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Abstract

In this paper we are concerned with the structural stability (continuous dependence of so-
lutions) of the Brinkman—Forchheimer model for flows in porous media. Payne and Straughan
[1] established structural stability for the case of constant porosity. Herein we extend these re-
sults to porous media of variable porosity. The main differences when the porosity is no longer
constant but a time-independent field variable are: i) the velocity field is not divergence-free,
ii) the term related to the shear viscous stresses does not reduce to the Laplacian operator
but involves the full deviatoric strain-rate tensor, and iii) there is an additional term due to
normal viscous stresses. Herein we establish continuous dependence of solutions with respect
to the physical parameters entering the equations, namely, the shear and bulk viscosities and
the coefficients of the linear (Darcy) and quadratic (Forchheimer) terms for the interfacial drag.
More specifically, we show continuous dependence in the weighted L? norm, with the porosity
being the weight. Finally, we provide upper and lower bounds for the rate of decay of the kinetic
energy. According to them, the kinetic energy decays exponentially with time but the decay

rate depends on both the minimum and maximum porosities of the medium.
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1 Introduction

The analysis of continuous dependence of solutions (known as structural stability) of partial
differential equations is a particularly interesting topic that has been pursued intensively over
the years. More specifically, structural stability examines the sensitivity of solutions to variations
of the parameters entering the equations, whereas classical stability focuses on the sensitivity to
changes in the initial data. Accordingly, structural stability can provide useful information about
the properties of the solutions. Moreover, with regard to two-phase systems, such as porous
media, structural stability represents an important test of the consistency and pertinence of
relevant mathematical models. For a review of the scope and methods of structural stability,

the interested reader is referred to Ames and Straughan [2].



The literature on structural stability of models for fluid flow and thermal convection in
porous media is quite rich; see, for example, [1-13] as well as the monograph of Straughan
[14]. Also, within the fields of elasticity and thermoelasticity, there has been a considerable
amount of work on the structural stability of models for porous-media; see [15-20] and references
therein. Beyond structural stability, recent analytical results for porous-media flows include
magnetohydrodynamics [21-23] and traveling waves with non-linear diffusion [24].

A well-known model for flows in saturated porous media is the Brinkman—Forchheimer model
[25]. Therein the interphasial drag is represented as the sum of a linear and a quadratic term,
referred to as the Darcy and Forchheimer term, respectively. This model can be derived via
different approaches, such as those presented in [26] and [27]. Typically, these approaches
involve either a mixture-theoretic formalism or volume averaging. The continuous dependence
of solutions of the Brinkman—Forchheimer equations in the L? norm has been demonstrated by
Payne & Straughan [1] for the case of porous media with constant porosity. Subsequently, the
authors of [28] have shown continuous dependence of solutions in the stronger H! norm.

In the present article we extend the results of [1] and derive continuous dependence of so-
lutions in the (weighted) L? norm for flows in porous media with variable porosity. Relevant
applications are flows through immobile sediments, flows through dense vegetation, filtration
systems and others. The main complexities introduced by the variable porosity are the follow-
ing. First, the velocity field is not divergence-free. Second, the term related to the shear viscous
stresses no longer reduces to the Laplacian operator but involves the full deviatoric deformation
tensor. Third, normal viscous stresses are now present, in addition to shear ones. Fourth, the
Darcy and Forchheimer terms of the interphasial are functions of the porosity. Moreover, ac-
cording to our formulation, the Forchheimer coefficient is also a function of the shear viscosity
of the fluid. The main mathematical challenges associated to these complexities are the estab-
lishment of estimates for the viscous stress tensor and the handling of the Darcy-Forchheimer
term which is a nonlinear sink term.

In our analysis the porosity field is introduced as the weight of the various norms. Then,
we derive appropriate bounds for the term related to shear viscous stresses. Subsequently we
establish continuous dependence of solutions on the Forchheimer and Darcy coefficients as well
as the shear and bulk viscosity coefficients. Finally we provide results for the kinetic-energy

bounds.

2 Problem statement and preliminaries

The Brinkman—Forchheimer equations for flow in porous media with variable porosity and con-

stant fluid density are as follows,

V- (pu) = 0, (1)

%*WP = V- (¢¢(V-u))+ V- (gvV(u)) — a*(¢)u — b*(d)|[ulu+dg.  (2)

The first of these equations represents the conservation of fluid mass and the second one the
balance of the fluid momentum. Therein, ¢ is the porosity, u the fluid velocity in the porous
medium, p the pressure divided by the constant density, ¢ the kinematic bulk viscosity and v the

kinematic shear viscosity. Both ¢ and v are positive constants, (,v > 0. Also, g is the vector of



the gravitational acceleration and I is the identity matrix. The Darcy term of the interphasial
drag in (2) is given by —a*(¢)u and the Forchheimer term by —b*(¢)|u|u. The sum of these
two terms represents the overall force that is exerted by the solid matrix to the interstitial fluid.

The quantities a* and b* are functions of ¢ and are given by,

a*(¢) = av(l=¢),  b(¢) = b(1—¢)+d(1-¢)*. 3)

In these expressions, a is the Darcy coefficient, while b and d are referred to herein as the first
and second Forchheimer coefficients, respectively. The coefficients a, b and d are all constant
and positive: a,b,d > 0.

Further, the term V4(u) stands for twice the deviatoric component of the strain-rate tensor
V. In other words,

Vi(u) = 2(V(u)—:1))(V-u) I) , with V(u) = = (Vu+(Vu)'") (4)

| =

The porosity ¢ is assumed to be a continuous function that is strictly bounded below by

zero and above by unity. In other words,

0<¢min§¢§¢max<l~ (5)

As a matter of fact, the first extreme case ¢ = 0 (zero porosity) represents a solid material
without voids and absence of fluid, whereas the second one ¢ = 1 represents a pure-fluid domain
and absence of a solid matrix.

We consider the associated initial-boundary value problem in a bounded domain Q C R3
with smooth boundary 02. Homogeneous Dirichlet boundary conditions are imposed on the
velocity field, that is, u = 0 on 9. We consider solutions u € L%(0,T; H}(f2)). Since ¢
is not constant, it is convenient to work with ¢-weighted norms. Actually, weighted spaces
are commonly employed in the mathematical analysis of equations arising in fluid mechanics.
One well-known such example is the so-called lake equations; see, for example, [29-31]. Other
examples are the shallow-water model for basins with varying bottom topography [32] and
models for flows in mixed (porous-pure fluid) domains [33].

The weighted L? norm, with the porosity ¢(x) being the weight, is defined by

= ([ ¢|u2dw)l/2 . (6)

It is straightforward to show that all standard inequalities (Poincaré, Holder, Cauchy-Schwarz,
Sobolev etc) are valid for the corresponding ¢-weighted norms, possibly with different inequality
constants that involve ¢max and ¢min. For example, for smooth bounded domains, Poincaré’s
inequality for u € H(Q) reads ([34], section 6.5)

1
/|u|2dx < 7/ Vul2dz, )
Q A1 Ja

where A is the first eigenvalue of the Laplacian. From this inequality, we compute that

)\1/ PplulPdx < )\1¢>max/ lul?dx < ¢>max/ Vu:Vudr < @/ ¢Vu: Vudz. (8)
Q Q Q ¢min (9]
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In other words, we have that

(bmax
¢) min

which is Poincaré’s inequality for weighted norms in Hg(£2). In a similar manner one can

Mllul* < ZEE ] Vul? 9)

establish the aforementioned inequalities in terms weighted norms. Therefore, those inequalities

will be employed directly in our analysis.

For the purposes of showing continuous dependence of solutions, we need a lower bound of
the weighted L? norm of the deviator tensor V4. To this end, we observe that since V9 is

symmetric and traceless, the following relation holds
Vi) : Viu) = 2Vi(u): Vu, (10)

where : denotes the double-dot product between two second-order tensors, A : B = Z Z Ai;Bij.
i

By noting that u vanishes on 92, and by using (10) and the porosity bound (5), we compute
the following for the norm of V4 in €,

[Viw)|? = /¢Vd(u):vd(u)dm > 2¢min/ Vi(u): Vude =
Q Q

2¢min/ Vu: Vuda:+2¢)min/ Vu: (Vu)—r dx — gqum/(Tr Vu)2 dx. (11)
Q Q Q

Herein Tr denotes the trace of a second-order tensor. Accordingly, Tr V(u) = TrVu =V - u.
For the second term on the right-hand side of the second equality in (11) we employ integration

by parts and use the fact that w vanishes on the boundary 92. In this manner we get

/ Vu: (Vu) de = — / (V(V-u)) ude. (12)
Q Q

Applying integration by parts once again, and since w = 0 on 9f), yields

/ Vau: (Vu)' /(V u)?de = /(Tr Vu)?dzx. (13)
Q
By inserting this result in (11) we find that

(bmin
¢max

Va2 > 2¢min/QVu:Vudw—i—g(bmin/Q(TrVu)de > 2 /QQSVu:Vud:c. (14)

In summary, we have that

Ve >

¢m1n
Vu 15
25 [ (15)

max

As a side note, we remark that the combination of (15) with Poincaré’s inequality (9) yields
a lower bound of ||[V4|| in terms of the weighted L? norm ||u|| hence a lower bound in terms of

the weighted H} norm of w. Also, it is well known that

|V -u|? <3Vu: Vu, (16)



from which we can derive that

¢max

VAu)* < Ao IV [ (17)

In other words, the weighted L? norm of V4(u) is equivalent to the weighted H} norm of u,
Cillullyy < Vi) < Collully, (18)

with C7 and Cy constants that involve ¢min, dmax and the first eigenvalue of the Laplacian.

3 Continuous dependence on the Forchheimer coefficients

First we examine the continuous dependence on the first Forchheimer coefficient b. For this
purpose, let us denote by (u,p) and (v,q) the solutions for the velocity and pressure of the
following initial-boundary-value problems for different first Forchheimer coefficients b, and b,
in a bounded domain Q € R? with boundary 052,

V-(pu) = 0, in Qx{t>0}, (19)

¢%l; +¢Vp = V- (6¢(V-u)I)+ V- ((ZSVVd(u)) —a*(¢)u — by (¢)|ulu + ¢g, (20)

u =0, on 00x{t>0}, (21)

w(z,0) = f(z), zeQ. (22)
and

V-(¢v) =0, in Qx{t>0}, (23)

¢ +¢Vq = V- (6¢(V-0)) + V- (owV(v)) — a*(9)v — b3 (d)lvlv + ¢g,  (24)

v =0, on 90X {t>0}, (25)

v(x,0) = f(x), ze. (26)

In the above problems, f represents the initial condition. Also, b%(¢) = by(1 — ¢) + d(1 — ¢)?
and b3(¢) = ba(1 — ¢) + d(1 — ¢)?, in accordance with (3).

Next we introduce the difference variables w, p and B*,

w=u-v, T=p—q, b(¢) = bj—b5 = b(l-9), (27)

where b is the difference coefficient,
b = by —by. (28)



Therefore w and 7 satisfy the following initial-boundary-value problem,

V.(pw) = 0, in Qx{t>0}, (29)
aa—’f = V- (¢(V-w)I)+ V- (ovViw))-

a*(p)w — (b7 (@)|ulu — b3(¢)[vjv) — ¢V, in QX {t>0}, (30)
w =0, on 90X {t>0}, (31)
w(xz,0) = 0, x €. (32)

Upon multiplication of (30) with w and integration over Q we have,

%/Q¢|w|2 de = —2/Q¢g(v cw)? dx — 2/Q¢uvd(w) : Vw dx

2 [ @@ =2 [ (5@l +b3(0)(ulu—o]o)) - wde. (33)
where we have used integration by parts and then rearranged the various terms.

By noting that the first term on the right-hand side of (33) is negative and by employing
(10), relation (33) yields the following inequality

%/ﬁ""‘”‘” < —VIIVd(w)||2—2/Qa*<¢>>|w|2dm_

2 [ (B (@lufut b3(0) (ulu — [ol0)) - wo. (34
Next, we make use of the following inequality [1],
1 2, 1 2
([ulu = o) - w = 2 (lul + [v]) [w|* + 5 (Jul = [0])*(ju| + |v]) > 0. (35)

Since b3(¢) is strictly positive, we readily deduce that
[ 5@l o) - wde > 0. (30)
Q

Now, by introducing (36) into (34) and by using the porosity bound (5), we obtain

d 1
& Lol e < vz (- 1) wlPs
dt Q ¢max
5 1
2b( —1)/¢5|u|2|w|dm. (37)
¢min Q
Next, by substituting (15) in (37) we arrive at
o <o) 5 ()
—Jw|]* < —2v——||Vw||* — 2av — 1) ||wl|*+ 2b -1 ul®|w|dx. (38
2wl Lo || 1) ol + 2 (== 1) [ ol de. (39

In order to bound the term that involves the Forchheimer coefficient b in the above equation,



we employ Holder’s inequality in the form

2/3 1/3
2 3 3
[ otuPloige < ([ oupac) ([ ouPiz) (39)

For the last integral in (39) we employ successively the Cauchy-Schwarz inequality

(f ¢|w|3dw)1/3 <([ <z>w|2dm>1/6 (f ¢w|4dw>l/6 )

and the Sobolev inequality

1/2 3/2
/Q(;S|w\4 der < ¢ Z%‘j: (/Q dlw|? dw) (/Q pVw : Vw dw) ) (41)

where c is the constant that appears in the corresponding Sobolev inequality for standard (non-

weighted) L? norms. By combining inequalities (40) and (41), we obtain the bound

1/3 1/6 1/4 1/4
(/Q (;5|w|3d:c) < (c Zg?:) (/Q Plw|? dw) (/Q pVw : Vw d:c) . (42)

In the same manner we can also derive that

2/3 1/3 1/2 1/2
' ¢max) < 2 ) ( . )
(/Q¢|u| dm) < <c o /qu|u| de /QQSVU.Vud:B . (43)

We now substitute (39), (42) and (43) in (38) to get the following estimate
¢min

1 R 1 & 1/2
V’w2—2a1/( —1) w2—|—2b< —1) (C max)
(bmax || H ¢max || || (bmin ¢12nin

1/2 1/2 1/4 1/4
X </Q d)u|2d:c) </Q oVu : Vud:c) </Q ¢|w|2dw> (/Q oVw : Vw da:) . (44)

For the last term of the above relation, we make use of Poincaré’s inequality

¢max
¢min

Also, for the last term on the right-hand side of (44), we multiply (20) by w and then use

integration by parts to derive

Ll < 20

Al/ plw*dx < /gbV'w:dea:, (45)
Q Q

1
fi/¢|u\2dw+/a*(¢)|u|2dw+/ b;(¢)\u|3dx+/ oVi(u): Vude —
2dt Jo Q Q Q
—/ #C(V - u)? dx . (46)
Q
The above equation can be integrated to yield
t ! o 1
2 [ el )00 |l dy < pe L (47)
0 V®min

Next we introduce (45) and the bound ||u| < ||f|| (which holds by virtue of (46)) in (44). In



this manner we arrive at

i 2 ¢m1n 2_ 1 _ 2
Gl <~ 2wl < 2 (1)l
2b /2 (1 (Pmax)>/*
S (oo ) el 119wl 9w (1)

For the last term on the right-hand side of (48), we can employ the arithmetic-geometric mean

inequality
Vul? Vw|?
[vul v < U5 Vel (19)
2¢ 2
with the following choice for €
)M ( 1 1)‘1 (Grmin)®/* (50)
(; 01/2||f|| (bmin (¢max)7/4

In this manner, inequality (48) yields

b2 1 ? (¢m
1) ol + o (1) Lo yppiwule. oo

d
@waﬂ2 < 2au(

1
(bmax

The above relation can be integrated to establish

13 c 1 2 (Prmax )/ t a( — 1) (n—
fel? < S (o 1) G 1 [ 19wl . )

Finally, we introduce (47) in (52), which allows us to obtain the following estimate

2 2
2 ¢ r (Pmax)™’ 4 —2av(5l_—1)t 72
fol® < o (5 -1) Lo im0, (53)

Inequality (53) establishes the sought-after continuous dependence on the Forchheimer coeffi-
cient b in the weighted L? norm. The constant ¢ that appears in this estimate is the one coming
directly from the Sobolev inequality (41).

It is worth mentioning that, according to (53), the two different solutions v and v converge
to one other as time passes. This in turn implies a stronger form of structural stability than
would have been guaranteed if the difference between u and v has been merely bounded. Also,
the lower ¢nax is, the faster the velocity difference w decays to zero. Analogously, the higher
Omin 18, the faster the solution difference w decays to zero. We may further observe that ¢max
enters the exponential term in the estimate (53) but ¢, does not. This implies that, according
to this estimate, the rate of the time decay of the velocity difference w is mainly controlled by
Omax and to a lesser extent by ¢min.

We conclude this section by noting that the same procedure can be followed to derive con-

tinuous dependence of solutions on the second Forchheimer coefficient. The final result reads

2 € 1 _ (¢max) 4 —2au( ——1)t 72
ol < o (= z+¢max) Sl EE TR ()

where d is the difference between the second Forchheimer coefficients dy and dy. This estimate



has the same properties as that for the first Forchheimer coefficient.

4 Continuous dependence on the Darcy coefficient

In our analysis of continuous dependence on the Darcy coefficient a, the staring point is again

the Brinkman-Forchheimer equations for flow in porous media with variable porosity (1)-(2).

We consider the solutions (u,p) and (v, q) of the following initial-boundary-value problems for

different Darcy coefficients a; and as, respectively,
V-(pu) = 0, in Qx{t>0},
ou . .
b +OVP = V(@Y - w)I) + V- (VI (u)) —ai(d)u = b*(9)[ulu + dg,

u =0, on 00X {t>0},
w(@,0) = f(x), weq,
and
V-(¢pv) =0, in Qx{t>0},
% +9Vg = V- (¢((V - 0)I) + V - (prV(v)) = a3(g)v — b (d)[v]v + g,
v =0, on I0x{t>0},
v(x,0) = f(x), xeq.

Also, aj(¢) = a1v(1 — ¢) and a5(¢) = asv(1 — @).

Next we introduce the difference variables w, 7 and a*,
w=u—-v, ®™=p—gq, () = aj—a; = av(l—9¢),
where a is the difference coefficient,

a = a;p —as.

(63)

(64)

Therefore, the velocity and pressure differences, w and 7 respectively, satisfy the following

boundary initial-value problem,

V:(pw) = 0, in Qx{t>0},

a{TItU = V- (¢(V-w))+ V- (pvV(w))-

(a1 (P)u — a5(9)v) = b"(9)(|ulu — [v|v) —¢Vm in O x{t >0},
w =0, on 00X {t>0},

w(z,0) = 0, xe.



As a first step, we multiply the momentum equation (66) by w and integrate over €2 to obtain,

d
£/§2¢|w|2dw _ —2/Q¢C(V-w)2d:c—2/ﬂ¢de(w):dea:

— a¥ w|?dx — a*(d)v - wdx — * ulu — |v|v) - wdx.
ZA;A@IId 21;<@ a szwM| o) - wd (69)

By noting that the first term on the right-hand side of (69) is negative and by invoking (36),

we deduce from equation (69) that

in||2 < —2/ oV (w) : Vw dx—2a,v ( LI 1> |wl|?+2av ( LI 1) / é|v||w|dx .
dt Q ¢max d)min Q
(70)

For the first term on the right-hand side of this relation we combine (15) and Poincaré’s in-

equality (45) to obtain

et < = (2o (1 =1+ v )20 (20 -1) |
—||wl|]* < —[(2a1v — 1)+ 22022 ) ||lw]||” + 2av -1 olvl|lw|dx. (71
vl A W [[w| — A |v][w] (71)

Next, we apply the arithmetic-geometric mean inequality in the last term of (71)

| [w| < Iv\zJFEIwI2
vl |w —_—t —
- 2e 2

with the following choice for €

~1
A il I Creb B 7

In this manner, (71) yields
gHw||2 < —(ayv ! —1)+2Xx l/@ |wl|?+
a0 =\ G R

a?v [ 1 VAN B
71 <¢min B 1> <¢max ; 1) ”vH ' (74)

We can then multiply (60) by v and integrate over 2 to derive

d 1
p [v]|* + 2asv (d) 1) lv]? < 0. (75)
The last relation can be readily integrated to yield
]2 < (|2 e 22" (s — 1)t (76)

10



By introducing the estimate (76) in (74), we get

d 2 1 ?nin 2
vl = —{aw P — 1)+ 2 v ) lw||"+

max

~ 2 -1
( 1 —1) ( ; —1) [ £117 o722 (amas =" (77)

ay d)min ¢max

We now integrate the relation above to produce the following estimate

1
L1 I£11?
Jul? < (ﬁﬁ";m _1> :
Pmax ay(ay — 2@2) + 2\ (M)

Pmax

$oin
(ezazvu;wm (e —1>+W¢%mx)t> a. (78)

Inequality (78) establishes the continuous dependence of solutions on the Darcy coefficient a.

According to this estimate, the solution difference w decays to zero as time passes, as is the
case with the structural stability with respect to the Forchheimer coefficients. Now, however,
both ¢max and ¢, enter the exponential term, which in turn implies that the decay rate of w

is not necessarily controlled by ¢max only.

Finally, we note that the factor 2 that multiples as in the term (a; — 2as2) on the right-
hand side of (78) emerges because of the specific way that we applied the arithmetic-geometric
mean inequality to derive (74). If we had used a different choice of € in this inequality, then ag
would have been multiplied by a different factor. In this manner, one can avoid any potential
singularity of the denominator in the above estimate. In other words, the particular term

@min

2
a1(ar — 2a2) + 2\ (m) does not pose any issue for the establishment of the structural

stability of the model with respect to a.

5 Continuous dependence on the shear viscosity

We consider once again the Brinkman—Forchheimer equations for flow in porous media with
variable porosity (1)-(2). Since we are now interested in continuous dependence on the shear
viscosity, we consider the solutions (u,p) and (v, g) of the following initial-boundary-value prob-

lems for different shear viscosities, vy and v, respectively,
V-(pu) = 0, in Qx{t>0}, (79)
Ju N N
Gy TOVP = V- (6((V-u)l) + V- (o1 V() = ai(@)u — b () lulu+¢g,  (80)

u =0, on 90 x{t>0}, (81)
u(xz,0) = f(x), =€, (82)

11



and

V-(pv) = 0, in Qx{t>0}, (83)
¢*+¢>Vq = V- (@C(V-0)I) + V- (00aVI(v)) — a5(¢)v = b (9)vlv + dg,  (84)
v =0, on 00X {t>0}, (85)
v(x,0) = f(x), xeQ. (86)

Moreover, ay(¢) = avi(1 — ¢) and a3 (¢p) = ava(1 — ¢).

Next we introduce the difference variables w, = and a*,

and the difference shear viscosity o
ﬁ = ]/1 — ]/2 . (88)

Therefore, w and 7 satisfy the following initial-boundary-value problem
V-(pw) = 0, in Qx{t>0}, (89)

¢%L: = V- (¢¢(V-w) )+ V- (¢pr1Vi(u)) = V- (¢1nV(v))

— (a}(P)u — a3(¢)v) =0 (¢)(Julu — [v|v) = ¢Vm, in QX {t>0}, (90)
w =0, on INx{t>0}, (91)
w(z,0) = 0, xe. (92)

We multiply the momentum equation (90) by w and integrate over €2 to get

d

7/ Plw|* dx = —2/ #CV - w)? dx — 2/ pr1 VI (w) : Vw dx — / prVi(v) : Vi(w) de
dt Jo Q Q Q

-2 /Q ai(¢)|w|? dx — 2/9&*((;5)11 cwdx — Z/Qb*(¢)(|u|u — |v|v) - wde. (93)
Using relations (10), (15) and (36) we arrive at

1
%HwHZ < _2an (¢> _1> |w||2+2aﬁ< —1>/¢|v||wdac

¢mm
o

ma.

— o, ||Vw|\2—|—2z// SV(v) : Vao| das (94)
For the positive terms inside the integrals of the above relation, we apply the arithmetic-

geometric mean inequality. More specifically, we have that

[ | elwP

< 95
olfw] < 5=+ <20 (95)

12



with the following choice for €

(1 1A\
€ = > <¢max 1> <¢min 1) . (96)

Also, by applying successively the Cauchy-Schwarz and arithmetic-geometric mean inequalities,

we get
Vi) | ¢|Vw]?
Vi) : Vool < Vi) |V < B0 4 VL (97)
with the following choice for €
2 min
¢ = ;’f : (98)
In this manner (94) yields,
d, 1 , ap® [ 1 A R
— < — -1 — -1 -1
dt”w” o “w (¢max > ”w” * V1 (bmin (bmax ”U” M
¢
max Vd 2.
S | V()| (99)
We now multiply (84) by v and integrate over € to get
d 2 1 2 d 2
ZIvl” + 2av . [v]]” + 2 [VE(v)[" < 0. (100)
This inequality is then integrated to yield the relations
]2 < || e 22 (G 1)t (101)
and .
1
/ V)] e ()0 0dy < — || g2 e 2(Fmm 1) (102)
0 V2

By substituting (101) in (99) we get

d 2 aul( 1 71)t a,ﬁ2 1 ? 1 - 2 a(+71)(u172u2)t
= (o] e s 1) < 22 1 —1)  |f)Pe (e +

dt 151 (ybmin a ¢max
~2
QVuibma.x [VA()||2 et (gmm 1) (103)

Integration of the above inequality allows us to obtain

2 ~2
1
lwl* < <¢ . —1) Y 1117 (e (mas =) — o= (s =) 4
v (ks 1) (0 - 2u)
~D t
;/ (Z;max / ||Vd(’U)H2 eam(ﬁ—l)(n—t)dn' (104)
V1®min Jo

13



Then, by introducing (102) in the above relation we obtain the estimate

1 -1 2 1
H,wHQ < <¢n1nn — Vl(yl — 2]/2) HfH2 (672au2(ﬁ*1)t _e*aul(qbniax*l)t) 1)2+
Pmax
¢max 1 2 —ayg(il —1)t ~2
Fmax . 105
R TTLIE i (105)

Inequality (105) establishes continuous dependence of the solution on the shear viscosity v. Once
again, we can observe that the solution difference decays to zero with time. Moreover, according
to this estimate, only ¢.x enters the exponential term in the estimate. Whereas ¢, enters
only the pre-exponential factor. In other words, the decay rate of the velocity difference w is
mainly controlled by ¢nax and to a lesser extent by ¢min-

Once again, we clarify that the factor 2 that multiples v5 in the term (v; — 2v5) on the
right-hand side of (105) emerges because of the specific form of the arithmetic-geometric mean
inequality that we used to derive (99). If we had used a different choice of € for this inequality,
then v5 would have been multiplied by a different factor. In this manner, one avoids any potential

singularity of the denominator in the above estimate.

6 Continuous dependence on the bulk viscosity

We consider the Brinkman—Forchheimer equations for flow in porous media with variable poros-
ity (1)-(2). Since we are now interested in continuous dependence on the bulk viscosity, we
consider the solutions (u, p) and (v, ¢) of the initial-boundary-value problems for different shear
viscosities (; and (o respectively. Next we introduce the difference variables w and 7, and the

difference bulk viscosity (,

w = u—"v, ™ =p—q, §:<1_<25 (106)

so that w and 7 satisfy the following initial-boundary-value problem

V-(pw) = 0, in Qx{t>0}, (107)
B V- (6 W) = V- (6G(V W) )+ V- (V)

—a*(p)w = b (@) (Ju|u — |v|v) — ¢Vm, in Q x {¢t >0}, (108)

w =0, on 90x{t>0}, (109)

w(z,0) = 0, xel. (110)

Continuous dependence on ( is established by repeating the same steps as in the previous section.

The final estimate reads

1 —2av(——— ~
lw]? < @Hfll28 20 G TV (2 (111)

Once again, the solution difference decays to zero as time passes, which is indicative of a stronger

form of structural stability. It is also interesting to observe that, according to this estimate, the
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decay rate of the solution difference is controlled by ¢ma.x. Moreover, it is independent of ¢uin,

in contrast to the estimates for the structural stability on the other physical parameters.

7 Bounds for the kinetic energy

In this section we derive lower and upper bounds for the kinetic energy of the fluid. In order to fix
ideas, let u be a solution to the initial-boundary-value problem associated with the Brinkman-
Forchheimer equations for flow in porous media with variable porosity (1)-(2). First we derive
a lower bound for ||u|| based on the procedure presented in [1] for the case of a medium with

constant porosity. To this end, we introduce K (t) as twice the total amount of kinetic energy,
K(t) = |ul?. (112)
Then by computation and by using (10) and (20), in which we have replaced b} by b*, we get
dK Jdu
22 9 2 de —
dt /qu at “*

B a2 VeV g — 2 . * 3
2 [ 60(V - w?da /¢ Ve v g 2/9 “(@)|uf? da 2/91) (&)|uf* do

<£(). (113)
The quantity £(¢) is defined as
_ v d ., d _ . 2 _ * 2 _é * 3
&) = /ng Vé:vede—2 Q(;SC(V u)* dx Q/Qa (¢)|u|* dx 3/Qb (¢)|u|” dx. (114)

To further analyze the behavior of the kinetic energy, we compute the time derivative of £(t).

Using (10), we have

' q ove o\  a,. - Ou
E——/Q¢VV -y dx — /(bVV(at).V dx 4/Q¢C(V u)(V at)dx

. ou N ou
—4/Qa (P)u - adaz— /b (d))\u|uadw (115)

By applying integration by parts and by inserting (20) (again with b} replaced by b*), we obtain

= /¢Vd

—2/9a*(¢)u —d$—2/b* )|ulw - —daz (116)

Ju
/¢|—\d +2/V¢§V u)) - Edw

From the last equation, by integrating by parts the term involving ¢ and by combining the result
with (115), we get

d — 1d¢ ou ,
Bk S +2 - 11
dt 24t /Qqbl 5‘t| dx, (117)
or, in other words,
d¢ oul|?
= = 4= 11
t H ot (118)
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Also, from (113) we have that

() () () o

By applying successively the Cauchy-Schwarz inequality and (118) we get

ou . \? oul? d¢
4 - < A= = K= 12
([ou Grae) < apur? |5 dt (120)
Introducing the last relation in (119) gives
dK de
—¢& < K—. 121
dt = dt (121)

By integrating the above relation and exponentiating the result, we obtain

_K(®)
1F11?

—={(t) < £(0). (122)

Now, since £ is negative the following relation holds

3 dK
e o<k (123)

By combining this relation with (122) we readily deduce that

£(0)
112

By considering the inequality between the first and last parts of (124), we arrive, upon integra-

2dK

Kt) ey < €0) < 25 (124)

tion at,
, 3E0),
K(t) = [If[" ez, (125)

This estimate serves as a lower bound for the kinetic energy.

Next we consider the initial-boundary value problem (19)-(22) associated with w in which
bt is replaced by b*. We multiply (20) with « and make use of (45) and the porosity bound (5)

to derive

d 1 2\ 2 1
—lulf? + <2a1/ <¢ 1) +1§%m> ||u||2+2b<¢ 1) / SlulPde < 0. (126)
max max max Q

This relation is then integrated to obtain

n 2>\1g¢1%nin >t

— | 2av N
al? < e (ol R (127)

This estimate serves as a first upper bound for K (¢) hence for the kinetic energy.

This estimate can be improved by noting that, by virtue of (125), ||ul is strictly positive.

To this end, we employ the interpolation inequality for standard (non-weighted) L? norms ([34],
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Appendix B) for the function ¢/3u to get

2
2/3 2 1/3 3
</Qq$ | dzc) < /Qqﬁ \u|dm/g¢|u| dz . (128)

We also employ the integral form of the Cauchy-Schwarz inequality

1/2 1/2
/¢1/3|u|dw < </ 1d:c> (/ ¢2/3|u|2dw> , (129)
Q Q Q

By combining (128) and (129) we deduce that

[Jull?

3d — = 130
JREREE —— (130)

where m = m(f2) is the measure (volume) of the domain . Upon substitution of the last

inequality in (126), we arrive at

d 1 2\ 2b 1
%||u||2+ (2au (d) —1) +12> ||u||2+( 7 <¢ - 1) ul> < 0. (131)

max m¢m ax

Next we divide the above relation with —2||u|® we get

d 1 1 My > 1 b ( 1 >
L (w 1) 4 A%min )2 -1) >0, 132
dt ||'LL|| < (¢max > 12nax ||’LL|| (mgf)max)l/Q ¢max ( )

The integration of this inequality reads

>

1 B(Pmax)/2(1 = dmas) L (e )
”u” ml/QV(a¢max(1 - ¢max) + )\1¢12nin)

(ot ) 2o )
171

We can solve inequality (133) to derive an upper bound that is sharper than (127). In summary,

(133)

the following upper and lower bounds are established,
36(0) ,
[fllesin™ < fluf <

[ £ll(a@max(1 — Pmax) + )‘1¢12nin)
a¢max(1 - (bmax) + Al(b?nin + HbeVil (m¢max)1/2 (1 - (bmax)(l - A(t))

where the quantity A(t) is given by,

2
AvPrin ) t
2

—(av(—2t—-1
Alt) = e (w2 (135)

We observe that the kinetic energy decays exponentially with time, just as in the Navier-
Stokes equations. In fact, in the limiting case of a pure-fluid domain, ¢min = Pmax = 1, the

above bounds reduce to those for the kinetic energy of a viscous incompressible fluid described
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by the Navier-Stokes equations [35, 36]. Further, since ¢min and ¢max are less than unity, the
decay rate of ||ul| is faster than in the pure-fluid case due to interphasial drag, as expected.
It is also interesting to observe that, according to (134), the lower bound of the decay rate of
lu|| does not depend explicitly on either ¢min Or Pmax; nonetheless, since || f|| and £(0) depend
implicitly on them, so does the lower bound.

. On the other hand, both ¢n;, and ¢.x enter explicitly the expression of the time exponen-
tial of the upper bound. In other words, the upper bound of the energy-decay rate is controlled
by both porosity extrema.

8 Conclusions

In this paper we considered the Brinkman-Forchheimer model for fluid flow in porous media
of variable porosity and established continuous dependence of solutions on the parameters of
the problem, namely, the Darcy and Forchheimer coefficients of interphasial drag and the shear
and bulk fluid viscosities of the fluid. According to our analysis, the solution difference decays
always with time. Also, in the estimates for the Forchheimer coefficients and shear viscosity,
the decay rate of the velocity difference is principally controlled by the maximum porosity.
More specifically the smaller the maximum porosity is, the fastest the solution difference decays
to zero. Further, in the estimate for the bulk viscosity, the decay rate is independent of the
minimum porosity. Finally, we derived lower and upper bounds for the kinetic energy of the fluid.
Our analysis shows that the kinetic energy decays exponentially but faster than in pure-fluid

domains because of the interphasial drag.
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