3.19)

The abstract problem admits a solution C; if and only if the controller C,
returned by Algorithm 3.3 satisfies Z, C U, (0) € 2, and then C; solves
the abstract problem [RZ16].

Finally, if the abstract problem has a solution C,, then the controller
C1 = C; o R (Line 5) solves the concrete problem (S1,%1).

Examples

We illustrate the classical control approach (Algorithm 3.1) presented in
the previous section using two control problems as running examples: a
reach-avoid problem for a bicycle [RZ16, Section 4.1] and a safety problem
for a DC-DC converter [RZ16, Section 4.2].

We start with the following reach-avoid problem for a nonlinear continuous-

time system.

Example 3.13 (Path planning problem). We consider a bicycle vehicle (Fig-
ure 3.5a with a = 0.5, b = 1) modeled by the system (3.14), where f :
R3 x U — R3 is given by

uq cos(a + x3) cos(a) !
fx, (ug,up)) = (ul sin(a + x3) cos(oc)1> ,

uq tan(uy)
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(a) Example 3.13. (b) Example 3.14.

Fig. 3.6 Algorithm 3.1 for Example 3.13 and Example 3.14. A closed-
loop trajectory of the concrete sampled system is represented in blue. Left:
Projection of the states of S; and S, to R? x {0}. The initial, target, and
obstacle sets are represented in green, red, and black, respectively. Right:
The largest invariant set Z; = I is represented in light gray, while the
non-invariant part is illustrated in black.
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with X = [0,10)2, U/ = [-1,1]? and & = arctan(tan(u,)/2). There is no
perturbation (W = {(0,0,0)"}). Here, (x1,x2) represents the position
of the center of mass and x3 the orientation of the vehicle in the two-
dimensional plane. The control inputs u; = ||v|, and u, are the rear
wheel velocity and the steering angle. We consider the reach-avoid spec-
ification Z?e“h = [Z1, T1, O1] (Definition 2.10), with Z; = {(0.4,0.4,0)},
T1 = H((9.25,9.25,0), (0.25,0.25,R)), and O illustrated in green, red, and
black respectively in Figure 3.6a. A

It can be shown that the function B(r,u) = eL(*)7r, where L is defined

by L1r3(u1, 1/[2) = L2,3(1/£1, le) = |1/l1 tanz(uz)/4 + 1| and Li,]-(ul, uz) =0
for (i,7) ¢ {(1,3),(2,3)} (see [RWR16, Examples IX.A]), is a growth-bound
function associated with the T-sampled system &; from Example 3.13.

Consequently, the previously described approach can be applied to con-
struct an abstraction S, of S such that & jERR S,, where R is the re-
lation defined by the grid parameters # (3.13). The abstract specification
xReach 5 constructed according to Proposition 3.12. A controller C; solving
(Sp, ZReach) can be computed with Algorithm 3.2. Finally, the controller
C1 = Ca 0 R solves (S, Zlfe“h) (Theorem 3.9). The resulting abstraction is
illustrated in Figure 3.6a'.

We pursue with the following safety problem for a switch linear system.

Example 3.14 (DC-DC boost converter). We consider a DC-DC boost con-
verter (Figure 3.5b) modeled by the system (3.14), where f : R?> x U — R?
is given by

fx,u) = Ayx + by

.
with x = (i, 00) T, U = {1,2}, W = {(0,0)}, by = by = ( o) , and

?l’
_n _1 ror _1 _n
A = X 0 A, = x; (7‘1 + r0+;(‘> X ro+re
1= 0 ~1 1 s A = 1 n 11 .
Xc To+Te Xc totre X totre

The control action u € {1,2} is the position of the switch, which af-
fects the system’s dynamics. We consider the safety specification Ziaf" =
[Z1, Z1] (Definition 2.10), where we aim to determine the largest invariant
set Z; = 7; within the domain X = [1.15,1.55] x [5.45,5.85] illustrated
in Figure 3.6b. We use the numerical values from [BPMO05], i.e., x, = 70,
x; =3,7r.=0.0057, =0.05r)g=1and vs = 1. AN

IThese numerical experiments are available in the Dionysos.jl Julia package https:
//github.com/dionysos-dev/Dionysos.jl/releases/tag/2024_LCSS in the subfolder
docs/src/examples/solvers.
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The function B(r,u) = "7, where L(1) = Aj and L(2) = A, is a
growth-bound function associated with the T-sampled system S; from Ex-
ample 3.14.

Consequently, the previously described approach can be applied to con-
struct an abstraction S, of &1 such that S le{RR S,, where R is the re-
lation defined by the grid parameters # (3.13). The abstract specification
Zgafe is constructed according to Proposition 3.12. A controller C; solv-
ing (S, £5%¢) can be computed with Algorithm 3.3. Finally, the controller
C1 = Cy o R solves (Sl,Z?afe) (Theorem 3.9). The resulting abstraction is
illustrated in Figure 3.6b.

It can be shown that the switched system S; is incrementally stable
([GPTO09, Definition 2.6]). This stability property can be exploited to con-
struct a deterministic feedback refinement abstraction S; of 1, which al-
lows for faster computation, as highlighted in Section 9.5.

The two examples are of different nature: Example 3.13 addresses a
reach-avoid problem for a continuous-time non-linear system with a con-
tinuous input space, while Example 3.14 addresses a safety problem for a
switched linear system with a discrete input space.

Weaknesses

As mentioned in Section 3.2, the classical abstraction-based approach re-
lies on constructing a feedback refinement relation R using a predefined
uniform partition of the entire state space. However, this method has two
significant weaknesses:

1. Non-determinism of the abstraction
Abstractions are constructed on a partition of the state space using
non-empty compact hyper-intervals and over-approximations of the
attainable sets under the system dynamics. While effective compu-
tation of these over-approximations is possible—typically involving
simulation (e.g., via Runge-Kutta methods) at the center of each cell
and bounding with a growth-bound function—this approach may
yield conservative abstractions. Though over-approximating the at-
tainable set ensures that all behaviors of S; are captured within the
abstraction (3.5), it may also introduce non-deterministic trajectories
in the abstraction that do not correspond to any real trajectory in the
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@ G1(R ™ (w2))
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u

Fig. 3.7 Comparison of piecewise constant and state-dependent con-
trollers. The red region illustrates Fy(xq,u) for all x; € R~ 1(x,), where
u € Us,(xp) and u € Us, (R71(x2)). The blue region shows Gy(x1) =
Fi(x1,x(x1)) for all x; € R™1(xy), where x € Ug,(x7) is a local state-
dependent controller ¥ : X7 — U;. Left: The two-dimensional concrete
system with its state space discretization. Right: The corresponding ab-
stract system, highlighting the non-deterministic transition F,(xp, 1) and
the deterministic transition F,(x, k).

i3 Jata]

Fig. 3.8 Three levels of discretization for a two-dimensional system,
ranging from coarse to fine. The concrete obstacles (J; are shown in black,
while the abstract obstacles O, are depicted in grey. Additionally, the im-
age of a cell is illustrated.
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original system. For example, a transition from x; to x} under in-
put u, in Figure 3.3 does not match any transition from R~!(x;) to
R71(x}) under input u, in S;.

Thus, there is a trade-off: a fine over-approximation, while poten-
tially more accurate, can be computationally expensive, whereas a
coarser and faster over-approximation may introduce additional non-
determinism into the abstraction, as illustrated in Figure 3.3. If the
system lacks local incremental stability (Definition 2.22) within a cell,
even precise over-approximations may still result in significant non-
determinism when using piecewise constant controllers, leading to a
high cardinality of the set F>(x2, u2), as shown in Figure 3.7.

. Curse of dimensionality

The use of uniform grids leads to an exponential increase in the num-
ber of cells as the state-space dimension grows, making abstraction
construction potentially intractable. Additionally, some regions of
the state space may require finer discretization, leading to a rapid in-
crease in the number of cells. As illustrated in Figure 3.8, obstacles
can divide the state space into disjoint regions with coarse discretiza-
tion. While medium discretization might suggest possible transitions
between regions, the non-determinism introduced by discretization
could still prevent guaranteed safe transitions. Only the finest parti-
tion allows safe transitions, but at the cost of greatly increased com-
putational effort.

In summary, the combination of piecewise constant controllers and a
uniform, predefined partition of the entire state space can lead to intractable
oreven unsolvable abstract problems (S, Xp).

Solutions

This thesis aims to address the identified challenges through both theo-
retical and algorithmic developments, as well as practical implementation
tools, as outlined below.

1. Non-determinism of the abstraction

To mitigate the non-determinism resulting from the discretization of
the state, we propose to avoid discretizing the input space. Instead,
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we leverage the entire input space to design state-dependent con-
trollers that can either reduce non-determinism or ensure determin-
istic transitions, as is illustrated in Figure 3.7 with the local controller
& € Up(x2). This approach requires a comprehensive analysis of the
link between steps 1 and 3 of the abstraction procedure (see Figure 1),
i.e., between abstraction relations and the resulting concrete control
architecture, enabling the design of more general templates for con-
crete controllers.

This approach is detailed in Part II, in Chapters 4 and 5, which pro-
vide a theoretical framework for classifying and characterizing ab-
straction relations in terms of their concretization procedures.

Curse of dimensionality

To mitigate the computational challenges posed by high-dimensional
systems, we propose a tailored approach to abstraction construction
that directly addresses the specific control problem. This involves in-
tegrating steps 1 and 2 of the traditional abstraction-based procedure
(see Figure 1). By co-designing the abstraction and the abstract con-
troller guided by the optimal control problem, we can construct the
abstraction incrementally, focusing only on the necessary regions of
the state space, thereby reducing computational complexity.

This solution is explored in Part III. Chapters 6 to 8 introduce algo-
rithms for constructing smart abstractions, which are computed over
a reduced state space with non-uniform cells optimized for the sys-
tem dynamics and control objectives. Chapter 9 presents a modular
toolbox designed to facilitate the benchmarking and implementation
of these smart abstraction techniques.



PART II
Theory






Simulation relations

BSTRACTION-based control approaches involve synthesizing a correct-

by-construction controller through a systematic three-step proce-

dure illustrated in Figure 1. The correctness of this three-step ap-
proach is ensured by relating the concrete system with its abstraction in
terms of a system relation. The notion of alternating simulation relation
(Definition 3.1) is crucial there; indeed, it is proved in the seminal work
of [AHKV98] that ASR is a sufficient condition for a system S, to correctly
represent a system S, such that any controller C, for S, can be concretized
into a valid controller C; for S; (Theorem 3.4).

Although the alternating simulation relation offers a safety critical frame-
work, it has several practical drawbacks. The first issue is that this rela-
tion provides no complexity guarantee on the concretization procedure,
i.e., the concrete controller could contain the entire abstraction (which is
typically made up of millions of states and transitions [Reill, ZPMT11]) as
a building block, we refer to this problem as the concretization complexity
issue (see Section 4.6.1). The second limitation is that, while an alternat-
ing simulation relation ensures a controller exists for the concrete system
to match the closed-loop behavior of the abstract system, it does not en-
sure that properties of the abstract controller, such as being static, will be
transferred to the concrete controller in the concretization step (see Sec-
tion 4.6.2).

For this reason, various relations have been introduced in the litera-
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Concrete controller Concrete controller
Abstract controller Abstract controller
U o U2 o
Quantizer Interface
uy 1

uy x1
Concrete system Concrete system

Fig. 4.1 Closed-loop system resulting from the abstraction and con-
cretization approach. Left: Based on the feedback refinement relation and
its simple concretization scheme (3.10). Right: Based on the interface pro-
posed in this chapter.

ture, e.g. [RWR16, BPDB18, EL]22, MOS20], to tackle specific shortcomings
of the alternating simulation relation. Some works propose abstraction-
based techniques that do not suffer from this concretization complexity
issue, but they are either limited to subsets of specification such as safety
or reachability [Gir12, DCDVL13, GJ07, HMMS18a], or for a specific class
of dynamical systems, e.g. incrementally stable [Gir12], piecewise affine
(PWA) dynamics [YTC"11]. Other abstraction-based controller synthesis
methods circumvent the concretization complexity issue by constructing
abstractions without overlapping cells [Girl3, YTC*11, GJ07, HMMS19,
LBJj21, CLEJ21].

An important landmark in the abstraction-based control literature is
[RWR16]. There, the authors introduce the stronger feedback refinement re-
lation (Definition 3.5), designed to alleviate these limitations. They show
that if the two systems enjoy these relations, one may simply concretize
the controller by seemlessly plugging the abstract controller (Theorem 3.8),
see Figure 4.1 (left).

Recently in [ZAZ24], the authors introduce the general e-approximate
alternating simulation relation (e-gAAS), which generalizes the alternating
simulation relation [ZAZ24, Theorem 3.2]. They show [ZAZ24, Theorem
3.5] that the existence of an e-gA AS is both sufficient and necessary to guar-
antee the concretization step in (3.5) for some, but not all, abstract con-
trollers. Therefore, it differs from the ASR as it does not permit the design
of plug-and-play control architectures between the original system and the
abstract controller, i.e., architectures that are independent of the specifica-
tions to enforce.
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In this chapter and more generally in Part II, we take a step back from
these various definitions of relations and ask the following question

How can we tailor the abstraction relation based on the desired properties of
the concretization step, irrespective of the particular specification we seek to
enforce on the original system?

We start by showing (Example 4.1) that the FRR comes with drawbacks;
in particular, we exhibit a system for which there is no FRR allowing to
design a valid controller for the abstract system, even though the concrete
system is controllable (e.g., with an ASR-type abstraction). Next, we intro-
duce several system relations that we believe are useful in practice for scal-
able abstraction-based control. We also provide a systematic enumeration
of relations that refine the alternating simulation relation, encompassing
the different types of simulation relations present in the literature. Then,
we characterize these relations based on their concretization procedures,
focusing on the resulting control architectures for the concrete system.

Our construction builds on the concept of interface, which gathers (and
memorizes) the output of the abstract controller C;, combines it with the
observed states from Sj, and outputs a valid control signal, as illustrated
in Figure 4.1 (right). The resulting concretization procedure can be viewed
as a hierarchical control architecture: rather than designing a controller di-
rectly for the complex concrete system, one designs an abstract controller
(a.k.a. high-level controller) over a simpler abstract system, which is then
translated into a concrete controller through the interface function (acting
as the low-level controller). Moreover, this concretization procedure exhibits
a plug-and-play structure, allowing the abstract controller to be connected
to the original system via an interface, irrespective of the particular speci-
fication we seek to enforce on the original system.

Our main theoretical contribution is a theorem (Theorem 4.11 and Corol-
lary 4.19) that explicitly links any given simulation relation to the control
architecture that the concrete system inherits from the abstract one, as a
function of the simulation relation that link them. Thus, the simulation re-
lation becomes one of the elements in the control engineer’s toolbox, with
the choice of the precise relation to be used depending on the control archi-
tecture that (s)he wants to or is able to implement in practice. Finally, we
provide explicit constructions of these simulation relations on a common
example, highlighting their respective advantages and drawbacks in terms
of concretization procedures.
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This chapter results from a collaboration with Antoine Girard, and this
work has been partially published in [CG]24].

Motivation

As previously mentioned, the feedback refinement relation (Definition 3.5)
benefits from a concretization procedure that is irrespective of the specifi-
cation we aim to enforce on the original system. This is achieved by inter-
connecting the abstract controller C, with the quantizer R (Theorem 3.8),
as illustrated in Figure 4.1 (left). However, this benefit comes with a cost:
it constrains the way the abstraction is created, as it limits the concretized
controller to be piecewise constant. Specifically, the requirements in (i)
and (ii) of Definition 3.5 restrict the class of concrete controllers to those
where the control input depends only on the abstract state (3.10). Thus,
the feedback refinement relation is well-suited to contexts where the ex-
act state is unknown and only quantified (or symbolic) state information
is available. However, when information on the concrete state is avail-
able, this becomes a significant limitation. If the system does not exhibit
local incremental stability (Definition 2.22) around a cell, the use of piece-
wise constant controllers introduces significant non-determinism into the
abstraction. This could result in an intractable or even unsolvable abstract
problem (S;,%)), as illustrated by the following example from [CMG]J24,
Section 4.4].

Example 4.1. We consider the simple systems
S1 = (X, Uy, Fr), S = (X,Up, F) and S = (X, Uy, Fy)

with A7 = [—L,L] CR U =R X = {th,lh,%}, Uy = {K1/K2/K3}/
Uy = {x},x5,x5}, Fi(x1,u) = {x1 + u} and the available inputs Usg, (x1) =
{u € Uy | xy+u € A}. The transition maps F, and F; are illustrated
graphically by

S Sy S,
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Given the sets Ay, = [-L,0), &;, = {0} and &, = (0,L], we de-
fine the relation R C A} x &, such that (x1,9) € R & x; € &j. The
colors indicate the related states. We consider the reach-avoid problem
zReach — ¥}, {0}, @] of controlling S;, whose dynamics consist of mov-
ing under translation on a segment of the real line, to reach 0. The ab-
stract specification TReah = X3, {g,}, @], consisting of driving the sys-
tem from state g1, 42, g3 to g satisfies (3.3). Any abstraction S, such that
S j}:{RR S, is constrained to have non-determinism for the cells q; and
g3. The problem here is that by using piecewise constant controllers for the
concrete system, there will always be a portion around 0 that overshoot its
target. Indeed, we have «; € [0,L], x = 0 and k3 € [—L, 0], and therefore,
for any admissible choice of «1, k3, x3, the resulting abstraction S is non-
deterministic. As a result, the abstract problem (S,, £R¢ah) has no solu-
tion. However, we can build an abstraction S} such that S; jﬁSR S) where
K1 (x1) = x4(x1) = —x7 and «5(x1) = 0 are linear controllers. Note that we
have the same partition of state-space, but because we can have abstract
inputs that are local state-dependent controllers instead of real inputs, we
can solve the abstract problem (S}, ZX€ah)_ For the abstract system S}, the
inputs «7,x, and x} can be interpreted as move to the right cell, do not move
and move to the left cell, respectively. A

Therefore, our goal is to identify, classify, and characterize refined no-
tions of the alternating simulation relation, denoted as T, that allow the
design of more general concrete controllers than the piecewise constant
controllers of the feedback refinement relation, while still benefiting from
its plug-and-play property.

System relations

In this section, we enumerate and classify system relations that refine the
alternating simulation relation (Definition 3.1).

Key relations

We introduce refined notions of alternating simulation relation, which will
be central to the discussions throughout this thesis.
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Definition 4.2 (Predictive simulation relation). Given two simple systems
S1and S; in (3.1), a relation R C Xy x &} is a predictive simulation relation
from S; to Sy, denoted S; jESR Sy, if

V(x1,x2) € RVuy € Us, (x2) Juq € Us, (x1)
dxy € Fa(xo,up) Vi € Fi(xq,u1) 0 (x], %) F)eR (41)

A

Definition 4.3 (Delayed simulation relation). Given two simple systems S;
and S; in (3.1), a relation R C & x A, is a delayed simulation relation from
Sy to Sy, denoted S; <R S, if

Vxy € Xp Vuy € uSz (x2) Jup € Ugl(Rfl(JQ)) Vxp € Ril( )
dxy € Fa(xo,up) Vi € Fi(xy,u1): (x{,x3) €R. (42)

A

Definition 4.4 (Feedforward abstraction relation). Given two simple sys-
tems S1 and S; in (3.1), a relation R C & x A&, is a feedforward abstraction
relation from S; to Sy, denoted S jEAR S,, if

Vxy € Xp Vuy € USZ (Xz) szr S FQ(Xz, uz) Vx, € Ril( )
Juy € Us, (x1) Vx| € Fi(xq,u1) ¢ (x],xf) €R. (4.3)

A

Definition 4.5 (Memoryless concretization relation). Given two simple sys-
tems S1 and Sp in (3.1), arelation R C & x A} is a memoryless concretization
relation from S; to Sy, denoted S; jll\{[CR Sy, if

V(x1,%2) € RVuy € Us, (x2)3uy € Us, (x1)
Vx; € Fi(xy,u1) : R(x{) # @and R(x]") C Ba(xp,u2).  (4.4)

A

We define the associated extended relations R2SR, RDSR, RMER ) x
Uy x Xp x U as the sets of tuples (xp, up, x1, 17) satisfying (3.8), (4.1), and
(4.4) respectively. Similarly, RSRR C X, x Uy x X1 and REAR C X x Uy x
Xy x Uy x X, are defined as the set of tuples (xp, 12, x1) and (x2, up, x1, 1, X )
satisfying (3.9) and (4.3), respectively.

70 |



System relations | 4.2

| R

" i @ g
. B L’

(b) PSR. (c) MCR.

Fig. 4.2 Local conditions for ASR, PSR, and MCR. Related states are
connected with a dotted line. The relation R C X; x X, is consistent
across all three examples, with the exception of the additional related pair
(x],x5) € Rin PSR, illustrated in blue. This relation defines a cover of the
state space, as |R(x})| > 1. The distinction among the examples lies in the
definition of the abstract transition map F,(x, up). States that must be in-
cluded in F,(x, up) are shown in red, though other states may also be part
of it. Note that for ASR, either x} or x}” must be included in F,(x, 7).

Additionally, we define the set-valued maps
I]E(XZI us, xl) = {Lll | (x2/ up, Xl,u]) S R;[}/ (45)

for T € {ASR, PSR, MCR}. Similarly, IERR : 24, — Uy and IEAR : X, x Uy %
Xy x Xy — 241 are defined as IE®R (1) = {un} and IEAR (xp, up, x1, ) =
{uy | (x2,u2,x1,u1,x5) € REARY. These functions map abstract inputs to
concrete ones.

An example illustrating the local conditions for ASR, PSR, and MCR is
shown in Figure 4.2, highlighting their differences.

For both PSR and FAR, the next abstract state x; can be identified be-
fore applying the concrete input u; to the original system. The distinction
between PSR and FAR lies in the dependence on x; for determining x; in
PSR, whereas in FAR, x2+ can be determined solely from abstract informa-
tion without reference to the specific concrete state x; € R~!(x,). This is
illustrated with the following example.
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R (z)) R (zf)
R\ (z) " Bla,) ™
uy R (af Uy R (2)
Uy 1 Uz
R " (2)
R (zf) R (zy)

Fig. 4.3 Comparison of PSR and FAR for three simple systems. Let
S1 = (X, Uy, ), 8o = (X, Uy, ), and Sy = (Xo, Uy, F,), where X; C R?,
and X, and X, are finite sets. Left: Illustration of R C X} x X, such that
S <PSR S (81 AR Sy), hlghhghtmg abstract states xp, x5, x2,x§” € Xs.
R1ght Nlustration of R C X; x X, such that S <FAR S,, with ab-

stract states Xy, X, xz, xz,x’z” S Xz. Here, R refines R by dividing cell x;

into £ and ¥,. In red, we show R71(#,) and F;(R™Y(£;),u;); in green,
R~1(%,) and F; (R~ (¥,), u1); and in blue, x; (resp. ¥;) and F; (x1, u7) (resp.
F1 (X1,u1)).

Example 4.6. Consider the systems shown in Figure 4.3. Given (x1,x3) € R
and uy € Us, (x2), there exists u; € Ug, (x1) such that Fy(x1,u1) C R71(x})
for some xé € F(xp,up). However, as illustrated, the next abstract state

satisfying (4.1) depends on the specific concrete state in R~!(x,); for in-
"

stance, with (X1, x2) € R, thisis x5 instead of x2 In contrast, for FAR, given
roandu, € U 5.2(922), there exists a common abstract state x} € By (%2, u2)
such that for all x; € R™1(%,), we have F;(x1,u;) € R™1(x}). A
The following proposition establishes the hierarchy of system relations.

Proposition 4.7. Given the simple systems Sy and S in (3.1), and a relation
R C X1 x Xy, the following implications hold

(1) S] jEAR 82 = S] jII;SR 82 = S] j‘IA{‘SR 82.

2) & j}:{RR S = & jll\z/[CR S =8 jﬁSR Sy.

3) & <BR S, = & <R,
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Additionally,

(4) If S, is deterministic, then Sy jfgSR S e & j}:{AR S.
(5) If Ris deterministic, then S; <{5R S, < &) MR S,

(6) Ifuy € INR(xy, 1, x1) implies uy = uy, then S; <HR S, & & <ERR
So.

Proof.

(1) (FAR = PSR) From condition (4.3), we have that for any x, € &, and
uy € Us,(x), there exists x; € F,(xp,uz) such that Vx; € R71(xy),
there exists u1 € U, (x1) for which Vx{" € Fi(xq,u1) : (xf,x)) € R.
Given (x1,x2) € R, we have x; € R™!(x3). Thus for this x;, there
exists u1 € Usg, (x1) such that Vx;" € Fy(xq,u1) : (xf,x)) € R. This
establishes condition (4.1).

(PSR = ASR) In (3.8), the condition R(x]") N Fy(xp, up) # @ is equiv-
alent to x5 € F(xp,up) : (x{,x5) € R. Then, the result follows
directly from the permutation of the quantifiers 3x; € F(xp, u2) and
Vx{ € Fi(x1,11) in (4.1) and (3.8).

(2) (FRR = MCR) Eq. (4.4) is satisfied with u; = uj.

(MCR = ASR) The condition (4.4) of MCR, where R(x;") # @ and
R(x{) C F(xp,up), implies R(x;) N Fy(xp,u2) # @ which corre-
sponds to (3.8).

(3) Directly follows from inverting Vx; € R™1(x,) and Juy € Us, (x1).

(4) Given that S, is deterministic, it follows that for any x; € &, and
Uy € Us,(x2), wehave |F>(xp, up)| = 1. Consequently, condition (3.8)
is equivalent to: V(x1,x3) € R Vuy € Us, (x2) x5 € Fa(xa,up) Jug €
Us, (x1) Vx; € Fi(x1,u1) : (x{,x3) € R, which in turn is equivalent
to (4.3).

(5) The relation R is deterministic implies that for any (x1,x) € R:
|R(x1)| = 1. Therefore R(x]") N Fx(xp, up) # @ if and only if R(x{") #
2, R(x{") C Fa(x2,u2).

(6) Condition (3.9) is equivalent to (4.4), with the additional require-
ment that the abstract and concrete inputs in the extended relation
are identical.

O
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4.2.2  Comprehensive enumeration

In the previous section, we introduced refined notions of the alternating
simulation relation. Here, we propose a systematic method to derive rela-
tion types T, denoted by S; <% S, which satisfy

S1 2k S2 = 81 {8, (4.6)
The condition for ASR (3.8) can be reformulated as:

Vxy € Xy || Vuy € u,gz(xz) Vx1 € Ril(XZ) duy € Z/{Sl(xl)

fo € Fi(xq,u7) sz+ EFz(xz,uz)ﬂR(xf) (4.7)

We decompose the logical formula (4.7) into blocks corresponding to the
variables xp, 13, x1, 11, x; , and x5 . The notation x;{” < x; indicates that
the block related to x; precedes x; . For example, the ordering in the ASR
condition (4.7)is xp < up < x1 < 1y < x{ < x5

To derive these refined relations, we systematically apply logical trans-
formations to the ASR condition (4.7), producing stronger relations.

In the three-step abstraction-based approach, once the abstraction is
constructed in step 1 (Figure 1), any abstract controller C, designed in step
2 can be concretized into a concrete controller C; in step 3, ensuring (3.5).
Therefore, the logical formula must start with Vx, € AVu, € Us, (x2).

We apply the following logical operations'.

1. Replace the block 3x; € F(x,12) N R(x]") by one of the following

propositions
Jxy € Fa(xp,up) | x5 € R(x]) (4.8)
Vxy € B(xp,up) | x3 € R(x]") (4.9)
Vxy € R(x)) | x3 € Fa(xp,up). (4.10)

Note that (4.8) is equivalent to 3x; € F>(x2,up) N R(x; ). Addition-
ally, we have (4.9) = (4.8) and (4.10) = (4.8).

IBlue boxes indicate interchangeable elements, while blue content highlights modifiable
components.
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2. Permute the blue blocks, ensuring x; < x}, u; < x{, x, < x5, and
Uy < x5

3. Impose u; = up with the condition that if (x1, x2) € R, thenUs, (x2) C
Us, (x1). We do not replace the existential quantifier of u; with a uni-
versal quantifier, as this would lead to irrelevant relation definitions,
allowing any concrete input to preserve the relation independently
of abstract variables.

In order to systematically enumerate all valid relations, we use a con-
structive tree (Figure 4.4). Each blue edge label represents a logical choice,
with each leaf node corresponding to a refined system relation of ASR, as
shown in Table 4.1. The logical formula for each leaf node is constructed
by following the instructions along the path from the root to the leaf. This
tree structure not only enables exhaustive enumeration but also meaning-
ful grouping of relation types sharing common properties, as illustrated
in Figure 4.5.

There are 17 relations in total, including previously introduced ones
like ASR and FRR. References for previously established relations are pro-
vided in Table 4.1, while the remaining relations are, to the best of our
knowledge, newly introduced in this thesis.

The following theorem, a generalization of Proposition 4.7, validates
the enumeration in Figure 4.4 and the hierarchy of system relations in Fig-
ure 4.5.

Theorem 4.8. Figure 4.5 provides the hierarchy of system relations, showing the
ordering between the various types of system relations listed in Table 4.1.

Proof. The implications 7 = 4 = 1 and 17 = 15 = 1, along with 1 = 4
under assumption A; and 1 = 15 under Aj, are established in Proposi-
tion 4.7. Similar reasoning applies to the chains 8 = 5 = 2 and 16 = 6,
with 2 = 8 under A; and 2 = 16 under A,. Likewise, 9 = 6 = 3 and
17 = 3 hold, with 3 = 9 under A; and 3 = 17 under Aj;. In 2, reversing
the order Vx; € R™1(x2)3uy € Us, (x1) from 1 gives 2 = 1. In 3, imposing
u1 = uy strengthens the condition, leading to 3 = 2. The other implica-
tions, 9 =8 =7,6=5=4,17= 16 = 15,14 = 13 = 12,and 11 = 10,
follow similarly. The implications 10 = 7, 11 = 8, and 14 = 9 follow by
replacing Vx5 with 3x; . Finally, the implications 12 = 10 and 13 = 11
follow from switching the positions of Ju; and Vx; . O

Most of abstraction-based algorithms found in the literature rely either
on MCR for [RZ16, CBLJ24a, CLE]J21] or FAR for [MGG13, EL]22], because
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they typically involve constructing either deterministic quantizer (parti-
tion of the state space) or a deterministic abstraction (Theorem 4.8), respec-
tively.
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Fig. 4.4 Constructive tree of relation types T that refine ASR (4.6). Each leaf corresponds to a relation type listed in Table 4.1.
The blue labels on the edges of the path from the root to a leaf represent the logical operations applied to (4.7) to construct the
relation (Section 4.2.2). The nodes along the path from the root to a leaf specify the variables v, and v, for the set-valued functions
hy and hy, respectively, which define the interface of the corresponding relation (Section 4.3).
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(4.8) (4.10)
Vx;' Hx;'

X7, 112,.’(1Jr SR}

Xp,Up, X1 € 1V

Xp, Uy € Vp

x1 < Uy, X1 €11

o (x2,u2) = Fa(x2, 1) S En
p

u = up, v = {up}

Fig. 4.5 Hierarchy of system relations. For example, an arrow from node
4 to node 1 indicates that S; ngR S, implies &1 jﬁSR S>. Red arrows
represent implications that hold under specific assumptions labeled on the
arrows: Aj denotes that S, is deterministic, and A, indicates that R is de-
terministic. Light, medium, and dark grey nodes represent relations where
x1 < uq,u; < x1,and u; = uy, respectively. Green boxes correspond to the
leaves of the subtrees highlighted in green in Figure 4.4.
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N Definition Interface Name
1 Vx ity € Us, (x2) Va1 € R™1(x2) Juy € Us, (x1) I (x2, 12, 1) ASR (Definition 3.1)
for € Fy(xy,uq) 39:; € By(xp,up) : x; € R(x]*) hy(xo, U2, xf') [Tab09, Definition 4.19]
o Vixy Yy € Us, (x2) Juy € Us, (R71(x2)) Yy € R71(xz) I (x2,u2)
Vx; € Fi(xy,u1) 3x5 € Fa(xo,u2) : x5 € R(x]") I (x2, 2, x7)
o Us, (x2) C Us, (x1)
3 | eV Vi € Us,(x) Var € RV (x2) Vi € Fy (a1, ) Zig:i)uz ilfz)} [BPDB1 g” gg}—i{njtion 6
3x) € B(xp,u) : xf € R(x))
4 I (x2, u2, x1)
I (x2, tp, X1, 11)
4 Vax ity € Us, (x2) Va1 € R71(x2) Juy € Us, (x1) b By (32, 12, X1, %3 ) PSR (Definition 4.2)
3x) € B(x,u2) Vx{r € Fi(x1,m): xf € R(x]*) ho(x2,u2,%1) [CGJ24, Definition 9]
c Ty (x2, 2, x1)
Ta (x2, U2, 1)
. Ty (x2, u2)
5 Vixy Yy € Us, (x2) Fuy € Us, (R71(x2)) Yy € R (x2) ha(x2, up, X1, 141) DSR (Definition 4.3)
sz’ € B(x,u2) Vx;’ € Fi(x1,m) : x;’ S R(xr) b T (x2,u2)
T ho (x2, 12, X1)
o Us, (x2) € Us, (x1
6 o Vs Vity € Us, (x2) Vx1 € R (x2) x5 € Fa(xa, 112) :l EZZ>; J{{u)z}
Vi € Fi(x,u2) : x3 € R(xf) 2
by (32, u2, 1, %3 )
7 Vo Viy € Us, (x2) Fx) € Fp(x2,u2) Va1 € R71(x2) i ha(x2, u2) FAR (Definition 4.4)
Juy € Us, (x1) Vx] € F(xy,u) : x5 € R(x]") b B (32, 12, 1) [CGJ24, Definition 10]
hy(x2, 2)
a T (x2, 112, %3 )
Ta (x2, u2)
8 Vxp Vup € Us, (xz) sz € By(xg,u2) 3uy € Us, (R 1(x2)) n hy(x2, 1)
Vx; € R\(xp) Vxl € F(x,m): xf € R(x ) hy (%2, 12, 117)
c I (x2,u2)
e hy(x2, 12)
o lUs,(x2) & Us (X1
9 o Vxy Vit € Us, (x2) 3x5 € Fa(xa, 112) V¥ € R71(x2) 21222)14_){“2}
Vi € Fi(x,u2) : x3 € R(x]) s
10 Vixy Yy € Us, (x2) Vi € Ba(x2,u2) Yy € R71(x2) by (x2, 12, X1, %3 ) SFR
Juy € Us, (x1) Vxl € F(x1,1) : xz‘ € R(x1 ) ha(x2,u2) = Fo(xa,u2) [ELJ22, Definition 1]
1 Yy ity € Us, (x2) Vx5 € B(x2,12) Fuy € Us (R71(x2)) | ha(x2, 112, %)
Vxy € R7!(xp) Vaf € Fi(x,u1) @ x5 € R(x{) ha(x2,12) = Fa(x2, 1)
12 Vx ity € Us, (x2) Va1 € R71(x2) Juy € Us, (x7) hy(x2, u2,x1)
sz‘ € B(x,u2) Vxl’ € Fi(xq,m) : xz‘ € R(xl’ ha(x2,u2) = Fa(xa, 1)
13 | VRV €lUs, (x2) Fu1 € Us, (R71(x2)) Va5 € Br(x2,110) | ha(x2,12)
Vxy € R™!(xp) V€ Fi(x,u1) @ x5 € R(xf) ha(x2,12) = Fa(x2, 12)
o Us, (x2) C Us, (x1)
14 o Vs Vity € Us, (x2) V3 € Fa(xa, 112) Vg € R71(x2) Zlguz) ){uz;z( )
Vil € Fi(x,up) 1 x3 € R(x)) o =
15 Vx Vitp € Us, (x2) Va1 € R1(x2) Juy € Us, (x1) I (x2,u2,x1) MCR (Definition 4.5)
Vx| € Fi(xy,u1) Vxj € R(x]) : xf € B(xp,up) ha(x]) = R(x{") [CMGJ24, Definition 8]
16 Vixy Yy € Us, (x2) Juy € Us, (R71(x2)) Yy € R (x2) I (x2,u2)
Vxi” € Fi(xq,u1) Vxy € R(x]) : xf € Fa(xa,u2) I (xf) = R(x])
o Us, (x2) CUs, (x1) .
Vxy € R(x{): xf € B(xp,uz)

Table 4.1 Table of system relations derived from the tree in Figure 4.4. The
numbers correspond to the leaf nodes in Figure 4.4, with each relation defined by
following the blue labels on the edges of the path from the root to the respective
leaf (Section 4.2.2). The "Interface" column lists the corresponding interfaces (Sec-
tion 4.3), while the "Name" column provides the relation’s name and reference if
it has been previously introduced in the literature. Architectures labeled in bold
represent the deterministic case (refer to the discussion in Section 4.4.2).
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Interface

In this section, we introduce the concept of an interface that connects the
system Sj to any controller C, f.c. with the system S, as shown in Fig-
ure 4.1 (right).

Definition 4.9 (Interface). Given two simple systems &; and S in (3.1), an
interface for S and S; is defined by a tuple (hy, hy, R), where hy : H1 —
2 and hy : Hy — 2% are set-valued functions, and R C X; x X>. The
argument vy (resp. v2) of hy (resp. hy) is a subset of the set of variables
v = {x1,x], %0, x5 ,u1,u2}, where x1,x] € Xy, x0,x) € X, uy € Uy, and
Uy € Up?. The functions h; and hy ensure that the following holds. For all
(x1,%2) € Rand up € Us,(x2), it holds that any uy, x;” and xJ resulting
from the following sequence of equations

uy € hl (Ul),
x;r € hz(l/z), (4.11)
x{r € Fl(xl,ul),

satisfy xJ € F>(xp,up) and (x],x)) € R. A

The order of the equations in (4.11) may vary based on the variables 14
and vy of hy and hy, respectively, as exemplified in (4.16), (4.18), and (4.22).
The function h; determines the concrete input #; required to ensure that
the resulting concrete state x;” € Fj(x1,1) is related to an abstract state
xy € Fy(x2,uy), identified by .

To emphasize the invariant preserved by the interface, specifically that
(x),x3) € R given (x1,x2) € R, we rewrite the condition (4.11) in Defini-
tion 4.9 as follows

Pre: (x1,x2) € R, up € Us,(x2)
up € hy (1/1),
xy € ha(v2), (4.12)
x1+ S Fl(xl, Ml),

Post: x5 € F(xp,u2), (x{,%3) € R

with the pre-condition and post-condition highlighted in blue.

2The domain H; (resp. Hy) of hy (resp. hy) is defined as the Cartesian product of the
domains of the corresponding variable v; (resp. 15).
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We now define the controller Cq, referred to as the concretized controller,
which results from connecting the controller C; to the interface.

Definition 4.10 (Concretized controller). Given two simple systems S; and
S, in (3.1), an interface (hy, hp, R) for Sy and S, and a controller C; f.c. with
S, defined as

C = (XCZIXZI VCZIZ/{ZI FCleCZ)/ (413)

a concretized controller is any system C; that satisfies the following closed-
loop condition: x; € By (C; x &) if and only if there exist sequences u1,
X2, U3, XC,, and ve, such that

(ua(k),ve, (k)) € He,(x¢, (k), x2(k))
xc,(k+1) € Fe,(xc,(k),ve, (k)

uy (k) € hy(v1(k)) (4.14)
x2(k+1) € hy(va(k))

| x(k+1) € R(x(k),u (k). |

A

Note that similarly to (4.11), the order of equations in (4.14) may vary
depending on the variables v; and 1, of 1 and hy. In the next section, we
will provide a specific implementation of the concretized controller C; for
each of the considered system relations.

The following theorem demonstrates that the concretized controller C;,
formed by connecting the interface with any controller Cy, satisfies the re-
quired concretization condition (3.5).

Theorem 4.11. Consider two simple systems Sy and S in (3.1) and an interface
(hy,ha,R) for Sy and Sp. For any controller Cy in (4.13) f.c. with Sy, the con-
cretized controller Cy (Definition 4.10) satisfies Bx (C1 x S1) € R™1(Bx (Cy x
$2)).

Proof. By Definition 4.10, it holds that x; € By (C; x &) if and only if
there exists sequences uq, x2, 4y, x¢,, v¢, satisfying (4.14). We prove the re-
sult by induction on k. Assume (x;(k),x2(k)) € R. At each time step,
(uz(k),ve, (k) € He,(xc, (k), x2(k)), implying us (k) € Us, (x2(k)) since C»
is f.c. with 8. Since uq (k) € hy(v1(k)) and xp(k+ 1) € hy(va(k)), by (4.11),
we have xp(k+1) € F(xa(k), uz(k)) and (x1(k+1),x2(k+1)) € R, with
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x1(k+1) € Fi(x1(k), uq(k)). Thus, (u,x2) € B(C2 x Sz), establishing that
B (Cl X 81) - Ril(Bx (Cz X 82)) O

Interface for simulation relations

In this section, we aim to identify an interface for each system relation type
in Table 4.1. Specifically, we seek to define the set-valued functions h and
hg for each relation type T, ensuring that if S; 51T< S,, then (h{, hg, R) is an
interface for S and Sy, i.e., satisfying (4.11).

Similarly to how the tree structure in Figure 4.4 systematically enumer-
ates all valid system relations that refine the ASR, it also allows for the
enumeration of different interfaces. The blue labels on the edges from the
root to a leaf represent the logical operations applied to (4.15) to construct
the system relation T (Section 4.2.2), while the intermediate nodes specify
the arguments vy for the function h¥ and v, for hg that define the interface
of the relation. This tree structure also facilitates the meaningful group-
ing of system relations according to their control architectures, as shown
in Figure 4.5.

We now provide implementations of these interfaces for some system
relations in Table 4.1.

Definition 4.12. Let T € {ASR,PSR,FAR, MCR, FRR}3, two simple sys-
tems S and S; in (3.1), and a relation R C X} x A>. We define their set-
valued functions h¥ and hg (Table 4.1) as follows

hi = Iy,
hySR (xy, 15, X)) = B(xp,uz) NR(x{),
R (x, 1z, x1,u1) = By (2, u2) N {3 € X2 Fy(xy,m) € R (%),
hEAR (xp,12) = Fa(x0,up) N {x3 € X»:Vx; € R (x2),
Juy € Us, (x1) : Fi(xy,u1) CRM(x7)},

R (x) = YR (xf) = R(x),

where IIT{ is defined in (4.5). A

3Note that DSR is not further discussed here, as it adds little to the current discussion,
though results can be easily derived for DSR.
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The following proposition establishes that the previously defined in-
terfaces guarantee that the post-condition is met, given the pre-condition
in (4.11).

Proposition 4.13. Let T € {ASR, PSR, FAR, MCR, FRR}, two simple systems
Sy and Sy in (3.1), and a relation R C Xy x Xp. If &3 jIT{ Sy, then the tuple
(h{, hg, R), with h? and hg in Definition 4.12, is an interface for Sy and Sy, i.e.,
it satisfies (4.11).

Proof. This follows directly from the definition of I;{ in (4.5). O

The main difference between the functions h{ and k] across the dif-
ferent types T lies in the arguments they take, as listed in Table 4.1. We
illustrate the tree construction (Figure 4.4) with the following three rela-
tions.

Alternating simulation relation

The condition for ASR (3.8) can be reformulated as

‘VJQ e X, HVuZ S USZ(Xz) Hvxl S Ril(XQ) H Ju; € Z/[Sl (x1) ‘

‘fo € Fi(xq1,1u1) H Jx5 € Fx(xp,u2) ‘ cxy € R(xj). (4.15)

Following the approach in Section 4.2.2, we decompose the logical for-
mula into blocks corresponding to the variables xp, uy, x1, 1, xf , and xzr .
The functions h4'R and 15°R provide the values for u; and xj based on
the existential quantifiers in the 17 and x; blocks. Since the ordering is
Xy < up < x1 <up <x{ < xj,the choice of u; (respectively, x; ) depends
on x, Uy, x1 (respectively, xo, uy, xl+ ).

Thus, we define hfSR s X x Uy x Xy — 2Y and hQSR X XUy X X —
2% to ensure

Pre: (x1,x2) € R, up € Us, (x2)
uy € 3R (xg, 1, x1),
x € F(xy,u1), (4.16)
xy € h?SR(xZ, up, xy),

Post: x; € B (xp,u), (x,x3) €R

A valid implementation of the set-valued functions h1*SR and h9R is
provided in Definition 4.12.
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As shown in Figure 4.2a, given (x1,x2) € Rand up € Us, (x2), the con-
trol architecture (4.16) with hfSR and hZASR (Definition 4.12) ensures that
if the concrete system transitions to xi € Fi(xq,u7), then x; = x’z’ since
hySR(xp,up, 1) = F(x2,u2) N R(x}) = {x4}. This approach avoids quan-
tizing to x}’, which, although related to x| (i.e., )’ € R(x})), does not

belong to F(x2, uy).

Predictive simulation relation

Certain system relations, like the predictive simulation relation (Defini-
tion 4.2), allow for multiple interfaces. The condition for PSR (4.1) can
be expressed as

Vxy € Xy || Vuy € USZ(Xz) Vx1 € R_l(XQ) Juy € 2/[31 (x1)

dxy € Fa(xo,un) || Vx| € Fi(xq,uq) | x5 € R(x{). (4.17)

This condition leads to an interface characterized by the set-valued
functions hﬁR c X X Uy x X — 2% and hng F X XUy x X x Uy — 2%,
which ensure

Pre: (x1,x2) € R, up € Us, (x7) Pre: (x1,%2) € R, up € Us,(x2)
u1 € hyoR(xp, 1, x1), xy € hhoR(xg,u,x1),
Xy € hg;R(xz,uz, x1,U1), uy € hlflsbR(xz, Up, X1,%5 ), (4.18)
X € F(xy,uq), x € F(x,m),

Post: xj € F(xp,u2), (x{,x3) € R Post: xf € Fy(xp,u2), (xf,x5) € R.

A valid implementation of the set-valued functions /FSR and hIﬁR is
provided in Definition 4.12.
The condition for PSR (4.17) can also be reformulated as

Vxy € Xy ||Vuy € USZ(JCQ) Vx1 € R1 (x2) szr S Fz(xz, uz)

Juy € Us, (x1) || Vx| € Fi(x1,u1) | xf € R(x7), (4.19)

which indicates that x5 could be determined before u;, leading to a dif-
ferent interface. While the logical formula remains unchanged by this per-
mutation, (4.17) < (4.19), the non-deterministic nature of the functions
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requires a different control architecture characterized by ht5R : X, x Uy x
Xy X Xy — 241 and thR : Xy x Uy x Xy — 2%, as shown in (4.18).

If the function hﬁR (resp. hIZ)%R) is deterministic, we can define

hyoR (xo, t1n, x1) = Moot (X2, g, X1, hy 5 (X2, 12, X1) )

(resp. M58 (xa,u,x1) = hygR(xo, uz, X1, 338 (X2, g, x1))), with h{SR =
hPR (resp. WYSR = thbR), resulting in the following control architecture

Pre: (xl/xZ) €R, Uy € USQ(XZ)
up € hIfER(le Uy, x1),
x3 € BE3R(xp, 19, x7), (4.20)
x € Fy(xq,u1),

Post: x; € F>(x,u2), (x;r/x;) €R.

In contrast to the interface of ASR (4.16), where the next abstract state
x5 can only be determined after the concrete control action u1, the interface
for PSR (4.18) allows for predicting x, beforehand.

As illustrated in Figure 4.2b, given (x1,x2) € R and uy € Us,(x2),
the control architecture (4.18) ensures that xzr = x}, can be predicted be-
fore applying uq to x1, since hgsz(xz, up, x1,u1) = {x}h}, ensuring x} €
Fy(xp,u2) NR(x;]) forany x;” € Fy(x1,19).

Memoryless concretization relation

The condition for MCR (4.4) is expressed as

Vxr € Xy || Vuy € USZ (XZ) Vx1 € R_l(xg) duq € Z/[Sl (xl)

Vx{ € Fi(xq,u1) || Vxs € R(x]) |: x5 € Fa(xp,up). (4.21)

Given the universal quantifier in the x; block, the control architecture
is characterized by the set-valued functions hll\/[CR C Xy XUy x Xy — 2Uh
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and h)'CR : X} — 2%, ensuring

Pre: (x1,x2) € R, up € Us,(x2)
U € hll\/ICR(xz, Up, x1),

x{ € Fi(x,u1), (4.22)
x € WY R(x),

Post: x;° € Fy(xp,u2), (x{,%3) € R.

A valid implementation of the set-valued functions /YR and hY!R is pro-
vided in Definition 4.12.

As illustrated in Figure 4.2¢, for (x1,x2) € R and up € Us,(x2), the
interface (4.22) ensures that for any x;” € Fy(x1,u7), every x5 € R(x]") will
belong to F,(xa, uy).

Concretization procedure

With the interfaces for each system relation identified in the previous sec-
tion, their concretization procedure (3.5) directly follows from constructing
their respective concretized controller (Definition 4.10).

Given the system relation T € {ASR, PSR, FAR, MCR, FRR}, we now
define in our control formalism Chapter 2 the concretized controller (Defi-
nition 4.10)

Cl = (Xer, X1, Ver, Un, For, Her), (4.23)

resulting from connecting C» (4.13) to the interface (h], h], R) given in Def-
inition 4.12, as illustrated in Figure 4.6.

Definition 4.14. Given &7 and S5 in (3.1), and C; in (4.13), the concrete con-
troller CiASR in (4.23) is defined such that XC{XSR = Xcz X Xp X Uy, VCiASR =

ch X Xz X Zx[z, and

FC{\SR((XCZIXEIME)/ (UCZIXZIuZ)) = {(Xa,xz, MZ) ‘ Xé:; € FCz(xcz’vCZ)}’
HCfSR((xCZ/xEIuE)/ xl) = {(ulr (UCZ/XZ/ MZ)) | X2 € hZASR(xE/uE/xl)/

(u2,v¢,) € He, (xc, x2),u1 € B (20,19, 1)},

where h#5R and 15'SR are given in Definition 4.12. A
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Fig. 4.6 Feedback composition of the concrete system S; with the concretized
controller CI, derived from the abstract controller C, and the interface (h;r, hI,R),
for some system relation T in Table 4.1.
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Therefore, the controller Cf‘SR in Definition 4.14 is a valid implemen-

tation of the concrete controller in Theorem 3.4, ensuring the satisfaction
of (3.5).

Definition 4.15. Given &7 and S; in (3.1), and C; in (4.13), the concrete
controller Cf SR in (4.23) is defined such that XC{’SR = Xg, X &, chsR —

Ve, X Xp, and

Forse((x¢,, %2), (ve,, %3 ) = {(x,, x5 ) | ¢, € Fe,y (xc,0¢,)
Herse ((xc,, %2),x1) = { (w1, (ve,, %3 )) | (u2,0¢,) € He, (xc,, x2),
U € hIfSR(xz, u2,x1),x£r € thR(xz, Uy, x1,11)},
PSR
hy

PSR
h 2

where and are given in Definition 4.12. A

Note that the interfaces in (4.16) and (4.18) are slight generalizations of
those presented in Example 2.2 and Example 2.3, respectively, justifying
the use of the control framework introduced in Chapter 2 to define C/*SR
and CJSR.

Definition 4.16. Given S and & in (3.1), and C; in (4.13), the concrete
controller CfAR in (4.23) is defined such that XclpAR = X, X X, VCIFAR =

Ve, X Xp, and

Forsx ((xc,, X2), (v, %37)) = {(x8,,%3) | x4, € Fe, (x¢,,v¢,)
= {(u1, (ve,, x7)) | (u2,v¢,) € He,(xcy, x2),

xf € WM (xp,up),up € BAR (x0,u2, %1, %3},

HclpAR ( (szl xz), x1)

where AR and I5AR are given in Definition 4.12. A

Definition 4.17. Given & and & in (3.1), and C; in (4.13), the concrete
controller CiVICR in (4.23) is defined such that XC{VICR = A¢,, VC]MCR = Ve,,

and

FC{\/ICR(XCZIUCZ) :FCZ (xC2/UCZ)/
Hever (xcy, x1) = {(11,0¢,) | 22 € hY'R(x1)

(u2,v¢,) € H, (¢, x2),u1 € 1R (32,12, 31)},
where KMCR and h}ICR are given in Definition 4.12. A

Definition 4.18. Given &7 and S; in (3.1), and C; in (4.13), the concrete
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controller CIRR in (4.23) is defined such that XCfRR = Xc,, chRR = Vc,,and

Ferz (x¢,,v¢,) = Fe, (x¢,00¢,),
HchRR(sz/xl) = {(u1,0¢,) | x2 € B5"%(x1),

(u2,0¢,) € H, (%, X2), 11 € 1NN (u2) },

where 1'RR and hERR are given in Definition 4.12. A

The simple controller in (3.10) for the feedback refinement relation is
recovered within our framework (Definition 4.18) as

Herre (xcy, 1) = {(u2,v¢,) | x2 € R(x1), (42, 0¢,) € Hey(xcy %2) }
= HCQ(.XC2,R(.X1)),

which establishes that C}R® = C, o R as defined in (2.13). Consequently,
the architecture in Figure 4.1 (right) equivalent to Figure 4.6e simplifies to
the architecture in Figure 4.1 (left).

The validity of the concretization procedures is established by the fol-
lowing corollary of Theorem 4.11.

Corollary 4.19. Let T € {ASR, PSR, FAR, MCR, FRR}, two simple systems Sy
and Sy in (3.1), and a relation R C X; x A,. If S jIT{ Sy, then for any controller
Cy f.c. with Sy, the concretized controller 01T (4.23) satisfies Bx (ClT x 81) C
Ril (BX (Cz X 52))

Proof. First, given that S; <} S, Proposition 4.13 ensures that (h], hi, R) is
a valid interface for S; and S,. Next, it is straightforward to verify that the
concretized controller ClT satisfies (4.14). The result then follows directly
from Theorem 4.11. O

To summarize, the arquments of the functions h? and hg, which define
the block representation of the interface (see Figure 4.6), depend on the
type of relation T, not on the specific systems &1 and Sp. While the imple-
mentation of the blocks h{ and h] depends on the specific systems S; and
S, (see Definition 4.12), it is independent of the controller C;. This allows
the interface to be irrespective of the particular specification, enabling a
plug-and-play concretization procedure, as discussed in the introduction
of the chapter.
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Properties

In this section, we discuss the properties of the previously introduced re-
lations and their concretization procedures. In particular, the ordering re-
lation between the system relations (Theorem 4.8) is also reflected by their
respective interfaces in Figure 4.6.

The concretization complexity issue

The specific implementations of the functions h155R, hTR, and h5AR in Def-
inition 4.12 require evaluating the transition map F, of Sp. Given the typ-
ically large state space of S, this results in high complexity when storing
or evaluating the controllers C£*5R (Definition 4.14), CI*R (Definition 4.15),
and CfAR (Definition 4.16). This is what we referred to as the concretization
complexity issue in the introduction of this chapter.

In contrast, the implementation of hIZVICR in Definition 4.12 depends only
on the quantizer R and not on the transition map F, of the abstract system.
Therefore, once the abstract controller is designed, the abstraction itself is
no longer needed. However, the function KM = [MCR implicitly encodes
the extended relation RMR within the concrete controller. When IYR ca
be explicitly characterized, it eliminates the need to store the extended re-
lation.

Referring to Example 4.1, Theorem 4.8 ensures that S§; <MR S since
the quantizer R is deterministic. Here, the extended relation is efficiently
encoded by a linear function; for instance, given (x1,41) € R, we have

YR (g1, 1], x1) = {—x1 }.

n

Static concretization

Even when the abstract controller C; (4.13) is static (i.e., Xg, = {0}), the
concretized controllers CfSR (Definition 4.14), Cf SR (Definition 4.15), and
CIAR (Definition 4.16) are non-static because their state spaces, XéAI‘SR =
{0} x A, x U, and /YCPlSR = XCFlAR = {0} x A, are not singletons.

In contrast, the concretized controller C%VICR (Definition 4.17) for the
memoryless concretization relation requires no additional state variables
beyond those in Cy, as indicated by the absence of a delay block in its inter-
face in Figure 4.6d. Therefore, if the abstract controller C; is static, then the
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Fig. 4.7 The systems S; = (X1,Uy, F) and S; = (X,, Uy, F>), and a rela-
tion R C A x A5. Speciﬁcally, X C IRZ, Xy = {t]o, q1,92,93, 94,95, qé} and
Us, (q1) = {u}, up}. The transition map F, and the relation R are clear from
the illustration. A cost is associated to each transition.

concretized controller C%V[CR

proposition.

is also static, as established by the following

Proposition 4.20. Given the simple systems Sy and S, in (3.1), a relation R C
X1 X Xy, and a controller Cy f.c. with Sy, if Cy is static, then the resulting con-
cretized controller CM“R (Definition 4.17) is also static.

Proof. This follows directly from Definition 4.17, where XC{/ICR = Xe,, Vci\/ICR
= V¢,, and FC%\/[CR = Fc,. Therefore, if C, is static (i.e,, Xz, = {0}), then
XC{V‘CR = {0}, confirming that Ci\/[CR is static. O

Corrective vs predictive control architecture

While C{*SR stores the current abstract state x, and input u, to correct the
following related abstract state as x; € F»(xp, up) N R(x;) at the next time
step, the concretized controller C}°R for the predictive simulation relation
store the next abstract state x;, which is determined before applying the
current input u; to x;. This distinction is reflected in the delay blocks
shown in Figure 4.6b. Consequently, the control architecture of ASR can
be interpreted as corrective, whereas that of PSR is predictive.
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This predictive approach, which determines the next abstract state be-
fore applying the concrete input to the original system, allows the abstract
policy to be updated online. This is particularly beneficial when a cost
function is included in the specification as illustrated with the following
example.

Example 4.21. Given the systems in Figure 4.7, consider the optimal control
problem of guiding the set of concrete states from R~!(gq) to R~!(gs) while
minimizing the overall cost. The abstract controller solving the associated
abstract problem, consisting in guiding S, from gqp to g while minimiz-
ing the overall cost, is the static system C, = ({0}, X2, {0},h, Fe,, He,),
where He, (0,41) = {(u5,0)}. Indeed, applying u at g1 results in a worst-
case total cost of 9 to reach g4 from g9, whereas applying u, results in
a worst-case total cost of 10. During the simulation of a specific trajec-
tory xg € R™1(gp), if S; <§5R S,, the concrete controller will apply 1) €
IﬁSR(ql, ub, x1) at xy, resulting in a total cost of 7 to reach g¢ from gqo. How-
ever, if S; jESR S, then at x1, we can anticipate the next abstract state
before applying a concrete control action, which is predicted to be g5 when
applying u;. Consequently, we can adjust the abstract policy online and
apply u; € IESR(ql, uy, x1), leading to a total cost of 5 to reach g¢ from go.
A

4.6.4 Feedforward abstract control

Considering the concretized controller CfAR (Definition 4.16), the subse-
quent abstract state x; is determined independently of the concrete vari-
ables, including the concrete input 17, which contrasts with the PSR (see Fig-
ure 4.6¢). Here, the dynamic of x; is entirely determined regardless of the
concrete system dynamics. Therefore, an abstract reference trajectory can
be designed offline, with the function h5SR acting as a feedforward con-
troller at the abstract level, ensuring that the concrete system follows the
predefined abstract trajectory.

Referring back to Example 4.1, by Theorem 4.8, we have S; le{AR Sﬁ
since the abstraction S} is deterministic.

4.6.5 Delayed control

The delayed simulation relation (Definition 4.3), corresponding to rela-
tion 5 in Table 4.1, refines PSR (Theorem 4.8). The DSR has a stronger
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Fig. 4.8 Feedback composition of the concrete system S; with the con-
cretized controller CPSR derived from the abstract controller C;, for rela-
tion 5 in Table 4.1.

predictive property because it benefits from a one-step delay in the mea-
surement of the concrete state xl+ , since the computation of both x; and ul+
depends only on x1 and not on x; . We illustrate in Figure 4.8 the closed-
loop system with its corresponding concretized controller and interface as
given in Table 4.1.

Constructions

In this section, we present algorithms for constructing the introduced rela-
tions and discuss their respective advantages.

System
We study a deterministic simple system

S1 = (X, Uy, F), (4.24)
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where X; C R" is a compact set, i1 C RY, and the transition map F; (x, u) =
{f(x,u)} is defined by a continuous nonlinear function f : X; x Uy — Aj.

The constructions presented in this section rely on some stability no-
tions. As a main tool in classical stability analysis, Lyapunov functions
provide a useful method for demonstrating stability. We introduce here a
relaxed version of Lyapunov function, referred to as the growth-bound func-
tion, which can be used to bound the distance between trajectories with
different initial conditions under a specific control law. This is the discrete-
time analogue of [GPT09, Definition 2.3].

Definition 4.22 (Growth-bound function). A smooth function V : R" x
R" — R{ is a growth-bound function under control x : R" x R” x RV — RY
for f : R" x RY — R" if there exist Ko functions ¢, « and p > 0 such that
forallx,y e R",u € RY

V(f(y,x(y,x,u)), f(x,u)) < pV(y x) (4.25)
a(lly = xll2) < V(y,x) <a(lly — x||2). (4.26)
We define the (-sublevel set of V (-, x) as
S(x,0) = {x' e R" | V(x,x) < {}. (4.27)
A

When p < 1, the system is said to be incrementally stabilizable, and the
function V is called a 5-GAS Lyapunov function [TRK16, Definition 4]. In-
tuitively, incremental stability means that all the trajectories of the system
converge to the same reference trajectory regardless of their initial condi-
tion (see Section 2.7).

We impose stabilizability assumptions on S; (4.24) by assuming the ex-
istence of a growth-bound function V under control « for f (Definition 4.22)
with a contraction factor p.

We now introduce a few useful lemmas for the upcoming constructions.

Lemma 4.23. Let V be a growth-bound function as in Definition 4.22 and pa-
rameters (1,€) > 0. If y < %E’l(e), then for all x € R", x € S(xp,€) with

Xp = argmin.c, 7 I — ¢||co-

Proof. Letx € R" and x = argmin 7 [[x — ¢[le. Then [[x — x2]|e0 < 7,
and we have

V(x,x) <T(|lx —x2l) < @(Vallx - xls) <@ (Vi) <e,
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where the last inequality holds because « is a K function. O

Lemma 4.24. Let V be a growth-bound function under control « for f as in Def-
inition 4.22. Given xo € R", up € RY, and € > 0. Then, the following holds

8o (S(x2,€)) € S(f(x2,u2), pe), (4.28)
where gy, u, (x) = f(x,x(x,x2,up)).
Proof. Let x € S(xy,€). By (4.25), it holds
V(f(x,x(x,x2,u2)), f(x2,u2)) < pV(x,x2) < pe,
which involves gy, u, (x) € S(f(x2, u2), pe). O
We will make the following supplementary assumption on the growth-
bound function: there exists a K« function 7 such that
Vxyz€R: Vixy) - V(xz) <a(ly—zlb). 429

While this assumption may seem quite strong, it is not restrictive provided
we are interested in the dynamics of the system on a compact subset of the
state space R", as explained in [GPT09, Section IV.B].

The following lemma is an adaptation of [GPT09, Eq. (9)] for discrete-
time systems.

Lemma 4.25. Let V be a growth-bound function under control « for f as in Def-
inition 4.22 satisfying (4.29) and parameters (17,€,€’) > 0. If €’ — pe > 0, then
the choice < %’y—l (€' — pe) ensures that

Vi € R"Vuy € RY @ gy, (S(x2,€)) C S(xh,€),
With §x, u, (x) = f(x,K(x, X2, u2)) and x5 = argmin, ¢, 7u [|x" — f(x2,12)]|o-
Special case: when V(x,y) = ||x — y||2 and € = €, the condition on 1 reduces to

< Jme(1-p).

Proof. Let x1 € S(xp,€), x{ = f(x1,%(x1,x2, 1)), x5 = f(x2,u) and x =
argmin, 7 [[x'— x5 [|oo- Then, [|x} — x5 || < . Using (4.29) and (4.25),
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and since 7 is a Ko function, we have

V(x| x) SV, xy) + (g — x5 [l2)
< pV(x1,x2) + (Vx5 [leo)
< pe+v(Vny)
<é
which implies that x;” € S(x},€’). O

We illustrate all the constructions of the different types of relations on
the following running planar example.

Example 4.26. We consider a two-dimensional system (X; C R?), char-
acterized by the growth-bound function V(x,y) = ||x — y||2, for which
a(x) = @(x) = y(x) = x = a 1(x) = @ '(x) = v (x), under control
x and contraction factor p. Function V satisfies assumption (4.29), which
simplifies to the triangular inequality of the 2-norm. A

Abstraction

The abstraction construction relies on discretizing the input space, U4 is
a finite subset of U/;, and discretizing the state-space X into overlapping
cells aligned on a uniform grid defined by

Z"] = {c € R" | 3xeznVicpmci = kin} (4.30)

with grid parameter 7 > 0. The abstract states correspond to the vertices of
this lattice, i.e.,
Xy = [nZ") N Ay (4.31)

Given € > 0, an abstract state x, € A} is related to the e-sublevel set of the
function V (-, xp):

(x1,X2) € R = V(x1,x0) < e R (x) = S(xz,€). (4.32)

To ensure a strict relation, i.e., Vx; € &X; : R(x1) # &, we impose the
condition 17 < %E‘l(e) (see Lemma 4.23). Given x, € X, and u, € Uy,
the stability assumption (4.25) allows to determine an over-approximation
of the attainable set of a cell R™!(x;) under the control law gy, ., (x) =
f(x,x(x,x2,u3)) (see Lemma 4.24).

96 |



4.7.3

Constructions | 4.7

& o

Fig. 4.9 Tllustration of (xy, up, x1,u1) € R25R and RMCR for Example 4.26.
The cell R™!(x;) = S(xp,€) and its image under the dynamic F; are
represented in blue. The grey circle A = S(f(x2,uz),pe) is the over-
approximation of the reachable set of R™1(x2). The set F5*5R(xy, u5) just
needs to contain enough cells so that their union covers the set .4, for ex-
ample, only the red cells. While the set F)MCR (x5, 1) must at least contain
all the cells intersecting A, which are shown in red and green. Therefore,
in this example, we have |F3*5% (xp, u3)| = 4 while |[FMR(x,, 1) | = 15.

Comparison of control architectures

In this section, we design the transition map F;| of the abstract system S5 =
(X, U, FZT) to ensure that S; jITz SZT with R C X; x X, defined in (4.32),
and we discuss the differences between the different relation types T.

Proposition 4.27. The system SR = (X, Uy, FfSR) with F3SR satisfying
Vxp, € Xp, up € Z/[Sz (XQ).‘

RV (x3,u2)) 2 S(f(x2,u2), pe), (4.33)

ensures Sy <R5R SMSR. Additionally, one can use the specific implementa-
tion hSR (xa, up, x1) = {x(x1,x2,u2)} for CASR in Definition 4.14. Similarly,
the system S%VICR = (X, Uy, F%VICR) with F%V[CR satisfying Vx, € Ay, uy €
Us, (x2): .

FMR(x5,15) D R(S(f(x2,u), pe)), (4.34)

ensures S; <¥IR SMCR - Additionally, one can use the specific implementation
WMCR (xp, 119, x1) = {x(x1, x2,u2) } for CMR in Definition 4.17.
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Fig. 4.10 Tllustration of (xp,uy, xl,ul,x;) € RSAR (left) and
(xo,up,x1,U1) € RESR (right) for Example 4.26.

Proof. Let (x1,x2) € Rand up € Us,(x,), then for all x;” € Fy(xy,u1) with
uy = k(x1, X2, 12), we have x;” € S(f(x2,12), pe) by (4.28).

¢ Condition (4.33) involves x;” € S(f(x2,u2),p€) € R™H(EPR (x5, u2)),

which implies that R(x]") N F5*S®(xp, 1) # @. This establishes (3.8)
and that x(x1, X, up) € IQSR(xz, Up, x1).

e Condition (4.34) involves R(x;") C F»(xy, u2), which establishes (4.4)
and that x(x1, xo, up) € I}%’ICR(xz, Up, x1).

O

While the MCR guarantees a simpler concretization procedure com-
pared to ASR as discussed in Section 4.6.1, the resulting abstraction S%VICR
is more non-deterministic than S?SR. In this context, we measure the level
of non-determinism by the cardinality of the transition map. Specifically,
|F2ASR(X2, 1/12)| < |F%\ACR(X2, u2)| because FZASR(Xz, le) - F%\ACR(JQ, le), asil-
lustrated in Figure 4.9. Consequently, due to this increased non-determinism,
the abstract control problem may be infeasible for SYR even if it has a fea-
sible solution for SR,

Proposition 4.28. Given the additional assumption that
p<landny < % min (&_1(6),7_1((1 — p)e)) ,

the system SYAR = (X, Uy, EJAR) with FYAR satifying Vx, € Xa, up € Us, (x2):
EfAR (x5, 15) D argmin,, . , | £ (x2, 1) — x5 ]|co, (4.35)
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ensures Sq jiAR SEAR. Additionally, one can use the concretized controller
CIAR (Definition 4.16) with the specific implementations hYAR (xa, up, x1, x5 ) =
{K(xl, X2, 1/[2)} and thR(XZI MZ) - argminxéexz ||f(x2/ MZ) - xé ”oo

Proof. Applying Lemma 4.25 with parameters (77,¢€,€) and p < 1, the con-
dition on 7 ensures that Vx, € X, Vup € Us,(x2) © grpur (R71(x2)) C
R (xf) with x5 = argmin, ¢ y, | f (x2,12) — x5]|co. Therefore, by (4.35),
xz+ € FZFAR(xz, up) and for all x| € Fy(x1,u7) with uy = x(x1,x2,u2), we
have (x]", x37) € R. This establishes (4.3), x(x1, x2, u2) € IEAR (xp, 19, %71, x3)
and thR implements Definition 4.12. O

The choice of FXAR(xp,up) = {h}AR(x3,u)} results in a deterministic
abstraction as illustrated in Figure 4.10 (left). In this context, construct-
ing SFR involves low computational complexity. Designing an abstract
transition only requires computing the trajectory of a single point f(x2, uy)
and identifying the closest grid point. However, unlike other approaches,
this method requires a strong assumption on the system, specifically incre-
mental stability (0 < 1). In [CBLJ24a, Section 6], the authors construct a
feedforward abstraction relation SIAR for an incrementally stable dynam-
ical system, specifically a DC-DC converter defined in [RZ16, Section 4.2],
and illustrate the speed-up in the construction of the abstraction resulting
from this efficient implementation of #AR. Most abstractions based on ap-
proximate bisimulation [GPT09] are specific instances of FAR.

We now construct a sub-grid [#'Z"] of parameter 0 < 1’ < 1 to cover
the cells R~1 (x2) for x, € X, with €’-sublevel set of V aligned on vertices
of this new sub-lattice. Given x, € A,, we denote by 2, ,/ ./ (x2) C [17'Z"]
a set of minimal cardinality such that

R1(x) C U Seé). (4.36)

ZGZU,”/,&S/ (xz)

Proposition 4.29. Let Z,, 1 . o (x2) defined in (4.36) with parameters satisfying

< Zal(e), (4.37)
pe’ < €, (4.38)
p < Zomin (T (e), 7 (e — pe)) (4.39)
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The system SYR = (X,, Uy, EYR) with FYSR satisying Vx; € Xa, uy € Us, (x2):

EPSR(xp,13) D U argminxéex2 |1 f(z,%(z,x2,u2)) — x5 ||co, (4.40)
ZEZW%G’FI (XQ)

ensures Sy jﬁSR Sg SR, Additionally, one can use the concretized controller Cf SR
(Definition 4.15) with
hIfSR(xZ/ us, xl) = {K<x1/ z, ull )}

WESR (xp, up, X1, 1) = argmin,, ., |1 f(z, 1)) — x5]| oo

where z = argmin ) 11 = 2o and uy = x(z, x2, u2).

ZIEZV,U//?/E/ (XZ

Proof. Let (x1,x2) € Rand up € Us,(x2). By applying Lemma 4.23 with
parameters (7', €’) satisfying (4.37), we have x; € S(z,€’) with

z= argminz’ezwx,&e/(xz) ||X1 - Z/H°°'

Next, applying Lemma 4.25 with parameters (77, €/, €) satisfying (4.38) and
(4.39), we ensure that x{7 = f(x1,u1) € S(x;,€) with ug = x(x1,2,u}),

Xy = argmin,, .y, |lf(zu}) — x5||eo, and 4} = x(z,xp,u2). Thus, x{ €
R71(x3) and by (4.40), x5 € FJSR(x,,uz), which establishes (4.1). Conse-

quently, uy € IFSR(xp, up, x1) and h5SR satisfies Definition 4.12. O

As discussed in Section 4.6.3, it is possible to predict the next abstract
state x3 using hYR(xy, ua, x1,11) before applying the concrete input u;
given by hIfSR(xZ, up,x1). Unlike FAR, the PSR relation can be constructed
without requiring the incremental stability (o < 1).

Summary and further research directions

Abstraction-based control techniques rely on two main components: the
relation, which ensures the correspondence and transition conditions be-
tween concrete and abstract states, and the concretization procedure, which
derives a valid controller for the original system from an abstract system
controller.

In this chapter, we presented a systematic approach to characterize a
simulation relation through a concretization procedure with a plug-and-
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play control architecture. We showed that one can tailor the abstraction
relation depending on the required properties of the concretization step
and of the finally obtained concrete controller, independently of the ab-
stract controller synthesis step (step 2 in Figure 1). We illustrated our ap-
proach using five key relations (ASR, PSR, FAR, MCR, FRR) that are rele-
vant for designing smart abstractions. We discussed the advantages and
drawbacks of their concretization procedures using a common example.
Importantly, the results, such as those in Corollary 4.19, can be extended
to any relation listed in Table 4.1. We demonstrated (Corollary 4.19) that if
the concrete system is related to the abstraction via a system relation, then
the abstract controller can be seamlessly connected to the original system
through the corresponding interface, regardless of the specific specification
to be enforced.

As we will discuss in the next chapter, the existence of a system rela-
tion between the original system and the abstraction is not only sufficient
(Corollary 4.19) to ensure the simple closed-loop structure shown in Fig-
ure 4.1 (right), but also necessary.

In this chapter, we bridged the gap between the feedback refinement re-
lation and the alternating simulation relation. We illustrated in Figure 4.4
how to construct the control architecture from the given relation and, con-
versely, how to derive the relation from the desired architecture. As future
work, we aim to identify the specific classes of systems for which these
system relations can be constructed. For instance, relations such as ASR,
MCR, and FRR can be established without additional assumptions on the
system (see Proposition 4.27), whereas constructing FAR requires certain
stability assumptions (see Proposition 4.28). While this chapter provided a
classification of system relations based on their interface or associated con-
trol architecture (Figure 4.5), this future work would allow to classify them
according to the system classes for which they can be constructed.
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Characterization of
simulation relations

N the previous chapter, we introduced a framework that unifies various

types of simulation relations, showing how ASR and FRR fit within this

context. We demonstrated (Corollary 4.19) that when a concrete sys-
tem is related to its abstraction by such system relation, the abstract con-
troller can be seamlessly connected to the original system through the cor-
responding interface, regardless of the specific specification to be enforced.
As a result, the existence of a system relation between the original system
and its abstraction is a sufficient condition to achieve the corresponding
concretization procedure in Figure 4.1 (right).

However, the authors in [RWR16] demonstrated that, in the case of the
feedback refinement relation, this relation is not only sufficient but also
necessary to achieve the simple closed-loop structure shown in Figure 5.1
(left). Inspired by this converse result for FRR, our aim in this chapter is
to establish a similar converse result for Corollary 4.19 (Corollary 5.17).
Specifically, we will show that if a given concretization procedure works
for any abstract controller, then the original system must be related to its
abstraction by the system relation associated with that concretization pro-
cedure. For example, while the existence of an alternating simulation re-
lation is only sufficient to guarantee the concretization step (3.5), we prove
(Corollary 5.17) that it is also necessary when considering a specific control
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Concrete controller

Abstract controller Abstract controller
U2 ) U2 T2

Quantizer Augmented interface

1

uy z
Concrete system Concrete system

Fig. 5.1 Closed-loop system resulting from the abstraction and con-
cretization approach. Left: Based on the feedback refinement relation and
its simple concretization scheme (3.10). Right: Based on the augmented
interface proposed in this chapter.

architecture for the original system (Remark 5.19).

To achieve this, we propose a universal system transformation, called
the augmented system, that encapsulates the original system and its inter-
face, and which is universal in the sense that it is always in feedback re-
finement relation with the abstract system. More specifically, given a sys-
tem relation of type T, the overview of the approach is as follows and is
illustrated in Figure 5.2. First, we transform the original system &; into
a new system S|, referred to as the augmented system, which is related
to the abstract system S, by a feedback refinement relation R. Then, us-
ing the simple concretization procedure of the feedback refinement rela-
tion from [RWRI16], any abstract controller C, can be concretized into a
controller C; = C, o R for the augmented system §1T (Theorem 3.8). The
concrete controller C] for the original system can then be derived from Cr.

This approach allows for the construction of concrete controllers that
typically belong to a more general class than the piecewise constant con-
trollers limited by the feedback refinement relation.

This chapter results from a collaboration with Antoine Girard, and this
work has been partially published in [CG]24].

Augmented interface

Similarly to Section 4.3, we introduce an augmented interface that connects
the system & to any abstract controller C; f.c. with the system Sy, as illus-
trated in Figure 5.1 (right). Unlike the standard interface in Definition 4.9,
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T
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e P
-~ Definition (5. ~ —R >
51 S 5
Lemma (5.5) ~ Cyo R l
¢ C1 Ca

Definition (5.3)

Fig. 5.2 Characterization of a system relation through its concretization
procedure. If &1 j£ &, then the augmented system satisfies §1T j%RR Ss.

For any controller C, f.c. with Sy, the controllers 51 = (Cy0oRand ClT fulfill
the condition in (3.5).

this augmented interface is defined by an extended tuple (21, hy, h, ﬁ), as
formalized in the following definition.

Definition 5.1 (Augmented interface). Given two simple systems &7 and
S in (3.1), an augmented interface for S; and S, is defined by the tuple
(Z1,h1,h2,R), where Z; is a set, hy : Hy — 241 and hy : Hy — 221 are
set-valued functions, and R C (X1 x Z1) x Xp. The argument v; (resp. v;)
of hy (resp. hy) is a subset of the set of variables v = {x;, x;r,zl,zf, uy,uy},
where xl,xf e A, Z],Zii_ € Z1,u1 € Uy, and up € Z/{zl. The functions h;
and h; ensure that the following holds. For all ((x1,2z1),x2) € Rand up €
Us, (x2), it holds that any 11, z{, x; and x resulting from the following
sequence of equations
up € hi(v1),

ZT S hz(Vz),

.1)
x € Fy(xq,u1),
xy € R((x{,z)),
satisfy x,” € Fa(xp,up) and ((x],2]),x3) € R. A

As in (4.11), the order of the equations in (5.1) may vary based on the

IThe domain H; (resp. H;) of hy (resp. hy) is defined as the Cartesian product of the
domains of the corresponding variable v; (resp. 15).
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variables v1 and v, of i1 and hy, respectively, as exemplified in (5.10).

Similarly to (4.12), to highlight the invariant preserved by the aug-

mented interface, specifically that ((x],z]),x;) € R given ((x1,21),x2) €

R, we rewrite the condition (5.1) in Definition 5.1 as follows

Pre: ((x1,21),X%2) €R, up € Us, (x2)
uy € hy(nn),
z{ € ha(1y),
x € Fi(xg,u1),
,z21),
(x{,z),x) €R

(5.2)
xj € 1?((x;r
Post: x5 € F(xp,u2), (

with the pre-condition and post-condition highlighted in blue.

The following lemma establishes how the augmented interface (Defini-
tion 5.1) generalizes the standard interface (Definition 4.9) by providing a
specific implementation where condition (5.1) simplifies to (4.11).

Lemma 5.2. Let two simple systems Sy and Sy in (3.1). If Z1 = X, and

R = {((x1,x2),x2) | (x1,x2) € R}, (5.3)

then the tuple (hy, hy, R) is an interface (Definition 4.9) for Sy and S, if and only
if (21, h1,ha, R) is an augmented interface (Definition 5.1) for Sy and S,.

Proof. By (5.3), the pre-condition of (5.1) is equivalent to that of (4.11) since
((x1,21),%2) € R & (21 = x2,(x1,x2) € R). Then, by (4.11), any u; €
hl(vl)/ ZT S hz(Vz), and Xi"_ S Fl(xl,ul) satisfy ZT € Fz(Xz,uz) and
(x{,z) € R. Therefore, by (5.3), we have R((x]",z;)) = {z}, imply-
ing x5 = z;, which establishes the post-condition of (5.1). O

We now define the controller Cy, referred to as the augmented concretized
controller, which results from connecting the controller C, to the augmented
interface.

Definition 5.3 (Augmented concretized controller). Given two simple sys-
tems 1 and S; in (3.1), an augmented interface (24, hy, hp, R) for S1 and
S,, and a controller C; f.c. with S, defined as

Cz - (XCZ/ XZ/ VCZ/ Z/IZ/ FC2/ HCZ )/ (54)
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an augmented concretized controller is any system C; that satisfies the fol-
lowing closed-loop condition: x; € By (C; x &) if and only if there exists
uy, z1, X2, U2, X¢,, ¢, such that

(ua(k),ve, (k) € He,(xc,(k), x2(k))
xc, (k4 1) € Fe,(xc, (k),ve, (k)

L) it o
xa(k+1) € R((x1(k+1),21(k+1)))
| x(k+1) € B(x(k), ug (k). |
A

Note that similarly to (5.1), the order of equations in (5.5) may vary
depending on the variables v; and v of h; and h;.

We now introduce the notion of augmented system that encapsulate the
concrete system S7 and the augmented interface (21, hy, hp, R).

Definition 5.4 (Augmented system). Given the simple systems &1 and S,
in (3.1), and an augmented interface (21, hy, hy, R ) for &7 and S, we define
the associated augmented system 81 as the simple system 81 (/1’1,2/{1, Fl)
where X1 X X 2, Ll1 Uy, and

Fi((x1,21),u0) = {(x],2) | w1 € m(n1), zf € ha(vp), xf € Fi(x1,u1)}. (5.6)

A

We now present two lemmas that will be useful for the subsequent de-
velopments.

Lemma 5.5. Let two simple systems Sy and Sy in (3.1), an augmented interface
(Z1,l1, hy, R) for Sy and S,, and the augmented system Sy (Definition 5.4). For
any controller C; f.c. with Sy, the concretized controller C1 (Definition 5.3), and
Ci=CoR satisfy

X1 € B (C] X 81) & X € B (51 X gl),
where x1 = 1y, (X1) (1.1).
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Proof. According to Definition 2.7, the controller C~1 = (5 o R is defined as
C1 = (Xe,, X1 x 21, Ve, U, Fe, He, ), (5.7)

where Hg (xc,, (x1,21)) = He, (xc,, R(x1,21)), since R is a static input quan-
tizer (see (2.13)). Consequently, ¥ € By (C~1 X 31) if and only if there
exist sequences uy, X3, Uy, X¢,, v¢, satisfying (5.5) with x; = 7y, (¥1) and
z1 = 7z, (X1). This establishes that x; € Bx (C1 x Sy). O

Lemma 5.6. Let R C (X} x 27) x X», and
R={(x1,x) € Xy x X5 | 321 € Z1 such that ((x1,z1),%2) € R}.  (5.8)

IfR((x1,21)) # @, then R((x1,21)) € R(x7).
Proof. Trivial, by definition R(x1) = Uty 2)[R((x1,21)) £ R((x1,21)). O

Theorem 5.7. Let two simple systems Sy and Sy in (3.1), and the augmented
system Sy (Definition 5.4) associated with the tuple (21, hy, hy, R). The following
propositions are equivalent.

(1) (21,h1, hy, R) is an augmented interface for S and Sy;
(2) Sl %ERR Sy,

(3) for any controller C; f.c. with S, it holds that C is f.c. with Ro Sy and
Ci=C0oR is f.c. with Sy, and By« (Cy x (R oSl)) C Bx(Cy x Sy).

Additionally, for any controllers Cy f.c. with Sy, the augmented concretized con-
troller Cy (Definition 5.3) satisfies Bx (C1 x S1) € R (B (Cy x Sy)) with R
in (5.8).

Proof.
We first establish the equivalences.

(1) & (2) The tuple (21, k1, hy, R) is an augmented interface if and only
if it satisfies (5.1). This is equivalent to requiring that for any
((x1,21),x2) € Rand up € Us,(x2), (i) Fi((x1,21),u2) #
@, and (ii) for all (x],z]") € Fi((x1,21),u2), R((x]",2])) #
@ and R((xf,zf)) C Fy(xp,up). This, in turn, is equiva-
lent to conditions (i) and (ii) of Definition 3.5, meaning that
§ <HR 5,

(2) < (3) Directly follows from Theorem 3.8.
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In addition, Theorem 3.8 implies
By ((C20R) x &) € R™YBx(Cr x S))). (5.9)

Let x; € B« (C1 x S1) be defined on [0; N[, where N € N U {co}. Then,
by Lemma 5.5, there exists a map z; such that ¥; € By ((C; 0 R) x &)
with ¥1(k) = (xq1(k),z1(k)) for all k € [0; N[. Then, by (5.9), there exists
amap x; € Byx(Cy X Sy) such that xp(k) € R((x;(k),z1(k))) for all k €
[0; N[. By Lemma 5.6, since R satisfies (5.8), we can conclude that x, (k) €
R(x1(k)) for all k € [0; N[, i.e.,, x € R(x1). As a result, B« (C; x S1) C
R1 (BX (Cz X Sz)) O

Augmented interface for system relations

We now define the arguments v; and vy for the set-valued functions h¥
and /! in the augmented interface for some system relations, similar to
how they were specified for the standard interface in Table 4.1.

Definition 5.8. Let T € {ASR, PSR, FAR, MCR, FRR}. We define the argu-
ments of the set-valued functions h{ and hg as follows

h?SR(le Uz, xl)/h¥SR(Zlf U, X1), hlleR(Zlf up, xllzfr)/ h11VICR(21/ up, xl)/hlfRR(uz)/

o 5R (21,19, x1), 5% (21, up, 1, 17), HEAR (21, 12), BERR () ), Y R (2 ).
A

Note that these functions are derived by substituting the variables x;
and x; in the standard interface from Table 4.1 with z; and z{", respectively.
As an example, the conditions (5.1) for ASR and PSR are given by

Pre: ((x1,21),%2) €R, up € Us, (x2) Pre: ((x1,21),%2) €R, up € Us, (x2)
uy € hPSR(zq,up,x1), uy € YR (21,19, x1),
xf € Fi(xq,u1), z € HESR (21, 1y, X1, 17), (5.10)
+ hASR + + F .
Zl S 2 (erqu xl )/ xl S l(xlr ul)r
x3 € R((x{,z])), € R((x1,2))),

Post: x5 € B (xp,u2), ((xf,21),%) € R Post: xy € Ba(xo,u2), ((xf,27),x) € R.

Definition 5.9. A relation R C (X; x Z;) x X satisfies the common quan-
tization assumption if Vx1, x| € Xy, z1 € Z; such that R((x1,21)) # @ and
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R((x},21)) # @ implies R(x1,21) NR((x},21)) # 2. A

The following theorem establishes that the existence of a relation of
type T between S; and S is equivalent to the existence of an augmented
interface for §1 and S, satisfying Definition 5.8.

Theorem 5.10. Given T € {ASR, PSR, FAR, MCR, FRR} and the simple sys-
tems Sy and Sy in (3.1), the following propositions hold.

(1) If there exists R C Xy x X, such that Sy j£ Sy, then (ZLh{, hg,ﬁ)
where Z1 = X, h{ and hg are given in Definition 4.12, and R in (5.3), is
an augmented interface for Sy and Sy, i.e., §1T j%RR So.

(2) If there exists an augmented interface (Zl,h{, hg,ﬁ), ie., §1T jII%RR S5,
with hl and h] satisfying Definition 5.8 and R satisfying Definition 5.9,
then &1 j£ Sy with R in (5.8).

Proof.
By Proposition 4.13, the functions /] and /] in Definition 4.12 ensure that
if S; =T Sy, then (h], h], R) forms an interface (Definition 4.9) for S; and
S;. Therefore, by Lemma 5.2, (21, h{, hg, R), with Z; = X, and R defined

in (5.3), is an augmented interface (Definition 5.1) for &1 and S,. Finally,
Theorem 5.7 establishes that 81T jFﬁRR So.

Given §1T j%RR S, (Definition 3.5), for any ((x1,2z1),x2) € R:
(i) Us,(x2) © Ung((Xle))'

(i) Yup € Us,(x2) ¥(x],2f) € Fi((x1,21),u2) : R((x],z])) # @ and
R((xf,2])) € Ba(x2,12).

Let (x1,x2) € Rand up € Us,(x2). This implies the existence of z; such
that ((x1,21),x2) € R. By condition (i), we have u; € Ug, ((x1,21)), mean-
ing Fy((x1,21),u2) # @. Thus, by Definition 5.4, for any u; € hl(vy),
uy € Us,(x1), and for all x{7 € F(x1,u1), z7 € hi(1p), it holds that
(x{,z7) € F((x1,21),u2). In addition, by (ii), R((x{,z)) # @ and
R((x)",21)) € Ba(x2,u2).

The rest of the proof is specific to each relation type:

* ASR: According to Lemma 5.6, R((x1 ,z1)) C R(x]"). Therefore,
By(x2,u2) NR(x) 2 R((x],2)) # 2,
which is equivalent to (3.8).
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oPSR: Let u; € hfSR(zl,uz, x1) and zf € thR(zl,uz, uq1,x1). Since R
satisfies Definition 5.9, it holds that

A= N R((xf,2) | £,

Xr GFl (xl,ul)

as R((xl ,21))
R((xf,zl*)) C
R((xl 129 )<

*FAR: Let z| € h§AR(z1,u,). Since R satisfies Definition 5.9, it holds that

# @ by (ii). Let xJ € A. Firstly, xJ € Fy(xp,up) since
F (xz, uy) by (zz) Secondly, according to Lemma 5.6,
R(x{), therefore x5 € R(x; ), which is equivalent to (4.1).

A= ﬂ ﬂ ﬁ((xf,zf)) + O,

ug €MFAR (29,15, x1 277 ) xi €Fy (x1,07)

as R((x],z")) # @ by (ii). Let x; € A. Firstly, x; € F»(xp,uy) since
R((x;r,zf')) C Fy(xp,up) by (ii). Secondly, according to Lemma 5.6,
R((x],2])) € R(x7), therefore x;~ € R(x;), which is equivalent to (4.3).

*MCR: By definition of R in (5.8), we have

R )= U Rz,

zfehg’[CR(xf)

which establishes that R(x;) # @ and R(x{") C Fy(xp,uz), which is
equivalent to (4.4).

O

Remark 5.11. Note that the assumption that R satisfies Definition 5.9 in The-
orem 5.10 (2) is only necessary for T € {PSR,FAR}. Additionally, it can
be observed that R in (5.3) satisfies Definition 5.9. Indeed, given xq, x}
such that R((x1,x2)) # @ and R((x},x2)) # &, we have R((x1,x2)) N
R((x],x2)) = {x2} # @. A

Theorem 5.10 demonstrates that the existence of a system relation be-
tween a system and its abstraction can be equivalently expressed as the ex-
istence of a feedback refinement relation between its associated augmented
system and the abstraction, as illustrated in Figure 5.3.

By Lemma 5.2, Theorem 5.10 (1) is equivalent to Proposition 4.13.
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T =
Cl ug Cz To Cl
R
K
21
A
[ @unin) |
A
u T
e -
‘Sl T
T
: i
: JFRR

Fig. 5.3 Concretization of an abstract controller C; into a concrete con-
troller C[ for a relation of type T (S; <} S») using the augmented inter-

face (23, h¥, hg, ﬁ) The figure illustrates the augmented system ST where
S j%RR S,, along with the controller C1 = CpoR for ng .

Concretization procedure

Similarly to Section 4.5, once the interfaces for each system relation are
identified their concretization procedure (3.5) directly follows from con-
structing their respective augmented concretized controller (Definition 5.3).

Given the system relation T € {ASR,PSR, FAR, MCR, FRR}, we now
define in our control formalism (Chapter 2) the augmented concretized
controller (Definition 5.3)

Cf = (Xer, X1, Ver, U, For, Her), (5.11)

resulting from connecting C; (4.13) to the augmented interface (21, hi, hl, R)
given in Definition 5.8, as illustrated in Figure 5.4.

Definition 5.12. Given &7 and S5 in (3.1), and C; in (5.4), the concrete con-
troller C{*SR in (5.11) is defined such that XC?SR = XC~1 X Z1 X Uy, VC{;SR =
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Ci&SR Uy =

S

1 z1

Uy P

SASR
Si

(a) ASR.

FAR
G

S 5 .
CfR Uy e, k Ty Ci Uy e, | zo ¢,

81 Sl

i
x x U Zy T
uy I 1 B 1 1 F D

SMCR

S, S,
(d) MCR. (e) FRR.

Fig. 5.4 Feedback composition of the concrete system S; with the augmented
concretized controller CT, derived from the abstract controller C, and the aug-
mented interface (Zl,h;r, hg, ﬁ), for some system relation T in Table 4.1. The as-
sociated augmented system S’lT and its controller C; = C, o R are also depicted.
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Vgl X Z1 X Up, and
Fepse((xg,, 21 1), (05, 21,12)) = {(x},21,u) | x5 € B (g, 0,)},
Hense (x5, 21 1y ), 21) = {(ul,(vgl,zl,uz)) |21 € h2
(u2,96,) € Hg (xg,, (x1,21)), 41 € BN (21,19, 31)},

A

(z1 Sy, X1),

Wlth(fzv] = C2 o ﬁ

Definition 5.13. Given &7 and S; in (3.1), and C, in (5.4), the concrete
controller C{) SR in (5.11) is defined such that XC{’SR = Xgl X 2, VC{’SR =

V51 X Zq,and
Forse((xg,,21), (05,21 ) = {(x} )\x € Fs (xg, vz}

Herse ((xg,,21), x1) = {(le(vc /7] )) | (u2,05,) € Hg, (xg,, (x1,21)),

uy € h™ (21,19, x1), 2 € By (21,12, %1, 1)},

with C; = Cp o R. A

Definition 5.14. Given &7 and &; in (3.1), and C, in (5.4), the concrete
controller CFAR in (5.11) is defined such that XclpAR = XC~1 X 2, VclpAR =

Vgl X Z1,and

Fepw((xg,,21), (vg, 20)) = {(xF,21) | 1} € Fg, (v, 06},

Herar((xg,,21),%1) = {(”1,(0@/21+)) | (u2,06,) € Hg, (

xa (xlrzl))/
zf‘ € thR(z1,u2),u1 € hlfA (z1,u, %1, 7] )},

withC; = C o R. A

Definition 5.15. Given S; and &5 in (3.1), and C; in (5.4), the concrete con-
troller C%\’[CR in (5.11) is defined such that XC%/ICR = XEU VC%\/[CR = Vgl , and

FC{VICR (x@l,va) :FC~1

C
Hener (xg,,%1) = {(u1,05,) | 21 € BYCR (x),
(Mz,vgl) € Hgl(xgl,(xl,zl)),ul €

(xal,vgl),

W (21,1, 31)},
withC; = C, o R. A
Definition 5.16. Given S; and & in (3.1), and C; in (5.4), the concrete con-
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troller CIRR in (5.11) is defined such that Xemr = X, Vomr = Vg, , and

FclpRR(xgl,Z)gl) = FCNl (xC~1,ZJC~1),
HC{-‘RR(XCTl,xl) = {(ul,vgl) |z € thR(xl),

(u2,v5) € Hg (x5, (x1,21)), 11 € HRR (1)},
withC; = G o R. A

By Lemma 5.2, for Z1 = A5, h? and hg in Definition 4.12, and R in (5.3),
the concrete controller ClT in (5.11) simplifies to (4.23), and Figure 5.4 re-
duces to Figure 4.6. Consequently, the properties discussed in Section 4.6
also apply to these controllers.

The following corollary of Theorem 5.7 demonstrates that the existence
of a relation of type T between the original system and the abstraction is
not only sufficient to ensure the simple closed-loop structure shown in Fig-
ure 5.1 (right), but also necessary.

Corollary 5.17. Let T € {ASR, PSR, FAR, MCR, FRR} and two simple systems
81 and S in (3.1). The following propositions are equivalent.

(1) There exists R C X x X5 such that S; j£ Sy,
(2) There exists an augmented interface (Zl,h¥, hg,ﬁ) for §; and Sy, where

hl and h satisfy Definition 5.8 and R satisfies Definition 5.9.

Additionally, for any controllers C, f.c. with Sy, the augmented concretized con-
troller C{ (5.11) satisfies By (C{ x S1) € R™Y(Bx (Ca x Sy)) with R in (5.8).

Proof. 1t directly follows from Theorem 5.10 and Theorem 5.7. O

While the forward implication (1) = (2) in Corollary 5.17 was already
established by Corollary 4.19 with the implementation Z; = X>, k] and hi
in Definition 4.12, and R in (5.3) (see Lemma 5.2), Corollary 5.17 provides
the converse result.

Remark 5.18. For T = FRR, Corollary 5.17 is equivalent to Theorem 3.8.
Thus, Corollary 5.17 generalizes Theorem 3.8 to other system relations than
the feedback refinement relation.

Remark 5.19. While the existence of an ASR is only a sufficient condition
(Theorem 3.4) to ensure the concretization procedure (3.5), it also necessary
(Corollary 5.17) when considering the specific control architecture in Fig-
ure 5.4a.
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Summary and further research directions

In this chapter, we proposed a systematic approach to precisely character-
ize simulation relations through a concretization procedure that features a
plug-and-play control architecture. To achieve this, we introduced the aug-
mented system, a system transformation that is always in feedback refine-
ment relation with the abstract system, enabling us to leverage feedback
refinement relation results to other types of system relations. This enabled
us to generalize prior results and establish a unified framework for sys-
tematically classifying and characterizing system relations. As in the previ-
ous chapter, we applied this approach to five key relations (ASR, PSR, FAR,
MCR, FRR).

In relation to this chapter, we identify two main research directions.

First, our approach, as shown in Figure 5.2, constructs an augmented
system related to the abstraction through a feedback refinement relation,
enabling a plug-and-play concretization procedure that supports more gen-
eral controller classes beyond piecewise constant controllers. In future
work, we aim to expand this method by exploring new system transforma-
tions that connect augmented systems to abstractions via different types of
relations. While this may sacrifice the plug-and-play feature, it could allow
the design of even broader classes of controllers.

Second, we aim to extend our current framework, which focuses on
state-feedback control of simple systems, to output-feedback control. Var-
ious types of relations for systems with output map are well-established
in the literature [MOS20, APGCZ20, SR14, CPM]J22]. We plan to classify
and characterize these relations in terms of their associated plug-and-play
control architecture.
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6.1

Dynamic programming on
abstractions

N this chapter, we establish the connection between alternating simula-

tions and the Bellman operator introduced in Section 2.5. Specifically,

we demonstrate how to translate suboptimal (Definition 2.14) and su-
peroptimal (Definition 2.15) value functions from the abstract system to
the concrete system. This includes showing how these functions can be
efficiently computed for the original system based on their counterparts in
the abstract system. We will demonstrate in Chapter 7 and Chapter 8 how
these dynamic programming surrogate functions, though suboptimal, can
be effectively used to construct smart abstractions.

The results presented in this chapter are based on preliminary work
published in [CLE]21].

Suboptimal value function: from concrete to abstract

The following theorem demonstrates how to derive a suboptimal value
function (Definition 2.14) for the abstract system from a suboptimal value
function of the concrete system.
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6 | Dynamic programming on abstractions

Theorem 6.1. Consider simple systems Sy and Sy in (3.1), and a relation R C
Xy x Xy such that S$; jﬁSR Sy. Given a transition cost cp for Sy, we consider a
transition cost cq for Sy, such that

cl(xl,ul) < min Cz(Xz, le). (61)
(x,u2,%1 17 ) ERASR

If vy is a suboptimal value function for Sy with transition cost c1, then

va(x2) = max  vy(xy) (6.2)
x1€R*1(x2)

is a suboptimal value function with transition cost cp for Sy.

Proof. For any (xp, 1, x1,11) € RO, it follows from (3.8) that for all x; €
Fy(x1,u1), we have R(x{") N Fy(x2, uy) # @. Consequently, we obtain

max max o1(x{) >  max o(x]). (6.3)

x) €Fy(xpuz) x{ €ER71(x]) xi €Fy (x,u1)

By the definition of RS, for any (x1,x) € R and any u, € Us, (x2), there
exists u; € Us, (x1) such that (xp,up,x1,u1) € ROSR. Therefore, for any
(x1,%2) € Rand any u € Us, (x7), it follows from (6.3) that

max max o1(x]) > min max  ovy(x]), (6.4)

x§ €F(xp,17) xf €R71(x]) w1 €Us, (x1) x €Fy (xq,17)

which, when combined with (6.1), yields

ca(xp,up) +  max max  op(x]) >
x3 €B(xo,u) xf €ER71(x])

min (cl(xl,u1)+ max )vl(xf)>. (6.5)

Uy 62/{31 (X]) XTEFl (xl,ul

Thus, for any (x1,x2) € R, we have

min [ cp(xp,up) +  max max  oy(x{) | >
ur€Us, (x2) X €b(xp,up) 7 €RT(x5)

min (cl(xl,u1)+ max U1(x1+)>, (6.6)

u€Us, (x1) x{ €Fy(xp,u1)
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since (6.5) holds for any uy € Us, (x2). Then, for any x, € A5, we have

min ca(xp,u2) +  max max  ovy(x{) | >
”267/{52(9‘2) x;er(xz,uz) xfeR*l(x;)

max min (cl(xl,u1)+ max vl(xf)>, (6.7)

x1€R(x) u1 €U, (x1) xR (x1,11)

since (6.6) holds for any x; € R™!(x;). Note that (6.7) holds without any
assumption on vy.

Therefore, using (6.7) and the assumption that v; is a suboptimal value
function, we have

[Te,(v2)](x2) = min (Cz(leuz)—i- max )vﬁx}))

M2€U$2 (Xz) X;EFz(xZ,uz
= min co(xp,up) +  max max  ovq(x;])
7/‘26[/{52 (XZ) x;GFz(XZ,Mz) XTGR_l(x;)

> max min (cl(xl,u1)+ max vﬁxi))
)

x1€R"1(xp) u1 €U, (x1) X €F (1

= max  [T(01)](x1)

x1€R™(x2)

> max v1(xq)

x1€R7(xy)

= Uz(xz).

O

This theorem generalizes [LB]21, Theorem 6] which was restricted to
the case where R ™! is deterministic. If R~! is deterministic, the suboptimal
value function in (6.2) is v = v; o R~! which corresponds to the result
from [LBJ21, Theorem 6].

Superoptimal value function: from abstract to concrete

The following theorem demonstrates how to derive a superoptimal value
function (Definition 2.15) for the concrete system from a superoptimal value
function of the abstract system.
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Theorem 6.2 ([EL]22, Theorem 1]). Consider simple systems Sy and Sy in (3.1),
and a relation R C X x X, such that S§; jﬁSR Sy. Given a transition cost cq
for 81, we consider a transition cost c; for Sy, such that

ca(xo, up) > max c1(x1,u1). (6.8)
(XZIuZlelul)ERBASR

If vy is a superoptimal value function for S, with transition cost cy, then

v1(x1) = ng}{i&) 02(x2) (6.9)

is a superoptimal value function with transition cost c¢1 for Si.

Proof. For any (xz,uy, x1,u1) € ROSR, it follows from (3.8) that for all x;’ €
Fy(x1,u1), we have R(x{") N Fy(x2, ) # @. Consequently, we obtain

max min  vy(xy) <  max  ovp(x)). (6.10)
xf €F (x1,u1) x5 €R(x]") xy €Fy(x,112)

By the definition of R2SR, for any (x1,x) € R and any u, € Us, (x2), there
exists u; € Usg, (x1) such that (x,up,x1,u1) € RMSR. Therefore, for any
(x1,x2) € Rand any up € Us, (x2), it follows from (6.10) that

min max min 0p(x)) <  max  va(x)), (6.11)

ur €U (x1) xf €F (x1,u1) x5 €R(x]") 2 x5 €F>(x2,1iz)
which, when combined with (6.8), yields

min c1(x1,u1) +  max min  vy(x)) | <
u1 €U (x1) xfEFl(xl,ul) x;GR(x;r)

o(xp,uz)+  max  va(xy). (6.12)
x{er(xz,uz)

Thus, for any (x1,x2) € R, we have

min [ c1(xg,u1)+  max min  0y(x;)) | <
u1 €U (x1) xfEFl(xl,ul) x;reR(x]Jr)

min <c2(x2,u2)—|— max vz(x;)>, (6.13)

Uy €U (x72) XErEFz(Xz,Mz)
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since (6.12) holds for any u, € Us,(x2). Then, for any x; € &;, we have

min | c1(x, 1)+  max min  0y(x;)) | <
uy €U (x1) x€F (x1,u1) x5 €R(x])

min  min (cz(xz,uz)—l— max vz(x;)>, (6.14)

x2ER(x1) up €l (x2) x5 € (x2,17)

since (6.13) holds for any x, € R(x1). Note that (6.14) holds without any
assumption on v;.

Therefore, using (6.14) and the assumption that v, is a superoptimal
value function, we have

[7e,(01)](x1) = min (Cl(x1,u1)+ max )vl(xf)>

up GZ/{Sl (xl) X1+€F1 (xl,ul

= min (cl(xl,u1)+ max min vz(xzr)>

uj GZ/{SI (X]) XTEFl (xl,ul) x;ER(XT)

< min min c(xp,up) +  max  vp(xy)
XZGR(xl) uzGUz(xZ) x; EFZ(Xz,MZ)

= min [7(v2)](x2)

0 ER(x1)

< min vy(x
x2€R(x1) 2( 2)

= v1(x1).

This theorem generalizes [LB]21, Theorem 8] which was restricted to
the case where R is deterministic. If R is deterministic, the superopti-
mal value function in (6.9) is v; = v, o R which corresponds to the result
from [LBJ21, Theorem 8].

Note that Proposition 2.16 (resp. Proposition 2.17) allows us to com-
bine different suboptimal value functions (resp. superoptimal value func-
tions), such as one provided by the control engineer and another deter-
mined through abstraction by Theorem 6.1 (resp. Theorem 6.2).
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Suboptimal value function: from abstract to concrete

Theorem 6.1 provides a method to construct a suboptimal value function
for the abstraction S; from a suboptimal value function of the concrete
system &;. In this section, we demonstrate how to efficiently perform the
reverse process: computing a suboptimal value function for the concrete
system S; from its abstraction S.

We now introduce the deterministic version ? of a simple system S,
where the input is a tuple composed of the original input of S and the next
state, allowing to deal with the non-determinism in a cooperative rather
than adversarial manner.

Definition 6.3 (Associated deterministic system). Given a simple system
S = (X,U,F), its associated deterministic system is the simple system de-

fined as ? =X, UxXX, ?), where

?(x, (1, x7)) = {{x+} ifx™ € F(x,u) 6.15)

@ otherwise.

Given a cost function c for the system &, the corresponding cost function
T is defined as ¢ (x, (1, xT)) = c(x, u). A

<—
We now introduce the reversed version S of a simple system S, con-
structed by reversing the direction of its transitions.

Definition 6.4 (Controlled reverse system). Given a simple system S
(X,U,F), it(s_controlled reverse system is the simple system defined as S =
(X, U x X, F), where

{x7} ifxeF(x,u)

(6.16)
@ otherwise.

F(x, (ux7)) = {
Given a cost function ¢ for the system S, the corresponding controlled re-

verse cost function ‘c is defined as ¢ (x, (1, x7)) = c(x~, u). A

%
Note that both systems S and S are deterministic.
Given a partition of the state-space, the following theorem defines an
abstraction &, of a system S; such that S; and Sy, illustrated in Figure 6.1,
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Lo Lo X

AR S ERA R &

Uy, h) (ug, x2)
TN [~ g
a:z./ ® 'wg’ JTK (u._»..w | O a:z.( (u? ) /‘zg’

2> 72 ) A 2

Fig. 6 1 Ilustrations of transitions for the systems Sy (left), Sz (middle),

and Sz (right) as defined in Theorem 6.5 for a system S;. The relation R is
deterministic, defining a partition of the state-space. In the middle figure,
one can choose the destination (optimistic), whereas in the left figure, one
cannot (pessimistic).

are abstracted by S; and Sl, respectively. This facilitates the efficient com-
putation of a suboptimal value function for both S; and 81

Theorem 6.5. Let S; = (X1,U,Fy) and S, = (X, U, Fy) be simple systems
with a strict and deterministic relation R C X x X, such that

xy € B(xp,u) & F (R (x2),u) NR7Y(x)) # @. (6.17)
Then, the following hold

(i) S <BR S, (ii) 82 < BR 8y, (iii) 32 <ASR 31, (iv) 31 <R g,

= “
where Sy and Sy are the associated deterministic system (Definition 6.3) and
the controlled reverse system (Definition 6.4) of Sy, respectively. Here, I =

{(x1,x1) | 1 € A1}

Proof. To prove (i), note that Us, (x2) = N, cr1(x,y) Us, (x1). Therefore, for
any (x1,x2) € R, it holds that Us,(x2) C Us, (x1). Additionally, condi-
tion (6.17) implies (3.9), establishing that Sy jERR Sy.

To prove (ii), define the set

V = {(x1,u,R(x1), (0, R(x]))) : V1 € Xy, u € Ug, (x1),x € Fi(xg,u)}.

_>
By the definitions of S; and S, we have {x } = Fz (x2, (u,x3)) if and only
if there exist x; € R™! (xz) and x;r € R71(x7) such that x; € Fi(xy,u).
Given x, = R(x;) and x5 = R(x]), this shows that V is the extended
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relation (R™1)2R of R™L. For any x; € Xy, if u € Ug,(x1), then there
exists an x| € Fy(x1,u), and the input (1, R(x{")) € U x X, ensures that
%
(x1, 4, R(x1), (u,R(x7))) € (R7HER, thus S <25F Sy
To prove (iii), similarly to (ii), define the set

W = {(x1, (u, %7 ), R(x1), (u, R(x7))) : Vx; € &1, u € Us, (x1 ), x1 € Fy(xy,u)}.

o =

By the definitions of S; and S, we have {x, } = g(xz, (u,x,)) if and
only if there exist x; € R™!(xp) and x; € R™!(x; ) suchthatxy € Fy(x,u).
Given x; = R(x1) and x, = R(x; ), this shows that W is the extended
relation (R™1)25R of R™1. For any x; € A}, if (u,x]) € I/{E(n), then
x; € ﬁ(xl,(u, x7)), and the input (u,R(x;)) € U x X, ensures that

o o

(x1, (,x7), R(x1), (u,R(x7))) € (RIS, thus S, j??lf Si.
The proof for (iv) follows directly from S; jI;RR S1 and (ii). O

To summarize the 1mphcat10ns of Theorem 6.5, given a transition cost
functlon cp for S; (resp. 01 for 81) if X, is a finite set then the abstrac-

<—
tion 82 (resp. &;) defined in Theorem 6.5 with the cost 2 (resp. &) given
by Theorem 6.1is a welghted directed graph. Thus, a suboptimal value

function 73 (resp. ) for Sz (resp. &) can be computed using a short-
est path algorithm such as Dijkstra [Dij22] or Bellman-Ford [Bel58]. Since

Sz <ASR S (resp. 82 <ASR &1), by Theorem 6.1, we can construct a sub-

optlmal value function vy (resp. 1) for the system Sy (resp. 81) as follows

v1(x1) = . fenléié )U_2>(X2) = (73 0R)(x1), (6.18)
br(x) = max 2(x) = (b2 0 R)(x), (6.19)

which are piecewise constant functions smce R is deterministic. In addi-
tion, given any simple system S, since 81 <FRR 81, we can construct a

suboptimal value function v; for &; from 01 for Sl, which can be efficiently
computed using Dijkstra’s algorithm for finite systems, as follows

v1(x1) = 7 (x1), (6.20)

which corresponds to (6.18) with S, = S; and R = I.
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BSTRACTION-based techniques provide formal guarantees for opti-

mal control problems on nonlinear and hybrid systems. Comput-

ing an abstraction solving the problem over the whole state-space
is computationally demanding in high-dimensional spaces. In this chapter
and more generally in Part I, we propose to co-design the abstraction and
the controller guided by the optimal control problem in order to reduce the
computed part of the abstraction, and ask the following question

How can we tailor the abstraction construction to address the specific control
problem considered, thereby reducing computational complexity?

To this end, we provide algorithms based on the following three obser-
vations.

First, a common approach is to seek for an abstraction that is in al-
ternating bisimulation relation with the original system like in [AHKV98,
Tab09, Gir14]. That is, the abstraction is both an alternating simulation
of and alternatingly simulated by the original system. This requires both
that the system satisfies some assumptions such as incremental stability
(Definition 2.22) and that the abstraction is sufficiently fine-grained, which
heavily intensifies the curse of dimensionality. However, bisimulation can
be replaced by alternating simulation relations (Definition 3.1), which still
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preserve key properties, such as suboptimal (Definition 2.14) and superop-
timal value functions (Definition 2.15) [LB]21]. While similar concepts had
been used in particular frameworks, e.g. in [GLB14] where the concept of
superoptimal value function was used for a specific case of alternating sim-
ulation, the conjugate use of alternating simulation and suboptimal and
superoptimal value functions allows for leveraging optimal control tools
in the framework of symbolic control. As we show in this chapter, for any
partition of the state-space, one can build an alternating simulation and an
alternatingly simulated system, together with a suboptimal and superop-
timal value functions, which in turn provide lower and upper bounds to
the optimal cost of an optimal control problem. While finer abstractions
reduce the gap between the two bounds, the techniques developed in this
section do not have any requirements on this gap thus allowing the use of
coarser abstractions to improve scalability.

Second, while computing a fine enough abstraction over the whole
state-space is often impossible due to high computational cost, comput-
ing the abstraction in a restricted area, close to the optimal trajectory is
much less affected by an increase in the number of dimensions. In prac-
tice, this optimal trajectory is unknown, and we propose a methodology
based on the so-called A* algorithm (revisited in Algorithm 7.4) in order to
determine it in an incremental way. The A* algorithm is commonly used in
artificial intelligence and usually dramatically reduces the computational
time when a good consistent lower bound on the optimal cost is provided.
For discrete-time systems, this lower bound is represented by a subopti-
mal value function. Algorithm 7.4 demonstrates how to compute an ab-
straction and its associated superoptimal value function in a lazy manner,
meaning that transitions for each state of the abstraction are calculated only
when necessary [HJMS02, HMMS18a, CGG11a, GGM15, TI09, HMMS18b].

Third, similarly to the crucial importance of adaptive step-size for sim-
ulations, using a uniform grid as partition of the state-space leads to poor
abstraction, conservatively simulating the behavior of the original system.
We show in Algorithm 7.6 how to decouple the abstraction into distinct
parts of the state-space in which the suboptimal value function and the
superoptimal value function as well as the abstraction itself can be com-
puted independently and then combined. This allows the computation to
be carried out in a distributed manner.

Our main goal is to combine these ideas in a hierarchical approach with
three nested levels of partitions in order to solve an optimal control prob-
lem for a nonlinear system while mitigating classical problems induced by
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the curse of dimensionality. We provide a minimax with a-f pruning al-
gorithm [Ber05, Section 6.3.2] (Algorithm 7.6), that is able to exploit the
decoupling to avoid computing some part of the abstraction if it is pruned
by bounds provided by the suboptimal and superoptimal value functions.

This chapter is structured into three sections, each introducing an algo-
rithm that builds upon the previous one. The first section deals with finite
systems, while the following sections focus on constructing smart abstrac-
tions.

The results presented in this chapter are based on preliminary work
published in [CLE]21]. The corresponding numerical experiments are avail-
ableinDionysos.jlathttps://github.com/dionysos-dev/Dionysos.jl/
releases/tag/2024_LCSS, in the docs/src/examples/solvers subfolder.

Generalization of the A* algorithm for hypergraphs

In this section, we introduce Algorithm 7.4, a generalization of the A* algo-
rithm (Algorithm B.1; see Appendix B for a description in our framework),
for weighted hypergraphs, designed to find the optimal policy to enforce
reach-avoid specification. While shortest hyperpath problems on hyper-
graphs are NP-hard in general [IN89], this particular case can be solved
in polynomial time by a generalization of the Dijkstra or Bellman-Ford
algorithm [GLPN93]. Therefore, Algorithm 7.4, illustrated in Figure 7.1,
generalizes Algorithm B.1 from finite simple deterministic systems to fi-
nite non-deterministic simple systems. Similar to how Algorithm B.1 is
a lazy version of Dijkstra’s algorithm, Algorithm 7.4 is a lazy version of
Algorithm 3.2.

Algorithm

We consider an optimal control problem (Definition 2.11) with a reach-
avoid specification ZR¢ah = [Z 7, ], and a transition cost function c :
X x U — R, for a simple system S = (X, U, F).

Unlike Algorithm B.1, which operates forward (Figure B.1), Algorithm 7.4
operates backwards (see Figure 7.1), expanding from the target set to the ini-
tial set due to the non-deterministic nature of S, similar to Algorithm 3.2.

Like Algorithm B.1, this algorithm maintains two sets: A and M. The
set V' contains states g for which a control policy to solve the reach-avoid

| 129


https://github.com/dionysos-dev/Dionysos.jl/releases/tag/2024_LCSS
https://github.com/dionysos-dev/Dionysos.jl/releases/tag/2024_LCSS

7 | Lazy and hierarchical abstractions

Algorithm 7.4: Algorithm for computing a Bellman value func-
tion g with transition cost ¢ for a simple system S = (X,U,F),
based on a generalization of the A* algorithm for hypergraphs.
This algorithm addresses the reach-avoid specification ZReach —
[Z, T, O] and uses a consistent heuristic function % (7.2).

Function LazyReachAvoidSolver (S, ZRe" ¢ 1):

1

2 g(q) + o0, Vg € X;

3 f(g) <00, Vge X\ T;

s | flg) < hig), Vg eT;

5 | N«T;

6 M «— @;

7 | X'+ TUTUO;

8 | while N # @ and 3q € T such that g(q) = oo do
o | | g argmin{f(g) g e NY;

10 N —N\{q};

1 8(q) < f(q) = h(q);

12 M~ MU{q};

13 foru € U do

14 for g~ such thatq € F(q—,u)and g~ ¢ O do
15 if F(q—,u) not computed yet then

16 Compute F(q~,u);

7 F'(q~,u) < F(q~,u);

18 X X'u{g YUF' (g, u);

end
19 if F!(3~,u) C M then
2 Fq7) « min(Fg),h(q") + (g u) +
man eFf q ) 8(‘7 ))I
2 N—NU{g };
end
end
end
end

2 St (XZ,L{,FZ);
23 return S¢, ¢, M, \;

end
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) @ @
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0 h(g) q 9(a) T

Fig. 7.1 Tllustration of Algorithm 7.4. The sets M, N/, X\ (M UN),
and X\ X! are represented in dark grey, medium grey, light grey, and
white, respectively. When g is selected from N in Line 9, it is added to
M and expanded, meaning that we compute its predecessors, i.e., states
q' such that g € F(q~,u) for some u. Since q; is not guaranteed to reach
M under control action u1, q; is not added to N, while since F(q, , up) C
M, g5 is added to N and its evaluation cost f(q, ) is updated if h(g; ) +
MAX1 P 1) c(q5 ,u2) +8(q") < f(qy ). Asillustrated, once g € M, g(q)
provides the optimal worst-case cost of traveling from q to 7, while h(q)
provides a lower bound on the cost to reach q from g;.
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problem [{gq}, T, O] is available but have not yet been expanded, meaning
their predecessors have not yet been computed. The algorithm incremen-
tally extends this set one step at a time until the initial set is reached. At
each iteration, Algorithm 7.4 determines which state g to expand based on
the cost incurred so far to reach the target set 7 from g and an estimate
of the remaining cost to reach g from the initial state Z. Specifically, Algo-
rithm 7.4 selects the state that minimizes the evaluation function

f(q) =g(q) +h(q), (7.1)

where ¢(g) is the worst-case cost from g to 7, and h(q) is a heuristic function
estimating the cost from the initial set Z to q. Once a state g is expanded, it
is removed from N and added to M.

In this context, the heuristic function h(q) is admissible if it never over-
estimates the actual cost to reach g from the initial set Z, and consistent if,
forallg~ € X,

min |c(g7,u)+h(g7)— max h(g) | >0. 7.2
ueus(q)<(q )+h(q”) omax (q)> (7.2)

The condition (7.2) is a kind of triangular inequality, because it requires
that i(q’), i.e. a lower bound on the cost of going from 7 to ¢/, is no greater
than the cost of going from Z to g~ and then from g~ to g'.

The tighter the heuristic /i, the smaller the portion of the state space that
needs to be explored. As with Algorithm B.1, at each iteration, the sets N
and M satisfy (B.3).

The following theorem demonstrates how Algorithm 7.4 lazily con-
structs a superoptimal value function, from which a static controller en-
forcing a reach-avoid specification for a finite simple system S can be de-
rived.

Theorem 7.1. Consider a simple system S = (X,U,F), an optimal control
problem with a reach-avoid specification X" = [I,T,0], and a transition
cost function ¢ : X — Rso. Let h : X — R>q be a consistent heuristic function
satisfying (7.2), with h(q) = 0 for all ¢ € Z. If S is finite, meaning X and
U are finite, then Algorithm 7.4 terminates in finite time and returns a Bellman
value function g with cost ¢, where g(q) = 0 for all ¢ € T, and a simple system
S = (X4U,F") such that X* C X, and for all g € X" and u € Ug(q),
F'(q,u) = F(q,u).

Let C be the static system associated with g (Definition 2.12). If T C Up(0) =
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{g € X | g(q) < oo}, then C solves the control problems (S*,ZRe*") and
(S, xReach otherwise, these two control problems are infeasible.

Proof. We observe that Vg € N'UM,Yu € U : F'(q,u) = F(q,u). We first
show thatVg~ € NUM,Vu € Us(g™): f(q7) > f(¢') forallg’ € F(q—,u).
According to Line 20, and (7.2), it holds

fl@7)= min_ (h(q‘) c(q”,u)+ max g(q’))

uels(q qEF(q™u)
= uéz?;n <h c(q,u +qer}gl(3xu)(f(q/) —h(q/))>
2 i (100 e )+ 1)
z (h e q/erﬁaqlx,u)h(q/)) * e pamex S0
> min  max f(q). (7.3)

T u€ls(q7) ' €F(q—u)

We now prove by contradiction that g(¢) is a Bellman value function for
S and S! with cost ¢. If this is not the case, there is a q that is selected
in \V in Line 9 while f(q) would be updated to a lower value later in the
algorithm. However, as q was selected in N in Line 9, f is less than for
other g/ € N. Hence this also holds for all future updates of f as we
showed in (7.3).

Since f[g] = h(q) if and only if g € T by Line 4, it follows from Line 11
that g[g] = 0if and only if ¢ € 7. Additionally, ¢[q] = o0 if ¢ € O because,
according to Line 14, f(g) and therefore g(¢q) are never updated after be-
ing initialized to co. Therefore, by Proposition 2.13, C solves the control
problems (S*, [Uc(0),7,0]) and (S, [Uc(0), T, O]), where Up(0) = {g €
X | g(q) < 0} T € Ue(0), then (S¢, ZReach) and (S, xReach) are infea-
sible since, according to Line 8, the algorithm has solved the fixed point
equation (3.18). O

The sets M, N, X\ (M UN), and X \ X contain states for which
we have the optimal worst-case policy, a policy, no policy but at least one
transition has been computed from the state, and no transitions have been
computed from the state, respectively.

The following proposition provides a consistent heuristic function for Al-
gorithm 7.4 that can be efficiently computed based on the controlled re-
verse system.
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Proposition 7.2. Any suboptimal value function h for the controlled reverse sys-
(_
tem S with costs ‘c of S satisfies (7.2).

&
Proof. By Definition 6.4, and since S is deterministic and / is a suboptimal
value function for S with costs %, it holds that

T (h = min T (u,g7)) + max h(g™
[Tz (W) (q) (o) (g, (u,q97)) e (q7)
= min c(g=,u)+h(g~
u€Us(q7)EF (g™ u) (7 u) ()
> h(q),
which implies (7.2). O

Complexity

Given a finite simple system S = (X,U, F), the number of evaluations of F
required to explicitly construct § is defined as

ne(S) =Y [Us(q)l. (7.4)

qgeX

Note, if Us(q) = U forall g € X, then n.(S) = |X| - |U|.

The system S’ returned by Algorithm 7.4 is a sub-graph of S that in-
cludes all transitions computed during its execution. In practice, depend-
ing on the quality of the heuristic, the number of evaluations of F to con-
struct S¢, given by n,(S Z), is much smaller than 7,(S), the number of eval-
uations required to explicitly compute the entire system S.

Lazy abstraction

As previously mentioned, the classical abstraction-based approach (see Fig-
ure 1), involves first constructing the abstract system S, over the entire
state-space, regardless of the specification to be enforced, and then solving
a specific control problem. In this section, we demonstrate how to combine
the previously introduced concepts of suboptimal and superoptimal value
functions, controlled reverse systems, and the generalization of the A* al-
gorithm for hypergraphs, into a lazy abstraction approach (Algorithm 7.5)
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whose goal is to co-design the abstraction and the controller simultane-
ously to solve a specific control problem, constructing the abstraction over
a reduced part of the state-space.

Algorithm

Consider a simple system &; = (X;,U;, F1) and an optimal control prob-
lem with a reach-avoid specification Zlfe“h = [Z1, T1, O01] and a transition
cost function ¢1 : A1 x U; — Ryy.

We consider two finite abstract systems S, = (X, U, F,) and Sz =
(X3,Uy, F3) such that

S ﬁfii{ S j}?j? 83, (7.5)

where R1p C X x &) is a strict relation, and Ry3 C A, x A3 is a strict
and deterministic relation. We define the strict relation Ry 3 := Ry30 Ry
ensuring that §; jﬁf’? S; (Proposition 3.3).

For the remainder of this chapter, we adopt the slight abuse of notation
v(+;s) for a value function v : X — R U {o0}, meaning v(x) = 0 for all
x € s where s C X, to enhance readability.

The lazy abstraction algorithm operates as follows.

1. Subroutine Algorithm: We assume an algorithm is available to com-
pute the abstract system Sp. The goal of the lazy approach is to avoid
constructing this abstract system S, explicitly over the entire state-
space by minimizing the number of evaluations of F,.

2. Abstract Specification: We abstract the specification X" accord-
ing to Proposition 3.12 into £Reah = [7,, 75, 0,] and consider a tran-
sition cost function ¢; as in (6.8) for S;.

3. Heuristic: To solve the control problem (S,, £X¢ah) with transition
cost ¢p using Algorithm 7.4, we need a consistent heuristic function
hy for Sy (Theorem 7.1). According to Proposition 7.2, a suboptimal
value function b, with transition cost function ¢, for S,, such that

2(q2) =0 < g € I, also denoted b, (+;Z), is a consistent heuristic
for Algorithm 7.4.

To compute ?, we rely on Section 6.3. We apply Theorem 6.5 to
system Sp to construct the system S; (Line 2), where R; 3 is a strict
and deterministic relation.

| 135



7 | Lazy and hierarchical abstractions

“— = “—
By Theorem 6.5, we have S3 jg?? S». Therefore, as Sj is a finite and
2,3
deterministic system, we can efficiently compute a suboptimal value

function E, for f9_3 with transition cost function ?3 satisfying (6.1) us-
ing a shortest path algorithm such as Dijkstra (Line 4). Then, by The-
orem 6.1, we can derive E = b3 0 Ry 3 (Line 5) since Ry 3 is determin-
istic.

Solve the Abstract Problem Lazily: We compute the lazy abstraction
S} and the Bellman value function I, for S} using Algorithm 7.4

(SZE, I, M3, N>) = LazyReachAvoidSolver(S,, deaCh, o, ?2)

The Bellman value function I, is finite on M, U N>. We construct the
abstract controller C; from I, according to Definition 2.12. If 7, C
Ue,(0), then C, solves the abstract control problem (S,, ZX¢ah); oth-
erwise, it is infeasible.

Concretization: By Theorem 6.2, the function

lLi(x1) = min Ir(xz) (7.6)

X€Rp(x1)
is a superoptimal value function with cost c¢; for S;, which is finite
on Ry 21 (M3 UN>). We construct C{*SR from C, (Definition 4.14). If C,
solves (S, ZReach) then C5R solves (Sy, ZReach) (Corollary 4.19). If

Cy does not solve the abstract problem, we cannot conclude anything
about the feasibility of (S, ZReach),

Algorithm 7.5: Lazy abstraction algorithm.

1 Function LazyAbstraction(S,, 212{6”511, 2,83,Rp3):

compute S3;
T3 < Ry3(Zn);
compute ?3(713);
2(T2) + b3(Z3) o Ra;
(85, 12(T2), ~, ~) <
LazyReachAvoidSolver(S,, dead‘, o, E (5212));
return SZZ, L(T2);

end
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Theorem 7.3. Algorithm 7.5 returns the (optimal) Bellman value function Ip
with costs ¢ for Sy, from which a superoptimal value function Iy for Sy can be
derived as described in (7.6). Let Cp be the controller associated with Iy (Defi-
nition 2.12). If Cy solves (Sp, ZReh), then C/ASR, constructed from Cy (Defini-
tion 4.14), solves (S, ZReach),

Note: All functions and parameters referenced in this theorem and its associ-
ated algorithm are defined within this section.

Proof. Refer to the discussion in Section 7.2 for the detailed proof. O

In summary, the abstraction Sj is computed lazily by leveraging the A*
algorithm’s ability to explore a reduced part of the state-space while still

guaranteeing optimality. The tighter the suboptimal value function ?, the
smaller the portion of the abstraction that needs to be built.

Complexity

To compare the computational complexity of the lazy abstraction-based
approach (Algorithm 7.5), denoted O;(S7), with the complexity of the clas-
sical abstraction-based approach (Algorithm 3.1), denoted O.(S;), we use
the number of evaluations of the abstract transition map F, (7.4).

The classical approach (Algorithm 3.1) requires 7.(S;) evaluations of
F, since it computes the abstraction over the entire state space

05(81) = Tlg(Sz). (7.7)
In contrast, the lazy approach constructs two abstractions

* The abstraction S3 used to compute the heuristic E must be evalu-
ated over its entire state space, requiring 7,(S3) evaluations of F.

e The abstraction S}, which is lazy version of S, computed over a re-
duced portion of the state space, requiring 1,(S5) evaluations of F,.

The total number of evaluations of F, for the lazy approach is given by
01(81) = 1e(S3) +1e(83).- (7.8)

Similar to the classical approach, Sz must be computed over the entire state
space. However, Ss is based on a coarser discretization of the state space
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0 10 20 10 20 30

(a) Algorithm 3.1. (b) Algorithm 7.5: E (c) Algorithm 7.5: 1.

Fig. 7.2 Outputs of Algorithm 3.1 and Algorithm 7.5 for Example 7.4.
Left: Algorithm 3.1 computes S, over the entire state-space. Middle: Algo-

rithm 7.5 constructs S, lazily as S, with the suboptimal value function ?2
shown in orange. Right: Algorithm 7.5 constructs the superoptimal value
function [ for &y, finite on R} % (M3 UN3) in blue, with x; states where
I1(x1) = oo in black.

than S,. Indeed,
|A3] = [Ry3(X1)| = [Ro3(Ry2(A1))| = [Ro3(X2)| < | A2,

since Rj 3 is deterministic. Consequently, 1,(S3) < 1.(S;). Additionally,
since 825 is a lazy version of Sy, 1, (Sf ) < 1,(S2). The quality of the heuris-
tic provided by the suboptimal value function ?7, built from ?, can be
improved by refining the partition of the state space embedded by Ry 3,
which underlies the abstraction S3. This increases 1,.(S3) while reducing
1¢(S5). Therefore, there is a trade-off between computing a good but costly
heuristic and obtaining an abstraction S} with fewer cells to ensure that

01(S1) = 1e(S3) + 1:(S}) < 1(S2) = Oc(Sy).

Numerical experiments

We illustrate Algorithm 7.5 on the following optimal control problem for a
continuous-time system.

Example 7.4. We consider the system (3.14), where f : R> x U — R? is
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given by
_(x1+um
o ) = (2700,
with X = [0,30]> and U = [-2,2]%>. There is no perturbation W =

{(0,0)T}). We consider the optimal control problem TReah = [7, 77, 0]
(Definition 2.10), with Z; = [5,6]%, T1 = [25,28]2, and O; = [15,20]?, illus-
trated in green, red, and black respectively in Figure 7.2a, and a transition
cost function ¢(x, u) = 0.5. VAN

The function B(r, u) = r is a growth-bound function associated with the
T-sampled system S; from Example 7.4. For this numerical experiment, we
use T = 0.8. We use the specific implementation described in Section 3.2.2
for the computation of F, as the subroutine for Algorithm 7.5.

Let S, be defined as in Theorem 3.11 with X5 = [yZ?] N A7 (4.31) with
7 = (05,05)" and U, C U such that |X5] = 3600 and || = 80. We
define S3 with X3 = ['Z?] N Xy with i’ = (1.5,1.5) " such that |X;3| =
400. The state-space discretization of systems S, and S3 are illustrated
in Figure 7.2.

The suboptimal value function E constructed by Algorithm 7.5 from
83 is illustrated with the orange color map in Figure 7.2b. The lazy ab-
straction S} returned by Algorithm 7.5 is shown in Figure 7.2b, where M3,
N>, and Xzf \ (MaUN) are illustrated in dark, medium, and light grey,
respectively. The piecewise constant superoptimal value function /; is il-
lustrated in Figure 7.2c. The trajectory of the closed-loop system with the
initial state xg = (5.5,5.5) " € T is shown in blue. The superoptimal value
function I;(x1) = 9.5 provides an upper bound on the actual cost, which
is 9.

We compare the performance based on the number of evaluations of
the transition map F, for Algorithm 3.1 and Algorithm 7.5. Algorithm 3.1
computes S; entirely, with 1,(S;) = |A,| - [Ua| = 288000 evaluations of
F,. Algorithm 7.5 computes Sz entirely and S lazily (see Figure 7.2¢c), with
1e(S3) = |As| - [Ua| = 32000 plus n(S5) = 47560 evaluations.

Thus, the lazy abstraction approach (Algorithm 7.5) is significantly more
efficient than the classical abstraction-based approach (Algorithm 3.1), re-
quiring far fewer evaluations of F:

01(S1) = 1e(S3) + 1,(S5) = 79560 < 288000 = 1,(S5) = Oc(Sy).
This efficiency gain becomes even more pronounced as the state space X
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grows larger or the number of inputs |U;| increases, highlighting the ben-
efits of the lazy approach.

Hierarchical Abstraction

In this section, we demonstrate how suboptimal and superoptimal value
functions can be incorporated into a branch-and-bound algorithm (Algo-
rithm 7.6), serving as the & and B functions in an a—f pruning algorithm
[Ber05, Section 6.3.2]. This is achieved through a hierarchical abstraction
approach with three nested levels of partitions.

Algorithm

Consider a simple system S; = (X},U;, F;) and an optimal control prob-
lem with a reach-avoid specification Z?ead‘ = [Z1, T1, O1], where 7; = {x;}
with x; € A}, and a transition cost function ¢q : A7 X U; — R+g.

We consider three finite abstract systems

S = (Xy,Up, F), S3=(X3,Up,F3), Si= (Xy,Up Fy), (7.9)

such that

FRR FRR FRR
Sl ij 82 51{2/3 83 szA 841 (7-10)

where Ry5, Rp3, and R34 are strict deterministic relations defining three
nested levels of partitions of the original state space. We define the strict
deterministic relations Ry 4 := R34 0 Rp3 and Ry4 := Rp4 0 Ry ensuring
that S, j?;{f Sy and &4 jFlilf Sy (Proposition 3.6). We assume that 7; C

Rl_,i (qr) for some g1 € Xj.

The hierarchical abstraction algorithm, as illustrated in Figure 7.3, op-
erates as follows.

The coarser abstraction S, decouples the state-space into distinct parts
where suboptimal and superoptimal value functions, as well as the finer
abstractions, can be computed independently and then combined. It di-
vides the overall control problem into local sub-problems, leveraging lower
and upper bounds derived from suboptimal and superoptimal functions
in a branch-and-bound algorithm to avoid unnecessary state-space explo-
ration. The abstraction S, acts as a planner for the trajectories of the closed-
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qr

04

42,05 314
2.4 1‘{’ 4

Ri3(zr) 0 Rya(zr)

0-0

(a) “((‘71‘)?:0) (Algorithm 7.7). (b) ,3((‘71‘),'7:0) (Algorithm 7.8).

Fig. 7.3 Illustration of Algorithm 7.6 with the three nested partitions.

Left: Computation of a((g;)%_,). Local objectives tzj “Ii*1 are shown in red.

Suboptimal value functions b_;(, tgjrqm)
while b_4>(.,' {gr}) is shown in yellow. Right: Computation of B((g;)7_,)

with g7 = gr. Local objectives tgj 1 are shown in red. Suboptimal value

are depicted with a blue color bar,

functions E( ;tgj'qj+1) are depicted in orange, while superoptimal value
functions I (+; tgj Aj H) are shown in blue. Both abstractions S3 and S, are
lazily constructed via Sf and Sf.
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loop system.

A node in the branch-and-bound algorithm (Algorithm 7.6) is a finite
sequence (q;)!_, of states of Xy with gqo = Ry 4(x7). It defines the sequence
of abstract states of X through which we attempt to design a controller to
enforce the system S to satisfy ZReah. The function a((g;)!_,) provides
a lower bound on the cost to achieve TReah by initially following the se-
quence (q;)}_,, while B((g;)!_,) provides an upper bound on this cost.

This branch-and-bound algorithm builds on the lazy abstraction algo-
rithm (Algorithm 7.5) to compute these lower and upper bounds. Systems
&> and S3 are used to solve local sub-problems, playing the same roles as
in Algorithm 7.5. Specifically, S; is the abstraction used to construct a su-
peroptimal value function /; and controller C; for S; to solve (Sy, Zg{ea‘:h).
System &3 is used to construct a suboptimal value function E for S;, serv-
ing as a heuristic for Algorithm 7.5.

We now provide definitions for Algorithm 7.6, Algorithm 7.7, and Al-
gorithm 7.8. The coarser abstraction S; defines local objectives using the
following sets. For any q,4% € Xy, we define

N
t'li’q = {xi*' € Rl_,i(”ﬁ) | 3x; € Rl_,i(””'” € Us,(x1) : x?’ € F(xq,u)}, (7.11)

+ + + +
57 =Rt ), 57 = Ros(8y7 ). (7.12)

_>
For a subset s3 C A3, define b3 (+;s3) (resp. ?3(-;53)) as the suboptimal
value function of S3 (resp. S3) with gst C—3> (resp. <c_3) s(ziisfying <(é.l) with
respect to ¢y (resp. <c_z) according to S j‘;‘%lf S (resp. S3 jﬁ?lf S,). For a
2,3 2,3

subset s4 C Xy (resp. t; C X3), define a(-;&;) (resp. Ix(+; t2)) as the sub-
optimal (resp. superoptimal) value function of Sy (resp. S;) with cost Ef
(resp. cp) satisfying (6.1) (resp. (6.8)) with respect to c; (resp. c1) according
to Sy j’;;l; Sy (resp. &1 jﬁff S»). For a subset s; C X, (resp. t1 C A)),

define fz( ;52) (resp. I1(+; t1)) as the suboptimal (resp. superoptimal) value
function of &; (resp. S1) with cost 123 (resp. c1).

Theorem 7.5. Algorithm 7.6 with functions a (Algorithm 7.7) and B (Algo-
)
for Sy with cost cy. Consider the optimal control problem (S, ZX¢*M) with cost
ca, where TR4H = [Ty Ty, Os] and I = {Ry(x1)}, with T, and Oy satisfy-
ing Proposition 3.12. Let Cy be the controller associated with 15 (Definition 2.19).
If C; solves (SZ,Z§€“Ch), ie., if B* < oo, then C; = Cy o Ry solves (S, Zfe“h).

rithm 7.8) returns a sequence of superoptimal value functions I3 = (Iy(-;t}))
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Algorithm 7.6: Branch-and-bound algorithm. The set B repre-
sents the set of nodes of the search tree for which subtrees still
need to be explored. The heuristic function / determines which
node is considered next. The initial state x; for &7, a lower bound
function a, an upper bound function f and a maximum number of
steps in Sy of I € IN. Return a sequence of Bellman value function
15 for S; and a upper bound on the optimal cost worst case B*.

1 compute Sy;

2 I3+ ();

3 B*  oo;

4 B+ {R1’4(X[)},'

5 while B # @ do

6 | {()io} < argmin{h((q:)i_o) | (4:)}_ € B}
» | BB\ @)l

8 ifa((qi)f,zo) < B*and ! < [ then

9

for q € X, do
10 b, B B((a1)i—g:9);
1 if B < p* then
12 ‘ I, B* I, B;

end

8 B« BU{((q:)i_p;q)};

end

end
end

14 return I3, B*;

Algorithm 7.7: Lower bound algorithm that can be used as a func-
tion for Algorithm 7.6.

1 Fun((:)tion ()%
2 sy < {Ri3(x1)};
3 forj < 1tokdo
4 sé — {tgjfl’qj};

5 Qj + minx3€s];1 b3 (x3;55);
end
%
6 return (E;?:l Qj) + ba (qi; {q1});
end
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Algorithm 7.8: Upper bound algorithm that can be used as
function for Algorithm 7.6.

1 Function B((q;)¥_):

2 I, cost < 0,0;

3 sg — Rip(xg);

4 forj< 1tok—1do

5 sé — {tgjflqj};
6 tjzfl — {tg’vflqi};
end
7 t;fl — T
8 x2 < Ryp(xg);
9 forj« Otok—1do
wo| | kbt e
LazyAbstraction(Sy, [5]2, t]2, Oy, ¢2,83,Ry3);
11 while x, ¢ t]2 do
12 if Ip(x;th) = co then
13 | return (), co;
end
14 Uy <—

: +.43.
argmmueusg(xz) co(x,u) + MaX, ey, ) L(x3;t);

15 cost <— cost + cp(xo, 1;);
16 Xp = ArgMaX gty ) L(x3;8);
17 I+ 141
end
end

18 return (I (~'ifj))k_1 cost;

28, by j=0" 7

end
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Additionally, B* provides an upper bound on the optimal worst-case cost.
Note: All functions and parameters referenced in this theorem and its associ-
ated algorithms are defined within this section.

Proof. We prove the theorem in three steps.

1. Branch-and-bound (Algorithm 7.6): The set 53 in Algorithm 7.6 rep-
resents the nodes of the search tree with unexplored sub-trees. Each
node (‘71’)5‘:0 is a sequence of abstract states in Aj. Since a and p
provide lower and upper bounds, respectively, on the solution of
(81, xReach) for trajectories following the initial abstract path (g;)!_,
the branch-and-bound algorithm explores all possible paths in finite
time as systems Sy, S; and Sy are finite, and I defines an upper bound
on the tree depth.

2. Lower bound (Algorithm 7.7):
Since Sp <ASR S3 (resp S, -<ASR S4), by Theorem 6.5, we have

S3 <ASR S, (resp 84 <A 82) Therefore by Theorem 6.1, we can

Construct a suboptimal Value function b3 = b3 o Ry (resp. by =
b4 o Ry 4) for S; from a suboptimal value function b3 for Ss (resp. by
for &y).

Therefore, since Algorithm 7.7 sums the lower bounds for the se-
quence of local objectives determined by (%‘)Lo along with the lower
bound from g; to g1, «((g;)%_,) provides a lower bound on the cost
to reach 7, from 7, by following the initial abstract path (g;)%_,.

3. Upper bound (Algorithm 7.8):

Given S, <ASR S3, by Theorem 6.5, we have 83 <ASR 82 Therefore,
23

by Theorem 6.1, we can construct a suboptimal value function ?97 =
?3 o Ry 3 for S; from ? for Ss.

Since &1 -<A15R Sy, by Theorem 6.1, we can construct a superoptimal
value function /] = I o Ry for S from I, for Sp with costs c; satisfy-
ing (6.8). Given t = Ry (t1) (7.12), we have I1(-; 1) = Ip(-;t2) 0 Ry 5.
By Theorem 7.3, the function l2(-,t£) in Line 10 is a superoptimal
value function for S, that can be used to reach té.

Therefore, since Algorithm 7.8 sums the optimal costs in S, by solv-
ing the sequence of local control problems determined by (q,')ifzo,
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B((g:)¥_,) provides the optimal cost (resp. upper bound cost) to reach
Ty (resp. T7) from Z; (resp. Z7) in S (resp. S1) by following the ab-
stract path (g;)%_,.

Finally, by Theorem 2.20 and Theorem 3.8, if C solves (S, deaCh), then C;
solves (&, ZReach), O

Unlike Algorithm 7.5, the resulting concrete and abstract controllers are
dynamic. As illustrated in Figure 7.3b, they enforce the system to visit the
intermediate targets in sequence, with the controller’s state determining
the local targets considered.

The functions b_3>( ;sh) ?3( ;s5), and b_4>( ;{qr}) can be efficiently com-
puted using Dijkstra’s algorithm from sé, sé, and gt in §3>, ‘<S’_3, and Sy,
respectively. The function I>(-;t,) can be lazily computed using Algo-
rithm 7.4. The entire algorithm operates lazily, meaning that the abstrac-
tion and the suboptimal and superoptimal value functions are computed
as needed, as established by the following remark.

Remark 7.6. The computation time and space for the suboptimal and su-
peroptimal value functions in Algorithm 7.7 and Algorithm 7.8 can be sig-
nificantly reduced using memoization techniques [CLRS22, Chapter 15]:

1. The abstraction only depends on the state g € X4 and thus needs to
be computed at most once.

% . .
2. For the suboptimal value function bs (+; ;) (resp. E (;s5)), the value
depends only on the target (resp. source), not the entire sequence
(q,')i-‘:O, allowing different sequences to reuse the same computation.

3. For the superoptimal value function I»(-;t}), the abstraction Sj is
computed lazily and stops once the source is fully covered (Algo-
rithm 7.4). When computing I5(+;t5) for the same target but a dif-
ferent source, the computation can continue from where it was left
off until the new source is covered, reusing the previously computed

parts of Io(+; t,) and S5.

In addition, decoupling the state-space to independently compute and com-
bine the suboptimal and superoptimal value functions, as well as the ab-
straction itself, enables distributed computation, leveraging parallel com-
puting. A
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Complexity

As in Section 7.2.2, to compare the computational complexity of the hi-
erarchical abstraction-based approach (Algorithm 7.6), denoted Oy (S7),
with the complexity of the lazy (Algorithm 7.5) and the classical (Algo-
rithm 3.1) approaches, we use the number of evaluations of the transition
map F, (7.4).

In Algorithm 7.6, only the abstraction Ss is computed over the entire
state-space, while S and S, are lazily computed via S§ and S}, respec-
tively, as illustrated in Figure 7.3. Therefore, the number of evaluations of
F, for Algorithm 7.6 is given by

Oh(S1) = ne(84) + ng(sg) + ne(Sf). (713)

The meta-parameters of the algorithm, such as the grid parameters that
describe the abstract state-spaces, should be chosen to ensure that

On(S1) = 1e(Ss) + 1e(S5) + 1e(S3) < 1e(S2) = Oc(Sy). (7.14)

Numerical experiments

We apply Algorithm 7.6 to the following example.
Example7.7. We consider the same system as Example 7.4 with X = [0, 60]?

and the sampling time T = 0.8' to solve the optimal control problem
yReach — [7, 77, 01] with Z; = [6.5,7.5]%, T1 = [6.5,7.5]2, O1 = [22,25] x
[21,32], To = [44,49]?, and a transition cost function c1(x,u) = 0.5, A

We define S, with X, = [yZ?] N & (4.31) with 7 = (0.5,0.5)T and
Uy C U such that |X;| = 14400 and |Uy| = 80. We define S5 with X3 =
[7'Z2] N X with i’ = (1.5,1.5) " such that | 3| = 1600. We define Sy with
Xy = "2 N Xy with " = (10,10) " such that | Xy| = 36.

The results of Algorithm 7.6 for a specific node of the branch-and-bound
algorithm are illustrated in Figure 7.4b. The blue trajectory illustrates the
closed-loop system with the initial state xg = (7,7) " € Z;.

We compare the performance through the number of evaluations of the
transition map F, for Algorithm 3.1, Algorithm 7.5, and Algorithm 7.6. Al-
gorithm 3.1 computes S, entirely, with 1,(S,) = |A3] - |Uz| evaluations
of F,. Algorithm 7.5 computes S3 entirely and S; lazily (see Figure 7.4a),

INote that different time steps can be used for S, S3, and Sy, often with larger steps for
coarser abstractions.
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(a) Algorithm 7.5. (b) Algorithm 7.6.

Fig. 7.4 Outputs of Algorithm 7.5 and Algorithm 7.6 for Example 7.7,
with performance metrics provided in Table 7.1. Left: Algorithm 7.5 con-
structs S3 over the entire state space and S, lazily as S}, with the subop-

timal value function E shown in orange. Right: Algorithm 7.6 constructs
Sz and S, lazily as S§ and Sj, with local objectives and suboptimal value
functions illustrated in red and orange, respectively. Sy is constructed over
the entire state space.
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\ S5 S3 Sy O
Algorithm 3.1 | 1152000 ~ ~. 1152000
Algorithm 7.5 | 294457 128000 ~ 422457
Algorithm 7.6 74787 49770 2880 127437

Table 7.1 Number of evaluations of F, for the different abstractions gen-
erated by the algorithms for Example 7.7, as illustrated in Figure 7.4. The
bold quantities correspond to 1,(S3), 1.(S3), and 1,(Sy). The total number
of evaluations, O.(S1), O;(S1), and Oy, (S1), are given in the last column.

with 1,(S3) = | A3 - [Ua| plus 1. (S}) evaluations. Algorithm 7.6 computes
S, entirely and S; and S, lazily (see Figure 7.4b), with n,(Sy) = | Xy - [Uz]
plus 71¢(S%) plus n.(S}) evaluations. These values are summarized in Ta-
ble 7.1.

As noted in Section 7.2.3, the lazy abstraction approach (Algorithm 7.5)
is more efficient than the classical approach (Algorithm 3.1), as it constructs
the finer abstraction on a reduced part of the state space. However, com-
puting a good heuristic over the entire state space can still require a sig-
nificant number of evaluations of F,, as referenced in Table 7.1. Therefore,
using local objectives with their own locally computed heuristics (Algo-
rithm 7.6) allows for a drastic reduction in the number of evaluations of F,.

Summary

In this chapter, we formulated modular foundations for the construction
of hierarchical abstractions. We formalized the modular foundations be-
tween alternating simulations and the Bellman operator. This provides a
modular methodology to transfer bounds on the optimal cost from abstrac-
tions from different levels of nested partitions. We developed a branch
and bound algorithm that leverages the bounds gathered from the the con-
structed abstractions. Finally, numerical experiments illustrate the practi-
cal significance of these results.
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Lazy abstraction based on
non-uniform optimized cells

HE classical abstraction-based technique described in Section 3.2

relies on discretizing both the state and input spaces using uni-

form hyperrectangles. However, the curse of dimensionality, sig-
nificantly affects the uniform discretization of the entire state space due to
the exponential growth of the number of states with respect to the dimen-
sion. Additionally, to account for the quantization error between the actual
state and the quantized state, it is required to over-approximate the for-
ward image of the cells under constant discretized inputs. One of the main
drawbacks of this approach is that, in the absence of incremental stability
(0-GAS, Definition 2.22), over-approximation increases the level of non-
determinism in the symbolic system, which could result in an intractable
or even unsolvable symbolic problem.

In Chapter 7, while we provide a strategy to lazily (i.e., postponing
heavier numerical operations) build an abstraction along the optimal tra-
jectory, the local control design is performed combinatorially on a dis-
cretized input set, which is likely a source of non-determinism. In [EL]J22],
while the authors propose to design local feedback controllers between
nearby cells to eliminate the non-determinism in the abstraction (i.e., the
abstraction is a weighted digraph instead of a hypergraph), it relies on a
predefined ellipsoidal cover of the entire state space, which suffers from
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the curse of dimensionality.

In light of these shortcomings, we propose in this chapter a new ap-
proach that leverages the lazy construction of Chapter 7 and the optimal
control solution proposed in [EL]22] by optimizing not only the transitions
but also the positioning and shape of the cells along the optimal trajec-
tory (see Figure 8.1). Precisely, our solution relies on a Rapidly-Exploring
Random Trees (RRT) algorithm that lazily constructs the abstraction on the
basis of an ellipsoidal covering of the state space and a finite set of local affine
controllers. Unlike [RZ16] and [HMMS19], one of the key advantages of
our approach is that, instead of discretizing the input space, we use a fi-
nite set of local affine controllers as our symbolic input set. For L-smooth
nonlinear systems, the combination of linearization and the Lipschitz con-
stant allows us to locally optimize such controllers using semi-definite pro-
gramming without the need for extensive discretization. Moreover, the
proposed approach differs from classical techniques as the partitioning is
designed smartly, building the abstraction iteratively, instead of adopting a
predefined uniform partition, which is sub-optimal and prone to the curse
of dimensionality.

The RRT algorithm [L798] is a sampling-based path planning algo-
rithm [KLOO, LKJ01] that generates open-loop trajectories for nonlinear
systems. Therefore, these techniques are not robust to perturbations and
can only provide probabilistic guarantees [KF11]. In [MN21], the authors
propose a safety-critical path planner based on RRT and relying on con-
trol barrier functions. In this same vein, the authors of [RD19] propose
an abstraction-based technique relying on the RRT algorithm limited to
deterministic systems with additional stability assumptions (5-GAS). In
[WLS'22], the authors propose a reachable set-based RRT planning algo-
rithm that provides a formal guarantee in the presence of bounded per-
turbations, does not take into account the optimal control problem and is
limited to piecewise constant controllers. Furthermore, their framework
does not allow to optimize the shape of new cells. Finally, the authors
of [AGS513] propose a forward control strategy for reachability based on
ellipsoids, an affine linear approximation with an affine controller via the
resolution of linear matrix inequalities (LMI).

This chapter differs from the previously mentioned works by the fol-
lowing points. Firstly, our approach not only provides a controller to solve
a specific control problem, but also an abstraction of the original system
that can be reused as a basis for solving other optimal control problems.
Secondly, our RRT algorithm does not act on states but on sets of states,
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Fig. 8.1 Comparison between the classical approach and the smart state-
feedback abstraction for a planar system with state trajectory (blue line)
and superoptimal value function (color map) obtained for the optimal con-
trol problem of departing from 7; and reaching 7; while avoiding obsta-
cles Op. Left: Classical abstraction approach based on predefined grid
discretization of the entire state-space (Algorithm 3.1). Non-colored rep-
resents a region where no controller could be designed. Right: Smart de-
terministic abstraction lazily constructed with locally optimized ellipsoids
and controllers (Algorithm 8.9).
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which makes it possible to build a robust controller that provides formal
guarantees even in the presence of noise. Thirdly, in contrast with [AGS13],
our RRT algorithm operates in a backward manner. In this configuration,
the target set serves as the root of the growing tree, offering the advantages
of 1) maximizing the volume of newly added ellipsoids, thereby covering
more of the state space with a single cell in the abstraction, and 2) effec-
tively handling obstacles in the state space, as discussed later.

In Section 8.1, we introduce the specific type of abstraction relation used
throughout this chapter. Section 8.2 details a general method for lazily con-
structing an abstraction using non-uniform cells, without restricting the
class of systems or cost function templates. From Section 8.3 onward, we
present a specialized and optimized implementation tailored for a specific
class of L-smooth nonlinear systems with quadratic cost functions. This
approach leverages linearization to address nonlinearities and uses the
Lipschitz constant to reformulate the problem as a convex optimization
with LMI constraints. In Section 8.4, we demonstrate this approach with a
planar nonlinear dynamical system, and in Section 8.5, we summarize the
contributions of this algorithm.

The results presented in this chapter are published in [CE]24] and re-
sults from a collaboration with Lucas N. Egidio. The corresponding nu-
merical experiments presented in Section 8.4 are available in Dionysos. j1
athttps://github.com/dionysos-dev/Dionysos.jl/releases/tag/2024_
LCSS in the subfolder utils/CDC2024.

State-feedback abstraction

The abstraction-based approach presented in this chapter involves com-
puting a deterministic abstraction, referred to as a state-feedback abstrac-
tion [ELJ22, Definition 1], that is related to the concrete system through
a feedforward abstraction relation (Definition 4.4).

Definition 8.1 (State-feedback abstraction). Given a simple system S; =
(X1,U1, Fr), astate-feedback abstraction Sy of S is defined as a simple system
Sy = (X, Uy, F,) that satisfies the following conditions: X, C 2%, U, C
ﬁ(é\ﬁ,ul), and

V& € X, VK € Us, (8) : Fa(8,x) = {&7}
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where
Et D {x" e F(x,x(x)) | x € &}. 8.1)

A

The state-feedback abstraction is a specific instance of the feedforward
abstraction relation (Definition 4.4).

Proposition 8.2. Let §1 and S be two simple systems where Sy is a state-
feedback abstraction of S1. Then, S jEAR Sy with R C Xy x X, defined as

(x, ) ERe x el (8.2)

Proof. By [ELJ22, Lemma 1], we have S; <{5® S,. By Proposition 4.7,
S jEAR S, since &5 is deterministic. O

Note that for the rest of this chapter, we will use x € ¢ instead of x €
R~1(¢) to simplify the notations.

Algorithm

Consider a simple system S; = (X},Uy, Fy) with A3 € R" and i) C R™,
and an optimal control problem with a reach-avoid specification Zlfe“h =
[Z1, T1, O1] and a transition cost function ¢1 : X7 x U; — Rsp.

The nonlinear nature of the system and of the reach-avoid specification
makes it extremely difficult to solve the optimal control problem directly.
Therefore, to approximately solve this problem our abstraction-based ap-
proach will split it up into several convex subproblems. The approach
involves using a RRT (Rapidly-Exploring Random Trees) algorithm that
grows a state-feedback abstraction S, of S; with an underlying tree struc-
ture from the target set to the initial set. The nodes of this tree represent ab-
stract states, each of which is a set & € 241 and transitions from child nodes
to their parents are handled by local state-feedback controllers k € F (X, Uy).
While the strategy presented is theoretically applicable to any set templates
for X, and function templates for U, we propose a practical implementa-
tion (Algorithm 8.9) using ellipsoids and affine functions templates, respec-
tively, to take advantage of the power of LMIs.

The functions that implement Algorithm 8.9 (illustrated in Figure 8.2)
are described as follows:
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Fig. 8.2 Illustration of Algorithm 8.9. First, Line 1 returns abstract spec-
ifications satisfying Z; C ¢, ¢ € 71, and O C §p. Then, given a point
c € A generated in Line 5, the algorithm selects the closest abstract state
&' (Line 6). In Line 7, it maximizes the volume of ¢ = E(c, P) according to
P and « to ensure that F; (x,x(x)) C ¢* for all x € ¢. Finally, in Line 9, the
ellipsoid ¢ is shrunk into ¢s to ensure that {s N o = @.

—getAbsSpecification(X8a): returns the abstract specification
xReach — (&) &1, &0], where &1, &1, Eo are conservative ellipsoids satis-
fying Proposition 3.12.

—getConState (X7): returns a candidate concrete state ¢ € Xj.

—getKClosestAbsStates (&), 4, K): returns the K abstract states of A,
closest to the set .4 according to Euclidean distance.

—solveLocalProblem(c, ¢T): returns ¢ = E(c,P) (1.4), a controller
such that Vx € ¢ : F(x,x(x)) C ¢ and x(¢) C Uy, and an upper
bound J on the transition cost from & to &, i.e., J > maxyeg ¢1(%, x(x)).

—handleObstacles({, {p): given ¢ = E(c, P), returns a new ellipsoid
¢s = E(c,vP) where v > 1 is the smallest value such that & does not
intersect any obstacles, i.e. {s N ¢p = .

—getAbsValueFunction(S,, §7): returns a superoptimal value func-
tion I, for S; such that I(¢7) = 0 and which is strictly positive for the
other abstract states.

—newTransition(¢’, ¢): returns a controller x that maps points from
a given ellipsoid ¢’ to another given ellipsoid ¢, and the associated
transition costs J.
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Algorithm 8.9: Lazy construction of an ellipsoid-based state-
feedback abstraction S, of §; = (A, Uy, F) and of an abstract
superoptimal value function I, that solves (S, ZR¢ah) with
zReach — [7,, 77, O4].

N Ul B W N =

o 0 3

10
11
12
13
14

15

dea‘:h — getAbsSpeCification(Zg{eaCh) ;
&1, 81,80 + LReach;

X« {Cr};
while notexists ¢ € A, : ¢; C ¢ do

¢ < getConState(X7) ;

&T < getKClosestAbsStates(X,, {c}, K=1);
¢, K, j < solveLocalProblem(c, §+);
if not feasible then return to Line 5 ;

¢s < handleObstacles(, Cp);

X, Uy +— XU {és}, U U {K},’

F(Gs, ) < {5+};

C2(§s/ K) —J;

82 — (Xz,Uz,Pz),’

I, < getAbsValueFunction(S), ¢1);
improveAbs(Sy, b, (s, I);

end
return Sy, Ip;

Algorithm 8.10: Update of the abstraction for the RRT* vari-

ant.

= W N =

N o G

function improveAbs(Sy, I, ¢, I):

Clist < getKClosestAbsStates (X, ¢, K>1);
for (:/ € Clist do
K, T newTransition(¢&’, &);
if 7'+ 15(&) < I(&') then
Uy — U U {K’},‘
R(e, ) = {¢);
(' x) =T
end
end

end
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As mentioned in the introduction of the chapter, our RRT algorithm
works backwards in the sense that the abstraction is initialized with the
target set {1, and when designing a new transition, the optimized cells are
preceding ones (in terms of the controlled system trajectory). This allows
us to maximize the volume of the preceding ellipsoid, covering a larger
portion of the state space with a single abstract state—a feature not achiev-
able in the forward approach, which focuses on minimizing the volume
of the destination ellipsoid [AGS13]. In addition, the backward approach
makes it possible to decouple the design of the preceding ellipsoid ¢ and
the controller x from obstacle handling. Indeed, when a preceding ellipsoid
¢ returned by solveLocalProblem intersects an obstacle, it can be shrunk
into ¢s C ¢ and the same controller « still ensures a transition to ¢ (see Fig-
ure 8.2). This decoupling is not feasible in the forward approach.

The function improveAbs implements the RRT* variant. When a new
abstract state §s is added, new transitions are computed from the closest
existing abstract states to s in order to eventually reduce the path cost to
the target set {r.

The function getConState is a heuristic used to generate a concrete state
from which a new ellipsoid is added to the abstraction. Although the spe-
cific implementation of this function does not affect the correctness of Al-
gorithm 8.9, it can be used to guide the exploration of the state space and
the construction of the abstraction in order to reduce the number of ab-
stract states. For example, a simple but effective strategy involves sam-
pling points predominantly in the direction of the initial set Z.

The following theorem guarantees the validity of the approach.

Theorem 8.3. Given a simple system Sy, consider the simple system Sy =
(Xo, Uy, F>) and the value function I returned by Algorithm 8.9. The follow-
ing statements hold: (1) S, is a state-feedback abstraction of Sy. (2) The controller
Cy associated with I solves (S, de”Ch). (3) The controller CfAR, derived from
Cy and R (8.2), according to Definition 4.16, solves (Sy, ZRe™). (4) The function
I1(x) = mingcg(y) 12() is a superoptimal value function for Sy with costs c1.

Proof. (1) The transition map F, is constructed according to F(s,x) =
{€*}, where solveLocalProblem guarantees that Vx € & : F(x,x(x)) C
¢*, and handleObstacles ensures that & C ¢, which implies Vx € & :
F(x,x(x)) C &*. Consequently, F, satisfies the condition (8.1).

(2) Firstly, for all { € A&», there exists a path from ¢ to ¢ since X, is
initialized with ¢t and newly added transitions are always directed to
an existing abstract state in A,. In addition, these paths avoid obstacle
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¢o thanks to handleObstacles. Secondly, the ending condition of Algo-
rithm 8.9 guarantees that §; C ¢ for some § € &3. As a result, the controller
C, associated with I, solves (S, de“h) where dead‘ = [&1, &1, ¢0o]-

(3) Since S; <AR s, (Proposition 4.7) and dead‘ satisfies Proposi-
tion 3.12 according to getAbsSpecification, then, by Corollary 4.19, the
controller CFAR solves (S, ZReach),

(4) This follows directly from Proposition 2.17 since the abstract transi-
tion cost function c; satisfies (6.8) with ¢y, as it is equal to the upper bound
cost of the local transition according to solveLocalProblem. O

The abstract superoptimal value function I is derived in Line 14 of Al-
gorithm 8.9 (getAbsValueFunction) by computing the shortest path to ¢,
which can be done efficiently since ¢t is the root of a tree. The optimiza-
tion problem in handleObstacles and the inclusion test in Line 4 of Al-
gorithm 8.9 can be efficiently addressed by solving a convex scalar opti-
mization problem, as outlined in Corollary C.8 and Algorithm C.1, respec-
tively. Finally, the functions solveLocalProblem and newTransition can
be implemented efficiently by solving a convex optimization problem as
described in the following section.

Local controller design

In this section, we provide a practical and efficient implementation of the
function solveLocalProblem in Line 7 of Algorithm 8.9 for the following
general class of systems.

We consider nonlinear simple system S; = (X3, U, F;) with bounded
disturbances, i.e.,

F(x,u) ={f(x,uw) | weW} (8.3)

where &1 € R™, U; C R™, f : A1 xU; x W — X is a continuous
nonlinear function whose Jacobian is globally Lipschitz continuous !, and
W C R" is a bounded polytopic set. The control input takes values in the
intersection of (possibly degenerated) ellipsoids

= () Uy (8.4)
ke[1;Ny]

Note that similar results can be adapted for the locally Lipschitz continuous case.
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with Uy, = {u € R"™ : ||Ugul|z < 1} for some matrix Uy of appropriate
dimensions. The exogenous input takes values inside the convex hull of a

set of points
W = conv{wy,..., wn, } (8.5)

with 0 € W and introduces a level of non-determinism to the system,
which can either capture non-modeled behaviors or adversarial distur-
bances. We consider a general quadratic transition cost function of the

form -
al(gu)=(x" u" 1)Q(x" u" 1) (8.6)
defined for some given matrix Q > 0.
Therefore, the objective of this section is to design a controller x to map
all the states of ¢ € 2Y1 into ¢+ € 211 despite exogenous noise, i.e.,

VxecVwe W: f(x,x(x),w) e, 8.7)

and such that the inputs of the closed loop system lie within the admissible
input set U, i.e,,
x(¢) € U (8.8)

Specific approximation scheme

Since optimizing directly on the nonlinear dynamics f is a challenging
problem, we rely on the linearized function f around a point p = (%, 1, @) €
Xy x Uy xW:

f(x,u,w) =Ax+Bu+Ew+g (8.9)
with A = Jr.(P), B = Jru(P), E = Jrw(p), § = f(X,i,®) — AXx — Bil —

E®@, where J; (P) is the Jacobian matrix of f with respect to the variables
x evaluated at p.

We can derive a component-wise bound on the linearization error [N 18,
Lemma 1.2.3],i.e., V(x,u,w) € X1 XUy x W :

flx,u,w) € {f(x,u,w)} ®Qx,u,w) (8.10)

where Q(x,u,w) = H(0, JLrp(x,u,w)?) with L € R" representing the
vector of Lipschitz constants of component functions f; and

rp(x,u,w)? = |lx = 2|3+ [Ju — a3 + [lw - @] (8.11)
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Therefore, to enforce the condition (8.7), we can impose the following stronger
condition

Vx € EVw € W {f(x,x(x),w)} @ Q(x,x(x),w) C &t (8.12)

In order to keep the future optimization problem tractable (convex), we
use a common error bound corresponding to the "worst case" to impose
the more conservative condition

Vx e cVwe W : {f(x,x(x),w)} &H, C &, (8.13)

with H, := H(0, 1Lr?) and r := max(y )eexw p(x x(x), w).
Condition (8.13) can be reformulated as

(& SEWaOH, C&t (8.14)

where g(x) = f(x,«(x),®). This provides a geometric interpretation of
the different sources of conservatism. The term ¢(¢) corresponds to the
closed-loop image of ¢ in the linearized model with nominal noise (@), the
second term EW corresponds to the exogenous noise, and the third term
H, is responsible for the linearization error.

We first propose the following lemma, which provides sufficient condi-
tions to design x satisfying (8.7).

Lemma 8.4. Let a system (8.3) with exogenous input set (8.5), a controller «, two
sets & and ¢ and a linearization point p. If the following conditions are satisfied

& C B(x,\/bx), (8.15)
K(&) S B(a,\/5y), (8.16)
Vx € EVw e W : {f(x,x(w),w)} & H, C &, (8.17)

with 12 = 5y + &y + Sy for some Sx,0y > 0 and §yy = maxyeyy ||w — @3,
then (8.7) holds.

Proof. The result follows directly from this sequence of implications
(8.15),(8.16), (8.17) = (8.13) = (8.12) = (8.7).
O

However, the converse result does not generally hold. The conser-
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vatism arises from two sources. Firstly, we use the continuity property
yielding the upper-bound (8.10). Secondly, we consider the worst lineariza-
tion error for all points of ¢, which corresponds to the error of the farthest
point from the linearization point as shown in (8.15) and (8.16).

The linearization point that minimizes the linearization error (r) is de-
termined by p* = CC(& x x(&) x W), the Chebyshev center of & x k(&) x
W. However, given that the controller « is part of the optimization process,
we opt for the choice: p = CC(¢ x Uy x W) which represents the optimal
choice for minimizing the linearization error when « is arbitrary.

Discretization and controller templates

We discretize the state space using ellipsoids, i.e.,

£ =E(c,P), & = E(cs, Py),

withc,cy € R"™ and P, P, € S, and we consider affine controllers of the
form
k(x)=K((x—c)+]1, (8.18)

where K € R"*"x and | € R"».

Therefore, in this setting, we obtain ¥ = CC(&) = c, and, for the sake of
clarity throughout the rest of the chapter, we assume that @ = CC(W) = 0.

The following theorem provides conditions based on Lemma 8.4 to
guarantee the existence of a valid controller satisfying (8.7) and (8.8).

Theorem 8.5. The system (8.3) with control input set (8.4) and exogenous input
set (8.5) under the constrained affine control law x (8.18) satisfies the condition
that Fy(x,x(x)) C &t = E(cy,Py) forall x € & = E(c,P), if, given the
linearized system (8.9) around the point p = (c,,0) with it € Uy, there exist
L € 8%, F € R™*" and scalars 6 > 0,6y > 0,¢p > 0, Bij > 0,7 > 0 such
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that
I L
= .
(. 5;«1) =0, (8.19)
#1 0 F'
o Sy—¢ (I—-a)"| =0, (8.20)
° ° I
Bil 0 (AL+BF)"
o 1-By p +V +(Ew)' | =0,
° ° PJ_F1
fori € [1;2"], j € [1; Ny] (8.21)
wl 0 F'Ul
e 1—7 I'U!l | =0, fork € [1;N,] (8.22)
° ° I

where p = g+ Ac+ Bl —cy, Vi for i € [1;2"] are the vertices of H(0, 1 Lr?)
with 12 = 6y + 8y + Sy and by = max;e ;N { \|w;||3}. From which we have

P=L2% K=FL L

Proof. Given Lemma 8.4, it is sufficient to establish the following equiva-
lences

(8.15) < (8.19), (8.16) & (8.20), (8.17) < (8.21), (8.8) < (8.22).
The closed-loop dynamics can be expressed as
f(x,x(x),w) = Ax +b + Ew

with
A=A+BK, b=g+BI-BKc.

1)

Using respectively the S-procedure (Lemma A.2), the fact that P = L~2

We define the matrix © as

e — 0O

| 163



8 | Lazy abstraction based on non-uniform optimized cells

with L > 0 and the Schur Complement Lemma (Lemma A.1), we have
(8.15) & 6xP—1>= 0= I—0,'L? = 0 < (8.19).

By using the S-procedure, equation (8.16) can be expressed as the existence
of ¢ > 0 that satisfies the inequality

P —Pc K'K K'(l —a—Kc)
¢ Tpe_1) = KT A Ke) 5]
e ¢'Pc—1 e (I—a—Ko)'(I—i—Kc)—dy
By further algebraic manipulations and using Lemma A.1, this inequality
can be written as

PP —¢Pc K’
(. (c"Pc—1)+ 6y (lﬂKc)T) = 0.

° ° I

Then, by applying the congruent transformation of matrix @, i.e., multi-
plying the above inequality to the right by @ and to the left by @, we
obtain equation (8.20).

Since a polytope is contained in a convex set if and only if its vertices
are contained in this set, equation (8.17) is satisfied Vw € W if and only if
it is satisfied for the vertices of W. Hence, (8.17) is equivalent to

Vj € [1:Nu] Y € & {F(xx(x),w)} @ Hy € EF

where w; are the vertices of V. By using the S-procedure, equation (8.17)
can be expressed as the existence of f;; > 0 that satisfies the inequality

B P —Pc . ATP, A i ATP+(I_7+Ew]-_+\/i—c+)
Y\e c¢"Pc—1) = . (b+Ewj+Vi—cy) Py (b+Ewj+Vi—cy)—1)’

fori € [1;2™] and j € [1;Ny|. By further algebraic manipulations and
using the Schur Complement Lemma, this inequality can be written as

,BijP _,BijPC B AT
o Bij(c"Pc—1)+1 (b+Ewj+Vi—cy)' | = 0.
° ° Pjrl

Then, by applying the congruent transformation of matrix ®, we obtain
equation (8.21).

By using the S-procedure, equation (8.8) can be expressed as the existence
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of 7, > 0 that satisfies the inequality

P —Pc U/ K'KU; K'U/ U (I — Kc)
k k
Tk -
e c'Pc—1 . (I-Keo)'U Uyl —Ke) — 1)’

for k € [1;Ny]. By further algebraic manipulations and using the Schur
Complement Lemma, this inequality can be written as

7P —1.Pc K'u!
e T(c'Pc—1)+1 (I-Ke)'U! | = 0.
° ° I

Finally, by applying the congruent transformation of matrix @, we obtain
equation (8.22). O

The extension presented in Theorem 8.5 builds upon [EL]22, Theorem 2]
by incorporating the linearization error while maintaining convexity when
considering the parameters of the initial ellipsoids ¢ as optimization vari-
ables. It is worth noting that in [EL]22, Theorem 2], the problem is no
longer an LMI if we consider P as a variable. However, as demonstrated
by Theorem 8.5, the optimization problem can be rendered convex through
a congruent transformation when considering the square root of P~! as the
variable of interest. If f is an affine function, the LMIs from Theorem 8.5
can be simplified to the ones presented in [EL]22, Theorem 2] by applying
a congruent transformation.

We can visualize the terms of the Minkowski sum in (8.14) for our spe-
cific setting in Figure 8.3. As the diameter of ¢ increases (i.e., 21/dy), the
half-lengths of H, also increase. Consequently, the controller ¥ must be-
come more aggressive to ensure that the diameter of &+ = ¢(&), defined
after (8.14), decreases. However, this might cause an increase in the mag-
nitude of the control input, yielding a larger value of & (see Figure 8.4),
which, in turn, amplifies the half-lengths of #,,.

Objective function

Since our aim is not only to design x to minimize a cost function, but also
to optimize the shape P of the starting ellipsoid ¢, we introduce a perfor-
mance objective that involves minimizing a cost function (8.6) and maxi-
mizing the hypervolume of the preceding ellipsoid ¢. We can maximize
the volume of an ellipsoid { = E(c, P) by minimizing the convex function
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—log(det(L)) where L is the square root of P!, i.e,, P71 = L? (Corol-
lary A.4).

The correctness and efficiency of the global algorithm (Algorithm 8.9)
are guaranteed by the following result.

Corollary 8.6. For a given point ¢ and target set £ = E(cy, Py), with a tran-
sition cost function c1 (8.6) where Q = S'S and A € [0,1], the solution of the
convex optimization problem

inf AT + (1= A)(—log(det(L 8.23
om0 20 J+( )(—log(det(L))) (8.23)

4720,51']20@20,720,5
s.t. (8.19),(8.20), (8.21), (8.22),
10 [L,FT,0]ST

o J—v [ch,1T,1]8T| =0 (8.24)
° ) I
satisfies _
J > max cq(x,x(x)) (8.25)
xXeG

where the controller x(x) = K(x —c)+1 € Uy with K = FL™! ensures a
transition from & = E(c, P) with P = L2 to &+, as in Theorem 8.5.

Proof. Same as in [EL]22, Corollary 1]. O

Note that, due to the linearization error (8.13), the inequality (8.25) is
generally not tight. This contrasts with [EL]22, Corollary 1], which was
limited to affine dynamical systems.

The parameter A governs the weight assigned to each criterion. Increas-
ing its value will prioritize cost minimization, leading to a preference for
reducing the volume of . Conversely, decreasing A will prioritize maxi-
mizing the volume of the starting ellipsoid ¢, requiring larger control gains
while mapping all states of ¢ into ¢*. This also represents an exploita-
tion/exploration trade-off, as maximizing the volume allows us to explore
a larger portion of the state space, and minimizing the cost provides bet-
ter (finer) solutions for already explored areas. Because of that, A can be
chosen adaptively throughout the execution.

A comprehensive study on how to fine-tune this meta-parameter is be-
yond the scope of this chapter. However, a basic approach is to start with
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€+

{f (20, 5(0),0)} @EWOH,

Fig. 8.3 Local transition from ellipsoid ¢ to ellipsoid ¢*. The affine
controller x enforces that Vxyp € ¢ and Yw € W: f(x,x(x0),w) €
{f(x0,%(x0),0)} ©EW @ H, C &' where W is the polytopic noise and
H, = H(O, %er) is the noise resulting from the linearization (8.13) where
12 = 8y 4 6y + 6. Theset &1 := q(&) with g(x) = f(x,x(x),0) (see (8.14))
is an ellipsoid since an affine transformation of an ellipsoid is also an el-
lipsoid and the set EWV is a polytope since the linear transformation of a
polytope is a polytope.

a smaller A to encourage designing larger cells (potentially leading faster
to a feasible controller), and then increase its value to favor smaller cells
(with eventually lower transition costs).

Numerical experiments

One single transition

In this example we study aspects of determining a single transition for a
given target set ™ = E(c4, P.) and initial point ¢ with

(A p (2 02} __[1
“+=\4) "t 702 055) 7 1)

Example 8.7. Consider the nonlinear system (8.3) given by

1.1x; — 0.2xp — px3 + ug +w1> (8.26)

0.2x1 + 1.1xp 4 px3 + up + wy

f(x,u,w) = (
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Fig. 8.4 Input space of the system S (blue) and the set of inputs actu-
ally used by the controller « on the ellipsoid ¢ (green). The input space is
denoted by Uy = U1 NU1 N U3 where Uy 1, U 2, U 3 are ellipsoids, and
U = (&) represents the set of inputs used by « on &. The controller « is
designed such that Uc U (8.8).

where p > 0. The control input u is constrained by the set Uy = U;1 N
Uy NU; 3 with

4 0.05 0
Z/[1,1 =H (O, (5>) /u1,2 = B(0,5),U1,3 =E (0’ ( 0 0.033)) ’

and the exogenous input w by the set W = H(0, (Wmax, Wmax) ") with
Wmax = 0. A

The level of non-linearity in the system is determined by the parameter
0, where p = 0 corresponds to an affine dynamical system. On the other
hand, the presence of noise is controlled by the parameter wmax, where
wmax = 0 corresponds to a deterministic system.

For several different values of p, wmax and A, we solved the optimiza-
tion problem of Corollary 8.6 considering the quadratic cost function (8.6)
with Q = diag(I, I, 1), i.e., ci(x,u) = x " x+u'u+1.

On average, each solution to Corollary 8.6 was found in 0.0176 seconds
on an Intel® Core™ i7-10610U CPU 1.80 GHz x8 with 16 GB of memory
and using the Julia JuMP [DHL17] interface with the Mosek solver on Win-
dows 10.

Firstly, observing the left-hand side of Figure 8.5, we can deduce that
while 7 is an upper bound for the cost of the transition from & to ¢+, in
practice this cost is considerably lower for a significant part of the cell. As
expected, by comparing Figure 8.5 and Figure 8.6, the worst case cost J
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Fig. 8.5 (Section 8.4.1) Solution provided by Corollary 8.6 for wmax = 0.1,
p = 0.0005 and A = 0.01. Left: Value of the cost function ¢1 (x, x(x)) for the
closed-loop system (color map) and the ellipsoids ¢ (red) and &t (green).
Right: The sets Uy 1, Uy, and U 3 (blue), and their intersection I/ (dark
blue). The set U := (&) (green) represents the inputs actually employed
by the controller x on ¢. The upper bound on the transition cost 7 = 28.1
and the volume of the starting ellipsoid vol(¢) = 6.65.

of the controller decreases as A increases. This is achieved by reducing
both the size of the initial ellipsoid ¢ and the maximum magnitude of the
inputs actually used by the controller x on ¢. Finally, comparing the results
of Figure 8.5 and Figure 8.7, we notice that when we increase the non-
linearity (o) and the noise bound (wmax), the controller has to produce a
smaller ellipsoid & more centered in &+, and to do so, it must reduce the
size of the initial ellipsoid.

Figure 8.8 illustrates that as the values of wmax and p increase, the
Pareto front of the bi-objective function (8.23) consistently exhibits worse
outcomes, i.e., higher costs and smaller volumes of the initial ellipsoid,
across all values of the weighting parameter A.

Optimal control

In this example, we apply Algorithm 8.9 to the optimal control of the two-
dimensional dynamical system S; introduced in Example 8.7. We use the
parameters p = 0.005, wmax = 0.1, and the same transition cost function,
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Fig. 8.6 (Section 8.4.1) Solutions provided by Corollary 8.6 for Wmax =
0.1, p = 0.0005 and A = 0.3. We have J = 18, vol(¢) = 1.44.
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Fig. 8.7 (Section 8.4.1) Solutions provided by Corollary 8.6 for wmax =
0.15, p = 0.001 and A = 0.01. We have J = 26.56, vol(¢) = 3.82.
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Fig. 8.8 (Section 8.4.1) Pareto front of the bi-objective function (8.23) for
different values of p and wmax. Each curve decreases as the value of A
increases from 0 to 1. Left: wmax = 0.1. Right: p = 0.0005.

which penalizes states and inputs that are far from the origin.

A first feasible solution S, (see Figure 8.9) was found after 18 seconds
with only 8 cells and 7 transitions created, in the same computational setup
as in the previous example. We can continue to expand the tree to explore
other paths in the state-space as illustrated with abstraction S} in Figure 8.9
(right). As anticipated, the controller exhibits a preference for solutions
that pass near the origin while circumventing the obstacle.

Let /1 and [{ be the superoptimal value functions derived from the
superoptimal value functions I, and I} of S; and S}, respectively (Theo-
rem 6.2).

Given xg = (—10, —10) € 7, the guaranteed total cost by Sy is I1(xg) =
1732 whereas the true total cost of this specific trajectory is 1337. For S}, the
guaranteed total cost is I1(xg) = 992 whereas the true total cost is 875. The
control cost guaranteed by S} is better than by S, for two main reasons:
1) we continued to improve the abstraction using the RRT* variant, and
2) because by considering smaller cells, the cost of transitioning from one
cell to another in the worst case is lower. Nevertheless, a similar part of
the state space is covered by both abstractions, which is achieved with far
fewer cells for Sp.

Summary

We provided a tractable algorithm for the optimal control of L-smooth non-
linear dynamical systems. Firstly, the proposed algorithm circumvents the
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Fig. 8.9 (Section 8.4) Solution obtained from Algorithm 8.9 (left) and
from the improved RRT* version (right). The initial set 7, target set Tq
and obstacles O are respectively in green, red and black. The color map
illustrates the value function I; for S;. Left: Construction of S; and I, stops
as soon as a feasible solution is found. Right: Continue to extend and im-
prove the abstraction S} and the value function ;. We added a bound on
the cell volume to easily visualize the entire tree.

necessity of discretizing the input space by employing a set of local feed-
back controllers. This is done to ensure deterministic transitions, thereby
eliminating the non-determinism associated with abstraction, a common
limitation in classical approaches. Secondly, the combined use of ellipsoid-
based covering and affine local controllers leverages the power of LMlIs
and convex optimization, allowing the creation of larger and non-standard
cells. Thirdly, the use of a lazy approach and non-uniform cells signifi-
cantly reduces the complexity of the abstraction, i.e., the number of abstract
states, when addressing a specific control problem.
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HE practical implementation of abstraction-based controllers has

gained traction through several open-source toolboxes [MJDT10,

RTM11, RZ16], including recent tools for stochastic systems anal-
ysis and synthesis [MLL24, WL24]. These efforts underscore the grow-
ing need in industry for techniques that offer robust safety guarantees.
However, abstraction suffers from the curse of dimensionality, and none of
these toolboxes can solve non-academic problems of dimension, say, larger
than 3. These limitations of scale explain why abstraction-based techniques
have not yet been successful, particularly in the field of robotics.

In this chapter, we introduce Dionysos . j1' [CBLJ24a], a modular pack-
age for solving optimal control problems for complex dynamical systems
using state-of-the-art and experimental techniques from symbolic control,
optimization, and learning. It is built on top of different Julia packages
such as JuMP. j1 and MathOptInterface.jl, and features optimal control
problem definitions and several abstraction-based methods to solve them.

IThe package is open source and available on GitHub at: https://github.com/
dionysos-dev/Dionysos. jl.
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Dionysos. j1 is the software of the ERC project Learning to control (L2C)?.
It implements new fundamental techniques that have been designed for
smart abstraction [CLE]21, LBJ21, ELJ22, BRA]J23, CJ23] as part of the L2C
project, with the goal of designing control techniques that would come
with guarantees of safety and efficiency, while at the same time being able
to take into account non-standard constraints or information, e.g. coming
from first principles in physics, a logical specification translating some le-
gal regulations, or some recommendation from a human being.

In recent years, several groups have introduced ideas to mitigate the
computational challenges of the abstraction-based approach, such as the
concept of lazy abstractions [CGG11a, GGM15, TI09, HMMS18b]. The pack-
age Dionysos. j1 offers a versatile platform for implementing these non-
standard approaches within a unified environment. Notably, all algorithms
presented in this thesis are implemented within Dionysos. j1 (see Table 9.1
and Table 9.2). As a result, Dionysos. j1 features

—abstractions that are covers of the concrete space (i.e., not only parti-
tions);

—discretization templates, such as hyperrectangles and ellipsoids;

—controller templates, including piecewise constant controllers or piece-
wise affine controllers;

—different and novel types of abstraction relations such as alternating
simulation relation (ASR), feedback refinement relation (FRR), or feed-
forward abstraction relation (FAR).

The techniques and software solutions presented have been validated on
academic examples from [GPT09, MGG13, RWR16, GLB14], which are avail-
able in the toolbox documentation.

This chapter is organized as follows: Section 9.1 summarizes the key
concepts for constructing smart abstractions. Section 9.2 details the fea-
tures of Dionysos.jl. The package structure and its main modules are
discussed in Section 9.3. Finally, Section 9.4 and Section 9.5 present nu-
merical examples and benchmark comparisons with existing toolboxes, re-
spectively.

This work has been published in [CBL]24a, CBLJ24b].

2European Reasearch Council (ERC) under the European Union’s Horizon 2020 research
and innovation program under grant agreement No 864017 - L2C.
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Smart abstraction

Dionysos. j1 extends the classical approach (Section 3.2) by enabling lazy
construction of abstractions (Chapter 7), and by utilizing overlapping cells
and state-dependent controllers defined in a piecewise manner (Chapter 8).
The design of low-level controllers within cells, in combination with high-
level abstraction-based controllers, opens up new possibilities when co-
creating the abstraction and the controller.

By designing these local state-dependent controllers, for example by
solving an optimization problem (e.g., Section 8.3), we can ensure deter-
ministic transitions in the abstraction, thereby eliminating the nondeter-
minism imposed by the discretization of the concrete system (see Figure 3.7).
In addition, contrary to the classical approach (Section 3.2.2), this technique
avoids discretizing the input-space and uses all the available inputs, en-
abling the design of more effective control solutions based on a given cost
metric.

To reduce the number of cells in the abstraction, Dionysos. j1 co-designs
the abstraction and controller by optimizing the shape of the cells dur-
ing the construction of the abstraction. For example, the combined use of
ellipsoid-based covering and affine local feedback controllers can leverage
the power of linear matrix inequalities (or LMI) and convex optimization
to create larger /non-standard cells (see Figure 8.1).

Dionysos. jl features

In this section, we present the features currently supported by Dionysos. j1.

Systems: Dionysos. j1 supports simple systems with bounded disturbances
as described in (8.3) and returns static and dynamical controllers (see Def-
inition 2.4) for both the abstract and concrete problems.

Specifications: Dionysos. j1 supports either reach-avoid or invariance spec-
ifications (Definition 2.10). In addition to the specified specifications, given
asimple system S = (X,U, F), a state cost function s : X — R evaluating
the cost of being in a state x, and a transition cost function c : X x U — Rx>g
quantifying the cost of transitioning from one state x to another with con-
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trol input u, can be supplied to the control problem. The objective is then
to design a controller that satisfies the specification while minimizing the
cumulative cost.

Discretization Templates: The quantizer R C X7 x X,, which defines the
relation between the concrete system &; and the abstract system S, can be
either a (partial or complete) partition or a cover of the concrete state space.
For a continuous state space X7 C R”, Dionysos. j1 provides support for
two types of sets for state-space discretization

— Hyperrectangle (1.3);
— Ellipsoid (1.4).

Package structure

In this section we describe the architecture of Dionysos.jl. It is com-
posed of seven root modules. This section will cover the first three mod-
ules—System, Problem, and Optim—along with a brief overview of the
Utils module. For the sake of conciseness, the three other principal mod-
ules, namely Domain, Mapping and Symbolic, are skipped but can be found
in the package documentation. A summary of this section is given in Fig-
ure 9.1.

The System module

The System module contains the mathematical descriptions of simple sys-
tems, controllers and trajectories (see Definition 2.4). It is an extension
of MathematicalSystems.j1 and HybridSystems. j1 [LFS'24], it comple-
ments the latter with more specific system definitions.

The systems are described as structures implementing the abstract type
ControlSystem{N, T}, where N and T are respectively the dimension and
type of the state-space (e.g. N = 3and T = Float64 for a three-dimensional
continuous state-space). For example,

ControlSystemLinearized{N, T, F1, F2, F3, F4} <: ControlSystem{N,T}

where F1, F2, F3 and F4 are subtypes of Function, implements a control
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MathematicalSystems.jl
System ) )
HybridSystems.jl
\4
Problem
\ 4
Optim MathOptInt.erface.jI
JuMP,jl

Fig. 9.1 Summary of Section 9.3. The System module is an extension of
MathematicalSystems.jl and HybridSystems. j1, and implements math-
ematical definitions of dynamical systems. The Problem module contains
mathematical definitions of control problems. All problem structures have
a system as a field. The Optim module contains the control strategies
to solve the problems. It is built on top of the optimization packages
MathOptInterface.jl and JuMP.jl1.

system whose transition function has been linearized. It has the form
%(t) € F(x,u), 9.1)
where F(x, u) is such as in (8.3) with an additive noise, that is

F(x,u) = {f(x,u) +w|we W} , (9.2)

where W = [—-W, W]+, and where f is the linearized version of some pos-
sibly nonlinear function f. The system is considered to be sampled with
a given time-step, and the corresponding discrete-time transition function
is computed with a numerical derivation scheme such as the fourth-order
Runge Kutta method, implemented as RungeKutta4 in Dionsysos. j1. The
structure ControlSystemLinearized{N,T,F1,F2,F3,F4} contains the fields

—tstep: :Float64, the sampling time-step;

—measnoise: :SVector{N, T}, the bound W on the disturbance;
—sys_map: :F1, the sampled possibly nonlinear transition function;
—1linsys_map: :F2, the sampled linearized transition function;
—error_map: :F3, the difference between 1linsys_map and sys_map;
—sys_inv_map: :F4, the inverse of sys_map.
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The controllers implement the abstract type Controller and have a
field c_eval that corresponds to its the set-valued output map H¢(x¢, x).
For example, the structure ConstantController{T,VT} implements the
static controllers of the form H¢(0,x) = {c}, where c is a constant. It con-
tains the fields c: : VT that is the constant ¢, where VT<: AbstractVector{T}
and T<:Real, and c_eval.

Finally, the module System contains descriptions of trajectories. For
example, the structure

ContinuousTrajectory{T, XVT<:AbstractVector{T}, UVT<:AbstractVector{T}},

contains the fields x: : Vector{XVT} and u: : Vector{UVT}, and implements
closed-loop trajectories of the form (u,x) € B(C x S) such as described
in Definition 2.6.

The Problem module

The Problem module contains the two structures that respectively define
the reach-avoid and invariance specification problems in Dionysos. j1. Both
implement the abstract type ProblemType.

OptimalControlProblem{S,XI,XT,XC,TC,T<:Real} is the first struc-
ture, and implements a reach-avoid problem yReach — [Z,T,0]. Its fields
are

—systen: : S, the system to be controlled,
—initial_set: :XI, the initial set Z,

—target_set: :XT, the target set 7,

—state_cost: : XC, the state cost function,
—transition_cost: : TC, the transition cost function, and
—time: : T, the number of allowed steps.

Note that, in Dionysos. j1, the obstacles are encoded as part of the domain
of the system. The second structure is SafetyProblem{S,XI,XS,T<:Real},
and implements an invariance problem. Its fields are

—system: : 5, the system to be controlled,
—initial_set: :XI, the initial set Z,
—safe_set: :XS, the safe set Z,

—time: : T, the number of allowed steps.

For both structures, the type S is typically a system type from the pack-
ages MathematicalSystems. j1 and HybridSystems. j1 or from the System
module.
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9.3.3 The Optim module

The Optim module contains both abstraction-based and classical control
strategies. Table 9.1 gathers the implemented strategies. All strategies are

Module Algorithm  Reference
BemporadMorari - [BM99]
BranchAndBound - [LBJ21]

AB.EllipsoidsAbstraction - [ELJ22]
AB.UniformGridAbstraction Algorithm 3.1  [RWRI16]
AB.LazyAbstraction Algorithm 7.5  [CLEJ21]

AB.HierarchicalAbstraction  Algorithm 7.6 [CLEJ21]
AB.LazyEllipsoidsAbstraction Algorithm 8.9  [CEJ24]

Table 9.1 Modules, algorithms and corresponding references of all the
control strategies implemented in Dionysos. j1, where AB = Abstraction
in the codebase.

viewed as solvers inheriting from JuMP. j1 [LDD " 23], a powerful optimiza-
tion framework embedded in Julia. More precisely, they are all subtypes
of the abstract type MOI.AbstractOptimizer, and implement the function
MOI.optimize! from the package MathOptInterface.jl [LDGL22].

A simple example of an implementation of a classical abstraction-based
method is given in the following. In Code 9.2, the steps given in Figure 1
are followed. In Code 9.1, the structure for the optimizer is defined. To be
initialized, it needs a concrete problem to solve, as well as a discretization
for the state space and the input space.

1 mutable struct Optimizer{T}<:MOI.AbstractOptimizer
2 concrete_problem: :Union{

3 Nothing,

4 PR.OptimalControlProblem,

5 PR.SafetyProblem

6 }

7 abstract_problem::Union{

8 Nothing,

9 PR.OptimalControlProblem,

10 PR.SafetyProblem

11 }

12 abstract_controller::Any

13 concrete_controller ::Any

14 state_grid::Any

15 input_grid::Any

16 function Optimizer{T}(cp,sg,ig) where {T}
17 return new{T}(

18 cp,

| 179



9.3.4

9 | Dionysos.jl: a modular platform for smart symbolic control

19 nothing,
20 nothing,
21 nothing,
22 nothing,
23 sSg,

24 ig

25 )

26 end

27 end

Code 9.1: Definition of an abstraction-based strategy structure imple-
menting the abstract type MOI.AbstractOptimizer.

1 function MOI.optimize! (opt::0Optimizer)
2 # Build the abstraction

3 abstract_system = build_abs_system(
4 opt.concrete_problem.system,

5 opt.state_grid,

6 opt.input_grid,

7 )

8 # Build the abstract problem

9 abstract_problem = build_abs_problem(

10 opt.concrete_problem,

11 abstract_systemn

12 )

13 opt .abstract_problem = abstract_problem

14 # Solve the abstract problem

15 abstract_controller = solve_abs_problem (

16 abstract_problem

17 )

18 opt .abstract_controller = abstract_controller
19 # Solve the concrete problem

20 opt.concrete_controller = solve_conc_problem(
21 abstract_system,

22 abstract_controller

23 )

24  end

Code 9.2: Definition of the MOI.optimize! function for the strategy
Optimizer defined in Code 9.1.

The Utils module

This module contains useful functions, data structures, classical search al-
gorithms, file management tools, plotting utilities, and more. Notably, the
algorithms for ellipsoid inclusion tests introduced in Appendix C are im-
plemented within the Utils module (see Table 9.2).
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Module Algorithm Reference
Base.in(El::Ellipsoid, E2::Ellipsoid) Algorithms C.1 and C.2 [CEJ23]
UT.scale_for_inclusion_contact_point Corollary C.8 [CE]J23]

Table 9.2 Modules, algorithms, and corresponding references for the
ellipsoid-related subroutines introduced in this thesis and implemented in
Dionysos. j1, where UT = Utils in the codebase.

Numerical example

In this section, we provide an example of how Dionysos. j1 is used to con-
trol a nonlinear system with a smart abstraction method. We first define the
problem, then solve it with Dionysos. j1, and finally we provide visualiza-
tion results, as recipes are implemented for all visualizable structures®. For
the sake of conciseness, the code presented in this section is slightly sim-
plified*.

Example9.1. We consider a reach-avoid problem ZReah = [7, 77, O;] where
7Z; = E((-10,-10),101), 73 = E((10,10),I,), and O; = E(0,0.02I,). The
dynamical system under study is S; = (X7 \ O1,Uy, F;), with the state
space Xy = [—20,20]?, the control input space U; = [—10,10]?, and the
dynamics given by Fy(x,u) = {f(x,u,w) | w € W}, where the function f
is defined in Example 8.7 with parameters p = 0.005 and wmax = 0. The
transition cost function is ¢1(xq,17) = xlT x1 + ulT uq + 1, and there is no
additional state cost. A

The system in Example 9.1, as well as other examples, are already de-
fined in Dionysos.jl/problems. The OptimalControlProblem defining
the problem in Example 9.1 can be found in the NonLinear module in
problems/non_linear.jl. In Code 9.3, we import this problem.

1 concrete_problem = NonLinear.problem()
2 concrete_system = concrete_problem.system

Code 9.3: The problem stated in Example 9.1 is imported from the
problems directory.

3See https://docs. juliaplots.org/latest/recipes/ for an introduction on recipes.
4Gee https://dionysos-dev.github.io/Dionysos.jl/stable/generated/
Lazy-Ellipsoids-Abstraction/ for the full example.
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We choose to use AB.LazyEllispoidsAbstraction (see Table 9.1) to
solve this problem, a smart abstraction method that constructs a conrol-
lable abstraction relation (FAR) that partially covers the state space with el-
lipsoids. In Code 9.4, we instantiate the corresponding Optimizer, then set
all the needed fields, including concrete_problem, the reach-avoid prob-
lem stated above. For the sake of conciseness, we do not state the purpose
of the other fields, but gather them in the variable other_parameters in
the code.

optimizer = MOI.instantiate (
AB.LazyEllipsoidsAbstraction.Optimizer
)
AB.LazyEllipsoidsAbstraction.set_optimizer!(
optimizer,
concrete_problem,
other_parameters...

OO Ul W

)

Code 9.4: The Optimizer is instantiated, and the solver parameters are
set.

In Code 9.5, we solve the problem and retrieve the corresponding ab-
stract system, abstract problem and concrete controller (see Figure 1). Note
that every operation follows the MathOptInterface.jl syntax.

1 MOI.optimize! (optimizer)

2 abstract_system = MOI.get (

3 optimizer,

4 MOI.RawOptimizerAttribute ("abstract_system")
5 )

6 abstract_problem = MOI.get (

7 optimizer,

8 MOI.RawOptimizerAttribute ("abstract_problem")

9 )

10 abstract_controller = MOI.get (

11 optimizer,

12 MOI.RawOptimizerAttribute ("abstract_controller")
13 )

14 concrete_controller = MOI.get (

15 optimizer,

16 MOI.RawOptimizerAttribute ("concrete_controller")
17 )

Code 9.5: The problem is solved, and the result is extracted from the
solver.
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In Code 9.6, we simulate a concrete closed-loop trajectory starting from

an initial point xp sampled from the initial set Z;.

O 0N ONU W=

x0 = UT.sample(concrete_problem.initial_set)
reached (x) = x \in concrete_problem.target_set
cost_control_trajectory = ST.get_closed_loop_trajectory (
concrete_system,
concrete_controller,
concrete_problem.transition_cost,
x0 ;
stopping = reached,

Code 9.6: Simulate a closed-loop trajectory.

In Dionysos. j1, we can also generate visualizations thanks to the im-

plemented recipes. In Code 9.7, we visualize the constructed abstract sys-
tem, and it gives the plot in Figure 9.2.

—_

OO OO U W=

fig = plot(aspect_ratio=:equal)

plot! (abstract_system;
arrowsB = true,
cost = true)

plot! (concrete_problem.target_set;
color = :red)

plot! (cost_control_trajectory;
color = :blue)

plot! (concrete_problem.initial_set;
color = :green)

Code 9.7: The recipe implemented for the abstraction is used to visualize
the abstract system. The cost is set to true to plot the superoptimal value
function (see Algorithm 8.9).

Benchmarking

In order to evaluate the performance of Dionysos. j1, we compare the per-
formance of our package against other similar packages, namely SCOTS
[RZ16] and CoSyMA [MGG13]. We exclude PESSOA [MJDT10, RTM11]
from the comparison as it is outperformed by SCOTS [RZ16]. The code for
comparing these packages is published on CodeOcean [CBLJ24b], and is
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Fig. 9.2 Results of Code 9.7 for different meta-parameters
(other_parameters) of the solver AB.LazyEllipsoidsAbstraction.
The initial set Z;, target set 71, and obstacle set O are shown in green, red,
and black, respectively. The superoptimal value function is depicted using
a blue color map, with the trajectory of the closed-loop system also plotted
in blue.

entirely reproducible. For more information, we invite the reader to read
the README . md file in the CodeOcean capsule.

We reproduced the two numerical experiments of [RZ16]. First, the DC-
DC converter example (Example 3.14) presented in [RZ16, Section 4.2] is
reproduced with Dionysos. j1, SCOTS and CoSyMA. Thanks to the mod-
ularity of Dionysos.jl, we can specify to the package that the system is
incrementally stable, resulting in sped-up abstraction and synthesis proce-
dures [CGG11b]. For the sake of completeness, we also provide the per-
formance of Dionysos. j1 in the setting where no prior knowledge on the
stability is given. The results can be found in Table 9.3.

‘ Abstraction [s] Synthesis [s] Total [s]

Dionysos. j1 (no prior) 1.24 3.53 4.77
Dionysos. j1 (prior) 0.63 2.76 3.39
SCOTS 19.05 74.01 93.06
CoSyMA — — 5.31

Table 9.3 Comparaison between SCOTS, CoSyMA and Dionysos. jl
(AB.UniformGridAbstraction solver from Table 9.1) for the DC-DC con-
verter example. Dionysos. j1 outperforms SCOTS and CoSyMA with and
without prior knowledge of the system’s incrementally stable property.
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Second, the path planning problem (Example 3.13) presented in [RZ16,
Section 4.1] is executed with Dionysos. j1 and SCOTS. We exclude CoSyMA
because this system is not incrementally stable. The results can be found
in Table 9.4.

‘ Abstraction [s] Synthesis [s] Total [s]
Dionysos. jl 8.58 6.45 15.03
SCOTS 117.52 480.44 597.96

Table 9.4 Comparaison between SCOTS, CoSyMA and Dionysos.jl
(AB.UniformGridAbstraction solver from Table 9.1) for the path planning
example. Dionysos. j1 outperforms SCOTS.

We see that Dionysos. j1 outperforms the other packages for these two
examples. We also reproduced [RZ16, Figures 3 and 4] in Figure 3.6a and
Figure 3.6b, which shows that they compute the same controller. The vi-
sualizations of the DC-DC converter controller with and without prior kn-
woledge are identical, as it can be verified in [CBL]24b].

The reason for such a difference between SCOTS, written in C++, and
Dionysos. j1 does not lie in the programming language used to write the
package but in the synthesis algorithm itself. For example, unlike SCOTS,
our package does not make use of Binary Decision Diagrams (BDDs) [Bry92],
which as recognized in [RZ16] results in substantially longer execution
times compared to tools that use alternative data structures.

Summary

In this chapter, we introduced Dionysos. j1, a new software package that
provides both a new abstract symbolic representation of the system and
controllers with safety guarantees. It generalizes existing toolboxes lim-
ited to classical abstractions by allowing the construction of abstractions
with a simple concretization step and the design of low-level controllers.
The package provides a modular platform for implementing these non-
standard approaches in a unified environment, and facilitates seamless in-
teraction for end-users with the advanced black-box algorithms developed
in the L2C project and integrated into the toolbox. This interface allows
end-users to guide the algorithms with control-specific insights, such as
heuristics, ensuring more tailored and effective solutions.
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We provided a description of the structure of the package, and de-
scribed further the main modules of it. We then showed how Dionysos. j1
can be used in practice by providing an optimal control problem exam-
ple. Finally, we demonstrated the performance of our package compared
to existing similar toolboxes.
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HROUGHOUT this thesis, we have pursued two main objectives.

Firstly, we have developed novel theoretical frameworks for char-

acterizing system relations. And secondly, we have introduced prac-
tical algorithms that address classical challenges of abstraction-based ap-
proach, such as non-determinism and computational complexity. Addi-
tionally, we contributed to the creation of software tools that enable the
practical application of these methods in real-world scenarios.

Brief summary of the contributions

In what follows, we briefly summarize our contributions throughout this
thesis.

Part Il: Theory

Our contributions in this part focus on the characterization of abstraction-
based control techniques. In particular, this is done through a systematic
approach to tailoring system relations based on the desired properties of
the concretization step and the final concrete controller. Furthermore, this
characterization is carried out independently of the synthesis of the ab-
stract controller.

Key contributions include the exhaustive enumeration and classifica-
tion of system relations that refine alternating simulation relations, with
each evaluated for its advantages and limitations. This work demonstrates
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that when a concrete system is related to its abstraction via any of these re-
lations, the abstract controller can be applied directly to the original system
through a suitable interface, regardless of the specification being enforced.
As a by-product, we introduce new simulation relations that are useful in
practice for developing smart abstractions in control systems.

Moreover, we established that the existence of a system relation be-
tween the original system and its abstraction is not only sufficient but also
necessary for ensuring this control architecture. To achieve this, we intro-
duced the concept of the augmented system, a system transformation that
maintains a feedback refinement relation with the abstract system. This al-
lows to generalize the plug-and-play property of the feedback refinement
control architecture to other types of system relations.

Part 111: Algorithms

Our contributions in this part focus on tailoring the abstraction con-
struction to the specific control problems by merging the abstraction con-
struction and the controller synthesis. By co-designing the abstraction and
the abstract controller based on the optimal control problem, the abstrac-
tion is constructed incrementally, focusing only on the relevant regions of
the state space.

We first established the connection between alternating simulations and
the Bellman operator, demonstrating how suboptimal and superoptimal
value functions can be translated from the abstract system to the concrete
system.

Next, we formalized modular foundations for constructing hierarchical
abstractions, enabling the transfer of optimal cost bounds between differ-
ent levels of nested partitions. This included the development of a branch-
and-bound algorithm that leverages these bounds, with numerical experi-
ments illustrating its practical significance.

Additionally, we provided a tractable algorithm for the optimal control
of L-smooth nonlinear dynamical systems. By employing local feedback
controllers, we circumvented the need for input space discretization, en-
suring deterministic transitions. The combined use of ellipsoid-based cov-
ering and affine local controllers further leveraged convex optimization to
create larger, non-standard cells.

Finally, we introduced Dionysos. j1, a software package offering a mod-
ular platform for the abstract symbolic representation of systems and con-
trollers with safety guarantees. This package extends beyond traditional
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toolboxes by allowing the construction of abstractions with a simplified
concretization step and facilitating the design of low-level controllers. It
integrates advanced algorithms and enables user interaction with control-
specific insights, ensuring more tailored and effective solutions.

Perspectives

This work has opened several paths for future research. At the end of each
chapter, we have already sketched several perspectives for future work. In
addition, we present below a few general ideas for future research.

Application to output-feedback control: In this thesis, we focus on the
design of state-feedback abstraction-based controllers, assuming full and
exact information of the system states. However, this assumption can be
quite restrictive in real-world applications, where only output variables or
sensor measurements are available. As a future direction, we plan to ad-
dress a more realistic scenario where the system state cannot be directly
observed. To achieve this, we propose introducing a new system relation,
termed the output-feedback relation (OFR), which generalizes the alternat-
ing simulation relation and enables the synthesis of output-feedback con-
trollers to enforce state specifications. In this approach, while the state of
the concrete system is only accessible through an output map, the abstrac-
tion state is directly observable. This allows state-feedback controllers to be
applied to the abstraction, avoiding to solve symbolic synthesis problems
with partial information, which can be a challenging task.

Furthermore, we believe that such a relation can be employed to re-
formulate various existing abstraction-based techniques within a common
framework, including those based on:

* observers [Lue71, ST99], which estimate the system’s state by using
measurements of the inputs and outputs along with a model of the
system dynamics, such as in [APGCZ20, HAVdH15, MOM14, MU18,
PDBB19]. For example, in [APGCZ20], the authors propose an ab-
straction that enables the synthesis of output-feedback controllers us-
ing observers derived from the original dynamics for nonlinear sys-
tems with partial information and bounded disturbances.

* memory, such as [-complete abstractions [STR15, dAGM]J21], where the
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Concrete controller

A

Abstract controller
U2 o

Interface

A

U1 Y1
Concrete system

Y

Fig. .1 Closed-loop system resulting from the concretization of an ab-
stract state-feedback controller (operating on the abstract state x;) into a
concrete output-feedback controller (operating on the concrete output y;).

states correspond to the system’s outputs. The process of construct-
ing an abstraction for a dynamical system can introduce properties
that were not present in the original system due to discretization.
This can lead to erroneous conclusions when inferring transitions in
the original system. By increasing memory, the abstraction becomes
more precise, reducing non-determinism and eliminating spurious
behaviors, thus providing a more accurate representation of the sys-
tem’s behavior and facilitating analysis and verification of its prop-
erties.

Then, we plan to extend the framework introduced in Part II to character-
ize system relations that refine the output-feedback relation through their
concretization procedures. This will include specifying the interface, simi-
lar to the approach in Chapter 4, as illustrated in Figure «.1.

Data-driven abstraction-based control: When the model of the original
dynamics is too complex or incomplete, over-approximating the behaviors
of a system can hinder the applicability of the abstraction-based control
techniques presented in this thesis. For this reason, data-driven methods
are commonly used, where initial conditions are sampled, and trajectories
of fixed length ¢ are observed from these sampled points [DSA21, CPM]22,
ALZ23, KMS*24, CPMJ24]. Consequently, the resulting abstraction, of-
ten modeled via a Markov model, may contain not only spurious but also
missing behaviors of the original system [BRAJ23].

As a potential future research direction, we could adapt Algorithm 8.9
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to a data-driven context for the lazy construction of an interval Markov
decision process (IMDP) abstract system. This would follow the approach
in [JLFL21], where a data-driven framework is used for partially known
stochastic systems. In this approach, the abstract synthesis maximizes the
probability of satisfying the given specification, while the concrete con-
troller is derived by combining it with the low-level controllers. This ap-
proach could enable the design of abstractions with fewer cells, trading
deterministic transitions for a stochastic setting with larger cells. More-
over, it allows for relaxing the assumption of bounded noise by consider-
ing stochastic noise distributions.

Long-term vision:

1. The limitations of the classical “‘model and control’ paradigm.

A common feature of many modern systems is that they do not fit with
the classical paradigm of ‘model and control.” The data-driven nature
of these systems, along with their versatility, makes traditional mod-
eling approaches conservative and limited. Examples include smart
grids, which constantly evolve, or modular robotic networks with inter-
changeable parts. As a result, industries typically resort to developing
in-house solutions for specific control problems, which demands sub-
stantial resources, dedicated engineering teams, and extended develop-
ment timelines.

To address this challenge, we aim to extend our framework to more
general dynamical systems while improving both numerical complex-
ity and theoretical conservatism. Our approach is well-suited for an
iterative or active learning process, where high-level solutions and bot-
tlenecks inform low-level controllers design, and vice versa.

2. The need for efficient and robust control tools.

The historical significance of effective control solutions cannot be over-
stated. Control theory remains a key technological bottleneck in deploy-
ing (semi-)autonomous systems in aerospace, automotive, and robotics.
Advances in control theory have led to major societal changes—such as
the development of laser controllers, which played a crucial role in the
semiconductor manufacturing revolution. These breakthroughs high-
light the importance of finding robust control solutions for increasingly
complex systems.

We believe that the development of a tool capable of automatically gen-
erating controllers with formal guarantees, by abstracting both the con-
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trol problem and the system through a systematic procedure, represents
a paradigm shift in industrial control practices. Such a tool would allow
a single engineer to design a controller rapidly, unlike the current indus-
try standard, which requires weeks of work from dedicated engineering
teams for specific problems. The Dionysos. j1 software package intro-
duced in this thesis is positioned to serve as a pioneering platform for
these future advancements. Given the complexity of control problems,
we envision a meta-solver within Dionysos. j1 that dynamically com-
bines these modules in an ad-hoc and opportunistic way using Machine
Learning and Artificial Intelligence techniques. This approach would
leverage the specific structure of each problem, helping to mitigate the
curse of dimensionality and further streamline the control design pro-
cess.
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Appendix A: Mathematical
review

In this appendix, we provide a list of mathematical results that are used
frequently in the text.

Lemma A.1 (Schur Complement Lemma [BEGFB94]). Consider the matrices
A c R"m*™M B e RM*"2 C € R"*",D ¢ R"™*"2, [et

()
If D is invertible, the Schur complement of the block D of M is defined by
M/D=A-BD'C.
If A is invertible, the Schur complement of the block A of M is defined by
M/A=D-BA"'C.

We have the following properties of the Schur complement: If D is invertible then
the matrix M is positive definite if and only if D and M /D are positive definite. If
A is invertible then the matrix M is positive definite if and only if A and M/ A are
positive definite. Moreover, if A € S™,D € $"2 and C = B, we have the follow-
ing properties. If D is positive definite then the matrix M is positive semidefinite if
and only if M /D is positive semidefinite. If A is positive definite then the matrix
M is positive semidefinite if and only if M/ A is positive semidefinite.

Lemma A.2 (S-procedure [PT07, Theorem 2.2]). Let q; : R* - R : x —
qi(x) = x"Pix +2g x +s; for i = 0,1 be two quadratic functions and suppose
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that there is a % such that q1(%) < 0. Then the following two statements are
equivalent

(i) Vx e R": q1(x) <0=go(x) <0
(i) 3L > 0 /\(P% gl) - (PO go).

&1 5 8 %0
Proposition A.3. The volume of an ellipsoid { = E(c,P) is

7.[71/2 1
vol(6) = T(n/2+1) \/det(P)’

where T is the Gamma function, a generalization of the factorial to real numbers
(o)
I'(z) = / Fle7tdt, z>0.
0

For positive integer n, I'(n) = (n — 1)!.

Corollary A.4 ([BEGFB94, Section 2.2.4]). Let { = E(c, P) be an ellipsoid.
Minimizing the volume of ¢ with respect to P is equivalent to

rgligvol(E(c, P)) & 151:51 (—log(det(P))).

This is a convex optimization problem.
Maximizing the volume of ¢ with respect to P is equivalent to

max vol(E(c,P)) & IEE% (—log(det(L))),

where L is the square root of P4, i.e.,, P~1 = L2 with P > 0. This is a convex
optimization problem.
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In this appendix, we present the A* algorithm [HNR68] to solve an optimal
control problem (Definition 2.11) with a reach-avoid specification ZReach —
[Z,T,0], where Z = {q;} is a singleton, and a transition cost function
c: X xU — Ry, for a deterministic finite simple system S = (X, U, F).

The A* algorithm, outlined in Algorithm B.1 and illustrated in Fig-
ure B.1, is an extension of Dijkstra’s algorithm [Dij22], designed to effi-
ciently find the shortest path by using heuristics to guide its search and
avoid exploring all possible trajectories starting from 4.

The algorithm maintains two sets: N and M. The set A/ contains states
g for which a control policy to solve the reach-avoid problem [{g;}, {q}, O]
is available but have not yet been expanded, meaning their successors have
not yet been computed. The algorithm incrementally extends this set one
step at a time until the target set is reached. Ateach iteration, Algorithm B.1
determines which state g to expand based on the cost incurred so far to
reach g from g7 and an estimate of the remaining cost to reach the target set
T from q. Specifically, Algorithm B.1 selects the state that minimizes the
evaluation function

f(q) =g(q) +h(q), (B.1)

where ¢(g) is the cost from g; to g, and h(q) is a heuristic function estimating
the remaining cost from 4 to the target set 7. Once a state q is expanded, it
is removed from A and added to M.

To ensure that the paths maintained by A* are optimal, the heuristic
function must be admissible [HNR68, Section I1.C], meaning it never over-
estimates the actual cost to reach the target. If the heuristic is admissible,
the set M contains the states g for which we have the cost of traveling from
g1 to q along the optimal path from g; to 7 that passes through g.
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Additionally, the heuristic function h is consistent [HNR68, Section I11.B]
if, forallg € X and u € U(q),

h(q) < c(q,u)+h(q"), (B.2)

where q* € F(q,u). A consistent heuristic guarantees that A* will find
an optimal path without processing any node with f(g) > c*, where c* is
the optimal cost from g; to 7. The tighter the heuristic &, the smaller the
portion of the state space that needs to be explored. Additionally, at each
iteration

N={geX|f(q) <o, g(q) =0}, M={g€X|g(q) <oo}. (B3)

Finally, in Algorithm B.1, the parent map is used to track predecessors and
reconstruct the controller.
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9@ h(q)

ar q >T

Fig. B.1 [Illustration of Algorithm B.1. The set A" and M are shown in
light and dark grey, respectively. When g is selected from N in Line 16, it
is added to M and expanded, meaning its reachable states g and g, are
added to NV. The state q; is added to N with a cost evaluation f(q]) =
g(q) +c(g,u1) + h(q{ ) asit was not yetin NV, and the parent is set to (g, u7).
As g5 is already in /V, its cost evaluation and parent are updated to g(q) +
c(q,u2) +h(qy ) and (q,u2) if g(q) +c(q,u2) +h(q;) < f(q5). The optimal
path from g; to 7 passing through g is highlighted in blue. As shown, once
g € M, g(q) represents the cost of traveling from g; to g along the optimal
path from g; to 7 that passes through g, while (g) provides a lower bound
on the cost to reach 7 from 4.
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Algorithm B.1: A" algorithm for solving an optimal control
problem with reach-avoid specification ZR¢h = [Z, T, O], where
Z = {q1} is a singleton, and transition cost function ¢, for a de-
terministic finite simple system S = (X,U, F). Returns a static
system C that solves the control problem (S, ZReach) if a solution
exists.

1 Function constructController (parent, g*):
2 while g ¢ 7 do

3 (q,u) + parent(g™);

5 He(0,q) < {(w,q)};

6 Fc(0,q) « {0};

7 gt g

end

8 return C = ({0}, X, X, U, Fe, He);
end

8(q) <=0, Vg € X;

10 f(q) <o, Vg€ X\I;

11 parent(q) < &, Vg € X;

2 f(q) < h(g), Vg €L;

13 N« I;

1u M+ g;

15 while N # @ do

16 | g« argmin{f(q) [q €N},

17 if g € T then

18 ‘ return constructController (parent, q);
end

19 N+ N\ {g};

20 | g(q) < f(q) —h(q);

21 M~ MU{q};

22 foru € U(q) do

o

N =

23 {97} « F(q,u);
24 if 77 ¢ O then
25 if g(q) +c(q,u) +h(g") < f(q7) then
26 f(a7) < g(q) +c(qu) +h(g");
27 parent(q +) «— (q,u);
28 N+« NU{q"}
end
end
end
end

29 return (S, 2R s infeasible;
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Appendix C: Efficient
method to verify the
inclusion of ellipsoids

For many problems in control and estimation theory, ellipsoidal sets repre-
sent a sensible compromise between expressiveness power and numerical
tractability. Their simple characterization by a convex quadratic function
allows the expression of involved control objectives and constraints as op-
timization problems that can be handled relatively efficiently by convex
optimization. Also, they are suitable for characterizing uncertainties and
disturbances, particularly when Gaussian noise is assumed. For a non-
exhaustive list of classical applications on control, we refer to [BEGFBY4,
KV97] and, for estimation, a few instances are [Sch68, BR71, Z0196].

More recently, with the development of modern control techniques,
such as abstraction-based control design, neural-network-based control,
and data-driven control, among others, the representation of mathematical
concepts through ellipsoidal sets has been shown to be also useful in these
contexts, e.g., developing barrier functions and local controllers [HLTS20,
ELJ22, CEJ24], assessing the safety of neural-networks [FMP19], and cap-
turing data uncertainties in data-driven control methods [BDPT22].

In view of all these applications and the growing necessity for efficient
methods to perform numerical operations with ellipsoids, we present a
novel approach to verify whether one n-ellipsoid { C R”" is a subset of
another ellipsoid ¢y C R". Our contributions in this section are listed as
follows

* we write the problem of inclusion of two ellipsoids as a concave mini-
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mization problem for which strong duality holds. Then, one can decide
the inclusion by computing the maximum of the dual function, which is a
scalar concave function that can be evaluated in O(n) floating-point op-
erations (FLOPs), as well as its derivative. Nevertheless, note that con-
structing the dual function in the desired form requires O(n®) FLOPs for
the computation of the Cholesky factorization of the shape matrix of .

* we prove that the dual search domain for the maximum of the dual func-
tion can be restricted to a compact set contained in the interval [0,1],
which makes it suitable to be handled by bisection algorithms. Addi-
tionally, an early stop criterion is presented, which is triggered within a
finite number of iterations of the bisection algorithm when strict inclu-
sion holds.

* we generalize our algorithm to compute the smallest level set of a posi-
tive definite quadratic function containing a finite number of n-ellipsoids.
This is a problem with applications in control theory, and we present an
example, namely, calculating control forward invariant sets.

* we show that, in a benchmark consisting of randomly generated ellip-
soids, when compared to the classical semidefinite programming-based
method, our approach performs, on average, about 27 times faster for el-
lipsoids of dimension n = 3 and 2294 times faster in dimension n = 100.

The most simple case of testing the ellipsoid inclusion happens when
they share the same center. As it will be discussed, this can be solved by
comparing the eigenvalues of the Hessian matrices of the quadratic func-
tions defining each of them. In the general case, when the ellipsoids do
not share the same center, the inclusion problem can be reformulated (see
[BEGFB94, p. 43]) as a linear matrix inequality (LMI) problem using the
S-lemma [PT07, Thm. 2.2].

This LMI problem yields a semidefinite program (SDP) and, thus, can
be solved by one of many readily available SDP solvers. Nonetheless, the
performance and accuracy of these solvers are often not ideal as they do
not leverage the specific structure of the problem being solved. Therefore,
in this work, we design a method that, by exploiting the structure of the
ellipsoidal inclusion problem, outperforms general-purpose SDP solvers
such as SDPA [YFN'10] and Mosek [ApS19]. In a similar fashion, the au-
thors of [GH12, Prop. 2] reformulate the ellipsoid intersection problem as
the minimization of a convex scalar function in a bounded interval. Their
method requires O(n*) FLOPs and is based on algebraic geometry. For
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this same problem of intersection of n-ellipsoids, in [RST02], the authors
present an algorithm to compute, among all ellipsoids that are convex com-
binations of two given ones, ¢ and ¢, the one with minimal volume and
that contains ¢ N ¢p. Their method relies on the computation of the root of
a polynomial of degree 2n — 1 defined in a bounded interval, see [RST02,
Thm. 3]. For the problem of inclusion of ellipsoids, however, no tailored
procedure is available in the literature to the best of our knowledge. Fi-
nally, we note the similarities of our approach with the secular equations
of the trust-region subproblem [WN 99, Section 4.3]. However, we adapt
these techniques to the ellipsoid inclusion problem by providing an algo-
rithm with an early stopping criterion that is triggered in a finite number
of iterations.

This section is structured as follows. Section C.1 includes the math-
ematical background needed throughout this section. Section C.2 is de-
voted to our main result: the optimization formulation of the inclusion
test. In Section C.3 we provide the details of the practical implementation,
benchmarking with off-the-shelf solvers, and an example of application in
control theory.

Most of the results presented in this section are published in [CE]23].
The results of the numerical experiments presented in Section C.3 are avail-
able in https://github.com/egidioln/EllipsoidInclusion. jl.

Preliminary results

The inclusion of ellipsoids

Before presenting our main results, we first state some definitions and
present existing results regarding the problem of verifying the inclusion
of ellipsoids. For two ellipsoids (1.4) ¢ = E(c, P) and &y = E(co, Py), the in-
clusion, the strict inclusion and the non-inclusion are denoted by the standard
mathematical symbols C, C, and . Besides these, an additional relation
Cy is considered in this section and defined as follows

¢ Codo < ¢ CGoand adgNady # O, (C1)

which means that ¢ is included in &y and both ellipsoids have common
points in their boundaries that we will call contact points. For studying the
inclusion in our context, this situation denotes an extreme case and yields
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a particular interpretation of our algorithm to be presented.

Verifying whether one ellipsoid is included in another can be equiva-
lently rewritten as verifying if a surrogate ellipsoid is included in a unit Eu-
clidean ball centered at the origin. The next lemma formalizes this equiva-
lence.

Lemma C.1. Let matrices P,Py € S and vectors ¢, cg € R" be given. The
following equivalences hold

E(C, P) C E(CQ, Po) = E( ,
E(c,P) Co E(co, Py) < E(E,P)

Rt
=
~—

B(0,1);

with
e=Lj(c—cp), P=Ly'PL;" (C.2)

and Ly defines the Cholesky factorization of Py = LoL .

Proof. As Py > 0, we have that L is regular. By applying the change of
variables ¥ = L] (x — ¢g), we have that E(c, P) and E(co, Py) becomes re-
spectively E(¢, P) and B(0, 1) in the space of . O

As a consequence, in this section, we will equivalently study the prob-
lem of verifying if an ellipsoid is included in a Euclidean n-ball of radius
1 given that an appropriate change of variables transforming the original
problem into this one always exists. Notice that this can be done under
O(n3) arithmetic operations because of the required Cholesky factoriza-
tion [Hig09].

For the sake of completeness, before presenting the necessary and suffi-
cient condition for inclusion on which our method is based, we will discuss
other simpler criteria that allow us to sufficiently determine whether one
ellipsoid is included in the other or not. These can be used as preliminary
tests before running our algorithm to further speed up the execution time
of an inclusion verification routine.

Proposition C.2. Let matrices P,Py € S”, and vectors ¢, co € R" be given.
The following are necessary conditions for E(c, P) C E(co, Py):

1. ce E(Co,Po),
2. P> P,

Moreover, if c = ¢ then condition (2) is also sufficient.
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Proof. Let us demonstrate each of these two statements.

1. This trivially holds from the fact that ¢ € E(c, P).
2. To show a contradiction, assume that E(c,P) C E(cg, Py) but also

that there exists v € R” such that v Pgv > v Pv = 1, without loss
of generality. Therefore, x;,x_ € E(c,P), with x; = c+0v, x_ =
¢ — v. On the other hand, x; and/or x_ are not in E(cg, Py), which
can be verified by developing the left-hand side expression in the

definition (1.4) as
(x£—co) "Po(x+—co) =(c—co+0v) "Py(c—co+0)
>(c—co) "Py(c—co)
+20 Py(c—cp) +1
>+ 20" Py(c—cg) + 1. (C.3)
This shows that at least x+ ¢ E(cg, Pp) or x_ ¢ E(co, Pg), which is a
contradiction.

To show the sufficiency of (2) for ¢ = ¢, note that (x —¢) "P(x — ¢)
(x —¢) "Py(x — c) for all x € R". Therefore, for all x € E(c, P) we have 1
(x—¢)"P(x—c) > (x —c) "Py(x — c), which implies that x € E(cy, Pp). O

AV,

Although simple, these tests allow us to efficiently decide about the
inclusion of ellipsoids for some cases. Additionally, for the case ¢ = ¢y, one
can show in a similar fashion that P > Py implies strict inclusion.

An optimization approach

Let us introduce the following optimization problem

p*=min —x'x

xeR" (C4)
st. (x—c)'P(x—c¢) <1,

which finds the point x of maximum Euclidean norm within E(c, P) with
P € S¥ . Therefore, the optimal value p* is related to the problem of veri-
fying the inclusion of an ellipsoid inside the euclidean unit ball as follows:

E(c,P) CB(0,1) & p* > —1. (C.5)

It is also straightforward to show that p* = —1 if and only if E(c,P) Cy
B(0,1). Although (C.4) is a non-convex optimization problem, it has some
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noteworthy properties. First, there always exists a (strictly) feasible point,
given that the ellipsoid E(c,P) contains its center in its interior. Also, it
is always bounded, given that it is a minimization of a concave function
within a convex bounded set [Roc70, p. 342]. Finally, the Lagrangian of this
optimization problem is a quadratic function on x, given as

L(x,B)=—x"x+p ((x—c)TP(x—c) —1) (C.6)

where B is the Lagrange multiplier associated with the unique constraint
of (C.4). Naturally, the Lagrange dual function g : R — R is defined by

8(p) = min L(x,p) (C7)

xeR"

and the dual optimization problem by

a* = ggg;g(ﬂ), (C.8)

where the dual domain is defined as

Dy ={p>0: g(B) > —co}. (C.9)

Notice that, because of its quadratic nature, the lower-boundedness of
the Lagrangian function is closely related to the sign of its Hessian

V2L(x,B) = BP — L (C.10)

As discussed in [BV04, p. 458], for a given > 0, this function is bounded
from below if V2L (x, ) = 0 or if V2L(x, ) = 0 and there exists x € R"
such that V£ (x, B) = 0. This implies that the domain of the dual function
is either Dy = [1/Amin(P), ) or Dy = (1/Amin(P), 00), depending on the
matrix P and the vector c defining the Lagrangian (C.6).

The next section clarifies how the dual function (C.7) can be used to
construct an efficient algorithm for verifying the inclusion of ellipsoids.
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Main results

An Algorithm to Test the Inclusion of Ellipsoids

Corresponding to the problem of verifying whether the inclusion E(¢, P) C
B(0,1) holds, we define the infinitely differentiable function /. p : Zp — R
as
Aip
— 2
lp(B)=—B— ), ¢ M;_ : (C.11)

iesupport(¢)

and its domain

Tp ::{ ()\mm(P)’i,oo), if 3i e support(¢), Aj=Amin(P)

[Amin(P) ~1,00), otherwise (C12)

where ¢ = V', A\; = Dj;; and (V, D) constitute the spectral decomposition
of P = VDV'. Notice that, within the domain of ¢.p(B), the only case
where the expression (C.11) is undefined is when = 1/Apin (P) and there
exists i € support(¢) such that A; = Apyin(P). In this case, we remove this
lower limit from its domain. More precisely, we will show in the proof
of Theorem C.4 that ¢, p is the dual function of (C.4).

In the following lemma, we present some important properties of /. p.

Lemma C.3. Let P € S% and c € R" be given. The function {.p(B), given
in (C.11), has the following properties:

1. L.p(PB) is concave in its domain Lp;

2. V,B € Iy, ‘gc,P(,B) < 0.

Proof. For B € Ip, we decompose /. p as

Cp(B)=ho(B)+ Y. cAh(B)

iesupport(¢)

with hy(B) = —p and h;(B) = —B/(Aip — 1), i € support(¢). Note that,
¢?A; > 0 for all i, given that P - 0. Below we proof each property in the
statement.

1. Evaluating the first and second derivatives of £, p(B) for p € D,, we
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have

M

(Aip—1)%
A2

BB =2 T g

Ci————"5"
icsupport(c) 1 (Aiﬁ_l)B

pB)=-1+ Y & (C.13)
)

icsupport(c

(C.14)

Since P ~ 0, we have A; > 0, which implies that the function /()
is strictly negative for all 8 > Amin(P) L. Thus, ¢.p(B) is concave in
Tp.

2. The function hy(B) < 0in Zp and, for all i € support(¢), the function
hi(B) < 0in (A;!,00) D Zp. We conclude that £, p(B) < 0 in Zp.

The proof is concluded. O

As demonstrated in the previous lemma, inside its domain Zp this func-
tion is concave. Hence, we can obtain

EZ‘,P = sup Lp(B) (C.15)
BELp

by classical optimization algorithms such as Newton’s method, which guar-
antees a quadratic convergence rate to ﬁjll, [NW99, Thm. 3.5], or by a bisec-
tion algorithm, which avoids the computation of the second derivative.
The following theorem connects the function (C.11) with the ellipsoidal in-
clusion problem.

Theorem C.4. Let an ellipsoid E(c, P) be given. Define the function £.p(p)
as in (C.11) and consider its supremum (7 p over the domain Zp. The following
equivalences always hold

E(c,P) Cint(B(0,1)) & £ip > —1;
E(c,P) o B(0,1) & £p = —1.

Proof. First, let us recall that the optimal solution p* of the primal opti-
mization problem (C.4) allows us to decide whether E(c, P) is included or
not inside B(0, 1), i.e., the inclusion E(c, P) C int(B(0,1)) (resp. E(c,P) <o
B(0,1)) holds if and only if p* > —1 (resp. p* = —1). Let us show that
this problem has no duality gap, that is, p* = d* where d* is the optimal
solution of the dual problem (C.8). Notice that Slater’s constraint quali-
fication [BV04, p. 226] holds given that x = c is a strictly feasible point.
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Although the primal problem is not convex due to the concave objective
function, Slater’s condition implies strong duality in this case, given that
this problem is the minimization of a quadratic function subject to a single
quadratic inequality, see [BV04, Sec. B4] for a detailed proof.

Therefore, we must now show that E:,P = d*. Notice that, the minimiza-
tion problem within the definition of the dual function (C.7) is convex for
B € Dg (see discussion following (C.10)) and, therefore, its global minimiz-
ers x* for a given € Dy are all points satisfying the first-order optimality
condition

V. L(x*,B) = 2(BP — I)x* — 2BPc = 0. (C.16)

If B> 1/Amin(P), then the matrix (BP — I) can be inverted and there
is a unique minimizer x*(8) = (BP — I)"!BPc. However, when g =
1/Amin(P), two cases may occur: 1) there is no x* such that (C.16) holds
and therefore, 1/Amin(P) does not belong to the domain Dy of the dual
function g(B); 2) there exist infinitely many x* satisfying (C.16), which are
given by

x*(B) = (BP — 1)*BPc + Nv (C.17)
where N € R"*" has columns spanning the m-dimensional nullspace of
(P — Amin(P)I) and v € R™. As each of these minimizers is a global mini-
mizer, without loss of generality, let us choose x*(B) = (BP — I)TBPc (i.e.,
v = 0). Naturally, this minimizer must satisfy (C.16) by assumption. Sub-
stituting x*(B) into (C.16) and performing a few algebraic manipulations
yields

—B(BP —1)'Pc = pPc — B?P(BP — I)'Pc. (C.18)
Hence, the dual function (C.7) can be rewritten as
8(B) = L(x*(B),B)
=B(c"Pc—1)— g2 TP(pP —I)tPc
= —p+c' (BP— F°P(BP ~1)'P)c
= —p—pc' (BP—1)'Pc
=-B-pc" (BD-1)'De,

where (C.18) was used to obtain the before last equation and the last equa-
tion uses the spectral decomposition P = VDV and the transformation
¢ = V'c. Moreover, due to the fact that all matrices in this last expression
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Z 2.5 2.5 254 fa=
N
= 0.0 0.0 1 0.0 4
= O
—25 0.0 —25 0.0 ~25 0.0
~1 —1 4~ s

1.1 1.2 1.3 0.5 1.0 0.5 1.0

Fig. C.1 Illustration of results of Theorem C.4. The ellipsoid ¢ (blue) is
contained in ¢y (orange) if and only if the maximum of ¢;(B) is greater
than —1.

are diagonal, one can rewrite

g(,B) =—p- Z )El2 Ai/gif 1° (C.19)

iesupport(c

Therefore the dual function g(8) = £.p(B) forall B € Dy = Tp, and, hence,
d* = {7 p, concluding the proof. O

Remark C.5. The inclusion E(c, P) CB(0,1) is equivalent to

. . .
max min L(x,p) = -1 (C.20)

which, in turn, is equivalent to
>0, VxeR": L(x,B) > —1. (C.21)

We can rewrite £(x, ) +1 =[x 1]JF(f)[x" 1]T with

. BP —1 —pBPc
F(p) = (—ﬁcTP B(c"Pc—1)+ 1> (C.22)
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to show that (C.21) is equivalent to
Jg>0: F(B) = 0. (C.23)

Note that this last inequality is the LMI condition proposed by [BEGFBY4,
Sec. 3.7.1] characterizing the inclusion E(c,P) C B(0,1). This shows the
equivalence and the connection between this approach and ours. A nu-
merical comparison, in terms of computational time and memory required
to verify inclusions by both methods, is presented in Section C.3. A

Theorem C.4 is the foundation of our algorithm to verify the inclusion
of ellipsoids. We recall that, although one ellipsoid is considered to be a
Euclidean n-ball B(0,1), Lemma C.1 provides a change of variables that
always allows us to transform the general problem into the one tackled
in Theorem C.4.

In Figure C.1, an illustration of the results of Theorem C.4 is provided.
There, three cases of ellipsoids & = E(c, P) (blue) and ¢y = E(co, Po) (or-
ange) are depicted, along with the corresponding functions £; p in the inter-
val [1/Amin(P),1.3], where ¢ and P are given in (C.2). Notice that, for the
first case (left) the inclusion of ¢ (blue ellipsoid) within ¢y (orange) does
not hold and the corresponding function /; ¢ is always strictly below —1.
For the second case (middle), the inclusion holds, and therefore, the max-
imum of /;p is greater than —1. Finally, a third case (right) illustrates the
case when 1/Amin(P) € Dy. This happens because, after transforming &o
into the unit Euclidean ball centered at the origin, the center ¢ of the trans-
formed ¢ is perpendicular to its greatest semi-axis (or semi-axes), which is
the eigenvector associated to A, (P).

Before introducing our general algorithm, let us present an additional
property of the scalar function /. p(p), defined in (C.11), which will be im-
portant for implementation purposes.

Proposition C.6. Let P € 8" and ¢ € R" be given. The function {.p(B),
defined in (C.11) satisfies

lep(B) < =1, VB >max{Amin(P) ', 1—c"c}.

Proof. By contradiction, assume that there exists By > 1 — c¢' ¢ such that
Bo > Amin(P)~! and l.p(Bo) > —1. From the proof of Theorem C.4, we
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have that 4. p(Bo) = g(Bo), which implies

lep(Po) = min £L(x, fo)

< L(c, po)
=—c'c—Bp<—1

which is a contradiction. O

Besides providing a useful upper bound on the interval on which /. p(8) >
—1, reducing the search space for B that maximizes ¢ p(), Proposition C.6
also provides a sufficient condition for E(¢,P) Z B(0,1). Indeed, if 1 —
cTc < 1/Amin(P), then £.p(B) < —1 for all B > 1/Apin(P) and, therefore,
the inclusion does not hold.

Algorithm C.1: Test the inclusion of an ellipsoid ¢ = E(c, P)
in another ellipsoid ¢y = E(co, Pp).

1 if isPreTestConclusive() then
| return PreTestConclusion();

Ly < Cholesky factorization of Py = Ly LOT ;

(¢, P) « (Lg (c—cop), Ly'PLy ');

V, D < Spectral decomposition of P = VDV ';
{7 p < maxger Lep(B);

7 if e;,f’ > —1 then

| return g C int(&p);

w N

S G e

9 else if K;f, = —1 then
10 | returng Co &o;
11 else

Juy
N

| return & & Co;

Finally, these results can be joined together into Algorithm C.1. It is
important to highlight that this algorithm starts at Line 1-Line 2 by ver-
ifying the tests of Proposition C.2 and Proposition C.6 through the func-
tion isPreTestConclusive(). Whenever these tests are not conclusive,
the algorithm proceeds to evaluate the necessary and sufficient condition
from Theorem C.4. To do so, notice that Line 3-Line 5 comprise the ini-
tialization of the algorithm and can be computed within O(n®) FLOPs,
due to the Cholesky Factorization [Hig09] and the spectral decomposi-
tion [BGVKS22]. Line 6 consists in the maximization of a concave scalar
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function ¢; (B), defined in (C.11), on the interval

Top = [Amin(P) ", 1—2"c]. (C.24)

The upper bound of the interval Z; 3 is determined by Proposition C.6.
This maximization problem can be solved without difficulty by a bisection
algorithm or, more efficiently, by Newton’s method. Notice that, for the
later, one needs to compute the first and second derivatives of £;(8), de-
fined respectively in (C.13) and (C.14), which can be done in O(n) FLOPs.

Algorithm C.1 can be early-stopped whenever a § € Z; 5 is found such
that /;5(B) > —1. However, as discussed in the next subsection, com-
puting this maximum is an efficient way to obtain a distance between the
boundaries of the two ellipsoids (when the inclusion holds) or by how
much ¢y must be inflated so it contains ¢.

Consequences of Theorem C.4

The first consequence of Theorem C.4 that we discuss in this section is
the fact that whenever E(c, P) Cy B(0,1), knowing f > 0 that maximizes
¢, p(B) allows us to fully characterize contact points between E(c, P) and
aB(0,1).

Corollary C.7. IfE(c,P) Co B(0,1) then, all contact points
ge{x: (x—0)'Px—c)=x"x=1} (C.25)

satisfy
= (B'P-1)'g*Pc+ No (C.26)

for some v € R™ where N € R™ ™ has columns spanning the m-dimensional
nullspace of (B*P — 1) and

p* =arg max Lep(B)-

Proof. By the fact that strong duality holds, the contact points ¥ are optimal
solutions of the primal problem (C.4) and, thus, satisfy the equation (C.16)
for the optimal B* of the dual problem and, thus, satisfy (C.26). O

Corollary C.7 provides a complete characterization of the contact points
between the boundary of the two ellipsoids. Notice that, there exists a
unique contact point whenever f* > 1/Amnin(P), which ensures that the
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matrix (f*P — I) has full rank. However, if f* = 1/Amin(P), the unique-
ness is no longer guaranteed. In this case, a contact point can be found by
selecting v = avy with vy € R™ and finding the scalar « that solves the
quadratic equation generated by evaluating ' % = 1.

As shown in Theorem C.4, the maximal value £ p being greater or lesser
than —1 provides some geometrical insights regarding the inclusion. Be-
sides that, its magnitude yields additional information, as the next corol-
lary shows.

Corollary C.8. For any c,co € R" and P,Py € S", let ¢ and P be defined as

>0
in (C.2) and 6; P defined in (C.15). The following inclusions hold
E(c,P) Co E(c, (—e;i,)*lpo) (C.27)
E(d, — £ P) Co E(co, Po) (C.28)

withd = (—0%5)~"?(c — co) + co.

Proof. By Lemma C.1, we have that E(c,P) Cy E(co, 7 'Pp) if and only
if E(y~1/2¢,9P) Co B(0,1) with ¢ P defined in (C.2). By its definition
in (C.11) we have

* ok 2 /\I.B*
lip=—P Y )cl- Np T (C29)

iesupport(¢

Let B, = v~ 1p*and y = —E;f,f,. By the property (2) in Lemma C.3, we have
B > 0. Tedious but simple algebraic manipulations where (C.29) is used,
yield £, -12;,5(B;) = —1 and é;,mmf,(ﬁ,’;) = 0 (recall (C.13)), which
shows that B, is the maximizer of £, -1/2;.,(B). Therefore, Theorem C.4
ensures that E(c, P) Co E(co, 7~ 'Py), which is the inclusion (C.27) in the
statement. As a consequence, (C.28) also holds as the ellipsoids therein are
the same as those in (C.27) after a translation of —cy, a uniform scaling of
(—6;5/13)_1/ 2, and a translation of c. O

Notice that, different interpretations can be given to the inclusion (C.27)
in Corollary C.8:
. Eéf,f, > —1: The ellipsoid E(cg, Py) can be compressed by, at most, a factor
of (—K;P)l/z < 1 and will still contain E(c, P);

* (% = —1: Corollary C.8 becomes trivial, as we have y = 1 and there is
already a contact point between the boundaries of E(co, Py) and E(c, P);
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o €’Cf p < —1: The ellipsoid E(co, Pp) must be inflated by, at least, a factor of
(—E;P)l/z > 1 to contain E(c, P).

The same applies to (C.28) but considering inflation and compression of
E(c, P) with respect to the ¢.

Intuitively, Corollary C.8 provides a simple method for determining
what is the ellipsoid of minimum volume centered in ¢y and with a shape
defined by the spectrum of Py that contains E(c, P). Alternatively, we can
also compute the least sub-level set of the quadratic function x — (x —
co) ' Po(x — c) containing the n-ellipsoid E(c, P). This interpretation will
be explored in the following sections, with applications in control design
problems.

Numerical experiments

Implementation details

To solve the optimization problem in Line 6 of Algorithm C.1, we propose
a bisection algorithm (Algorithm C.2) with stopping criteria guaranteeing
inclusion without contact point ({ C int(¢p)) and non-inclusion (¢ Z &o).
Note that the inclusion with contact points (¢ Cp ¢p) cannot be decided
numerically, motivating the definition of { Cfj o, which means that, given
a machine precision € of the computer, the algorithm cannot determine if

¢ Cint(&o) or & Z .

Proposition C.9. Algorithm C.2 is correct and terminates in a finite number of
steps.

Proof. Let B* = arg maxgcr, £p(B). Whenever f* ¢ 7. p we have £, p(1 —
cc) >0and ¢.p(1 —c'c) < —1 implies, by Proposition C.6, that ¢ Z &,
which the algorithm deals with in Line 5. Let us consider the case p* € Z. p.
In an arbitrary interval [I, u] C Z. p containing * for which I > 1/Apnin(P),
the function £ p is locally L-smooth with L = maxge(i,.) |40 p(B)| = —€/p(1)
since Eé’ p is negative and increasing in [I,u]. Therefore, due to [N"18,
Lemma 1.2.3] we have

lep(B) = 5(B—B")? < lep(B) < Lep(B*) VB €[]

and since B* € [I,u], we obtain the following lower and upper bounds on
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Algorithm C.2: Test the inclusion of an ellipsoid ¢ = E(c, P)
in the ball ¢y = B(0,1). Returns either ¢ C int(&y), & Z &o, or

& <5 Go-

1 lo, g ¢ Amin(P) "1, 1—c'¢;
2 if EC,P(I()) > —1or éclp(uo) > —1 then
3 | return¢ C int(p);
4 if £ p(up) > O then
5 | return ¢ Z &o;
6 k< 0;
7 while u; — I, > e do
8| =g
9 if Zc,P(,Bk) > —1 then
10 | return ¢ C int(&p);
11 elseif /. p(Br) < —1+ éél,P(lk)M then
12 | return & & Go;
13 if £{ p(Bx) < O then
14 ‘ leyr, v < Iy, Brs
15 if £{ p(Bx) > O then
16 | kst i < Bro i
17 k+—k+1;
end

18 return § Cf Go;

£ipforall p e [l,ul:

lop(B) < Lep(B) < bep(B) — B (1 — 12, (C.30)

At each iteration k, Line 14 or Line 16 ensure that f* € [l uy].

If at a given iteration k, either £, p(Bx) > —1, or £cp(Bi) — £ p(Ix) (ug —
It)?/2 < —1, one can respectively conclude by (C.30) that p > —lor
fp < -1

Whenever (7, > —1, the continuity of /. p(f) ensures that the condi-
tion in Line 9 will be satisfied at a given iteration, given that the interval
(I, ux] converges to B* as k — co. In the opposite case, when (7 < —1,
Algorithm C.2 also stops by satisfying the condition in Line 11. This holds
by the same argument that [l u;] converges to *, which also implies that
(ug — Ix)* = 0and €/p(Ik) = £!p(B*) < 0ask — oo, concluding the proof.
Finally, if EZ‘,I, = 1, the stop criterion of the main loop (i.e., up — Iy < ¢, fora
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given precision € > 0) will be satisfied and the algorithm returns ¢ C Co,
implying that for this precision € the inclusion with contact points may
hold. O

Finally, note that it is computationally inexpensive to evaluate /. p(J)
and its derivatives. Once ¢?, i € support(¢), and the eigenvalues of P
have been computed, the exact number of FLOPs to evaluate the function
{.p for a given f is 5|support(¢)|, which, in the worst case, represents 5n
FLOPs. Similarly, by performing some preliminary computations, the eval-
uation of /{ p and ¢/} at a given B requires respectively 5[support(c)| and
6|support(¢)| FLOPs. Note that the evaluation of /. p and its derivative
share several algebraic operations, which can be used to reduce the total

number of computations.

Performances

Let us now compare the performance of Algorithm C.1 with those of solv-
ing the LMI condition (C.22) provided by [BEGFB94] with two conven-
tional SDP solvers, namely, SDPA [YFN'10] and Mosek [ApS19]. The un-
derlying SDP problem tries to find B > 0 such that the matrix F(8) = 0
and, although a single variable is being searched for, the problem deals
with an SDP restriction of size n + 1.

Figure C.2 shows the average execution times (in seconds) for 200 ran-
domly generated problems, each consisting of two ellipsoids ¢ = E(c, P)
and ¢y = E(cp, Pp). These were generated in a way that, in 100 cases, we
have § C int(p), and ¢ Z ¢p in the remaining ones. Also, we made sure
that the conditions in Proposition C.2 do not hold, so running the bisection
algorithm (Algorithm C.2) was required each time. The comparison with
the SDP solvers was repeated for n-ellipsoids with n € {3,10,30,100} to
evaluate how these approaches scale up. These were performed in an In-
tel(R) Xeon(R) W-2295 CPU @ 3.00GHz with Julia 1.7.3 and using the opti-
mization toolbox JuMP [DHL17]. We computed that, in this benchmark,
the execution times for Algorithm C.1 were lesser than those for SDPA
and Mosek in all cases. On average, our algorithm performs 27, 49, 162,
and 2294 times faster than the competitors for ellipsoids of dimensions 3,
10, 30, and 100, respectively. In terms of memory consumption, Table C.5
shows the average allocated memory (in kilobytes) of each case. This also
demonstrates that our method is not only faster but also requires consider-
ably fewer resources than the LMI-based approach.
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Fig. C.2 Comparison of the execution time for testing ellipsoid inclusion
¢ = E(c,P) C E(cg,Py) = & as a function of ellipsoid dimension n. Top:
¢ C int(&p). Bottom: & Z {.

10
30
100

216 |

¢ C int(Go)

Alg.C.1 | SDPA | MOSEK | Alg. C.1
8.2 192.6 153.5 13.8
26.5 733.2 577.8 36.4
118.4 4866.6 3792.1 138.6

865.8 51822.6 | 39608.1 901.8
Table C.5

¢ Z %o
SDPA MOSEK

203.3 152.1
733.1 576.0
4866.6 3790.3
51822.6 | 39606.2

Memory Allocated on Average (in kB).
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Applications in control theory

We have already discussed the necessity of efficiently solving the optimiza-
tion problem in handleObstacles and the inclusion test in Line 4 of Algo-
rithm 8.9, which can be addressed by Corollary C.8 and Algorithm C.1,
respectively, to construct smart abstractions of systems.

In this section, we illustrate one another possible application in the con-
trol theory of linear time-invariant (LTI) systems, namely, the computation
of a control forward-invariant set for additive disturbances. This problem
has been extensively studied in the literature (e.g., see [Bla99, Section 4.1])
and, therefore, the goal of this section is not to provide a new method to
tackle it but rather to demonstrate the results from Corollary C.8.

For that, consider an LTI system
X =Ax+Bu+Huw (C.31)

where x(t) € R? is the state variable, and the signals u(t), w(t) € R are
the control and the additive disturbance. This system is defined by the

matrices
0 1 0 —-0.3
A= <0.1 0.3>’ B= (0.5)’ H= ( 0.6 > (€32

and is controlled by a state-feedback LQR controller u(t) = —Kx(f) syn-
thesized for LQR parameters Q = I and R = 1, see [BEGFB9%4, p. 114] for
details on the LQR problem. The corresponding solution of the Algebraic
Riccati Equation and feedback gain are

p— (36.10 42.36

136 72_98>,K—(4.24 7.30), (C.33)

which allows us to define the closed loop matrix A. = A — BK and a Lya-
punov function v(x) = x ' Px.

Bounded additive disturbances: Due to the additive disturbance, the
descent condition for this Lyapunov function does not hold everywhere.
For an arbitrary w € W C IR, this can be verified as

o(x,w) == 2x " (PA.)x + 2x  PHw
= —(x—Gw)'S(x — Gw) + r(w) (C.34)
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whereS = —A/P—PA., G = S"'PHand r(w) = w' G'SGw. From (C.34),
one can conclude that 9(x, w) > 0 if and only if x € E(Gw, r(w)~'S). Due
to the linearity of v(x, w) with respect to w, when the disturbance w(t)
takes values from a polytope W = co{wy, ..., wy}, the problem of finding
the smallest sublevel set of v(x) that is control forward-invariant reduces
to finding the smallest v > 0 such that

B; = E(Gw;,r(w;)"'S) C V := E(0,7'P)

for i € [1; N]. In this context, Corollary C.8 allows us to calculate 7; such
that B; Co V; == E(0,7; 'P) by comparison with the inclusion given in
equation (C.27). Hence, we have that v = max(-yy,...,yn) is ensured to be
the smallest such that B; C V for i € [1; N]. Considering W = [—0.5, 0.5],
we obtain v = 1.137. Notice that, for obtaining all 74, ..., N, the Cholesky
decomposition and the spectral decomposition associated with the def-
inition of the function (C.11) and the variable transformation (C.2) can
be computed only once, given that the matrices defining the shape of all
B; are scalar multiples of S. Moreover, the symmetry of V ensures that
E(Gw;, r(w;)~!8) C V implies that E(—Gw;, r(w;)~'S) C V, which helps
to reduce the number of executions of the bisection algorithm to calculate
¢7p in Corollary C.8.

In Figure C.3, the ellipsoidal sets defined in this section are illustrated,
along with a trajectory undergoing a random disturbance and starting at
xop = [-1 —1]T. The light blue shaded area represents the set co{B;, 5, },
where the decreasing property of the Lyapunov function fails for some w ¢
W.

In summary, Corollary C.8 allows the verification that the Lyapunov
function v(x) = x'Px strictly decreases in IR? \ V' despite the persistent
disturbance. This verification is done efficiently by performing the follow-
ing numerical operations: one Cholesky decomposition, one spectral de-
composition, and one bisection algorithm for maximizing a concave scalar
function in a compact interval.

Summary

We presented a new method to verify the inclusion of n-ellipsoids, which
consists in the maximization of a scalar concave and smooth function (C.11).

218 |



Summary | C.5

1.5
1.0 B
' —_ Y
0.5 — x(t)
o~ . Lo
8 00 N
—0.5 -
1.0
~15 ’ . .
) —1 0 1 2

Fig. C.3 For a disturbed LTI system presented in Section C.4, we com-
puted with the results from Corollary C.8 the smallest forward-invariant
level set V of the Lyapunov function v(x).

This function and its derivatives can be computed in O(n) floating-point
operations and the interval (C.24) where its maximum lies is a subset of
[0,1]. Therefore, we proposed a bisection-based algorithm (Algorithm C.2)
allowing us to decide whether the inclusion holds. A benchmark with
methods based on LMI constraints tackled by two off-the-shelf SDP solvers
is carried out, showing that we outperform the LMI-based approach. We
also present an application in the field of control theory.
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