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We propose a new class of single-field scalar quantum field theories with non-polynomial inter-
actions leading to a two-point Green’s function that can be naturally continued beyond the naive
cutoff scale. This provides a new prospect for self-completing theories in the UV-domain. In our
approach, the formal power series for the scalar potential has a vanishing radius of convergence and
is defined through Borel resummation. We discuss concrete examples, among others with a spectral
function that vanishes at large momenta, potentially leading to an asymptotically free theory. Fi-
nally, we give an outlook on future research, with a view towards possible applications to inflation
and gravity.

I. POSSIBILITIES FOR UV-COMPLETION

The energy scales of Nature are distributed over a vast
interval, ranging from neutrino mass differences and the
density of dark energy on the order of 10−12 GeV to
the Fermi scale ∼ 102 GeV and finally the Planck mass
MP ∼ 1019 GeV set by gravity. The energies that are
reachable by the energy frontier experiments, most no-
tably the Large Hadron Collider – around 104 GeV – ap-
pear to be very low in comparison with MP , meaning
that direct observations of Planck scale physics are hardly
possible. This represents one of the greatest challenges
in fundamental physics.

Addressing this issue, one can wonder whether theories
that have been tested at some low energy scale already
contain information about their behavior at much larger
energies. We can broadly distinguish three cases:

(I) First, there are renormalizable or even finite theo-
ries that can be valid up to arbitrarily high ener-
gies. The most prominent representative in this
category is the Standard Model (SM) of parti-
cle physics. With the experimentally determined
parameter values, the SM remains consistent and
weakly coupled up to the Landau poles in the Higgs
and hyper-charge self-interactions, which only ap-
pear far above MP .

(II) If a theory is nonrenormalizable, it features a cut-
off scale Λ, above which it ceases to be predictive.
This may signal the emergence of new heavy par-
ticles with masses on the order of Λ. For exam-
ple, the four-fermion theory of weak interactions
becomes strongly coupled around Λ ∼ 102 GeV.
For this case, a weakly coupled UV-completion is
provided by the addition of new degrees of freedom
contained in the Higgs boson and the intermediate
vector bosons.
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(III) A third category can exist between the two extreme
scenarios outlined above. In this case, the theory
becomes strongly coupled at some scale Λ. How-
ever, this does not signal the appearance of new
physics but instead, a self-completion is achieved
with the ingredients already present at low ener-
gies. This proposal of “self-healing” was discussed
in connection with Higgs inflation in [1, 2] and in
a more general context in [3], deriving its motiva-
tion from the theory of strong interactions (QCD),
where the breakdown of chiral perturbation theory
does not immediately correspond to the emergence
of additional particles.

The search for a UV-completion is particularly rele-
vant in gravity. Certainly, General Relativity (GR) is not
renormalizable, i.e., does not belong to category (I). How-
ever, whether it corresponds to possibility (II) or (III) is
a far-reaching open question. The former case is most
prominently realised in supersymmetric and string the-
ories, where many additional degrees of freedom emerge
below MP (see [4, 5] for reviews). The latter option of
self-completion can e.g., be implemented in scenarios of
asymptotic safety [6–8], with applications to the Stan-
dard Model considered in [9], or via classicalisation [10–
12].
In the present paper, we shall propose a new frame-

work for constructing concrete self-completing theories in
category (III). Our goal is to obtain non-renormalizable
models that can be viewed as being “close to renormal-
izable”, in the sense that IR-observables contain signifi-
cant information about their UV-behavior. In addition to
conceptual interest and possible implications for gravity,
theories with non-polynomial potentials also appear in
many theories of cosmological inflation, such as Starobin-
ski inflation [13], Higgs inflation [14], and α-attractors
models [15, 16]. For all of them, the possibilities of UV-
completion still remain obscure, and our study may shed
light on this problem. The cutoff Λ in these theories
is generically much smaller than the Planck scale (but
much larger than the Fermi scale), allowing us to neglect
gravity and to deal with a field theory in flat space.
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II. THE GENERAL STRATEGY

We shall use as an example a generic model of a mass-
less scalar field φ with

L =
1

2
(∂µφ)

2 − λV (φ) , (1)

where λ is a (small) coupling constant, the Minkowski
metric ηαβ has signature (1,−1,−1,−1), and V (φ) is a
generic non-polynomial function of φ, which can be for-
mally expanded as power series in φ,

V (φ) = φ4
∞∑

m=0

Vm

(φ
Λ

)m
, (2)

where Vm are dimensionless, Λ is the cutoff of the theory
and for simplicity we assumed the absence of superrenor-
malizable operators.

The contributions of interactions with m > 0 give rise
to a non-renormalizable theory. If the standard proce-
dure of renormalization is used, one should introduce an
infinite number of counter-terms and, therefore, the the-
ory becomes unpredictive at energies exceeding the cutoff
scale.

Instead, to deal with this kind of potential one may
consider perturbation theory for Green’s functions (or S-
matrix) with respect to the small coupling λ and sum
the entire perturbation series to all orders in 1/Λ, as
was proposed by Efremov and Fradkin in [17, 18] (for a
review see [19]). It was found that for certain potentials
the resummed perturbation theory may lead to a theory
which is unitary, causal and UV-finite. Remarkably, the
summation may even remove a number of the infinities,
leading to a hope of having a self-consistent theory. This
program was mainly developed in the 1960s having in
mind the theory of strong interactions and gravity; see
[20–25] for some important works.

The study of such theories decayed gradually after 1970
because renormalizable theories describing strong, weak
and electromagnetic interactions were created and be-
cause technically the resummation is very difficult. These
attempts were revisited recently by Magnin in his PhD
thesis [26] in connection with the UV-completion of Higgs
inflation. For potentials considered in these works, the
cross-sections computed at second order in λ increase un-
acceptably fast with energy (see also examples below),
making the framework inconsistent in UV.1

The crucial novelty of our approach is to consider po-
tentials for which the power series (2) has zero radius
of convergence, but the potential V (φ) makes sense via
Borel resummation:

V (φ) = φ4

∫ ∞

0

dt e−t
∞∑

m=0

Vm

m!

(
φt

Λ

)m

. (3)

1 A further resummation, attempted in [26], may alleviate the
problem, but cannot convincingly remove it.

As is well-known, V (φ) coincides with the usual series
(2) if the latter exists, but we shall assume that this is

not the case. Namely, we consider the scaling Vm ∼
√
m!

so that only eq. (3) is well-defined. We shall call such
potentials Borel-finite. As described above, we will not
truncate the series in m, but perform a perturbative ex-
pansion in λ by only taking into account the leading order
in λ2. In a sense, this is an approach inverse to that of
resurgence (for a review see [27]), which uses the resum-
mation of asymptotic series appearing in renormalizable
field theories. In our case, the series for Green’s functions
are convergent (at least in some domain of momenta),
but the interactions leading to them are represented by
asymptotic series.
For the program to succeed, one should be able to com-

pute all the elements of the S-matrix and demonstrate
that they lead to a self-consistent field theory above the
cutoff. Our goal in this work is much more modest.
Namely, we will be studying a simpler object, the prop-
agator. In fact, from the behavior of the propagator at
large energies, one can also extract information about
the behavior of the vertex functions. In particular, if the
two-point spectral function is positive (unitarity require-
ment) and vanishes at large momenta, the three-point
vertex function also vanishes when the momentum trans-
fer goes to infinity [26, 28] (a feature of asymptotically
free field theories). It is conceivable to think that the
same happens with higher vertex functions, though this
has not been proven. An argument in favour of this pos-
sibility is the well-known result of axiomatic field theory
that a theory is free if the exact propagator coincides
with the free one [29, 30].
The (momentum-space) two-point Green’s function2

G(k2) = i

∫
d4x eikx ⟨Tφ(x)φ(0)⟩ , (4)

can be equivalently expressed in terms of the spectral
density (see [28] for a review)

G(k2) =

∫ ∞

0

dk
′2 ρ(k

′2)

k′2 − k2 − iϵ
, ρ(k2) =

1

π
ImG(k2) ,

(5)
where Im denotes the imaginary part. The cutoff scale
splits

G(k2) =

{
GIR(k

2) k2 ≤ Λ2

GUV(k
2) k2 > Λ2

, (6)

and analogously for ρ(k2).

2 Here φ represents full (Heisenberg) fields and T stands for time-
ordering. With our conventions, the free propagator is

⟨Tφfree(x)φfree(0)⟩ = i

∫
d4k

(2π)4
e−ikx

k2 + iϵ
,

and its imaginary part can be computed using Im (k2 − iϵ)−1 =
πδ(k2) (see e.g., [31]).
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At sufficiently small momenta k2 < Λ2 (and at order
λ2 as throughout), we can compute GIR in terms of the
potential (3). It turns out that this uniquely defines its
imaginary part ρIR. In contrast, the real part depends
on a priori unknown counter-terms from renormalization,
expressible as functions rm to be defined later. Once
this ambiguity contained in rm is fixed at low energies,
this fully specifies a UV-completion GUV of the Green’s
function at momenta k2 > Λ2. This is due to the fact
that G(k2) must be analytic everywhere in the complex
plane of k2 except on the real demi-axis with k2 > 0
(as is also evident from eq. (5)). Clearly, GUV defines
the imaginary part ρUV. In other words, the Green’s
function cannot be directly computed from the potential
for k2 > Λ2 but it arises from analyticity, which leads to
a resemblance with bootstrap methods [32–34].

In comparison with the previous works [17, 18, 26], our
approach is innovative in two aspects. The first one is
the use of Borel-finite potentials. As we shall show, they
may lead to ρIR with a better UV-behavior, allowing for
a UV-completion to second order in λ. With certain as-
sumptions specified below, a non-trivial imaginary part
of GIR allows us to single out a specific (real part of) GIR,
which then uniquely defines the whole GUV. This con-
tinuation of the Green’s function from the IR to the UV
represents our second innovation. Our approach for UV-
completion from Borel-finite potentials is summarized in
fig. 1.

ρUV GUV

ρIR GIRV

Im

Completion

(e.g., rm = 0)

perturbative

O(λ2)

Analyticity

Figure 1. Schematic depiction of our approach. First, the
Borel-finite potential V defines the low-energy spectral den-
sity ρIR perturbatively in the coupling λ. Then additional in-
formation is needed for also specifying the real part of the low-
energy Greens function GIR (e.g., from requiring the absence
of additional contributions from renormalization, rm = 0).
Once GIR is known, also GUV (and its imaginary part ρUV)
are uniquely defined.

In the remainder of the manuscript, we first compute in
section III the spectral function in terms of the potential.
In section IV, we then present a concrete example of a
Borel-finite potential and its UV-completion by analytic
continuation. We give an outlook to future research in
section V and conclude in section VI. Appendices A and
B contain details about the computations. In appendix
C, we make a comparison to a renormalizable theory and
appendix D shows alternative parameter choices and UV-
completions for our prototype model.

III. COMPUTATION OF SPECTRAL
FUNCTION

We begin by deriving the low-energy Green’s function
GIR from a generic Borel-finite potential (3). Eq. (4)
gives to second order in λ (see details in appendix A)

GIR(k
2) =

λ2

k4

∑
m

|Vm|2Λ−2m (m+ 4) (m+ 4)!

·
∫

d4x eikx i D(x)m+3 ,

(7)

where D(x) = ⟨Tφfree(x)φfree(0)⟩ = −1/(4π2(x2 − iϵ))
is the propagator of a massless scalar field in position
space (see [31]) and we left out the contribution of the
free field, ρfree(k

2) = δ(k2). Eq. (7) equivalently holds
for a potential with a usual power series expansion (2).
As shown in appendix B, we can explicitly calculate

the Fourier transform in eq. (7):

GIR(k
2) =

λ̃2

Λ2

∑
m

f(m)

(
k2

Λ2

)m

(
rm − ln

(
−k2 − iϵ

Λ2

))
. (8)

where we introduced λ̃ = λ/(4π) and the notation

√
f(m) = (−1)m

Vm+1 (m+ 5)
√
m+ 4

(4π)m+2
√
(m+ 2)!

. (9)

Here f(m) > 0 does not restrict the expansion coefficients
Vm, up to a definite choice of alternating signs, which
ensures convergence of the Borel resummation (3). In
eq. (8), rm are real and a priori unknown numbers that
arise from renormalization. As already discussed before,
this ambiguity due to rm reflects the fact that our theory
is non-renormalizable.
We shall now discuss the resulting spectral density

ρIR = 1/π ImGIR(k
2). Within the radius of convergence

of the series in m, i.e., for k2 < Λ2, it is independent of
the real contribution rm and hence determined uniquely.
First, we make a digression to the trivial case that Vm = 0
for all m ≥ 1. This corresponds to a renormalizable the-
ory, i.e., the limit Λ → ∞ and ρ → ρIR. Then it is evident
from eq. (8) that ρ(k2) vanishes as k2 → ∞. We are in-
terested in a self-completing scenario, in which the same
behavior arises for non-zero and growing Vm ∼

√
m!.

For a proof by contradiction, we momentarily assume
that the radius of convergence of the series (8), which
defines GIR(k

2), is infinite. In this case, an imaginary
part can only arise from the logarithm and the unknown
contribution rm does not play a role. However, the sum-
mands in the remaining series (first line of eq. (8)) are
manifestly positive and so the spectral function is un-
bounded at high energies, corresponding to catastrophic
particle production, which contradicts our initial assump-
tions. Thus, we conclude that the radius of convergence
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Figure 2. Potential V (φ) as defined by eq. (10) for α = 9/10
shown in blue dots. (For the numerical integration in eq. (3),
we cutoff the sum in m at 23, 000 and the integration in t at
90M/φ.) The dashed black line shows a fit by f = aφb with
a ≈ 12 and b ≈ 4.7. The relative error of the fit, (f − V )/V ,
is display as gray dots with axis on the right. We see that
the fit is a good approximation for sufficiently large φ but
deteriorates around φ = 0, where instead the usual power
series (2) can be used.

cannot be infinite in eq. (8). In principle, this still leaves
open a possibility of an asymptotic series, meaning that
not only the series expansion of the potential but also
the Green’s function (8) has a vanishing radius of con-
vergence. We shall not consider this case and assume
that the radius of convergence, and accordingly the cut-
off scale Λ, are finite and non-zero. In order to ensure
that this property is fulfilled, we consider functions f(m)
that grow (or decay) at most exponentially for large m

so that eq. (9) yields the scaling Vm ∼
√
m!.

IV. PROTOTYPE MODEL

Now we shall consider a concrete prototype model de-
fined by

f(m) =

− Γ(m+ 1− α)

Γ(−α)(m+ 1)!
m ≥ 0

0 m < 0
, (10)

where Γ is the gamma function, 0 < α < 1, and we
note that f(m) only grows as a polynomial for large m.
Plugging eq. (10) into eqs. (9) and (3), we can compute
the potential. The result is shown in fig. 2.

Now we turn to the Green’s function GIR(k
2). The

series in eq. (8) converges for k2 < Λ2. (This holds true
even if the two Borel resummations displayed in eq. (A2)
are taken into account.) Thus, Λ is the naive cutoff scale,
beyond which correlators are no longer defined. Within

the radius of convergence, we get

G̃IR(k
2) =

λ̃2

k2

(
1−

(
1− k2

Λ2

)α)
(
rm − ln

(
−k2 − iϵ

Λ2

))
, (11)

Its imaginary part is uniquely defined:

ρIR(k
2) =

λ̃2

k2

(
1−

(
1− k2

Λ2

)α)
θ(k2) . (12)

Crucially it is non-zero for arbitrarily small k2. This
behavior is different from that in renormalizable theory
where a heavy particle with mass ∼ Λ was integrated
out; see appendix C for a concrete example.
As discussed, we shall define a UV-completion of the

theory by specifying the real part of GIR(k
2). As a first

option, we consider rm = 0, corresponding to the possi-
bility that no additional contributions arise due to renor-
malization. This uniquely defines

G
(1)
UV(k

2) = − λ̃2

k2

(
1−

(
1− k2 + iϵ

Λ2

)α)
ln

(
−k2 − iϵ

Λ2

)
,

(13)

and accordingly

ρ
(1)
UV(k

2) =
λ̃2

k2

(
1− cos (απ)

(
k2

Λ2
− 1

)α

− 1

π
sin (απ)

(
k2

Λ2
− 1

)α

ln

(
k2

Λ2

))
. (14)

First, we observe that ρ
(1)
UV(k

2) will always become nega-
tive for sufficiently large k2; we show the case α = 1/2 in
appendix D (fig. 5). For α sufficiently close to 1, however,

the scale at which ρ
(1)
UV(k

2) turns negative is at momenta
k2 ≳ exp(1/(1 − α))Λ2 ≫ Λ2. We display the result
for α = 9/10 in fig. 3 (see also fig. 6 for larger values

of k2). Therefore, G
(1)
UV(k

2) can still be viewed a partial
UV-completion, with effects of new physics only becom-
ing relevant at scales much larger than the naive cutoff
Λ. It is important to note that the behavior of the spec-
tral density (14) is quite different from what one would
expect when a threshold with the creation of a new par-
ticle opens up, see fig. 4. Below Λ our spectral density
increases with energy, signalling the enhancement of par-
ticle production. Above Λ it decreases, gradually switch-
ing off the particle production. We might also conjecture

that the non-analyticity of ρ
(1)
UV(k

2) at k2 = Λ2 smears
away when higher order corrections in λ are accounted
for.
Finally, we remark that eq. (14) provides a second ap-

proach for continuing the theory above the cutoff: One
can simply take eq. (14) as a definition of the spectral
function without any reference to eq. (13). In this spirit,
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Figure 3. Green’s functions G(k2) for the prototype model
(14) for α = 9/10. The real part, ReG(k2), and the imag-
inary part, ImG(k2) = πρ, are shown in blue and orange,
respectively.

we consider an alternative UV-completion with non-zero
rm, which is defined by

ρ
(2)
UV(k

2) = − λ̃2

πk2
Im

[(
1−

(
1− k2 − iϵ

Λ2

)α)

ln

(
−k2 − iϵ

Λ2

)]
, (15)

and leads to replacing sin(απ) → − sin(απ) in eq. (14).
Because of this modification, the spectral density now is

positive, ρ
(2)
UV(k

2) > 0, for all values of k2 and α. More-

over, we have ρ
(2)
UV(k

2) → 0 for k2 → ∞, potentially
leading to an asymptotically free field theory. We show
the resulting Green’s function for α = 1/2 in appendix
D (fig. 7).

V. NEXT STEPS

So far, we have only taken the very first steps in defin-
ing Borel-finite theories. In particular, the following di-
rections of future research emerge from our results:

• The next step will be to evaluate higher correlators
beyond the two-point function.

• So far, we have not performed an explicit renormal-
ization, relating rm to counterterms.

• In particular, it remains to be determined if fix-
ing rm suffices for uniquely specifying higher-point
functions.

• It would be interesting to consider a case in which∑
m f(m)k2m grows exponentially but this growth

is canceled by a suitably chosen rm.

• Finally, our goal is to construct UV-complete in-
flationary scenarios and models with gravitational
interactions.

VI. CONCLUSION

Understanding non-renormalizable theories above
their cutoff scale is of utmost importance, in particu-
lar for finding a UV-completion of GR. In this paper, we
have proposed a new approach for importing some of the
advantageous properties of renormalizable theories, in
which the low-energy domain determines the high-energy
regime, to the non-renormalizable case. Our key ingredi-
ent are potentials that have a vanishing radius of conver-
gence but are instead defined through Borel resumma-
tion. Although at first sight, this makes the theory more
complicated, we have shown that resulting Green’s func-
tions possess a natural continuation to high energies and
therefore open up a new perspective for self-completion.
This has a twofold implication – both for some of the
leading inflationary models and for gravity itself.
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Appendix A: Computation of spectral density

We shall compute eq. (4) to second order in λ:

GIR(k
2) =

∫
d4x eikx i(−1

2
λ2)

∫
d4z1

∫
d4z2∫ ∞

0

dt1

∫ ∞

0

dt2 e
−t1−t2

∞∑
n=0

∞∑
m=0

VnVmtn1 t
m
2

n!m!Λn+m

⟨Tφ(x)φ(0)φn+4(z1)φ
m+4(z2)⟩ . (A1)

Evaluating the time-ordered product with Wick’s theo-
rem, we see that only summands with m = n contribute.
Representing the two propagators that involve the exter-
nal positions x and 0 in momentum space, we carry out
two of the spatial integrals to arrive at

GIR(k
2) =

λ2

k4

∫ ∞

0

dt1

∫ ∞

0

dt2 e
−t1−t2

∑
m

(t1t2)
m|Vm|2

m!2Λ2m

(m+ 4)!(m+ 4)

∫
d4x eikx iDm+3(x) , (A2)

where D(x) is the position space propagator. For suffi-
ciently small k2, we can pull the Borel integrals over t1
and t2 inside the sum over m, which yields eq. (7).

Appendix B: Computation of Fourier transform

In order to compute the Fourier transform in eq. (7),
we employ dimensional regularization by analytically
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continuing to D dimensions [35]. Moreover, we go to
Euclidean space, x0 → −ix4 (see e.g., [36]), where the

propagator becomes DE(x) = 1/(4π2xD−2
E ). Thus, the

quantity of interest is mapped as follows:∫
d4x eikx i

(
1

x2 − iϵ

)m+3

→
∫
dDxE e−ipx

(
1

xD−2
E

)m+3

,

(B1)
where p denotes the Euclidean momentum and we shall
drop the subscript E. In full analogy to the computation
in [37], we can calculate∫

dDx e−ipx

(
1

xD−2

)m+3

=
πD/2Γ

(
D
2 − (m+ 3)(D2 − 1)

)
Γ
(
D
2

)
Γ
(
2− D

2 + (m+ 3)(D2 − 1)
) (p2

4

)(m+2)(D/2−1)−1

.

(B2)

For any given value of m, the above integral converges
if D is sufficiently close to 2. Now we continue back
analytically to D = 4− 2ϵ, which yields∫

dDx e−ipx

(
1

xD−2

)m+3

=
π2−ϵ Γ (−(m+ 1) + ϵ(m+ 2))

Γ (2− ϵ) Γ (m+ 3− ϵ(m+ 2))

(
p2

4

)m+1−ϵ(m+2)

=
(−1)m+5π2

((m+ 2)!)2

(
p2

4

)m+1

× (B3)

(
ϵ−1 + gm

)(
1− ϵ(m+ 2) ln

p2

4

)
+O(ϵ) , (B4)

where we used in the last step that m ≥ 0 and
Γ (−(m+ 1) + ϵ(m+ 2)) = ϵ−1(−1)m+1/(m+2)!+O(ϵ0).
Moreover, we defined

gm = 1−γ− lnπ+(m+2)(Ψ(m+2)+Ψ(m+3)) . (B5)

Here Ψ is the polygamma function and we note that
gm > 0 for m ≥ 0. After continuing back to Lorentzian
signature, −p2 → k2 + iϵ, we arrive at eq. (8).

Appendix C: Renormalizable toy model

As a simple example of the usual power series expan-
sion, we consider in addition to φ another scalar field χ
of mass M :

L =
1

2
(∂µφ)

2
+

1

2
(∂µχ)

2 − M2

2
χ2 − gφχ2 . (C1)

We shall compute correlators of the massless φ-field to
leading order in g2. Only the 2-point function is non-
trivial and reads

G(k2) = i

∫
d4x eikx ⟨Tφ(x)φ(0)⟩ = 2g2

(k2)
2F (k2) , (C2)

where the momentum space representation of the loop is

F (k2) =
−i

(2π)4

∫
d4k

′2 1

k′2 −M2 + iϵ

1

(k′ + k)2 −M2 + iϵ
.

(C3)
In MS-renormalization, we get [38]

F (k2) =
−1

(4π)2

(
ln

(
M2

4πµ2

)

+

∫ 1

0

dα
α(1− 2α)

M2

k2+iϵ − α(1− α)

)
, (C4)

where µ is a mass scale.
We can compute explicitly3

F (k2) =
−1

(4π)2

(
ln

(
M2

4πµ2

)
− 2 + F̃ (k2)

)
, (C6)

where

F̃ (k2) =


2

√
4M2

k2
− 1 arctan

√
1

4M2

k2 − 1
k2 < 4M2

−
√
1− 4M2

k2
ln

√
1− 4M2

k2 − 1 + iϵ√
1− 4M2

k2 + 1
k2 > 4M2

.

(C7)
From here we can calculate the spectral density. Ap-

plying eq. (5), we obtain

ρ(k
′2) =

2g2

(4π)2(k′2)2
θ(k

′2 − 4M2)

√
1− 4M2

k′2
. (C8)

As important difference to the prototype model defined
by eq. (10), ρ(k

′2) vanishes for k
′2 < 4M2. We can also

investigate if the real part of eq. (C7) is continuous. Close
to k2 = 4M2, we can approximate to leading order

Re F̃ (k2) ≈

π
√

4M2

k2 − 1 k2 < 4M2

2
(
1− 4M2

k2

)
k2 > 4M2

. (C9)

Thus, the derivative is

∂Re F̃ (k2)

∂k2
≈

− π

8M2

√
4M2

k2 −1
→ −∞ k2 < 4M2

1
2 k2 > 4M2

.

(C10)

3 We use that for real c

∫
dα

1

α2 − α+ c− iϵ
=


2√

4c−1
arctan

(
2α−1√
4c−1

)
c > 1

1√
1−4c

ln

(
1− 2α−1√

1−4c
+iϵ

1+ 2α−1√
1−4c

)
c < 1

.

(C5)
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2 4 6 8
k2/M2

0.5

1.0

1.5

2.0

G

(4π)2 k22

2g2

Figure 4. Green’s functions in toy model defined by eqs. (C2)

and (C7). The real part, ReG(2)(k2), and the imaginary part,

ImG(2)(k2) = πρ(2)(k2), are shown in blue and orange, re-
spectively.

Thus, the 2-point function is continuous but not differen-
tiable. We display the resulting Green’s function in fig.
4.

In a second approach, we shall compute the integral in
eq. (C4) in Euclidean signature by continuing k2 + iϵ →
−k2E. This yields a fully convergent integrations resulting
in eq. (C6) with

F̃ (k2E) =

√
1 +

4M2

k2E
ln

√
1 + 4M2

k2
E

+ 1√
1 + 4M2

k2
E

− 1
. (C11)

This result shows explicitly that the Euclidean Green’s
function is analytic. Now we continue back to
Lorentzian momentum, k2E → −k2 − iϵ. For k2 <

4M2, we have
√
1− 4M2

k2+iϵ =
√
1− 4M2

k2 + iϵ sgn(k2) =

sgn(k2)i
√

4M2

k2 − 1, which yields

F̃ (k2 < 4M2) = i

√
4M2

k2
− 1 ln

i
√

4M2

k2 − 1 + 1

i
√

4M2

k2 − 1− 1
.

(C12)
Since arctan 1/x = i/2 ln ((ix+ 1)/(ix− 1)) for real x,
this coincides with the first line of eq. (C7). Now for

k2 > 4M2, we use
√
1− 4M2

k2+iϵ =
√
1− 4M2

k2 + iϵ so that

we obtain

F̃ (k2 > 4M2) =

√
1− 4M2

k2
ln

√
1− 4M2

k2 + 1√
1− 4M2

k2 − 1 + iϵ
,

(C13)
in accordance with the second line of eq. (C6). So the Eu-
clidean computation yields the same result as evaluating
the 2-point function in Lorentzian signature.
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Appendix D: Plots of UV-completions

In this appendix, we show some supplementary plots
for section IV. Figs. 5 and 6 refer to the UV-completion
defined by eq. (13) while fig. 7 show a result for the al-
ternative continuation in eq. (15).

2 4 6 8
k

2/Λ2

-0.010

-0.005

0.005

0.010

0.015

0.020

G
(4π)2 k

2

λ
2

Figure 5. Green’s functions G(1)(k2) for the prototype model

(14) for α = 1/2. The real part, ReG(1)(k2), and the imagi-

nary part, ImG(1)(k2) = πρ(1)(k2), are shown in blue and or-
ange, respectively. We see that the spectral density becomes
negative, at which point the theory ceases to be valid and
needs to be supplemented by contributions from new physics.

5000 10000 15000 20000
k

2/Λ2

0.001

0.002

0.003

0.004

0.005

0.006

ρ π
(4π)2 k

2

λ2

Figure 6. Spectral density ρ(1)(k2) for the prototype model

(14) for α = 9/10. We observe that ρ(1)(k2) only becomes
negative for very large k2 ≳ 104Λ2.

2 4 6 8
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0.005

0.010

0.015

0.020
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(4π)2 k
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Figure 7. Green’s functions G(2)(k2) for the alternative model

defined by eq. (15) for α = 1/2. The real part, ReG(2)(k2),

and the imaginary part, ImG(2)(k2) = πρ(2)(k2), are shown

in blue and orange, respectively. Now ρ(2)(k2) is positive for
all k2.
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