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Chapter 1

Introduction

Most of financial products exchanged by market participants are derivative products,
which are financial contracts whose value hinges on another financial asset, underly-
ing it. For instance, underlying assets can be stocks, interest rates, commodities and
foreign exchange rates. In order to price and measure risks carried by such financial
products, quantitative finance relies on mathematical models such as continuous-time
stochastic models. The latter ones are used in this thesis to capture the dynamics of
the underlying assets. One of the most famous stochastic process for the modelling
of asset prices was developed by Black and Scholes (1973). This work initiated var-
ious research projects in view of the criticism it received from the empirical studies
on financial time series. Similarly to the Black-Scholes model, the model proposed
by Uhlenbeck and Ornstein (1930), mainly used to model interest rate for its mean-
reverting property launched a quest of models that best reproduce the dynamics of
market interest rates. It is worth noting that the models aforementioned are diffusion
processes made up of a drift component and a normally distributed Brownian motion
component at a given time. An important step in the field of finance was taken thanks
to Merton (1976), with the introduction in finance of processes including a diffusion
part and a jump part driven by a point process such as the Poisson process. This
jump part makes it possible to replicate sudden and unexpected changes in the asset’s
price. In the meantime, Hawkes (1971 a) and Hawkes (1971 b) had introduced a new
family of point processes called Hawkes processes, that hold self-excitation and mu-
tually excitation properties. At that time, no one guessed point processes with these
features could be useful for financial applications. In the last 20 years, Hawkes pro-
cesses have received much more attention in finance for the modelling of contagion
effects in credit risk and asset price modelling (see e.g. Errais et al. (2010), Bacry
and Muzy (2014), Ait-Sahalia et al. (2015), Hainaut and Colwell (2016) and Hainaut
and Moraux (2018 a)). Already used in seismology (see e.g. Ogata (1998)) for its key
property that the occurrence of any event increases the probability of further events
occurring, this late use of Hawkes processes in finance reveals the recent emergence
of contagion effects in this field and the upsurge of this type of phenomenon. Facing
dramatic consequences of shocking events like the financial crisis of 2008, and re-
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cently, the COVID-19 pandemic or the war in Ukraine, setting models that accurately
account the contagion patterns underlying financial products is a challenging task.

The main objective of this thesis is to investigate how incorporating a Hawkes process
or a Hawkes process with modified mathematical properties from the original one,
into a diffusion framework may improve the model fit, the pricing of derivatives and
their hedging. In order to achieve this goal, we have explored four directions. First,
the default risk with possible clustering of defaults of interbank market members ob-
served during the credit crunch of 2007 calls for a new interest rate theory consistent
with market rates and based on credit risk theory. Indeed, most of the previous re-
search focuses either on a way to make consistent the interest rate theory with market
rates by the so-called multiple curve approach (see Henrard (2014), Morini (2009),
Grbac and Runggaldier (2015)) or on the change on credit quality within the bank
panel determining the interbank rate (see Filipovic and Trolle (2012)). While the first
solution above came from practitioners and lacked of theoretical foundation, the sec-
ond proposition originated from researchers. Although the latter one seems realistic,
it relies strongly on the composition of panel banks which changes dynamically ac-
cording to the selection criteria. In order to explain the observed market rates quotes
after 2007, Chapter 2 explores a new way to reconcile the classical interest rate theory
and market quotes by combining a multiple curve approach with an intensity based
approach defining the arrivals rate of default within the interbank market as a process
of Hawkes type and of the form of Cox-Ingersoll-Ross processes (Cox et al., 1985).

Second, low interest rates environment prompts investors to consider riskier assets
or long-term investment strategies to obtain higher returns. For instance, a pre- or
post-retirement investment strategy consisting in buying living and/or death annuity
guarantees protects from market downturn and allows for extra returns in conjunction
with growth. The valuation of such insurance products requires a suitable modelling
of the underlying account value which may experience cluster jumps scaled according
to the economic regime. The pricing of life insurance contracts with guarantees has
been a topic of research interest for many years. Several authors have tried to ad-
dress this pricing issue based on financial models (see Brennan and Schwartz (1976),
Brennan and Schwartz (1979), Boyle and Schwartz (1977) or Milvesky and Posner
(2001) with some considering also the policyholder behaviour or profit (see Bauer et
al. (2008), Bernard et al. (2014), Cui et al. (2017), Bernard and Moenig (2018)) and
others investigating the fair value of equity-linked insurance with regard to the level
of solvency capital required (see Hardy (2003), Barbarin and Devolder (2005) and
Feng and Volkmer (2012)). All these studies however have in common the limit of
not incorporating switches in economic regimes into the variable annuities valuation
framework, although it might help reducing the risk of losses for VA issuers, as these
products offer protection of capital during periods of recession and provide additional
returns in conjunction with growth to their holders. Regime-switching techniques
have been used in the field of actuarial sciences in a continuous-time Markov switch-
ing framework to model interest rates and/or reference risky assets (see e.g. Hardy



(2001), Siu (2005), Lin et al. (2009), Hainaut (2014), Fan et al. (2015), Ignatieva et al.
(2016)). However, to the best of our knowledge, self-exciting ones have not been ex-
plored for the valuation of equity-linked life insurance contracts such as VAs, although
Hainaut and Moraux (2018 b) showed that the self-excitation property of the Hawkes
process combined with regime switching models enables to better reproduce the dy-
namics of financial markets. Moreover, most studies rely on the assumption of a fixed
interest rate to discount the cash flows, which is seems unrealistic for VAs as increase
in interest rates is likely to have an adverse effect on the issuers commitments. In an
attempt to address these limitations in the VAs valuation, Chapter 3 extends the work
of Hainaut and Moraux (2018 b) to propose a switching Hawkes jump diffusion pro-
cess for the modelling of the account values, and discusses the impact of the switching
jump clustering on the value of variable annuities.

Third, the way huge changes in stock price may affect future price in the short and long
term invites to investigate new classes of relaxation functions for stock price models
that allow the future price to remember past jumps for a longer period of time. Start-
ing from Black and Scholes (1973) reference model for asset pricing, the geometric
Brownian motion with constant drift and volatility, several researchers have suggested
incorporating a jump component to better reflect the asset returns features. Merton
(1976), Kou (2002), Andersen et al. (2002), Carr and Wu (2003), Eraker (2004) pro-
posed jump diffusion models which enable to reproduce the skewness and the excess
kurtosis observed in assets returns, but do not allow for clustered jumps as they rely
on the assumption that the arrivals of shocks are independently and/or identically dis-
tributed. To overcome this limitation highlighted by Maheu and McCurdy (2004),
self-exciting point processes of Hawkes type were introduced in financial literature.
For instance, Errais et al. (2010), Ait-Sahalia et al. (2015) and Hainaut and Moraux
(2018 a) have used Hawkes processes with an exponential kernel to incorporate the
clustering of jumps, with the advantage of having Hawkes process’s moments with a
closed form. However Bacry and Muzy (2014) and Bacry et al. (2016) provide empir-
ical evidence of slow decay kernel importance for price and trades in high-frequency
and conclude that the intensity of market events should depend on their history and
on the state of the order book. Blanc et al. (2016) generalize the Hawkes price mod-
els introduced in Bacry and Muzy (2014), by allowing all feedback effects in the
jump intensity that are linear and quadratic in past returns. It is worth noting that,
the foundation of the popular rough volatility models comes from Hawkes processes
with kernel of power-law type, as in the quadratic Hawkes processes (see e.g. EL
Euch et al. (2018) and Dandapani et al. (2021)). Chen et al. (2021) design another
range of Hawkes processes that they named fractional Hawkes processes by replacing
the exponential kernel with a sign-changed first derivative of a Mittag-Leffler function
firstly defined in Mittag-Leffler (1903) as a power series. Although, Mittag-Leffler
functions make the Hawkes process non-Markov, in Chapter 4 we consider a Mittag-
Leffler function which is sub-exponential and investigate the use of a Hawkes process
with a relaxation function or kernel function of the form of Mittag-Leffler functions
for stock price modelling and option pricing. To achieve our goal, we use a technique
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similar to the one used in the literature of stochastic rough volatility models (see e.g.
Abi Jaber and El Euch (2019) and Béuerle and Desmettre (2020)) to recover a Markov
structure.

Many empirical findings on asset’s return time series such as heavy tails, skewness and
volatility clustering highlight the lack of diffusion processes to explain the volatility
of asset’s return. In view of that, the fourth and final direction of the thesis is de-
voted to the expansion of the asset model described in Chapter 4, by considering a
stochastic volatility, and to expand the Heston model (Heston, 1993) by including a
long memory feature. In Chapter 5, while the diffusion volatility of the asset price is
a Cox-Ingersoll-Ross process, we consider jumps prices driven by Hawkes processes
whose kernel functions are Fourier transforms of measures and we discuss the impact
of the volatility memory implied by these kernel functions in option pricing.

1.1 Structure of the thesis

The structure of the thesis is organized as follows.

Chapter 2 puts forward one way to resolve the discrepancies between interest rate
practice and theory after the 2007 credit crisis by modifying the arbitrage-free condi-
tion. In this framework, the forward Libor rate is no longer considered as a risk-free
rate and the credit and liquidity risks within the interbank market partly drive its dy-
namics. In a similar manner to the multiple-curve approach, we model the evolution
of default-free rates, assimilated to overnight interest swap rates, and the default times
of an interbank market segment determined by its tenor. For each segment, we use
the reduced form approach to model the arrival rate of defaults with a self-exciting
jump-diffusion process. Then, we deduce the dynamics of the spot forward Libor
rates and provide closed-form approximation pricing formulae for options on forward
Libor rates and swap rates. Even in a context of negative interest rates and compared
to other forms of intensity processes such as a Cox-Ingersoll-Ross process, the self-
excitation property allows a better understanding of the spread OIS-IRS and provides
information about the interbank credit risk. Furthermore, our framework enables to
parse the impact of the interbank credit risk on forward Libor as well as on interest
rates derivatives like caps, floors, and swaptions.

Chapter 3 revisits the valuation of variable annuities under a regime-switching model
when the dynamics of the underlying stock price follows a self-exciting switching
jump-diffusion process. In this framework, we add a jump component to a regime-
switching geometric Brownian for large shocks on the stock price. Unlike Chapter 2,
the intensity of shocks arrival is a Hawkes process modulated by a continuous time
hidden Markov chain with a finite number of states corresponding to the different
economic regimes. The features of shocks are thus modulated by economic regimes.
The interest rate used for discounting is stochastic and correlated to the stock market.
After deriving the theoretical moment generating function under an equivalent mar-
tingale measure, we approximate the call and put options prices by Fourier inversion.
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Together with the mortality model, we discuss the valuation of variable annuity con-
tract that guarantees a minimum living or death benefit. We conclude this chapter by
some numerical results that highlight the impact of self-exciting jumps and economic
regimes on the valuation of guarantees.

Chapter 4 proposes a model for asset prices driven by a self-exciting jump diffu-
sion process similar to the one presented in Chapter 3 but not modulated by a hidden
Markov chain. The novel feature of our model is that shocks are ruled by a Hawkes
process with a Mittag-Leffler memory kernel. The Mittag-Leffler kernel is a relaxation
function used in fractional calculus to describe complex memory effect. In particular,
it generalizes the exponential memory that ensures Hawkes process has the Markov
property. Despite its interesting characteristics, the Hawkes process with the Mittag-
Leffler kernel is non-stationary and a non-Markov process. Nevertheless, we can infer
a closed form expression for the moment generating function of log-returns. It is ob-
tained by representing the Hawkes process with Mittag-Leffler kernel as an infinite
dimensional Markov process. We also provide a change of measure and price Euro-
pean options by exploiting the fast Fourier transform technique. Applied to the times
series of S&P 500 daily values, we demonstrate the efficiency of the proposed model
to produce excess of kurtosis, skewness compared to models with exponential mem-
ory. Finally, we show the impact of the memory parameter on prices of call option on
S&P 500.

Chapter 5 proposes an expansion of the stochastic volatility model of Heston by
adding to the instantaneous asset prices, a jump component driven by a Hawkes pro-
cess with a kernel function or memory kernel that is a Fourier transform of a probabil-
ity measure. This kernel function defines the memory of the asset prices process. For
instance, if it is fast decreasing, the contagion effect between asset price jumps is lim-
ited in time. Otherwise, the processes remember the history of asset price jumps for
a long period. To investigate the impact of different rates of decay or types of mem-
ory, we consider four probability measures, the Laplace, the Gaussian, the Logistic
and the Cauchy measures. Unlike Hawkes processes with exponential kernel, we lost
the Markov property but preserve the stationarity property which ensures that the un-
conditional expected arrival rate of jump does not explode. Moreover, these kernel
functions solve the non-stationary problem of the Hawkes process with Mittag-Leffler
kernel employed in Chapter 4. In absence of the Markov property, we take advantage
of the Fourier transform representation to derive a closed form expression of European
call option price based on characteristic functions. The numerical illustration shows
that our extensions of the Heston model achieve a better fit of the Euro Stoxx 50 option
data than the standard version. To conclude, we analyse the sensitivity of European
call option to memory and self-excitation parameters, underlying price, volatility and
jump risks.
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Chapter 2

Interbank credit risk modelling with
self-exciting jump processes

2.1 Introduction

To the best of our knowledge, up to now there is not a standard theory on the mar-
ket of interbank rates which explains the observed market rates quotes since the credit
crunch of 2007. As the interest rate derivatives market is the largest derivatives market,
modelling interbank rates with a realistic and analytically tractable approach is a great
challenge for the financial industry. Most of the previous research focuses either on a
way to make consistent the interest rate theory with market rates by the so-called mul-
tiple curve approach (see Henrard 2014, Morini 2009, Grbac and Runggaldier 2015),
or on the change on credit quality within the bank panel determining the interbank rate
(see Filipovic and Trolle 2012). However, as underlined by Mercurio (2009), model
the default time of the interbank market remains a non-trivial task when it comes to a
generic counterparty.

From the 1980s to nowadays, many integrated frameworks dedicated to interest rates
modelling were proposed in the literature. The common aim of these frameworks is to
explain changes in the behavior of market rates quotes, but also to capture emerging
risks within the interest rates market. This chapter focuses on the modelling of for-
ward Libor rates and proposes another framework. Before 2007, interest rate swaps
(IRSs) were priced with a single interest rate curve that was totally independent from
the frequency of floating payments. Libor was considered as a good proxy for the
risk free rate. The deposit rates deduced from Libor, and Overnight indexed swap
rates (OIS) for the same maturity chased each other with a small distance of few basis
points. Earlier in 2000, authors like Schoenbucher (2001) integrate the default risk
in the Libor market model to care about the risk introduced by changes in the level
of the default-free interest rates or in the market’s assessment of the credit quality of
the obligor. Although neglected, the presence of credit and liquidity risk within the
interbank market seemed to be a good justification for the small distance observed
between deposit rates from Libor and OIS. After the credit crunch, we witnessed a
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serious widening of the distance between equivalent rates, the explosion of basis swap
rates based on Libor rates with different tenors and the divergence between forward
rate agreements (FRAs) and corresponding forward rates implied by deposits. More-
over, FRAs were not necessary hedgeable with a deposit and a loan, leading traditional
no arbitrage conditions unsatisfied in practice.

Consequently, the discount curve has to be modeled differently and Libor for differ-
ent tenors must be analyzed separately. From a single interest rate curve framework
we move to a multiple curves framework where the classical interest rate theory as de-
tailed by Brigo and Mercurio (2006) can not be applied. In the literature two strands of
solution have emerged. The first one, called multiple curves approach by practitioners
consists in dealing with the discrepancies between rates by segmenting market rates
and labeling them differently according to their application period. In this setting
Bianchetti (2008) uses two yield curves for market coherent estimation of discount
factors and forward rates with different underlying tenor. Mercurio (2009) follows the
multiple curves approach, and proposes a new Libor market model based on the joint
evolution of FRA rates and forward rates belonging to the discount curve. Ametrano
and Bianchetti (2013) provide the theoretical background necessary for bootstrapping
interest curves in the multiple curves framework, while Fries (2016) focuses on the
interpolation method. Hull and White (2015) validates the use of multiple curves by
showing that the risk-free rates when pricing derivatives should be bootstrapped from
OIS instead of Libor swap rate. Henrard (2014) explains from a practical point of
view, foundations and evolution of the multiple curves framework, and its implemen-
tation in finance. Then, to be consistent with the new feature of interest rates, Eberlein
et al. (2019) model negative rates or extremely low rates in a multiple curve setup.

The second strand of solutions comes from researchers and consists in modelling
credit and liquidity risks of panel banks using the counterparties credit risk theory.
For instance, Filipovic and Trolle (2012) infer a term structure of interbank risks from
spreads between rates on IRS indexed to Libor and OIS. They model the time when
a deterioration in the credit quality of a bank within the initial Libor banks panel
occurs . Their model is fitted to CDS spread term structures for every individual
banks panel. Even if this approach is realistic, it remains cumbersome as the com-
position of panel banks changes dynamically according to the selection criteria. On
the other hand, since the credit crunch of 2007-2008 the feedback phenomena (see
Hurd 2018) observed between bankruptcies have motivated the use of self-exciting
processes in credit risk modelling. The theory about self-exciting processes was in-
troduced by Hawkes (1971 b). In the financial literature, these processes were firstly
used in high frequency trading around the years 2000s. In credit risk, Errais et al.
(2010) use a self-exciting process to model the cumulative losses of a credit portfo-
lio taking into account the fact that when a loss occurs, the probability that another
loss occurs, increases. Dassios and Zhao (2017) meanwhile introduce a new class of
self-exciting processes that are driven by external factors . They use this process to
calculate default probabilities and price zero coupon bonds with a high default proba-
bility. Coonjobeharry et al. (2016) also price convertible bonds with default risk using
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jump-diffusion processes. Moreover, in the literature, self-exciting point processes
are used for the modelling of interest rates. Hainaut (2016b) models short term rates
via a self-exciting jump process and reproduces the clustering of shocks on the Euro
overnight index average. Hainaut (2016a) models again the short rate by taking into
account the aggregate supply and demand for fixed income instruments modeled via a
bi-variate self-exciting point process.

This chapter explores another way to reconcile the classical interest rate theory and
market quotes by combining a multiple curve approach with a counterparty credit
risk model. In our framework, we segment the interbank market into sub-markets
according to the tenor of the interbank rate applied. The interbank credit risk of a
sub-market, is the risk that a loss occurs from the default of one counterparty in a
transaction between two banks. Motivated by the possible succession of default losses
due to interconnections between banks, as Fontana and Runggaldier (2010) we con-
sider a reduced-form credit risk model where the arrival rate of credit events in a
sub-market follows a self-exciting jump-diffusion process of Hawkes type. The jump
part in the intensity is a point process with positive jumps when a credit event occurs.
This ensures that a default raises the probability of the arrival of the next credit event.

The rest of the chapter is structured as follows: in section (2.2) we introduce notations
and definitions. Then, we explain our framework and motivate the choice of self-
exciting jump diffusion processes for the default intensity. In section (2.3) we derive
the forward Libor dynamics under the risk neutral world and study through simula-
tions the impact of jumps on our default intensity. In section (2.4), we price options
on forward Libor rates and swap rates. For this purpose, we describe the change of
measure respectively towards the forward measure and the annuity measure. Then,
we use a bivariate Inverse Fourier transform to infer under these measures the joint
probability distribution of the short rate and of the intensity process. In section (2.5),
we consider a bicurves framework involving the discount curve and the six months
forward Libor. We calibrate our intensity model and compare it to other models in
terms of goodness of fit. Finally, we analyze the sensitivity of the survival probability
of an interbank market segment to parameters defining the self-excitation.

2.2 Notation and basic definitions

Let consider a filtered probability space (2, %, Q) where the filtration (% ),>( satisfies
the usual conditions and Q is a spot martingale measure. For sake of convenience,
quantities that refer to defaultable bond prices or interest rates carry an index “c”’. We
shall write EQ(-) = E(-), and unless otherwise specified all expectations are determined
under the risk neutral measure Q. We assume that the instantaneous risk-free rate
process is adapted to the subfiltration ()¢ of (%);>0 and is ruled by the Hull and
White model:

drr = (0(t)—ary)dt + ordW/, 2.1
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where W/ is a Brownian motion, a > 0, and o, > 0. 6(¢) is a deterministic function of
time r satisfying:

_afMo,) M o? ar
0(1)= = == +asM (0. + 55 (1 —e ) : 2.2)
M _aPM(0y) . ~ -
where [ (0,1) = 5 18 the instantaneous forward rate deduced from the discount

curve observed. Furthermore, our framework may be extended to most of alternative
interest rate models.

Transactions in the interbank market are exposed to the risk of default of counter-
parties. Thus, we define the default time of the interbank market as a stopping time,
denoted by 7. For instance, this default time may occur when a credit event hits one
of the interbank market participants or after a succession of credit events hitting in-
terbank market participants. Let (7),cg, be the filtration generated by 7 and defined
by:

Jr=0c{r<u}:u<t).

For a sake of convenience, we assume that 7 satisfies the following distributional con-
straints:

Q1< 4o0) =1

Q(t=0)=0

Q(r>1t)>0foreveryr e Ry

The default of the interbank market is triggered by the first jump of a doubly stochastic
process (Nf),~ that has the same intensity process (A),~( of a self-exciting jump
process (N,),>_0. The point process (N );~ records the number of negative shocks that
impact the interbank market. Whereas (Z,)t>0 and (M;);>( are dependent, (4;),~¢ and
(Nf),~¢ are independent. This intensity proc_ess is adapte_d to the subfiltration (j_f, )t>0-
The aﬁgmented filtration (% ),> is defined by:

4G = F NV IGN T, forany r € Ry

Unlike the process Nf, the process M is a self-exciting process which is not an inho-
mogeneous Poisson process conditionally to the filtration of the intensity up to time 7.
The information about default in the interbank market will be recovered from the term
structures of swap rates. According to the definition of a doubly stochastic process,
for all s > 1,

Q(NF—NF =0|% V) = exp (-/qudu). 2.3)
t

The conditional survival probability is defined by
Qe Tlez 1, ) =5 (¢ 5 Hud)p). 2.4)

Interconnections between participants in the interbank market can lead to a succession
of credit events that are hard to explain if the intensity is modeled by a diffusion
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process. For this reason, we work with an intensity process ruled by the following
stochastic differential equation:

A = k(Y= 2A)dt + 0y VA dWr +ndN; (2.5)

where « is the rate of mean reversion, 7 is the long-run level, o, is the volatility
coefficient, n is the jump in the intensity when a credit event occurs and Wt’1 is a
standard Brownian motion. The diffusion part of this process is the Cox Ingersoll
Ross (CIR) model which ensures the non-negativity of the intensity. Since N; has A,
for intensity, a negative shock increases the arrival rate of the next negative shock
proportionally to n. This intensity process is driven by the SDE (2.5):

T
Ar = Y+ —p)e T 1 g, /t o K(T=0) daw?  (2.6)

T
+n /t e KT=1dn,,.

The analytical tractability of this model allows us to deduce its first and second order
moments by solving the partial differential equations derived from the Dynkin formula
(see Hainaut 2017 for details),

E{Ar | %] = A — "_YK (e*(ﬂ*K)T - e*<’7*'<)f> , 2.7)
EA} | %) = Afe 1(T—0) (2.8)
N % (e—al(T-H) 76—2a]T> ()Lz . ni%e_(n_,c),)

- e ;l)zg, g (eman(T+)=n—rn _=(sm+30)7)

where a; =n+x and ay = <2K7/+ 0'/% + n2>. Equation (2.7) involves to choose 1 > «,
in order to ensure that the expected arrival rate of credit events is finite when 7 — oo.
The figure (2.1) shows the simulated path of processes (A;);~¢,(Nt);>¢ and (Nf),~q
fork=1,y=1.5,0=1,1n1=2and Ay =0.75. From this graphj we see that the default
of the interbank market is not directly linked to the default of one of its members.
Moreover, a default of an interbank member raises the probability of the arrival of the
next default among members as well as the default of interbank market himself. The
next proposition presents the moment generating function of the cuamulated arrival rate
of credit events over a time interval called the compensator and denoted by f,T Asds.

T
Proposition 1. For o € C, let w(t,A;,N;) =E (e“’ft lfdx\ﬁt) be the moment generat-
ing function of f,T Asds. There exist two multivariate functions C, and D such that
W(t,34,Ny) = exp (C(t,T) + D(t, T) ) 2.9)
where C and D are solutions of the following partial differential equations (PDE)
0=0C(t,T)+xyD(t,T)
0=aD(t,T)+0—«kD(1,T)+ 102 (D, T))* (2.10)
+exp(D(1,T)n) —1
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Figure 2.1: Simulated path of the intensity process and the counting processes over
a period three years. The intensity parameters considered are k =1, y=1.5, 0 =1,
n =2 and Ay = 0.75. The arrival rate of credit events increases with an amplitude of 2
at each jump of the process N;.

with the terminal conditions C(T,T) =0 and D(T,T) =0.

Proof. Let us define
Y, = E(ﬁfzr%dwyﬁ) @.11)
As 74 C 4, for any u > t, applying the rule of conditional expectations leads to:
Y = E (ewji“ Asds g <gwfuT Agds | %) |%;>
= E(h By, 104). (2.12)
Then, the following limit converges to zero:

E <ewj-fu)LSdSYu |%> Y
Jim Y (2.13)

u—rt u—t

By assuming enough regularity and using the first order Taylor approximation of the
exponential, this limit is rewritten as follows:

i Bl )

u—t u—t

— oA, (2.14)
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in which the left term is the infinitesimal generator of the moment generating function.
So as to lighten future calculations, let us denote f(r,A;,Ny) :=Y; and f; , f, f, the
partial derivatives of f with respect to time, intensity and intensity twice. The Equation
(2.14) is equal to & f = wA; f, or after developments to:

df = fz+r<(7—7tt)fx+%o;%ktfu (2.15)
+(f(t72't+n7Nt+1)_f(t7ll7NI))Al‘7

with terminal condition
f(Tva'TVNT) =1
‘We must then solve the next SDE

—-oMf = fi+ K'()/—A,z)f)' + %G%A'tfll (2.16)
+(f (4 + 1N+ 1) = f(t,46,Np)) As.

We do the assumption that f = exp(C(¢t,T)+D(t,T)A +H(t,T)N;). Then we rewrite
Equation (2.17) as follows

0 = (C(t,T)+ D, T)N~+H (t,T)Nt) (2.17)
+a)7L,+1<(y A)D(t,T)
5D (1T + (exp (D, T)+ H(,T) ~ 1) A,

equivalent to the following PDE system:

0=0C(t+,T)+xyD(,T)=0
0=0D(t,T)+w—xKD(t, T)+26;2LD(: T)?
+(exp(D(t, T)N +H(t,T))—1)
OZ();H(Z‘,T)
Given that ;H (t,T) =0, and f(T,Ar,N7)=1then H = 0. O

Hereafter, we define the different type of bond prices used in the sequel. Let .2f =
{Tay, Toy 11, 7Tﬁ|} and £S5 = {Sop: Sy 41,7+ ’Sﬁz} be two collections of time. The
distances between two successive times are denoted respectively by 8¢ and &5 for the
time structures .#¥ and .#5. Let R € [0, 1] be the recovery rate, which is the fraction
of the bond’s face value repaid to the bondholder in case of default. The price of a
default risk-free discount bond at time t with maturity 7}, is defined by:

T
P(t,T,)=E (e‘ft k’fds\%). (2.18)
From Brigo and Mercurio (2006) part (3.3.2), we know that:

P(t7Tk):exp(A(thk)_B(thk)rt)a (219)
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where the functions A and B are given by:

_ PM(0,73) M o (1 _e_zat> 2
A = In (PM(O,I)> +Bf" (0,1) — TB , (2.20)
B _ l—exp(—aa(Tk —l))' 2.21)

In practice, the prices of default risk-free discount bonds are obtained by bootstrapping
the OIS swap curve, as done by Smith (2013) and implemented in the last section of
this chapter.

The price of a defaultable discount bond at time t with maturity 7} is denoted by
P¢(#,T;). Under the assumption that the time of default 7 and the risk free rate process
r; are independent, this price is equal to the following product:

PC(t,Ty) =P(t,Ty) (R+ 1> (1-R)Q(t > Ty |t > 1, 74)) . (2.22)

We now define forward rates and swap rates. The default-free simple forward Libor
rate over [Ty, Ty41] as seen from time ¢ is the rate of interest that must apply between
times 7j and 7j, | so that the price at 7}, of a discount bond maturing at 7j, ; be equal
to the forward price. This default-free simple forward Libor is:

1 P(I,Tk) )
F. T T - L (AR ) (2.23)
GToTirr) = 5F (P

whereas the defaultable simple forward Libor rate over [Ty, T |] seen from time ¢ is:

. 1 PC(1,Ty,) )
FC(t,T;., T =— (% -1). 2.24
(t,Tie, T 1) oF (PL(tkaH) (2.24)
The swap rate associates to an interest rate swap defined on the time structure .2 and
#5 is the value of the fixed rate such that the corresponding swap value is zero. This
swap rate is given by:

P 1 88 PO Ty )

Sqplt) = ——4 5 . (2.25)

j=0r+1 P(t’sj)

We end up this section by a brief review of the modification of the arbitrage-free
condition in presence of counterparty risk. A good no-arbitrage relation takes into
account the fact that transactions in the interbank market are not riskless. Under the
assumption of no-arbitrage, the unitary FRA payoff can be replicated at time s with
the following operations: the payer of this FRA borrows

(14 KPR (T =T 1) ) P (0.1

till 7y, 1, lends P€ (¢, Ty ) till T; and reinvests from Ty to Ty at the defaultable simple
forward Libor. Then, the price of FRA is then

FRA (1T Ty 1K) = P (1, T)) — (1 +KFRA (7, — Tkﬂ)) PC(1Tsy),  (2.26)
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where the rate KFR4 that cancels the FRA at the inception 7 is given by

1 [ P(t,T})
KFRA — peq 1T, :—(7”‘71). 2.27
(t, T Tet1) 5F \ P, Ty 1) (2.27)

Therefore, it follows that

FO(t, T, Tir1) = 5% (P(zP¥7Tk;g§ET21(I:R)Q(TZT"lrzt’jﬁ)) - 1>
i et 1 >t (1-R)Q(e2Tyyy [ 21, 47))
In the rest of this chapter, we assume that the recovery rate is null, meaning that
transactions are totally non collateralized. Since
Qe 2 Tyyi |21, )
Qr=T|t =1, 74)

=Q(r 2T lT2 T, ), (2.28)

it follows that

. 1 P(Z,Tk) 1
FO( T Tsy) = — —1). (2.29)
& T Tier) 5F (P(t,Tk+1)@(r>Tk+1r>Tk,%;) >

If market FRA rates and theoretical FRA rates are respectively denoted by F€(, Ty, T4 1)
and F(, Ty, Ty41 ), we observe that

FC(t, Ty, Tyy1) > F(t, Ty, Ty ) since Q(TZTkHl\TZTkai
diction, we deduce as Bianchetti (2008) that an equality between our market FRA
rates and the theoretical FRA rates leads to an arbitrage. This equality holds only for
a transaction with a collateral or an overnight tenor. In the sequel, under the assump-
tion that there is no collateral we work with F¢. Since, FRA contracts and OIS bonds
or default risk-free discount bonds form the basic traded assets within the interbank
market, the new no arbitrage condition is such that under the risk neutral measure Q
the discounted prices of OIS bonds and FRA contracts are martingales. As we set our
models under the martingale measure Q, discounted OIS bond prices are martingales
under Q. Furthermore, show that the discounted FRA contract prices are martingales
under Q is equivalent to show that FRA contract prices are martingales under forward
measures. Let consider a FRA contract concluded at time t over [Ty, T;, ] where the
nominal is equal to one, the fix rate is KR4 and the floating rate is L¢ (Ti, Trei1)- The
price of this FRA contract is given by :

j > 1. With a proof by contra-

FRA (5T T :K7) = 80P (1T) (2.30)
XE Tk L (@ Tip1) - K7 4],

where Q74 is the forward measure. The fix rate KF'RA that cancels the FRA at the
inception ¢ is then:

F¢ (77Tk7Tk+1) :]EQTk'H [Lc (Tk,TkJrl) |(¢[} . (231)
From the two last equations the interbank market is arbitrage-free if the ratio #T}Tk)l)
Tkt

is martingale under Q7 This, yields to the following condition:

1 2.2 2
exp(—nAD()) — 1 = —3AD()"n" + 03 D(t, Tj ) A D(t) A (232)
(AtenD(thH) + 1) ’
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where AD(t) = D(t, T, 1) — D(t,T;). In appendix (2.A) we detail how we derive this
arbitrage-free condition.

2.3 Forward Libor dynamics

The forward Libor rate differs from one tenor to another. This is due to the difference
in exposure times to default risk. But also by the demand for loans of each tenor.
Then, we subdivide the interbank market into sub-markets according to the tenor of the
transactions. The forward Libor in equation (2.29) depends on the tenor representing
an interbank market segment. Instead of a multiplicative spread between forward and
discounting curves as proposed by Henrard (2014), we have in Equation (2.29) an
additional term defined as follows:

1

) 2.33
Qv 2Ty |72 T, ) 239

Bt Ty, Ty1) =

that is always greater or equal to one. From equations (2.33) and (2.29), when the
probability of default over a time period [T},T; ] rises, both the factor B and the
forward Libor rate increases.

In the sequel of this chapter, the term structure of the interbank credit risk for a tenor
d is defined by {T — B(¢t,T,T7 + 8), T > t}. Hence, at time ¢, the measure of the credit
risk within the interbank market segment associated to the tenor § for a time period
[T,T + 6] is given by:

1
Q(r>T+8|t>T, 4)
Q(r=>T[t>1,74)
Q(rt>T+0o|t>1t,5)

]E<87J}T7Ludu‘t%pl>

- .
E (e* I %)

B(t.T,T+8) =

From equation (2.9), we infer that
B(t,T,T+6)=exp(C(t,T)—C(t,T+8)+ (D(t,T)—D(t,T+8)) ). (2.34)

Thus, the term structure of the interbank risk is fully determined by the bivariates
functions C and D. The simple! spot forward Libor for [z, T] is given by:

LE(t,T) = F°(t,t,T)

=507 [ﬁ’l}

"'We work with simple rate because markets use the simple capitalization.
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where P¢(¢,T) is the defaultable bond price:
PC(t,T) =17 P(t,T)Q(t > T |1 >1, 54)
= loxE <e‘ftT ’sdswﬁ‘,) E (e— i “d“uﬁ)
=1r>1exp(A(t,T)—B(t,T)r1 +C(t,T)+D(t,T) ). (2.35)

Hence, if 7 > ¢, the Libor rate is

L1 T) = lexp (—A(t,T) — C(¢t,T) +B(t, T)ry — D(t,T)As) —1]. (2.36)

1
6(t,T)

Whereas the simple forward Libor is given by:

F(¢,T,S) = [exp(A(t,T) —A(t,S) +C(¢,T) — C(¢,S) + (B(t,S) — B(¢,T)) rt)
xexp(— (D(t,8) — D(t,T)) Ar) — 1] ﬁ. (2.37)

In equations (2.36) and (2.37) we note that if D is a bivariate function with negatives
values, a jump in the intensity process increases both the simple spot forward Libor
and the simple forward Libor. Applying the It6’s lemma for jump processes to equa-
tions (2.36) and (2.37) allows us to establish the dynamics of these rates in the next
proposition.

Proposition 2. Under the risk neutral measure,
(i) the stochastic differential equation of a simple spot Libor is given by

dLf(t,T) = <ﬁ +Lc(t,T)> [(Hy (t,T)+Hy (t,T)rt +Hz (t,T) As) dt
+B(t,T) 6,dW/ — 03, D (t,T) \/ AedW*

+nD(1,T) (%nD (1,T) - 1) dNy) + (LC (t,T)— L™, T)) dng,  (2.38)
where H|, Hy, and Hz are solutions of the following PDE system:

Hy (t,T) = —3A(1,T)~C(1,T)+0(1)B(1,T)+ 167B>(1,T)
—xyD(t,T),
Hy (t,T)=0B(t,T)—aB(t,T),

Hy(1,T) = 62D? (1,T) = D (1,T) + kD (t,T).

(2.39)

(ii) the defaultable forward Libor dynamics is given by

dFC(l‘,T,S) = [(Rl (I,T,S) +Ry (Z,T,S) rr+R3 (l,T,S) '/lz)dl
+(B(t,8) — B(t,T)) 6,W, — 0, (D(t,8) — D(t,T)) /e dW}*

+(00.5) - D0,1) (31(00.5) - D7) 1) ]

x <é +FC(1,T, S)) + (Fc(z,T, S) ch(z_,T,S)> dNg , (2.40)
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where Ry, Ry and Ry are solutions of the following PDE system
Ry (t,T,S) = dA(t,T) — d;A(t,S) + 0;C(¢t,T) — 9 C(¢,S)
+6 (1) (B(t,8) — B(1,T)) + Yo7 (B(t,S) — B(1,T))?
—K’}/(D(l‘ S)—D(¢,T)),

(2.41)
R2(I7T7S):(alB(t S) ( )) ( (t S)_B(t7T))’
R3(t,T,S) = %c (D(z, S) D(z, T)) —(0¢D(t,S) — d:D(t,T))
+x(D(t,8)—D(t,T)).
Proof. (i) We define the function g € €122 such as
1
8(t,y.2) = 56T lexp(=A(t,T) = C(t,T)+B(t,T)y—D(t,T)z) — 1], (2.42)
by multidimensional Ito’s lemma we can write
dLC(l‘,T) = %(t,rt,lz)dt-i- ai (t r;,?Lt)drz + 3 (t e, l,)d/l; (243)
1o% 4 d[As, 206 + (L€ (1, 1) = LG, T) ) dN,
+§§;ow,»[mn1+zaz{, A9+ (LS 0,7) ~ L6, T) ) dN
with
dg 1 c
E([arhlt) = (At =Gt +Birt — Dt ) §+L (t,T)),

% — l c @ _ l c
ay(l7rt>ﬂ’l)7B(6+L (I>T))7 az(larhll)*_D 6+L ([>T) )
9%g 2 (1 ’g 2 (1
Stk =B (3+Lf(t,r)) i) =0 (S—i-LC(t,T)),
d[r,n]¢ = 62dr and d [, 4] = 63 Adr + %Ny,

Then by replacing each term of equation (2.43) we retrieve the equation (2.38). Simi-
larly, we can proof the point (ii). O

The results in proposition (2) is important for pricing of option on forward Libor. In
the next, section we discuss in detail the pricing of some interest rates derivatives.

2.4 The pricing of option on spot forward Libor, and swap

This section illustrates how our model can be used for the pricing of interest rates
derivatives under a forward measure or an annuity measure. Let us define by IT(L¢ (T, S5))
the payoff paid at time S > T by a European option written on L€ (T, S), which is driven
by Equation (2.36). The price of such an option under the risk neutral measure is given
by:

C(t,r,s) =E e—fzsrud”n(Lf(T,s))M . (2.44)
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However, due to the dependence between the discount factor e~ S rudu and the pay-
off TI(L¢ (T,S)), we change of numeraire. This technique allows us to switch to the
forward measure and simplifies the calculation of the price. Since under the forward
measure the price of any financial assets divided by the numeraire P (-,S) is a martin-
gale, therefore the option price becomes

C(t,r, ) = P(1,8)ESS [T(LE(T,5)) | 4]

—+oo —+oo
=P [ [0y G dndyy  (249)

where Jrr g is the joint density function of rp | % and Ay | 4 under the forward
measure. The Radon-Nikodym density associated to this change of measure is given
by:

% — e_.fég"udu#
dQ P(0,8)’

where

d@s _ ff d P(l S)

E|— —e JoTudU_ "7

56 1] = B
The calculation of the expected payoff under Qg requires to determine the joint density
function f, 3 . The joint density function f, ;= does not admit any closed form
expression. However, a numerical solution can be found with the discrete Fourier
transform (DFT) method. To implement this method we need the moment generating

function of rp + Ay that is detailed in the next proposition.

Proposition 3. Under the measure Qg the moment generating function of rp + Ay
denoted by CIDrT’)T9 is equal to

rnA

cDT7S (CO] ) (1)2)

EQs [ @17+ AT | g,ﬂ[]

EGI (t,7)—A(t,S)+(Gy(¢,T)+B(1,S))r1+G3 (LT)l;’ (2.46)

where (w,0,) € C, the bivariate functions A(-,-), B(,-)are defined by Equations (2.21).
Whereas Gy (-,-), G, (-,-) and G5 (-,-) are solution of the following PDE system:

Gy (1,T)+0(1)Gy (1,T) + kYG3 (1,T) + 167 (Go (1,T))> =0
%Gy (1,T) —aG, (1,T) -1, (2.47)
%G (1,T) — kG5 (1,T) + 163 (G5 (1,T))? + (enGaw) - 1) =0

and satisfy the terminal conditions:
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Proof. By definition of the forward measure and using the fact that & C ¢, the mo-
ment generating function of ry + Ay is given by:

S[e[{ 1] o 1]

A
¢;‘7S(wlvw2):
| [ 1]

E [e_ftT rydu+A(T,S)+(w; —B(T,S))rr+wy A | gf]

- A5 BiS) . (2.48)
In the sequel of this proof, we focus on the evaluation of
Y, =E [e*.f,T rudu+A(T,S)+(w; —B(T,S))rr+Ar ‘%} 7 (2.49)

and find its closed form thanks to the infinitesimal generator properties for Markov
processes. As in the proposition (1) we can proof that for Y; = f(z,rs, As,Ny)

lim B 19) — i

=nY=4df.
v—rt v—t e f

Then, using the Itd Lemma the infinitesimal generator is

1 1
Af=0f +(0(1) ~ar) Orf + K (y= M) f + 50797 f + 503 M0} f
+2¢ (f(t,r,,/l; +TI,N1 + 1) —f(t,rt,)tt,Nt)). (250)

Assuming that £(t,r, A1, N;) = eC1T)+G2(t.T)ri+G3(1.T) A e deduce the following
ODEs system

Gy (1,T)+0(1)Gy (1.T) + kYG3 (1,T) + 167 (G (1.T))*> =0
a;Gz(t,T)—an(t,T) =1,
%G3 (1,T) — kG5 (1,T) + 163 (G3 (1,T))> + (en63<t>T) - 1) -0

with the following terminal conditions

G (T, T) =A(T,S)
G2 (T7 T) = 7B(T,S) .
G3 (T’ T) =

It is sufficient to replace the value of ¥; in our last expression of this moment generating
function to complete the proof. O

The next proposition introduces the discretization framework used in numerical appli-
cations to construct the joint density function Jrp 2 under the forward measure.

Proposition 4. Let M be the number of steps used in the two dimensional DFT and

Ay, = % be this step of discretization. Let us denote Ay, = ﬁ’iy[ and

M . M _
12 = (_EAzl + (1= DA, _EAZZ +(j2— I)AQ) ,
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for jy=1.M. Let @rT/lS be the moment generating function of ry + Ay | % under the
measure Qg. Let defined by I1(L(T,S)) the payoff paid at time S > T by a Euro-
pean option written on L (T,S). Let C(t,rr, ) the price of this option. The values of
Jrp ap (+,) at points

M M
Yy ky = (_3 y + (kp — 1) Ay, 5 yy + (kp — I)Am)
are approached by the sum:

; o IMTHIE] (k—1)7
rr A (yk k ) ~
TAT 1:K2 Mszl Ay2

M M
A (o N i =D —iXE (=) (kg—1)3E
X_Z Z Yn,fzq’T,S(’Zn,Jz)e(“ 17 iZiy U= D137,
j1=1j=1
(2.51)

where Y, i, = %) (1{./1:1}+1{j2:1}> (

nA -
L 1tipn)) 1ty and @ s
defined in equation (2.46).

Proof. The joint probability density of rp | % and Ay | % is retrieved by calculating
the Fourier Transform of the moment generating function dDrT’ ¢ as follows:

b
(27)?

! tee Foo A ;. *iZty
B W Loo e (DYL,S (iz)e dzydz,. (2.52)

At points yy 4, , this last integral is approached with the trapezoid rule and leads to the
following estimate for Jrp gt

rnA

Frpar O) = =7 [@5i2)] )

1 M M A (- 7“th‘1.j2yk1~k2 253
frr g (ykth) ~ (2n)? 'Zl 'erjl:qu)T,S (’Zjl-,jz)e ' T2A; Az, (2.53)
J=12=

and given that Az Ay, = ZW”

2 /(a2
M M, . M
iy ki ky = ZZI (4Az1Ayz == Ur=1 g4y, =5 (k — I)AzlAyl>

and
—iA ) . . . .
e 1251 ja Y1k :e*tMitJrlZZz:l(klfl)ﬂ:ez):lz:l(nfl)n:

% e*iZ;zzl (jzfl)(krl)zﬁ”.
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In particular, based on the previous result we are able to compute the price of caplet. A
caplet with price capl(z, T, S) purchased at date r with expiry date T, pays to the holder
the positive difference between a simple spot forward Libor market rate L°(7,S) and
the strike rate x at settlement date S. If we denote by N the principal of this contract,
the caplet price is given by

capl(,T,5) = N& (T.,5) P (1,5) EQs [(LC(T,S) )T %} ,

M M

~NS(TS)PES) Y Y (v sy) Frpr (ko) Ay dpe (259)
ki=1ky=1

where v Iy
Viy ko = (*jAyl + k= 1) Ay, == Ay +(ky — I)Ay2> ;

(141 oy ' .
Ay, = 1, I(rp,Ar) = (L(T,S) — k)t and L (r,T) satisfies the equation

(2.36). Apart from the round-off error, this approximation entails a truncation error
and a sampling error which vanish when the number of steps M increases. More-
over, when we consider the following model parameters a = 0.75, o, = 0.1, ry =
~833x 1077, k =0.12, Y= 249 =0.001, ) =6.9 x 105 and n = 0.13, the figure (2.2)
emphasizes that the approximated caplet price converges to a value around 0.0076 as
from M =28,

0.012
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Figure 2.2: Convergence study of the caplet price approximation in equation (2.54).
The number of steps M ranges from 2 to 382, and y"** = y5'™* = 1. The considered
model parameters are a = 0.75, o = 0.1, rp = —8.33 x 1073, k =0.12, Y= Ay = 0.001,
o) = 6.9 x 1075 and n = 0.13. The approximated caplet price converges to a value
around 0.0076 as M increases.
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We next derive a pricing formula for a cap, which is a portfolio of caplets. Let us
consider a cap with nominal N, defined on a set of increasing dates {7, 71,7, ..., T }-
At each time 7; with i = 1,...,n, the holder of a cap receives the following cash flow

NS (Ti1,T3) (L°(Troy, Ty — %) .

Then, the price at time ¢ < T, of a cap is given by the following sum

cap(r Z capl(z, T;)
—szs i-1,7 [ T;_1,7 )+\%]
n M M
%NZP(Z,T l 1, Z Z xk yi frT I A'T (Xk,yl)AxAy. (255)

Since interest rates may be negative, we use the Bachelier normal model for quoting
interest rate caps in terms of implied volatility. Within this model the Euro cap price
at time 7 is defined as follows:

n
cap o™ (1, 28 25,65 N.K,00,,) =N Y 8F P, 1) (FC (1,71, T;) ~ K) @ (d)
i=1

n
+0p,N Y 8 P(.T) /T _10(d) (2.56)
i=1

F(1.Tiy.T,)-K

where d =
00.n T; 4

, and oy , is the implied volatility parameter.

In a similar way, we derive a pricing formula for a swaption. By definition, a swap-
tion is an option that gives the right to enter into a payer or receiver swap at some
future date. Let us consider an interest rate swap with m annual fixed payments
{80,51,82;...,8m} and the floating leg payments on set of time {7y, 7}, T»,...,Tn}. The
value of a payer swaption at time Ty, is given by

PSO,n (To) = max (IRS (To) 0)

*NZ‘S T;_1,T;) P(To, T, )(Son(To) )+, (2.57)

where the swap rate Sy ,, (¢) is given by the equation (2.25). Then, at time ¢ < Ty
IRS
S0, (0)=N% | (s0 (7)) | %} YoM (o m)pen). @5

IRS . . . . .
where Q  is the equivalent martingale measure of Q, obtained by choosing

i 6F (Ti—lvTi)P('»Ti)

i=1
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as a numeraire. In order to calculate the expectation in the previous formula, we need
. . IRS

to determine the swap rate dynamics under the measure Q

LetII: (rTOJLTO) — 11 (’To’lTo) be a function such that:

I (rTOJLTO) = (So,n (To) — K)+
_( i1 (T07 i) F(To, Ty, )_K)+
Lp(1:3))
)

+
(L PO T DB (T T T) —PT0T)) ) g
£, P (To.S))

It follows that
IRS 400 oo
B [N (o) 1] = [ [ 10 g g () e, (2.60)

where frr A, is the joint density function of ry | % and A, | % under the measure
o

QIRS. LetEr =Y ( i_1,T;) P(t,T;) be a numeraire chosen for defining the mea-
sure QIRS. The Radon-Nykodym density associated is defined by:

IRS
dQ _e—_[OTO rudu%

dQ Ey’

where

E |:d@ |%] _ 7f(§ruduﬂ'
Eo

In the next proposition, we use this Radon-Nykodym density to find the moment gen-
. . IRS
erating function of rz, + Az under the measure Q

o IRS . .
Proposition 5. Under the measure Q" the moment generating function of rg, + Ar,

denoted by d:'rTg is equal to

IRS
Bzt (0r,0) =EL [MT0 M 5]

EL §F (T,_1,T;) eUf(thO)+U£(I7TO)Vt+U§(17T0Mz’ (2.61)

1

T

where UJ". (+,), for j =1,2,3 are bivariate functions satisfying the following PDE sys-
tem:
. . . . 2
QUL (1,T0) + 0 (U3 (1,T0) + kyU5 (1, To) + S o2 (V3 (T)) T =0
QUL (t,Ty) — aU} (1, Tp) =1, (262

QUL (t,Ty) — kUL (t,Tp) + ){ (U3 (t, T0)>2+ (enUé(t,To) - 1) =0
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and satisfy the following terminal conditions:

Ui (T, Ty) =A(Ty.Ty)
UL (Ty, Ty) = ay —B(Ty,T;) -
US(Ty,Tp) =y
Proof. As we only know the dynamics of these processes under the risk neutral, we

first rewrite the moment generating function as function of expectation under the risk
neutral world. Indeed,

IRS

EE|Y— |9 Ty @Ay | o
A
CD;‘O (o, ) = dQIRS
Ean
1 & oF
=z L8 (11T
i=1
T
<E e_.ft0rlld”+A(TOv7})+(wl_B(TO»T}'))"TO""C‘)ZATO|gf )

Next, we focus on the evaluation of

Y/ —E [e—szO rudu+A(To,T;)+ (01 —B(To,T;) ) ry, + @2 Ay % (2.63)

and find its closed form thanks to the infinitesimal generator properties for Markov
processes. As in the proposition (1) we can proof that for Y,i = fi(t,re, A, Ny),

L E(HI%) -V

=nY =df.
v—t v—t e fl

Then, using [t6 Lemma the infinitesimal generator is expressed as follows
A f; = O fi+ (0 (1) —are) O fi+ K (Y—A) Iy fi+ %ozarzf,- ++%o§x,a§f;
+ A (fi (6, e, A+, Ne 1) — fi (2,11, A6 ,Ny)) (2.64)
Ui (t,T0)+US (1. To) re+UL (. To) A

Assuming that f;(r,rs, A4, N;) = ¢
ODEs system

we deduce the following

. . . . 2
QU (1, To) + 6 (VUL (1,Ty) + k94 (1, To) + hoF (U (1 Tp) )~ =0
UL (t,Ty) — aU} (t,Tp) =1

. . , 2 i
AU} (1,Ty) — kU5 (1, Ty) + %c/% <U§ (uTO)) + (eﬂUé(z,To) _ 1) =0

k)

with the following terminal conditions
Ul (Ty,Ty) =A(Ty,Ty)
U5 (T, Ty) = o1 —B(Ty,T;) -
U3 (Ty, Ty) =
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Thus,

72' 1
cI);"() ((1)1,0)2) =

i

§F (T._1.17) U (0.T0)+U5 (0.T) re+ U5 (1,T0 ) A (2.65)

™=

1

O

Then, by a convenient discretization framework as in proposition (4) we find numeri-
cally the joint probability density frTO Ay (,+) of rgy [ % and Ag | % under the measure
QIRS. Hence, equation (2.60) becomes
IRS M M
EQ [n (rTO,ATO) \%] zkzlkzln <ykl7k2>frT07;LTO (ykl_h)AylAyz. (2.66)
1=1ky=

From equations (2.58) and (2.66), the price of the European swaption defined above
is approximated as follows

M M
P ()~ | X Y 11 (3ky k) Frg iy (91 52) A v,

ke =1ky=1

x f‘, 8T (1, 1) P(1,T;). (2.67)
i=1

Then, based on Bachelier normal model, the implied volatility of this swaption satis-
fies the following equation

psNormal (t7gF7$S78F,N,K, 607,,) =PSp, (1),
where

SN (1 2 5 5 1 K.00,) = [(S00() - K) #(d) + 00,y To0 (0]

x Y 8FP(t,1), (2.68)
i=1
_ SOVn(t)fK . . . 1e
d= SonyTo and oy ,, is the implied volatility parameter.

2.5 Calibration and illustration

In this section, we calibrate our model and illustrate the impact of parameters defining
the level of self-excitation on the conditional survival probability and forward Libor
rates. Considering a bi-curve framework formed by the discount rate and rates with six
months tenor, estimated parameters found hereafter, come from a calibration process
detailed throughout this section. Since the short rate is independent from the default
intensity, short rate parameters are found in a way to fit at best the discount curve and
the implied volatility surface of options with OIS discounting. The data treatment and



2.5. Calibration and illustration 27

the bootstraping procedure for interest rates in a multiple curve framework is based
on the work of Hull and White (2015) and Ametrano and Bianchetti (2013). For sake
of convenience OISs rates of tenor up to a year, have a single fixed payment on the
days after its maturity date. While, OISs of tenors greater than one year, have fixed
payment annually. Then, the default free bond price with maturity date Tg is given by

N
() =1 T

) ﬁ = , —1 1
(1-595 (2P P, 1y) WIE‘(’) if 7g > 1+ 1

ift < TB <r+1
, (2.69)

where S(())IﬁS (¢) s the swap rate for collateralized transaction and using OIS discounting,

with reset date Tj, maturity date TB’ and fixed payment times schedule {TO, Ti,..., TB }
The value of the discount factor for any other intermediate maturity is obtained by
interpolation of zero coupon rates, with monotonic cubic spline method. This inter-
polation method leads to the following closed expressions of the observed discount
factor and instantaneous forward rate for other maturity 7 € [7;,T;,1 | with i € [0, ]

PM(1,T) = a; +b; (T —T) +¢; (T —T;)* +d; (T~ T;)* (2.70)
e (T —T (T —T)2
1) = 2O ST e

where a;,b;,c; € R. Notice that the function 6 (-) in equation (2.2) depend only on the
parameters set {a, o, ry} and fits the observed discount curve derived from the OISs
rates curve. The last step of our short rate calibration, consists to estimate the param-
eters set {a, 0r,ry} minimizing the sum of squared errors between observed implied
volatility surface of swaptions using OIS discounting and those given by our model as
described hereafter.

Swaptions for collateralized transaction and using OIS discounting refer to the single
curve framework. Here we do not use the Libor rate instead OIS rate or mixed them
in our calculation. The price of this swaption at the inception 7 > 0 is given by:

IRS ﬁ
PO () =ne?" | (595 (7)) 14| ¥ & (o m) P
=0t

B oo
N( Z s* (TihTi)P(thi)) /7_:0 H(x)frra (x)dx, (2.72)

i=o+1

where

+
e 17eA(Ta,Tﬁ>—B(TOhTﬁ)x )
X X) = — s
vP oo OF (11, 1;) eATaT)=B(Ta T

1

and f-; is the probability density function of rz, under measure QRS n appendix
(2.B) we find a close-form approximation of this density function. Then, it follows
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Short rate process
Model a or o
HW 7.487799¢ —01  9.851328e—02 —8.337071e — 05

Table 2.1: Estimated short rate parameters based on the term structure of OIS rate,
and the implied volatility surface of option on OIS rates observed within the interbank
market the 11 February 2019.

. S 2
that the estimated parameters set of {a, 6, ry} minimizes }, (@,8) (GMarket _ 0.3/[%@) i

a.B
where gModel

B satisfies the following equation:

psNomil (1 F 25 5 N, K, opedel) = PSGIS (1)

It remains to estimate the parameters set {K, 7,M,09, lo} of our intensity process. This
parameters set is estimated by minimizing the sum of squared errors between the ob-
served IRS six months curve and those given by our model. By doing this, we expect
to capture the pattern of the spread OIS-IRS six months observed in the correspond-
ing interbank market segment, or the credit risk within the interbank market where
products with six months tenor are exchanged.

We complete our calibration process based on Bloomberg data. These data include the
term structure of OIS rate, the implied volatility surface of swaptions with OIS dis-
counting and collateral, and the term structure of IRS six months observed within the
interbank market on 11 February 2019. The estimated parameters found for different
models are in the following tables (2.1,2.2). Although, a weak value of g and o, can
lead to refute the presence of self-excitation, these values probably simply reflect the
current state of the market or that the market does not include this risk in the pricing.
In this context, compared to a CIR intensity process, a Hawkes intensity process with
an exponential decay, or a deterministic mean-reverting (DMR?) function, the best fit
of the IRS six months curve as shown in table (2.3) (see also figure (2.5)) is obtained
with our self-exciting jump process denoted by SEJCIR3 and the Hawkes process. In
term of OIS-IRS 6 months spread, the SEJCIR model allows for a better fit of this
spread than the other approaches. As shown in the figure (2.6), the SEJCIR captures
global changes in the dynamic of this OIS-IRS six months spread with a mean squared
errors below 0.1 basis points.

2Deterministic Mean reverting
3SEJCIR stands to our intensity process which is a CIR process plus a double stochastic jump
process
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Intensity process

Model K Y o), n Ao
CIR 0.0763197 0.0017700 0.0000739 0 0.0015061

Hawkes  0.1242973 0.0010715 0 0.1243053 0.0013269
DMR 0.088905 0.003889 0 0 0

SEJCIR  0.12463426  0.00107537  0.00006976  0.12466822  0.00132491

Table 2.2: Estimated intensity process parameters based on the term structure of OIS
rate and IRS 6-months observed within the interbank market the 11 February 2019.

Hawkes
5.994997¢ — 05

DMR
2.07622e — 02

SEJCIR
5.977578e — 05

CIR
3.896808e — 04

RSE

Table 2.3: Relative squared errors when the intensity model is either a CIR process, a
Hawkes process, a deterministic mean reverting function or a SEJCIR model.
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Figure 2.3: Conditional survival probability of the six months interbank market seg-
ment Q(t>T|7>0, 54) for T € [0,20]. For each plot, we consider the initial set
of SEJCIR estimated parameters and we vary one of them. This conditional survival
probability decreases faster when the self-excitation parameter increases.
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Six months forward rate F(t, To, To+1/2)
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Figure 2.4: Six months forward rate sensitivity on self-excitation parameters n and
Ag. Given a reset date Ty, the forward Libor increases when the initial arrival rate of
credit events A or the amplitude of credit events 1 increases.

To wrap up this section, based on the estimated parameters of the SEJCIR model in
table (2.2), we analyze the impact of the self-excitation parameter on default probabil-
ities. For this purpose, we draw in figure (2.3) the conditional survival probability of
six months interbank market segment. This probability decreases slowly and remains
close to one for maturity up to 20 years. However, a change in the self-excitation
parameter impacts the rate of decreasing. From the graph at the top left, the con-
ditional survival probability rises for long term when the jump size decreases. This
result comes from the fact that a credit event is less likely. A similar conclusion can
be drawn from the graph at the top right and bottom left, a decrease in the long-run
level vy or the initial value A; makes credit events less likely in this interbank market
segment. On the contrary, the bottom right graph reveals that when the rate of mean
reversion rises credit events are more frequent and hint a decrease of the conditional
survival probability. Thus, the self-excitation property in our framework increases the
conditional survival probability when a credit events occur.

In figure (2.4) we draw the six months forward rates for different reset dates, when
changing self-excitation parameters. As the uncertainty rises with the reset date, the
six months forward rates curve increases. From the graphs, when the jump size and
the initial value of arrival rate of default rise the value of the six months forward rate
increases. That is coherent with our model, since from equation (2.29), the forward
rate increases when the survival default probability decrease. Then, the self-excitation
property in our framework increases the forward Libor rate when credit events occur.
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Figure 2.5: IRS curve with six months tenor for maturity from 6 months to 20 years
observed in the market on 11/02/2019, and from the CIR model, the Hawkes model,
the DMR model, and the SEJCIR with the estimated parameters of the tables (2.1,2.2).

2.6 Conclusions

In this chapter, we have explored a new use of self-exciting processes to model the
interbank credit risk in a multiple curve framework. In particular, we have segmented
the interbank market according to tenor. Further, we have modeled the credit risk of
each segment using an intensity-based approach, where the intensity is a self-exciting
jump Cox Ingersoll Ross (SEJCIR) process. In a realistic way, we have used the self-
exciting feature to introduce contagion between the interbank market participants.

In this setting, the forward Libor rate is a non-decreasing function of an interbank
risk factor that modified the arbitrage-free condition. Thanks to the tractability and
flexibility of the SEJCIR process, we have obtained the arbitrage-free condition, and
we have derived closed-form approximation of pricing formulas for caplets, caps, as
well as swaptions.

Numerical applications have shown that the SEJCIR process enables to reproduce the
IRS curve and to explain the deviance between the IRS and OIS curve as a result
of the interbank credit risk. The results obtained in the sensitivity analysis confirm
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the importance of the interbank credit risk to reflect the confidence level within the
interbank market. In our view, this framework can be extended to incorporate the
economic regime, so that this confidence level varies more in a crisis period.

Spread OIS-IRS 6M
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Figure 2.6: Spread between the OIS curve and the IRS curve with six months tenor
for maturity from 6 months to 20 years observed in the market on 11/02/2019, and
from the CIR model, the Hawkes model, the DMR model and the SEJCIR with the
estimated parameters of the tables (2.1,2.2).
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Appendices
2.A Arbitrage free condition

.

The arbitrage-free condition is such that the ratio % is martingale under Q7 e
et

The Radon-Nikodym density associated to the change of measure Q to Qg " is de-

fined as follows:

dQr,, 4 — e Jorudu P\ k1) P(t,Tit1)

At =
dQ P(0.Tit1)
io LWwh) PLT) :
Then, the ratio 4 T is martingale under Q74 if Ar pe Pl is a martingale

under the risk neutral measure. We have
POt T}) ) ( — JE rudu P, T) )
d(Ai’ = dfe JoTuM X _B(; T,,T,
"PE(t, Ty ) P(0,Tiy1) (T Ticr1)
— [§rudu P(t,Ty) d
e 6T, T,
P(O,Tk+1)( ﬁ( k k+1)

_O-VB(thk)ﬁ(t7Tk7Tk+1)d‘/Vtr) ) (273)

t
where the second line comes from the fact that e~ /0" “d”P(t, T;) is a martingale under
Qandd[w’", W’l} ¢+ =0. Note that B(r, T}, Ty, 1) is defined in equation (2.34). Next, given
the Ito differentiation rule, we obtain :

dB([aTvak+l) ﬁ
— T = dr + oy VA ALD(t dW
B(thvak+l) A 1ok !
1
+(exp(-naD(0) + 3840020 1)

x (dN; — A.dt), (2.74)
where Ay D(t) = D(t, Ty ) — D(t,T};) and
ubo= (enPET) — enPElit) — 21, ) AD() ) A
+exp (—NAD(1)) + %AkD(t)ZTIZ -1 (2.75)

From equations (2.73,2.74) the market is arbitrage-free if the drift utﬁ = 0. The ar-
bitrage free condition can rewrite as condition on the change in the factor § when a
credit event occurs:

— YA D(1)20? + 02D(t, T) Ak (1) A

2.76
(gteﬂD(f Ter1) 4 1) (2.76)

exp (—NAD(t)) — 1=

2.B Conditional density of the short rate under the annuity
measure

As we only know the dynamics of these processes under the risk neutral, we first
rewrite the moment generating function as function of expectation under the risk neu-
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tral world. Indeed,
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Next, we focus on the evaluation of

Yi—E {e, ST Py dut A(Ta, ;) +(0—B(Ta,Ty))rry, | %}

and find its closed form thanks to the infinitesimal generator properties for Markov
processes. As in the proposition (1) we can proof that for ¥/ = f;(t,r,),

hmE(Yv"\%) v

=rY=df,.
v—t v—t T fl

Then, using 1t6 Lemma the infinitesimal generator is
1
A ;= 9 fi+ (8 (1) —an) Orfi+ 5 67 97 fi.

Assuming that f;(r,rs, A, Nt) = eVli(’ Ta)+V3 (. Te)rr we deduce the following ODEs sys-
tem
i i 152 (vi 2
IV (1,Ta) +0 () Vi (1, Tar) + 1 o7 (v2 (z,Ta)) -0
VA (t,Te)) —aVi (¢, Tor) =1

with the following terminal conditions

V{(TayTa) :A(Ta7];)

Vzi(T(XaTa) :wa(Ta772)
Then, by solving this ODEs system for each i, the moment generating function of rr,
is

B A A
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where

. 2 u=Ty
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u=t
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with p = <a)+ % —B(Ta,T,-)> ¢~%Ta Then, using inverse DFT the values of frp, (1) at
points x; = —%Ax + (k— 1) Ay are approached by the sum:

2 3 ‘ 2 () (k—
frry, (xk)zM—AxRe (21Yj¢;a (izj> (—1)U=1) i =1k 1)>’
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where Y ; = %l{jzl} +1¢j21)» M is the number of steps used in the DFT, A, = % is
this step of discretization, and A; = A/%—’A’x and zj = (j— 1)A; for j=1..M.






Chapter 3

Valuation of annuity guarantees under
a self-exciting switching jump Model

3.1 Introduction

Over the past decade, the design of life insurance products has been progressively
adapted to customer needs, from classic pure endowments, death deferred capital or
unit-linked insurance products to variable annuities (VAs). A variable annuity is a
unit-linked annuity product with guarantees or riders, which are mainly living and
death benefits. Such a product allows for the allocation of savings to either a pre- or
post-retirement investment strategy, as it guarantees lifetime income or death capital
and protects VA holders from market downturns. In addition to these advantages, the
popularity of VAs stems from the fact that they are indirect tax-deferred investments.
Unlike in the United States, where sales volumes of VAs amounts to more than $20
billion per quarter!, in Europe the VA market is still expanding according to the annual
reports of major European VA issuers. However, due to rider features of VAs, any VA
issuer faces various risks, including financial, mortality or longevity and surrender
risk. Furthermore, the low or negative interest rates environment, the interconnection
of the markets and the interplay between risks are features that make the fair valuation
of life insurance contracts with guarantees challenging.

The pricing of life insurance contracts with guarantees has been a topic of research
interest for many years. Brennan and Schwartz (1976), Brennan and Schwartz (1979)
and Boyle and Schwartz (1977) made important contributions to the academic under-
standing of the pricing of equity-linked products and life insurance policies using the
modern option price theory. According to Milvesky and Posner (2001) and Milvesky
and Salisbury (2006) research, various annuities are priced under the assumption of
a constant interest rate and a geometric Brownian motion to model the underlying
stock price. Considering the same setting, Bauer et al. (2008) extended the work of

! According to the Insured Retirement Institute. https:
//www.myirionline.org/newsroom/newsroom-detail-view/
iri-issues-second-quarter-2019-annuity-sales-report
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Milvesky and Salisbury (2006) by incorporating policyholder behavior. Considering
stochastic interest rates, Lin and Tan (2003) and Kijima and Wong (2007) proposed
a valuation approach for equity-indexed annuities. To insure that VA contracts re-
main profitable for the policyholder and the issuer, Bernard et al. (2014), Cui et al.
(2017), Bernard and Moenig (2018) and Landriault et al. (2021) incorporated different
fee structures into the pricing framework. In addition to the pricing issue associated
with the financial approach, researchers have also investigated the fair valuation of
equity-linked insurance with regard to the level of solvency capital required (see e.g.,
Hardy 2003; Barbarin and Devolder 2005 and Feng and Volkmer 2012). Using sim-
ulation or analytical methods where financial models permit, they analyzed liabilities
for equity-linked insurance contracts and determined the fair values of parameters of
these contracts using risk measures. The present chapter applies a risk-neutral pricing
approach to VAs with minimum death and minimum life guarantees. An overview of
other equity-linked life insurance policies is provided by Hardy (2003) and Bacinello
et al. (2011). For VAs with minimum death and life guarantees, a benefit is paid either
at the time of death or upon the maturity of the contract. This benefit is capped due to
a guaranteed rate and depends on the performance of the underlying investment fund.
Hence, VA holders receive at least the guaranteed amount during periods of crisis and
earn additional expected income in periods of economic growth due to the good per-
formance of investment funds. In contrast, as observed during the credit crunch that
occured between October 2007 and March 2009, the main VA issuers incurred large
losses. These losses were explained with reference to rising guarantee values, the
collapse of earnings from mutual fund fees, negative hedging results and exploding
hedging costs. As VAs offer protection of capital during periods of recession and pro-
vide an additional returns in conjunction with growth to their holders, incorporating
switches in economic regimes into the VAs valuation framework is thus a good way
of reducing the risk of losses for VA issuers.

In the finance literature, Goldfeld et al. (1973) developed the regime-switching tech-
nique. Hamilton (1989) popularized this technique in economics and econometrics.
In finance, regime-switching models are based on the simple and natural notion that
the economic environment is not stable but subject to regular changes at certain non-
predictable stopping times. Various authors in the field of actuarial science have ex-
plored the use of regime-switching models in a continuous-time Markov switching
framework. Without intending to present an exhaustive list, we refer to Hardy (2001),
Siu (2005) Lin et al. (2009), Hainaut (2014), Fan et al. (2015) and Ignatieva et al.
(2016). The common point of these articles is the use of diffusion processes modu-
lated by a continuous-time Markov chain to model the interest rate and/or the refer-
ence risky asset. To the best of our knowledge, self-exciting jump-diffusion processes
modulated by a continuous time hidden Markov chain have not been explored in the
valuation framework of equity-linked life insurance contracts such as VAs. The litera-
ture on switching jump-diffusion is less abundant. For instance, Hainaut and Colwell
(2016) extend the framework of Siu (2005) by using Markov regime-switching jump
diffusion models. Fan et al. (2015) price annuity guarantees under double regime-
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switching models in which the underlying stock price was modulated by a Markov
chain and its jump part depends on the number of state changes recorded. Hainaut
and Moraux (2018 b) showed that the self-excitation property of the Hawkes process
combined with regime-switching models enables one to better reproduce the dynam-
ics of financial markets. In this framework, the features of shocks are modulated
by economic cycles. The authors’ empirical analysis of the S&P 500, reveals that
self-excited jumps occur mainly during economic recessions and nearly disappear in
periods of economic growth. The present chapter considers the setting of Hainaut and
Moraux (2018 b) which integrated specific features of stock price dynamics such as
jumps, heavy-tails of the return’s distribution, the time-varying volatility, the regime-
switching and, for option price, implied volatility smiles.

In the cited articles, the interest rates used for discounting cash flows are mostly con-
sidered constant. This assumption seems unrealistic for VAs, as potential increases in
interest rates could have adverse effects on their commitments, mainly due to declin-
ing asset values. The literature features many stochastic interest rates models (e.g.,
Hull-White model (1990), Cox-Ingersoll-Ross (CIR) model (1985), Vasicek model
(1977)) that allow for the replication of interest rate features such as time consistency,
negativity, mean reversion, time-varying volatility and the clustering effect. Without
losing generality, we consider a Hull-White model correlated to the stock price model,
but any other stochastic model that enables one to reproduce the characteristics of in-
terest rates can be included in our VAs valuation framework. As VAs are long-term
commitments, under the real measure, we fit the interest rate model using the Kalman
filter 1960 to reflect the long-term trend.

This chapter proposes an integrated framework for the valuation of VAs that guarantee
a minimum benefit in case of death or life. It makes four contributions to the actu-
arial literature. First, this chapter introduces self-exciting switching jump-diffusion
(SESJD) models into the standard pricing framework of VAs. Second, we design a
valuation framework with a stochastic interest rate model correlated to the stock price
process, and from a management perspective, we consider a portfolio consisting of a
bond and a risky asset as the reference investment fund. Third, we define an equivalent
martingale measure and derive an approximate closed-form expression for the pricing
of VAs that guarantee a minimum living and death benefit. Finally, we present the
detailed procedure used for the econometric calibration of our models based on the
filtering technique.

The remainder of this chapter is structured as follows: in Section 3.2, we specify the
hidden Markov chain model, the SESJD model and the interest rates model. There-
after, we define a Radon Nikodym density for our equivalent martingale pricing mea-
sure. Under this pricing measure we find the dynamics of the investment portfolio and
the moment generating function of the couple formed by the cumulated short-rate and
the portfolio price. We conclude this section with a pricing formula of a European call
option written on the investment portfolio obtained by an inverse Fourier transform.
In Section 3.3, we specify our VA contract, and based on this contract, we provide
an approximate closed-form expression of its price. In Section 3.4, we first discuss
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about the calibration of our models in the real world and then present a numerical
implementation of our valuation framework, focusing on the impact of VA features.

3.2 The financial risk

We consider a complete probability space (Q, %, P) equipped with a filtration {.%;},~
that is generated by a continuous Markov chain and other processes we specify here-
after. Here, the probability measure P on (Q, .%#) denotes the real world probability
measure. The time set is T = [0,7*], where T* < o is the final trading date. We
consider a financial market in which security prices are adapted to the subfiltration
(44);>0- Throughout this chapter, the economy is categorized into N states or regimes
indexed by a set of integers .4 := {1,2,...,N}. The information about the state of
economy over time, is carried by a (continuous) hidden Markov chain ¢ (¢) taking val-
ues from a set of unit vectors E = {eq,e,...,eN }, Where ej = (0,...,0, 1,0,...0)—r with
1 at the j* position. The natural filtration generated by {{ (1)}, is denoted by
{%}1>0, where % = o ({(s) :s€T,s <t). The generator of ¢ (r) is an N x N matrix

Qp:= {q,-, Fi PP whose elements satisfy the following standard conditions:
L=
N
qi,jZO’ Vi # j, and Zqivj:O, Vie N.
J=1
Each ¢; ; for i # j is the instantaneous transition rate from state i to state j, while
—qi; = ):ZJV i1 > 0 is the instantaneous exit rate from state ;. Hence,

P(La+8)=¢j[C() =e)

i —
ASO A o
i TP +A) =€ |G =) _ .
A—0 A .,

The matrix of transition probabilities over the time interval [r,s] is denoted as P (z,s)
and is defined by:

Ps) = (pij(t9), = ePQG=0), s>
where for 1 <i,j <N, p; j(t,s) is the probability that the chain switches from state i
at time 7 to state j at time s. Moreover, the probability that the chain is in state i at
time s denoted by p; (s) depends upon the initial probabilities p; (0) and the transition
probabilities py ; (0,s5), where k=1,2,...,N. p;(s) is defined as follows:

N
pi(s) =P(C()=e) = ¥, pe(0)pi(0.5),  forall L <i<N.
k=1

From the semi-martingale representation theorem for ¢ (¢) provided by Elliott et al.
(2005) and given that 4 is the filtration of { (r), we can write { (¢) as the sum of a &
predictable-adapted process and of a ¢ martingale increment process, {M (t)};>¢:

c<z>:c<o>+/0tQJc<s>ds+M<r>. 3.1)
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In this market, investors purchase three assets: cash, bonds and a stock. The price of
this risky asset over time is a process (S(t));>o modulated by the Markov chain. We
assume that the insurer invests the premiumifrom the VA contract in a portfolio of
bonds and stocks. The process (S(t)),~q follows a modified version of the stock price
model proposed by Hainaut and Moraux (2018 b) in which the instantaneous return is
the sum of a drift, Brownian motions and a compensated jump process:

;L(S;(j)) :U(l)dt+p6(l)dWr(z)+MG(,)dWS(Z) (32)

+d N£)<eji—l) —;L(t)E(ef—1)dt.
i=1

We assume that the instantaneous average growth rate u () of the stock and the Brow-
nian volatility o () are modulated by the Markov chain ¢ (r). In detail, u (1) = ¢ (1) " &t
and 6 (1) = { (1) &, where fi = (A1, fip, ... fiy) | € RY and 6 = (6,6,,....6y) " € RY.
W, (r) and Wy (¢) are two independent Brownian motions, and p is the correlation coef-
ficient between the short rate and the stock price. The amplitude of shocks J; are i.i.d.
random double exponential variables (DEJ) with density v(z) on R. Further details
about the jump size distribution and moments are provided in Appendix A 3.A. It is
important to note that most of the results presented in this chapter are applicable to
any other jump size distributions that enables both negative and positive jumps. The
counting process (N (1));~q With intensity (2 (f));»o counts the number of observed
shocks independent of their amplitude up to time . To replicate the clustering of
shocks observed in stocks markets, the intensity is stochastic and defined as follows :

A()=2(0)-B /0 "B (2.(0) — n (s)) ds + /O "y Ly,
or in terms of stochastic differential equation (SDE) by :
dA (1) = B (1 (1)~ A (1)) dr + ydL (1), (3.3)

where > 0 is the speed of reversion, L(t) = ):ﬁvz(? |/;| enables to increase the intensity
A (¢) of y|J| when a jump occurs. The long-run level 7 (¢) is modulated by the Markov
chain ¢ (1) : (1) = ¢ (1) ' A, where 7 = (711,72, -, iy) |
this counting process is contained in the subfiltration .»°. Hainaut and Moraux, 2018
b derive from their proposition 2.1 that conditionally to 7% the expectation of A (r)
converges when 7 tends to infinity only if the speed of mean reversion is larger than
YE(]J]). In the calibration section, this stability condition ensures that the number of
shocks hitting the stock price process S () does not explode as the maturity increases.
To preserve the analytical tractability, we assume that the risk-free rate (r(t));~ is not
modulated by the Markov chain and satisfies, under P this SDE: -

IS ]RIX. The information about

dr(t) = (eﬂ" (1) — arr(t)> dt + o,dW; (1), (3.4)



42 Chapter 3. Annuity guarantees: a self-exciting switching jump Model

where the level of mean reversion 6F (1) is a process, ar > 0 is the speed of mean-
reversion and o, > 0 is the volatility of the interest rates market. In order to price
bonds, we define a risk neutral measure. However, the market is incomplete due to
regime switches and jumps. The risk-neutral measure derived under the martingale
condition is not unique, which is also the case with the price of a given product in
this market. Different equivalent measures such as the Esscher transform measure, the
minimal entropy measure or the variance-optimal measure, could be used, but, in this
chapter, we do not discuss the selection criteria of an equivalent martingale measure.
Instead, we consider that the equivalent martingale measure Q of P with the Radon
Nykodym density defined by:

_do

At) = i

- =:exp (—% /Ot <6,26r2 +o2 (u) 63 (u)> du (3.5)
n 1
= [y orerdwr [ o) 65 () aws (o)

where 65 (1) =¢ (1) " B, 6, € R and fg € RV, Using the Itd’s differentiation rule, we find
that dA (t) = —0,6,dW;- (1) — o (¢) 05 (1) dWg (¢). Then, as A(¢) is an .%-martingale under
the probability measure P and E (A ()) = 1, our equivalent measure Q is well-defined.
If 6, is a constant and 6g () is such that

):H(f)—r(l)—PGrerG(t) (3.6)
Ji-p2e2() '

then the discounted price process of the risky asset exp (— jér(u)du)S (1) is a F-
martingale under the probability measure Q. Under this risk neutral measure, (S (¢));cr
and (r(t));cr satisfy the following SDE:s :

GS (l‘

dr(t) = (e@ (1) —arr(l)) dr+o.dw2 (1), 3.7)
9O ydetpo () dw@ (1) +4/1 —p20 (1AW (1) (3.8)

N 7
+d(l§1 (61_1)) r0E(e 1)

where the processes (W,Q (z))
Q such that:

and (W? (t)) are two Brownian motions under
teT teT

W2 (1) = Wy (1) + 6,01,

w (1) = ws (z)+/0’o(u) O (1) du.

6Q (1) = 6F (1) — 626, is a deterministic function of the time, where — 6,6, is the interest
rate’s risk price. We note that the market price of risk —6g () o (¢) in our framework
depends on the state of the economy and the instantaneous short rate. For the sake
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of simplicity, we assume that the distribution of the hidden Markov chain ¢ and the
modulated jump process (1,N) remain unchanged after the measure change from P to
Q. Thus, the semimartingale representation of the hidden Markov chain in Equation
(3.1) still holds.

In this setting, asset prices are valued as the sum of their expected discounted cash
flows under the risk-neutral measure. From Equation ( 3.7), the short-rate follows a
Hull-White process (1990) under Q. The price of a zero-coupon bond at time ¢ with
maturity T is given by:

2(t,7) = EQ {e, W rs)ds | g;,} o ATT) =B T)r0), 3.9)
where
1
r _ (1 _ —ar(T—1)
B(T) = o (1 e ) (3.10)
and
r _ r M ™M r irz _ 2ayt\ pr 2
AT )= [ M08 ds— M (0.0 B (1. T) + (1 e )B «.7)%, (.11
t r

with fM (0,1) the instantaneous forward rate observed at time 0. From Equation ( 3.9),
we have the SDE of this zero coupon bond :
dzc (s, T)

2T r(t)dt — o,B" (6,T)dW2 (1) (3.12)

It follows that —6,62B" (1, T) represents the instantaneous risk premium for an invest-
ment in such a zero-coupon bond.

The equations obtained under the measure Q are used later to value the portfolio in
which the insurer invests the unique premium. Composed of a zero coupon bond and
a risky asset, the value of this portfolio denoted by V () at time ¢ is defined as follows

dv()  dS(r) dzc(,T)

Vi) =S5 T S ac oy
where g is the proportion of the premium invested in the risky asset. Without loss of
generality, we assume that our portfolio is self-financed and continuously re-balanced

(3.13)

in order to keep this proportion constant over the time. It is worth noting that one

may considered the proportion wg invested in the risky asset as a function of the time.

For instance, it could decreases with the age of the VA’s holder who is risk adverse.

Under the risk neutrél(l )measure from Equation ( 3.13) the log-return of the investment
t

portfolio X () :=In V(0) satisfies the following SDE :

dx (1) = (r (t)+ g (1 — wg) po (1) 6rB" (t,T) — %wgaz (t)) dr (3.14)
- <% (1-wg)% 62 (B (1,T))* + wgh (1) E <e]f 1)> dr

+(w5po (1) — (1 — g) 6B (1, 7)) dW,2 (1)
+agy/1-p20 (1)dW (1) +1n (1 + o (ef— 1)) AN (7).
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We conclude this section with a proposition used to price our VA contract. To price
embedded options in the VA, we need the moment generating function (mgf) of the
bivariate random variable ([}’ r (u)du,X (s)) given the filtration .%; withr <s.
Proposition 6. The mgf Mﬁ’;( of the pair of random variables ( [ r (u)du, X (s)) given
the filtration % with ® = (o), ;) € CZ and t < s is equal to :

M5 (01,0) = EQ <ew1 I ru)dut-anX (s) | g,) (3.15)

V(t)\?2 i

~() ¢ i)
xexp (@ + o) B" (t,5)r (1) +C(@,1,5) A (1)),

where A(-) is a vector of N functions, and the function C(-) satisfy the terminal value

problems’ partial differential equations (PDEs) system:

{o_ QADL3) | (diag (D(@,1,5)) + Q) A (@,1,5) 416

0=Cr — oy gEQ (ef— 1) —BC+EQ(g(J,C)) —1

with g : (x,C) — e n(1+5(e =0)+CYx| 4 reql valued bivariate function,

_ _ 1
D(@,1,5) = f% (1- @) (D} +F (1-p?) 52) + 62 (1) Dy + 50203
+@,0;D1 Dy + BIC,

Dy = wgp& — (1 — wg) 6:B" (t,T), Dy = (3 + 1) B (t,5), C(®,s,5) =0 and A(®,s,s) =

1N -

Proof. In Appendix B 3.B O

Note that while the PDE system ( 3.16) does not admit an analytical solution, a nu-
merical solutions can be found using a numerical method. The joint distribution of
(Jf r(u)du,X (s)) defined by this mgf allows us to price by Fourier transform inver-
sion, a European put option written on the portfolio value V with maturity 7 and strike
V (t)ek. Let pr (k) be the value of this European put option and y the joint density of
(JF r(u)du,X (s)) under Q. Thus,

koo
pra)=v@ [ [ e (-2 y i) didn. (3.17)

This European put option is not square integrable since py tends to infinity instead
of zero when the log strike k tends to 4. To obtain a square integrable function, we
consider the modified put option price:

pr (k) := exp (—ok) pr (k) , (3.18)

where a > 0 is chosen such that py is a square-integrable function. Then the Fourier
transform of jpr exists and is defined by

For = [y e (3.19)

—o0
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and, by inverse Fourier transform, the option price is obtained numerically using the
following equation :

ak o .
pr)="— [z o) . (3.20)

Applying Simpson’s rule to the integral in Equation ( 3.20), we approximate put op-
tions prices in the following proposition:

Proposition 7. Let M be the number of steps used in the discrete Fourier transform
and A, = ZkMM the step of discretization. Let us denote §; = % (3 +(=1)7 - l{jzl}),
Ay = A}—Xk and vj = (j—1)Ay. The value of pr (k) at points kj = —kmax+ (j—1) Ay is
approximated by

. t, T ,
2V(t)eak1 M 2T 1y(1-1) 1 MXx (=11 —o+ivy)
pr (k) > =a— L e W S S :
k=1 as—o—vi+i(=2a+1)v;
3.21)
forall j=1,...M and any o > 0 such that M;; (1,1 =) < +oo. This last relation can
be computed with a fast Fourier transform algorithm.

Proof. In Appendix D 3.D O

In the next section, we consider several of the different forms of VA contract and price
them within our modelling framework.

3.3 Valuation of the variable annuity

3.3.1 Definitions

The VA contract valued under our models setting consists of a guaranteed minimum
accumulation benefit (GMAB) and guaranteed minimum death benefit (GMDB). Any
holder of this VA contract pays a unique premium II > 0 in exchange for benefits
that depend on the return of the investment portfolio. The policy charges fees for
management expenses such as the mortality fee, administrative costs, management
fees and other fees linked to the contract riders. These fees are charged annually to
the account value of the VA contract. If we denote by ¢ the proportional fee rate
applied to the account value in order to recover the cost of all the options, then the
account value A satisfies the following SDE:

dA(r)  dv(r)
A(tm) V()
where its initial value A (0) is equal to the unique premium IT. Let § > 0 be the guaran-
teed interest rate used to reassess the premium during the lifetime of the VA contract.

— odr, (3.22)

Our VA contract provides a minimum guaranteed benefit in case of death and a lump
sum payment upon expiry. If withdrawal and surrender are not allowed during the
contract’s lifetime, benefits are defined as follows
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* GMDB: In case of death prior to the stated maturity T, the insurer pays the
maximum between the account value and a guaranteed amount. At the death
time 1,4, t < 1y < T, the benefit is bp (1;) = max{A(t;),G(1;)}, where G(0) €
(0,11] and the common guaranteed amount G () on the market is

— either the roll-up of the premium at the guaranteed interest rate, called the
roll-up guaranteed

G(ty))=G(t)ed 1), (3.23)

— or the highest account value recorded every year before the death, called
the ratchet guaranteed,

Gl = _ s (GO.AG+). (3.24)

* GMAB: At expiry date T (typically the end of the accumulation period), the
insured, if alive, receives the maximum between the policy account value and
the guaranteed amount. The benefit is

by (T) = max{A(T),G(T)} (3.25)

where the guaranteed amount G (T) is expressed similarly as in the death case
3.24.

The fair proportional fee rate ¢ is the solution of the following equation:
n := L@T,9), (3.26)

where L (z,T, ) denotes the total liabilities of the insurer at time ¢. This total liability
is the net of the proportional fee ¢ which is deducted from the investment fund value.

3.3.2 Valuation

The theorem of asset pricing and the linearity of the expectation allow us to define the
total liabilities of the insurer at time ¢ toward an insured aged x at time ¢ as follows:

L(1.T,9):=EC (e‘ff Ty b (gg) e B Oy (T)) (3.27)
=Lp(t,T,0)+L.(1,T,0),

where r and T are integers. Lp (¢,T,¢) and Ly (¢, T, ¢) are respectively the present values
of the death benefit and of the survival benefit at time ¢. These quantities are evaluated
under the assumption that mortality risk is independent from financial risks. We also
assume that individuals die at the end of the year and that the death benefit is paid
at the end of the death year. This latter assumption is arguable but can be adapted
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according to the terms of the contract. The death liability in Equation ( 3.27) is then
given by:

T
Lp(t,T,9) =EC (e—ft Ty b (1) | %) (3.28)
T—t-1 asas
=Y ]Px+th+t+jEQ < rWdupy (4 j+1) | %) ,
j=0

where ¢+ 1,7 +2,...,T are the possible dates of payment of death benefits until the
maturity T, whereas the life liability L; (r,T, @), is given by:

Ly (t,T,o) =EQ (efff r(u)du ]{’L' >T}bL( )| fft) (3.29)
=7 prEQ (e—.l} wdup, (T)| Z
(3.30)

where the life benefit b; (T) = max{A (T),G(T)} changes according to the two type of
the guaranteed amount considered hereafter:

* Roll-up guaranteed
In this case, the guaranteed amount G (7T') satisfies Equation ( 3.23) and the life
benefit is the maximum between a random variable and a constant. This life
benefit can be rewritten as a function of the payoff of a put option and enables
us to simplify the life liability formula as follows:

Ly (1,T,9) =7 priEQ (e* S rwdu oy {A(T) G(1)eS(T— ’>} | y‘,) (3.31)

1y pesEQ (e—f,T udu (A (1) X(T)-X()~p(T—1)

+ (G(t)e‘s(T*t) —A (t)eX(T)*X(t)fw(Tft))Jr) | %>
— pesEQ (ef,T ot (4 (0) X)o7

+ (G(O)e5T —A(0) eX(THDT)J | %>
e 9T A(0) (E@ (e x| 5,)

g0 (e, ST () du (@e(waﬂ _eX(T)> | %) )

N

A(0)

=7 pxprA(0) e OT (Mg (=L, D) +pr (f)> -

where py (¢) is the price of a European put option with maturity 7' and strike ((03 (6+o)T
Recall that the initial account value A (0) equals IT and the initial amount guaranteed
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G(0) is in the interval (0,IT]. From Equation ( 3.31), the insurer commitment of a
GMAB is then hedgeable by investing in cash and a put option.

* Annual ratchet guaranteed
The life benefit is the highest account value A recorded every year until the
maturity 7. Since the account value at any time depends on the state of the
chain, the property of the independence of increments does not hold. While
we can not deduce a closed-form expression in this case, the life liability for a
guaranteed annual ratchet:

Ly (t,T.0) =1 pxsEQ <e‘ffT r(u)du (3.32)
X max {A (T) ’je{l,-?aTxftfl} {G(r),A (H—j)}} | J;)

can be evaluated using the Monte Carlo approach.
In addition to the life liability, the death liability 3.28 can be rewrite as a weighted
sum of life commitments in this way :

T—t—1 .
+1Px+t
LD (t7 T7 (p) = Z jl’x+th+j / (333)
j=0 JH1Px+t

t+j+1
« EQ (67 t (rquVu)d”bL (t4+j+1) ‘g(?t>

T o
=0 Jj+H1Px+t

—1>LL(z,t+j+1,(p).

It follows that for a roll-up guaranteed, the death liability

T ipey
j=0 JjH1Px+t

(t+j+1)

Lp(t,T,9) = A(0) - 1) t+jp1Pxree ?

tt+j+1
X (Mr,x =L 0) + py (f))-

is also hedgeable by investing in cash and in put options with different maturities.

3.4 Numerical implementation

This section is divided into four subsections. The first subsection presents the mor-
tality rate model and its estimated parameters, while the second subsection details the
econometric calibration of our interest rate model via the Kalman filter approach. The
third subsection presents the estimation procedure of our stock models when the hid-
den Markov chain ¢ has three states: ¢ for “boom” or “trend up”, e, for “recession”
or “trend down” and e3 for “crisis” or “trend sidway”. Finally, we perform a sensitiv-
ity analysis to highlight the impact of self-exciting jumps and economic regimes on
the valuation of the VA defined in the previous section.
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3.4.1 Estimation of the mortality rate

The mortality rate model follows the Gompertz Makeham distribution (Gompertz
(1825), Matthew (1860)). This setting enables one to derive a closed-form expres-
sion of the survival probability. For an individual aged x at time zero, the mortality
rate u (x) is given by:

1(x)=ay+bycy, ay=—In (sp), bu=—In(gy)ln <cﬁ) , (3.34)

where ay is the mortality rate due to accidents and bycy; is the term related to the
ageing. The chosen parameters in Table 3.1 maximize the likelihood function when
we consider the mortality tables for both sexes provided by the Belgian regulator.> The
national regulator for life annuities and death products recommends these mortality
tables as a baseline.

sy 09995465
gu 0.9998611
cu  1.106383

Table 3.1: The Gompertz Makeham parameters for both sexes Belgian mortality table,
obtained by likelihood maximization.

If 7; denotes the death time, we evaluate the survival probability of an individual aged
x at time zero as follows :

epx =Pty > €)= Jo HETudu ye > (3.35)

3.4.2 Econometric calibration of the short rates model

As VAs are long-term commitments, we fit the interest rate model under the real mea-
sure P using the Kalman filter 1960 to reflect the long-term trend. The speed of mean
reversion and volatility found in this method are next used under the risk neutral con-
dition. We believe these parameters better reflect the long-term trend than those we
could obtain by fitting the model to, for example swaptions. Our estimation proce-
dure is divided into two steps and based on a time series of daily ECB yield bonds>
data from September 6, 2004, to April 16, 2020 for 10 maturities. Instead of using the
overnight rate as a proxy for the short-term rate, in the first step we use the Kalman fil-
ter approach 1960 to guess its dynamics for the time series of daily ECB bond yields.
Babbs and Nowman (1999) adopted a similar approach. Let {¢{,--- #3991} be the set
of times at which we observe these yield bonds curves. Table 3.2 summarizes the
descriptive statistics of the yield bonds.

2The Belgian mortality tables for both sexes are available via the following link http://www.
ejustice.just.fgov.be/eli/arrete/2013/01/29/2013011073/justel
3Source: http://sdw.ecb.europa.eu/browse.do?node=9691126


http://www.ejustice.just.fgov.be/eli/arrete/2013/01/29/2013011073/justel
http://www.ejustice.just.fgov.be/eli/arrete/2013/01/29/2013011073/justel
http://sdw.ecb.europa.eu/browse.do?node=9691126
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Maturity 1 2 3 4 5 6 7 8 9 10
Mean 084 097 1.13 1.31 1.48 1.65 181 195 208 2.19

Std. dev. 1.59 1.61 1.63 1.62 1.61 1.61 1.6 1.59 159 1.58
Min -091 -097 -1. -1.01 -09%9 -097 -093 -0.89 -0.87 -0.82
Max 453 471 473 473 473 472 473 474 476 478

Table 3.2: Descriptive statistics of the yield bonds in percent, from September 6, 2004, to April 16, 2020.
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The bond price ZC (z,T) ( 3.9) is the exponential of an affine functioninr () : —A" (+,T)—
r(t)B" (t,T), where functions A” and B" are defined in Equation ( 3.11) and ( 3.10) re-
spectively. Therefore, the observable spot rate or yield bond R(7,T) = —% is
an affine function. We consider a linear Kalman filter. The measurement equation is

defined as follows :
R(t) =z()rn)+d(m)+e(n)  e(y)~N(0,H) (3.36)

where R (1) = (R (f,t;, + 7)) 1 <;<10 1 the vector of yield bond for the ten maturities
B (1 ty+ %) )

Ti 1<i<10
are vectors derived from the price of zero-coupon bonds.

(Ti)1<i<10 ranging from one year to ten years, and z(t;) = < and

_ Ar(fkvtk""fi))
d(t) = ( T 1<i<10
7; € {1,2,...,10} is the maturity of the considered bond. The & () are the measurement

errors assumed normally distributed with a covariance matrix H = diag (hy,---,hjq)-
Note that the variance of the measurement errors depends on maturities. For a step
size A = % we have 3991 values of bond yields for each maturity 7;. Moreover, the
transition equation of the state variable r according to this step size is given by

r(t) = f () r (tg—1) + & () +w (1) (3.37)
where
flo)=e b,
g(n) =0"B (n_1.1),

2

~ 67" _ ,2arA
w (1) N(O,zar (1 e ))

Let us define by @ = {ar, or, 6y, BP,hl,m »hlo} the set of parameters of the short-rate
model including the parameter from the distribution of measurement errors. Note that
—o,0; is the interest rate’s risk price. We assume that error terms of the measure-
ment and the transition equations are not correlated. The distribution of r(#;) then
depends only on the value of r(7_1), while the distribution of R(z;) depends only
on r(f,_1). With the Kalman filter, we can guess the unobservable values r(7;) and
estimate the filtering error. The likelihood function of the log likelihood for the obser-
vations R(t1), -+ ,R(t3991) 1S

l3991 :=InL(R (1), ,R(3991):®) (3.38)
3991
=np(®R@)+ 3 p (R Ay ).

where p (R () | Jﬁk_l> is the conditional distribution of R(z;) given the information
set, s attime t;,_;. p(R(t1)) is the initial distribution of R (z|) assumed as the station-

2
ary distribution of the instantaneous spot rate r(z;) ~ N ( fa)r©0)+g(t), g—a’r) We

find an estimate ® of ® by maximizing the log likelihood in Equation ( 3.38).
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In the second step, we estimate the mean reversion level 0Q in the short-rate model
such that we fit the initial forward curve. For this purpose, we assume that the initial
forward curve follows a Nelson-Siegel parametric curve (1987). The Nelson-Siegel
model is a parsimonious model of yield curves widely used in practice to replicate at
best the initial term structure of interest rates. Thus, we define the initial forward rate
as follows:

M0,5) =z +zpe F 423567 %, >0 (3.39)

where z1, zp, z3 and a > 0 are fixed real numbers. As a proxy of r(0) = £(0,0), we use
the value of instantaneous forward rate 10-month residual maturity from ECB data
equal to —0.65%. Next, we deduce a closed form of the moving target at time s > 0:

2

0Q(s) = a,zl+;’7’+(Z3+(ar—a)zz)em+(ar—a)@se*w (3.40)
r

_ 671‘2 e72a,-s.
2ay
Given the estimated values of a,, o, and 6,, we find z1, zp, z3 and a > 0 that minimize
the mean square error between the observed yield curve as of April 16, 2020, and the
model yield curve where the mean reversion level satisfies Equation ( 3.40).
Table 3.3 contains estimated parameters of the short-rate model and the estimated
variances of measurement errors per maturity based on the estimation procedure de-
scribed previously. Figure 3.1 compares the observed yield curve as of April 16,

h, 033% hy, 0.15%
a 161% 6, 5.006% 1 2 7

or 0.69% ry —065% 0%  hy 0.13%

hs  023% hg 0.32%
a SL0T% o 042% oo e
zn —075% « 1.51 7Y 8 .

hg 051% hyy 0.55%

Table 3.3: In the left side, the estimated parameters of the short-rate model. In the
right side, the estimated variance of the measurement errors.

2020, to the yield curve obtained from the Hull-White model where the initial forward
curve follows a Nelson-Siegel model with the estimated parameters in Table 3.3.

3.4.3 Econometric calibration of the stock price model

This subsection describes the procedure for estimating the SESJID model from a time
series. This estimation procedure is divided into three steps. In the first step, an esti-
mation of the switching-diffusion part is done with a Hamilton filter. The second and
third steps involve detecting jumps with the peak over threshold (POT) and estimating
parameters of the switching Hawkes intensity A (¢) by log-likelihood maximization.
Hainaut and Moraux (2018 b) go beyond this procedure by using their results as the
initial set of parameters of a particle Markov chain Monte Carlo (PMCMC). How-
ever, in terms of log likelihood, there is no significant difference between these two
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Figure 3.1: The observed yield curve as of April 16, 2020, and the yield curve derived
from the Hull-White model where the initial forward curve follows a Nelson-Siegel
model with the estimated parameters in Table 3.3.

procedures. We choose the POT procedure because it is less time consuming than
the PMCMC procedure. The following paragraphs present, in detail, each step of our
estimation procedure.

Let us denote by y = {y(#;),...,y(tm)} the time series of log returns of Euronext 100,
measured at times 71, ...,#; and equally spaced by a lag A of one day of trading:

y(tj> - m(;(f(jw?)) j=1,..,m. (3.41)

We first estimate a switching geometric Brownian motion (SGBM) process with the
Hamilton filter developed by Hamilton (1989). In fact, the Kalman filter previously
used for the Hull-White process has been extended by Hamilton to the case where the
unobservable state variable is a Markov chain ¢ (r) and where we need the probabilities
that the chain will be in each state at a given time. The vector of probabilities of being
at time #; in a certain state is computed recursively as follows:

b))
IEGIOECRE] o
where the initial vector m is defined such that the chain starts with its stationary dis-

tribution which is the eigen vector of the matrix P, associated to the eigen value equal
tol. f <y <t j>> is the vector of Gaussian density for y (t j> in each of the N regimes,
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and Py =exp (QpA) is the daily matrix of transition probabilities. Note that in Equation
( 3.42), = stands for the Hadamard product. Using the vectors of probabilities, the
Hamilton filter’s algorithm allows us to derive the following log-likelihood function
for the m observations of the log return:

L (1)) () = flln<f(y(tj))7(¢,TPA)>. (3.43)
pe

By maximizing the log-likelihood in Equation ( 3.43), we obtain (as displayed in Table
3.4) the estimated parameters of the SGBM process. The SESJD process extends the
SGBM process by having a modified jump part driven by the hidden Markov chain.
Given the state of the chain, we expect that this jump component captures the effect
of rare events on the stock prices. To detect jumps, we apply the POT procedure in the
second step.

We assume that it is likely that a jump will occur when the vector y (t j) — ML (t j> A
is above or below some thresholds. These thresholds are defined by:

VAED ! (o), k=12

where ML <t j> is the drift of the SGBM in the most likely state obtained by the

Hamilton filter, & is the standard deviation of the whole sample and ®~! (e;) and
&~ ! (ay) are respectively the a; and o, percentiles of the standard normal distribu-
tion. These percentiles are such that y (z j> — pML (t j) A follows a Gaussian distribu-
tion when we consider the sample without jumps or the values of log returns limited

to ® 1 (o) and @1 (0 ):

oy, 0p =arg min ((Skewness)2 + (Kurtosis — 3)2) . (3.44)
sample without jumps
The thresholds obtained by solving the Equation ( 3.44) are presented in Figure 3.2,
where the robustness of our choice is checked with the Jarque Bera test. Figure 3.2
enables us to link the upper or lower values of the log return to specific events, such as
the credit crunch that occured between 2007 and 2009, the European sovereign debt
crisis that occured between late 2009 and 2012 and the current COVID-19 crisis.
Furthermore, the POT procedure enables us to distinguish positive from negative
jumps in the historical Euronext 100 prices, as in Figure 3.3. Regarding our ob-
servation period, there are often negative jumps on the Euronext 100 as a result of the
negative effects of crises.
Once jumps are detected, the distribution of the return on the Euronext 100 prices is
approximated by ML (t j> A+J; when there is a jump at ;. Otherwise, the return on
the stock is normally distributed as

B (1) M (1) (/152 ) w ).

where p is the sample correlation between the Euronext 100 prices and the Eonia
rates taken as the risk-free rate proxy. oML (t j> is the standard deviation at the most
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Figure 3.2: The historical log return of the Euronext 100 and the thresholds between
which the log return follows a Gaussian distribution. The historical log-return of the
Euronext 100 prices is over the thresholds mainly during crises such as the credit
crunch between 2007 and 2009, the European sovereign debt crisis between late 2009
and 2012 and currently the COVID-19 crisis.

likely state obtained from the Hamilton filter procedure. We then estimate the jump
parameters p~ , pT and p by maximizing the log likelihood of the jump probability
density function for the log return observations where jumps occur. It follows that :

p*,pﬂp = argmaxillnv(y(tj)—ﬁML(l‘j)AW7P+7P>1{jumpattj}'
j=

The values found are reported in Table 3.5. The upward exponential jumps are less
likely with a probability of 36%, but the average size of positive shocks p% is higher
than that of negative shocks fp% .

In the last step, we estimate the intensity parameters A (r). From Equation ( 3.3), over
a time interval of length A, the variation of the intensity is given by

82 (15) =B (0 (151) =2 (1) ) A4 1931 Guamparr

We then find the estimated parameters of the intensity in Table 3.5 by log likelihood
maximization as follows:

B,y,1 = argmax rzn:I lnv(y (lj) |P77P+7P) l{jumpa,tj}-
j=
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Figure 3.3: The filtered jumps in the historical Euronext 100 prices. There are mainly
negative jumps on the Euronext 100 prices over our observation period.

51 8.924% (0.0012) fi;  26.62% (0.0404)
5 16.49% (0.0107) fi, —6.908% (0.0855)
63 18.76% (0.0083)  fi3  —82.90% (0.3328)

Log.Lik. 13075.3
B 2.59 (0.7406) y 15.12 (3.2936)
iy 11.03(2.6134) B 30.09 (7.587)
i 44.82 (17.7978)

Log.Lik. 849.22
pt 31.87 (3.2191) p-  —36.07 (2.7192)
)4 0.36 (0.0289)

Log.Lik. 473.62

Table 3.5: Estimated parameters of the SESJD obtained based on the log return Eu-
ronext 100 time series and their standard errors in bracket.

In Figure 3.4, the upper graph depicts the average reversion level of the intensity
and the filtered intensity obtained based on the historical Euronext 100 prices. We
observe high jump intensities during crisis periods such as the credit crunch of 2008,
the European sovereign debt crisis that occured between late 2009 and 2012 and the
current COVID-19 crisis. During these periods, there is a large spread between jump
intensities and the average reversion levels. As expected, during periods of economic
growth this spread is close to zero, as is the jump intensity. Another feature is the
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clustering of peaks due to the self-excitation property. In the bottom graph in Figure
3.4, we draw the filtered state in the case of the SGBM process and the SESJD process.
Their filtered state paths seem to be the same, but, during the credit crunch of 2008,
the SGBM filter later detects the crisis regime, and this crisis regime lasts for a shorter
period than with the SESJD filter.

140

—— Filtered intensity
- - E@m)

100

60
I I I Y N |

0 20

Filtered state ¢(t) i ”
—— SESJD
-l - - SGBM

25 3.0

15 20

1.0

Figure 3.4: The upper graph depicts the filtered intensities of the SESJID process, while
the lower graph depicts the filtered states of both the SESID and SGBM processes.

3.4.4 Numerical analysis

In this subsection, we price the value of a VA specified in Table 3.6 and study the
impact of our setting on this price. The choice of a guaranteed rate § equal to zero
is motivated by the low interest rate level with a spot rate r(0) = —0.65% as of April
16, 2020. The following analysis considers an insured 40-year-old person, who paid
a unique premium of €1 for a GMAB and GMDB contract. To evaluate this contract,
we consider the initial guaranteed amount G (0) equal to the premium and we find the
fair fee rate ¢ solution of the Equation ( 3.26).

Insured age (x) 40 years guaranteed rate () 0%
Premium (IT) 1 Maturity (7) {1,2,...,20}

Table 3.6: Specification of variable annuity contract.
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Figure 3.5: Fair fee rate ¢ of the GMAB and GMDB contract when we consider the
roll-up guaranteed base. The guaranteed rate § is assumed equal to zero, while the
unique premium A (0) is assumed equal to the initial guaranteed amount G (0). The
other parameters used are in Tables 3.4 and 3.5. Given the financial environment as
of April 16, 2020, long term contract and a partial investment in risky asset allow to
reduce the fair fee rate. For long-term contract, the SESJD model leads to a fair fee
rate higher than the one from SGBM model.

Figure 3.5 presents the fair fee rate ¢ for different contract maturities. From the
top left graph, the fair fee rate is not a strict monotonous function of the investment
proportion in stock wg, while the fair fee rate is a decreasing function of the contract
maturity. The GMAB and GMDB contract is then interesting for long term contract
and a small investment in the Euronext 100. This is explained by positive yields
on long term bonds and the cost of investment in risky assets. The top right graph
and the bottom graphs compare the fair fee rates obtained using the SESJID model to
those from the SGBM model for three investment scenarios, where the proportions
invested in the Euronext 100 are wg = 5%, 10% and 15%, respectively. For higher
maturities, these graphs show that the SESJD model leads to more fees than the SGBM
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T 5 10 15 20
¢ (%) 257 126 088 0.71
L(t,T,p) 105 110 116 122

Table 3.7: Liability of the GMAB and GMDB contract when we consider the annual
ratchet guaranteed. For each maturity 7, we consider the fair fee rate ¢ found in roll-
up guaranteed base. The liability in the roll-up guaranteed base is then equal to unique
premium IT = 1. The liability in the annual ratchet guaranteed base obtained by Monte
Carlo is higher than in roll-up guaranteed base due to the cost of additional options.

model. This is due to the jump component, which allows one to modulate the Euronext
100 volatility according to the economic regime. To analyze the effect of the jump
component, the upper graph of Figure 3.6 depicts the fair fee rates when we invest
10% in the Euronext 100, let other parameters go unchanged and successively vary the
double exponential jump parameters p~ and pT. Recall that expectations of positive
and negatives jumps are respectively equal to p% and p% Divide, respectively, p~
and pt by 10 to increase the probability of observing large downward and upward
exponential jumps, which cause more self-excitation. From the upper graph in Figure
3.6, we conclude that the fair fee rate ¢ increases with the level of self-excitation.
The lower graph depicts, for a 3% fee rate, the liability when the initial arrival rate of
shocks A (0) =¢ (0)T 7] changes given the regime { (0) = ¢ to e3. In regime 3, which
corresponds to a depressed economic context, the liability decreases dramatically with
maturity due to an initial arrival rate of shocks higher than in regimes 1 and 2.

Figure 3.5 also reveals the difficulties of offering higher guarantees in a negative
interest rate environment. From this figure, the fair fee rates range from 12% to 0.7%
when we consider a guaranteed rate & equal to zero and an initial guaranteed amount
G(0) equal to the unique premium. To reduce the fee rate and make the contract
attractive despite low interest rates, a review of the guaranteed amount is considered.
Figure 3.7 shows that the fair fee rate ¢ decreases as G (0) goes down. The negative
yields in the market constrain to charge more as the guaranteed amount is higher.
For short term contracts, the reduction of the initial guaranteed amount significantly
reduces the fair fee rate ¢ due to the uncertainty horizon.

For the sake of comparison between roll-up guaranteed and the annual ratchet guar-
anteed, we compute, using the Monte Carlo approach, the liability of the GMAB and
GMDB contract for a maturity 7 =5, 10,15, 20 and the corresponding fair fee rate found
in the roll-up guaranteed. The results presented in Table 3.7 show that the liability in
the annual ratchet guaranteed base is higher than in the roll-up guaranteed base due to
the cost of additional options.

We conclude this numerical analysis with a study of the impact of the correlation

between the stock market and the yield curve. We assume a 40-year-old insured person
underwriting a 20-year GMAB and GMDB contract with a 1.5% fee rate and consider
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Figure 3.6: Impact of the self-excitation parameters on the fair fee rate and the liability
of a GMAB and GMDB contract. From the top graph, the fair fee rate is shifted up
when the exponential jump parameters p~ and p' decrease and create more self-
excitation, whereas the bottom graph shows that the liability is shifted down when the
initial arrival rate of shocks A (0) =¢§ (O)T f] increases as we consider the initial regime

C(O) =e] to e3.

that 10% of the contract premium is invested in the Euronext 100. Figure 3.8 shows
the impact of the correlation between interest rates and stock prices. In a context
of low interest rates, this correlation has a small impact on liabilities, even if, from
Equation ( 3.6), the market price of risk increases with the correlation p. In contrast,
we observe that the value of liabilities decreases as Eonia rates and Euronext 100
prices are correlated.
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Figure 3.7: Impact of the initial guaranteed amount G (0) on the fee rate ¢ for the
GMAB and GMDB contract. We consider the roll-up guaranteed base with a guaran-
teed rate 6 = 0% and a proportion invested in the Euronext 100 wg = 10%; the other
parameters used are presented in Tables 3.4 and 3.5. Given the market condition as
of April 16, 2020, where the spot rate r(0) = —0.65%, reducing the initial guaranteed
amount allows one to reduce the fair fee rate .

3.5 Conclusions

In this chapter, we combined regime-switching and self-excitation features to model
the underlying investment fund price of VA contracts with a minimum death and ac-
cumulated life benefit. This underlying investment fund is a portfolio of a bond and
a risky asset correlated to the interest rate. Despite the dependency on the chain and
the correlation between the stock and the interest rate process, we rewrote the com-
mitment of such a VA issuer with a roll-up guaranteed base as a linear combination of
put option prices. For other guaranteed bases, the dependency on the chain requires
the use of the Monte Carlo approach.

This chapter presented a detailed economic calibration of our models based on the his-
torical data of the Eonia rates and the Euronext 100 prices from September 06, 2004,
to April 16, 2020. The estimated parameters found for the SGBM and the SESJD
processes enable us to draw three conclusions. First, ignoring the self-excitation mod-
ulated by the Markov chain leads to an underestimation of the fair fee rate of the VA
contract. The features of the SESJD process are thus recommended, as they allow one
to not only consider the economic regime, but also to capture random shocks in the
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Figure 3.8: Influence of the correlation between Eonia rates and Euronext 100 prices
on the liability of a 20 years GMAB and GMDB contract with a 1.5% fee rate, with
10% of the premium being invested in the Euronext 100. Based on our data, the value
of the liability decreases as Eonia rates and Euronext 100 prices are correlated.

stock market and to scale their amplitude given the regime. Second, in a low interest
rate environment, reducing the guarantee allows one to decrease the fair fee rate. Fi-
nally, the GMAB and GMDB contracts are sensitive to the economic regime and the
self-excitation level.

From a broader perspective, the chapter calls for consideration of other guarantees
such as the surrender benefit or the withdrawal benefit. From a practical perspective,
it would be interesting to extend this work to the valuation of a large portfolio of VA
contracts based on risk measures.
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Appendices

3.A Appendix A

The probability function (pdf) v(z) is defined by the three parameters p™ ¢ RT, p~ ¢
R~ and p€(0,1):

_pt — —p—
v(@)=ppTe P gy~ (1-p)p~e P Tl gy,

where p and (1 — p) are respectively the probabilities of observing upward and down-
ward exponential jumps.

The average sizes of positive and negative shocks are equal to p% and p% The ex-
pectation of J; is the weighted sum of the expected average jumps:

1 1
E(Ji):PpTﬂL(l*P)pT~

In later developments, the moment-generating function for the sum of the J; and of its
absolute value is needed. We define it as follows:

vy (z1,22) :=E (ezﬂ+zw|)

=1!77p+ +(1-p) — P
pt—(z1+22) p~—(z1—2)

under the condition that (z; +z) < p™ and (z; +23) > p~. In particular,

pt -
pt—1

]E(ej—l):p

3.B Appendix B

If we note £ (t,5,r (1), A (t),X (1), £ (1)) = EQ (ewl Jf r(w)dut X (s) | 9,), £ s the solution
for an Ito’s equation for the semi-martingale. Let </ the infinitesimal generator of
(r(t),A(t),X (r), (¢)). By definition, this infinitesimal generator equals

o B 5. () 2 ) X ) § ) | F1) = £ (15,7 (0), 2. (0), X (0),£ 1))

u—t u—t

With enough regularity we have:

A (5,7 (1),A(1),X (1), 6 (1)) = =7 (1) £ (1,87 (1), A (), X (¢),§ (1)) (3.45)
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Since f(t,s,r(t),A (¢ ) (t),C(r)) is the solution of an Ito’s equation for the semi-
martingale, if { (t) = ¢;,i € .4, then:
~onr(0)f = fx (r() - 0sA (V2 (¢! ~1) (3.46)

((wspG, (1-0g)orB" (1,7))* + 05 (lpr) 6’2>) o

- arr(t)) fr+ %Grzfrr —or(1—wg)orB" (1,T) fx

/\ N =

1 _
+0rwspGifix + 5 ((wsPGi — (1 -ws)orB" (1, T))2> fxx

4303 (1-p2) 6 ex +B (= A () f,+A (1)

< (f(z,s,ro A (0)+ 712, X 0 >+1n<1+ws<ez1>>,ei>f<->>v<dz>

—oo

+§q,1( F (0.0 A0, X (1)) = £ (15,7 (0,4 0),X (1) e5) ).
JFi

4 Assume that f is an exponential affine function of r(¢), A (r) and X (¢):
f(t,s,r(t),A(1),X (1), e;) = exp (A (@,1,5,¢;) +B(®,1,5)r (1) (3.47)
+C(6),z,s)l(t)+a>2x(t)).,

where @ = (0], ). A(®,t,s,¢;) forie A, B(®,t,s) and C(®,t,s) are time dependent
functions. Since f (s,s,7(s),A (s),X (5), & (s)) = e®2X(5) we have the following terminal
condition A (@,s,s,e;) =0 for i € A, B(®,s,s) =0 and C(@,s,s) = 0. We can simplify
the two last terms of Equation ( 3.46) as follows:

[T G s 02071 X O 00+ 0 (1)), e) £ () v(de) =
Flos.r (@), 40, X (1)) (E9 (5.0) 1)

where g : (x,C) — @2 n(1+05(e*=1))+CY| jg 3 real valued bivariate function. As
shown in Appendix C 3.C, this function admits a closed-form expression when @, = 1.

Since gj=— X g, the last term becomes:
JFLJEN

Y i (£ (6sr@).20).X 0 e)) = f 50 (0),2().X (1),e1)) =
A jEN
)y %,jf(hsv”(l)ﬂ(f),X(l),ej)‘

JjeN

“In this chapter we simplify the notation of partial derivatives as follows % = f1 % = fr,
az
a,ﬁ = frr
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Then, from Equation ( 3.46), we derive this PDEs system:

0=A;+6Q(1)B+ 1 0?B% + 01 (w5p6; — (1 — wg) 0B (1,T)) 0,

)
% ((@spoi— (1 w5) 078" (1.7 + 03 (1-p?) 5 )
3 _ -
+4 ((wspai—(l—wS)GrB (1,7))> -HDS( -p ) >+[3"71C (3.48)
+Yje v qi,jexp (A <w7t,s e )—A a,t,s,e; > for ie N '
0=B;—arB+ wy + 0

0=C — 0y 0EQ (eL 1) —BC+EQ(g(J,C)) — 1

Let A(@,1,5) = (eA(d’vt"‘vel)7...7eA(‘I”t"VveN)) be a vector of functions. Then, the first
equation of the System ( 3.48) has the following matrix form:

IO . (diag (D(@.1.5)) + Qo)A (@,1.5) =0,
where D (@,t,s) is a vector of functions defined by
D(®,t,s) = 7% ((wspc'sf (1—wg)orB” (t,T)) + wg <1 —-p ) 62)

1
+6%(1)B+ 26232+6r(a)5p6'— (1—wg) 0B (t,T)) 0B

2
+ 2 ((@5p5— (1 - a5) 08" (1,7))% + 0F (1~ p?) 6) + BiC.

We complete the proof of this proposition with the solution of the second equation of
the PDEs system ( 3.48):

B(@,t,s) = (0, + 1) B" (t,s).

3.C Appendix C

For a real-valued function C(-) and e, = 1, if

g (x,C) — @2 In(1+wg(e*—1))+Cylx|
then

EQ(g(s,C)) =EQ (J“(‘*“’s (e’—l))%(@,z-,s)yn)
—EQ (

(1 + wg (ej - 1>> eC(@’t’Sm]‘)
= (1 - ag) ¥y (0,7C(@,1,5)) + @5y (1,7C (@,1,5)) .

3.D Appendix D

Using Simpson’s rule, we approximate the integral in Equation ( 3.20) as follows :

ock

pr (k) =~ 2516 Wk (1) (v) Ay (3.49)
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where §; = % 34+ (=1 -1 ( j:1}>. The Fourier transform of the modified put option
Z (pr) (v;) is determined as follows:

ar
Z(pr) 1) _ / Wk// e (1=K — 270K y (3 yy) dy, dyydk

V(1)
_ elvlk—y] =)k _ yr—ak dkdy;d
v (y1,y2) dkdydy,
J—= Y2

oo oo e(l—a+iv,)y2 e(l—OH-iV[)yz
= [ [ e (5 -G | dndn

v —o 1+iv;

M L,1—oa+iv)
- i - v (3.50)
o — fvl+z(72a+1)vl

From Equation ( 3.19), .% (pr) (0) should be finite, and « is non-negative. It follows
that the put option price is well-defined for any a > 0 such that M”T (—1,1—0) < Hoo.
In contrast, for kj = —kmax + (J—DA, A= 2]""” , Ay = A and vy = (l—1)Ay, the
product v;k; is equal to

M
vikj === (=D AA+ (= 1) (1= 1) Ay (3.51)

2

~(-Dr (=D -1 5

and
o~k — (— l)l 1 *M(J (I-=1) (3.52)

Equations ( 3.50) and ( 3.52) to ( 3.49) allow us to end this proof.






Chapter 4

Long memory self-exciting jump
diffusion for asset prices modelling

4.1 Introduction

Empirical studies on asset returns (see e.g. Bollerslev et al. 1992, Pagan 1996 and Cont
2001) suggest that any suitable asset return model should reproduce the following
non-exhaustive stylized facts: 1. asset log-returns have a leptokurtic distribution; 2.
the Taylor effect: autocorrelations of powers of absolute returns are higher than at
power one; 3. asset prices are non stationary times series and possess a local trend
at the least; 4. after a large or small change of either sign a large or small price
change tends to occur, it is called volatility clustering. From these facts, the geometric
Brownian motion with constant drift and volatility of the famous Black and Scholes
model (1973) is unappropriated due to its thin tail distribution which makes it unable
to capture large changes on the asset return. The seek of stochastic processes having
these four realistic features of asset price has conducted researchers to modify the
Black and Scholes model by incorporating a jump component.

In a pioneering work, Merton (1976) adds to the geometric Brownian motion a jump
component driven by a Poisson process with jump sizes log normally distributed. This
jump component explains abnormal changes in the asset price due to the arrival of im-
portant new information about the stock. Unlike the framework of Merton (1976),
Kou (2002) incorporates the asymmetric leptokurtic features of asset price by using
jump sizes that are double exponential distributed. Considering Poisson jumps of
time-varying intensity, Andersen et al. (2002) extend the class of stochastic volatility
diffusions (see e.g. Melino and Turnbull 1990 and Heston 1993) for asset returns and
improve the model capacity to replicate stylized facts of asset returns. To validate the
use of a jump diffusion, Carr and Wu (2003) develop a robust tool that confirms the
presence of a jump component in the S&P 500 index. Eraker (2004) studies the em-
pirical performance of jump diffusion models for asset price and concludes that they
better fit options and stock markets data simultaneously. Meanwhile jump diffusion
models of above works enable one to reproduce the skewness and the excess kurtosis
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observed in asset returns, they rely on the assumption that the arrivals of shocks are
independently and/or identically distributed. Such models do not allow for clustered
jumps, where the occurrence of one event increases the probability of a new event
occurring. As Maheu and McCurdy (2004) point out, jump diffusion models should
reproduce the clustering of jumps in asset prices due to news releases.

To deal with the clustering of jumps, self-exciting point processes of Hawkes type
(Hawkes 1971 a, Hawkes 1971 b) have been recently introduced in the financial and
economics literature. For instance, Errais et al. (2010) use Hawkes process (HP) to
model the default clustering in the context of portfolio credit risk. Ait-Sahalia et al.
(2015) introduce a multivariate HP for simultaneously modelling multiple asset re-
turns. They conclude that self- and cross-exciting processes capture the clustering
patterns observed in stock markets. Hainaut and Moraux (2018 a) hedge stock options
when the dynamics of the underlying stock combine a diffusion process with a jump
HP called self-exciting jump diffusion. Hainaut and Moraux (2018 b) extend Hainaut
and Moraux (2018 a) by modulating the self-exciting jump diffusion with a Hidden
Markov chain that represents the evolution of economics regimes. The common fea-
ture of these works is the use of HPs with an exponential kernel in order to incorporate
the clustering of jumps. While this enables that such a HP is markovian and so guar-
antees HP’s moments to take a closed form, the use of an exponential kernel implies
that the length of jump effect on the value of today’s intensity decreases exponen-
tially with time. Brignone and Sgarra (2019) employ the Hawkes modelling setting
of Hainaut and Moraux (2018 a), to propose a method for pricing Asian options in
market models with the risky asset dynamics driven by a Hawkes process with expo-
nential kernel. In the stochastic volatility class, Bernis et al. (2021) propose a G-OU
Hawkes model with exponential kernel, that extends the G-OU Barndorff-Nielsen and
Shephard model (2001; 2001) by taking into account jump clustering phenomena.

In the present chapter, we replace the exponential kernel by a Mittag-Leffler (ML)
function firstly defined in Mittag-Leffler (1903) as a power series. Our ML function is
sub-exponential and may be seen as a generalization of the exponential kernel. In this
setting, the HP intensity remembers past jumps for a longer period than in the expo-
nential framework. Chen et al. (2021) use a similar approach in their work to obtain
what they call a fractional HP. Their ML type kernel is a probability density function
of a positive random measure that decays as a power law and the HP is asymptoti-
cally stationary. Bacry and Muzy (2014) and Bacry et al. (2016) provide empirical
evidence of slow decay kernel importance for high frequency order book modelling
and conclude that the intensity of market events should depend on their history and on
the state of the order book.

We contribute to the existing literature in four directions. We first propose a HP with a
non-exponential kernel that is an infinite dimensional Markov process and allows for
longer effects of past HP’s jumps on future intensity than a HP with exponential kernel.
Secondly, we introduce a way to incorporate the clustering of jumps in asset returns
dynamics by combining to the geometric Brownian motion a HP jump with a ML
type kernel. Thirdly, we provide a closed form expression of the conditional moment
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generating function for log-returns and derive European options prices. Finally, we
provide an estimation procedure of our model based on an asset prices time series
data.

The present chapter is organized as follows. Section 4.2 introduces the main defini-
tions and properties of Hawkes with the ML type kernel that we use along the chapter.
In this section our HP with ML kernel is rewritten as an infinite dimensional Markov
process and the conditional moment generating function of the intensity of our HP and
its integral is derived through a discretisation approximation. Section 4.3 focuses on
the application of our HP with ML kernel type to asset prices modelling and European
options pricing. It begins by presenting the self- and cross-exciting framework that
we use, and its estimation procedure. Subsequently, it provides the conditional mo-
ment generating function for log-returns. Finally, it presents a closed form expression
for European call option prices based on Fourier transform and provides a sensitivity
analysis to the memory kernel parameter based on the S&P 500 data.

4.2 Hawkes processes with Mittag-leffler type kernel

4.2.1 Hawkes processes

The HP (Hawkes 1971 a; Hawkes 1971 b) is a self-exciting point process in which
the occurrence of an event increases the probability of further events occurring. Let us
consider a probability space (Q,.%,P) on which is defined a HP (N;, 4;). Q is the sample
space, the filtration (% );>( is a family of c-algebras generated by all the processes
defined in this chapter. P is the real world probability measure. The following equation
gives a general definition of a HP (M, 4;),

E(Nt+h|h=‘7z)—Nz _

r—
M Fr =limy_p do+1 /O £t —u)dN, @.1)

where the filtration .%;_ stands for the information available on the HP up to time ¢
but not including. A > 0 is the background intensity, describing the arrival of events
triggered by external sources, 1 scales the jump size of the HP intensity when a jump
occurs and f: Ry — Ry is called the self-excitation kernel or excitation function of the
process (Nr,As). In a small time interval of length %, conditionally to the information
until time ¢ the intensity A; is also linked to the number of event N; by the probability
of observing m events over the time interval [r,7 + h]:

Ash+o(h) ifm=1
P (Nppp—Ne =m|F) =< o(h) ifm>1
1—Xh+o(h) ifm=0

. . o(h
where o (k) is such that limj,_, % =0.
The excitation function f in equation (4.1)provides the contribution to the intensity
A: of an event that occurred at a previous time u < ¢. Hence, each event increases the
intensity by nlim,_,y+ f (k) , which then decays according to the excitation function
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/ until the next event occurs to push it up again. The excitation is decreasing so that
more recent events have higher influence on the current intensity compared to events
having occurred further away in the time. Among the most popular excitation function
we distinguish :

* Exponential kernel
fw)=e % u>0 “4.2)

where «a is the decay rate to a stable situation after an event. The HP with
exponential kernel has the Markov property since conditional on the present,
the future is independent of the past :

Ay = (1 _ef(x(tzfn)) 20 _Q_e*OC(lZ*ll)ltl n ft’12_ e—n-1)qp,,

where t, > 1. This kernel is widely used since it provides the Markov prop-
erty to the HP (N;, 4;), and thus simplifies a lot of calculations. The exponential
kernel is indicated for the modelling of short term effects as the effect of past
jumps on future intensity decay quickly to zero.

Power law kernel ]

f(”)zmv”

>0 4.3)

with & > 0 and p > 0, makes the HP non-Markov and allows for a slower form
of decay than the exponential kernel. This kernel function is used for modelling
of long term effects.

To model short and long term effects, it is common to use a kernel that handles in an
unified way properties of the exponential kernel and the power law kernel.

4.2.2 Mittag-Leffler type kernel

In this chapter, we consider an excitation function by using the Mittag-Leffler (ML)
function of order a € [0, 1] defined as follows:

E = —  ,z€C 4.4
where the Gamma function I is :
re = /0 "oy,

with Re(z) > 0. The ML function decays in a hybrid way between exponential and
power law function as :

TFu 4.5)

Ea (1) L fora=0and0<u<1,
al—u) =
e % foro=1andallu>0.
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Figure 4.1: Curve of the Mittag-Leffler function u — fap=05 (u) for different a €
(0,1].

We refer the reader to Gorenflo et al. (2014) for properties of the ML function. In this
chapter, we take into account the impact of past jump sizes on future intensity and
define the HP intensity A; through the following relation:

1
M| T = ﬂo+n/0 fop (1 —u)dLy (4.6)

where L; = Z?]:’ 1 Wil 1s the total jump sizes till time 7. {J;,i > 1} are the jump sizes
assumed to be independent and identically distributed random variables with density
v(z) on R. The HP’s excitation function f, B of ML type is

fap@) = Eq (—Bu®), a€(0,1], B> 0. 4.7

Note that for o = 1, we recover the exponential case f| B (w) = e~ Pu_ The choice of this
kernel is motivated by its behavior in short and long term as shown in the figure 4.1. At
short term « — 07, Mainardi (2020) shows that fap tends to a stretched exponential
function for a € (0,1),

fapl ~ ew(—B2). (48)

While from Erdélyi et al. (1955), we know that when u — oo, the function T behaves
as a negative power law function for o € (0,1),

W (4.9)

Jap®) ~ “Fiie)
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From Hawkes (1971 b), we have that, if H fa_ﬂH = J§ foupp (w) du > 1 then the HP is
non-stationary. Given the asymptotic equivalences of our ML kernel (4.8) and (4.9),
for a € (0,1) its follows that the HP with kernel f, p (4.7) is non-stationary.

On the other hand, from Gorenflo et al. (2014) (Equation 3.7.8), the Laplace transform
of fap is given by:

s(xfl

Fap()=2lap@)) = arp 4.10)

where oo >0, B > 0 and Re(s) > |B|é. Gorenflo et al. (2014) prove in Theorem 3.10
that the ML function of negative argument Eq (—Bu%) is completely monotonic for
all0 <o <1andf €Ry. Meaning that f, j Possesses derivatives fé")ﬁ of any order
n=0,1,2,... and the derivatives ares alternating in sign:
El)"fé;% ) > 0,YuecR,.

From Widder (1946) page 161, this is equivalent to the existence of a representation
of the function fap in the form of a Laplace-Stieltjes integral with non-decreasing
density and non-negative measure H, K

faplW) = /Ome*“Vhro,J3 (v)dv, @.11)
with
1 Bv®~Lsin(an)
Hop ) 720 +2Bv&cos (aum) + B2 (4.12)

for every a € (0,1) and > 0. The function H, B is derived by inverting the Laplace
transform of fot,ﬁ (4.10) as in Gorenflo and Mainardi (1997). For a € (0,1), 8 > 0 and
v >0, the numerator of Hy, g ) is always non- negative since sin () > 0. Its denom-
inator is as well non-negative since it is greater than (v% — ﬁ)z. Given the asymptotic
equivalence (4.8), fy g (07) =1 and from equation (4.11) we find Jo He g (v)dv =1
which demonstrates that H, B is indeed a non-negative measure on R;. From equa-
tion (4.12), we note that H, B is undefined at point zero. Figure 4.2 depicts the non-
negative measure Hg,_ B associated to the excitation function f,, - The left graph, the
tail of the distribution H,, 5 becomes fatter as the parameter o decreases. While when
the parameter B decreases, the tail of the distribution H, B is getting thinner. The
excitation function f;, g is then a moment generating function of a positive random
variable U with probability density function H,_ B

Equation (4.11) into equation (4.6) allows us to rewrite our intensity process as follows

M| Ft_

i
do+1 [ foupp (=) AL
Ay+1 /Ot_ /Ooo e_v(t_”)Haﬁ (v)dvdL,

2 +n/0°<> (/Ot— e—v(l—u)dLu) Ha,ﬁ (v) dv
_ )Lo+n/0°°y,(V)Haﬁ (v)dv. (4.13)
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Figure 4.2: The non-negative measure H,, a B The left graph considers that § = 0.5
and o are equal to 0.2, 0.6 and 0.8 respectively. While the right graph considers that
o =0.5 and f are equal to 3, 6 and 18 respectively. The tail of the distribution H,_ B
becomes fatter as the parameter o decreases. While when the parameter 8 decreases,
the support of the distribution H, B is expanded.

The third line is derived from the Fubini’s theorem as the bivariate function % : (v,u) —
eV *“)Hm g () is measurable as a product of two measurable functions, and for each
individual w € Q,

/ /t_ v(t— u[-] ﬁ()dLM(W)dV<L[7(W)<oo

since the function u — ¢~"(~%) is bounded between 0 and 1 for every u € [0,1] and

v)

Hy g is a probability measure on R . In the fourth line, we denote by ¥, a Markov
process satisfying the following SDE:

dYt(V) = —wdr +dr,, (4.14)
with the solution Y( | = f v(t=u)dr,,. From equation (4.13), the intensity at

time ¢ is then a sum of the background rate Ao and the expectation of arrival rates
) g ¥ (4 (6), M), g
Y, with respect of the measure H, 5. (A, (7, N is then an
(1) cpe vith e Hap: (4(17) g ), g, 18 ten
infinite dimensional Markov process. This characterization allows us to use stochastic
calculus in later developments in order to infer the moments of HP events.

4.2.3 Expected intensity

Using Fubini’s theorem in equation (4.1) and (4.13), the expected intensity is

BGIF0) = 2+ nE(I) [ fop - wEQF)d  @15)
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or
E(h|Zy) = lo+n/0mE(Y,(V)\90>Ha75(v)dv. (4.16)

Deriving the former equation (4.15) leads to

IE (A% t
% _ n]E(m)E(lt‘ﬁO)JrnE(U\)/ofé%(tfu)E(lu\ﬁo)du

nE (V) E (4] 7o) (4.17)
t
AME(1) [ 05 (=) frp ¢ =) E (] Fo)

a—2
where fé{l) (u) = 71“[3(27—1)'%‘»[3 (u) is the first order derivative of f, B derived using
————
:ga,ﬁ(”)

the Laplace transform properties. Note that in the case of the exponential kernel the
function g, B is constant and allows one to derive an ordinary differential equation
in E (A].%,). Since 8aB is not constant, we use the Laplace transform of equation
(4.16) to derive the Laplace transform of expected intensity as shown in the following
proposition.

Proposition 1. The expected intensity conditionally to the information at time 0 is
given by

t (e}
E(MZ) = (1 +nEQ) [ Y BB Gy (nE<|J|>u>du> ,
r=!
where 0 < o < 1. Eﬁ;r 1 IS the three parameters ML function' defined as follows :

Egms(z) :Z:::O%Zn, a>0,9>0,7y>0
with (V), =y(y+1)---(y+n—1).

Proof. The Laplace transform of equation (4.16) is

LEM|F)() = Ao | e du+ nE(J]) F g (5)-ZE (1] F0) ()
X !
T S T-nE(U)Fyp (9
Ao s*+B

s S B E(I)s
Yo mE()se!
B —nE (7))

s
Ao nE(|J])
T SEBsT R () (4.18)

+

v |3 w3

Note that for y = 1 = 1 we recover the classical ML function.
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where in the first line we use the linearity of the Laplace transform and replace the
Laplace transform of the convolution integral by the product of Laplace transforms.
From Haubold et al. (2011) equation (17.6), we have:

- E(|/])
-1 n
(s+13s1‘°‘an

oo

<|J|>) () = nEWD) Y (Bt E] G MEWD),

r=0

where 0 < o < 1 and ‘,lef"‘/ (s—mE (|J\))‘ < 1. Notice that this former inverse Laplace
transform can be estimated numerically. By inverse Laplace transform of equation
(4.18), the expected intensity is

11 nE (/1) )
E (M| Z) = K7 4.19
W17 = do+ho? (S gte g ) © 419
t oo
= o+ RgnE(ID [ Y (-B) uE Gy (nE(U) ) de
r=
where E;jrolr 1 1s the three parameters ML function. O

Exploiting equation (4.19), it is tough to evaluate the long term expected intensity.
Since % has poles on the right side of s plane for all 0 < a < 1, the ex-
istence of long term intensity is not guaranteed and we could not use the final value
theorem? for Laplace transform to compute the long term expected intensity. In prac-
tice, for reasonable range of time [0, 7], the expected intensity E (4;|.%() is finite for
0<¢<T. This is the case in figure 4.3, where we draw the expected intensity E (;|.%)
obtained numerically by Laplace transform inversion for ¢ € (0,1], B = 0.5, n =0.25,
Ap = 0.1 and the time ¢ > 0. For the other moments, we can approximate their values
by using the conditional moment generating function of the intensity derived thanks to

the Markov property of the process (QL,, (Yt(v)) R+ 7Nt> R in the next subsection.
v telny

To the best of our knowledge the expression of the expected intensity in proposition
1 does not admit a more closed form expression and can be evaluated by a numerical
approach. Subsequently, the expected number of jumps can be computed numerically
using the following formula

t
EMIF) = [ EW|Fo)de
and as Y,(V) = j’é‘ e Y=u)dL,,, its expected value is given by

t
E(v"17) = B /O IR (2, 70) du. (4.20)

2If f is continuously differentiable and both f and f (™) have a Laplace transform; f° (1) is abso-
lutely integrable and final value f (eo) exists then limy e f (1) = lim;_,05.Z f (u) (s). Notice
that f (eo) exists if s.Z (f (¢)) (s) has poles only on the left side of s plane. In other words, not
on origin, the jw axis and the right side of s plane.



78 Chapter 4. Asset prices: a long memory self-exciting jump model
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Figure 4.3: Expected intensity E (4|.%) obtained numerically by Laplace transform
inversion for « € (0,1], B =0.5, 1 =0.25, Ay = 0.1 and the time ¢ > 0.

4.2.4 Conditional moment generating function of the intensity and its
integral

In this subsection, we derive the conditional mgf of the intensity and its integral,

through an approximation of the HP with ML kernel (l;, (Y,(v)) s N,) ob-
veERT reRy
tained by means of a discretisation scheme. This discretisation scheme enables us

to switch from a problem in infinite dimension to a problem in finite dimension for
which Itd calculus is applicable. Let us recall that (/1,7 (Yt(v)) 7Nt) is an
veRT teR

infinite dimensional Markov process when we rewrite the intensity as follows:
ho= gt /0 v Hy g (v)dv, @21

with dY,(V) = vK,(V) dr+dL;. Approximate the measure H as a discrete measures with
a finite numbers of atoms allows to move to a framework with finite dimensional
Markov process. For this purpose, we consider a partition &) = {0< é(g") < 51(") <
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<&M < oo}, Fori=0,...n— 1, on each interval (&i("),é.(") ), the mass of any atom is

i+1
(n) 2
m) = /.5 o Hop (2)dz, (4.22)
n o
B t (518_)1) + B cos (o)
“an Bsin (o)
n o
1 (éi( )) + B cos (an)
~an arctan Bsin ()

and the barycenter with respect of the measure H,_ g () is defined as

&

. jéf:)l Hey g (z)dz
biy = ;m)—
1700 Hap ()4

where the numerator does not admit a closed form expression but is approximated by

o () ) WYY, eos (a
/éé(i:)rlzﬂa,ﬁ(z)dz ~ (w> %afqan <§l+1> p cos (an)

: 2an Bsin (o)
o
1 (éi(")> + Bcos(an) 423
- %arctan Bsin (o) (4.23)
The result in equation (4.22) comes from the fact that
: a—1
Bsin(am) / < e = - (4.24)
T 720 4+ 2B7% cos () + B2 an
2%+ Bcos(an)
X arctan (W) 5

while equation (4.23) is obtained with an integration by parts in which the integral is
approximated with the trapezoidal method. Indeed, if we denote by £, p the primitive
of Hy j- then by equation (4.24) h, B is given by

a
hop(z) = é arctan (%) - é arctan (cot (am)).  (4.25)
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dh
Since Hy, g(2) = %(Z), the integration by parts and the approximation of an integral
by the trapezoidal method lead to

gi(?l 5,@1 gi(ﬁ)l
/5 o Hap e = [ehgg (z)}é(n) - /5 o (2)de (4.26)
~ 51'(1)1’106,/3 ("3@1) - 51'(”)"06.,[3 (51'(”))

(n) _ £
e CTICORICE))

(n) | gln)
- B (rap (51) ~hap (57)).

By construction, limy—seo ):?’:1 mt(") =1 and the discrete measure for a partition of size
nis ;
Hé";a (2) = 21 m" 8w (2 @.27)
i—

L

where 51;(”> (z) is the Dirac measure. We consider that the following assumptions hold

L

for the partition & (n) .
(i) §(§n) — 0 and §,En) — oo When n — oo,

(ii) max ‘gi(—t)l - él.(n)| — 0 when n — oo,

(iii) &) c &),

In practice, we take the & () partition made up of points éi(") =qi,forie{0,...,n},
n+2

where the quantity gy is defined as follows

gy = swp{veRyUfw}|hgp(r) <7}, (4.28)

for all probability y € [0,1]. In particular, gy = 0 and g; = . For instance, the points
51.(") =q 41, forie€{0,...,n} constitute a partition & (7). Indeed, the first assumption
n+2
is satisfied as when n — oo, 50(") =q | —qo=0and g,f") =qupp1 — g1 =. The
( ) (n) n+2 n+2
n n
gz'+1 =&

the distance between their corresponding probabilities equals

second assumption max

— 0 when n — « holds since for each i € {0,...,n}

1

) and vanish when n

tends to «. The last assumption &) ¢ £t is derived from

+1
&V =g >a1 =5"",
n+2 n+3
and
n n+1
E" = g1 < g2 :5,,(“ )
n+ n+

Figure 4.4 shows that the discrete approximation dH((xn;i of the cdf dH,; B becomes ac-
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Figure 4.4: The true cdf dHa, p versus the discrete cdf dH((x") when o = 0.6, B =0.5
and n € {20,50,1000}.

curate as the partition’s size increases. Considering the previous discretisation setting,
the next proposition connects the discretised measure to the true measure for any mea-
surable function in the set L! (H% B) of Lebesgue integrable functions with respect to
the measure Hy g

Proposition 2. For n € N, if a partition &) satisfies (i)(iii) above and a function
f:R—=Cisin L! (Hoc.ﬁ)’ then,

lim /0 " FHS () dz= /0 " 1) g (2)d. (4.29)

n—oo

Proof. For n € N, using (4.27) and given the assumptions (i)—(iii) we obtain

fyr@up = Eolr (50 0) = L nls(")
n é‘gn)
= L ap@aer (47)
& ,
L feo) Hap @1 (1)
&

where
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Given that the function f is continuous and limy () (z) = z, passing to the limit we
obtain the expected result. O

We choose the size n of the partition. From equation (4.21) the intensity is given by

=2+ /0 RATNGTE (4.30)

n (n)
:Aﬂ+n Z ml(}")Y(bv )
v=1

(n)

with Nt(") a point process of intensity A,/ and

(n) (n)
dy o) = My g al™ v=1a
) N .
with ;" =Y. ", |/;|. Notice that

n (n)
" =n Y m{May ) (4.31)

v=1

()
__nzmv )y (8:") dt+112mv Jar[

Proposition 3. The moment generating function of ls(”) conditionally to the informa-
tion at time t < s is given by

E( a)17L +0)2fs du|g-t) 7exp< (t, S,Cf))lt(n)>

n (n)
X exp ( Z C (z,s,b‘(,n)., 6)) m,(,n)Y,(b" )>

v=1

forall ® = (wy,w,) € C% that satisfies the regularity condition
" ()
w(O,nwl Y m ) <o
v=1

. The functions C are defined as follows
C (z,s,b‘(,n),d)> = —b‘(,n)n/sefbgm(“*t)B(u,s, ®)du,Yv=1,---,n
t

where B is a time dependent function that solves the following ODE:

0B RO - (n) =\, (n)

5 (s.0)=1-0—y (o,nB(t,s, @) v; m) +V; c (z,s,bv ,w) m! (4.32)
with final condition B (s,s,®) = ;. y is the moment generating function of the pair of
the random jump sizes J and its absolute value : y(z1,20) :==E (ezll +al/ ‘).
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Proof. For fixed time s and @ = (o, ®,) € C2 with C_ the set of complex numbers
with non-positive real part, we define the conditional moment generating function by

(n)
b n 54 (n
F=f t,s,/lf")v(yf(v >> N ::E(ewlls( o )d”\ﬁ’)’
v=I1,....,n

where f is a complex-valued function on [0,s] x G with G =R xR’} x N the state space
(n)
by
of the Markov process l,(”), (Yz< ! >> ,Nt(") . By the tower property,
v=1,...,n

=l >0
for any [ > 1,

()
(n) b.
fo= E| el duy 1,s,/11("),(yl(v >> ,Nl(”) Kz
v=I1,....,n

and

(n)
1 (n by,
B | cor i1 du s ,7S7Al<n>7(%( )) N1z | -
v=l1,..,n

lim n = 0.
[—t [—t

The following Taylor expansion with a Lagrange remainder

™ frlklsn)d” = 1+ wzlt(") (I—=1)+Ry (L)

allows us to obtain that the infinitesimal generator 7 of the Markov process

(n)
by,
lt("), (Y,( )> ,Nt(") evaluated on f, defined by
v=1,....n

9ees

b\
E|f us,xf"),(y,( ) N\ -
v=1,...,n

li A 4.33
153 -t ( )

(n)
by
is equal to fwz)L,(n)f. Since <« f t,s,l,(n), (Yt( )> ,Nt(n) exists the func-
v=I,...,n

tion f is in the domain of </ which contains the set of twice differentiable functions
such that all partial derivatives of up to order two are continuous function (see e.g.
Duffie et al. 2003). Using the Itd’s lemma for semi-martingales, we infer that f satis-
fies the following differential equation :

a f n (n))

n), (n),(by
i £

(n)

of W Af (),

_ ) _
ot oy v n

v=1

A /_ " Af(@)v(da), (4.34)
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where Af (z) is the variation of f when a jump of size z occurs and the time just before.
Notice that the right hand of equation (4.17) corresponds to the infinitesimal generator

(") ) s
</ of the Markov process (lt A Y N ) evaluated on f obtain using
v=1,...,n
the Itd’s lemma for semi-martingales.

A
Since /l( ") ( ( )> .,Nt(") is an affine jump process, from Duffie D. (2000)
y=

and Errais et al. (2010), under technical regularity condition we conjecture that f is an

(n)
exponential affine function of 4" and (Yt(bv )> :
v=1,...,n

=1,...y

(n)
f = exp( (t,s,®@)+B(t,s,®) A +Z <tSbv ; ) S»n)Yt(bv )>

where A and B are time dependent functions such that A (s,s,®) =0 and B (s,s,®) = o.
While C is a function that depends on the time and the position v =1,--- ,n within the
partition &™) Tts final value C (s,s,b\(,n),(2)> is equal to zero. From (Hubalek et al.
2016), the technical regularity condition needed is equivalent to the integrability of
the jumps, that is

%

dr
where the random jump size J has density v (z) on R. The partial derivatives of f are
then given by :

(0
a’,c=<%*,‘(t,s,@)+%lf(t,s-,w) W4 xny % (15,0 @) mly ))ﬁ

af _ = af (n) (n)
2L~ B(1.5.0)f. aY(bSn))—C(tsbv , )mv fow=1,-

t,5,@)

=E (e”‘“l Limi ’"5”)“‘) < oo,
t=s

and the variation of f when a jump of size z occurs and the time just before is equal to

(exp (z| (nB(z,s,(D) i m‘(,n) + i C (t,s,bl(,n),d)> m‘(,n)>> — 1) f-

v=1 v=1

Injecting all these expressions into equation (4.17) leads to :

s+ 2L s.0) " (4.35)
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where y(z1,2p) =E (ezl] +al/ |>. From which we find the following ODE system:

. %Ij(t,s,ca)+w(o,nB(t,s,a))):';:]mﬁ”)+zg:1c<z,s,b$”),@>mﬁ")>—1
0=2€ t’s’bl()n),d)> *C(Ls’b](}”),d)) b\(/n) 71‘,B(t7s,a_))b‘(,n),VV= Lo-oyn.

As A(s,s,®) = 0, the solution of the first ODE is A (¢,s,®) = 0. The last ODE admits
the following solution:

C(t,s,bl(,n),a')> = fbgn)n/[Se_b‘(’n)(”_t>B(u,s,(D)du.
O

In the next proposition, passing to the limit we derive the conditional moment gener-
ating function of the HP intensity and its integral.

Proposition 4. For n € N, if a partition & (m) satisfies assumptions (i)—(iii), fort >0,

(n)
o %(m’(yt(bv )) M| comverges 10 (kz.,(Y}”))
v=1,....,n

= 1,...y

,Nt> almost surely
V€R+

when n tends to co.
b) The moment generating function of (As, f{* Aydu) conditionally to the information at
time t < s is given by

E (ew1ls+w2 I ludu|9t> = exp(B(t,s,®)A)exp <_ n 4.36)
></O°° /t‘s Ve*v(uft)B(u,s, d’))’t(v)Hoc,ﬁ (v) dudv),

for all ® = (o1, ,) € C2 that satisfies the regularity condition y(0,n0;) < . The
functionB is a time dependent function that solves the following integro-differential
equation:

0B s
g(l‘asa@) = 17W(05n3(1757@)+n/t B(M7S7(1_))fé17;3 (uft)du)
—w, (4.37)

with final condition B (s,s,®) = o;.

Proof. a) For fixed w € Q and fixed ¢ > 0,

n—soo n—soo

lim A (w) = lim (/10+n /0 "y (W)fo”;3 2) dz)

2o+ Jim [ )1
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where Y( 3= = fle® (= ”)dL( ") The function > Y,(Z) (w) is integrable with respect to
the measure H,, g as a sum of non-increasing exponential functions. Thus by proposi-
tion 2 we have

im [ v® ) ((x;}()dz—/:Yt(z)(w)Haﬁ(z)dL

n—o Jo

which allows us to conclude that /’L(n) converges to A; almost surely when » tends to

oo, It follows that N fo ") du converges almost surely to N;. For v € {1,...,n},

p™
Yt( V= fé e*bv ’*”)dL,(l ). If the partition &) satisfies the assumptions (i)-(iii),

when n tends to , a barycenter b&") tends to be an element of R, . Hence the sequence
(n)
b
(Y,( ! )) tends to (Y,(V)> almost surely.
V€R+

v=1,...,n
b) The dominated convergence provides that

E<ewlls+w2ftxludu|yt> —  lim E< wll +a)2f, du|J )

n—oo

where from the proposition 3

(n) 5, (n
E (ewl As o i ALS )d“|ﬂt) = exp <B (t,s,@) lt(n)

i <t s bv 7(Z)) ml(,n)Yt(bS’m))

and

yc (rs.bi” @) mi” = - 3 / "o 0 5, @) duml?).
v=1 !

v=1

Taking into account the definition of the discretised measure Hg% (4.27) we obtain

/Ctvv7 7;3( dv = —n/ (/ —v(u )B(uva))dt,t)Ht(;r;}()

Similarly to point i), passing to the limit we have

(/OOOC(t.,s,v,(D)Ha’ﬁ (vydv = —n/ow ./ts ve*v(”*t)B(u,s7 @)Hoc,ﬁ (v)dudy
-n /[SB(u,s, d))/o e_v(”_[)vHaﬁ (v)dvdu
— SB = (1) d
- n/t (uasya))fo“ﬁ (uiz) u.

The second and last lines of the latter equation stem from the Fubini’s theorem and
the frequency differentiation property of the Laplace transform. Likewise, we show

(n)
that the limit of Y, C (t,s,b‘(/"),(b> m&")YI(bV ) is

/OWC(t,s,v7 @) Y,(V)Ha”g wdv="-nf’ S’ ve " U=1)B (u,s, ®) Y[(V)Haﬁ (v) dudv,

and concludes the proof. O
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4.3 Option pricing model

4.3.1 Models specification

The asset price is a process (S¢),~q defined on the probability space Q, endowed with
its natural filtration (.%;) and theiprobability measure P. PP is the real historical mea-
sure. For the sake of simplicity, we assume the short rate interest constant and equal
to r. The log-return of S; noted X;, is such that

St = Spexp(Xr). (4.38)

We assume that X; is driven by the following jump-diffusion :
62 Nt
dx, = ,u—T—E<eJ—1>7Lt di+odw; +d ¥ J;, (4.39)
i=1

where p, o are respectively the expected return and the instantaneous volatility part
of the log-return explained by the Brownian motion W;. Zf.\i 1 Ji> is the sum of the Ny
jumps size up to time ¢. The jump sizes {J;,i > 1} are assumed to be independent and
identically distributed Double exponential random variables with density v (z) on R:

v@ = ppTen(—pte) 1oy~ (1-p)p e (—pF) gy (440)

with p€[0,1], pT >0and p~ <0. ThetermE (¢’ — 1) Ar in equation (4.39) comes from
the compensator féIE (ej - 1> Asde of the jump process ):?]:’ | (eJi - 1). Its presence
ensures that on average, the log-return is equal to u.

In the sequel, we denote by X,(") the approximated log-return process according to the
partition &) :

o)

2
Xm(n) _ (# _ % _E (ef - 1) )Lt(")> dr +odw; +d tZ Jj. (4.41)
i=1

The process Xt(n) is then a Markov process with respect to the intensity /’L,("), the n fac-

(n)
by
tors (Yt( )) and the counter Nl("). We can therefore deal with pricing and
v=1,....,n

hedging problems using standard methods developed for stochastics models. Proposi-
tion 4 a) allows one to establish the convergence almost surely of Xt(n) to X;.

4.3.2 Data description and calibration

This subsection describes the data set used in the numerical applications and the pro-
cedure for estimating the log-return model parameters in equation (4.41). The sample
of data consists of S&P 500 daily values from 05" May 2010 to 30" June 2021 (2811
observations). Table 4.1 provides summary statistics of daily log-returns. A kurto-
sis higher than 3 indicates that the distribution of log-returns has fat-tails. Whereas
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S&P 500 log return

U/{D

— log return 5&P 500 | |
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Figure 4.5: S&P 500 log-return from 02/06/2011 to 14/06/2021. There are mainly
negative jumps on the S&P 500 prices over our observation period.

a negative skew indicates that returns are left-tailed. The Jarque Bera test rejects the
assumption of normality.

Value

Mean 0.05%

Standard deviation 0.96%

Skewness —0.65
Kurtosis 9.06

Jarque Bera p-value <2.2¢—16

Table 4.1: This table reports the mean, the standard deviation, the skewness, the kur-
tosis and the Jarque Bera p-value of the normality test on daily log-returns of the S&P
500 from 05™ May 2010 to 30" June 2021.

Figure 4.5 shows that the daily log-return randomly fluctuates around zero and dis-
plays volatility clustering with a serial dependence. The first cluster is observable
from September 2011 to February 2012 coincides with the period of recession in euro
area due to the European sovereign debt crisis. A second cluster is identified between
June 2015 and June 2016 due to the fall in petroleum prices, the Greek debt default
and the Brexit. Around March 2020, we observe a third cluster explained by the lock-
down in US, UK and Europe to stop the covid-19 spreading. Shocks during these
periods do not display any clear trend: negative abrupt movements follow by abrupt
movements of either sign. These observations justify to add a jump component in the
log-return model and to link the frequency of jumps to their size.

Among the available estimation methods, we choose the Peaks Over Threshold (POT)
procedure that is used by Hainaut and Moraux (2018 b) in regime switching frame-
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work where the HP has an exponential kernel. The POT method models extreme
values of the daily log-returns through the jump component of the log-return pro-
cess. This is done in pratice by setting the thresholds of negative and positive daily
log-return. Our estimation procedure based on the POT method is divided into three
steps. In the first step, from the time series of m log-returns x = {x;,...,x;z} at times
{11, ...,tm = T} equally spaced by a lag A of one day of trading, we find p and o that
maximize the log-likelihood of a normal distribution corresponding to the distribution
of the log-return without jump component. This log-likelihood function is defined as
follows:

Inl(xy,..,xm) = i;hl (fe/’/@(,z’c%) (xi)>v

2

. . o . 2
where f 2 o\ 18 the density of the Normal distribution with mean u — %- and
N (u—T,cr A)

variance 62A. The second step consists in detecting jumps given that jumps occur
when the return is above or below some thresholds. These thresholds, are Normal
quantiles’ @~ ! (o)) and ! (ay) that guarantee that the sample without jumps

{xilxie [0 (@)@ ()]}
has a skewness and a kurtosis as closed as possible to 0 and 3 respectively :

o, = arg min ((Skewness)2 + (Kurtosis — 3)2> .
sample without jumps

Considering these thresholds, we estimate by log-likelihood maximization ¢ such that
the sample without jumps has a Normal distribution with a mean {iA and a standard
deviation 6V/A : x; ~ LA 4 oWy, for all x; in {dfl (o), @1 (ocz)] Here i is the
estimator of p found at the previous calibration step. When jumps are detected, the
variation of prices is assumed equal to the jump size. The jumps parameters are then
estimated by log-likelihood maximization:

m
“ptp = 1 — QA pTp T p) 1y, , 4.42
p PP argmaxjg1 nv(x] QA p~,p ,p) {jumpart;} (4.42)
where v is the probability density of a double exponential jump defined in equation
(4.40). Letting {7y,---, 7, } the set of ny observed jump times over the interval [0,7],
the log-likelihood of the HP with intensity

Nt
o= A+n) Jj‘faﬁ(t—fj>,f0rlE[O,T]7
j=1

3Notice that ® is the cumulative distribution function of the standard Normal distribution.
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is given by

T nr
10gL (T1.+++ ,Tay | A1, 00, B) —/O Asds+ Y Tog (Ag,)
=1

ny—1

l
ot ng-/;lﬂ il (5=77) &

nt
+ Z log (2,0"-7] Z ‘Jj)faﬁ <T1 —Tj)) .
=1 j<l
The estimated intensity parameters are then such that :

2’07”7a7ﬁ = argmaxlOgL(Tl,~-~,‘ch M«)JL%B) (443)

The estimated parameters obtained at each step of our estimation procedure and their
corresponding log-likelihood are reported in table 4.2. The table 4.2 also contains the
estimated parameters of the Merton (1976) jump diffusion (MJD) and the Kou (2002)
jump diffusion (KJD) models, some key results of which are reported in appendix A
4.A. The analysis of estimated parameters we observe that the Brownian volatility in
our geometric Brownian motion self-exciting jump (GBMSJ) modelwith ML kernel
is less than the geometric Brownian motion (GBM) one. The upward exponential
jumps are less likely with a probability of 34%, but the average size of positive shocks
p% is almost equal to the average size of negative shocks fp% . The comparison
of likelihoods in the right table of table 4.2 enables to concludes that the KJD model
better fits the S&P 500 time series than the GBM and the MJD

models. Unlike the GBMSJ model with ML kernel, these last three models admit a
closed-form expression for the log-return density. As notice in the introduction our
GBMSJ model extend the KJD model by considering a stochastic arrival rate of jump.
In figure 4.6, we compare the kernel density estimation obtained using the S&P 500
times series to the density of the log-return at time A for the fitted GBM, MJD and
KJID models. We find that the density function of log-returns modeled by the jump
diffusion models are quite close to the kernel density estimation of empirical log-
returns. In paricular, the KJID model and the GBMSJ model with ML kernel better
reproduce the skewness of the kernel density estimation of empirical log-returns than
the GBM, MJD models. We assess the quality of the fit using the QQ graphs in figure
4.77. From figure 4.7 we conclude that the GBMSJ model with ML kernel fits well the
S&P 500 time series.

Figure 4.8 draws sample path of filtered intensities of the fitted GBMSJ with ML ker-
nel. We observe high jump intensities during crisis periods such as the credit crunch
of 2008, the European sovereign debt crisis between late 2009 and 2012 and currently
the covid-19. During these periods, there is a large spread between jump intensities
and the average reversion levels. Due to the self-excitation property, we observe clus-
tering of peaks that last for a longer period than when the HP kernel is an exponential
function (a = 1). Another feature induces by the memory (a < 1) is the slow reversion
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GBMSIJ with ML kernel
c 0.1 (0.001)
u 0.128 (0.03)
Log-likelihood 9402
o~ —41.88 (3.34)
pt 40.61 (4.51)
p 0.34 (0.031)
Log-likelihood 496
20 25 (1.63)
n 0.28 (0.019)
o 0.81 (4.19x 10~4
B 0.88 (2.96 x 107°
Log-likelihood 503
GBM MID KID
c 0.153 (0.002) 0.102 (0.002) 0.09 (0.004)
u 0.128 (0.046) 0.277 (0.046) 0.140 (0.046)
A 48.89 (18.62) 70 (9.381)
o 0.0178 (0.004)
I 6.13 x 104 (0.003)
p~ —88.44 (6.712)
pT 99.37 (11.018)
p 0.37 (0.05)
Log-likelihood 9066 9365 9393

Table 4.2: The upper table shows the estimated parameters and their standard errors in
bracket, obtained based on the POT procedure. The lower table presents the estimated
parameters and their standard errors in bracket for the geometric Brownian motion
(GBM), the Merton jump diffusion (MJD) and the Kou jump diffusion (KJD) models,
obtained by log-likelihood maximization.
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Figure 4.6: Kernel density estimation obtained using the S&P 500 times series and the
density of the log-return at time A for the fitted GBM, MJD and KJD models and the
GBMSJ model with ML kernel.
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Figure 4.7: The left graph shows the QQ plot of the Gaussian part in our jump diffu-
sion model versus the empirical distribution of log-returns on days when no jump is
detected by the POT method. The right graph shows the QQ plots of truncated double
exponential jumps identified by the POT method, versus the empirical distribution.
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to the initial intensity Ag. It is worth remembering that the self-excitation property,
induced by the intensity of the Hawkes process is absent in the MJD and KJD models
which have a constant arrival rate of jumps.

Filtered intensity with ML kernel

5 —
B a=0.81
— a=1
[
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~ |
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Figure 4.8: Sample path of filtered intensities of the GBMSJ with ML kernel based
on the estimated parameters in table 4.2. Increase the parameter o from 0.81 to 1
corresponds to a loss of memory. Without memory the filtered intensities revert to the
initial intensity A faster and clustering of peaks last for a shorter period.

4.3.3 Change of measure

Jump diffusion models lead to incomplete markets (see e.g. Kou 2002 and Tankov
2003). A consequence of this incompleteness is the existence of several equivalent
measures that are all potential candidates for the definition of a risk neutral one. In this
chapter, we focus on a family of changes of measure that are induced by an exponential
martingale of the form:

rt
M (1,9) = exp (K(") 1) /0 /ls(")ds—i—yL,(n)) (4.44)

X exp (—%/Ot(p(s)2ds—./0t(p(s)de)

for all 0 <t < T, where ¢(.) is the market price for interest risk and the asset price of
risk, assumed to be a linear function of the intensity of jumps.

Proposition 5. If for any parameter v,
K = -y, (4.45)

where y(z1,2p) :=E (eZIJ“Zm). Then <M,(") (y,(p)>[>0 is a local martingale.

<M,(n) (}/,(p))t>0 is a martingale on [0,T] if E ([OT ls(njds> and E ([OT (p(s)zds> are fi-

nite.



94 Chapter 4. Asset prices: a long memory self-exciting jump model

Proof. We denote by U,(") the exponent of Mt("). Its SDE is given by
dv™ = k(2 Mdr - %(p (1)2dt — ¢ (1) dW; + ydL™ (4.46)

Applying the It6 lemma semi-martingales to Mt(") leads to

th(n) = Ml(n)dUt(n) + %Mt(n)d {U(n)vU(n)][C

Ll I CAERERE) PICR NI

00

M ™ (A" dr — o (1) M dw; + M) /

—oo

(e 1) 2 (@) an™.

c
where [U ON (”)] ) is the quadratic variation of the diffusion component of the process

u™.
Introducing the compensator of the jump process we have

a™ = m™ (K(”) 1)+ /_ o; (el =1) v (dz)> 2"Mde — o (1) M dw,

) so)

where J = [*_ % (dz). Since the integral with respect to x (dz) dNt(") — l,(")v (dz)dr is a

local martingale, M,(") is also a local martingale if and only if
0 = M@ +y0y-1 (4.47)

where vy (z1,2p) :=E (ezlj +ald ‘). Its follows that under the condition (4.47),

m™ (7,9) is solution of a driftless SDE which is a martingale under the interval
! >0

0,7]if B (] /ls(")ds) < e and B [T ¢(5)?ds) < e=. The first condition ensures that
the compensate counting process is a martingale on [0, 7], while the second condition

guarantees that the diffusion component of Mt(") is a martingale on [0,7] (see e.g.
Revuz and Yor 1999). O

Assuming the existence of k() (7) in equation (4.45), (Mt(n) (7, (p)>t>0 is a local mar-

tingale. When E <fOT )LS(")ds) and E (foT ¢ (s)zds) are finite, (M,(") (y,<p))[>0 is a mar-

tingale on [0,7] and we may therefore define an equivalent measure Q¥? by the ratio

dQr.e ‘
dp Z

- M (r,9). (4.48)

Proposition 6. Under the equivalent measure QV:®, we define by N,(n)’Q the counting
process with the following intensity

2 =y 0.A". (4.49)
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we also defined the double exponential distribution random variables J2 of parame-
ters :

pte = pt_y (4.50)

pC = oy 4.51)
+p—0

2 = pp_P (4.52)

pptp=C+(1—-p)p—ptQ’

with the following characteristic function :

Q 0

0] —F 21 +22"/ ‘ _ W(Zlvz2+7). 4.53

v= (21,22) (e o (4.53)
o _ N 0 : () :

and the process Ly "~ =¥, ' | ‘Jl ‘ Then the dynamics of (7Lt >t>0 under Q¥ is

ruled by the following SDE

n (n)
dlt(”%Q _ nQZml()”)dYt(bv )aQ7 (454)

v=1

where 7LOQ =y (0,79 A, n€ =ny(0,7) and
(n) (n)

Proof. If A,(")’Q =y (0,7) QL,("), the conditional mgf of /ll(")’Q under the equivalent mea-
sure Q%? induced by the exponential martingale M,(") is given by

, (n)
E <JE (d%‘p |ys) OW(0,7)Ag \gzt)
1%
B (%5 17)

_ g <eU§")+ww(077)/l§”> | g,) .

(n),Q
EQ (ea)/ls ‘ﬁz) =

As in the proof of proposition 3, if we note
(n) (n) (n)
f=r (t’&Ut(n)vlt(n)’ (Yt(bv )> ’Nf(n)) = (eUS oV "97)
v=I1,....n

and we conjecture that f is an exponential affine function of the exponent of M,(n)
denoted by ™, " and (Yt(v))

v=1,..n "
fo= e (A6s.0)+v0.9)Bs0)2")

n (n)
xexp ( Y c (ns,bgn),w) my ") D15, 0) Ut(”)) ,

v=1
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where A (s,s,0) =0, B(s,s,0) = ®, C s,s,bl(,") , w) =0and D(s,s,®) = 1.Then , accord-
ing to the It6’s lemma for the semi-martingales, f solves the following differential

equation :
— al 2f (n) (n) 1 2)
0 = Fr +8U(") (K‘ (v) A 2(p(t) (4.56)
1 0% o N 9 L, (") <b‘ )
+58U(”)2 (P(l) _vgl aY(V) Vv Yt Tl Z
Wi /_ T Af()v(dz)

where Af (z) is the variation of f when a jump of size z occurs and the time just before.

af af of ) -
) =D(t,s,0)f, EYI0) =y (0,7)B(t,s,) f, 50 7C(t,s,bv ,a))mv f,
i 9f _ (94 B 2

plel QD)) n
<§,<tSbV )7 )ml() )Yt(bv )+W(tvsvw)Ut( )>fa

t

and the variation of f when a jump of size z occurs and the time just before is

<exp<(nl[/(0 Y)B(t,s,0 i m
¥ c (sl 0)nl 4005007 ) ) -1)7

v=1

Injecting all these expressions into equation (5.73) leads to :

0A oB L (by
0 = S s0)+yOn5 Gaon” + Y 5 (nsb)” 0)m"y,

#2500 +D(s.0) (D (DAY - S0 02) + 3050 002

- Y (e (sl o) +nw (078G, xw))m&“b&”&“’&")Mf”’(

v=1

v|0, i B(t s,(o)+C(t,s,b1(,n),w))m,(,n)+D(t,s,a))'}/> — 1)

—

y=
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or

0A 1 1

0 = Z(t,s,a))—ED(t7s7a))(p(t)2+ED(t7s7a))2q)(t)2 (4.57)

JoB (n)

0 = y(0.9) 5 (s, 0)+D(15,0) K™ (1)~ 1 (4.58)

+y <0777V’(077)B(t7s7 o) Y m 1Y c(r5.0”0)m" +D(15,) Y) :
v=1 v=1

aC n n n

0 = 5 (nsb)”0) = (c(rsbl”, @) +nw(0.7)B(5 ) b)" (459)

we{l,- n}
0 = &—D(t,s,,w). (4.60)

ot

D(t,s) = 1 solves the last ODE as D (s,s) = 1. It follows that A (¢,s) = 0 solves the first
ODE and that the second ODE becomes

0 = v 2 (st ()1 @.61)

n

+y <O,nw(0,7)B(t,s,w) Y ml" + f‘, C(t,s,bﬁ"),w) e +7/>

v=1 v=1

Using equation (4.45) and given the double exponential distribution random variable
J€ with y¥ the characteristic function of the pair (J Q 1y QD defined by

00y = Y2
v=anz) v (0.7)

for @, =0, we have a ODE similar to the one obtained under the real measure (4.32) :

%f(t,s,w) = 1-y¢ <0,nQB(t,s,w)im&"”ic(t,s,bﬁn),w)mﬁ”))

v=1 v=1

where for all v e {1,--- ,n}
c (t.,s,b\(,n),a)> = —bgn)nQ/ts e—b&") (”’I)B(u,s,w)du,
solves equation (4.59) and n€ = ny (0,7). Hence,
EC (ew%;nm'%) — exp (B (1,5, ) 22

n (n)
¢ 3 (ol o) miry )
v=1

and we conclude by comparing with the results of proposition 3 for ©; = @ and @, =
0. O
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Proposition 7. If the Z; adapted process defining the martingale (4.44) on [0,T), is
equal to

wer v (¥ (L0 1)~ (y(1,0-1)

o) = S +2,." - , (4.62)

then the equivalent measure is risk neutral and the log-return corresponding to the

(n)
partition &), X,(n) :=1In Sg—o, is driven by the following dynamics under the measure

Q}/v(p
2
dXt(n) — <r — % —E (eJQ — 1) l[(ﬂ),Q) de + GdVVtQ (4.63)
N
+d ) 7
i=1

and the asset price is ruled by the following SDE :

ds™ = rsWar v 5™ awl (4.64)

+s" [ a [Z (eJiQfl) 7E<eJQ71>xt(")’de

i=1

~(n)

*”S,(") is a .%- martingale on [0,7], under
the probability measure Q¥"? if and only if M, (")S'gn) is a .%;- martingale on [0,T], under

Proof. The discounted asset price S,
the probability measure P. If It(") = Uz( ") —rt+X; ™) then Mt(n) G = Spelt g and

2
a = (1«(”) MA" 20w —rru-% —E(e 1) %(”)) dr

()
Nt

(c—o@)dw+d | ¥ s | +ydrl™.
i=1

Using It6’s differentiation rule the SDE of the .%; adapted process M,(">§§") is given
by :

d(m"sm) = sodeh” (4.65)

s (dl,(”)’c + % (6—9 (1) df) +s0eh” 1 (w(1p) - )i

sgelt” [ ety -1 (x(@an® - A"y (dar)

where It(")’c is the diffusion part of the process I,( ") When E ( Jo A T2 ds) is finite, it

follows that Mt(")gf") is a .%;- martingale on [0,7], under the probability measure P if
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and only if

0 = u—r—oo(t)
42 (6 ()~ (w(1.0) - D4y (1) 1),

Taking into account equations (4.45) and (4.53) this last equation is rewritten to obtain
equation (4.62) that concludes this proof. O

4.3.4 Option pricing

In this subsection we show how to price European call option of maturity 7 and strike
K, written on the terminal spot S of some underlying asset. We start by determining
the conditional mgf of the log return process under the equivalent measure Q¥:¢. Next,
we will illustrate the Carr-Madan approach (1999) for computing the value of a call
option given the conditional mgf of Xy. To this aim, the next proposition sets out the
conditional mgf of the approximated log-return process.

Proposition 8. The moment generating of XS(") under QV:? conditionally to the infor-
mation at time t < s is given by

1) = w2 5) (4.66)

— exp (wxf”) YAt ) +B(t7s7a))7Lt(n)’Q>

n ()
X €Xp (Z C(l,s,b‘(,n)7a)> m‘(}n)Yt(bv )’Q) 7

v=1

for all o € C_ that satisfies the regularity condition y (aanfo:l m&")) < . The
functions A, C are such that

o2
A(t,s,0) = co(r+(a)—l)2)(s—t), (4.67)

C(t,s,b\(,n),a)> = —b‘(,n) /Sefbs’n)(uft)B(u,s,w)nQdu, (4.68)
t
and the function B solves the following ODE:

%If@,s,w) = 1-o+oy?(1,0) (4.69)

—y@ <w, i C (t7s7b£n>,w) msn) +n9B (t,5,0) i m‘(,")>
v=1

v=1

with the terminal condition B (s,s,®) = 0.
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Proof. Let w € C_. As in proposition 3, if we note

bSn) s n
fEf LS’X’(”)}A{(”)7Q7 (Y[< ) Q 7]\[[(n)vQ = EQ (e(DXS( ) |yl‘)

v=1,....,n

and under the regularity condition y (a), n¢ Yo m,(,")) < oo, We conjecture that f is an

(n)
b ) ~,Q
exponential affine function of X,(n), )Lt(n)’Q and (Y,( ! ) ) ,
v=I,...,n

o= (ﬁp(@&M)+AUJJ®) (4.70)

w (n)
ot e )

v=1

where A (s,s,0) =0 B(s,s,0) =0 and C (s,s,bsn)> =0,(for all ve {1,---,n}. Then, ac-
cording to the It6’s lemma, f solves the following stochastic differential equation :

(n)
A e w, (07)e
0 = = v;ay(V)vav Y, (4.71)
of o2 /0 (n).0
—%ﬂmQ—Z—EG _Q@ (4.72)
ey 0 (”(r"))ﬁQ ().
}L ’
T2 xw2® amln Z T
< [ ar@ve )

- 2
o _c (1568 @) m" 2L~ af, S w2 _Bso),
af _ (94 (t,5,0)+ i 9¢ (z b w) (")Y(b£n>)7g+@(t o), | f
at - at "y = at 7S, v mv t t 7S, 1 I
and Af (z) is the variation of f when a jump of size z occurs and the time just before :

v=1 v=1

Af(z) = (exp <a)z+ i c <t,s,b\(,"),(o> ml(,n) |z] +T]QB(t,s, o) i m,(,n) z|> — 1> f
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Injecting all these expressions into equation (4.71) leads to :

(n)
24 Lo\ m,(0)e a8 (1.0
0 = 7(1‘,&(0)—0— Z ;(I:S,bv 7a)>mv Yl‘ +§(I,S,w)lt

n (n) n (n)
- C(’ s.b)" >mgn)b$n)yt(bv )7Q—B(t,s, o)n? Yy m&")bS")Yt(bv )’Q
v=1 v=1

+w rf%f JQ1>7Lt(")Q>+;wo+)L Q/ <eXP(wz

Z (lsbv , > \z\+nQBtsa) an |z|)—l)vQ(dz),

or
0o = A i 473
- W(tvsaw)+w r+(0)* )7 ’ ( )
0 = a—B(t,s,a))—a)IE(eJQ—l)—0—/00 (exp(wz 4.74)
a —00
+Z (tsbv , )mv 2/ +n2B(1,5,0) Y S”)|z\)—1)vQ(dz),
v=1
- 9C (n) (n _ vy (n) n), (n)
0 — (t,8,by "0 )\my ' — Y Clt,s,by ,@)my by 4.75)
£ 2 sl )l £ cleat?0
—B(t,s, a))nQ i" m\(,n)bl(,n)
v=1
Then

A(t,s,0) = a)(r-i—(a)—l)oj) (s—1),

and the last equation is

0 = %(Z”Lb‘(/n)’w)_(C<t’s7b$1n):(1)>-Q—B(I,S,a))nQ)b\(}")7

that admits as solution

C(t,s,b‘(,"),w) = —bl(,n) /se (n)(” t)B(u,s,a))nQdu
Jt

forallve{l,---.,n}.
Using the definition of the characteristic function y€ (4.53) we retrieve the ODE of
the function B (5.37) that concludes this proof. O

The next proposition establishes the conditional mgf of the log-return process con-
sidering that the approximated log-return process tends in distribution to the true log-
return process.
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Proposition 9. The mgf of X; under QY-? conditionally to the information at time t < s
is given by

Lis(@) = E2 (2% |7) (4.76)
= exp(wX;+A(t,s, o))

Xexp( Tl/ /ve v(u=t)p B(u,s,0)Y, ()QH B (v)dudy

1B(1,5,0) JL,Q) :

for all w € C_ that satisfies the regularity condition y (a), nQ) < oo, The function A is
defined as follows

0.2
Alt,s,0) = w<r+(w—1)2)(s—z), 4.77)

and B is a time dependent function that solves the following integro-differential equa-
tion:

%‘:(z,s,w) - w(wQ(l,o)q)

A
- (w2 (0@ [ Blus.0) 1} -0 n%B 1) 1)
t s
with the terminal condition B (s,s,®) = 0.
Proof. This proof is similar to the one of proposition 4, as XS(")converges to X; almost
surely and by the dominated convergence the conditional mgf of the log-return process
is equal to the limit with respect of n of the conditional mgf of the approximated log-

return process. By some grouping and using the frequency derivative property of
Laplace transform we retrieve the results of proposition 9. O

Let us focus on the pricing of the European call option of maturity 7, written on S;. Its
payoff and its strike are expressed as function of the log-return X; and of the log-strike
k. The price C (k) of this European call option is then a function of the log-strike k. If
we denote by f; 7 the risk neutral density at time t < T of the log-return X7 | %, the
price of this call option is equal to the expected discounted payoffs :

ch) = s /;we*’(“) (") fur () de (4.78)

The next proposition approximates this European call price using the trapezoidal
quadrature approximation of the European call price formula rewritten as in Carr and
Madan (1999).

Proposition 10. Let M be the number of steps used in the fast Fourier Transform
(FFT) and A, = 21‘% be the step of discretisation. Let us denote y = 71 =13+
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Leny Aw = A%—Xk and wy = (I—1)Ay. The value of C(k) at points k;j = f%Ak+
Ay (j—1) are approximated by

B zstefakjfr(Tft)
c(kj) ~ (4.79)

) Y HOD )yt [, Tr(rario) )
=1 a2+afa)12+i(2a+l)a)l

for all j =1, .M, with Y; s (@) =EC (¢®Xs | 7,) and a >0 such that ; 7 (a-+1) is
finite.

Proof. This proof relies on the work of Carr and Madan (1999). The authors value call
options in an efficient way with fast Fourier transform (FFT). According to authors,
for a given dampening parameter a > 0 the call option price in our setting is given by

ckk) = (4.80)

Stg*ak*r(T*f) /+°° e_ika}7T(1+a—|—ia))
m 0 a+ta-0’+iRatl)o

with an optimal dampening parameter a such that 1; 7 (a+1) < +eo. The trapezoidal
quadrature approximation of this latter call option price formula for M discrete log-
strikes kj = —kmax + (j — 1) Ay, j = 1,...,M, equally spaced Ay = ZI‘MM is given by :

—akj—r(T—t) M

Ste —iak; Y7 (14+a+ioy)
Clki) ~ —— ) e "M% : A | (4.81
(]) T E‘l na2+a—a)12+i(2a+l)a)l o) )

where 7, = %1 {1=1} + {71} is the trapezoidal quadrature weights, A = A/%—’Ark ensures
that the absolute value of the integrand function is sufficiently small for all ® > wy,
with @; = (I —1)Ag for [ =1,...,M. Substituting the formulae of k, and w; in equation
(4.81) yields to

(k) = Se T 7 (4.82)

M .
o Ze—i%(l—l)(j—l)(il)l—l " Lr(1+a+iay) Ay ).
=1 a2+a7w12+i(2a+l)wl

Next, the form of equation (4.82) allows to evaluate the approximated European call
price using the FFT algorithm. Replacing AT“’ by MLA,( in equation (4.82) we conclude
the proof. 0

As main advantage, for a given maturity, the proposition 10 enables one to simultane-
ously evaluate call options with different strikes. When interested with European put
options, their prices can be deduced using the put call parity.

4.3.5 Numerical analysis

This subsection highlights the impact of our framework on the S&P 500 log-return’s
distribution. It also shows the sensitivity of S&P 500 call options to the memory
parameter.



104 Chapter 4. Asset prices: a long memory self-exciting jump model

Figure 4.9: The left graph shows three S&P 500 log-return’s distributions that rep-
resent the differences among the GBMSJ model with ML kernel, the GBMSJ model
with exponential kernel, the GBM, the KJD and MJD models. The right graph shows
the S&P 500 log-return’s distributions at different times ranging from 1 month to 1
year. The parameters used for this illustration are presented in Table 4.2. The param-
eters of the GBMSIJ with exponential kernel are the same as the one with ML kernel,
except for a which is equal to 1.

Figure 4.9 depicts the risk neutral log-return’s distribution obtained by fast Fourier
transform as in Njike and Hainaut (2020) (Proposition 4.2). The left graph compares
the risk neutral distributions derived respectively from the GBMSJ model with ML
kernel, GBMSJ model with Expo. kernel and the GBM model. We observe a wide
difference between the Gaussian distribution shape of the GBM model and distribution
under the GBMSJ model with ML kernel. This difference is explained by a high value
of the kurtosis and the skewness of the GBMSJ model with ML kernel. A similar
finding is made when we compare the distribution of the MJD and the KJD to the one
of the GBMSJ model with ML kernel. When comparing the log-return’s distribution
under the GBMSJ model with ML kernel to the one with Expo. kernel, this difference
is especially at the level of the distribution tails. Taking into account past jumps on
the S&P 500 prices thickens the log-return distributions tails. In the right graph, we
examine the effect of the time horizon on the log-return distribution. It turns on that
the tails of the distribution become thicker. So that, as the maturity increases we expect
positive returns, but large negative returns may also occur.

To inspect how recalling past jumps for a long period influences options prices, we
evaluate call options on S&P 500 with parameters of Table 4.2 and invert the Black &
Scholes formula to retrieve the smile of volatilities. The surface of implied volatilities
for different maturities and moneyness is plotted in the left graph of Figure 4.10. The
curvature of the smile is more pronounced for short term maturities than for long term
ones. The right graph illustrates the impact of a reducing memory of past jumps on the
volatility. Remembering past jumps for a long period increases implied volatilities. Its



105

A — initial, 6M
w |5 -~ a+2,6M
06 e Y initial, 1Y
Y - as2, 1Y
> S
<O' ,:E o
g 2
Z = 8
02 o
(=]
™« -
= LT

T T
-0.15 -0.05 0.05 0.10 0.15

Moneyness

Figure 4.10: The left graph shows the surface of implied volatilities for call options
on S&P 500. The right graph illustrates the impact of a modification of the memory
parameter on the 6 months and 1 year volatility smiles. The parameters used for this
illustration are in Table 4.2.

influence is limited at the short term and increases with the maturity.

4.4 Conclusions

In this chapter, a self-exciting jump diffusion process with long memory is designed
for asset prices modelling. The self-excitation and the memory features are introduced
via a Hawkes process (HP) with a Mittag-Leffler (ML) kernel. In addition to replicat-
ing the jump clustering phenomenon observed in stock markets, this setting allows to
remember past jumps on asset prices for longer period than in the standard exponential
kernel framework.

Although our HP with ML kernel is non-stationary and a non-Markov process, our
ML kernel is the Laplace transform of a positive random measure. This allowed us
to establish a closed form expression of the first order moment of the HP’s intensity
and rewrite the HP with ML kernel as an infinite dimensional Markov process. By a
discretisation scheme and passing to the limit, we also derived a closed form expres-
sion for the conditional moment generating function of log-returns. To price option
on asset, we found a family of affine changes of measure that preserves the dynamics
of prices under the risk neutral measure.

An estimation procedure based on a Peak-Over-Threshold approach is applied to a
time series of S&P 500 daily values from 05" May 2010 to 30 June 2021. The
estimated parameters of our model enabled us to show that long memory self-exciting
jump diffusion process produces excess of kurtosis and skewness compared to model
with exponential kernel, the Geometric Brownian Motion process, the Merton or Kou
jump diffusion processes. Further, we showed that implied volatilities increase as the
memory expands. But this influence is reduced at the short term.
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From a broader perspective, it would be interesting to extend this chapter to the
stochastic modelling of volatility where the memory feature is shown to be consi-
tent with empirical findings reported in the literature on stock returns. Other possible
application of HPs with ML kernel could be find in credit risk modelling with inten-
sity based approach. From a theoretical point of view, it would be also interesting to
investigate an approach to compute the second order statistics of our non-stationary
HP.
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Appendices

4.A Appendix A: Merton and Kou jump diffusion models

We consider that the Merton (1976) and the Kou (2002) jump diffusion models for the
log-return are solution of the following SDE:

62 Ny
dx, = (u—2—E<ej—1))u>dt+cdwt+dzji, (4.83)
i=1

where dN; ~ follows a Poisson random variable with mean Ad:. For the Merton jump
diffusion (MJD) model, the jump sizes J; are independent and identically normal dis-
tributed with mean u; and variance 0'12. Whereas, for the Kou jump diffusion (KJD)
model, the jump sizes J; are independent and identically distributed double exponen-
tial random variables with density v (z) defined in equation (4.40).

From equation (4.83), we deduce that for all small length of time A,the probability
density function of the log-return is given by:

fxy @) )

AL (4 -r(e -2 ) ac2a) w0

+(1-2A) f

/((uf%sz(lel)x)A,ozA) () Fo(4),

where o is such that limy_, O(AA) =0. J follows a normal distribution with mean p; and
variance 012 in the MJD model. In the KID model, J has a density v(.). This derive
from the following Poisson distribution definition

A,A meflA
AA+o0(A) ifm=1
= o(A) ifm>1.

1-2A+4o0(A) ifm=0

From a time series of m log-returns x, ...,x;;, equally spaced by a lag A of one day of
trading, we may find estimated parameters of these two two jump diffusion models by
maximization of the following log-likelihood function:

m
Inl (xq,...0m) = Z In (fXA (x,-)) .
i=1
The conditional moment generation function of the log-return process at time 7 > 7 is
given by:

E(e27|7) = L@

where the function G is defined by

2 25

Glw) = w(u—"Z—E(ef—l)x)erz

2

W (]E(e“’f) —1>,
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Chapter 5

Affine Heston model style with
self-exciting jumps and long memory

5.1 Introduction

Over the past decade, a number of stochastic processes designed for option pricing
have been introduced in the financial literature since the seminal work of Black and
Scholes (1973). A common way to communicate option prices consists in computing
the implied volatility (IV) resulting from the inversion of the Black and Scholes option
price formula. IVs measures the uncertainty about how low or high an underlying asset
might fall or rise over a given period. Unlike the historical asset’s volatility, IVs are
somehow expectations for future volatility. As a result, IVs play an important role in
financial markets and option pricing models aim to replicate at least the main empirical
features of asset time series. For a wide set of financial assets, Cont (2001) stated five
stylized statistical facts about the asset’s volatility. First, high volatility events tend to
cluster in time. Second, there is a long memory effect in volatility which occurs when
the effects of volatility shocks decay slowly. Third, the asset’s volatility is negatively
correlated with the asset’s return. Fourth, trading volume is correlated with the asset’s
volatility. Fifth, there is an asymmetry in time scales of the volatility which is also
known as the time reversal asymmetry of financial time series data. This has been
emphasized by Zumbach and Lynch (2001) and called the “Zumbach effect” by Blanc
et al. (2016). Beside these empirical findings in asset’s volatility, common features
of the IV surfaces are the volatility term structure effects, the at-the-money skew and
the smile (see e.g. Ait-Sahalia and Lo (1998) Ait-Sahalia et al. (2021)). Designing an
option pricing model that includes most of these characteristics is a challenging task.
In quest of the suitable option pricing model, this chapter extends previous works on
affine stochastic volatility (SV) models stemming from the Black and Scholes frame-
work. While simple and easy to use, the Black and Scholes model relies on strong
assumptions regarding the financial behavior observed throughout market data. Mer-
ton (1976) and Bates (1991) relax the assumption of the Black and Scholes (1973) that
the asset’s return is normally distributed by inserting a jump component driven by a
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Poisson process. Later, Heston (1993) proposes a closed form solution for an option
on an asset with a SV model, which allows to relax the assumption of constant vari-
ance of the Black and Scholes model. He also introduces a correlation between the
variance and the asset price in order to replicate the volatility smile and to explain the
skewness of the asset’s return. The Heston’s framework is extended in several direc-
tions. Among them, we can cite stochastic volatility jump (SVJ) models, introduced
by Bakshi et al. (1997), Duffie D. (2000), Bates (2000) and Eraker (2004) to mention a
few pioneering works. The common point of these models, known as affine stochastic
volatility models is the heteroskedastic property of the instantaneous change in vari-
ance through the square root term of the variance in the diffusion volatility. However,
in the literature, other authors like Christoffersen et al. (2006) and Ignatieva et al.
(2009) have studied non affine stochastic volatility models in which the instantaneous
change in variance is proportional to any power of the variance in the diffusion volatil-
ity. They conclude that the choice between affine and non affine stochastic volatility
models corresponds to find the right balance between fit flexibility and estimation
properties. This motivate us to employ an affine SV model style for its tractability and
economic interpretation documented in the literature (see e.g. Heston (1993), Bakshi
et al. (1997), Duffie D. (2000)).

Notice that in view of expanding affine SVJ models, some authors like Gatheral (2012)
investigated stochastic volatility models with jumps in asset prices and in the variance,
denoted by SVJJ model. Although, this setting enables to maintain the clustering
property of SV models, SVJJ models are less parsimonious than SVJ models, and
are harder to fit to observed option prices. Another popular family of SV models
considers that the log volatility behaves as a fractional Brownian motion with a small
Hurst exponent. Among seminal contributions about this family of SV models we
list the fractional SV model of Comte et al. (2010), and the rough volatility model of
Gatheral et al. (2014) that in contrast to fractional SV, has a Hurst exponent of order
less than 0.5. Even if these models are remarkably consistent with major features
of financial time series, as stated by Blanc et al. (2016), they fail to induce a tail of
distribution in the return fat enough even with fluctuating volatility since the asset’s
return in these models is conditionally Gaussian distributed. Moreover, these models
are unable to explain in a realistic way how they generate fat tails, long memory in
volatility and volatility clustering.

Nevertheless, most of affine SV models do not allow for the Zumbach effect. This
motivates, authors like Zumbach et al. (2013), Jaisson and Rosenbaum (2015) and
Blanc et al. (2016) to modify SV models in order to integrate this Zumbach effect.
The two last works are based on quadratic Hawkes processes (HPs) which extend the
self-exciting mechanism of HPs introduced by Hawkes (1971 a). In particular, Blanc
et al. (2016) reformulate the general HP in a way that intra-day price changes, have
an intensity proportional to powers of past price variations. Motivated by the empir-
ical results, authors truncate this intensity to the second exponent and ignore the first
exponent term. However, recent work of Hainaut and Moraux (2018 a), Hainaut and
Moraux (2018 b) and Njike and Hainaut (2022) have shown the role of linear HP when
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it comes to replicate features of asset’s return time series. In combination with the self-
excitation property of the linear HP, Hainaut (2021) has designed a non-markov linear
HP for claims process that has memory. Author has generated this memory effect by
considering a linear HP with a kernel function that admits a Fourier’s transform rep-
resentation. Althougth, the HP with such long memory kernels are non-Markov, the
author employed a similar procedure of the rough volatility literature (see e.g. Abi
Jaber and El Euch (2019),Béduerle and Desmettre (2020)) to recover a Markov struc-
ture and derive the conditional moment generating function of the Hawkes intensity.
In this chapter, it was of interest to explore the benefit of such a setup in an option pric-
ing model. In doing so, the linear HP will increase the probability to observe a jump
of the asset price and therefore the future volatility after a jump occurrence, whilst the
memory kernel of the linear HP will enable us to obtain a longer effect of past prices
into future prices.

This chapters contributes to the financial literature in three ways. First, we introduce
an option pricing model where the underlying asset price dynamics is self-excited
and allows for a longer effect of past prices through a linear HP. Second, although
our model is non Markov, we derive a closed-form expression for European call op-
tion prices. For hedging applications, Greeks of the three sources of risk: price risk,
volatility risk and jump risk are obtained straightforward by taking derivatives of our
formula with respect to the asset price, the variance or the arrival rate of jump. Third,
we provide a calibration procedure of our model to real market option data.

The rest of the chapter proceeds as follows. Section 5.2 presents the affine Heston
model style with self-exciting jumps and long memory. This section focuses on dis-
tributional properties of the arrival rate of jumps and the log-return through an infi-
nite dimensional Markov representation of our asset price model and a discretisation
scheme. Section 5.3 develops the option pricing model under our setting. Section 5.4
provides a descriptions of the Euro Stoxx 50 option data. Therein, we present our esti-
mation procedure, discuss the estimated parameter and assess the sensitivity of option
prices to memory and self-excitation parameters, underlying price, volatility and jump
risks. Concluding comments are developped in Section 5.5.

5.2 Model specification

We define all the processes on a probability space Q endowed with a risk neutral
measure Q and a filtration (% );~o. We exclusively focus in the option pricing, and
assumes that the pricing measure can be retrieve from European option prices. For
sake of simplicity we assume a constant interest rate r.

Hereafter we consider a SVJ model with self-excited jump in return driven by a
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Hawkes process with memory kernel:

S e (deH\/ﬁdWF) .1)

S y (l)li (ejl_]>)_AtIE(eJ—1>dt

vy (8y —ky Vi) dr + oy v/VdW,!

where &y, % and oy are respectively the speed of adjustment, long-run and variation

coefficients of the diffusion volatility of V;. ;! and W7 are two independent standard
Brownian motions. p is the correlation between diffusion volatility of stock prices and
variances. The variance process is the square root process introduced by Cox et al.
(1985) and referred to as CIR. To ensure that zero is an unattainable for the diffusion
volatility V;, we assume the Feller condition 26y > a‘% holds. Let recall that affine
stochastic model implies that the instantaneous change in variance is heteroskedastic
via the +/V; term in the diffusion volatility. We introduce memory and contagion in the
dynamic of stock prices by considering an arrival intensity A; driven by the following
equation:

E (N4 %1) — N
M = hlimo—( ’+h|h ) N
0

t
a+<%fa)g<r>+n/og<z—u>dLu,

5.2)

with o the constant reversion level, 4 the initial intensity at time =0, L, = Z?’; 1 il
the sum of the absolute values of the jump sizes up to time 7. The intensity jumps
by n|J/;| when the 1" shock in the asset’s returns dynamics occurs. Therefore, the
occurrence of an event increases the probability of a further shock. The jump sizes
J are double exponentially identically and independently distributed with density v(z)
onR:

v@) = pptep(=pT2) sy~ (1-p)p~exp(=p72) 1ec)-

Using the previous equation, it follows that the moment generating function (mgf)
v (.,.) of the pair (J,]J|) is given by :

+
P 1-p
W(Zl’ZZ)::E<eZlHZ2m> - p+*(i1+zz)+l)£*(21)€22).

In particular, the expectation of J and |J| are weighted sum of the average sizes of
positive and negative shocks :

1 1

E(J) ij+(1*P)F7 (5.3)
1 1

E(V) = ij—(l—P)pT-

We consider double exponential jumps as in Kou (2002) in order to replicate the asym-
metry of the log-return distribution. Note that our SVJ model turns back to the Heston

(5.4)



113

model if the jump size is null. In addition, we have the Bates model when the num-
ber of jumps is a Poisson process with a constant jump arrival rate A, and normally
distributed jump sizes with mean y; and variance 2.

In equation (5.2), the memory kernel function g, is a positive definite function such
that g (0) =1 and lim; . g () = 0. In this setting, the speed of reversion depends upon
the decay rate of g(.). The function g(.) is the kernel function defining the memory
of the stock prices process. If it is fast decreasing, the contagion effect between stock
price jumps is limited in time. Otherwise, the processes remember the history of stock
price jumps for a long period. In this chapter, we consider four functions g (.) that are
Fourier transform of positives measure on R :

* The first function g; (.) is the Fourier transform of the Laplace or double ex-
ponential measure denoted by vy (.). Let B € RT be constant. The symmetric
exponential measure vy (.) defined by the following relation :

1
(e = (ﬁ exp(—Bu) 1,50y +Bexp(Bu) 1 {u<0}> du, (5.5
generates the following memory kernel:
ihu Bz

The mean of vy (.) is gy, =0 and its variance is 0L2 = é g1, (.) is a power decreas-

ing function. Since [ gz, (u)du = % in this case the pair (N,1) is a stationary

: 2
HPif g < TR
* The second function g (.) is the Fourier transform of a Gaussian spectral mea-
sure v (.)
v (du) = \/ge_ﬁuzdu. (5.7)
The mean of v (.) is ug = 0 and its variance is c% = ﬁ Given that vg (.) is
2
symmetric and [p+ B cos (hu)du = % \/%e 4B | the memory kernel is equal
to
2
ggh) = e 4B, (5.8)
where € RT. Since [;°gg («)du = /7B, in this case the pair (N, 1) is a sta-
tlonary HP if \/B < W

* The third function g, (.) is the Fourier transform of the logistic distribution
defined as follows:

Vigg(du) = — S du, (5.9)
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2.2
where 8 € R*. The mean of VLog (-) 18 ly og = 0 and its variance is Gl%og b 3” .
The memory kernel is equal to
nBh .
ey = smpm Th=0 (5.10)
1 ifh=0

Since [§° g0 (u)du = %, in this case the pair (N,A) is a stationary HP if § >
ﬂnla(\fl).

* The last memory kernel g¢(.) is the Fourier transform of a Cauchy spectral

measure v (.)
1
ve(du) = ﬁzi 5 du, (5.11)
where B € R*and the moments of v (.) are undefined. Given that this measure
is symmetric, the memory kernel g, (.) is an exponentially decreasing function

gc(h) = e Pl (5.12)

considered in the following as the exponential kernel because the delays after
the arrival of jumps are non-negative. Since [;°gc (u)du = %, in this case the
pair (N, 1) is a stationary HP if § > nE(|J|).

Within the literature, the Hawkes process with exponential kernel has an intensity A,
usually defined as:

E (Nt+h|<gl) -

M = lim (5.13)

h—0
e ( ﬁt+n/ t u dLu,

where f is the constant rate of mean reversion. From Hawkes (1971 b), the pair (N,A)
is a stationary Hawkes process if the following inequality holds

nE(\J\)/ “Bugy < 1.

This latter condition is then met by choosing the intensity parameters n and  such
as NE (|J]) < B. This stationarity property of the Hawkes process is required to ensure
that the long-term expectation, noted Ac = lim; 0 [E(A;) is finite and equal to A =

Bo
B—nE(lJ])’ . . L .
The first order moment of the HP intensity for the kernel functions in equations (5.6),
(5.8) and (5.10) can be obtained by inverse Fourier transform. In fact, from equation
(5.2), we use the properties of the expectation and apply the Fourier transform to

obtain:
FEG|F) (0 = aF 1))+ F (50)©) (5.14)
nEWDF ([ e6-0B (] Fo)d) (@)

2018 (@) + (A9 — @) vy (@)
ANE (V) v (@) F (E (A | Fo)du) (@)



115

where & (.) is the Dirac Delta function. Then, given that

F(E(N | Fo)) (@) = 2“”‘? (_wgg (("Jl?);ko(‘i)v)" (@) (5.15)
2amd (0) (Ap — a) vy (@)

1=nE(J))vg (@)  1=nE(|J])v (@)

it follows that

E (A | Zo)

() Yo
“r (1—nE<|J|>vk<w>)(’”(’LO o) (5.16)

ag—1 Vk(w)
7 (l—nEumvk(w)) )

B o 273 (0)
= s e TR (w0 =)

—io Vi (@)
T

& LI — vi (@)

O 0 %k TR @
The previous stability conditions ensure that this latter integral exists. Notice that
there is no closed form expression of this expected value of the HP intensity, except
for the HP intensity with exponential kernel. Through either the Laplace transform
technique or ODE technique of Fonseca and Zaatour (2013), the first order moment
of the HP intensity with exponential kernel is given by,

o

E( | F) = AgeMEWMD=B) _ TﬂE(lﬁfm (1 _ (mE(J]) ﬁ)t) . (5.17)
To the best of our knowledge, it is not possible to derive analytically moments of
HP with non-exponential kernel listed above using the ordinary differential equation
(ODE) technique of Fonseca and Zaatour (2013). As an alternative, we will derive
a quasi-analytic formula of the conditional moment generating function of these HP
intensities with non-exponential kernel.
To compare shapes of memory kernel we range above memory kernels by degree of
decay and consider that their spectral density have the same variance 2. It follows
that the parameter § of memory kernels (g)ic(z,G,L0g) 18 @ function of o2, As the
variance of the Cauchy spectral measure is not defined, we find an § by minimizing
the sum of least square between the Log and Cauchy memory kernels. Figure 5.1
compares these four memory kernels when the variance 62 = 16. The left plot reveals
that the Laplace kernel has a slower decay than Gaussian and logistic kernels. Further,
in long run the exponential kernel seems to decay more slowly than the Gaussian and
logistic kernels, while the opposite situation occurs in the short run. The right graph
shows that the decay rate of the kernel increases with the thickness of the distribution
tails.
The common point of these four memory kernels is the stability of the Hawkes inten-
sity A; under a certain condition. Unlike the exponential kernel, the other kernels can
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Figure 5.1: Comparison of Laplace, Gaussian and Logistic kernels for O'L2 = o2
GLZU o = 16. The Cauchy kernel is computed with - =2.71.

enable the Hawkes intensity A; to remember past events for a long time according to
their speed of decay. Considering the exponential kernel (5.12), the pair (Ny, As);>q is a

Markov process and the intensity A; is solution of the following stochastic differential
equation (SDE):

dh = Bla—2A)dr+ndL. (5.18)

Taking into account kernel functions in equations (5.6), (5.8) and (5.10), the pair
(Ns, As)¢>( 1s not a Markov process and we have very little information on its behavior
conditio;lally to the filtration .%; for ¢ < s. For non-Markov processes we cannot rely
on It6 calculus to determine quantity like the mgf of the arrival rate of shocks in
the asset’s returns dynamics. However, by using the spectral representation of kernel
gy (.) for k € {L,G,Log}, we reformulate (Ny,As),~q as an infinite dimensional Markov
process in the complex plane. To do so, we rewrite gr () in Equation (5.2) as a Fourier
transform of the measure v (.) and change the order of integration:

A = a+(Ag—a)g +n// (=08, (d&)dLy, (5.19)

= a+(R-a)glr +n/ </ ’”5dL)Vk(d§)~

It follows that the process Yt’5 = /5 =108 dr,,, defined on the complex plane C is
solution of the following SDE:

dv® = iEvtdrydi, (5.20)
and the SDE of the Hawkes intensity is given by
dy = (Ag—o) =KL dgk( dt+n/ Ay, (dé). (5.21)
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Remark that [ dY;S v (d&) is real since the measure v (.) is symmetric and by rewrit-
I

ing Y;S as ):5\];1 eilr—up) |J;| with u; the time of the I’ shock in the asset’s returns dy-

namics.

To benefit from the reformulation of the process (Nt, A ),>( like an infinite dimensional
Markov process (NIJLH (Y;) éeR) , we use the discretisation scheme described
t>0

below, and passing to the limit we infer the mgf of the arrival rate of shocks in the
asset’s returns dynamics. The key point of this discretisation scheme consists of an
approximation of the measure v; (.) as a discrete measures with a finite numbers of
atoms. For this purpose, we consider a symmetric partition & (n) .= {—eo < §£"n) <..<
één) =0< él(n) <..< 5,&") < oo}, with gﬁ"n) = 75,5”). For each interval (él(n),él(i)l), the
barycenter is defined as

(n) , g(n)
m _ & ten
by = — forl e {0,...,.n—1}, (5.22)
(n) , £(n)
+
bl(n) = w7 forl e {-n,..,—1},
while the mass of any atom with respect of the measure v (.) is
x é(”)
mik®) — /é(fglvk (du), for I € {0,...n—1}, (5.23)
751
Q)
ml(k’n) = /;(13_] v (du), forl € {—n,...,—1}.
1
By construction limp—e0 Y7 ml(k’n) =1 and the discrete approximation of the mea-
sure v (.) given a partition of size n, denoted by ﬁl((”) (.) is defined as follows
n
- k,
Wy =y mikn 8 (n (1), (5.24)

I=—n 1

(n)

where Sb('” (u) is the Dirac measure located at the barycenter b,"’. According to Equa-

I

tions (5.22) and (5.23), and given that the measure vy (.) is symmetric,

for i € {—n,...,—n}\ {0}, m(fl’") = ml(k’n) and b(fl) = fbl("). It follows that the discrete
(n)

measure 7, (.) is also symmetric. We consider that the following assumptions holds
for the partition & (n):

(0] 5&’2 — —oo and 5,5") — oo when 1 — oo,
(i) max|&") — "] = 0 when n — o,

(iii) &) c &),
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In this setting, for any integrable function, f(.) with respect to the measure v (.), we
have that

00

im [ )" (du) = | L °; £ () vy (du). (5.25)

n—oo | _oo

To lighten further developments, we choose n and adopt the following notations:

")

. Yt([) =Y, forl e {—n,...,n} and Yt(l) is solution of the following SDE

()
with 2" =y " 1;

* the approximated intensity in the discrete framework is

W =av(dg-a)ygm+n Y mimy (5.27)
I=—n
and has the following SDE
LR ey

l=—n

Proposition 11. The moment generating function of lﬁn) conditionally to the infor-
mation at time t < s is given by

(n)
E (ew)Ls ‘ngt) = exp (F (l’,S,(D)"‘G(ﬁSy a))lt(n)

o 3 (o) nf )

I=—n

for all o € C_ that satisfies the regularity condition y (0,110)):” ml(k’n)) < 0. The

I=—n
Sfunctions H; are defined as follows
s (1)
H; (t,s,bl(n),w> = bl(n)ni/ i (uit)G(u,s, ©)du,Vl € {—n,...,n},
t

F and G are time dependent functions that solve the following ODEs system

JoF d
Plso) = ~-a) 6050 (529)
G & n
W(t7s7a>) = 1—1//<O7nG(t,s,a))l_Z_nm§k’ )>
+ i H,; (t,s,bl(n),w> ml(k7n)>.
I=—n

with final conditions F (s,s,0) =0, G(s,s,®) = ®. Y is the moment generating func-
tion of the pair of the random jump sizes J and its absolute value : y(zq,zp) :=
E <eZlJ+Z2|J‘>. k€ {L,G,Log,C} indicates the type of HP memory kernel
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Proof. In Appendix A 5.A. O

Passing to the limit with respect of n and using the frequency derivative property of
Fourier transform, we have the following proposition on the conditional mgf of the
HP intensity.

Proposition 12. The moment generating function of As conditionally to the informa-
tion at time t < s is given by

E(ewls\gz,) = exp(F(t,5,0)+G(t,5,0)A) (5.30)
X exp (in /SG(u,s7 ) /Rleil(uft))’tlvk (l)dldu) ,
Jt B

for all o € C_ that satisfies the regularity condition y(0,n®) < «. The functions F
and G solve the following ODE and partial integro-differential equation (PIDE):

%f(z,s,w) - f(kofa)dgst(Z)G(t,s,w) (5.31)
%—?(z,s,w) = —y/(O,nG(t,s.,w) (5.32)

A —
—Q—n/t G (u,s,0) %du)

with final conditions F (s,s,0) =0, G(s,s,0) = 0. k € {L,G,Log,C} indicates the type
of HP memory kernel.

Proof. The approximated intensity l,(")

defined in equation (5.27), converges almost
surely to A, since for fixed w € Q, the function z +— Yt(z) (w) is integrable with respect to
the measure v, and for any integrable function, f(.) with respect to the measure vy (.),

we have that

n]gnw / £y (du) = / £ () vy (du). (5.33)
It follows that N [0 ") du converges almost surely to Ny. For [ € {—n,...,n},

=15 e*bl (r 7”)dL£, ) If the partition &(") satisfies the assumptions (i)-(iii), when
(n)

n tends to o, a barycenter b, tends to be an element of Ry. Hence the sequence
(v") G :
Y, tends to (Yt )leR almost surely. Next, the dominated conver-
I=—n,...,
gence provides that
) (n)
E (ewlsu‘%) = nIE&E (ew/ls ‘%) ’

where from proposition 11

()
E(ew’ls \,%) (F 1,5,0)+G(t,5,0) A"

i (t s, b )m}k’n)Yt(Z)>
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Figure 5.2: Expected value of the HP intensity A; | .%#,. For comparison purpose,
the parameter § of the Laplace, the Gaussian and the Logistic kernels are such that
GLZ = c% = GLZO g = 16 While the Cauchy kernel is computed with - =2.71. The other

parameters are : oo =0.4, 1 =0.2, 1) =50, p=04, pJr =30and p~ = -37.

and

i H (t,s,bl(n)m-)) mgk,n) _ Z bgn)nl‘/sgibgn)(uft)(;(u,s,a))duml(k’n).
t

I=—n I=—n

Taking into account the definition of the discretised measure \7]((") (5.24) we obtain

/w Hy (15,1, 0)7") () dI - = ni/w (/Sle_il(”_t)G(m&w)du)ﬁ,({n)(l)dl.
J—oo —oo \Jr

Passing to the limit we have

/m Hy (1,50, @) v (1)dl = m/w (/‘Yze*”(“*”c;(u,s,w)du)vk(z)dz
oo —oo t

= ni/tsG(u,s,w)/ le_ﬂ(”_’)vk (1)didu

n /.SG(u,s7 ) Wdu
t 1

The second and last lines of the latter equation stem from the Fubini’s theorem and the
frequency differentiation property of the Fourier transform. Likewise, we show that
the limit of Y H, (t.,s,bl(n) o) AT

) ) .
/_NHZ (t,5.L@) Vv ()dl = in/t G(u,s,w)/Rle’l(”_’)Ytlvk(l)dldu,
and concludes the proof. O

Applying a finite difference approach to the mgf of the HP intensity in proposition 12,
we draw the expected value of the HP intensity given the time in figure 5.2. From this
figure, we conclude that the expected HP intensity decreases as time increases at the
same rate of decay as the corresponding kernel function.

Let X; := log$; the log of the asset price at time . Considering the discretisation

(n)

scheme on the partition & (1), the asset price noted S, is solution of the following
PDE:

)
S = e (paw! /1 pan? (5.34)
Sl

)

!

+d lgl (ejl — 1) flt(n)E (ej — l) dr.



121

(n)

By Itd formula the discretised version of the process X; , noted Xt(") :=1log$,; "’ admits
the next SDE

ax™ = (r— %Vt ~2"E <eJ - 1)) d (5.35)

(n)
Nf
+\/\7t(pdw,l + 1—p2th2) +d| ¥
=1

The process Xt(") is then a Markov process with respect to the intensity lt(n), the 2n +
1 factors (Yt(l))l and the counter N,(n). We can therefore deal with pricing
=—n,..n

and hedging problems using standard methods developed for stochastic models. It

is shown in the proof of proposition 12 that (/It(n), <Yz(1)> ,Nt(n)) converges

I=—n,...,n

almost surely to (/lt, (Y,l)l s Nt). Consequently, the process Xt(") converges
=—n,...,

almost surely to X;. The next proposition establishes the characteristic function of

x" conditionally to the information at time 7 < .

Proposition 13. For all o € R that satisfies the regularity condition

q/(iw,n i ml(k’n)> < oo,

I=—n

the characteristic function of Xs(n) conditionally to the information at time t < s is given
by

1w = 50 (do” ) 7)
= exp (ia) (X,(n) +r(s— t)))

= —d(s—t
X exp (GVG\/Z (ky —iwpoy —d) (s—1) —2log <l_ge_()>>

) 1—e™ I(s—1)
xexp | Vioy, = (ky —iwpoy —d) —————

lige—d(s—l)
n
X eXp (AJ (t,5,0)+ Z o] (t,s,bgn),a)) ml(k’n)Yt(l) +D(t,s,0) lt(n)>
I=—n
where
d = \/(iwpcrv —ky)? +0f (io+ 0?),

ky —iopoy —d
(ky —iwpoy +d)’

g =
ke {L,G,Log,C} indicates the type of HP memory kernel. For all | € {—n,...,n},

c,(z.,s,bl(”,w) — "n /t“'e"bE")W*f)D(u,s,w)du. (5.36)
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Ay and D are functions that solves the following ODEs system :

% (t,s,0) =-D(t,5,0)(Ay— ) dggit(t)
%—?(t,s,a)) =io(y(1,0)-1) (5.37)

— (1// (iw,Zfzfn G (t,s,bl(l) , a)) ml(k’") +nD(t,s, w)) - 1)

with the terminal condition Aj (s,s,0) =0 and D (s,s,®) = 0.
Proof. In Appendix B 5.B. O

The previous proposition presents the characteristic function as the product of the
exponent of an affine function related to the jump component and the characteristic
function of the standard Heston model (see Schoutens et al. 2004 and Albrecher et
al. (2006) for more details). Passing to the limit with respect of n , we have the
following proposition on the characteristic function of the process X; under the risk
neutral measure Q.

Proposition 14. For all o € R that satisfies the regularity condition v (io,n) < o, the
characteristic function of X conditionally to the information at time t < s is given by

Tt,s (w) — EQ (eia)Xs |gzt) (5.38)
= exp (iw (Xt(") +r(s— t)))
_ ge—d(s—1)
X exp <9V0‘72 (ky —iwpoy —d) (s—1) —2log (lgfg»

_ . 1—e™ (s—1)
X exp <Vt0'V 2 (ky —iwpoy —d) 1_61,7(51))
—ge

X exp (in /SD(M7S7 a))/Rleil(”_t)Ytlvk ()didu+D(t,s,0) A
t
+Ay (I,S,(J)))

where

BN
Il

\/(icopcrv —ky)?+ of (io+w?),
ky —iwpoy —d
(ky —iopoy +d)
k € {L,G,Log,C} indicates the type of HP memory kernel. A; and D satisfy the next
ODE and PIDE

% (15,0) = -D(1,5,0) (A — o) %40
D (150) =io(y(1,00-1) (5.39)

- (1;/ <ia),nf,‘%(u—t)D(u,s,w)du—i—nD(t,s,a))) - 1)

with the terminal condition Aj (s,s,®) =0 and D (s,s,0) =0



123

(n)

Proof. This proof is similar to the one of proposition 12, as X ’converges to Xy al-
most surely and by the dominated convergence the conditional characteristic function
of the log-return process is equal to the limit with respect of n of the conditional char-
acteristic function of the approximated log-return process. By some grouping and
using the frequency derivative property of Fourier transform we retrieve the result of
proposition 14. O

Our setting takes into account several features. It allows for stochastic evolution of the
asset price’s variance, includes a jump risk component into the asset price dynamics
and replicate the jumps clustering. We also generalize some existing valuation models.
For instance, we retrieve the Black and Scholes option price formula by setting J; =0
and 6y = ky = oy =0, the Heston option price formula by setting J; = 0 and the Bates
and Merton option price formula by setting a = Ay, 1 =0 and the jump size J; log-
normally distributed.

For comparison purpose, figure 5.3 draws the density of the log-return at 50 days
X504 under the risk neutral measure for our four HP kernels. From these graphs,
we conclude that the log-return density at 50 days with the HP Cauchy kernel has
the thinnest tail. The log-return density at 50 days for ours extension of the Heston
model with the Laplace, Gaussian and Logistic kernels look identical but the zoom
in reveals the differences due to the decay rate of these kernel functions. Hence, the
log-return density with the Laplace kernel which has a slower decay than the Gaussian
and logistic ones, has the fattest tail.

5.3 Option Pricing Models

In this section, we develop the option pricing model under our modeling framework
outlined in the previous section.

As many authors (see e.g. Heston (1993), Bakshi et al. (1997), Gatheral (2012)) we
will express the call option price using the following delta probability decomposition
of Black-Sholes formula (1973). For this aim, in the next proposition we introduce a
convenient measure Q* .

Proposition 15. Let Q* an equivalent measures to Q on the measure space (Q,.F),
and define by

dQ*
dQ

1t t ) 5
= —— 1—p2
- exp( 2/0Vudu+/o \/\/T,(deu-i-\/TdWM))
3 Ny
X exp ((W(I,O)l)/ ludu+21,>.
0 =1

Then, under the measure Q*,
i) Wx1 and Wy? are Brownian motions defined as follows:

dwyt = aw!' - p\/Vidt,
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Figure 5.3: Distribution of X5, | % under the risk neutral measure. For comparison
purpose, the parameter 8 of the Laplace, the Gaussian and the Logistic kernels are

such that 0'1% = 0'(2; = O'g 0g = 16. While the Cauchy kernel is computed with o~ =2.71.
The other parameters are : Sy =1, r=0.01, 6y =04, ky =1, p = -0.7, oy = 0.01,

vog=0.01, 0 =0.4,1n1=0.2, ) =50, p=04, pJr =30and p~ = -37.
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Aw? = aw? —\/1—p2\/Vdr.
ii) N} is a counting process with the following intensity
AN = w(1,0)A. (5.40)

Considering the discretisation scheme on the partition & (), this intensity noted l,(n)’*
is solution of next SDE

d/lt(n)’* = (A-o) %dl—i-n* i mgk’”)ibE")Y,U)’*dt (5.41)

I=—n

+n*st(”)’*,

(n),*
where A5 = (1,0) A, n* = y(1,0)n, L,(")"* = Z?il J¥| and for all 1 € {~n,...,n}
@y = "y D%y L (5.42)

J* is a double exponential distribution random variables of parameters :

ptr = pt—1, (5.43)
P = pT+1, (5.44)
+pok
* ppp
= , 5.45
P pptpF+(1—pp pt* 4:49)
with the following joint characteristic function :
" —wlal+aly _ ¥@E+lLn)
Y (21,2) = E e ) o (5.46)
iii) the processes X; and V; satisfy the following SDEs :
ax; = (r+%\/,—/lt*(y/*(l,0)—l))dt (5.47)
N
+VVi <det*1 +4/1 *pdet*z) +d| Y I,
=1
v, = (8y —(ky —poy)V;)dt + oy/Vidw)!. (5.48)
Proof. In Appendix C 5.C. 0

From to this proposition and using the characteristic function of the log-return in
proposition 13 we value an European call option of maturity 7 and strike K, written
on the terminal spot price S of some underlying asset in the next proposition.

Proposition 16. The price C(t,T,S,V,A,N,Y,K) of an European call option of maturity
T, written on S; is given by
Cc(t,T,S,V,A,N,Y,K) = 5Py(,T,S,V,A,N,Y,K) (5.49)
—ke "T=Dp, (1,T,S,V,A,N,Y,K),
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where K is the strike price, Pj = P;(t,T,S,V,A,N,Y,K) are the probability of the call
expiring in-the-money under the forward measure Q* and the risk neutral measure Q
respectively. For j € {0,1}, these probabilities are of the form

T wlogk) 1= (@=1

Py = 2+E/R+Re(exp(—zwlog1<)iwer(Tit)St)da), (5.50)
- L1 » L5 (@)

P = §+;/IR+Re(exp( zwlogK)T)dw (5.51)

where Y; s is the characteristic function of the process Xsunder the measure Q defined
in the corollary 14.

Proof. Considering the discretisation scheme on the partition & (1), the European call
option price is obtained as

c (1,50, v, A0 N0y k) c (17X v, 2" Ny k)

(n)
= TN (max (eXT —K,O) |54})

(n)

(n) —rT X1
= eXI E : . (n) I (n) |‘gf
e_”eXt Xp ' >logk

—ke "T-DR (H T )
X;n)>logK| !
(n)
= eXl E* (]I (n) ‘g‘\t)
Xp ' >logK

ke T (HX},,)MOM@,)
= s"gr (X}") > logl()
_ke"(T=1)Q <X§”) > logK)
= sWpM ke r(T=0)pln) (5.52)
where as in the Black-Sholes formula (1973)
P =p, (t,T7X(”),V,/l("),N(”),Y, K)

and

are the probability of the call expiring in-the-money under the measure Q* and the risk
neutral measure Q respectively. Since

(n)
c (T, 7,xM v 2 N0y K) — max (eXT _K, 0)
, for j € {0,1}, with the terminal condition
1itxl” >0

(5.53)

P; (T,T,X("),V,x("),N("),Y,K) -
0 otherwise
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Given that the P; are survival probabilities with respect of X;") | % under the measure
Q~* and the risk neutral measure Q respectively. We apply the inversion theorem of
GIL-PELAEZ (1951) to get:

o—i®logKy- ()% )
AY = %+% A Re( iwt] ) 4o (5.54)
+
e—iwlogkr(”) ©
P = %+% A Re(l,wt’T() do, (5.55)
+

where Yt(;) () and I;(';) (.) are the characteristic functions of X%") | Z: under the mea-

)

sure Q* and the risk neutral measure Q respectively. From the definition of the measure
Q* we have

ox )
1@ = (e 7)
(n)
—rT X ()
- E %elw;@ | 7
e—rteX[
- (e )
e (T—1) (")
B T (@)
e’ T*l‘)St(n)

Replacing this into Equation (5.54), passing to the limit with respect of n and using
the frequency derivative property of Fourier transform, allows us to complete this
proof. O

The main problem for implementing this latter call option formula is the numerical ap-
proximation of integrals in equations (5.50) and (5.51). It worth noting that a wrong
implementation involves a weak quality of fitness on real market option data. One may
think about Fourier transform, but the characteristic function ;s is only evaluated nu-
merically with possible discontinuities and the integrands have a point of singularity at
o = 0. However, these integrals can be evaluate efficiently via a trapezoidal quadrature
approximation. Note that the Lemma 1 in Witkovsky (2001) enables one to compute
the limits of integrands in equations (5.50) and (5.51) when o vanish :

e iwlogK ym, (®—1i) .
Re( o r(T-1)g, - E"(Xr | %) —logK (5.56)

e—iwlogK
Re| ~———Yr(@)| — EQXr|F)-logk (5.57)
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where
B*(Xp | Z) = mwm%#qq) (5.58)
__ b ! _ o (ky—poy)(T—1)
+<V[ kv—PGV)Z(kv—PGV) (1 e )
E(Xr | %) = r(Tft)f%%(Tft) (5.59)

are results proven in Appendix D 5.D.

The trapezoidal quadrature approximation of the probabilities of the call expiring
in-the-money for M discrete log-strikes log Ky := ky = —kmax + (u— 1) A, u=1,...M,
equally spaced A, = 2"% are given by :

11X e~k Y 7 (@ — i)
Py =~ —+-— Re : A
0 277 = n ( o r(T-1)g, @

7i(l.)lku

1 1M e
P =~ —+— Re Y7 (o) | A
| 2+”z§1n ( A 1)) o

where y; = %1 (=13 T a1y is the trapezoidal quadrature weights, A = MZ—XK ensures
that the absolute value of the integrand function is sufficiently small for all o > wy,
with w; = (I-1)Ag fori=1,...,.M.

From our call option price formula (5.49) we can derive Greeks for hedging purpose
given the three sources of risk: the price risk S; the volatility risk V; and the jump risk
As. The analytical expressions of the three deltas are given by

_ 9C_ Py H(T-1)9P1
_9C_ IRy oy 1-1)9P
AV = W = S[T Ke W,

aC apRy _ ke—r(T—1) aP|

A= TS TR
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where for j € {0,1}

Wy L e[ g,
as T JR, er(T—t)S[2 ’
—iologKy:
P l/ Re( & —— 1% . (©) do,
2S TRy St
i) = l/ Re | B(t,T,0—1i) e_iwlogKn’T(wii) do
v )N o iweT—1)s, ’
9P _ l/ Re(B(1,T,0) Oy (@) do
oV T JR, o io ’
IR — l/ Re| D¢, T,0—1i) eiiwlogKTt’T(w_i) dow
92 7 I, - iwe 715, ’
2z TR, o i ’
with
_ —d(s—1)
) . 1—e
B(t,T,0) = o ky —iwpoy —d) —————,
( ) v~ (ky —iopoy )1—ge*d(5*f)

and D which satisfies the ODE in equation (5.39). Similarly we can obtain the second
and third order Greeks letter, gamma and vega which are respectively the second and
third order partial derivatives of the call option price with respect of the asset price,
the variance and the arrival rate of jumps. Thus, the sensitivity of our call option
price with respect of these three state variables has an analytic form that relies on the
computation of integrals.

5.4 Illustration

This section enables us to achieve three goals. Firstly, we present the method for
calibrating our Heston model extension to an implied volatility surface. Secondly,
we show that our model achieves a better fit of implied volatilities than the standard
Heston. Finally, we study the sensitivity of European call option price to the memory
parameter f3.

5.4.1 Data description

The data used in this section is a result of a filtering process applied to the implied
volatility surface of the Euro Stoxx 50 as of the 26/ of September 2019 in figure 5.4,
with the spot price Sy = 3541 and the dividend rate ¢ = 0.00225. To our raw data obtain
from the Bloomberg’s Option Monitor we exclude options with maturity greater than
one as there are less sensitive to volatility. The constant risk free rate r is approximated
by the three-month instantaneous forward rate on the 26/ of the September 2019
implied in the yield curve for the euro area and taking into account issuers whose
rating is triple A.
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Aygerps peydul

Figure 5.4: Implied volatility surface of the Euro Stoxx 50 as of the 26" of september
2019, with the spot price Sy = 3541 and the dividend rate ¢ = 0.00225.

5.4.2 Calibration and sensitivity analysis

To calibrate our SVJ model under the risk neutral measure, we use the standard ap-
proach that consists in minimizing the sum of relative squares errors (SRSE) between
IVs derived from our model and market IVs. More specifically, If we denote by @ the
parameters set of our SVJ model, one evaluate the vector of parameters © for which
our model gives the closest prices to those observed in the market as follows:

6 — ar%r,rjl/in (SRSE(@) 1 ymax (65 729‘/,0)) , (5.61)

where SRSE (@) is defined by

(5.62)

N

2
% G%arket (Z7TS757V7)'7N7Y7KS) _GIV ([773‘7S7V7A'7N7Y7KS7®)
GIA\/[/arket (th.'S‘7S7V7}1’7N7Y7KY) .

K; is the strike price of the s-th call option, 7y is the maturity of the call option, 0%‘” ket
is the market implied volatility of the observed call option and M is the number of call
options used. Note that the objective function is not convex and is not of any par-
ticular structure. Thus, by using a gradient based optimizing procedure we are not
sure to obtain a global minimum. As proposed by Hamida and Cont (2005), we add a

convex penalization term ymax (G‘% - 29V,0) to the objective function (5.62) in order
to ensure that a gradient based algorithm can be used.
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Figure 5.5: Market implied volatilities versus replicated implied volatilities from the
Heston, Bates, HHPL, HHPG, HHPLog and HHPC models at maturities 7 equal to
22,50, 85 and 113 days.

Based on the filtered IV surface of the Euro Stoxx 50 as of the 26! September 2019,
we find the set of model parameters minimizing the objective function (5.62). Table
5.1 presents the result of our calibration procedure applied to the Bates model, the
Heston model, and to its extensions with a self-exciting jumps induce by a Laplace
(5.6) (HHPL) , Gaussian (5.8) (HHPG), Logistic (5.10) (HHPLog) or Cauchy (5.12)
(HHPC) kernels. In table 5.1 the SRSE measures the quality of fit of theses models.
We find that Heston models with jumps in the asset price dynamics are better, with
SRSEs lower than the SRSE of the Heston model. In figure 5.5, we plot the market im-
plied volatility and the volatility replicated through the Heston, Bates, HHPL, HHPG,
HHPLog and HHPC models at maturities 7 equal to 22, 50, 85 and 113 days. We
see that the implied volatilities derived from the Bates, HHPL, HHPG, HHPLog and
HHPC models are the closest to market one and they outperform the Heston model,
particularly for small maturities.

Another important quality check, when it comes to calibrate an implied volatility sur-
face, is the replication of the term structure of at-the-money (ATM) volatility skews.
Denoted by ¥ (T), the ATM volatility skew at expiry time T > r is the derivative of
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Heston Bates HHPL HHPG HHPLog HHPC
Oy 0.2183 | 0.2567 0.2475 0.2223 0.2744 0.2320
ky 7.3697 | 7.9872 8.0511 6.7373 9.7406 7.8421
oy 0.6575 | 0.7068 0.70201 0.6632 0.7406 0.6808
P -0.8136 | -0.9895 | -0.9983 -0.9969 -0.9989 -0.9913
Vo 0.0217 | 0.0184 0.0208 0.0201 0.0218 0.0202
Ay 1.5484 1.1158 1.3813 1.3013
o 248734 8.2820 2.7708 4.5728
n 3.1635 0.2860 9.4444 4.3008
B 0.1362 0.3683 7.9078 4.9346
p 0.5106 0.5452 0.7765 0.4081
pT 53.5226 46.6534 64.0890 55.3728
p— -144.0291 | -137.6665 | -97.4525 | -149.4079
A 0.1316 | -144.0291 | -137.6665 | -97.4525 | -149.4079
Wy 0.0422 | -144.0291 | -137.6665 | -97.4525 | -149.4079
oy 0.0387 | -144.0291 | -137.6665 | -97.4525 | -149.4079
SRSE | 0.5256 | 0.2873 0.2595 0.2647 0.2786 0.3005

Table 5.1: Estimated parameters.
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Figure 5.6: The slope of implied volatility skew as function of the maturity over a
range from one day to 2.5 years. Model Parameters used are from table 5.1.

implied volatility with respect to the money strike:

doyy (¢,T,S,V,A,N,Y,K,Q) ’
JK K=S;

¥(T)

For each model and for € small enough, we approximate ¥ (T) by

oy (t,1,5,V,A,N.Y,K+¢,0) —opy (t,T,5,V,A,N,Y,K —¢,0)
2e

P (T) =

k]

K=$;

where the approximation holds for small enough . Empirical studies (see e.g. Gatheral
et al. 2014) show that the observed term structure of ATM volatility skew is well
approximated by power-law functions of the form T = with H € (0, %) the Hurst
exponent . Gatheral et al. (2014) shows that a value of H close to zero allows to gen-
erate volatility surface with a reasonable shape. From the table 5.2, we deduce that all
models considered have an estimated Hurst exponent A between 0.09 and 0.14. The
HHPLog model exhibits the smallest estimated Hurst exponent with an R-squared of
the linear regression model that explains log¥ (T) given logT equal to 0.88. From
figure 5.6, we conclude that compared to the Heston model, the other models better
replicate the empirical short term explosion of the ATM volatility skew. As argued by
Errais et al. 2010, a homogeneous Poisson process fails to reproduce the time cluster-
ing effect of jumps. To capture this effect, our extensions of the Heston model with
self-excited jumps are a good alternative to the Bates model.

We now focus on the differences between our extensions of the Heston model. To
distinguish them in term of memory length, we draw in figure 5.7 their corresponding
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Heston | Bates | HHPL | HHPG | HHPLog | HHPC
H 0.13 0.11 0.12 0.14 0.09 0.12
R? 0.87 0.88 0.87 0.85 0.88 0.87

Table 5.2: Estimated Hurst exponent A of the ATM volatility skew and the R-squared
of the linear regression model that explains the log-ATM volatility skew log¥ (T)
given logT.
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Figure 5.7: Sensitivity of kernel functions to the memory parameter . The initial
value of  for each model is in table 5.1.

kernel functions given the fitted parameters in table 5.1. We observe that the Gaussian
kernel has the slowest decay, while the Logistic kernel has the fastest decay. Thus, the
HHPG and HHPLog are respectively the models with the longest and shortest memory
among our extensions of the Heston model. From the figure 5.7 also, we find that the
memory of the HHPL and HHPG models increases with the parameter §. Whereas,
the one of HHPLog and HHPC models increases when the parameter 8 decreases.
The figure 5.8 plot the probability density function of the log-return at 113 days. This
figure allows to make link between the memory length of models and the thickness
of the tail of the log-return distribution. In agreement of the result of the section 5.2,
the thickness of the tail of the log-return distribution for our extension of the Heston
model are ordered by their memory lengths.

The impact of the memory parameter f of our affine Heston style models on option
pricing is studied through the implied volatilities and the price risk AS (5.60). To
inspect how recalling past price changes for a long period influences option prices,
we vary the memory parameter 3 of our extensions of the Heston model. Figure 5.9
reveals that an increase in memory indicated by a slower decaying kernel function
g.(.), induces an increase in implied volatilities of out-of-the-money (OTM) call op-
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Figure 5.8: Probability density function of the log-return fx | days”

tions (S < K). This increase in implied volatilities becomes more pronounced as the
expiry rises. The figure 5.10 confirms this findings and brings out two points. Firstly,
the impact of the memory parameter 8 is negligible in the short term, but increases
with the expiry time 7 of the call option on Euro Stoxx 50. Secondly, for the HHPLog
model with the shortest memory, the impact of a small increase or decrease in memory
remains negligible in the long term.

The price risk AS measures the sensitivity of the option to the stock price. Let us
recall that for options it should be interpreted as the amount of stocks to hold (AS > 0)
or to short sale (AS < 0) for hedging an option. Called the “delta hedging”, this is a
very common strategy to do the arbitrage and minimize risk of portfolio in the option
market. From the figure 5.11, the price risk AS calculated from the Heston model is
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Figure 5.9: Sensitivity to the memory parameter  of the HHPL model. Model pa-
rameters used are in table 5.1.
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Figure 5.11: The price risk AS for the Heston, HHPL, HHPG, HHPLog and HHPC
models. Model parameters used are in 5.1.

slightly higher than the one given by the other models for OTM call options, while,
for in-the-money (ITM) call options, the price risk AS in the Heston model is almost
the same. The figure 5.12 highlights the sensitivity of the price risk AS to the self-
excitation parameter 4. We find that the increase in self-excitation caused by a rising
Ay, implies a higher price risk AS for OTM call options and a lower one for ITM call
options. Unlike the price risk AS, from figure 5.13, the implied volatilities derived from
our extensions of the Heston model are more sensitive to the self-excitation parameter
Ay for OTM call options.

Although call option prices from the Heston model and its extensions have roughly
the same sensitivity to changes in underlying price, we find that these models induce
different shapes of sensitivity to volatility and jump risks in the option price. The
upper graphs in figure 5.14 draw the sensitivity of call option prices expiring at 50 and
113 days to the volatility V. Known as the greek “vega”, for all models considered,
it takes its greatest value around the ATM. Except for the Heston model, the vega
remains positive and decreases exponentially to zero as the strike moves away from
the spot price. In the lower graphs, we observe a similar shape of the call option price
change in case of a jump. Denoted by AA, it takes its greatest value at the OTM region
and its curve widens when the expiry increases. It is worth nothing that a higher
memory length does not necessary results in a wider AA curve.

5.5 Conclusions

In this chapter, we propose an extension of the Heston model that allows for self-
excited jumps in asset price and long memory of past price changes. This expansion
corresponds to an asset price process with a stochastic volatility and a jump component
driven by a linear Hawkes process (HP). The memory feature of our model stems
from the decay rate of the HP kernel function. Considering HP kernel function that
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are Fourier transform of the Laplace, Gaussian, Logistic, and Cauchy measures, we
generate different memory ranges, from the longest to the shortest. The self-excitation
and memory properties of our framework enables us to have a realistic option pricing
model that encompass major characteristic of asset’s return times series such as the
volatility clustering and the long memory in volatility. However, the memory effect
leads to a dependence on the past that makes our asset price process non Markov.
The HP with kernel function which is a Fourier transform of the Cauchy measure cor-
responds to the tractable exponential kernel. Except the stochastic volatility model
with jumps self-excited by this exponential kernel, our Heston extensions are non
Markov processes. We use the Fourier transform representation of their kernel func-
tions to establish a closed form expression of the conditional moment generating func-
tions of the HP’s intensity and the log-returns. Based on these results, we write the
call option price according to the delta probability decomposition and derive Greeks
for hedging purpose given the three sources of risk: the change in underlying price,
volatility and the occurrence of a jump. By inverse Fourier transform of the condi-
tional moment generating function of the log-returns, we find that with equal parame-
ters, the thickness of the tails of its probability density function is fatter if the length
of the memory of the HP kernel function is greater.

An estimation of our models to implied volatilities of the Euro Stoxx 50 as of the
26" of September 2019 achieves better calibration performance than the one with
the standard Heston model, particularly in the short term. They also provide a good
fit of the term structure of at-the-money volatility skew, approximted by power-law

functions of the form H -3 with an estimated Hurst exponent A between 0.09 and
0.14. Considering the estimated parameters found and varying the memory parameter,
we see that implied volatilities derived from our extensions of the Heston model ,
increase as the memory length expands. This sensitivity to the memory length appears
more pronounced for out-of-the money call option prices. A similar conclusion is
drawn, with respect to the sensitivity of the implies volatilities to other self-excitation
parameters. The analysis of the Greeks delta, vega and the jump risk reveals that our
extensions of the Heston model have roughly the same delta curve than the standard
Heston. But these models induce different shapes of sensitivity to volatility and jump
risks in the option price, which does not seem to be related only to their memory
lengths.

A next step to this work will be to explore hedging strategies in our setting, to manage
options whose underlying asset may experience some clustering of jumps. From a
broader perspective, it would be interesting to extend this work to the pricing of bond,
currency, exotic options or exotic derivatives which are path dependent. From an
empirical point of view, it would be worthy to study the empirical relevance of such
Hawkes memory kernels and develop accurated calibration procedure to financial time
series.
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Figure 5.12: Sensitivity of the price risk AS to the initial intensity Ay of Hawkes pro-

cesses. Model parameters used are in table 5.1.
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Figure 5.14: Vega and jump risk sensitivity of call prices expiring at 50 and 113 days.
Model parameters used are in table 5.1.

Appendices

5.A Appendix A: proof of proposition 11

For fixed time s and @ € C_ with C_ the set of complex numbers with non-positive
real part, we define the conditional moment generating function by

F=7 (tm 2, (y0) 7 N}">> E (em@ ‘ 5@) |

where f is a complex-valued function on [0,s] x G with G = R4 x R x N the state

space of the Markov process (/’L,(n), (Yt(l)> ) ;(n)

l=—n,...n

) . By the tower property,
t>0

I=—n,...,n
for any 7 > 1,

and

(s (et (04),_, ) i50)

lim = 0
T—t

It follows that the infinitesimal generator ./ of the Markov process
(At("), (Yt(l)>l 7Nt(")> evaluated on f is equal to zero:
=—n,...,n

,Nt(")) _—

o f (z,s,?Lt("), (Y,(’)) (5.63)

I=—n,...n
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Since o f (t,s,/lt("), (Yt(l))l ™) exists the function f is in the domain of </
=—n,

which contains the set of twice differentiable functions such that all partial derivatives

of up to order two are continuous function (see e.g. Duffie et al. (2003)). On the other

hand, the Itd’s lemma for the semi-martingales allows us to infer that f satisfies the

following differential equation:

_9f Ly, () v Of
0 = S +ib"y, z:z_nm (5.64)
Cdg () (k) (), () Of (n) (
+<()LO @) g X om Ml ) S /.

f(z,s,/l( +nl Z mzkn 7<Yf(l)+|z‘>z:7

Given that (2", (Y,(l))l ,N,(")) is an affine jump process, from Duffie D.
=—n,..,n

(2000) and Errais et al. (2010), under technical regularity condition, we conjecture
that f is an exponential affine function of l,(") and (Yt(l)>l
=—n,

f = exp (F(t 5,0)+G(1,5,0) A P )+ Z H; (t s, b( ) )m}k’n)YtU))

I=—n

where F and G are time dependent functions such that F (s,s,®) =0 and G (s,s, ®) = o.
While A is a function that depends on the time and the position € {—n,...,n} within
the partition &("). Its final value H, (s,s,b}”),a)> is equal to zero. From (Hubalek et al.
2016), the technical regularity condition needed is equivalent to the integrability of

)
E (ean?nmE " J|> §
t=s

where the random jump size J has density v (z) on R. The partial derivatives of f are
then given by :

the jumps, that is

IG
ot

(t,s,0)

af (3, (t,s,0) + %G (t,5,0) A, A )+Zlffn 3;;’1 (t,S,bE"),w) '"En)yt(l)>f,

ai{r') —G(1,5,0)f, % —H, (t,s,bl( ),(D>ml( M Ve {—n,.n),

and the variation of f when a jump of size z occurs is equal to

(exp <|z| (nG(Ls7 o) i m}k’n) + i H; <t,s,bl(")7w) ml(k7n))> — 1) f.

I=—n I=—n
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Injecting all these expressions into Equation (5.64) lead to :

JdF

57 (

G n 1 OH, n n). (1
t,s,a))+§(t,s,w)/1,( )+l£na—ll (1,5.5" @) mf" (5.65)

D (b @)t
I=—n

+ <(AO ~a) dggt(t) DY m}k’”)ibg")yt(’)> G(t,5,0)

I=—n

+2," <"’ <0,nG(t,s,fO) i ) i Ay <t’s’b’(n)’w) ml(kﬁ)) 1>

I=—n I=—n

where vy (z1,2p) :=E (ezl] +al ‘). From which we find the following ODE system:

0=2F (1,5,0) + (20— @) %G (1,5,0)

0= %—C[; (t,5,0)+y (0,11G(t,s,a)) n ml(km) +y7 H; (t,s,bl("),a)> ml(k7n)) —1

I=—n I=—n
0= % <t,s,bl(n),w> +ibl(n)Hl (z,s,bgn),w> +nibl(n)G(t,s, ),V e{-n,..,n}.

For all I € {—n,...,n}, the last ODE admits the following solution:
i
H; (t,s,bgn),a)) = bl(n)ni/s P (uft)G(u,s,co)du,
t

and the proof is complete.

5.B Appendix B: proof of proposition 13

Let o € R. As in proposition 11, if we note

fo f(tvs,Xt(”),%(”)v(n(’)),}nwn,Nf”)) _ E(eia)xs(n)‘ %)

and under the regularity condition y (ia), nyl_, mgk‘")> < oo, we conjecture that f is

an exponential affine function of X,(n), k,(n) and (Y,(l)> ,

l=—n,...,n
Fo= exp (ith(”) FA(5,0)+B(1,5,0)V;) (5.66)

X eXp ( i G <t,s,bl(n),a)> ml(k’n)Y,(l) +D(t,s,0) lt(n)>

I=—n

where A(s,s,0) =0, B(s,s,0) =0, D(s,s,0) =0 and (s,s,bl(n)7a)> =0,(for all I €
{=n,---,n}. Then, by the It6’s lemma for the semi-martingales, f solves the following
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differential equation:

2
0 = G (g w0-n) 2 gt (5.67)
t 2
RIT )
2 of Pf ¢ py0)
+PovVigia + (By —kyVi) 55+ 5 GVVzaVZ :Zn ay
af (1)
+ —
A <(ZO l——n
") / A d
. f(z)v(dz
V8 (a 9C1, (k) y (1) | ap () of
A | JB 1 aD, (n —
8taz <7+ V’+Zl——n ot "M Y +W/lf )f’ 3)2((@ =iof,
= —0? I —ioB
a(x(n>)2 / axMg /
af _ f _ g2y
fo_ n _
and the variation of f, Af (z), when a jump of size z occurs and the time just before is
equal to
. 4 (n) (kn)
exp | ioz+ Z o} (t,s,bl 7a)) m)" +nD(t,s,0) ||z | =1 | f (5.68)
I=—n
Injecting all these expressions into equation (5.67) lead to :
9P — ior—6yB-D (A - o) %80

%—? =io(y(1,0)—1)— [r (exp (za)z—i— ( — nClml(k’n) —H]D) \z\) - 1) v(dz)
9B —a-bB+cB?
% — (¢ + )" i € {~n,..n}

(5.69)
where a = % (w+i), b= —ky +iwpoy, ¢ = —%c‘% . In order to separate the part of
the characteristic function linked to the jump component we assume that A (¢,s, ®) =
Ap (t,s,0)+Ay (1,5, 0), with terminal condition Ap (s,s,0) =0 = Aj (s,s, ®). It follows
that the ODEs system (5.69) can be subdivided into two ODEs systems :

94p = —iowr—6yB
a%t o 9‘_/2 (5.70)
o =a—bB+cB
and

d

G = Dlo—a) Y

D — i (y(1,0-1) ) 5.71)

— iz (exp (f@z+ (T, Com{*™ +nD) l2)) =1) v (do)
¢

9 — (¢ )bl i€ {n,..n}
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The ODEs system (5.70) corresponds at the one of the standard Heston model. From
Schoutens et al. (2004)), exp <ia)Xt(n) +Ap (t,5,0)+B(t,s,0) Vt) is equal to

= exp (in,(n) +r(s— t))

5 l_gefd_(sft)
xexp | Oy oy, (ky —iwpoy —d) (s—1) —2log 1z

) . 1—e (s—1)
X €exXp ‘/I‘GV (kv7lwp6‘/7d_) m
—ge

where

d = \/(iwpov —ky)?+ ol (i0+w?),
ky —iopoy —d
(ky —iwpoy +d)’
Albrecher et al. (2006) prove that this form of the characteristic function of the stan-
dard Heston model is stable for Fourier inversion or numerical integration.
Let us focus on the ODEs system (5.71). Its last ODE admits the following solution:

g =

o) (z,s,bg’”,w) — " /Se”’z(")(”*f)D(u,s,w)du. (5.72)
t

This last formula allows us to conclude the proof.

5.C Appendix C: proof of proposition 15

The derivative dor equal to
d@ ,?0’ q

1 st t
exp(—i/OVudu-i-/O \/E<pdw,}+ 1—p2dwu2>

NL{
(W(I,O)l)/()t/ludwrl;]l)

is an exponential martingale as a solution of a driftless SDE and given that E ( [ Asds) <
wand E ( I§ Vszds) < o for all 7> 0.

i) is straightforward. Hence, we start by the proof of ii). The moment generating
function of As(")?* conditionally to the information at time ¢ < s is given by

exp <F (t,5)+G(z,5) l,(n) + i H; (n&b}n)) m;k’n)Yt(l)>

I=—n

where

(n)  _ Lt g 1 P )
v’ o= —5./0 vudu+./0m pdW, +1/1—p2dw;
)

T (n NL(’n n
“E (ef—l)/o Al )du+l§l s
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ko
is the approximated exponent of the exponential martingale % Z
70

If we note

fEf(l,s,Ut(n)7/lt(n)7 (Yf(l))zz—n th(n)> — E (eUsgn)erW(lyO)/ls(n)‘ﬁt)

and we conjecture that f is an exponential affine function of Ut(") l,(n) and (Y,(V)>

v=I1,....,n
9

fo= e (Als0)+y (1,080 o)A"),

X exp < i (@] (t,s,bl(n),w> ml(k’n)Y,(l) +D(t,s, w)Ut(n)>
l=—n

where A (¢,5,0) =0, B(s,s,0) = 0, C; (s,s,bl(n) , w) =0foralll € {—n,...,n}tand D (s,s,®) =
1. According to the It6’s lemma, f solves the following differential equation :

_ 9f 9f
O = S tou®

2°f i If ,(my(0)

1
——— Vi +i e
2oum? " = oy

d
d d = n) ., (n n) [
+= ((%a) 9l n 3w )Yt(”>+%( [ ar@via

(-v1.0-03" - 3u) (5.73)

o) RN
where
J J 3¢ ) )
BU{") =D o)f, lé;) =y (1,0)B(t,5,0)f, 9Y7{” =C <t,s,bl( ),w> i g,
o J 9A OB )
8U('{)2 :D(t7s7w)2f’7{ N (5(fvsvw)JrW(I,O)(T,(n&w)/lt( ))f

T 0C n n),(v) 9D n
+< Z Tll (t7s7b§ )7w)m§k )Yl( )+§(I7S7a))Ul( )>f7

I=—n
and the variation of f, Af(z), when a jump of size z occurs and the time just before is

(exp (D(z,s,w)z+(nu/(LO)B(z,s,w) i m;"’")

I=—n

+ Y G(nsh)0) ml(’“”)) |z|>71)f

I=—n
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Injecting all these expressions into equation (5.73) lead to :

_ 04 JB ), v 9C (n) (k) (v)
0 = W(I,S,(D)+l]/(1,0)§(l‘,s,w)lt +[§nw<t,s,bl ,(D)ml Yt

+(?Tlt) (t,5,0) U™ +D(1,5,0) <7(‘I/(170) 0 - %V[)

1 1 n n),(n
+§D(z,s,w)2\/z+i Y ¢ <t,s,bl( ),w) miEm) pmy (0

I=—n

Y (L0)B(.5.0) ((ao—oo W) gy mE"""”bE”Yﬁ”)

I=—n

+;Lt(n) (W(D(t,s, ®),ny(1,0)B(t,s, ®) i m;’w)

I=—n
LY q (150", @) mﬁk’")>—1)
I=—n
or

0 = Ao - %D(t,s, o) Vi + %D(l,s,w)zvt (5.74)

Jt
+y(1,0)B(1,5,0) (Ag — o) dggt(t)

JB
ar

0 = y(1,0) = (¢t,s,0)—D(¢t,s,0) (y(1,0)—1) (5.75)

+W(D(r,s7w)7n1/f(170)B(t7s7w) Y m}k’”)

I=—n

+ i o] <t,s,bl("),a)> ml(k’n)) -1,

I=—n

0 — @(z,s,bE”)7w>+i<Cl(z,s,b}"),w>+nllf(170)3(’vs7“’)>bl(n)

ot
vie{-n,..,n} (5.76)

oD
0 = 5-(s.0). (5.77)

D(t,s,0) = 1 solves the last PDE as D (s,s,®) = 1. Given D (z,s, w) = 1, the functions A
and B satisfy the following PDE system :

d
W (15.0) = —y(L0)B(s.) (- a) 40,
. . W(l,nW(l:O)B(I’S’w) 2?:7’1 ml(k,n)-Q—Z?:7n (@] (I,S,bg”)>m5k7n>) (5.78)
9B (15,0) =1- (1,0 ’

Let Ay = w(1,0) 49, a* = w(1,0)a, n* = y(1,0)n and

* _ W(Zl+]>Z2)
v (z1,22) = w0 (5.79)

Taking into account these definitions, the latter ODE system is similar to the one
obtained under risk neutral measure Q in proposition 11. On the other hand, for all
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le{—n,..,n},
s (n)
G (t,s,bl(n),a)> = ibl(,n)n*/selbl (uft)B(u,s,a))du,
t

solves equation 5.76. By a suitable rearrangement, we can show that this definition
of the joint moment generating function y* corresponds at the one of the pair J*and
|7*|where the jump size J* follows a double exponential with parameters

p+7* = p+_17

*

pr = p -1
. ppp ‘
pprp=*+ptr(1-p)p~
All the previous results allows us to complete the proof of ii). The SDE of the variance
V; under Q~ is derived from i). While for the process X;, similarly to the proof of ii),
the dynamics of X under the measure Q* is obtained by comparison with the results

— %

of proposition 13.

5.D Appendix D: Expected value of X7 | .7
Given the dynamics of X7 under the measure Q, we have
T 1
E (/ (rf 44,) | y,) (5.80)
t 2
1 T
— r(T-1)--E (/ Vidu | ,%) ,
2 \Jt
where the solution of the SDE of the variance process is given by

v o= & (w - %) R0 oy [1e R T Taw! (5.81)
Jt

EX7 [ 71)

ky ky
Applying the Fubini rule leads to
T _ by oy 1 —ky (T—1)
/t Vydu = E(T—t)—i—(Vz—E)E(l—e ) (5.82)
oy ky (t—s) ky (T—s) 1
+kV/ \/‘75<e v )dWS.
Hence
1
E(Xp | %) — r(T—t)—E%(T—t) (5.83)

1 by \ 1 —ky (T—t
3 () (=)

Under the measure Q*, the SDE of X; and V; are given by :

dx, = (r+%w—%*w*(1,0)) dr (5.:84)

Nf
+V (de;*l +4/1 —pdez*2) +d (Z Jz*) 7
=1

dvi = (8y — (ky — poy) Vi) dr + oy Vi (5.85)
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It follows that

E*(Xp | #) = E* (/tT <r+ %vu> | gf,) (5.86)

_ b ! o~ (ky—poy)(T—1)
+(Vt kv—PUv)Z(kv—PGv)<1 T >

where as under the measure Q

/TVudu - N (r- (5.87)
Jt 174

% 1 _ o (ky—poy)(T—1)
(Vt kv P0v>kv poy <1 e )

/ Jv? ~(ky—poy)(1—s) _ <kv—pcv><r—s>)dws*l.

kv PGV



Chapter 6

Conclusion and perspectives

Much of the recent research in financial mathematics is concerned with extensions
and alternatives that aim to improve the modelling of the financial market dynamics.
In this thesis, we have been interested in the contagion patterns underlying financial
products. We have dealt with this issue mainly by using different settings of self-
exciting point processes of Hawkes type, and applying it to the pricing of derivatives.

The first research direction undertaken in Chapter 2 focused on the modelling of the
interbank credit risk to explain deviations between equivalent interbank rates observed
during and after the credit crunch of 2007. In this respect, we have segmented the
interbank market according to tenors and modeled the credit risk of each segment
using an intensity-based approach. Aiming to allow a default or an exogenous event
to trigger other defaults within an interbank market segment, we have assumed the
arrival rate of default is determined by a self-exciting jump diffusion process which is
the intensity of the Hawkes process with an exponential kernel plus a Brownian term
proportional to the square root of the intensity as in the Cox Ingersoll Ross process.
Unlike the classical interest rate theory, in this set up, the forward Libor rate is a non-
decreasing function of an interbank risk factor. The intensity processes proposed being
Markov and Hawkes processes with an exponential kernel tractable, we found a new
arbitrage free condition and derived closed-form approximation of pricing formulas
for caplets, caps, as well as swaptions. After presenting the parameter estimation
procedures of the proposed models to real market data, the fitted model enables us to
reproduce the IRS curve and to explain the deviance between the IRS and OIS curve.
Although, we found weak values for the estimated initial arrival rate of default and its
estimated Brownian volatility that could lead to refute the presence of self-excitation,
these values probably simply reflect the state of the market or that the market does
not include this risk in the pricing. The sensitivity analyses performed confirmed
the importance of the interbank credit risk to reflect the confidence level within the
interbank market.

The matching of the level of self-excitation to the economic state led us to the second
research direction developed in Chapter 3. In this chapter we considered a switch-
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ing Hawkes process with exponential kernel and proposed a valuation framework for
variable annuities contracts with a minimum death and accumulated life benefit. More
precisely, we used a self-exciting switching jump diffusion model for the underlying
investment fund price of variable annuities and the Hull-White model with correlation
for the reference risk-free rate. In such a Markov framework, we derived the con-
ditional moment generating function needed to approximate by Fourier inversion the
call and put option prices that determine the liability of the issuer of the variable an-
nuities. We ended this chapter by a numerical implementation divided into two parts.
First, we provided a detailed economic calibration of the proposed models based on
the historical data. Second, with the mortality model, we conducted numerical analy-
ses that revealed the sensitivity of variable annuities to the economic regime and the
self-excitation level.

The kernel function of the Hawkes processes defines the memory of the Hawkes pro-
cess. For instance, if it is fast decreasing, the contagion effect between jumps is limited
in time. When using an exponential kernel as in the first two chapters of this thesis,
the Hawkes process has the Markov property that enables the use of Itd’s stochastic
calculus for computations. In Chapter 4, we took another direction by introducing
an asset prices model which is a long memory self-exciting jump diffusion process.
The self-excitation and the memory features of this process is provided by a Hawkes
process with a Mittag-Leffler kernel which is the Laplace transform of a non-negative
measure. These features enabled us to obtain a realistic option pricing model that
encompass major characteristic of asset’s return times series such as the volatility
clustering and the long memory in volatility. Althougth, the Hawkes process with this
Mittag-Leffler function is non-Markov we employed a similar procedure of the rough
volatility literature (see e.g. Abi Jaber and El Euch 2019) to derive the conditional mo-
ment generating function of the Hawkes intensity and and the log-returns. While we
lost in tractability with the Mittag-Leffler kernel, its memory feature allowed to pro-
duce required excess of kurtosis and skewness compared to the self-exciting Hawkes
jump diffusion model with exponential kernel, the Kou jump diffusion model, the Mer-
ton jump diffusion model or the geometric Brownian motion model. It is worth noting
that, in this set up, when the time horizon is big enough, the number of price jumps
could explode as the Hawkes with the chosen Mittag-leffler function is non-stationary.

Finally, in Chapter 5, we expanded the Heston model by introducing self-excited
jumps in asset prices and a long memory of past price jumps. This expansion cor-
responds to an asset price process with a stochastic volatility and a jump component
driven by a Hawkes process. To ensure the stationary property of the Hawkes process
we considered kernel functions that are Fourier transform of the Laplace, Gaussian,
Logistic, and Cauchy measures. The last kernel is actually a kernel of exponential
form. By doing this we generated different memory ranges, from the longest to the
shortest. Except the stochastic volatility model with jumps self-excited by the ex-
ponential kernel, our Heston extensions are non Markov processes. As in Chapter 4
we used the Fourier transform representation of these kernel functions to establish a
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closed form expression of the conditional moment generating functions of the HP’s
intensity and the log-returns. We found that with equal parameters, the thickness of
the tails of the probability density function of the log-returns is fatter if the length of
the memory of the Hawkes process kernel function is greater. An estimation of our
Heston extensions to implied volatilities of the Euro Stoxx achieved better calibration
performance than the one with the standard Heston model, particularly in the short
term. They also provided a good fit of the term structure of at-the-money volatility
skew. Considering the estimated parameters found and varying the memory parame-
ter, we saw that implied volatilities derived from our extensions of the Heston model ,
increase as the memory length expands. This sensitivity to the memory length appears
more pronounced for out-of-the money call option prices. A similar conclusion was
drawn, with respect to the sensitivity of the implies volatilities to other self-excitation
parameters. The analysis of the Greeks delta, vega and the jump risk revealed that our
extensions of the Heston model have roughly the same delta curve than the standard
Heston. But these models induce different shapes of sensitivity to volatility and jump
risks in the option price, which does not seemed to be related only to their memory
lengths.

A lot remains to be done and the Hawkes process framework certainly forms the basis
for many other applications in finance and actuarial science, beyond those we develop
in this thesis. Other applications in finance would be the pricing under a Hawkes with
non exponential framework of currency, exotic options or exotic derivatives which are
path dependent. Exploring hedging strategies in the context of our options pricing
models, to manage options whose underlying asset may experience some clustering
of jumps. The current work applies Hawkes processes with non-exponential kernels
for modelling of stock and option prices, but these processes could be used in insur-
ance risk theory to model claims arrival which might display a clustering effect and
long-term memory. The results of Swishchuk et al. (2021) could serve as a starting
point for the application of a Hawkes process with a non-exponential kernel in this
context. In general, we believe Hawkes processes with non-exponential kernels merit
further theoretical exploration and detailed empirical application. Furthermore, in or-
der to make full use of these processes in practice, it is of great interest to develop
an estimation procedure that is less computationally expensive than those used in this
work. The issue of change of measure is also worth studying, as it is relevant for the
pricing of financial products.
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