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ABSTRACT. Given a smooth domain Q C R¥ such that 0 € 9Q and given
a nonnegative smooth function ¢ on 9, we study the behavior near 0 of
positive solutions of —Au = u? in  such that v = ¢ on 9Q \ {0}. We prove

.
that if xfi <g< %, then u(z) < C'lz| 9-T and we compute the limit of

_2
|z|2-T u(x) as x — 0. We also investigate the case ¢ = % The proofs rely

on the existence and uniqueness of solutions of related equations on spherical

domains.
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1. INTRODUCTION AND MAIN RESULTS
Let © be a smooth open subset of RV, with N > 2, such that 0 € 9Q. Given
g >1and ¢ € C®(99Q) with ¢ > 0 on 91, consider the problem
—Au=u? in Q,
(1.1) u>0 inQ,
u=¢ ondN\{0}.
By a solution of (1.1) we mean a function u € C%(Q) N C(Q\ {0}) which satisfies
(1.1) in the classical sense. A solution may develop an isolated singularity at 0.

Our main goal in this paper is to describe the behavior of u in a neighborhood of
this point.
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In the study of boundary singularities of (1.1), one finds three critical exponents;
namely,

=534, @=%32 and ¢ =L{E,
with the usual convention if N = 2 or N = 3. When 1 < ¢ < ¢, it is proved

q
by Bidaut-Véron—Vivier [10] that for every solution u of (1.1) there exists o > 0
(depending on w) such that

u(z) = alz|™N dist(z, Q) (1+0(1)) asz—0.
In this paper we mainly investigate the case ¢; < ¢ < g3.

The counterpart of (1.1) for an interior singularity,

—Au=u? in Q\ {xo},

where xg € Q, was studied by P.-L. Lions [23] in the subcritical case 1 < ¢ < %,
by Aviles [2] when ¢ = 5 and by Gidas-Spruck [18] in the range 5 < g <

%. We prove some counterparts of the works of Gidas-Spruck and Aviles in the

framework of boundary singularities.
When (1.1) is replaced by an equation with an absorption term,

(1.2) —Au+u?=0 inQ,

the problem has been first addressed by Gmira-Véron [19] (and later to nonsmooth
domains in [17]). These results are important in the theory of boundary trace
of positive solutions of (1.2) which was developed by Marcus-Véron [24-26] using
analytic tools and by Le Gall [22] and Dynkin-Kuznetsov [15,16] with a probabilistic

approach. We refer the reader to Véron [30] for the case of interior singularities of
(1.2).

Let us first consider the case where €2 is the upper-half space Rf , and we look
for solutions of (1.1) of the form

u(z) = |x|7%w(|§—‘)

By an easy computation, w must satisfy
~Aw=Iyw+w! inSY¥

(1.3) w>0 in SN,

w=20 on 8Sf‘1,
where A’ denotes the Laplace-Beltrami operator in the unit sphere SV—1,

Ung =202 and SYT = SNTIARY.
Concerning equation (1.3), we prove

Theorem 1.1.

(1) If 1 < q < q, then (1.3) admits no positive solution.
(13) If g1 < q < g3, then (1.3) admits a unique positive solution.
(791) If ¢ > g3, then (1.3) admits no positive solution.

In Section 3 we study uniqueness of solutions of (1.3) with ¢y , replaced by any
¢ € R. The proofs are inspired from some interesting ideas taken from Kwong [20]
and Kwong-Li [21]. The nonexistence of solutions of (1.3) when ¢ > g3 is based on
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a Pohozaev identity valid for spherical domains which are not necessarily spherical
caps and for solutions which may change sign; see Theorem 2.1 below.

The case N = 4 and ¢ = 5 has been studied by several authors. In this setting,
q3 = 5 and the conclusion of Theorem 1.1 follows from a result obtained by Bandle-
Benguria [3]. The existence and non-existence of solutions of problem (1.3) on
spherical caps containing S% was studied by Brezis-Peletier [12]; see also [4,13].
Their results extend to S3 the celebrated Brezis-Nirenberg problem [11].

We now consider the case where 2 C RY is a smooth domain such that 0 € 9.
Without loss of generality, we may assume that —ep is the outward unit normal

vector of Q2 at 0. We prove the following classification of isolated singularities of
solutions of (1.1):

Theorem 1.2. Assume that 1 < q < qa. If u satisfies (1.1), then either u can
be continuously extended at O or for every € > O there exists 6 > 0 such that if

xz € Q\ {0}, ﬁeSffl and |z| < 0,

2 .
(1.4) 2| T () —w(ﬁ)‘ <
where w is the unique positive solution of (1.3).
When ¢; < g < g3, we have a similar conclusion provided w satisfies the estimate

w(x) < Cla|"T71 Vo eQ,

for some constant C' > 0; see Proposition 8.1 below. In the critical case ¢ = ¢
there is a superposition of the linear and nonlinear effects since their characteristic
exponents qf—l and N — 1 coincide. The counterpart of Theorem 1.2 in this case is
the following;:

Theorem 1.3. Assume that ¢ = q1. If u satisfies (1.1), then either u can be
continuously extended at 0 or for every € > 0 there exists § > 0 such that if
x € Q\ {0} and |z| < 9,

||

No1
(1.5) ‘|z|N*1(logﬁ) T u(r) - REN| <e,

where Kk 1S a positive constant depending only on the dimension N.

Our characterization of boundary isolated singularities is complemented by the
existence of singular solutions which has been recently obtained by del Pino-Musso-
Pacard [28]. We recall their result:

Theorem 1.4. Assume that Q@ C RY is a smooth bounded domain. There exists
p € (q1,q2) such that for every ¢ < q < p and for every &1,&a,...,& € 0N, there

exists a function u € C?(Q)NC(Q\ {&1,...,E}) satisfying
—Au=u? inQ,
(1.6) { u>0 inQ,

and such that
u(z) — +oo asz — ¢

nontangentially for every j € {1,2,...,k}.
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In view of Theorems 1.2 and 1.3 any such solution must have the singular be-
havior we have obtained therein. In [28], the authors conjecture that such solutions
exist for every ¢1 < ¢ < qq.

Some of the main ingredients in the proofs of Theorems 1.2 and 1.3 are Theo-
rem 1.1 above concerning existence and uniqueness of positive solutions of (1.3), a
removable singularity result (see Theorems 7.1 and 7.2 below) and the following a
priori bound of solutions of (1.1):

Theorem 1.5. Assume that 1 < g < g2. Then, every solution of (1.1) satisfies
(1.7) u(z) < C’|x|_<1731 Yz € Q,
for some constant C > 0 independent of the solution.

We establish this estimate using a topological argument, called the Doubling
lemma (see Lemma 5.1 below), introduced by Poldc¢ik-Quittner-Souplet [29]. It
is an open problem whether estimate (1.7) holds for every solution of (1.1) when
q 2 qo.

Theorems 1.2, 1.3 and 1.5 have been announced in [8].
2. POHOZAEV IDENTITY IN SPHERICAL DOMAINS

We first prove the following Pohozaev identity in spherical domains.

Theorem 2.1. Let ¢ > 1, £ € R and S be a smooth domain in Sj_v_l. If v €
C%(S)NC(S) satisfies

2.1) ~ANv=tw+ " 'v in8,
v=20 on 08,

then

(2.2)

<¥—%>/ IV’vlzcﬁda—%(“q‘?%)/v%da - %/a Vo (V'o,v) dr,
S S S

where v is the outward unit normal vector on 8S, V' the tangential gradient to
SN=1 and ¢ is a first eigenfunction of the Laplace-Beltrami operator —A' in
Wwl2(sN-1)

o Wy )

We recall that the first eigenvalue of —A’ in WOI’Q(SiV*l) is N — 1 and the
eigenspace associated to this eigenvalue is spanned by the function ¢(x) = %‘i

Proof. Let
P=(V'¢,V'v)V'.
By the Divergence theorem,

(2.3) /S div Pdo = /8 (Pvyar

Note that
div P = (V'v, V') A'v + D*v(V'v,V'¢) + D*¢(V'v, V'v).

where D?v is the Hessian operator. Now,

1
D*u(V'v, V'¢) = o (V' IV'v|?, V).
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Using the classical identity

D*p+¢g=0
where g = (g;,;) is the metric tensor on SV~1, we get

D?*¢(V'v,V'v) = —g(V'v,V'v)p = —|V'v|*¢.
We replace these identities in the expression of div P,
_ 1
div P = —(V'0, V') (v + |v|* " v) + 5V V]2, V) — V'] 6.
Integrating over S, we obtain
1
/ divPdo = — / (V'vu, V'¢) (bo+|v|*™ ! v) do+= /(V' [V'v | , V') do— / |V’v| ¢ do.
s s

Note that

/S<V"U,V'¢> (v + o] v) do = /S <V (502 + o Plias ),V’¢> do
- —/S (%}2 + m \v|q+1>A ¢ do

= (N—l)/s <502+m|v|q+1)¢d0
and

/S (V' |Vl V') do / Vo> A'pdo + / Vo (V' v) dr
N—l)/S|Vv| ¢d0+/as|Vv| (V'g,v)dr

These identities imply
(2.4)

/dideaz—e(Nzi_l)/qubda— e / | ¢ do + N3 3/ Vo[ ¢ do+
S S
b4 [ v (o dr
as

On the other hand, since v satisfies (2.1),
/(51}2 + o] ) pdo = —/ (A'v)vo do

s S

_ /(V’U,V’(U(Z)))da:/ |V’v|2¢d0+/<V’v,V'¢>vda.
S s S
Since vV'v = $V'(v?) and A’¢ = —(N — 1)9,
1
/(V'v,V'@vdoz 7/<V’(v2),V'¢> do = %/ v ¢ do.
s 2Js s

Thus,

/S(KUZJr |v\q+1)¢d0 :/S|V’v\2¢>da+ %/Svabda.

This implies

/\v|q“¢do—:/|v’v|2¢da+(%—e)/v2¢da.
S S S
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Inserting this identity in (2.4), we obtain

(2.5)
. — — 2 L(N-1 — —
SlePdaz (T‘Q'—qul) S|V’v| ¢pdo—( ( 5 )—I-%(%—E))/széda—l-
+ %/ V'0[* (V'6,v) dr.
as
Since v vanishes on 95, V'v = (V'v,v)v and, in particular, |V'v| = [(V'v,v)]|.
Thus,
/ (P,v) dT:/ (V'6, V'0) (V'0, 1) dT:/ (V'0,0)) (V' 6, v) dr
(2.6) as as as
:/ V' 0* (V' 6, v) dr.
as
Combining (2.3), (2.5) and (2.6), we get the Pohozaev identity. O

Using the Pohozaev identity on Siv ~1 we can prove that the Dirichlet problem
(2.1) can only have trivial solutions for suitable values of ¢ and ¢.

Corollary 2.1. Let N > 4. Ifg>q3 and £ < —%, then the function identically
zero is the only solution in C’Q(Siv_l) N C’(Siv_l) of the Dirichlet problem
~Av=">L+ v v in Syt
{ v=20 on 855_1.

Proof. Let v be a solution of the Dirichlet problem. Applying the Pohozaev identity
with ¢(z) = %\II’ the left-hand side of the Pohozaev identity is nonnegative, while

its right-hand side is nonpositive. Thus, both sides are zero. If at least one of the

inequalities ¢ > g3 or £ < —% is strict, then we immediately deduce that v =0
in S f -1
Ifg=¢q3 and £ = —%, then

/ \V’v|2 (V'¢,v)dr = 0.
asy !

Since (V'¢,v) < 0 on 0SY ', we conclude that V'v = 0 on 9SY ~'. Define the
function ¥ : SN~ — R by

0 otherwise.

3(z) = {v(az) if v € Siv_l,

Then, v satisfies (in the sense of distributions)

Ao =0+ 05" 5 in SV
Since ¥ vanishes in an open subset of SV~!, by the unique continuation principle
we have 9 = 0 in SV ~! and the conclusion follows. O

Remark 2.1. When S g Siv ! and ¢ > ¢3, the previous non-existence result can
be improved if we define

@0 ASo) s {nz 00 [[VPsdrzu ot veecrs).
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This constant \(S, ¢) is actually zero if S = Siv ~1. With this inequality (2.2) turns
into
(2.8)

- - - - - 2
{(Nz - 1;[+11))‘(S, o) — %(%)] /SU2¢dU < %/as |V'v|” (V'¢,v) dr.
Therefore, the statement of Corollary 2.1 still holds if ¢ > g3 and

(2.9) 0 < -2l 4 A NAN(S, 9).

Note that A(S, ¢) tends to infinity as S shrinks to a point.

Remark 2.2. Brezis and Peletier proved in [12] a PohoZaev identity on the unit
ball B; in R? for the problem

—Aw=V(x)w+w® in By,
(2.10) { (@) '

w=20 on 0B;j.

Using a stereographic projection in R*, their identity gives a non-existence result
for solutions of the Dirichlet problem (2.1) when ¢ = 5.

3. UNIQUENESS OF SOLUTIONS OF A PDE IN Sﬁffl

In this section we address the question of uniqueness of positive solutions of the
Dirichlet problem

—~A'v=~0v+0v? in Sf_l,
(3.1) v>0 in Y1,
v=20 on (“)Sfrv*l,
where ¢ € R. A solution of (3.1) is understood in the classical sense.
We shall prove the following results:

Theorem 3.1. Assume that N = 2. If ¢ > 1, then for every £ € R the Dirichlet
problem (3.1) has at most one positive solution.

Theorem 3.2. Assume that N > 4. If 1 < q < qsz, then for every £ € R the
Dirichlet problem (3.1) has at most one positive solution.

Theorem 3.3. Assume that N = 3. Then, the Dirichlet problem (3.1) has at most
one positive solution under one of the following assumptions:
e for everyl < q <5 and/lecR,

e for every ¢ >5 and £ < %.

Remark 3.1. In dimension N = 3 we do not know whether the Dirichlet problem
(3.1) has a unique positive solution if ¢ > 5 and ¢ > (qi(??)i(ijll)'
We first show that the graphs of two positive solutions of (3.1) must cross.

Lemma 3.1. Assume that v1 and vy are positive solutions of (3.1). If v1 < vy in
Sj_v_l, then v1 = vs.
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Proof. Multiplying by v, the equation satisfied by v; and integrating by parts, we
get

/ (Vuy, Vug) do = / (tv1 + (v1)?)v2 do.

N-—-1 N-—-1
s 52

Reversing the roles of vy and vy, we also have

/ (Vvy,Vuy)do = / (€v2+(z}2)q)v1 do.
syt syt

Subtracting these identities, we have

(U1q71 — ’quil)vl’Ug do = 0.
N-—-1
S+

Since the integrand is nonnegative we must have v;97! — v,9~! = 0 and the con-
clusion follows. O

We first consider first the case N = 2:
Proof of Theorem 3.1. Denoting by

f = arccos %,

then a solution of (3.1) satisfies

vgg + v +v?=0 in (O,g),

vp(0) =0, v(F)=0.
Moreover, for every 6 € (0, 5], vg() < 0. Indeed, we have vy(%) < 0. Let

p=inf {0 > 0:vp(0) < 0}
and assume by contradiction that p > 0. Then, from uniqueness of the Cauchy
problem, p = % and, for every 6 € [0, 7], v(0) = v(5 — 6). Hence, vs(0) > 0,
a contradiction (this argument is the 1-dimensional version of the moving plane
method). We conclude that v is strictly decreasing.

Let V : [0,v(0)] — R be the function defined by

(3:2) V(&) = vg(v™1(€)).
Then, V is of class C! in [0,v(0)). Since for every & € [0,v(0)),
1 1

vt = =
) = T T Ve

we deduce that
(3.3) (V2)e =2V Ve =2V (vgg o v~ ') (v )¢ = 2(vgg 0 v~ 1) = —2(£¢ + £9).

Assume by contradiction that (3.1) has two distinct positive solutions, say v; and
va. We may assume they are both defined in terms of the variable 6. Then,
by the previous lemma, there exists c¢; € (0,%5) such that vi(c;) = wva(c1). Let
c2 € (c1, 5] be the smallest number such that vy (c2) = va(c2) (this point c; exists
since vig(c1) # vag(c1) and vi(5) = v2(5)). Without loss of generality, we may

assume that, for every 0 € (cq, c2),
1)1(9) < 1)2(9).
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Let V7 and V4 be the functions given by (3.2) corresponding to v; and vy, respec-
tively. For i € {1,2}, let
a; = v1(e;) = va(ey).
By (3.3), for every £ € (ag,aq),
(V%)) = —2(£8 +€7) = (V2*)¢(©)-
Hence, the function V32 — V52 is constant. On the other hand, since v; < vy and
v1, U2 are both decreasing, by uniqueness of the Cauchy problem,
v1g(c1) < v2g(c1) <0 and  wag(cz) < vig(ea) < 0.
Thus,
Vi2(on) = Vo?(a1) >0 and Vi%(ag) — Va?(ag) < 0.

This is a contradiction. We conclude that problem (3.1) cannot have more than
one positive solution. ([l

Remark 3.2. In [6], the authors investigate the structure of the set of all (signed)
solutions of the equation

V' v+ T v=0 inR.

Their proofs rely on the fact that the equation is autonomous (see [6, Lemma 1.1
and Theorem 1.1]) and the same strategy can also be applied to equations of the
form

(3.4) v 4+ fv + g(v) =0,

where g € C*(R), g(0) = 0, is such that the function r @ is increasing on
(0, +00). The proof of Theorem 3.1 above can also be adapted to this more general
setting. We refer the reader to [7, Proposition 4.4] for a more general result.

In order to study (3.1) in the case of higher dimensions, the first step is to rewrite
the Dirichlet problem in terms of an ODE. By an adaptation of the moving planes
method to SNV~ (see [27]), any positive solution v of (3.1) depends only on the
geodesic distance to the North pole:

0 = arccos TTN\

and v decreasing with respect to 6. Since in this case

v = (sm&l)Nzc;lH ((sin@)N”vg) ,
every solution of (3.1) satisfies the following ODE in terms of the variable 6:
(3.5) {vgg—i—(N—Q)cot@vg—l—&)—i—vq:O in (O,g),
vp(0) =0, v(3)=0.

The heart of the matter is then to apply some ideas from Kwong [20] and Kwong-
Li [21], originally dealing with positive solutions of
1
Upr + (N =2)=up +lu+u? =0 in (0,a),
r
u-(0) =0, wu(a)=0.

By Lemma 3.1 and the discussion above, the graphs of two positive solutions of
(3.5) must intersect in (0, 7). The number of intersection points could be arbitrarily
large but always finite in view of the uniqueness of the Cauchy problem. The next

(3.6)
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lemma allows us to reduce the problem to the case where there could be only one
intersection point. The argument relies on the shooting method and continuous
dependence arguments; we only give a sketch of the proof.

Lemma 3.2. Assume that (3.5) has two distinct positive solutions. Then, there
exists two positive solutions of (3.5) whose graphs intersect only once in the interval

(0, %)
Sketch of the proof. For each a > 0, let v* be the (unique) maximal solution of

vgg + (N —2)cot Buvg + v+ [v|7 'v =0 in I, = (0,m,) C (0,7),
v9(0) =0, v(0) =a.

This solution is first obtained on some interval [0,7,] by using the contraction
mapping principle to solve the integral equation

0 o
(3.7 v(0) =a— /0 (sin J)QiN/O (sinT)N"2(v + |07 ) (1) dT do

and then it is extended to its maximal interval I,. By a standard concavity ar-
gument, one shows that m, = supl, = w. One then verifies that v® depends
continuously on «, uniformly when 6 € [0, 7 — €] for any € > 0 small enough, and
we can take e = 7. Since

4
vg (0) = —(sin 9)271\[/0 (sin T)N72(£’Ua + |v°‘\q71va)(7) dr,

it follows that v® depends continuously on « in the C*([0, z%’r])—topology.

If v1 and vy are two distinct solutions of (3.5) we can suppose that v1(0) > v2(0).
We shall assume that their graphs have more than one intersection; we denote
by ¢1 and ¢y their first and second intersections in (0, %), respectively. Given
a € (0,v1(0)), we denote by o1(a),...,ox(a) the points in (0, 5) where v; and v®
intersect, ordered increasingly. Then,

0'1(’[)2(0)) = (1 and 0'2(1)2(0)) = C2.

Since the derivatives of v; and v* at ¢;(a) do not coincide, it follows from the
Implicit function theorem that the mapping o — o;(«) is continuous.

We now show that there exists 3 € (0,v2(0)) such that oo(3) = 5. Assume by
contradiction that this is false. Then,

oa(a) < 5 Va € (0,v2(0)).
We also have, in particular, o1(a) < 5. By the Mean value theorem, there exists
T(a) € (01(x), o2(x)) such that
v19(7(@)) = vg (7(e)).

On the other hand, since v* — 0 uniformly on [0, 7] and v; > 0 on [0, §),

lim 01(04) = lirr})oz(a) = %
a—

a—0

and thus
vi0(3) = lim vig(r(a)) = lim o (7(a)) = 0.

This is a contradiction.
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Let 8 € (0,v2(0)) be the largest number in (0, v2(0)] such that
0'2(/6) = %

It remains to show that v? is positive and hence it is a solution of (3.5). More
generally, we show that the assertion

v¥(0) >0 VO € [0,02(a)] Ve € [y,v2(0)]

holds with v = 8. Let & be the infimum among all numbers v for which this
property holds. By continuity of o — oo(«) and « — v®, this property still holds
for a.

Assume by contradiction that & > B. Then, there exists a sequence (o) in
[8, &) such that «,, — & and a sequence (6,,) with 6,, € [0, o2(c;,)] such that

v*"(0,) <0 V¥n>1.

Passing to a subsequence if necessary, we can assume that (6,,) converges to some
point § € [0, 02(&)]. Since the function v® is nonnegative,

(@) =0 and v§(h) = 0.

This is a contradiction with the uniqueness of the Cauchy problem. Therefore, v
is a solution of (3.5) which intersects only once vy in (0, 7). O

The next result is standard but we present a proof for the convenience of the
reader.

Lemma 3.3. Assume that vi and vy are positive solutions of (3.5) whose graphs
coincide at a single point of (0,5). If v1(0) > v2(0), then the function

1S tncreasing.

Proof. Let J : [0,5] — R be the function defined as J = v1v29 — vov14. To prove
the lemma, it suffices to show that J > 0 in (0, ). Using the equations satisfied
by v1 and vo, one finds

Jo = —(N —2)cot0J + (vlq_l — qu_l)’l)l’l}z.

Thus,
o
(sin §)N—2
Let o0 € (0, 5) be such that v1(0) = vz(0). Since vig(0) # v29(0), we have vy > vy
in (0,0) and vy < vy in (o, §), we conclude that the function

((sin 9)N72J)9 = (vqul — vgqfl)vlvz.

0 €0,%] — (sinf)V 271 (0)

is increasing in (0,0) and decreasing in (o, 5). Since it vanishes at 0 and 7, we
have

(sin@)N 27 >0 in (0,3).
Thus J > 0 in (0, §) and the conclusion follows. O

The following identity will be needed in the proofs of Theorems 3.2 and 3.3.
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Lemma 3.4. Let v be a solution of (3.5), a = 2N=2) gpd g = 2N=Da=b = gey

q+3 q+3
(3.8) w(f) = (sinh)* v(0)
Let E:(0,5) — R and G : (0,5) — R be the functions defined by
2 2 g+1
— (sing)? e w,ow

(3.9) E(0) = (sin6) 5 + G(0) 5 T Pt
(3.10) G(9) = ((a(N —2-0a)+0)(sin0)? + a(a+3 - N)) (sin)°~2,
Then,

w?
(3.11) By = Gy

Proof. Let w : (0, %) — R be the function defined by (3.8). Then,

2
ala+3—N) w? _0
(sin )2 (sin@)(a-1)

wep+(N—2—2a) cot@wg—i—(a(N —2—a)+L+

Multiplying this identity by (sin6)?, we get
(sin 0)° wgg 4+ (N — 2 — 2a)(sin )?~ cos  wg + G() w + (sin §)P =21 Vy? = 0
where G is defined by (3.10). We now observe that a and g satisfy
N7272a:§ and B—a(¢g—1)=0.
The identity satisfied by w becomes

(sin 0)” weg + g(sma)ﬂ—l cosQwy + G(0) w + w? =0.

Since
2
4 ((sin 6)° (o) ) = ((Sin 0)° wep + é(sin )1 cos@w9> wy
do 2 2
and ) )
d w w
o7 (G(G)Q) = G()wwy + GQ(H)?
identity (3.11) follows. O

The following proof is inspired from Kwong-Li [21].

Proof of Theorem 3.2. We use the notation of Lemma 3.4. We observe that E can
be continuously extended at 0 and 7. This is clear at 7, where we take

(3.12) E(3) = (wg(f))g _ (UG(E))Q.

To reach the conclusion at 0, it suffices to observe that for every 6 € (0, %),

(sin 0)” (we(6))? = (sinh)” (a(sin 0)*~! cos 0 v(0) + (sin 0) vy (9))2

2
= (sin @)% P2 (a cosfv(f) + sinﬂvg(e)) .
Since N > 4,

N— —
20+ — 2= (g4 4=8) >0,
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the right-hand side of the previous expression converges to 0 as § — 0. We can
then set

(3.13) E(0) = 0.
Notice that
Go(0) = [(a(N —2—0a)+{)B(sind)* + a(a+3— N)(B — 2)} (sin 0)°~3 cos .
By the choices of a and £,
4(N—2)(N-3)?
ala+3 - N)(8 - 2) = E=E (g + §55) (F5 - a).

Since N >4 and 1< ¢< N H , this quantity is positive. Hence, there exists € > 0
such that

Go(0) >0 Vb€ (0,¢).
In view of the expression of Gy, we have the following possibilities: either
(i) Gg > 01in (0, 3),
or

(ii) there exists ¢ € (0, §) such that Gy > 0 in (0,c) and Gy < 0 in (c, §).
Assume by contradiction that (3.1) has more than one solution, hence by Lemma 3.2
problem (3.5) has two positive solutions vy and vy whose graphs intersect exactly
once in the interval (0, 7). Without loss of generality, we may assume that v;(0) >

v2(0). For ¢ € {1,2}, define w; and E; accordingly.
First, assume that G satisfies property (i) above. Let

_ v2(3)
v1p(%)
We have from (3.12) and (3.13)
(3.14) (B2 =72 E1)(5) = 0= (B2 — 7*E1)(0).
On the other hand, by Lemma 3.3 the function
™ ’UQ(Q)
0 e (0, 2) — 1)1(9)

is increasing. In particular, for every 6 € [0, 3),

v2(0) o 20 _ v2e(3) _
00 <ot 0 ®) T we(m) "

Hence,
(w2)? = 7*(w1)? = (5in0)** ((v2)* = 7*(v1)?) <0 in (0, §).
Thus, by Lemma 3.4 and by assumption (i), we have for every 6 € (0, §),
(B2 = 2E1)o(0) = Go(0) ((w2)* —~*(w1)?) < 0.
This contradicts (3.14). Therefore, problem (3.1) cannot have two distinct positive
solutions if G satisfies (7).
Next, we assume that G satisfies property (ii) for some point c. Let

- _ v2(e)

7= vi(e)’
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As in the previous case, (Fy —52F;)(0) = 0. By Lemma 3.3, we have

%2 <4 in (0,¢) and v >7q in(c, §).

U1 U1
Hence, by uniqueness of the Cauchy problem, (E> —5*FE1)(5) > 0. By Lemma 3.4
and by assumption (i), we have for every 6 € (0, 7),

(B2 — 72E1)a(0) = Go(0) (w2)* — 7°(w1)?) < 0.

This is again a contradiction. Therefore, if G satisfies (i7), then problem (3.1) has
a unique positive solution. The proof of Theorem 3.2 is complete. [

When N = 3, the proof of uniqueness of positive solutions of (3.1) is inspired
from Kwong-Li [21] (Case 1 below) and Kwong [20] (Case 2 below).

Proof of Theorem 3.3. We split the proof in two cases:

2(3—q)
Case 1. q>1and£§m-

Let G : (0,5) — R be the function defined by (3.10). Since N = 3, we have

o= ﬁ and = 2(qq+_31). Thus,

ala+3-N)(B-2)=a*(5-2) = — 25 <0.

: : 2(3—q)
Moreover, since by assumption ¢ < CECESIE,

we have

(N —2—a) +£)8 +ala+3— N)(—2) = 2o [(qi(;)gjll) + 4 <0.

Therefore, G satisfies

(iii) Gg < 0'in (0,%).
We again consider the function E defined by (3.9), and satisfying (3.11). We observe
that £ can be continuously extended at § by (3.12), but not at 0 since E(f) diverges

to +o0o as 6 — 0.

Assume by contradiction that (3.1) has more than one solution, hence as above
problem (3.5) has two positive solutions v; and ve whose graphs intersect exactly
once in the interval (0, %), and v1(0) > wv2(0). For i € {1,2}, define w; and E;
accordingly.

Let
v2(0)

U1 (O) '

4=
By Lemma 3.3 we find
(w2)? = 4% (w1)® = (5in0)**((v2)* = 4*(v1)?) >0 in (0, 5).
By Lemma 3.4 and by assumption (#i4), we have for every 6 € (0, §),
(3.15) (B> — 42E1)g(0) = Go(0) (w2)? — 4*(w1)?) < 0.
By Lemma 3.3,

van(E))2 — 42 v1(Z 2
(B — 52y (z) = 220(5) 27( 0(3))

Although E; and Es cannot be continuously extended at 0, one checks that
lim (E2(0) — 4°E =
lim (E5(6) — 421 (6)) = 0,

> 0.
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by expanding the functions v; up to the order 2 at # = 0. This contradicts (3.15).
Therefore, equation (3.1) has at most one positive solution.

2(3—¢)
Case 2. 1<q§5and€>m.
Since 1 < g < 5, we have £ > —%,

argument only requires 1 < ¢ <5 and ¢ > —
Let z: (0, %) — R be the function defined as

2(0) = (sin6)2 v(0).

in particular ¢ > —i. The remaining of the
1
Z.

Then, z satisfies

1 1 29
3.16 b4+ -4 ——= — =0
(3.16) zee-i—( +4+4(sm9)2>z+(5m9)421

Assume by contradiction that (3.1) has more than one solution, hence by Lemma 3.2
problem (3.5) has two positive solutions v; and ve whose graphs intersect ex-
actly once in the interval (0, 7). Without loss of generality, we may assume that
v1(0) > v2(0). Define z; and 23 accordingly. Then,
21> 29 in (0,00) and 2z <z in (0o, ).
In addition,
2’1(0) = 2’2(0) = Zl(%) = Zg(g) =0.

Let

o = 21(00) = 22(00)-
As a first claim, we show that z; and 2z cannot be both decreasing in [0y, %] Indeed,
if it holds, we may consider their inverses z; ' : [0,&] — [0, Z]. For i € {1,2}, let
Z; :0,&)] — R be the function given by

Zi(€) = zig(2; ()
Since

219(00) < 229(00) <0 and  294(5) < z19(%) <0,
we have
(Z1(80))* > (Z2(%0))* and  (Z1(0))? < (Z2(0))*.

From the Mean value theorem, there exists 7 € (0,&y) such that

(3.17) (Z1%)e(n) > (Z2°)e(n)-
On the other hand, for i € {1,2} and for every £ € (0,&),

(318) 2z = s0a(z ) = (4 + g )6 p———

Since 271 (€) < 23 ' (€) in (0, &), we deduce that
(Z1%)e = 22, Zv¢ < 2Z2Zn¢ = (Z2°)¢.

This contradicts (3.17) and proves the claim.

As a second claim, we show that z; and 2z cannot be both increasing in (0, o).
Assuming that it holds, we may consider their inverses zi_l : [0,&] — [0, 0¢]. For
i€ {1,2}, let Y; : [0,&)] — R be the function defined for £ > 0 as

Yi(€) = zig (271 (€))(sin 2 (€));
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Y; can be continuously extended to 0 by taking
(3.19) Y;(0) = 0.
Moreover, for £ € (0, &,

Yi© -Yi0) _ 1y Vie(s ()
e L O )

We deduce that Y; is differentiable at 0 and

(Sinz{l(f)).

1
(3.20) Y/ (0) = 3
Since z3 < z1 in (0, 09p), by uniqueness of the Cauchy problem we have

(3:21) (Ya(£0))* > (Y1 (&))"
On the other hand, for i € {1,2},

Vie = (si00(27(€))sin 2 () + 210 (517 () c05271())) ——

= (sl O 59 5 +cos 2 €.

l

Thus,
Yi¥ie = Yicos 571(6) = —((+ D)(sinz71(€)* + £ )¢ — (sin='(€)) 7 €.
Since 25 (€) > 27 '(€) in (0,&) and £ > —1,

(€4 §)(sinzy 1(€))? > (0+ 1)(sinzr (€))%
Since g < 5,

5—q 5—q

(sinzy '(€)) > > (sinz () 7.
We deduce that

YoYoe — choszgl(ﬁ) <Y -1 coszl_l(ﬁ).
Hence,
((Y2)? = (Y1)%), < 2(Yzcoszy ' (§) — Yicos 2y ' (€))
< 2cos 27 (€) (Y — Y7).
Let f:(0,&) — R be the function defined by

_ 2cosz; H(€)
RS AGER AR

Using this notation,
((Y2)? = (11)?), < (&) (Y2)* = (11)?).
Thus, for every £ € (0,&],

(3:22) ()2 = (1)2)(6) > ((¥a)? — (1)) (&) el S
Note that, in view of (3.19)—(3.20),
£6) = 2L +o(1)) as€—0
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and thus .
e’ 1T — 2(1 4 o(1)) as & — 0.
On the other hand,

((Y2)? = (V1)) (&) = (Ya(€) + Y1(8)) (Y2(§) = Y1(€)) = 0(€?) as & — 0.
Thus, dividing both sides of (3.22) by &2 and letting & — 0, we get

0> ((v2)* = (1)*) ().
This contradicts (3.21) and the second claim is proved.

We can now conclude the proof. It follows from equation (3.16) that both z;
and zo are concave. Since z; and zo cannot be simultaneously increasing on (0, o9)
or decreasing on (og, 3 ), at their intersection point there holds

2’19(0'0) <0< 2’29(0'0).
Therefore, the maximum of z; is achieved in (0,09) while the maximum of 25 is
achieved in (0, §).
Denote the maximum of z; by m;. We first show that my > m;. Indeed, assume
by contradiction that my < m;. Let 63 € (00, 5) be such that
Z9 (5’2) = Mma.
Let &1 be the largest number in (0, §) such that
Z1 (5’1) = mMma.
The restrictions z; : [6;, 5| — [0,m2] are both decreasing. Let Z; : [0,m3] — R be
the function defined as )
Z;(€) = zig(2;1(9)).
In the interval [0, m2] we have zl_l(f) < z;l(g) and (3.18) holds. Thus, as in the
first claim,
(Z1%)e < (Z2%)e.
Since

(Z1(0))* < (Z2(0))* and  (Z1(m2))* > 0 = (Z2(m2))?,
we have a contradiction.

We now show that m; > mso. Assume by contradiction that m; < mso. Let

&1 € (0,0) be such that

Z1 ((3'1) =mj.
Let 65 be the smallest number in (0, 5) such that

V) (61) = mj.
The restrictions z; : [0,8;] — [0,m1] are both increasing. Let Y; : [0,7m1] — R be
the function defined for £ > 0 as

Yi(€) = zig(z; 1 (6)(sinz; 1 (€))

and Y;(0) = 0. Then, Y; is differentiable at 0 and

Moreover,
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In the interval [0, &;] we have 271 (€) < 25 '(€); thus, as in the second claim,

2cos 2y (&) e

(%) = (1)) < =52 ()" = (7))

and we get a contradiction as before.

Finally, ms > my > mg, which is a contradiction. Therefore, problem (3.1) can
have at most one positive solution. O

4. PROOF OF THEOREM 1.1

Proof of (i). Assume that 1 < ¢ < ¢;. Let ¢ be a positive eigenfunction of —A’
in W(}’Q(Siv_l) associated to the first eigenvalue N — 1, and let w be a solution of
(1.3). Using ¢ as test function, we get

/(V/w,v/@da: /(ZN,qw‘i‘Wq)(de-
SNt syt

On the other hand, since ¢ is an eigenfunction of —A/,

/ V', V') do = (N — 1) / wo do.

syt st
Thus,
(4.1) (N—-1—"Yng) / wodo = / wipdo.
syt syt

Since ¢ < g1, we have

N-1 1
N1ty = R ) <o

Hence, the left-hand side of (4.1) is nonpositive while the right-hand side is non-
negative. Thus,

/ wilpdo =0
syt
We conclude that w = 01in S f ~1. Therefore, problem (1.3) has no positive solution.
O
Proof of (i1). Since q > q1,

N = 1=ty = SR (0 - ) > 0.

Thus, the functional 7 : Wy*(SY ) — R defined by

T(w) = / (19wl — txqu?) do

N-—-1
S

is bounded from below by 0. On the other hand, since ¢ < ¢35 we can minimize J

over the set
{w € WOI’Q(S_],_V_l) ; / (wh) ™ do = 1}.

N-—-1
S+
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Let w be a minimizer. Then, w™ is also a minimizer, whence w = w™ and this
function satisfies

~A'w— Uy qw = w! in SV
for some A > 0. By standard elliptic regularity theory, w is smooth and vanishes on
85571 in the classical sense. The function A\#Tw is therefore a solution of (1.3).

For uniqueness, one applies Theorem 3.1 or Theorem 3.2 in the case N # 3.

2(3—q)
(g—1)?
assumption therein. O

If N = 3, then we can apply Theorem 3.3 since ¢, 3 = always satisfies the

Proof of (iii). We may assume that N > 4, for otherwise there is nothing to prove.
Note that if ¢ > g3,

N-1 N— N+1
=t —INg= e j2(0—373) <0

Applying Corollary 2.1, we deduce that (1.3) has no positive solution. [

5. THE A PRIORI ESTIMATE

In this section we establish Theorem 1.5 whose proof is based on the following
result.

Proposition 5.1. Assume that1 < ¢ < g2. Let 0 <r < 1 diamQ and ( € C*>(6<)
with ¢ > 0 on 0S). Then, every solution of

—Au=u? in QN (B \ By,
(5.1) w>0 inQN(By \ By),
u=¢ ondNQN (B \ B,
satisfies
(5.2) u(z) < C[dist(z,T)] T Vreqn (By, \ B,),
where T, = QN (0B, UOB,) and C > 0 is a constant independent of u.

We denote by B,. the ball of radius r centered at 0. The proof of this estimate is
based on two results: a Liouville theorem for the equation —Au = u4 in RN or in
RY (see [14]) and the Doubling lemma of Pola¢ik-Quittner-Souplet [29] which we
recall:

Lemma 5.1. Let (X,d) be a complete metric space, I' & X and v : X \T —
(0,400). Assume that v is bounded on all compact subsets of X \T'. Given k > 0,
let y € X\ T be such that

~(y) dist(y,T') > 2k.

Then, there exists x € X \ T such that
v(z) dist(z,T') > 2k;

v(@) = v(y);
. 27(56) V(2), V2 € By () ().

Proof of Proposition 5.1. To simplify the notation we may assume that ¢ = 0.
Assume by contradiction that (5.2) is false. Then, for every integer k > 1 there
exist 0 < 1 < %diam Q, a solution uy, of (5.1) with r = ry, and y. € QN(Ba,, \B,)
such that

2

wr(yr) > (2k) 7 [ dist(yx, T )] "7 7.
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Applying the previous lemma with

q—1

X =Qn (B, \B,,) and y=u,? ,
one finds z; € X \T',, such that
_2

(i) wp(g) > (2k) 71 [dist(zg, Tr,)] 775

(i7) ngﬂ?k) > uk(Yk); )
(ZZZ) Qﬁuk(xk) > uk(z), Vz € Bp, (l’k) N Q, with Ry = k[uk(:ck)]*%
By (i) we have Ry, < % dist(z,I',) and thus

BRk (xk) N Frk = 0.

Since dist(zg, I'y,) < 7% < 1 diam Q, we also deduce from (i) that

8k 71
> .
k(@) 2 <diam Q)

ug(zg) — +o0o  as k — +oo.

In particular,

For every k > 1, let

q—1

te = [ug(zg)]” 7,

Dk:{geRN; €] <k and xk—l—tkﬁeQ}

and

vg(§) = uk(lzk) up (x4 tr€)  VE € Dy.

Then, vy, satisfies
—Avp =0, 0<y < 2721 and ve(0) = 1.
Passing to a subsequence if necessary, we may assume that either
(A) for every a > 0 there exists kg > 1 such that if & > ko, then By, (z)N0Q =

)

or
(B) there exists ag > 0 such that for every k > 1, B¢, (zx) N OQ # 0.

Since the sequence (v ) is uniformly bounded, it follows that (Awvy) is also uniformly
bounded. In both cases, by elliptic (interior and boundary) estimates, we have for
every 1 < p < +oo and every s > 0,

vkllw22(DynB.) < Csp-
If (A) holds, then up to a subsequence (v;,) converges locally uniformly in RY to
some smooth function v such that
—Av=2v1 0<wv< 27T and v(0) = 1.

On the other hand, if (B) holds, then up to a subsequence and a rotation of the
domain there exists some smooth function v defined in Rf such that (vg) converges
locally uniformly to v. Since the sequence (vg) is equicontinuous and for every k > 1,
v(0) = 0, we have v(0) = 1.

In both cases, we deduce that v is a nontrivial bounded solution of

—Av =1
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in RY or in RY, which is impossible (see [14]). Therefore, estimate (5.2) must
hold. ([

Proof of Theorem 1.5. It suffices to establish (1.7) if z € Q and |z| < 3 diam €.
For this purpose, we apply Proposition 5.1 with r = %|x| Since dist(z,T',.) = %r,
we deduce that

u(z) < C[dist(x,I‘,)]_% —-C <g)7ﬁ — & |af" 7.

This establishes the result. O

6. THE GEOMETRIC AND ANALYTIC FRAMEWORK

We recall some of the preliminaries and the geometric framework in [19] which
will be used in the remaining of the paper.

We denote by (z1,...,zy) the coordinates of x € RY and by B = {eq,...,ex}
the canonical orthonormal basis in RY. Since we are assuming that the outward
unit normal vector is —ey, OS2 is the graph of a smooth function in a neighborhood
of 0. In other words, there exist a neighborhood G of 0 and a smooth function
¢ : GNTHd — R such that

GNon = {(:v’,a:N) RV I xR 2 € GNTHN and xy :(b(x’)}.

Furthermore,
#(0)=0 and V¢(0)=0.
Let
(6.1) ®(z) =y,
with
(6.2) yi=x; ifie{l,....N—1} and yy=2zn— ¢(z').

We can assume that @ is a € diffeomorphism from G to G = ®(G), and ®(QNG) =
GnN Rf . To avoid introducing some additional notation, we will assume that

G = B;.

Given ¢ € C*(09Q), let 2z be the harmonic extension of ¢ in Q. Given a solution
u of (1.1), we denote

u(@) —2(z) = uly), z(x)=2(y) and ((x) =((y),

for every & = ®~1(y) with y € G N Rf. Since u is superharmonic and v = z on
012, we have & > 0. On the other hand, a straightforward computation yields

~ 2 ~ ~ ~
Au = Au+ |V¢‘ Uyn,yn — 2<V¢7 V’UyN> — Uyy Ag.
Thus, @ satisfies the equation
—A = [V iy gy + 2V, Vilyy) + Ty A = (@ + 2)°.
Rewriting this equation in terms of spherical coordinates, one obtains

- 1 ,. N-—-1+mny _ O
(1+n1)urr+ﬁA/U+7r 2 ur—i-(u—l—z)q =

1 ~ = 1 .= ~ —
= = (V'a,n3) + ;<V’ur7n4> + S (V(V'i,en), 7).
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where
m = —2¢,(n,ey) + [Vo|* (n,en)?,
—r(n,en)A¢ — 2(V'(n,en), V'¢) + 7 |V|* (V/(n,en), en),

- (2@ — |ng§|2 (n,ey) — TAQS) ey,

_
n3 =

— 2

ni == (Il (n,en) =26, ) en + > (n,en) V'e,
.

N5 =

3

2

—|V¢|*en + %V’qﬁ.
Taking into account the fact that ¢(0) = 0 and V¢(0) = 0,
lp(z)| < Cr?, |Dp(z)| < Cr and |D2¢| <C.
Thus, for every 57 =1,...,5,
17 (r, e < Cr Vr e (0,1).
Lemma 6.1. Let
(6.3) t=logl, w(t,o)= raT a(r,o) and at,o) = raT Z(r, o).

Then, v satisfies

(64) (1+e)on+Av— (N =20 46}y 4 (g +es) v+ (v+a)! =
= (V'v, &) + (V'oi, 65) + (V/(V'v, en), &),

where €; are functions defined in (0, +00) x Siv_l satisfying the estimates

(6.5) lej(t, )= < Ce™" vt >0,

for every j=1,...,6.

We refer the reader to [19] for the proof of Lemma 6.1 and for the explicit
expressions of the functions ¢;.

For every T € R and § > 0, let
Qr = (T,+00) x SY ™' and Qrs= (T —0,T+05) x ST
We have the following W?2P-estimates satisfied by v:

Proposition 6.1. Let v be defined as in Lemma 6.1. If v is uniformly bounded in
Qo, then for every 1 < p < 400,

_ e
(6.6) lolws@ry < C(IWlla@ra) +e777) VT 22,
for some constant C' > 0 depending on ||v||L= and on p.

Proof. Since A’ is uniformly elliptic and ® is a diffeomorphism, the operator L
given by
L(U) = (1 + el)vtt + A/’U - (N - % + 62) Vet
- (V/v, 6_4>> - <vlvt7 6_5)> - <vl<v/v7 eN>7 6—6>>
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is uniformly elliptic. Let § € (0, %) By the Agmon-Douglis-Nirenberg estimates

(see [1]) applied to the restriction of v on the set Qr.11s,

||IU||W2’1’(QT,1+5) S O<||UHL1’(QT71+25) + ||(U + a)q||Lp(QT,1+25))'
Since v and « are uniformly bounded in @, for every s € (1,2) we have
-1
10+ ) o (@r.) < v+ ellie g v+ elle@r.)
< C(HUHLP(QT,S) + HOZIILP(QT,S))-
Since Z is uniformly bounded in €,
_aT _ 2T
lellLr(@r,.) < Ce™ 7T |[2]| L (o) < Ce™ 7T,
Thus,
_ 2T
(6.7) lollwzs(@rs o) < C(I0llo(@rrian) + 770 ).
In particular,
_ 2T
llwar@ra < C(IWlir@y g +e 7).

By a bootstrap argument based on estimate (6.7) above and the Sobolev imbedding,
we also have

_ 2T
Ivlsria, g) < C(Iwlze@rn +e7F).
Combining these inequalities, the estimate follows. O
7. REMOVABLE SINGULARITIES AT (

The goal of this section is to show that solutions of (1.1) which are not too large
in a neighborhood of 0 must be continuous at 0.

Theorem 7.1. Let ¢ > q1 and let u be a solution of (1.1). If

(7.1) lim |77 u(z) =0,

then u can be continuously extended at 0.

Proof. Let v be the function given by (6.3). By assumption (7.1), we have
(7.2) tEI-Foov(t’ ) =0 uniformly in Sivfl.

We now rewrite (6.4) under the form

(7.3) Vg — (N— M) v+ Ingv+Av+ (v+a)?=H,

q—1
where H is given by
(7.4) H = —eqvy + €30 — e3v + (Vv e_4’> + (V'uy, §> + (V/(V'v,en), —6>>
Thus,

(7.5) / VU do — (N — %) / v do + N 4 / v2do + / vA'vdo+

N—-1 N—-1 N—-1 N—-1
SN SN SN SN
+ / v(v+a)ldo = / vHdo.
N-—-1 N-—-1
SN SN
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Let
X(t) = H’U(t’-)HL2(Si\171) VtZO

Note that for every ¢t > 0,
(76) XXt = / VU do.

syt
Using Holder’s inequality we have

(XX < ol )l g2 gsv—y l0e(ts ) 253y
Thus,
(7.7) [ Xel < floe(ts ) g2 sy-1)-
Computing the derivative with respect to ¢ on both sides of identity (7.6), we get
(Xt)2 —+ XXtt = / (’Ut)z dO’ + / VUt dU = Hvt(t, .)”iz(sfil) —+ / VUt dO’.
syt syt syt

From this identity and estimate (7.7), we deduce that
(78) XXtt Z / VUt do.

syt
On the other hand, since the first eigenvalue of the Laplace-Beltrami operator —A’

in Wy ?(S¥ 1) is N — 1,

(N -1)X?%< / |V'v|* do = — / v A'vdo.
SN—l SN—l

+ +

By Holder’s inequality,

/ vH do < X||H(t, ')”LQ(Si\f—l).
syt
From the elementary inequality
(v+a)? <297 4 a?),
we get
/ v(v+ a)?do < 29 / ("t +vaf) do
st syt

It follows from Holder’s inequality that

(7.9) / v(v+a)ldo <29 (X2Hv(t, .)Hi;l(sffl) + X|aft, ')Hqu(S’f’l))'
syt
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We may assume that u is a nontrivial solution of (1.1). By the strong maximum
principle, we have u > 0 in 2, thus X > 0. Combining (7.5), (7.6) and (7.8)—(7.9),
one gets

Xop— (N = 25) X, + (g = N+ 1+ 27l )[52) X >
> (1t e + 2ot )l[4a,)

(to simplify the notation we drop the explicit dependence of the set S f 71). From
the definition of the function «, there exists C' > 0 such that

2qt
29| a(t, )[[§2, < Ce™ 77T,
In view of (7.2), given € > 0 there exists ¢y > 0 such that
29|[w(t, )| <& on [tg,00).

We deduce that for every t > tg we have

2qt

X = (N = HEL) Xt (b = N +14) X 2 =[5 )|ge — Com3%.
‘We shall show that 2
X(t)<Ce a1 Vt>0,

and the conclusion will follow from a bootstrap argument. Note that the linear
equation

Ty — (N—%) Zi+(Ing—N+1)Z =0
has two linearly independent solutions:
Zy(t) = e i1t and Zy(t) = Nt
We can then take £ > 0 small enough so that the linear equation

Ztt—(N—M)Zﬁ(zzNH—NHH)Z:o

q—1
has two linearly independent solutions:
Zie(t) =€ and Zp.(t) =e™><"
such that

2
rie<——— and ry.>0.

In particular,
Zs..(t) = +00 ast — +oo.

From assumption (7.1), v is bounded. In view of (6.5) and Proposition 6.1 with
p = 2, there exists C; > 0 such that

|H(t,)||z2 < Cie™" ¥t >0.
Thus,
_ _ 2(g+1) _ At
Xu (N o )Xt +(Ung—N+1)X > —Cre .
Since
X(t)—0 ast— +oo,
from the maximum principle there exists a constant C, > 0 such that

X(t) § Cl(Zl,s(t) + eit).
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If r1 o > —1, then

X(t) < 2C1 71 (t).
Since 71 < —%1, the estimate above implies that u is bounded and thus by
standard elliptic estimates u is continuous. Otherwise r; . < —1, in which case,

X(t) <207t
Thus, by Proposition 7.1 for every T > 2,
[vllwe2@ra < Cre™™.
In view of (6.5), there exists Cy > 0 such that
|H(t,-)||z2 < Coe™2" WVt >0.
Thus,
Xy — (N - %) Xi4 (byg— N +1)X > —Coe2,
This implies as before that
X(t) < Co(Zy£(t) +e72).
If r1 o > —2, then
X(t) <2027 ((t)
and u is bounded. Otherwise 1 . < —2, in which case,
X(t) <20ye7 2
We can continue this argument and deduce in finitely many steps that
X(t) <2CeZ1c(t).
Applying Proposition 6.1 with p > %, we deduce that for every T > 2,
lolwes(@r,) < C(Z1.(T) +e73) < Co™#,
Thus, by Morrey’s embedding,
lvllLoe(@r1) < Ce ar.
This implies that « is bounded and hence continuous in . (I

The conclusion of Theorem 7.1 is false with the critical exponent ¢ = ¢;. In fact,
combining Theorem 1.3 and the result of del Pino-Musso-Pacard mentioned in the
Introduction (Theorem 1.4), when ¢ = ¢; there exist solutions of (1.1) such that

N—-1
-N —=
u(@) ~ axlal ™ (log ) 7
in a neighborhood of 0. These solutions are necessarily discontinuous at 0 but, since

2 — —
T = N -1,

lim |1’|ﬁu(:p) =0.
r—0
The right statement in this case is the following:

Theorem 7.2. Let ¢ = g1 and let u be a nonnegative solution of (1.1). If

N_1
iilr%)|ac|N_1(log ﬁ) > u(z) =0,

then u can be continuously extended at 0.
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Proof. Let
N-1
W(t) =t 2 H’U(t’ -)||L2(Sf71) Vit Z 07
where v is the function given by (6.3). By assumption, W (¢) — 0 as t — +oo. As
in the proof of Theorem 7.1, for any € > 0 there exists ty > 0 such that for every
t 2 th

1 _
L e e e e L=

N

>t T | H(t, )2 — Ct7 7 e (VHDL,

The linear equation
1 _
Wi + (N _ %) W, + ; (_w + %) W =0

has two linearly independent solutions W7 and Wy such that for ¢ sufficiently large
(see Lemma A.2 below)

—1

Wit) =t 7 e N (1+0(1) and Wa(t) =tz (1+o(1)).

We can then take € > 0 small enough so that the linear equation

—1

1/ _nv—
Wi + (N — 1) W, + S (7“5 Dot Nit‘l) W =0
has two linearly independent solutions W; . and W5 . such that

Wi(t) < Ct 3 e (W11

and
Wy () — +o0  ast— +oo.

In view of (6.5) and Proposition 6.1 with p = 2, there exists C; > 0 such that
IH(t, )|z < Crt~ "7 et Vit >0,
Thus,

1 _
W+ (N = X)W+ (—N“; Uoieqt Nigl) W > —Ce™.
Since
W(t) —0 ast— +oo,
from the maximum principle there exists a constant C; > 0 such that
W(t) < CL(Wyo(t) +e ).

Thus,

W(t) S Cle_t.
By Proposition 6.1 with p = 2, for every T > 2,

lvllw22(Qr..) < Ot~z e T

In view of (6.5), there exists Cs > 0 such that
[H(t, )|z < Cot™ 7 e Vit >0,

We can continue this argument as in the previous theorem and deduce after finitely
many steps that
~ ~ N-—-1
W(t) < CeWie(t) < Ct 2 em V211

which implies that u is bounded and hence continuous in . [
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8. PROOF OF THEOREM 1.2
We first establish the following

Proposition 8.1. Let ¢1 < q < g3, with ¢ # q2. If u is a solution of (1.1) such
that
2
|x| =T u(z) is bounded in Q,
then

(8.1) i {[2 7T () - (wo@*)(lgﬁ)’ =0,

where w is a solution of (1.3) and ® is the diffeomorphism defined by (6.1)—(6.2).

Proof. Let v be the function given by (6.3). We first rewrite equation (6.4) under
the form

(8.2) v+ UN g0+ Av+ (v+ ) — (N— %) vy = H,

where H is given by (7.4). Multiplying (8.2) by v; and integrating over S 1+v ~1 yields

/vtvttd0+€N7q / vv do + / v Avdo + / ve(v+ @)?do+

syt syt syt syt
- (N_ %) / (v))*do = / v H do.
SN—l Sf—l
>
Thus,
(8.3)
d ()2 Ingv® [V | (vt a)tt! 2(q+1)
= gl do— (N - 2ot / 2 do =
dt / |: 2 + 2 2 + q_|_1 g q—1 (vt) o
Si\hl Si\hl
= / {th—Fat(v—&—a)q} do.
st

From our assumption on u, v is bounded. It follows from (6.6) and the Sobolev
imbedding that v, v; and V’v are uniformly bounded in Siv ~! xR,. In particular,

(ve)? N IN qv* B IV/v]? n (v+a)itt
2 2 2 q+1

do| <C inR,

syt
for some constant C' > 0. On the other hand,
lv H|do < Ce™ .
syt
Moreover, since v is bounded and « satisfies (6.7), we have

/ lae| (v + a)?do < Ce a1,

N-—-1
S+
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Thus, integrating (8. 3) on (0, +00), we obtain

2(q+1)‘/ / v? do < +oc.

SNI

Since ¢ # g2, N — 2a+1) # 0. Hence,

q—1
+oo
/ / v do < +o0.
0

SN71
+
By (6.6) and Morrey’s estimates, v is uniformly continuous on Q. We deduce that
ve(t,-) — 0 uniformly in SY ! as t — +oo0.
‘We now prove that
v(t,-) — w uniformly in SY " as t — +oo0,

where w is a nonnegative solution of (1.3). For this purpose, we study the limit set
of the trajectories of v, namely the set

I'= ﬂ U{U(t7 )}

where the closure is computed with respect to the usual norm in C°(S f ~1). Since T
is the intersection of a decreasing family of closed connected subsets of C°(S iv -,
I" is closed and connected. In addition, since v is uniformly continuous in @, it
follows from the Arzela-Ascoli theorem that I' is also compact and nonempty.

We claim that every w € I satisfies problem (1.3). Indeed, let (¢;) be a sequence
of nonnegative real numbers such that t;, — 400 and

v(t,+) — w uniformly in SY '
Clearly, w is nonnegative and w = 0 on 65_?[ ~1. For each k > 1, let
Vi (s,0) € 0,1] x SY 1 — v(ty + s,0).

For every ¢ € C{)’O(Sf*l) and for every e € (0, 1), from the equation satisfied by v
we have

/ / [(Vk)tttp+fN,qVk90+VkA’<P+(Vk+a(tk+570))q%0— (N - %) (Vk)ﬂ@} do ds =
0

tr+e
:/ / Hypdods.

SNl

N-—-1
S+

As k — o0,

tr+e
/ / Hypdods — 0.

SNl

Since v; — 0 uniformly as ¢ — +o00, we also have

/ / (Vi) dods — 0.
0

N-—-1
S+
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Note that
€
/ / (Vi)wpdods = / [vt(tk +e,0) — v (tg, U)](pda — 0.
0
N-1 N—-1
SN SN

Since the sequence (V%) is bounded in C!, passing to a subsequence if necessary,
we may assume that for some continuous function W,

Vi — W uniformly in [0, 1] x Sj_v_l.
We conclude that for every ¢ € (0, 1),

1>
/ / [eNqu<p WA+ qua} do dt = 0.
05571
Dividing both sides by € and letting ¢ — 0, we get
/ (3 g W(0,0)0 + W(0,0)A'p + (W(0,0))%] do = 0.
syt

Since w = W(0, -), we conclude that w satisfies (1.3). Hence, every element of I is
a nonnegative solution of (1.3). By Theorem 1.1 the set of nonnegative solutions is
{0,w}, where w is the unique positive solution of (1.3). Since these solutions form
a discrete subset of CO(SiV 1) and T is connected, T' contains a single element. In
particular,

v(t,") — w uniformly in Siv_l as t — +00.

The proposition follows from this convergence. (I

Proof of Theorem 1.2. Let u be a solution of (1.1). Since ¢ < g2, by Theorem 1.5
there exists C' > 0 such that for every x € Q,

0< |2|7 T u(z) < C.

Thus, by Proposition 8.1, there exists a solution w of (1.3) such that (8.1) holds.
Either w is the unique positive solution of (1.3) (see Theorem 1.1) or w = 0. If
w = 0, then

lim 27T u(z) = 0

and, by Theorem 7.1 u can be continuously extended at 0. ([

9. PROOF OF THEOREM 1.3

We first prove an estimate which improves Theorem 1.5 when g = ¢q1, except
that we do not know whether the constant C' below can be chosen independently
of the solution.

Theorem 9.1. Assume that ¢ = q1. Then, every solution of (1.1) satisfies
_N-1
u(@) < Cla|" ™ D(log &) F Veeq,
for some constant C > 0 (possibly depending on the solution).

In the proof of this result we need the following lemma:
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Lemma 9.1. Let ¢ = q; and E = ker [A" + (N — 1)I]. Given a solution of (1.1),
denote by v the function given by (6.3). If

V=11 + V2

is the decomposition of v as the orthogonal projections in LQ(Sivfl) onto E and
E*, respectively, then

(9.1) Hvl(t,-)Hp(Sivq)gC't*% and |oa(t, ) 2gx-1) < Ce™ ¥ >0,

Proof. Denoting by ¢; the first eigenfunction of A’ with ||¢1]z1 = 1, we have

0(t:0) =y(n(o) where y()) = [ o(t.)ou(0) do
syt
Since ¢ = q1, equation (7.3) becomes
(9.2) v+ Nog+ (N = 1o+ Av+ (v+a)? = H,
with H defined in (7.4). Since o > 0, we have (v + )% > v%. Thus,
v + Nvg + (N — Do + Ao + 08 < H.
By Jensen’s inequality,
yit < / v ¢y do.
syt

Multiplying (9.2) by ¢; and integrating over Sffl, we get

y'+ Ny +y" < / Héy do.
syt
By Theorem 1.5, v is uniformly bounded in R x Sf_l. In particular, by (6.5) and
Proposition 6.1 with p = 2, we have for every ¢t > 0,
/ H¢ydo < Ce™".

syt
Thus,

yl/ +Ny/ +yq1 S C’e_t.
Applying Lemma A.1 we deduce that

y(t) < Ct~
This proves the first estimate in (9.1).

N

= Wt > 0.

In order to prove the estimate for v, let
Y(t) = ||’l}2(t,~)HL2(Sﬁr\771) Vt Z O
Since v(t,0) = y(t)p1(0) + va(t, o), we have
v =yd1 + (v2)r and vy = yud1 + (v2)u-
Using the orthogonality between ¢, and vs,

YY, = / vg (V)¢ do = / vg [yep1 + (v2)¢] do = / Vvt do.

N-—-1 N-—-1 N-—-1
S S ST
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From the first equality, we have
V2| < [oa(t, )|l 2o
One also shows that
YYy > / Va4t do.
syt
On the other hand, since the second eigenvalue of the Laplace-Beltrami operator
—A"in Wy SV 1) is 2N,
2NY? < / |V've|? do = — / vy Avgdo = — / vy A'v do.
syt syt syt

Multiply (9.2) by vy and integrate over Siv_l. As in the proof of Theorem 7.1, for
every € > 0 there exists t; > 0 such that for every ¢ > tq,

Yie + NY;, — (N+1—¢)Y > —Ce "

Note that for € > 0 small the linear equation
Ziw+ NZ;—(N+1-e)Z=0

has two linearly independent solutions Z; . and Zs . such that

Zie(t) =€ and Zy.(t) =e™><"
with

e < —% and ra. > 0.
Since Y (t) — 0 as t — 400, applying the maximum principle one deduces that
Y(t) <C(Zi(t)+e).

In particular,

Y(t) < Ce 5.
This gives the estimate for vs. (Il
Proof of Theorem 9.1. By Lemma 9.1 above, we have
o(t, )|z < Ct~"2 ¥t > 0.

Inserting this estimate into (6.6) for some p > %, by Morrey’s estimates the result
follows. O

Proof of Theorem 1.3. By Theorem 9.1, the function w : [0, +00) — R given by
w(t,o) =t 7 v(t,o)

is bounded. By a straightforward computation, w satisfies

(9.3) wy + (N - #) wy + (N -1+ N:t_l) w+ A w+

N—-1

1 _
7 (wr - ML) = 5
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where H is given by (7.4). Let ¢ : Siv_l — R be the function defined by ¢(c) = %;
we recall that ¢ is an eigenfunction of —A’ in W&Q(Siv*l) associated to the first
eigenvalue N — 1. Let

A(t) = / w(t,o)p(o) do Yt > 0.
syt

Multiplying (9.3) by ¢ and integrating over S iv ~1. we obtain the following equation
satisfied by z:

1 _
aet (N = N72) 2+ Mta / whpdo — XEN ;- 55 / Hédo.
syt syt
Thus,
1 _
2t + ( _¥)Zt+¥(92ql —w,z) =,
where
0 = / ¢Q1+1 do
syt
and
_ 1
U=t / Hodo — Yzte + - / [(z9)® —w?]¢ do.
syt syt
By Lemma 9.1, we have
(9.4) l2(t)p — w(t, )l|z2 < Ct°T e %,
Since
|(20)8 —w?| < q1|2¢ — w|[(26)" 7 +w "],
[(0)" —w[odor < 126 — wilga [ 16 gz + e
syt

Since z is bounded in Ry and w is bounded in R} X 55717 we deduce that
/ |(zg) " — w® |¢da <Ct'ze k.
syt

Combining Lemma 6.1, Proposition 6.1 (with p = 2) and Proposition 9.1,

IH(t, )| < Ct~ 7 e .
Thus,

W (t, )| e < C(e_t +t2 4 t¥6_5> <Ct 2.

By a straightforward modification of the end of the proof of [9, Corollary 4.2], z
admits a limit k > 0 when ¢t — +o00, where k satisfies

Or — N(];fl)n =0.
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N—-1

Therefore, either kK =0 or K = (%@71)) )

By (9.4) we deduce that, as t — 400,

N—-1

t = o(t,) — ke in LAH(SY ).

By Proposition 6.1 with p > % and Morrey’s estimates, we conclude that

tN’;lv(t, ) — k¢ uniformly in SY 1.
Rewriting the convergence in terms of u, we conclude that either (1.5) holds or
N-1
(9.5) 2|V (log ﬁ) > u(x) —0 asz — 0.

If (9.5) holds, then u must be continuous in view of Theorem 7.2. O

APPENDIX A. SOME ODE LEMMAS

We gather in this section a couple of ODE results which are used in this paper.
These results are presumably well-known to specialists:

Lemma A.l. Given T > 0, let y € C*([T, +00)) be a nonnegative function such
that

lim y(t) =0,

t——+o0

{ Y +aye +by? <ce™" in (T, 400),

where q,a > 1 and b,c > 0. Then, there exists C' > 0 such that
(A.1) 0<yt)<Ct o1 Vt>T.
Proof. Given A > 0, let

2(t) = y(t) + Ae™" Vt>T.
Then, z satisfies

zu+az + 027 < [e— (a—1)A]e™ +b(z7 — y9).
By convexity of the function t € Ry — t9,
y? > 27 gz Ny — 2) = 27 — gz Ae ™t

Thus,
(A.2) zy +az + 27 < [c— (a— 1+ bgz? ) Ale ™.

Since a > 1 and z(t) — 0 as t — +o00, we can choose T > T and A > 0 sufficiently
large so that the right-hand side of (A.2) is negative on [T}, +00). Thus,

(A.3) zi +aze +b29 <0 in [Ty, +00).

Let w = 2'~%. By a straightforward computation, we have
2t + az

(A.4) wy + awg > —(q — 1)%.

Combining (A.3)—(A.4), we deduce that
Wit + AWy > b(q — 1) in [Tl, +OO)
The function x = w; satisfies

z¢+ax >blg—1) in [T1,+00).
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Thus, taking Tb > T} sufficiently large,
w(t) > =l | pemat > ML)y >
Since wy; = x, choosing T3 > T5 large enough, we then get

w(t) > "D v > Ty

Therefore,
_1
2(t) < (%t‘l) o> T
We can now enlarge the constant in the right-hand side so that this estimate holds
for every t > T. This implies (A.1). O

Lemma A.2. Let a,a1,b,b; € R with a # 0. Then, the equation
v+ (a = F)ye+ (0= )y =0 in (0,+00),
has two linearly independent solutions y; and ys such that
yi(t) =t i (14 0(1)) and yot) =t~ (14 o(1))
for t sufficiently large.

Proof. Let

B

a

2(t) =¥t Fy(t).
Then, z satisfies the equation

(5 - 4+ )2 =0,

where A; = b+ “5L and Ay = by + § + aff. By [5, pp. 126-127], the equation

satisfied by z has two linearly independent solutions with the following asymptotic
behaviors as t — +oc:

n(t)=e % t%(l +o(1)) and z(t) =e¥ t_%(l +o(1)).

Rewriting these formulas in terms of the function y, the result follows. O
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