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Abstract

This thesis investigates fundamental limitations and potential opportuni-
ties of learning-based Artificial Intelligence algorithms.

A contribution is the comparison of sample efficiency between expres-
sive Deep Learning architectures close to Turing-complete systems of com-
putation, to simpler architectures stacking linear operators and non-linear
activation functions. We conclude that a detailed characterization of poten-
tial gains is tightly linked to open problems in Computational Complexity,
but that an assumption from derandomization research entails a clear ad-
vantage to expressive architectures.

Additionally, we study empirically the relevance of the Transformer ar-
chitecture and online planning in meta-Reinforcement Learning. Our nu-
merical results suggest that an architecture like the Transformer is useful to
model partially observable problem dynamics arising in meta-Reinforcement
Learning. Moreover, extensive planning is crucial to handle the explo-
ration and exploitation of the unknown dynamics.

This work also analyzes the interplay between learning and algorithms
for problem-solving. We formalize computational limitations through coun-
terexamples for multiple classical algorithms in Reinforcement Learning,
such as algorithms treating the model of the dynamics as a black-box and
universal value function estimating state-to-state reachability. These fun-
damental limitations open the possibility of designing more efficient algo-
rithms leveraging Machine Learning for problem-solving.
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Learning for problem-solving

Learning is a fundamental tool in Artificial Intelligence. Despite its central-
ity, there is no consensus on how best to leverage learning to solve prob-
lems. In this chapter, we present a variety of algorithmic ideas that inte-
grate learning for problem-solving. These algorithms address a diverse set
of challenges ranging from optimizing robot policies and strategies for the
game of GO, to creating novel synthetic molecules and Automated Theo-
rem Proving (ATP). Although the target problems differ in their properties,
our discussion abstracts these differences to focus on the role of the learn-
ing component: what knowledge is acquired, by which means, and how it
is exploited.
Our discussion is structured around several of the dimensions that emerge

in the literature and are most relevant to this manuscript.

Levels of learning Learning can operate at two distinct levels. At the
instance level, learning is used during the process of solving one specific
problem instance. At the algorithm level, learning is used a priori to de-
velop an algorithm (or parts thereof), which is then applied to new prob-
lem instances.

We define informally this distinction similarly to Thrun and Pratt [1998],
an algorithm learns (part of) an algorithm if it leverages an auxiliary source
of tasks or data to solve the problem instance of interest. We refer the in-
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1 | Learning for problem-solving

terested reader to Hospedales et al. [2021] for a review of the field of meta-
learning with a discussion on possible formalizations.

Deductive vs inductive learning Another axis is the type of learning,
which can be deductive or inductive. In the deductive case, a set of facts is
iteratively grown using logical inference to derive provably entailed new
facts. In contrast, inductive learning derives new knowledge from data by
generalization using a Machine Learning algorithm.

This discrimination between logics is usual in Computer Science [Rus-
sell and Norvig, 2016] and also exists in Philosophy [Russell, 1946, Hawthorne,
2025].

Problem model vs solution search Learning can be used to build an un-
derstanding of the problem itself, for example, by building a world model
that allows predicting the consequences of actions and evaluating a poten-
tial plan. But even with a perfect world model (obtained through learning
or prior knowledge), finding an optimal solution might remain computa-
tionally hard [Mundhenk et al., 2000, Arora and Barak, 2009]. Additionally,
learning can also address this issue by guiding the search process.

Building a model of the dynamics or not is an usually underlined char-
acteristic of Reinforcement Learning algorithms [Sutton and Barto, 2018]
or Adaptive Control under the name of indirect control or system identifi-
cation [loannou and Sun, 1996].

Representation The type of representation manipulated by the algorithm
is also an important property. Discrete/symbolic representations (like log-
ical formulas, graphs, or binary vectors) can be used to enforce a strong
inductive bias, hoping to improve generalization, but are also necessary
to leverage deductive symbolic reasoning algorithms. Continuous/neural
representations (like real vectors in high-dimensional spaces manipulated
by neural networks) have the advantage of being easier to handle and op-
timized with Deep Learning using gradient-based methods. At the inter-
section, neuro-symbolic algorithms attempt to interface and reconcile these
two representations, trying to extract the best of both worlds.

Our dimension aims to capture the differentiation in the literature be-
tween symbolic and neural, connectionist, sub-symbolic approaches [Bader
and Hitzler, 2005, Kautz, 2022, Garcez and Lamb, 2023].

2|
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1.1 Learning by deduction}

one specific task

[1.2 Learning by induction]

[Learning for problem—solving}

source of auxiliary tasks or data

\{1.3 Learning (part of) the algorithm}

Fig. 1.1 Classification of our sections along our first two dimensions.
Does the algorithm learn to solve the task of interest using auxiliary tasks
or data? Is the algorithm learning by deduction or induction (Machine
Learning)?

Learned quantities and feedback A central distinction in our presenta-
tion is also simply: what is learned? What are the input-output of the
learned function? And with what feedback is it learned?

Exploitation How is the acquired knowledge exploited? Does the algo-
rithm directly follow the output of a Machine Learning model (e.g., policy
network)? Or does it use a planning procedure on top of a learned compo-
nent (like a model of the dynamics)?

The decomposition of this chapter into sections and subsections is or-
ganized primarily along the dimensions of learning level and deductive
vs inductive. In the following sections, we first discuss symbolic algo-
rithms that leverage deduction during search, followed by methods that
employ inductive learning to guide the search process, such as Reinforce-
ment Learning. Both of these sections present algorithms operating at the
instance level, learning from and for a specific task. Then, we examine
meta-algorithms where a significant part (if not all) of the problem-solving
procedure is learned in advance. This structure is pictured in Figure 1.1.
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1 | Learning for problem-solving

Finally, we provide at the end of this chapter an outline of this Thesis
that analyzes and contrasts the different methods we present in this chap-
ter.

1.1 Learning by deduction

We begin with a discussion of symbolic algorithms that leverage deduc-
tion for problem-solving. We focus on the archetype Boolean Satisfiability
(SAT) problem, to which many problems reduce and which has historically
motivated the development of many algorithmic techniques. In particular,
the conflict-driven clause learning algorithm (CDCL) forms the backbone
of modern SAT solvers [Silva and Sakallah, 1996, Biere et al., 2009, Knuth,
2015].

A CDCL algorithm starts with a set of constraints that define the SAT
instance. The algorithm iteratively attempts to generate a complete solu-
tion guided by its current set of constraints. When its attempt fails, it lever-
ages a logical inference rule, resolution, to deduce a new constraint pre-
venting a similar failure in future attempts. This process refines the search
space and guides the algorithm toward promising regions. The high-level
steps are as follows:

1. Begin with a set of constraints defining the SAT instance.

2. Incrementally, assign truth values to the variables guided by the con-
straints.

3. Upon failure, apply resolution to deduce a new constraint ruling out
a similar failure in the generation process.

4. Go back to 2. until a solution is found.

This scheme fits the representation in Figure 1.2 where a guide itera-
tively generates and learns from data. In that representation, the guide
is defined by the set of learned constraints since those are used to direct
the generation process. The data represents the failed generations with
the constraints leading to each failure, this data can then be used by the
deductive procedure to learn new constraints for the guide.

In the context of our dimensions, a CDCL algorithm learns at the in-
stance level. Also, an instance is completely defined by its constraints,
which are assumed to be given a priori at step 1. So learning is not re-
quired to determine the problem, but rather to inform the search process
(solution search). Step 3. creates new knowledge through deduction using

4 |



Learning by induction | 1.2

{ Guide } [Problem}

Learning
Generating

Data/Solution

Fig. 1.2 A typical architecture for integrating learning in an algorithm
for problem-solving: learning a guide iteratively generating data to learn
from and improve itself.

a symbolic (discrete) representation. This knowledge is then exploited to
guide future attempts at step 2.

1.2 Learning by induction

Shifting from logical deduction, inductive approaches leverage data-driven
methods to acquire knowledge that supports the search for solutions. This
section primarily focuses on Reinforcement Learning (RL) methods that
learn from interactions with the problem.

For a presentation of RL, we refer the reader to Sutton et al. [1998],
Frangois-Lavet et al. [2018], Murphy [2024]. We differentiate beween model-
free RL and model-based RL [Mordatch and Hamrick, 2020, Moerland et al.,
2023].

Inductive learning here is typically applied at the instance level, guid-
ing the search within a specific problem or environment instance. How-
ever, the learned policies or value functions could be used to generalize
across similar problems. In that case, the algorithm becomes part of the
next section, where (part of) the algorithm is learned from an auxiliary
source of tasks.

In RL, the problem takes the form of taking a sequence of actions in an
environment. Starting in a sampled initial state according to some distri-
bution, the algorithm can then choose an action given the state; this action
leads to a new state according to the dynamics of the problem, and a scalar

| 5



1 | Learning for problem-solving

reward is received; this is repeated until an end-state is reached. This se-
quence of state, action, reward, state, etc., forms a trajectory. A policy is a
map from the current state to an action to take.

The goal for the RL algorithm is to optimize its policy to maximize the
expected sum of the rewards in trajectories. We focus on online RL where
the algorithm can freely sample new trajectories to optimize decision-making.
Some presented algorithms also assume access to a generative model where
transitions from the dynamics can be sampled from any chosen state. Other
algorithms further assume access to a description of the function making
up the dynamics.

We note that depending on the problem, RL can take different roles. If
the end goal is to get a good policy, RL directly outputs that object (like
learning a policy for a robot). If the goal is to sample a good trajectory
(like generating a good molecule description or a proof of a theorem), RL
is used to construct a good sampler to orient the search, much like the
learned clauses in CDCL guide the generation of solutions.

1.2.1 Model-free Reinforcement Learning

Model-free RL methods learn control policies or value functions directly from
experienced trajectories without explicitly building a model of the environ-
ment dynamics.

Policy gradient

One way to address RL is to directly represent and optimize a policy. The
policy can be represented by a neural network mapping states to action
probabilities. Under this Deep Learning form, it can be directly optimized
using stochastic gradient ascent on the expected cumulative reward objec-
tive.

By the Policy Gradient Theorem this gradient can be expressed using an
expectation of trajectories data. The gradient of the expected cumulative
rewards with respect to the parameters 6 of the policy 71y can be written:

Esqr [Volog(mg(als))R], (1.1)

where s is the state, a is the action, and R is the future cumulative rewards
in a step inside a trajectory, all of which are sampled according to the policy
and environment dynamics. This expression can thus be approximated
with an empirical average by sampling trajectories according to the current
policy. This observation leads to practical algorithms.

6 |



Learning by induction | 1.2

Key algorithms leveraging policy gradients include REINFORCE, Trust
Region Policy Optimization (TRPO), and Proximal Policy Optimization
(PPO) [Williams, 1987, Schulman et al., 2015, 2017].

In its simplest form, like the REINFORCE algorithm, the feedback used
to construct the approximate gradient and learn is sampled future cumu-
lative rewards. A challenge for this approach is the imprecision between
the stochastic approximation of the gradient and the true gradient. Meth-
ods like TRPO and PPO tame this challenge by using, in addition, value
functions (presented after) to improve the estimation of expected future
cumulative rewards for the gradient approximation.

This approach fits Figure 1.2 where the guide is the policy learned from
previously generated trajectories. If the problem is to find a good policy
then the guide is itself the solution.

Value-based methods (Bellman equation)

Alternatively, or complementarily, RL algorithms can learn a (Q-)value
function estimating (maximum) expected future task-rewards given a state
(and an action). These functions can be turned into a policy by taking the
action leading to the highest estimated value.

The (Q-)value function can be a neural network and optimized with
gradient-based methods [Mnih et al., 2013]. These functions can be learned
using Dynamic Programming in the form of the Bellman equation. This
equation constrains the evaluations of the (Q-)value to be consistent with
the dynamics and itself.

The Bellman equation for a Q-value function reads
Q(s,a) =E, g |r+maxQ(s’,a") |, (1.2)
a/

where s is a state, 2 an action, r and s’ the next reward and state sampled
according to the problem’s dynamics, 4’ is a potential action to be taken
in the next state. Enforcing this equation at all pairs of state and action
produces a Q-value function predicting the best achievable expected cu-
mulative rewards at any state, and can then be converted into an optimal
policy.

Enforcing this equation at all pairs of state and action is not practica-
ble in large state spaces. Thus, RL algorithms usually iteratively enforce
the equation on previously sampled states. Moreover, using the current Q-
value function itself for learning leads to instabilities in the learning pro-

|7



1 | Learning for problem-solving

cess. One possibility is to use an old version of the Q-value function and
update it regularly. For example, this expression can be iteratively mini-
mized in practice to learn a Q-value function

2

Y. 1Q(s,a) - (r+ max Q(s,a))| , (1.3)

s,a,r,s'€eD

where D is a previously collected dataset of transition and Q is an old ver-
sion of the Q-value function from the previous iteration.

Like policy gradient methods, this scheme also fits the representation in
Figure 1.2 where the guide is instead a Q-value function and the generated
data additionally includes information on old evaluations of the Q-value
function.

1.2.2 Model-based Reinforcement Learning

In contrast to model-free methods, Model-based RL explicitly incorporates
a model of the dynamics. This model can be known a priori or learned
from experienced trajectories. Here, learning can take two distinct (com-
plementary) roles: learning the model of the dynamics or directly learning
a policy/(Q-)value function. These two roles are on different ends of our
problem model vs solution search dimension. Moreover, having access to a
model opens new possibilities to learn and define a policy efficiently. This
leads to a diverse set of methods.

Simulator of transitions

A straightforward use of a dynamics model is to generate simulated ex-
perience. This synthetic data can then augment real experience to train
model-free methods more efficiently, as seen in algorithms like Dyna-Q
[Sutton, 1990] and its Deep Learning extension [Janner et al., 2019]. The
model acts as a cheap source of “imagined” trajectories.

In our Figure 1.2, these algorithms replace the problem with a model to
supply additional generated data.

Planning with differentiable or linear models

If the dynamics model is differentiable, gradient-based optimization tech-
niques can be used for planning. Model Predictive control (MPC) meth-
ods can optimize a sequence of decisions by backpropagating gradients
through the unrolled model predictions [Jacobson and Mayne, 1970, Kwak-
ernaak and Sivan, 1972, Todorov and Li, 2005].

8 |
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This applies whether the model is given or learned, and policy or value
functions can be distilled from such planning procedures [Nguyen and
Widrow, 1990, Schmidhuber, 1990, Jordan and Rumelhart, 2013, Deisen-
roth and Rasmussen, 2011, Grondman, 2015, Heess et al., 2015, Lowrey
et al., 2018]. Assuming local linearity also enables a specific control proce-
dure [Levine and Abbeel, 2014].

In that case, the guide in Figure 1.2 is composed of a differentiable
model of the dynamics, a planning procedure leveraging that differentia-
bility, and optionally a policy/value function that can be learned and in-
cluded in the planning procedure.

Still assuming differentiability of the model, some algorithms learn to
fit the gradient of the value function with respect to the state space, instead
of only learning the value function output [Werbos, 1992, Miller et al., 1995,
Fairbank and Alonso, 2012]. This approach leverages a stronger learning
signal than algorithms purely learning the output of the value function.

Planning with sample-based and tree search methods

Planning can also be performed without assuming differentiability. Ran-
dom shooting methods sample random action sequences and evaluate them
using the model. Other techniques involve constructing a search tree over
possible future states and actions, using the model to simulate outcomes.

AlphaGo and AlphaZero leverage policy and value functions to guide
the tree search, and improve the policy and value functions by distilling the
result of the search in a virtuous cycle [Silver et al., 2016, Anthony et al.,
2017, Silver et al., 2018]. Similarly to Section 1.2.2, the guide in Figure 1.2 is
composed of the model, a planning procedure, and a policy/value function
learned from previous outputs.

Learning abstract models

Learning a full, high-fidelity model of complex environments can be dif-
ficult and potentially unnecessary. An alternative is to learn an abstract
model that operates on an optimized representation of the states, to cap-
ture only the part of the dynamics relevant for the task. This offers several
advantages: focusing the modeling effort, fast sampling of trajectories, po-
tentially improving generalization by ignoring distractors, and enabling
planning in a simpler (e.g., discrete or low-dimensional) abstract space.

To learn such abstract state spaces, several types of losses have been
proposed and combined. Common losses are:

* Reconstruction: Forces the abstract state space to contain sufficient
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information to reconstruct the original state or at least key parts of it
(usually used with images).

Reward/value prediction: The abstract state suffices to predict future
rewards of the task or values.

Policy prediction: The abstract state allows predicting the optimal
action.

Transition consistency: Predicted transitions in the abstract space
should match the encoded representation of the actual next state.

Temporal contrastive : Future abstract states should be distinguish-
able from unrelated states.

Planning can then occur within this learned abstract space using vari-
ous methods, reflecting the ones already presented.

We provide here a sample list of diverse works representing the re-
search performed in the direction of learning and planning with abstract
models.

Tabular RL in a discrete abstract state-space learned with a recon-
struction loss and transition consistency [Corneil et al., 2018].

Differentiable MPC or linear control in a continuous state-space learned
with a reconstruction loss and transition consistency [Lenz et al., 2015,
Watter et al., 2015].

Architectures mixing continuous and discrete representation of the
states to improve optimization, used with gradient-through-dynamics
planning and as a simulator for model-free algorithms [Hafner et al.,
2019a,b, 2020, 2023].

Graph search in a learned discrete abstract state-space using a tem-
poral contrastive and reconstruction loss [Kurutach et al., 2018].

Learn a symbolic factorized abstract model using a reconstruction
loss and transition consistency, allowing to plan with a symbolic method
[Asai et al., 2022].

Lookahead tree search on continuous abstract states learned with
value and reward prediction [Oh et al., 2017], and with added tran-
sition consistency and entropy regularization of the representation
[Francois-Lavet et al., 2019].
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® Similarly, MuZero [Schrittwieser et al., 2020], uses a lookahead tree
search and, like AlphaZero, distills the planning result in an improved
policy and value function. Efficiency can be improved by using a
temporal contrastive objective [Ye et al., 2021].

This diversity highlights the choices in designing abstract model algo-
rithms based on the planning method leveraged and the requirements on
the information contained in the abstract state representation. The feed-
back signals for learning vary accordingly to these requirements.

Dynamics prediction as an auxiliary loss

Even if a learned model is not directly used for planning, learning to pre-
dict future states can serve as an auxiliary self-supervised loss. This en-
courages the representation to capture meaningful temporal structure, po-
tentially benefiting a primary model-free RL algorithm [Jaderberg et al.,
2016].

Taking inspiration from contrastive self-supervised methods developed
for vision, Self Predictive Representation forces the neural representation
to be able to discriminate between possible future states, with greatly im-
proved efficiency observed in some cases [Laskin et al., 2020, Schwarzer
et al., 2020, 2023].

1.2.3 Goal-conditioned algorithms

Some algorithms learn to accomplish various goals, instead of only focus-
ing on the task at hand. Goal-conditioned policy or universal value functions
(UVFs) adapt classical RL approaches to this case.

In contrast to classical value functions focusing on predicting the task
cumulative reward, UVFs predict state-to-state reachability [Sutton et al.,
2011, Schaul et al., 2015]. An interesting advantage of UVFs is their ability
to leverage more feedback for learning from sampled data than classical
value functions. Even if the reward is sparse, UVFs can still get a rich
learning signal from the observed state-to-state transitions [Andrychowicz
etal., 2017].

UVFs can be learned with standard RL techniques using the Bellman
equation, augmented with goal relabeling strategies like Hindsight Expe-
rience Replay (HER), which treats achieved states as goals to create suc-
cessful examples even from failed trajectories [Andrychowicz et al., 2017].

Contrastive methods that learn to classify future states from random
ones can also be used to learn UVFs [Eysenbach et al., 2022].
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Learned UVFs or policies to reach arbitrary states can then be turned
into a policy for the task of interest. These predictions can be turned into
a policy by following actions that maximize the value to reach an a priori
known goal-state.

Another way to turn them into a policy is to use them in a hierarchi-
cal framework where a master, higher-level policy iteratively calls the low-
level policy with goal-states to reach [Levy et al., 2017, Nachum et al., 2018].
Letting the high-level policy learn in an environment with a lower tempo-
ral resolution.

An alternative line of work to UVFs leverages generative models, par-
ticularly diffusion models, to map the current state and a future desired
goal-state to a complete plan (sequence of actions and states) reaching the
goal-state [Janner et al., 2022, Ajay et al., 2022]. These algorithms repre-
sent another approach that can also leverage feedback from state-to-state
transitions to learn a policy reaching a desired state.

1.2.4 Learning with a divide-and-conquer strategy in ATP

In the specific case of Automated Theorem Proving another Dynamic Pro-
gramming approach than the Bellman equation on the task value function
has been proposed.

In tactic-based theorem proving, a theorem is broken down into sub-
goals according to a chosen tactic, these subgoals are then further decom-
posed by tactics until elementary true propositions are reached, as in the
Lean theorem prover [de Moura et al., 2015]. Several algorithms leveraging
this divide-and-conquer decomposition have been proposed in the litera-
ture [Polu and Sutskever, 2020, Lample et al., 2022]. The algorithms here
learn a value function that estimates the provability of each subgoal. The
value function is also learned using Dynamic Programming.

This approach allows for leveraging the feedback from each of the con-
structed subgoals rather than only focusing on the main theorem. This rep-
resents inductive learning guided by a specific divide-and-conquer struc-
ture of the problem domain.

1.3 Learning (part of) the algorithm

In the essay The bitter lesson [Sutton, 2019], Sutton observed a historical
trend in Al: approaches leveraging computation and general learning meth-
ods eventually outperform those relying heavily on hand-engineered knowl-
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Data

Learning

Y
Algorithm
Problem > Solution

Fig. 1.3 Learning (part of) the algorithm that is then applied to solving a
problem.

edge specific to the problem domain. Taken to an extreme, this observa-
tion suggests a direction in our search for general algorithms for problem-
solving: instead of designing problem-solving algorithms ourselves, could
we directly learn these algorithms?

In opposition to the previous sections, this section explores approaches
where a significant part, if not the entirety, of the function mapping a prob-
lem to its solution is learned using a source of data or tasks. This approach
is represented in Figure 1.3.

Learning the algorithm can be done from a dataset where the data
might consist of (problem, answer) pairs, or richer (problem, reasoning/trace,
answer) triplets, where intermediate steps provide stronger supervision.
Alternatively, the data might also come from a set of interactive environ-
ments where solutions can be verified or optimized.

Interestingly, logical deductive procedures have been proposed to learn
algorithms [Hutter, 2002, Schmidhuber, 2007]. However, this idea remains
theoretical, as there is no practical implementation of it. This document
does not present approaches based on logical deduction further and pri-
marily focuses on Deep Learning approaches optimized via gradient de-
scent, though other methods like evolutionary algorithms are also used.

We start our discussion by looking at how to represent such a learnable
algorithm.

1.3.1 Expressive architectures

A prerequisite for learning algorithms is having model architectures capa-
ble of representing complex, potentially recursive or compositional, com-
putations that go beyond the standard multilayer Perceptron. Researchers
have proposed various architectures aimed at enhancing expressivity, to-
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ward closing the distance to Turing equivalent computational models.
A first idea is to augment neural networks with pointers and/or an
external memory accessible via differentiable read /write operations:

¢ Differentiable Neural Computers [Graves et al., 2014].

¢ Neural Turing Machines [Graves et al., 2016].

Neural random-access machines [Kurach et al., 2015].

Pointer Networks [Vinyals et al., 2015].
* Neural Programmer Interpreter [Reed and De Freitas, 2015].

Another approach to augment the expressivity is to perform parallel
computation on all the elements in the memory using convolution-type
computations.

¢ Neural GPU [Kaiser and Sutskever, 2015].
¢ Grid long short-term memory [Kalchbrenner et al., 2015].

A linked approach is to adapt Logic Programming in a differentiable
Deep Learning architecture, e.g., Neural Logic Machines [Dong et al., 2019].

A particularly successful architecture is the Transformer that both per-
forms computations in parallel and accesses information using a differen-
tiable attention mechanism [Vaswani et al., 2017]. A recurrent version has
also been proposed with the Universal Transformer [Dehghani et al., 2018].
Recently, Wang et al. [2025] propose improvements over the architecture
and training to handle recursion depth.

These architectures have been trained on tasks like arithmetic, list sort-
ing, sudoku, graph problems (e.g., shortest paths), and program execution,
often using supervised learning on input-output pairs or intermediate exe-
cution traces. Reinforcement Learning has also been used to optimise some
discrete computations within these architectures.

In parallel, Graph Neural Networks (GNNs) proved to be an efficient
architecture for tasks where an underlying graph symmetry is known a
priori [Battaglia et al., 2018]. GNNs apply neural message-passing oper-
ations iteratively over the nodes and edges of a graph, allowing them to
learn functions that respect graph symmetries. They have been applied,
for instance, to the SAT problem, attempting to learn a neural network that
directly predicts satisfiability without explicit search [Selsam et al., 2018].
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1.3.2 Foundation models

The architectures described above provide the capacity to represent algo-
rithms. However, training them typically requires curated datasets specific
to the target task (e.g., sorted lists, known satisfiable and unsatisfiable SAT
instances). Creating such data for each conceivable problem class is im-
practical, and it fails to leverage potential synergies where similar reason-
ing or computational skills might be applicable.

An alternative paradigm is the development of Foundation Models. These
are large-scale models, typically based on expressive architectures like the
Transformer, trained on vast and diverse datasets encompassing text, code,
images, and other modalities, often using self-supervised learning objec-
tives [Radford et al., 2019]. These models can then be used to solve a wide
array of downstream tasks, including complex problem-solving.

Direct problem-to-answer mapping

In the simplest application, a foundation model can be prompted with a
problem description and asked to directly generate the answer. The model
effectively acts as the learned algorithm mapping the problem to the an-
swer.

Generating reasoning steps

Directly generating the answer can limit the model. With the Transformer
architecture, it bounds to a constant the number of computational steps
that the model can perform before its output. Thus, even if the problem is
hard and might need more computations, the model is forced to directly
output an answer.

We can alleviate this issue by letting or forcing the model to first write
reasoning steps [Nye et al., 2021, Wei et al., 2022, Kojima et al., 2022].

Also, writing reasoning steps allows the model to learn from reasoning
data to compute the answer. Reasoning data provides a richer learning
signal than pure (problem, answer) pairs that force the learning algorithm
to directly map end-to-end the problem and the answer. Data informing
the intermediate steps leading to an answer breaks down the problem for
the learning algorithm [Kim and Suzuki, 2024].

There exist multiple refinements over this approach. For example, the
model can be used to judge the produced reasoning, allowing to sample
several reasonings and choosing the best-valued [Shen et al., 2021, Weng
et al., 2022]. More simply, another method is sampling several reasoning-
answer pairs and choosing the answer that appears the most often [Wang
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etal., 2022].

A key bottleneck to making this approach of generating reasonings
work is the need for high-quality reasoning traces to tune the model. RL of-
fers a way to partially bypass this problem by reinforcing generation strate-
gies that lead to correct final outcomes (using outcome-based rewards) or
valid intermediate steps (using process-based rewards) [Cobbe et al., 2021,
Uesato et al., 2022, Lightman et al., 2023, Wang et al., 2023, Guo et al., 2025].
However, the learning algorithm must have a mechanism to compute the
outcome-based or process-based rewards. Outcome-based rewards can be
computed if the final answer is verifiable, and process-based rewards are
typically computed from another “judging” model. This approach allows
to learn better reasoning strategies, provided the final answer or reasoning
can be reliably checked.

1.3.3 Learning to map problems to solvers and tools

The ambition to learn the entire problem-solving algorithm from scratch
faces significant issues concerning robustness and generalization. A hy-
brid approach involves learning how to leverage existing, reliable, human-
designed algorithms or tools. In this paradigm, the learned component
maps the problem to a hard-coded solver/tool, and then interprets the re-
sult. This approach attempts to combine the strength of learning the algo-
rithm with the guarantees of established solvers.
The hard-coded solver or tool can vary: code interpreter, symbolic solver,

logical reasoning engine, planner, and continuous optimizers.

Mapping to a differentiable solver

Mathematical Optimization and logical deduction algorithms offer gen-
eral, powerful solvers to a variety of problems. Differentiable versions of
these solvers have been integrated as modules within neural networks. By
ensuring that gradients can flow through the solver, the entire system can
be trained end-to-end to map input problems to solver parameters and in-
terpret the returned solution.

* OptNetintroduces a differentiable quadratic programming solver layer
[Amos and Kolter, 2017].

* SATNet developed a differentiable SAT solver approximation [Wang
etal., 2019].

* Gradient descent itself can be posed as a differentiable Deep Learning
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layer using gradient-through-gradient (second-order differentiation)
[Du et al., 2022].

* Adapting logical deduction to make it differentiable to allow end-to-
end differentiable proving [Rocktdschel and Riedel, 2017].

e Integrating a probabilistic logic programming language with Deep
Learning using a differentiable deduction procedure [Manhaeve etal.,
2018].

All these works require and make possible differentiation through the
optimizer/deduction engine to train the whole procedure end-to-end.

Mapping to a symbolic interpreter or solver

Another approach is to directly use a symbolic interpreter or symbolic
solver in the Deep Learning architecture. However, those are not differ-
entiable, and other methods have to be employed to train the model.

One can use an RL method to train non-differentiable components. Sev-
eral architectures are trained with REINFORCE to write a program in a
Domain Specific Language [Liang et al., 2016, Mao et al., 2019].

Foundation models can be trained to call tools through text. Toolformer
synthetically creates a dataset to learn to call tools [Schick et al., 2023].

Tensors treated as logical objects in a solver

Logic Tensor Networks encode knowledge into a fuzzy logic, then use an
approximate procedure for deduction [Serafini and Garcez, 2016].

1.3.4 Meta-Reinforcement Learning

When the problem class itself involves sequential decision-making in an
environment (i.e., finding an optimal policy for a new robot), the concept of
“learning the algorithm” can take the form of meta-Reinforcement Learn-
ing (meta-RL).

If the environment is initially partially unknown, the goal of meta-RL
is to learn an algorithm that can quickly adapt when placed in new, previ-
ously unseen (but related) environments. The learned algorithm must im-
plement a strategy for exploring the new environment in a limited number
of interactions and then exploiting the gathered information efficiently.

Even when the environment dynamics is known in advance, finding an
optimal policy can still require planning procedures that can be optimized
with meta-RL.
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The meta-problem is a partially observable RL problem

The generated algorithm in Figure 1.3 takes a sequence of trajectories and a
current state as input and outputs an action maximizing long-term cumu-
lative rewards. The meta-problem of learning this algorithm can thus be
approached with RL where the policy is the algorithm itself. One peculiar-
ity of this RL problem is that it is partially observable since the dynamics
is unknown and can only be indirectly inferred from observations.

RL algorithms can handle this partial observability. A direct approach
is to represent the algorithm /policy in a trained neural network where the
input is a sequence of all past trajectories composed of a sequence of state,
action, reward, next state, ..., up to the current state and the output is an
action. Such neural networks can be trained using model-free RL across a
set of tasks [Wang et al., 2016, Duan et al., 2016].

Here, the meta-RL algorithm learns a neural network representing a
complete RL algorithm. Exploration and exploitation are both optimized
during the meta-learning stage.

While this approach lets a lot of freedom to learn the RL algorithm,
it can also compromise robustness. Another approach is to start with a
classical (robust) RL algorithm, then meta-learn only a part of it, where
meta-learning is often performed using either a zeroth-order optimizer or
second-order differentiation.

This approach of meta-learning only a part of the algorithm is similar to
the above literature integrating human-designed solvers in Deep Learning
architectures. This allows to enforce useful inductive bias in the learned
algorithm.

For instance, the initialization parameters of the policy or value func-
tion can be learned using gradient-through-gradient [Finn et al., 2017] or
with a black-box optimization algorithm [Fernando et al., 2018]. The rest
of the hand-designed RL algorithm stays the same.

Another line of work meta-learns the loss minimized by the RL algo-
rithm, using evolutionary optimization [Houthooft et al., 2018] or gradient-
through-gradient [Kirsch et al., 2019, Bechtle et al., 2021]. A substitute to
the Bellman equation can also be meta-learned [Oh et al., 2020].

Meta-learning other parts of the RL algorithm has been explored, such
as hyperparameters, we refer to Hospedales et al. [2021] for a review.

Learning to plan

Meta-RL can be used to learn efficient planning strategies when the dy-
namics is fixed. Researchers have developed architectures that incorporate
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planning-like primitives and learn how to use them effectively:

* Value Iteration Networks includes a differentiable approximation of
a Dynamic Programming algorithm that can be embedded within a
larger network [Tamar et al., 2016].

¢ Including lookahead search methods over a tree of possibilities [Far-
quhar et al.,, 2017, Guez et al., 2018].

¢ Universal Planning Networks learn a differentiable model of the dy-
namics leveraged by a differentiable gradient-based planner [Srini-
vas et al., 2018].

Alternatively, expressive architectures trained with model-free RL on
tasks requiring planning might implicitly learn planning computations with-
out explicit planning modules being hardcoded [Guez et al., 2019, Bush
etal., 2025].

1.4 OQutline

Learning is a flexible tool applicable in widely different areas of a search
procedure. Giving a rich and diverse set of algorithmic ideas presented in
this chapter.

This thesis analyzes some of the advantages and disadvantages of these
approaches compared to one another.

Chapter 2 analyzes the theoretical advantage that expressive Deep Learn-
ing architectures of Section 1.3.1 can have over the classical stacking of lin-
ear operators and non-linear activation functions. From a statistical point
of view, is it more efficient to learn with these architectures? The results of
this Chapter are a reproduction of Pinon et al. [2023b].

Chapter 3 studies empirically the advantage of expressive architectures
and model-based RL methods with local planning for meta-RL in contrast
to the model-free RL methods of Section 1.3.4. This Chapter is an extended
version of the publication Pinon et al. [2023a].

Chapter 4 and 5 unroll theoretical analyses contrasting the limitations
and advantages of various algorithms leveraging learning in a loop to
solve a problem like pictured in Figure 1.2: model-free RL methods of Sec-
tion 1.2.1; model-based RL methods for simulation or using local planning
with a tree search procedure in Section 1.2.2; universal value functions in
Section 1.2.3; and resolution-based SAT solvers of Section 1.1.
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More precisely, in these Chapters we construct example problems that
are efficiently solvable by some algorithmic approaches but not others.
Thus implying a separation in efficiency between methods. In the pre-
existing literature, Sun et al. [2019] proves an exponential advantage for
model-free RL methods in contrast to a model-based RL algorithm lever-
aging an a priori known goal-state.

In Chapter 4, we build on their result to extend the limitation on some
model-based methods that we term black-box dynamics RL methods. More-
over, this limitation is in contrast with other model-based methods that do
not leverage an a priori known goal-state.

In Chapter 5, we build example problems proving a limitation on some
RL algorithms using value function and universal value function learning.
In contrast, the problems are efficiently solved by a resolution-based SAT-
solver.

Chapter 4 is a reproduction of the published results Pinon et al. [2025]
and Chapter 5 iterates on the presented work Pinon et al. [2024].

The analyses of Chapters 4 and 5 reveal strong limitations on some ap-
proaches, and to conclude in Chapter 6, we return to the variety of ideas
presented in this chapter to discuss potential solutions and point to open
problems.



PAC-learning gains of Turing
machines over circuits and
neural networks

There is an interest in the literature for the development of methods learn-
ing using computationally universal programming languages. Section 1.3.1
presents several works creating Deep Learning (DL) architectures able to
express recursion and compositionality. These architectures narrow the
gap between Deep Learning and Turing machines in their ability to de-
scribe computable functions. This chapter studies the gain in sample effi-
ciency that can be attained in principle from these methods in comparison
to classical Artificial Neural Networks (ANNSs) under simplifying algorith-
mic assumptions.

We use Turing machines in the analysis as a representative for the ex-
pressive DL architectures, and Boolean circuits as an equivalent to vanilla
DL (ANNSs).

This theoretical investigation is similar to comparisons that have been
made between ANNs and other classical Machine Learning algorithms to
explain the experimental success of the former.

We present those two branches of Machine Learning research. The
branch that develops methods to make inductive inferences in computa-
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tionally universal programming languages; and the branch that compares
encodings for hypotheses based on the induced minimal description sizes
to express functions.

Inductive inference in computationally universal programming languages
An important aspect of DL research is the development of new architec-
tures. Some of these architectures can efficiently address particular prob-
lems, like Convolutional Neural Network (CNN) for Computer Vision,
Recurrent Neural Networks (RNN) for natural language processing, and
Graph Neural Networks (GNN) that can be adapted to a wide variety of
applications [Battaglia et al., 2018].

A common critical point in the development of these architectures is the
exploitation of prior knowledge about the task at hand. This exploitation
is done by imposing on the model some factorized representation. The
structure of the representation enforces the a priori known symmetries in
the underlying function to learn. This leads to improvement in the sample
efficiency, see Xu et al. [2020] for a paper taking this perspective for GNN
with associated PAC-learning results.

For CNN, RNN, and GNN, the factorization’s structure is classically
fixed a priori with respect to prior information about the symmetries in
the function to learn. Alternatively, the structure could be learned from the
data.

It is thus natural to invest efforts in the construction of learning algo-
rithms with the flexibility to define and use potential abstract structures
found in the data. In this line of work, we mention two approaches: Dif-
ferentiable programming which consists in learning with DL architectures
close to Turing-complete systems such as the papers mentioned in Sec-
tion 1.3.1; and learning in non-differentiable programs written in universal
languages for which combinatorial optimization methods such as genetic
programming must be used, see Koza and Poli [2005]. This latter approach
is usually referred to as Inductive Programming or Program synthesis from
examples, see Kitzelmann [2009] and Gulwani et al. [2017].

Our work is a theoretical investigation of the potential sample efficiency
gains that could be observed from Inductive Programming or learning
with these new expressive DL architectures in comparison to classical Ar-
tificial Neural Networks.

Models: the necessary sizes to represent functions This last decade DL
algorithms allowed to tackle problems that had been impossible to solve

22 |



| 2.0

until then. These successes opened the question: Why DL is more efficient
on these complex problems than other classical Machine Learning algo-
rithms, such as shallow neural networks?

A theoretical answer is that depth in Artificial Neural Networks (ANNSs)
allows us to efficiently encode some classes of functions. More precisely
there exists a sequence of functions for which low-depth ANNs need an ex-
ponential number of neurons to approximate it and, in comparison, higher-
depth ANNSs only need a polynomial number of neurons to achieve the
same approximation. Examples of references on the subject are Telgarsky
[2015], Liang and Srikant [2016], Eldan and Shamir [2016], and, from the
perspective of Boolean circuits, Rossman et al. [2015].

The expressive power of depth in ANNSs to efficiently represent func-
tions in terms of the sizes of the hypotheses has also been studied in com-
parison with Support Vector Machines in Bengio et al. [2007] and with De-
cision Trees in Bengio et al. [2010].

Our work is inspired by these comparisons between models. Similarly,
we show a separation in terms of the sizes of the hypotheses that are nec-
essary to fit functions. More precisely, we study the advantage that Turing
machines have over circuits and neural networks. Pushing this observa-
tion to PAC-learning claims, we study potential gains on the number of
samples that are necessary to learn Boolean functions by Turing machines.

Objectives and formal choices Given the motivations for learning in com-
putationally universal programming languages, we investigate the sample
efficiency gains that we can hope from this approach relative to classical
ANNSs.

We use Turing machines to represent models based on Turing-complete
systems, such as the new expressive DL architectures for example. This
choice of the computational model is not determinant since Turing ma-
chines can serve as a proxy to study other Turing-complete systems.

We compare Turing machines with Boolean circuits and classical ANNS.
By ANNs we mean the simplest form of DL with non-linear activation
functions composed on top of linear transformations and without any rep-
etition of the weights such as in CNN or RNN. To represent ANNs we
choose a computationally feasible model, the model is not based on real
numbers but is discrete and finite.

The minimum description length (MDL) principle consists in choosing the
hypothesis with the shortest description length while being consistent with
the data. It is a classical formalization of Occam’s razor principle. The
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MDL principle will allow us to translate our choices of models —which are
ways to express the hypotheses— into learning algorithms. It will give us
a general and effective way to compare inductive biases posed by different
representations such as ANNs and Turing machines for example. We refer
to Griinwald [2007] for an introduction to the MDL principle and to Li
et al. [2019] for an introduction to Kolmogorov complexity, applying the
MDL with universally computable languages. The book Li et al. [2019] can
also serve as an introduction to understand interpreters and how they can
define a language to describe computable functions.

To assess the performance of the models/learning algorithms, we fol-
low the classical PAC-learning framework. However, we do not explore
the computational efficiency question of finding the shortest hypothesis;
rather we focus on the sample efficiency. In other words, throughout the
paper, we neglect the computational resources needed to find the mini-
mum description length hypothesis consistent with the data; but set our
attention on the size of the dataset that is necessary to find a hypothesis
that is Probably Approximately Correct. We note that this choice creates a
gap between our theory and what can be observed in practice when using
imperfect but practical optimizers for DL models.

We refer the interested reader to Shalev-Shwartz and Ben-David [2014]
for an introduction to ML theory including PAC-learning.

Outline In Section 2, we provide some background on PAC-learning, in-
terpreters, and the MDL principle.

Then, from it, we introduce in Section 3 the critical metric at the heart
of our objectives: the sample efficiency gains of a model over another.

In Section 4, we prove bounds on the sample efficiency gains that cir-
cuits have over (polynomial-time) Turing machines and conversely. In par-
ticular, we show that the sample efficiency gains of polynomial-time Turing
machines over circuits are at least linear in the input-size of the function to
learn. Whether they are superlinear or not is an open question. We connect
this question to different open problems from Computational Complexity.
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2.1 Background

2.1.1  Our learning problem

We want to learn an unknown function f belonging to a hypothesis class
H"={f:B" — B}, (2.1)

where B = {0,1}, and thus H" is finite.
For some fixed integer n > 0, a learning problem is determined by a
boolean function f € H" and a probability measure P on B", P € A(B").

Definition 1. A learning problem m-sample dataset is a random variable de-
fined as [xj, f (xj)};.n:l where the x; are sampled independently and according to

the learning problem probability measure P.

To solve a learning problem is to find an approximation f of f from a
realization of the learning problem m-sample dataset, for some natural m.
We formalize the notion of approximation with the classical accuracy.

Definition 2. The accuracy of a function f € H" with respect to learning prob-
lem f € H", P € A(B") is

acef (f) £ Pr [f(x) = f(x)] (2.2)

Definition 3. A learning algorithm is a function that given the realization of
a learning problem m-samples dataset, for some learning problem f € H",P €
A(B"), outputs a function f € H", for any n,m € N*.

We do not specify a representation for the output’s function since, as
said in the introduction, our work focuses on the sample efficiency of the
learning algorithm and not its computational complexity.

The learning algorithm sample efficiency performance will be assessed
by PAC-learning claims.

Definition 4. For any € € (0,1/2), 6 € (0,1), an algorithm A has an (e, 9)-
PAC-learning performance with an m-sample dataset on learning problem (f, P)
if forallm' > m

!

Pr {acc}) (A([xj,f(x]-)];il)) >1- e] >1-24. (2.3)

x~pm’
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2.1.2 Interpreter

We now introduce the concept of interpreters, which will allow us to define
the notion of description-length of a hypothesis given a model.

Definition 5. An interpreter ¢ is a Turing machine computing a two-arguments
partial computable binary-valued function ¢ : B* x B* — B U {_L}. Where B*
is the set of finite length binary strings, B* = Uj_q1. B, and L is the symbol
representing non-halting executions.

In the rest of the paper, we will identify the Turing machine implemen-
tation with its computed function by dropping the T in ¢! with exceptions
where the distinction is useful.

In our developments, the first argument will correspond to the code
/ program / hypothesis and the second argument will correspond to the
input of the function to learn.

We make Definition 5 concrete by presenting some interpreters, see Sec-
tion 1.3 in the appendices for complete descriptions:

¢ Universal Turing Machine U/:

U ([binary encoding of a two-inputs Turing machine T, first input],
second input)

= 7T (first input, second input).

Note that we will define Turing machines with, only, binary-valued
outputs. The encoding of Turing machines and the Universal Turing
Machine are formally defined in the appendices, Definitions 45 and
46 respectively.

* Polynomial-time Universal Turing Machine ¢/°: A Universal Turing
machine with a limited computation time in O(n°) steps, where n is
the size of the inputand c € N*.

This interpreter will allow us to make claims using hypotheses with
reasonable running time.

* Boolean circuit interpreter C: A Boolean circuit is a directed acyclic
graph where each node is either an input node or a gate. Each input
node is associated with an input value, and gates are associated with
unary or binary logical operators (OR, AND, and NOT). There is one
node with no child (sink), this node is the output node of the circuit.
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The topology of the graph is consistent with the nodes’ logical asso-
ciation: input nodes’ are not the child of any other node, gates with a
binary operator have two parent nodes, and gates with a unary logi-
cal operator have a unique parent node.

The output of a circuit on a binary input is the result of the output
node after the application of the logical operations associated with
the gates. In this computation, the input nodes naturally take their
values from the input.

Boolean circuits are encoded as binary strings by first noting the input-
size, then the number of nodes in the circuit (the circuit’s size), and
finally by describing the nodes one by one (associated input or logical
operation, and the potential parents).

With this encoding, the description-length of a Boolean circuit of size
Sisin O(Slog§).

Again the application of this interpreter is

C(binary representation of a Boolean circuit, input)

= output of the circuit.

ANNSs interpreter: We define an ANN as a directed acyclic graph
whose nodes correspond to either an input or a floating-point opera-
tor. Similarly to Boolean circuits, each input node is associated with
one variable of the binary input. The floating-point operators are
taken from a predefined arbitrary set. This set can contain binary or
unary operators such as +, —, X, /, max(.,.),exp(.); it also contains
0-ary/constant operators: the floating-point values themselves.

Again similarly to Boolean circuits, there is a unique output node that
has no children.

The values of the nodes, given an input, are determined by the re-
cursive application of the input nodes’ association to input variables
or of the corresponding floating-point operators until a value for the
output node is obtained.

There is a linear relationship between the description-length of a func-
tion with the Boolean circuits’ or the ANNs’ interpreter, see Proposi-
tion 57 in the appendices. We use this link to present all the results
with the interpreter of Boolean circuits, C, while exactly the same re-
sults will hold for ANNs.
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* Support Vector Machines, Binary Decision Trees, CNN, RNN, GNN
: An interpreter can be defined for each of these classes. Note that in
some cases the length of the binary representation of some functions
can be drastically reduced or increased by using these specialized in-
terpreters.

The existence of these interpreters is noted to point out that the for-
mal background presented applies to more than just Turing machines,
Boolean circuits, and ANNs. None of these interpreters will be dis-
cussed further in this work.

2.1.3 The Minimum description length (MDL) principle

We define how the application of the MDL principle with an interpreter
gives a learning algorithm.

Notation. Let |h| be the length of a binary string h.
We denote, for any interpeter ¢, any n and any function f € H":

flp 2 min [h] st g(h,x) = f(x), ¥x € B".

By convention, if the problem is infeasible the value will be +oo.

Definition 6. MDL principle with an interpreter ¢: MDL?. From an inter-
preter @, one can create the following learning algorithm, MDL?.

Input: the realization of a learning problem m-samples dataset.

Select the output function, f, corresponding to a minimal-description-length
program consistent with the dataset

h* €argmin ||
heB*
subject o @(h,x;) = f(x), j € {1,...m};
¢p(h,x) # L, ¥x € B".

2.4)

The output function is thus f = @(h*,.).

Thus, the choice of an interpreter completely determines the learning
algorithm with the MDL principle. The inductive bias is fixed toward low
complexity (short to express) hypotheses.

Let us remark that, any computable time-limit on the execution of an
interpreter ¢ will ensure that MDL? is computable. In this paper, we will
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always assume that such an arbitrary sufficiently large time-limit is im-
posed, say 22" for example.

The following PAC-learning bound will be the main proposition used
through the paper to go from descriptions’ length constraints to PAC-learning
affirmations. It is based on a classical argument in the PAC-learning liter-
ature to show uniform convergence of the accuracy for finite hypothesis
classes, see Blumer et al. [1987]. The argument is simply adapted to our
specific MDL framework.

Proposition 7 (Description-length PAC-guarantee). There exists constants
ay, ap > 0 such that the following holds.

For any interpreter ¢ and associated learning algorithm MDL?, any (f,P)
learning problem and any PAC-learning parameters € € (0,1/2),6 € (0,1),
MDL? has an (e, §)-PAC-learning performance with an m-sample dataset on the
learning problem, where

. m 1

For ¢ = U or ¢ = C under mild conditions on the size of the circuits
considered, the guarantee of Proposition 7 is tight up to a fixed factor for
any configurations (€,d), any input-size n and any sulfficiently large max-
imal description-length |f|,, on some learning problems (f € H",P €
A(B™)). This is shown using a VC-dimension based argument in the ap-
pendices, we refer to Proposition 63 and its associated section.

2.2 Sample efficiency gains

We propose here a PAC-learning criterion to compare the sample efficiency
of two arbitrary MDL-based learning algorithms. This criterion will then
be applied to MDL with circuits and MDL with Turing machines.

We want to analyze the largest gap, in terms of necessary samples to
get some learning performance, that can exist between two learning algo-
rithms. We quantify the number of samples needed by a learning algo-
rithm in order to solve a learning problem as the following.

Definition 8. The minimal number of samples needed to get an (€,5)-PAC-
learning performance for a learning algorithm MDL? on a learning problem (f, P)
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is

mf,/é (f,P) £ min{{m € N*| MDL? has an (e, 8)-PAC-learning performance
with an m-sample dataset on learning problem (f, P)} U {+o0}}. (2.6)

The PAC-learning guarantee given in Proposition 7 provides an upper-
bound on the quantity defined in Equation 2.6.

Our main goal in this work is to study variations of the sample effi-
ciency according to n the input-size of the underlying function to learn.
We will thus parametrize our criterion with this quantity.

Moreover, we impose a practical restriction on the description-length
of the function to learn.

Definition 9. Given two interpreters ¢ and ¢, any € € (0,1/2), 6 € (0,1), and
any n,d € N, the sample efficiency gain of MDL? over MDLY is

m<? (f, P
Ggﬁlp(e, s,n) = sup #
fernpeasr)y mg (f,P) (2.7)
subject to fly < nd.

The restriction |f],, < n‘ naturally applies on the interpreter for which
we try to study a potential sample efficiency advantage, @; the restriction
ensures from the PAC-learning guarantee presented in Proposition 7 an
(€,0)-PAC-learning performance with a number of samples polynomial in
n.

We now define an auxiliary metric for two reasons. First, it is a lower
bound on the sample efficiency gains and will be used as such in some the-
orems’ proofs. Second, on some questions we only obtained partial results
that are expressed through this metric, instead of sample efficiency gains.

Definition 10. Given two interpreters ¢ and i, any € € (0,1/2), 6 € (0,1),
any n,d € N, and a1, a, > 0 fixed in Proposition 7,

i , ms’ (f, P

Giﬁw(e,é,n) = sup m ip .P)
fernpeasr) < (ogs +|fl,+a2) (2.8)
subject to |f\(P <n?

This value can be interpreted as the best sample efficiency gains that
can be obtained from MDL? over MDLY while being provable from the
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guarantee given in Proposition 7.

Remark. We defined G —the sample efficiency gain— as our metric of interest.
However, in the literature —for example, the literature on depth-separation in
ANNs— a usually assumed criterion of comparison is the necessary sizes of the
hypotheses to fit functions, since these can usually be translated into PAC-learning
guarantees.

We refer the reader to Section 1.2 in the appendices for a complete development

based on the gains in description-length, sup ¢ ‘j:—ﬁ’ instead of G; and, to Sec-
¢

tion 1.4 for links between constraints on the description-length of an hypothesis
class and its VC-dimension for Turing machines and circuits.

2.3 Main results: comparison of Turing machines and cir-
cuits

Now that the formal background and the metric of interest are defined,
we study the sample efficiency gains by learning with Turing machines or
Boolean circuits interpreters under the minimum description length prin-
ciple. All the results are given for Boolean circuits but also hold for ANNS.
In other words, the Boolean circuits’ interpreter C can be substituted for
the ANNs’ interpreter, given in Definition 56, in all the provided theorems.

2.3.1 Sample efficiency gains of circuits over Turing machines

Before studying the sample efficiency gains of Turing machines over Boolean
circuits, we present a partial result in the direction of showing that the sam-
ple efficiency gains of circuits over Turing machines are below a constant.

The following theorem shows that on any particular learning problem
a PAC-guarantee obtained through Proposition 7 for learning with circuits
will imply a similar PAC-guarantee for learning with Turing machines.

Theorem 11. There exists a constant g € R™ such that for all € € (0,1/2), § €
(0,1) and n,d € N,
G4, (e,0,n) <gq. 2.9)

The rest of the paper analyzes the converse question: can we prove an
advantage of Turing-complete systems over circuits for learning in terms
of sample efficiency gains?
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2.3.2 Sample efficiency gains of Turing machines over circuits

In the next theorem, we show that we can construct a sequence of learn-
ing problems such that learning with Turing-complete languages becomes
more and more advantageous in terms of sample efficiency over learning
with Boolean circuits. Moreover, the advantage grows exponentially in the
input-size of the function to learn.

Theorem 12. Foralle € (0,1/2),6 € (0,1),d € N we have
G .c(e,8,n) € Q2" /n). (2.10)

The theorem shows that the potential advantage of learning with Tur-
ing machines over circuits can quickly become significant.

In the proof of Theorem 12, an explicit sequence of learning problems
with an advantage for Turing machines is given, the functions to learn are
defined by a Turing machine that enumerates on the functions in H" and
the Boolean circuits. The functions to be learned are thus hard to compute.

This can be seen as a practical limitation on the scope of this theorem.
We will now use polynomial computational limits on our interpreter. Our
formalism will use the interpreter of polynomial-time Turing machines —
U — to this effect.

2.3.3 Limits on the sample efficiency gains of polynomial-time Turing
machine over circuits

In this new computationaly constrained setting, we prove a bound on the
sample efficiency gains that can be shown from the length-based PAC-
guarantee of Proposition 7.

Theorem 13. Foralle € (0,1/2), 5 € (0,1), ¢,d € N we have
Gihe_c(e,6,1) € O(n°log?n). (2.11)

The proof of Theorem 13 is based on a result of Pippenger and Fis-
cher [1979], their result states that circuits can compute functions as fast
as multi-tape Turing machines. More precisely, we use a refinement by
Schnorr [1976] that takes into account the size of the involved Turing ma-
chine.
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2.3.4 Sample efficiency gains of polynomial-time Turing machines over
circuits are at least linear in the input-size

We show a positive result for learning with polynomial-time Turing ma-
chines, the sample efficiency gains grow at least (nearly) linearly in the
input-size of the function to learn.

Theorem 14. Foralle € (0,1/2), 5 € (0,1),1 < ¢,d € NT and all y > 0 we
have
Gihe ,o(e,8,n) € Q(n'™7). (2.12)

2.3.5 Are sample efficiency gains of polynomial-time Turing machines
over circuits superlinear in the input-size?

The Theorems 13 and 14 open the question of whether the growth of the
sample efficiency gains is actually a superlinear polynomial in the input-
size of the function to learn.

As we will show, this question connects with open problems in Com-
putational Complexity.

If gains are superlinear

The first open problem with which we make a connection is the existence
of a problem in P for which superlinear sized circuits are necessary.

This problem is of importance in Computational Complexity. There are
links between the collapse at the first and second level of the polynomial
hierarchy and the computability of languages in NP by polynomial-sized
families of Boolean circuits, see Karp and Lipton [1980].

However, despite years of efforts, the maximal size-lower-bound known
on Boolean circuits for a language in NP is linear, see Iwama and Morizumi
[2002], Arora and Barak [2009], Jukna [2012].

The Theorem 15 shows that proving that the sample efficiency gains
are actually superlinear through the PAC-guarantee offered by Proposition
7 solves this frontier. It solves the frontier by proving the existence of a
problem in P, and thus NP, with superlinear circuit complexity.

Theorem 15. If there exists € € (0,1/2), 6 € (0,1), ¢,d € Nt and some v > 0
such that
Gihe_sc(e,6,n) ¢ O(n'*7) (2.13)

then there exists a language in P not computable by any sequence of Boolean cir-
cuits whose sizes are in O(n'*7) for some T > 0.
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If gains are not superlinear

On the other hand, if the sample efficiency gains are not superlinear in the
input-size of the function to learn for polynomial-time Turing machines
over circuits then P # NP.

Theorem 16. Ifforall e € (0,1/2), 6 € (0,1), c,d € NT and all v > 0
Gihe ,c(€,6,n) € O(n'*7) (2.14)
then P # NP.

Gains are superlinear under circuit lower bounds

The contraposite of the last result yields superlinear gains in the case P =
NP. However, P = NP is not a common assumption in computer science.
We propose an alternative in the following theorem. Let E be the set a
language decidable with time-complexity O(2°(")) by Turing machines.

Theorem 17. If there exists f € E and 1 > 0 such that the Boolean circuits com-
puting f, are at least of size 2'"; then for any <y > 0 there exists € € (0,1/2), § €
(0,1), ¢,d € N such that we have

Glhe_c(e,8,n) € Q(n'*7). (2.15)

We note that the circuit lower-bounds of the assumption are the same
as the ones arising in derandomization research, and the theorem is based
on a worst-case to average-case hardness result [Arora and Barak, 2009].

2.4 Conclusion

In this work, we analyzed the sample efficiency gains of Turing machines
over Boolean circuits and classical neural networks under the minimum
description length principle in the PAC-learning framework. The Turing
machines served as a proxy in the analysis for other Turing-complete sys-
tems, such as the expressive Deep Learning architectures cited in the in-
troduction, or programs (written in computationally universal languages)
that can be learned from Inductive Programming techniques.

We showed that learning with expressive models such as Turing ma-
chines can yield sample efficiency gains that are exponential in the input-
size of the function to learn. Learning with polynomial-time Turing ma-
chines can also yield PAC-learning profits in comparison to learning with
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circuits. The sample efficiency gains grow at least linearly in the input-size
of the function to learn.

Whether they are superlinear or not is an open problem. One of our
main results showed that if these sample efficiency gains are not super-
linear in the input-size then P # NP. Another of our main contributions
demonstrated that if it is possible to prove superlinear gains using a classi-
cal PAC-learning uniform convergence argument, then there exists a prob-
lem in P with superlinear circuit complexity. Making progress on this ques-
tion thus requires answering long-standing open problems in Computa-
tional Complexity.

Nevertheless, we proved that under a circuit lower bound assumption
used in derandomization research, the gains are superlinear in the input-
size. This result provides a theoretical argument for the use and develop-
ment of expressive DL architectures presented in Section 1.3.1.

A parallel investigation of the gains in terms of description-length to
express Boolean functions is also an output of this research, given in 1.2.

This paper also leaves some questions open. Some of our results offer
bounds on G, thus providing information on the sample efficiency gains
that are provable using the PAC-guarantee of Proposition 7. Improving
these results by using G instead would render them independent of any
particular PAC-guarantee.

An extension of the analysis to classically used DL architectures such as
Convolutional Neural Networks and Recurrent Neural Networks would
also broaden our insight on the potential advantage of using Turing-complete
systems as models for learning.






A model-based approach to
meta-Reinforcement
Learning: Transformers and
tree search

Deep Learning methods have been successfully applied to various prob-
lems such as in image processing, natural language processing, and games
[Schmidhuber, 2015, Goodfellow et al., 2016, Li, 2018]. However, these
solutions usually require many samples. The field of meta-learning ad-
dresses this issue. The meta-learning paradigm supposes access to data
from other tasks in relation to the task of interest. A meta-learning method
can then take advantage of this supplementary data to learn an efficient
learning algorithm for the task of interest.

There are several areas of research close to meta-learning: transfer learn-
ing, domain adaptation/generalization, continual learning, multi-task learn-
ing, AutoML, ...These differ from meta-learning by having various re-
strictions on the type of algorithm used or the source data. We refer to
Hospedales et al. [2021] for a review of the differences between these ap-
proaches, especially in contrast to meta-learning.
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This chapter focuses on meta-Reinforcement Learning (meta-RL), where
tasks involve sequential decision making in an environment.

Recently proposed in Wang et al. [2021], the Alchemy benchmark aims
to test and understand proposed meta-RL algorithms. The benchmark
poses a fixed distribution over a space of tasks. Each task in that space
has a dynamics defined by a set of causal links between “potions” use and
their effects on “stones”. This dynamics is not directly observable by the
agent. To maximize its reward, the agent must understand this dynam-
ics through experimentation, then exploit that knowledge over an episode.
Two versions of the benchmark have been proposed, a 3D visual version
and a symbolic version. We focus on the symbolic version.

As presented in Section 1.3.4, one approach to meta-RL is to cast the
problem as a partially observable Markov Decision Process (POMDP), where
a latent space represents the hidden dynamics. Model-free RL methods
that support partial observability can then be used for meta-RL [Wang
et al.,, 2016, Duan et al., 2016]. The authors of Alchemy tested state-of-the-
art model-free RL methods on it. Their experimentation revealed a failure
of these model-free RL methods to learn a policy that efficiently explores
for information and then exploits it, both on the 3D visual and the symbolic
case [Wang et al., 2021].

We investigate the use of a model-based algorithm with online plan-
ning on the symbolic version of Alchemy and show significant improve-
ments. This result shows both:

¢ The capability of Deep Learning methods, in particular the Trans-
former architecture, to fit complex dynamics in environments where
model-free RL methods fail. These complex dynamics emerge natu-
rally in meta-RL problems where the latent space is a critical part.

* The strength of online planning algorithms in challenging environ-
ments, such as those that arise in meta-RL where the reward is de-
layed between the gain in information from exploration and its ex-
ploitation.

3.1 Related work

This section expands on the literature already presented in Section 1.3.4
toward algorithms closer to this chapter. We survey model-free RL applied
to meta-RL problems literature since it is the solution studied by Wang
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et al. [2021]. We then describe model-based approaches applied in meta-
RL.

Model-free RL for meta-RL

As said, one approach to meta-RL is to pose the construction of the effi-
cient agent as an RL problem with partial observability. Then this POMDP
can be solved with classical deep RL methods. A usual way in deep RL
to support partial observability is to make the past observations input to
the neural networks representing the policy or (Q-)value function. Several
architectures that support these sequential inputs have been applied: long
short-term memory (LSTM) and gated recurrent units (GRU) [Wang et al.,
2016, Duan et al., 2016], memory-augmented neural networks by [Santoro
et al., 2016], a mix of temporal convolution and attention [Mishra et al.,
2017], and a variation of Transformers [Parisotto et al., 2020].

Several works use a model-free RL algorithm and complement it with
auxiliary losses that force an inner representation of the studied system dy-
namics [Wayne et al., 2018, Gelada et al., 2019, Zintgraf et al., 2019]. They
use modeling losses to have self-supervision and create potentially rele-
vant abstractions, but do not use their ability to predict the dynamics of
the system directly for planning. Similarly, a task description can be used
as a target to construct useful abstractions [Humplik et al., 2019]. It has
been proposed that model-free methods in meta-RL implicitly learn to do
such task inference [Alver and Precup, 2021].

Model-based RL for meta-RL

In the context of meta-RL models have been used in Hiraoka et al. [2021]
to train a policy from simulated trajectories while providing theoretical
arguments for their method.

In Perez et al. [2020], they use probabilistic inference on latent variables
representing the hidden dynamics, and then use the cross-entropy method
for planning. The same idea is applied in Seemundsson et al. [2018] using
Gaussian Processes for learning and Model Predictive Control for plan-
ning.

Section 1.3.4 mentions that the initialization parameters of the neural
network representing the policy or value function can be trained to maxi-
mize performance on a dataset of tasks [Finn et al., 2017]. This is also true
for the initialization parameters of a neural network representing a model
of the dynamics [Nagabandi et al., 2018a,b, Mendonca et al., 2020]. With
this training, the model is trained to quickly adapt to the dynamics of the
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current task with gradient steps. We note that the model is adapted on-the-
fly to fit the task of interest.

Still another way to learn models in the meta-RL literature is to fix a
component of the model. For example, a fixed state-to-state dynamics but
with a non-fixed reward function. However, this can only work for prob-
lems where the set of tasks respects strong constraints on their dynamics.
An example of such a work is done in Byravan et al. [2020].

Our solution

Our work presents a model-based algorithm that learns a model of the
POMDP dynamics with a Transformer and then incorporates this model in
a tree search planner.

3.2 Methods

We define the general problem we address 3.2.1, and describe the symbolic
Alchemy benchmark 3.2.2. We then explain the construction of our model-
based agent. How we learn a neural network model of the dynamics 3.2.3,
and what online planner we use on top of this model 3.2.4.

3.2.1 Problem formulation

We define a partially observable Markov decision process (POMDP) as
a tuple (S, A, P,Q,0,H) where S is the set of states, A is the set of ac-
tions, and P is an operator defining the initial probability distribution over
states with Py(sp) and the conditional transition probability distribution
over states and rewards Pyyn(st+1,71+1[8t,a¢) where sp11,5t € S, a1 € A
and 441 € R. The set () defines the possible observations, and O is a con-
ditional probability distribution O(o¢|s;) describing the link between the
state and the observations given to the agent. The horizon H € IN gives
the number of steps in one episode.

In our meta-learning problem, at the start of each episode, latent vari-
ables are sampled. These hidden variables define the dynamics until the
end of the episode. This fits the definition of a POMDP where the hidden
variables are part of the states but not directly observed.

Our goal is to define a policy that acts to maximize the expected sum of
rewards over an episode.
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3.2.2  Symbolic Alchemy

Symbolic Alchemy, as defined in Wang et al. [2021], links an unknown
“chemistry” to the dynamics of an environment which consists of a va-
riety of stones and potions. Where potions can be used to change stones
and render them more valuable. Here, the chemistry determines the effect
of applying a potion on a stone, and a new chemistry is sampled each time
an episode starts. For example, applying the red potion on a small purple
stone might make it large in one episode and increase its value, but might
change its color in another and decrease its value. The goal is to explore
and use to our advantage acquired knowledge about this chemistry. We
define next what constitutes a state and the unrolling of one episode.

In symbolic Alchemy, three types of objects determine a state: the chem-
istry; the stones, their respective 3 visual features and associated reward;
and the potions with their respective colors. The features of the stones and
potions are directly observable, but the chemistry is not.

The agent can do several actions. He can apply a potion on a stone,
this can change its perceptual features and reward. He can also collect
the reward associated with a stone (which can only be done once for each
stone). The hidden chemistry determines the effects of potions on stones
and the possible features of stones.

An episode unrolls as follows: a chemistry is sampled among 167,424
others at the start and is kept constant during the whole episode; then a se-
quence of 10 trials follows. Each trial is further decomposed into: sampling
a set of stones and potions; then 20 time steps where actions can be taken
to understand the chemistry through experiments, generating high-value
stones by using potions, and collecting rewards associated with the stones.
The decomposition of one episode is given in Figure 3.1.

We describe an example episode with a potential agent. At the start,
a hidden chemistry is silently sampled. This single chemistry dictates the
rules of transformation for the entire episode, which consists of 10 trials.
The only information the agent can know at this point is that the chemistry
is constrained to follow some rules, like Red and Green potions must have
opposite effects on the same stone feature if they have an effect, but the
agent does not know which feature.

In our case the following chemistry has been sampled:

Potion effects on the features of stones:

* Red and Green potions affect Size.
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* Yellow and Orange potions affect Color.
¢ Pink and Turquoise potions affect Shape.

The stone with the combination of Large, Purple, and Triangular features
is the most valuable, and is worth +15 points. All other combinations are
worth less.

With the chemistry set, the first of ten trials begins.

The environment for trial 1 is generated, three stones and twelve po-
tions appear:

* A Small, Blue, Triangular stone;
* A Large, Blue, Triangular stone ;
* A Small, Purple, Round stone;

e and 12 potions, with 2 of each color (Red, Green, Yellow, Orange,
Pink, Turquoise).

The agent has 20 timesteps to act. Not knowing the chemistry, its initial
actions are experiments to uncover the rules.

e Timestep 1: The agent chooses to act on the first stone. It applies a
Red potion to the Small, Blue, Triangular stone. The potion disap-
pears, and the stone transforms into a Large, Blue, Triangular stone.
The agent now knows that the Red potion changes a stone from Small
to Large. It can infer that the Green potion likely does the opposite.

* Timestep 4: The agent continues its experiments. It applies a Yellow
potion to the same stone, which is now Large, Blue, and Triangular.
The stone’s color shifts, becoming a Large, Purple, Triangular stone.
The agent learns that Yellow potions can change a stone’s color from
Blue to Purple. The stone has now a +15 reward associated to it.

¢ Timestep 8: The agent performs an exploitation action. The reward
of the +15 value stone is collected, and this stone is removed from the
trial.

At the start of trial 2, the board is reset with a new set of 3 stones and 12
potions. However, the chemistry remains the same. The agent retains the
knowledge from the first trial 1. It can now plan its actions to reach high-
reward stones efficiently with the knowledge acquired in the first trial.
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Sample chemistry

Sample stones and potions Sample stones and potions
Trial 1 Trial 2
Episode

Fig. 3.1 Decomposition of one episode of symbolic Alchemy: a chemistry
is sampled for the episode, then trials are interleaved with resamples of
new potions and stones.

This shows the importance of doing the trials sequentially, one after
another. The knowledge gained in the first trials can be used to be more
efficient in the subsequent ones.

3.2.3 Learning a model

We describe how we train and leverage a model of the dynamics to com-
pute actions given a history of environment observations.

Data

We sample a dataset of trajectories prior to any learning and planning. We
simply use a uniform policy over the action space to generate the trajecto-
ries. We define a supervised learning problem from this data.

Since the actions are chosen randomly, the data is far from describing
an optimal policy. Optimized actions will be determined by our planning
procedure.

While this method is sufficient to learn an accurate model in the case
of symbolic Alchemy, other environments might need interleaving data
generation and model learning to get a sufficient coverage of the state and
action spaces.

Model architecture

The architecture is presented in Figure 3.2. Our model is based on the
Transformer using causal attention for its main block [Vaswani et al., 2017].
It receives as input a sequence of observations, rewards, and actions, and
it outputs a prediction for the next observation and reward at each step.
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We use the Transformer architecture to fit the dynamics for its capac-
ity to learn complex autoregressive functions, as demonstrated in natural
language processing.

In the prediction head for the next observation, a GRU allows our neu-
ral network to model probability distributions over the next observation
that are non-factorizable over the coordinates. In other words, our model
is not constrained to only represent distributions p(0;41) that must factor-
ize in IT; pi(oi 1) where i is the ith coordinate of the observation. A more
detailed view of this part of the model is available in Figure B.1 in Ap-
pendix 2.2.

In addition to the GRU, our prediction head also includes a linear com-
ponent making a direct link from the output of the Transformer to each
coordinate of the next observation. We show in our results that both the
linear and GRU parts are necessary to have an accurate model of the dy-
namics of symbolic Alchemy.

To train our model, we use teacher forcing: at training time to predict
the ith coordinate of the observation at timestep ¢ + 1, we use the true ob-
servations and rewards up to the timestep ¢, and also, the ground truth up
to the i — 1th coordinate of the observation at timestep ¢ + 1. See Figure B.1
in Appendix 2.2 for a detailed representation of teacher forcing.

We encode the real-valued observations and rewards as categorical vari-
ables, both for the input and output. Discretizing the inputs allows us to
have efficient cross-entropy loss and helps to get consistent trajectory simu-
lation over longer time horizons. We note that discretization is not unusual
in the RL literature, for example, MuZero discretizes the prediction of the
reward [Schrittwieser et al., 2020]. The encoding, E, is a one-hot transfor-
mation that takes as input a d-dimensional real-valued vector and returns
a d x n-tensor where n is the number of categories.

A full description of the hyperparameters that we use for our archi-
tecture and its training for the Alchemy benchmark can be found in the
Appendix 2.1.

3.2.4 Tree search with stochastic transitions

We define the model-based online planning algorithm that leverages, for
its simulations, the learned model defined in the previous section.

We construct our online planner on top of the tree search planner pre-
sented in Silver et al. [2016], and more specifically, the version defined by
Schrittwieser et al. [2020]. The tree search algorithm grows iteratively a
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tree where each branch represents a potential sequence of events starting at
the current state. The original algorithm supposes full observability, deter-
ministic transitions, a policy and a value function. We adapt it to support
partial observability and stochastic transitions.

We use a common transformation that casts POMDPs as equivalent
MDPs where states correspond to the complete history of observations up
to that point, we refer to Baxter and Bartlett [2000] for an example. The
transformation ensures that a policy defined on the MDP corresponds to a
behavior with the same performance on the original POMDP. We note that
even if the original POMDP had a deterministic dynamics, the resulting
MDP can be stochastic in general.

To support stochastic dynamics, we adapt the tree search algorithm by
adding chance nodes as children of decision nodes. At chance nodes, we
branch different paths representing different stochastic realizations of the
system dynamics. For each chance node, we use a fixed number of samples
from which stochastic branches are created. We merge identical samples to
reduce the tree breadth. When we merge samples, we use weights to not
introduce any bias.

To compensate for our lack of policy and value function, we use de-
faults: a uniform probability distribution over actions; and a zero-everywhere
value function is taken.

The algorithm grows the tree by prioritizing more promising branches.
At each node, it uses Q-value estimates and also uncertainty estimates on
these values to quantify how interesting an action might be.

The algorithm cycles through 3 steps to grow the three:

* Selection Starting at the root node, the branches of decision nodes are
taken depending on the Q-value estimates, the uncertainty on these
estimates, and the size of the subtree at that node. At chance nodes,
we sample a branch with a probability proportional to its weight. We
stop when we have no child for the action to take.

e Expansion Where we block in the selection step, we create a chance
node and sample its children.

* Backup With the new rewards obtained at the expansion step, we up-
date the Q-value estimates on the decision nodes taken in the selec-
tion step.

At the end of this procedure, an action is sampled from a distribution
proportional to the number of times each action has been selected in the
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search.

See Algorithm 6 in the appendices for a more detailed description of
the tree search and Figure 3.3 for a partial representation of a tree.

We note that since the number of samples by chance node is constant, a
limited number of possible paths for the system dynamics are considered.
Thus, in general, the Q-values estimates in the tree will not asymptotically
converge to their true values with the size of the tree. However, in prac-
tice, the size of the tree is bounded and the estimates will have non-zero
variance in any case. The number of samples by chance node is a hyper-
parameter that can be optimized to compromise between the tree width
and the lack of precision of these estimates.

3.3 Results

We compare our method against the results obtained in Wang et al. [2021].
They tested V-MPO a state-of-the-art model-free RL method [Song et al.,
2019], applied with a Transformer architecture improved for RL [Parisotto
et al., 2020]. This method iteratively optimizes a policy and a value func-
tion using on-policy data. The optimization steps involve carefully de-
signed losses to stabilize the complete process while retaining performance.

The authors of Wang et al. [2021] also implemented an ideal observer,
which is a Bayes-optimal agent that has the best performance achievable on
the benchmark. This agent is not directly comparable to the others, since
its implementation relies on hand-coded human prior knowledge of the
problem. For further insights into the agent performances, they also im-
plemented a simple Random Heuristic which does not exploit information
efficiently.

We sample 1e6 episodes to construct our dataset of trajectories from
which we learn our model. In the paper Wang et al. [2021], the authors
report that 1e9 episodes were used to train the V-MPO agent on symbolic
Alchemy:.

See Table 3.1 for the comparison, we test our method with several mag-
nitudes of computational resources going into planning. We optimize the
hyperparameters of the tree-search for the case of 1.250 expansions by step
in the environment, see Appendix 2.1 for the hyperparameters.

The comparison reveals that our method surpasses the model-free RL
method V-MPO if given sufficient computational resources for online plan-
ning. It also shows the importance of planning on this benchmark, the
performance increases significantly with more allocation of resources into
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planning. However, the marginal gains diminish too fast to reach the opti-
mal performance in our tests.

We note that under two conditions the score is guaranteed to reach an
optimal value with more and more expansions. First, the learned model of
the dynamics is accurate. Second, the number of branches considered at
chance nodes grows with the number of expansions.

Table 3.1 Comparison with the V-MPO RL method [Song et al., 2019]
and the baselines given in Wang et al. [2021]. We provide the scores with
the standard error. The number of expansions refers to the expansion op-
eration defined in the description of the tree search.

Agent Score on symbolic Alchemy

Ours (# expansions 100) 793+1.6

Ours (# expansions 500) 161.8 £ 3.9
Ours (# expansions 1.250)  207.1+£3.5
Ours (# expansions 2.500)  220.5+3.2
Ours (# expansions 5.000)  229.5+3.9
Ours (# expansions 10.000) 251.5+4.5

V-MPO 1554+ 1.6
Ideal Observer 2844+1.6
Random Heuristic 145.7 £ 1.5

3.3.1 Architecture tests

We conduct an ablation study on our model’s architecture to identify the
essential elements to its success. We do three tests: replacing the Trans-
former part with a recurrent architecture, a GRU; suppressing the GRU
in the prediction head of the next observation; and suppressing the linear
layer in the prediction of the next observation. We test the capacity of the
architecture to fit the dynamics of the symbolic Alchemy environment. We
use this metric instead of the direct score because it better measures the po-
tential of the learned model to construct an optimal policy. An error in the
learned model induces a limit on the performance of the behavior for any
online or offline planning method that we would build with the learned
model. Results are given in Table 3.2.

If we replace the Transformer part with a GRU, the prediction perfor-
mance drops. In symbolic Alchemy, the entropy in the prediction has two
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Table 3.2 All other hyperparameters being equal to the original archi-
tecture, see 2.1. With an exception when we remove the final linear layer,
where to increase performance, we decrease the learning rate to 2e — 5 and
we double the number of hidden units in the GRU to 64. When we re-
place the Transformer with a GRU, the GRU has 3 layers each of dimension
512. The entropy loss is computed on a held-out fraction of the generated
dataset described in Section 3.2.3.

Model architecture entropy loss on validation set
original architecture 1.31
replace Transformer with GRU  1.37
without the GRU head 1.61
without the final linear layer 2.25

sources: the uncertainty that comes from predicting the next state of a stone
after applying a potion; and predicting the uncertainty at each trial start
when the set of stones and potion is reinitialized. To further understand the
difference in entropy loss, we measure the part of the entropy loss coming
from the former which correspond to the uncertainty on the current chem-
istry. We obtain 0.066 with the original model and 0.11 with the GRU as a
main component. So part of the structure in the symbolic Alchemy prob-
lem is harder to learn for the GRU architecture, where in comparison, the
Transformer architecture successfully grasps the latent dynamics.

When we remove the GRU head in the prediction of the next observa-
tion, we decrease the model capacity since we forbid the output to repre-
sent a probability distribution of independent variables (one variable by
feature of the observation). The gap in predictive performance with the
original architecture shows the importance of modeling the interdepen-
dence between the different variables in an observation.

We observe that without the final linear layer to help predict the next
observation, optimizing the model is much harder. We suppose that this is
not due to a lesser capacity of the model, since we increased the capacity of
the GRU head to compensate for this effect. So we suspect that backtrack-
ing only through the GRU steps must be harder for the optimizer.
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3.4 Discussion

We demonstrate that a model-based approach with online planning can
substantially surpass the performance of a state-of-the-art model-free method
on the symbolic Alchemy meta-RL benchmark. We determine that this
success relies on several factors. First the architecture to train a model, a
Transformer is more performant in comparison to a recurrent architecture.
Additionaly, the architecture must be able to model non-factorizable prob-
ability distributions over the next observation coordinates. In our experi-
ments, we used a GRU in the prediction head to achieve this property. We
also added in parallel a direct linear layer to improve optimization. Besides
the neural architecture, an online planning algorithm allowed to use many
simulated steps is also necessary to achieve a non-trivial performance on
the benchmark.

Our work shows that while most of the research effort has focused on
model-free methods in meta-RL [Hospedales et al., 2020], learning to learn
might need explicit modeling and then planning. Also, the use of per-
formant auto-regressive architecture can be critical to model the complex
relationship between histories of observations and beliefs upon the system
transitions.

Improving the behavior The online planner that we use can take as input
a learned policy and value function to improve its performance. Moreover,
a performant policy and value function can be learned from the online
planner. Due to limited computational resources, we did not investigate
this solution. We believe that this method would significantly improve the
behavior and decrease the computational burden when we apply the pol-
icy, see Hamrick et al. [2020] for an empirical investigation of this method.
This improvement would not increase the number of ground-truth sam-
ples required, but would significantly increase the computational require-
ments to train the agent.
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Fig. 3.2 A neural network architecture to fit trajectories. The sequence
of observations and rewards is first transformed into categorical variables.
Then the sequence is passed through a linear layer along with the sequence
of actions. The resulting sequence is fed to a Transformer with three layers,
causal attention, and a sinusoidal positional encoding. Encodings, ¢;, from
the Transformer are then used independently to predict the next elements
in the sequences. For the rewards, an MLP is used. For the observations,
first an MLP, then a GRU, plus a linear layer, are combined. We note that
the next observation is also in input for the GRU since we use teacher forc-
ing.
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A limitation on black-box
dynamics approaches to
Reinforcement Learning

We presented many algorithms leveraging learning for problem-solving
in our introductory Chapter 1. Our goal in the next two chapters is to
understand when and why some methods perform better than others from
a computational point of view. Explaining such differences is central to
guiding the design of new efficient algorithms.

A first step in understanding the differences between methods is to ab-
stract them into classes. Two of the main classes of methods are model-
based and model-free RL methods. Model-based methods are algorithms
that leverage a known or learned model of the environment dynamics
[Mordatch and Hamrick, 2020]. In contrast, model-free methods, such as
Q-learning and Policy Optimization algorithms [Sutton and Barto, 2018],
do not use such a model.

Although the distinction between model-free and model-based classes
is commonly accepted [Sutton and Barto, 2018], there are no agreed-upon
general formal definitions of these classes. Authors resort to proposing
their own definitions [Sun et al., 2019] or to proving their results on classi-
cal algorithms representative of these classes [Tu and Recht, 2019].
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Several works have studied the relative performance of these classes
from a theoretical point of view, and it is cited as an open problem in the
survey Levine et al. [2020]. For tabular Markov Decision Process, Tu and
Recht [2019] review the existing literature that studied the model-free or
model-based methods. They find no clear conclusion in favor of one class
over another. In the specific problem family of the Linear Quadratic Reg-
ulator, Tu and Recht [2019] demonstrate a polynomial separation result in
favor of a model-based method.

To our knowledge, Sun et al. [2019] provide the only result with a gap
in the efficiency that is exponential in a relevant parameter of the prob-
lems. They offer a definition for the class of model-free methods and then
present a family of problems intractable for model-free methods but easy
for a specific model-based method.

In this work, we define the class of black-box dynamics RL methods
containing model-free RL (Q-learning, Policy Optimization, ...) and sev-
eral RL methods considered to be model-based such as AlphaZero [Silver
et al.,, 2017]. These methods do not leverage (learned) knowledge of the
dynamics or except possibly by generating simulations of transitions. Our
paper unravels explicitly a limitation on this class of black-box dynamics
methods and reviews potential ideas in the literature to circumvent this
limitation.

We note that here by the term “black-box” we refer to the fact that the
model is used only for its capacity to produce an output (next state) given
an input (current state and action). Thus, any knowledge of the details of
a potential computational model of the dynamics is not leveraged, even if
this computational model has no physical interpretation. In other words,
the state-to-state dynamics is opaque to the algorithm.

To establish our result, we formalize the class of black-box dynamics
methods in Definition 19. The definition aims to achieve two objectives:
(1) to capture a large class of methods encompassing model-free and some
model-based RL methods, and (2) to allow the proof of a limitation on
these methods. Our definition relies on the fact that black-box dynamics
methods can be formulated to interact with problems through an interface,
a novel concept we introduce (pictured in Figure 4.1). An RL method will
fit our definition if the method can still be implemented when our inter-
face is placed between the method and the problem. This interface allows
us to formulate and check conditions on the information that flows from
the problems to the black-box dynamics methods. In particular, states are
not directly fully observable to the method through the interface but only
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partial information that allows to get (Q-)value and policy functions eval-
uations.

Next, we introduce a family of problems provably intractable for black-
box dynamics methods, one of these problems is represented in Figure 4.2.
However, this family of problems is easy to solve and can be provably
efficiently solved by a toy method that identifies a rewarding state and
learns to reach it. Moreover, we perform numerical experiments and show
that a planning algorithm leveraging a learned model of the dynamics also
efficiently solves the problems in the family.

Our work differs from the result of Sun et al. [2019] in two ways. First,
we broaden the class of methods with a limitation to some model-based
methods such as AlphaZero. We obtain this result by leveraging our con-
cept of interface to formalize this larger class of methods.

Our second contribution with respect to the result of Sun et al. [2019] is
that our family of problems can be efficiently solved without strong specific
priors about it. In contrast, in their result, the success of the model-based
method crucially relies on an a priori known state to reach. They encode
this knowledge into the model-based method to its advantage. In general,
such knowledge cannot be assumed to be known in practice and impairs
the practical applicability and generality of their claim.

In summary, our work identifies a failure-case for a broad range of
general-purpose RL methods.

This chapter is structured as follows. Section 4.1 defines the notation
and formalizes the problems we address. Section 4.2 characterizes the
black-box dynamics RL methods with our definition and linked interface.
Section 4.3 states our main theoretical result. Section 4.4 demonstrates nu-
merically the performance of several RL methods. Finally, Section 4.5 pro-
vides a summary of our findings.

Appendix 3.2 presents an alternative formalization choice with its im-
plications, and Appendix 3.3 discusses the differences with the work of
Sun et al. [2019] in more detail.

4.1 Preliminaries

Notation We use A(Q)) to denote the set of probability measures over
a sample space () with an implicitly associated c-algebra. We define the
function 1(.) to output 1 if the condition in its argument is respected, else
0. For a set A, we note A* = UjcnA' the set of all finite sequences of
elements in A.
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In this paper an RL problem is a finite horizon Markov Decision Process
(MDP), which is defined by a horizon H € IN, a state space S, an action
space A and an operator P, which determines an initial state distribution
with Py(sp) € A(S) and a dynamics with Payn (7, 5| s,a) : S x A — A(R x
S), where r is the reward and s’ is the next state.

Throughout the paper, the rewards are in the interval [0, 1], the set of
actionsis binary A = {0, 1}, and the sets of states S are of the form {(t, x) €
{0,...,H} x R"} for some n € IN, where t is the time step and x a feature
vector. Initial states have t = 0, and ¢ is incremented at each transition by
Pgyn. When the time step H is reached, we say that the state is final and
the trajectory ends. Our formalization is a particular case of the general
framework of Contextual Decision Processes [Jiang et al., 2017].

We note (sg, ao,70,51,41,--.,54) ~ P a trajectory sampled according
to the operator P and a policy 7 : S — A(A). We use 7! to denote the
policy which outputs a uniform distribution over actions.

The objective is to find a policy that maximizes the expected cumula-
tive rewards E g a0 ro,...s1)~P7 [CH " 7¢]. An RL method is an algorithm that
outputs a policy given access to P. We note that the policy returned by the
RL method might not be optimal. The method solves the MDP if it outputs
an optimal policy.

4.2 Formalization of black-box dynamics RL methods

In this section, we define the class of black-box dynamics RL methods (Def-
inition 19) and then state a limitation on their efficiency in the next section.

The formalism We defined in the last section an RL method as an algo-
rithm that outputs a policy given P (the operator describing the dynamics
of an RL problem), but we did not formally specify how P is accessed by
the method. In the literature, it is common to assume that P can be used to
sample trajectories from a chosen policy. Here instead, black-box dynamics
RL methods access P through an interface. An algorithm for RL problems is
considered black-box dynamics if it can be implemented in an RL method
interacting only with the interface (Definition 19).

The interface, defined in Algorithm 2, is a set of algorithms (oracles)
that can be called to get information about the RL problem. The interface
is thus placed between the RL problem and the RL method as pictured in
Figure 4.1. This setup allows us to formulate and check conditions on the
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information that can flow from the RL problem to the black-box dynamics
RL method.

To build intuition on the information that we impose the interface to
filter, consider deep Q-learning methods as an example. In these meth-
ods, the Bellman equation might be enforced by minimizing an empiri-
cal average of [Q(s,a) — (r + max, Q(s', 4 )}2 for some sampled transitions
(s,a,7,5") and where Q is an old estimate of the Q-values. We observe that
in the Bellman equation, the state s’ is not directly needed but only its eval-
uation through Q.

More generally, across a broad range of RL methods relying on the Bell-
man equation, given a transition (s, a, 7, s"), the state s’ is only used through
evaluations of learned ML models such as value or Q-value functions.

With the help of the interface, our Definition 19 formulates an abstract
condition that these indirect accesses to s’ satisfy in black-box dynamics
methods. More precisely, when a transition s,a,r,s’ is sampled from P,
the interface does not directly return s’ to the calling method, but F(s’, D)
where D is a dataset and F is a function chosen by the calling algorithm.
The dataset D is a list of partial information (s, 4,7, f) about past sampled
transitions (s, a,,s’) where f is the evaluation of s’ by F with an old ver-
sion of the dataset.

The function F is chosen by the RL method and can be selected to be a
Machine Learning (ML) algorithm to learn and use (Q-)value and/or pol-
icy functions. In that case, D can play the role of a replay buffer, with it,
F (s, D) can learn a neural network according to the Bellman equation and
evaluate the state s to extract Q-values. This allows the method to choose
an action based on estimated Q-values.

We ask F to respect a constraint on its output without obstructing the
implementation of our methods with the interface. Specifically, we de-
mand that F is invariant to shufflings of the coordinates in the states. This
condition is naturally satisfied by ML algorithms since, without a priori, a
learning process is expected to treat the features symmetrically. This con-
dition allows us to model the reliance of methods on rewards to extract
information from states. This is leveraged in our Theorem 20 to prove that
some states are indistinguishable from the point of view of a black-box dy-
namics RL method.

To implement an RL method with the interface, the RL method should
also be able to ask new transitions to generate trajectories or to do local
planning by testing several possible actions from a given state. To permit
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these with the interface without revealing the state s/, the interface returns
a number s’ that the RL method can use to ask for new transitions. In
particular, we choose s’ to be equal to the iteration number at which the
state is sampled since the start. For example, at the start, the RL method can
ask a new initial state; the interface numbers that state 0 and provide this
number to the RL method; the RL method can ask for new transitions to the
interface that leads to successive states numbered 1, 2, ...,17; at that point,
the RL method could ask the interface to sample a new transition from the
12th state with action a = 1; the interface then responds to the method with
the obtained reward, 18(= s’), and F (s’, D) where the dataset D contains
information about the 17th first sampled transitions. Simultaneously, the
dataset is augmented with the transition from the 12th to the 18th state for
future (improved) state evaluations with F.

In some algorithms, transitions are simulated with a learned model. It
is not generally possible to learn a model of the dynamics with the inter-
face under our Definition 19. However, it is possible to perfectly simulate
the dynamics using calls to the interface that interacts directly with P (de-
scribing the true underlying dynamics).

Black-box dynamics RL methods Our Definition 19 below encompasses
a large set of classical RL methods that includes model-free RL approaches
such as Policy Optimization and Q-learning. The definition also includes
some model-based RL methods that only use a model of the dynamics to
generate new transitions such as AlphaZero [Silver et al.,, 2017]. These
methods treat a model of the dynamics as an input-output black-box func-
tion and do not leverage its internal computations.

On the other hand, there are several examples of algorithmic schemes
that our definition does not allow. We defer to Section 6.2 a discussion on
RL methods from the literature that are excluded from our definition but
describe shortly here some examples.

Learning a model of the dynamics is not allowed, except if it is only
used to sample transitions since in that case these transitions can directly
be generated with the interface. Thus, the definition does not allow taking
a gradient through a learned model or looking inside a learned model of
the dynamics.

Also, learning a model of the inverse dynamics is not allowed, such as
learning to predict the action to take given the current state and a wanted
future state.
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Algorithm 1 Encoder and decoder of states.

last_idx <+ -1

list <]

function ENCODE_STATE(s)
list <list.push(s)
5 +last_idx+1
output 3

function DECODE_POINTER(5)
output s = list[3]

Definitions As explained above, a black-box dynamics RL method inter-
acts with an interface linked to an RL problem, Algorithm 2 pictured in
Figure 4.1. The interface is a set of algorithms with an internal state main-
tained between calls made by the RL method. Through the interface, the
RL method can ask for new transitions, the interface then returns two ob-
jects for any sampled state s’. The first object is a number s’ computed
by an encoder-decoder described below. The interface also returns a real
vector f: the evaluation of a constrained function F on s’ and an internal
dataset D. This second mode of state access allows the RL methods to train
and evaluate ML models on states, such as learning value functions using
neural networks.

At each call for a new transition, the interface computes s’ and f =
F(s', D) then returns these values to the RL method. Simultaneously, the
interface builds incrementally its internal dataset D with this information.
Similarly to RL methods when ML algorithms are used, the ML models are
trained from the data, and the data is generated with the help of the ML
models. This cyclical dependency is represented by the curved arrows in
Figure 4.1.

The state reference s’ is computed by an encoder-decoder of states de-
fined in Algorithm 1. The encoder and decoder translate the states to num-
bers, and numbers to states respectively. The algorithm numbers the en-
countered states in the order of their visit. The PUSH operation puts the
state at the end of the list, and thus the encoder-decoder potentially as-
sociates several numbers with one state if it is visited several times. This
numbering ensures that no information about the state is revealed to the
calling method. We use 5 to denote a computed number corresponding to
some state s.

Our Definition 19 requires that the function F respects a special sym-
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Fig. 4.1 Representation of an RL method that handles the interface linked
to an RL problem. The interface allows filtering the information that can
flow from the RL problem to the RL method by design. In this Figure,
the Env_step algorithm of the interface is pictured. This algorithm allows
the RL algorithm to draw a transition from the RL problem. The encoun-
tered state s’ is passed to the RL algorithm through a reference number
to the state, s, computed by an encoder-decoder defined in Algorithm
1. The state is also passed to the method through a function evaluation,
f = F(¢,D), defined by a dataset D, and a chosen function F. This
dataset is internal to the interface and incrementally constructed from pre-
vious transitions. The function F can be chosen to implement a learning
algorithm that uses the dataset to train a Machine Learning model and
evaluate it on the generated state s/, the result can be used as a value func-
tion for example.



Formalization of black-box dynamics RL methods | 4.2

Algorithm 2 Env : an interface linked to an RL problem defined by the
transition operator P. The interface is a set of algorithms with a common
internal state. The interface has access to an initialized encoder-decoder of
states as defined in Algorithm 1.

D« ] > internal dataset
function Env_init(F)
S0 ~ PO
So  encode_state(sg)
output sy, F(so, D)
function Env_step(3, a, F, append_to_data = True)
s < decode_pointer(5)
if s is not final then
r s ~ Payn(7,5'| 5,0)
s’ + encode_state(s’) > reference to the state
f <« F(s,D) > to use (Q-)value and policy functions
if append_to_data then
D <« D.append((s,a,r, f))
outputr, s, f
else if s is terminal then
output L

function Env_eval_state(s, F)
output F(s, D)

function Env_encode(s)
output encode_state(s)

metry condition under permutations of the input coordinates. We define
such permutations here in Definiton 18.

Definition 18. A permutation of coordinates p : R" — IR" is a function such
that for x € R", p(x),) = x; for some bijective function u from {1...n} to
itself.

We also use interchangeably p’ : N x R" — IN x R" defined as p'((t,x)) =
(£ p(x)).

From these definitions, we can express Definition 19 of black-box dy-
namics RL methods.

Definition 19. A black-box dynamics RL method interacts only with the in-
terface (Algorithm 2) linked to the RL problem. The function F given in argu-
ment to the algorithms of the interface must have the following form F : S x
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D — RN where N is a natural number and D € (S x A x R x RN)* is
a dataset. Moreover, for any permutation of the coordinates p, we must have

F (s, ((so,a0,70, f0),---)) = F(p(s), ((p(so),a0, 70, fo),--.)) for any state s €
S and (so,a0,70, fo),--- € S x Ax R x RN,

Interpretation and examples This formulation of the Definition 19 reaches
two objectives:

1. To allow a large class of common RL methods to fit the definition.

2. To constrain the information that can pass from the RL problem to the
RL method, allowing us to prove the limitation in the next section.

The definition reaches the first objective by allowing to encode common
patterns in RL methods. We provide several examples of this flexibility.

The first step in converting an RL method to fit the interface is to replace
any generation of transition (s,4,7,s") by a call to the interface defined in
Algorithm 2, in particular, the Env_step algorithm pictured in Figure 4.1.

The reward r is directly observable and thus the Definition 19 poses no
limit on his manipulations by the calling method. The state s’ is not directly
observable but the RL method can use s’ and f = F (s, D) (still defined in
Algorithm 2).

The first element, s, can be used to draw new transitions with new
calls to Env_step. With this ability, we can sample complete trajectories
(s0,40,70,51,41, - - -, SH), something which is essential to RL methods. We
can also leverage the generation of transitions to simulate common local
planning procedures by calling the interface several times with s’ and dif-
ferent actions (e.g. tree search).

Another step in converting an RL method using ML models to fit the
interface is to code the manipulation of these ML models. To accomplish
this, the function F(s’, D) can: first, apply a learning algorithm applied
on the internal dataset D (composed of old transitions and ML models
evaluation) to produce a trained ML model; second, evaluate this model
on the state s/, giving f, to add information to D and be manipulated by
the RL method, as a value function evaluation for example.

For instance, in the case of a deep Q-learning method: D has the role of
a replay buffer of past experience; F is a learning algorithm that given the
replay buffer D and a state s, learns a Q-value function then applies it on
s. We show in Appendix 3.4 that this construction allows for modeling the
training of deep (Q-)value and policy functions.
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The function F is thus used as a learning algorithm in our translation of
existing RL methods to use this interface. The symmetry restriction on F
posed in Definition 19 can be intuitively understood as a restriction on the
learning algorithm. Specifically, our restriction demands that the learning
algorithm treats the coordinates of the input state vectors symmetrically.
This restriction is natural since, without a specific prior about the task at
hand, we do not wish to process the different coordinates in particular
ways. However, we note that in a practical setting with neural networks,
the weights are initialized randomly, which can create asymmetries. Nev-
ertheless, we prove in Appendix 3.5 that the distribution of trained neural
networks has the demanded symmetries under a natural assumption on
their architecture.

We stress that the symmetry restriction imposed on F does not imply
that the learned ML model is invariant to permutations of its input coor-
dinates. Instead, the restriction imposes a symmetry between the learned
ML model and the dataset used for its training. For example, when learn-
ing a linear model, if we permute the first two coordinates in the training
data, then the resulting model will also have the values of its first two pa-
rameters permuted.

In the special case where there is known prior information about the
RL problem, the practitioner might want to use a Machine Learning algo-
rithm that does not fit this restriction. For example, in Image Vision tasks
Convolutional Neural Networks (CNNs) are commonly used and those do
not respect our symmetry restriction. However, in the case of CNNSs, these
architectures usually produce a latent space over which an agnostic neural
network architecture is applied. Our results will apply to this latent space.
More generally, we believe that our results can apply under any sufficiently
broad prior.

In Appendix 3.4, as an example of our formalization, we show how
classical RL methods can be translated to use the interface as constrained
in Definition 19. We give four complete examples: a fitted Q-iteration
method; a model-free policy gradient algorithm (Actor-Critic method); a
local tree search model-based method; and a combination of tree-based
planning and value function & la AlphaZero [Silver et al., 2017].

These examples are archetypes of the main categories of RL methods
and cover Q-learning with the Bellman equation, Policy Optimization with
policy gradients combined with a critic, and black-box model predictive
control with tree-based search. The last example also covers a mix of model-
based tree-based search and model-free RL. We refer to the documentation
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of Achiam [2018] for a taxonomy of RL methods. These examples also
illustrate how several commonly used exploration methods fit our frame-
work: e-greedy, on-policy, and optimism under uncertainty with UCB. Our
proofs for these examples depict how other methods can be translated to
fit our Definition 19.

4.3 Main theorem: limitation of black-box dynamics RL
methods

We just characterized the class of black-box dynamics RL methods through
the Definition 19. We prove in this section that these methods suffer from a
computational efficiency limitation on a family of RL problems. In contrast,
these problems are efficiently solved by a toy method. The toy method
learns to map future states to actions and then applies that mapping to
reach a detected rewarding state.

We define here this efficient toy method based on Hindsight Experience
Replay [Andrychowicz et al., 2017].

The toy method, Algorithm 3, first samples a dataset of trajectories by
drawing actions uniformly. From this dataset, it extracts a final state that
gives maximal reward when entering it and poses this state as its goal.
From the same dataset, a function is learned to predict the action taken
from any state given the reached final state. Finally, the algorithm con-
structs a policy that follows the action predictor conditioned on the goal as
the final state.

The learning algorithm for the action prediction minimizes the empiri-
cal rate of errors on the dataset. The space of functions in which we learn is
a composition of a feature selection, a linear function, and a threshold (to
output a binary prediction). The formal mathematical program is

agmin L 142y #0

fo€F  ((sy51),8) €Dk (4.1)

st wllo <a,

St
SH
is defined in Algorithm 3, F is the set of linear functions with a threshold,
F={xeR” = 1((w,x) > 0)|w € R}, and w € R?" is the parameter
associated to f,. The condition ||w|p < a bounds the number of non-

where [ ] denotes the states concatenated in a vector in R?", dataset DtGC
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Algorithm 3 A goal-conditioned algorithm.

Parameters: N: number of samples, x: parameter of the learning algorithm
(number of active features)

Input: P: the transition operator corresponding to the RL problem
D« {}
fori<~1,...Ndo
D «+ DU {(so,a0,70,51,,--.,55) ~ PT }
g < argmax, r st (...,rsy) €D
fort € {0,...,H—1}do
Dt < {((st,sm),a0)| (-..,st,a1,...,5q) € D}
f! « the result of the optimization program in Equation 4.1 with
dataset D{~ and parameter a.

output 77(als;) = f*(alst, g)

zero weights in the linear function by « € IN. This space of hypotheses
and regularization condition are chosen to facilitate the theoretical proof,
our numerical experiments will show that the results also hold with more
general ML algorithms.

This method is elementary and limited: exploration is performed with
a uniform policy; F is a restricted set of functions; the method is only try-
ing to reach a final rewarding state to maximize expected returns; and the
scheme is not sound in stochastic dynamics. Thus, this method does not
address the general problem of RL. Nevertheless, the method is sufficient
to support the claims of this paper:

* The RL problems in Theorem 20 are easy to solve and not efficiently
solving them is a limitation since any RL method that cannot effi-
ciently solve these problems is beaten by Algorithm 3, a toy method
that merely predicts actions to reach a detected rewarding state.

* A method that constructs a model of the inverse dynamics (such as
Algorithm 3) can help to avoid the issue identified in this paper.

We have now defined everything needed to state our main result.
Theorem 20. There exists a family of RL problems such that

1. For any RL problem in the family and 6 € (0,1), with probability at least
1 — 4 (over the sampled trajectories), Algorithm 3 outputs an optimal policy
with a number of samples and number of operations upper bounded by a
polynomial in horizon H and 1/s.
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2. For any algorithm satisfying Definition 19 and using o(2H) calls to the
interface (Algorithm 2), there exists a problem in the family for which it
outputs a suboptimal policy with probability at least 1/3.

The second affirmation bounds from below the computational com-
plexity of black-box dynamics RL methods to solve the problems, thus for
those methods the family of problems is intractable. Conversely, the first
claim ensures that Algorithm 3 efficiently solves the family of problems.
Thus, the Theorem proves a separation in efficiency to the disadvantage
of black-box dynamics methods, implying a limitation on a large class of
methods (which includes, as seen in Section 4.2, Q-learning, Actor-Critic
methods, AlphaZero, ...). Another consequence of the Theorem is that the
toy method based on Hindsight Experience Replay (Algorithm 3) cannot
be formulated as a black-box dynamics method.

The complete proof is given in Appendix 3.1. It is partially inspired by
some of the proofs in Sun et al. [2019]. We provide a sketch here with the
main intuitions.

We explicitly construct a family of RL problems satisfying the require-
ments in Theorem 20. The problems in our family are defined by two pa-
rameters: a horizon H € N; a hidden binary word b € {0,1}¥~2 that
represents a sequence of actions that solves the task. A representation of
one element of the family for a small horizon is given in Figure 4.2. We re-
mark that the dynamics is deterministic with the exception of the start and
a reward is obtained at one unique state. The problem can thus be seen as
finding a path to a goal in a graph.

Each state is defined by 3(H — 2) + 1 real variables. The action space is
binary. An example in this family for H = 4 and b = 01 is represented in
Figure 4.2.

We pose some notations to describe the states. Each state is decom-
posed into three parts 4, b, and ¢, the part b is further decomposed into
parts u and d. The time step to which the state belongs is kept implicit in
our description. For i between 1 and H — 2:

e 5% the ith variable in the first part of the state vector;

o sbH/diify, the up ith variable in the second part of the state vector, if

d, the down ith variable in the second part of the state vector;

e s the variable of the third part of the state vector.
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Fig. 4.2 Example of the family of RL problems for horizon H = 4 and
hidden binary word b = 01. On the left-hand dynamics, the agent can
easily discover the unique rewarding state. In comparison, a reward is
hard to get in the right-hand dynamics using random exploration but by
exploiting the dynamics and a discovered relevant goal, an algorithm can
uncover an optimal path (such as toy method Algorithm 3).

Example of the notation for state vector s:

Sb,u,l Sb,u,Z Sb,u,i Sh,u,H—z

a,l ) €
4 Sh,d,l' Sb,d,Z’ 4 Sb,d,z’ 4 sb,d,H72’

a,2 a,i

%2 s g2

S

Now we describe the dynamics. At step 0, whatever action is taken,
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with probability 1/2, we reach either a state full of zeros, or a state full of
zeros except for s which equals one.

If we have s° = 0, then for the steps t = 1tot = H — 1, the state
vector stays zero. At the last step it gives a reward of 1 and the state with
§7 = =2, gbu — 1H=2 sbd — gH=2 and s¢ = (.

If s = 1, then from time step t = 1 to t = H — 2, the transition from
t to t + 1 encodes the binary action taken into sfil with zero reward (the
other variables keep their values from the previous time step). At the last
step, the dynamics fixes sf; = 0, all the variables that encode a past action

. . 1
to zero s, = 02, and s?, to express if each action taken was correct ( 0)

or not (?) with respect to a fixed optimal trajectory given by b the binary

word parametrizing the problem. In other words, s%' = 1(s* = b;) and
slI’{’d'i = 1(s¥" # b;). At that step, if si* = 1772, then a reward of 1 is
given. Such that, a reward is obtained only if all the actions taken follow
the hidden binary word b.

At a high level, the dynamics starts at a unique initial state from which
two possible states are drawn randomly. The first state starts the left-hand
dynamics, a unique trajectory that ends up in a rewarding state. The sec-
ond state starts the right-hand dynamics, in it the number of possible tra-
jectories grows exponentially with the horizon. At the end of these trajecto-
ries, the dynamics transitions to a final state that represents the differences
between the history of actions taken and the hidden binary word b. If there
are no differences between the binary actions taken and b, we arrive at the
same state as the left-hand dynamics, and a reward is obtained.

The right-hand dynamics has a number of possible final states that
grows exponentially in the horizon, and the unique rewarding state is hard
to reach by purely random actions independent of the hidden binary word
b. Information about b is only present in the final states, and we show in
the proof that the information in the final states of the right-hand dynam-
ics is hidden under the Definition 19. More precisely, Definition 19 only al-
lows information about these states to filter through evaluations of F (., D),
and any F (., D) is provably constant on these states due to the symmetry
restriction. Methods satisfying Definition 19 will thus not do better than
enumerating all the possible behaviors since they do not have access to
relevant information to orient the search in the right-hand dynamics.

We illustrate the reasoning with the example of a Q-learning algorithm
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implemented with the interface applied to the problem in Figure 4.2. When
sampling some final state sy, the only information filtering through the
interface to the method is the obtained reward, the encoding 5, and Qs,;, =
F(su, D). The encoding 5y is simply the number of states encoded up to
now and reveals no information about sy and the problem. The output
Qs,, represents the Q-value estimates at that state built from the dataset D
composed of tuples (s,a,7,Qy ), where these tuples are based on previously
sampled transitions (s,4,7,s’) and an old estimation Qg of the Q-values
at . The dataset can only contain non-final states by construction of the
interface. Also, by construction of the problem, the (non-final) states in the
dataset and final states have different coordinates with non-zero elements.
Given these elements, an analysis with the symmetry condition on F in
Definition 19 reveals that Qs,, = F(sy, D) is constant with respect to sp.
Thus, in this case, only the obtained reward exposes information about the
problem for a black-box dynamics method.

In this analysis, the symmetry condition asked on F is crucial. It allows
us to prove that the outputs of F are equal for different states in our prob-
lems. These states are thus indistinguishable, and imply that the algorithm
fails to leverage the crucial information in them.

For Algorithm 3, the left-hand dynamics allows the RL method to dis-
cover the rewarding state easily and set it as its goal. The right-hand dy-
namics is sufficiently simple for the learning procedure to reliably predict
the necessary sequence of actions to reach this goal. With high probability,
the returned policy will thus reach the rewarding state in the right-hand
dynamics.

Generalization Our result defines an example family of problems but
does not provide general conditions on problems upon which the limi-
tation on black-box dynamics methods appears. Nevertheless, from this
family, we can extract some key elements to our proof of the limitation:

¢ the dynamics have several actions to take and each is critical to the
success;

¢ each action has a positive or negative effect depending on the initially
unknown dynamics;

* the dynamics aggregate the effects of all the actions into one binary
reward, thus hiding the effects of each action to a method relying on
reward feedback.
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At the same time, these problems are tractable for our toy methods be-
cause:

* a rewarding state reachable with the above actions can be inferred
from random exploration;

o the effect of each action is revealed in the state-to-state transitions.

These core characteristics informally define sufficient conditions to show
a limitation. An improvement over our result could be to formally define
sufficient conditions as general as possible on problems for the occurrence
of a limitation. This would require several generalizations over Theorem
20. More precisely, it would be necessary to generalize the bound on the
performance of black-box dynamics methods to a broader range of prob-
lems. Additionally, a more universal algorithm should be proposed than
our toy method (Algorithm 3), supported by an equally universal guaran-
tee of its performance. These generalizations and their scope will deter-
mine the breadth of any obtained limitation.

Domination A corollary of Theorem 20 is that for any black-box dynam-
ics RL method, another method exists that always performs at least as well
and sometimes better on RL problems. This result can be obtained by con-
structing a new method that executes in parallel both the black-box dynam-
ics method and Algorithm 3. Appendix 3.1 contains a formal statement
and associated derivation of this fact.

4.4 Numerical experiments

We illustrate and confirm numerically how practical deep RL methods per-
form on the family of RL problems constructed in the proof of Theorem 20.
We also test the goal-conditioned method from the last section. Moreover,
we introduce another method that performs well on our set of problems.
This method leverages a non-black-box model of the dynamics for plan-
ning.

We test model-free methods such as fitted Q-iteration [Riedmiller, 2005].
We implement and run a classical Actor-Critic method, Proximal Policy
Optimization (PPO) [Schulman et al., 2017]. Moreover, we test AlphaZero,
amodel-based method leveraging learning and local planning [Silver et al.,
2017]. We refer to Appendix 3.7 for details on the implementations.
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We test Algorithm 3 but with neural networks trained by gradient de-
scent as a learning procedure instead of the function space defined in Equa-
tion 4.1.

In addition, we propose and test a second algorithm that empirically
performs well on the family of RL problems. A more detailed description
of this algorithm is available in Appendix 3.6.
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Fig. 4.3 Fraction of successes as a function of the horizon for each method
on the RL problem family illustrated in Figure 4.2. We performed 45 runs
for each point on the Figure. An upper bound on the standard devia-
tion is displayed, it is computed using the maximal possible variance for a
Bernoulli distribution, 1/4. The Goal-Conditioned denotes Algorithm 3 with
neural networks and Planning Solver is the planning method presented in
this section. The Random Heuristic denotes the analytically computed per-
formance of a method that samples random actions until reaching a re-
warding state on the right-hand dynamics of the problems, then copies
that behavior. This method assumes access to 50.000 sampled trajectories.

This algorithm iteratively alternates between two computations. One,
learning a model of the dynamics from sampled trajectories. Two, sample
trajectories by using a planning algorithm to determine the actions. The
planning algorithm converts the current state and the learned model of the
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dynamics into a mathematical program that maximizes the sum of future
rewards. Then, an off-the-shelf solver solves the mathematical program
and outputs a plan with the action to take. The algorithm iterates this pro-
cedure until a performance threshold is obtained, then the training stops
and the method outputs the planning procedure as its policy.

We propose this algorithm to support two claims.

Firstly, we illustrate in a second way that our RL problems are tractable.
This method relies on the fact that the dynamics of our MDPs are easy
to learn and an off-the-shelf solver can plan efficiently in these dynamics.
Those are general properties that an efficient general method should be
able to take advantage of.

Secondly, this algorithm illustrates another idea in the literature than
the goal-conditioned Algorithm 3. Algorithm 3 learns a link from future
states to present actions directly, while here we propose an algorithm that
learns a model of the forward dynamics. This algorithm is also interesting
to compare with other model-based RL methods on which the limitation
applies (e.g. based on tree search). This new planning algorithm distinc-
tively leverages an explicit model of the dynamics by decomposing this
model into structured constraints, instead of only using the model as a
black-box generator of samples.

We apply these methods to problems of the family constructed in the
proof of Theorem 20 with an increasing horizon. For the fitted Q-iteration
and PPO methods, we sample 50 times 1000 trajectories during one train-
ing run. The AlphaZero method accesses 3 times 1000 trajectories, where
for each state in these trajectories, the planning procedure leverages 50 sim-
ulation of transitions. Thus, the method leverages an equivalent total of
150 000 sampled trajectories. We sample a dataset of 1000 trajectories for
the goal-conditioned method. The new planning algorithm takes 1000 ran-
domly sampled trajectories for its initialization, and then at most 1000 ad-
ditional trajectories are sampled in the alternations between learning and
planning for any run.

To measure the success of a method, we check if its returned policy
reaches the rewarding state in the right-hand dynamics with 1000 sampled
trajectories, this allows the goal-conditioned algorithm to do minimal ex-
ploration.

The results are presented in Figure 4.3. The model-free methods quickly
fail to solve the task when the horizon is increased, their performance is
bounded by a simple heuristic method that randomly explores the envi-
ronment and then copies the best-performing behavior. This is in line with

72 |



Conclusion | 4.5

our theoretical results.

Despite being allowed fewer samples and not more computing time,
the goal-conditioned and planning methods successfully solve the tasks
for much longer horizons.

4.5 Conclusion

We introduced the class of black-box dynamics RL methods with Defini-
tion 19 and its linked interface. This class encompasses model-free meth-
ods such as Q-learning and Policy Optimization, as well as several model-
based methods such as AlphaZero. For this broad range of methods, we
proved a computational efficiency limitation on a family of problems in
Theorem 20. However, we described two toy methods that can efficiently
solve these problems.

The problems used in the proof of Theorem 20 feature two different
dynamics randomly chosen at the start of the trajectory. The first dynamics
is simple and allows an algorithm to easily discover a rewarding state. In
the second dynamics, finding a behavior that reaches a rewarding state is
hard. However, these two dynamics have a common unique rewarding
state. An efficient method is able to discover the rewarding state in the
first dynamics and then plan to reach that state with learned knowledge of
the second dynamics.

To summarize our findings intuitively, a large class of RL methods will
unnecessarily struggle in environments where following rewards alone is
not informative enough. Our results reveal an incapacity of black-box dy-
namics methods to leverage essential information from some RL problem
dynamics.

Our work not only describes a limitation on a class of methods but also
suggests algorithmic ideas that could be interesting to overcome the lim-
itation. For example, our first toy method (Algorithm 3) leverages state-
to-state reachability to avoid the limitation. This leads to a new ques-
tion: does learning with state-to-state reachability is enough for efficient
problem-solving? Or does another limitation apply to this approach, and
other ideas are needed?

An additional dimension worth exploring is the generalization of our
limitation to more cases. One important aspect is that our limitation relies
on a family of problems with distinct dynamics. However, there are practi-
cal problems where the dynamics is well known in advance. Does it mean
that there is no limitation when the dynamics is known a priori?
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The next chapter answers these questions.



Inefficiencies in (universal)
value functions learning

This chapter expands on the analyses made in the last chapter, study-
ing limitations on algorithms blending search and learning for problem-
solving. A typical paradigm for these algorithms is to leverage learning
to accelerate the search process. These algorithms iteratively attempt to
construct solutions, leveraging feedback from previous attempts to learn
to guide the next constructions (as pictured in Figure 1.2).

Reinforcement Learning (RL) implements this paradigm to optimize
objectives over sequences of decisions, where each decision-making point
is associated with a state. This structure allows Dynamic Programming to
be applied in the form of the Bellman equation to learn a value function.
RL algorithms typically sample sequences of states guided by the value
function while simultaneously improving this value function by enforcing
the Bellman equation on the sampled states. This approach forms the foun-
dation of many RL algorithms, with various adaptations [Sutton and Barto,
2018].

We note that this approach of constructing a (probabilistic) Machine
Learning (ML) model of the value function is sound even in the case where
the problem has a deterministic dynamics. The ML model allows learning,
evaluating, and representing a value function over a potentially combina-
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torially large state-space while leveraging (or relying on) generalization to
tame this large space.

This chapter examines the theoretical limitations of this RL approach
to enhance our understanding and support the development of more ef-
fective algorithms. We note that, in contrast to the last chapter, instead of
defining an abstract class of methods and then proving a limitation on the
whole class, here, we construct our result by describing and analyzing one
representative algorithm. This approach ensures greater readability but at
the cost of formal generality.

Intuitively, the results of this chapter formalize the incapacity of these
algorithms to efficiently “learn from failure”. For instance, in Automated
Theorem Proving, the probability of proving a theorem with randomly
sampled logical rules is often low, this leads to sparse rewards and might
hinder the capacity of an algorithm to learn. While proving an incapacity to
solve a problem with sparse rewards without any other information is triv-
ial —since any algorithm would resort to exhaustive search— we analyze
the non-trivial case: when the algorithm can leverage a priori information
to help his search and learn from its failures.

To study this limitation, we analyze a concrete RL algorithm that ap-
plies the Bellman equation with Bayesian Learning. The algorithm starts
with a set of hypothesis value functions and iteratively refines this prior
through the Bellman equation. Bayesian Learning provides us with an ide-
alized framework for incorporating prior knowledge while refining it with
experience.

Under natural assumptions on the initial prior, we prove a key limi-
tation. Despite the strengths of the RL approach and the learning proce-
dure, the algorithm struggles with certain counterexample problems with
an “easy” design. In contrast, we show that a classical symbolic algorithm
is not subject to such a limitation. This suggests that the highlighted limi-
tation is not a fatality but rather a shortcoming due to algorithmic choices.

The counterexamples are based on a similar principle than the last chap-
ter: combining a set of problems into one aggregated problem that should
be (with an appropriate strategy) nearly as easy to solve as the original
sub-problems. However, by carefully designing the aggregation, we can
obscure the information of each individual sub-problem, forcing the value-
based RL algorithm to tackle all original sub-problems simultaneously rather
than breaking them down into independent, simpler tasks. From each fail-
ure to generate a solution, the algorithm only learn to prune a tiny corner
of the space of possibilities, thus ineffectively “learning from failure”.
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A potential remedy to this limitation is expanding the feedback lever-
aged by the algorithm. One such approach is Hindsight Experience Replay
(HER) [Andrychowicz et al., 2017]. HER builds upon the Bellman equation
to learn universal value functions presented in Section 1.2.3 [Sutton et al.,
2011, Schaul et al., 2015]. Assuming that the objective is to reach some
goal-state, a standard value function only estimates the value of a state in
terms of its ability to reach this goal. In contrast, a universal value function
predicts the reachability of any state from any other state. HER utilizes
the states encountered during the learning process to learn this universal
value function, leveraging richer feedback than a simple binary outcome
of whether the goal was reached or not.

However, this new feedback also misses critical information to solve
our counterexamples efficiently. We straightforwardly extend our analysis
to HER with state-to-state universal value functions, proving that the same
limitation applies.

Contributions Both Sun et al. [2019] and our previous chapter highlighted
limitations in methods relying on value functions by embedding critical in-
formation within unknown dynamics. Instead of relying on uncertainty in
the dynamics, our analysis builds on the computational limitations of eval-
uating (universal) value functions. This method enables our contributions:

* Demonstrating a limitation for an algorithm based on value functions
on a family of problems with an a priori known common dynamics
across the problems. This extends the applications in which an inef-
ficiency for a value-based method can be expected.

¢ Formalizing a limitation for an algorithm relying on universal value
functions learning state-to-state reachability, such as in Hindsight Ex-
perience Replay.

Our contributions answers the two questions opened in Section 4.5:

¢ Is there still a limitation on a value-based RL algorithm when the
dynamics is known a priori? Yes.

* Does learning to perform state-to-state reachability and a known goal-
state is enough for efficient problem-solving? No.

Related work The structure in our counterexamples is efficiently solved
by a conflict-driven clause learning (CDCL) SAT solver. These modern SAT
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solvers include many enhancements over the simple enumeration of solu-
tions, such as unit propagation, (non-chronological) backtracking, clause
learning, variable selection and assignment heuristics, and restart policies
[Knuth, 2015]. From all these ideas, our positive result for this approach
is demonstrated using the clause learning procedure, which automatically
divides our counterexamples into their independent sub-problems.

The close problems of #SAT and MaxSAT have their own algorithms,
which are usually based on Dynamic Programming to either count the
number of solutions or the maximal number of clauses concurrently sat-
isfied in one assignment [Seether et al., 2015]. These algorithms decompose
the problem according to the structure of its clauses, and thus can leverage
the aggregation structure present in the counterexamples of our results.

Outline In the preliminaries, we provide convenient notations and defi-
nitions. In Section 5.2, we present an algorithm implementing the Bellman
equation applied to learn a value function, and then derive a computa-
tional limitation for that algorithm. In Section 5.3, we extend that limita-
tion to an HER algorithm. Finally, in Section 5.4, we discuss our results
and conclude.

5.1 Preliminaries

We note [n] = {1,...,n} the set of the n first natural numbers. For a vector
x € X", with some set X and n € IN, we note x<;(/x.;) the vector re-
stricted to the first i(/i — 1)th coordinates. An index list ] over n € Nisa
sequence of numbers in [n]. For I an index list over n, x7 is the vector com-
posed of the values of x at the coordinates in I. For x and y two vectors,
we note [x, y] their concatenation.

Our counterexamples are based upon the Boolean satisfiability problem,
we define here a classical form of this problem. Given a vector of n € IN
Boolean variables x; (i € [n]): aliteral is one of these variables x; or its nega-
tion —x;; a clause is a set of literals joined by disjunctions V. Finally, a con-
junctive normal form satisfiability (CNF-SAT) instance is a set of clauses over
the n variables and a solution for the instance is a vector x € {False, True}"
such that all the clauses evaluate to True under the interpretation given by
x. We denote this evaluation function checking a binary vector x against a
CNE-SAT instance p Check(x; p).

We take two liberties with respect to this formalism. One, we use the
binary space 0/1 in place of the Boolean space. Two, in all the formal parts
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of the chapter, we keep the name “CNF-SAT instance” (following the com-
putational complexity literature) but we also denote them by the generic
term of “problem” in other parts of the manuscript.

5.2 Limitation on the Bellman Equation with Value Func-
tions

We identify a limitation of a value-based algorithm when applied to solv-
ing CNF-SAT instances. Specifically, we show that this algorithm can fail to
exploit structure in aggregated instances. We demonstrate this with Algo-
rithm 4, which implements the Bellman equation to learn a value function
and guide the search towards solutions for a CNF-SAT instance. Theo-
rem 26 establishes that the algorithm does not effectively decompose some
counterexample aggregated instances, resulting in an exponential runtime
with respect to the number of instances.

5.2.1 The algorithm

To solve a CNF-SAT instance using RL, we formulate the problem as a se-
quence of binary decisions. An instance with n binary variables is modeled
as a sequence of 7 binary decisions that form a candidate solution. For each
decision, the state is defined as the SAT instance and the first i fixed vari-
ables, while the next action involves assigning a value (0 or 1) to the i + 1th
variable. The RL algorithm seeks to optimize these decisions under the
objective of maximizing 1 for a solution and 0 otherwise.

To guide the generation toward a solution, our RL algorithm leverages
value functions learned by enforcing the Bellman equation. We now define
these value functions, their optimality, and the Bellman equation.

Definition 21. A value function v(x<;; p) maps a CNF-SAT instance p over n
variables and a partial assignment x; € {0,1} with i € [n] to {0,1}.

Definition 22. A value function v is optimal if for any CNF-SAT instance p
with n variables and any partial assignment x<;, v(x<;; p) = 1 iff there exists an
extension y € {0,1}"~" such that Check([x<;, y]; p) is True.

Adapting the Bellman equation 1.2 of Section 1.2.1 gives for some value
function v at some partial assignment x;:

v(x<i; p) = max{o([x<;, 0; p), v([x<i 1;p)}, 6.1)
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Algorithm 4 Learning value functions with the Bellman equation for CNF-
SAT.
The algorithm iteratively samples candidate solutions guided by a hypoth-
esis set of value functions. In parallel, the Bellman equation is iteratively
enforced on the set. The sampling procedure follows nvt(
Definition 23.
Inputs: VY : an initial set of value functions; p : the CNF-SAT instance to
solve with n variables
fort+0,1,...do
x' ~ 71" (p)
if Check(x!; p) then
output x!
Vi« {v e Vio(xf;p) =0}
fori<+1,...,n—1do
yi+l
{v € Vil o(xl;; p) = max{o([xL; 0]; p), v([xk; 1] p)}}

p) defined in

where i € [n — 1] and p is the CNF-SAT instance to solve. Given that
our setup involves deterministic transitions, this expression does not use
expectations. Also, since the objective is binary, we use value functions
with a binary output.

The Bellman equation must also enforce consistency with Check when
evaluating a complete assignment. This additional constraint reads v(x; p) =
Check(x; p) where x is any complete assignment.

We now define Algorithm 4, it iteratively generates candidate solutions
guided by values’ estimates while simultaneously improving these esti-
mates through the Bellman equation.

The algorithm starts with an initial set of hypotheses for the value func-
tions, denoted as VY, and iteratively samples sequences of decisions to con-
struct candidate solutions, guided by the current set V!. At each step, the
Bellman equation is applied to eliminate inconsistent value functions from
V!, continuing this process until a solution is found.

The initial hypothesis set V¥ encodes a prior over possible value func-
tions. This prior can incorporate knowledge about solving SAT instances,
value functions excluded from V? reduce the set of possibilities and po-
tentially accelerate the search. This knowledge may originate from some
human-coded prior or from training on other SAT instances.

Likewise, the set V0 also encodes uncertainties. When V0 contains
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value functions providing different estimates, this reflects uncertainty and
can force the algorithm to explore multiple possibilities. These possibilities
are then progressively discarded with the Bellman equation.

Algorithm 4 thus implements a form of Bayesian Learning where a set
of hypotheses is iteratively refined based on new evidence. Traditional
Bayesian Learning employs a probabilistic distribution over the hypothe-
sis space, but in this case, Equation 5.1 provides a deterministic condition
for consistency. This eliminates the need for a probabilistic framework, al-
lowing us to work directly with the set of hypotheses. However, we note
that the results presented here are transposable to the case where proba-
bilistic distributions are used.

The sampling of candidate solutions is guided by the current set of
value functions V¥, and the sampling procedure is formalized as follows:

Definition 23. For a given set of value functions V, we define 7" as a mapping

from any CNE-SAT instance p with n variables to a probability distribution over
the space of binary candidate solutions x = [x, ..., x,] € {0,1}".

Let V), denote the number of value functions in V that evaluate to 1 for inputs
ze {0,1}" and p, i, |{v € V|v(z p) =1}

The probability distribution is defined incrementally as

Vi
14 [x<i0lp
7T (xi = 0/ p, x<i) = ’ (52)
Vircoolp + Vel
with ¥ (x; = Lp,x<;) = 1— 71" (x; = 0;p,x-;). If the denominator in

Equation 5.2 equals zero, both actions are assigned equal probabilities.

This procedure converts a set of hypothesis value functions V into a
sampling policy. The resulting samples are sequentially constructed candi-
date solutions, where each bit x; is appended based on an estimated prob-
ability of the existence of a solution.

5.2.2 Counterexamples

With our algorithm defined, we now present a negative result by construct-
ing examples of hard instances. To do so, we introduce an operation that
aggregates multiple CNF-SAT instances. This operation is formally de-
fined as follows:

Definition 24. Let p1, ..., px be CNF-SAT instances over ny, . .., ng variables,
respectively. Additionaly, let I, ..., Ix be index lists over n = ny + ...+ ng
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variables such that |Iy| = ny,...,|Ix| = nk, and all the elements in these lists
are distinct. An aggregation of p1, ..., px with index lists Iy, . .., Ix produces a
new CNF-SAT instance p over n variables, where all the literals in the clauses are
mapped according to the index lists. For example a clause x; V —x; in py becomes

X ; V TX P

To support our result, we also introduce a monotonic property for value
functions.

Definition 25. A value function v is monotonic if, for any CNF-SAT instance
p with n variables, any x € {0,1}", and any i,j € [n] with i < j, the function
satisfies: v(x<;; p) > v(x<j; p)-

This property implies that, from any partially constructed solution, each
decision can only decrease the value function’s output. It is a characteristic
of any optimal value function.

p2 pP3 Pk
0/1 0/1 0/1
0/1 0/1 0/1
ks ks _ — p @AW ... N FATARE - - - FA

o o 0
0/1 0/1 0/1

0/1 0/1 0/1

LS

0/1 0/1 0/1

Fig. 5.1 Representation of a counterexample problem. Independent sub-
problems py,...,px are aggregated into a single composite problem p,
where the first variable of each sub-problem is mapped at the start of the
new problem. Under appropriate assumptions, Theorem 26 states that this
construction forces a value-based algorithm (Algorithm 4) to have an ex-
ponential runtime in the number of sub-problems K.

We now have all the necessary elements to state our result. Theorem
26 demonstrates that, under certain assumptions, an aggregated problem
is computationally intractable for Algorithm 4. The proof leverages the
fact that, while the Bellman equation is sufficient to eventually identify an
optimal value function and produce a solution, it does so inefficiently in
this context.

Importantly, the Bellman equation relies on the outputs of the value
function to learn. When a solution attempt fails, the output 0 of the value
function (indicating failure) provides minimal feedback. This lack of infor-
mative feedback prevents the algorithm from understanding the reasons
behind the failure and learning to anticipate similar failures.
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Theorem 26 constructs a problem with this difficulty by forcing Algo-
rithm 4 to make several hard independent binary decisions at the start. If
any one of these decisions is incorrect, the attempt fails (value 0) and the
algorithm struggles to attribute the failure to any particular decision.

A representation of the aggregation operation used in our counterex-
amples is provided in Figure 5.1.

Theorem 26. Let p be a CNF-SAT instance over n variables, constructed by an
aggregation of CNF-SAT instances p1, . .., px using index lists Iy, ..., I, ..., Ix,
where the first element of each I is k.

Let Vand Vi,. .., Vg represent sets of value functions, and let v* denote an
optimal value function.

Assume the following:

1. The set V factorizes into Vi,..., Vk; that is, v € V iff there exist v1 €
Vi,...,vx € Vi such that for all x € {0,1}" and i € [n], v(x<;;p) =
IT ok(xpn;p)-
ke[K]
2. Forall k € [K], either v*(0; px) = 1or v*(1; pr) = 1.
3. Forallk € [K]| and v € Vy, either v(0; py
]

)
4. Forallk € [K], if v*(0; p) = 1, then T (xo = 0; p) < 7' (xo = 1; py);
otherwise, nd(xo =0;pr) > ﬂvk(xo =1;px).

=lorv(Lpr) =1

5. Any v € V is monotonic.

Under these assumptions, Algorithm 4, initialized with VO = V and p = p,
runs for an expected time of at least 2K~ steps.

The complete proof is deferred to Appendix 4.1. Here, we outline the
key ideas.

By assumption (2), only one possible assignment for the Kth first vari-
ables leads to a solution. Due to assumptions (1) and (4), this assignment
has a low prior probability under V°.

The algorithm tries to iteratively improve its prior through the Bell-
man equation. However, due to assumptions (1), (3), and (5), only a small
portion of the hypothesis space is inconsistent with the equation on the
generated states. Consequently, the prior is not substantially improved at
each iteration.

By quantifying these statements, it follows that the algorithm requires
2K=1 expected steps to solve the problem.
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Discussion of Assumptions in Theorem 26 Assumption (1) requires that
the prior over value functions V? reflects the structure of the aggregated
problem. Specifically, the set of value functions must be factorizable into
sets of value functions corresponding to each individual sub-problem. This
assumption is natural when sub-problems are independent, meaning that
learning something about one sub-problem does not aid in solving the oth-
ers.

Assumption (2) posits that the first bit of each sub-problem is critical
to solving that sub-problem. SAT instances exhibiting this property can be
straightforwardly constructed. Assumption (3) asks that the value func-
tions in the prior VO reflect that structure. Any optimal value function
satisfies this condition.

Assumption (4) asks for uncertainty in the prior V°. With this condi-
tion, the prior V? does not provide sufficient guidance to decide optimally
the first bit of each sub-problem. This can be the case if deciding the first
bits of the SAT instances is difficult due to a computational barrier in eval-
uating value estimates. This assumption ensures that each sub-problem
necessitates some degree of search to be solved.

Assumption (5) stipulates that any value function in the prior is mono-
tonic. Monotonicity is a reasonable property, as any optimal value function
for SAT instances must be monotonic.

Interpretation of Theorem 26 Theorem 26 highlights a key limitation of
relying on the Bellman equation to refine a prior over value functions:
when faced with aggregated problems that are not directly solved by the
prior, the resulting problem can become computationally intractable. For
the algorithm, the expected running time grows at least exponentially with
the number of aggregated sub-problems.

This issue lies in the inability of the Bellman equation to effectively de-
compose the aggregated problem, thereby hindering the learning of an op-
timal value function that could guide the search.

The relevance of our result, and its interpretation as a limitation, are
based on the intuition that a “good” algorithm should not struggle from
the aggregation of several sub-problems. Ideally, solving an aggregated
problem should only incur a modest computational overhead compared to
solving each problem independently.

In contrast, SAT solvers based on resolution techniques of Section 1.1
[Silva and Sakallah, 1996, Biere et al., 2009, Knuth, 2015], straightforwardly
leverage the structure of an aggregated problem, and thus do not suffer
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from the identified issue. We provide a formal statement for this observa-
tion in Appendix 4.2.

5.3 Limitation on the Bellman Equation with Universal Value
Functions

Provided a goal to achieve, a common approach in RL is to sample tra-
jectories using some initial exploration policy, then improve the policy by
reinforcing behaviors that lead to the goal. However, there is a common
pitfall with this approach: the goal can be hard to achieve with the initial
policy, leading to a lack of feedback to improve the policy.

To address this challenge, Hindsight Experience Replay (HER) was in-
troduced [Andrychowicz et al., 2017]. HER deviates from traditional RL by
learning a universal value function rather than focusing solely on the task-
specific value function. A typical use of universal value functions is to
estimate the reachability between states, predicting whether any particu-
lar state b can be reached from any other state a. Then to reach a desired
goal-state g, actions with high estimates of reaching g are taken.

However, despite HER's design to create feedback in challenging envi-
ronments with sparse rewards, it can still overlook critical information in
the problems. Moreover, under assumptions, the issue is independent of
the prior used over universal value functions. Consequently, like classical
value functions, improving the prior does not address the core limitation.

To prove this limitation, we construct a counterexample similar to the
one presented in the previous section. In this counterexample, a search
guided by classical value functions learned using the Bellman equation
struggles to find a solution. Furthermore, learning a universal value func-
tion in this scenario leverages no more feedback than learning a classical
value function, leading to the same struggles in finding a solution.

5.3.1 The Algorithm: Hindsight Experience Replay

As in the previous section, we work with CNF-SAT instances. We model
the problem as taking a sequence of n binary decisions with associated
states, that incrementally build a candidate solution. To provide a clear
goal-state for HER, we introduce a final step with two possible outcomes:
True or False. The state True indicates that the constructed candidate sat-
isfies the problem, while False signifies failure. Thus, the target goal-state
for HER is g = True.
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The state space S for a problem p with n variables is defined as {0, 1} "y
{True, False}, and the set of actions is binary: {0,1}.

Definition 27. Given a CNF-SAT instance p with n variables, its dynamics D
is as follows:

e Start in the initial state [|.

e At each step (up to n), append the chosen binary action to the current state,
forming a sequence of actions.

e For a state of length n represented by the binary vector x, transition to
Check(x; p).

The operator DP : S x {0,1} — S implements that dynamics for instance p,
taking a state and a binary action as input and outputting the next state.

We now define universal value functions estimating state-to-state reach-
ability.

Definition 28. A universal value function takes as input a CNF-SAT instance
p, two states in S, and outputs a binary value. Moreover, it satisfies v(s,s; p) = 1
for any state s.

Definition 29. A universal value function is optimal if for any CNF-SAT in-
stance p with n variables and any s1,s, € S, v(s1,s2;p) = 1 iff there exists a
sequence of actions from s that leads to sy under the instance’s dynamics (Defini-
tion 27).

As with classical value functions, the Bellman equation can be enforced
to learn optimal universal value functions. For a universal value function
v, an instance p, distinct states a and b, and the dynamics operator D?, the
Bellman equation is:

v(a,b; p) = max{v(D"?(a,0),b; p), v(D¥(a,1),b;p)}. (5.3)

Algorithm 5 implements this equation. It is initialized with a set of univer-
sal value functions representing a prior for SAT-solving. The algorithm it-
eratively samples candidate solutions with this prior while refining it with
the Bellman equation.

There are numerous pairs of states a, b with which Equation 5.3 can be
enforced. Algorithm 5 enforces the equation for pairs of states sampled in
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Algorithm 5 Learning universal value functions estimating state-to-state
reachability with the Bellman equation (Hindsight Experience Replay) for
CNE-SAT.

Candidate solutions are iteratively sampled guided by a hypothesis set V
of universal value functions to reach a given goal-state g. Simultaneously,
the Bellman equation is enforced on V for pairs of sampled states and g.
The sampling process is performed according to Definition 30.

Inputs: VY : an initial set of value functions; p : a CNF-SAT instance to
solve with n variables; g : a final goal-state to reach
fort+0,1,...do t
sg,sﬁ,...,s;,sﬁwl ~ 7V (p,g)
ifs! | = g then
output s/,
Vit oyt
fori<~1,...,ndo
i+l
{o € VI*1[o(st, g p) = max{o(D? (s},0), 8 p), (D (s}, 1), g p) }}
forj<i+1,...,n+1do
yitl
{v e Vit v(sf,s]t.;p) = max{v(DP (s, 0),s]t-;p), v(DP(sf,l),s]t-;p)}}

the same sequence and with the goal-state g. This is a key feature of HER
that we replicate.

To guide the construction of candidate solutions, a policy is derived
from the universal value function hypotheses. This process follows a rule
similar to Definition 23.

Definition 30. Given a set V of universal value functions. The policy 7" maps a
CNF-SAT instance p with n variables and a goal g to a distribution over sequences
of states sg,...,Sy4110 S.

Define Vs g, as the number of universal value functions in V evaluating to 1
for inputs s, g, and p: |{v € V]v(s, g p) = 1}|.

The sequence of states is determined by the dynamics and the actions sampled
at each state. The probability of taking action 0 at some state s is

VDV(S/O)/SJJ , (54)

Vor(s0)gp T Vors)ep

and the probability of action 1 is the complementary. If the denominator is zero,
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both actions are taken with equal probabilities.

5.3.2 Counterexamples

We now define a monotonicity property for universal value functions, it
parallels the one introduced earlier for classical value functions.

Definition 31. A universal value function v is monotonic if, for any CNF-SAT
instance p with n variables, any state s € S, any x € {0,1}", and any i,j € [n]
with i < j, v satisfies v(x<j,s; p) > ZJ(XSJ‘, S;p).

Theorem 32. Let p be a CNF-SAT instance with n variables, constructed as an
aggregation of CNF-SAT instances py, ..., px with index lists Iy, ..., I, ..., Ik,
where the first element of each I is k.

Let Vand V4, ..., Vi represent sets of universal value functions and g = True
denote the goal-state.

Assume the following:

1. The set V factorizes into Vi, ..., Vi, that is, v € V iff there exists vy €
V1,..., vk € Vksuchthat, forall x € {0,1}" andalli € [n], v(x<;, g p) =
IT ok(xpn0, & P)-
ke[K]

2. For an optimal value function v*, and for all k € [K], either v*(0; px) = 1
orv*(L;px) = 1.

3. Forallk € [K] and v € Vg, either v(0,g; px) = Lorov(1, g px) = 1.

4. For an optimal value function v*, and for all k € [K], if v*(0;px) = 1,
then nd(so =0;px) < vk (so = 1, px); otherwise, nd(so =0;px) >
¥ (so = 1; p)-

5. Any v € V is monotonic.

6. Foranyv € V,i,j € [n] withi < j, and any x; € {0,1}}, x, € {0,1}/,
v(x1,x2; p) = v*(x1,x2; p) where v* is an optimal universal value func-
tion.

7. For an optimal universal value function v* and any state s € S, if v*(s, False; p) =

1, then, for any v € V, v(s, False; p) = 1.

Under these assumptions, Algorithm 5 initialized with VO = V, p = p, and
g = g, runs for an expected time of at least 2K~1 steps.

The proof is similar to the one of Theorem 26 and is provided in Ap-
pendix 4.1.
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Theorem 32 relies on similar assumptions to Theorem 26. Assump-
tions (1), (3), (4), and (5) are adapted to universal value functions, while
assumption (2) remains unchanged. Assumptions (6) and (7) are newly
introduced.

Assumption (6) ensures that every universal value function in the initial
set V¥ accurately predicts which partial candidate solutions can be reached
from given partial candidate solutions. This condition is satisfied by any
optimal value function and is independent of the specific problem being
solved.

Assumption (7) requires that any value function in V? can determine
whether a partial candidate must lead to a full solution, regardless of sub-
sequent actions. This condition is also satisfied by any optimal universal
value function.

Theorem 32 demonstrates that an application of HER with universal
value functions for state-to-state reachability does not circumvent the is-
sue identified in the previous section regarding the Bellman equation with
classical value functions.

5.4 Discussion

Summary In this chapter, we defined two algorithms for problem-solving
with learning-based guidance in their search processes, Algorithms 4 and
5. Both of these algorithms represent an approach of the RL literature, they
enforce the Bellman equation on sampled states, one to learn a value func-
tion, the other a universal value function predicting state-to-state reacha-
bility (with Hindsight Experience Replay).

To analyze these algorithms, we constructed counterexample problems
that, by design, have a clear structure to exploit, yet remain provably chal-
lenging for the respective algorithms, Theorems 26 and 32. Our proofs
demonstrate that these algorithms struggle because they do not leverage
rich feedback from their failed attempts to improve their guidance.

Limitations One limitation of our theoretical analysis is its reliance on
counterexamples, which, by nature, are specific problems. This raises the
question: do these counterexamples reflect broader limitations on the stud-
ied algorithmic approaches with practical problems?

We argue that they do. Our counterexamples and analysis are based
on aggregating sub-problems into a larger problem, an expected structure
in practical applications. Also, although we use SAT instances to build
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minimal clean counterexamples, our analysis is not tied to this problem,
and we believe that the results generalize to other domains.

A second limitation of our theoretical analysis is its reliance on specific
algorithmic implementations. While our algorithms are straightforward
implementations of each approach, they may inadvertently introduce spe-
cific implementation choices not part of the original approaches and limit
the scope of our findings.

For example, our algorithms use Bayesian Learning by iteratively up-
dating a set of hypotheses according to the sampled data. While Bayesian
Learning is an idealized framework to describe a priori information and
learning, it is not a common choice for practical Deep RL algorithms.

Conclusion Despite the use of specific algorithms and counterexamples,
we believe our findings highlight a broad practical limitation on algorithms
that rely on the Bellman equation enforced at sampled states to learn (uni-
versal) value functions. These include model-free Deep RL methods like
Deep Q-learning [Mnih et al., 2013] and actor-critic methods [Schulman
etal., 2017], as well as Hindsight Experience Replay for state-to-state reach-
ability [Andrychowicz et al., 2017] and some model-based methods like
AlphaZero [Silver et al., 2018].

Our work formalizes inefficiencies in these classical algorithmic ideas
of RL. These insights can inform the development of novel algorithms
better leveraging learning to accelerate search, leading to more effective
problem-solving techniques. In the next section, we further discuss these
results and provide an interpretation on their meaning for the field of RL.



Discussion

Chapters 4 and 5 present strong limitations on some approaches: model-
free RL methods; model-based RL methods leveraging the model only as
a black-box generator of transitions; and universal value functions eval-
uating state-to-state reachability. We first propose an intuitive interpreta-
tion of our results. Then, in search of always better algorithms, we return
to the literature presented in Chapter 1 to look at methods that avoid the
presented limitations but argue that these methods inherit other issues. Fi-
nally, we conclude by discussing some open problems.

6.1 An interpretation

Many reinforcement learning (RL) algorithms share a common objective:
learning an optimal value function. The Bellman equation, shown in Fig-
ure 6.1, provides a classical framework for generating input-output data
from sampled trajectories to enable this learning process.

However, as demonstrated in Chapter 4, this method can be inefficient.
Algorithms that incorporate insights from a (learned) system dynamics can
find more quickly an optimal policy.

Further, Chapter 5 shows that even exploiting state-to-state dynamics
may not suffice. Specifically, limitations persist even when the dynamics
remains fixed across different tasks. Leading to the question: which addi-
tional information should RL algorithms leverage to overcome this barrier?
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Bellman equation

o(s;) < {o(Sit1)a € A}
0 v
dynamics
5; > {Sit1 ~ Payn(si,a)|a € A}

(actions, stochasticity)

Fig. 6.1 The Bellman equation ensures that this diagram commutes: the
value of a state s; at time step 7, denoted v(s;), can be computed based
on the values of successor states reached through the dynamics (Pyy,) and
available actions (4). This formulation allows the value function v to be
learned by fitting it to input—output pairs of the form (s;, v(s;)) that satisfy
the Bellman equation. However, our work formalizes the intuition that
relying solely on such input-output data overlooks valuable knowledge.
Specifically, it ignores information embedded in the system dynamics and
the computational model of the value function, both of which could be
leveraged to improve learning.

Interestingly, the algorithm with superior performance in our analysis
(a CDCL SAT solver) can itself be interpreted as learning a value function
since the set of learned constraints act analogously to a value function.
Unlike classical value learning algorithms, these constraints are derived
through deductions based on the activation of other constraints in subse-
quent states. In other words, this solver exploits the computational struc-
ture underlying the value function.

Thus, while many RL algorithms leveraging Machine Learning treat the
mapping from state s; to value v(s;) as a black-box for generating training
data, our findings suggest this approach may be suboptimal. Instead, algo-
rithms that integrate models of both the dynamics and the value function
can extract richer insights and significantly accelerate learning.

6.2 Algorithms avoiding the limitations

There exist several types of methods that are not limited by the results of
Chapters 4 and 5, and are thus potentially free of the flaws highlighted
in this work. We identify the following algorithmic approaches with that
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property in the literature.

Classical/symbolic solvers and planning. Our limitation does not apply
to symbolic methods for SAT-solving of Section 1.1, or other algorithms
built on top of them, such as model-based approaches leveraging symbolic
solvers for planning. These algorithms receive or construct a symbolic or
semi-parametric model of the dynamics and then apply a classical plan-
ning algorithm [Russell and Norvig, 2010, Konidaris et al., 2018]. These
methods circumvent the limitations, as the symbolic planner does not treat
the model solely as a black-box generator of transitions, but rather lever-
ages insights from it.

In Chapter 4, the method presented in the numerical experiments of
Section 4.4 is an implementation of this idea since it decomposes its learned
model of the dynamics into structured constraints for planning. In Chapter
5, we showed in Section 4.2 that a symbolic SAT solver does not have the
limitation.

While these approaches circumvent the studied limitations, it is unclear
if they can be a complete solution to the problem of leveraging Machine
Learning (ML) for problem-solving. The symbolic algorithm itself relies on
deductive reasoning and does not use inductive learning. ML can be used
to learn a model of the dynamics, but is not used directly for planning.

We observe an exception in the literature to this rule: some algorithms
can leverage these solvers in a learned abstract space, as proposed in [Ku-
rutach et al.,, 2018, Asai et al., 2022]. In that case, ML can potentially sim-
plify the initial problem of planning directly in the ground state space to
planning in a potentially simpler abstract space.

Backpropagation through alearned model. The algorithms learn a smooth
model of the dynamics, then use backpropagation through the learned
model for planning or learning a policy/value function. We refer to the cor-
responding literature in Section 1.2.2. Similarly to the last example, these
methods elude our limitations because the learned model is not treated as
a black-box by the algorithm.

However, we note that these methods are mostly used in environments
where the dynamics are approximately smooth, such as low-level control
in robotics.

Goal-conditioned algorithms (universal value functions). Goal-conditioned
algorithms of Section 1.2.3, such as universal value functions (UVFs), can
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be used to evaluate and perform state-to-state reachability. These algo-
rithms bypass our Definition 19 of Chapter 4 because the universal value
functions take as input the states in the future of the trajectory, and the
quantities they learn cannot be replaced trivially by a generator of transi-
tions.

While they avoid the class and limitation defined in Chapter 4, they
suffer from the limitation described in Chapter 5 in the case where state-
to-state reachability is used. This does not pose an inherent limitation on
UVFs since they can still be used in another space than the ground state
space, but it opens an unanswered question: in which space should UVFs
be used to avoid the limitations?

We also mention here the algorithms of Section 1.2.4 following a divide-
and-conquer approach to Automated Theorem Proving (ATP). Similarly
to goal-conditioned algorithms, they can leverage the decomposition of
a problem into subgoals to enrich the learning signal. However, the ap-
proach relies on a human prior for the decomposition.

Learning (part of) the algorithm. Algorithms of Section 1.3 that learns
algorithms using auxiliary tasks and data, can also evade our limitations.
If the space of learnable algorithms is sufficiently expressive, the learning
procedure could potentially learn an algorithm not subject to the limita-
tions.

To take one example, Oh et al. [2020] proposes to learn from a set of
tasks a new loss in place of the Bellman equation. This new loss could po-
tentially augment the feedback received by the learning algorithm in the
event of failure to generate a solution, thereby circumventing our limita-
tions. A second example is the use of foundation models directly mapping
problems to solutions with neural networks, where the learned algorithm
is only constrained by the Deep Learning architecture, the data, and the
learning algorithm used. In that case, the final algorithm could also evade
the limitations.

Learning (part of) the algorithm is tempting. The approach can poten-
tially learn a better solution than a human researcher directly coding the
algorithm himself. However, there is a trade-off since the finally learned
algorithm can be brittle outside of its training distribution.

Conclusion Our theoretical and numerical results suggest that some ideas
present in these algorithms could help solve problems otherwise intractable
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for a large class of classical methods. However, we believe that in their cur-
rent form, these algorithms do not provide a compelling general solution
to the problem of leveraging ML for problem-solving.

6.3 Open problems

To finish this manuscript, we wanted to discuss two open problems that we
believe the answers to would be important intermediate steps toward effi-
cient general-purpose algorithms leveraging learning to solve problems.

Open problem 1: What is the role of learning by induction in prob-
lem-solving? In other words, what is the plus-value of ML in problem-
solving?

It seems widely accepted that inductive learning is useful for problem-
solving. ML is at least useful when the problem is not completely defined a
priori, and data has to be used instead. Additionally, ML can also be useful
even when the problem is completely defined a priori, for example, by a
model of the dynamics, such as in the game of GO or in ATP. In that case,
ML can be used to build a policy, value function, universal value function,
etc., to help find a solution.

However, for this last case, where the problem is already completely de-
fined without the need for data, it seems unclear when and how ML should
be leveraged to perform better than a symbolic solver/planner based on
deduction.

One way to answer this question would be to propose minimal SAT in-
stances that are hard to solve with a symbolic method of Section 1.1, but
could be tractably solved by leveraging ML (using existing or new meth-
ods).

Ideally, answering this question would define a set of necessary prop-
erties that an algorithm leveraging ML for problem-solving must have.

Open problem 2: Designing new algorithms leveraging ML working
efficiently on problems with sparse rewards but strong prior. As dis-
cussed in the introduction of Chapter 5, solving RL problems with sparse
rewards and no specific prior is hard for any algorithm. However, if there
is a strong prior, we should expect a good algorithm to be able to leverage
it.

Our results used SAT solving to construct minimal examples where
such sparse rewards but strong priors can be found. The prior allows
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for decomposing the problem into constraints, this information can then
be leveraged to learn during the search for a solution (like symbolic SAT
solvers).

However, classical RL algorithms fail to fully leverage this information,
and the algorithms of the literature discussed above also do not seem to
properly address this issue. Letting the problem of designing such efficient
algorithms an open question.

To create these new algorithms, we propose that SAT problems should
be used as a north star that researchers have in mind. Can my algorithm
make progress on a SAT instance despite the lack of rewards from random
exploration? Can it leverage the decomposition of the problem into con-
straints?

Moreover, using the answer to the previous open problem: Does my
algorithm enjoy the advantages that ML can bring to problem-solving?

Abstract SAT One possible answer to the first open problem is that ML
can help solve constraint-satisfaction tasks defined over high-level, ab-
stract objects. For example, one might wish to generate an image that
meets specified requirements about the objects it depicts and their spa-
tial relationships (e.g., “the fruit must rests on the table”). Attempting to
encode such constraints directly over raw pixel values and then invoking
a traditional SAT solver is hopeless. Instead, a learning component could
help an algorithm to reason over the underlying abstract objects.

To illustrate this idea in a simpler, synthetic setting, consider the task of
finding a binary vector of length 7 that satisfies a collection of CNF clauses
expressed not on the individual bits, but on the parity of various subsets of
those bits. Although the resulting CNF formula could be solved easily by
a CDCL SAT solver, translating each parity constraint back into relation-
ships between the original bits would create a difficult instance. Here, ML
could assist by leveraging the structure, enabling efficient reasoning over
the abstract parity variables rather than the raw bit assignments.



Appendix of Chapter 2

1.1 Main proofs

The following is a simple adaptation of a PAC-learning theorem over a
finite hypothesis space [Shalev-Shwartz and Ben-David, 2014].

Proposition 7 (Description-length PAC-guarantee). There exists constants
ay,ap > 0 such that the following holds.

For any interpreter ¢ and associated learning algorithm MDL?, any (f,P)
learning problem and any PAC-learning parameters € € (0,1/2),6 € (0,1),
MDLY? has an (e, 6)-PAC-learning performance with an m-sample dataset on the
learning problem, where

. m 1
m=— log5+|f|q)+a2 . (2.5)

Proof. The algorithm MDL? never outputs a function with a description-

length larger than \f|q) There are at most [ = le;lg 2i = 2fle*1 _ 1 func-
tions in this set.

Let’s compute an upper-bound on the probability that there exists a
function f of description-length smaller than |f| o such that acc}) (f) <1-—¢

and which is consistent with a dataset composed of m > 1 {log ﬂ samples.
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For any function f with acc}? (f) < 1 — € the probability to be consistent
with the dataset is upper-bounded by (1 — €)™ since each sample is drawn
independently according to P.

By the union bound the probability of the existence of one low accuracy
function consistent with the data is thus upper-bounded by I(1 — €)™.

Which develops in I(1 — )™ < [e~¢™ < .
Moreover, there exists constants a1,a, > 0s.t

1 N a 1
— —| < = — .
e{logfs]_ - {log5+|f|¢+a2 (A1)

independently of the interpreter, learning problem, and PAC-learning pa-
rameters. O

Theorem 11. There exists a constant g € R™ such that for all € € (0,1/2), 6 €
(0,1) and n,d € N,
G (e, 6,m) < q. (2.9)

Proof. From Definition 10 of G

- mi (f,P)

Ggﬁu(e, o,n) = sup N ?
fernpeas) e (log s+ |fle +a2) (A2)
subject to Ifle < nd.

For any n, consider any learning problem (f € H", P € A(B")).

By the Definition 8 of mfp"S and the PAC-guarantee given in Proposition
7,forany € € (0,1/2) and ¢ € (0,1), we have

mip (F,P) < " (log 1+ |fly + ). (A3)

By the main theorem of Kolomogorov complexity, Proposition 64, we
have |f|,;, < |f|c + K for some constant K independent of f. The PAC-

learning guarantee for MDILE can thus be transformed in a guarantee for
MDIH since

a 1 a 1
é(logg+|f|u+az)Szl(logg+|f|c+l<+az). (A.4)
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Following these inequalities, we get

(logi+|fle +K+a) K

a1
Gg—ﬂ/{ (e,6,n) < =

< —+1 (A.5)

Lllogj +|fle+a)
O

Theorem 12. Foralle € (0,1/2),6 € (0,1),d € N we have
G .c(e,8,n) € Q(2"/n). (2.10)

Proof. By Definition 9 of the sample efficiency gains, we have
me (f,P)
Glicledm)=  sup C

fernpeasry  my (f,P) (A.6)

subject to |fly < nd.

For any € € (0,1/2),6 € (0,1),d € INT, we define a sequence of learn-
ing problems which prove the statement. For any 7, we define a learning
problem to solve. For any 7, the learning problem is to learn under the uni-
form distribution, U, the binary function computed by the interpretation
of the following program.

For input x of size n:

1. Compute the input size n.

2. Enumerate all the functions in H" in some fixed lexicographic order. For
each of these functions, f:

(a) Compute the hypothesis of minimal-description-length according to
the interpreter C to represent a function f such that acc}l( Hl>1-e

Rewritten
min ||
heB: (A7)
subject to acclfI(C(h, J)>1—e.

(b) With H(.) the binary entropy function, see Definition 69, if the opti-
mal description-length is bigger than 2" (1 — H(e)) — 2 then return

f(x).

We first show that this is a well-defined computable function in the sense
that the step (b) will always be satisfied for some function in the enumera-
tion for all n sufficiently large.
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The next development shows by a counting argument, that all the bi-
nary functions cannot be approximated within 1 — € by Boolean circuits of
binary description-length smaller than 2" (1 — H(e)) — 2.

The number of functions that can approximated with accuracy higher
than 1 — e by Boolean circuits of description-length smaller than 2" (1 —
H(e)) —2is

U U {feracicin))=1-¢}|. (a9

1€0,...,[2"(1—-H(e))—2] heB!

Using Proposition 70 and the fact that there are 22" functions in H",

U U {fEH”|aCCJg(C(h,.))21—e}

1€0,...,[2"(1—-H(e))—2] heB!

< X )

1€0,...,|2"(1—H(e))—2] heB!

{f € H"|acc}I(C(h,.)) >1 —e}‘

2 (7)
1€0,...,|2"(1—H(e))—2] heBl i€0,...,| €2 ] i
S 2 2 22”H(€)
1€0,...,|2"(1—-H(e))—2] heB!
< 22”(17H(€))7122"H(6)

=22""1 < 2% — |H"|.

Thus the condition in step (b) will always be satisfied for some function.

Also, the condition |f|,, < n will always be satisfied for all n large
enough since the learning problem’s function corresponds to a program/ Turing-
machine of fixed description-length.

Moreover, using the guarantee of Proposition 7, mzef( f,P) < 4(logl+
|fly + a2), we deduce that mzb( f,P) is upper-bounded by a constant in-
dependent of n.

Also by construction, MDLC has to select circuits of description-length
growing at least as fast as 2" (1 — H(e)) — 2 to be able to approximate the
function to learn with an average error at most e. We show that this con-
dition has implications on the size of the minimal circuit that has to be
selected and then on the minimal number of samples needed.

By Definition 52, for all n sufficiently large, all circuits of size lower than
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«2" /n, for any & > 0, can be described with the Boolean circuit interpreter
C such that their description-length is lower than

904% log(a2"/n). (A9)

Thus, for all n sufficiently large, the description-lengths of these circuits
are lower than

n n

9a |log(2)2" + log(zx)% - % logn| < 9alog(2a)2". (A.10)

Thus there exists a a sufficiently small such that, for all n sufficiently
large, the description-lengths of these circuits are smaller than 2" (1 — H(e))
2.

Consequently, all these circuits with size at most «2" /n must be elimi-
nated by MDLC . This requires at least %2" /n samples, for some fixed b > 0,
by Proposition 68. O

Theorem 13. Foralle € (0,1/2), 5 € (0,1), ¢,d € N we have
Gg,c%c(e,é,n) € O(n°log?n). (2.11)

Proposition 33. Pippenger and Fischer [1979], Schnorr [1976]. If a multi-tape
Turing machine M computes a function on inputs of size n within t steps then
there exists a Boolean circuit of size at most a(number of rules of M)t logt that
computes the same function, where « depends only on the number of tapes and the
alphabet size of the Turing machine.

Proof of Theorem 13. By Definition 10 of G

€,0
chﬁc(el 5/}1) = Sup 7 Tnlc (fl P)
fernpeaBr) e (10g 5 + | flye +a2) (A11)
subject to flye < 0.

We will upper-bound the ratio for any learning problem (f € H",P €
A(B")). Note that only functions f corresponding to finite | f|,,. have to be
considered.

We use Proposition 49 on the Turing machine of the interpreter /¢ and
the input 1 of length |f|,,c such that 4°(h,.) = f. From the application of
the proposition, we deduce that there exists a Turing machine with at most
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P | |y rules that compute f, where p > 0 is a parameter independent of f
and n. Moreover, the proposition tells us that the resulting Turing machine
has the same computational time-limit as ¢/, and is thus also bounded by
Bn¢, for some > 0.

Applying now Proposition 33 on these facts, we deduce that there exists
a Boolean circuit computing f of size at most, with t = pn°,

ap | fly.c tlogt, (A.12)

where & > 0 is independent of f and n.
By Definition 52, the description-length of this circuit with the Boolean
circuit interpreter C, and thus |f|,, will be upper bounded by

2[logy(n)] +2+ap |f]yc tlogt(3 + max{2[log, ap | f|,, tlogt]), [log, n]} .

def
=B

(A.13)

We use the PAC-guarantee of Proposition 7 to upper-bound mé"s (f,P)
with the upper-bound on |f|, of Equation A.13.

Then the quantity of Equation A.11 is also upper-bounded

4 (log  +2[log,(n)] +2+ B+ a)

Guesc(e,6,n) < sup st [ flye < nt,

fer 2(log 3 + [flye + )

< sup i—i—z[log (n)] +£+1st |flyye < n

~ femn flye 22 g M=
(A.14)

Where ﬁ equals
aptlog t(3 + max{2[log, xp |f|,, tlogt]), [log, n]}. (A.15)
Using | f,,c < n? and t = Bn°, the value in Equation A.15 is in

O(n° log2 n). (A.16)

Returning this result to the inequalities of Equation A.14, we obtain
Guecl(e,8,n) € O(nlog®n). (A.17)
O
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We note that the Theorem 13 can be improved upon by using another
definition for the polynomial-time universal Turing machine, /. The Def-
inition 47 use the construction of Hennie and Stearns [1966]. Another pos-
sibility is to use the construction of Pippenger and Fischer [1979] related to
Proposition 33. This construction would make U/¢ oblivious and directly
transformable into a Boolean circuit without the additional logn factor.
The final bound would thus be in O(n° log 1) instead of O(n® log2 n).

Theorem 14. Foralle € (0,1/2), 5 € (0,1),1 < ¢,d € NT and all v > 0 we
have
Gl ole, 6,n) € Q(n'~7). (2.12)

Proof. By Definition 9, the sample efficiency gain is

me’ (f,P)
GZ,C%(e,(S,n) = sup 557
feHnpeasr)y My (f,P) (A.18)
subject to | Flye < 1.

Fix any combination of € € (0,1/2),6 € (0,1),1 < ¢,d € N™.

For any input size 1, we contruct the following learning problem, (f €
H",P € A(B")). The function to learn f is the parity function on ", noted
@ (it is the number of 1 in the input modulo 2). The probability measure
on the domain B", P, is the uniform distribution U". Let ®|, denote the
function @ restricted to size n inputs.

There exists a fixed Turing machine computing the parity function in
linear time for all n. By Definition 47, for ¢ > 1 there exists an 1 € B* such
that 2°(h,.) computes @ for all n large enough. Thus |®/|,];. is at most
some constant.

A first consequence is that, for n large enough, |®|n[,c < n will be
satisfied for the form of learning problem we defined.

A second consequence, using the PAC-guarantee given in Proposition
7,is that the denominator m52 (f,P) < “ (log 3 + |@|u e + a2) is less than
a constant.

Now for the numerator, for any v > 0 take any sampling of size less
than n!~7. By Proposition 68 and Definition 52, we know that a Boolean
circuit of size less than bn'~7 will be selected by MDL® for some fixed
b>0.

For n sufficiently large bn'~7 < n, and thus the circuit selected by
MDLE will not depend on all the inputs’ variables. Suppose without loss
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of generality that x;, is one of these variables to which the circuit is not sen-
sible. The accuracy of a function C computed by such a selected circuit on
our learning problem is

1

accu”(C) ~ on 2 ®(x) = C(x1, ..., Xp—1,%n)
1

xepBn

=5 L X @0, x) =Cl, %, )
x—eB-lx,€B (A.19)

x—epn-1

Since € < 1/2, it is impossible for MDLC to get a sufficient accuracy with
only n'~7 samples for n sufficiently large, and so mé’(s (f,P) € Q(nt™7).
O

Theorem 15. If there exists € € (0,1/2), 6 € (0,1), ¢,d € Nt and some v > 0
such that
Glhe c(e,8,n) ¢ O(n'*7) (2.13)

then there exists a language in P not computable by any sequence of Boolean cir-
cuits whose sizes are in O(n'*7) for some T > 0.

Proof. Let’s suppose superlinear gains G ,.(€,6,1) ¢ O(n'*7) for some
€ €(0,1/2),6 € (0,1),c,d € N* and 7 > 0.

Recall that by Definition 10, for some constants a1, a, > 0 defined in
Proposition 7,

€,0
Gﬂz‘?{c%c(elﬁ’n) = sup a Tnlc (f,P)
fernpeadr) o (l0g5 + | flye +a2) (A.20)
subject to | flye < nd.

We give the proof outline:

1. First, we prove that the premise of the theorem’s statement implies
the existence of an infinite sub-sequence of functions with description-
length gains superlinear in the input-size. This result appears in
Equation A.25.
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2. Second, we present a fixed program of polynomial computational
complexity.

3. Third, we show lower-bounds on some input-sizes for this program
with the interpreter for circuits. These lower-bounds come from the
developments in the first point.

4. Fourth, we show from these lower-bounds that the description-length
of the program with the circuit interpreter is at least superlinear in the
input-size.

5. Fifth, we conclude by showing superlinear circuit complexity for the
presented program.

For any n, the sets H, are finite and thus, for any 7, the supremum can
be attained for some f, € Hj. Then there exists a sequence of functions
(fn) = f1 € Hy,..., fu € Hy, ... such that the sequence in n

€,0
sup me” (fu,P) (A.21)

pea(pr) ‘2108 5 + |fulye + a2)

is not in O(nH"Y), and, morevover, with f, < n? for all n.

By contraposition of the PAC-guarantee offered by Proposition 7, for all
nand P, 2 (log 1 + |fulo +a2) > mé’é(fn,’P), and thus

4 (log § + | fulc + a2)
8 (log t + | fulye +a2)

¢ O(n't7). (A.22)

Since € and ¢ are fixed, the sequence of function (f,) satisfies

fnle ¢ O(n't). (A.23)
| fulue

We now restrict # to the indices that form a sub-sequence of (f) such
that

lnle ¢ prear2) (A.24)
| fulese

Let N C IN denote the set of such indices. Notice that such a restriction
remove any function f such that |f|,,. = +oo from the sequence.

By definition of the big-() notation, there exists some b > 0 such that
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for all n sufficiently large

fule = bl falye T2 (A.25)

We will now define a Boolean function computable in polynomial-time
and, using Equation A.25, prove a superlinear circuit complexity for it.

This Boolean function will be noted I and is defined by
I(<X1,XZ>) :L{C(xl,xz), (A.26)

where (.,.) : B* x B* — B|(x1,x) = Qﬂlxlxz. The encoding (., .)

|x2
is bijective and invertible in polynomial-time. Thus I is computable in

polynomial-time since U is also computable in polynomial-time.

We prove a lower-bound on the description-length of I with the Boolean
circuit interpreter on some inputs’ sizes as we show next by contradiction.
We denote I|;,414| fulye the Boolean function I restricted to 211 +1 4 |fu[c

> .
e | fulc

Suppose there exists some Boolean circuit that computes I, |f,

sized-inputs. We will show |15, 41 f,

lose

lege
and that its description-length is strictly lower than |fu[¢, i.e. |I[p,114f,
| fule-

For all n, let p, € Blflue be the Boolean string such that U¢(py,.) = fu.

By definition of I (Equation A.26) the function I((py,.)) computes fy, i.e.
forall x € B" we have I({(pn, x)) = fu(x).

For the supposed circuit, we hardwire the n + 2 to the n + 2 + | fu |y
inputs’ variables to p,. This force the circuit to compute f,; as shown.

‘I/{f C

When we hardwire some of the inputs’ variables, the Boolean circuit
size can only diminish. By Definition 52 of the Boolean circuit interpreter,
the description-length of a circuit is an increasing monotone function of its
size. So, when we hardwire p;, in the input, the circuit can only diminish in

description-length. This implies that |f,|, < ‘I 2414, ¢ < | fu|c, this

luse
inequality is a contradiction. Consequently, we must have

‘I‘2n+1+\f"\uc = |fulc - (A.27)

With our lower-bounds on circuits’ description-lengths of Equation A.25,
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it gives, for all n sufficiently large,

Ll2n 141 folye 02 o2 fulye (A.28)

We cannot conclude the Theorem directly from this, the fact that | fy |
can vary with n complexifies the analysis. The rest of the proof address this
issue by identifying an infinite subsequence of ( f,,) for which the evolution
of | fu|c has a tight characterization.

We distribute the sequence of learning problems’ functions, f;, in dif-
ferent sets. For some precision parameter v > 0, we define i = [114,
the sequence of indices i = 1, ...,i™®, the following sets

i—1 i i i
Si = {n € N| e ™ < [ fulye < imaxﬂfmxd}, (A29)

imax

and Sy containing the unique possible description-length of 0 function.

We have the upper-bound on the description-length of Equation A.20,
for all n, |fu|e < n. Thus, the functions in the infinite sequence (f)
are well partitioned in the defined sets. By the pigeon-hole principle there
exists an index i* such that S; is of infinite size.

We now restrict all # to be in S;«. We prove that the description-length
of the program [ is superlinear in the input-size with the interpreter for
circuits for this sub-sequence of indices.

We distingish three cases that cover all the possibilities for i*:

1. Zero-length i* = 0.

By Definition 44 of Turing machines, a Turing machine has at least
two states. By Definition 45 of the encoder for Turing machines, a
Turing machine with at least two states has at least a description-
length of two bits. From these two facts and by Definition 47 of ¢/¢,
a zero-length description interpreted by ¢/¢ outputs L. Thus, for all
n and any function f € H", |f|,,c > 0. Consequently, the set S is
empty and this case is not possible.

2. Sub-linear i* < [1/v] = i™®>/d — l,ﬁ%d <1.

We provide a lower-bound on the power linking the input-size to the
circuits” description-lengths lower-bounds given in Equation A.25.

We note that we have, 0 < |fu|;,c < an for & = i*/i™™ by Equation
A.29.
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Using properties of the logarithm, for all x1,x; > 0, and all n suffi-
ciently large,

1+7/2 1+v/2
10g2n+1+\fn\m bn' 7/ |fn|uf210g(2+,x)n+1” v

1080114 fulyye P T 1080414 e [ lise
10gn nltr/2

—x1+0
~log,((24+a)n+1) Lt
1+9/2
> — K1.
1+xp Kl

(A.30)

Since v > 0, there exists xj, k2 small enough such that this lower
bound is strictly greater than one.

3. Superlinear i* > [1/v] — i* — 1> [1/v] = i™/d — t£2ld > 1.

-k ok %
We pose § = axd, V' = [1}1@ <v,and ay = bt ap = A

The following holds, by definition of 5;+ in Equation A.29, a1nf V<

| fulye < aonf. Also, wehaveq >1landg—v' = i;n_axld > 1.

In this case the power linking the input-size to the circuits” description-
lengths lower-bounds is, for all x1, k2, k3 > 0 and all sufficiently large
n,

147/2 T4y /2440
1080 1141y lyye U7  fulse = 10804145, 20T

1+7/2+q—v
> 10854 gy )na 11 yeea

+ 10g2n+1+|f,1\w ab
log, 4 nl+y/24q-V

—K
“log (2 +a)ni+1) '
1+ 1+v/2—v

> q —x

> 1
1+41og,q(24+ az) +x2
1+ 1+g/2 v

= - — K1
1+K2+K3 1+K2+K3

(A.31)

Our reasoning can be taken with arbitrarily small v and x1, %, k3,
such that the lower bound can be made strictly greater than one.
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All the possible cases have been treated.

The proved bound on the Boolean circuits” description-length extends
to their sizes. More precisely, any superlinear lower-bound of the type
n'**, for some ¢ > 0, on the description-length of the Boolean circuits with
interpreter C implies, for all n sufficiently large, a similar lower-bound,
1T, for some 0 < T < 1, for the Boolean circuits’ sizes by Definition 52.

This finishes the proof. O

Theorem 16. Ifforalle € (0,1/2), 6 € (0,1), c,d € NT and all v > 0
Gihe ,c(e,6,n) € O(n'*7) (2.14)
then P # NP.

Proposition 34. Pavan et al. [2006]. For any ki,ky € N, there exists a lan-

quage L € PY% such that for every circuit sequence (Cy,...,Cy,...) whose cir-
cuits’ sizes are at most n*1, the following holds

_ k
. [L(x) = Cu(x)] < 1/2+1/n"2, (A.32)

where U(B™) denotes the uniform distribution on B".

Proof of Theorem 16. By contraposition, we suppose P = NP, then the poly-
nomial hierarchy collapses, P = PH, and thus in particular P = PL:.

Implying with Proposition 34 that for all k1 and k, there exists a lan-
guage in P such that for all n there does not exist a Boolean circuit of size
smaller than 7%t which approximate the language with accuracy at least
% + anZ under the uniform distribution.

Fixe =1/4,any ¢ € (0,1),anyd € N*,and y = 1.

Take k1 = 2 and ky = 1. For any n > 4, to select a function of error rate
at most 1/4 all circuits of size lower than 7% must be eliminated. By Def-
inition 52 of the Boolean circuits” interpreter and Proposition 68, the link
between circuits’ size and description-length is an increasing monotonic
function, and thus, at least #%/b samples will be necessary to eliminate
all these circuits for the learning algorithm MDLC, for some fixed constant
b>0.

Moreover, by Definition 47 of 1/, since the language is in P there exists
some ¢ € NT and some s € B* such that the language is computed by
US(s,.). Forany d € INT and for all sufficiently large 1, we have |s| < n“.
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Thus we have some combination of parameters for which, for some

constant |s|,

n2/b
L (log 5 +[s| +a2)

Ghe_ol€,6,n) > e Q(n?). (A.33)

O

Theorem 17. If there exists f € E and 1 > 0 such that the Boolean circuits com-
puting f, are at least of size 2'"; then for any -y > 0 there exists € € (0,1/2), § €
(0,1), c,d € N such that we have

Gihe_,c(€,6,n) € Q(n'*7). (2.15)

Proposition 35. Arora and Barak [2009]. Let S : N — IN and f € E such that
Boolean circuits that decide f|, are at least of sizes S(n) for every n. Then there
exists a function ¢ € E and a constant b > 0 such that approximating g|, under
the uniform distribution with accuracy at least 0.99 requires Boolean circuits of
sizes at least S(n/b)/n? for every sufficiently large n.

Proof of Theorem 17. By Definition 9, the sample efficiency gain is

me (f, P)
Glresc(e,8,n) = sup 5(57
fernpeaBr)  mye(f,P) (A.34)
subject to |flye < nd.

Let’s define a sequence of learning problems entailing our theorem.

By Proposition 35 and the assumption there exists a language ¢ € E
such that g|, can only be approximated with accuracy 0.99 under the uni-
form distribution by Boolean circuits of size at least in Q(2") /n?) for
some constant b > 0.

We define ¢’ to be the application of g on the alogn first variables of
the input, for some constant a > 0. For every n, we define D, a probability
distribution on B”, where x; denotes the first alog n variables of the input
and x, the others, U(BY) is the uniform distribution on BY,

u(Bulogn)[xl] if Xy = On—alogn

A.35
0 else. ( )

D, [xl/ xz] = {

Finally, for every n, we define the learning problem (¢’|,, Dy).
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There exists a polynomial-time Turing machine that decides g’. Also
the condition |g||,,c < n? will always be satisfied for all 1 large enough
since the learning problem’s function corresponds to a program/Turing-
machine of fixed description-length.

Using the guarantee of Proposition 7, mz'jf ('In,P) < D(log L+ ¢ [nlye +
ay), we deduce that ma‘f (f,P) is upper-bounded by a constant indepen-
dent of n.

For all n sufficiently large, all the Boolean circuits that approximates
¢’ | with accuracy at least 0.99 under D,, have sizes at least in Q(n?(1),

Thus, by Proposition 68, at least Q(n**(1)) samples are necessary to
solve the learning problem (g'|,,, D,;) by MDLC for all 1 sufficiently large.

Consequently, for any v > 0 there exists a fixed and large enough, such
that there exists € € (0,1/2), 6 € (0,1) and ¢ > 0 satisfying G, (e,4,n) €
Q(n'+7). O

1.2 Description-length gains of Turing machines over cir-
cuits and neural networks

This section highlights the results focusing on description-length instead of
PAC-learning gains. The proofs are similar to the proofs of the last section,
and sometimes a reference to the proofs of the last section will be made.

The structure of the results’ presentation is the same as for the study of
PAC-learning gains.

Theorem 36. There exists a constant q € R™ such that foralln € N,

sup |f|u <q. (A.36)
feH" |f|C

Proof. A technical detail is that, by Definition 52, for any # and function
f € H", |f|z > 0. So, the denominator is always non-zero.

The Proposition 64, affirms that there exists a constant K such that for
any n and any function f € H", the following holds |f|,, < |f|, + K.

This fact, with the fact that the denominator is never null, implies

sup o o fle +K <K+1. (A.37)
femn Ifle = Ifle

O
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Theorem 37. We have

sup fle € Q2. (A.38)
feH" |f|u

Proof. Let be the Turing machine p”, computing function p, and let p|y,
denote function p restricted to inputs of size n.
For input x of size n:

1. Compute the input size n.

2. Enumerate all binary function in H" in some pre-defined fixed lexicographic
order. For each function, f:

(a) Compute the minimal description-length necessary to compute the func-
tion f for a circuit according to interpreter C:

min 1]
heB* (A.39)
subjectto C(h,y) = f(y) Yy e B".

(b) If |h| > 2" then return f(x).

For any input-size n, there always exists a function that will satisfy
the description-length condition that appears in step (b). We prove it by
a counting argument, there are 2(2") functions in H" and at most 2(2"~1)
functions can be represented by a binary representation of length at most
2" —1.

By construction and Definition 46 of the universal Turing machine, the
computed function is computable by the Turing machine p” and, thus, for
any 1, |p|nly, < « for some constant .

Also by construction, for any n, the computed function is only com-
puted by circuits of description-length at least 2", |p|,,|, > 2". O

Theorem 38. Forall c € INT, we have

sup fle € O(nlog®n). (A.40)
feH" |f|MC

Proof. The proof is the same as the proof of Theorem 13 pruned of the PAC-
learning related terms. O
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Theorem 39. Forall1 < c € Nt, we have

sup e € Q(nlogn). (A.41)
feH" |f\uc

Proof. Consider the parity function &(x) = Y;x; mod 2. For any n, let
@®|» denote the function @ restricted to inputs of size .

The parity function can be computed by a Turing machine in linear
time, and thus, for some constant « and all n sufficiently large, ||, |, < &
according to Definition 47.

Moreover, for any n, if a circuit compute &, then it must have at least n
nodes to depend on all the input’s variables. Then, by Definition 52 linking
the circuit’s size to its description-length, |®|,|, € Q(nlogn). O

Theorem 40. If there exists c,d € N, and v > 0 such that

sup fle such that  |f,.c <n?| ¢ O(n'*7) (A.42)
€H" |f|Z/IC

then there exists a language in P not computable by a sequence of Boolean circuits
whose sizes are in O(n'*7) for some T > 0.

Proof. Take the proof of Theorem 15 beginning in Equation A.23. O

We note that the upper-bound n? on the description-length |f|,. is not
necessary for Theorem 40 to hold. Using Proposition 50, for any func-
tion relevant in the proof of the theorem, an upper-bound on the function
description-length with /¢ polynomial in the input-size holds. This fact
can replace the bound in 1 in the proof of Theorem 15.

Theorem 41. If forall c € N, and all v > 0,

sup Ule. € O(ntt) (A.43)
feH" \f|uc

then P # NP.

Proposition 42. Kannan [1982]. For any nonnegative integer k, there exists a
language L € Zé’ such that L is not computable by a sequence of circuits whose
sizes are in O(nX), where n is the input-size.
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Proof of Theorem 41. By contraposition, suppose P = NP; then the polyno-
mial hierarchy collapses and P = PH = Y.

By Proposition 42, with k = 2, P has a language not computable by any
circuit sequence whose sizes are in O(n?). Denote the function represent-
ing this language by f, and f|, its restriction to size n inputs.

Then, by Definition 52 of C, a sequence of circuits that computes the
function does not have their description-length in O(n?).

Moreover, by Definition 47 of U¢, there exists constants ¢ and & such
that, for all n sufficiently large, |f|.|,,c < « since there is a fixed Turing
machine able to compute the function for all 7. O

Theorem 43. If there exist a language ¢ € E such that g|,, can only be computed
by circuits of sizes at least 2°" for some € > 0; then for all v > 0 there exists
¢ € N such that
sup fle. € Q(ntt). (A.44)
feH" f |MC
Proof. For any n pose f; to be g applied to the first a log n variables of the
input, for some a > 0. By construction |f,|, € Q(n*?M)), and since there
exists a polynomial-time Turing machine deciding (fy), | ful;c € O(1), for
c large enough.
Fix a large enough to complete the proof. O

1.3 Interpreters

1.3.1 Universal Turing Machine

We restrict our Turing machines to binary-valued outputs in the whole
work.

The definitions of this sub-section are given with the number of working-
tape let as a variable in some cases. The results of this research are correct
for any value of this parameter.

Definition 44. Turing machines, Li et al. [2019]. We first define one-tape Tur-
ing machines before generalizing the definition to multi-tape Turing machines.
A binary-valued one-tape Turing machine is defined by

* Q afinite set of states;
e A =1{0,1,b} the Turing machine’s alphabet;

* qo € Q the initial state in which the Turing machine begins;
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e {accept, reject} = F C Q the set of the two final states which determine the
output of the Turing machine: if the Turing machine stops in the accept state
then the output is 1, else if it stops in the final state reject then the output is
0, elseitis L;

o a mapping from ((Q\F) x A) to (Q x S) defining the transition of the
Turing machine, where S = AU {L, R} which correspond to either writing
the element of A to the current head place or move the head to the L:left or
R:right.

The partial computable function implemented by the Turing machine is defined by
setting the binary input on the unique tape in contiguous cells (the b symbol being
assigned to the other cells); positioning the head on the first cell; set the Turing
machine in the qq state; then to apply recursively the mapping of the Turing that
determines the change of states, writing on the tape, and head movements; finally
the output is obtained either when a final state in F is obtained, or else by L.

For k1, k; € N, we define ky-input-tape, ko-working-tape Turing machines.
These machines have ki binary-inputs that are placed on the ky inputs’ tapes.
There is one head by tape and these tapes are read-only. There are also ky-working-
tapes with one head by tape, they are blank at the start, and are read and write.

These machines are determined in a similar way to one-tape Turing machine:
the elements Q, A, qo, F, and S are defined in the same way. The mapping is
adapted, the mapping goes from ((Q\F) x Akitk2) to (Q x {L,R}f1 x Sk2),
with the natural interpretation.

The partial computable function implemented by such Turing machines follows
from a natural generalization of one-tape Turing machines.

Definition 45. Turing machines encoding E(.), Li et al. [2019]. Following
Definition 44, any Turing machine, T, can be fully described by a set of states Q,
the initial state qo, and a mapping from ((Q\F) x A) to (Q x S).

The mapping and T can be described by a list of quadruples [(p;, t;,qi,5:)]i_,
where r is the number of rules and for all i, p;,q; € Q, t; € A, s; € S. Each
element can be identified with s = [log(|Q| +5)] bits. Bee(.) : QUS — B°
this encoding. By convention this encoding will satisfy the following constraint,
the states qo, accept, and reject will be encoded to predefined arbitrary values (the
three first elements in the Boolean lexicographic order of the output for example).

We define the encoding of T to be

E(T) 010...01[e(pi)e(ti)e(si)e(qi)]iz1- (A.45)

=0...
——
s
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This encoding completely defines the Turing machine T.

The encoding is prefix-free: no encoding is the prefix of another.

To define an encoding for multiple-tape Turing machines, generalize the en-
coding to their mappings defined in Definition 44.

Definition 46. Universal Turing machine U. For any k € N, the interpreter
U : B*xB* — BU{L} computes T(u,x) on input ([E(T),u],x), where E
follows Definition 45 for two-input-tape and k—working-tape Turing machines. If
the input has not a form that encodes a Turing machine then L is the output.

Note that the decomposition of the first argument in E(T) and u is well defined
since the encoding E is prefix-free.

Definition 47. Polynomial-time universal Turing machines /.

For any k,c € N, we define an interpreter U° : B* x B* — BU{L}. Itis
a 2-input-tape, 3-working-tape Turing machine.

On input ([E(T), u],x € B*), for T a 2-input-tape k-working tape Turing
machine, E the encoding in Definition 45, and u € B*; the following operations
are performed:

1. On the third working tape, the interpreter computes the input-size, n, of the
second input, x.

2. Still on the third work-tape, it computes n°.

3. The interpreter computes in at most n steps that the form of the first input
corresponds to the encoding of a Turing machine. If it does not correspond
to a Turing machine or if the number of steps limit is reached, it outputs 1.

4. Then, it computes a simulation of the behavior of the Turing machine T on
input (u, x) with the two first work-tapes using the construction of Hennie
and Stearns [1966], whose result is given in Proposition 48. Simultane-
ously, the interpreter computes the number of steps dedicated to the sim-
ulation on the third work-tape. (Note that it is well the number of steps
dedicated to the simulation and not the number of simulated steps that are
counted.)

5. In the computed simulation if a final state in F is reached then enters this
state for the universal Turing machine. If the limit of computation for the
simulation, n°, is attained without entering a final state of F in the com-
puted simulation then enter the state reject.

For all these operations, the total number of steps for the first input, [E(T), u],
fixed can be made in Bn®, for some fixed B > 0.
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Using Proposition 48, for any 6 > 0, any Turing machine with computational
complexity in O(n°=") can be simulated, for some h € B* and all n sufficiently
large, by U (h, .).

Proposition 48. Efficient universal Turing machines, Hennie and Stearns [1966],
Arora and Barak [2009]. There exists a universal Turing machine which, for any
Turing machine T, on inputs E(T) and x computes T(x).

Furthermore, for some a > 0, if the Turing machine T on input x stops in t
steps then the universal Turing machine stops in atlogt.

Proposition 49. Hardwiring. For any 2-input-tape Turing machine, T, and
input h € B* there exists a Turing machine T" such that T compute the function
T(h,.).

Moreover, T" has p |h| rules, for some p independent of h; and T" computes
the function T(h,.) in the same number of steps.

Proof. Let Q be the states and R be the set of rules of T that defines its
mapping, construct the new states Q x {1,..., |i|} and the new rules R x
{1,...,|h|}. The new rules are made such that any operation of the Turing
machine T on the first input-tape is translated into an equivalent change in
the state of the Turing machine T". Allowing the simulation of the tape’s
head corresponding to input  in the states of T".

In our construction there are thus R - |i| rules in T", fix p = R in the
theorem statement. O

Proposition 50. There exists a constant B > 0 such that for any function f in
Hu, if | flyye < oo then |flye < pnc.

Proof. Any solution h of length larger than pn® can be made smaller by
cropping all binary symbols after index Bn° on the tape, since, by Defini-
tion 47, U cannot read them in Bn° steps. O

1.3.2 Boolean circuit

Definition 51. Boolean circuit, Arora and Barak [2009]. A Boolean circuit C is
a directed acyclic graph with n € IN potential sources and one sink. The source
vertices have an associated input variable whose index is between 1 and n. The
non-source vertices are called gates and have an associated logical operation OR,
AND, or NOT (A, V or —) called label.

The OR and AND vertices have two input edges, the NOT vertices have one
input edge.

The number of vertices will be denoted |C| and called the size of the circuit.
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The output of the circuit on an input x € B" is the value associated to the sink
vertice applying recursively the following assignment for each vertex v: if v is a
source corresponding to input variable i then its value is x;; else v is a gate, apply
the logical operator corresponding to its label on the input values (values from its
parent vertices).

Definition 52. Boolean circuit interpreter, C. We define C : B* x B* —
B U {L} to compute circuit C(x) on input (h, x) with h of the form
0...0 1[binary description of n| 0. .. 0 1[label and inputs’ vertices of vertice z]ﬁ‘l,

[log, ] c|
(A.46)

where label and inputs’ vertices of any vertice correspond to
2+ max{2[log, [C]], [og, n]}

bits; 2 bits to denote its logical label, and 2[log, |C|] bits for the input vertices.
It outputs L if h has not an acceptable form.
The description-length of h is thus of

2[log,(n)] +2 +[C] (3 + max{2[log; |C[]), [log, n] }

bits.
Which can be bounded by 9 |C|log |C| bits for circuits of sizes |C| > n > 3.

Proposition 53. Frandsen and Miltersen [2005].
Boolean circuits of size at most

2" log(n) 1
—(1+3==+0()) (A.47)

compute all functions in H".

1.3.3 Artificial Neural Network

Similarly to Boolean circuits, we define an interpreter for Artificial Neural
Networks (ANNSs) and provide propositions linking the two definitions in
terms of description-length.

Definition 54. Floating-point operators. For any d € N, a floating-point
operator is:

e a O-ary/constant operator, which is a float-number —an element in B%;
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e an unary operator from B to B%, such as negation —(.), inverse 1/(.), or
the exponential exp(.);

e a binary operator from B x B% to B, such as addition (. + .), or product
Definition 55. Artificial Neural Network. Given d € N and a fixed pre-
defined finite set of floating-point operators O on B% with at least two 0-ary oper-
ators identified as OF and 1F (thus both in B?).

For any n € N, an ANN is a directed acyclic graph with one sink and
at most n input-variable sources. The sources vertices have each an associated
input variable whose index is between 1 and n. The non-source vertices have an
associated operator taken from the set O. If the operator is O-ary then they have no
parent vertice, if it is unary then they have one parent vertice, else if the operator
is binary then they have two parent vertices.

We denote | A| the number of vertices of ANN A.

To compute the output of the ANN on input x € B", the following operations
are performed:

1. for all the input-variable sources: the floating-point operator 0F € B% or
1F € B is assigned accordingly to the associated input variable value in
{0,1} = B.

2. for all the other vertices assign the value in B* corresponding to the asso-
ciated floating-point operator in O and the values assigned to the potential
parents.

3. when the output sink vertex has been assigned a value: if it is OF then output
0 € B, if it is 1F then output 1 € B, else output L.

Definition 56. Artificial Neural Network interpreter, ANNC. We define
ANNC . B* x B* — BU/{L} the interpreter for ANN. On input (g,x) it
computes the result of applying ANN A on x, A(x), where g is of the form

0...0 1[binary description of n]0...01

——r ——

[log, ] 1A (A.48)
Al

[input variable/operator and inputs’ vertices of vertice i|;_;,

the operator in O and the parent(s) or the input variable will be described in
[log,(|O] +1)] + max{2[log, |O|)], [log, n|} bits for each vertex.

If g does not have a correct form then L is returned.

The length of g encoding an ANN A is 2[log, n| +2+ | A| (14 [log, (|O| +
1)] + max{2[log, |A[], [log, n]})
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Proposition 57. For any fixed set of floats’ operators O for which the AND, OR,
and NOT Boolean functions can each be computed by an ANN using the operators
in O, there exists constant o, B > 0 such that the following holds.

Foranyn € NT and any h € B* there exists ¢ € B* such that for all x € B"
C(h,x) = ANNC(g,x) (A.49)

and
gl <alh. (A.50)

Conversely, for any n € INT and any g € B* there exists h € B* such that
forall x € B"
ANNO(g,x) = C(h,x) (A.51)

and
Ih| < Blgl- (A52)

Proof. For the first part, if i has not a correct form to represent a circuit then
C(h,.) always output L which can also be done by a g that do not represent
an ANN.

Otherwise, there is a circuit, C, that corresponds to C(h,.), the logical
operation of each node of this circuit can be simulated by a part of an ANN
of fixed maximal size. A combination of these parts gives an ANN, A,
which computes the same function as the Boolean circuit and whose size
is at most a fixed multiple of the size of the circuit.

Let’s pose v > 0 the factor of the sizes, |A| < 7 |C|. The description-
lengths have the following relationship

2[logyn| +2+ |A[ (1 + [log,(|O] +1)] + max{2[log, |A[], [log, n]})
< 2[logy n] +2+7|C|(1+ [log,(|O] +1)]
+ max{2[log, |C|] + 2[log, 7], [log, n]})
< a(2[logy(n)] +2+ |C| (3 + max{2[log, |C[]), [log, n]}), (A.53)

with @ = max{1,, (1+ [log,(|O] +1)] + 2[log, v])/3}.

A similar argument holds for the second part by noting that any floating-
point operator can be computed by a finite size Boolean circuit by Propo-
sition 53. O
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1.4 VC-dimension analysis and tightness of Proposition 7

For an introduction to the shatter concept and the VC-dimension, we refer to
[Shalev-Shwartz and Ben-David, 2014].

Definition 58. Shatter. Let be a set C.
Aset A C 2C shatters aset B C Ciff

{anBlae A} =2/Bl. (A.54)

Definition 59. VC-Dimension, Vapnik and Chervonenkis [2015]. The VC-
dimension of a set F C H", VC(F), is the size of the largest set B € B" such

that F shatters B, where each binary-valued function in F is translated as a set in
B".

Proposition 60. VC-Dimension of Turing machines. There exists a constant
a > 0 such that the following holds.

For any nand D in N, with D larger than some constant, we define the sets
of functions FP = {U(h,.) € H"|h € B* |h| < D}.

These sets satisfy VC(FP) > aD.

Proof. Consider the two inputs Turing machine, T (u, x), that output uy if
x < |u| and 0 else, where the binary input string x is understood as the
binary representation of a number.

From this Turing machine create for each D the set of functions

{U(E(T),ul,.)|u € BIP/2)},

this set shatters the set of the aD strings corresponding to the aD first nat-
ural numbers in binary representation, for some a > 0. Moreover, if D is
bigger than 2 - |[E(T)|, the construction satisfies the upper-bound of D on
the description-lengths. O

Proposition 61. VC-Dimension of Boolean circuits. There exists constants a,b, N
such that the following holds for all n > N.

Be the sets of functions F° = {C(h,.) € H"|h € B* |h| < D} for some
constant D € N, with D > bn1 01,

Then VC(FP) > aD.

Proof. We pose b = byb,, for two positive constants b; and b».
We have 1.011ogn < log D —logb. Select g = [log D —logb; | an inte-
ger and by > e for 1.01logn < g to hold.
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Consider the inputs {[z0...0] € B"|z € B7}. This set is shattered by a
n—q
set of circuits of size lower than 2% for n (and thus gq) sufficiently large by
Proposition 53.

1.01
n
1.01logn zn

Thus, by Definition 52 these circuits can be expressed with

For all n sufficiently large, we have 2% >2

21 249 18 _ log g 1
18- log = = 27(1 —log, (e + - (A.55)
g 87 " logye (1~ logy (e) g log,(e) q)

bits.

There exists a constant b; sufficiently large such that, for all n suf-
ficiently large (forcing q to be sufficiently large), ¢ < logD —logh; =
21081127 < D implies that the description-length of the circuits, as bounded
by Equation A.55, is smaller than D.

Finally, take a = 271°8%1~1 we have VC(FP) > 29 > aD since q >
log D —logb; — 1. O

Proposition 62. PAC-learning lower-bound, Shalev-Shwartz and Ben-David [2014].
There exists a constant « such that the following holds for any e € (0,1/2),6 €
(0,1), and any n € N™.

Consider the set of learning problems (f, P) where f € F C H" and P €
A(B™) a probability measure.

For any learning algorithm, there exists a learning problem in the set such that
a m-sample dataset of the considered learning problem with

1
m > g {VC(P) —l—log((s)] (A.56)
is necessary to get an (€, 8 )-PAC-learning performance.
Proposition 63. Tightness of Proposition 7. There exists a constant a such that
forany e € (0,1/2),6 € (0,1),n € N and any interpreter ¢, associated learn-
ing algorithm MDL?, and bound D € IN™ on the description-length of an un-

derlying function to learn; there exists a learning problem such that a m-sample
learning dataset with

m> 2 Ve({(f € H'| |f], < D)) +log(3) (A57)

122 |



Kolmogorov complexity | 1.6

is necessary for MDLY to have an (e, 8)-PAC-learning performance on the learn-
ing problem.

Proof. The statement is a direct consequence of Proposition 62. O

1.5 Kolmogorov complexity

The following proposition comes from Kolmogorov complexity theory, it
is adapted to the context and notation of this paper. See Li et al. [2019]
for a reference on the subject. The origins of the theorem can be found in
Solomonoff [1960, 1962, 1964a,b] and Kolmogorov [1965].

Proposition 64. [nvariance Theorem. For all interpreters ¢ there exists a con-
stant K such that for all n € N and all functions f € H", the following holds

|fle < £l + K.

Proof. Be f? the string of length |f|<P such that ¢(f%,.) = f(.).

Take E(¢") the encoding of the Turing machine corresponding to the
interpreter ¢, the encoding follows Definition 45.

The function U([E(¢T), f?],.) is equal to f by Definition 46, and the
string [E(¢T), f#] has length |fl, + K where K = |E(¢T)] is independent
of f. O

1.6 Technical propositions

1.6.1 Number of necessary samples for Boolean Circuits

Definition 65. For any n, a binary decision tree is determined by

® a tree where all non-leaf nodes have exactly 3 neighbors: a first child, a
second child, and one parent with the exception of one node which has no
parent and is called the root;

* to each non-leaf node is associated an input-Boolean-variable;
* to each leaf is associated a Boolean value.

The binary-valued function computed by the binary decision tree on an input
x € B" is the result of the following computation:

1. The current node is set to be the root.
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2. If the current node is not a leaf, then if the associated input-Boolean-variable
in x is 1 then set the current node as the first child, else set the second child
as the current node. Else continue to the next step.

3. The current node is thus a leaf, return as output the Boolean value associated
to the current node.

Proposition 66. Given m samples of a binary function there exists a binary de-
cison tree with at most 2m — 1 nodes consistent with the samples.

Proof. In an optimal-size binary decision tree, there are at most m leaves,
one for each sample. By induction, we can show that in any binary decision
tree there is at most the number of leaves minus one internal node. O

Proposition 67. There exists a > 0 such that if there exists a binary decision tree
of size S computing a boolean function then there exists a Boolean circuit of size
at most aS computing that function.

Proof. Create S — 1 nodes, one for each node of the tree except the root.
Each node has its value defined by the AND of the parent node and of
either the input-Boolean-variable associated with the parent node if it is
the first child or of its negation if the second child. To achieve this each
time an input-variable is needed, create a node associated with the input-
variable in the circuit. In the case of the second child, one supplementary
node associated with the unary logical operator NOT is used to compute
the negation of the corresponding input-variable.

For an input x, the values obtained at the nodes that correspond to the
leaves —let’s denote them b’ for leaf t— are all 0 except for the leaf at which
the procedure described in Definition 65 terminates.

A network of logical operators can aggregate the output associated
with the leaves —let’s denote them of for leaf t— and output the answer
associated with the only leaf to which 1 has been associated.

To do so consider the following two Boolean variables of x1,x, € B",
with x9, xJ = 0, and with the following update for leaf number ¢ € N with
associated output Boolean value o; and Boolean node value at runtime by,

1 . )
xit ] _ [1f x5 then x4; else of (A58)

t+1 et E. £l -
[xZ if x; then x;; else b

This system iterated for all the leaves computes the output of the binary
decision tree in xq, and this iteration can be computed with a number of
nodes that scale linearly with the number of leaves.
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The final circuit size is in O(S). O

Proposition 68. There exists a constant b > 0 such that given m samples of a
binary function there exists a Boolean circuit of size at most bm consistent with
the samples.

Proof. Merge the last two results, Propositions 66 and 67, to first produce
a binary decision tree, then to convert it into a Boolean circuit of suitable
size. 0

1.6.2 A combinatoral proposition
An useful Definition and Proposition, it comes from Lint [1999].
Definition 69. The binary entropy function H is defined by

H(x) = {0 ifx = 0;

—xlogyx — (1 —x)logy(1—x), 0 <x <% elseif0<x<1/2
(A.59)

Proposition 70. Let 0 < ¢ < % and M € N, we have

Y <M > < oMH(e), (A.60)

o<i<[eM] \ !
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2.1 Hyperparameters and computational resources

We refer to the reader to Figure 3.2 for the model architecture. We describe
in Table B.1 the hyperparameters used with this architecture. The size of
the dataset of trajectories is chosen to be sufficiently large to avoid overfit-
ting.

We train the model with 2 days of compute on a NVIDIA Quadro RTX
6000 with amp on. Generating the dataset offline takes 60 cpu hours. Run-
ning the tree search with 1250 expansions for 250 episodes (each of 200
steps) takes 3 hours without amp.

All the results using tree-search presented in the paper uses the hy-
perparameters in Table B.2. These hyperparameters are found using a
Bayesian Optimization library implemented by Head et al. [2020] for the
case with 1.250 expansions in the tree.

2.2 Model architecture

2.3 Tree search stochastic planning

| 127



B | Appendix of Chapter 3

Algorithm 6 Online tree search planning adapted from Schrittwieser et al.
[2020] for stochastic dynamics.

Input: a learned model; a discount factor 7; the number of sampled
stochastic branches by chance nodes K; exploration parameters for the
selection Cj,Cy; temperature parameter for action probabilities T; a
number of expansions to run.

Initialize a root node with the current state.
for all 1...# expansions do

Select
decision node < root node
loop

a*
Y, Nnode(g) (Cl + log( C2+1+an Nrode () ))

argmax,_, Q"% (a) + ‘Ilﬁjm ,
chance node < take child of decision node following a* if it does
not exist break
decision node < sample child of chance node

Expand
forall1...K do
Sample s, 7 < learned model(decision node state, a*).

Create chance node and its children decision nodes with sampled
states. Compare samples, merge duplicates by increasing the sampling
weight w initialized to 1. Assign the new chance node as a child to the
decision node at the end of the select stage following a™.

Backup
G+ 0.
r %2 w-r/ 2 ol ol w'
(s,r,w)E€branches of chance node (s',r",w") ebranches of chance node
a<+a*
repeat
G+ r+9G

Qdecision node (a) - Qdecision node (Ll) _Ndecision node (u)+G
Nnode ( a) +1

Ndecision node ( a) «— Ndecision node ( a) +1

chance node, r < parent of decision node and associated reward

decision node, a < parent of chance node and associated action
until root node is updated

Actions probabilities
return action probability of a € A < N™°t(a)/T /¥, , NToot(g")1/T
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Table B.1 List of hyperparameters for the model’s architecture and its

training.

Parameter Value/method
#dimensions at the input/out of a transformer layer 256
#heads for attention 4
#transformer layers 3
#dimensions of the layer in the mlp of transformer layer 256
dropout in transformer 0.1
activations relu
#layers in mlps at transformer output 1
#dimensions of the layers in mlps at transformer output 512
#dimensions of the hidden state in GRU 32
optimizer Adam
learning rate le-4
batch size 250
#trajectories in dataset (each of 200 steps) le6
# training steps 750 x 1e3

Table B.2 List of hyperparameters for the tree search algorithm.

Parameter Value
Temperature (T) 0.55
G 0.57
C 16.15
Stochastic branching factor 3
Y 0.99
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Table B.3 From Wang et al. [2021], list of publicly available hyperparam-
eters for the V-MPO agent. The architecture is defined in Parisotto et al.
[2020] and the training algorithm in Song et al. [2019].

Parameter Value/method
agent discount 0.99
TrXL MLP size 256
TrXL number of layers 6
TrXL number of heads 8
TrXL Key/Value size 32
€y 0.5
€x 0.001
Ttarget 100
Br 1.0
By 1.0
#episodes used 1e9
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i
E(o},)
Softmax
A
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D€
2
GRU Linear
A N
initial hidden
state
0 1 i1
E(o},,), E(ot+1)’ ceey E(0t+l

Fig. B.1 A more detailed view of the prediction head at training time
using teacher forcing when predicting dimension i of the observation at
timestep t. Each dimension of the observation space as its own linear head
(on the right in the Figure), so we take the corresponding ith component.
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3.1 Main Theorem proof

In this section, we provide the main Theorem proof, then compare it with
the proof in Sun et al. [2019]. Finally, we state and prove a domination
result inferred from our main Theorem.

Theorem 20. There exists a family of RL problems such that

1. For any RL problem in the family and 6 € (0,1), with probability at least
1 — 6 (over the sampled trajectories), Algorithm 3 outputs an optimal policy
with a number of samples and number of operations upper bounded by a
polynomial in horizon H and 1/s.

2. For any algorithm satisfying Definition 19 and using o(2H) calls to the
interface (Algorithm 2), there exists a problem in the family for which it
outputs a suboptimal policy with probability at least 1/3.

Proof. We define the family of RL problems. The problems in the family
are parametrized by a horizon H and by a hidden binary word b of length
H — 2. Each state is defined by 3(H — 2) + 1 real variables. The action space
is binary. An example in this family for H = 4 and b = 01 is represented in
Figure 4.2.

We pose some notations to describe the states. Each state is decom-
posed into three parts 4, b, and ¢, the part b is further decomposed into
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parts u and d. The time step to which the state belongs is kept implicit in
our description. For i between 1 and H — 2:

e s% the ith variable in the first part of the state vector;

e sbu/diify, the up ith variable in the second part of the state vector, if

d, the down ith variable in the second part of the state vector;
¢ s the variable of the third part of the state vector.
Example of the notation for state vector s:

. bul bu?2 b,u,i b,u,H-2
al .a2 a,i a,H-2 s s s s c
S ,S ;eS8 ,00.,8 ’Sb,d,l’sb,d,Z""'Sb,d,i""’sb,d,HfZ’s

Now we describe the dynamics. At step 0, whatever action is taken,
with probability 1/2, we reach either a state full of zeros, or a state full of
zeros except for s© which equals one.

If we have s° = 0, then for the steps t = 1tot = H — 1, the state
vector stays zero. At the last step it gives a reward of 1 and the state with
st = OH_2, Sb,u —_ 1H—2’ Sb,d —_ OH—Z and s¢ = 0.

If s = 1, then from time step t = 1 to t = H — 2, the transition from
t to t + 1 encodes the binary action taken into sfil with zero reward (the
other variables keep their values from the previous time step). At the last
step, the dynamics fixes sf; = 0, all the variables that encode a past action

. . 1
to zero s, = 012, and s, to express if each action taken was correct < 0)

or not <(1)> with respect to a fixed optimal trajectory given by b the binary

word parametrizing the problem. In other words, s%' = 1(s* = b;) and
slﬁd'i = 1(s¥ # b;). At that step, if s)* = 1772, then a reward of 1 is
given. Such that, a reward is obtained only if all the actions taken follow
the hidden binary word b.

We prove the first claim of the Theorem.

Take Algorithm 3 and fix any ¢ € (0,1).

There exists a lower-bound polynomial in log1/s on the number of
sampled trajectories, K, such that for any horizon, H, with probability at
least 1 — ¢/2 the rewarding state is discovered with the left-hand dynamics
(s =0).

Moreover, we demonstrate in Lemma 76, that Algorithm 3 obtains, for
« = 1 and any K larger than some polynomial in H and 1/s5, with prob-
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ability at least 1 — 9/2 over the sampled dataset, a goal-conditioned func-
tion which predicts correctly the action to take on the right-hand dynamics
(when s¢ = 1).

By choosing K sufficiently large and applying the union bound, the
probability that one of these events fails is bounded by . With high prob-
ability, the policy 7t(als¢) = f!(alst, g) will reach the rewarding state (and
thus act optimally) when s{ = 1. When s{ = 0, the policy does not influ-
ence the expected return. The policy is thus optimal.

Moreover, this method can be efficiently implemented from a compu-
tational complexity point of view.

Now we prove the second claim. We will prove that the part of the
problem where s¢ equals one is equivalent to an armed-bandit problem
family (Definition 77) with 2H=2 arms where only one arm gives a re-
ward. Following Proposition 78, any algorithm using o(2) calls will fail
to identify the best arm with probability at least 1/3 on some problem in
the armed-bandit problems family. This entails the Theorem.

In the rest of the proof, we assume that we are on the branch where
s¢ = 1, the branch s¢ = 0 is constant across the family for a fixed H and
thus provides no information on b.

We prove that all the states at the last steps which have zero-reward
are indistinguishable. Due to Definition 19, information on these states can
only be obtained through evaluations of a function F with one of these
states as the first argument (since these states are final, they cannot be
added as direct input in the dataset D).

We prove that these evaluations are identical for all those states. These
states only contain non-zero elements in coordinates which are always zero
in the states present in the dataset. Moreover, they have exactly the same
number of ones in those coordinates. Thus, F, which is symmetric on per-
mutations of the coordinates, cannot distinguish them. Formally, let be two
final states on the right-hand side w, z, there exists a permutation of the co-
ordinates p such that w = p(z) and s = p(s) for all states s present in the
dataset D. This implies, for any F, by the symmetry constraint on F,

F(z,((s0,80,70, fo),---,)) = F(p(2), ((p(s0), 30, 70, fo), - --))
= ]-'(ZU, ((50/110’70’](0)" ! ))

Thus, non-rewarding final states on the right-hand dynamics are indis-
tinguishable for RL methods satisfying Definition 19. The family of right-
hand dynamics is as hard as the family of armed-bandit problems for those
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methods.
O

Similarly to Sun et al. [2019], we prove that for the studied class of
methods, the problem family is indistinguishable from a hard family of
black-box problems, implying the limitation. We adapt the proof to our
class of black-box dynamics methods, by changing how information is hid-
den to prove the indistinguishability. Instead of hiding some states be-
hind their evaluations with optimal value functions as in Sun et al. [2019],
we hide them behind function evaluations corresponding to learned ML
model outputs. We leverage the symmetries these models satisfy with
respect to their constrained dataset to prove that some states are treated
equivalently. Our interface also outputs pointers to states 5 but those do
not disclose any information on the states.

Another point of comparison with the proof of Sun et al. [2019] is the
addition of a trajectory allowing a method to discover a rewarding state.
This is critical to get a method that can efficiently solve the presented fam-
ily without an a priori goal-state. In parallel to this addition, the efficient
method and the guarantee of its performance are also new to this proof.
We refer to the introduction and Appendix 3.3 for a summary of what our
results gain from these differences.

The following definitions and affirmations are classical results from VC
dimension theory and can be found in the reference Shalev-Shwartz and
Ben-David [2014].

Definition 71. Hypothesis class.
A set H is a hypothesis class if H is a set composed of functions from some domain
X to {0,1}.

Definition 72. Shattering.
A finite set S C X is shattered by a hypothesis class H if for any function f from
S to{0,1}, there exists h € H such that for all x € S we have f(x) = h(x).

Definition 73. VC-dimension.
Given a set X, the VC-dimension of a hypothesis class defined on domain X is the
maximal integer d such that there exists a subset of X of size d which is shattered

by H.

Proposition 74. VC-dimension of the union.
Given r hypothesis classes of VC-dimension at most d sharing the same domain,
the VC-dimension of the union of these classes is at most 4d log(2d) + 21og(r).
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Proposition 75. Agnostic PAC-learnability from bounded VC-dimension.

There exists a constant C; € R such that for any 6,e € (0,1), given a hypoth-
esis class H of VC-dimension d, and a dataset S C X x {0,1} of size at least
C1 %gz(l/é) composed of identically and independently drawn samples (x,y) ac-
cording to a probability measure P on X x {0,1}, we have, with probability at

least 1 — 6 (over the sampled dataset),

Lp(argmin Lg(h)) < min Lp(h') +e¢,
heH heH
where Lp(h) is the error rate of classification according to measure P, E .,y p[1(h(x) #
y)], and Lg(h) is the error rate on the dataset, é—‘ Y(xy)es 1(h(x) #y).

Lemma 76. For Algorithm 3 with parameter x = 1 and any 6 € (0,1) on the
family presented in the proof of Theorem 20, there exists m a polynomial in H
and 1/, such that with a dataset of trajectories larger than m(H,1/s) obtained
by e, with probability at least 1 — & over the sampled dataset, for all time steps
1 < t < H—2and with s¢ = 1, the learned function f'(a|s,g) perfectly
predicts the action to reach the goal g, if the state g is reachable from s;.

Proof. The proof can be decomposed in 4 main affirmations:
1. The classes of learning hypotheses have a VC-dimension upper-bounded
by a polynomial in H.

2. For all the problems in the family, there exists a hypothesis with a
low rate of errors.

3. A sufficiently low error rate implies a perfect accuracy on the pre-
dicted action to reach g when sf = 1.

4. Set the last three points together to entail the Lemma.
We pose s; as the current state, sy as the state at the end of the trajectory
. . . s
after observing s;. Thus, the learned function takes as input the vector L f ]
H

(concatenation of the real parts of the states without the time steps).

1. Fora =1, atany time step, the class of hypotheses is the union of O(H)
sets of linear functions over 1 real-valued variable composed with a thresh-
old. Those linear functions with a threshold have thus VC-dimension 2.
Using Proposition 74, we infer that, for any time step, the VC-dimension
of our hypothesis class is in O(log H).
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2. Take the hypothesis that selects the variable s?j"t and uses the linear

identity function composed with a threshold l(si’[u’t > 0).

Both sides of the environment (s¢ = 0 or 1) have 1/2 probability. Since
all the samples on the right-hand dynamics are correctly predicted by this
hypothesis and the samples on the left-hand side have 1/2 probability to
have either action, this hypothesis has an average error rate of 1/4 on the
distribution induced by 7!.

3. For all the possible feature selections, there is a finite set of possible
inputs, for example, {0,1} for feature slﬁ”’i, or {0} for feature s**. Con-
ditioned on s{ = 1, these inputs all have a constant probability of being
sampled by 71!, thus the probability is independent of H and b the family
parameters. We note the minimum on these probabilities pifnut, which is
thus also independent of the family parameters H and b.

Similarly, we note pgﬂaut the minimal non-zero probability under 7t
of any of the two actions conditioned on the selected feature from a state
in the right-hand dynamics.

Suppose that the error rate under the distribution induced by 7! of
hypothesis h for the goal-conditioned prediction problem is 1/4 + €. If
€ < 1/2- piﬂ&ut . gﬁf " then the hypothesis does not make any errors in
the right-hand dynamics. By contradiction, suppose that it does make a

mistake on a pair of input-output, then take the value of the input of the
input
min

u

variable selected by the hypothesis. There is at least 1/2 - p

with that input and a pﬁﬁﬂout proportion of them with the same output.

The hypothesis will thus make a mistake on a set of inputs of probability
atleast1/2- pzﬁft . pfﬁfut under 7t on the right-hand dynamics. To which
we have to add a 1/2 error rate on the trajectories on the left-hand dynamics

that have probability 1/2.

samples

4. To generalize the result to all the time steps at the same time, we use a
union bound over the probability of failure of each time step.

Using Proposition 75 and the affirmations just proven, with any con-
stant € < P Pon /2 and & = §/H, there exists m(H, ) € O(log H) such
that the algorithm will output a hypothesis which makes no mistake on the

right-hand dynamics. ]

Definition 77. A deterministic armed-bandit problem is composed of a fi-
nite set of arms A and a function f : A — [0, 1] which associates an arm to a
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deterministic reward.

Proposition 78. Let be a family of deterministic armed-bandit problems defined
by A € Nand 1 < i* < A. The deterministic armed-bandit problem defined by
A and i* has A arms, the arm i* gives a reward of 1, and the others give a reward
of 0.

For any randomized algorithm that tries to identify the arm with the maximal
associated reward with o(A) calls to the reward associating function, there exists
an A large enough and a i* such that the algorithm fails with probability at least
1/3 on the problem defined by A and i*.

Proof. By contradiction, let’s suppose that there exists a randomized algo-
rithm Alg that solves any problem in the family with probability at least
1—¢ for some 6 € (0,1) using K € 0(A) samples. Let us note r ~ R the
random variable following some probability distribution R upon which
the algorithm depends, p the problem in input that it solves, and Alg(p,r)
the output of the algorithm with p and r in input. For any A, let U(A)
be the uniform probability distribution upon {1,..., A} and p#! the bandit
problem defined by A and i*. We have for any A

Ep () Err[1(Alg(p,r) = i*)] > 1-6. (C1)
Which implies
E,~rE; () [1(Alg(pf, r) = i*)] = 1—6. (C.2)

There must exist some r which performs at least as well as the mean. Thus
there exists a deterministic algorithm Alg, such that E;. ;4 [Alg, (p)] >
1-6.

We suppose w.l.o.g. that this algorithm uses its K € 0(A) tries in the
set of the K first arms. Then with probability 1 — % it only receives 0 re-
wards and must guess the best arm with no information for the A — K left
untested arms. Thus the deterministic algorithm has a probability of fail-
ure lower bounded by 1 — & — L.

Since K € 0(A), there exists A large enough such that this quantity is
larger than . Thus we have a contradiction. O

3.1.1 Domination result

Here we derive from Theorem 20 a result on the domination of black-box
dynamics RL methods.
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We define u(7t,m) = E (g a0 ro,..s0)~P" [Z{iﬁl r¢] the expected cumula-
tive reward of some policy 7w on RL problem m with associated operator P.
Additionally, we define U(A, m) the average expected cumulative reward
of (randomized) RL method A on RL problem m. More formally, with 7t
the (random) output of A on problem m, U(A,m) = Ex [u(m, m)].

Corollary 79. For any RL method A taking at most polynomial time in the hori-
zon of the problem and satisfying Definition 19 there exists an RL method B that
takes at most polynomial time in the horizon and 1/e with € € (0,1) such that

1. For any RL problem m, U(A,m) < U(B,m) +¢;
2. There exists an RL problem m such that U(A,m) < U(B,m) —1/12.

Conwversely, there exists some € € (0,1) and an RL method B taking at
most polynomial time in the horizon of the problem such that there does not ex-
ist a method A satisfying Definition 19 and that for any RL problem m satisfies
U(B,m) < U(A,m) +e.

Proof. For any RL method A satisfying the conditions of the statement, con-
struct the RL method B performing the following computations for an RL
problem of horizon H:

1. Find policy ;¢ by executing Algorithm 3 with parameters« = 1and
N sufficiently large to have a maximal failure probability of 6y = 1/24
for problems in the family in the proof of Theorem 20 with horizon
H.

2. Evaluate the performance of 7rgc with an accuracy of min{e/4,1/20}
with a success probability of at least 1 — 6/2 with § = min{¢/2H,1/24}.

3. Execute method A on the RL problem, take output policy 7r4.

4. Evaluate the performance of 714 with an accuracy of min{e/4,1/20}
with a success probability of at least 1 — 9/2 with § = min{¢/2H,1/24}.

5. Return the policy with the largest estimated performance, call it 7.

Step 1 takes polynomial time in the relevant quantities, we refer to the
proof of Theorem 20. Step 3 is also efficient by the condition on method
A. Steps 2 and 4 can be performed in polynomial time in the relevant
quantities using Hoeffding’s inequality. Thus the whole method is efficient
(polynomial in the horizon and 1/e).

For the first claim, consider m an input problem. By construction the
policy returned by method B has expected cumulative rewards at least of

140 |



Main Theorem proof | 3.1

max{u(mge, m), u(mwa, m)} —€/2 with probability 1 — §. Thus we have the
following lower-bound on the performance

u(rtg,m) > (1 —6)(max{u(mwge, m), u(ma,m)} —e/2) +6-0
> (1 6)(u(rea,m) — </2)
> u(my,m) — ou(my, m)+ 6¢/2 —€/2 (C.3)
> u(my,m)—6H —¢/2
> u(my,m) —e.

We used the fact that the rewards are constrained in the interval [0, 1] and
thus the expected cumulative rewards are upper-bounded by H and lower-
bounded by 0.

Since the probability distribution of 74 produced in method B is the
same as the output of method A, we have

U(B,m) > Exy(u(mp,m)] > Ex,[u(ma,m)] —e =U(A,m)—e. (C4)

This concludes the proof of the first claim.

For the second claim, method A satisfies Definition 19 and has compu-
tational complexity in 0(2H). Thus method A satisfies the conditions of the
second claim in Theorem 20. From the proof of Theorem 20, we can extract
the fact that U(A, m) is at most 5/6 for some RL problem m in the family
we defined!.

While, by construction 77g¢ outputs an optimal policy with probability
1 — dp. Moreover, if g is optimal, it is chosen as output 75 with proba-
bility at least 1 — 0 since the asked accuracy 1/20 is below half the difference
in expected returns for 71gc and 74 (lower-bounded by 1/12).

Thus the expected returns of 7p satisfies, taking into account that for
the problems in the family 1 is the optimal expected return achievable,

u(ng,m)2(1—(5—(50)~1+(5+50)-0

=1-1/12. (©5)

Thus,

U(B,m) —1/12 > Ex,[u(mg,m)] —1/12 > 1—1/12—1/12 > U(A, m). (C.6)

IThe method A has less than a 2/3 probability to produce an optimal sequence of actions
on the right-hand dynamics. Taking into account the two sides of the dynamics, the average
expected cumulative rewards is thus at most 1/2- 14 1/2-2/3 = 5/¢
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The converse and last statement is a direct consequence of Theorem 20
proof by taking Algorithm 3 as B. O

3.2 Parallel result with a different assumption

This section presents another formalism than the main text, this formalism
is closer to the paper of Sun et al. [2019]. We derive a parallel version of our
theoretical result in this new formalism. Then, we discuss the advantages
and inconveniences of this formalism in contrast to the one used in our
main text.

This section aims to clarify the characteristics of different formalization
choices. A second goal is to show that the ideas presented in this paper
hold in the two formalisms; thus, their consequences are broader than what
the main text formally presents.

3.2.1 The formalism and result of Sun et al. [2019]

We provide here briefly the result of Sun et al. [2019].
The following definition of a model-free method is given by Sun et al.
[2019].

Definition 80. Model-free algorithm, [Sun et al., 2019]. Given a (finite) function
class G : (S x A) — R, define the G-profile g : S — RIG¥IAl by pg(x) =
[g(x, a)}geg,aeA' An RL method is model-free using G if it accesses x exclusively
through ¢g for all x € S during its entire execution.

The definition of a model-free method depends on a set of functions G.
For their theorem, they assume G = OP(M ), where OP stands for optimal
planning, it is defined as the set of optimal Q-functions and policy func-
tions for a given family of RL problems M. In other words, the set OP(M)
contains any policy and Q-function that is optimal for some problem in M.

Depending on the family M, this assumption implies a barrier to the in-
formation that can go from the encountered states to the model-free method.
This loss of information allows them to prove their theorem on the gap in
statistical complexity between a model-based method and model-free RL
methods.

The work of Sun et al. [2019] proves that there exists a family of RL
problems M such that:

* These problems are intractable in the horizon for RL methods that
are model-free using G = OP(M) following Definition 80.
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Algorithm 7 Env : an interface linked to a RL problem defined by the tran-
sition operator P and a G-profile ¢g (Definition 80). The interface is a set of
functions with an internal state. The interface has access to an initialized
encoder/decoder of pointers and states as defined in Algorithm 1.

function Env_init(F)
so ~ Po
Sp < encode_state(sg)
output sp, g (so)
function Env_step(3, a)
s < decode_pointer(3)
if s is not terminal then
7,8 ~ Payn(r,5'| 5, 0)
s’ + encode_state(s’)
outputr, s', ¢g(s’)
else if s is terminal then
output L

function Env_eval_state(s, F)
output ¢g(s)

function Env_encode(s)
output encode_state(s)

* These problems are solved efficiently in the horizon by an RL method
that takes the family M as input.

3.2.2 An extension of the formalism

We extend their definition of a model-free method with an interface. Sim-
ilarly to the first interface we defined in Algorithm 2, this interface uses
the encoder-decoder (Algorithm 1) to hide the content of states while still
allowing their manipulation. Thus, as for the previously defined interface,
the methods can generate transitions and do local planning, such as tree-
search.

Definition 81. A black-box dynamics RL method interacts only with the
interface defined in Algorithm 7 linked with the RL problem to solve and G =
OP (M) for M a given set of problems containing the problem to solve.

3.2.3 New result

We derive a new version of our theorem in this formalism. The structure of
the result is the same: we provide a family of RL problems which are both
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Algorithm 8 A second goal-conditioned algorithm.

Parameters: N: number of samples, : parameter of the learning algorithm
(number of active features)

Input: P: the operator corresponding to the RL problem to solve
D« {}
fori<~1,...Ndo
D < D U{(so,a0,70,51,a1,---,5H) ~ P”u}
gr < argmaxg .srT St (...,st,ar,rr,...) €D
fort € {0,...,H—1}do
Dtc + {((st,s7),ae)| (-..,st,a8,...,57,...) € D}
f' < the result of the optimization program 4.1 with dataset D’ -
and parameter «.

output 7(als;) = f'(alst, 1)

hard to solve for the class of RL methods that satisfies our definition, but is
efficiently solved by another algorithm.

First, we define Algorithm 8. This method is similar to Algorithm 3
with two differences. One, the goal-state can be anywhere in the trajectory,
while Algorithm 3 required it to be one of the final states. Two, the reward
that decides the goal-state is not gained when entering the state, but when
leaving it.

These changes are made to adapt to the new family of problems that
will be used in the proof. Notice that Algorithms 3 and 8 both simply
assign a state that appeared next to a high reward as a goal to reach.

Theorem 82. There exists a family M of RL problems such that

1. For any problem in the family and 6 € (0,1), with probability at least
1 — 0 (over the sampled trajectories), Algorithm 8 outputs an optimal policy
with a number of samples and number of operations upper bounded by a
polynomial in horizon H and 1/s.

2. For any algorithm satisfying Definition 80 with the family M and using
0(21) calls to the interface (Algorithm 7), there exists a problem in the
family for which it outputs a suboptimal policy with probability at least 1/3.

Proof. The family of RL problems we construct is the same as for the proof
of Theorem 20 except in the last steps of the dynamics. An example of a
problem in the family is represented in Figure C.1.

We describe the changes in comparison with the previous family of RL
problems.
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Fig. C.1 Example of the family of RL problems for horizon H = 5 and
hidden binary word b = 01.

The rewards before entering the final states of the previous dynamics
are all set to zero. A new step is added at the end of the dynamics where
all states and actions lead to the same state full of zeros. The unique state
that got a reward in the previous dynamics, leads now to a unitary reward
in this last transition (the other states still lead to no reward).

For the first claim, the Algorithm 8 solves efficiently in the horizon the
RL problems in the family, since the proof of Theorem 20 applies straight-
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forwardly in this case. With high probability, the same goal state will be
selected, and the same policy will then be learned.

We now prove the second claim. The left-hand dynamics is indepen-
dent of b the hidden binary word defining the RL problem. Thus, the only
information the method will receive is from the right-hand dynamics. This
dynamics is the same as the problems in the work of Sun et al. [2019] and
their proof applies.

We repeat the elements of the proof here for completeness.

For an algorithm satisfying Definition 81, the possible right-hand dy-
namics are equivalent to the family of problems defined in Proposition 78
with a set of 2H~3 actions, and the proposition implies exactly the claim to
prove.

We prove the equivalence. First, we note that any states encountered
before the t = H — 2 time step provide no information on the hidden binary
word b. The same holds for the last state. Such that only the states at time
step t = H — 1 are relevant to discover b.

Let us describe ¢g with G = OP(M), applied on these states. For a
fixed horizon H, there exists as many different dynamics in M, as the
number of possible binary words b. Each of these dynamics entails both
an optimal Q-value function and an optimal policy function. The outputs
of policy functions contain no information since the dynamics are inde-
pendent of the action at time step t = H — 1. The outputs of Q-value
functions will evaluate to zero for all couples of states and actions at time
step t = H — 1, except for the unique state leading to a reward, for which
they will all evaluate to one.

Such that the output of ¢¢(s) will always be only zeros for all subop-
timal states encountered at time step t = H — 2, and only be different for
the unique rewarding state. All the suboptimal states will thus be indistin-
guishable for a method satisfying Definition 81. This is equivalent to the
armed bandit problem described in Proposition 78. O

3.2.4 Discussion

The result obtained in this appendix is very similar to the one presented
in the main text. This new parallel version of our theoretical result offers
a new trade-off between the assumption made and the conclusion. We
explain this trade-off.

We compare Definition 81 and linked Theorem 82 of this appendix sec-
tion with Definition 19 and linked Theorem 20 presented in the main text.
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As we explain and show in the main text and Appendix 3.4, the Defini-
tion 19 covers many common RL methods.

In contrast, the original assumption of Sun et al. [2019] (Definition 80
and the discussion below it) and our extension in Definition 81, pose condi-
tions that do not seem to fit straightforwardly classical RL methods. These
assumptions rely on looking states through a set of functions defined by
OP(M), the set of optimal Q-functions and policy functions for a family
M of RL problems. However, classical algorithms will use and evaluate
encountered states using functions that cannot be linked to any arbitrary
set of problems M. For example, an algorithm could evaluate states with
linear value functions but OP(M) might not contain these depending on
the family M chosen.

Despite this problem, the assumption of Sun et al. [2019] and of this
appendix still seems relevant. It seems counter-intuitive that a Q-learning
methods needs to rely on sub-optimal Q-value functions to solve a prob-
lem.

If one accepts this argument, there is a gain on what can be proved. We
believe that the family of RL problems used in the proof of Theorem 82 are
easier to generalize than the ones in the proof of Theorem 20. The family
of problems defined in this appendix sets the rewards after the states of
interest not only just before, as pictured in Figure C.1. This allows a pos-
sible generalization, which is to extend the dynamics beyond the current
last states and delay the gain in rewards. Thus, the goal-state used in our
proof could become an intermediary sub-goal in a larger dynamics.

3.3 Comparison with the work of Sun et al. [2019]

The result in the main text and its parallel version in the previous section
differ in two main ways from the result of Sun et al. [2019].

First, we redefine and broaden the class of methods with a limitation.
Instead of proving a limitation on model-free methods only, we broaden
the result of intractability to some methods that are usually considered
model-based (such as AlphaZero). We obtain this by analyzing the com-
putational complexity instead of the statistical complexity of the methods
and by using an interface with an encoder-decoder of states. The inter-
face allows more flexibility in the interactions between the method and
the problem at hand, allowing us to abstract a larger class of methods. In
particular, the interface allows to generate different potential future trajec-
tories from a given state, something which is essential for several planning

| 147



C | Appendix of Chapter 4

algorithms with a known or learned model of the dynamics.

Our second contribution with respect to the result of Sun et al. [2019]
is that our family of problems can be efficiently solved without strong spe-
cific priors about it. In contrast, their result crucially relies on an a pri-
ori known goal-state to reach. They encode this knowledge into a model-
based method to its advantage and show that their model-free methods
cannot leverage that prior information. In general, such knowledge cannot
be assumed to be known in practice and impairs the practical applicability
and generality of their claim.

Whereas in our result, no goal-state needs to be known a priori but it is
discovered autonomously from obtained rewards. Thus, our result applies
without needing to know and engineer strong a priori knowledge into an
algorithm to get an advantage.

This leads to a new claim specific to our work: numerous classical RL
methods of the literature have a fundamental limitation on problems that
should be solvable by an efficient general-purpose RL method.

3.4 Classical RL methods implemented with the interface

In this Appendix, we reformulate common RL methods to use the interface
defined in 2 instead of directly interacting with the RL problem dynamics.
We thus demonstrate that these methods can be cast in the conditions of
Definition 19 and suffer an upper bound on their performance provided
by Theorem 20.

To clarify the presentation, we use methods as simplified as possible.
For example, we only work with one-step RL methods, which use only
one-step transition, (s,a, r,s'), instead of longer sequences to make up-
dates. The presented formalism can however be extended to include these
multi-step methods. Our results are robust to such changes.

Neural network initialization refers to the initialization of a multilayer
perceptron (MLP), a classical neural network architecture that composes
iteratively linear operators and non-linear point-wise activation functions.
We keep implicit the input dimension, output dimension, and number of
layers with their respective numbers of hidden units.

In Algorithm 9, we define the fitted Q-iteration algorithm with Deep
Learning, a common variant of model-free deep Q-learning methods [Ried-
miller, 2005]. The algorithm trains at each iteration a new Q-function based
on the Bellman equation on a new dataset and the previously trained Q-
function.
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In Algorithm 10, we translate the original algorithm to use the interface
defined in Algorithm 2. As explained in the main text, calls to draw tra-
jectories from the RL problem are replaced by calls to Env_step. Instead
of directly manipulating states and updating the neural networks, the call
to Env_step uses function F to do these computations. The function F is
used to learn and evaluate the neural networks (Q-value functions).

Following the argument formalized in Appendix 3.5 about the symme-
tries existing in neural networks training by gradient descent, the functions
defined in F practically satisfy the symmetry condition of Definition 19.

We also implement an Actor-Critic method, defined in Algorithm 11,
with the interface in Algorithm 12. This demonstrates the use of value and
policy functions.

In Algorithm 13, we implement a local planning tree search procedure
relying on the capacity of the interface to generate transitions at any given
state.

It is possible to combine tree search and model-free methods to fit meth-
ods that leverage feedback from results of tree search procedures to train
neural networks [Feinberg et al., 2018], then possibly improve the tree
search procedure with these neural networks in a virtuous cycle [Anthony
etal., 2017, Silver et al., 2017].

We fit the AlphaZero algorithm to our Definition 19 in Algorithms 16
and 17, the initial algorithm is described in Algorithms 14 and 15.

The original algorithm was described for 2 players zero-sum determin-
istic games with the use of self-play, but is straightforwardly appliable to
deterministic RL problems. In addition, we note the following minor mod-
ifications with respect to the original AlphaZero described in Silver et al.
[2016, 2017]:

* We evaluate the neural networks at each new node in the search-tree
that is created, and not only at each leaf-node expanded. This incurs
only a fixed factor more computations.

* Instead of using the final return of a full trajectory to learn the value
function, we use one-step temporal differences. We do this because
our Definition 19 does not support multi-steps temporal difference
in the presented form. We note that multi-steps methods could be
added to the formalism but at the cost of readability.

¢ To simplify the algorithm, we describe an online training version. We
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Algorithm 9 Fitted Q-iteration (with e-greedy exploration)

Parameters: H: horizon of the MDP, S: state space, A: action space, K:
number of iterations, # > 0: scalar factor for gradient descent, I: number
of samples by iteration (divisible by H), € exploration parameter
Input: P: the operator corresponding to the MDP to solve
Initialize a neural network Qp : S — R/4
mte(als, Q) «
(1—€)1(a = argmax,. 4 Q(s,a)) +¢/21(a = 0) +-¢/21(a = 1)
fork <+ 1,...,Kdo
Q<+ Qy
Initialize a neural network Qy
foriel,...,I/Hdo
s+ Py
fort < 0...H—-1do
a~ me(als, Q)
1,8 4= Payn(7, §'| 5, a)
00—V [Qo(s,a) —r —maxse 4 Q(s',a))?
s« s
i(als) < mo(als, Qo)
output v

apply stochastic gradient descent directly with each new data sam-
ple, and do not construct datasets to leverage experience replay.

3.5 Symmetries in neural networks learning

We provide here a formal argument that classical neural network training
procedures satisfy the condition in Definition 19 put on function F.

We prove that the distribution of outputted functions by a gradient de-
scent procedure respects such a symmetry.

In Definition 83, we construct a symmetry condition that will help us
to state and to prove our result. In Theorem 84, we state the main result
of this section on the symmetry of the learning procedure. Corollary 85
restate the Theorem, but in a form which can directly be compared with
the condition on F stated in Definition 19.

For the clarity of the exposition, we will abusively refer to the probabil-
ity of a function instead of the probability of events in the related implicit
o-algebra.
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Algorithm 10 Fitted Q-iteration implemented with the interface defined in
Algorithm 2. The function chunk(D, I) partitions the data sequence D into
contiguous subsequences of length I until there is less than I elements left
which are put in the last subsequence.

Parameters: H: horizon of the MDP, S: state space, A: action space, K:

number of iterations, # > 0: scalar factor for gradient descent, I: number

of samples by iteration, € exploration parameter

Input: Env: the MDP interface with its methods defined in Algorithm 2
me(a] Qs) + (1 —€)1(a = argmax,, Qs(a)) +¢/21(a = 0) +¢/21(a =
1)

function learnQ(s, D)
Initialize a neural network Qp : S — RIAI
Ds,...,D,_1,Dy + chunk(D, I)
for (Sd, aq,vq, Qs&) +— D,_1do

2
0« 0—1Vy [Qe(sd, ag) — rq — maxae 4 Qy, (‘1)]

output [Qy(s, 4)]aca
F + learnQ
fork+1,...,K-I/Hdo
5,Qs < Env_init(F)
fort«0,...,H—1do
a ~ 7ie(al Qs)
r,5,Qs < Env_step(s, a, F)
m(als) « 1(a = argmax,  , Env_eval_state(s, learnQ))
output 1

Definition 83. Symmetry condition.

Let L be a function from a sequence of data points in (R" x R)N for some
natural number N, to a set of distributions over functions A({R" — R}).

For any sequence d = ((xo,Y0), .. .) of data points and for any permutation
of the coordinates p over R" (Definition 18), we define d, = ((p(x0),¥o), - - -)-

The function L satisfies the symmetry condition if, for any permutation of the
coordinates p, we have L(d) = L(dy) o p~L. In other words, for any function
h: R" — R, the output with d must give the same probability on h as the output
with dy, on hop.

Theorem 84. The output of the randomized Algorithm 18, which produces a
learned function given a dataset, follows a distribution defined by the dataset. The
function between the dataset and the distribution of learned functions respects the
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Algorithm 11 Deep Policy Gradient with Value function learning (Actor-
Critic).
Parameters: H: the horizon of the MDP, S: state space, A: action space, K:
number of sampled trajectories, 7 > 0: scalar factor for gradient descent,
I: number of iterations by initialization of the value function (should be
divisible by H)
Input: P: the operator corresponding to the MDP to solve
Initialize a neural network 7y, : S — A(A)
Initialize a neural network Vg, : § — R
fork<1...Kdo
ifk-H mod I = 0 then
V ng
Initialize a neural network Vg, : S — R

s Py
fort«+0,...,H—1do
a~ 1y, (4] 5)
1,8 < Payn(r, §'| 5, a)
01 4 01 +1(r + V(s')) Vo, log e, (a s)
2
92<_02_17v92[ 92()—1’—‘/(5)]
s+ ¢
output 77y,

symmetry condition.

Proof. We prove by induction that for any permutation of the coordinates p
both the process that constructs the linear operator represented by W and
the processes that produce all the other functions of the input in the neural
networks (output, gradients) satisfy the symmetry condition.

Let P be the permutation matrix corresponding to p.

At initialization, the symmetry condition is satisfied everywhere. The
matrix W is as probable as WP~! and is independent of the dataset. All the
other functions computed in the neural network depend on the input only
through the linear operator that satisfies the condition, such that they also
satisfy the symmetry condition.

Now we look at the updates. Let g be the gradient at the output of the
linear operator for some input x. Then the update of W is

W« W —ngxl. (C.7)
On the transformed dataset, with WP~! the matrix of the linear operator,
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Algorithm 12 Deep Policy Gradient with Value function learning (Actor-
Critic) implemented with the interface defined in Algorithm 2. The func-
tion chunk(D, I) partitions the data sequence D into contiguous subse-
quences of length I until there is less than I elements left which are put in
the last subsequence. We simplify the learning of V, the value function,
following the discussion in Section 3.5.

Parameters: H: horizon of the MDP, S: state space, A: action space, K:
number of sampled trajectories, # > 0: scalar factor for gradient descent,
I: number of iterations by initialization of the value function
Input: Env: the MDP interface with its methods defined in Algorithm 2
function learningVand (s, D)
Initialize a neural network Vg, : § — R
Dy,...,Dy_1,Dy < chunk(D, I)
for (s,a,r,(Vy, my) < Dy_1 do
02 < 0 — Vg, [Vo,(s) — 7 — Vs/]z
Initialize a neural network 7rg, : S — RI4l(= A(A))
for (s, (a,r,(Vy,my)) < D do
0, < 61+ 77(1’ + VS/)Vgl log TTy, (l/'l‘ s)
output (Vy, (s), 7y, (s))
F < learningVandm
fork<1...Kdo
5, (Vs, 1ts) < Env_init(F)
fort<0...H—1do
a~ 1s(a)
r,5,(Vs, 1ts) < Env_step(5, a, F)
nt(als) < [(Vs, 5) < Env_eval_state(s, F); output ts(a)]
output v

Px the new input, and / the new gradient, the update becomes
WPt « WP —yh(Px)T, (C.8)

which reduces to (W — 7hxT)P~1. By the inductive hypothesis, we know
that the processes that produce h respect the symmetry condition, thus the
gradient h is sampled from the same distribution as g. Also, by the induc-
tive hypothesis, the previous WP~ is as probable as the previous W under
their respective distributions. Consequently, the updated W is as probable
as the updated WP~1.

Similarly to the initialization, the processes that produce the rest of the
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Algorithm 13 Tree-search implementation using the interface defined in
Algorithm 2. This algorithm can be combined with the other methods pre-
sented, to use value function estimates instead of rewards for example.
Parameters: H: horizon of the MDP, A: action space, Hs > 0: search
horizon of the tree
Input: Env: the MDP interface with its methods defined in Algorithm 2
function TREE_SEARCH(S, h)
if 1 = 0 then
output _, 0
fora € Ado
r,s',_ < Env_step(5, a, _)
if » = 1 then
outputa, 1
else
a’,R « Tree_search(s’, h — 1)
if R =1 then
output g, 1

output _, 0

function TREE_SEARCH(s;)
a,r < Tree_search(Env_encode(s;), min{Hg, H — t})
output a

7t(al s¢) < Tree_search(s;)

output v

network functions of the input respect the symmetry condition because
they depend on the input only through the output of the linear operator
since the start of the algorithm.

O

Corollary 85. The expectation of the distribution of the output of neural networks
applied on some input z € R" produced by randomised Algorithm 18 for some
sequence of points d can be written as f(z, ((xo,Y0),...)) for some function f
that is invariant to a permutation of the coordinates applied to z and xy, . . .

Proof. By construction, f exists and is simply the function representing the
process producing the distribution of learned functions composed with the
expectation of their evaluations. Since the distribution of learned functions
respects the symmetry condition by Theorem 84, we know that for any
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permutation of the coordinates p, we have

]EnnwAlg(d) [nn(z)] = ]EnnNAlg(dr,) [nn(P(Z))]

where nn is the neural network trained by the algorithm Alg. O

3.6 A planning method

In this appendix, we describe the planning method introduced in the nu-
merical experiments section of the main text.
The method follows these steps:

1. Sample an initial dataset of trajectories using a uniform policy.

2. Learn a model of the forward dynamics by fitting the dataset with
Decisions Trees auto-regressively assuming a deterministic transition
dynamics. If a learned model of the dynamics already existed from
previous iterations combine the previously learned and new Deci-
sion Trees predicting rewards to produce a pessimistic prediction of
obtained rewards. In other words, the method combines additively
the constraints predicting zero rewards in the trees.

3. Sample trajectories following a policy that plans each step using the
learned model of the dynamics. The planning is done by solving
a Mixed-Integer Linear Programming (MILP) optimization problem.
The main variables in this program represent the future trajectory
(states, actions, rewards), there are also auxiliary variables that help
encode the constraints coming from the learned dynamics. The con-
straints of the MILP are given by: the current state and the model
of the dynamics defined by Decision Trees. The objective is to maxi-
mize the total return of the trajectory. To solve the MILP, we use the
off-the-shelf solver Gurobi [Gurobi Optimization, LLC, 2023].

4. If the sampled trajectories reach reach a threshold in average returns,
the method outputs the policy that plans each action by solving a
MILP encoding the learned dynamics (as in the last step). Else, if the
performance is not sufficient, add the trajectories to the dataset and
the method goes back to step 2.

An algorithmic description of the method that represents the loops and
branching statements more clearly is provided in Algorithm 19.
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The method requires a sufficiently deterministic dynamics. The dy-
namics should also be simple enough for Decision Trees to be able to effi-
ciently model it with a dataset of trajectories produced with a uniform pol-
icy, followed by a low exploration with several trajectories that are promis-
ing according to the dynamics model. This low exploration comes from
the compromise of choosing a pessimistic prediction of the rewards.

As for Algorithm 3 this method makes several assumptions about the
simplicity of the problems it solves. Similarly, those assumptions are not
specific to the problems in this paper, but prevent the method from being
a general-purpose RL method. The method only illustrates an algorithmic
approach to RL on our problems and shows that these problems are easy
to solve.

3.7 Numerical experiments details

We describe the implementation of the different methods we test: a goal-
conditioned method in Algorithm 20, fitted Q-iteration [Riedmiller, 2005]
in Algorithm 21, Proximal Policy Optimization (PPO) [Schulman et al.,
2017], and AlphaZero [Silver et al., 2017] in Algorithm 15. We refer to the
previous section for details on the planning method introduced in the nu-
merical experiments section of the main text.

We test all these algorithms with MLP neural networks. Any state in
input to a neural network s = (t,x) € S = {(t,x) € {0,..., H} x R"} will
be represented with a one-hot encoding of the time step t concatenated to
the real part x.

Some notations, the function CE : A(X) x X — R (Cross-Entropy) com-
putes CE(g,x) = —logq(x) for some set X. The function clip(x € R,a €
R,b € R) computes min{max{x,a},b}. The method copy copies the ob-
ject, it allows to fix its state.

The optimizations are performed with mini-batches estimation of the
gradient, and AdamW, a regularized version of Adam [Loshchilov and
Hutter, 2017]. Hyper-parameter optimization was performed with Bayesian
Optimization to maximize success probability on problems with horizon
H = 45 for the goal-conditioned algorithm, H = 12 for the fitted Q-
iteration algorithm, and H = 17 for the PPO algorithm. For AlphaZero,
we performed coordinate ascent optimization to tune the local search pa-
rameters for H = 15.

The goal-conditioned algorithm was run with 2 hidden layers of 256
units each, parameter I = 1000, 30000 steps of AdamW with learning rate
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2- 1072, weight decay 1073, and 100 batches.

The fitted Q-iteration algorithm was run with 2 hidden layers of 512
units each, for K = 50 iterations, with I = 1000 sampled trajectories by
iteration, € = 0.2, 1000 steps of AdamW by iteration, learning rate 1 - 1073,
weigh decay 1072, each 1000 trajectories samples were divided into 20
batches.

The PPO algorithm was run with 2 hidden layers of 512 units each,
for K = 50 iterations, with I = 1000 trajectories sampled by iterations,
clipping parameter € = 0.1, § = 1073, 500 steps of AdamW by iteration,
learning rate of 2 - 1074, weight decay 10~® and 10 batches of the sampled
trajectories.

The AlphaZero algorithm was run with 2 layers of 256 neurons each,
AdamW with learning rate 2 - 10~ and weight decay 1-10~3. The algo-
rithm performed the following operation three times: sampling a dataset of
1000 trajectories, then optimize an actor-critic for 30.000 steps with AdamW.
For the local search procedure, we fixed a budget of 50 search node per de-
cision and tuned the ¢ and T parameters (see Algorithm 15).

We measured that it takes less than two days with a single GPU to re-
produce the results provided in the numerical section with only one test
by experiment (pair of horizon and method).

| 157



C | Appendix of Chapter 4

Algorithm 14 AlphaZero planning functions.

Parameters: H: the horizon of the MDP, S: state space, .A: action space
Input: P: the operator corresponding to the deterministic MDP to solve
Node: N, W, Q, P, v, s, children, parent, parent_action, leaf, h
function PLANNING((s, k, 7tp,, Vp,, K, ¢, T))
nodes + ]
nodes.append(
Node(04,04,04 null,null,s,null,null,null, True,h))
fork+ 1...Kdo
last_node+Select(nodes[0], c)
nodes.concatenate(Expand(last_node, 7 , V4,))
Backup(last_node.parent, last_node.v)

output root_node.N[a]'/7/ Yac Aroot_node.N[a]l/ T
function SELECT(node, c)

if node.leaf or node.h equal H then
output node

V/ .
a < argmax, scurr_node.Qla] + ¢ node.P[a]%w
output Select(node.children[a])

function EXPAND(node, 714, Vp,)
node.leaf+ False
if node.h equal H then
stop

node.children <« []
fora e Ado
1,84 Payn(7,8'|node.s, a)
v ng (S/)
node.children.append(
Node(OA,OA,OA,null,V’,s’,null,node,a,True,node.h+1))
node.P< 77y, (node.s)
output node.children
function BACKUP(node, a, v)
if node is null then
stop
node.N[a] <+ node.N[a]+1
node.WJ[a] + node.W[a] + v
node.Q[a] < node.W[a]/node.N[a]
Backup(node.parent, node.parent_action, v)
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Algorithm 15 AlphaZero.

Parameters: H: the horizon of the MDP, S: state space, A: action space,
I: number of iterations of the procedure, K: number of expansions in the
search, # > 0: scalar factor for gradient descent, T temperature for action
selection, ¢ exploration parameter of the search

Input: P: the operator corresponding to the deterministic MDP to solve
Initialize a neural network 75, : S — A(A)
Initialize a neural network Vp, : § — R
fori<1...1do
s Py
forh«<0,...,H—1do
p < planning(s, k, 7tg,, Vp,, K, c, T)
01 < 01+ 1V, Lacap(a)logmy, (as)
a~p
r, s «— Pyyn(r, s'|'s, a)
02 < 0 — Vg, [Vo,(s) — 1 — V(s’)]2
s+ ¢
n(als) < [p < planning(s, s.h, 7tg,, Vg, K, c,T); output p(a)]
output v
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Algorithm 16 AlphaZero planning functions implemented with the inter-
face defined in Algorithm 2, fitting Definition 19.

Parameters: H: the horizon of the MDP, S: state space, A: action space
Input: Env: the MDP interface defined in Algorithm 2
Node: N, W, Q, P, v, 5, children, parent, parent_action, leaf, h
function PLANNING(S, i, F, K, ¢, T)
nodes < ]
(vs, 115, p) < Env_eval_state(s, F)
nodes.append(Node(OA,OA,OA,7TS,null,s',null,null,null,True,h))
fork<+< 1...Kdo
last_node<Select(nodes[0], c)
nodes.concatenate(Expand(last_node, F))
Backup(last_node.parent, last_node.v)

output root_node.N[a]'/7/ Y oac Aroot_node.N[a]l/ T
function SELECT(node, c)

if node.leaf or node.h equal H then
output node

v/ .
a < argmax, scurr_node.Qla] + ¢ node.P[a]%w
output Select(node.children[a])

function EXPAND(node, F)
node.leaf<+ False
if node.h equal H then
stop

node.children < []
fora € Ado
1,8, (vg, Ty, Ps)
Env_step(node.s, a, F, append_to_data = False)
node.children.append(
Node(OA,OA,OA,nS/,Us/,s_’ null,node,a, True,node.h+1))
output node.children

function BACKUP(node, 4, v)
if node is null then
stop
node.N[a] + node.N[a]+1
node.W[a] < node.W[a] + v
node.Q[a] < node.W[a]/node.N[a]
Backup(node.parent, node.parent_action, v)
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Algorithm 17 AlphaZero implemented with the interface defined in Algo-
rithm 2, fitting Definition 19.
Parameters: H: the horizon of the MDP, S: state space, A: action space,
I: number of iterations of the procedure, K: number of expansions in the
search, 7 > 0: scalar factor for gradient descent, T temperature for action
selection, ¢ exploration parameter of the search
Input: Env: the MDP interface with its methods defined in Algorithm 2
function LEARNVAND7(s, D| p)
Initialize a neural network Vg, : § — R
for (s,a,r,(Vy, g, ps) < D do
0, < 0, — Vg, [Vo,(s) — 1 — Vs/]Z
Initialize a neural network 7y, : S — RMI(= A(A))
for (s,a,r,(Vy, g, ps)) < D do
61 <~ 91 + erl ZueA P5<a) log 7to, <a| S)
output (Vs (s), 779, (5), p)
p<+0
F < learnVandr(.,.| p)
fori<1...1do
5, (Vs, 115, ps) < Env_init(F)
forh«0,...,H—1do
p < planning(s,h, F,K,c, T)
a~p
F < learnVandr(., .|
_,5,_ <« Env_step(s5,

p)
a, F)

m(als)

[p < planning(Env_encode(s),s.h, learnVandnt(.,.|0),K,c,T); outputp(a)]
output 1
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Algorithm 18 Neural network training for a neural network with parame-
ters 0 = (W € R"*",0" € le) for some n,m,k € IN, which is interpreted
in nny(x) = g¢ (Wx) for g that outputs a real and is smooth w.r.t. ¢’ and its
input.

Parameters: 77 > 0: a scalar factor for gradient descent, loss: R x R — IR:
a smooth loss function w.r.t its inputs
Input: D: a sequence of couples (x € R",y)
Initialize 0’ and matrix W. The elements of the matrix W are initialized
iid.
for (x,y) € D do
6 < 6 —yVyloss(ge (Wx),y)

output nng_yy g1

Algorithm 19 A planning algorithm.

Parameters: N: number of initial samples.

Input: P: the transition operator corresponding to the RL problem to
solve.
Create dataset D by sampling N trajectories from the uniform policy
P
function planning(s, DTs)

Build a Mixed-Integer Linear Program (MILP) that maximizes the fu-
ture rewards given the current state s and the learned dynamics given by
Decision Trees DTs.

Solve the mathematical program using an off-the-shelf MILP solver.

output a plan, consisting in a sequence of actions, states and rewards.

while True do

Fit autoregressively Decision Tree classifiers DTs on the trajectories
in D. Accumulate previously trained Decision Trees for the reward pre-
dictions (pessimistic prediction).

Draw trajectories with P by computing at each step a plan with
planning(s, DTs) and using the planned next action.

If the computed plans reach a sufficient performance threshold
break.

Add the sampled trajectories to D.

output a policy that computes a plan at each step given the learned dy-
namics model: planning(., DTs)
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Algorithm 20 Neural goal-conditioned algorithm.

Parameters: S: state space, A: action space, I: number of samples

Input: P: the operator corresponding to the MDP to solve
D« {}
fori< 1,...1do

D «+ DU{(So,ao,ro,Sl,al,...,SH) ~ Pnu}

D + {(St,ﬂt,SH)| ( .., 8,4, .. .,SH) S D}
Initialize neural network fp : S x § — A(A)
g < argmax, r st (...,rsy) €D.

0« argemin Ilﬁl Y(sa,s)ep CE(fo([s,51]),a)

output 7t(als) = fy(als, g)

Algorithm 21 Fitted Q-iteration

Parameters: H: horizon of the MDP, S: state-space, A: action space, K:
number of iterations, I: number of trajectory samples by iteration, €: ex-
ploration parameter

Input: P: the operator corresponding to the MDP to solve
nd(als)
(1—e€)1(a = argmax, 4 Q(s,a)) +¢/21(a = 0) +¢/21(a = 1)

Initialize a neural network Qp : S — R
D« {}
fork<1,...,Kdo

D'+ {}

fori<1,...,1do

D’ <+ D' U{(so,a9,70,51,---,5H) ~ P”ng}

D < DUD{(s,a,r,s")|(...,s,a,r,¢,...) € D}

Q ¢ copy(Qp)

0 < argmin‘lﬁ Y. [Qe(s,a) —r —max,e g Q(s’,a)]2

0 (s,ars')eD

output 7(0Q" (als)

| 163



C | Appendix of Chapter 4

Algorithm 22 Proximal Policy Optimization

Parameters: H: horizon of the MDP, S: state-space, A: action space, K:
number of iterations, I: number of trajectory samples by iteration, e: clip-
ping parameter, 8: weight of the entropy regularization

Input: P: the operator corresponding to the MDP to solve
function PPO_loss(s, a, R| g, 7T, V)

A+ R-V(s)
7, (als)
T 7(als)

output min{r A, clip(rr,1 —€,1+4€)A} + B - entropy (7, (.|5))
Initialize a neural network 75, : S — A(A)
Initialize a neural network Vg, : § — R
fork<1,...,Kdo
D+ {}
fori<1,...,Ido
D+ DU {(So,uo, 70,581, - .,SH) ~ Pﬂg] }

D «+ {(st,at,):]H;tl i)l (.- st,at,11,...) € D}
7 < copy(7t,)
V < copy(Vy,)

61 + arg max ﬁ PPO_loss(s,a, R| g, 7T, V)
01 (s,a,R)

0, argminll—| Y (Vo,(s) —R)?
0, (s,a,R)eD

output 71, (a|s)
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Appendix of Chapter 5

Proofs of the Main Theorems

Theorem 26. Let p be a CNF-SAT instance over n variables, constructed by an
aggregation of CNF-SAT instances p1, . .., px using index lists Iy, ..., I, ..., Ix,
where the first element of each I is k.

Let V and V1, ..., Vg represent sets of value functions, and let v* denote an
optimal value function.

Assume the following:

1.

5.

The set V factorizes into V1, ..., Vg, that is, v € V iff there exist v1 €
Vi,...,vx € Vi such that for all x € {0,1}" and i € [n], v(x<;;p) =
IT vk(xpqpp)-
ke[K]
Forall k € [K], either v*(0; p) = 1or v*(1; px) = 1.
Forallk € [K] and v € Vy, either v(0; px) = 1orv(1; px) = 1.
],

Forallk € [K],ifo*(0; px) =1, then Vk(x0 = 0; p) < T (x0 = 1; py);
otherwise, 7V (xg = 0; px) > % (xg = 1; py).

Any v € V is monotonic.

Under these assumptions, Algorithm 4, initialized with V° = V and p = p,
runs for an expected time of at least 2K~ steps.
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Proof. By condition (2) each first variable of all instances pj, ..., px must
be either 0 or 1 to be a solution. Thus, any solution to instance p must have
its first K variables equal to some unique binary vector y* € {0, 1}X.

We derive an upper bound on the probability of generating this initial
vector, then conclude from it the lower bound on the running time stated
in the Theorem.

We prove by induction on ¢ (the number of loops performed) that the
probability of generating y* is the smallest inside some set of 2K — ¢ binary
sequences of length K as long as y* has not been generated.

For t = 0, by (1) and (4), V" assigns the lowest probability on y* over
the 2K possibilities.

Assuming the inductive hypothesis holds at some loop ¢ for some set S
of sequence with size 2K — t and the sequence x’. ;. is not y*. We look at the
effect of the Bellman equations enforced on the set of value functions with
two cases: i < K and i > K with the additional consistency equation for
complete assignments.

If a Bellman equation is applied for i < K then we show that no value
functions are removed. Two possibilities: first, if v(xL;p) = 0 then, by
the monotonicity assumption (5), v([xL,,0];p) = 0 and o([xL,1];p) =
0; second, if v(xL;p) = 1 then, by (1) and (3), at least v([x’,,0];p) or
v([xL,,1]; p) must evaluate to 1. The equation is thus satisfied in both pos-
sibilities.

Now, in the second case, the Bellman equation is applied with i > K,
including the condition ensuring consistency with Check. Let v € V! be a
value function that is removed by the Bellman equation for some i > K.
We know v(x% ; p) = 1 by the monotonicity assumption (5), otherwise the
value function evaluates to 0 in all possible continuations and the Bellman
equation is satisfied. Knowing this, by assumptions (1) and (3), the value
function outputs 1 for xL ; and 0 for all the other sequences of length K.
Consequently, from Definition 23, at most one element of S decreases in
probability, and all the others increase by a common normalizing factor.
This positive factor preserves the order between the sequences’ probabili-
ties of being generated among this set, and thus the inductive hypothesis
holds for t < t 4 1.

This bound leads to an expected number of loops of at least 28~ to
generate y* and thus a solution. O

Theorem 32. Let p be a CNF-SAT instance with n variables, constructed as an
aggregation of CNF-SAT instances py, ..., px with index lists Iy, ..., I, ..., Ik,
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where the first element of each I is k.

Let Vand V4, ..., Vi represent sets of universal value functions and g = True
denote the goal-state.

Assume the following:

1. The set V factorizes into V1,..., Vi, that is, v € V iff there exists v1 €
Vi,..., vk € Vksuchthat, forall x € {0,1}" andalli € [n], v(x<;, g p) =
IT ok(xpnpi, & P)-
ke[K]

2. For an optimal value function v*, and for all k € [K], either v*(0; px) = 1
orv*(L;px) = 1.

3. Forallk € [K] and v € Vg, either v(0,g; px) = 1orv(1,g; px) = 1.

4. For an optimal value function v*, and for all k € [K], if v*(0; px) = 1,
then nd(so =0;p) < vk (so = 1, px); otherwise, nd(so =0;p) >
¥k (so = 1; pr)-

5. Any v € V is monotonic.

6. Foranyv € V,i,j € [n] withi < j, and any x; € {0,1}!, x, € {0,1}/,
v(x1, x2; p) = v*(x1,x2; p) where v* is an optimal universal value func-
tion.

7. For an optimal universal value function v* and any states € S, if v*(s, False; p) =
1, then, for any v € V, v(s, False; p) = 1.

Under these assumptions, Algorithm 5 initialized with V0 = V, p = p, and
g = g, runs for an expected time of at least 2K~ steps.

Proof. We reduce our claim to that of Theorem 26. The distribution used
to sample candidate solutions follows the same constraints as in Theorem
26, with the value functions that guide the search, v(.; p), being replaced
by universal value functions evaluated with the goal g: v(., g; p) forv € V.
The set V!, when applied with g, follows the same constraints as in the
previous theorem, with the exception that the Bellman equation is not only
enforced with the final state g but also with the state False and states cor-
responding to partial solutions (innermost statement in the loops of Algo-
rithm 5).

We study the situation where the Bellman equation is applied with the
state s/, ; =False as a second argument. The term v(s!, s, ;; p) is either 0
or 1. If it evaluates to 0, by assumption (7), False is not reachable from s!
and thus s; 1= False is not possible, we have a contradiction, this case

is not possible. For the case v(sf,sf1 U p) = 1, we remark that at least
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one of DF(s!,0) or DF(s!,1) leads to the state False (since it was reached
in this trajectory), thus, by assumption 7, one of v(D’"(sf,O),sf1 IRy p) or
v(DP(s},1),s!, ;) evaluates to 1. Consequently, all the universal value func-
tions in V' satisfy the Bellman equation with s/, , /False as a second argu-
ment, and none are removed.

The Bellman equation procedure is also called with the second state
corresponding to a partial solution. By assumption (6), in that case, any
universal value function in V? (and thus V') already matches the output
of an optimal universal value function and is consistent with the Bellman
equation. Again, none of the universal value functions are removed by
enforcing the equation.

Therefore, under the assumptions, the universal value functions in set
V! evaluated with ¢ = True in Algorithm 5, are updated identically to the
set of value functions in Algorithm 4. The Theorem follows. O

4.2 Positive Result for a Resolution-Based SAT Solver

Our main text presented a design to produce counterexamples for algo-
rithms based on the Bellman equation approach with classical value func-
tions and universal value functions (HER). In this section, we prove that
our design does not imply a limitation for SAT solvers based on the reso-
lution operator. For these algorithms, the aggregation structure designed
in our counterexamples does not incur an intractable computational cost.
Enforcing the idea that being unable to decompose this structure is a limi-
tation.

We note that this result applies to an algorithm constrained by a fixed
variable assignment ordering, thus under the same context as the negative
results for (universal) value-based RL.

We first define a resolution-based SAT solver, and then provide the pos-
itive result.

Our SAT solver is a minimalistic version of modern conflict-driven clause
learning (CDCL) SAT solvers [Silva and Sakallah, 1996, Biere et al., 2009,
Knuth, 2015]. At their core is a procedure that iteratively tries to generate
a solution, and, simultaneously to these attempts, learns from its failures.
This working principle is thus very similar to RL algorithms, the main dif-
ference is found where learning happens. Here, learning consists in de-
ducting new logical formulas with the resolution operator.

We define this operator here, it allows us to learn a new clause by de-
duction.
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Algorithm 23 Resolution-based SAT solver.

Iteratively attempt to generate a solution, each attempt incrementally as-
signs the variables until a complete solution is found or there is a conflict.
In case of a conflict, the resolution operator is applied and the new clause
is learned to avoid it in future attempts.

Inputs: C : the set of clauses of a CNF-SAT instance with 1 variables

fort <« 1,2,...do
fori<~1,...,ndo
if contradiction on x; with clauses in C!~! then
Ct +
C!=1 U {resolution(cy, c1)| co, c1 € C'~1, co, 1 in conflict}
break
else if x; is forced to 1 then
x; 1
else if x; is forced to 0 then
x; <0
else
x; <0
if x is completely assigned then
output x
else
reinitialize assignments

Definition 86. For some CNF-SAT instance, let x; be some variable and I, . . .,
L, li, .. l”n, be some literals. Given two clauses of the form x; V11 V ...V I, and
—x; VI{ V..., I, the resolution operator produces the new clause Iy V ...V
InVIV... VI,

To describe the algorithm, we need two other concepts. As the algo-
rithm incrementally builds a solution, some variables will be assigned and
others not. We say that a variable x; is forced to 1(/0) if a clause as the form
(—)x; V1,...V 1L, wherely,..., 1, are all literals that evaluate to False due
to already assigned variables. A conflict is when the variable is forced to
0 and 1 by different clauses, in which case the current assignments cannot
lead to a solution and these clauses can be resolved.

We now define Algorithm 23 iteratively performing generation loops
where a candidate solution is incrementally generated.

Theorem 87. Let p be an aggregation (Definition 24) of CNF-SAT instances
pi,..., Pk with index lists Iy, ..., Ix. Let p},..., pk be the same CNF-SAT in-
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stances with their variables’ indices permuted by their respective orderin Iy, . .., Ik,
and let Ty, . .., Tk be the number of failed attempt loops of Algorithm 23 on those
instances.

Then Algorithm 23 with input p performs at most Yx_, Ty failed attempt
loops.

Proof. We show that the problems are concurrently and independently solved
by Algorithm 23. Each iteration of the algorithm on p simulates the itera-
tion of the algorithm on one of the sub-problems.

The state of the algorithm evolving across loops is described by the set
of clauses C'. Let Ci" be the set of clauses of the algorithm on problem p;
at some loop t; € N. Inductively, at any loop t € N, C!~! decomposes
into the set of clauses Cilfl, eeey, C§<’<—1 for some ty,...,tx € N up to a vari-
able mapping (corresponding to the inverse of the index lists, Iy, composed
with the permutation from py to p;).

This is true at initialization t = 1 with t1,...,tx = 1.

If the inductive hypothesis is true at some loop t for some ¢4, . . ., t, then
the generation process assigns identically the variables as the algorithm
applied on the individual sub-problems at respective loops t1,..., t, and
has a conflict at the same variables with the same clauses up to the variable
mapping. Let x; with i € Ii be the first variable leading to a conflict in the
assignment process. Up to the variable mapping, the same clauses lead
to a conflict as in problem pj, thus the resolution operator computes the
same resolved clauses that are added to Clt(" at iteration f;. The induction
hypothesis is proved for the loop ¢ + 1.

Moreover, at each attempt loop, one of the f; is incremented while the
others stay the same. After, } (k) Ty loops the assignment process is suc-

cessful on all the sub-problems, and a solution is found.
O

Theorem 87 states that for Algorithm 23 solving the aggregation of a set
of problems or solving each problem in the set independently takes similar
time (up to a permutation of the variables’ indices). The proof leverages
the fact that the resolution operator keeps the sub-problems independent.
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