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Abstract

This paper offers a systematic treatment of risk-sharing rules for insurance losses, based
on a list of relevant properties. A number of candidate risk-sharing rules are considered,
including the conditional mean risk-sharing rule proposed in Denuit and Dhaene (2012)
and the newly introduced quantile risk-sharing rule. Their compliance with the proposed
properties is established. Then, methods for building new risk-sharing rules are discussed.
The results derived in this paper are shown to be helpful in the development of peer-to-peer
insurance (or crowdsurance), as well as to manage contingent risk funds where a given budget
is distributed among claimants.

Keywords: pooling, peer-to-peer (P2P) insurance, crowdsurance, conditional mean risk-
sharing rule, quantile risk-sharing rule, comonotonicity.



1 Introduction and motivation

In a risk-sharing pool, each participant is compensated from the pool for his or her individual
losses. In return, he or she pays an ex-post contribution to the pool, which is determined so
that the sum of all the individual contributions matches the aggregate loss of the pool. The
simplest case arises when the pool is homogeneous (i.e. the individual losses are identically
distributed) and comprises exchangeable losses. In this case, a natural risk-sharing rule
consists of every participant contributing ex-post an equal part of the aggregate loss and the
latter is thus distributed uniformly over all pool members. We refer the reader to Albrecht
and Huggenberger (2017) for a thorough investigation of the homogeneous case.

The problem to find an appropriate and simple risk-sharing rule in the heterogeneous case
appears to be considerably more complex. For insurance purposes, some degree of standard-
ization is needed so that risk sharing cannot integrate all aspects of individual preferences
(e.g. individual utility functions) but only general behavioral traits, such as risk aversion.
In this setting, Denuit and Dhaene (2012) introduced and investigated the conditional mean
risk-sharing rule, where each participant contributes the conditional expectation of the loss
brought to the pool, given the aggregrate loss covered by the pool. The properties of this
risk-sharing rule have been further explored by Denuit (2019, 2020) and Denuit and Robert
(2020, 2021a-h).

Recently, risk sharing has been re-visited in the context of peer-to-peer (P2P) insurance
or crowdsurance. P2P insurance refers to risk sharing networks where a group of individu-
als pool their resources together to insure against a given peril. P2P insurance systems so
revive the ancestral compensation mechanism consisting in using the contributions of the
many to balance the misfortunes of the few. See, e.g., Abdikerimova and Feng (2021) and
the references therein. Such risk-sharing mechanisms are also found in mutual insurance
arrangements or partnerships among lawyers, farmers, or physicians for instance, who form
risk pools to protect themselves against professional risks. Natural catastrophes and ma-
jor industrial risks (e.g., induced by nuclear plants) are also typically covered by funds or
pools where risk sharing operates. There is thus a clear need for a better understanding of
risk-sharing rules to support the development of these emerging markets or strengthen the
resilience against major risks.

Inspired by the literature devoted to premium calculation principles and risk measures,
we propose a list of desirable properties for risk-sharing rules and we analyze the compliance
of the conditional mean risk-sharing rule and the newly introduced quantile risk-sharing
rule with this list. We also explain how to generate new risk-sharing rules by combining or
adapting existing ones in various ways. This also allows us to bridge seemingly unrelated
risk-sharing rules.

Notice that other authors have proposed relevant properties for risk sharing. For instance,
Hieber and Lucas (2020) imposed self-sufficiency, positivity and fairness for the distribution
of mortality credits in their modern life-care tontines. In economics, Bourles et al. (2021)
studied the implications of altruistic transfers in risk sharing. As far as we are aware, most
properties proposed in the present paper have not yet been formalized in the literature
devoted to risk sharing and open the door to a more systematic treatment of risk-sharing
rules for insurance losses. We do not address the related problem of capital allocation
which requires the specification of risk measures for every participant. Considering personal



insurance lines, it seems indeed difficult that participants elicit risk measures governing their
individual choices. We refer the reader e.g. to Filipovic and Svindland (2008) for a nice
exposition and the connection between optimal capital and risk allocations. Let us also
mention the contribution by Embrechts et al. (2018) who characterize (Pareto-)optimal
risk-sharing rules, where the (Pareto-)optimality is expressed in terms of a sum of quantile-
based risk measures applied to the individual losses in the pool. The approach in the present
paper is different as we investigate properties that risk-sharing rules may or may not obey,
and we determine the properties of some existing as well as newly introduced risk-sharing
rules. Several papers have also been devoted to cost sharing, adopting a game theoretic
perspective. See e.g. Chen et al. (2017) for an application of this approach to risk sharing.
These authors proposed two properties for an allocation rule: stability and monotonicity
employing concepts of core and population monotonicity from cooperative game theory.
Stability requires that no participant would face lower risk if he or she were alone rather
than participating in the pool. Monotonicity requires that a new entry will not lead to higher
risks allocated to existing participants. These concepts are very appealing but they appear
to be difficult to transpose in the setting of this paper because they also require introducing
risk measures. We come back to this issue in the concluding section.

Under pure P2P insurance, participants’ contributions are theoretically unlimited. To
avoid counterparty risk and to be able to deal with larger sums insured, Denuit (2020)
replaced unlimited ex-post contributions with a deposit paid ex ante combined with an ex-
post bonus mechanism restoring fairness, with the guarantee that the final amount due never
exceeds this down payment. Part of the deposit feeds a common fund, while the remaining
part is paid to a partnering insurance or reinsurance company. If the common fund is
insufficient to pay for the claims then the (re-)insurance carrier pays the excess. Conversely,
if the pool has few claims then the surplus is given back to the participants or to a cause
the pool members care about. Denuit (2020) designed this scheme under the conditional
mean risk-sharing rule and we extend it here to any rule satisfying some desirable properties
among those proposed in this paper.

The remainder of the text is organized as follows. Section 2 precisely defines risk sharing
and risk-sharing rules. Some simple examples are given which are further used to illustrate
the properties listed in Section 3. Section 4 is devoted to the conditional mean risk-sharing
rule. After having recalled its definition, we study its compliance with the properties pro-
posed in Section 3. Section 5 introduces the new quantile risk-sharing rule, where participants
all contribute the quantile at the same probability level of their individual losses. The prop-
erties of this new risk-sharing rule are thoroughly investigated. Section 6 proposes different
modifications to the conditional mean risk-sharing rule, resulting from a distribution change
agreed by participants before risk sharing operates. This allows us to relate several exist-
ing risk-sharing rules, which offers a better understanding of their respective properties. In
Section 7, we study the business model underlying the majority of P2P insurance schemes
which essentially reduce to a shared, or pooled deductible where the lower layer is covered
by the participants whereas the upper layer is transferred to an insurer. Section 8 generates
new risk-sharing rules from existing ones, by convex combination, network structure, collec-
tivization of the pool or restriction of the risk sharing to claimant participants. The latter
approach applies to contingent risk funds where individuals contribute ex ante a fixed amount
that is distributed ex post among those participants having experienced a pre-defined event.



The final Section 9 discusses the results in connection to commercial insurance and emerging
P2P insurance. The proofs of the main results are gathered in the appendix.

2 Risk sharing and risk-sharing rules

Consider n individuals, numbered ¢ = 1,2,...,n. Each of them is exposed to some peril
causing a random non-negative monetary loss at the end of a given observation period,
taken to be the time interval (0,1). Let us denote the loss of person i by X; > 0. Unless
stated otherwise, we assume that the random variables X; have finite means. These losses are
defined on a common probability space (2, F,P). We assume that this space is rich enough
to contain all the random variables mentioned throughout the text. A n-dimensional random
vector of losses X,, = (X1, Xo, ..., X,,) will be called a pool (of losses). The joint (cumulative)
distribution function of the pool X, is denoted by Flx,, the marginal distribution functions
of the individual losses being denoted by Fi, Fs, ..., F},, respectively. The total loss faced
by the n participants in the pool X, is denoted by S, = > | X;. Throughout the paper,
all equalities and inequalities between random variables are assumed to hold almost surely.
Similarly, (in-)equalities between random vectors are meant to hold componentwise and
almost surely. The latter are not to be confused with stochastic inequalities (corresponding
to convex order in this paper).

Without any insurance or risk-sharing agreement, any individual bears his or her own
loss, which means that individual 7 suffers the loss x;, where x; stands for the realization
of X;, which will be observed at time 1. Throughout this paper, we make the notational
convention that a random variable is denoted by an upper-case letter (e.g. X;), while its
realization (observed at time 1) is generally denoted by the corresponding lower-case letter
(e.g. z;). A random vector is denoted by a bold upper-case letter with subscript indicating its
dimension (e.g. X,,), while its realization (know at time 1) is denoted by the corresponding
bold lower-case small letter (e.g. ;).

Let us now assume that instead of each individual bearing his or her own risk, the
participants in the pool X, decide to share their risks. Following von Bieberstein et al.
(2019), we focus in this paper on formal risk pools where losses are observable and risk
sharing among members can be specified in an explicit and perfectly enforceable contract,
in the sense of the following definitions.

Definition 2.1 (risk sharing). Risk sharing in a pool X, = (X1, Xo,...,X,) is a two-
stage process. In the ex-ante step at time 0, the random losses comprised in the pool X, are
re-allocated by transforming X,, into another random vector H (X ,,) of the same dimension:

H(X,) = (H (X,),H(X,),. ... H, (X,)), (2.1)

where all H; (X ,,) > 0, and such that the full allocation property

ZHi (X,) = ZXZ- (2.2)

18 satisfied.



The ex-post step takes place at time 1, at the moment that the realization x,, = (x1, %2, ..., T,)
of the pool X, is observed. At that time, each participant i to the pool X, receives the real-
1zation x; of his or her loss X; from the pool. In return, each participant ¢ contributes to the
pool the realization H;(x,) of his or her re-allocated loss H; (X ).

We are now ready to provide a formal definition of risk-sharing rules.

Definition 2.2 (risk-sharing rule). A risk-sharing rule H is a mapping which transforms
any pool X, into another random vector H (X,,) of the same dimension, see (2.1), where
all H; (X,,) >0, and such that the full allocation condition (2.2) is satisfied.

Some risk-sharing rules H depend on individual losses X; only through the aggregate
loss S,,. They are said to be aggregate risk-sharing rules. We refer the reader to Feng et
al. (2020) for a discussion of this kind of rule, in comparison with general ones. For an
aggregate risk-sharing rule H, we will often use the simpler notation H (S,,) for H (X,,).

Depending on the risk-sharing rule under consideration, H may require the knowledge
of the joint distribution function Fx, of X, or just of a set of parameters (such as the mean
values, for instance). By a slight abuse of notation, we keep the simple notation H;(X,,)
for the amount allocated to participant ¢, without referring explicitly to the underlying joint
distribution function or parameter values.

Let us now have a look at some simple examples of risk-sharing rules that will be used
to illustrate the properties listed in the next section. The first one corresponds to the case
where individuals do not pool their risks.

Example 2.3 (stand-alone risk-sharing rule). The case where each participant in the pool
bears his or her own risk can be described by the straightforward risk-sharing rule

H(X,) =X,. (2.3)

This is just the stand-alone situation where each agent keeps his or her own initial loss. The
pool just acts as a register to collect data about individual losses, without re-allocating them
among participants.

The most simple and well-known risk-sharing rule consists of equally sharing the aggre-
gate loss S,. In this case, S, is uniformly distributed over all participants, leading to the
following risk-sharing rule.

Example 2.4 (uniform risk-sharing rule). The uniform risk-sharing rule H"™ is an aggre-
gate risk-sharing rule defined as

uni uni Sn
H; (Xn) = H, (Sn) = Z

. i=12,....n (2.4)

Individual contributions are thus equal for all participants.

Linear schemes have been widely used in a risk-sharing context in practice. In this case,
participants agree to pay the pure premium E[X;] and to divide deviations of S, from the
total pure premium E[S,] (positive or negative) in proportion to some positive coefficients
a;,, summing to 1. Precisely, participant ¢ contributes E[X;]+a;,, (S, — E[S,]). The numbers
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a;,, are called participation coefficients by Schumacher (2018). The design of the allocation
scheme then amounts to select an appropriate set of participation coefficients a;,. Clearly,
such linear schemes allocate the full risk 5, but can also generate negative values, which
contradicts our Definition 2.1. If there is no loss at all, i.e. if S, = 0, then the linear
regression rule would still force all participants to exchange cash which is not reasonable
since there is no loss to compensate for. For these reasons, we restrict our analysis of linear
schemes to proportional rules as the following one.

Example 2.5 (mean proportional risk-sharing rule). The mean proportional risk-sharing
rule HP™P is an aggregate risk-sharing rule defined as

E[X]
E[S,]
Participants adopting HP™® thus agree to take a fized percentage of the total loss S,,, in accor-

dance with the expected values of the risks they bring to the pool compared to the total expected
loss. In particular, if all expected losses E[X;] are equal then H™ (X ,,) = H™ (X,,).

The idea behind the following two risk-sharing rules is that participants can be ranked
according to any relevant characteristic reflecting their risk-bearing capacity, and losses are
allocated to them according to their magnitude.

HP™ (X)) = H”P(S,) =

7 7

S,, i=12...,n.

Example 2.6 (order statistics risk-sharing rule). Recall that order statistics, denoted as
X, correspond to the components of X,, ranked in ascending order, that is, X1y < X(g) <
... < Xy Under the order statistics risk-sharing rule for a pool X, the re-allocated loss
vector is defined by

H™ (X0) = (X, Xy, X)) - (2.5)
Considering for instance age as an indicator of financial strength, the largest loss Xy could
be allocated to the oldest participant, numbered n, the second-largest X,_1y to the second-
oldest numbered n—1, and so on. The risk-sharing rule H is not an aggregate risk-sharing
rule.

Example 2.7 (multiple layer risk-sharing rule). Consider increasing limits 0 < d; <
do < ... < dy_1 defining layers for the total loss Sy, irrespective of the distribution of
X1, Xo,..., X,. Under the multiple layer risk-sharing rule, the re-allocated loss vector for
any X, is defined by

H™ (X,) = H™"(S,) = (min{S,,di }, (Sp—di)+ — (Sn—da) 1., (Su—dp_1)+). (2.6)

Participant i thus covers that part of the aggregate loss S, in the layer (d;_1,d;), setting
do =0 and d,, = c0.

Notice that another possibility would be to let the limits d; depend on the (distribution
of the) total losses comprised in the pool, for instance by taking for d; the quantile at level
i/n of S,. In the definition of the multiple layer risk-sharing rule, the limits are defined
without reference to the total losses and reflect participants risk-bearing capacities.

For applying the uniform, the order statistics or the multiple layer risk-sharing rules,
we do not need to know anything about the joint distribution function F'x  of X,. These
rules are thus free of model risk but are not necessarily reasonable choices, depending on the
circumstances. The mean proportional risk-sharing rule depends on the joint distribution
function Fx, of X, through expected values, only.
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3 Properties of risk-sharing rules

Goovaerts et al. (1984) pioneered the systematic study of the properties that any premium
principle should/could possess. Afterwards, numerous authors suggested various require-
ments that any risk measure should/could satisfy. The interested reader is referred to Denuit
et al. (2005) for a general account of the topic. We provide hereafter a list of reasonable (not
necessarily independent) requirements that a risk-sharing rule should/could fulfill and dis-
cuss their interpretation. Some requirements are directly inspired from premium calculation
principles or risk measures, whereas others are tailored to risk-sharing rules.

3.1 Reshuffling

Let 7 be a permutation of {1,...,n}. We say that the pool X, is reshuffled into the pool
X if both random vectors are composed of the same individual losses, but only their places
are interchanged, that is, X = (X,r(l), Xr@), - Xw(n)). The reshuffling property expresses
the idea that the order in which the individual participants are considered does not change
their contribution. This is precisely stated next.

Definition 3.1 (reshuffling property). A risk-sharing rule H satisfies the reshuffling prop-
erty if for any pool X, and any of its reshuffled versions X, one has that

(i) =j= H;(X,)=H;(X}) foranyi=1,...,n. (3.1)

Example 3.2. The uniform risk-sharing rule satisfies the reshuffling property since individ-
ual contributions are equal for all participants.

Example 3.3. The mean proportional rule satisfies the reshuffling property since

E[Xi]
E[S]

m(i) =j = H""(X,) = Sy = H"P(X7) foranyi=1,...,n.

Example 3.4. Neither the order statistics rule nor the multiple layer rule satisfy the reshuf-
fling property since the numbering of participants reflects their risk-bearing capacity and the
magnitude of losses or layer they assume.

3.2 Normalization

For premium calculation principles, the normalization property means that a zero risk leads
to a zero premium. From the full allocation condition (2.2) and the assumed non-negativity
H; (X,) > 0 for all i, we deduce that

X;=0forall i = H;(X,) =0 for all 7.

It seems reasonable to require that a participant bringing a zero loss should not contribute
ex post to S,. This is in essence the following property, which can be seen as an appropriate
normalization property for risk-sharing rules.



Given a pool X, = (X1, Xs,...,X,), the reduced pool without participant j will be
henceforth denoted as

X;\Z)l = (Xlaw~7Xj—1;Xj+1;'-~7Xn)7 j:2,...,n— ]., (32)

with XM = (X,,..., X,,) and X\ = (X;,..., X,_1), by convention. We are now ready
to state the following definition.

Definition 3.5 (normalization property). A risk-sharing rule H satisfies the normalization
property if for any pool X, with X; =0 for some j =1,...,n, one has that

Hi<X;\j)1) fori=1,...,5—1
Hi (X,) = (3.3)
H_, (X;\z;) fori=j+1,....n

where Xfl\f)l is defined in (3.2), with the understanding that we only keep the second case in
(3.3) when j =1 and the first one when j = n.

Taking into account the full allocation condition (2.2), the normalization property (3.3)
leads to

Considering (3.3)-(3.4), the normalization property means that individual contributions re-
main unchanged if a zero risk is added to the pool and that a zero risk has a zero contribution.
This reasoning can be iterated so that we see that any subset of losses X; = 0 can be ex-
cluded from the risk sharing when participants agree to use a risk-sharing rule satisfying the
normalization property.

Remark 3.6. If the risk-sharing rule satisfies the reshuffling property then the normaliza-
tion property can be defined by considering only a given participant, for instance the last
one. Precisely, a risk-sharing rule H satisfying the reshuffling property also satisfies the
normalization property if for any pool X, = (X3, Xs, ..., X,,_1,0), one has that

H;(X,)=H;(X,1) forall i #n, (3.5)
where X, = (X1, Xo,..., X, 1).
Example 3.7. The uniform risk-sharing rule does not satisfy the normalization property.
Considering for instance n = 3, we see that
X1+ Xy X+ Xy

Himi((XlﬂX%O)) - 3 7£ 9

Participant 3 bringing a zero loss to the pool must also contribute to total losses under the
uniform rule.

= H™((X1,X)).

Example 3.8. The mean proportional rule satisfies the normalization property, as shown
next. Since it satisfies the reshuffling property, it is enough to consider the last participant
and establish the validity of (3.5). Clearly, S, = S,—1 when X, = (X1,Xa,...,X,-1,0)
and X, 1 = (X1, Xo,...,X,—1) so that H?(X,) = H?(X,,_1) fori=1,...,n— 1.
Moreover, H?™?(X,,) = 0 since E[X,] = 0 when X,, = 0.
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Example 3.9. Neither the order statistics rule nor the multiple layer rule satisfy the nor-
malization property since they are both based on a specific ranking for participants to the pool
who are attributed a given order statistic or layer, whatever the loss they bring to the pool.

3.3 Translativity

The property of translativity is often imposed on premium calculation principles as well
as on risk measures. It basically means that adding a constant to a given loss shifts the
premium and capital in a similar way. Hereafter, we define an adapted version of translativity
for risk sharing. Let us introduce the notation 1;, to indicate the nm-dimensional vector
(0,0,...,0,1,0,0,...,0), with all components equal to 0, except the ith component which
equals 1.

Definition 3.10 (translativity property). A risk-sharing rule H satisfies the translativity
property if for any pool X, and any participant j = 1,...,n, one has that

H (X, +c1;,) =H;(X,) forali#j and any c > 0. (3.6)

Translativity of a risk-sharing rule means that in case a particular participant’s loss is
increased by a deterministic amount ¢ > 0, the contributions of the other participants remain
unchanged. Applying the full-allocation property (2.2) to X, and to X, +c 1;,, respectively
leads to

Hj (Xn+01j7n)=Hj (Xn)+C, (37)

which means that any increase of X; by a deterministic amount ¢ > 0 results in the same
increase of the contribution for participant j.

Remark 3.11. If the risk-sharing rule satisfies the reshuffling property, it is enough to
consider a given participant to define the translativity property, for instance the last one
J=n.

Despite its reasonableness, it turns out that translativity is not fulfilled by the simple
risk-sharing rules considered so far (except the trivial stand-alone one).

Example 3.12. The uniform risk-sharing rule does not satisfy the translativity property.
Considering for instance n = 3, we see that

, Ss+ S, i
H™M (X1, Xy, X34 ¢)) = 33 : ?3 = H"™ (X1, Xz, X5)).

Participants 1-2 must thus also contribute to the deterministic increase in the loss brought
to the pool by participant 3.

Example 3.13. The mean proportional rule does not satisfy the translativity property since,

for all i #n,

The constant addition c is thus also shared among all participants under the mean propor-
tional rule whereas for a risk-sharing rule satisfying the translativity property, it should be
assumed by participant n, only.

B X,
HY'P (X + ¢ 1) = = X

el B Sp=H""(X,,).
[Sn + (] o (Xn)



Example 3.14. Neither the order statistics rule (since adding a constant c to X; may modify
order statistics) nor the multiple layer rule satisfy the translativity property.

Some risk-sharing rules satisfying the translativity property will be discussed in the next
sections.

3.4 Positive homogeneity

Positive homogeneity for premium calculation principles and risk measures means that mul-
tiplying the risk under consideration with a positive constant implies multiplying the initial
premium or capital value with the same constant. This property is often associated to inde-
pendence with respect to the monetary unit used for calculation (and not to the currency, as
often wrongly stated). It appears to be reasonable for risk-sharing rules too, and is formally
defined as follows.

Definition 3.15 (positive homogeneity property). A risk-sharing rule H satisfies the posi-
tive homogeneity property if for any pool X,,, one has that

H;(cX,)=cH;(X,) foralli and any ¢ > 0. (3.8)

Example 3.16. The uniform risk-sharing rule satisfies the positive homogeneity property
since

Hiuni(an) = @ = CH;mi(Xn) fOT"i = 1, e,
n

Example 3.17. The mean proportional and the order statistics rules both satisfy the positive
homogeneity property.

Example 3.18. The multiple layer rule does not satisfy the positive homogeneity property
since the limits d; remain unchanged.

Notice that the multiple layer rule fails to fulfill the positive homogeneity property be-
cause the limits d; do not depend on the distribution of the losses comprised into the pool.
Letting these limits correspond to quantiles of .S,,, the positive homogeneity property would
be satisfied.

3.5 Constancy

Let us now consider the case where the risk brought by one participant to the pool is not
random, but equal to some constant ¢ with probability 1. The case ¢ = 0 corresponds to
normalization.

Definition 3.19 (constancy property). A risk-sharing rule H satisfies the constancy prop-
erty if for any pool X,, with X; = c for some constant ¢ > 0 and j = 1,...,n, one has that
(3.3) holds true.



(\9)

Taking into account the full-allocation property (2.2), applied to X,, and X, ", respec-
tively, it follows from Definition 3.19 that
H;(X,)=c (3.9)

The constancy property means that in case the risk brought by participant j to the pool
is equal to some non-negative constant c, then this participant should only contribute that
amount ¢ to the pool, whereas the contributions of the other participants are not depending
on whether the constant is added to the pool or not.

Remark 3.20. If the risk-sharing rule satisfies the reshuffling property then the constancy
property can be defined by only considering a given participant j in the pool with a constant
loss ¢ > 0, for instance, the last one with j = n.

As it was the case for translativity, it turns out that the elementary risk-sharing rules
considered so far do not satisfy the constancy property (except the trivial stand-alone one).

Example 3.21. The uniform risk-sharing rule does not satisfy the constancy property. Con-
sidering for instance n = 3, we see that
uni X +X tc X + X uni
Hl ((XlaX27c)) = : 3 2 7é - 2 2 = Hl ((XI?XQ))
The deterministic loss X3 = c is thus also distributed uniformly over the three participants
and not only supported by participant 3 under the uniform rule.

Example 3.22. The mean proportional rule does not satisfy the constancy property. Indeed,
let X,, = (X1, Xs,...,X,_1,c), for some constant ¢ > 0, and let X,,_1 = (X1, Xo, ..., Xp_1).
Then we have that, for any i # n,
E[X]
E[S,-1 + (]

E[Xz] S = Hiprop (Xn—l)-

Hprop Xn — n
7 ( ) E[anfl]

(Sp-1+¢) #
Example 3.23. Neither the order statistics rule nor the multiple layer rule satisfy the con-
stancy property.

Examples of risk-sharing rules satisfying the constancy property will be discussed in the
next sections.

Remark 3.24 (Normalization and translativity imply constancy). One can easily prove
that a risk-sharing rule H satisfying the normalization property (3.3) and the translativity
property (3.6), also satisfies the constancy property. Indeed, it follows from the translativity
property that for any ¢ # n, we have that

Hi((X1,X2> e 7Xn7176)) = Hz( (X1, Xo, ..., X1,0) + ¢ 1n,n)
= Hi((X17X27 s 7Xn717 O))

Taking into account the normalization property, we then find that
Hi((Xl, X27 e 7Xn—17 C)) = Hi((Xl,XQ, . ,Xn_1>) fori e {1, I 1}

A similar proof can be given for the case where X; = ¢, for any j.
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3.6 No-ripoff

Define the largest value for the loss X; as

F7Y(1) = inf{x € R|Fy(z) = 1},
where inf () = oo, by convention. It seems to be unfair to ask participants to contribute more
than their maximal loss value F;'(1). This is in essence the no-ripoff requirement.

Definition 3.25 (no-ripoff property). A risk-sharing rule H possesses the no-ripoff property
if for any pool X,,, one has that

H;(X,) < F7Y1) foranyi=1,2,... n. (3.10)

Taking into account the fact that the re-allocated losses have to be non-negative, we find
that the no-ripoff condition implies that any reallocated loss H; (X,) is valued in [0, F; " (1)].
This intuitive requirement may nevertheless be violated when participants adopt the simple
risk-sharing rules considered so far, as shown next.

Example 3.26. The uniform risk-sharing rule does not satisfy the no-ripoff property. Con-
sidering for instance n = 2 and Xo = (U, 2U) with U uniformly distributed over the interval

[0, 1], we have

H™((U,20)) = % € [0,1.5]

while F7 (1) = 1.

Example 3.27. The mean proportional risk-sharing rule does not necessarily satisfy the no-
ripoff property since we might end up with H'**°(S,) > F;'(1) when S,, becomes large. This
questions the appropriateness of the mean proportional risk-sharing rule in adverse scenarios.

Example 3.28. Neither the order statistics rule nor the multiple layer rule satisfy the no-
ripoff property.

Examples of risk-sharing rules satisfying the no-ripoff property will be discussed in the
next sections.

3.7 Actuarial fairness

Actuarial fairness of a risk-sharing rule means that on average, participants do neither gain
nor lose from risk sharing, in the sense that their expected contribution (by joining the pool)
is equal to their expected loss (when staying alone).

Definition 3.29 (actuarial fairness property). A risk-sharing rule H satisfies the actuarial
fairness property (or is said to be an actuarially fair risk-sharing rule) if for any pool X,

one has that
E[H;(X,)] =E[X)] foranyi=1,2,...,n. (3.11)
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Example 3.30. The uniform risk-sharing rule does not satisfy the actuarial fairness prop-
erty. Considering for instance n = 2 and Xy = (U,3U) with U uniformly distributed over
the interval [0,1], we see that '
H{‘m((U, 3U)) =2U
and )
E[Hi””((U, 3U))] =1# 3= E[U].

Example 3.31. The mean proportional rule satisfies the actuarial fairness property since

E[X;]

E [Hzprop (X’ﬂ)] = E[Sn]

E[S,| =E[Xi], foranyi=1,2,... ,n.

Example 3.32. The order statistics rule does not satisfy the actuarial fairness property
since the inequalities

E[H(X,)] = E[X@)] = Emin{Xi,..., X,}] < E[X{]

and
E[HY! (X ,)] = E[X()] = Emax{X;,..., X,}] > E[X,)]

n

are generally true, except in some trivial cases. This means that participant 1 gains on
average by joining the pool whereas participant n looses on average by doing so. Also, the
multiple layer rule does not satisfy the actuarial fairness property.

3.8 Willingness to join

Usually, risk-sharing rules are set up such that each person ¢ prefers paying H;(X) over
paying X; corresponding to the stand-alone position. Hence, participants are willing to
join the pool. This preference could be expressed in different ways. It is important to
realize that we aim at some standardization, as it is commonly the case with traditional
insurance products. This is a necessary requirement for managing large insurance pools.
Thus, individual preferences are only partially taken into account. First, by selecting the
level of risk retention at individual level, for instance within a predefined menu of deductibles.
Second, even if the proposed coverage is not optimal for each individual participant, given
his or her particular preferences, it must be attractive to all members of a reasonable class
(e.g. risk-averse) economic agents.

In this paper, we use the following stochastic dominance relations expressing the common
preferences shared by all risk-averse economic agents in the expected utility setting for choice
under risk. Given two losses X and Y, X is said to be smaller than Y in the increasing convex
order, henceforth denoted by X =<jox Y if E[u(w— X)] > E[u(w—Y")| for any non-decreasing
concave utility function u and wealth level w, provided the expectations exist. The increasing
convex order is also called stop-loss order in actuarial science since it can be characterized
by pointwise comparison of stop-loss transforms: X <jcx YV < E[(X — d),]| < E[(Y — d)4]
for all real d. The case where X and Y have the same expected value corresponds to the
convex order <cx which is defined as follows:

X Zex Y & X =icx Y and E[X] = E[Y].
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Thus, <c¢x only applies to losses with the same expected value. The term “convex” is used
since X <cx Y < E[g(X)] < E[g(Y)] for all convex functions g for which the expectations
exist. The stochastic inequality X <cx Y intuitively means that X and Y have the same
“size” (as E[X] = E[Y] holds) but that Y is “more variable” than X. For instance, the
variance of Y is larger than the variance of X. For a thorough description of the convex and
increasing convex orders and of their applications in insurance studies, we refer the reader
to Denuit et al. (2005). A general reference about stochastic order relations is Shaked and
Shanthikumar (2007).

Definition 3.33 (willingness-to-join property). A risk-sharing rule H satisfies the willingness-
to-join property if for any pool X,,, one has that

Hi(X,) 2cx X; holds for everyi=1,2,... n. (3.12)

Remark 3.34. Notice that replacing the convex order <¢x with the increasing convex order
=<1cx in (3.12) leads to the same definition. In other words, it suffices to require <jcx instead
of the stronger <¢x in (3.12). Indeed, this is because

Hi(X,) Zicx X; forevery i = 1,2,...,n = E[H;(X,)] < E[X]] for every i =1,2,...,n.

But the full allocation condition (2.2) implies that

Z E[H;(X,)] = Z E[X]]

so that E[H,;(X,)] = E[X;] must in fact hold for every ¢ = 1,2,...,n, and the stronger
stochastic inequality H;(X,) <cx X; is valid. This reasoning also shows that the willingness-
to-join property for all risk-averse economic agents implies actuarial fairness.

Example 3.35. The uniform risk-sharing rule does not satisfy the willingness-to-join prop-
erty since it is not actuarially fair.

Example 3.36. The mean proportional rule satisfies the willingness-to-join property if

E[X;
HP™P(S,) = [ }Sn =cx X; holds for everyi=1,2,...,n,
E[S,]
which is equivalent to
B[S,] =0x BX] for everyit=1,2,...,n.

The latter <cx-inequality means that S, and X; must be ranked in the Lorenz order. Hence,
the willingness-to-join property does not hold in general for the mean proportional rule but
it does in some particular cases. We refer the reader to Section 2.4.2 in Denuit and Robert
(2021c) for more details.

Example 3.37. Neither the order statistics rule mor the multiple layer one satisfy the
willingness-to-join property, because none of them is actuarially fair.

13



3.9 Fair merging

Suppose that for a given vector of losses X,, we merge the losses X and X; by replacing
X by Xi + X; and X; by 0, i.e. we change X, into X,+X; X (1, — 1;,). Then, a
reasonable property is that the contribution paid by any participant different from k and I
is not impacted by the merge. We will call this condition the fair-merging property. It is
formally defined next.

Definition 3.38 (fair-merging property). A risk-sharing rule H satisfies the fair-merging
property if for any pool X, and any k # [, one has that

H (X, +X; x (1, — ;) = H; (X,,) ifi is different from k and I. (3.13)

Remark 3.39 (fair merging and normalization). Suppose that a risk-sharing rule H satisfies
the fair-merging property. For any X, we have that the lth component of X ,,+X;x (1; — 1;)
is equal to 0. If H also satisfies the normalization property (3.3), we find that

Hl (Xn+Xl X (1]{7“ — 1l7n)) =0. (314)

The full loss allocation condition (2.2) then shows that the following additivity property
must hold:
H, (Xn+Xl X (1k7n — 1l,n)) = H, (Xn) + H, (Xn) . (315)

We thus see that merging X, and X; by replacing X by X;+ X; and X; by 0 does not change
the re-allocated losses (and hence, the contributions) of the participants different from k& and
[. The only changes in the re-allocated losses (and hence, the contributions) are such that
the re-allocated loss of the kth participant equals the sum of the original re-allocated losses
of participants k and [, while the re-allocated loss of participant [ becomes 0. Notice that
the relations (3.13), (3.14) and (3.15) can be summarized as follows: for any risk-sharing
rule satisfying both the fair-merging and the normalization properties, we have

H (Xn + X x (]—k,n — ]-l,n)) =H (Xn) -+ H1<Xn) (]—k,n — 117n)' (316)
Example 3.40. The uniform risk-sharing rule satisfies the fair-merging property since
S

H,L-uni (Xn+Xl X (1k,n - ]-l,n)) = ? = Hiuni (Xn)

for any © different from k and l. However, participants k and [ still have to contribute the
same amount Sy, /n despite their respective losses have been merged implying that (3.15) does
not hold.

Example 3.41. The mean proportional risk-sharing rule satisfies the fair-merging property
since, for any k # 1,

E XZ TO N y
E{S }Sn = H""(X,,) if 1 is different from k and I.

The mean proportional risk-sharing rule also satisfies the normalization property and hence,
also (3.16) holds.

Example 3.42. Neither the order statistics risk-sharing rule nor the multiple layer rule
satisfy the fair-merging property.

Remark 3.43. Under reshuffling, (3.13) only has to hold with a given pair (k,[) to define
fair merging (for instance, k =n — 1 and | = n).

HZPIOP (Xn+Xl X (]—k,n — ]-l,n)) =
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3.10 Fair splitting
Assume that we split the loss X}, for participant k into the sum X ,; + X1, ie.

Xp =X, + Xon1 (3.17)

where X ,; > ( is retained by participant k£ and X,,.1 > 0 is passed to a new participant n+1
(who can be different from or identical to participant k), i.e. we change X,, into

(0t (X6 = X)X Ty, Xon)

A reasonable property for a risk-sharing rule would be that the re-allocated losses (and hence,
also the ex-post contributions) of all participants, excluding k& and n + 1, remain unchanged.
This leads to the following definition.

Definition 3.44 (fair-splitting property). A risk-sharing rule H satisfies the fair-splitting
property in case for any pool X, for any k € 1,2,...,n, and any non-negative random
variables X, and X, satisfying (3.17), one has that

H,(X,)= HZ-( (X, + (X, — Xi) X 1k7n,Xn+1)) if i is different from k and n+ 1. (3.18)

Notice that splitting often results in perfectly dependent (or comonotonic, see below)
pieces in applications to insurance, for instance X; = min{ Xy, d} and X,,,; = (X —d), for
some deductible d, or X; = aXj, and X, 11 = (1 — a)X} for some quota share o € (0,1).
Here, we leave the dependence structure in the pair (X}, X,,+1) unspecified as long as (3.17)
holds true.

Suppose that the risk-sharing rule H satisfies the fair-splitting property. For any X,
the full loss allocation condition (2.2) leads to

zn: H; (X,)= nz H; (X4 (X}, — Xi) X L, Xni1)) - (3.19)

Taking into account the fair-splitting property (3.18), this leads to

H,(X,) = Hi((Xa+ (X — Xi) X Ly, Xp41) )
+Hppr (Xt (Xf — Xi) X Ly Xnt1) ). (3.20)

From (3.18) and (3.19) we thus see that if we split the loss X}, of participant k into a loss X,
for participant k and a loss X,,11 = Xj, — X, for a new participant n+1, then the re-allocated
loss of any participant different from k& remains unchanged, while the orginal re-allocated
loss of the kth participant is equal to the sum of the newly re-allocated losses of participants
k and n + 1 after the split.

Example 3.45. The uniform risk-sharing rule does not satisfy the fair-splitting property.
Considering for instance n = 2 and Xy = X} + X3, we see that

Xi+Xo  Xi+X,
3 7 2

1 (%0, ) + (X = Xo) 1o, X)) = = H{" (X1, X5)).
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Example 3.46. The proportional rule satisfies the fair-splitting property since, for any k €
1,2,...,n, and any non-negative random variables Xz; and X1 satisfying (3.17), one has
that

E[Xi]
E[S,]

Hipmp( (X, + (X, — Xi) X 1k,n,Xn+1)) = S, = H"(X,)
for any © different from k and n + 1.

Example 3.47. Neither the order statistics risk-sharing rule nor the multiple layer rule
satisfy the fair-splitting property.

Remark 3.48. Under reshuffling, it suffices to impose (3.18) for a particular value of &, for
instance k = n.

3.11 Comonotonicity and aggregate risk-sharing rules

Recall that the left-continuous inverse of the distribution function Fy of a random variable
Y is defined by

Fi'(p) = inf{y € R | Fr(y) 29}, pelo,1]. (3.21)
As previously stated, inf ) = oo by convention in (3.21). A random vector Y, = (Y1,...,Y,)
is said to be comonotonic if Y, is distributed as (Fy.'(U),...,Fy'(U)) for some random

variable U uniformly distributed over the interval [0, 1]. Intuitively stated, Y, is comonotonic
if the increase of one of its components implies an increase of all its other components.
Comonotonicity is an important dependency structure, with many applications in insurance
and finance, see e.g. Dhaene et al. (2002a, b) and Deelstra et al. (2010).

In the context of risk sharing, comonotonicity of the re-allocated loss vector H (X,,)
might be a desirable property since it ensures that the interests of all participants are aligned,
in the sense that they all have an interest in keeping their losses as small as possible. This
leads to the following definition.

Definition 3.49 (comonotonicity). A risk-sharing rule H is said to be comonotonic if for
any pool X, one has that H (X)) is a comonotonic random vector.

Comonotonicity is also referred to as the no-sabotage condition, after Carlier and Dana
(2003). It ensures that no individual contribution H;(X,) is allowed to increase more than
the total losses. It turns out that comonotonic pools play an important role in the study of
risk-sharing rules, in the same vein as comonotonic risks do for premium calculation principles
and risk measures. The structure of comonotonic pools is further studied in Section 5.3.1.

We know from Denuit and Dhaene (2012) that H is comonotonic if, and only if, there
exist non-decreasing functions g; such that H; (X,) = H;(S,) = ¢(S,). Comonotonic
risk-sharing rules according to Definition 3.49 are thus necessarily aggregate ones.

Example 3.50. The uniform risk-sharing rule satisfies the comonotonicity property since
the random vector (Sp/n,...,Sy/n) is obviously comonotonic.

Example 3.51. The mean proportional risk-sharing rule satisfies the comonotonicity prop-
erty, since individual contributions are equal to the aggregate losses S, up to positive coeffi-
cients.
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Example 3.52. The order statistics risk-sharing rule does not satisfy the comonotonicity
property, because it is not an aggregate risk-sharing rule.

Example 3.53. The multiple layer risk-sharing rule satisfies the comonotonicity property,
since the payment in each layer is a non-decreasing function of S,.

3.12 Stand-alone for comonotonic losses

Within a comonotonic pool, it is reasonable to expect that each participant remains with his
or her own loss since no diversification benefit can result from pooling in that case. Hence,
the stand-alone risk-sharing rule appears to be reasonable in that case. These considerations
lead to the following definition.

Definition 3.54 (stand-alone property for comonotonic losses). A risk-sharing rule H is

said to satisfy the stand-alone property for comonotonic losses if for any comonotonic pool
X, one has that H (X)) = X,,.

Example 3.55. The uniform risk-sharing rule does not satisfy the stand-alone property for
comonotonic losses. Considering for instance n = 2 and X9 = (U,2U) with U uniformly
distributed over the interval [0, 1], we see that

H™((U,20)) = % £U.

Example 3.56. The mean proportional risk-sharing rule does not necessarily satisfy the
stand-alone property for comonotonic losses since X; does not necessarily coincide with
ggﬂ Sn when X, is comonotonic. The same comment applies to the order statistics and
the multiple layer rules which do not satisfy the stand-alone property for comonotonic losses.

The stand-alone property for comonotonic losses will be satisfied by some of the risk-
sharing rules discussed in the next sections.

4 Conditional mean risk-sharing rule

4.1 Definition

Let us recall the definition of the conditional mean risk-sharing rule introduced by Denuit
and Dhaene (2012).

Definition 4.1 (conditional mean risk-sharing rule). A risk-sharing rule H is the conditional
mean risk-sharing rule in case for any pool X,,, the contribution for individual i is given by

Hi(X,)=Hi(S,) =E[X;|S,], i=12....,n (4.1)

The conditional mean risk-sharing rule is henceforth denoted as H™.
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Under H™, each participant must contribute the expected value of the loss brought to
the pool, given the total loss S,, experienced by the pool. When Var[S,] < oo, we have

BI(X; — H{™(5,))"] = minB[(X; ~ £ (5,))"].

where the minimum is taken over all measurable functions f such that Var[f (S,)] < co. In
words, the contribution H{™(S,,) paid by participant i is the closest to the loss X; brought
to the pool, in the sense that it minimizes the expected squared difference of the risk X;
and any measurable function f(S,,) of the total loss S,,. It then follows that the net pooling
effects X; — H{™(S,,) are uncorrelated among participants.

4.2 Properties

In Denuit and Dhaene (2012), several properties of the conditional mean risk-sharing rule
were proven, with special emphasis to Pareto optimality. Let us now establish the validity
of the properties presented in the preceding section for this risk-sharing rule.

Proposition 4.2. The conditional mean risk-sharing rule H™ satisfies the reshuffling prop-
erty, the normalization property, the translativity property, the positive homogeneity property,
the constancy property, the no-ripoff property, the actuarial fairness property, the willingness-
to-join property, the fair-merging property, the fair-splitting property, and the stand-alone
property for comonotonic losses. The conditional mean risk-sharing rule does not necessarily
satisfy the comonotonicity property.

The proof of Proposition 4.2 is given in Appendix A. We can see that the conditional
mean risk-sharing rule enjoys all the properties listed in Section 3, except the comonotonicity
property. This property is nevertheless valid in particular cases, when the conditional expec-
tations s — E[X;|S, = s] are all non-decreasing. Some sufficient conditions for this property
to hold can be provided for pools comprising independent losses, such as the log-concavity
of the distributions of the losses X; or the large-pool case. We refer the reader to Denuit
and Robert (2021c, 2021e) for more details.

Remark 4.3 (conditional mean and uniform risk-sharing rules). Obviously, the uniform
risk-sharing rule H"™ is not appropriate in all situations. The typical situation where it is
appropriate is exchangeability. Recall that X, is called exchangeable if its joint distribution
function Flx, is symmetric in its arguments. This means that for any permutation 7 of
{1,...,n}, the random vector (Xr(1), Xr(2), ..., Xr@n) is distributed as X,,. In particular,
if X, is exchangeable then X;, X5, ..., X, are identically distributed and the pool is
homogeneous. If X, is exchangeable then we have for any i # j in {1,2,...,n} that

E[X;|S,] = E[X;|S,,] ZEXk]S .

This shows that _
X, exchangeable = H(X,) = H"™(X,). (4.2)

We refer the reader to Charpentier et al. (2021) where the uniform risk-sharing rule is
applied to independent and identically distributed losses.

18



5 Quantile risk-sharing rule

5.1 Definition

For any random vector X,, = (Xj,...,X,) with respective marginal distribution functions
Fy,...,F, and a random variable U uniformly distributed over [0, 1], we define the comono-
tonic counterpart X, of X, as X;, = (F{ ' (U),...,F,; ' (U)), with corresponding comono-
tonic sum S given by

S =S R W) (5.1)

In addition to the left-continuous inverse (3.21), we will also need the right-continuous one.
Recall that the right-continuous inverse of the distribution function Fy of some random
variable Y is defined by

Pyt (p)=sup{y eR| Fy(y) <p}, pel0,1], (5.2)

where sup () = —oo by convention. For any a € [0, 1], we define the a-inverse Fy 1) of By
following Dhaene et al. (2002a) as the following convex combination of the inverses £} ' and
F;H of Fy:

R p)=a By p) + (1=a) ), pe(01). (5.3)

For any y in (Fy'*(0), Fy,'(1)), defining o, € [0,1] as

Fy' (Fy () -y o 14 -1
oA Ly EYW) £ B (E )

ay = (5.4)

1 otherwise

we see that the identity
F ) (Fy(y) =y (5.5)

holds true. By convention, we set a,, = 0 in case Fy(y) = 0 and o, = 1 in case Fy(y) = 1.
We are now ready to state the definition of the quantile risk-sharing rule.

Definition 5.1 (quantile risk-sharing rule). A risk-sharing rule H is the quantile risk-
sharing rule in case for any pool X, the contribution for individual i is given by
Hi(X,) = F ") (Fo (S,)),  i=12,...,n. (5.6)

(2

In (5.6), SS stands for the comononotic sum defined in (5.1), while ag, satisfies
Fg.) (Fs. (Sa)) = S (5.7)

The quantile risk-sharing rule is henceforth denoted as HY™™.

In words, (5.6) means that every participant contributes an amount corresponding to
the generalized quantile of his or her individual loss, at the same probability level. Let us
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comment on the definition (5.7) for as,. For any outcome s € (Fg'*(0), F5'(1)) of S,, we
have that a; € [0, 1] is determined from

Fo*) (Fsg(s)) = s. (5.8)

The conventions stated before imply that
Fg' ) (Fse (s ZF 19 (Fye (s)) for any s € R (5.9)

which follows from the well-known additivity property of the generalized quantiles of a
comonotonic sum; for more details, see Dhaene et al. (2002a). Taking into account (5.7),
(5.9) shows that the full loss allocation condition (2.2) is fulfilled. In case the individual
contributions are determined with the quantile risk-sharing rule, each member of the pool
contributes the same generalized quantile of his or her own loss X; and the probability level
of the generalized quantile is determined such that the sum of the contributions constitutes
the aggregate loss.

Remark 5.2. If all marginal distribution functions F; are strictly increasing on (F 5 T(0), Fg! (1))

n

then the quantile risk-sharing rule simplifies into
HM(S,) = F7 ' (Fse (Sn)), i=1,2,...,n. (5.10)
Also, (5.7) reduces to Fs_;l (Fs: (s)) =s.

The following simple example compares the quantile risk-sharing rule and the conditional
mean risk-sharing one, showing their respective differences.

Example 5.3. Consider the pair of individual losses Xo = (X3, Xo) with X1 = 2U and
Xy =1 —U where U is uniformly distributed over the interval [0,1]. The aggregate loss is
given by Sy = 1+ U, which takes values in (1,2). It is straightforward to verify that for any
p in [0,1] we have that F;*(p) = 2p and Fy ' (p) = p. The comonotonic modification of X
s given by

X5 = (F7'(U), F ' (U)) = U, D).

The corresponding comonotonic sum equals S5 = Fy ' (U) + Fy ' (U) = 3U. Its distribution
function and quantile function are given by

Fsg(s) = g, for any s in [0, 3]

and
Fs_gl(p) = 3p, for any p in [0,1].

The conditional mean risk-sharing rule for Xo is given by
chm(SQ) - E [Xl ‘ SQ] - X1 - 252 - 2 - 2U

and
H3"(S2) =E[Xp [ S] =Xo=2-5=1-U,
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so that H*"(X ) = Xo, which means that each participant pays his or her own individual
loss.
The quantile risk-sharing rule is given by

uan - 2 2
HI™(Sy) = Fi ' (Fsg (S2)) = 552 = 3(1 +U)

and
uan _ 1 1
HY"™™(Sy) = Fy ' (Fg (S2)) = 552 = 5(1 +U),

so that H™(X,) # X,. The contributions are comonotonic in this case. Notice that

Fsg (S2) is uniformly distributed over the interval (%, %) The distribution functions

X .
Fugoisn () = 5 for any = in (0,2),

and

3 , 2 4
FH?uant(Sz)(x) =5 1 for any x in (3, 3) ,
cross exactly once, with the first one having the larger right tail. Since the corresponding
expected values are equal, this means that they are ordered in the convex order sense:

Hfluant<5«2) jCX Hi:m(sz) — X1 — 2U (511)

Also, Fygm(sy)(z) = x for any x in (0,1), while Fngant(SQ)(x) =3z —1 for any x in (3, 2).
Proceeding as above, we find the following convex order relation:

ngant(sz) jCX H;m(52) — X2 =1-—-U. (512)

Assuming that both participants are risk-averse, we can conclude that each of them will
prefer the quantile risk-sharing rule over the conditional mean risk-sharing rule (which in
this example, comes down to bearing his or her own risk). The quantile risk-sharing rule
thus improves the situation for both participants in this example.

Remark 5.4. Notice that quantiles are often not applicable at individual level to determine
premiums. This is because of the high probability mass at zero exhibited by individual
insurance losses, with P[X; = 0] = F;(0) often in the range 90-99%, so that F, *(p) = 0
for p up to 90-99%. Hence, if premiums charged by the insurer correspond to quantiles
at probability level p, the corresponding premium amounts are 0 if p is smaller than the
probability mass at zero. A comparable situation may arise with the quantile risk-sharing
rule, as shown next.

Due to the special nature of the comonotonic support, see formula (C.1) in Appendix C,
there is a unique point @,, corresponding to any outcome s of S¢, of the form (C.2). For any
possible outcome of S, there is thus a unique point «,, in the connected support of St of
which the components sum to s. The components x; are precisely the values involved in the
quantile risk-sharing rule. Hence, the probability that S is smaller than, or equal to s is
equal to the value of the joint distribution function of X7, at that point, and we know from
Dhaene et al. (2002a) that the joint distribution function of a comonotonic random vector
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is equal to the mininimum of the respective marginal distribution functions. This allows us
to write

Fa () = min { Fy (F7 ') (Fie () ), B (B9 (Fie () ) - (5.13)

Now, consider losses X; obeying zero-augmented distributions, as those encountered in
the majority of insurance applications (compound Poisson distributions with continuous
severities, or zero-augmented Gamma or LogNormal distributions, for instance). This means
that F;(0) > 0 and F; is continuously increasing over (0,00). Then, formula (5.13) shows
that the identity Fs.(0) = min{F1(0),..., F,(0)} is valid. Once the value of S, is known
to be equal to s, two situations may occur. Either Fg.(s) > max{Fi(0),...,F,(0)} and
every participant contributes to the total loss, that is, H"*™(s) > 0 for all 4. Or Fs.(s) <
max{F;(0),..., F,(0)} and participants with larger probabilities masses at zero, or no-claim
probabilities, i.e. those participants i for which Fg.(s) < F;(0) do not have to contribute
ex post. Assuming that participants are numbered so that F1(0) < F3(0) < ... < F,(0)
and that s is such the F}(0) < Fse(s) < Fj41(0), this implies that participants j +1,...,n
do not have to contribute to S,. This may lead to problematic situations in P2P insurance
schemes since it is reasonable to expect that all participants putting the pool at risk must
contribute to S, ex post. Assume for instance that the realizations of losses Xi,..., X, _1
are all 0 but that X,, = x, > 0. If x,, is such that F(0) < Fse(2,) < F5(0) then participant
1 will have to pay x, (alone) while participant n is the only one having caused some loss
within the pool. This may cause moral hazard issues.

If no-claim probabilities are all equal then the problem disappears. This is the case when
F;(0) are all zero, or can be considered as being negligible (for instance when Xi,..., X,
correspond to business lines or insurance portfolios). The problem also disappears when the
number of participants to the pool becomes sufficiently large, as shown next. The probability
that every participant contributes to the total loss is given by

P[HM™™(S,) > 0 for all i] = P[Fs. (S,) > max{F;(0),..., F,(0)}].

If participants are numbered so that F;(0) < F5(0) < ... < F,(0) then this probability is
also equal to

P[S, > Fg'(F.(0))] =P

5> S F(R0)

Let us now consider large pools, i.e., the number n of participants becomes larger and larger,
and assume that, for all i = 1,..., n, the inequality F;(0) < n holds for some 0 < n < 1. If
forall=1,...,n and for some 0 < e < 1,

F7l'(n) < (1-e)E[X]],
then, provided a law of large numbers applies to individual losses X;, the probability that

every participant contributes to the total loss under the quantile risk-sharing rule tends to
1 as n tends to infinity.

Remark 5.5 (quantile and uniform risk-sharing rules). If X, X,..., X,, are identically
distributed with common distribution function F' then the full allocation condition gives
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S, = nF~1@sn) (FS% (Sn)) This shows that

- S,

nguant (Xn) = ;™ (Sn) =

n

whatever the dependence structure of individual losses X;. More generally, the quantile risk-

sharing rule does not take into account the dependency structure between the individual
losses.

Example 5.6 (scale proportional risk-sharing rule). If F; (z) = F (z/0;) for some distribu-
tion function F and some particular scale factors o; > 0, then

nguant(Xn) _ CTiF_l(aSn) (FS; (Sn)) fOT 1= 1, coe, N

The full allocation condition then gives

Sn

F—l(asn) (FSTCL (Sn)) — Z:”ia-
=19

which allows us to conclude that

H™™ (X ) = S
ijl U]

whatever the dependence structure of the individual losses X;. The quantile risk-sharing rule
then coincides with the scale proportional risk-sharing rule H*™® where participants agree to
share the total loss S, according to ratios based on their respective scale parameter, divided
by the sum of all scale parameters.

5.2 Properties

Let us now establish the validity of the properties presented in the Section 3 for the quantile
risk-sharing rule.

Proposition 5.7. The quantile risk-sharing rule H™™ satisfies the reshuffling property,
the normalization property, the translativity property, the positive homogeneity property, the
constancy property, the no-ripoff property, the comonotonic property, and the stand-alone
property for comonotonic losses. The quantile risk-sharing rule does not necessarily satisfy
the actuarial fairness property, the willingness-to-join property, the fair-merging property,
and the fair-splitting property.

The proof of Proposition 5.7 is given in Appendix B.

Remark 5.8. Notice that the quantile risk-sharing rule H*" satisfies the fair-merging
property when X, and X; are comonotonic since the identity F );kl(f})(l (p) = F );11(01) (p) +

F );ll(a) (p) holds true for all probability levels p and all « in this case, and because of full
allocation. Similarly, the quantile risk-sharing rule satisfies the fair-splitting property in the
particular case where X ,; and X, are comonotonic.
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5.3 Links between conditional mean and quantile risk-sharing rules
5.3.1 Comonotonic pools

Comonotonic pools play an important role in the study of risk-sharing rules. Within comono-
tonic pools, every individual loss is in fact an increasing function of the aggregate loss of the
entire pool, as shown next.

Proposition 5.9. The pool X,, is comonotonic if, and only if,
X, = (hl(Sn), ha(Sn)s .- hn(Sn)) (5.14)
with the functions h;,1=1,2,...,n, given by

hi(s) = e (Fse (s)), for any s € R, (5.15)

where ay is defined by (5.8).

The proof of the new characterization of comonotonicity in Proposition 5.9 is given in
Appendix C.

Consider a comonotonic pool X,,. From equations (5.14) and (5.15) in Proposition 5.9,
we find that

Conversely, if

holds with E [X; | S,,] non-decreasing in S, for all ¢ then it follows that X, is comonotonic.
This leads to the following new characterization of comonotonic pools in terms of those left
unchanged by the conditional mean risk-sharing rule.

Proposition 5.10. The pool X, is comonotonic if, and only if, it admits the representa-
tion (5.16) where the conditional expectations E[X; | S,], i =1,2,...,n, are non-decreasing
functions of Sy,.

Proposition 5.10 gives a useful characterization of comonotonicity in terms of the con-
ditional expectations defining the conditional mean risk-sharing rule. Propositions 5.9 and
5.10 clearly show that a pool is comonotonic if, and only if, the individual losses it comprises
can be considered as increasing functions of the aggregate loss, meaning in fact that the
randomness of any individual loss is only caused by the randomness of the aggregate loss.

Propositions 5.9 and 5.10 can be summarized as follows.

Proposition 5.11. The following statements are equivalent:
(1) The pool X, is comonotonic.
(2) X, = H™(X,).

(3) X,, = H™(X,,) with all H"™(X,) non-decreasing functions of S,,.
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5.3.2 Marginal VaR

The risk-sharing rules H™ and H*" can both be obtained from marginal VaR, as shown
next. For A € R, let S, (A) = > " AX; and S5 (A) = >0 A X Assume that X,
has a strictly positive density function. It is well-known that Fg }(A) (€) and F‘;;(A) (€) are
positive-homogeneous function of order 1 with respect to A. By Euler’s rule, we deduce

_ n aFglA (6) - n aFK;Cl)\ (6)
FSHI()\) (€> = Z )\z% and FS;()\) (6) = Z Az#
=1 ' i=1 i

We then have

OF;' () OFg. ) (€)
n()\) — Sn(A) -
——= E[Xi[S, (A) = Fg (5 (€)] and —on ~ Fh (e).
Hence, we see that
0F§1 (€)
n()\) cm
_ onlN) A7 = H™X
O, )
A=1,e=Fs,, (Sn)
OF . (€)
< (A) quant
—on M 27 = H; Xn).
o i (Xa)
EZFS% (Sn)

6 Generalized conditional mean risk-sharing rules

6.1 Change of distribution

It is possible to offer an additional degree of freedom to the group of participants by allowing
them to base the risk-sharing rule on another distribution for X, they agree about, leaving
the total loss S,, to be shared unchanged. Thus, all participants agree to replace the actual
(distribution of) loss random vector X,, with (the distribution of) another random vector for
the sake of risk sharing. The latter is called the modification of X ,, and henceforth denoted as
M(X,)=(M(X,),...,M,(X,)). Possible reasons why participants choose a modification
of the pool to share could be that the joint distribution function of the original pool is only
partly known, or they do not want to take into account the dependency structure (maybe
because it is unknown). The comonotonic version X¢ is an example of such a modified loss
random vector that only depends on the marginal distribution functions of the original pool.
This suggests to adopt the following definition.

Definition 6.1 (generalized conditional mean risk-sharing rule). A risk-sharing rule H is
a generalized conditional mean risk-sharing rule in case for any pool X, there is a modified
loss random vector M (X ,,) with sum T,, = Y, M;(X,,), such that the ex-post contribution
of individual i is given by

Hi(s)=E[M(X,) | Th=s], i=12....n, (6.1)

where s is the realization of S,. The generalized conditional mean risk-sharing rule for a
pool X, based on modified losses M (X ,,) is henceforth denoted as H*™(X,; M (X,,)).
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Some compatibility conditions are needed so that conditional expectation in (6.1) is well
defined and (6.1) defines a risk-sharing rule. Henceforth, we always assume that the modified
loss random vector M (X,,) is such that any outcome of S, is also a possible outcome for
T,. Stated more formally, the support for S,, (defined as the set of all the possible values
for S,,) has to be included in the support of 7,, so that the conditioning makes sense. This
is generally satisfied in applications to insurance where the supports of S,, and T,, are often
[0, 00). Henceforth, we tacitly assume that the compatibility condition is fulfilled.

By a suitable choice of M (X,,), we can then relate many risk-sharing rules to the condi-
tional mean risk-sharing one. For instance, we know from implication (4.2) that the uniform
risk-sharing rule is equivalent to the conditional mean risk-sharing rule with M (X,,) ex-
changeable. This is the approach proposed by Skogh and Wu (2005) who argue that agents
presuming that they are faced with exchangeable risks can share them mutually beneficially.

Example 6.2 (Mean proportional risk-sharing rule as generalized conditional mean risk-shar-
ing rule). The mean proportional risk-sharing rule appears to be a generalized conditional
mean risk-sharing rule by choosing for M (X,) a positive random vector with an infinitely
divistble distribution whose component means are the same as X,,, as shown by Denuit and
Robert (2021g).

6.2 Quantile risk-sharing rule as generalized conditional mean risk-
sharing rule

In this section, we consider the generalized conditional mean risk-sharing rule, where for any
pool X, we set M(X,) equal to its comonotonic version X¢, = (F; " (U),...,F,* (U)),

n

with U uniformly distributed over the interval [0, 1]. This leads to the following definition.

Definition 6.3 (comonotonic conditional mean risk-sharing rule). A risk-sharing rule H is
the comonotonic conditional mean risk-sharing rule in case for any pool X ,,, the contribution
for individual i is well-defined and given by

H;(s)=E[X{| S, =5], i=1,2,...,n, (6.2)

where S& = > | X¢ and s is the realization of the pool’s aggregate loss S,,. The comonotonic
conditional mean risk-sharing rule is henceforth denoted as H™.

The risk-sharing rule H°™ is thus obtained from H“™(X,) = H*"(X,; X)), where
S¢ corresponds to T;, in (6.1).

Notice that even with the comonotonic version of X,,, some compatibility conditions are
needed to properly define the generalized conditional mean risk-sharing rule. Consider for
instance n = 2 with X; and X, independent and uniformly distributed over the union of
intervals [0, 1] U [2,3]. The support of Sy is [0, 6] whereas the support of S5 is [0, 2] U [4, 6].
If the outcome of Sy is 3 then the conditional expectation (6.2) is not defined. This kind of
problem does not happen with losses having strictly increasing distribution functions over
the interval [F;"'7(0), F;'(1)]. Another simple sufficient condition is that the support of all
losses X; is the set of non-negative real values. The risk-sharing rule H*™ is thus applicable
in insurance studies where losses generally obey zero-augmented distributions (as defined in
Remark 5.4).
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Let us now investigate the relation between the risk-sharing rules H%*"* and H*™. From
the definitions of H* and H™, together with Proposition 5.11, we see that for any pool
X, with aggregate loss .5,,,

H{™ (s) = B[X7 | 87 = 5] = F; 1) (Fyg () = H™™ (s),
for any i = 1,2,...,n. This leads to the following result.

Proposition 6.4. For any pool X,, for which the comonotonic conditional mean risk-sharing
rule is well-defined, one has that H™ (X)) = H“™ (X,).

In the following example, we compare the conditional mean risk-sharing rule, the comono-
tonic conditional mean risk-sharing rule, and the quantile risk-sharing rule in a simple case.

Example 6.5 (Continuation of Example 5.3). Consider again the pair of individual losses
Xy = (X1, Xy) with Xy = 2U and Xy = 1 — U. The comonotonic conditional mean risk-
sharing rule H*™ defined in (6.2) applied to X gives rise to

ccm Cc (& 2
H{™™ (s) = BE[XT | 55 = 5] = 3°

and )
HE™ (5) = B[Xg | S5 = 5] = 5,

which means that 9
chcm (SQ) = gSQ ==

Wl o

(1+U)# X
and

1 1
chm (SQ) - gSQ — g (1 + U) 7é X2.

In this example, the comonotonic conditional mean risk-sharing rule leads to comonotonic
contributions. Summarizing what has been obtained in this example and Example 5.3 for the
pool X9 = (X1, Xs) = (2U,1 = U), we have that

2

Hquant (Xg) — Hccm (XQ) _ (3

1
(1+U),3(1+U)>
while

H™ (X)) =X,=(2U,1-10),

which is in line with Proposition 6.4.

6.3 Generalized proportional rules as generalized conditional mean
risk-sharing rules

The change of distribution can also operate on the random vector of proportions. To this
end, notice that the conditional mean risk-sharing rule can be rewritten as

H™(Sn) = E[X; [ 5] = S,E [0 (5,)]
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where the vector of proportions @, (s) is defined as

@n(s):<?,...,?>‘5n:5.

An extension of the conditional mean risk-sharing rule can then be obtained by replacing
(8, (5)),=o With a modified vector of proportions (M (0, (s) ))S>0, but leaving the distri-
bution of S, unchanged. This defines the generalized conditional mean risk-sharing rule
H*™" (-, M(0,)) as

HE™ (Sn; M(@n)) = S,E[M;(©, (S,) |S,]

where M (©,,) is the modified vector of proportions that may be correlated with S,,. An
alternative to replacing X,, with M (X,,) thus consists in adopting another distribution for
the random vector of proportions ©,,.

Example 6.6. Consider absolutely continuous individual losses X; with marginal distribu-
tion functions F;, i = 1,...,n. Assume that M (©,, (s)) obeys the Dirichlet distribution with
parameter o (s) = (a1 (8; F1) a2 (85 F2) ...y (83 Fy)) with ay(s; Fy) > 0 fori=1,...,n.
Then

; (s; F})
Z?:l aj (s 1)
Total losses S, are thus distributed among participants according to the proportions
@i (Sp; F5) [ 35— @ (Sus Fy). In particular, if a; (s, F;) = E[X,] then

E[M;(84 ()] =

HE™ (S,: M(©,)) = gg} 5 = HP(S,)

and we recover the mean proportional risk-sharing rule.

7 Pooled deductible

The pure P2P insurance approach described in the preceding sections requires a high level of
trust since the contributions to be paid ex post remain unknown until the end of the period,
and some participants may be unable, or unwilling to pay their contributions at that time.
Also, unless participants are ready to pay expensive contributions, the risk-bearing capacity
of the community is limited. This is why an alternative approach may be interesting.

In this section, we extend the system proposed by Denuit (2020) under the conditional
mean risk-sharing rule and the no-sabotage condition to any comonotonic rule. It is based
on a pooled deductible of amount d where the lower layer (0,d) of S, is retained by the
community whereas the upper layer (d, co) is transferred to an insurer. By partnering with an
established insurance company, the community benefits from the claim settlement expertise
developed by the insurer and its risk-bearing capacity. Each participant brings a deposit ex
ante, replacing the insurance premium, with the guarantee that the final amount due never
exceeds this down payment. The cash-back or give-back mechanism then operates ex post to
distribute the surplus among members of the community. If members are offered the choice
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among different causes they care about, it is important to allocate the surplus to each of
them, individually. This system is precisely described hereafter.

Consider a risk sharing rule H satisfying the fair-splitting, the fair-merging, and the
willingness-to-join properties. This ensures that the system is attractive to risk-averse in-
dividuals and that there is no incentive in artificially splitting or merging individual losses.
Also, assume that H is comonotonic (and is thus an aggregate risk-sharing rule). Aggre-
gate loss S, is the sum of the comonotonic random variables H;(S,,) by the full-allocation
property (2.2). Corollary 7.2.1 in Dhaene and Linders (2019) then shows that there exist
dy,...,d, for any d € (Fg'"(0), F5 (1)) such that 37", d; = d and the identities

(d—Sn)p = (di— Hi(Sn)), and (S, —d)y = > (Hi(S,) — di)+ (7.1)
i=1 =1
both hold true with
di=Fy s (Fs, (d), i=12...n, (7.2)

where g is given by (5.4).
Identities (7.1) allow us to compute the respective contributions for each participant to
the retained loss min{S,,, d} since

min{S,,d} = d—(d—5,)+

= Zmin{Hi(Sn), d;}. (7.3)

The loss min{S,, d} retained by the pool is thus distributed among its members according
to formula (7.3) and the contribution paid by participant i for the lower layer (0, d) is equal
to min{ H;(S,,), d;} where d; is obtained from (7.2).

The deposit m; to be paid ex ante by participant ¢ is decomposed into

pP2p

SL
=m0 T

supplemented with expenses, where 7F%F is used to cover the lower layer shared within the

P2P community and 72 is the contribution to the price of the stop-loss protection for the
upper layer (d,00). To ensure that the community has enough financial resources to cover
the lower layer, we must have d = > | 7F'?" and we take 7}?" = d;. The surplus that can

be shared among participants or given to a charity is

n

Bpop = (d—S,), = > (di = Hi(Sh)) ,

i=1

by virtue of (7.1). If the community decides to distribute Bpop among participants then the
cash-back B; = (di — Hl-(Sn)) N is paid to participant 7. In case participants can select the
cause they care about then B; is the amount of give-back in favor of the charity elected by
participant i.
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Let us now explain how to allocate the stop-loss premium for the upper layer (d,co)
among participants. To this end, assume that the price of the stop-loss protection is of the
form

misL = (14 0s1)E[(S, — d) 4]

where g, is the loading applied by the insurer covering the upper layer (d,oc0). Identities
(7.1) then provide us with the appropriate allocation rule: participant i pays

7 = (1+ 0sL)B[(Hi(S,) — di) ]

for the transfer of the upper layer (d, o0). These amounts sum to 7gy,.

Since the insurer charges a loading in addition to the pure premium for the stop-loss
protection, the system cannot be fair as a whole. If the risk-sharing rule H satisfies the
actuarial fairness property then the pooled deductible system is fair if we exclude this loading:
the expected amount of contribution paid by participant i, taking the cash-back/give-back
mechanism into account is equal to the expected loss E[X;] brought to the pool. This can
be established following the same reasoning as the one in Denuit (2020) for the conditional
mean risk-sharing rule.

8 Some non-aggregate risk-sharing rules

In the previous sections, we mainly presented and discussed aggregate risk-sharing rules. Let
us now introduce several risk-sharing rules that do not depend only on the sum .S,,.

8.1 Convex combinations

Participants could combine several risk-sharing rules since any convex combination of risk-
sharing rules is itself a risk-sharing rule. This is precisely stated next.

Property 8.1. If H, and Hy are risk-sharing rules, then, for any § € [0,1], dH; +
(1 —0) Hy is a risk-sharing rule.

Combining the stand-alone rule with an aggregate risk-sharing rule then produces a rule
depending on X,,, not only on S,.

Example 8.2. A convexr combination of the stand-alone and the conditional mean risk-
sharing rule produces

Under exchangeable losses (or replacing the conditional mean risk-sharing rule with the uni-

form one), we obtain
H{(X,)=0X;+(1-90) Sn
n

which resembles a credibility premium. The latter risk-sharing rule has been proposed by
Charpentier et al. (2021).
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8.2 Network-based conditional mean risk-sharing rule

Another way to design new risk sharing rules consists in locating participants on a network to
describe the links existing between them. Network structures are particularly effective in the
context of risk sharing within P2P insurance communities, as demonstrated by Charpentier
et al. (2021) and Denuit and Robert (2021h). Participants are thus organized into teams
and the risk-sharing rule primarily operates within teams.

For participant 4, we define the subset C (i) of participants that are connected with him
or her, with associated weights {w;;, w;; : j € C (i)} such that w; > 0, w;; > 0 for j € C (i),
Wii + 3 jeciy Wiy = 1. The loss X; is split into #C (i) + 1 parts. For j € C (i), the parts
w;; X; will be considered for the sub-pool attached to participant j. The part w;X; will be
considered for his or her own sub-pool.

Let

Swﬂ‘ = "LU”XZ + Z U)jin
Jec(i)

be the aggregated losses considered for participant ¢’s conditional mean risk-sharing rule. Let
us define respectively the contribution H;;(Sw.i) = E [0 X |Sw.i] of participant ¢ to his or
her sub-pool and the contribution H;;(Sw,;) = E [wj;X; |Sw,] of participant j to the sub-pool
of participant i. The contribution of participant ¢ to the global pool is then given by

Hi(X,) = Hil(Swi) + Y Hji(Suw,)-
)

jec(

These contributions satisfy the full loss allocation condition; see Appendix D for a proof.

8.3 Non-individualized losses

Sometimes, it is not possible, or not desirable, to attribute a loss impacting the pool to a
given participant. For instance, members of the pool can be large industrial plants polluting
the environment and damages cannot be individualized, resulting from their combined action.
Participants could then be willing to allocate the losses according to the chance they would
have produced them. In this way, heterogeneity is accounted for since participants bringing
comparatively “larger” losses must assume a larger share of the total loss.

Assume that the losses are absolutely continuous with respective probability density
function f; for participant i. Adopting a collective point of view, losses are just realizations
from the mixture density

f@) = 3 fila).

The probability that a realization x of a random variable X with probability density function

f has been produced by the ith component f; of the mixture is % For each observed
j=1JJ

loss x, we compute the probability

o fila)
i = > filwn)

that it has been produced by participant i. Clearly, the proportions §; sum to 1.
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Having recorded losses 1, ..., x,, where m may differ from the number of participants
(here, the pool is seen as a collective), participant ¢ must then contribute ex post the amount

Hcoll wm Z 6zkxk Z Z fz fL'k

j= lf] ﬂ')k

to the total loss. As it was the case w1th the quantlle risk-sharing rule, contributions only
depend on the marginal distribution of the losses, not on their dependence structure. It is

easy to see that
n m
S e = 3o
i=1 k=1

The risk-sharing rule H®" is actuarially fair, as shown in Appendix E. In the homogeneous
case, fi = ... = f,, we recover the uniform risk-sharing rule, whatever the dependency
structure of individual losses (not only under exchangeability).

Remark 8.3. The formulas still apply with m = n, that is, when we can attribute the
loss X; to participant i. Moving to the zero augmented case with P[X; = 0] > 0, the same
formula applies with the probability density function f; of X; over (0, co) since the zero losses
can be neglected in the preceding sums, so that we end up with

Hcoll mn Z ﬁzkxk Z Zfz -Tk

klx>0 klze>0 —J 1f] fL'k)

8.4 Claim-only conditional mean risk-sharing rule

We could operate the sharing only among individuals who suffer a positive loss, letting the
claim-free ones out of the exchange. This is particularly useful to distribute a given amount
of resources among the individuals in need as it is the case in contingent risk funds, as
explained next.

Define
1if X; >0,
[i —

0 otherwise.
Also, denote as I,, the random vector (Iy,...,1I,). To restrict the sharing to claimants, we
can use the modified conditional mean risk-sharing rule defined as E[X;|S,,, I,,]. Since I; =0
implies E[X;|S,, I,] = 0 claim-free participants do not bear any losses. The claim-only

conditional mean risk-sharing rule H™" is defined as
H™Y(X,) =E[Xi|Sn, I, i=1,2,...,n. (8.1)

Obviously, H™" satisfies the full allocation condition.

Remark 8.4. In case X, is exchangeable, the claim-only conditional mean risk sharing rule
reduces to a uniform allocation among claimants, that is,

Sn
Z?:1 Ij
with the understanding that H™" (X ,,) = 0 when Z?:l I; =0.

X, exchangeable = H™ (X)) = I;
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The rule H™™" appears to be useful within contingent risk funds where a fixed budget
b is distributed among participants who suffer from losses. Participant ¢ then receives the
share E[X;|S,, I,,]/S, of b.

9 Discussion

Based on a list of desirable properties for risk sharing, this paper offers a systematic treatment
of different risk-sharing rules for insurance losses, including the conditional mean risk-sharing
rule and the newly proposed quantile risk-sharing rule. It works out an application to the
dominant business model in P2P insurance, the pooled deductible system with comonotonic
risk-sharing rules. Some methods for building new risk-sharing rules are also proposed.
Applications to contingent risk funds and collective pools are discussed.

Some rules considered in this paper are nonparametric in the sense that they do not
require the knowledge of the joint distribution of the losses comprised in the pool. This is
the case for the order statistics, the multiple layer and the uniform risk-sharing rules. Other
ones are very easy to implement since they only involve elementary quantities, such as the
mean proportional risk-sharing rule that only uses expected losses or the scale-proportional
risk-sharing rule. The quantile risk-sharing rule requires the knowledge of the marginal distri-
bution of the losses comprised in the pool, but it does not use their dependence structure. In
that respect, the quantile rule is copula-free. Finally, the conditional mean risk-sharing rule
requires full knowledge of the joint distribution of the losses in the pool. Its implementation
obviously necessitates more computational efforts but all properties discussed in Section 3,
except comonotonicity are satisfied. Change of distributions may ease computations and the
conditional mean risk-sharing rule reduces to simpler rules under some modified distribution.

The risk-sharing rules studied in this paper are very helpful to better understand commer-
cial insurance. Consider individual losses X; such that s — E[X;|S, = s]| are continuously
increasing for all 4. If not then individual ¢ should not join the pool because he or she could
benefit from an increase in S, and thus has interests conflicting with other participants.
Consider the case of a commercial insurance company having to pay a rate of return r.,. on
the solvency capital put at its disposal. Assume that the solvency capital is obtained from
the Value-at-Risk at probability level 99.5% as under Solvency 2 in the European Union.
The total solvency capital VaR[S,;99.5%] — E[S,,] can be decomposed into

ZEX|S 995%] ZE

i=1

VaR

VaR([S,; 99.5%] — E[S,]

- i (VaR[E{XiISn]; 99.5%] — E[Xi])

=1

— zn: (E [Xi| S, = VaR[S,;99.5%]] — E[Xi])-

i=1

Policyholders then receive the loss amount X; ex post in exchange of the ex-ante premium
7[X5: S,] = E[X] + Troc (E [X,|S, = VaR[S,;99.5%]] — E[Xi])
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where we recognize the conditional mean risk-sharing rule applied to s = VaR|[S,;99.5%)].
This appears to be an appropriate economic premium calculation principle. Similar formulas
hold true replacing the conditional mean risk-sharing rule with any comonotonic risk-sharing
rule.

A better understanding of risk-sharing rules for insurance losses also opens the door to a
new generation of participating insurance contracts. As explained in Section 7, a lower layer
can be shared among policyholders while the insurer covers the upper layer, guaranteeing
that individual contributions never exceed a given threshold d; for participant i. Formally,
participant ¢ contributes min{ H;(.S,), d;} whereas the insurer issuing the participating in-
surance contract covers > i, (H;(S,) — d;) .- The properties proposed in the present paper
help to select an appropriate rule depending on the specific circumstances where risk sharing
operates.

Of course, one can imagine other properties than those proposed in this paper, such as
the monotonicity property proposed by Chen et al. (2017) which requires introducing risk
measures whereas comparisons are based on the convex order in this paper. The monotonicity
property could be expressed in the present setting as follows: a new entry in the pool will
not lead to higher risks allocated to existing participants in terms of convex order. Precisely,
considering a pool X, including participant ¢ and a larger pool X, ¢, kK > 1, supplementing
the pool X,, with additional losses X, 11, ..., X1, then H;(X,x) Zcx H;(X,). In some
sense, this is a generalization of the willingness-to-join property. The conditional mean risk-
sharing rule satisfies this property for independent losses and the uniform risk-sharing rule
fulfills it for exchangeable losses, for instance.
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APPENDIX

A Proof of Proposition 4.2

Reshuffling property The reshuffling property is valid since individual contributions
H™(S,,) only depend on (Xj,S,,) which is not modified by reshuffling.

Normalization property The normalization property is valid since S, = S, 1 when
Xn = (Xl, XQ, PN ,Xn_l, 0) and Xn—l = (Xl, )(27 PN ,Xn_1>.

Translativity property Translativity holds true since, for all ¢ £ n,

H™ (X, +c¢1,,) = E[X;|S, + ¢ = E[X;|S,] = H™(X,).

Positive homogeneity property Also, positive homogeneity holds true since

H™(cX,) = E[cX;|cS,] = cE[X}|S,] = cH™(Sy).

Constancy property Turning to the constancy property, let X,, = (X3, Xo,..., X,,_1,¢),
for some constant ¢, and let X,,_; = (X1, Xs,..., X,,_1). Then we have that, for any i # n,

H™ (X,) = E[X;|S,] = E[X;|Su_1 + ] = B[X;[Su_1] = H™ (X ,_1).

No-ripoff property The no-ripoff property is valid since

H™(X,) = E[X;]S,] <E[F, ' (1)|S,) = F/ ' (1), forany i =1,2,...,n.

7

Actuarial fairness property Actuarial fairness holds true because
E[H™ (X,)] =E[E[X;|S,]] =E[X;], forany i =1,2,...,n.
Willingness-to-join property The willingness-to-join property is valid since
E[X;|S,] Zcx X; holds for every i = 1,2,...,n,
Fair-merging property The fair-merging property holds true since, for any k # I,
H™( X+ X, x (L, — 1) ) = E[X]S,] = H™ (X ,,) if 4 is different from & and [,
Fair-splitting property The fair-splitting property holds true since, for any & € 1,2,...,n,

and any non-negative random variables X ,; and X, satisfying X = X ,; + X, 11, one has
that, for any ¢ different from k and n + 1

H™ (X4 (Xp, — X3) X L, Xnp1) ) = B[XG]S,] = H™ (X))
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Stand-alone property for comonotonic losses Finally, the stand-alone property for
comonotonic losses follows from Proposition 5.9. Indeed, if X, is comonotonic then X; =
hi(S,) for the non-decreasing functions h; defined in (5.15). Therefore,

H™ (Sp) = Efhi (Sn) | Sul = hi (Sn) = Xi.

Comonotonicity property The conditional mean risk-sharing rule satisfies the comono-
tonicity property only if, s — E[X}|S,, = s] is non-decreasing for any i € 1,2,...,n. This is
not true in general. We refer the reader to Denuit and Robert (2021a) for a counter-example
involving independent zero-augmented Gamma-distributed risks.

B Proof of Proposition 5.7

Reshuflling property The quantile risk-sharing rule satisfies the reshuffling property
since the distributions of S,, and S, are not modified by reshuffling.

Normalization property The quantile risk-sharing rule satisfies the normalization prop-
erty since S,, = S,-1 and S = S5, when X, = (X1, Xs,...,X,-1,0) and X, ; =
(X1, Xoy o, Xno1)-

Translativity property The quantile risk-sharing rule satisfies the translativity property
since, for all i # n,

nguant (Xn T ]-n,n) _ F'—l(asﬂﬂ) (FS,CL-i-c (Sn 4 C)) _ F‘—l(asnﬂ) (FS,CL (Sn))

with
an+c (Fs,4c(Sn+¢)) =S —¢
anlfc (Fs,+c(Sn +¢)) — Fy, 1+c (Fs,+c(Sn +¢))
stnlJr (FSn (Sn)) - Sn

T FS T (Fs,(Sa) — Fy (Fs,(Sa)

ag,+c

Positive homogeneity property The proof of the positive homogeneity property follows
the same lines as the one of the translativity property.

Constancy property Considering the constancy property, let X,, = (X1, Xo, ..., X,_1,0),
for some constant ¢, and let X,,_; = (X1, Xs,..., X,,—1). Then we have that, for any ¢ # n,

Hiquant (Xn) _ F‘—l(asn_1+c) (Fs;_ﬁc (Sn_l i C)) _ F,i—l(asn_ﬁ—u) (FS;‘L 1 (Sn—l))

with
Fs, i+c (an ite(Snm1 +0) = a1 —c
Fi't o (Fsuie(Sne 1+c)) Sn e (Fsy_y4e(Snc1 +0))
Fi'* (Fs,_,(Sn-1)) —
Fg'™t (Fs,_ I(S 1) — Fg!

aSn—1+C

= asnfl

(FSn 1 (Snfl))
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Hence the quantile risk-sharing rule satisfies the constancy property.

No-ripoff property The no-ripoff property is valid since

HM™(X,) = F;l(aS”) (Fse (Sp)) < F7'(1) forany i =1,2,...,n.
Comonotonicity property The quantile risk-sharing rule satisfies the comonotonicity
property by construction as F; ') (F, 5¢(s)) is non-decreasing in s.

Stand-alone property for comonotonic losses FEvery comonotonic pool is left un-
changed by the quantile risk-sharing pool so that the stand-alone property for comonotonic
losses is valid. See Proposition 5.11.

Actuarial fairness property To show that the quantile risk-sharing rule does not nec-
essarily satisfy the actuarial fairness property, let us consider the case where n = 2, X;
has distribution function ' and X, has distribution function F' o ¢! where g is a positive,
continuous and increasing function. We have

P [H"™™ (X,) >v] = P[Sy> (F'+goF ') oF(v)]
= P[S2>v+g(v)]
P [ (S2) > v]

with h (v) = v + g (v). It follows that
E[H"" (X)) =E[h7" (X1 +9(2))] = E[h7" (X1 = Zi + h (1))

where Z; has the same distribution as X;. If X; and Z; are comonotonic or g is a linear
function, then E [H{"*™ (X,)] = E[X;]. But this is not true in general.

Willingness-to-join property The quantile risk-sharing rule cannot always be beneficial
for all risk-averse individuals since it does not always satisfy the fairness property. Hence
the willingness-to-join property is not necessarily valid.

Fair-merging property Moving to the fair-merging property, the quantile risk-sharing
rule does not necessarily satisfy it since, for any k # [, F );kl X, (p) is not always equal to

F )}11 (p)+ F )}ll (p) if X and X; are not comonotonic.

Fair-splitting property Following the same reasoning as for the fair-merging property,
the quantile risk-sharing rule does not necessarily satisfy the fair-splitting property.
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C Proof of Proposition 5.9

First, suppose that X, is comonotonic. We define the connected support of X,, as follows:
{(FOw) . B 0),. B @) el andac]},  (C1)

similar to the one introduced in formula (29) of Dhaene et al. (2002a). By convention, we
set ;1 @(0) = F717(0) and F; (1) = FY(1). Let @, = (21,22, ..,2,) be an clement
of this connected support and let s = >~ | x;. Following a reasoning similar to the one of
the proof of Theorem 7 in Dhaene et al. (2002a), we find that x,, is the unique point of the
intersection of the connected support and the hyperplane {(y1,y2, ..., Yn) | Doy ¥i = S}t As
the point (hy(s), ha(s), ..., hn(s)) with the h; defined in (5.15) is an element of the connected
support of X, and moreover, > " | h;i(s) = s so that (hi(s), ha(s),..., h,(s)) is a point of
the hyperplane considered above, we find that

Tn = (h1(s), ha(s), ..., ha(s)). (C.2)

As this expression hold for any point x,, of the connected support of X,,, we can conclude
that (5.14) holds.

Conversely, let us assume that X, is given by (5.14), with the functions h; defined
in (5.15). As the functions h; are all non-decreasing, it follows immediately that X, is
comonotonic, see e.g. Theorem 3 in Dhaene et al. (2002a).

Remark C.1. The characterization of comonotonicity in Proposition 5.9 is similar to the one
established in the bivariate case by Denneberg (1994, Prop. 4.5, item v). While Denneberg
(1994) only proves the existence of functions h;, explicit expressions of h; are given here.
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D Proofthat the network-based conditional mean risk-
sharing rule satisfies the full loss allocation condi-
tion

It suffices to write

ZHZ(Xn> = ZHZZ w,i +Z Z H]z w]
=1

i=1 ]GC(I)
- ZE[U/”X |Swz Jrz Z wlei’Swvj]
i=1 jeC(i)
= ZE[w“X | Sewi ] Jrz Z (075 X | Suw,i]
i=1 jeC(i)
= ZE Wy X; + Z w]zX ‘S'wz
JeC(@)
= ZS—Z 'LU”X‘i‘ijl
i=1 JEC(4)
= Z’LU“X +Z Z wle ZwuX +Z Z wl]
i=1 jeC(s) i=1 jeC(i)
= ZX wu‘i‘zwu :ZXJ
JEC(3) J=1

The full loss allocation condition (2.2) is therefore fulfilled.

E Proof that H®! is actuarially fair

Notice that ex ante, 8, = Bix(Xy). To show that E[H?Y(X,,)] = E[X,] indeed holds true,
it suffices to write

E[H" (X)) = Y ElBi(Xx) X
h=1

with
* filz)

BBk (Xx) Xi] = o iy filx)
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Thus, we have

BIH (X )]

which ends the proof.

- /ooo szf?i(xﬁ ( s

/o zfi(z)dx

E[Xi]
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