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Abstract

This paper addresses the construction of a finite-state neural abstraction (NA) for a broad class of unknown, uncertain nonlinear
discrete-time systems. The framework relies on an ε-approximate alternating simulation relation (ASR), where the neural network
(NN) approximation error provides a quantitative bound between the abstracted model and the real system. We first formalize a
state-space partitioning (SSP) induced by a NN with an activation function of type rectified linear unit (ReLU), whereby the con-
tinuous state space is decomposed into polyhedral cells, and a discrete-time piecewise linear (PWL) dynamics model is associated
with each input symbol. To efficiently compute transitions among cells, we introduce a binary combinatorial optimization (BCO)
algorithm that finds the shortest paths between initial and target cells. A hybrid control law is then designed for optimal cell-to-cell
transitions in PWL subsystems, combining tube model predictive control (MPC) with minimax-based feedback to ensure robust-
ness. The result is a weighted automaton over polyhedral cells, where edge weights correspond to tube-MPC costs used within the
BCO procedure. Establishing a feedback-refinement relation between the real unknown system and its data-driven finite abstraction
model enables certified controller synthesis on the abstraction, with guaranteed refinement back to the real system. The proposed
approach is validated on three benchmarks: autonomous vehicle path planning, a double-pendulum robotic system, and an inverted
pendulum.

Keywords: Neural Abstraction, Binary combinatorial optimization, Tube-MPC, Minimax control.

1. Introduction

Control and path planning for cyber–physical systems
(CPSs) require handling nonlinear dynamics, ensuring safety
guarantees, and achieving real-time execution. Symbolic ab-
stractions and formal methods have emerged as powerful
frameworks to guarantee safety and correctness by constructing
finite-state models that approximate the original continuous-
state systems [1, 2]. In these approaches, controllers synthe-
sized on the abstraction can be refined into hybrid feedback
strategies for the original system when an alternating simula-
tion relation (ASR) holds [3]. However, traditional abstraction
techniques often rely on grid-based discretization of the state
and input sets, leading to the curse of dimensionality and high
computational complexity. Meanwhile, modern data-driven ap-
proaches can approximate unknown dynamics but frequently
lack interpretability, struggle to offer formal guarantees, and
impose heavy computational or memory demands. This gap
motivates the development of structured neural abstractions
(NA) and control architectures that are both theoretically sound
and computationally efficient.

1.1. Related Works
To address computational challenges in complex control sys-

tems, finite abstractions have been proposed as approximate
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representations of continuous-space systems, where each finite
state corresponds to a set of continuous states [4]. Composi-
tional symbolic finite-state abstractions for temporal logic spec-
ifications in control networks were developed in [5], while [6]
employed reinforcement learning tailored for non-deterministic
finite transition systems in symbolic control. A data-driven
gridding approach was introduced in [7] to optimize state-set
discretization and minimize transitions during abstraction con-
struction, reducing computational effort. Parallel to these ef-
forts, data-driven controller synthesis has gained attention for
monitoring and controlling complex systems, particularly when
deriving explicit mathematical models is infeasible, such as
in highly nonlinear systems or human-in-the-loop applications.
[8] proposed data-driven control design with regular language
specifications for systems defined as assemblies of input-state
functions, while [9] introduced a learning-based method to con-
struct symbolic abstractions by estimating unmodeled dynam-
ics and defining an ε-approximate ASR. [10] developed a Gaus-
sian process-based approach to safely learn unknown dynam-
ics and build high-confidence abstractions via Markov decision
processes. However, these methods often struggle with fully
unknown nonlinear dynamics, as their performance heavily de-
pends on accurate system knowledge.

An alternative approach for safety-critical systems is to em-
ploy a neural network (NN) to model the controller and learn
the system’s unknown dynamics [11, 12]. In [13], a convex
relaxation-based algorithm was proposed to compute forward



reachable and back-projection sets for neural feedback loops.
[14] introduced a method to construct a global-interval NA in-
duced by a NN with rectified linear unit (ReLU) activation func-
tions, achieving center-exact reconstruction. Safety verification
of nonlinear dynamical systems using NA has been studied in
[15], while [16] proposed a memory-efficient approach to re-
duce the high memory demands of such abstraction-based tech-
niques. More recently, [17] examined the trade-offs among NA
templates in terms of precision, synthesis time, and verification
time via reachability analysis.

In symbolic control, a key challenge is finding optimal paths
between origin and destination cells while avoiding obstacles
and respecting motion constraints. Various path-planning algo-
rithms have been proposed, including geometry-based methods
(e.g., Voronoi diagrams [18]), graph-based algorithms (e.g., Di-
jkstra [19], A∗ [20], RRT and its variants [21]), meta-heuristic
approaches (e.g., genetic algorithms, simulated annealing [22]),
artificial potential fields [23], and AI-based methods (e.g., re-
current NNs [24], Q-learning [25]). However, these approaches
often struggle with abstracted or high-dimensional systems due
to the exponential growth of state-space samples, graph com-
plexity, solution suboptimality, and extensive training require-
ments in learning-based methods. Combinatorial optimization
offers a robust framework for path planning, enhancing route
calculation and decision-making in complex and dynamic envi-
ronments [26]. Applications include UAV path planning with
QoS constraints in 5G networks [27] and optimal switch selec-
tion in radial distribution systems considering cost and relia-
bility [28], demonstrating its effectiveness in minimizing costs
while ensuring system performance.

Many challenging control problems require both perfor-
mance and safety guarantees in the presence of model un-
certainty. Model predictive control (MPC), a widely used
optimization-based strategy in industry [29], computes an opti-
mal input sequence over a finite horizon by treating the current
plant state as the initial condition of a nominal model. Tube-
MPC, a robust variant, guarantees that all trajectories of the un-
certain system remain within a bounded “tube” around the nom-
inal trajectory by enforcing tightened constraints. This frame-
work has been successfully applied to robust output-feedback
control [30], linear parameter-varying and nonlinear systems
[31], safe learning [32], and planning for robotic and au-
tonomous systems [33]. For abstracted systems, incorporating
a robust term within tube-MPC enhances disturbance rejection
and ensures closed-loop stability despite modeling errors. Rein-
forcement learning has also been employed to compute optimal
control policies under uncertainty [34], including feedback de-
signs for discrete- and continuous-time systems as well as zero-
sum dynamic game settings [35]. In particular, policy iteration
methods have proven effective for solving linear–quadratic reg-
ulator problems [36].

1.2. Motivation and Representative Scenarios
Real-time control of systems with unknown nonlinear dy-

namics, strict safety constraints, and limited onboard com-
putation remains a central challenge in robotics and CPSs.
Learning-based methods offer expressive modeling power, but

their opacity, limited certifiability, and computational burden
hinder use in safety-critical domains [37]. Classical robust and
adaptive control techniques provide formal guarantees, yet of-
ten assume structural model knowledge, smooth uncertainty
bounds, and do not scale efficiently to high-dimensional data-
driven settings [38]. This motivates control architectures that
jointly learn system behavior from data, enforce formal safety
guarantees, and remain computationally viable on embedded
platforms. The control problem is governed by a critical trade-
off among three factors:

1. uncertain nonlinear discrete-time dynamics arising from
real-world data rather than exact analytical models,

2. safety-critical state and input constraints that must hold at
all times,

3. real-time computational limits that prevent reliance on ex-
pensive online optimization or large NN architectures.

These challenges appear in practice. Two representative set-
tings include:
(a) Urban autonomous driving: vehicle dynamics involve un-

certainty from interaction forces and friction variability,
while ensuring lane-keeping, collision avoidance, and ac-
tuator limits under tight timing constraints. Key issues:
partial observability, bounded model mismatch, real-time
planning, and guaranteed constraint satisfaction in dense
traffic.

(b) Underactuated pendulum swing-up and stabilization:
physical deviations from nominal models due to friction,
elasticity, and backlash require robust regulation of an un-
stable system with actuator limits and fast control cycles.
Key issues: underactuation, sensitivity to model error, en-
ergy regulation, and limited computation budget.

In both scenarios, the goal is not only accurate prediction,
but certified safety under uncertainty, reliable operation de-
spite model mismatch, and real-time feasibility. The pro-
posed framework is designed to address this three-way ten-
sion through data-driven piecewise linear (PWL) abstraction,
constraint-aware symbolic planning, and tube-based feedback
control.

1.3. Contribution
Inspired by the preceding discussion and to the best of our

knowledge, there is no comprehensive work on the construction
of finite-state weighted automaton-based NNs for discrete-time
nonlinear nonaffine control systems. This abstraction system
inherently provides a structured modeling platform suitable for
CPSs functioning within environments characterized by uncer-
tainty or noise. Leveraging automated optimal controller syn-
thesis methods can significantly enhance system development
by improving reliability while reducing design effort, cost, and
computational burden. The main contribution of this paper is
listed below:

1. Proposing a NN-based approach for the construction of an
abstraction model for uncertain nonlinear controlled sys-
tems;

2. Developing an algorithm to identify and label the essential
polyhedral cells within the NN–induced partitioned state
space;
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3. Proposing an efficient binary combinatorial optimization
(BCO) algorithm to determine the optimal path between
initial and target cells;

4. Designing a hybrid robust optimal transition controller,
combining tube-MPC with minimax feedback controller,
to guarantee reachability between successive polyhedral
cells given the optimal path on the weighted automaton;

5. The effectiveness of the proposed approach is illustrated
by its implementation on a wheeled mobile robot, a
double-pendulum robot, and an inverted pendulum.

1.4. Outline

The remainder of the paper is organized as follows. Sec-
tion 2 presents the preliminaries and formally defines the prob-
lem. Section 3 describes the finite-state NA and its associ-
ated state-space partitioning (SSP) algorithm. Our path plan-
ning approach using the BCO algorithm is detailed in Section
4, followed by the robust optimal transition control procedure
in Section 5. Section 6 provides numerical simulations on a
double pendulum robot, path planning benchmark for a mobile
robot, and an inverted pendulum. Finally, Section 7 concludes
the paper with a summary and outlook.

2. Notations and Preliminaries

2.1. Notations on Polyhedra

Definition 1 (Polytope: H- and V-representations). A convex
bounded polytope P ⊂ Rn can be represented in two equivalent
forms:

a) H-representation (half-space representation):

P = {x ∈ Rn : Ax ≤ µ} (1)

where A = {a1, ..., an} ∈ Rm×n, µ = {µ1, ..., µn} ∈ Rm, and
each pair (a⊤i , µi) defines a half-space constraint.

b) V-representation (vertex representation):

V = conv{ν1, . . . , νk} (2)

where ν1, . . . , νk ∈ Rn are the vertices of P.

Lemma 1. (Farkas’ Lemma [39]). If there exists a vector ζ ≥ 0
such that ζTA = 0T and ζT b ≥ 0, then the convex polytope
defined by (1) is nonempty.

Introducing ϵ, Lemma 1 can be formulated in terms of the
following linear program (LP):

max ϵ
s.t. ϵ ≥ 0, ζ ≥ 0

AT ζ = 0

µT ζ − ϵ ≤ 0

(3)

If LP (3) is infeasible, the original convex polytope is empty.
If it is feasible and the solution satisfies ϵ∗ > 0, the convex
polytope is nonempty. The case ϵ∗ = 0 is inconclusive.

Definition 2. (Duplicate Constraints): A constraint aT
i x ≤ µi is

called duplicate if there exists another constraint with a lower
index aT

j x ≤ µ j, j < i, such that αc[aT
i , µi] = [aT

j , µ j], where αc

is a positive scalar.

Definition 3. (Redundant and Essential Constraints): A con-
straint is redundant when its elimination does not alter the fea-
sible set. Conversely, an essential constraint is characterized
by its non-redundancy, signifying that its removal results in a
modification of the feasible set.

In the Appendix A, we show that the essential constraints in
the H-representation of a polytope can be identified by solving
the linear programming problem given in (A.2).

Another key consideration is determining whether a hyper-
plane intersects a polytope. Let:

H = {x | ηT x = ρ}, (4)

denote a hyperplane, where η ∈ Rn is a nonzero normal vector
and ρ ∈ R is a scalar constant. If, for every vertex νi of the
polytope,

ηTνi − ρ ≥ 0 or ηTνi − ρ ≤ 0, (5)

then the polytope lies entirely on one side of the hyperplane
H . Otherwise, the hyperplane intersects the polytope V and
partitions it into two smaller polytopes.

2.2. Deep NNs
Definition 4. (Deep NNs). A deep NN is a tuple N =

(L,W,Θ), where L = {Lk |k ∈ {0, .., L + 1}} is a set of layers,
W{Wk |k ∈ {1, .., L + 1}} denotes a set of connection weights
between layers, and Θ = {Θk |k ∈ {1, ...,K + 1}} is a set of ac-
tivation functions, one for each non-input layer. In a DNN, L0
is the input layer, LL+1 is the output layer, and other layers are
called hidden layers. Each layerLk is constituted by lk neurons.

Definition 5. (Feedforward NN). A feedforward NN
NNFF (χ0) is a combination of m fully-connected (hidden)
layers and a final output layer:

NNFF (χ0) = Wmσ(Wm−1σ(...σ(W1χ0 + b1))+ bm−1)+ bm (6)

where χ0 ∈ Rn0 is the input vector of NN, Wm denotes the con-
nection weight matrix between layer m and m−1, bm stands for
the bias vector of the neurons in the layer m, and σ(.) Indicates
for activation function.

Definition 6. (ReLU Activation Function). A ReLU is a PWL
activation function σ : R→ R≥0, where σ(z) = max(z, 0).

Definition 7. (ReLU NN) Consider definitions 4 and 5. For
a ReLU NN, the mapping from input space Rnx to the output
space Rno is characterized by:

Rnx
W1,b1
−−−−→
ReLU

Rl1 · · ·RlL−1
WL,bL
−−−−→
ReLU

RlL
WL+1,bL+1
−−−−−−−→

ReLU
Rno (7)

In this model, l0 = nx and lL+1 = no), and Wi ∈ Rli×li−1 and
bi ∈ Rli denote the weight matrix and bias vector of layer i, re-
spectively. In this chain, it is assumed that the activation func-
tion of the output layer operates as an identity mapping.
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According to definitions 5 and 6, σL+1(.) is an identity map,
and the output of the layer i is defined as:

oi =
[
max(0, oi1) ... max(0, oili )

]T
(8)

The Eq. (8) can be represented in a homogeneous form as:[
oi

1

]
= σi

(
Θi

[
oi−1

1

] )
(9)

where Θi =

[
Wi bi

0 1

]
for i = 1, ..., L, and ΘL+1 =

[
WL+1 bL+1

]
.

Consider χ as an input vector to a ReLU NN. Based on the
preceding explanation, the complete NN function o can be ex-
plicitly expressed as a mapping from x to o as follows:

o = Θ[L + 1]
( L−1∏

i=1

σiΘi

[
χ
1

] )
(10)

2.3. Transition System and ASR

Definition 8. [1]. A system S is a sextuple (X, X0,U,→, Y,H)
consisting of:
• a set of states X;
• a set of initial states X0 ⊆ X;
• a set of inputs U;
• a transition relation→⊆ X × U × X;
• a set of outputs Y;
• an output map H : X → Y.
A system is said to be:
• metric, if the output set Y is equipped with a metric

textb f d : Y × Y → R+0 ;
• countable, if X is a countable set;
• finite, if X is a finite set.

We adopt the notation (x, u, y) ∈→ by x
u
−→ y. In the context

of a transition x
u
−→ y, the state y is referred to as a u-successor.

Definition 9. [1] Let S a = (Xa, xa0 ,Ua, Ta) and S b =

(Xb, xb0 ,Ub, Tb) be two transition systems. Given ε ∈ R+, a
relation R(ε) ⊆ Xa × Xb is called an ε-approximate ASR from
S a to S b, if the following conditions are satisfied:

1. (xa0 , xb0 ) ∈ R(ε);
2. For every (xa, xb) ∈ R(ε), we have ∥xa − xb∥∞≤ ε;
3. For every (xa, xb) ∈ R(ε) and for every ua ∈ Ua(xa), there

exist ub ∈ Ub(xb), such that the following holds: for every
(x′b ∈ Tb(xb, ub), there exists (x′a ∈ Ta(xa, ua), such that
(x′a, x′b) ∈ R(ε).

The transition system S a serves as the abstract expression of
S b, in the sense that every transition of S b can be approximately
simulated by those of S a according to (1)–(3) in Definition 9.
The concept of an ε-approximate ASR is particularly useful to
synthesize a controller for the transition system S b, based on
the controller for S a.

Figure 1: Abstract representation of nonlinear dynamical systems

Figure 2: Learning the unknown dynamics f (xk, uk) via ReLU NNs.

2.4. Problem Statement
Let us consider the following nonlinear discrete-time system:

xk+1 = f (xk, uk) + δk, (11)

with state xk ∈ Rn, control input uk ∈ Rm, unknown nonlin-
ear function f (xk, uk) ∈ Rn, and exogenous input δk ∈ Rn. The
main objective of this paper is to construct an abstraction model
of the control system (11), as illustrated in Fig. 1. Due to the
presence of the unknown function f (xk, uk) and the external dis-
turbance δk, we propose a learning-based approach in which the
symbolic model is constructed by learning the function f (xk, uk)
from training data. Based on the resulting abstraction, we then
develop an algorithm to extract the essential polyhedral inequal-
ities and label the resulting polyhedral cells. In particular, we
introduce a safe and computationally efficient exploration strat-
egy based on BCO, which identifies the optimal path toward the
target polyhedral cell. Finally, leveraging optimal control tech-
niques, we design a hybrid transition controller that regulates
the system trajectory as it evolves between the desired polyhe-
dral cells.

3. NA and SSP

In a ReLU NN, every hidden neuron has an associated bi-
nary neuron activation of zero or one, corresponding to whether
the preactivation value is nonpositive or positive, respectively.
Specifically, the activation flag for neuron j in layer i is given
by:

λi j =

1 i f yi j ≥ 0
0 i f yi j ≤ 0

(12)

We define the activation pattern at layer i as a binary vector λi =[
λi1 ... λili

]T
and the activation pattern of the whole network

as λ =
[
λ1 ... λL+1

]
. Also, define the diagonal activation

matrix for layer i as Λi = diag(λT
i , 1), where a 1 is appended at

the end to match the dimensions of the homogeneous form in
(9).
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Exploiting the universal approximation property of NNs
[40], the unknown nonlinear dynamics f (xk, uk) in Eq. (11) can
be represented by a ReLU NN (Fig. 2). This yields the follow-
ing equivalent affine state-space form:

xk+1 = AC xk + BCuk + bC + δk + εk, (13)

where εk denotes the approximation error. The matrices of this
linear model are directly obtained from the NN weights and
biases as:

AC = Wk+1diag(λ1)W11
∏k

i=2 diag(λi)Wi,

BC = Wk+1diag(λ1)W12
∏k

i=2 diag(λi)Wi,

bC = bk+1 +
∑k

i=1(Wk+1
∏k

j=i+1 diag(λ j)W j)diag(λi)bi,

(14)

with W1 = [W11 W12], where W11 maps the state x to the first
layer and W12 maps the input u to the first layer. Since AC , BC ,
and bC are explicitly constructed from the NN parameters, the
full linear model (13) is known.

3.1. NN–Driven Hybrid Abstraction
NN–based abstraction couples learned system dynamics with

state–space partitioning. A ReLU NN approximates the non-
linear dynamics, and the state space is partitioned into regions
defining a hybrid automaton. This unified representation im-
proves interpretability and enables efficient planning and con-
trol in high-dimensional nonlinear systems.

Definition 10. (Neural Abstraction (NA)) Consider the
discrete-time nonlinear system in (11), where f (xk, uk) denotes
the true dynamics and δk is a bounded unknown input with
∥δk∥≤ δ̄. Let X ⊆ Rn denote the operating domain. A ReLU
NN NNR(xk, uk) : Rn × Rm → Rn is called a NA of the system
if it approximates f (xk, uk) with a guaranteed uniform bound
ε > 0 such that

∥ f (xk, uk) − NNR(xk, uk)∥≤ ε − δ̄, ∀x ∈ X. (15)

In Definition 9, assuming that all states of the transition
system S are measurable, we can represent it as a quadruple
S = (X, X0,U,→). A symbolic model of S in a NA domain is
constructed using a triple ϱ = (DT , θNN , ε), where:
• DT = {DT,1, ...,DT,nx } denotes the set of training data;
• θNN stands for the structure parameter of a ReLU NN in-

cluding weights and biases;
• ε ∈ R+ is the approximation error parameter of a ReLU

NN.
Given ϱ = (DT , θNN , ε), we define a symbolic representation

of S is as a quadruple S N
ϱ = (Xϱ, Xϱ0 ,Uϱ,−→

ϱ
), where

• Xϱ represents the set of states;
• Xϱ0 ∈ Xϱ denotes the set of initial state;
• Uϱ is the set of inputs;
• −→
ϱ

is the transition map.

The following theorem establishes that an ε-approximate
ASR exists from S N

ϱ to S .

Theorem 1. Let S be the original system and S N
ϱ be its

NA–based symbolic model. Define the relation

R(ε) = {(xN
k , xk) ∈ Xϱ × X | ∥xN

k − xk∥∞≤ ε}. (16)

Then R(ε) serves as an ε-approximate ASR from S N
ϱ to S .

Proof: The proof proceeds by verifying the three require-
ments of Definition 9.

Condition 1: For every abstract state xN
k ∈ Xϱ, a correspond-

ing state xk ∈ X exists such that (xN
k , xk) ∈ R(ε). Since S N

ϱ

is constructed with an approximation precision bounded by ε,
each symbolic state xN

k is guaranteed to satisfy ∥xN
k − xk∥∞≤ ε

for some xk ∈ X.
Condition 2: Whenever (xN

k , xk) ∈ R(ε), the definition of
R(ε) in (16) ensures that ∥xN

k − xk∥∞≤ ε holds. Thus, the dis-
tance bound is respected.

Condition 3: Consider a transition xN
k

uϱk
−→ x′Nk in S N

ϱ for some
input uϱk ∈ Uϱ. We must show the existence of a matching

transition xk
u
−→ x′k in S such that (x′Nk , x

′
k) ∈ R(ε). Since the

NA introduces an approximation error ε, the transition map −→
ϱ

satisfies:
∥ fϱ(xN

k , u
ϱ
k) − f (xk, uk)∥∞≤ ε, (17)

where fϱ = AC xN
k + BCuϱk + bC describes the abstract dynam-

ics (13), and f (xk, uk) represents the true nonlinear map (11).
Selecting an input uk compatible with uϱk (e.g., via tube-MPC)

yields a corresponding transition xk
uk
−→ x′k satisfying

∥x′Nk − x′k∥∞≤ ε. (18)

Thus, (x′Nk , x
′
k) ∈ R(ε), and the condition is satisfied.

Since all three requirements are satisfied, R(ε) defines an ε-
approximate ASR from S N

ϱ to S .
In a ReLU NN with multiple hidden layers, each neuron in a

hidden layer induces a hyperplane in the state space associated
with the previous layer. This hyperplane partitions the space
into two regions: one corresponding to the neuron being active
and the other to the neuron being inactive. To be specific, for the
jth neuron in the ith layer, these segments delineate the separate
regions within the hyperplane created:

Wi, joi−1 + bi, j = 0 (19)

where Wi, j represents the jth row in the weight matrix Wi, and
bi, j refers to the jth element within the bias vector bi. Con-
sequently, each activation pattern of the ReLU NN defines an
intersection of half-spaces, yielding a polyhedral region in the
input state space. Additionally, every configuration delineates
a linear function originating from input neurons and extending
to output neurons. These configurations collectively partition
the input space, assigning each region to an associated affine
function. When translated into a NA, this framework resembles
a hybrid automaton, wherein each mode corresponds to a spe-
cific configuration of the hidden neurons. Furthermore, these
configurations induce a system of affine Ordinary Differential
Equations, as illustrated in Fig. 3.

Definition 11 (Neighboring Polyhedra). Two polyhedra,Pi and
P j, are said to be neighbors if their intersection has nonzero
Euclidean volume in n−1 dimensions, that is:

|Pi ∩ P j|n−1> 0, (20)
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Figure 3: Illustration of a hybrid automaton derived from an SSP and
its PWL dynamics formulation.

where |·|n−1 denotes the (n−1)-dimensional Euclidean volume of
a set, computed with respect to the Lebesgue measure.

Definition 12. LetX ⊂ Rnx be a compact set. A finite collection
of sets χcs = {X1, . . . ,XM} is called a partition of X if: (1)
Xi ⊆ X for all i = 1, . . . ,M; (2) Int(Xq) ∩ Int(Xp) = ∅ for all
q ̸= p; (3) X =

⋃M
i=1Xi. Each set Xi in the partition χcs is

called a cell.

Definition 13. (Convexity of Activation Regions). Consider a
ReLU NNNNR. For any activation pattern λi and a vector θNN
representing the trainable parameters ofNNR, each activation
region R(λi, θNN ) is defined to be convex.

Definition 14. A NN-based hybrid automaton is defined by a
tuple (X,Xi,X0,U,→,F ) in which the components are defined
by:
• Cells: X ≡ {X1, ...,XM} is a finite set of cells;
• State Variables: Xi ⊂ Rn, i = 1, ...,M is the set of state

variables;
• Initial conditions: X0 is the initial state set;
• Inputs: U ≡ {U1, ...,Um} is the set of optimal controllers;

• Transitions→: Xi
Ui
−−→ X j is the set of transitions from cell

i to cell j;
• Set of piecewise dynamical systems: F ≡ {F1, ...,FM} is

the set of dynamical systems for each given cell Fi ∈ F .

3.2. SSP and labeling

In this section, we present an algorithm for constructing the
abstract state space. Leveraging the fact that ReLU NNs par-
tition the continuous state space into polyhedral regions, our
method avoids explicitly enumerating all possible polyhedra.
Instead, we employ a binary space partitioning (BSP) strategy
to incrementally generate only the regions necessary for anal-
ysis. This on-demand construction significantly reduces com-
putational complexity compared to exhaustive region enumera-
tion.

The continuous state space X is partitioned into polyhedral
regions and represented as a BSP tree, whose structure is in-
duced by the NN with N ReLU neurons. The root node corre-
sponds to the entire domainX. Construction begins by applying
the first half-space constraintH1 (associated with the first neu-
ron), which splits X into two convex polyhedra forming the left
and right child nodes. The process then proceeds recursively: at
each node, the next half-space constraint is imposed to further

Figure 4: State-space abstraction using BSP

subdivide each non-empty polyhedron. Through this iterative
refinement, the BSP tree encodes only the feasible polyhedral
regions induced by the network’s activation pattern, avoiding
explicit enumeration of the full exponential region set. After all
neuron-generated half-spaces are processed, each non-empty
leaf corresponds to a valid abstract region. This process is il-
lustrated in Fig. 4. The 2D rectangular space X is successively
partitioned by H1, H2, and H3. First, H1 divides X into X1
and X1. Applying H2 yields four regions: X12, X12, X12, and
X12. Only X12 intersects H3, so it alone is further partitioned.
The resulting BSP tree simultaneously provides the geometric
state-space partition and an efficient search structure over the
abstract regions.

Fig. 5 demonstrates an instance of partitioning a convex poly-
tope using a line. As shown in Fig. 5(b), at first, the constraint
of active neurons is added to the main polyhedral constraint.
Then, the essential constraints of the portioned polyhedral are
checked, and the constraints that violate the inequality are re-
moved (Fig. 5 (c) and (d)). According to the explanations given
in previous subsections, the main SSP algorithm is given in
Fig. 6.

Figure 5: Polyhedral cell partitioning: (a) base cell with inequalities,
(b) main intersections, redundant edges, and added line constraints,
(c) left cell with inequalities, and (d) right cell with inequalities after
partitioning.

Remark 1. Previous studies have shown that ReLU NNs par-
tition the input space into convex polyhedral regions [41, 42].
In contrast, our work introduces a distinct approach: we use a
BSP-based construction, driven by the NN’s weights and acti-
vation patterns, to explicitly generate an abstract state-space.
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Figure 6: The main SSP algorithm.

This abstraction is then leveraged for BCO in global path plan-
ning and safety-aware hybrid control synthesis. While building
on the known geometric properties of ReLU NNs, the integra-
tion of BSP-driven NA with BCO and robust optimal reach con-
trol represents a novel contribution of this study.

4. Efficient Safe Path Exploration Algorithm

In this section, a BCO algorithm is introduced for finding the
optimal path between the initial and target cells, which are rep-
resented by polyhedral templates and characterized by binary
values, while avoiding obstacles.

4.1. Path Planning
Consider X ⊂ Rn as the state space, where the obstacle space

is denoted as Xobs and the free space as X f ree = X \ Xobs. The
objective of path planning is to discover a feasible path ϕ(t)
satisfying:

ϕ(t) : [t0, T ]→ X f ree, ϕ(t0) ∈ Xinit, ϕ(T ) ∈ Xgoal (21)

whereXinit represents the initial state set, Xgoal denotes the goal
set, t0 is the initial time, and T is the final time.

Let Φ f denote the set of all feasible paths. Introducing a
cost function cc : ϕ → R+, which assigns each feasible path
ϕ ∈ X f ree a positive real number, the optimal path planning
problem can be formulated as follows:

ϕ∗ = arg min
ϕ∈Φ

cc(ϕ)

sub ject to : (21)
(22)

The cost function between two cells is defined as:

cc(ϕ) =
T∑

t=0

Cost(ϕ(t), ϕ(t + T )) (23)

Problem 1. (Feasible Path Solution). Find a path ϕ f : [T0, t], if
one exists, within the obstacle-free space X f ree ⊂ X satisfying
ϕ f (0) = Xinit ∈ X f ree and ϕ f (T ) = Xgoal. If no such path exists,
report failure.

Problem 2. (Optimal Path Solution). Find an optimal path ϕ∗f :
[t0, T ] connecting Xinit and X f ree in obstacle-free space X f ree ⊂

X, such that the cost of the path ϕ∗f is minimum, i.e., cc(ϕ∗f ) =
{minϕT cc(ϕ f ) : ϕ f ∈ Φ f }.

4.2. BCO-based Safe Path Planning

Definition 15. (Combinatorial Optimization Problem (COP))
A COP is formally defined as a quadruple COP = (I,Z, d,G),
whose components are given as follows:
• I is the set of problem instances;
• For each instance β ∈ I, Z(β) denotes the finite set of

feasible solutions;
• d(β, z) is the cost (or objective) associated with instance β

and solution z ∈ Z(β), typically a real-valued function;
• G is an optimization operator, either min or max.
The goal is to find an optimal solution z∗ ∈ Z(β) for a given

instance β such that:

d(β, z∗) = G{d(β, z) | z ∈ Z(β)}. (24)

In the partitioned state space composed of polyhedral cells,
the proposed BCO algorithm begins by constructing feasible
transition sequences from the initial to the target region. The
algorithm explores all admissible paths that move toward the
target while respecting the optimality constraints defined over
the abstract graph of polyhedral regions. An illustrative exam-
ple of transitions between polyhedral cells using binary flags in
the proposed BCO framework is shown in Fig. 7. It’s assumed
that the state space is partitioned using a ReLU NN with 12 neu-
rons. X0 andXM stand for initial and target polytopes, in which
some neurons are active and some are inactive. There are two
common bits between initial and target polyhedrons. The total
number of transitions is determined by applying the proposed
BCO algorithm. Notably, a majority of transitions demonstrate
that altering one bit leads to minimum cost, except for the tran-
sition from cell X1 to cell X2, where a 2-bit change results in
a lower cost compared to bit-by-bit alteration. A pivotal char-
acteristic of this approach lies in the design of an optimal path
between successive middle cells at each step, facilitating its ap-
plicability in online path planning. Ultimately, the shortest opti-
mal path between the initial and target is chosen by connecting
the devised trajectories amid the middle cells that the agent will
traverse.

4.3. Algorithm Description

Input parameters for the algorithm include:
1. Sn, The set of flags representing neuron activation within

the next polyhedral cell. For instance, in a ReLU NN with
10 neurons, this set is denoted as 0100111001, where 0
signifies inactive and 1 signifies active flags.

2. Sm, the set of neuron flags within of the current cell.
3. ST , the set of neuron flags within of the target cell.
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Figure 7: Illustration of polyhedral cell transitions using binary acti-
vation flags in the BCO framework. A ReLU NN with 12 neurons
partitions the state space, with X0 and XM denoting the initial and
target cells. In this example, two bits match, and the BCO evaluates
all feasible bit-flip sequences. The optimal transition uses a 2-bit flip,
yielding lower cost than sequential single-bit changes.

4. Sb, the set of neuron flags within of the barrier cell.
5. Nmax, The maximum allowable number of bit changes.
6. N, The total number of neurons in the NN structure, equiv-

alent to the number of bits.
Therefore, the components of COP in Definition 15 can be

specified as:
• Instance Set I:

I = {S0,ST },

• Feasible SolutionsZ(S0):

Z(S0) = {{S0,S1, . . . ,Sk = ST } | |Si ⊕ Si+1|≤ Nmax,∀i}

where ⊕ denotes the bitwise XOR operation.
• Cost Function d(Si,Si+1):

d(Si,Si+1) = cost of transitioning from Si to Si+1,

• Goal Function G:

G = min
k−1∑
i=0

d(Si,Si+1).

Algorithm 1 provides a detailed explanation of the BCO al-
gorithm.

4.4. Complexity Analysis and Algorithmic Guarantees
4.4.1. Computational Complexity

At each step, the algorithm enumerates all possible bit–flip
combinations up to Nmax, yielding:

Ctot =

Nmax∑
i=1

(
N
i

)
candidate transitions. For each candidate cell Sn, the cost Qc is
computed once and compared to the current minimum. Hence,
the per-iteration computational cost is O(Ctot), and in the worst
case (when Nmax = N), the complexity is O(2N), which corre-
sponds to exhaustive enumeration of all binary states (blue line

Algorithm 1 BCO algorithm

// Qc is the cost from the current cell to the next cell.
// So is the optimal set of neuron’s flags. The target related to
this cell is selected as the next transition cell.
while So ̸= ST

// Qmin is the minimum cost for transition between
cells.

Qmin ← ∞,
for i=1: Nmax

for j=1:
(
N
i

)
Sn = FindNextCell(i, j,Sm),
if Sn ̸= Sb

u∗ = ū + K∗e (x − x̄), // take action
Qc = cost(Sm,Sn, u∗), // calculate cost
if Qc < Qmin

Qmin ← Qc,
So ← Sn,

end
end

end
end
Sm ← So,

end

in Fig. 8). However, in practice Nmax ≪ N, making the algo-
rithm quasi–linear with respect to N since

∑Nmax
i=1

(
N
i

)
≈O(NNmax )

(red line in Fig. 8). Thus, the proposed BCO can operate online
for moderate-dimensional partitions because only a limited sub-
set of neighboring cells is evaluated at each step. The memory
requirement is proportional to the number of candidate cells,
i.e., O(Ctot).

4.4.2. Correctness Guarantee
At every iteration, the algorithm selects the feasible neigh-

boring cell Sn that minimizes the local transition cost d(Sm,Sn)
while ensuring Sn ̸= Sb (barrier) and |Sm ⊕ Sn|≤ Nmax. Since
each move strictly reduces the accumulated cost and ST is
reachable in a finite number of transitions, the algorithm ter-
minates in at most M steps, where M is the number of poly-
hedral cells along the feasible path. Therefore, the procedure
is guaranteed to find a valid sequence of cells connecting S0 to
ST whenever such a sequence exists under the bit–change and
barrier constraints.

4.4.3. Optimality
The resulting trajectory is sub–optimal with respect to the

discrete transition cost defined over the graph of polyhedral
cells. Global optimality in the original continuous domain is not
guaranteed, as the abstraction maps continuous dynamics into a
finite symbolic structure and uses approximate cell–to–cell cost
evaluations. However, when (i) each transition cost d(Si,Si+1)
is conservative with respect to the true system cost (i.e., it
upper–bounds the continuous cost for that transition), and (ii)
all feasible neighboring cells are evaluated at each expansion
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Figure 8: Comparison between the exponential growth of binary parti-
tions 2N (blue line) and the restricted neighbor expansion

∑2
i=0

(
N
i

)
used

in the proposed BCO method (red line).

step, Algorithm 1 yields the shortest path on the induced dis-
crete graph. Accordingly, the proposed planner solves a CBO
consistent with Definition 15, exploring sequences in Z(S0)
and accumulating transition costs d(Si,Si+1) to minimize the
discrete objective G. Under conservative transition costs and
exhaustive evaluation of neighbors satisfying |Si⊕Si+1| ≤ Nmax,
the method provides an optimal solution within the discrete ab-
straction while remaining sub–optimal in the continuous do-
main.

5. Robust Optimal Transition Control Design

The dynamics in Eq. (13) depend on ReLU activation pat-
terns, where each pattern corresponds to an affine model valid
in a specific polyhedral region. This yields a PWL affine system
of the form:

xk+1 = Aixk + Biuk + bi + ωk, i = 1, . . . ,M, (25)

where ωk = εk + δk, and each tuple (Ai, Bi, bi) corresponds to
the affine dynamics associated with cell i. For the purpose of
transition–controller synthesis, we focus on the local dynamics
within a specific region and across its neighboring cells. Thus,
the dynamics used for control design are expressed as:

xk+1 = Axk + Buk + b + ωk, (26)

representing the affine model governing the transition between
two adjacent polyhedral cells. Ignoring ωk yields the nominal
system:

x̄k+1 = Ax̄k + Būk + b. (27)

Define the deviation between real and nominal trajectories
as:

x̃k = xk − x̄k. (28)

Substitution gives the error system:

x̃k+1 = Ax̃k + Bũk + ωk, (29)

where ũk = uk − ūk. Let xr denote the desired position of the
target polytope. The nominal error relative to xr evolves as:

ēk+1 = Ax̄k + Būk + b − xr. (30)

Figure 9: Hybrid control framework combining tube-MPC for nominal
guidance and a minimax control for robust error correction.

The control input is decomposed as:

uk = ūk + ũk, (31)

where the nominal term ūk is generated by a tube–MPC, and the
corrective term is:

ũk = Ke x̃k, (32)

with Ke obtained via Minimax control policy. Fig. 9 illustrates
the proposed control system architecture: the tube-MPC drives
the nominal dynamics toward the next region, while the min-
imax controller compensates modeling errors and ensures ro-
bustness.

5.1. Tube-MPC Formulation

The tube–MPC regulates the nominal system while satisfy-
ing tightened constraints to preserve feasibility under distur-
bances. The finite–horizon cost to be minimized is defined as:

J(x̄k, ūk) = JT (x̄k+N|k) +
N+k−1∑

i=k

Js(x̄i|k, ūi|k) (33)

where N is the prediction horizon, Js(x̄i|k, ūi|k) =

∥x̄i|k∥
2
QMPC
+∥ūi|k∥

2
RMPC

stands for the stage cost, JT (x̄k+N|k) =
∥x̄k+N|k∥

2
PMPC

is the terminal cost, and PMPC ,QMPC ,RMPC ∈ Rn×n

are symmetric and positive semi-definite weighting matrices.
The finite-horizon tube-MPC problem is formulated as:

(x̄∗k, ū
∗
k) = arg min

{x̄i|k ,ūi|k}
J(x̄k, ūk)

s.t. x̄i+1|k = Ax̄i|k + Būi|k + b,

ei+1|k = Ax̄i|k + Būi|k + b − xr,

x̄i|k ∈ X̄tube,

ūi|k ∈ Ūtube,

x̄k+N|k ∈ X̄tube,T ,

x̄k|k = x̄k,

(34)

where i = k, . . . , k+N −1. The optimization enforces tube con-
straints on both the predicted nominal states X̄tube and inputs
Ūtube to guarantee constraint satisfaction while avoiding obsta-
cles. The terminal condition x̄k+N|k ∈ X̄tube,T with terminal cost
JT ensures recursive feasibility and exponential convergence,
driving x̄k → xr.

5.2. Minimax control policy design

In this section, the minimax optimal policy design procedure
is formulated for the linear discrete-time systems Eq. (29). For
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system (29), the infinite-horizon H∞ tracking problem is to find
a control policy uk such that:

1) The full measured states of system (29) converge to the
origin with ωk = 0,

2) The disturbance attenuation condition is satisfied:∑∞
i=k α

i−k[x̃T
i Qx̃i + uT

i Rui]∑∞
i=k α

i−kωT
i ωi

≤ γ2 (35)

where α ∈ (0, 1) represents the discount factor, γ is the up-
per bound denoting the desired L2 gain disturbance attenuation
level, and Q and R are both positive symmetric weighting ma-
trices.

Assumption 1. In system (29), it is assumed that the pairs
(A, B) and (A,Q

1
2 ) are controllable and observable, respec-

tively, where Q is defined in Eq. (35).

Assumption 2. The positive semi-definite matrix P is the solu-
tion of the following algebraic Riccati equation (GARE) [43]:

P =Q + αAT PA −
[
αAT PB αAT P

]
×

[
R + αBT PB αBT P
αPB αP − γ2I

]−1 [
αBT PA
αPA

]
.

(36)

The H∞ control problem (35) can be considered as a two-
player zero-sum linear quadratic dynamic game, in which the
controller and disturbance are regarded as minimizing and max-
imizing players, respectively. The reward function is defined as:

r(x̃i, ui, ωi) = x̃T
i Qx̃i + uT

i Rui − γ
2ωT

i ωi (37)

The primary goal is to address the subsequent minimax opti-
mization problem:

u∗k, ω
∗
i = min

uk
max
ωk

V(x̃k)

= min
uk

max
ωk

∞∑
i=k

αi−kr(x̃k, ui, ωi)
(38)

where V(x̃k) = αi−kr(x̃k, ui, ωi) represents the value function
corresponding to admissible control policy uk and ωk. The ob-
jective of the zero-sum dynamic game is to find the feedback
saddle solution (u∗k, ω

∗
i ) that satisfies the following inequality

for any admissible control policies uk and ωk:

V(x̃k, u∗k, ωk) ≤ V(x̃k, u∗k, ω
∗
k) ≤ V(x̃k, uk, ω

∗
k) (39)

The inequality (39) indicates that no player will deviate from
(u∗k, ω

∗
i ) because a unilateral change of strategy will cause a loss

of revenue for both players.
According to Bellman’s principle of optimality, the feedback

saddle solution (u∗k, ω
∗
i ) is expected to meet the following Bell-

man optimality equation:

V(x̃k) = r(x̃k, uk, ωk) + α
∞∑

i=k

αi−k−1r(x̃i, ui, ωi) (40)

which can be expressed as:

V(x̃k) = r(x̃k, uk, ωk) + αV(x̃k+1) (41)

Here, the main goal is to find an optimal solution for the
state-dependent value function V(xk) which satisfies the GARE
introduced in Assumption 2. Assuming that the game has a
value and is solvable, then the value function takes a quadratic
form in the state and is represented as:

V(x̃k) = x̃T
k Px̃k (42)

Thus, the Bellman equation (41) is transformed into:

x̃T
k Px̃k = r(x̃i, ui, ωi) + αx̃T

k+1Px̃k+1 (43)

Define the Hamiltonian function as:

H(x̃k, uk, ωk) = r(x̃k, uk, ωk) + αV(x̃k+1) − V(x̃k) (44)

The following theorem shows the result of the minimax con-
troller design for the discrete-time linear system (29).

Theorem 2. The minimax optimal policy control u∗ and the
worst-case disturbance take the following form:

u∗k = −K∗e x̃k (45)

w∗k = −K∗w x̃k (46)

where the coefficients K∗v and K∗w are calculated by:

K∗e =[R + αBT PB − αBT P(αP − γ2)−1αPB]−1

× [αBT PA − αBT P(αP − γ2I)−1αPA]
(47)

K∗w =[αP − γ2I − αPB(R + αBT PB)−1αBT P]−1

× [αPA − αPB(R + αBT PB)−1αBT PA]
(48)

where I denotes the identity matrix with an appropriate dimen-
sion.

Proof. An essential requirement for optimality is that the con-
trol policy and the disturbance should satisfy the conditions
∂H

∂uk
= 0 and

∂H

∂wk
= 0. Therefore, from (44), we obtain:

(R + αBT PB)uk + αBT Pwk + αBT PAx̃k = 0
αBT PBuk + (αP − γ2I)wk + αPAx̃k = 0

(49)

By simultaneously solving the two equations presented in
(49), we can derive the optimal control policy and worst-case
disturbance, as expressed in Eqs. (45) and (46). Additionally,
upon substituting Eqs. (45) and (46) into the Bellman equation
(43), we obtain the GARE Eq. (36).

Remark 2. In order to establish unique feedback-stabilizing
policies as depicted in (45) and (46), the following inequalities
need to be satisfied:

I − αγ−2P > 0 (50)

R + αBT PB > 0 (51)
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From Eqs. (47) and (48), it is evident that determining K∗v and
ω∗v necessitates solving the GARE, which constitutes a nonlin-
ear matrix equation. In Algorithm 2, a policy iteration algo-
rithm is developed to solve the GARE equation (36) and extract
the optimal values for K∗e and K∗w.

Algorithm 2 Policy iteration algorithm for solving GARE

Input: Initial values for iteration number, j = 0, and feed-
back gains K0

e , K0
ω.

1. Policy evaluation: find P j+1 using Bellman equation:
P j+1 = Q + (K j

e)
T

RK j
e − γ

2(K j
w)

T
K j

w

+(A − BK j
e − K j

w)
T

P j+1(A − BK j
e − K j

w)
2. Policy improvement:
K j+1

e = (R + αBT P j+1B − αBT P j+1(αP j+1 − γ2I)−1

αP j+1B)−1(αBT P j+1A − αBT P j+1

(αP j+1 − γ2I)−1αP j+1A)
K j+1

w = (αP j+1 − γ2I − αP j+1B(R + αBT P j+1B)−1

αBT P j+1)−1(αP j+1A − αP j+1B
(R + αBT P j+1B)−1αBT P j+1A)

3. Stop if ∥K j+1
i − K j

i ∥≤ κ, i ∈ {v,w}, where κ is a threshold;
otherwise, set j = j + 1 and go to step 1.

Note that in both tube-MPC and the minimax optimization
problem, the optimal decision variables x̄k+1 and x̃k+1 are ex-
pressed as piecewise affine functions of the current states x̄k

and x̃k. Consequently, this indicates that the control law (31) is
also piecewise affine. To be more precise, we can express:

uk =


ū∗k,1 + K∗e,1(xk,1 − x̄k,1), i f x ∈ P1

...
ū∗k,M + K∗e,N(xk,M − x̄k,M), i f x ∈ PM

(52)

The sets P1, . . . ,PM represents convex polytopes with pair-
wise disjoint interiors, and their union

⋃M
i=1 Pi forms the set X.

Remark 3. The adoption of tube-MPC in the proposed hybrid
framework is essential to ensure robust constraint satisfaction
within the polyhedral regions determined by BCO algorithm. In
the ReLU NN-based NA, the true nonlinear dynamics are ap-
proximated by a PWL affine model, which introduces bounded
modeling uncertainties, particularly near the boundaries of ad-
jacent polyhedral cells. A standard MPC formulation, which
assumes perfect model knowledge, may therefore lead to con-
straint violations or unstable transitions between cells. Tube-
MPC addresses this issue by constructing a robust invariant
“tube” around the nominal trajectory, guaranteeing that all
possible realizations of the perturbed system remain within the
corresponding polyhedral cell prescribed by the BCO. This
mechanism ensures that both the nominal and actual trajecto-
ries remain feasible and consistent with the planned transitions,
preserving stability and safety during the entire path planning
process.

Remark 4. In contrast to conventional nonlinear approxima-
tion approximation such as Gaussian Processes, fuzzy models,

Figure 10: Comparison of existing nonlinear modeling methods and
the proposed ReLU-based partitioning.

or Koopman-based lifting [44], the proposed ReLU-based SSP
algorithm produces an explicit PWL abstraction of the unknown
dynamics within polyhedral regions (Fig. 10). This structure
enhances safety, interpretability, and real-time feasibility by
enabling direct enforcement of state and input constraints in
each region, supporting global path planning through BCO,
and permitting real-time control synthesis via hybrid tube-
MPC with minimax error compensation. Such properties
are particularly beneficial in safety-critical and time-sensitive
scenarios—including autonomous vehicle navigation, pendu-
lum swing-up stabilization, and dynamic legged-robot locomo-
tion—where nonlinearities, contacts, and actuator limits re-
quire transparent and certifiable models. The approach further
resolves key challenges associated with balancing approxima-
tion accuracy and partition complexity, maintaining tractable
online computation, and guaranteeing safe transitions across
polyhedral cells, limitations that traditional black-box learning
techniques do not adequately address.

Remark 5. The proposed hybrid control framework, which in-
tegrates tube-MPC with a minimax feedback policy, is inten-
tionally designed to balance optimality, robustness, and con-
straint satisfaction in the NA domain. The tube-MPC compo-
nent optimizes the nominal trajectory while guaranteeing re-
cursive feasibility and constraint satisfaction across polyhe-
dral partitions induced by the ReLU NN. However, since the
ReLU-based piecewise affine approximation inevitably intro-
duces bounded modeling errors and external disturbances, the
minimax control law is incorporated to attenuate these uncer-
tainties and ensure closed-loop robustness. This combination
allows the overall controller to maintain stability and safety
during transitions between polyhedral cells, even when the un-
derlying nonlinear dynamics are unknown. In contrast, a pure
tube-MPC scheme would be sensitive to unmodeled dynamics,
while a standalone minimax controller would neglect the opti-
mization and constraint-handling aspects. Therefore, the pro-
posed hybrid design provides a systematic way to achieve both
disturbance rejection and trajectory optimality under NA-based
PWL dynamics.
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6. Numerical Evaluation

In this section, the efficacy of the proposed data-driven
NA and hybrid control approach is investigated through three
benchmark examples: (i) vehicle path planning, (ii) dynamic
identification and control of double-pendulum robot, and (iii)
robustness analysis of tube-MPC on inverted pendulum robot.
Each model employed a one layer ReLU NN trained with the
Adam optimizer using a learning rate of 10−3, batch size of 64,
and a maximum of 200 epochs.

6.1. Vehicle path Planning Benchmark

The first example considers the design of an optimal con-
troller for a nonholonomic vehicle tasked with reaching a target
polyhedral region while avoiding obstacles. The vehicle state
is defined as ξ = [x, y, θ]T , where (x, y) denote the vehicle posi-
tion and θ its orientation. The discrete-time dynamic model of
the vehicle is as [45, Example A]:

xk+1 = xk + ∆tvk
cos(θk + φk)

cos(φk)

yk+1 = yk + ∆tvk
sin(θk + φk)

cos(φk)
θk+1 = θk + ∆tvk tan(wk),

(53)

where φk = arctan
(

tan(wk)
2

)
, the state satisfies ξk ∈ [−2.5, 2.5]2 ×

[−π/2, π/2], and the control input is uk = [vk,wk]T ∈ [−1, 1]2.
The variables vk and wk correspond to the rear-wheel veloc-
ity and steering angle, respectively. Here, x, y are in metres
(m), θ, φk, wk are in radians (rad), and vk is in m/s. The
sampling period is ∆t = 0.05s. Within the GARE-based op-
timization framework, the parameters are selected as Q =

diag(1000, 1200, 1500), P = diag(100, 100, 150), R = 5, γ = 5,
α = 0.025, and the maximum iteration number is 100.

A ReLU NN with five inputs [xk, yk, θk, vk,wk]T , three out-
puts [xk+1, yk+1, θk+1]T , a dataset of 1500 samples, and a single
hidden layer of 25 neurons (Fig. 11(a)) was trained to approxi-
mate the nonlinear dynamics in (53) with a PWL representation.
The training loss is shown in Fig. 11(b).

Fig. 12 depicts the resulting polyhedral state-space partition,
highlighting the initial cell (red), the target cell (green), and
the obstacle regions (blue). The blue trajectory demonstrates
successful collision-free navigation of the vehicle to the goal
using the BCO and hybrid control scheme. Table 1 presents
the tracking error statistics from simulation. The results show
small position and orientation deviations, demonstrating that
the controller achieves reliable trajectory tracking despite the
PWL model approximation.

Table 1: Error Statistics for vehicle.
Error Statistic Max. Error Variance Mean Error

∆x 0.171 m 0.049 0.192 m
∆y 0.132 m 0.061 0.083 m
∆θ 0.112 rad 0.054 0.072 rad

Figure 11: (a) Structure of the ReLU NN employed to learn the vehicle
dynamics. (b) Training loss plotted on a logarithmic scale.

Figure 12: Polyhedral partition of the vehicle state space. Red, green,
and blue denote the initial cell, target cell, and obstacles, respectively.
The blue line shows the trajectory generated by BCO.

Figure 13: Experimental setup of a small-scale bipedal robot (left) and
the simplified dynamic model of one leg as a double pendulum (right).

6.2. Dynamic Identification and Control of Double-Pendulum

In this example, we aim to model and identify the dynam-
ics of one leg of a bipedal robot, as shown in Fig. 13. Each
leg is represented as a planar double pendulum with two rev-
olute joints. The physical parameters of each leg are: link
lengths L1 = 0.2,m and L2 = 0.172,m, with point masses
m1 = 0.211,kg and m2 = 0.141,kg.

To collect data from each joint of one leg of the robot, chirp
torque inputs are applied, with amplitudes of 0.075 Nm and
0.028 Nm, and maximum frequencies of 3 Hz and 2.5 Hz for
the two joints, respectively. Joint angular positions (q1, q2)
are obtained from encoder measurements, while joint velocities
(q̇1, q̇2) and accelerations (q̈1, q̈2) are computed using Euler dis-
cretization and subsequently smoothed with a moving-average
filter. The end-effector position of the double-pendulum can be
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Figure 14: (a) Architecture of the ReLU NN used to model the double-
pendulum dynamics. (b) Log-scaled loss curve during training.

Figure 15: Polyhedral partition of the double-pendulum end-effector
space. The red and green regions denote the initial and target cells,
and the blue line shows the trajectory obtained using BCO.

specified by:xe = L1 sin(q1) + L2 sin(q1 + q2)
ze = L1 cos(q1) + L2 cos(q1 + q2)

(54)

The end-effector velocity (ẋe, że) and acceleration (ẍe, z̈e) are
computed using Euler discretization and subsequently denoised
via the moving-average filter. Therefore, the dynamic equation
of the pendulum in Cartesian space can be formulated as:

Ϋ = f (Υ, Υ̇, τ) (55)

where Υ = [xe, ze] and Υ̇ = [ẋe, że]. Since, in practice,
the nonlinear function f (Υ, Υ̇, τ) includes unknown dynamic
uncertainties and friction effects, a single-hidden-layer NN
with 40 neurons was trained using a dataset of 8000 samples
(Fig. 14(a)). The training convergence is shown in Fig. 14(b).

The learned model induces a polyhedral decomposition of
the end-effector state space, enabling path planning through the
BCO framework. Starting from the initial region (red) and pro-
gressing toward the target region (green), the tube-MPC con-
troller guarantees safe transitions between neighboring cells.
The resulting trajectory in Fig. 15 shows precise path following
and smooth regulation despite the system’s nonlinear behavior.

Table 2 reports the tracking error statistics. The small an-
gular deviations for both joints demonstrate that the proposed
hybrid planning-and-control framework maintains high track-
ing accuracy, validating the effectiveness of the learned PWL
model.

Table 2: Error Statistics for double-pendulum.
Error Statistic Max. Error Variance Mean Error

q1 7.34° 0.043° 0.20°
q2 5.75° 0.021° 0.15°

6.3. Polyhedral Tube-MPC Robustness on an Inverted Pendu-
lum

The final example examines the robustness of the proposed
polyhedral tube-MPC on an inverted pendulum robot governed
by:

θ̈ =
g
l

sin(θ) +
1

ml2
u + w, (56)

where θ (rad) is the pendulum angle, u (N·m) the control torque,
g = 9.8 m/s2, l = 0.172 m, m = 0.141 kg, and |w|≤ wmax rep-
resents bounded disturbance. The viscous friction coefficient
is k = 0.1, and the sampling time is ∆t = 0.001 s. A feed-
forward ReLU neural network with three inputs, [θ, θ̇, u]T , one
output, θ̈, and a single hidden layer of 16 neurons (Fig. 16(a)),
was trained to approximate the nonlinear pendulum dynamics
described in (56). The model was trained using 1000 uni-
formly sampled data points from the domain [−π/2, , π/2] ×
[−2.5, , 2.5]×[−1, , 1], and the logarithmic training loss is shown
in Fig. 16(b).

The pendulum was commanded to swing from θ(0) = 0◦ to
θ f = 45◦ under disturbance magnitudes wmax ∈ 0.01, 0.05, 0.10.
As shown in Fig. 17, the tube-MPC design ensured constraint
satisfaction and bounded deviations between nominal and dis-
turbed trajectories across all disturbance levels. The phase por-
traits in Fig. 18 further demonstrate that the disturbed trajecto-
ries consistently remain within their corresponding polyhedral
tubes.

Table 3 reports the angular tracking error statistics for differ-
ent tube sizes and disturbance levels in the inverted pendulum.
As expected, the mean, variance, and maximum errors increase
with both the tube size and the disturbance intensity. Specif-
ically, for a small tube under low disturbance, the mean error
is 0.35,rad, variance 0.04,rad2, and maximum error 0.82,rad.
For a medium tube under medium disturbance, the mean, vari-
ance, and maximum errors increase to 1.07,rad, 0.26,rad2, and
2.45,rad, respectively. Under a large tube with high distur-
bance, the errors further increase to a mean of 2.84,rad, vari-
ance of 0.88,rad2, and a maximum of 5.33,rad. Importantly, all
observed errors remain within the designed tube bounds, con-
firming that the conservatively chosen tube radii—set as 1.5×
the maximum learned-model error—are sufficient to guarantee
robust invariance and safe tracking.

Together, these results validate the ability of the ReLU-based
model and polyhedral tube-MPC framework to ensure robust
motion execution despite model approximation errors and ex-
ternal disturbances.

7. Conclusion

This paper introduced a novel data-driven framework for
synthesizing robust and optimal controllers for a broad class
of unknown nonlinear discrete-time systems. The proposed
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Table 3: Angular Error Statistics for Inverted Pendulum.

Tube Size Disturbance Level ∆θ Var(∆θ) ∆θmax

Small Low 0.35 0.04 0.82
Medium Medium 1.07 0.26 2.45

Large High 2.84 0.88 5.33

Figure 16: (a) ReLU NN configuration for identifying the dynamics of
the inverted pendulum. (b) Logarithmic plot of the training loss.

Figure 17: Time evolution of θ under three disturbance levels. Blue:
nominal trajectory; red: real trajectory; shaded area: tube bounds.

method partitions the state space into polyhedral cells using
ReLU NNs, allowing unknown nonlinear dynamics to be rep-
resented as PWL systems. An ε-approximate relation between
the real system and its abstracted model was established, en-
abling efficient and formally grounded computational model-
ing. A BCO-based safe path planning algorithm was developed
to identify optimal transition sequences between initial and tar-
get cells while minimizing the number of transitions within the
abstraction, thereby reducing computational complexity. For
transitions between polyhedral regions, a hybrid control strat-
egy was designed that integrates tube-MPC for nominal dy-
namics with a minimax feedback controller for error compen-
sation. Furthermore, a weighted automaton independent of the
system dynamics was constructed to represent the overall ab-

Figure 18: Phase portraits of θ and θ̇ for varying tube sizes. Blue:
nominal, red: real, polygons: tube boundaries.

straction. The effectiveness of the proposed framework was
validated through case studies, including an autonomous vehi-
cle path-planning benchmark, a double-pendulum robotic sys-
tem, and an inverted pendulum. Future work will extend this
methodology to higher-dimensional systems and implement the
controller on a ten-degree-of-freedom bipedal robot with un-
known dynamics to further demonstrate its practical applicabil-
ity.
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Appendix A. Finding Essential Constraints

To check whether constraint i is necessary or redundant, we
create a new set of constraints by excluding the ith constraint as:

A =
[
a1 ... ai−1 ai+1 ... am

]T
(A.1a)

µ =
[
µ1 ... µi−1 µi+1 ... µm

]T
(A.1b)
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and proceed to solve the following LP problem:

max
x

aix

s.t. Ax ≤ µ
(A.2)

An inequality aix ≤ µi within (A.2) is considered redundant
if removing it from the system does not alter the solution set of
(A.2). Equivalently, there is no x that satisfies aix > µi while
simultaneously meeting a jx ≤ µ j for all j ̸= i.
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