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Abstract. The study of the entanglement dynamics plays a fundamental role in
understanding the behaviour of many-body quantum systems out of equilibrium.
In the presence of a globally conserved charge, further insights are provided by
the knowledge of the resolution of entanglement in the various symmetry sec-
tors. Here, we carry on the program we initiated in Parez et al (2021 Phys. Rev.
B 103 L041104), for the study of the time evolution of the symmetry resolved
entanglement in free fermion systems. We complete and extend our derivations
also by defining and quantifying a symmetry resolved mutual information. The
entanglement entropies display a time delay that depends on the charge sector
that we characterise exactly. Both entanglement entropies and mutual informa-
tion show effective equipartition in the scaling limit of large time and subsystem
size. Furthermore, we argue that the behaviour of the charged entropies can be
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quantitatively understood in the framework of the quasiparticle picture for the
spreading of entanglement, and hence we expect that a proper adaptation of our
results should apply to a large class of integrable systems. We also find that
the number entropy grows logarithmically with time before saturating to a value
proportional to the logarithm of the subsystem size.

Keywords: entanglement entropies, entanglement in extended quantum
systems, quantum quenches
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1. Introduction

Understanding the dynamics of entanglement in out-of-equilibrium quantum many-body
systems is a prominent challenge in many problems of contemporary physics, such as the
equilibration and thermalisation of isolated many-body systems [1-5], the emergence of
thermodynamics in quantum systems [6-9] or the effectiveness of classical computers to
simulate quantum dynamics [10—14].

Let us consider a system in a pure state |¢)) described by the density matrix p =
1) (|. The entanglement between a subsystem A and its complement B, is encoded in
the reduced density matrix p, of system A, defined as p, = Trp p. The Rényi entropies
are entanglement measures labelled by a parameter n (which is integer in the replica
approach [15]), and are defined as

1
1—n

Sn =

log Tr p'}. (1.1)

The knowledge of the Rényi entropies for all n > 0 gives access to the full spectrum of
p4 [16]. The limit n — 1 of equation (1.1) defines the entanglement entropy S;. It is the
von Neumann entropy of the reduced density matrix of system A, i.e.
S = }II_I>I11 S, =—Trps log pa. (1.2)
The entanglement entropy, and more generally the Rényi entropies S,,, quantify the
entanglement between a subsystem A and its complement. This is independent of the
topology of A. For example, when A consists of two or more disconnected subsets, S,
is still a measure of entanglement between A and the remainder. However, by no means
does S,, quantify the entanglement between two subsets of A. It can anyway be used
to construct a measure of the total correlations between the subsets. Let us denote two
subsystems A; and A; with A = A; U A,. The mutual information

Ii‘h:Ag = th + 5142 . thUAz, (1.3)

is a very useful measure of the total correlation between A; and A, [17]. This definition
can readily be generalised to a Rényi mutual information

. 1 Tr p
IAl.AQ — S,Al SA2 . SA1UA2 _ 1 AjUA, ) 1.4
n n + n n n—1 0g Ty pzl Ty p;LlZ ( )

However, as a very important difference compared to the von Neumann mutual infor-
mation (1.3), the Rényi one is not a measure of the correlations (e.g. it can be negative
for some states [18]). The definition of a proper and calculable Rényi mutual informa-
tion is a long standing problem, see, e.g. the discussion in the very recent manuscript
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[19]. We mention that a proper measure to quantify the entanglement between non-
complementary subsystems is instead the entanglement negativity [20], that is much
more difficult to deal with, especially out of equilibrium [21-27], and will be investigated
in a forthcoming publication [28].

The last decade witnessed an intense theoretical effort aimed at better understand-
ing the dynamics of quantum many-body systems after a quantum quench, the simplest
and most broadly studied protocol to drive a quantum system out of equilibrium
[29, 30]. In integrable systems, the entanglement dynamics after a quench is well
described and understood in terms of the quasiparticle picture [31-34]. These intense
theoretical progress moved together with groundbreaking cold-atom and ion-trap exper-
iments. Most notably, it has been possible to measure the many-body entanglement of
non-equilibrium states [35-38]. In particular, in the experimental paper [36], the authors
pointed out that a refined understanding of how the entanglement arises from the vari-
ous symmetry sectors is necessary to better grasp the full many-body dynamics. Even
though the study of the symmetry resolution of entanglement became a very active
research area of the last years [39-46, 49-70], only few results are available for out-of-
equilibrium situations [45, 46, 63, 64|, see also [47, 48] as earlier works on the charged
moments.

This article is a completion and an extension of our initial letter [45]. On the one
hand, we report many details of calculations in a system of free fermions after a global
quantum quench that were only sketched in [45] due to the lack of space. On the other
hand, we also present various new results that we obtained in the meantime, in particular
concerning a proposal for the definition of a symmetry resolved mutual information and
for the number entropy. We focus on exact lattice calculations for two distinct quenches
and compare our results with the quasiparticle picture predictions.

This paper is organised as follows. In section 2, we provide the definitions of the
symmetry resolved entanglement entropies and mutual information. We then introduce
the model of free fermions that we consider in section 3. Sections 4 and 5 are devoted to
the analytical study of the dynamics of the symmetry resolved quantities after a quench
from two distinct initial states: the Néel state and the Majumdar—Ghosh dimer state,
respectively. In section 6 we give an interpretation of our results in the framework of the
quasiparticle picture for the dynamics of entanglement in integrable models. Finally, we
give a summary of the results and future outlook of this work in section 7.

2. Symmetry resolution and flux insertion

In this section we give the general definitions of the main quantities of interest, namely
the symmetry resolved entanglement entropies and mutual information. We consider
an extended quantum system with an internal U(1) symmetry generated by a local
operator . If the symmetry is not broken, we have [p, Q] = 0. For a bipartition in
two complementary subsystems A and B, by locality the charge () splits as sum of
operators that act on the degrees of freedom of the two parts, Q@ = @, + Q5. Hence, the
trace over the degrees of freedom of subsystem B in the commutation relation [p, Q] = 0
yields [p4, Q4] = 0. This relation implies that the reduced density matrix p, acquires a
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block diagonal form, where each block corresponds to a given eigenvalue g of @) ,. We
thus have

pa = ®Jlps = Dy[p(q)palq)] (2.1)

where II, is the projector on the eigenspace of the eigenvalue ¢ and p(q) = Tr (II,p4)
is the probability that a measurement of @), gives ¢ as outcome. The reduced density
matrix in the sector ¢ is normalised so that Trp,(q) = 1.

2.1. Symmetry resolved entropies

The block structure of the reduced density matrix induces a decomposition of the entropy
into contributions associated to each charge sector. For example, plugging equation (2.1)
into the definition of the von Neumann entropy (1.2), we obtain

Zp )S1(q Zp ) log(p =5+ 5" (2.2)

where S1(q) is the symmetry resolved entanglement entropy associated to the charge
sector ¢, i.e.

S1(q) = —Tr[pa(q) log pa(q)]. (2.3)

The two terms in equation (2.2) are the configurational entropy (S°) [36, 71, 72|, which
quantifies the average of the entanglement in each charge sector, and number entropy
(S™) [36, 73-78], which measures the entropy due to the fluctuations of the value of the
charge within subsystem A.

Similarly, we define the symmetry resolved Rényi entropies as

Sn(‘]) = 1

©log Trlpa(q)]" (2.4)

A decomposition of the total Rényi entropies into symmetry sectors can also be written
down [49], but it is less informative and clear than equation (2.2) for the von Neumann
entropy.

In principle, the evaluation of the symmetry resolved contributions requires the
knowledge of the resolution of the spectrum of p, in Q4. This is a highly non-trivial
problem, mainly because of the non-local nature of the projector II,. A different strategy,
put forward in [39, 40], is based on the evaluation of the charged moments

Z,(a) = Te[pl; €] (2.5)
and their Fourier transform
da *l « T
z0) = [ Gre ™z, o) = Tl (26)
From these quantities, the symmetry resolved entropies are simply given by
1 Z.(q) ] [ Z.(q) ]
S.(q) = lo , S = -0, , 2.7
<Q) 1— n & |:Zl (Q)” 1(Q) Zl <q)n n=1 ( )
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and the probability p(q) is
p(q) = Z:(q). (2.8)

2.2. Symmetry resolved mutual information

The mutual information defined in equation (1.3) is constructed from three different
entanglement entropies and so from three different reduced density matrices py,, pa,,
and pa,u4,- Each of them admits its independent symmetry decomposition, and it is not
obvious how to combine them to construct a symmetry resolved quantity, and whether
it is possible at all. We propose to define the symmetry resolved mutual information as
follows:

1Y () = Y pla g — @) (S (a) + 5{(g — ) = 51" (q), (29)

where the superscripts A;, A; or A; U A, indicate to which system the various quantities
pertain to. The idea of equation (2.9) is that for a given charge sector ¢ of the whole
subsystem A, we take a weighted sum over the contributions from charge sectors ¢; and
g, of Ay and A, such that ¢, + ¢, = ¢. The weight p(q;, ¢ — ¢,) is the probability that a
simultaneous measurement of the charges ()4, and )4, yields ¢; and g — q,, respectively,
while the charge sector of the whole system A is fixed to ¢. It is given by

ZM (g0 - q)
Z{M% (q)

(g1, —q) = (2.10a)

where Z (g, q — q) is the probability of obtaining ¢, and ¢ — ¢, by simultaneous
measure of the charge in A; and A,, respectively, and satisfies

q
> plag— @) =1. (2.10Db)
¢@1=0

The above definition of symmetry resolved mutual information is sort of natural, but
does not represent a measure of the total correlations within the symmetry sector (e.g.
we shall see that it can be negative) and does not account for many processes (e.g. the
total charge ¢ of A should not be split as a direct sum of eigenvalues ¢, q,). It is very
likely that a more appropriate symmetry resolved mutual information can be defined
and we strongly hope that this manuscript will boost the research in this direction. In
spite of all these caveats, we will see that the symmetry resolved mutual information
defined in (2.9) satisfies an equipartition for small ¢ — (Q4) after a quench.

In full analogy with Z2(q), Z“*(q,q— q) can be reconstructed from the
knowledge of a more complicated charged moment given by

th:A2<O!, B) — Tl"[,OA eiaQAIH‘BQAz] (2.11)
and performing the double Fourier transform
_ "dad ; - :
2 ) = [y e ez o) (212)

https://doi.org/10.1088/1742-5468 /ac21d7 6
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The charged moment Z:'***(«, 3) is a new quantity that, to the best of our knowledge,
has not yet been studied in the literature, even in equilibrium.

Similarly to the entanglement entropy, it is possible to reconstruct the total mutual
information from the symmetry resolved ones. We have

1{41 : Ao _ ZP(Q)I{qI 1 As (q) + SAl’n + SAg,n . SAluAg,n — ZP(Q)IiAl 1 Ao (q) + IAleg,n,
q q

(2.13)

where the notation S*" stands for the number entropy associated with system s, and

p(q) = Z1Y*(g). The last equality defines the number mutual information 442" =
SAl’" + SAQ,n _ SAluAg,n.

3. Free fermions

In this paper, we study the time evolution of the symmetry resolved entanglement after
a global quench in the tight-binding model. It is a model of free fermions constrained on
a one-dimensional lattice with L sites and endowed with periodic boundary conditions.
The Hamiltonian is

L
H =Y (chejin +cley), (3.1)

J=1

where ¢; and c; are the canonical spinless fermionic annihilation and creation opera-
tors on site j, that satisfy the anticommutation relations {¢;, cj} =0;; and {¢;,¢;} =
{cj,c}} = 0. The model is equivalent to the spin-1/2 XX spin chain via the Jor-
dan—Wigner transformation. The conserved charge is the fermion number
L
Q= Z c;cj, (3.2)

J=1

i.e. the z-component of the spin in the spin chain.

We consider a subsystem A of length ¢ and its complement B, of length L — /.
Because of locality, the global conserved charge @ trivially splits as a sum over
A and B,

Q= Zc}cj - Zc}cj = Qi+ Qp. (3.3)

jeA jEB

We will study both the cases in which A is a block of ¢ consecutive sites or the union
of two disjoint blocks A = A; U Ay where the subsystems have respective lengths ¢; and
ly = —{; and are separated by d lattice sites. The reduced density matrix of A is
always written in terms of the correlations matrix Cy = (clc,) with z,2’ € A [79-81],
using the property that the many-body time-dependent state is a Slater determinant

https://doi.org/10.1088/1742-5468 /ac21d7 7
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and so py is a Gaussian operator at any time. Using the standard algebra of Gaussian
operators, the charged moments Z,(«) defined in equation (2.5) can be expressed as
39]

log Z,(c) = Tr log [(C4)" € + (1 — C4)"] . (3.4)

For later convenience, we introduce the ¢ x ¢ matrix .J 4 defined as C'y = %(H( + Ja), with
eigenvalues v;. In terms of the latter, the charged moments are recast as

l 1 + v, no 1— v, n
log Z,(a) =) _ log 5 e+ — : (3.5)
i=1

To perform analytical calculations, it is useful to express the charged moments as a
Taylor series in TrJ}'. We thus introduce the function h,,(z) and the coefficients
Cna(m) as

hyo(2) = log Kl ; m) e 4 <1 3 x” = icma(m)xm (3.6)

m=0
and conclude
log Z,(a) =Y cya(m)Tr Jy. (3.7)
m=0

As we shall see in the following sections, the precise form of the coefficients ¢, ,(m) is
never needed and hence will not be reported.
In the case of disjoint intervals, the matrix Jy4, 4, has a structure

Jaua, = (j; j;z) , (3.8)
in which the notation J,,, a,b = 1,2, refers to correlations between sites in A, and A,.
We recall that for disjoint blocks, fermionic and spin entanglement are not equal [82—84]
and here we focus only on the fermionic one. The computation of Z!(«) is not affected
by the fact that A is not a connected block. Instead, to compute the symmetry resolved
mutual information, we need to evaluate Z:"*“2(a, 8) defined in equation (2.11). Since
the reduced density matrix p, does not commute with the charges )4, and @) 4, of the
two disjoint subsystems, the method used to compute Z,(a) and find equation (3.5)
does not apply. To circumvent this problem, we adapt a technique devised in [85] to
compute the full counting statistics of the magnetisation in the transverse field Ising
chain. The idea is to express Z: ' (a, §) in terms of a trace of two non-commuting
putative density matrices. We recast equation (2.11) as

Z?I:Az(a,B)IZATTA(PAﬁA) (3.9)
were
1 . . ~ . .
pa= Z— ela@4 +1»‘5’Q/127 Za=Tra (elaQ/ll +1»‘5)Q/12> (3_10)
A

https://doi.org/10.1088/1742-5468 /ac21d7 8
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and the normalisation Z4 ensures that Trajps = 1. It is simply given by
Za=(1+e""(1+e")" (3.11)

Obviously, p4 is not a true density matrix (it is not even Hermitian), but it is a very
simple Gaussian operator and can be associated to a two-point correlation matrix. We
can thus use the rules for composition of Gaussian operators. In particular, the trace of
a product of two ¢ x £ density matrices p, and p, is [84, 86]

I, + J,J
Tr(p1p2) = det (T) (3.12)
where
Jj = 20] - ]Ifa [Cj]l’-,l" = Tr(pjc.];:c/ﬁ’)‘ (313)

To ease the comparison with [85] we mention that for free fermionic systems without
particle number conservation (i.e. the Ising and XY spin chain), one also has to consider
correlations of the form Tr(pcicl,) and Tr(pjc.cy). For that reason, the size of the
correlation matrices are 2¢ instead of ¢, and the right-hand side of equation (3.12) is
then written with an overall square root in [85].

For the case of interest here, the two correlation matrices are

[Culew = Tra(pacles), z,2' € A, -
~ 3.14
[CA]”"»W’ = TrA(ﬁAC,LCm’); €, x’ c A.

Of course, C4 is the usual correlation matrix related to Ju,u4, given in equation (3.8),
by definition. The second one, C'y, is very easy to compute because ()4, and )4, are
diagonal operators in terms of the fermion operators c¢;. We then find

1 . ) i

(—e(1+e) 1 (1+e%)e  zed,

Tra(pacher) = 6,0 1A : : .
—e’(1+e")(1+e’)2t  xe A,
\Z 4
C (3.15)
e
p WS Al,
—5 1+e
— Uza! iB
ei c A
\ ]. + eiﬁ . >
Finally, combining equations (3.9), (3.11), (3.12) and (3.15), we have
| . | T+ Jos
200 ) = (14 )1+ €)' det (572 (3.16)
where
e —1
—1 0
(I Ji) |eey1 D
Jaﬁ - <J21 J22> ei,B _ 1]1 : (317)
el +1 "

https://doi.org/10.1088/1742-5468 /ac21d7 9
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Similarly to the charged entropies, we write Zi"*“?(a, 3) as an expansion in terms
of the traces of the powers of J,3, namely

log Z{"*(a, B) = £, log(1 + &) + £, log(1 + &) + > &(m)Tr J2,  (3.18)

m=0

where &(m) are the Taylor coefficient of the function h(z) = log[(1 + z)/2].

In this work, we focus on the quench dynamics starting from two low-entangled initial
states [1,) that are invariant under U (1) symmetry and with a resulting time-dependent
correlation matrix Cy(t) = (¢|€ cl e, @7 |2)y) which is exactly known when H is the
tight-binding Hamiltonian (3.1). Those are the Néel and the dimer states, denoted by
|IN) and | D), respectively, defined as

L/2

|N> = Hcgj|0>7
=1
’ (3.19)
L/2 CT . CT

D) =[] 2—=0).

D) E NG 10)

4. Quench from the Néel state

The correlation function after a quench from the Néel state |N) in the tight-binding
model (3.1) is known in the thermodynamic limit and reads (see, e.g. [24]),

5.71..71’ —1 v "dk ik(z—a')+4it cos
C0 = 257+ ) [ gttt (4.1)

As explained in section 3, the expression of the time-dependent correlation matrix is the
starting point to compute the charged moments, and hence symmetry resolved entangle-
ment measures. In the following subsection, we separately consider the situations where
the subsystem A is a single interval of adjacent sites and where A = A; U A, is made of
two disjoint intervals.

4.1. Single interval

In this subsection we study the case where A is a connected interval of ¢ neighbouring
sites in an infinite chain. The correlation matrix is then simply Cy = %(]Ig + J4) with

14O = (1) [

Because of the structure of the initial state, we only work with £ even.

B gifle—atditcosk = 0 0l e {1,2,...,4}. (4.2)

https://doi.org/10.1088/1742-5468 /ac21d7 10
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4.1.1. Charged moments. The first step to compute the charged moments Z,(«) is the
evaluation of the trace of powers of J,4. With the exact expression (4.2), it is possible
to perform this calculation analytically using the multidimensional stationary phase
approximation in the scaling limit where ¢,/ — oo with a fixed finite ratio ¢/¢. Actually,
the computation of Tr.J 4(¢)’ is a simple adaptation of the calculations reported in [87],
and the final result can be written as

) Tdk )
Tr Jo(t)% =4 — / 5 min (¢, 2ut), Tr Ja ()% =0, (4.3)

with v, = 2|sink|. We note that, with our normalisation, the maximal velocity
vy = maxgyy is vy = 2. To compute the charged moments Z,(«), we evaluate the
sum (3.7) with (4.3). We use the fact that TrJ4(¢)" only depends on the parity of the
exponent for m > 0, and Tr J 4(¢)° = £. We then find

log Z,(a) = £eyo(0) + Tr Ja(£)*) _ cya(2m), (4.4)

m=1

where the coefficients ¢, (k) are defined in (3.6). To proceed, we notice that the coeffi-
cient ¢,,(0), as well as the sum Y~ ¢, ,(2m) in fact correspond to the function h,, ,(z)
from equation (3.6) evaluated in certain simple points. Indeed, we have

Cna(0) = h,a(0) = (1 — n)log 2 + log cos % + ig,

2
% 1 1 (4.5)
ch’a(Qm) — (h"’a< ) +2h"’a( ) _ cn,a(())) = (n—1)log 2 — log cos %.
m=1
It immediately follows that
LQ Tdk .
log Z,(a) = 1£§ + o Re[hyo(0)] min(¢, 2vt), (4.6)
R 2m

or

aNJT
Zi(e) = (ot ) et (&.7)

where we introduced the quantity

T =0—Tr Ju(t)* = / g min (¢, 2v,t). (4.8)

The function J(¢) is an increasing function of time, going from J(t=0) =0 to
J(t = 00) = L. Tts time evolution is separated in two distinct regimes. For short times
t < /(2v\m), J(t) o t increases linearly with time. On the other hand, for ¢ > ¢/(2vy),
J(t) slowly saturates to its asymptotic value ¢. These behaviours are illustrated in
figure 1. The ratio J(t)/¢ is a scaling function of t/¢, a fact that we will use repeatedly
in what follows.
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Figure 1. Time evolution of 7 /¢ in equation (4.8) as a function of ¢/¢. (Left) The
crossover between the linear growth and the saturation; the vertical dashed line
indicates the time at which the transition occurs, i.e. /¢ = 1/4 (in agreement with
t/¢ =1/(2vy) and vy = 2). (Right) For large time, J /¢ saturates to 1 (horizontal
dashed line).

In figure 2 we compare the prediction (4.7) for the charged moments Z,(«) with
ab-initio computations. The dependence of Z,(«) in t and /¢ is perfectly reproduced
by the exact result, as can be seen from top left, right and bottom left panels. For
this quench, the imaginary part is trivial since it is given by the average conserved
charge. Concerning the a-dependence, we observe that away from o = 7, the analytic
prediction and numerical data match perfectly, even for relatively small £. However, as «
gets closer to £, the difference between the numerical results and the exact prediction
gets larger. To highlight this phenomenon, we zoom on the region in the vicinity of
a = 7 in figure 3. It is clear that for large ¢, the data approach the asymptotic result
for any o # 7. As is well known also in equilibrium, see e.g. [42, 44], as a gets closer
to £, the match between the numerical data and the analytical predictions only holds
for very large values of ¢. Additional subleading terms (vanishing in the scaling limit) in
the expansion of J should be considered to correctly describe the large corrections in
finite size. However, this point will not affect the asymptotic behaviour of the symmetry
resolved quantities which are calculated by a saddle point integral close to o = 0 and
will not be further discussed.

4.1.2. Fourier transform. The symmetry resolved moments Z,(q) with ¢ = Aq + (Q 4)
are defined as the Fourier transform of the charged moments Z,,(«). Using equation (2.6),
the asymptotic formula (4.7), and (Q4) = ¢/2, we have

™ d J
Z,(q) ~ 2(1_")‘7/ —a<cos %) g lahd, (4.9)

—T

First of all, we stress that this formula is valid for arbitrary Ag, but only for asymptot-
ically large J because we used the asymptotic behaviour of Z,(«). Indeed, as we shall
see, the integral in equation (4.9) can be also negative for small 7. Furthermore, in the
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Figure 2. Comparison between the asymptotic result (4.7) (solid lines) and exact
numerical data (symbols) for log Z, («) after a quench from the Néel state in the
free fermion model (3.1). (Top left) Time evolution of the real part of log Z,,(«) as
a function of ¢/¢ with ¢ = 120. (Top right) Time evolution of the imaginary part
of log Z,,(«) as a function of ¢/¢ with £ = 20 and n = 1. (Bottom left) Real part of
log Z,,(«) as a function of ¢ with ¢/¢ = 0.5. (Bottom right) Real part of log Z,(«)
as a function of a with ¢/¢ = 0.5 and n = 1.

scaling limit Aq should be taken proportional to ¢ (or, equivalently, ), otherwise one
obtains trivial results.

Since the n-dependence in equation (4.9) is trivial, we focus on n = 1. The integral
in equation (4.9) can be evaluated in closed form in terms of the Euler beta function
B(z,y) = w, where I'(z) is the gamma function. The result reads [88]

(z+y)
- (T +1)
Gi(g) =2 JF (T T A=y (4.10)
and we recall
Zi(q) ~ G(q), for J > 1. (4.11)
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Figure 3. Real part of log Z,(«) after a quench from the Néel state in the free
fermion model (3.1) as a function of o with ¢/¢ = 0.5 and n =1 near the value
a=m.

We now discuss the properties of the function (,(¢) and in particular its limit for
J > 1 when it tends to the physical probability Z;(¢q). The function I'(z) has poles
when z is a negative integer. Since J > 0, it follows that (,(¢) vanishes when J < 2|Ag|
is an even integer. For other values of J in the regime J < 2|Ag|, the function (,(q)
oscillates in ¢ around zero, as can be seen in figure 4 (top panels). The amplitude of
these oscillations decays quickly to zero and, in the scaling limit, averages to (i(q) ~
Z1(q) = 0 for all the relevant physics. Actually, the last zero of (,(q) is at position
J = 2|Aq| — 2 and afterward it monotonically increases with J (see figure 4, bottom
panels). At J = 2|Aq|, we have (,(q) = 277 = 272144, Thus, in the scaling limit, when Aq
also grows with ¢, the entire window 2|Aq| — 2 < J < 2|Ag| shrinks to zero length, and
Z1(q) can be considered zero up to J = 2|Agq|. Anyhow, for finite ¢, Z1(q) is expected to
grow from J = 2|Aq| — 2. We illustrate these behaviours in figure 4 for relatively small
values of /.

In the regime J > 2|Aq| > 1, we use Stirling formula to derive the asymptotic
behaviour of ¢;(¢) and hence of Z;(q). We find

2|A 21A
log Zi(q) = — (g + |Aq|> log (1 + %) — (% _ |Aq|> log (1 - ’jﬂ)

1 47 1
+§10g<(j+2Aq)(j—2Aq)> ~3 log 2m. (4.12)

The first line of equation (4.12) contains the leading terms, the second one gives the first
corrections, and sub-leading terms are omitted. We stress that the corrections due to
the subleading terms in Z,(«) enter at an order higher than the ones in equation (4.12).

We have seen that in the scaling regime Z(q) is zero for short 7 and starts growing
at J = 2Aq. These relations can be transferred from the auxiliary variable J to the
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Figure 4. Study of the function (;(¢) in equation (4.10) that tends to the physical
probability Z;(q) for large J after a quench from the Néel state in the tight-biding
model (3.1). (Top) Short time regime J < 2|Agq|. (Left) ¢,(¢) as a function of J /¢
for ¢ = ¢ and various values of £. As ¢ increases, (;(q) quickly averages to zero.
(Right) ¢;(g) as a function of £ with ¢ = 9¢/10 and fixed J = ¢/100. (Bottom) (;(q)
(left) and (log¢,(q))/¢ (right) as a function of J /¢ with ¢ = 7¢/10. We compare
the exact formula of equation (4.10) for ¢;(q) (solid lines) with numerical data for
Z1(q) (symbols). The vertical dashed lines are placed at J /¢ = 2|Aq|/¢ =2/5 in
both panels. (Left) (,(q) starts growing monotonically at J = 2|Aq| — 2. (Right)
The horizontal dashed line is at position log(;(q) = —2|Aq|log2. All the curves
collapse on the point (;(q) = 277 at J = 2|Aq].

physical time t. The crossover between the zero probability regime and the growing one
takes place
J(tp) = 2|Ag|. In general, this relation is not explicit. However, from equation (4.8), we
have that for 2uyt < ¢

at a time tp that we dub delay time. The latter is defined by the relation

je:%/)g%m Qunt < L. (4.13)
R 2m
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Figure 5. Delay ¢p obtained from the numerical solution of J(tp) = 2|Aq| for £ =
240 (symbols) compared with the linear result ¢tp = 7 2% (solid line), valid up to

‘ 1
Aq = £ (dashed vertical line).

Since vy, = 2|sink| and vy = 2, we find

Tdk
4tD/ O sin k| = 2)Aq], dtn <, (4.14)
R 2m
and conclude
A l
tp = 7r|4—q|, for |Agq| < — (4.15)
For larger |Ag|, there is no closed form for ¢p. In figure 5 we compare the numerical

solution of J(tp) = 2|Aq| (symbols) with the linear result tp = W% (solid line). For
|Ag| < f the match is perfect, but for larger Aq the delay grows very quickly.

Even though the scaling behaviour of Z;(q) is completely encoded in equation (4.10),
we also analyse it with the saddle point approximation. The reason is that this method
is useful in the cases where there are no analytical formulas like equation (4.10). We

recast equation (4.9) as

Zi(q) = / % e/ h(a) = —iaTq + Z log cos %, (4.16)

so that the saddle point o*, defined as h'(a*) = 0, is
2A —2A
o = —2iarctanh (Tq) =1ilog <§+72AZ> . (4.17)

We have two regimes, (i) J < 2|Aq|, where a* has a real part, and (ii) J > 2|Aq|,
where o is purely imaginary. In the first regime, the real part of a* leads to a non-zero
imaginary part of h(a*) and Z(q) oscillates quickly in ¢ around zero. This behaviour
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is the same as the one we found by analyzing the exact formula (4.10). In the scaling
limit, these oscillations average to zero for all the relevant physics.

Conversely, for t > tp (i.e. J > 2|Aq|), we deform the integration contour to pass
through o while remaining in the analyticity region of the integrand. The saddle
point method gives

1

z — eéh(a*) )
1(a) 2ml|h (o]

(4.18)

The logarithm of this equation precisely gives back equation (4.12), as expected. In the
limit where J > |Agq| we have

2 2042
Z,(q) ~ ,/ﬁe—T (4.19)

at leading order.

4.1.8. Symmetry resolved Renyi entropies. We now turn to the evaluation of the sym-
metry resolved Rényi entropies. Plugging equation (4.9) into equation (2.7), S, (q) reads

Su(q) = J log 2 + log Z(q) (4.20)

and does not depend on n. In the scaling regime J > 2|Aq| > 1, log Z1(q) is given by
(4.12).

Following the discussion of the previous section, in the scaling limit, the entropies
start to grow for ¢ > tp. In the top panels of figure 6, we compare ab initio calculations of
S.(q) and the exact prediction (4.20), finding perfect agreement. In particular, figure 6
convincingly shows that the numerical results for S, (¢) do not depend on n. We thus
focus on S1(q) for the rest of this subsection. We also compare the prediction (4.15) for
the delay with the numerical results at a finite ¢ (we fix £ = 240 and we calculated the
delay time as the time when S;(¢q)/¢ = 0.007) in the bottom right panel of figure 6 and
again find a very good agreement.

If in the scaling limit with ¢, we also take J > |Aq|, we can use equation (4.12) and
plug it into (4.20). Expanding the result in powers of |Ag|/J, we find

Su(q) =T <10g 2 — 2(%)2) . (4.21)

Equation (4.21) implies that for small |Ag| there is an effective equipartition of entan-
glement between the various symmetry sectors, with violations of order (Agq)?/¢. We
report this prediction as dashed lines in the bottom left panel of figure 6. There appears
to be some discrepancies, close to the delay time, between this approximation and the
numerical results, even for small |Agq|, where one would expect the approximation to
be very accurate. The reason for such disagreement is, obviously, that at the delay
time J(tp) =0 and so the subleading terms in (4.21) cannot be neglected. Looking
at equation (4.12) (or equivalently equation (4.18)), we see that the first correction to
S.(q) in the large-¢ expansion is proportional to log/¢. In the same panel of figure 6,
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Figure 6. (Top and bottom left) Time evolution of the symmetry resolved entangle-
ment entropies S, (¢) after a quench from the Néel state in the tight-binding model
(3.1). The symbols are the exact numerical results for ¢ = 160 and various Ag. The
solid lines are our prediction (4.20) that perfectly match the numerical data. (Bot-
tom left) The dashed lines are the saddle-point approximation (4.21) and the dotted
ones are the same approximation with the logarithmic correction. (Bottom right)
Delay time tp for various Ag and ¢ = 240. The solid line is the analytic prediction
(4.15) and the symbols are the numerical results. They are obtained as the time for
which Si(q)/¢ = 0.007.

J
These curves get closer to the numerical data and fit them perfectly for t > tp, i,e, in

the region where J is significantly larger than |Ag|. This correction is subleading in
the scaling limit and hence we conclude that equation (4.21) correctly reproduces the
numerical data in the large-¢ limit.

we add this correction and report (log 2 — 2(M)2) —1/(2¢) log ¢ as the dotted lines.

4.1.4. Total and number entropy. A final question worth investigating is whether our
results for the symmetry resolved entanglement entropy are coherent with the known
results for the dynamics of the total entanglement entropy S;. To this aim, we should
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also investigate the contribution of the number entropy S" to the total entanglement.
The number entropy S" is defined in equation (2.2), providing in our case

-y

q=0

and, using the same asymptotic calculations as in section 4.1.2 and equation (4.19), we

find
e/z )
,/ (mq % log %) e (4.23)

Ag=—1/2

for J > |Aq|. The latter condition is not met for the extreme values of |Ag| in the sum,
where instead we have J ~ |Ag|. However, such values of the subsystem charge have a
very low probability and so this approximation is expected to give excellent results, as
we will soon confirm numerically. Since we are in the limit of large ¢, we transform the
sums into Gaussian integrals. Their evaluation is straightforward and we have

L1 Jr
St = 5 <1—|—10g 5 ) : (4.24)
i.e. the number entropy grows logarithmically with time until saturation to a value
which is proportional to log/. Such behaviour is reminiscent of what found in many
other different contexts [73, 74, 77].

In figure 7, we compare this result (solid lines) with ab initio calculations of S"
(symbols), and find perfect agreement. The inset in the left panel shows the time-
evolution of S" in a log-linear scale and highlights the logarithmic growth in time before
the saturation. It directly follows from equation (4.24) that the large-time limit of the
number entropy is lim; ,,, 5" = % (1 + log %r), reported as a dotted horizontal line in the
left panel of figure 7. This analysis shows that in the scaling limit, the number entropy
has a negligible contribution to the total entropy, lim; ., S"/S1 = O£~ log ).

For the total entropy, we plug equation (4.20) into equation (2.2) and find

14
S1=Y Zi(q)J log 2, (4.25)

q=0

where we used the relation p(q) = Z1(q) from equation (2.8). The latter satisfies
222021 (q) = 1, as it should. We thus recover the known result for the total entanglement
entropy after a quench from the Néel state [32, 33], namely

dk
S, = log 2/2 min (4, 2uit). (4.26)
T

For large times, we have lim; .., 51 = ¢ log 2. We finally mention that it is straightforward
to show that the number entropy exactly compensate for the log ¢ subleading corrections
present in the entanglement of each symmetry sector.
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Figure 7. Evolution of S" after a quench from the Néel state in the tight-binding
model (3.1) as a function of ¢/ for £ = 40 (left), and as a function of £ with ¢/¢ =1
(right). The prediction (4.24) (solid line) perfectly matches the numerical results
(symbols). In the left panel, the horizontal dotted line is the asymptotic value
L (1 + log %’T) for large times. In the same panel, the inset shows S™ as a function

20
of t/¢ in a log-linear scale.

4.2. Disjoint intervals

In this subsection, we move to the analysis of the charged and symmetry resolved
entropies for two disjoint intervals, as well as the symmetry resolved mutual information.

The starting point is the correlation matrix Cy, 4, (t) that encodes correlations within
the system A = A; U Ay where the two subsystems have respective lengths ¢; and /y =
¢ — /1, and are separated by d lattice sites. The correlation matrix has the form

Caua(t) = (C“(t) C”(t)) (4.27)

with
[Cll(t)]j,k — [C(t)]],ka j, k — 1, El, (428)
[Coo(t)]jr = [CH))jsdira, Jik=1,... 4, (4.29)
[612(t)]j,k — [C(t)]j,k+d7 j - 1, . .El, k — 1, 62, (430)
[Cgl(t)]j_’k = [C(t)]]+d ks ] = 1, . .EQ, k = 1, gl, (431)

where the matrix elements are given in equation (4.1).

4.2.1. Charged moments. In order to compute the charged moments and the symmetry
resolved entanglement measures, we compute the trace of arbitrary powers of the matrix
Ja,04,(t) = 2C4,04,(t) — I,. We perform the computation of Tr Jy, 4,(t)™ in the scaling
limit ¢, 7, 41, {5, d — oo where the various ratios are kept constant. The calculation uses
the multidimensional stationary phase approximation, and generalises the methods used
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in [87] to the case of an arbitrary separation d. We find

Tr Jayua,(6)7 =€ — / %[min(ﬁl, 2uit) + min(ly, 205t)]

+ / ;”“ fmax(d, 2vgt) + max(d + £, 2v:t)
T

— max(d + {1, 2ut) — max(d + £y, 2uit)] ,
Tr Ja,ua,(H)% =0, (4.32)

with v, = 2|sink|. We note that the case d =0 reduces to the known result of
equation (4.3) for a single interval. The computation of the charged moments Z21Y42(q/)
proceeds exactly as for the case of a single interval discussed in section 4.1.1. We thus
find

o\ Ji
Z1 (a) = <COS§> ot (4.33)

2n—1
where we introduced

Ji=0—Tr JAlqu(t)2

_ / g—k[min(£1,2vkt) + min(ly, 205t)]

™

_ / gk[max(d, 2ut) + max(d + £, 2v;t) — max(d + €1, 2ut) — max(d + £, 2v;t)].
T

(4.34)

In figure 8, we compare the prediction (4.33) for Z241Y42(a)) with ab initio calculations
and find perfect agreement.

4.2.2. Fourier transform and symmetry resolved Rényi entropies. The calculations for
the symmetry resolved moments and Rényi entropies are exactly the same as the com-
putations of sections 4.1.2 and 4.1.3 where J is systematically replaced by 7;. We thus
have

NJa+1)

Sh(g) = Ty log 2+ log Z{"%(q), 2" (g) ~ 27jdr (Lut28et2) [ (Ji=2Bat2) >
9 2

(4.35)

Ag\? [2 e
S (q) = 7, <10g 2 — 2(‘73) > : ZA9 () ~ ﬂe Ji o (4.36)

in the limit where ¢ is large and J; > |Aq|. We do not report numerical tests for these
symmetry resolved entropies because they do not to add any information compared to
the single interval case.

and
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Figure 8. Time evolution of the charged moments Z1“42(a) after a quench from
the Néel state in the tight-binding model (3.1) as a function of ¢/¢ with ¢; = 100,
¢y =140 and d = 80. The analytical prediction of equation (4.33) (solid lines)
perfectly matches the numerical data (symbols).

4.2.83. Symmetry resolved mutual information. We now turn to the computation of the
symmetry resolved mutual information defined as in equation (2.9). The first step is to
compute Z:" 2 (a, 8). To do so, we compute the trace of powers of the matrix Jop in
equation (3.17). We adapt the calculations of section 4.2.1 for the trace of Ju,4, and

find
(e —1\7 dk .
TrJag(t)% = (eia n 1) [El — / or min(/y, 2’Ukt):|

el —1\” dk

+ (eiﬁ n 1> {62 — / gy m1n(€2,2vkt)}
, 7o dk

+ (—1) (tan % tan 6) / — [max(d, 2v;t) + max(d + ¢, 2ut)

2 2 2

— max(d + El, 2’Ukt) — max(d + 62, 2Ukt)] 5

Tr Jos ()2 = 0. (4.37)

The re-summation in equation (3.18) is direct and we find

_ ha+bp

log th :AQ(Oz, B) 5

+ log (cos %) Ja, + log (cos g) J 4,

1
+3 log (1 + tan %tan g) (T, + Ta, — Ta) (4.38)

where 7, is given in equation (4.34) and the straightforward notation Ja,, = J i, =
J 9& min(£y 2, 2vit). As a consistency check, Z %2 (o, @) is equal to the charged moment
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Figure 9. Time evolution of th:A‘z(a, B) after a quench from the Néel state in
the tight-binding model (3.1) as a function of ¢/¢ with ¢; = 100, ¢, = 140 and
d = 80. The analytical prediction of equation (4.38) (solid lines) perfectly matches
the numerical data (symbols).

Z{19% () given in equation (4.33). We compare the prediction of equation (4.38) with
numerical results in figure 9 and find a perfect agreement.

To perform the double Fourier transform in equation (2.12) for Z (¢, q — ),
we exploit the saddle point approximation and expand ZIA1 :Az(a, B) at quadratic order,
obtaining

e g 2 2
S g+ L g (439)

log Z{" (v, B) 3
In this approximation, the Fourier transform is given as

2 —m [A(]%jAQ +(A(1—ACI1)2\7A1 +Aq1(Aq_Aq1)jm]

A A
£ g ) = — e
U jAleg - T:LL

where we have introduced 7, = (Ja, + Ja, — Ja) to lighten the notations, and we have
Ag = q—(/2and Ag, = ¢, — {1/2. Importantly, the weight p(qi, ¢ — q1) = Z{"***(q1,q —
@)/ 2% (q) defined in equation (2.10) satisfies n—oP(q1,q —q1) =1 also when the
sum is approximated as an integral and the quantities are given by their Gaussian
approximations of equation (4.36) and (4.40).

Using the Gaussian expression for each term involved in the definition of
equation (2.9) and the same type of asymptotic calculations as in the previous sections,

(4.40)
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we find
. 1
I (q) = (T, + Ta, — Ta) log 2 — B <log jAé?jﬂ)
_4‘7,41‘7,42—‘7,%( 1 L 1 )
8jd jAl jAQ
_oag? (—JAl + 4, —@)2 L (JAI — Ja, — Jd>2 11|
274 Ja, 274 TJa,  Ja

(4.41)

Equation (4.41) implies that at the leading order there is equipartition of the sym-
metry resolved mutual information. Furthermore, for t < d/4 and in the limit t — oo,
the subleading term vanishes, because J; = J4, + Ja, in these two regimes, and the
equipartition is broken at higher order. In figure 10 we compare the prediction (4.41)
(solid lines) with the ab-initio calculation of equation (2.9) where the entropies have been
replaced by their expressions in terms of gamma functions, and the weights are replaced
by their Gaussian expressions (symbols). We find a perfect agreement between asymp-
totic prediction and exact numerics. The slight negative values for early times arise from
the term —3 log ‘7‘457:;;‘2” in equation (4.41). This term is at most of order log/ and is
negligible in the scaling limit. We do not observe any other time delays that depend on
the charge sector. The reason is that from its definition of equation (2.9), I “*(¢) mixes
quantities from different charge sectors for the subsystems. For intermediate times, the
equipartition is broken at order Agq?//.

The leading term in equation (4.41) is the total mutual information,

I — (7, + T, — J)log 2 = log 2 / % [max(d, 2uit) + max(d + £, 2vt)

— max(d + {1, 2vt) — max(d + £y, 2u4t)] . (4.42)

This immediately follow from the definition of equation (1.3) and the exact results of
equations (4.20) and (4.36) for the entanglement entropies. This integral is precisely the
form predicted by the quasiparticle picture for the spreading of entanglement between
two non-complementary subsystems [24]. It is vanishing for times ¢t < d/4 as well as in
the large-time limit. To verify the consistency of our calculations, we must recover the
total mutual information from the symmetry resolved ones with the combination given
in equation (2.13). Using the same Gaussian results as before, equation (4.41) and the
asymptotic result for the number entropy of equation (4.24), we indeed find

14

S ZMRQI )+ S 4 S8 = SR = (F, 4 T~ T)log 2. (443)

q=0
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Figure 10. Time evolution of Ifh:AQ(q) after a quench from the Néel state in the
tight-binding model (3.1) as a function of ¢/¢ with ¢; = 180, ¢, = 220 and d = 220
for various values of Agq. We compare the approximation of equation (4.41) (solid
lines) with the exact result given by equation (2.9) where the entropies are replaced
by their exact formulas of the form of equation (4.20) and the weights are given by
their Gaussian approximations (symbols).

5. Quench from the dimer state

For the quench from the dimer state | D) (cf equation (3.19)) in the tight binding model,
the starting point is also the correlation matrix. For this quench, it is convenient to
write it in a block form as follows (see e.g. [89]):

T 1

[C(t)]jn = <(CZJT_1) (CZkfl CZk)> =35 (0 11y + IL;,_) (5.1)
2

where 11, is

TR (= f(R ) g(kt)
Hm_l/ o © (—g(k,t)* f(k,t)) (5.2)

with
f(k,t) =1isin k sin(2 cos(k)t), (5.3
g(k,t) = e ¥(cos k +i sin k cos(2 cos(k)t)). .
5.1. Single interval

Similarly to the Néel quench, we start by considering the case where A is a block of ¢
consecutive sites. The correlation matrix Cy(t) = L (I, + Ja(t)) is the £ x £ matrix whose
entries are [C(t)];x given in equation (5.1) with j,k € {1,...,¢/2}.
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5.1.1. Charged moments. We compute the trace of J4(t)" in the scaling limit where
t,¢ — oo with a fixed finite ratio. The computation is exactly the same as in [87] and
we find

TrJu(t) =10 — / ;1_]{:<1 — [cos k]*) min(¢, 2uxt), TrJ,()% ™ =0 (5.4)
s

with v, = 2|sin k|. As for the quench from the Néel state, the maximal velocity is vy = 2.
We evaluate the sum (3.7) with (5.4) and find

log Z,(ax) = i@% + / dk Re[hyo(cos k)] min(¢, 2vt) (5.5)

where h, ,(z) is given in equation (3.6). This result is very similar to equation (4.6)
for the Néel quench, with the difference that the function h,,(z) is now evaluated in
x = cos k and hence cannot be factorised out of the integral. In figure 11 we compare this
prediction with the exact numerical data for the charged moments and find a very good
agreement. As observed for the Néel quench and in many other cases, the corrections to
the scaling are larger as « gets closer to =7 and as n increases.

5.1.2. Fourier transform and symmetry resolved Renyi entropies. The symmetry
resolved moments Z,(q) with ¢ = Ag+ (Q4) are defined in equation (2.6). With
equation (5.5) and (Q4) = ¢/2, we have

Zn(Q) / Czl;):/ —iaAg+[ 21‘ Re[hy,o(cos k)] min(¢, 2th) (56)

Contrarily to the Néel quench, there is no closed-form expression similar to
equation (4.10) for this integral. We can nonetheless infer the validity of our two main
results, namely the existence of a time delay that grows linearly in |Ag| for small values
of |Aq|, and an effective equipartition of entanglement broken at order (Aq)?/¢.

For the delay, we analyse equation (5.6) with the saddle point approximation in the
regime where 2v\t < £. The saddle point equation is

dk
CiAg it / 01 (Refla(cos B)]) 20 = 0 (5.7)

and admits a solution for imaginary « only. In that case, the integral
[ 5£0a (Re[hy.q(cos k)]) 2v; is a monotonic function of i, going from 4/7 at v = —ico
to —4/7r at a =1ioco. It thus follows that equation (5.7) only admits a solution for
t > #. Hence we find precisely the same delay as for the Néel quench, with the same
self-consistency relation |Agq| < ¢/7, as given in equation (4.15).
For the equipartition, we expand the charged moments at quadratic order in «,
2

log Z,(a) = w% +log Z,(0) — %j(”) (5.8)
with

VARES / g 4n (k) min (€, 2uyt) (5.9)

https://doi.org/10.1088/1742-5468 /ac21d7 26


https://doi.org/10.1088/1742-5468/ac21d7

Exact quench dynamics of symmetry resolved entanglement in a free fermion chain

0.00 T s
—0.05 0.9 n=1la=1
— n=la=15
g 0.8
—=-0.10 — n=10=05 — . nslas=2
S;: — p=la=1 30.7
NT_U'IB — =l =15 NS:OS
&-0.20 n=1la=2 g
= n=2a=05 =05
& —0.25
' 04
—0.30 0.3
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
e 1744
0f 0.0{ ——,
l—\__r\
—10 —0.1 B
= 3
= 02 \'\\
= S _03 By
N —30 = U 3N
=19) N L
= 40 - n=la=05 %9_0'4 N\
9 — n=la=1 = n=1¢=10 i
T 50| — n=1a=15 £ 0% n=1£=20 \
n=1a=2 —0.6 + n=1,£=50 =N
g | P 5 n=1,£=100 A\
0 25 50 75 100 125 150 175 200 l 00 05 10 1.5 20 25 30
o
Figure 11. Comparison between the exact result (5.5) (solid lines) and numerical
results (symbols) for log Z, (a) after a quench from the dimer state in the free
fermion model (3.1). (Top left) Time evolution of the real part of log Z,(a) as a
function of ¢/¢ with ¢ = 120. (Top right) Time evolution of the imaginary part of
log Z,(«) as a function of ¢/¢ with ¢ =20 and n = 1. (Bottom left) Real part of
log Z,(«) as a function of ¢ with ¢/¢ = 0.5. (Bottom right) Real part of log Z,, ()
as a function of o with ¢/¢ = 0.5 and n = 1.
where
. 4sin®" k
Jn(k) = (5.10)

((1 4 cos k)" + (1 — cos k))?’

In the following, we also need the value of the derivative of j, (k) with respect to n at
n = 1. It reads

(00Jn(k))|ne1 = [~ (1 — cos k)log(1 — cos k)
— (1 + cos k) log(1 + cos k) + 2 log sin k] sin® k. (5.11)
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These J™ integrals generalise J of equation (4.8). In particular, we have J 0 = 7.
With this quadratic expansion, we compute the Fourier transform and find

¢ D
Zn(q) = Zn(O)e (n) ﬂ_j(”) . (512)

Plugging this result in equation (2.7), we find at leading order

2A¢? 1 n

where we used that log Z;(0) = 0 and the total entropy is S, = 1 log Z,(0). The sym-
metry resolved entanglement entropy is obtained as the limit n — 1 of equation (5.13),

and reads
2Aq2 (anj(n))|n:1
Si(q) = S1 — 70 { 70 +1 (5.14)

where S1 = —(9,Z,(0))|,=1. Equations (5.13) and (5.14) are physically equivalent to
equation (4.21). Similarly to the case of a quench from the Néel state, the match with
the numerical data is better when we include the sub-leading terms that arise from the
square root in equation (5.12). The result reads

B 20Ag* [ 1 n 1. 2 1 g
(@) =S = {j(n) - j(l)} T o o8 oy 08 Gy (519)

and the limit n — 1 is

2A¢? (&Zj(n))’n:l 1 2 1 (anj("))‘n:1
i) = 51— i T e g tom 2 (T e ).

(5.16)

We compare these predictions with ab initio results in figure 12. As expected, the delay
is not well reproduced by the approximation for large |Ag|, but the asymptotic values
match convincingly. The reason of this disagreement at intermediate times is the same
as for the Néel quench and is not discussed again here. In the same figure we report the
delays for S;(q) and S5(¢q) and compare them with the prediction tp = #. For Si(q),
the match is perfect. We expect that finite-size effects play an increasing role for larger
values of n and |Ag|, and indeed the match is less precise for S»(q) at large |Aq]|.

5.1.3. Total and number entropy. The total entropies are given by 5, = ﬁ log Z,(0).
With equation (5.5) we have

| [dk |
Su= 10 /  hno(cos k) min, 20t (5.17)

where

1 K\" (1 cosk\"
hno(cos k) = log {(%) + (%) } (5.18)
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Figure 12. (Top) Time evolution of the symmetry resolved entropies S;(¢q) and
Ss(q) after a quench from the dimer state in the tight-binding model (3.1) for
¢ = 140 and various Ag. We compare the predictions of equations (5.15) and (5.16)
(solid lines) with numerical data (symbols). (Bottom) Delay time tp for various Ag
and ¢ = 280. The solid line is the analytic prediction tp = w and the symbols are
the numerical results. They are obtained as the time for which S5 2(¢)/¢ = 0.011.
is a specialisation of equation (3.6). The term nj = 5% is the mode occupation in the
steady state. The limit n — 1 yields
dk .
S = %(—nk log ny, — (1 — ny) log(1 — ny)) min(¢, 2vxt) (5.19)

that matches the quasiparticle prediction [32, 33]. As in the case of a quench from the
Néel state, we recover the total entanglement entropy S; from the symmetry resolved
quantities using equation (2.2). To see this, we plug the Gaussian approximations (5.12)
and (5.16) into equation (2.2) and find

(00T )|z (1 2 o 2Aqg> s
S]' = _(a”Zn(O))‘nzl +— - — e 71 (520)
JW 2 T JM Zq_o FO
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Figure 13. Evolution of S" after a quench from the dimer state in the tight-binding
model (3.1) as a function of ¢/ for £ = 80 (left), and as a function of ¢ with ¢/¢ =1
(right). The prediction (5.21) (solid line) perfectly matches the numerical results
(symbols). In the left panel, the horizontal dotted line is the asymptotic value
L (1 + log %’T) for large times. In the same panel, the inset shows S™ as a function

20
of t/¢ in a log-linear scale.

where we also used ), Zi(q) = 1. In the large-¢ limit, the sum in the right-hand side
becomes a Gaussian integral. The whole parenthesis then vanishes and we recover S| =
—(0,Z,(0))]n=1, as desired.

The number entropy is given in equation (4.22) and only depends on Z(q). We use
the quadratic approximation (5.12) and find that the calculations are exactly the same
as in section 4.1.4 where J is replaced by JW = [ 9%(1 — cos?) min(¢, 2v5t). We thus

find
1 (1)
"= (1 +log j2 ”) . (5.21)

In figure 13, we compare this result (solid lines) with ab initio calculations of S”
(symbols), and find perfect agreement. The inset in the left panel shows the time-
evolution of S™ in a log-linear scale. We note that J " saturates to the value £/2 for large
times, so that lim; ., S" = % (1 + log %) This asymptotic value is reported as a dotted
horizontal line in the left panel of figure 13. Similarly to the quench from the Néel state,
the number entropy grows logarithmically with time before saturation, and has negligible
contribution to the total entropy in the large-time limit, lim, ., S"/S; = O~ log £).

5.2. Disjoint intervals

We now turn to the case where the system A is composed of two disjoint subsystems A;
and A, of lengths /; and ¢, = ¢ — /1 and separated by a distance d. The correlation matrix
has the form of equations (4.27) and (4.28) with the entries given in equation (5.1).
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Figure 14. Time evolution of the charged moments Z/'Y42(a) after a quench
from the dimer state in the tight-binding model (3.1) as a function of ¢/¢ with
¢, =100, ¢, =140 and d = 80. The analytical prediction of equation (5.23)
(solid lines) perfectly matches the numerical data (symbols).

5.2.1. Charged moments. Similarly to the calculations of section 4.2.1, we compute
the trace of arbitrary powers of the matrix Jyu,4,(t) = 2C4,04,(t) — I;. We perform the
computation of Tr.Ja,u4,(¢)™ in the scaling limit ¢,¢, ¢, ¢5,d — oo where the various
ratios are kept constant. We find

Tr J4,04,(t)% = — / ‘;—ku — [cos k]*)[min(¢y, 2ut) + min(fy, 2ut)]

™

+ / c21k(1 — [cos k]¥) [max(d, 2uit) + max(d + £, 2uyt)

™

— max(d + {1, 2u;t) — max(d + lo, 2uit)]
Tr J4,04,(t) T =0, (5.22)

with vy = 2|sink|. We note that the case d = 0 reduces to the known result (5.4) for
a single interval. The calculation is similar to case of a single interval as presented in
section 5.1.1, and we find

dk
log ZMV42 (o) = iE% + / or Re[hyo(cos k)](min(4y, 2ut) + min(ly, 2v4t))
m
dk
_ / 5 Re[hy.q(cos k)] (max(d, 2vt) + max(d + £, 2ut)
T
—max(d + {1, 2uit) — max(d + lo, 2uit)) . (5.23)

We compare the prediction of equation (5.23) for Z41%42(a) with ab-initio calcula-
tions in figure 14 and find perfect agreement.
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5.2.2. Fourier transform and symmetry resolved Rényi entropies. In order to perform
analytical calculations, we approximate log Z41¥42(q) at quadratic order in a,

2
log Z4%42(q) = w% +log ZM942(0) — %jd(") (5.24)
with

" dk . -
jd( ) = /%j”(k)(mln(ﬂl, 2upt) + min(£y, 2vt))
dk

_ / o n(k) (max(d, 20it) + max(d + £, 205t)
T

— max(d + {1, 2v;t) — max(d + o, 2v;t)) (5.25)

where j,(k) is given in equation (5.10). As in the case of a single interval, these jd(")

integrals generalise 7; of equation (4.34). In particular, we have J d(()) = Ja4. We follow
section 5.1.2 and find

2A¢%
- |2
Z;?IUAZ(Q) — Z;:lluz‘lz(o)e ‘715) — (526)
T,

n q) = on (1—n) (n) ©) 2 g T 2(1—n) & (Wyn’
Jo Ta (Ja7)

(5.27)

for |Ag| < ¢. We used that log Z""*2(0) =0 and the total entropy is S4U4 =
— log Z;"“*2(0). The symmetry resolved entanglement entropy is

2A 2 an (n) n= 1 2
S{L}lUAz(q) — Si‘hUAQ . q {( /\7(1 )| =1 + 1 + 5 log ;

TV TV
1 [ (0T e O
4o | L g T (5.28)
2 < jd(l) d

5.2.8. Symmetry resolved mutual information. We now turn to the computation of the
symmetry resolved mutual information after a quench from the dimer state. Most of the
results and computations are similar to those presented in section 4.2.3 in the case of
a quench from the Néel state. The first step is to compute Z:i*“?(a, ) and hence the
trace of powers of the matrix J,3 defined in equation (3.17). We adapt the calculations
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of section 5.2.1 for the trace of J4,4, and find

Tr Jop(t)? = e —1\" b — %(1 — [cos k]¥) min(¢, 2v;t)
“ el 41 2w ’

e —1\* dk )i
Y 9\ mi
+ (eiﬂ n 1) {Ez / 27T(1 [cos k]7) min (s, 21}@)1

+ / gkg(k,j) [max(d, 2uit) + max(d + £, 2vt)
s

— max(d + ¢1, 2ut) — max(d + £y, 2uit)] ,

Tr Jos(t)7 ! = 0, (5.29)
where
J 2j-2s i s+t iB 2j—s—t
_ e -1 e’ —1 2j—25 i 7,28
§(k,j) = ; - (—1) (eia T 1) (m Vst €os kY7 sin k
(5.30)
and

Tt T (25— s ijt)(s +1) <2j o t> (S . t> - (5-31)

The re-summation in equation (3.18) yields the formal expression

: 14 14 dk
log Z{" " *(a, B) = i%ﬁ + / o Re[hy o(cos k)] min(4y, 2uyt)

+/(2U€Re[h1ﬂ(cos k)] min (o, 2uyt)
77

dk
+ / =E(k) (max(d, 2vxt) + max(d + ¢, 2vyt)

o
— max(d + {1, 2v;t) — max(d + o, 2v;t)) (5.32)
with the infinite sum
_ S . o 1
E(k) =) é2))E(k,5),  &24) = —55 (5.33)
=1

where we recall that the coefficients ¢(j) are the Taylor coefficients of the function

h(x) = log[(1 4 z)/2]. To plot these charged moments, we use a cut-off A for the maximal
value of the index j in the infinite sum and check the stability with varying the cutoff.
Let us stress that the function v, ; in equation (5.31) satisfies the crucial relation

2§ (=1 = (i) : (5.34)

t=0
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Figure 15. Time evolution of Z{" “2(a,8) after a quench from the dimer state
in the tight-binding model (3.1) as a function of ¢/¢ with ¢; = 100, ¢, = 140 and
d = 80. The analytical prediction of equation (5.32) with the cut-off A =6 (solid
lines) perfectly matches the numerical data (symbols).

With this, it is a simple calculation to show that Z;" *?(a, @) indeed reduces to Z;{""**(a)

given in equation (5.23), as expected. We compare the prediction of equation (5.32) with
ab initio calculations in figure 15 and find perfect agreement.

Despite the cumbersome form of Z{"'“*(a, ) in terms of an infinite sum, we are
nonetheless able to extract the quadratic orders in a and 3. We find

B af

. La+ 0,5 o
A A R4l 2 1 1 1 1 1
log Z{" (e, f) =i~ — = Th) = T + (T + T4 - 7).
(5.35)
and the double Fourier transform is
‘ 2
2{41"42((]1;(1—6]1): I
\/ 1) 1) (7D
TN Ta, Tay — 5
_ 8 2 (1) _ 2 (1) _ (1)
‘e 4‘71&11)‘715112)7(‘77211))2 [Aqu/lz +(Ag—Aqr) ‘7/11 +Aq1(Ag—Aq1) Tm } (536)

with 7 = (jf(ﬁ) _*_jf(é) _ jd(l)) to lighten the notations, where jf(ﬁ)z is simply J
from equation (5.9) where /¢ is replaced by ¢;., and jd(") is given in equation (5.25).
We also have Aqg=q—¢/2 and Aq, = q; — ¢1/2. These two results are the same as
equations (4.39) and (4.40) where the J; integrals are systematically replaced by T,
In a similar fashion as for the quench from the Néel state, the weight p(q1,q — q1) =
th:AQ(ql, q—q1)/ 2" (q) defined in equation (2.10) satisfies Zglzop(ql, qg—q)=1.
To compute the symmetry resolved mutual information, we use equation (2.9) and
replace each quantity by its Gaussian approximation, namely equations (5.12), (5.36),
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(5.16) and (5.28). The calculations are similar to those of section 4.2.3. We find

(1) 7(1)
. 1
I g) = S 4+ 8 - s (log o )
d

1 an(sjf(l?))’n:l an(sj,a({;))‘n:l an(jd(”))|n:1
2 m " o 0
jAl jA2 ‘7(1

AR @ [ 1 (0T
87, T\ T

1 (0T ne
T o g
jAz jAz

2 n
I (—Jﬁ?%&?—fé”) <6n<$§3>|n_1+ 1 )

27, GOSN

2 n
+ ‘71‘(&) — ‘7:‘(11) - jd(l) an(‘jzflz))’n:l n 1
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We compare this prediction with the definition of equation (2.9) where the vari-
ous quantities are replaced by their Gaussian approximations in figure 16, and find
a perfect match. The result of equation (5.37) has the same physical interpretation
as equation (4.41), namely the first three terms of the right-hand side precisely yield
the quasiparticle prediction for the total mutual information, equipartition is broken
at order Aq?/{ for intermediate times and at higher order for ¢ < d/4 and t — oo,

since jd(") = jf({f) + jf({;) in those regimes. As for the quench from the Néel state, the
combination of equation (2.13) yields the total mutual information, namely

l
Sz () A () 4 S g g — s (5.38)

q=0

where

: dk
J FR / %&Lhnyo(cos k)|n=1 (max(d, 2v;t) + max(d + ¢, 2vt)

— max(d + 61, 2’Ukt) — max(d + gg, QUkt)) . (539)
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Figure 16. Time evolution of I *42(g) after a quench from the dimer state in the
tight-binding model (3.1) as a function of ¢/¢ with ¢; = 180, ¢, = 220 and d = 220
for various values of Agq. We compare the approximation of equation (5.37) (solid
lines) with the definition of equation (2.9) where the various quantities are replaced
by their Gaussian approximations with the first corrections (symbols).

6. Quasiparticle picture for the charged moments

In this section we use the quasiparticle picture to get general results for the dynamics
of the charged moments for the entanglement entropy. On the one hand, this picture
provides a physical explanation of the findings of the previous sections. On the other
hand, it gives a generalisation valid for any free-fermion (or free-boson) model for arbi-
trary Rényi entropies. It also suggests a conjecture for the charged entropies for arbitrary
interacting models, but many quantitative details are still missing and its validity should
eventually be tested against numerical simulations. Concerning the mutual information,
it seems more complicated to find a quasiparticle description for the required charged
moment Z,(ca, ).

6.1. Dynamics of the entanglement entropies

Let us consider a many-body quantum system prepared in an initial state |¢,) with an
extensive energy on top of the ground state of the Hamiltonian H which governs its
time evolution. The initial state can be regarded as a source of quasiparticle excitations,
which are assumed to be produced in independent pairs with opposite momenta k and
—k. (The assumption can be weakened in free models, see e.g. [90-92], it is instead
fundamental for interacting integrable systems [93].) This situation is illustrated in
figure 17. We first suppose that the quasiparticles are all of the same species, so that we
can characterise them only by their momentum k. After being produced, each particle
moves ballistically with velocity v(k). The key assumption of this description is that the
quasiparticles emitted from different points are incoherent, while those emitted from
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time
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Figure 17. Illustration of the quasiparticle picture for the entanglement spreading
in a one-dimensional integrable system. The arrows indicate the propagation of the
quasiparticles with the largest velocity vyr.

the same point are entangled and as they move far from each other they spread the
entanglement and the correlations through the system. In particular, the entanglement
of a subsystem A with its complement after a time t is proportional to the total number
of entangled pairs shared by the two parts at that time. Hence, just by counting these
pairs, when the subsystem A is an interval of length ¢ embedded in an infinite system,
the entanglement entropy evolves as [31]

Si(t) = 2t /2 " Ak u(k)s(k) + ¢ /2 dk s(k), (6.1)

v(k)t>L

where the function s(k) depends on the rate of production of the quasiparticles with
momentum +k and their contribution to the entanglement entropy. The velocity v(k)
has a maximum value vy, whose existence, for spin chains, is guaranteed by the
Lieb—Robinson bound [94]. Hence, the two terms of equation (6.1) give two different
regimes as the entropy evolves in time. For times ¢ < ¢/(2vy) the domain of integration
of the second integral vanishes, and the entropy grows linearly in time. For larger times,
the entanglement growth slows down and for ¢ > ¢/2wvy; the second integral dominates
and the entropy is finally extensive in the subsystem length.

In the presence of different species of independent quasiparticles the result can be
generalised by summing over them [32],

St =Y {215 /2 I CORY /

dk sm(k;)] . (6.2)
m 20, (k)t>1
By properly characterising the functions v,,(k) and s,,(k), equation (6.2) can be applied
to all integrable systems [32-34]. For what follows, it is important to stress that while
the generalisation to the Rényi entropies is very easy for free models (in equation (6.1)
it is enough to replace s(k) with an appropriate s,(k), see [95] and below), it is still an
open problem for interacting integrable models [95-99].

The quasiparticle description can be used to derive analytical predictions for free
fermions [32]. The main idea of [32] is that the kernel s(k) in equation (6.1) can be read
off from the limit ¢ — oo, where the density of entanglement entropy equals the density
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of the thermodynamic entropy in the stationary state, leading to

s(k) = 217T(—nk. log nx — (1 — ny) log(1 — ny)) (6.3)
and so
S; = / ;l:(—nk log ni — (1 — ny) log(1 — ny)) min(¢, 2ut). (6.4)

Here ny, is the probability of occupation of the mode k in the steady state. For simplicity,
we recast the sum of the two integrals as the integral where the function min(¢, 2vt) is
included in the integrand. As anticipated, for free models, equation (6.1) also holds for
the Rényi entropy with the replacement [95]

1
C2rl—n

s(k) — s, (k) log[ng + (1 —ng)"]. (6.5)
At this point, it is very natural to generalise the quasiparticle result to charged moments
with the natural conjecture

log Z,(a) = ia{Q4) + / g log[n} € + (1 — n;)"] min(¢, 2ut). (6.6)
This conjecture matches the exact results for the two quenches considered here where
ny = 1/2 (Néel case) and ny = (1 + cosk)/2 (dimer case).

Actually, within free fermion models, the validity of the quasiparticle result (6.6)
can be inferred from the following argument. For the Rényi entropy, the quasiparticles
conjecture is

5.1) = - ! . / ghmo(xk) min(f, 2ut) = ﬁ;cnﬁo(w) / %x? min(f, 20,t), (6.7)
where z;, is related to the probability of occupation of the mode k by n; = (1 + x;)/2 and
hno(x) is given in equation (3.6) and has been expanded in x (as in the rightmost side of
equation (3.6)). In terms of the function s, (k), it is just h,o(2n, — 1) = 27(1 — n)s, (k).
Similarly, the starting formula for the Rényi entropy in terms of the correlation matrix
can be expanded as

5.1) = - ! nZ:: log Kl;”) + (1 - ”H _ ﬁicm(zj)mm)% (6.8)

=0

Matching equations (6.8) and (6.7) and properly keeping track of the normalisations
(ie. 22720 cnn(24) = hao(1) = 0 and Tr J(t)" = £), we get

TrJ(t)% =0+ / gk(xi] — 1) min(¥, 2uyt). (6.9)
s
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\
time

Figure 18. Illustration of the entanglement and mutual information dynamics of
two disjoint subsystems. On the left we report the shape of the mutual information
with a single velocity of quasiparticles. In the main plot, the dark blue area counts
the quasiparticles shared between the two disjoint sets.

Plugging equation (6.9) in equation (3.7), we obtain the desired result (6.6). As for the
total entropies, we conjecture that in the presence of different species of quasiparticles,
the result of equation (6.6) generalises to a sum over the different species.

6.2. Discussion about the dynamics of the mutual information

Let us consider the case in which the subsystem A of length /¢ is formed by two dis-
joint intervals A; and A, of respective lengths ¢; and ¢, that are separated by a distance
d. Without loss of generality we consider ¢; < ¢5. Since the total mutual information
is a combination of entanglement entropies for which the quasiparticle picture holds, it
is natural that it must be related to the number of entangled pairs that, once emitted
from the same point, are shared by the two subsystem at subsequent times.

This counting of quasiparticles is straightforward, but we report it here for com-
pleteness. Let us first assume that the quasiparticles possess a single velocity v. It
follows that for short times ¢ < d/(2v) there are no entangled quasiparticles shared
by the two intervals and the mutual information is zero. It then increases linearly
for d/(2v) <t < (d+ ¢1)/(2v). There is a plateau for (d+ ¢1)/(2v) <t < (d+ £3)/(2v),
after which it decreases linearly in time up to t = (d + ¢£)/2v. There are no longer any
quasiparticles shared between the subsystems for larger times, so that the mutual
information vanishes for ¢ > (d+ ¢)/2v. We illustrate this behaviour in figure 18.
Accordingly, the resulting dynamics of the mutual information is proportional to
[max(d, 2vt) + max(d + ¢, 2vt) — max(d + ¢, 2vt) — max(d + s, 20t)] [21, 24].

In the presence of a non-trivial dispersion (and hence different velocities v(k)), it is
enough to integrate over k to get [32, 33|

I — / dk s(k) [max(d, 2v(k)t) + max(d + ¢, 2v(k)t)

—max(d + ¢1,2v(k)t) — max(d + s, 2v(k)t)], (6.10)

with s(k) in equation (6.3) for free fermions.
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For the charged moment log Z41Y42(q) it is straightforward to adapt the argument
of the previous subsection to get

log ZAY (q) = ia(Q4) + / g Re[hyo(xp)][min(fy, 2uit) + min(4y, 2vt)]

dk
_ / o Re[hp.qo(xy)] [max(d, 2uit) + max(d + £, 2uit)
T

— max(d + 61, 2’01&5) — max(d + 62, 2v;€t)] . (611)

This equation precisely matches our analytical results from equation (4.33) with x; =0
for the quench from the Néel state, and (5.23) with z;, = cos k in the case of the quench
from the dimer state. As in the case of a single interval, we conjecture that in the
presence of different species of quasiparticles, the result of equation (6.11) generalises
to a sum over the different species.

However, to determine the symmetry resolved mutual information we also need the
moment Z,(a, ) defined in equation (2.11). Unfortunately, this quantity has a more
complicated structure (it requires the manipulation of non-commuting operators as in
equation (3.16)). As already shown for the full counting statistics of the Ising model [85],
the quasiparticle picture fails to capture the complex structure of this kind of objects.
The complicated function E (cf equation (5.32) for the charged moment after the dimer
quench) is a clear manifestation of this problem.

7. Conclusions

In this manuscript, we study the symmetry resolved entanglement after a quantum
quench in the one-dimensional tight binding model. We start from the calculation of
the charged moments Z,(«) (cf equation (2.5)) that have been exactly determined by
adapting the multidimensional stationary phase calculation of [87]. Our results for Z, (a)
are also valid when the subsystem A consists of two (or more) disjoint intervals. From
the charged moments, the symmetry resolved entropy is obtained by Fourier transform
and saddle point approximation in the charge flux. The structure of charged moments
leads to two main physical results. First, the symmetry resolved entanglement with
charge Aq = q — (Q,) starts evolving only after a (calculable) delay time proportional
to |Ag|. Second, for small |Ag| there is an effective equipartition of entanglement broken
at order Ag®/f. We also introduced a symmetry resolved mutual information (2.9) that
requires the computation of a charged moment with two independent flux insertions,
see equation (2.11). We worked out exact predictions for this more complicated charged
moment for two quenches in our models. We also found that the number entropy grows
logarithmically with time before saturating to a value proportional to the logarithm of
the subsystem size.

Our results for free fermions naturally lead to a conjecture based on the quasiparticle
picture for Z,(«) that can generically be written as

log Z,(a) = ia{Q4) + Z / %S?a(/{?) min(¢, 2v,,(k)t) (7.1)
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where the sum is over the independent quasiparticles’ species (where the velocities v,, (k)
also depend on the state [100]). To give predictive power to this conjecture we should
still devise a way to fix the kernel s (k), but how to do this is still not know for an
interacting model, as already discussed for the Rényi entropy in [95-99]. The solution is
known only in the neighbourhood of n = 1 where the kernel is the Yang—Yang entropy
[32]. Tt would already be interesting to generalise this result at n = 1 and small o # 0,
that would be enough for the saddle-point approximation necessary to get the symmetry
resolution. Independently of the details of the function )", (%), the form of the conjecture
(7.1) is sufficient to deduce the two main physical results, i.e. existence of the delay time
and equipartition for small |Ag| for a generic integrable model. Moreover, the logarithmic
growth of the number entropy follows from the behaviour of Z;(«a) close to a = 0 and
so follows generically from equation (7.1).

Conversely, the charged moment Z,(«, ) in equation (2.11) turned out to contain
information which is not accessible by the quasiparticles picture, see equation (5.32) for
a concrete example. This is not surprising, since a similar conclusion was drawn for the
generating function of the subsystem magnetisation of the Ising model after a quench in
[85], an object whose microscopic structure is very similar to Z,(a, 3) (see also [101]).

We conclude this manuscript by speculating on some generalisations of our results. A
first question is whether symmetry resolved entropies can be obtained in inhomogeneous
settings, as done for the total entropy in [102-107]. Then, it is natural to wonder if some
of the techniques developed for non-integrable models [108—118] apply to the symmetry
resolved quantities and whether our main physical findings, time delay and equipartition,
are robust.
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