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Abstract

In the first part of this paper we prove that the global quadratic optimization problem
over a simplex can be solved with a constant relative accuracy. In the second part we
consider some natural extensions of the result.

1 Introduction

Starting from the seminal paper by Goemans and Williamson [1], we can see an increasing
interest to the global quadratic optimization problems over some simple feasible sets.
As it was shown in [2], the random hyperplane technique, proposed in [1] for Max-Cut
problem, can be applied also to get a constant relative accuracy bound for the problem
of maximizing a general quadratic form over a Boolean box. Later on, in the papers
[4, 5, 3] it was shown that the feasible set of the problems can be quite complicated (in
[3] it can be an arbitrary set, which is convex in squared variables), but we still can
find an approximation to the exact solution with a constant relative accuracy. The main
technique used in all these papers was semidefinite relazation. In [3] it was also mentioned
that the quadratic problems with another feasible set (simplex, for example), might be
much more difficult. In this paper we partially confirm and partially reject this hypothesis.
We still do not know how to construct a semidefinite relaxation for simplex, which give
the constant relative accuracy. However, we show that for this problem we can get such
an accuracy using a kind of inner polyhedral approximation.

In this paper we deal with the following definition of relative accuracy. Consider a
pair optimization problems

find f* = mgx{f(m): x € F},

find f, = Hgn{f(x) x € F},
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where f(x) is an arbitrary function and F is an arbitrary set in R™. We say that the
value 1 approximates f* with some relative accuracy p > 0 if

[ =l < ul(f" = ). (1)

If there exists € F such that v = f(x), we cal ¢ the implementable approximation.
Clearly, in the latter case we always have p < 1, and the relation (1) can be rewritten in
the following form:

Note that for the problems with complicated feasible set, it can be very difficult even to
find an approximation with any finite u. So, the above concept is useful mainly for the
problems with simple F.

All our results on the relative accuracy can be derived from some bounds established
for f* and f.. For the reader convenience we present here a simple statement on this
relation.

Lemma 1 Let for some estimates ™, 1, and some positive factor 3 we have the following
relations:

Yo = BT — b)) < fu S SO ST <N BT — 1),

Then for p = % we have
0 < fr=¢" < ulf"—fo),
0 < tu—fu < pu(f*—fo)

(Indeed, (1 — ) f* + pufe < (1= p)(@* + 7(0° — 16,)) + ) = ¥, etc)

The paper is organized as follows. In Section 2, using a straightforward reasoning,
we show how to get constant relative accuracy bounds for the problem of maximizing an
arbitrary quadratic form on the standard simplex in R™. In the next Section 3 we give a
matrix interpretation of this result. In Section 4, for general convex sets we introduce a
concept of inner polyhedral approximation. This object provides us with an approximation
of the support function for the set of a constant relative accuracy. We show that for the
inner approximations there exists a simple calculus. As an example of applications, we
consider a problem of maximizing a quadratic form over a boundary of [i-box. In the
last Section 5 we show that the above results can be extended onto the problems with
general quadratic objective function and the feasible set formed as a convex hull of a finite
number of points.

2 Bounds for the simplex
Consider the problem:

find f* =max{f(z) = (Qu,2): (e,z) =1, x> 0€ R"},

find f. = I%H{f(l‘) = <Q£L‘,ZL‘> : <6,£E> =l z>0¢ Rn}a



where Q is an indefinite matrix with the elements Q7). In what follows we denote e € R"
the vector of all ones and e; the ith coordinate vector in R".

Our goal is to estimate the optimal values f, and f* of the problem (2) with a constant
relative accuracy. Define

¢* =max QW) ¢, =min Q)
1/7.7 Z’J

d* = max QY. d, = min Q.
Since f(e;) = Q") we have
fe <do <dF < fT (3)
Denote
7% = max {d*, —d*;q } , Tx=min {d*, 1. - } .

The main result of this section is as follows.
Theorem 1 We have
T =27 — ) <@ < ST ST L < T 2T - ). (4)
The relative accuracy of the approrimations ™™ and T« is at least %
In order to prove this result we need several auxiliary statements.

Lemma 2
q*Sf*Sf*Sq*

Proof:
Indeed, for any z > 0, (e,x) = 1 we have

f(x) — Zx(i)$(j)Q(i’j) < Zx(i)x(j)q* = q*.
] %,J

Similarly, we get f(z) > ¢.. O

Lemma 3 Assume that the matriz () has non-negative diagonal elements. Then

fr=

NO[—=

g =>0. (5)

Proof:
If we have d* = ¢* then f* = ¢* in view of Lemma 2 and inequality (3). Hence in this
case inequality (5) holds.

Assume that d* < ¢*. Then for any ¢ we have

0< Q(i’i) <q".
Let us fix a pair of indices (7, j) such that

g = Q(m‘).



Clearly we have ¢ # j. Denote
o = q* _ Q(lvl) > 0’ /8 — q* _ Q(]a]) > 0.
Consider the point
=6+ (1-7)e;

with v = aLiﬁ € (0,1). Then

= (@) =+2QU) + (1 —9)?QU) 4+ 2y(1 — v)q*

_ B2Q(1) 402QU) +2a8q*
(a+p)?

_ AR —g")+a*(QUD) —q¥)
=a+ (@+B)

_ *_Oéﬁ2+042[3_ * __af
9T arp? T 1 T arp

Recall that the diagonal entries of @) are non-negative. Therefore

1,1 1 1 2
aTBT 7. T " —Qjj 2 q’

q*. O

D=

Hence, % <

Lemma 4 For an arbitrary matriz () we have
fr> %(d* +4q7).

Proof:
Let 7 be an arbitrary real value. Consider the matrix

Q(1) = Q + Teel.
For such a matrix all characteristics of the problem (2),
f*v f*v G q*a d*a d*7

become functions of 7. Moreover, it is clear that
o)y =r+n ¢@)=¢+r d(@)=d +m,
f*(T):f*+Ta q*(T)ZQ*+T, d*(T):d*+T

Let us choose 7 = —d,. Then all diagonal entries of the matrix (7) become non-negative.
Therefore, using Lemma 3 we have:

fr(r) 2 54" (1) = 30" - 5d..

On the other hand, f*(7) = f*+ 7= f* — d.. O
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We are ready now to prove Theorem 1.
Proof of Theorem 1. Indeed, in view of Lemma 2, Lemma 4 and inequality (3) we have

d* < fF<q, > ido+ ).

Therefore
¢* > f* > max{d*, 3(d. +¢")} = 7.

Applying the same reasoning to the matrix —Q we get

Thus,

Hence, the middle inequalities in (4) are proved. Let us estimate the gap 7% — 7. Indeed,

=7 = max{d*, 3(di + ¢")} — min{d, §(d* + ¢.)},

I
[N
| —

0" + (e + ) + |d" — $(de + ")

> 3" —q) + 1(d —do) + 3|5(d" — du) — 3(¢" — ¢
> (G+i-8)@ —a) =350 —q)
Thus,
T <qg+3(1" —7) <+ 307" =) =7+ 277 — 7).
It remains to use Lemma 1. O

3 Matrix interpretation

Let us present a geometric interpretation for the above results. Denote S™ the space of
symmetric n X n-matrices. For X and Y from S™ we can introduce the standard inner
product
(X,Y)\y = ZX(i,j)y(i,j)_
7:7‘7‘

Then we can represent our objective function in the following form:

f(x) = (Qu,2) = (Q,z2") .



Thus, the problem (2) is equivalent to the following convex problem in the space of

matrices:
fr= max{(Q X)u: X €Ps},

(6)

fo= min {(Q.X)ur: X € Ps),

where Ps = Conv {zz! : (e,z) = 1, x > 0}. Hence, in order to approximate the values
f+« and f* we need to approximate the convex set Pg. Let us show how we can do that.
Denote
em:%(ei—kej), 1,9=1,...,n.

Clearly, e; ; = €;,;, but we keep two variants of the notation for convenience reason. Denote

Y* =max f(e;;), ¥« =min f(e;;),

1,J 2y

d* =max f(ei ), di =min f(e;;).

Denote FE; ; = emegj € S™. We need the following auxiliary result.

Lemma 5 For any x € R™ we have

(e,x) - D(z) + zaT =2 Zl‘(i)x(j)Ei,j,
.3

where D(z) € S™ is a diagonal matriz with the diagonal elements x(*).

Proof:
Denote the matrix in the left-hand side of this equality by A and the matrix in the
right-hand side by B. For any i # j we have

AGd) = 3040

B = (a2 EE) 4 o0e) B = 2,

Since the off-diagonal elements of the matrices A and B coincide, it remains to show that
Ae = Be. Indeed,

Ae = (e,x)x + x(x,e) = 2(e, x)x,

Be = 2Zx(i)x(j)E¢7je = QZx(i)m(j)ei,j = Zx(i)x(j)(ei +e;) =2(e,x)x. O
i.j i.j i.j

Using this lemma, we can show that the polyhedron
Ps=Conv{Eij, i=1,...n, j=i,...,n},

(which is a simplex in S™), provides us with a good inner approximation of the set Ps.



Theorem 2 For an arbitrary matriz Q we have
2 =" <2 —d* < fiu < by < ds
SdF <Yt S TS 2 —de S 207 — s
The relative accuracy of the approximations ¥* and 1, is at least %

Proof:
Clearly, ¥* < f*. On the other hand, let us fix an arbitrary x > 0 with (e, x) = 1. Denote
Q= @Dz > 0. It is clear that

Z Qg 5 = 1.

i,

Therefore, in view of Lemma 5, we have

f@) =(Q.za")y = (Q,252W2VUE; j — D(x))m

1,J

=Y aiiflei) — S QU2 < 2 —d,.
2,] i

)

The rest inequalities are straightforward. It remains to apply Lemma 1. O

Note that the bound, which we have now for f*,
Yt << Wt —dy, (8)

is better than that of Theorem 1. However, in particular problems the point Z used in
the proof of Lemma 3, can provide us with a sharper estimate.

Inequality (8) has a simple geometric interpretation. Let us define the linear operations
for the sets in a usual way:

z€aA+0B & z=ax+p0y, x€ A, yeB.

Denote
D = Conv {eiel, i=1,...,n} C Ps.

7

Corollary 1 ) R R R R
PsC'P5C7D;EQ'PS—DC2'Ps—Ps. (9)

Note that the set Pg is a polyhedron in S with n?(n + 1)/2 vertices.

4 Inner polyhedral approximations

The form of the inclusion (9) suggests the following definition.



Definition 1 Let P be a closed convex bounded set in R". The pair of sets A = {A*, A~}
1s called an inner approximation of P if

AtCcp, A CP
and there exists a constant p = u(A) > 0 such that
P C Conv ((1+ p)AT — pA™).
The constant p is called the relative error of the approximation A.

From (9) we can see that AT and A~ are not necessarily different.
An inner approximation A generates the following estimate functions:

¢I(C) = zef‘*}aL)jA— <C’ $>,
Yule) = xeﬁiﬁ L, o).

Clearly, ¢} (c) > ¢, (c) for any ¢ € R™.
The reason for Definition 1 can be seen from the following result.

Lemma 6 Let A be an inner approximation of P with the relative error u. Then for any
objective vector ¢ € R™ we have the following relations:

¥a(e) = m(Wh(e) = v (e) < min (e,) <o(e) <vh(c)

< max (e, x) < Ph(e) + p(ale) = ¥a(e)-

Proof:
Indeed, since P C (1 + u)AT — pA~, we have

mgx{(c,x) cxePl < mgx{(c,:n) cw e (1+ p)At — A~}
= (14 p) HlaE:iX{<C, r): v e At} +,um3x{—(c,x> cxe A}
< (1+ Wu(0) — pmin{(e,a) : @ € A7)

< (L+ p)yh(e) — py(e).

The rest inequalities are straightforward or can be proved in a similar way. O

Let us show how the quality of the inner approximation changes under some standard
operations with convex sets. However, in order to do that, we need to introduce one more
concept.

Definition 2 An inner approzimation A is called regular if Conv (A™) (M Conv (A7) # 0.



The necessity of this concept can be seen from the following trivial fact.

Lemma 7 Let A and B be closed and bounded in R"™. Assume that
Conv (A) () Conv (B) # 0.

Then the sets
S(p) = Conv ((1+p)A—pB), p=0,

are monotone in p in the following sense: S(u1) C S(p2) for any pe > p1 > 0.

Proof:
Let us fix an arbitrary ¢ € R™. Since Conv (A) () Conv (B) # ), we have

mgx{(c,a:) cxe A} > rr&in{(c,:c) : x € B}.
Therefore
m;xx{(c,x) cxeS(u)} = mgx{(c,@ crxe(l+m)A—mB}
=(1+ uﬂmgx{(c,@ e A4+ mgx{(c,@ : x € —-B}
= mgx{(c,x} cx €AY+ (mxax{<c, x): zeA}— mén{(c, x): x € B})
< m?x{(c,@ s x € A} + g (mﬁx{(c,az) cxe A} — n;in{(c,x) S B})

= m?x{(c,@ s xe S(u2)}

For the reader convenience let us present in an explicit form some useful facts on the
convex hulls. The proof of that statement can be found in Appendix.

Lemma 8 1. For arbitrary closed bounded sets A and B from R™ we have
Conv (A + B) = Conv (A) + Conv (B).
2. For arbitrary closed bounded sets Ay, By and As, By from R"™ we have
Conv (A; + By, Az + By) C Conv (A UAQ) + Conv (B UBQ).
3. For arbitrary closed bounded sets A1, By from R™ and As, Bs from R™ we have
Conv ((A1 + B1) x (A2 + B2)) = Conv (A1 x Az) + Conv (B x Ba).

Now we can speak about the operations with the convex sets.



Theorem 3

1. Projection. Let A be an inner approximation of the set P and B(x) be a linear
operator from R™ to R™. Then Ay = {B(A1),B(A™)} is an inner approzimation
for the set P = {y = B(xz) € R™ : x € P} with the relative error py = p(A). If A
is reqular, then Ay is also regular.

2. Convex hull. Let A; be reqular inner approximations of the sets P;, i = 1,2. Then
A={ar=afJag am = a7 J4z}

is a regular inner approximation for the set P = Conv (Py, P2).

3. Summation. Let A; be reqular inner approzimations of the sets P;, i = 1,2. Then
A={A" = Af + Af, A7 = A7 + A7}

s a regular inner approximation for the set P = Py + Ps.

4. Direct product. Let A;, i = 1,2, be reqular inner approximations of the sets Py C
R™ and Py C R™. Then

A={At = Af x A, A7 = A7 x 47}
18 a reqular inner approximation for the set P = Pp X Pa.
In Items 2 — J the relative error of the inner approximation A is
= max{p(Ar), p(Az)}

Proof:

The proof of Item 1 is straightforward. Let us prove Items 2 — 4. It is clear that in all
cases we have At C P and A~ C P. Let #; € Conv (A7) Conv (4; ), i = 1,2. Then, in
Item 2 we have

z; € Conv (Conv (A{), Conv (A;)) = Conv (A7 U 43),

z1 € Conv (Conv (A7), Conv (A;)) = Conv (A7 UAS).

In Item 3
T1 + 7o € Conv (A]) + Conv (A]) = Conv (A7 + A7),

Z1+ T2 € Conv (A;)+ Conv (A5 ) = Conv (A] + A5).
Finally, in Item 4 we have

(z1,72) € Conv (A7) x Conv (A5) = Conv (A] x AF),

(Z1,T2) € Conv (A]) x Conv (45 ) = Conv (A] x A5).

Thus, in all cases Conv (A1) Conv (A™) # (). Moreover, since in all cases A; are regular,
we can consider them as inner approximations for P; with the relative accuracy

= max{p(Ar), p(Az)}.
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Further, in Item 2 in view of Lemma 8 we get the following:

P = Conv (P1,Py) C Conv ((1+ w)Af + p(—A7), (14 p)AF + p(—A43))
C Conv (14 m)(Af UAF)) + Conv ((—pAy)U(—pAz))

= Conv ((1+p)(Af UAZ) - (AT UA43)).
In Item 3 we have

P =Pi+P,CConv (14 wAf +p(~A7)) + Conv (1 + p)AS + p(—A3))
= Conv (14 w)Af + p(=A7) + (1+ ) AS + p(—A43))

= Conv (14 p)(A] + AF) = p(A] +43)) .
In Item 4, using Lemma 8, we have

P =P1x P, CConv ((1+mAf +p(~A7)) x Conv ((1+ p)AF + p(—A3))
= Conv (((1+mA]) x (1+ w)Af)) + Conv ((—pA7) x (—pdy))

= Conv ((1+p)(Af x AF) — p(A7 x 47)).

Let us demonstrate how the above concepts work on some example. Consider the
following problem:

find F* = max{(Qz,x) : zn: 2] =1},
TER™ i=1
(10)
find F, = min{(Qz,z): Y |[¢®]|=1}.
TER"™ i=1

In the space of matrices S™ this problem becomes as follows:
find F :)I(nezg%ﬂQ,X)M: X € P},
(11)
find F, = )?éléln{<Q,X>M . X € P},

where P = Conv (a:a;T : Zn: |
i=1

= 1). Denote by ok, k =1,...,2" all vectors with the

components £1 in R™ and let 01 = e. Then the feasible set of the problem (11) can be
represented as follows:

P =Conv (P, k=1,...,2"),

11



where Pj, = Conv (xxT : {og,x) =1, D(og)x > O). In Section 3 we have shown that the

set P; admits an inner approximation A; = (A}, A7) (see (9)) with
AT ={Ei;,i=1,...,n, j=1i,...,n},
A7 ={eel, i=1,...,n},

and u(A;) = 1. Since A7 C A, this approximation is regular. From the symmetry
reasons it is clear that all other Py also admit regular inner approximations A; defined
as follows:
koo . . _ —
AZ:{EM, i=1,...,n,7=14,...,n}, A =A],
where Ezkj = e,ﬁj(e,ﬁj)T and

eﬁj =1 (ag)ei + U,(gj)ej) .

Note that u(Ax) = 1. Therefore, using the statement of Item 2 in Theorem 3, we can get
the following inner approximation A = (A1, A7) for the set P:

2Tl
At = Af, AT =AD, p(A) =1
k=1

However, note that the number of different elements in the set AT is quite small. This
set is comprised by all possible symmetric matrices of the form

ilei£e) (e e’
Thus, we have proved the following theorem.

Theorem 4 Let f(z) = (Qx,x). Denote

V= max fGleite))), .= Hl.lijn f(3(ei £ ej)).

then

In the next section we show that this result can be also obtained from some general
statement (see Theorem 6).

5 Some extensions

Let us consider now some natural extension of the above results. First of all, let us look
at the following problem:

find f* = mgx{f(a;) = (Qz,z) +2(b,z): (e,z) =1, x >0€ R"},
(12)
find f, = H}Tln{f(x) = (Qz,z) +2(b,z): {(e,z) =1, x >0€ R"}.
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Theorem 5 Define ¢* = max f(e; ;) and 1, = min f(e; ;). Then
Z7‘7 Z7‘7

20 — " < fi <y <YT L TS 20 — ).
The relative accuracy of the values ¥*, 1, is at least %

Proof:
Indeed, define Q = Q + be” + eb”. Then, for any z feasible for (12) we have

f@) = (Qx, z) + 2(b, x) = (Qz, x) + 2(b, ) - (e, 2) = (Qu, x).

Thus, the statement of the theorem follows from Theorem 2.
To conclude, consider the following general problem:

find f* = max{/(z) = (Qu,x) +2(b,2) : @ € F},

(13)
find f. = min{f(x) = (Qu,2) +2(b,2) : @ € F),
where F is a convex hull of a finite number of points:
F =Conv{z;, i=1,...,m}.
Theorem 6 Consider the points x; ; = %(ﬂrzZ + ), 4,5 =1,...,m. Denote
Y= max f(@ij), = n;u]n f(@ij).
Then
20 — P < fo Kb <P ST K20 — )y,
and the relative accuracy of the values ¥*, 1, is at least %
Proof:
Indeed, consider the (n x m) matrix X = (x1,...,2,;,). Then the feasible set and the
objective function of the problem (13) can be represented as follows:
F = {x—X)\: A>0€e R™, Z/\(j)—l},
j=1
fx) = (Qz,x) +2(b,z) = (XTQX\ ) +2(XTh, \).
Thus, all our statements follow from Theorem 5. O
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Appendix: Proof of Lemma 8

1. We need to prove that
Conv (A + B) = Conv (A) + Conv (B)
for A and B be closed and bounded. Indeed, if z € Conv (A + B) then
z=oax1+y1) + (1 —a)(zs +y2)
for some x1, x2 € A, y1, y2 € B and « € [0, 1]. Therefore
z = [ax; + (1 — @)z2] + [ay1 + (1 — a)y2] € Conv (A) + Conv (B).
In the other direction, if z € Conv (A) + Conv (B) then

z = E ;T + g Biy;
( J
for finite number of z; € A and y; € B and

a;>0: Y =1, B;>0: ) B;=1
[

Therefore
z= Z a;Bj(z; +y;) € Conv (A + B)
1,3
since x; +y; € A+ B and ) o;8; = 1.
2%
2. We need to prove the inclusion
Conv (Al + By, Ay + Bg) C Conv (A1 U Ag) + Conv (Bl U Bg),

where A; and B; are closed and bounded. Note that any z € Conv (A; + By, A2 + Ba)
can be represented as follows:

z=a(r1+y1)+ (1 — a)(z2 + y2)
for some x1 € Ay, y1 € By, w2 € Ao, y2 € By and a € [0, 1]. Therefore,
z = [axy + (1 — a)za] + [ay1 + (1 — a)yz] € Conv (A; UAQ) + Conv (B UBQ).

3. We need to prove the identity
Conv ((Al + Bl) X (AQ + Bg)) = Conv (A1 X AQ) + Conv (Bl X BQ)

for closed bounded sets A1, B; € R™ and Ay, By € R™. In view of the statement of the
first item, it is enough to prove

(Al—{—Bl) X (A2+B2) = Ay X Ay + By X Bs.
It is clear that the both sides of this relation are exactly as follows:

{(z1,22) : 21 =21+ Y1, 22 =x2+ Y2, T; € Ai, yi € Bi}.
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