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Preamble

Machine learning’s impact on society is rapidly increasing. Machine learning
has been successfully applied to numerous daily life problems, from virtual
assistants to traffic prediction. Research is being done on more and more
sensitive prospects, such as the development of self-driving cars or diagno-
sis and prognosis kits in clinics. Such kits are supposed to help doctors to
make adequate decisions. For instance, a prognosis tool discriminating be-
tween breast-cancer patients with a low or high risk of cancer relapse can as-
sist oncologists in the prescribed treatment choice. A competitive prognostic
kit could save lives while sparing some low-risk patients from the discom-
fort of unnecessary chemotherapy. In this context, these doctors’ trust in the
machine learning algorithms is primordial. Designing more trustworthy ma-
chine learning algorithms is key to promoting machine learning in sensitive
areas, such as the biomedical domain. This last statement naturally raises
the issue of measuring the degree of trustworthiness of a machine learning
algorithm.

This thesis tackles this issue in the specific context of feature selection.
Feature selection refers to the area of machine learning which aims to reduce
the number of input variables when developing a predictive model. It has be-
come compulsory for a wide variety of applications due to the appearance of
very high dimensional data sets, notably in the biomedical domain [SIL07].
For instance, feature selection is an important issue when one deals with
large amounts of omics data, routinely produced in the context of precision
medicine. These data are produced through a vast collection of fastly evolv-
ing technologies such as DNA or RNA sequencing. In this instance, the cen-
tral goal of feature selection is to find a relevant and informative subset of
biomarkers from a possibly very large collection of candidate markers. Se-
lecting relevant biomarkers is critical for a better understanding of the un-
derlying biological processes but also for reducing the cost and facilitating
the implementation of predictive or prognosis kits in clinics.

Feature selection has already been studied in depth [TAL14; SILO07;
KPHO07]. Nevertheless, state-of-the-art methods are still somewhat unsat-
isfactory, mainly because of the typical instability they exhibit. Instability
here refers to the fact that the selected markers may drastically change after
marginal modifications of the sampling of patients or, more generally, after
some fine-tuning of the data analysis pipeline. Instability prevents a sound
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and correct interpretation of the selected markers and strongly impacts fur-
ther biological/clinical validations. Domain experts tend not to trust unstable
techniques and often prefer a more stable feature selection algorithm over an
unstable and slightly more accurate one [KPH07; SAV08al].

The following two conditions must hold for feature selection algorithms
to have a realistic chance of being trusted by domain experts, which is nec-
essary for their broad use in sensitive areas. First, these algorithms must be
sufficiently stable according to a specific criterion called a stability measure.
Second, this stability measure must adequately quantify the degree of trust
from domain experts towards the learning algorithms. This thesis tackles
both of these aspects. In particular, its main contributions are the following.

1. A bi-objective evaluation framework to assess the aggregated quality of
feature selection.

Many papers consider selection stability as a side-objective of predic-
tion performance. Yet, they do not evaluate the aggregated quality of
feature selection with a single measure combining both the predictive
performance and selection stability. The proposed bi-objective eval-
uation framework fills this gap and assesses the aggregated quality of
Pareto-optimal fronts in the (accuracy, stability) objective space. It aims
to quantify the average satisfaction of domain experts with respect to a
set of (accuracy, stability) trade-offs. Confidence intervals and hypoth-
esis tests on this metric are constructed and validated on pseudo-real
data. These tools can notably assess the statistical significance of ob-
served differences between Pareto-optimal fronts.

2. The hybrid Recursive Feature Elimination (hybrid-RFE) algorithm: an ap-
proach to optimize jointly predictive accuracy and selection stability.

This approach extends the Recursive Feature Elimination algorithm by
enforcing the selection of some features based on a stable, univariate
criterion. It allows domain experts to control selection stability via an
explicit meta-parameter. They can then choose a particular accuracy-
stability trade-off based on their personal preferences. Experiments
conducted on six high-dimensional microarray data sets illustrate that
large stability gains are obtained with no significant accuracy drop.

3. The illustration that current state-of-the-art stability measures are not
adequate to quantify the trustworthiness of feature selection.

The inadequacy of current stability measures is illustrated in two sce-
narios: 1) when jointly optimizing selection stability with predictive
performance and 2) when the feature space is composed of highly cor-
related feature groups. In these scenarios, situations often occur where
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the learning algorithm has high stability, according to current mea-
sures, but would still be regarded as untrustworthy by domain experts.
This claim is supported by theoretical results, simulation studies, and
experiments on real microarray and mass-spectrometric data.

4. A novel importance-weighted stability measure (9;,) which accurately
estimates the trustworthiness of feature selection.

The relative importance of the selected features in predictive models
is incorporated into this new and highly interpretable measure, which
overcomes the limitations of current works. This is illustrated in the
same scenarios as the previous contribution: when jointly optimizing
selection stability with predictive performance and when the feature
space is composed of highly correlated feature groups. The adequacy of
the measure is supported by theoretical results, simulation studies, and
experiments on real data. The measure also provably satisfies several
good properties: it is fully defined, bounded by constants, corrected
for chance, and maximal if and only if the importance distribution is
deterministic. Side contributions include a generic way to evaluate the
importance of a feature in a predictive model and a visualization tool,
feature stability maps, allowing the intuitive assessment of stability.

5. A subsequent novel stability measure (®,,;) which generalizes ®;,, and
considers feature similarities.

This measure specifically addresses the problem of assessing stability
in the presence of strongly correlated features. Correctly measuring se-
lection stability in this context amounts to estimating to which extent
several correlated variables contribute to predictive models and how
such contributions may change with the data sampling. This novel sta-
bility index &y factors in such multivariate contributions. Comput-
ing this stability index requires solving a weighted bipartite matching
problem to discover which variables actually share these contributions.
The measure &, provides more robust stability estimates than current
measures, including existing ones taking into account feature correla-
tions. This is demonstrated theoretically, on simulated and real data,
including microarray and mass spectrometry data sets.

6. An interactive visualization tool for domain analysis related to feature
selection, under the form of an R package.
This is primarily a software contribution. The goals of this R package

are twofold:

(a) helping domain experts understand why an algorithm is found to
be (un)stable and the implications.
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(b) helping domain experts identify the most interesting features rel-
ative to a specific prediction task.

It further allows visualizing intuitively the solution of the weighted bi-
partite matching problem that is solved to compute ®y,5i. This helps
identify features not selected with a high frequency but representative
of interesting underlying processes. Finally, the package studies the bi-
ological processes represented by the selected features, taking advan-
tage of the Gene Ontology.

The thesis is organized as follows. Chapter 1 further sets the context
and motivation behind this work. Chapter 2 covers the relevant machine
learning background. In particular, it reviews common feature selection algo-
rithms as well as existing stability measures, their evolution, and their prop-
erties. Chapter 3 presents the proposed bi-objective evaluation framework
and Chapter 4 introduces the hybrid-RFE algorithm. Chapter 5 presents the
importance-weighted stability ®j,, which is shown to be more suitable than
current state-of-the-art stability measures in the context of stability optimiza-
tion. Next, Chapter 6 addresses the issue of assessing stability in the presence
of feature similarities. It also presents @y, which correctly deals with feature
similarities without suffering from the major drawbacks of existing measures.
The interactive visualization tool for domain analysis based on this last mea-
sure is introduced in Chapter 7. Finally, Chapter 8 concludes this thesis.
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Introduction

This introductory chapter first presents the concept of machine learning and
its associated notations in Section 1.1. Section 1.2 then reviews a machine
learning problem that is central to this thesis: predictive modeling based
on microarray data. The dimensionality of such microarray data is usually
very high, which motivates for feature selection. Feature selection in high-
dimensional spaces comes with challenges that are not fully solved yet, as
detailed in Section 1.3. In particular, selection instability strongly limits the
adoption of machine learning in sensitive areas such as the biomedical field.
This thesis aims to mitigate this issue by providing tools to correctly estimate
and optimize selection stability, for the purpose of promoting the broader use
of machine learning.

1.1 Machine Learning

Traditional computational algorithms are a sequence of explicitly pro-
grammed instructions specifically organized to tackle a given problem. For
instance, sorting algorithms take an unordered list of numbers as input and
compute the associated ordering. The sorting logic is explicitly encoded in
these algorithms by the programmer.

Unlike these approaches, machine learning (ML) algorithms are trained
on input data. They apply statistical analysis to understand its structure and
often learn to make associated predictions. An ML algorithm trained on a
large bank of annotated animal pictures automatically learns what visual fea-
tures separate them. It can then identify these animals in new pictures with-
out being explicitly programmed to do so. In that sense, the machine learns
from the data. This is illustrated in Figure 1.1. Machine learning has been suc-
cessfully applied in many applications, such as in medicine, computer vision,
product recommendation, email filtering, and other applications for which
it is difficult to build traditional computational algorithms that perform the
needed tasks.
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Figure 1.1: Illustration of a supervised binary classification task: image
recognition of cats and dogs. Partially from [Jav].

Machine learning can be split into two fields: supervised and unsuper-
vised learning. Supervised learning assumes that each data example (e.g., a
picture) has an associated annotation (e.g., cat, dog, bird). More formally, su-
pervised learning targets the estimation of a function f : X — Y that maps
the input space X to some output space Y. This estimation is done by lever-
aging the information contained in a finite training set

{(x1,91), (%2, Y2), s (Xn, Yn) }

for which the output values are known. Supervised regression deals with
a continuous output space Y. Supervised classification tackles the discrete
case. In supervised classification, the target variable is called a label, and each
element of Y is called a class. When Y is binary (e.g. , {cat,dog} in Figure 1.1),
hence when there are only two classes, we talk about binary classification.
Binary classification is the main focus of this thesis. Still, most of the methods
detailed in this document are trivially extendable to handle multiple classes.
In all cases, the input data X can be composed of continuous and discrete
variables or even more complex data types, such as graphs.

In unsupervised learning, the data is unlabeled, and the algorithm must
find similarities among the input data X. A prime example where unsuper-
vised learning is valuable is anomaly detection whose target is to identify
erroneous or abnormal values in a data set.

1.2 Microarray data

This section details a sensitive supervised classification task: the development
of prognosis/diagnosis kits based on microarray gene expression profiles. Mi-



1.2. Microarray data 3

croarray data sets (among others) are used throughout this thesis to evaluate
machine learning algorithms.

Microarray is a technology that allows the simultaneous measurement
of the expression levels of thousands of genes. A DNA microarray is a
glass slide on which microscopic DNA spots are attached at specific loca-
tions. These spots contain small amounts of a specific DNA sequence, called
a probe [SMS03]. Without going into the specifics, when put in contact with
the target DNA, the target sequences that are complementary to some probes
tend to bind with them. If the target sequences are fluorescently labeled, they
generate a signal that can be measured and used to estimate the relative abun-
dance of nucleic acid sequences (i.e., gene expressions) in the target. By simul-
taneously measuring the expression levels of thousands of genes, microarray
technology has allowed researchers to tackle issues that were previously out-
of-reach [Sch+95; DIB97].

Gene expression levels are likely to influence the produced amount of the
corresponding proteins (i.e., the proteins for which the DNA sequences code),
which are critical ingredients of most biological processes in the human body.

Table 1.1 depicts a generic microarray input data under matrix form, along
with a generic target variable. Each row represents a given data example
x; € R? which consists of the gene expression levels of d probesets (i.e., the
columns) obtained via a single microarray experiment. The probeset expres-
sions are found by aggregating the fluorescence readings of several (typically
10) probes. Each probeset represents a gene or a portion of genetic material
that might play some role in the metabolism. The number of probesets d can
be up to several tens of thousands if high-density arrays are used. In con-
trast, the number of rows n, the number of patients on which the study has
been performed, rarely exceeds a few hundreds. The last column holds the
labels, which have been manually annotated for each microarray experiment.
For instance, if the microarray experiments have been performed on patients
diagnosed with breast cancer, this label could indicate whether or not each
patient experienced a cancer relapse. In this context, the goal of a machine
learning algorithm is to learn a function f : RY — {relapse, no relapse} that
is a good approximation of the true (and unknown) mapping function. One
can then apply this knowledge to build a prognosis tool discriminating be-
tween breast-cancer patients with a low or high risk of cancer relapse.
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probeset 1 | probeset 2 probeset d || label
patient 1 X1,1 X1,2 X1,d 122
patient 2 X2,1 X2,2 X2,d Y2
patient n Xn,1 Xn,2 Xn,d Yn

Table 1.1: Matrix representation of gene expression levels measured on n
patients by microarrays with d probesets. The last column represents the
labels which are annotated to each patient.

1.3 Motivation for feature selection

Microarray data are a prime example where the number of input features
d is far larger than the number of data samples n. Such a scenario is of-
ten referred to as the small-n-big-d setting. This setting often motivates for
feature selection. Feature selection can intuitively be defined as the identi-
fication of a small subset of relevant and informative input features. Fea-
ture selection brings several advantages, especially in high-dimensional input
spaces [TAL14; SIL07; KPHO07].

A. Feature selection reduces the cost of predictive kits The goal of
machine learning is to learn predictive models. These models are then used
on new data to make actual predictions. This requires the measurement of
every input feature for each new data sample, which can be prohibitive. For
instance, measuring the expression levels of all genes would make the use of
diagnosis kits in clinics extremely costly. Drastically reducing the number
of features that are actually used to make predictions is an efficient way to
decrease run-time costs. Furthermore, it also speeds up the time needed to
make predictions, which can be a bonus in time-sensitive tasks.

B. Feature selection alleviates the curse of dimensionality The curse
of dimensionality designates the exponential growth of the number of sam-
ples needed to estimate an arbitrary function with respect to its number of
input variables. The term was first introduced in the dynamic programming
context to denote the volume increase of Euclidean space which comes with
the addition of extra dimensions [Bel61]. In the machine learning context, the
curse of dimensionality relates to the exponential decrease of the density of
data points when the number of input features increases. For small-n-big-d
problems, the combination of a high number of features and a low number of
data samples is such that most of the input space is empty. The curse of di-
mensionality makes generalization to new data intrinsically difficult. Finding
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predictive models that explain perfectly the training data becomes increas-
ingly easier when space becomes emptier. For instance, a simple linear clas-
sifier perfectly classifying the training data is guaranteed to exist whenever
d+1 > n(provided that there is no collinear pair of points). In a small-n-big-d
setting, d > n, and there exists a huge number of models that work perfectly
on the training data. In this situation, knowing which models would also
work well on new, unseen data becomes difficult. Generalization performance
usually drops massively. Such a phenomenon is called overfitting. Feature se-
lection can help limit such overfitting by drastically reducing the number of
input features so that the points’ density remains sufficient. The removal of
noisy and irrelevant features can also increase predictive performance.

C. Feature selection facilitates domain analysis Domain analysis is
sometimes performed on the predictive models learned via machine learn-
ing. In the biomedical domain, for instance, this can help get further insights
into biological processes, how they work together, and how they influence
the predictions. Feature selection helps in that regard, as it produces much
smaller models that are easier to interpret and validate.

1.4 The issue of selection instability

Feature selection is broadly used in the scientific community and belongs to
the toolbox of any respectable data scientist. Yet, feature selection still often
suffers from a significant drawback: the lack of selection stability. Selection
stability has been first defined in 2005 [KPHO05]. It has brought more and
more attention from the scientific community ever since, notably for microar-
ray classification [Dav+06; Qiu+06; SK10; YHB11]. Selection instability arises
when the selected features drastically change after minor data modifications
(e.g., different sampling of patients in biomedical studies). This instability
negatively impacts the interpretation of the selected features while also mak-
ing domain experts skeptical about machine learning algorithms. The same
biological markers are expected to be informative of the clinical outcome,
independently of the group of patients considered. If slight changes in the
sampling of the patients largely influence the selected features, they are un-
likely to accurately represent the true underlying processes at play. Selection
stability is important as it effectively quantifies how much a feature selec-
tion algorithm can be trusted. Domain experts often prefer more stable and
trustworthy feature selection algorithms over unstable ones, even if the lat-
ter are slightly more accurate [KPH07; SAV08a]. This is particularly true in
the biomedical field, where reproducibility is a key issue [Hai+13; Lee+13].
Selection stability is sometimes even considered to be equally important as
predictive performance [Jur+08]. The lack of trust from domain experts due
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to selection instability hinders the use of machine learning in the biomedical
domain, among other fields, even though these fields could greatly benefit
from machine learning.

While feature selection can sometimes reduce the overfitting caused by
the curse of dimensionality, the latter is the prime reason behind selection in-
stability in the small-n-big-d setting. In particular, stability heavily depends
on the sample-to-feature ratio 7 [Ale13]. This is confirmed later in our exper-
iments. Stability can become extremely low when the sample-to-feature ratio
approaches zero, which is often the case in microarray studies. Still, instabil-
ity is not restricted to low sample-to-feature ratios. It remains an issue for a
broad range of problems for which the interpretability of machine learning
models is an important aspect.

Selection stability has brought an increasing amount of attention from
the scientific community in recent years. These works can be split into two
categories:

1. Stability estimation seeks to adequately quantify the degree of stability
of feature selection algorithms.

2. Stability optimization aims to increase selection stability.

Both angles are necessary for domain experts to trust feature selection
algorithms. The goals and contributions of this thesis incorporate these two
aspects. In particular, Chapter 3 first presents a bi-objective evaluation frame-
work to assess the aggregated quality of feature selection. Chapter 4 concen-
trates on the optimization of current state-of-the-art stability measures. It
proposes the hybrid-RFE algorithm, which optimizes stability explicitly via
a dedicated meta-parameter. This algorithm produces Pareto-optimal curves
in the (accuracy, stability) objective space, from which domain experts can
choose their favorite trade-off based on their personal preferences for predic-
tive accuracy and selection stability.

The next two chapters mainly focus on stability estimation. It turns out
that directly optimizing stability leads to situations where current stability
measures are high even though the feature selection algorithm should not be
considered trustworthy. This indicates that current measures are not ade-
quate for stability optimization. Chapter 5 illustrates and solves this issue by
introducing a novel and more appropriate stability measure in the context of
stability optimization.

Aside from low sample-to-feature ratios, feature redundancy, also called
feature correlation, is another main cause for selection instability [SN10a].
With that in mind, Chapter 6 introduces the specific challenges of stability
estimation in the presence of high correlations between the input features. It
illustrates the limitations of current stability measures and proposes a second
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novel measure, shown to be more robust than existing alternatives. This work
is again particularly relevant but not restricted to microarray data as they
often exhibit strong feature redundancies.

Finally, Chapter 7 focuses on domain analysis. It provides an interactive
visualization tool to facilitate domain analysis in the form of an R package.






Background

This chapter provides the required background information on machine
learning and feature selection for the non-initiated reader to follow the rest of
this thesis. First, Section 1.1 introduces some well-known machine learning
approaches. Then, feature selection, a sub-field of machine learning that aims
to identify small subsets of informative features, is presented in Section 2.2
along with common selection methods. Finally, the notion of selection stabil-
ity and current stability measures are discussed in Section 2.3.

2.1 Classification

This section reviews different methods and principles of supervised classifi-
cation used throughout this thesis. We restrict ourselves to the analysis of
binary classification. The presented techniques serve as bases for the feature
selection algorithms introduced in Section 2.2.

2.1.1 Linear Discriminants

We assume the input space X to be the space of d-dimensional real-valued
vectors, ie, X = RY. Let f: R — {+1, —1} be the decision function, the
integers +1 and —1 representing the two classes of the binary classification
problem.

The discriminative approach models the decision boundary via a function
g(x) and poses f(x) = sign(g(x)). Concretely, the first class is predicted for
an input x € R? if g(x) > 0, and the second class is predicted if g(x) < 0. The
set of points for which g(x) = 0 is called the decision boundary. The function
g is often referred to as a machine learning model or hypothesis.

Linear models, also called linear discriminants, assume that function g to
be a linear function of the input x:

d
g(x) =w0+2wf><xjr
=1

The vector w contains the d + 1 parameters of the linear model: a bias term
wo and d weights wy, one for each dimension (or feature) of the input. These



10 Chapter 2. Background

parameters have to be learned in the training phase such that the function g
separates both classes as well as possible.

To simplify the notations, the data vector x is often extended with a first
dimension x, always set to 1 such that the function g can be written simply

d
g(x) = Z W X xp = (W, X).
=0

For linear discriminants, the decision boundary ¢g(x) = 0 is a d-
dimensional hyperplane. Figure 2.1 depicts two binary machine learning
tasks in R? with several possible separating hyperplanes represented by
dashed lines (as the input space X is only two-dimensional). The cross and
circles represent the data points of each class. Every point to the left of these
hyperplanes is predicted to belong to the cross class while points to their
right are predicted to be of the circle class. In Figure 2.1a, the data is said to
be linearly separable as there exists hyperplanes perfectly separating the
data. Still, an infinite amount of possible perfectly separating hyperplanes
exist, and different machine learning algorithms might converge towards dif-
ferent solutions. In Figure 2.1b, the data is no longer linearly separable, as
some points are misclassified.
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(a) Linearly separable (b) Non-linearly separable

Figure 2.1: Examples of linearly separable (a) and non-linearly separable (b)
machine learning tasks. The cross and circles represent the data points of
each class in the two-dimensional input space X. The dashed lines are the
decision boundaries (hyperplanes) g(x) = 0 of several possible linear dis-
criminants (blue: logistic regression, red: hard (a) and soft (b) margin SVMs,
green: arbitrary).

2.1.2 Logistic Regression

Logistic regression learns linear models whose outputs are related to the prob-
ability of a data point belonging to either of the two classes (+1).
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Let the function o such that (g(x)) predicts the probability of the data
point x to belong to the positive class: o(g(x)) = P(y = 1|x). Logistic regres-
sion first computes the odds of this event to happen. The odds of a binary
event are defined as the ratio of the probability that this event will happen to
the probability that the event will not happen. In our case,

P(y=1lx)
1-P(y=1[x)

This notion of odds is often used in gambling to compute the rewards in case
of a correct prediction. One then imposes the logarithm of these odds to be
equal to the function g(x) = (w, x) computed by the linear discriminant :

P(y = 1]x)
1-P(y=1|x)

The left-hand side of Equation 2.2 is known as the logit function: logit(p) =
ln% where p is a probability (0 < p < 1). The probability that the data
point x belongs to the positive class is then found by isolating P(y = 1|x) in
Equation 2.2:

odds(y = 1]x) = (2.1)

= g(x) = (W, x). (2.2)

o(9(x)) =P(y =1|x) = (2.3)

)+ 1

Figure 2.2 depicts the logistic function o.
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Figure 2.2: Logistic function. The data point x is predicted as being of the
positive class if (w,x) > 0, or, equivalently, if c({(w,x)) > 0.5.

The data point x is then predicted to belong to the positive class if the
probability o(g(x)) is larger than 0.5. Using this new decision function or
simply f = sign(g(x)) leads to the same separating hyperplane. Indeed, one
can easily verify that

(9(x) = (w,x) = 0) © o(g(x)) =0.5.
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This situation corresponds to an equal probability of belonging to either of
the two classes: P(y = 1|x) = P(y = —1|x) = 0.5.

The parameter vector w is usually estimated from the data using maxi-
mum likelyhood estimation [Men02]. In essence, the chosen vector w is such
that the observed data is most probable under the probabilistic interpretation
developed here. The likelihood of a data point x; is the probability, assuming
our hypothesis w is correct, that the label of x; is y;. This probability is noted

P(yilx;;w). Ify; = 1, P(yi|xi;w) = m.lfyi = -1, P(yilx;; w) = m
One can then write
Plyilxw) = — (2.4)
yl 1> - e—yi<W,Xi> + 1' .

Assuming the independence of data points, the likelihood of the whole data is
the product of the individual probabilities []}; P(y;|x;; w). Maximizing this
quantity or minimizing the logarithm of its inverse leads to the same solution
and is usually easier to do. Hence the quantity to be minimized is

In([ [ P(yilxisw)™) = D" In(1 + 7#:Wx)), (2.5)
i=1 i=1

The parameter vector w of the linear discriminant is then:

w

n n
w = argminz f10(yig(x;)) = argmin Z In(1 + e~ ViSwxi)) (2.6)
W=l i=1

with £;,5 known as the logistic loss. The solution to Equation 2.6 is found via
an iterative procedure such as gradient descent.

The blue separating hyperplanes in Figure 2.1 are obtained with logistic
regression.

2.1.3 Regularizers

It is common practice to add a regularization term to the loss function. This
term penalizes the complexity of the hypothesis. The premise behind this
practice is that a complex hypothesis might well separate the training data
but is unlikely to generalize well to new, previously unseen data. The most
common regularizers are the L; and L, norms:

d d
Li=wlls = D wyl, Lo =[lwllz = | > we.
f=1 f=1

The model parameters are then found by minimizing a linear combination
of the loss function and one or several regularizers. Logistic Ridge Regression
uses the L, norm as regularizer which prevents the parameters w from taking
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too high values. That generally improves the generalization capability of the
linear discriminant. With Logistic Ridge Regression, the weight vector w is
found according to Equation 2.7.

n
w = argmin ) In(1+e %) 4+ 1| jwl (2.7)
W=
The blue hyperplane in Figure 2.1b has been obtained with this approach with
A=1
The LASSO uses the L; norm, which promotes sparsity (it forces some
weights wr to 0). This is a first example of feature selection algorithm, which
selects the features f with non-zero weights wy. This also often increases
generalization by reducing the noise from irrelevant features. The LASSO and
other feature selection techniques are covered in more detail in Section 2.2.

2.1.4 Support Vector Machine

Support Vector Machines [CV95] find the maximum-margin hyperplane. This
maximum-margin hyperplane is the separating hyperplane for which the dis-
tance to the nearest point x; of either class is maximized. An example is the
red hyperplane in Figure 2.1a.

2.1.4.1 Hard-margin SVM

Assuming the data is linearly separable, consider the two parallel hyperplanes
that fully separate the data such that their distance to each other is maximal.
This distance is called the margin and the maximum-margin hyperplane is
halfway from both of them. These three hyperplanes are depicted in Fig-
ure 2.3. As the equation of the hyperplane is unchanged if multiplied by an
arbitrary positive constant, the scale if set by imposing g(x) = (w,x) = =1
on the two parallel hyperplanes. The distance between these two planes, i.e.,
the margin, is then m Maximizing the margin comes back to minimiz-
ing the L2 norm of w. The data points that lie on one of the two separating
hyperplanes, (the points for which y;(w, x;) = 1) are called support vectors.
The other points all satisfy y;{w, x;) > 1 and do not influence the maximum-
margin hyperplane. This maximum margin hyperplane is the solution of the
optimization problem

Minimize ||w||; subject to y;(w,x;) > 1, fori=1,...,n. (2.8)

2.1.4.2 Soft-margin SVM

In many practical cases, the data is not linearly separable. Hard-margin SVMs
assume linear separability and Equation 2.8 does not admit a solution if this
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Figure 2.3: An instance of maximum-margin hyperplane (red). It lies exactly
between the two most distant parallel hyperplanes that separate the data
(black). The margin is the distance between these two hyperplanes.

assumption is violated. A workaround is to introduce a slack variable &; for
each data point x;, and relaxing the constraint of Equation 2.8 into

yi(w,x;) = 1-§&, fori=1,..,n. (2.9)

The optimization problem then becomes

1 n
min = ||w||? +C is
we 2 2 ;é (2.10)

subject to y;(w,x;) > 1—¢;, and & > 0fori=1,..,n.

The constant C balances between the original objective of margin maximiza-
tion and the added objective of minimizing the margin violations. When C
tends to oo, Equation 2.10 turns into Equation 2.8 and hard-margin SVMs, as
no margin violation is permitted.

To minimize the objective of Equation 2.10, the slack variables &; are either
0 if y;(w,x;) > 1, or are set to 1 — y;{w, x;) otherwise (the minimal value
satisfying the constraints). One can reformulate them as & = max(0,1 —
y;{w, x)). Optimization problem 2.10 is thus equivalent to

n
mianax(O,l —yi(w, %)) + Al wl[? (2.11)

=
with some constants manipulation. Equation 2.11 is analogous to Ridge Logis-
tic Regression (Equation 2.7). SVMs and Rige Logistic Regression differ only
in the loss used: the first minimizes the logistic loss while the latter minimizes
the hinge loss max(0, 1 — y(w, x)). Figure 2.4 compares the logistic and hinge
loss. The logistic loss never truly reaches zero, whereas the hinge loss is null

for all points that do not violate the margins.
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Figure 2.4: Logistic loss £;,; and hinge loss f};ng.

2.1.5 Nearest Neighbors

Logistic Regression and linear Support Vector Machines produce linear de-
cision models. They offer great interpretability but cannot model complex
relationships between the input features and the target variable. A first ex-
ample of a non-linear machine learning technique is the Nearest Neighbor
algorithm (NN).

The algorithm is straightforward and requires no actual training. The
predicted label of a previously unseen data point x is simply the label of its
closest stored data point, i.e., its closest neighbor:

§=f(x) =y :x = argmin |[[x - xi,. (2.12)
1

A more robust approach is the k-Nearest Neighbor (kNN), where the pre-
dicted label is the label that occurs the most often among the K nearest
neighbors of the test data point. Possible extensions exist where the vote is
weighted by the distances between the test point and its K nearest neighbors.

Figure 2.5 depicts the decision boundaries that are obtained with the kNN
algorithm with K = 1 (Figure 2.5a) and K = 5 (Figure 2.5b) on the same
non-linearly separable data from Figure 2.1b. When K = 1, outliers can sig-
nificantly alter the decision boundaries, such as in the (1) and (2) regions. It
turns out that the best decisions in these regions are the opposite ones. Using
K =5 is more robust toward these outliers.

Nearest Neighbors techniques require no training time but might have
a large prediction time. They are also highly susceptible to the curse of di-
mensionality. Indeed, potentially irrelevant features can largely influence the
distance between points. Some form of dimensionality reduction, such as
feature selection, is often required as a pre-processing step (or alternatively,
some metric learning to learn a more adequate distance function than the



16 Chapter 2. Background
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(2) K=1 (b) K=5

Figure 2.5: Decision boundaries that are obtained with the kNN algorithm
witk K = 1 (a) and K = 5 (b). Using more than a single neighbor increases
robustness towards outliers.

classic Euclidian distance). The Relief algorithm is a feature selection ap-
proach based on the nearest-neighbor idea. It is presented in more detail in
Section 2.2.1.5.

2.1.6 Decision Trees and Random Forests

This section reviews the popular machine learning approach known as Deci-
sion Trees. Random Forests combine several trees to build more robust and
accurate predictors. Such Random Forests are the basis for another feature
selection technique, studied in more detail in Section 2.2.2.5.

2.1.6.1 Decision Trees

Decision Trees are tree-shaped structures that assign a class label to each
input example. Figure 2.6 depicts an example of a decision tree. Each node
of the tree performs a test on some attribute value. Usually, binary tests are
performed such that the input space is split in two at each node. Leaf nodes,
i.e., nodes with no children, contain the label predicted. For prediction, the
data point goes through the tree, going down the branches corresponding to
its attribute values until it reaches a leaf node, and the label of this node is
predicted.

To learn decision trees from data, one cannot replicate the loss minimiza-
tion approach used by many other machine learning algorithms, such as lo-
gistic regression or SVMs. Indeed, the number of possible trees is too high
for the problem to be tractable. Instead, a greedy strategy that builds the tree
step by step is used.
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Figure 2.6: An example of a small decision tree learned on the running ex-
ample. Its decision boundaries are depicted in Figure 2.7b

The tree construction starts with the root node corresponding to the
whole feature space. The space is then recursively split in two as children
nodes are added. To split a node o in two, one must decide 1) which feature f
to evaluate and 2) what threshold value 6, performs the split. Furthermore,
some stopping criteria are often used to stop the tree from expanding too
much.

A popular tree learning algorithm is the CART algorithm [Bre+84]. At
each node, CART picks the feature f and threshold 6, that maximizes the
impurity decrease caused by the induced node splitting. The impurity of a
node is measured by the Gini function:

C
Gini(S,) =1 - Z i (y), (2.13)
y=1

with C the number of classes and ps, (y) the proportion of examples labeled y
in the set of examples S, associated to node o. For binary classification, C = 2,
and Equation 2.13 turns into

Gini(So) = 1—p¥ = p2 =1—-p§ = (1= ps)* = 2p,(1-py). (2.14)

A node is perfectly pure if all examples corresponding to it have the same
class (p+ = 1 or p; = 0), and impurity is maximal when there is no preference
for a certain class (py = p— = 0.5). The drop in impurity is then the differ-
ence between the Gini value of node o and the sum of Gini values of both its
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children, weighted by the relative fraction of examples associated to them:

| Soright | .

|Sores| |
left |So| Gll’ll(soright)), (2'15)

Drop(S,, f, 0,) = Gini(S,) — (———Gini(S

+
So] )

Oleft

with So . = {xi € S, : x;7 < 0o} and Sogn = 1Xi € So t Xif 2 0,}. The
specific feature f and threshold 6, are then chosen such as to maximize this
drop of impurity, the node is split, the examples in S, are each associated to
one child and the procedure is applied recursively on both children.

If the here-above procedure is executed until each node contains only ex-
amples of the same class!, complete trees are built. Learning complete trees
usually leads to overfitting as the trees can become quite complex to classify
every training example correctly. More robust decision trees can be learned
by relying on some stopping criteria to stop branches from expanding too
much. This is referred to as pre-pruning. In particular, in the original CART
algorithm, a node becomes a leaf node if one of the two following conditions
are met: the number of data examples at node o, |S,|, is smaller than a cer-
tain threshold sizey,, or the impurity of the node, Gini(S,), is smaller than
another threshold imp_; . Slightly different versions of the original CART al-
gorithm with different pruning mechanisms exist. One might want to impose
a maximum depth to the trees or prevent node-splitting whenever the im-
purity drop Drop(S,, f, 0,) falls below yet another threshold drop,;,. Some
post-pruning is sometimes considered as well to reduce the trees’ complexity
further.

Figure 2.7 depicts the decision boundaries of two decision trees on the
running example. The first tree is a complete tree while the second is obtained
with some pre-pruning (drop,;, = 0.05). Decision boundaries are parallel to
the axes, and the instance space is split into rectangles.

2.1.6.2 Random Forests

Random Forests are an example of ensemble-based machine learning algo-
rithms. Different decision trees are learned, and a majority vote between all
of them decides the predictions. This generally increases the robustness of
the predictions.

Each tree of the forest is learned on a different bootstrap sample of the
input data. A bootstrap sample is a set of examples drawn randomly with
replacement from the original data and of the same size n. Bagging learns
a forest of trees learned on different bootstrap samples [Bre96]. For Ran-
dom Forests, a second layer of randomness is added in the node-splitting pro-
cess [Bre0la]. In CART, the feature inducing the maximal impurity drop is

IThis is achievable only if there is no data inconsistency.
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Figure 2.7: Decision boundaries that are obtained with the CART algorithm
without any pruning (a) and with drop,; =0.05 (b). The pruned tree is repre-
sented in Figure 2.6.

selected from all the input features to split the node. Random Forests first
select mtry features randomly with equal probability and then choose the
splitting feature from this set only. Trees in the forest are not pruned. Some
additional randomization can be added to the determination of the splitting
threshold. In that case, we talk about Extremely Randomized Trees [GEW06]
instead of Random Forests.

Figure 2.8 depicts the decision boundaries of a Random Forest with 100
trees and mtry = 1 on the running example. Note that the interest of Ran-
dom Forests is not at its maximum in a simple bi-dimensional space like in
Figure 2.8. Indeed, since mtry = 1, the splitting feature is just chosen ran-
domly, and only the decision threshold is optimized®. Random Forests are
the basis for another feature selection technique, studied in more detail in
Section 2.2.2.5.

2.1.7 Neural networks and deep learning

Neural networks are another class of machine learning algorithms that have
become increasingly popular in recent years. Neural networks are made of
computational units called neurons. Such a neuron is represented in Fig-
ure 2.9. It first performs a simple linear combination of its inputs before ap-
plying a non-linear activation function to it. Each neuron has a single output.
The simplest neural network, composed of a single neuron, can represent a

Results with mtry = 2 are actually pretty similar as both features are equally relevant
here.
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X1

Figure 2.8: Random Forest boundaries on the running example. The forest
is composed of 100 trees and mtry is set to 1.
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Figure 2.9: A single neuron. Neurons compute a linear combination of their
inputs and then pass the result to a non-linear activation function.

linear classifier with the sign function as activation function. Its output is
then

d
§ = f(x) = sign(b + Z Wf X Xf).
f=1

The weights w and the bias b are parameters of the neuron and have to be
learned from data.

More complex models can be designed by linking several neurons to-
gether and arranging them into layers, which form a neural network. Fig-
ure 2.10 represents such a network with two layers of neurons, often called
hidden layers. The neurons of the first hidden layer each compute a linear
combination of the d input features, apply a non-linear activation function
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Figure 2.10: Feed-forward neural network with two hidden layers.

on the sum and pass the result to the next layer of neurons. The output layer
is usually composed of the same number of neurons as the number of classes.
The output of the output layer neurons is then an estimate of the probabil-
ity of the input data being of the corresponding class. The term deep learn-
ing refers to the class of neural networks with many hidden layers, i.e., deep
neural networks. Many non-linear activation functions can be used; the im-
portant point is that they must be non-linear for the network to be able to
model non-linear decision functions. Prominent examples include the sig-
moid o(x) = ﬁ, the hyperbolic tangent tanh(x) = % and the ReLU
relu(x) = max(x, 0) activation functions.

Figure 2.10 represents the simplest type of deep neural networks, feedfor-
ward networks where the data flow goes only forward, towards the output
layer. Furthermore, there is no imposed relation between the weight parame-
ters of each neuron. More complex architectures exist, such as recurrent neu-
ral networks, convolutional networks, and generative adversarial networks.
In particular, convolutional nets have proven to be particularly effective in
image recognition tasks, which are outside the scope of this thesis.
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To build an actual neural network, the weight parameters of each neuron
are first initialized to small random values. Then, weight updates are iter-
atively computed via gradient descent in order to minimize a loss function
J(®), where © represents all the parameters of the neural net, i.e, a weight
matrix W* and a bias vector b¥ in each layer k. A typical choice for the loss
function J(®) is the cross-entropy loss

n C
J©) = > > viclog(yic), (2.16)

i=1 c=1

with y;. the true label of example i (= 1 if the example i is of class ¢, and 0
otherwise); and with yj. the output of the cth neuron of the output layer when
example i is fed to the network. The cross-entropy loss becomes the binary
cross-entropy loss

J(©) = > yilog(#) + (1 - ;) log(1 - i) (2.17)
i=1

for binary prediction tasks. Regularizers, such as the L; and L, norms in-
troduced in Section 2.1.3, can be applied on neurons as well for an expected
reduced overfitting. Such regularizers create additional terms in the loss func-
tion J(O©). Each update iteration is performed in two passes: a forward pass
where the net’s outputs v, are computed, and a backward pass where the
gradients of J with respect to each network parameter are found. The gradi-
ents of the parameters of the last layer can be computed directly. Then, these
gradients are back-propagated to the previous layer to compute this layer’s
gradients using the chain rule of calculus

dy _dyoh

= —=—. 2.18
ox ohox ( )

This is the back-propagation algorithm. After all gradients are computed, a
weight update is performed in the direction of steepest descent, and the pro-
cess is restarted until convergence or when a maximum number of iterations
is reached. Using only a fraction of the training data to compute each weight
update is common. The batch size refers to the number of data examples used
for each update. Using a batch size smaller than n reduces the space require-
ments of the back-propagation algorithm. Furthermore, weight updates are
applied faster, which usually reduces training time. However, the weight up-
dates are less precise, which makes convergence towards the solution harder.
When the batch size is set to one, one speaks about stochastic gradient descent.
The number of epochs is the number of complete iterations, i.e, the number
of times each data example is propagated through the network to compute
weight updates.
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Figure 2.11 depicts the decision boundaries of a neural network without
any hidden layer and a network with a single hidden layer of 64 units on the
running example. For a complete overview of deep learning and its applica-
tions, we refer the reader to this book [GBC16].
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Figure 2.11: Neural network boundaries on the running example, without
any hidden layer (a) and with a single hidden layer composed of 64 neurons
with a ReLU activation function (b).

2.2 Feature Selection

This section introduces the notion of feature selection and reviews different
feature selection methods, some of which are based on ML algorithms pre-
sented in Section 2.1.

Feature selection can be defined as the selection of a small subset of infor-
mative and relevant features, generally to be included in a predictive model.
More formally, the output of a feature selection pipeline is a decision func-
tion f : X¢& — Y where X# C X is the input space X restricted to the set
of selected features & C {1..d}. This is usually, but not always, done in two
separate steps: 1) the selected feature set 7 is found by a dedicated feature
selection algorithm, and 2) a standard ML technique is run on X# and gener-
ates the predictive model. The term feature selection sometimes denotes only
the first step of the here-above pipeline. However, for selection stability to
be evaluated jointly with predictive accuracy, predictive models have to be
learned.

Feature selection has become compulsory for a wide variety of applica-
tions due to the appearance of very high dimensional data sets, notably in the
biomedical domain [SIL07]. Filtering noisy and irrelevant features can avoid
overfitting the data and potentially improve predictive performance. Feature
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selection also allows for the learning of fast and compact models that are eas-
ier to interpret. Such models can then be analyzed by domain experts and are
easier to validate. Getting more interpretable models is also a key concern
nowadays, and even considered by many as a requirement, when deployed in
the medical domain.

Feature selection has already been studied in depth [TAL14; SILO07;
KPHO7]. Yet, current methods are still somewhat unsatisfactory mainly be-
cause of the typical instability they exhibit. Instability here refers to the fact
that the selected features may drastically change after marginal modifications
of the data or, more generally, after some fine-tuning of the data production
or data analysis pipeline. This stability issue is central to this thesis and is
further developed in Section 2.3.

Feature selection techniques are generally split into three categories: fil-
ters, wrappers, and embedded methods [LM98; Guy+08]. Filters evaluate the
relevance of features independently of the final model, most commonly a clas-
sifier, and remove low-ranked features. Simple filters (e.g., t-test or ANOVA)
are univariate, which is computationally efficient and tends to produce a rel-
atively stable selection, but they plainly ignore the possible dependencies be-
tween various features. Information-theoretic methods, such as mrMR [DP05]
and many others, are based on mutual information between features or with
the response. However, a robust estimation of these quantities in high di-
mensional spaces remains difficult. Wrappers look for the feature subset that
yields the best predictive performance on a validation set. They are classifier
dependent and very often multivariate. However, they can be very computa-
tionally intensive, and an optimal feature subset can rarely be found. Embed-
ded methods select features by determining which features are more impor-
tant in the decisions of a predictive model. Prominent examples include svm-
RFE [Guy+02] and logistic regression with a 1Asso [Tib96] or ELASTIC NET
penalty [ZHO05]. These methods tend to be more computationally demanding
than filters, but they integrate the feature selection and the estimation of a
predictive model into a single procedure. Nonetheless, they also tend to pro-
duce much less stable models. Recently, deep neural networks have started to
be used as feature selectors as well [LCW16; RMM15]. This thesis focuses on
filters and embedded methods, as wrappers are generally too computation-
ally intensive when the feature space contains tens of thousands of features,
such as for microarray data. Section 2.2.1 and 2.2.2 respectively review some
popular filters and embedded methods that are used later in our experiments.

2.2.1 Filters

Filter feature selection techniques are independent of any machine learning
algorithm. They usually compute a complete ranking of the input features,
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from which the top-k features are selected and used in a second stage to con-
struct a predictive model.

2.2.1.1 Golub’s Ratio

The Golub’s ratio measures the signal to noise ratio and has been applied by
Golub et. al. on gene expression data [Gol+99]. It can be computed as:

el =4

S o

Gy (2.19)

with ,u{ and o{ the average value and standard deviation of feature f among
the examples of the positive class (among the negative class for ,u]: and o/ )-
The greater the Golub’s ratio of feature f, the more relevant the feature. The
signal corresponds to the numerator of Equation 2.19. The more the means
of the two classes are separated, the better the signal. The noise refers to the
denominator, which measures the standard deviation of the two classes. The
bigger these deviations are, the less the two classes are separable, even if their
means are far away.

2.2.1.2 T-test

The Welch’s T-test statistic is similar to the Golub’s ratio but has the advan-
tage of presenting a statistical interpretation [Wel47]. It is used to assess if the
observed difference between the means of the two classes is statistically sig-
nificant. The null hypothesis, noted Hy, is that both means are equal. Under

this hypothesis,
S T I 2.20)
(eD)? | (ol
N; N_

follows a Student’s t-distribution. By measuring Ty on our data and looking
into the t-distribution table, one can find the p-value of the statistical test.
This p-value is the probability that the statistic measured on normally dis-
tributed data (with the same means and standard deviations) is greater than
or equal to the one observed. Usually, the null hypothesis Hj is rejected when-
ever this p-value is below 5%. In the examples of Figure 2.12, the p-value cor-
responding to Ty, = 10.14 is 2.78+10~? and the one corresponding to Ty, = 5.86
is 9.53 % 1077, Figure 2.12 illustrates the computation of the Golub’s ratio and
the Welch’s T-test on a bi-dimensional example.
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Figure 2.12: Example of computation of the Golub’s ratio and the T-test on a
bi-dimensional data set. The feature x; is more informative than x; according
to both indices.

2.2.1.3 Mutual Information Maximization

In information theory, the mutual information of two random variable is a
measure of their dependence. It measures the reduction in uncertainty for
one variable given a known value of the other variable. It is defined as

I(X;Y) = H(X) - H(X]|Y), (2.21)
where H(X) is the entropy of the random variable X

H(X) = - Zp(v»ln(p(oi)), (2.22)

where the v;’s are the discrete values that X can take. The entropy H(X)
measures the information gain that is obtained by measuring the random
variable X. H(X|Y) is the conditional entropy of X and Y, i.e, the expected
information gain obtained by measuring X if Y is already known. The con-
ditional entropy H(X|Y) can be shown to be equal to the difference between
the entropy of the joint distribution of X and Y and the entropy of Y alone:
H(X|Y) = H(X,Y)— H(Y). The mutual information can then also be written
as

I(X;Y) = H(X) + H(Y) - H(X, Y). (2.23)

Figure 2.13 illustrates the relations between the different entropies. Continu-
ous features can be discretized before computing their mutual information.
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Figure 2.13: Illustration of the entropy H of different quantities and their
relations.

For feature selection, features are ranked based on their mutual informa-
tion with the class label. In other words, features are ranked based on how
much their measurement reduces the uncertainty of the class label. If measur-
ing feature f is enough to predict the class label with perfect accuracy, then
the two circles in Figure 2.13 coincide, and mutual information is maximal:
I(Xf,Y) = H(Y). Conversely, if measuring f does not reduce the uncertainty
of the class label at all, i.e., when Xy and Y are independent, the two circles do
not intersect, and the mutual information is zero. Mutual Information Max-
imization (MIM) ranks features based on their mutual information with the
class label and selects the top-k features [Bro+12]. Feature selection based
on mutual information is a powerful tool as it does not rely on any under-
lying assumption (such as normality of the distributions). Yet, its accurate
estimation remains difficult when the number of samples is small.

2.2.1.4 Minimum Redundancy Maximum Relevance

The three filter techniques studied so far (Golub’s ratio, the T-test and Mutual
Information Maximization) are univariate filters. They compute a score for
each feature independently of the others and derive a full ranking from which
the top-k features can be selected and used to build predictive models. The
top features are all expected to be relevant, but they might be redundant with
each other. The k best features are not necessarily the best k features.

The Minimum Redundancy Maximum Relevance (mRMR) algorithm
seeks to find a feature subset that is maximally relevant but also minimally
redundant [DP05; PLDO05]. Finding the best feature subset according to this
idea is intractable in high-dimensional spaces as it requires the evaluation of
W different feature sets. Instead, mRMR employs a greedy strategy. The
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algorithm starts with an empty feature set and iteratively adds features to it
until a pre-defined number k of selected features is reached. At each iteration
i, the following score is computed for each eligible feature:

relevance(f,Y)
redundancy(f, Fi-1)’

mRMR/ = (2.24)
and the feature with the highest score is added to the set of currently selected
features 7;_;. This methodology is multivariate as the score of a feature f,
mRMR{ , depends on some other features, here 7;_;. Different relevance and
redundancy measures can be used. One classic choice to quantify the rel-
evance in the case of a categorical target variable is the F-statistic, which
degenerates into the squared T-test T2 for binary classification. To measure
the redundancy between a candidate feature f and the set of already selected
features ¥;_1, the averaged Pearson’s correlation is a popular choice [DP05].

2.2.1.5 The Relief

The Relief algorithm produces a complete ranking of the features. Feature
scores are computed based on the feature value differences between nearest-
neighbor pairs [KR+92]. Whenever a feature value difference is identified be-
tween two nearest neighbors of the same class, a hit is recorded, and the fea-
ture score decreases. If such a difference is observed between nearest neigh-
bors of different classes, a miss is recorded, and the feature score increases.
The Relief algorithm is outlined in Algorithm 1. The feature scores are first
all initialized to zeros. Then, an example x is selected at random m times
(without replacement), with m usually set to the total number of training ex-
amples. For each sampled example x, the closest examples to x of the same
and of different classes are found. They are respectively called the nearest
hit and nearest miss. The feature scores are then updated according to line 7,

with
I = ]|
max(f) — min(f)"

This function is also used to compute the distances between examples, which
is required to find the nearest neighbors. The distance between two examples
is simply the sum of the distances between their feature values (Manhattan
distance). The denominator of Equation 2.25 ensures that feature distances
are in the interval [0, 1] such that the obtained feature scores are also bounded
in the interval [-1, 1].

A popular extension is the ReliefF algorithm [Kon94] which finds the K
nearest hits and misses and averages their contribution to the score updates.

dlff(f, xl,x2) = (225)
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Algorithm 1 Relief

1: procedure RANKFEATURES(m)

2 scoref < 0, V f

3 repeat m times

4 x « sample an example at random

5: nearHit « closest same-class example from x
6

7

8

nearMiss « closest different-class example from x
scorey «— scoref — idiff(f, x, nearHit) + %diff(f, x,nearMiss), Vf

m
return score

Relief ReliefF (k=3) Legend

% Target Instance (e.g. Class ‘Q)')

Instance with Class ‘O’
(Zero instance weight)
X x® x'*o Instance with Class ‘X’
(Zero instance weight)
Xx
@ |Instance with Class ‘O’
Nearest Neighbor(s) (Near)
X Instance with Class X’
Nearest Neighbor(s) (Near)

a- dimensional space a- dimensional space

Figure 2.14: Illustration of the Relief (left) and ReliefF with K = 3 (right)
algorithm. The star corresponds to the randomly drawn data example x in
Algorithm 1. Assuming x is of the circle class, the three circles in black are
the nearest misses while the three black crosses are the nearest hits. Image
from [Urb+18].

The score updates (line 7 of Algorithm 1) becomes

K K
1 1
scorey « scoref — Z diff(f, x, nearHit;) + m Z diff(f, x, nearMiss )
m m
Jj=1 J=1

(2.26)
with nearHit; and nearMiss; the jth nearest hit and miss. The motivation be-
hind this approach is that redundant and noisy features may strongly affect
the selection of the nearest neighbors, especially in high-dimensional spaces.
The selection of the hits and misses is critical for the algorithm to identify rel-
evant features, and averaging over K neighbors alleviates this issue. Yet, this
problem of noisy neighbor identification is still present and worsens when the
number of noisy features increases [RK03], i.e., neighbor selection becomes
increasingly random. Iterative Relief tackle this issue further by running the
standard algorithm several times. Each time, the feature scores from the pre-
vious iteration are used in the distance computations, such that the impact
of noisy features in the identification of the nearest neighbors decrease from
iteration to iteration [DKB03].
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Figure 2.14 illustrates the nearest hits and misses identification for the
original Relief and the ReliefF algorithm. Many other Relief variants exist.
Some use different distance functions than in Equation 2.25; others give dif-
ferent weights to the K nearest hits and misses in the weight updates. We
refer the reader to this extensive review [Urb+18].

2.2.2 Embedded Methods

Filters are independent of any machine learning algorithm used to build pre-
dictive models on the selected features. They are computationally efficient
but may not always return a suitable feature subset for a specific predictive
algorithm. Embedded methods select the features that are the more important
in the decisions of a particular predictive model. This section reviews popular
embedded techniques.

2.2.2.1 Logistic LASSO Regression

The rasso algorithm has been originally proposed in the context of classical
regression. It combines the square loss for regression and the the L; norm
regularizer [Tib96]. The parameter vector w of the linear model is found
through Equation 2.27:

w

W = argmin Z(yi — (W, x))? + Al|w]]1. (2.27)
i=1

This LASSO penalty can also be applied to generalized linear models [Lok99;
Rot04], for instance to logistic regression [GLM07; SK03]. Logistic LASSO
Regression combines the logistic loss (introduced in Section 2.1.2) with the L;
norm regularizer ||w]||;(= Z;ﬁzl |wrl). It finds the linear model w according
to Equation 2.28:

n
w = argmin Z In(1 + e ¥ %) 4 Al jwl]s. (2.28)
w i=1

The L; norm is a sparsity-inducing regularizer: it forces some of the feature
weights wy to zero. The LASSO thus estimates a predictive model and per-
forms feature selection (by discarding features with a zero weight) in a single
step. The larger the regularization parameter A, the fewer features are se-
lected.?

3Sparsity is induced because the derivative |%j};”l)| is constant (and equal to A). In

particular, there is no diminishing return when w¢ approaches zero. Rising 4 increases the
incentive to shrink some weights, possibly to zero, reducing the number of selected features.
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The LASSO comes with a set of limitations [ZHO05]. First, it is well-known
for being unstable. In particular, it tends to select one feature randomly when
several of them are highly correlated to each other. This phenomenon is stud-
ied in more detail in Sections 6.3.2 and 6.4.4. On the other hand, Logistic
Regression with a Ridge penalty (the L, norm ||w/||;) shrinks the weights of
correlated features together and keeps all of them, but it does not promote
sparsity. Furthermore, whenever the number of features d exceeds the num-
ber of data point n, the LASSO can select at most n features before it sat-
urates [Efr+04]. Both of these properties can be detrimental in microarray
studies. The correlations between genes sharing the same biological pathway
can be high [SDC03], making the LASSO particularly unstable. Furthermore,
the small number of patients n usually included in those studies strongly lim-
its the number of selected features.

2.2.2.2 Elastic-Net Logistic Regression

The ELASTIC NET penalty is a direct generalization to the LAsso penalty that
does not suffer from the limitations highlighted above. It minimizes a lin-
ear combination of the LASSO and Ridge penalties, keeping the best of both
worlds. It promotes sparsity, tends to select correlated features together, and
has no limitations in terms of number of selected features. The Elastic-Net
Logistic Regression finds w following

(1-13)

n
W= argminz In(1+e ¥ ™) 4 4 (Mg [wl | +

W=l

llwll2).  (2.29)

The A; meta-parameter dictates the intensity of the regularization, while A1,
balances between the LASSO (||w||;) and Ridge (||w||;) penalties. For A, = 1,
the Elastic-Net becomes equivalent to the pure LASSO. Whenever A, = 0, it
becomes the standard Ridge regression.

2.2.2.3 Group LASSO

The Group LASSO takes advantage of prior knowledge about the structure of
the feature space [YL06]. More specifically, it relies on user-defined feature
groups. This is particularly relevant in genomic analysis as gene groups are
known to work together to form pathways. The Group LASSO for logistic
regression [MVB08] minimizes

n
w = argminz In(1+ e YW 4 MIw||1.2, (2.30)

w i=1
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with ||w/||; 2 the L ; norm, some form of intermediate between the L; and L,

norms:
Iwlliz= ), [ D) wh (2.31)
i=1..G \ feGi

A Ridge penalty is applied to the features within each of the G user-defined
feature groups. Furthermore, a LASSO penalty is applied on top, at the level
of the groups. Consequently, this L, ; penalty promotes sparsity among the
groups, but the features inside each group are all selected together.

The Group LASSO requires the feature groups to be disjoint. Exten-
sions that allow the feature groups to intersect have been proposed [JOV09;
ZRY09]. The Tree-LASSO is another generalization of the Group LASSO
where the feature space is represented by a hierarchical tree of feature
groups [KX10]. In general, ensuring that features inside correlated groups
are selected as a whole increases selection stability. The DRAGS algorithm
is another approach that automatically discovers dense feature groups and
treats them as single selectable units for the purpose of stability improve-
ment [YDLO8].

The optimal weights vector of equations 2.7, 2.28, 2.29 and 2.30 can be
found efficiently by coordinate descent algorithms [FHT10].

2.2.2.4 Recursive Feature Elimination

The LASSO, Elastic-Net, and Group LASSO perform feature selection by dis-
carding features with a zero weight in the learned predictive model. They in-
corporate feature selection and model estimation in a single joint step thanks
to the presence of the L; norm in their respective loss functions. Feature selec-
tion can also be performed a posteriori by estimating the importance of each
feature in the predictive model and keeping the most important ones. The
Recursive Feature Elimination algorithm is an iterative procedure that esti-
mates predictive models and drops the feature with the lowest importance at
each iteration until a user-defined number k of features is reached.

The Recursive Feature Elimination methodology has been originally pro-
posed with SVMs as the model estimation algorithm [Guy+02]. The impor-
tance of a feature in those SVMs is defined as its contribution to the margin of
the SVM, or rather, as the margin decrease the absence of the feature would
cause. Importance is evaluated using Equation (2.32)

Tam(f, @) o [W2(@)-WEp (@), W2p(@) =) arenyeyi(x,”x,7), (2:32)
k.l

where x;f denotes the training point k without the feature f, yx is the label
of training point k (+1) and the a;’s are the solutions to the svm dual prob-
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lem [Guy+02]. The authors show that in the specific case of linear SVMs,
ranking features based on Equation 2.32 is equivalent to ranking features on
the absolute value of their weight [wg|.

This methodology is applicable to many model estimators, and in partic-
ular to the Ridge Logistic Regression. As Ridge Regression produces linear
models, one can simply use |wy| as an importance measure. The resulting
Logistic-RFE algorithm is outlined in Algorithm 2. When the number d of
input features is large, it is common practice to drop a fixed fraction of the
bottom ranked features at each iteration, instead of a single one. This reduces
the running time of the algorithm.

Algorithm 2 Logistic RFE

1: procedure SELECTFEATURES(A, Af)

2 F « the set of all features

3 while |F| > k do

4: w* « argming, )7, log(1+ exp” ¥ (")) 4 A||lw]|;

5 r* « rank features f € ¥ on |wj}| in descending order
6

F e F = {fir; = 1)

7: w* « argmin, ), log(1+ exp ¥i(Wxi)) 4 ArlIw]]2
8: return (F,w")

2.2.2.5 Feature Selection with Random Forests

Random forests can be used for feature selection as well. In a Random Forest,
each decision tree is built on a different bootstrap sample of the original data.
A bootstrap sample is a set of examples that have been drawn randomly with
replacement from the original data, and that has the same size. A forest of T
trees is built on T bootstrap samples. For a particular tree ¢, the out-of-bag
examples OOB; are the data examples that are not part of the bootstrap on
which the tree ¢ is built. Feature importance is computed by randomly per-
muting the features in the out-of-bag samples of each of the T trees and by es-
timating the predictive accuracy decrease these permutations imply [Bre01b;
PVD+13]. The features whose removal causes the largest accuracy decreases
are selected, and a new random forest is learned with those features only.

More formally, the importance of a feature f in a Random Forest is defined
as

T
1 1
A = — E - § A,f.permi N — (0 # 1)), 2.33
rf(f) T £ |OOB¢| XieOOBt(yz yl) (yl yl) ( )

with y; the true label of example x;, 3; the label predicted by the tree t without
any permutation, and ¢;"P™ the label predicted by the tree ¢ after the values
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of feature f have been randomly permuted among the out-of-bag examples
of t. This feature importance evaluation methodology is naturally stochastic.
The top-k features according to this criterion are then selected.

Other criteria, such as the mean decrease of Gini index after feature per-
mutations, can be used. [PVD+13] defines a statistical importance measure
similar to J;¢. The measure computes the p-values of a statistical test, which is
a natural threshold for deciding which features to keep. This prevents the re-
quirement of setting a pre-defined number k of selected features. An approach
using the Recursive Feature Elimination methodology can also be applied to
Random Forests, where features are ranked according to Equation 2.33 and
dropped iteratively [DD06], much like in Algorithm 2.

2.2.2.6 Feature Selection with Neural Networks

Recently, deep neural networks have started to be used as feature selectors. Li
et al. introduce a deep feature selection (DFS) method which selects features
at the input layer of a deep neural network [LCW16]. A sparse one-to-one
layer is added between the input layer and the first hidden layer of a neural
network. The weights of this new layer are regularized with a sparse regu-
larization term (the Elastic Net penalty), and only features with a non-zero
weight are selected. Figure 2.15 depicts such a network. To the contrary
of Elastic-Net Logistic Regression, Deep Feature Selection can model non-
linear relationships between input features and the target variable by taking
advantage of deep structures. Nevertheless, the learning of deep models is a
non-convex optimization problem. This non-convexity comes with a set of is-
sues and challenges (e.g., stochastic behavior, convergence dependent on the
learning rate). The Deep Feature Selection approach can also learn sparse lin-
ear models by using a shallow network without any hidden layer. Figure 2.16
depicts such a shallow network. The authors prove that this formulation is
not equivalent to the classic Elastic-Net regression [LCW16].

Roy et. al [RMM15] also select features at the input level of a DNN. They
propose to rank and select features based on their contribution to the activa-
tion potential of the first hidden layer, reflecting their likelihood of making
neurons participate in the classification.
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Figure 2.15: Feed-forward neural network with two hidden layers, preceded
by a one-to-one layer with a linear activation function. Feature selection
is performed by applying the elastic-net penalty to the one-to-one layer’s
weight vector w. Features with wy = 0 have no impact on the network pre-
dictions and can thus be discarded.
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Figure 2.16: Shallow feed-forward neural network with no hidden layer, pre-
ceded by a one-to-one layer with a linear activation function. Feature se-
lection is performed by applying the elastic-net penalty to the one-to-one
layer’s weight vector w. Features with w; = 0 have no impact on the network
predictions and can thus be discarded.

2.3 Selection Stability

Feature selection started to be a hot topic in machine learning back in 1997
[BL97]. Yet, it was only in 2005 that the stability of feature selection was
considered and defined for the first time [KPHO05]. The stability of a feature
selection algorithm is there defined as “the robustness of the feature prefer-
ences it produces to differences in training sets drawn from the same generat-
ing distribution”. Measuring selection stability is essential as stability directly
relates to the selection algorithms’ trustworthiness. If minor changes in the
training data largely influence the selected features, they are unlikely to ac-
curately represent the true underlying processes at play. Selected features are
often analyzed later by domain experts to gain further insight. Such experts
will not invest resources into the analysis of some features if the algorithm
that identifies them does not seem to be reliable. Those features might in-
deed not represent a real signal worth investigating. Consequently, domain
experts often prefer a more stable feature selection algorithm over an unstable
and slightly more accurate one [KPH07; SAV08a]. This is especially true in
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the biomedical field, where reproducibility has proven to be a key challenge
[Hai+13; Lee+13]. Selection stability is sometimes even argued to be equally
important as predictive performance [Jur+08].

Since its first definition in 2005, selection stability has been considered in
more and more papers when evaluating feature selection algorithms, notably
in the context of microarray classification [Dav+06; Qiu+06; SK10; YHB11].
This new attention to selection stability fits well in the global explainable IA
trend that attracts a lot of research effort nowadays [LPK21]. Designing more
trustworthy feature selection and machine learning algorithms is indeed key
to promoting machine learning in sensitive areas, such as in the biomedical
domain.

Some works specifically study the reasons behind selection instability. Re-
sults show that it is mostly caused by the small sample/feature ratio [Ale13],
noise in the data [Sha+12], an imbalanced target variable [Awa+12], or fea-
ture redundancy [SN10a]. While all of these reasons clearly play a role, the
small sample/feature ratio and feature redundancy are likely the most im-
portant ones in a biomedical domain with typically several thousands, if not
millions, of sometimes highly correlated features for only a few dozen or hun-
dred samples. This is likely why stable feature selection is intrinsically hard
in this domain and why existing techniques are still unsatisfactory.

Several authors have proposed different approaches to increase stability.
For instance, instance-weighting for variance reduction [HY12] and ensem-
ble methods for feature selection have been proposed [SAV08b; Abe+10] and
generally increase selection stability. Stability selection [MB10] is a particu-
lar ensemble method which ultimately selects features with a selection fre-
quency higher than a threshold 7y, for at least one regularisation parameter
A € A. While these methods have been shown to increase selection stability,
the gain they offer is still limited as they are not designed to search explicitly
through a bi-dimensional (accuracy, stability) objective space. This notion of
bi-objective optimization is covered in Chapter 3.

Figure 2.17 illustrates a classic protocol to evaluate the stability of a fea-
ture selection algorithm. The initial data set is perturbed* to form M different
data sets D <;<u. A feature subset 77 <; <y is selected from each of these mod-
ified versions of the initial data set. A predictive model P;<;<p is then built
on each feature subset and evaluated on some test examples. The pipeline
depicted in Figure 2.17 has two non-necessarily competing objectives: 1) a
measure of the performance of the predictive models built on the selected
features and 2) a measure of the stability of the selected features, which is
related to the soundness of the domain analysis. Possible additional qual-
ity criteria are minimal model size or sparsity. Instability arises when little

4Tt is here done by subsampling which is often used to measure such instability, but it could
be any small perturbation.
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agreement over the selected features occurs, i.e., when the second objective
is not met. This prevents a correct and sound interpretation of the selected
features and strongly impacts their further validation by domain experts as it
reduces their trust in the proposed features. Unlike optimizing the accuracy
of predictive models, optimizing selection stability may look trivial since an
algorithm always returning an arbitrary but fixed set of features would be
stable by design. Yet, such an algorithm is not expected to select informative
and predictive features and would thus fail to meet the first objective above.
This illustrates that optimizing stability is only well-posed jointly with pre-
dictive accuracy, which can be defined as the average test accuracy of the M
learned models (as in Figure 2.17).

Feat. sel.

Subsampling
Data — F,P, Relevance of selected
\features I

1) Acc = 3™, Acc(P) /M
2) Stab(Fysism Pr<ism)

\ o / I
@ —F. P Soundness of domain
&9 e analysis

Figure 2.17: Illustration of the stability problem. The outcome is a trade-off
between predictive accuracy and selection stability. The accuracy relates to
the relevance of the selected features while stability is linked to the sound-
ness of the domain analysis.

To assess the stability of a feature selection algorithm, one needs a stabil-
ity measure. We refer to each row of Figure 2.17, i.e., a selection step followed
by the estimation of a predictive model on a given subsample, as a selection
run. A stability measure aims to quantify the stability of M of these selection
runs. Despite the simple and intuitive definition of stability, quantifying it
has proven to be quite challenging.

Feature selection algorithms can produce either (a) a subset of selected
features, (b) a partial or complete ranking of the features, or (c) a weight for
each feature which typically represents the importance of this feature in a
predictive model. Each type of feature selection requires dedicated stability
measures. This document focuses on subset (a) and weighted (c) stability mea-
sures. Ranking measures (b) are indeed not well-suited to quantify the trust
of domain experts in the selected features when those features are used to
build predictive models in a second stage. Section 5.2 develops this argument
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further. Still, we briefly consider the ranking measure proposed in [Jur+08].

The next three sections review subset stability measures, which quantify
the stability of M feature subsets. Section 2.3.4 then presents some weight-
based and ranking-based stability measures.

2.3.1 Similarity-based subset measures

The similarity approach defines stability as the average pairwise similarity
between two distinct selection runs:

Sm = M(M_ 5 Z Z Sim(F, ;). (2.34)

i=1 j=i+l

Many similarity-based stability measures have been proposed. They dif-
fer only by the choice of similarity function between two feature sets. For
instance, Dunne et al. propose the relative Hamming distance [DCA02] while
Kalousis et al. rather uses the Jaccard index [KPHO07]. Other similarity-
based measures include the Dice-Sgrenson index [YDLO08], the Ochiai in-
dex [ZRS08], the POG (Percentage of Overlapping Genes) and nPOG in-
dices [Shi+06; Zha+09].

The KunchevaIndex Kuncheva analyzed some pre-existing stability mea-
sures and showed that they sometimes behave in an undesirable fash-
ion [Kun07]. He formulated a set of three desirable properties, shown to be
key for a sound comparison and interpretation of stability. A novel similarity-
based measure, the Kuncheva index, satisfying these three properties is pro-
posed in the same work:

|7‘~ N T
KI = M(M_ 5 Z Z i R L (2.35)

i=1 j=i+l

with k the number of features selected from the original d features. The mea-

sure essentially quantifies the fractional feature intersection 150 T’

by the terms %Z. These correction terms ensure that the Kuncheva index
is corrected for chance, which is its main advantage over the contemporary
competition. The incentive of this correction is that stability should not be
impacted by feature intersections that occur by chance. More formally, the
property of correction for chance imposes a particular behavior of a stability
measure under the null model of feature selection Hy. This null model refers
to the situation where the features are selected uniformly at random. More
specifically, a measure is said to be corrected for chance when its expected
value under H, is constant (and usually set to 0). However, the Kuncheva in-
dex is only defined when the number of selected features is constant across all

, adjusted
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selection runs. Several extensions of the Kuncheva index that overcome this
issue have been proposed [LGV09; WKS12]. Unfortunately, they lose some
desirable properties and are still not completely satisfactory [NSB17a].

2.3.2 Frequency-based subset measures

Frequency-based stability measures do not look at the pairwise similarity be-
tween selection runs. Instead, they are functions of the selection frequency
of each feature across all selection runs. The output of a feature selection
algorithm can be modelled as a binary matrix

Zi1 %12 ... Z1d z;,_, selected features in run 1
Zo1 %22 ... Z2d z,_, selected features in run 2

Z=| . . . ) (2.36)
ZM1 ZM2 ... ZMd zp, , selected features in run M

where z; 7 is the Bernoulli variable associated to the selection of feature f in
selection run i (z; £ = 1 in the case of selection and z; ; = 0 otherwise). The
selection frequency of a feature f is then defined as the mean of the fth col-
umn of Z: pr = ﬁ Z?ﬁl z; . Frequency-based measures are function of these
selection frequencies. Nogueira identifies 6 existing stability measures in this
category [NSB17a]. For instance, Goh and Wong simply use the average selec-
tion frequency pr of every feature selected at least once [GW16]. Davis et al.
add a penalty term to account for the apparent stability increase that occurs
with long gene signatures [Dav+06]. Other existing measures are based on
the Shannon entropy [KKHO07] and the Jensen-Shannon divergences [GA11],
not to mention [SN10b; Lau+13].

Under such a profusion of different measures, it becomes difficult to jus-
tify the choice of a particular index and even more to compare the results of
works based on different metrics. Furthermore, the large number of available
measures can lead to publication bias (researchers may select the index that
makes their algorithm look the most stable) [BS09]. In the hope of fixing this
issue, a more recent work [NSB17a] lists and analyzes 15 different stability
measures, most of them cited here-above. They are compared based on the
satisfaction of 5 different properties that a stability measure should comply
with. They also propose a novel and unifying frequency-based index. This
index, which is extensively used in this work, is described in more detail in
Section 2.3.3. A related and popular weight-based stability measure, which
makes use of the sample Pearson’s correlation coefficient [KPH07; NB16], is
reviewed in Section 2.3.4.
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2.3.3 The Nogueira Index

The novel stability index introduced by Nogueira et. al. [NSB17a] can be com-
puted according to Equation (2.37)

, (2.37)

with k the mean number of features selected from the original d features and

3]2, = %ﬁf(l — pr) the estimator of the variance of the selection of the f;
feature over the M selected subsets, where p 7 is the fraction of times feature
f has been selected among them. The Nogueira index essentially defines sta-
bility as 1 minus the average selection variance of all features. The bigger
this average selection variance, the smaller the stability. The denominator

§ % (1— 5) normalizes the measure and corrects it for chance.

Desirable properties The Nogueira index is the only existing measure sat-
isfying the five properties described in [NSB17a]:

m Fully defined: the measure is defined for every possible combinations
of M feature subsets.

m Strict monotonicity: the measure strictly decreases with the selection
variance.

m Bounds: the measure is bounded by constants.
m Maximum stability < deterministic selection

m Correction for chance: under the null model of feature selection Hy, the
expected value of the measure is constant.

The correction for chance property states that @ is constant in expecta-
tion (here set to 0) under Hy (i.e., when the features are selected uniformly
at random). As mentioned previously, the intuition behind this property is
that a stability measure should not be influenced by the similarities between
selected feature subsets that occur by chance. This is a requirement for the
sound comparison of the stability of different approaches with different num-
bers of selected features. Indeed, the more features are selected, the more
likely some feature intersections occur simply by chance. Measures that are
not corrected for chance are biased towards large sets of selected features
because they do not account for this phenomenon. Correction for chance is
also required to compare stability values obtained on different data sets with
a different number of input features d.
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In addition to the correction for chance property, ® is formally bounded by
—1 and 1 and is asymptotically lower bounded by 0 as M — oco. This bound
property is essential for the interpretability of the stability values. A value
under 0 means that the selection is even less stable than random selection
(which cannot happen when M — ©0). A value of 1 indicates here perfect sta-
bility. Without lower or upper bounds, interpreting a specific stability value
is difficult.

The fully defined property simply states that the measure is always de-
fined. In particular, it is defined when the number of selected features varies
across selection runs, which is not the case for the Kuncheva index.

The maximum property ensures that the stability value is maximal when-
ever the selection is deterministic, i.e., when the same feature set is selected
across the M runs, and vice-versa.

Finally, the strict monotonicity property checks that the measure actually
quantifies the original objective of stability. Nogueira et. al. bridged the gap
between the two families of measures (similarity-based and frequency-based)
by proving the following result:

2 M-1 M ) d
MM - 1) IONGLEAEI I (2.38)

i=1 j=i+l 1

A stability index increasing with the size of the intersection between pair-
wise feature subsets can be re-formulated as another index, decreasing with
the feature selection variance. In particular, the Nogueira index is equivalent
to the Kuncheva index when the number of selected features k is constant
across the M selected subsets. Still, it can be computed in O(Md), whereas
the Kuncheva index requires O(M?2d). The strict monotonicity property also
ensures that the measure strictly increases with the feature subsets intersec-
tion.

2.3.4 Weight and ranking based measures

This section reviews the most popular weight-based stability measure and an
example of a ranking-based measure.

Pearson’s Correlation This weight-based stability measure computes the
average Pearson’s correlation between feature weights of different selection
runs:

92 M-1 M
(Dpears = m Z Z Pi,js (2.39)

i=1 j=i+l
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where J
Zle(wf,i - ,Ui)(Wf,j - 1)

pLj = d d ’
\/Zle(wf,i - lli)z * \/Zle(wf,j - ﬂj)z

with wy; the weight, or score, associated to feature f in selection run i and
i the average feature weight in this run. If these weights are either 0 or 1
(indicating the selection of the feature) and if the number of non-zero weights
is constant across selection runs, then ®pe,rs is equivalent to the Kuncheva
index [NB16]. By extension, it is also equivalent to @ in this particular setting.

The Canberra Distance Between Partial Rankings The Canberra dis-
tance, with location parameter k, evaluates the stability of partial feature
rankings (of size k) and is defined as follows [Jur+08]:

k 1 2 M d |min(’{,k+1)—min(rf,k+1)|
q)can =1- _m Z . rf - f , (240)

X jizi}rl = min(r;, k+1) + mm(rj Jk+1)
with rlf the rank of feature f in ranking i and y = w « log(4) —

M the term that approximately corrects the measure for chance.
This measure naturally penalizes more variability that occurs at the top of
the ranking.

The index @ _ is used as a representative of ranking-based measures in
Chapter 5. We refer the reader to [UPC20; Jur+08; NSB17b; KV10] for other
instances of ranking-based measures.






A Bi-Objective
Evaluation Framework

This chapter introduces the notion of joint optimization of selection stabil-
ity and predictive performance. Many papers consider selection stability as a
side-objective of prediction performance. Some acknowledge the existence of
an (accuracy, stability) Pareto-front, from which domain experts can choose
a particular trade-off [NSB17a; Sec+19]. Yet, they do not evaluate the ag-
gregated performance of feature selection and cannot compare Pareto-fronts
to each other (unless one is dominated by the other). In this chapter, we fill
this gap and propose an evaluation framework that estimates the efficiency of
methods balancing between classification performance and selection stability.
The chapter is organized as follows. It first reviews the well-known hypervol-
ume (HV) performance metric in Section 3.2. It then defines a generic evalu-
ation framework based on the notion of satisfaction of domain experts, from
which the hypervolume can be re-derived with a specific set of parameters
(Section 3.3). However, we show that the hypervolume is unlikely to measure
the satisfaction of domain experts adequately, and a novel alternative is pro-
posed, namely the expected satisfaction metric. Statistical tools for inference
about this novel metric are gradually built in Sections 3.4. In particular, con-
fidence intervals on the expected satisfaction are built, along with hypothesis
tests that quantify the statistical significance of observed differences between
Pareto-fronts.

3.1 The objective-space

Classification performance Through the first chapters of this thesis, the
phrases ‘predictive accuracy’ and ‘classification performance’, among others,
were used without specifying how such a performance is actually measured.
The most broadly used classification metric is undoubtedly the accuracy, also
known as the correct classification rate. It is the ratio of the number of correct
predictions to the number of test examples:

1,
Acc = - Z 7, ==y;. (3.1)
i=1

45
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In the presence of a strong class imbalance, the accuracy is not an adequate
performance indicator. Indeed, a classifier always predicting the majority
class (the class with the highest class prior 0,j) has an accuracy of 0,55 > 0.5.
A better alternative to the accuracy which correctly deals with class imbal-
ance is the balanced classification rate, also known as the balanced accuracy.
It is the average of the ratio of positively labeled examples that are correctly
classified as positive (also known as sensitivity) and the ratio of the nega-
tively labeled examples that are correctly classified as negative (also known
as specificity). Let n;; be the number of examples with true label i predicted
as belonging to class j. Let n; be the total number of examples with true label
i. The balanced accuracy for a binary prediction task is
1 nyy n__

ap = E(n_++n__) (32)

It can be generalized to C classes intuitively:

1 Nee
ap = E Z n— (33)

A classifier that always predicts the same class has a balanced accuracy of X,
no matter how the class priors are distributed.

Selection Stability As in most papers, we use a subset stability measure,
here the Nogueira index ® introduced in Section 2.3.3.

The objective space We consider binary classification tasks and evaluate
the performance of predictive models using the balanced accuracy. In the
rest of this document, the mainstream term accuracy denotes this balanced
accuracy unless specified otherwise. In this context, we opt to restrict the
objective space to P = {(ap,®) : 0.5 < ap < 1,0 < & < 1}. A balanced accu-
racy of 0.5 is trivially achievable by always predicting either one of the two
classes. The value 0.5 can be considered a lower bound. A balanced accuracy
of 8 < 0.5 can be reverted to (1—6) > 0.5 by inversing all predictions anyway.
Furthermore, the careful reader may remember that the stability measure ®
formally lies in the [—1, 1] interval. However, as & = 0 corresponds to the
stability of a uniformly random selection, we argue that the only interesting
part of the stability spectrum is in fact [0, 1].

Pareto optimality A pair (ap,, ;) dominates another pair (ap,, ®;) if and
only if a5, > ap,, @1 > @,, and at least one of the inequalities is strict (>). A
given selection method m is able to generate some pairs P, in the space of
all possible pairs P. From the set of generated pairs P,,, the set of pairs that
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are not dominated by any other pair can be found. This set, called the Pareto
set, defines a subspace where no point dominates any other point. A domain
expert would then choose his favorite pair based on his personal preference
for classification performance and feature selection stability. In the following,
we detail the two bi-objective performance metrics that are considered in this
thesis. These metrics evaluate the performance of a Pareto-front.

3.2 The Hypervolume

As first performance metric, we use the well-known hypervolume indicator
[ZT99], also known as S-metric. This indicator is defined as the size of the
objective space that is dominated by at least one point of the Pareto set. It has
the convenient property that whenever a Pareto set dominates another, the
hypervolume of the former is greater. This metric is the most widely used in
multi-objective optimization [RVB15].

The hypervolume (HV) over P is

1 1
HVp =2 / / fp(ap, ®)dapd®, (3.4)
0.5 J0

with fp the attainment function, which is equal to 1 if (ap, ®) is dominated
and 0 otherwise. The normalization term 2 ensures that the hypervolume lies
in the interval [0, 1]. To simplify further mathematical expressions, we pose
the normalized balanced accuracy as a, = 2(ap — 0.5), such that

1 1
HVp = /0 /0 fp(p, ®)dépd. (3.5)

An illustration of the hypervolume indicator can be seen in Figure 3.1.
This figure depicts two Pareto fronts supposedly obtained via two feature
selection methods. We display the non re-normalized balanced accuracy a
when plotting the bi-objective space for interpretability reasons. The blue
front starts from the left with a higher (balanced) accuracy. It thus gains some
area over the red front. Nonetheless, the red front reaches higher stabilities
without dropping the accuracy as much as the blue one. Overall, the red
front has a larger hypervolume. Note that this hypervolume is also equal to
the fraction of the total area that is dominated by the method, or 1 minus the
fraction of area that dominates the method.

Some authors propose to give different weights to different portions of the
objective space [ZBT07]. Applied to our context, this weighted hypervolume
can be computed via the weighted integral

1 1
I‘IVPW = ‘/0 ‘/0' w(ap, ®) fp(ap, ®)daydd, (3.6)
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with w the weighting function. To preserve the [0 — 1] bounds, w has to
be normalized such that its integral over the objective space is 1. For exam-
ple, the normalized weighting function wa(ap, ®) = Af:jll’ gives a higher
weight to the portions of the space where the accuracy is high. In the exam-
ple of Figure 3.1, the blue front actually outperforms the red one for A > 2.38.
Without prior knowledge about the preference of experts, our methods are
evaluated with w(dp, ®) = 1 (& A — 0, as limg_ e[f;_l = 1) but the pro-
posed evaluation framework allows for more, for instance, if domain experts
are particularly interested in some parts of the objective space.

The hypervolume indicator rewards points with both good accuracy and
good stability. Points with only one of the above contribute much less to the
metric. At the limit, a feature selection algorithm with perfect accuracy but
zero stability has a null hypervolume, whatever the value of the weighting
parameter A. This could be seen as a disadvantage of the metric, as a good
accuracy is still definitely better than nothing, yet the hypervolume does not
reward it when stability is very poor. We define another performance metric
with a different behavior in the next section.

1.0 re-=====mmmmmmmmmmm oo '
lf o - HV=0.610 | __ 060
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> ! ) ]
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< | Es, = 0.641 | P g 0S0
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Figure 3.1: Illustration of the hypervolume indicator (HV). It represents the
area that is dominated by at least one point generated by the method (a).
Dependence of the weighted hypervolume HV," to the constant A (b).

3.3 Expected satisfaction

In practice, given a Pareto set Pa, a domain expert would choose a single
point from the set based on his personal preferences. We here formalize this
notion of personal preference under the form of a satisfaction function S, that
experts wish to maximize when opting for a particular Pareto point. Given a
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satisfaction function S,, the chosen Pareto point is then

(a,, ®*) = argmax S,(dp, P) 3.7)
(ﬁb,@) €Pa

and the expert satisfaction is simply

Sa(d,, ®*) = max  Sy(dp, D).
(flb,qi') €Pa
As performance metric, we use the expected satisfaction
Es, = / p(Sz) max  Sg(ap, ®)dS,, (3.8)
Sa (ap,®)€Pa

with p(S,) the probability that a domain expert has the satisfaction func-
tion S,. The expected satisfaction Es, computes the average satisfaction of
a domain expert after selecting his favorite compromise from the evaluated
Pareto-front.

This evaluation framework is generic, but to actually estimate Eg_, one
has to restrict the space of possible functions S,. We make our choice based
on the following four axioms:

1. Different domain experts have different preferences for accuracy and
stability. Their satisfaction depends on some set of parameters y, whose
values depend on each expert:

Sa = Sa(ap. ©.9)- |

2. The point (@, = 0,® = 1) is trivially achievable by always returning
an arbitrary but fixed subset of features (& = 1) and always predicting
the majority class (d, = 0). Such a point should not provide any satis-
faction to domain experts. In other words, stability without accuracy is
meaningless.

Sa(@y = 0,8 =1) =0.|

3. Sg4 is an increasing function of a;, and ®:

4. The points (@, > 0,® = 0) are not meaningless. Accuracy without
stability is not trivial:

SA@>Q¢:®>0‘




50 Chapter 3. A Bi-Objective Evaluation Framework

For normalization purposes, we also impose S,(ap = 1,® = 1) = 1, such that
Sq is bounded between 0 and 1. The expected satisfaction then becomes

Es, = / p) max Su(dn0.p)dy. (39)

(ap,®

with p the probability density function of y. We now assume that the satis-
faction functions are of the simple form

Sa(dp, @,y) = ya, + (1 — y)®ap, (3.10)

with a single parameter y €]0, 1]. This function satisfies the four above ax-
ioms’ and is bounded between 0 and 1. The closer y is to 1, the more weight is
put on the accuracy. The v, term ensures that axiom number 2 is respected,
i.e., that stability without any accuracy is never promoted. The contour lines
of S, are depicted on Figure 3.2 for three specific values of y. Such contour
lines represent a path of constant satisfaction for domain experts (they do not
prefer any point of the line over the others). Without any other knowledge,
we further assume that every value of y is equiprobable, such that p(y) = 1 if
0 <y <1, and 0 otherwise. The expected satisfaction can then be written as

1

Es, = / max ydp + (1— )(D\/_dy (3.11)
o (ap®)€Pa

Under this formulation, Eg, is bounded in [0,1]. As for the hypervolume,

the expected satisfaction can be weighted by assuming a different probability

distribution of y.

Unlike for the hypervolume, the accuracy edge of the bi-objective space
contributes significantly to the expected satisfaction. In the limit case of
perfect accuracy and zero stability, the expected satisfaction Eg, is equal to
/01 ydy = 0.5. Yet, it can be shown that some Pareto points are not eligible to
maximize the function yd, + (1 — y)®Vay, for any 0 < y < 1. These Pareto
points never contribute to the metric. As a consequence, it is possible that
Pa, C Pay and that Eg,(x) = Es,(y). In other words, the front y has the set
of Pareto points of the front x plus some others, which cover more area, but
the expected satisfaction metric does not reward this. The expected satisfac-
tion values are also displayed in Figure 3.1. In this handcrafted example, the
metrics do not agree.

1To meet axiom number 4 for all y values, we forbid y to be strictly equal to 0. This is a
technicality and it does not impact the value of Es, defined in Equation 3.11.
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Figure 3.2: Contour plots of S;(Gp, ®,y) fory = 1(a), y = 0.5 (b),and y = 0
(c). When y = 1, stability is completely disregarded and S, = G,. The contour
lines are then horizontal. When y = 0.5, the contour lines are diagonal with
slopes close to 1 at the top, slopes that decrease at the bottom when a, — 0
such that stability without any accuracy is never promoted. When y = 0, the
focus on stability is maximal, and the contour lines are much more vertical.
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This framework can be used to derive the (unweighted) hypervolume in-
dicator by posing the following satisfaction function

@by = (Y (3.12)
a b Y 0 otherwise. ’

Then,

1 1 1
Es, = / max_ Si°(dp, ®,y)dy = / / fe(ay =y, ®)dody
0 0 0

(ﬁb,@) €Pa

:/1/1ﬁ(db,®)ddbd®:HVp. (3.13)
0 0

Note that this satisfaction function does not satisfy the fourth axiom. The
same result can be obtained with

apifd>1-y

S (G, @,y) = , 3.14
a (@ ®Y) {0 otherwise ( )

which also fails to meet axiom number 4.

3.4 Evaluation Protocol

Sections 3.2 and 3.3 describe how to compute the hypervolume and expected
satisfaction aggregated performance metrics from a given set of Pareto-
optimal points. This section details how these points are actually estimated
from data. Furthermore, it develops statistical tools on both metrics. For in-
stance, in Figure 3.1, such tools could be used to assess if the observed differ-
ences between the two Pareto-fronts are statistically significant.

We use the evaluation protocol depicted in Figure 3.3. Concretely, M boot-
strap samples are drawn from the original data X. Feature selection is per-
formed, and a predictive model is learned on each of these M bootstraps. Let
Op denote a particular feature selection algorithm with the meta-parameter
set A. The two quantities to be estimated are

1. The average test balanced accuracy (on new, unseen data) bAC(:)O(A of
predictive models learned on bootstrap samples of X:

pAccy 2 Ex,[pAccy (Px)], (3.15)

where X; is the bootstrap sample on which O, is trained in run i, and
where Px denotes the whole population of examples drawn from the
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same distribution as X. An estimate of bAcch is the average accuracy
of the M models evaluated on each model’s out-of-bag examples:

M
A X 1 :
pAcco, = - § pAccly (OOB). (3.16)
i=1

The quantity l,Acc)(gA is the expected balanced accuracy of the predic-
tive models on which domain analysis is performed. It will remain un-
known, but inference can be made on it using statistical tools developed
in Section 3.4.2.

2. The stability @gA of Op when applied on bootstrap samples of X:
®p, = lim O(F1_u). (3.17)

An estimate of fl% is given by measuring the stability of the M feature
A
sets
CI%A =O(F1.m).

The asymptotic stability CI%A of O represents the true confidence of
Oy in the selected features on which domain analysis is performed. It
will remain unknown, but inference can be made on it using statistical
tools developed in Section 3.4.1.

We define the hidden satisfaction as
St = Sa(pAccy . @3 ). (3.18)

As for bAcc}O(A and (D)(;A’ this hidden satisfaction remains unknown. The rest

of Section 3.4 is dedicated to building statistical tools for inference on S* and
its expected value Egn.
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Figure 3.3: Evaluation protocol: M bootstrap samples are drawn from the
original data X. Feature selection is performed on each bootstrap, and the
resulting predictive model is evaluated on the out-of-bag examples. An esti-
mate of the test accuracy of the algorithm O, is obtained by averaging each
model’s accuracy on its out-of-bag examples. The stability measure @ is used
to compute the stability estimate of O,.

3.4.1 Statistical tools of stability

This section summarizes the existing statistical tools on the stability CI%A
(Equation 3.17), developed by Nogueira et. al. [NSB17a]. For simplicity of
notations, we omit the superscript X and the subscript O, and note the true
stability as ® and its estimated value &.

Nogueira et. al. show that the estimated stability ® weakly converges to
a normal distribution as M — oo:

d—@ 4 Y .
= — N(0.1), o(®) = — Z(% - d))% (3.19)
(D) i=1

with v(®) an estimate of the variance of ®, i the index of the selection run,

@,__;12"2. ko Kk kL
D= Fq_EydL™P T T e T d
d d f=1

. (3.20)

where z; r is a binary indicator variable equal to 1 if feature f is selected in



3.4. Evaluation Protocol 55

run i, and &JQ = ﬁ Z?ﬁl é)(i). A (1 — a)% confidence interval for @ is then

[® - Z;_e Vo (@), o+ z’lk_%\/v(d))], (3.21)

where z]_, is the inverse cumulative of a standard normal distribution at
1-¢

5.

To assess whether stability is statistically different from a given value or
from the stability of another selection algorithm, we rely on hypothesis testing.

Is the true stability ® greater than a given value ®, ? In this statistical
analysis, we assume the null hypothesis Hj that ® = @, and assess if our data
can reject Hy with confidence level (1—a). The variable « is the accepted risk
of making a type I error, i.e., the risk of rejecting Hy even though it is true.
The alternative hypothesis H; is here ® > &;. The test statistic is

d-o
Ty, = 0 (3.22)

X .
\o(®)

If Ty, > z]_,, one can reject the null hypothesis Hy and conclude that H; is

true, i.e., that ® > ®,. The p-value of the statistical test is the smallest « value

for which the null hypothesis H, can be rejected. Note that this hypothesis

testing is equivalent to constructing a one-sided confidence interval on ® and

inspecting if @ is in the interval or not. Indeed, such a one-sided confidence
interval for ® is

[® - 2 \o(®), 1]. (3.23)

One can easily check that @, is in the interval if and only if Ty, > 2]_,.

Are the stabilities of two selection algorithms equal ? In this case, the
null hypothesis Hy is ®; = @, and the alternative H; is ®; # ®,. Assuming
independence,

By — By — N(Dy — By, 0(dy) +0(d)) 2 N(0,0(dy) +0(dy)).  (3.24)

The statistic is now o
D, — Py
Ty, = ——t (3.25)

\/U(qsz) + U((i)l)

If | Ty, | > zi‘_%, one can reject the null hypothesis Hy and conclude that the
stabilities are statistically different. Once again, this methodology is equiva-
lent to constructing a (1 — @)% confidence interval on ®; — ®; and checking
if 0 belongs to it.
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3.4.2 Statistical tools of accuracy

This section reviews existing and introduce new statistical tools on bAcc)éA.

As the out-of-bag examples of the M predictive models overlap, the test
accuracies bAccgj\(OOB,-) are not independent. Special care must be given
to account for this correlation when designing confidence intervals for their
mean bAcc)o(A. Nadeau and Bengio show that

Ho — Ho
1, »
VGt 558,

with #p;_1 the Student’s t distribution with M — 1 degrees of freedom, 6 a
generic estimator, /iy the sample mean of estimator 6 over M runs, S; its sam-
ple variance and p the correlation between the random variables 6; [NB99].
This result strictly holds whenever the variables 8; are normally distributed.
This is true, for instance, when 8; measures the standard (non-balanced) ac-
curacy of the model learned in run i (provided that the number of out-of-bag
examples exceeds 30). When the balanced accuracy is considered, i.e., when
0; = bAcc}O(j\(OOBi), normality can no longer be proven as the class priors
in the out-of-bag test sets are also random variables. Nonetheless, we experi-
mentally observe, as detailed in the rest of this section, that statistical analysis
based on Equation 3.26 works nicely also when estimating the balanced ac-
curacy. Particularizing Equation 3.26 to the balanced accuracy,

~ tp-1(0,1), (3.26)

~ X
pbAccy, — pACC,

2~ tM—l(0> 1): (327)
1 P 2
(37 + 755)Shcc

with p the correlation between the out-of-bag accuracies of the M models. A
(1 — a)% confidence interval for bACCgA is then

~ X, 1 P 2
[bAccOAitM_Ll_,;\/(M + 75 kel (3.28)

The resampled t-test technique boldly assumes independence and puts p
to 0, which induces liberal inference that worsens as M increases [Die98].
Nadeau and Bengio propose the corrected resampled technique where they
(somewhat arbitrarily) set p to po = 22, with n, the number of test examples
in each dependent test set and n the total number of examples. The fraction
2 is thus equal to the expected fraction of examples shared by two distinct
test sets. Applying this methodology to our bootstrap protocol, we get py =
1 —0.632 = 0.368. They propose this fixed correlation value py as p = py in
the idealized scenario where the prediction of a model on a test example x;
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only depends on x;, not on the train examples on which the model is built. In
real-life scenarios, inference would be conservative when p > p, and liberal
when p < py [NB99].

Even though p, is computed in the scenario where there is no training
set dependence, the work of Nadeau and Bengio aims to bound Accgp,, the
average test accuracy of predictive models built on any data set from the same
generative distribution as X (and of fixed size, depending on the protocol).
Setting p to po to bound bAcc)éA instead of ,Accp, leads to too conservative
inference. We here use an adaptation of [NB99] which leads to more powerful
inference. Concretely, we set p to pops, with ps the estimated correlation
(weighted by class priors) between the (correctness of) predictions of the M
models when evaluated on their shared test examples?. More formally, let the
random variable

1 if example i of class j is predicted correctly by Op in run m
0 otherwise.

FCi'(On) = {

(3.29)
We then write (motivated by simple developments of the correlation p)

()2Cov(+C", +CT¥) + (1) *Cov(-CP, _C")
()2Var(,C") + ()2 Var (€]

II>

Ps (3.30)

with m # m’ and i the index of an out-of-bag example in both runs. Using
the data at hand, we get the estimate p;. In the base scenario where there is
no training set dependence, s = 1, which makes p equal to py = 72, and our
methodology is equivalent to the corrected resampled t-test.

The estimator ps has its own variance, and underestimating it can make
the statistical analysis too liberal, especially for high confidence levels (1—a).
To alleviate this effect, we rather compute B = ﬁ correlation values p° on
bootstrap samples of X and set

pe = max (p%).
1<b<B
Note that this does not require additional model estimations, we just ran-
domly omit some examples and repeat others in the correlation estimation.

Figure 3.4 compares the coverage probabilities® of the original confidence
intervals of Nadeau and Bengio with our refined approach, applied to bound
bAcc)(gA. This is evaluated on 9 data sets (introduced later in Table 4.1 and

2Such a methodology is not applicable when bounding , Acco - It would require measuring
the correlation of predictions of common examples from models built on independent data,
which is not practical.

3The coverage probability of a confidence interval on a variable x is the proportion of the
time the confidence interval indeed contains the true value of x.
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Table 5.2) with various numbers of examples n, numbers of features d, and
class imbalances. For each data set, we use M € {5, 15,30, 50, 100}. As these
data sets are finite and often quite small, measuring the true accuracy is im-
possible. We use the mvtnorm R package to generate unlimited (normally
distributed) data with the same feature means, covariance matrices, and class
imbalances as the original data sets. We consider an observed coverage prob-
ability p as overly conservative when p > 1 — . As liberal inference is often
regarded as less desirable than conservative one, we consider p as overly lib-
eral when p < 1 — %a instead of the reciprocal p < 1 — 2a. Clearly, while the
original confidence intervals of Nadeau and Bengio are largely overly conser-
vative, our refined methodology is satisfactory. In this set of experiments, pg
takes values mostly between 0.4 and 0.85. The applied correction % is thus
from ~ 1.25 to ~ 3.5 times smaller than the correction applied by Nadeau and
Bengio. Note that the (non-corrected) resampled t-test confidence intervals
often have coverage probabilities smaller than 0.3 for M = 100, which makes
it much too liberal.

Hypothesis testing can naturally be performed to assess if differences be-

tween estimated accuracies are significant.

Is the true accuracy bAccfgA greater than a given value ,Accy ? The
null hypothesis Hy is here I,Acc)éA = pAccy and the alternative H; is bAcch >
pAccy. The test statistic is
~ X
pAccp, — pAccy
Ty = ———e. (3.31)
(31 + 155)Sace)
If Tp, > z]_,, one can reject the null hypothesis Hy and conclude that H; is
true, i.e., that bAcch > pAccy.

Are the average accuracies of two selection algorithms 011\1 and Oiz

equal ? In this case, the null hypothesis Hy is Accy = ,Accy and the alter-
native H; is bAccf * bAccé( . As for the stability, one could assume indepen-
dence between the accuracy estimates of both selection methods and derive
a statistic similar to Equation 3.25. However, the paired t-test methodology
is much more powerful (but requires both methods to be evaluated on identi-
cal train and test samples). Instead of measuring the accuracy of a particular
method in each selection run, we assess the accuracy difference between both
algorithms and perform the hypothesis test on this difference, which also fol-
lows a Student’s t distribution [NB99]. The test statistic is then

bAA(:Cé( - bAACCi(

, (3.32)
1 p
J(M * 1—27121 )51’2\0621)

TAZl =
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Figure 3.4: Coverage probabilities of the original confidence intervals of
Nadeau and Bengio [NB99] and our refined methodology, applied to bound
bAcch. This is evaluated on 9 simulated data sets generated from true data
with M € {5, 10, 15, 30,50, 100}. The number of repetitions is set to 1000. The
confidence intervals of Nadeau and Bengio are overly conservative most of
the time, while our proposal is much more satisfactory.
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with py; the correlation between the difference estimates and Siccﬂ

timated variance. Once again, the standard t-test puts p,; to 0 which leads
to liberal inference, Nadeau and Bengio set it to pg = ** and we set it to
pops with g the estimated correlation between the difference in accuracy of
both algorithms in different selection runs when evaluated on the shared ex-
amples. Instead of estimating the correlation between the random variables
C" of Equation 3.29, we define AC" = CIT”(O/Z\Z) - C;”(O/l\l) and estimate
ps = p(ACT, AC;"’) with m # m’ and i the index of an out-of-bag example
in both runs, using the previously described bootstrap methodology. Similar
to Figure 3.4, Figure 3.5 shows the coverage probabilities of the confidence
intervals on the mean difference associated to Equation 3.32. The two com-
pared selection algorithms are the LASSO on the one hand and the Elastic-Net
penalty with several A; values on the other hand. Accuracy differences range
from below 1% to more than 10%. The corrected t-test is once again much too
conservative for our purpose, while our approach is much more satisfactory.
The estimator ps mostly lies between 0.1 and 0.4. The applied correction %
thus ranges from ~ 3.5 to ~ 15 times less than the correction of Nadeau and

Bengio.

their es-

3.4.3 Statistic tools of the expected satisfaction

Let now # be the multivariate random variable with the balanced accuracy
and stability as dimensions. From the previous sections,

. . X X
(O ) . pAccyH, —pAcc

~ N(0,1) and Ad = Oa
o(d (31 + 55)S%e0)

AD =

~ ty_1(0,1).  (3.33)

B

To derive statistical tools on P, we assume independence between Ad and
AA. The probability of observing A? = (AA, A®) can then be found by tak-
ing the product of the probability of observing each component, which can
be derived from their respective distribution in Equation 3.33. This indepen-
dence assumption is reasonable as AA is mostly affected by the unknown test
examples, which have no impact on AD.

The definition of the hidden satisfaction Our definition of the hidden
satisfaction S” is inspired by the interactions with domain experts that occur
in practice. Let PAaﬁ be a Pareto front obtained on a data set X with M runs of
feature selection. The true Pareto front Pa remains unknown. Let a domain
expert with the satisfaction function S, with parameter y. A data scientist
presents his results and the domain expert chooses the point (ap, d), from the

. s X . .. . . .
estimated Pareto front Pa,,, which maximizes his satisfaction S,. We define
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Figure 3.5: Coverage probabilities of the original confidence intervals of
Nadeau and Bengio [NB99] and our refined methodology, applied to bound
I,Accg2 - ;,Acc)cg1 with O! the LASSO and O? the Elastic-Net logistic regression
with several 1, values. This is evaluated on 9 simulated data sets generated
from true data with M € {5, 10,15,30,50,100}. The confidence intervals of
Nadeau and Bengio are overly conservative (a significant fraction of their
coverage probability is even equal to 1). The number of repetitions is set to
1000. Our proposal is much more satisfactory with only a few points overly

conservative or liberal.
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Figure 3.6: Illustration of the notion of hidden satisfaction. In this example,
the domain expert has the satisfaction function S, with parameter y = 0.7.

The sample Pareto front PAa)Ai, is in red. The domain expert picks the point
that maximizes his satisfaction function, which is here the second point with
the highest accuracy. His sample satisfaction S, is equal to 0.61. The blue
Pareto-front is the unknown true front. In this case, the true test accuracy
has been underestimated (AA < 0), and the hidden satisfaction of the expert
is equal to 0.63. His optimal satisfaction would have been 0.66 had he made
his choice on the true Pareto front.

the hidden satisfaction of this expert as his satisfaction, were he to know the
true accuracy and stability of his chosen point Ox:

St = Sa(pAccy @3 ). (3.34)

Another choice could be to define the true satisfaction of the domain expert
as his satisfaction had he made his choice on the true Pareto front Pa directly.
However, in practical scenarios, the true Pareto front remains unknown when
the choice is made. That definition would not assess the real and practical
satisfaction of the expert. Instead, it would measure its optimal satisfaction
had his choice been made with all information. This optimal satisfaction is
of little interest in practice as it cannot be reached. It rather acts as an upper
bound to the expert’s hidden satisfaction. Figure 3.6 illustrates this notion of
hidden satisfaction further.

To compute confidence intervals on SZ’, one can use Monte-Carlo simu-
lations. Concretely, N samples are drawn independently from both distribu-
tions in Equation 3.33 and the satisfaction S, is computed for each pair. The
lower (upper) bound of the (1 — «) confidence intervals is then the % (1 - %)
quantiles of the satisfaction values. Figure 3.7 validates our approach.
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Is the hidden satisfaction S” greater than a given value Sy ? Monte-
Carlo simulations are used to estimate the p-value: we draw N samples, com-
pute S, for each pair and find « such that S, < Sy for a fraction 1 — « of the
samplings.

Are the hidden satisfaction of two selection algorithms equal ? By
simple development,

SZZ - 521 = y(bAc02 ;,Acc1 )+ (1 - y)(CIDZ\/bAccg( \/;,Acc2 ). (3.35)

Aspreviously, ®; and ®, are assumed independent to each other and to the ac-
curacy measurements. However, ,Accy and ,Accy can be strongly correlated.
Tyt 05 =0 a1
20410a2 and
sample bAccf and ;,Acci( from a bivariate normal distribution. Once again,
the Monte-Carlo methodology is used to estimate the p-value of the hypoth-
esis test. Figure 3.8 studies the power of the confidence intervals of the dif-
ference between hidden satisfactions. There is a tendency to conservatism
that is probably due to the conservatism of the confidence intervals on the
difference of stability proposed by Nogueira et. al. [NSB17a].

Note that when accounting for randomness, the optimal decision function

of a domain expert (Equation 3.7) changes slightly and becomes

By assuming that ty—1(0,1) ~ N'(0,1), we can find pg1 42 =

(a;, @) = argmax E, 5 [S! (dp, ®)]. (3.36)
(ap.®)

The preferred trade-off is the one that maximizes the expected value of the
hidden satisfaction. This is particularly important when the satisfaction func-
tion is not continuous. It would be very risky for a domain expert with the
satisfaction function of Equation 3.12 to choose a trade-off with ap — Y, as
even a AA slightly higher than 0 would result in a null true satisfaction. Let
y(75) be the set of y values for which # maximizes this expectation of the
satisfaction function S, (Equation 3.36). The expected hidden satisfaction of
the Pareto-front Pa is then

Egi(Pa)= > / Sh(ap, @, y)dy. (3.37)

P=(Gp,D)

This is illustrated in Figure 3.9. Note that under this formulation, the satis-
faction functions 3.12 and 3.14 do no longer allow to measure the hypervol-
ume. Yet, as M — oo, the variance of A® tends to 0, and the satisfaction
function 3.14 can still be used to measure the hypervolume and bound its
true value under our proposed framework. For this reason, satisfaction func-
tion 3.14 is used in this document when performing statistical analysis on the
hypervolume.
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Figure 3.7: Coverage probabilities of our proposed confidence interval on S".
The selection algorithm is the LASSO. This is evaluated on 9 simulated data
sets generated from true data with M € {5, 10, 15, 30,50, 100}.
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Figure 3.8: Coverage probabilities of our proposed confidence interval on
52’2 - 52‘1. The selection algorithms are the LASSO (1) and the Elastic-Net lo-
gistic regression with several A, values (2). This is evaluated on 9 simulated
data sets generated from true data with M € {5, 15,30, 50, 100}.
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Inference about Egx can be performed using Monte-Carlo simulations to
bound each integral in Equation 3.37. The bounds on Ege are then found by
simple summation. Figure 3.10 validates the confidence intervals on Eg for
the Elastic-Net logistic regression. The Pareto-curve is drawn by varying the
A parameter (see Section 3.5 for a concrete example of an Elastic-Net Pareto-
front). Note that because the confidence interval on Egp is computed through
summation of the bounds of each Pareto-point, it could become overly con-
servative. Indeed, we here essentially assume the worst-case scenario where
all Pareto points fall off their confidence intervals jointly. This conservatism
should heavily depend on the evaluated Pareto-front and, more specifically,
on the correlation between the Pareto points. Such a phenomenon is not
largely present for the Elastic-Net regression. Comparison of Figure 3.7 and
Figure 3.10 still shows that inference on Es, is slightly more conservative than
inference on S,,.

The difference between the expected hidden satisfactions of two Pareto
fronts can be written

Egi(Pay) — Egy(Pay) = /  SP(ape, B, y) — S, @1, )y,
P1=(ap1,®1), 7 (P19
P2=(dp2,P2)

(3.38)
with y(731, 732) the set of y values for which 751 maximizes Equation 3.36 on
the Pareto front Pa; and 552 maximizes Equation 3.36 on Pa,. For inference
about E¢x (Pay) — Egn(Pay), the bounds on each term of the sum are found
with Monte-Carlo simulations and are summed.
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Figure 3.9: Toy illustration of the expected hidden satisfaction of a Pareto-
front. The first point is preferred by experts with y > 0.8, the second point
by experts with 0.4 < y < 0.8, and the third point by experts with y < 0.4. The
expected hidden satisfaction is the sum of three terms, each term being the
integral of the hidden satisfaction of a specific point over its y range.
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Figure 3.10: Coverage probabilities of our proposed confidence interval on
Es,. The selection algorithm is the Elastic-Net logistic regression with several
A; values. This is evaluated on 9 simulated data sets generated from true data
with M € {5,15,30,50,100}.
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3.5 A concrete example

A simple way to explore the bi-objective space is to perform model selection
on standard machine learning techniques. Different meta-parameter choices
might lead to different (ap, ®) compromises, from which a Pareto-optimal sub-
set can be extracted. Nonetheless, there currently exists no ML approach with
a parameter explicitly designed to balance between accuracy and stability.

Figure 3.11 illustrates this model selection on the alon microarray data
set (introduced later) with the elastic-net. The elastic-net, introduced in Sec-
tion 2.2.2.2, has two meta-parameters: A;, which dictates the overall regular-
ization intensity, and A,, which balances between the L1 and L2 penalties. We
here make A, vary by steps of 0.05 and set A; such that the number of selected
features is, on average over the M = 100 runs, equal to 20. The four first points
are obtained with A, = 1 (LASSO), A, = 0.95, A; = 0.9 and A, = 0.85 and are
not Pareto-optimal. The optimal accuracy is reached with A, = 0.8. Increasing
Ap further decreases the accuracy, but stability continues to increase, which
draws the Pareto-optimal curve. As can be seen, the accuracy plummets quite
fast when stability increases and no large stability values can be reached. The
hypervolume is very poor (0.215 + 0.08 with significance level & = 0.05) while
the expected satisfaction is better but still disappointing (0.41 = 0.115). Chap-
ter 4 introduces a new algorithm with better performance. Note that despite
the relatively high number of selection runs M = 100, the uncertainty on Es,
and HV remains high as this data set has only n = 62 examples. The accuracy
can thus not be estimated precisely. Note that, unlike Figure 3.1, Figure 3.11
does not display the complete objective space for visualisation reasons.

0.8- A l
LASSO «— V

§°‘7 Es, = 0.41+0.115
<
g HV = 0.215 = 0.08
0.6-
0.5+
0.‘0 0:1 OTZ 013

Stability

Figure 3.11: Performance evaluation of the elastic-net on the alon data set.
The o meta-parameter allows some form of (accuracy, stability) control, but
to a very limited extent.

The logistic-RFE is another selection algorithm introduced in Sec-
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tion 2.2.2.4. On alon, it produces a single Pareto-point: (@, = 0.828,
d = 0.40). Its expected satisfaction is better than the one of the Elastic-Net
(Es, = 0.492 = 0.12). Even though both confidence intervals are largely over-
lapping, our paired test methodology allows us to conclude that the expected

satisfactions are different with a p-value below 1e — 3.

3.6 Discussion

This chapter proposes an evaluation framework that estimates the overall
quality of a feature selection algorithm. The objectives of prediction per-
formance and selection stability are aggregated into a single measure (noted
Sa), designed to represent the satisfaction of domain experts with respect to
a specific (accuracy, stability) trade-off. The expected satisfaction metric of
a complete Pareto-optimal front (noted Es,) is then defined as the average
satisfaction of domain experts regarding their preferred trade-off from the
evaluated front.

The proposed bi-objective framework is generic and can be applied to
any class of satisfaction function S,. For instance, the well-known hyper-
volume indicator can be re-derived in this framework with a specific choice
of satisfaction function. In this document, we assume a particular form for
these satisfaction functions based on four axioms (one of which the hypervol-
ume violates). Yet, a multitude of functions satisfy these axioms and are thus
valid candidates as well. Furthermore, the subjective preferences of domain
experts for both objectives are modeled through a parameter y whose prob-
ability density is assumed to be uniform, without any other knowledge. It is
unlikely to be the case in practice. A possible refinement of our framework
could be made through a survey on actual domain experts. They would be
asked to estimate their y parameter based on the contour plots of the result-
ing satisfaction function (see Figure 3.2). Such a survey would allow a more
accurate estimation of the true probability density function of y.

As predictive accuracy and selection stability are measured on finite data
and using a finite number of selection runs M, the reported values are only
estimates that come with an uncertainty. Existing inference mechanisms for
both objectives are reviewed and refined for the accuracy. More specifically,
the strong assumption of Nadeau and Bengio that the correlation p between
the M out-of-bag accuracies is equal to the expected fraction of shared test
examples “2 is relaxed. The correlation p is estimated on the data instead.
This can be done when one aims to bound the expected accuracy of models
learned on samples of a specific data set. Our methodology has been shown
to be more powerful than the original work of Nadeau and Bengio for this
purpose.

From these single-objective inference mechanisms, we derive statistical
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tools for the hidden satisfaction of domain experts (S?) and its expected
value (Eg4r). Such tools include confidence intervals and hypothesis tests that
quantify the statistical significance of observed differences between Pareto-
fronts. These tools are successfully validated on pseudo-real data with various
sample-to-feature ratios and class imbalances. They should help data scien-
tists compare different feature selection algorithms, favoring the ones with
higher average satisfaction.

An observation that could be seen as a limitation is that inference is per-
formed on the hidden satisfaction of an algorithm when this algorithm is
trained on a fixed data set X, not on any data set X’ of the same size as X
and issued from the same generative distribution. In other words, inference
is made about the accuracy of the predictive models and about the stability
of the selected features on which domain analysis is performed. This can be
argued as the correct strategy. The validity of the domain analysis should
be much more impacted by the accuracy and stability of the studied mod-
els and features than by the accuracy and stability obtained when the same
algorithm is trained on another hypothetical data set from the same distribu-
tion. Whenever predictive models learned on X are accurate and stable, the
selected features are likely to represent interesting biomedical functions and
should be worth investigating.* This is true even if the same algorithm fails
to learn accurate models on X’. Yet, the reader must be aware of this subtlety
as it impacts the scope of the statistical analyses that are performed and the
statistical significance levels that are reported. There currently exists no sta-
tistical tools for inference about the average stability of a learning algorithm
when trained on different data sets issued from the same distribution. One
could naturally use a nested bootstrap protocol to derive multiple stability
values. However, these stability values would be estimated with overlapping
train sets, and the derivation of the corrections needed to account for these
overlaps remains an open challenge.

Finally, we must note that the proposed evaluation framework suffers
from a small optimistic bias. This comes from the nature of choice between
different trade-offs and arises as soon as more than one set of meta-parameter
is evaluated. Points that have been (by chance) overestimated have a higher
chance of maximizing the satisfaction function of domain experts than points
that have been underestimated (even if all points are Pareto-optimal). The
overall expected satisfaction is thus naturally slightly upwardly biased. For
this reason, in this document, the number of evaluated points is usually kept
small and similar between the compared approaches. When this can not be
ensured (most notably in Chapter 4), we use very high number of selection
runs (e.g., M = 1000), which already reduces the bias considerably. Note that

4Note that the term accurate refers here to the accuracy on the whole population, and not
to its estimated value on the out-of-bag samples in each run.
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the smoothness of the curve in Figure 3.11 indicates that this bias is certainly
tiny for the elastic-net when evaluated on alon with M = 100. We let the
design of an unbiased protocol, for instance with some kind of nested vali-
dation or unique validation/test split, as future work. One must be mindful
that the satisfaction function used in this document is a non-linear function
of the accuracy. It can thus not be expressed as the average of several sat-
isfactions evaluated on, for instance, multiple runs of a nested protocol.’> A
unique validation/test split protocol would substantially increase the already
large variance of the estimates in the small-n-big-d setting. It would also po-
tentially create a negative bias as the choices of domain experts would be
made on fewer data points.

SIndeed, E[Sq(dp, ®)] # Sa(E[dp], @) as Sg is non linear with respect to dp,.






The hybrid-RFE
algorithm

This chapter proposes the hybrid-RFE algorithm, which draws a Pareto-
optimal front in the (accuracy, stability) bi-objective space. Domain experts
can choose a particular compromise from this Pareto front based on their
personal preferences. The fronts are obtained by pre-selecting some features
based on a stable univariate criterion before running the multivariate recur-
sive feature elimination (RFE) algorithm, which selects the most appropri-
ate additional features. Section 4.1 formally defines the hybrid-RFE algo-
rithm. Section 4.2 evaluates the algorithm on 6 microarray and one mass-
spectrometric data sets. Results show that large stability increases are ob-
tained at a small cost of classification accuracy. Finally, Section 4.3 studies
alternative bias strategies and provides some theoretical justification as to
why forcing the selection of the stable features is the optimal strategy. Most
of this chapter has been published in [HD20].

4.1 The Algorithm

The methodology is summarized in Algorithm 3. It is based on the clas-
sic Recursive Feature Elimination algorithm (Algorithm 2, presented in Sec-
tion 2.2.2.4). First, a set of stable features, Sy, is found as the top-N features
based on a univariate criterion (lines 3,4). Univariate filters tend to be more
stable than multivariate methods as they do not consider feature interdepen-
dencies. These N features are then forced to be selected at each iteration of
the rFE, which selects, in a multivariate fashion, the most appropriate addi-
tional features. It does so by iteratively minimizing the logistic loss (line 7),
ranking every feature (but the ones of the stable set) based on the absolute
value of their weight w in the learned decision function (line 8), and dropping
the one feature with minimal weight (line 9), until the desired number of fea-
tures k is reached.! Finally, it learns the final decision function by minimizing
the logistic loss on the k selected features (line 10), possibly with a different
regularization constant A¢. The main difference between Algorithm 3 and

IFor computational reasons, it is common to drop a fraction of the remaining features
instead of a single one at each iteration. We opt here to drop 20% of the remaining features at
each pruning step.
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the classic RFE algorithm is that the features in Sy are never dropped and are
thus always present in the final model. To take advantage of this knowledge,
one can apply differential shrinkage to these features to increase their impor-
tance in the multivariate selection (line 7, with © the element-wise product).
The intensity of this differential shrinkage is dictated by the meta-parameter
€ < 1used in line 5.

Whenever the set of stable features Sy is robust, increasing its size N, i.e.,
the number of features selected beforehand, is expected to increase the overall
selection stability at the cost of a possible decrease in predictive accuracy. If
N =0, this hybrid-rFE is equivalent to the classical RFE, for which no feature
is pre-selected (except that the logistic loss is considered here instead of the
often used hinge loss). This logistic loss choice is motivated by the stability
gains it tends to offer, as studied in Appendix C. When N = k, the approach
becomes equivalent to a purely univariate filter. The Pareto curve is drawn
by increasing N from 0 to the number of selected features k.

Algorithm 3 Hybrid rrE.

1: procedure SELECTFEATURES(N, 4, €, Ay)

2 F « the set of all features

3 r¢ < univariate criterion rank of each feature (descending order)
4 Sy —{f:rf <N}

5: By « eif f € Sy, 1 otherwise
6 while |7| > k do

7 w* « argming, );_; log(1+ exp ¥ (W) 1 1|8 © w3

8 r* « rank features {f € ¥ \ SN} on |in| in descending order
9

F e F\S iy =IF] - N}

10: w* « argming, },;_; log(1+ exp ¥ (Wxi)) 4 Arllwll2
11: return (7, w")

4.2 Evaluation on microarray data

Our experiments are focused on two univariate criteria: the supervised
Welch’s t-test [Wel47] and the unsupervised sample variance. The Welch’s
T-test statistic quantifies the significance level of the observed difference be-
tween the means of the two classes (see Section 2.2.1.2). We observed exper-
imentally that, unlike the variance, which is very stable, the Welch’s t-test
is generally only slightly more stable than the multivariate RFE selection,
making any compromise between the two difficult. To generate a family of
univariate filters with different (relevance, stability) trade-offs, we pose the
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name year | n | Ny d disease/cancer | d post-fil.
alon 1999 | 62 40 2000 colon 2000
borovecki | 2005 | 31 17 | 22283 Huntington’s 1000
singh 2002 | 102 | 52 | 12600 prostate 1250
gravier 2010 | 168 | 111 2905 breast 2905
chiaretti | 2004 | 128 | 74 | 12625 leukemia 5000
chin 2006 | 118 | 75 | 22215 breast 100
arcene 2003 | 198 | 111 | 10000 | ovarian/prostate 5000

Table 4.1: Information on used data sets, from the UCI machine learning
repository (arcene) and from the datamicroarray R package for the oth-
ers. The number of samples of the majority class is noted np,,;.

following criterion

vy = WD 2OV (), (4.1)
o) . 2
N, N

with A, a parameter balancing between the weight given to the Welch’s t-test
and the sample variance. A low 1, generates a relevant but not very stable uni-
variate filter, while a high A, defines a less relevant but more stable criterion.
Experiments are performed on six microarray and one mass-spectrometric
data sets, summarized in Table 4.1. All these data sets have a small n (number
of samples) to d (number of features) ratio, which generally causes feature
selection methods to be particularly unstable. The learning task consists of
predicting whether a patient is suffering from the corresponding disease. As
is often done when dealing with high dimensional data sets, we first pre-filter
the feature space by removing the features with the lowest variance (except
for alon and gravier, for which such a pre-filtering has already been per-
formed). The amount of pre-filtering is found such as to maximize the pre-
dictive performance of the classical RFE (N = 0) and is kept constant for all
values of N, A, €, and Ay.

Results with k = 20 and M = 1000 can be seen on Figure 4.1. The plot
represents the areas dominated by the Pareto-optimal curves that are drawn
by model selection on A and Af of the classic RFE (purple), the hybrid vari-
ance RFE (1, — o0) (red) and the hybrid RFE with two other values of A,
(cyan and green). The hybrid-RFE is able to increase the selection stability
by considerable amounts, sometimes even without decreasing the predictive
accuracy at all. Our approach strictly dominates model selection for all data
sets. Apart from some small performance increases for low stabilities, bet-
ter compromises are reached when A, — oo, making our approach mostly
sensitive to the stability of the stable set, and less to its predictive accuracy.
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On borovecki and chin, the best Pareto curve is obtained by increasing 4,
gradually and fixing N=k. In other words, there appears to be no benefit to
using multivariate selection on these two data sets.

Figure 4.2 shows that the hybrid-RFE is able to select features that are
complementary to the ones whose selection is forced. The blue area is ob-
tained by selecting the remaining features independently of the pre-selected
ones. The green (resp. red) area is obtained with the hybrid-RFE without
(resp. with) differential shrinkage. Our approach dominates the independent
selection, and differential shrinkage can improve the compromise further by
1) helping the RFE select adequate complementary features, hence increasing
the predictive accuracy, and 2) stabilizing the selection of the complementary
features. This can be seen in Figure 4.2a where points inside a specific circle
are obtained with the same value of N (here 12 and 15).

Table 4.2 compares the expected satisfaction and hypervolume values of
the classic RFE and its hybrid extension. Both metrics are largely increased,
especially the hypervolume, which is often doubled. Results are statisti-
cally significant. Table 4.3 studies the difference in performance between the
hybrid-RFE and some baseline approach combining the Pareto-front drawn
via the classic RFE and the two points obtained with the t-test and the full
variance univariate criteria. This Table represents the added value of our ap-
proach with respect to this simple baseline. It shows that, once again, the
hypervolume tends to be increased by larger amounts than the expected sat-
isfaction. Yet, the latter is still sometimes largely increased (e.g., +10% on
borovecki, +8% on gravier and singh). On other data sets, the increase
is more marginal (e.g., +3% on alon, +2% on chiaretti). As the hybrid-
RFE draws a Pareto-optimal curve from the classic RFE to the full variance
criterion, its advantage in performance over the baseline naturally tends to
decrease when the variance has strong predictive accuracy. For instance, it
nearly completely vanishes on chin because of this phenomenon (there is no
real compromise to be made). Due to the small sample sizes (see Table 4.1),
results are not always statistically significant. Results are similar for k = 10,
although generally more statistically significant, as depicted in Table 4.4.
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Figure 4.1: Evaluation of the classic RFE (purple), the variance-hybrid RFE
(VAR) (red), and some ttest-variance-hybrid RFE (TV1,TV2) (cyan and green).
For the sake of readability, the axes of the different plots are not at the same
scale.
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Figure 4.2: Comparison of the independent selection (blue), the hybrid RFE
with no differential shrinkage (green) and with differential shrinkage (red).
Points inside a given circle correspond to the same value of N (here 12 and
15).

| | s, [ HV

name RFE hRFE pval RFE hRFE pval
boro. | 0.65+0.08 | 0.82+0.12 | 2.5e-3 || 0.37+0.06 | 0.82+0.14 | <1le-3
gra. 0.29+0.06 | 0.37+0.07 | <le-3 || 0.12+0.03 | 0.29+0.08 | <le-3
alon | 0.48+0.13 | 0.59+0.16 | 2.5e-3 || 0.27+0.10 | 0.51+0.18 | <1le-3

arcene | 0.30+0.06 | 0.46+0.08 | <le-3 || 0.11+0.03 | 0.37+0.09 | <1le-3
singh | 0.72+0.06 | 0.80+0.07 | <le-3 || 0.53+0.06 | 0.76+0.09 | <le-3
chia. | 0.47+0.06 | 0.59+0.08 | <le-3 || 0.24%0.04 | 0.53+0.09 | <le-3
chin | 0.66+0.10 | 0.70+0.11 | <le-3 || 0.50+0.10 | 0.60+0.12 | <1le-3

Table 4.2: Performance comparison of the classic RFE and the hybrid-RFE
algorithm.

Es, I HV
name base hRFE pval base hRFE pval
boro. | 0.72+0.13 | 0.82+0.12 0.65+0.18 | 0.82+0.15

gra. 0.29+0.07 | 0.37+0.07 | 1le-3 0.15+0.07 | 0.29+0.08 | <le-3
alon | 0.560.16 | 0.59+0.16 0.3 0.46+0.16 | 0.51+0.18 | 0.125
arcene | 0.40+0.10 | 0.46+0.08 0.29+0.11 | 0.37+0.09 | 0.02
singh | 0.72+0.07 | 0.80£0.07 | <le-3 || 0.66=0.10 | 0.76+0.09 | 5e-3
chia. | 0.57+0.10 | 0.59+0.09 | 0.15 0.47£0.09 | 0.53+0.09 | 0.025
chin | 0.70+0.10 | 0.70+0.11 | 0.275 || 0.59+0.12 | 0.60+0.12 | 0.225

Table 4.3: Performance comparison of the hybrid-RFE algorithm and the
baseline obtained by building the RFE-ttest-variance Pareto-optimal front.
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Es, I HV
name base hRFE pval base hRFE pval
boro. | 0.65+0.14 | 0.81+0.13 | 7.5e-3 0.5+0.24 | 0.80+0.18 | 2.5e-3
gra. 0.27+0.06 | 0.32+0.07 | 1le-3 0.13+0.06 | 0.22+0.06 | <le-3
alon 0.51+0.15 | 0.54+0.16 0.3 0.40+0.14 | 0.43+0.15 | 0.15
arcene | 0.36+0.09 | 0.44+0.09 | <le-3 || 0.24+0.10 | 0.36+0.10 | <le-3
singh | 0.69£0.07 | 0.79£0.07 | <le-3 || 0.62+0.11 | 0.77+0.09 | <le-3
chia. | 0.54+0.09 | 0.55+0.09 0.2 0.44+0.10 | 0.49+0.09 | 0.035
chin | 0.70+0.10 | 0.70+0.11 | 0.275 || 0.59+0.12 | 0.60+0.12 | 0.225

Table 4.4: Performance comparison of the hybrid-RFE algorithm and the
baseline obtained by building the RFE-ttest-variance Pareto-optimal front,
for k = 10.

4.3 Alternative bias strategies

The hybrid-RFE forces the selection of the top-N features based on a univari-
ate criterion. When N = 0, it is equivalent to the classical logistic-RFE, with
strong accuracy but poor stability. When N = 20, it becomes equivalent to
the univariate criterion, with lower accuracy but better stability. A Pareto
curve is drawn by increasing N from 0 to the number of selected features k.
In this section, we justify theoretically and experimentally why the choice of
forcing the selection of these N < k features is actually the optimal strategy.

We first experimentally compare this forcing approach to two other simple
biasing schemes that draw Pareto curves starting and ending on the same
points:

1. The increasing filtering approach prevents the selection of the N
bottom-ranked features according to the same univariate criterion. By
gradually increasing N, from 0 (< classical RFE) up to d — k (& uni-
variate criterion), another Pareto-optimal curve is drawn.

2. The fixed biased set technique never forces the selection of any feature
but rather increases the bias put on the top-k features. We perform
that using the € parameter of the hybrid-RFE. More specifically, we re-
duce it from € = 1 (& classical RFE) to € = 0, which, for A sufficiently
high, actually forces the selection of these top-k features (< univariate
criterion).

We perform this experiment on the singh data set. To isolate the effect of
N and N,, we pose A, = oo (variance criterion) and € = 1 (for the forcing
strategy). Results are depicted on Figure 4.3.
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Figure 4.3: Comparison of the three studied biased schemes. The increasing
filtering is the worst approach because it prevents the selection of potentially
relevant features. The forcing strategy outperforms the fixed biased set, as
justified by Theorem 1.

The Pareto-optimal curves of all three approaches all start and end on
the same points. However, the path they follow varies greatly. The increasing
filtering is clearly the worst way to balance between accuracy and stability. As
N, is reduced more and more, the selection of some (possibly highly) relevant
features is prevented. This can cause a strong accuracy decrease but also some
stability reduction. There is no guarantee to increase stability at all until N,
converges towards k. The other two approaches never prevent the selection
of a feature. Figure 4.3 also shows that the forcing approach outperforms the
fixed biased set one. This is theoretically justified below.

Theorem 1 formalizes that forcing the selection of the biased features in
all selection runs is the optimal strategy in an idealized and simplistic sce-
nario. First, let us assume that we have at our disposal a criterion that allows
the identification of a subset of features, 3, with perfect stability: ¢ = 1.
In practice, the variance criterion has a stability between 0.8 and 0.9 on the
microarray data sets under study. These features are identified reliably but
are less informative. We assume that the marginal accuracy drop caused by
their selection increases with their number. This assumption is actually quite
well respected in practice, as can be seen in Figure 4.1. The selection of a few
biased features causes only small marginal drops in accuracy, marginal drops
that increase when the number of forced features increases. In that scenario,
Theorem 1 states that the existence of two distinct features f;, f, € 7, with
selection frequencies lower than 1, i.e, whose selection is not forced, can-
not lead to a Pareto-optimal compromise. Consequently, the Pareto-optimal
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curve is obtained by gradually increasing the number of features from %, that
are forced to be selected in every run. In Theorem 1, the binary variable z; ¢
indicates the selection or non-selection of feature f in run i.

Theorem 1. Let 7, be the set of features that are selected at least once by a
relevant feature selection algorithm. Let 7, be the set of biased features, disjoint
from Fr If &g =1 and

Acc; = Acc™™ —n( Z zZif)
fefp

with nj such that n(i+1) —n(i) > n(i) —n(i—1), n(0) =0, then any trade-off
where 3f1, f, € ¥ : pf, # 1,pg, # 1 cannot be Pareto-optimal.

Proof. Let us denote the bias intensity by B; = % e, Pr- A bias intensity
of 0 indicates that no feature from ¥, is ever selected. A bias intensity of 1
occurs when every selected feature is from %;. We show that, for a given bias
intensity B;, any trade-off where 3fi,f; € %, : pr, # 1,pp # 1 cannot be
Pareto-optimal. We show that 1) strictly better stability and 2) better or equal
average accuracy can be reached.

(1): It can be shown that & « Z?:l pjzc. At constant B;, an assignment

maximizes ), reg, p if and only if it has at most one feature from %, with
pr # 1. All other things being equal, i.e., the selection frequencies ps of
features from %, this is also true with respect to ®.

(2): To maximize the average accuracy at constant bias intensity, the num-
ber of co-occurrences of size k has first to be minimized, then k — 1.... This is
a direct consequence of the assumption that the marginal accuracy drops in-
crease with the number of selected features from ¥, i.e., that n(i+1) —n(i) >
n(i) — n(i — 1). Any assignment with at most one feature from ¥ such that
pr # 1 does exactly that and hence maximizes accuracy for a given bias in-
tensity B;. |

The intuition behind Theorem 1 is that forcing the selection maximizes
the stability increase obtained when selecting features from the biased set a
fixed amount of times while minimizing their number of co-occurrences. If
the latter is representative of the accuracy, forcing the selection is the optimal
strategy. Nonetheless, the accuracy assumption supposes that every feature
from the biased set is equally (ir)relevant, which need not be the case, espe-
cially when || is large.

4.4 Conclusion

This chapter presents the hybrid-RFE algorithm. This algorithm targets sta-
bility improvements via a dedicated meta-parameter. Pareto-optimal curves
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are drawn by pre-selecting some features based on a stable univariate crite-
rion before running the multivariate recursive feature elimination (RFE) al-
gorithm, which selects the most appropriate additional features. Increasing
the number of pre-selected features improves stability at the possible cost
of some prediction performance. Results on multiple microarray and mass-
spectrometric data sets show that large stability increases are obtained at a
small cost of classification accuracy. Using the evaluation framework from
Chapter 3, one can conclude that the hybrid-RFE algorithm increases the av-
erage satisfaction from domain experts. Those increases are at least moder-
ately statistically significant, depending on which approach the hybrid-RFE is
compared to. Strong statistical significance is naturally hard to reach because
of the small sizes of the data sets under study. This chapter also provides
some theoretical and empirical evidence that forcing the selection of some
stable features is an appropriate strategy.



An Importance Weighted
Stability Measure

This chapter defines a novel selection stability measure, which incorporates
the relative importance of the selected features into the stability value. It
is articulated as follows. Section 5.1 introduces the feature stability maps, a
handy visualization tool for stability assessment and domain analysis. With
the help of such stability maps, Section 5.2 illustrates situations where a learn-
ing algorithm is deemed stable by current measures but would still be seen as
untrustworthy by domain experts. This indicates that current state-of-the-art
measures are inadequate to quantify the trustworthiness of feature selection.
A novel importance-weighted stability measure, ®;y, is then proposed in Sec-
tion 5.3. This section also proves several good properties of ®;,, and derives
confidence intervals and hypothesis testing on its asymptotic value. The ad-
equacy of the measure is first justified theoretically in Section 5.4 under the
form of a property that only the measure ®;y, satisfies. As ®;y, depends on
the importance of the selected features in predictive models, the hybrid-RFE
algorithm is extended in Section 5.5 to allow the control of such importances.
Using this algorithm, Section 5.6 shows empirically on real microarray and
mass-spectrometric data that ®;, behaves more adequately in the context
of stability optimization. Next, Section 5.7 studies the stability of standard
feature selection methods according to this new index. The content of this
chapter has been published in [HD21a].

5.1 Feature Stability Maps

So far in this document and in line with the literature, the Nogueira index ®
has been used for stability estimation. This index is a subset stability measure,
i.e,, it quantifies the stability of the identity of the selected features. A predic-
tive model is built on these selected features, and its accuracy is evaluated (see
Figure 3.3). However, the contributions of each selected feature to this predic-
tive model is not looked at. This notion of feature contribution to a predictive
model is more often referred to as feature importance. This chapter illustrates
that ignoring feature importance can have detrimental consequences when
stability is optimized jointly with predictive accuracy. How to assess feature
importance is studied in Section 5.3.2. In the simplest case, the importance of

33
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a specific feature in a (generalized) linear model is directly proportional to its
absolute weight value in such a model.

Before that, this section proposes a visualization tool that allows the intu-
itive estimation of the stability of all the learning process outcomes, which are
a set of selected features and a predictive model built on them. An instance
of these feature stability maps is depicted in Figure 5.1. Each row represents
a given decision model, the whole map representing the M models learned
over the M resamplings (M = 20 here). Each feature is assigned a color, and
the horizontal extensions of the rectangles measure the importance of the
features in the corresponding decision models, here linear ones estimated on
each of such resamplings. For clarity, the features are sorted from left to right
in decreasing order of selection frequency pr across runs.

As a domain analysis tool, these so-called feature stability maps allow the
identification of the most reliably identified features (the most frequently se-
lected features which are put at the left of such maps) and the most important
features in the predictive models (the largest rectangles) that are subsequently
built on the selected features. Features combining both properties are likely
to be particularly appealing for domain experts. In Figure 5.1, the green and
mauve features seem particularly interesting, as they are selected in every run
and also matter a lot in the predictive models. In contrast, the orange and yel-
low features are selected in most selection runs but are much less important
in the predictive models. They look less appealing for subsequent analysis as
they seem to matter less in the involved processes.

Feature map

o
[aV|

Cumulative importance (%)

Figure 5.1: Example of feature stability map. Each row represents a given
predictive model (e.g., a classifier or a regression model). Features are as-
signed unique colors and the horizontal extensions of the rectangles mea-
sure their importance in the models. The features are sorted from left to
right in decreasing order of selection frequency py.
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Figure 5.2: Feature stability map indicating strong interpretability. The mea-
sures O, ®peqrs and @y are high but the ranking measure @, is not (¢ = 1,
Ppears = 0.97 , By = 0.9 and O,, = 0.47).

5.2 Motivation for a new measure

The primary goal of increasing stability is the improvement of the domain ex-
perts’ confidence in the learning algorithms and their outcomes. In this chap-
ter, we propose a measure (®jy, formally defined in Section 5.3) that weights
the contributions of the selected features in the stability by their relative im-
portance in the associated predictive models. We motivate here on several ex-
amples that such a weighted stability is beneficial for the primary goal stated
above. In this section, we study the Nogueira index ®, our proposed measure
d;y, the weight-based Pearson’s correlation measure, and the ranking-based
Canberra measure; both of the latter are introduced in Section 2.3.4.

A first example of a feature stability map is displayed in Figure 5.2. The
learning algorithm selects the same 20 variables in each run. They are com-
bined in a multivariate predictive model where each feature plays an approx-
imately equal role. This map would be perfectly interpretable by domain ex-
perts. In this case, both subset-based and weight-based stability measures
are very high, even equal to 1 for subset-based measures such as ® (assum-
ing d > 20 here). This is not the case for ranking stability measures, as the
ranking between the 20 selected features is (by design in this toy example)
random. To compute stability values, we assume that the number of input
features d tends to co.

Figure 5.3 illustrates a particularly interesting scenario that has been
drawn from our experiments on microarray data with the hybrid-RFE. As
features are sorted from left to right in decreasing selection frequency, left
features are selected the most often and consequently are the most responsi-
ble for the apparent (subset-)selection stability, which is good in this example
(® = 0.72). However, it appears that the 15 features selected the most (among
the 20 selected features here) have a cumulative importance of only around
25%. A domain expert would expect the most frequently selected features to
be particularly useful to the task of interest (= high importance). In Figure 5.3,
it appears to be the opposite, as some of them only play a marginal role in the
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Figure 5.3: Example of a feature stability map for which ® would be drasti-
cally overestimated. The measures ®pears and @y, (and ey, to a lesser extent)
correct this phenomenon (¢ = 0.72, ®pears = 0.13, Pcan = 0.39 and Oy, = 0.21).

predictive models.

A second kind of undesirable instability is depicted in Figure 5.4. In this
example, although the same subset is selected in each run, feature importance
strongly varies across selection runs. Like the classical feature selection insta-
bility, a strong instability of the importance of the selected features is likely
to deteriorate the interpretability of the selected features and the trust of do-
main experts towards their actual relevance. Subset-based stability measures
are unable to grasp these nuances. Situations similar to the ones depicted in
Figures 5.3 and 5.4 can naturally occur when selection stability is optimized
jointly with predictive accuracy, as is studied further in Section 5.6. One can
also see that @, is higher in Figure 5.4 than in Figure 5.2, which is orthogo-
nal to our purpose of measuring the stability of feature importance. We focus
our study on subset and weight-based measures for this reason and because
dedicated ranking stability measures are not designed to compare rankings
of different sizes (which occurs when the number of selected features varies
from run to run). For situations where domain experts would rather be in-
terested in a feature ranking, we refer the reader to [UPC20; Jur+08; NSB17b;
KV10].

As far as Figures 5.2, 5.3 and 5.4 are concerned, ®pcars is able to correctly
identify instability. However, we note later that ®pears lacks some important
properties (see Table 6.4). Furthermore, it behaves inadequately in the set-
ting depicted in Figure 5.5, which can naturally arise when the feature space
is composed of highly correlated feature groups, as detailed in Chapter 6.
In Figure 5.5, perfectly stable features have a cumulative importance of 50%
while the other half of importance belongs to 5 features different in each run.
Arguably, stability should be close to 0.5 in this setting which is the precise
value of our proposed measure ®;,,. Subset-based measures such as ¢ natu-
rally overestimate stability while the weight-based ®,cars underestimates it.
This phenomenon and the problems that arise from it are studied further in
Chapter 6.
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Figure 5.4: Feature stability map where feature importance is highly unsta-
ble. The subset stability ® does not account for this instability and is maximal
(P = 1), while O, is the highest among the maps presented here (®c,,, = 0.55).
Once again, ®pears and O;y, are able to assess this instability (Ppears = 0.42,
Dy = 0.53).
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Figure 5.5: Feature stability map with half the importance space being per-
fectly stable while the other half is maximally unstable. The measure ® over-
estimates stability as the number of stable features is high, while ®pcars un-
derestimates it (® = 0.75, @pears = 0.25, Pcan = 0.51 and Oy, = 0.5).

5.3 An Importance Weighted Stability Measure

This section presents a novel importance weighted stability measure ®;y,. The
measure is formally defined in Section 5.3.1. Section 5.3.2 proposes a new
and interpretable way of computing feature importance. The properties and
reductions of ®jy, are studied in Section 5.3.3 and its time complexity in Sec-
tion 5.3.4.

5.3.1 Definition

In this section, we extend the Kuncheva index to handle a varying number of
selected features and to incorporate feature importances. We pose

Dy =

$ $° T~ T 7l

2
MM = 1) P (5.1)

i=1 j=i+1



88 Chapter 5. An Importance Weighted Stability Measure

with

FinFlw= ), min(plip), (5.2)
fETiNT;
1
|7 N Tﬂ;&/ﬂd = 7 Z min (L, I /), (53)
feFuf eF;
and
2 M M

C=—2=2 N F|and, 5.4
M(M_l);j;m Filiw (>4)

I; r being the importance of the selected feature f in predictive model number
i. In essence, the similarity between two selection runs is defined as the sum
of the common importance that selected features have between both decision
models (Equation 5.2). This can be visually estimated with the help of the
feature stability maps, as it corresponds to the overlap of the same colors be-
tween two corresponding rows. The overall stability value is then the average
of the pairwise similarities (normalized and corrected for chance). This new
stability ®;,, corrects for the undesirable instability of Figures 5.3 and 5.4 as
these overlaps are low in both cases. As previously stated, it is exactly equal
to 0.5 in Figure 5.5 because the overlaps extend to exactly half of the feature
stability map.!

Such a stability requires an importance evaluation function: I
{F,P} — R. This function is formally defined in Section 5.3.2. We nor-
malize the feature importances in each selection run such that }¢ ;i =
k,V1 < i < M. As such a normalization would be undefined for a selection
run i with k; = 0 selected features, we pose |F; N Fjliw = [Fi N ﬁl{gﬂd =0
if k; = 0 ® kj = 0 and k (the average number of selected features over the M
runs) if k; = k; = 0, with @ the XoR operator.

5.3.2 Evaluating Feature Importance

The evaluation of the importance of features in a predictive model is the root
of embedded feature selection algorithms. For linear models, one can use the
simple function

lwel
[Iwlly

Liin(f, W) = [lwl[o X (5.5)

where w represents the weight vector of the model. A linear rRFE builds linear
models and iteratively drops the features whose importance are the lowest ac-
cording to Equation (5.5). For non-linear svm models, one can still attribute an

IWe suppose that d tends to co in Figure 5.5 which here implies C — 0.



5.3. An Importance Weighted Stability Measure 89

importance to each feature by computing how much this feature contributes
to the margin of the svMm [Guy+02]. This can be done using Equation (5.6)

Tum(f, @) o [W¥ (@)= W2 (@), W2i(@) = ; axayky(x,” -x ") (5.6)

where x;f denotes the training point k without the feature f, yj is the label
of training point k (1) and the a;’s are the solutions to the svm dual problem.
Similarly to the linear RFE algorithm, the non-linear svM-RFE iteratively drops
features with the lowest importance according to Equation (5.6). This process
produces the same ranking as Equation (5.5) for linear svms [Guy+02]. For
random forest classifiers, feature importance can be measured by randomly
permuting the features in the out-of-bag samples and computing the drop
in predictive accuracy caused by these permutations [Bre01b; PVD+13]. For
black-box classifiers (e.g., DNNs) and to provide a unified framework, we de-
fine the importance of a feature f in a predictive model p, or the sensitivity of
model p to the feature f, as the inverse of the smallest noise applied to f nec-
essary to flip the decision of model p, averaged over the n learning examples.
Formally,

e n = Z?’e?}, I(f"P:Xi),

where k, is the number of features used by model p, &, r is the smallest
additive change (in absolute value) required to feature f such that the deci-
sion of the predictive model p on example x; changes, and oy the standard
deviation of feature f.

Intuitively, if one can change feature f by large amounts without per-
turbing the decisions of the model (here thought as a classifier), then f is not
important in the decisions. On the contrary, if a small change to f causes
many decision switches, then the model is highly sensitive to it. Theorem 2
states that computing feature importance using Equation (5.5) or (5.7) for lin-
ear models is equivalent when the selected features are normalized to unit

o
I(fpx) =5 ff (5.7)
Xi,P,

variance.

Theorem 2. For a linear decision model p with weights w, evaluated from n
learning examples with k,, features normalized to unit variance,

Liin(f,w) = [|wlfo % Tl 1o (f.p)-
’ [Twlly ’

Proof. As features are normalized to unit variance, oy = 1, Vf. The deci-
sion function of a linear model p with weights w can be written D(w,x) =
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sign(fo; L, Wr X x5 +wp). The smallest change Jy, , r to a feature f required
to flip the decision of data point x; is the change required such as to make
D(w,x;) = 0. Then,

D(W>Xi) |Wf|
Sep = — s T(Fp %) = — T
T e TS
n [wr|
1 kPXD(wxl)
:L(f,p):—Z—d T
feFp D(w.x)
jwrl wrl
= L(f.p) = Z = kp X 7t 2 [lwol| X T £ T (f. ).
" |w||1 [Iwl, [wil,

O

With feature importance defined by Equation (5.7), computing it for all M
selection runs can be done in O(Mk) for linear models (according to Theo-
rem 2) and in O(Mkn) in the non-linear case. Note that for data sets with a
high number of samples, feature importance can be evaluated on a fraction
of the data if the O(Mkn) complexity becomes prohibitive.

5.3.3 Properties and Reductions

In this section, we show that our proposed stability measure ®;y, satisfies the
following properties, adapted from [NSB17a]. A new desirable property con-
cerning stability optimization is then defined in Section 5.4. Chapter 6 also
introduces a new property in the context of feature correlations. Both prop-
erties are proved for ®;y, in appendix.

Property 1. Fully defined: the measure is defined for every possible importance
combinations.

Property 2. Maximum stability < deterministic importance: the measure
reaches its maximum if and only if the importance of every feature is constant
across all runs.

Property 3. Bounds: the measure is bounded by constants not dependent on the
overall number of features d or on the average number of features selected k.

Property 4. Correction for chance: the measure is constant in expectation (here
set to 0) when features are selected randomly.
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The importance weighted stability measure @y, is fully defined: it is defined
everywhere except when no feature is ever selected, or every feature is al-
ways selected with equal importance. In both cases, one can hardly speak of
feature selection. The measure is maximal whenever the same feature subset
is always selected and the importances of the selected features are constant
across runs. It is lower bounded by M__—ll and upper bounded by 1. As the num-
ber of runs M is greater than or equal to 2, ®;y, is always bounded by —1 and
1, which is necessary for relevant comparisons, and is asymptotically lower
bounded by 0 as M tends to co. The measure is also corrected for chance as
its expected value is constant (here set to 0) whenever features are selected
randomly. These properties are proved in Appendix A.1.

Theorem 3, proved in Appendix A.2, shows more clearly the similitude
between ®jy, and the Kuncheva index whenever the importance of all selected
features is evenly distributed between them in any given run.

Theorem 3. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run,
k|FinF;| k kik;
'uM[max(k-k]-)] d'uM[rnax(k k; )]

- kik;
k- d'uM[maX(k k)]

o, =

with un(9(i, ) = wrooy Sim L 9 ), (i )) = 1ifki = k; = 0,
g(i, j) otherwise.

. . 2 .
The correction for chance term of the Kuncheva index, Z , is extended here to

7 /JM[%] to handle a varying number of selected features. Also, the

subset intersection between selection runs i and j, |#; N 7|, is weighted by
the term m such that selection runs with a high or low number of
selected features influence the overall stability value by the same amount.
Chapter 6 shows that this property is convenient when dealing with groups
of correlated variables.

Theorem 4, proved in Appendix A.2 as well, further shows that whenever
the number of selected features is constant across runs, our proposed measure
degenerates into the Kuncheva index and, thus, into the Nogueira index ®.

Theorem 4. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run and the number of selected features is
constant across the M runs,

I?m
i = M(M—1)ZZ

i=1 j=i+l

_2

which is the usual expression of the Kuncheva index.
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Theorem 3 and Theorem 4 indicate that, when the predictive models approx-
imately use their features equally, our measure ®;, behaves in a similar man-
ner to existing measures (as is validated in Section 5.7). However, we show
in Sections 5.4 and 6.3.2 that current measures are vulnerable to undesirable
behaviors in certain situations, while our measure is more robust in this re-
gard.

We further show in Appendix A.2 that the measure ®jy, can be re-stated
in a frequency-based form, as

M (1. d * d * M (I *
~ m(k—zlelfl’}) _ Zf:l Ifsjzf"' vk = 2 fpf)
Oy =1 — _ =1- _ (5.8)
k-cC k-C
with a properly normalized global feature importance I]’Z = %21 —mllr;(ff’iolljzf ) ,

where |z7, # 0] is the number of runs where feature f is selected. This new
formulation makes even more explicit the corrections for the instabilities of
Figure 5.3 and 5.4: the selection variance s% of features with a high impor-
tance I’ accounts more in the overall stability such that the overestimation
of stability, when frequently selected features are not used for prediction, is
corrected (Figure 5.3). Furthermore, having features with highly varying im-
portances in different selection runs is penalized by the term (k — 3 f I;pr)
which is equal to zero only when I; = I}, Vi.

5.3.4 Time Complexity

This section studies the time complexity needed to compute our novel index
Diyy.

In particular, the corrective term C in the definition of ®;,, (Equation 5.1)
can be computed in O(M?k+Mk log(k)) time by Algorithm 4, with k log(k) =
1\%1 SM k;ilog(k;), assuming that the feature selection algorithm produces un-
sorted feature importances.”? The overall time complexity to compute ®;y
from feature importance is also O(M?k + Mk log(k)), as computing the pair-
wise intersections |#; N ¥ |iw requires only O(M?k).

According to the definition of feature importance proposed in Sec-
tion 5.3.2, such feature importance can be computed in O(Mkn). This quan-
tity reduces to O(Mk) for linear models according to Theorem 2. Conse-
quently, the time complexity of the joint process of evaluating feature impor-
tance and computing stability is O(M?k + Mk log(k) + Mkn) in general and
O(M?k + Mk log(k) + Mk) = O(M?k + Mk log(k)) when dealing with linear
predictive models.

20therwise, the time complexity becomes O(M?k).
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Algorithm 4 Computing C.
1: procedure C(F,I, M) > O(M%k + Mk log(k))
2: foriec 1:M do > O(Mk log(k))
3: I; « sort(I;) > O(k;log(k;))
4: Isum,-[l] — Zpﬁl Ii[p] Vili< ki > O(kl)
5: C«—0
6: fori,je1:Mdo > O(M?%k)
7: C<—0,|7§ﬂ77j|irjvnd<—0,ci=0
8: forc; € 1:k; do > O(k; +k;)
9: while ¢; <k; & Ii[c; +1] <Ij[c;] do

10: ci<—c+1

11: if ¢; == 0 then

12: |”f"iﬂ7"j|ir;“d+= Ii[1] x k;

13: else

14: if ¢; == k; then

15: |Fi N 7"]|f3nd + = Isum;[k;]

16: else

17: |7:, N ?}lf&nd + = Isumi[cl-] + (k, - Ci) X Ij [Cj]

18: C — C+|F; N F;|rnd /M2

19: return %
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The computational complexities are reported in the comments of the
main steps of this algorithm. It first sorts the selected features by increas-
ing importance for each selection run and stores the cumulative importance
of the first [ features in Isum;[l]. Then, for each pair of runs, the quantity
e frer; min(li,Ij i) can be computed by traversing each sorted array of
features once. The invariant of the for loop on line 8 is the following:

|F; 0 F5|nd = > min(lp, I ).
feFi.f eFj[1:(cj-1)]

After the while loop on line 9 is executed, c; is equal to the biggest im-
portance in run i lower than I;[c;], the importance of the feature of run j
considered at this iteration of the for loop. The sum of minima

Z mil’l([i’f, I],fl)

feFufr=F;lejl

can then be decomposed into two terms (the cases where ¢; = 0 or ¢; = k; are
handled explicitly in the algorithm):

D" min(lp, I pr) +
FeFilte f=7;1e;]

Z min(l; 7, I ) = Isum;[ci] + (ki — )T [c;].
FeFil (el f'=7le;]

5.3.5 Sampling Distribution And Statistical Tools

The Nogueira index ® weakly tends to a normal distribution. This allows the
derivation of approximate confidence intervals, as introduced in Section 3.4.3.
From their previous work [NSB17a], we derive the sampling distribution of
the Kuncheva Index and extend it to our measure ®;,,. Statistical tools, such as
confidence intervals and hypothesis testing frameworks, are constructed from
this sampling distribution. These tools are then validated experimentally on
real data.

By particularizing Equation 3.19 and 3.20 to the case where k; = k Vi
(when @ reduces to the Kuncheva index), we get®, as M — oo,

Tiw = °-® N(0,1), where o(®) = %(ém - d))4

3A lot of terms can be discarded in Equation 3.20 when k; = k Vi as they appear in both

CiD(i) and &>(_). We chose to keep the %2 term in the numerator for interpretability. Also note
that 2911 ZiPf = z]."il |7 N Fj| when M — oo and k; = k Vi.
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1 yvM K2 M
. 2= [ FinF| -5 s 1 .
M =1 J d
Q) = ! L and O = i Z D ;). (5.9)
- d i=1

The value &)@ estimates the average similarity between selection run i and
the population of M runs. We here extend Equation 5.9 to &y, and experi-
mentally validate it on real data for a wide range of scenarios. Equation 5.9
becomes

qA)' —q> 4 A A
Ty = ———= — N(0,1), where o(®;,) = W(q’l(viv) - o)
\[U(q)iw)
1 M M
as _Z':1|(f7-im¢j|iw_c S 1 N
v = MZI= 7 and®y = — > d;. 5.10
(@) e 0= ; (@) (5.10)

A (1 - a)% confidence interval for @y is then
[Di — 2’1‘_% Vo(@iy), Py + Z;‘_%VU(q’iw)] (5.11)

* . is the inverse cumulative of a standard normal distribu-

1-<

where z

tionat 1 — %

Hypothesis testing can also be performed to assess the difference be-
tween the stability of two feature selection algorithms with estimates
®; and P, using the statistic

I
comp — T —M8M8—-
V(@) +0(D2)

Whenever Teomp > zj_g, the null hypothesis that &; = &, can be
2

(5.12)

rejected.

Experimental validation is performed with the logistic-RFE and the lasso
feature selection algorithms, applied to three data sets with various 7 ratios
and stability values. These scenarios are reported in Table 5.1. The number of
selected feature is set to min(20, Vd). The true stability values are computed
with M = 50000.
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Algo 0] (Diw AlgO ) q)iw AlgO 0] q)iw
log-RFE 0.42 | 0.28 log—RFE 0.73 | 0.51 log-RFE 0.73 | 0.72
lasso 0.22 | 0.17 lasso 0.43 | 0.40 lasso 0.73 | 0.75

(@)

alon - low stability: 1svt - intermediate © jiono - high stability:
n=62, d=2000, k=20 (b) stability: ) n=350, d=34, k=6
n=126, d=310, k=18

Table 5.1: Scenarios used for the validation of the sampling distribution and
statistical tools.

The meta-parameters of the logistic-RFE are set such as to promote vari-
ety among the importances of the selected features. This allows us to validate
the confidence intervals in situations where ®;, departs from the Kuncheva
index. A typical feature stability map of the logistic-RFE obtained on alon
with the chosen meta-parameters is displayed in Figure 5.6a. The lasso is
used to extend our analysis to situations where the number of selected fea-
tures varies from run to run. Figure 5.6b depicts a typical feature stability
map of the lasso obtained on 1svt.

Feature map Feature map

o

(2]

wn

[\

o

[3Y)

wn
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0 20 40 60 80 100 0 20 40 60 80 100
Cumulative importance (%) Cumulative importance (%)
(a) alon-rfe (b) 1svt-lasso

Figure 5.6: Feature stability maps obtained with the logistic-RFE on alon (a)
and with the lasso on 1lsvt (b).

Figure 5.7 shows the QQ-plots of Tiy, and the standard normal distribution
N(0,1) when M = 4 and M = 100. The selection algorithm is the logistic-
RFE, applied on the alon data set. Clearly, the T-statistic is not well normally
distributed on the edges of the distribution when M = 4. Values much lower
and higher than expected are sometimes taken by Tjy,, When M = 100, the
quantiles of Tjy, and those of a standard normal distribution match nicely,
providing empirical evidence for Equation 5.10.
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Figure 5.7: QQ-plot of the T-statistic (T, Equation 5.10) quantiles versus the
standard normal quantiles for M = 4 (a) and M = 100 (b). The selection
method is the logistic-RFE, applied on the alon data set. The red dashed
line is the diagonal line, i.e., what is expected in case of perfect normality
(and infinite sample size, which is here set to 500).

Figure 5.8 depicts the coverage probabilities of the confidence intervals
on ®j, as a function of the number of selection runs M. These coverage prob-
abilities quickly converge towards 1 — & = 0.9 when M increases in all cases.
Figure 5.9 studies the type I error of the hypothesis test based on the statistic
Teomp (Equation 5.12). The type I error is the fraction of time the null hypoth-
esis ®; = @, is rejected even though it is true. This error converges towards
a = 0.1, with the exception of the lasso on 1svt, which nonetheless remains
within the statistically acceptable range.

5.4 Importance Weighted Decomposition

The hybrid-rrE, introduced in Section 4.1, combines the selection of N fea-
tures, which are first chosen based on a univariate criterion, and the selection
of k — N features, which are then found, in a multivariate fashion, by Algo-
rithm 3. In this section, we generalize this idea and provide a theoretical
analysis of the evolution of the stability when Q selection methods are com-
bined (Q = 2 for the hybrid-rrE). From this analysis, it follows that, unlike
the other measures, the stability ®;y is particularly suitable to be optimized
along with predictive accuracy.

Consider the following scenario. For each selection run m, we learn Q
independent linear models on non-overlapping selected feature sets ¥, (m):
Zferfq(m) wr(m)Xxp 2 tq(m), with the normalization Zfegcq(m) wr(m) = Eq.
Each of the Q models is found by a given selection method. The overall pre-
diction model is defined as a fixed linear combination of the Q linear models:
2q0lq Xper,(m wr(m) X xp > t(m). The parameter 5I; modulates the im-
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Figure 5.8: Coverage probabilities of the confidence intervals on ®;y, as a
function of the number of selection runs M for three data sets with various
Z ratios and stability values (see Table 5.1).
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Figure 5.9: Type I error of the hypothesis test based on the statistic Teomp
(Equation 5.12) in the three scenarios presented in Table 5.1.
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portance of the selected features from particular selection methods. In this
scenario, Property 5 states that it should be possible to decompose stability in
multiple terms, respectively capturing the stability of each selection method,

noted here CD?W. These terms are weighted by %Mq, such that a selection
method g has more weight in the overall stability when it is responsible for
a large fraction of the selected features and when these features are impor-
tant in the combined predictive model. This property is proved for ®j, in
Appendix A.1 under the assumption that d tends to co.

Property 5. Importance weighted decomposition: when combining the non
overlapping selected feature sets of Q different methods, which produce Q mod-
els, in a single predictive model, if features selected by method q have their im-
portance multiplied by 51, in the combined predictive model of each selection
run, stability can be expressed as a weighted sum of the Q prior stabilities:

Qo

Diy = 51,97

?T‘ll_Q '

g=1

with CD;{N the stability of method q alone, and 61, the factor such that I;y =
Slg X I} .

As far as the hybrid-RrFE is concerned, whenever the N features of the sta-
ble set are less relevant, combining both selections reduces their importance
in the predictive models and increases the importance of the k — N multi-
variate features (8lg-univariate < 1 and 8ly—rrg > 1). This gives more weight
to (Diq;RFE in Property 5, thus limiting the stability increase provided by the
forced univariate selection of the N features.

Section 4.2 optimizes jointly the measure ® with the predictive accuracy
and shows that the quality of the reachable compromises is highly dependent
on the stability of the stable set rather than on its predictive performance. In
general, better compromises are obtained when the N pre-selected features
are stable, even if not relevant to the prediction task. This is caused by the
fact that, unlike ®;y, the selection of stable yet marginally important features
increases ®. Indeed, a similar result to Property 5 can be derived for ® when
d tends to co:

Q ];q
P = — 9, 5.13
3 o
q=1
which does not depend on 5I;. Consequently, a good (accuracy, ¢) compro-
mise is not necessarily meaningful, as ® could have been artificially increased
by the selection of stable features that marginally take part in the predictive
models. Subset measures, in general, can not be optimized soundly with pre-
dictive accuracy, as is shown experimentally in Section 5.6.
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The measure ®cars can not be decomposed in multiple terms under the
scenario described by Property 5. Still, if we assume that the g methods
distribute importance evenly among their respective selected features (i.e.,
I;Z’i =1, Yf,1,q), the following decomposition holds when d tends to oco:

N2 Ok ears

) =
pears 0 —
52, olik,

(5.14)

In this specific case, the relative contributions of the prior stabilities Cbgears to
the combined stability ®pears are proportional to 8. Due to this JI; factor,
the stability ®pears, like @iy, can not be increased by the selection of stable,
yet marginally important features. However, as shown in Section 6.3.2 and
on the illustrative example below, this quadratic dependency can have some
negative consequences.

Consider the following example with Q = 2. Both selection methods
distribute importance evenly among their respective selected features. The
first method always selects the same 15 features and is thus perfectly stable:
' = @, = © = 1. The second method always selects five features, but
these five features never overlap across the M selection runs. Method 2 is
perfectly unstable: ®? = @f)ears = @? =0, when d tends to co. Assume that
we combine these two methods and obtain the feature stability map depicted
in Figure 5.5. This map is obtained with 8I; = % and 8I; = 2. In this scenario,
according to Equation (5.13), ® = £ x ®! + 2 x ®* = 0.75. According to
Equation (5.14), ®pears = ‘—1‘ X (IDIl)ears + % X Cbgears = 0.25. Finally, according to
Property 5, @iy = 3 X @1+ 3 X ®? = 0.5, which is the preferable stability
value for such a feature stability map.

5.5 The hybrid-RFE Extended

This section proposes an extension to the hybrid-rrE, which aims to increase
stability by modulating the importance of the selected features. This exten-
sion estimates which selected features are likely to be frequently selected
across the M resampling runs. It then applies differential shrinkage on them
(in the last stage of the algorithm, i.e., at line 10 of Algorithm 3) to increase
their importance in the decision models. From the left-hand side of Equa-
tion (5.8), repeated here for convenience:

1. d *
(k-S4 IpY)

5

it follows that increasing IJ"; of frequently selected features (features with a

high pr) increases stability. In order to increase I}; = # Z% min(I; 7, I f),
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one must increase the importance I; s of feature f in multiple selection runs
jointly.

As rrE drops features iteratively, it is possible to measure, for each feature,
how close they are to the elimination during the selection process. We define
an overall frequency score, which estimates the true selection frequency of
the selected features

# pruning steps T —re(s)+1
7T 7l = rr () (5.15)

SCr = — ,
YA [Foctl = rp(s) + 1

s=1
with 7 the set of selected features after s RFE pruning steps (|Fo| = d and
|74 = k) and r¢(s) the rank of feature f at step s (RFE ranks features at each
iteration and drops a fraction of the least relevant ones). Features close to
the elimination at multiple steps (i.e., features for which r¢(s) is often close
to |Fs]) have low scores while consistently high-ranked features have high
scores. This score has the convenient properties of being bounded between 0
and 1, and to be independent of the number of pruning steps. Indeed, assum-
ing that a feature f has a constant ranking r¢(s) = 7 < k, then

|Fol  |1Fel —rp+1

SCr = X —
TR T Rl - +1

which does not depend on the number of steps.

Figure 5.10 depicts the correlation between the selection frequency pr of
feature f, across M = 100 selection runs and the average frequency score sc¢
given by Equation (5.15), on two typical microarray data sets (singh (left)
and chiaretti (right) that are introduced in Section 4.2). The average fre-
quency score scy is computed only over the runs for which f is selected (the
score is not defined for the other runs). Features that are selected more of-
ten tend to have higher frequency scores (the (Pearson) correlations between
both variables are 0.68 and 0.54 for singh and chiaretti, respectively). We
then apply the following regularization in order to reduce the importance of
the selected features with a low frequency score sc:

R =Ap+ (T+ax(1-scp))l|wllz, (5.16)

with o a meta-parameter determining the amplitude of the differential shrink-
age. This is done in the last stage of the hybrid-RFE algorithm (line 10 of Al-
gorithm 3). Features with a low frequency score are more regularized which
is expected to decrease their weight and thus their importance in the linear
predictive models.
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Figure 5.10: Correlation between the selection frequency p of feature f with
its average frequency score sc; on singh (left) and chiaretti (right).

5.6 Case Study: Decision Making for Cancer Diagnosis

This section studies the compromises between accuracy and stability that are
achievable with the hybrid-RFE on five microarray and one mass spectromet-
ric data sets. We show here that the choice of the stability measure heavily
influences decision-making. In particular, we show that the Pareto-optimal
front differs for each measure and that optimizing ® or ®cars can lead to un-
satisfactory feature stability maps. Furthermore, optimizing these measures
usually gives a false sense of stability, further hindering appropriate decision-
making. We use the same data sets as in Chapter 4 (Table 4.1) except for chin
for which no concrete compromise can be made (as shown in Chapter 4).
The feature space is again first pre-filtered by removing the features with the
lowest variance. The amount of pre-filtering is found such as to maximize the
predictive performance of the classical RFE (N = 0) and is kept constant for all
experiments. To measure the accuracy and stability obtained with a given set
of meta-parameters, we use the bootstrap protocol depicted in Figure 3.3. This
protocol draws with replacement M samples of the same size as the original
data set. Each model is evaluated on the out-of-bag examples, and the mean
classification accuracy is reported. The selection stability is evaluated using
Equation (2.37)(®), (2.39)(Ppears) and (5.1)(Pjyw ), over the M = 100 resamplings.

We perform experiments using the hybrid-rRre with the additional meta-
parameter «, introduced in Section 5.5. The N pre-selected features are
ranked according to the considered univariate criterion. They are put, in that
order, on top of the RFE ranking at each iteration, such that their frequency
score scy given by Equation (5.15) is the highest. Increasing « is thus expected
to increase the importance of these N pre-selected features in the predictive
models, as they are less regularized (Equation 5.16).

We study in Figures 5.11 and 5.12 the achievable compromises in the (ac-
curacy, stability) objective space using the hybrid-rFE on the singh data set.
The star in each figure represents a typical trade-off obtained with the classic
RFE (N = 0), which is here slightly off the Pareto-curve. The plain points rep-
resent all Pareto-optimal trade-offs when @ (red), ®pcars (green) and @iy, (blue)
are used to assess stability. They are obtained with the hybrid-rrE with dif-
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ferent sets of meta-parameters. These plain points are the same across the
three subfigures. Our measure ®;,, can be increased much less than ¢ and
®@pears. The three measures are provably equivalent whenever the importance
of the selected features are always 1. A strong difference among the values
taken by @, ®peqrs and @y, suggests that the selection moves away from this
base scenario. We illustrate this phenomenon in the rest of this section. Most
importantly, we show that optimizing ® or ®pe, respectively leads to situ-
ations where ® > ®&;,, and ®pears > Piw, with poorly interpretable feature
stability maps.

To this goal, consider the circled points in Figures 5.11 and 5.12. They
are the compromises (G, ®) (red), (Gp, Ppears) (green) and (dp, Piw) (blue)
which are obtained with meta-parameters on the (G, ® ) Pareto-optimal
curve (& = & (Figure 5.11), ® = ®peqr (Figure 5.12a) and & = Iy
(Figure 5.12b)). For instance, the blue circled points in Figure 5.11 are the
compromises in the (@, ®;y) objective space that correspond to the (ap, ®)
Pareto-optimal curve. These blue circled points depart from the (dp, ®iw)
Pareto-optimal curve which consists of the plain blue points. This implies
that the Pareto-optimal curves of ® and ®yy, are obtained with different meta-
parameters choices, otherwise the two blue curves would coincide in Fig-
ure 5.11. Figure 5.11 also illustrates that increasing ® is not guaranteed to
increase @iy, Or Ppears, as the blue and green circled curves sometimes move
back towards lower stability values. The feature stability maps annotated to
Figure 5.11 clearly show that optimizing ® tends to reduce the importance
of frequently selected features in the predictive models. In other words, & is
best increased here by the selection of stable features, yet marginally used for
prediction. The Pareto-optimal curve is drawn mostly by gradually increasing
the number of pre-selected features N.

Figure 5.12a shows that maximizing ®pcars is not guaranteed to increase @
or ®;y,. Optimizing Ppeqrs tends to give large yet highly varying importances
to frequently selected features, which also hinders sound domain analysis.
The stability ®pears is largely improved by raising the value of ay well above
0. This gives more importance to the most frequently selected features (see
Section 5.5), but, as a side-effect, these importances strongly vary from run to
run. This phenomenon is not penalized appropriately by the measure ®pears.

Finally, optimizing ®;,, provides a much nicer feature stability map where
features have reasonably constant importance across runs. Increasing ®;y, is
much more difficult as it does not suffer from the two previously mentioned
pitfalls. Yet, it can still be slightly increased by forcing the selection of some
features (N > 0) and increasing the final regularization parameter A¢. This
dependence on Ay is studied in more detail in Section 5.7.3 for the classic RFE
algorithm. Applying some differential shrinkage with the parameter af can
also be slightly beneficial, but to a much lower extent than it is for ®pears.
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The choice of the stability measure also influences the predictive perfor-
mance of the chosen compromise. Let us assume that a domain expert has
Equation 3.11 as satisfaction function, with preference parameter y — 0. Sta-
bility is considered extremely important by this expert. On singh, fory — 0,
the chosen compromises correspond to the feature stability maps to the bot-
tom of Figure 5.11 and to the right of Figures 5.12a and 5.12b. Using @ as sta-
bility measure gives the illusion of increasing stability by large amounts, thus
more accuracy is sacrificed (here a; ~ 0.885 for ® (Figure 5.11) and a5 ~ 0.930
for both ®peqrs (Figure 5.12a) and for ®;y, (Figure 5.12b)). Optimizing ® leads
to unsatisfactory stability maps with lower predictive performance.

Analogous results to the ones presented in Figures 5.11 and 5.12 for the
other data sets are presented in Appendix B. On most data sets, the Pareto-
optimal compromises depend on the choice of stability. Even when this is not
the case, the choice of measure strongly affects the willingness to sacrifice
accuracy, ultimately leading to different chosen Pareto-optimal compromises.
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Figure 5.11: Pareto-optimal curves (plain points) for ¢ (red), ®pears (green)
and ®;,, (blue), obtained with the hybrid-RFE on the singh data set. The
circled points are the compromises (d;, ®) (red), (Gy, Ppears) (green) and (dy,
®;w) (blue) which are obtained with meta-parameters on the (dy, ) Pareto-
optimal curve. The red star is a typical trade-off obtained with the classic
RFE (N = 0), which is here slightly off the Pareto-curve. Assuming domain
experts have an instance of Equation 3.11 as satisfaction function, the map to
the top-right (resp. bottom) is chosen for 0.15 < y < 0.66 (resp. 0 < y < 0.02).
Joint analysis with Figure 5.12 shows that the optimal trade-off found along
Pareto-curves in the (accuracy, stability) space clearly depends on the stabil-
ity measure used and results in strongly different feature stability maps.
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Figure 5.12: Pareto-optimal curves (plain points) for ¢ (red), ®pears (green)
and ®;, (blue), obtained with the hybrid-RFE on the singh data set. The
circled points are the compromises (dp, @) (red), (Gp, Ppears) (green) and (dy,
®;y) (blue) which are obtained with meta-parameters on the (dy, ®pears) (a) and
(a@p, Diw) (b) Pareto-optimal curves. The map to the right of each subfigure is
chosen with 0 < y < 0.75 (a) and 0 < y < 0.65 (b).
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5.7 Stability Analysis of Standard Feature Selection Methods

The hybrid-rrE algorithm (Algorithm 3 in Section 4.1) is designed to navi-
gate through the (accuracy, stability) objective space. In Section 5.6, we have
shown that using ®;,, as the stability measure improves decision-making in
such a context. To broaden our analysis, this section studies the stability
of common feature selection methods: logistic regression with the rasso or
ELASTIC NET penalty, random forests, the RELIEF algorithm, and the standard
svM and logistic RFE, which are not designed to explore such a bi-objective
space. Results show that our proposed measure ®;y, behaves similarly to ®
and @pears (but still provides some additional insights). This indicates that ®;y,
keeps the correct behavior of well-known measures in standard cases (while
being more robust to extreme situations, as demonstrated in Section 5.6 and,
later, in Section 6.3.2 in the context of feature correlations).

We use additional data sets that are briefly described in Table 5.2. Biomed-
ical data sets (from Table 4.1) are now pruned to 5000 features. We aim at
selecting min (20, Vd) features, while we set M to 50. We also consider dif-
ferent instance-weighting strategies to increase the impact of the minority
class. This can lead to slight (balanced) accuracy gains. We study each selec-
tion method independently (aggregated results are provided in Appendix C).

name year | n | Npaj | d task
ionosphere | 1989 | 350 | 224 | 34 radar returns classification
sonar NA | 207 | 111 | 60 sonar signals classification
breast 1995 | 568 | 357 | 30 breast cancer diagnosis
gastro 2016 | 76 | 55 | 698 | gastrointestinal lesions detect.
lsvt 2014 | 126 | 84 | 310 phonations classification

Table 5.2: Information on the data sets used in this section (in addition to
those introduced in Table 4.1), from the uci machine learning repository.

5.7.1 The LASSO

The 1asso (introduced in Section 2.2.2.1), used in the context of logistic re-
gression, finds the linear model w minimizing

> orlog(1+exp ™) 4 A[|wl,

i=1

with w; an added per-instance weight. We here consider the strategies where
w; is set to 1 or to the inverse of the class prior for each example, as evaluated
on each bootstrap. The strategy with maximal accuracy is retained. The larger
the regularization parameter A, the fewer features are selected (features with
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a non-zero weight). The LAsso is known to be an unstable feature selection
approach. Our experiments confirm this (see Appendix C for comparative re-
sults). Nonetheless, Figure 5.13 illustrates that the Lasso tends to give more
importance (width of the rectangles) to frequently selected features (features
at the left of the maps). This positively affects ®;y. Yet, another kind of insta-
bility is often observed with the LAsso: the importance given to each selected
feature varies significantly from one selection run to another, which is penal-
ized by ®;y,. This behavior tends to make ®;,, lower than ®pe,rs as the latter
is less sensitive to such an instability. Table 5.3 summarizes the compromises
achievable by the LAsso for the three considered stabilities.

Feature map Feature map

5 10 15 20 25 30

0
L

Cumulative importance (%) Cumulative importance (%)

Figure 5.13: Typical feature stability map of the rasso (on singh (left)
and 1lsvt(right)). The Lasso regularization parameter is chosen to select
min(20, Vd) features on average, but the specific number of selected features
here varies across runs. The rasso gives larger importances (width of the
rectangles) to frequently selected features (features at the left of the maps).
Yet, feature importance is highly varying.

data | A | @ | Ppears | Piw [[data | A | @ | Ppears | Piw |
ion [ 0.82 ] 075 | 0.89 [0.74 [ son [ 0.73 [ 0.40 [ 049 [ 035
bre [ 0.95 [ 0.69 | 0.86 | 074 || gas | 0.79 | 027 | 0.33 | 0.23
Isv | 0.84 [ 038 | 050 [0.37 [[ alo [0.78 [ 0.20 [ 0.20 | 0.15
sin | 092 [ 032 | 059 [0.38 [ chi [0.82]0.28 [ 033 |0.24
gra | 072 [ 019 | 025 [ 017 [[arc [0.73 [ 0.15 [ 023 | 0.15
bor [ 0.94 [ 017 [ 0.16 | 0.2

Table 5.3: Stability of the LAsso on all considered data sets.
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Figure 5.14: Evolution of the (accuracy, stability) compromises obtained with
logistic regression with an ELASTIC NET penalty. The reported stability mea-
sures are O, Opeqrs and Ojy,. Each line starts with A, = 1 (Lasso) which decreases
by 0.1 at each point. Stability is generally increased when A,, the weight of
the L1 loss in Equation (5.17), decreases. This stability increase sometimes
comes at the cost of predictive accuracy.

5.7.2 The Elastic-Net

The ELASTIC NET penalty is a direct generalization to the LAsso penalty which
minimizes the linear combination of the L1 and L2 loss
n
, 1-2
" anlog(1 + exp ) + 4, Gl fwlly + T2

i=1

[Iwll2). (5.17)

It is purely equivalent to the Lasso when A; = 1. Figure 5.14 studies the de-
pendency of the accuracy and stability on the parameter A,. Each line depicts
the evolution of a stability measure with (from left to right) a decreasing A, pa-
rameter. All three stability measures increase most of the time when depart-
ing from the pure Lasso selection (4, = 1). On some data sets (notably singh,
alon, gastro and borovecki), increasing the L2 regularization also in-
creases the accuracy. Then, as A, continues to decrease, the accuracy starts
to drop. On other data sets, such as gravier, chiaretti and breast, the
accuracy drops directly when departing from the 1Asso selection.

5.7.3 Logistic RFE

The logistic RFE (Algorithm 2 in Section 2.2.2.4) iteratively minimizes Equa-
tion (5.17) with A; = 0 and the least significant features are dropped at each
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iteration. After the selection procedure, which uses a given regularization pa-
rameter A, Equation (5.17) is minimized again with a different regularization
As for learning the predictive model. Increasing A tends to increase ®;y, and
®@pears as it reduces the instability of the importance of the selected features.
As Ar does not influence the identity of the selected features, ® remains un-
changed with its variations. This phenomenon is illustrated in Figure 5.15
which has been obtained on the 1svt data set. Increasing the regularization
parameter A used during the selection improves all stability measures. When
Ag is low (left of each line), ®;y is much lower than @ due to the instability
that occurs during the learning of the final model. Increasing A first increases
both the accuracy and ®;y. The accuracy can then drop when Ay is increased
more. We observed a very similar behavior for the svM-RFE algorithm, even
though the latter is generally more unstable (see Appendix C).

5.7.4 Random Forests

Random forests can be used for feature selection as well. Feature importance
is computed by randomly permuting the features in the out-of-bag samples of
each of the T trees and by computing the predictive accuracy decrease these
permutations imply [Bre0O1b; PVD+13]. The features whose removal causes
the largest accuracy decrease are selected, and a new random forest is learned
on those features only. We use the randomForest R package which allows
to oversample the minority class with the sampsize parameter.

Figure 5.16 depicts the (accuracy, stability) trade-offs that are achievable
on all data sets. Stability is clearly increased when the forest size grows be-
fore converging for T ~ 1000. Accuracy also tends to increase, and it con-
verges faster than stability which is consistent with the results of [PVD12].
Figure 5.17 illustrates typical feature stability maps obtained with random
forests, here on gastro, with T = 10 (left) and T = 3000 (right). Increasing
the size of the forests stabilizes both the selection of the feature subsets and
the importance of the selected features. Large forests produce much more
interpretable feature stability maps.

5.7.5 The Relief

The ReLIEF algorithm is a multi-variate filter approach [KR+92]. Feature
scores are computed based on feature value differences between neighbor ex-
amples. We consider here a version of the RELIEF where K nearest instances
have equal weights.? The predictive model is a K nearest neighbor classifier
with majority voting. This majority voting is weighted by the inverse of the
class priors of each neighbor. As can be seen in Figure 5.18, stability is largely

4We use the CORElearn R package for this purpose.
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Figure 5.15: Typical results of the logistic RFE (on 1svt). The reported sta-
bility measures are ®, ®pcars and O;y,. Each line starts (from the left) with a
low final regularization parameter 17, which is gradually increased. A larger
As stabilizes feature importance and improves ®pcars and ®;y,. Increasing the
regularization 1 improves all three stability measures.
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Figure 5.17: Feature stability maps of random forests on gastro with T = 10
(left) and T = 3000 (right). Increasing the size of the random forests produces
more interpretable feature stability maps.
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influenced (and often increased) by the number K of considered neighbors.
Typical features maps obtained with the RELIEF (here on sonar with K = 1
(left) and K = 25 (right)) are depicted in Figure 5.19. Nearest neighbor algo-
rithms tend to give similar importance to each selected feature.

5.7.6 Deep Feature Selection

Deep Feature Selection is introduced in Section 2.2.2.6. It selects features at
the input layer of a neural network by adding a sparse one-to-one layer be-
tween the input layer and the first hidden layer. An elastic-net penalty is put
on the weights of this one-to-one layer, which creates sparsity.

We use the tensorflow python package [Mar+15] to implement such a
family of neural networks. As for all neural networks, this approach has a
plethora of meta-parameters. We set some to reasonable values without much
consideration while the impact of others on the number of selected features,
stability, and predictive performance is evaluated. These meta-parameters are
listed below.

» The parameters A} and A3 of the Elastic-Net penalty put on the one-to-
one layer: A{ dictates the overall intensity of the regularization while
A7 balances between the L; and L, losses (A7 = 1 — Lasso penalty,
A9 = 0 — Ridge penalty).

= Similar to A7 and A7, )L}f and )L;1 respectively dictate the intensity and
smoothness of the Elastic-Net penalty that is put on the weights of the
other layers of the neural networks. The same regularization is put on
each layer.

m The architecture of the neural network: number of hidden layers and
the number of units in each layer. We consider network architectures
with up to three hidden layers, of 4, 16, 64 and 256 units. The number
of units is kept constant across layers of the same network.

= The batch size is set to 128.
m All weights initializers are set to "random_normal".

m The activation function of the hidden layers is set to the LeakyRelu with
the default parameter 0.3 which is defined as

0.3x ifx<0

LeakyRelu(x) =
y () {x ifx>0

A batch normalization layer is added after each hidden layer.
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Figure 5.18: (accuracy, stability) compromises of the RELIEF algorithm. The
reported stability measures are O, ®,e,rs and @y, Each line starts (from the
left) with only one neighbor considered. This number is gradually increased
up to 40 which increases stability in most cases.
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Figure 5.19: Feature stability maps of the RELIEF on sonar with K = 1 (left)
and K = 25 (right).
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= The output layer has a softmax activation function. The loss to be min-
imized by the network is the binary cross-entropy loss.

m We use an exponential-decay learning schedule. We here refer to an
iteration as a block of 100 epochs with a constant learning rate. After
each iteration, the learning rate is decreased by a factor of 1.5. We
consider starting learning rates of 1072, 10~ and 10™*. Execution is
stopped when the number of selected features has not changed in the
last three iterations and when the training loss has not decreased more
than 2.5% of its value in the last three iterations.

True convergence is rarely reached with neural networks. Consequently,
the one-to-one layer weights of the non-selected features never completely
reach zero. We adopt the same methodology as in [LCW16] to select fea-
tures. A feature is considered selected if the absolute value of its weight in
the one-to-one layer is higher than one-thousandth of the maximal weight in
this layer. Also, as minimizing the loss of a neural network is a non-convex
optimization problem, convergence is generally reached at a local minimum.
This local minimum could be unsatisfactory (e.g., 1000 features are selected
even though we aimed at around 20). Whenever that happens, we automati-
cally restart the learning from scratch. If the same problem arises three times
in a row, we discard the set of considered meta-parameters.

Figure 5.20 studies the effect of meta-parameters A7, A9, )Li’ and )Lg on
the number of selected features on the ionosphere data set. Each point in
each subplot corresponds to a meta-parameter combination (while fixing the
learning rate to 10~ and using a single hidden layer). Two points are linked
if they are obtained by the same meta-parameter combination, except for the
studied meta-parameter (A7 (a), A5 (b), /1{’ (c) and /Ig (d)). The intensity of
the regularization on the one-to-one layer A strongly impacts the number
of selected features. The smoothness of this regularization has less impact
but still matters. In particular, the number of features selected when there
is no L; regularization (1 = 0) is higher. It is also worth noting that a L,
regularization on the one-to-one layer is not needed to promote sparsity, as
long as there is some amount of L; regularization on the hidden layers, and
in particular, on the first hidden layer. Whenever this regularization makes
all of a neuron’s weights null in the first hidden layer, the optimal weight
of the corresponding neuron in the one-to-one layer is also null, even with
a full L, penalty applied to it. Figure 5.20 (c) and (d) further shows that the
amount of regularization on the hidden layer /1{’ also has a strong impact on
k. Similar to A9, the smoothness of this regularization Aé’ has less, but still
some importance.



116 Chapter 5. An Importance Weighted Stability Measure

000 025 050 075 1.00

log(23) log(13)
(@) (b)

025 050 075 1.00
h
log ()

(d

0.00

Figure 5.20: Impact of the four regularization parameters on the average
number of selected features k over the M = 30 selection runs. Increasing
the amount of regularization (1 and 1”) decreases k. Increasing the propor-
tion of L; penalty in the regularization also reduces k.

Figure 5.21 depicts the Pareto-optimal fronts than can be reached for net-
works with up to three hidden layers, on 4 data sets: ionosphere, sonar,
breast and 1svt. The number of units of each hidden layer is constant and
set to 256.> The network without any hidden layer (which learns linear mod-
els) consistently reaches the highest stability. On ionosphere and sonar,
adding a hidden layer improves the accuracy but at the cost of selection sta-
bility. Adding more layers continues to reduce selection stability without any
gain in classification performance. On breast, there is no significant gain
in classification performance by adding hidden layers. Yet, stability is still
decreased. On 1svt, the network without any hidden layer outperforms the
others in terms of classification performance and selection stability. Such be-
havior is common across the microarray data sets (see Appendix C) as they
have low sample-to-feature ratios, and deep neural networks are known to

>No strong dependency on the number of units is observed, as studied later in Figure 5.22



5.7. Stability Analysis of Standard Feature Selection Methods 117

need large amounts of data to work properly.

The effect of the number of units in the hidden layers is studied in Fig-
ure 5.22. The impact of increasing the number of hidden units (kept constant
in all hidden layers) seems less clear and more data set dependent.

Figure 5.23 depicts two typical feature maps obtained with Deep Feature
Selection on ionosphere. The left one is obtained with a network of a
single hidden layer of 256 units. The right one is achieved with a network
without any hidden layer. The interpretability of the right feature map is
clearly better, but it may come at the cost of some predictive performance
(here ~ 4%).

In the comparative results of Appendix C, we compare the three archi-
tectures studied in Figure 5.21: a neural network without any hidden
layer (shallow-dfs), a neural network with a single hidden layer of 256
hidden units (dfs), and a neural network with three layers of 256 units each
(deep-dfs). Shallow-dfs tends to have a similar classification performance
as the other linear methods (elastic-net, svim and logistic-RFE) but with a
consistently reduced selection stability. Dfs and deep-dfs sometimes improve
the classification performance of shallow-dfs, but that comes at a high cost
of selection stability. Deep-dfs only outperforms dfs and shallow dfs on
arcene (in terms of balanced accuracy).
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Figure 5.21: Pareto fronts with networks of 0, 1, and 3 hidden layers of
256 units. Linear networks without hidden layers are the most stable but
sometimes have a sub-optimal predictive performance. Adding layers con-
sistently deteriorates selection stability.
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Figure 5.22: Pareto-fronts of neural networks with 4, 16, 64 and 256 units in
their unique hidden layer. The influence of the number of units is less clear.
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Figure 5.23: Feature stability maps of Deep Feature Selection on ionosphere
with a hidden layer of 16 neurons (left) and without any hidden layer (right).
Both selects = 6.25 features on average. The network without hidden layers
gives more importance to frequently selected features.

5.8 Variability of Stability

Taking into account the importance of selected features in the stability value
creates an additional degree of variability that could result in unreliable sta-
bility estimation when the number of selection runs M is small. We show here
that this added variability is usually small. Furthermore, the variability of our
measure @y, is generally lower than the variability of ®,cars. Figure 5.24 de-
picts the variation coefficients ¢, (= %) of @, ®peqrs and Oy, when 200 stability
estimates are measured using M = 5 with the LAsso. As the LAsso exhibits
the largest feature importance variability, it best highlights the differences

between stability measures. On 6 of the 11 data sets, cy0 < Coay, < Codpearss
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there is no noticeable difference on 4, and on ionosphere only, ¢y,
Cod;,, < Coo. Using importance-based measures indeed creates an additional
uncertainty in the stability value, but our proposed measure ®;y, is, in general,
less impacted than ®pears.

0.3- -

- type
02- ° %
* Fiw
. I » Wpears

0.1~

Variation coeff.
-

alon  arcene borovecki breast chiaretti gastro gravierionosphere Isvt prostate sonar
Dataset

Figure 5.24: Variation coeflicients of the stability measures obtained with the
LASSO regression on M = 1000 selection runs. Stability estimates are found by
aggregating groups of 5 runs (thus producing 200 of such estimates). In most
cases, Cy o < Cydy, < Cod

pears *

5.9 Conclusion

In the context of stability optimization, adequately measuring stability is nec-
essary for domain experts to make informed decisions. While most measures
proposed in the literature study the stability of feature subsets, we incorpo-
rate the relative importance of the selected features in predictive models into
the stability value. In particular, we propose a generic way to evaluate the
importance of each selected feature in a predictive model and consider the
variability of this importance as an additional source of instability.

Our proposed measure ®jy, is proven to be fully defined, bounded, cor-
rected for chance, and maximal if and only if the importance distribution is
deterministic. Confidence intervals and hypothesis tests on the measure’s
asymptotic value are built and validated on real data. Furthermore, it is
shown to improve decision-making when stability is jointly optimized with
predictive accuracy. We demonstrate this phenomenon theoretically under
the form of a new property, the importance weighted decomposition property,
that only ®;,, satisfies. We further show that using current measures in such a
bi-objective context can lead to unsatisfactory results and often gives a false
sense of stability which hinders appropriate decision-making. This is illus-
trated experimentally on microarray and mass-spectrometric data.

We also propose a simple visualization tool, referred to as feature stability
maps, which allows the intuitive estimation of stability across several runs of
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feature selection. Inspection of such feature stability maps allows the identifi-
cation of the most reliably identified features along with the most important
features in the predictive models. Features combining both properties are
likely to be particularly appealing to domain experts.

Finally, we demonstrate on multiple data sources that our novel measure
®;y, keeps the correct behavior of well-known measures in standard cases
(while being more robust for stability optimization). Still, we use it to provide
new insights into the stability of several standard feature selection methods,
such as logistic regression with an elastic-net penalty or random forests.



Stability in Correlated
Spaces

This Chapter deals with stability estimation in the presence of feature corre-
lations. Section 6.1 introduces the problem and its associated challenges. Sec-
tion 6.2 reviews existing stability measures developed specifically to deal with
such correlations. Then, Section 6.3 shows the limitations of these measures
in two toy scenarios and using simulations. While the importance weighted
stability ®;,, does not integrate feature correlations, this section shows that
it can still improve the behavior of current measures when the feature space
is composed of highly correlated feature groups. This is also theoretically
justified under the form of a property. Nevertheless, @y, remains generally
unsatisfactory when dealing with feature correlations. A new measure, @,
is then proposed in Section 6.4. It is shown to be more adequate in all the sce-
narios studied in Section 6.3. Section 6.5 then evaluates the stability of stan-
dard feature selection methods according to our new index and shows that the
(accuracy, stability) Pareto-optimal fronts change when feature correlation is
taken into account. This emphasizes the need to use our correlation-aware
measure ®y,i. This chapter corresponds to the work published in [HD21a;
HD21b].

6.1 Problem Statement

This section introduces the issue of measuring stability in the presence of
feature correlations. In this Chapter, we use the keywords feature correlation,
feature similarity and feature redundancy interchangeably.

Inspired by Sechidis et al. [Sec+19], we first consider a scenario where a
selection algorithm toggles between pairs of correlated variables across runs.
More specifically, let us represent the selection matrix Z below with one row
per selection run, z; r indicating the selection of feature f in run i

z,,_, selected features in run 1
zy,_, selected features in run 2

Z= (6.1)

S Rk O
L= =]
S O O O
S O O O
S O O O

1
1
0
0

= O = O

In this limit case scenario, the selection algorithm toggles between fea-
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tures (1,2) and between features (3,4), while no other feature is ever selected.
Let us assume that each pair of these features is strongly correlated. Since the
selection algorithm always picks one variable in each correlated group, the
information captured is essentially the same in each run, and the selection
should be considered perfectly stable. So far, all the stability measures stud-
ied in this thesis are only functions of the identity of the selected features and
sometimes of their importance in predictive models. In other words, possible
similarities between features are plainly ignored. For the example above, ®
and ®;y, (assuming a feature importance of 1 for all selected features) would
tend to  as d tends to infinity. The desired stability value is 1 however. Ig-
noring feature similarities in the stability computation systematically offers
a pessimistic view of stability. A feature selection algorithm selecting differ-
ent feature sets in each run is seen as unstable, even if the features in these
sets are highly similar to each other. This is particularly problematic in the
biomedical domain, where the input features (e.g., gene expressions) often
display strong correlations.

Estimating stability in the presence of feature correlation is another prime
example where taking into account the importance of the selected features in
predictive models is necessary. Yet, to the best of our knowledge, no existing
stability measure depends on both feature importance and feature correlation.
The following example illustrates such a necessity. In the first selection run,
features fi and f; are selected and the predictive model is simply the sign of
their sum

y =sign(fi + fo).
In the second run, features f;, f; and f; are selected and the predictive model
is
y =sign(fo +0.5f3 +0.5f3).

For such linear models, the importance of the selected features are simply
the absolute value of their weight in the model. Features f; and f, have an
importance of 1 in the first run, while features f3, f; and f; have an importance
of 1, 0.5 and 0.5 in the second run, respectively. The importance matrix I is

then B
k{1 1 o0 0O 0 0 .. 0

=510 1 05 05 0 0 .. o (6.2)
At first sight, the algorithm seems somewhat stable, but not completely. Fea-
ture f; is selected both times with the same importance, but the other features
differ. Still, let us assume that f; is in fact highly correlated to both f; and f;.
In that case, taking 0.5f; + 0.5f; or just f; does not matter. Both predictive
models are equivalent, and stability should be maximal. There is a clear im-
plicit matching between f; in the first run and both f; and f; in the second
run, and between f; in both runs. The part of the predictive model using f;
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in the first run is equivalent to the part of the predictive model using f; and
f1 in the second run, while the parts of both predictive models using f, are
also equivalent. One could say that f] in run 1 matches its importance with f;
and f; in run 2, and that f; in run 1 matches its importance with itself in run
2. The measure &y, which relies more formally on this notion of matched
importance, is proposed in this chapter. Ignoring feature importance does not
allow us to deal correctly with these kinds of scenarios. A critical part of the
reasoning here lies in the fact that the importance of f] in run 1 is equal to
the sum of the importances of f3 and fy inrun 2: Iy = L f; + I f;.

More formally, we note the similarity between feature f and feature g as
sf.g- This quantity is bounded in [0, 1]. The minimum value of 0 indicates no
similarity between these features, while the maximum value of 1 specifies a
perfect similarity. The similarity matrix is noted S, and has the sf, values as
elements. It is supposed to be a priori defined or estimated over the whole
training set for any pair of features. Typical choices include the absolute val-
ues of Pearson’s or Spearman’s correlation coefficients, or mutual information
normalized in the [0, 1] interval over the whole training set. Such strategies
would capture feature similarity as explained by the data. The matrix S could
also be constructed from domain knowledge, thus representing feature simi-
larity as explained by domain experts. The only constraints on S for stability
to be well-defined are that it must be symmetrical, the main diagonal entries
must all be equal to 1, and the off-diagonal elements must be between 0 and
1. The challenge studied in this chapter consists in finding a proper way to
use the similarity matrix S to compute the stability of feature selection over
M runs.

6.2 Current Stability Measures

This section reviews existing stability measures that are specifically designed
to deal with feature correlations. Their limitations are then studied in Sec-
tion 6.3.

6.2.1 Sechidis Index

Sechidis et al. [Sec+19] generalize the index ® to accurately measure selec-
tion stability in the presence of high correlations between variables. The idea
behind the measure is that an algorithm that tends to select different features
should not be considered unstable if these features are highly correlated to
each other, as the effective extracted information is the same. To this goal,
they define the effective similarity between two selection runs as the gener-
alized inner product

|Fi N Fjls = 2:Sz; (6.3)
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where z; ¢ is the Bernoulli variable which is equal to 1 when feature f is
selected in selection run i and where the elements s¢ ¢ > 0 of the matrix S
represent the correlation between feature f and f’. The more correlated the
selected variables in run i and j are to each other, the bigger the similarity
between these runs. They then proved the following result:

2
—_— |F: N\ Fils = ks —tr(SKzz) (6.4)
TR ZZ

where ks = + > M 2,82; and with Kz 7 the variance-covariance matrix of
Z, the matrix with the elements z; . Equation (6.4) is analogous to Equa-
tion (2.38) when § is the identity matrix. The following frequency-based
measure can then be derived

tr(SK z7)

(I)S =1- W (65)

with 3° the matrix that normalizes the measure. This matrix has Z} =

d(l - —) as main diagonal elements, and 3’ fg = Zi:s Zz as off-diagonal

elements. This stability index ®s reduces to ® whenever § is the identity
matrix. For further details, we refer the reader to [Sec+19].

In the limit case scenario presented above (equation 6.1) and assuming
a perfect correlation between features 1 and 2, and, 3 and 4, respectively,
®s = 1. Yet, we show in section 6.3 that this measure is not lower-bounded
and does not behave appropriately in some cases. Section 6.6 details the issue
of the lower-bound in more detail and shows why it can tend to —co even in
seemingly stable situations.

6.2.2 POGR Index

The POGR index is another existing stability measure defined to handle fea-
ture correlations [Zha+09]:

B |Tﬁ7—j|+0,l
POGR = M(M—l)z Z (6.6)

i=1 j=1,j#i

with |#;NF;| the number of features selected in both runs i and j, and O; ; the
number of selected features in run i which are not selected in run j but are
significantly correlated to at least one feature selected in run j. Two features
f and g are significantly correlated whenever their similarity sy, is above a
given threshold 8. In our limit case scenario (6.1), POGR=1, as the algorithm
always selects a feature from each of the two correlated pairs. Yet, we also
illustrate its limitations in Section 6.3.
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6.2.3 Yu Index: bipartite matching

Similarly to our proposal (detailed in section 6.4), Yu et al. [YDLO08] define
a stability measure as the objective value of a maximum weighted bipartite
matching problem. The two sets of vertices represent the selected features of
two selection runs, while the edge weights are the correlations between these
features. The authors also propose a variant of their measure where each
vertex can represent a correlated feature group as a whole. This measure is,
however, not fully defined, as it requires the number of vertices (individually
selected features or feature groups) to be constant across selection runs. This
restriction is hardly met by all selection algorithms that could be considered
in practice. In contrast, we show in section 6.4 that our novel measure is fully
defined and generalizes the measure proposed in [YDL08].

6.3 Limitations of current measures

This section demonstrates the limitations of existing stability measures when
the feature space is composed of highly correlated feature groups. Sec-
tion 6.3.1 illustrates this on two toy scenarios while Section 6.3.2 performs
simulations. The importance-weighted measure is shown to improve the be-
havior of current measures in this context, as is further justified theoretically
by a property that only @y, satisfies. Nonetheless, ®;,, remains generally un-
satisfactory as it does not explicitly handle feature correlation. A novel mea-
sure, @y, is then proposed in Section 6.4.

6.3.1 Toy scenarios

We describe here two scenarios of feature selection in correlated feature
spaces. We show that existing stability measures exhibit undesirable behav-
iors in these scenarios, which motivates our novel stability measure intro-
duced in section 6.4.

Figures 6.1 and 6.2 illustrate the similarity between two selection runs.
Like for the feature stability maps introduced in Section 5.1, each feature (or
here each group of highly correlated features) is identified by a unique color,
and the width of a rectangle corresponds to the relative importance value
of the feature (group) in the predictive model of this run. We assume, for
simplicity, that the total number d of features tends to infinity, and that the
only non-negligible feature correlations are the ones illustrated by explicit
links in the figures. This implies that the denominator of ® in equation (6.5)
simply becomes tr(SX°) = k, the average number of selected features.

In both scenarios, we consider a group of q perfectly correlated features,
and we study what happens when g, starting from 1, gradually increases.
The importance values of the features inside a correlated group can either be
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concentrated on a single feature in the group or, to the contrary, be divided,
possibly unevenly, among several or all correlated features. No matter the
case, we assume that the cumulative importance of all features within a cor-
related group roughly stays constant across selection runs. This assumption
is actually confirmed in our practical experiments reported in Figure 6.3 in
Section 6.3.2. Our limit case scenarios are designed in such a way that the
stability value should be equal to % and stay constant no matter the value of
q.- We show that no existing stability index satisfies this property.

In the first scenario (Figure 6.1), a group of g perfectly correlated features
(orange) is selected with a cumulative importance of % in both selection runs,
together with another feature (green). The two additional selected features
differ in each run. Arguably, whether a large group of correlated features or
a single feature from this group is selected should not impact stability as long
as the global contribution of the group to the predictive models is unchanged.
In such a scenario, we argue that the stability should be equal to , indepen-
dently of g, as half of the selected information is common between both runs.
In this scenario, @5, ®, Ppears, Piw and POGR correctly start at % when g =1
but &g, ® (both are equivalent in this example), and POGR increase and tend
to 1 when g tends to co while ®pears decreases with q. As for the importance
weighted measure ®jy, it remains equal to the correct value of % under the
assumption that importance is distributed evenly! among the q correlated
features. Section 6.3.2 illustrates an example where this assumption holds
true (with the Group LASSO), but this need not be the case in general. Under
no assumption, ®jy, is upper-bounded by % its exact value depending on the
importance distribution of each variable in the correlated group. The same
assumption is made to compute the closed formula for ®,cars, but the limit
case is exact provided that the importance of each correlated variable tends
to 0 when g tends to infinity. The precise dependencies of these measures on
q are summarized in Table 6.1.

The second scenario (Figure 6.2) is nearly identical to the first one, except
that a single feature of the correlated group is selected in the first selection
run. This feature captures the whole group’s importance. Again, stability
should be equal to % independently of g. In this second scenario, &g, P,
®@pears, Piw and POGR correctly start at % when g = 1 but &g, ®, Ppears and

®;, decrease and respectively tend to —oo, 0, ‘/?3 and % when g — oo, while

POGR increases and tends to %. Closed formulas for ®pears and ®;y, are again
obtained under the assumption of an even importance distribution inside the
correlated group. Yet, the limit cases are both exact whenever the importance

1 Actually, as detailed in Section 6.3.2, the assumption that importance is distributed de-
terminstically among the q features is sufficient (i.e each feature of the group has the same
importance in both runs). The assumption is lighter than an even distribution.
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Figure 6.1: Scenario 1. A group of g perfectly correlated features (orange) is
selected in both selection runs. Their specific importance in predictive mod-
els may vary but their cumulative importance is assumed constant across
runs and equal to %. The feature in green is also selected in both runs with
a constant importance. The 2 additional features differ in each run. The sta-
bility should be equal to % in such a scenario, independently of the g value,
because the information captured by the left half of the predictive models is
essentially the same in both runs.
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Figure 6.2: Scenario 2. In the second selection run (below), a group of q
perfectly correlated features is selected with a cumulative importance of %.
In the first run (top), a single feature from this group is selected and captures
the whole group importance in the predictive model. The stability should be
equal to %, independently of the g value.

Table 6.1: Dependencies of @5, ®, ®pears and POGR on the size g of the corre-
lated group in the scenarios represented in Figures 6.1 (top) and 6.2 (bottom).
In order to get a closed formula for ®p,cars and @y, importance values are as-
sumed to be evenly distributed within a correlated group.
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of each correlated variable tends to 0 when g tends to infinity.

To conclude this section, no existing stability measure is satisfactory for
either of these two toy scenarios. The importance-weighted measure is the
only one to behave adequately in the first scenario, but only under an as-
sumption that needs not always be true. It can do so as it deals appropriately
with feature importance, unlike the other measures. In the next section, we
further illustrate these limitations in a simulated setting.

6.3.2 Simulation Studies I

We use an artificially generated data set with N = 5 groups of variables.
Each group contains g features that are highly correlated to each other (av-
erage correlation of pJ > 0). In addition to these feature groups, the data set
contains I = 1000 variables. Feature values are sampled from two multivari-
ate normal distributions using the mvrnorm R package. Positive examples
(n4+ = 100) are sampled from a first distribution, centered on p, a vector with
Haf = 1 if feature f belongs to one of the N = 5 correlated groups, y,’
otherwise. Negative examples (n_ = 100) are sampled from a second distri-
bution, centered on py_ = —p,. Both distributions have unit variance. We
consider three scenarios with different values of p7, 41, and p9, specified in
Table 6.2. In all scenarios, features inside a correlated group are very relevant
to the binary prediction task, while features outside such groups are less but
still marginally relevant. For feature selection, we use the group LAssoO (sce-
narios 1 and 2), configured such that it selects all features inside a group or
none of them, and the standard 1Asso (scenario 3). We set the regularization
parameter A of the LAsso and group LAsso such as to select approximately 40
features when the size q of the correlated groups is equal to 1. The N = 5 fea-
ture groups are thus expected to be selected in most of the M = 30 selection
runs, while the selection of the additional features should be unstable. The
experiment is repeated ten times using different generative seeds for the data
sets, and the mean stability values are reported in Figure 6.4 as a function of
g, the size of the correlated groups.

We first study Figure 6.3 which represents the cumulative importance of
the features that are selected by the group LAsso in scenario 1 when g = 1
(top) and g = 10 (bottom). Clearly, the group LASSO gives more importance
to the features of the five groups when g = 1 as they are more relevant (by
design). When g = 10, however, the importance of the features inside the
correlated groups is reduced, such that the cumulative importance of each
group is approximately the same as in the ¢ = 1 case. In the same spirit as in
[Sec+19] where the authors argue that the alternate selection of highly cor-
related features should not influence stability, we argue that the size of the
correlated groups q should not drastically influence stability either (whenever
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Scenario | uJ | p.? | p? method
1 0.35 | 0.05 | 0.8 | group LASSO
2 0.5 | 0.05 | 0.8 | group LASSO
3 0.5 | 0.05 | 0.95 LASSO

Table 6.2: Experimental settings for the three studied scenarios. The rele-
vance of features inside one of the N = 5 correlated groups is related to
while the relevance of features outside any group (~ ;,?) is constant across
scenarios. The average intra-group correlation is p? and inter-group correla-
tion is negligible. In scenarios 2 and 3, features inside correlated groups are
very relevant and are selected in (nearly) all runs.

the group importance is independent of g), as the effective extracted informa-
tion is unchanged.

In this controlled experiment, the similarity matrix S is estimated as the
absolute values of the pairwise Spearman’s p correlation: s¢ ¢ = |py | Such
similarities are used when computing ®,,5; and ®s. Figure 6.4 compares @,
@iy, Ppears (With the feature weights wy; as the importances I; r), ®s and
POGR when the sizes of the correlated groups ¢ vary. To compute POGR,
two features are assumed to be significantly correlated if and only if they
belong to the same correlated group.

When the group rasso is used (Figures 6.4a and 6.4b), the standard sta-
bility ® increases when the number of correlated variables inside each group
grows, which is undesirable. Increasing the number of correlated variables
increases ® because their small selection variance is counted more than once.
With gy, the size of the correlated group g, p, its selection frequency and
sg = py(1 = py), its selection variance (we assume here M — oo to simplify
calculations),

YglregSy , . g9 X%
o=1- £1- . (6.7)
Zg Pgqq Zg Pg49

In Equation (6.7), a variable outside any correlated group is considered as
being in a group of size 1. In the above scenarios, g; = q for the 5 groups
and g4 = 1 for all the other variables. The contribution of a group to the
variance term of ® is proportional to its size, as the importance reduction
of the features inside the groups is not taken into account. This behavior
is more pronounced in Figure 6.4b (scenario 2) than in Figure 6.4a (scenario
1), as the variables inside correlated groups are more relevant, causing the
selection variance of the correlated groups to be even smaller. The POGR
index essentially behaves like ® in these two first scenarios.

The Pearson’s correlation measure @, exhibits another behavior: it
starts higher than the other measures and gradually decreases. When the
total number of features d tends to oo, the correlation p; ; between feature
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Figure 6.3: Feature stability maps of the group LAsso (scenario 1) when the
size of the correlated groups c is equal to 1 (top) and 10 (bottom). The group
LAsso regularization is chosen to select ~ 40 features on average when ¢ =
1, but the specific number of selected features here varies across runs. As
the cumulative importance of each group is approximately constant in both
feature stability maps, their stability should be similar.

importances of two runs i and j satisfies

o = Xy Ly
L] — .
d 2 d 2
\/ Yy Ly \/ Xy Tjy

The contribution of a feature in the numerator of p; ; increases quadratically
with its importance. When g = 1, it is dominated by the stability of the N = 5
feature groups, as their importance is the highest. Then, as g increases, the
importance of each feature inside the groups is cut by g (as illustrated by
Figure 6.3). Consequently, the sum of squared importance inside each group
Dregl J?;’l. decreases by a factor g as well.

This implies an unintuitive result: the contribution of a correlated group
to @pears is inversely proportional to its size. When g grows, stability is more

(6.8)
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Figure 6.4: Experimental comparison of the stability measures ®, ®5, ®pears,
®;w and POGR in the presence of highly correlated feature groups, in func-
tion of g, the size of such groups. The group Lasso is used for feature selec-
tion in (a)(scenario 1) and (b)(scenario 2), the LAsso0 in (c)(scenario 3). Given
the design of these experiments, the stability value should not depend on g.

and more dominated by the out-of-group features, which have a larger se-
lection variance. As was the case for ®, this behavior is accentuated in Fig-
ure 6.4b (scenario 2), where the importance of correlated groups is larger (as
is their relevance).

These results can be compared to the behavior of ®;y,, where features con-
tribute to the stability proportionally to their importance. Hence, as the sum
of the importance of each group remains constant with respect to its size, so is
their contribution to stability. As a consequence, ®;, remains approximately
constant with c. Property 6 formalizes this result.

Property 6. Indivisible group size independence: whenever perfectly correlated
feature groups are selected as a whole, stability depends only on the groups’
cumulative importance, not on the group sizes.

As detailed in Appendix A.1, Property 6 strictly holds for ®;,, if the global
importance of each group is distributed among its features deterministically
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across runs. Unlike the other measures, ®;, correctly assesses the relative
importance of each group in the global stability value but may underestimate
the within-group stability if the above assumption is violated.

The evolution of ®s depends on the scenario considered. The experi-
ments reported in Figure 6.4b are such that the correlated groups are suffi-
ciently relevant for the classification so as to be selected in nearly all selec-
tion runs. In such a situation, &g tends to increase with g. Whenever some
correlated groups are regularly not selected, as in scenario 1 reported in Fig-
ure 6.4a, g actually tends to decrease with g and decays to —co.

Figure 6.4c is obtained with the pure LAsso selection which selects a few
features inside correlated groups instead of the whole groups. In such a sce-
nario, ®, ®,cars and iy, decrease with g as the selection of a few features inside
each group becomes more and more unstable and because these measures do
not take feature correlations into account. POGR somewhat increases with ¢
while ® s remains approximately constant, which is the desired behavior.

6.4 Stability as Maximal Shared Importance

In this section, we introduce a novel stability measure and show that it be-
haves adequately in the two scenarios discussed in section 6.3.1. We further
demonstrate that it generalizes previous work and prove several of its prop-
erties.

6.4.1 Definition

Unlike the limit cases presented in section 6.3.1, actual correlations between
features need not be restricted to 0 or 1 values. Moreover, observing some
correlation between a pair of features does not guarantee that they will nec-
essarily share their importance values in models taking these features as input
variables. Hence, to correctly assess stability while considering importance
values, one needs to discover which features actually share importance val-
ues across predictive models built from different selection runs. This is why
the evaluation of our stability index requires solving a linear program.

For each pair (i, j) of feature selection runs, one looks for the matching
between features that maximizes a (similarity weighted) shared importance.
Formally, S(i, j) is the optimal objective value of the following constrained

2 As shown in Figure 6.3, it is satisfied with the group Lasso. The global importance of each
group is approximately evenly distributed among their features.
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optimization problem:

2fgSfg X Xfg

S(i, j) = max (6.9)
X k
subject to Z xrg < Iif VfeF (6.10)
9€7;
Z xXrg < Ljgs Vg € ¥ (6.11)
fe7i

Xfg 20, Y(f.9) € (Fi. F)) (6.12)

The variables x4 represent the latent amount of shared importance by fea-
ture f, selected in run i, and feature g, selected in run j. This shared im-
portance is multiplied by the similarity s, between the two features. The
feature f can share its importance with several features of run j, but its total
shared importance cannot exceed its own importance [; y according to the
constraint (6.10) (and its reciprocal (6.11)). Feature importance values are
normalized such that }; fe Lif = k, the average number of selected fea-
tures.® Since the objective (6.9) and all constraints are linear with respect
to the variables x4, this optimization problem can be efficiently solved by
linear programming. The stability over M feature selection runs is defined as
the average pairwise optimal S(i, j) values:

) M M
Dpysi = MO —1) Z Z S(i, j) (6.13)

i=1 j=i+1

6.4.2 Illustration

An example of an optimal solution is depicted in Figure 6.5. Features 1, 2,
3 and 4 are selected in run i while features 2, 5, 6 and 7 are selected in run
Jj. Feature 1 is heavily correlated to feature 6 (s; 4 = 0.8) and relatively well
correlated to feature 5 (s;5 = 0.6). Feature 6 is also somewhat correlated to
feature 3 (s34 = 0.4). To maximize the objective, the link x; 5 between features
1 and 5 is set to the maximum possible value, 0.7. The remaining importance
of feature 1 is shared with feature 6 (x], = 0.6), and the link between feature
3 and 6 is set to the maximum remaining importance of feature 6 (x3 ; = 0.8).

An intuitive analogy is to view the selected features and their importance
as water containers, and the correlated links as water pipes. The objective is
to assign the pipes to empty the containers above without overflowing the
containers below, such that a maximum amount of water goes through the

3Since this normalization is undefined for a run i with k; = 0 (a limit case with no feature
selected in this run), we pose S(i, j) = 0if k; = 0@ kj = 0, and S(i, j) = 1if k; = kj = 0, with
@ the XOR operator.
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F3, Ij3=1 F4, I, =1

S15 = 0.6 S22 = 1 $3,6 = 0.4
x7 . Xy, =0.7 X;,=038
= S +=0.32

= 0.7

F6, ljg =14

Figure 6.5: Example of optimal solution with S(i, j) = w = 0.48.

One can verify that xj; +x7 < [;; = 1.3 and x{, + x5, < [;6 = 1.4.

pipes with the highest weights (which are the similarities between features,
or containers in the analogy).

The stability @, behaves correctly in the two scenarios presented in sec-
tion 6.3.1. Considering the first scenario (Figure 6.1), the constant cumulative
importance of the correlated group, independently of its size g, guarantees
that the stability is also constant with q. Indeed, the optimal solution verifies
2q.qelngl Xq.q" = % which implies

E k!

2/// 1 S/’//X/,//+E E.'. 1
¢.q"€llql>q-9"7q.9" T4 _ 4 T = -,Vg>1,

k k 2
as all the similarities s, are equal to 1. In scenario 2 (Figure 6.2), the impor-
tance of feature 1 in the first run is shared among the g correlated features in
the second run: x1,4 = I ¢, forall 1 < g’ < g, the optimal objective value is
then

5@, j) =

E k!

k k  k
Zicq<qSig¥ig v 5 Lisg<qlgty T+ 1 Va > 1
— = — = = -, q > 1.
2

k k k

Section 6.4.4 further illustrates on simulated data that our measure ®,,; does
not suffer from the limitations of current measures.

5@, j) =

6.4.3 Properties and Reductions

We show below that &g is bounded, which is necessary for a sound inter-
pretation of the stability value, and fully defined (Property 7 and 8). We also
demonstrate its maximality conditions in Property 9.

Property 7. The stability measure @, is bounded in [0, 1].

Proof. As every variable xf, and every entry of the similarity matrix S are
positive, the objective (6.9) is positive as well. The measure is thus lower-
bounded by 0.

If one assumes maximally similar features (sy4 = 1, Vf, g) instead of their
actual similarity values, the resulting optimization problem has an optimal
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objective value at least equal to the optimal objective value of the initial prob-
lem. The set of feasible solutions is the same as the constraints do not depend
on s¢4, and every solution has a larger or equal objective value than the cor-
responding solution of the initial problem. The optimal solution becomes

2feF; 2ugeF: XFf, 2rer i k
s(i j) = 217 ;E?‘} f9 _ fel? ’f:Z:L (6.14)

using constraint (6.10). The stability @y is thus upper-bounded by 1. O

Property 8. The stability measure @, is fully defined.

Proof. We have posed S(i,j) = 0ifk; = 0@ k; = 0and 1if k; = k; = 0,
with @ the XOR operator. It remains to show that the optimization problem
always admits a feasible solution when k; and k; are both non-zero. Since
Iir 2 0,Yf € F, Vi, the trivial assignation x74 = 0,Vf, g is a solution. m]

Property 9. The stability measure ®,; is maximal (= 1) iff, for all pairs of runs
i and j, each feature importance in run i can be fully shared with the importance
of one or several perfectly correlated features in run j. In other words, there exists
no link xf4 > 0 with s¢4 < 1, and all constraints from the set (6.10) are active:

de?‘j Xfg = Ii,f:Vf € 7:1

Proof. Suppose there exists a variable xr, > 0 with s¢; < 1. Then increasing
sf.g strictly increases the objective value. The previous objective value was
thus not maximal. Suppose that sy, = 1 for every variable xr, > 0. Then,
similarly to equation (6.14),

3 Zfeﬁ desfj Xf,g

S, J) Z

(6.15)

which is maximal (= 1) iff X jes X9 = Iif, Vf € Fi. By reciprocity, the set of
constraints (6.10) is active iff the set of constraints (6.11) is active. |

Theorem 5 shows that solving the optimization problem (6.9) is equiva-
lent to solving a maximum weighted bipartite matching problem whenever
the importance of all selected features is evenly distributed between them in
any given run and the number of selected features is constant across the M
runs. In this specific case, @ reduces to the measure proposed by Yu et
al. [YDLO08].



136 Chapter 6. Stability in Correlated Spaces

Theorem 5. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run and the number of selected features
is constant across the M runs, the constrained optimization problem (6.9) is a
maximum weighted bipartite matching problem.

Proof. The assumptions imply I; r = 1,Vf € F;, Vi. Problem (6.9) has the form
of {max cx|Ax < b, x > 0}, with A the matrix of constraints (6.10) and (6.11).
We first show that A is totally submodular, i.e., every of its square submatrix
has determinant 0, +1 or —1. The following four conditions are sufficient for
a matrix to be totally submodular [HT56]:

1. Every entry in Ais 0, +1, or -1;
2. Every column of A contains at most two non-zero (i.e., +1 or -1) entries;

3. If two non-zero entries in a column of A have the same sign, then the
row of one is in B and the other in C, with B and C two disjoint sets of
rows of A;

4. If two non-zero entries in a column of A have opposite signs, then the
rows of both are in B or both in C, with B and C two disjoint sets of
rows of A.

Condition 1 is satisfied as the coefficients multiplying x, in the set of
constraints (6.10) and (6.11) are 0 or 1. Condition 2 holds because each vari-
able xr 4 has a non-zero coefficient in two constraints, one from the set of
constraints (6.10) and one from (6.11). Condition 3 holds as we let B be the
rows of A representing the set of constraints (6.10) and C be the rows of A
corresponding to the set of constraints (6.11). If two non-zero entries in a col-
umn of A have the same sign, then one row represents a constraint in set (6.10)
(and is thus in B) while the other represents a constraint in set (6.11) (and is
thus in C). Condition 4 is trivially satisfied as two non-zero entries of A never
have opposite signs.

If A is totally submodular and b is integral (which is here the case as I; =
LVf € ¥, Vi), then linear programs of the forms {max cx|Ax < b, x > 0}
have integral optimal solutions. In our case, the variables xf, can only be-
long to {0, 1} which makes the original optimization problem equivalent to
maximum weighted bipartite matching. O

If there is no feature correlation, i.e., if the similarity matrix is the identity
matrix, theorem 6 shows that our measure ®.5; simply computes the average
pairwise feature importance intersection |#; N F;liw between two selection
runs, as defined in Section 5.3.1. This implies that whenever S = 1 and the
number d of input features tends to infinity, ®psi = Piw-
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Theorem 6. Whenever the similarity matrix is the identity matrix,

|7—'ﬁ |lW
@ ppsi = M(M—I)Z Z

i=1 j=i+l

Proof. As § = 1, the only variables xf, that can contribute to the objec-
tive (6.9) are the variables x ¢ linking the same feature in both selection runs.
Variable xf s exists only if feature f is selected in both runs. In this case, ac-
cording to the constraints (6.10) and (6.11), x7,r < min(I; f,I; r),Vf € FiNF;.
The equality is strict such as to maximize the objective. The objective can be
restated as

Zrerng Xrf _ Lferng Winlip L) |Fi0 Fliw

SG ) = ) _ ! )
(i, ) 7 F T

(6.16)

0

Theorem 7 states that @y, turns into the normalized average feature in-
tersection when the conditions of Theorem 5 and Theorem 6 are met.

Theorem 7. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run , the number of selected features is con-
stant across the M runs and the similarity matrix is the identity matrix,

|7-'m
(Dmsi M(M— 1) Z Z

i=1 j=i+l

Proof. The proof comes back to proving that |%; N Fjliw = |F; N F;| in that
scenario, which is done for Theorem 4 in Appendix A.1. O

Computing S(i, j) requires to solve a linear programming problem with
kik; variables, which can currently [Jia+20] be done in O((k;k;)*%>°) time.
The overall time complexity to compute ®; from feature importance? is then

4.11

O(M? (kik;)295) ~ O(M%k ).

Even though this is a somewhat high computational cost, it does not depend
on the typically very high number of features d, unlike ® s that requires O(d?)
time.

4As detailed in Section 5.3.2, computing feature importance can be done in O(Mkn) in
general and in O(Mk) for linear models.
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6.4.4 Simulation Studies II

In this section, we revisit the simulations performed in Section 6.3.2, focusing
on the behavior of ®,,;.

Figure 6.6 shows that @, is the only stability measure to remain ap-
proximately constant in all the studied scenarios. The importance weighted
measure ®;,, behaves correctly in the two first scenarios, where the group
LASSO is used as the feature selector, thanks to how it deals with feature im-
portance. More specifically, this is a consequence of the measure verifying
the indivisible groups size independence property (Property 6 stated in Sec-
tion 6.3.2) under the condition that the global importance of each group is
distributed among its features deterministically. The measure &g can also
remain constant in the last scenario, where the LASSO is used. The LASSO
selects only a few features inside each group, and ®s can remain constant as
it deals correctly with feature correlations in this instance. However, it does
not depend on feature importance and thus fails to remain constant in the
first two scenarios. The novel measure @y, stays constant in all three sce-
narios because it deals both with feature importance and feature correlations.
Much like Property 6 which targets scenarios 1 and 2, Property 10 formalizes
this result. Any measure satisfying Property 10 should remain constant in the
three discussed scenarios.

Property 10. Within-group independence: whenever the feature space contains
perfectly correlated feature groups, stability depends only on the groups’ cumu-
lative importance in each selection run, not on the number, identities, and rela-
tive importance of the selected features in each group.

Property 10 is an extension of Property 6. As such, meeting Property 10
ensures meeting Property 6. The measure @, verifies Property 10 provided
thatspy =1 = s¢p = sp 4 Vf,g, f. This transitivity condition holds for the
Pearson’s and Spearman’s correlation. Whenever it is respected, sharing the
importance of features from the same group has an equal effect on the objec-
tive. As long as the total importance of the group is constant (hence the total
importance that this group can share, according to the problem constraints),
the objective value remains unchanged.

Tables from 6.3 to 6.8 summarize the properties satisfied by the differ-
ent stability measures under study. The interchangeable property in these
tables simply states that the selections of perfectly correlated features are in-
terchangeable without any impact on stability.
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Figure 6.6: Experimental comparison of the stability measures ®, @5, ®pcars,
®iw, POGR and ®,,; in the presence of highly correlated feature groups, in
function of g, the size of such groups. The group rasso is used for feature
selection in (a)(scenario 1) and (b)(scenario 2), the rAsso in (c)(scenario 3).
Given the design of these experiments, the stability value should not depend

on q.
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Nogueira’s Index &

Property
Fully defined v
Upper bound v <1
Lower bound v > 7
Maximum v & Deterministic selection
Corrected for H, v
Importance weighted . L
L X | Non-weighted decomposition
decomposition
Indivisible group size The contribution of a group to
. X . . o
independence ® is proportional to its size
Interchangeable X Function of the identities of the
correlated features selected features only
D he i —
Within-group epends on the identities and
. X number of selected features
independence
from each group

Table 6.3: Summary of the properties verified by the Nogueira’s Index ®. The
measure cannot grasp nuances brought by feature importance and do not
take variable correlation into account.
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; -
Pearson’s correlation ®pcars

independence

Property
Fully defined v
Upper bound v <1
Lower bound v >
Maximum X & Linear dependence
Corrected for H, v
I t ighted
mportance W,e,lg € X No general decomposition
decomposition
Indivisible group size The contribution of a group to
. X oy
independence ®pears decreases with its size
Interchangeable Does not take feature similarity
X .
correlated features into account
1 Depends on the relative
Within-
tHimegroup X importance of the selected

features from each group

Table 6.4: Summary of the properties verified by the Pearson’s correlation
measure Qpears. The measure takes feature importance into account in a way
that undesirable behaviors can occur (notably in the presence of large cor-
related groups of variables). Furthermore, it does not satisfy the maximum
property as only a perfect linear dependency is sufficient to make the mea-

sure maximal.
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Importance Weighted Index ®;y,

Property
Fully defined
Upper bound

<1
-1
2 M1
& Deterministic importance

Lower bound

Maximum
Corrected for H,
Importance weighted
decomposition

N OINNN NS

The contribution of a group to
d;y is independent of its size

Indivisible group size + (provided importance is

independence S .
P distributed deterministically
within each group)
Interchangeable X Does not take feature similarity
correlated features into account
oy Depends on the relative

Within group P

. X importance of the selected

independence

features from each group

Table 6.5: Summary of the properties verified by the Importance Weighted
Index ®;y,. This index satisfies the indivisible group size independence and
importance weighted decomposition properties which makes it more robust
in different scenarios. Still, ®;,, lacks the ability to consider highly correlated
features as interchangeable (the alternate selection of highly correlated fea-
tures creates instability).
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independence

POGR Index
Property
Fully defined v
Upper bound v <1
Lower bound 4 >0
. & Systematic existence of a
Maximum v o
significantly correlated feature
Corrected for H, X
Importance weighted
o X
decomposition
Indivisible group size X The contribution of a group to
independence POGR is proportional to its size
Interchangeable v Provided the significantly
correlated features correlated relation is transitive
. Depends on the number of
Within-group X selected features from each

group

Table 6.6: Summary of the properties verified by the POGR Index. Note that
the authors also propose a corrected for chance alternative, nPOGR, that
looses the lower bound property [Zha+09]. This relationship between cor-

rection for chance and lower bound is discussed further in Section 6.3.
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Sechidis Index &g
Property
Fully defined v
Upper bound X
Lower bound X
Maximum X
Corrected for H, v
Importance wel ghted X No general decomposition
decomposition
Indly151ble group size X Complex
independence
Interchangeable Provided
v ,
correlated features Spg=1=srp=sp,Vf, 9, f
- Depends on the number of
Wlthln-group X selected features from each
independence
group

Table 6.7: Summary of the properties verified by the Sechidis Index ®s. This
measure extends ® to deal with feature correlations at the expense of the
bounds and maximum property.
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Maximal Shared Importance Index @y,

Property
Fully defined v
Upper bound v <1
Lower bound v >0
Maximum v & Fully shared importance
(Property 9)
Corrected for H, X
. Provided the selected features
Importance weighted
decombosition + of the ¢ methods are totally
P non-similar (between methods)
Indivisible group size v The contribution of a group to
independence i is independent of its size
Interchangeable Provided
v ,
correlated features Spg=1=spp=sp,Vf
Within-group Provided
. v ,
independence Spg=1=spp=sp,Vf

Table 6.8: Summary of the properties verified by the Maximal Shared Im-
portance Index ®,;. This index combines feature importance and feature
correlation and satisfies the within group independence property. It lacks
the correction for chance property (see Appendix D for an alternative).

6.5 Stability of Standard Selection Methods

In this section, we report (accuracy, stability) Pareto fronts on real data sets,
including microarray and mass spectrometry data. We compare the standard
stability @, which ignores feature correlations, and ®,g;. The similarity matrix
S is estimated as the absolute values of the pairwise Spearman’s p correlation:
sr.r = |pr.r7|. We consider the following feature selection methods and report
performances over M = 100 selection runs.

m Random forests with 1000 trees. A first forest is learned on the original
d features. The 20 features whose removal cause the greatest accuracy
decrease on the out-of-bag examples are selected. A second forest of
1000 trees built on those 20 features is used for prediction.
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= Logistic regression with a LAsso and ELASTIC-NET penalty. For the
ELASTIC-NET A1(A;L1 + (1 — A,)L2), the parameter A, which dictates
the balance between L1 and L2 norms, is set to 0.8. The parameter A, is
set to select, on average, k = 20 features over the M runs.

m The RELIEF algorithm with 5 neighbors with equal weights to select 20
features. Predictive models are 5-NN classifiers.

m The logistic or hinge loss RFE. Predictive models are obtained by logis-
tic regression or by fitting a linear svm on the 20 selected features.

m The t-test, Mutual Information Maximization (Mim) (infotheo R pack-
age) and minimum Redundancy Maximum Relevance (mRMR) (nRMRe
R package) information theoretic methods. For these three last ap-
proaches, the final model used for prediction is logistic regression esti-
mated from the 20 selected features.

We report experiments on 5 microarray data sets (alon, singh, chiaretti,
gravier and borovecki) from the datamicroarray R package and one
mass-spectrometric data set, arcene, from the uct machine learning reposi-
tory. They have a high number of features (from 2,000 for alon to 22,283 for
borovecki) with respect to the number of training examples (from 31 for
borovecki to 198 for arcene), which generally leads to instability. In each
selection run, the feature space is pre-filtered by keeping the 5,000 features
with the highest variance before running a specific selection algorithm.

Figures 6.7 and 6.8 represent the (accuracy, stability) Pareto fronts across
all feature selection methods for the two stability measures ® (left) and &y
(right). Results are also summarized in Table 6.9. These results show that
the choice of best-performing feature selection methods highly depends on
the stability measure used. Figure 6.7, Figure 6.8 and Table 6.9 further show
that the stability @, is much higher than ® for all selection methods. This
phenomenon is the most pronounced on borovecki where 0.06 < & <
0.24 and 0.71 < ®ps < 0.88. This indicates that the observed instability is
largely due to the high correlation between the input features. Even though
the selection is unstable at the level of the input features, selected features
from different selection runs tend to be highly correlated.

Correcting for the correlation between features, as done by ®g, produces
unexpected results. Stability values according to ®s are detailed on Figure 6.9
and Table 6.10, with even lower values than those of ®. This behavior contra-
dicts the initial objective of addressing stability underestimation in correlated
space. The measure ® g even often takes negative values that are hard to in-
terpret. Section 6.6 studies this issue in more detail.
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Figure 6.7: Pareto fronts across selection methods obtained when @ (a,c,e) or
Dpsi (b,d,f) estimates stability, on arcene (a,b), alon (c,d) and chiaretti
(e,f). These Pareto fronts depend on the choice of stability measure. On
arcene, the random forests (rf), which were in the bottom half in terms of
stability according to @, are the most stable method after correction for fea-
ture correlations. The logistic-rfe (logrfe) has lost the most. On alon, the
svm-RFE loses its place on the Pareto-front, while on chiaretti, the mu-
tual information maximization (mim) and the random forests (rf) are now
on it. The relief has also caught up to the other methods.
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Figure 6.8: Pareto fronts across selection methods obtained when @ (a,c,e) or
Dpsi (b,d,f) estimates stability, on borovecki (a,b), singh (c,d) and gravier
(e,f). These Pareto fronts depend on the choice of stability measure. On
borovecki, the random forests (rf) have the second-to-last worst stability
according to @ but is the most stable method considering ®,,s;. Mutual infor-
mation maximization has also climbed up the order. On singh, the elastic-
net joins the Pareto-front while the relief and the lasso reduce their deficit.
On gravier, mRMR takes the place of the ttest on the Pareto-front.
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Figure 6.9: Pareto fronts across all selection methods, obtained when @5 es-

timates stability.
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Dataset | Range ® Pareto front ® Range ®y,si | Pareto front @5 | Range ap
arcene | 0.11-0.31 | relief/logrfe/en | 0.43-0.70 relief/rf/ 0.69-0.76
mrmr/logrfe/
alon 0.2-0.46 0.63-0.70 mrmr/logrfe 0.77-0.84
svmrfe
. logrfe/mim/
chia. 0.19-0.4 logrfe/ttest 0.53-0.63 0.77-0.83
ttest/rf
borov. 0.06-0.24 ttest 0.71-0.88 ttest/rf 0.93-0.97
singh 0.32-0.51 logrfe/rf 0.69-0.81 logrfe/en/rf | 0.90-0.93
gravier | 0.1-0.27 logrfe/ttest 0.36-0.47 logrfe/mrmr 0.63-0.72

Table 6.9: Stability ranges and Pareto fronts for ® and ®,; on all data sets.

Data set Range &g Pareto front &g
arcene [-2.71,0.43] | relief/rf/lasso/mrmr
alon [-2.86,-0.04] mrmr/en/lasso
chiaretti || [-0.11,0.19] logrfe
borovecki || [-0.35,0.65] ttest/rf
singh [-0.01,0.4] logrfe
gravier [-1.4,0.07] logrfe/mrmr

Table 6.10: Stability ranges and Pareto fronts for ®s on all data sets. Stability
is often largely negative which creates interpretability issues.

6.6 The issue with the Sechidis Index

The Sechidis Index has been introduced in Section 6.2.1. By combining equa-
tion (6.4) and (6.5), this index can be expressed as

];S - + ZA;I1 ]Vi 1ZiSZj
Dg=1- My = (6.17)
tr(S27)
. . 2 M M 1M
The measure increases with = 32 205,41 252 — 3; 25, 2:Szi. The

first term of this quantity estimates how similar are, on average, two selected
feature sets from different runs i and j, according to the definition |F; UF;|s =
z;Sz; (Equation 6.3). The second term computes the average of the similarity
between identical runs (ks). Unlike for all the other studied measures, this
average similarity between identical runs is not necessarily equal to k (and
then normalized to 1). The quantity ks is actually not upper-bounded, which
is precisely what causes the measure to tend to —co when highly correlated
features are selected in the same selection run.

Consider the following example, depicted in Figure 6.10. Features 2, 3, and
4 are selected in both selection runs. Two perfectly (within-group similarity
of 1) correlated groups of g features, in orange and red, are selected in the
first and second run, respectively. We here assume that the total number of
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features d tends to oo and that there exists no feature correlation outside of the
correlated groups, like in Section 6.3.1, such that tr(SX°) = k. In particular,
we assume that ¢ << d. In this scenario,

M
- 1 1
kS:]\_/I E ZiSZi=5X2X(q2+3):q2+3.

i=1

The similarity of a selection run with itself increases with g. We also have

9 M M
]\/I(M——I)Z Z ZiSZjIB.

i=1 j=i+1

The numerator of the fraction in equation (6.17) is equal to ¢* + 3 — 3 = ¢°.
Then, , ,
L1

k q+3

which again tends to —co when g — oo. Clearly, the issue here is that ks has
a squared dependency on the size g of the groups. This is caused by the scalar
product, which counts the correlation between every pair of features. In con-
trast, our measure @, only depends on the correlation between matched
features. In general, ks increases a lot when highly correlated features are
selected in the same selection run, which makes ®g likely to take unbounded
negative values.

I P P S TP

k k k
I PP VS S Y S

Figure 6.10: Scenario 3. Features 2, 3 and 4 are selected in both selection
runs. Two correlated groups of g features, in orange and red, are selected in
the first and second run, respectively.

bs=1-

We emphasize here that the primary issue is not related to feature impor-
tance. Ideally, in Figure 6.10, stability should be equal to % for all g values as
the cumulative importance of the correlated groups is constant, like in Fig-
ures 6.1 and 6.2. The expected value of a stability measure that ignores feature
importance is here

3
= m
which is the exact value of @, KI, POGR or even Yu’s index (introduced in
Section 6.2.3). For the specific case where g = 3, all these measures are equal
to % (as one half of the features are selected in both runs), whereas ®gs is
already negative and equal to —%.
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6.7 Conclusion

This chapter focuses on estimating stability in feature spaces with strong fea-
ture correlations. Feature selection algorithms tend to alternate between the
selection of different, yet highly correlated features. Ignoring feature corre-
lations leads to a pessimistic stability estimation.

Several correlation-aware stability measures exist in the literature, but
they do not consider feature importance. Their limitations are illustrated the-
oretically, on toy scenarios, and on simulated data. The measure ®jy, already
improves the behavior of current measures whenever highly correlated fea-
ture groups are selected as a whole (e.g., with the group lasso) thanks to the
way it deals with feature importance. Yet, it remains unsatisfactory in general
when handling feature correlations.

A novel measure, @y, which takes into account both feature importance
and feature correlation, is proposed. We define stability as the optimal ob-
jective value of a constrained optimization problem, which can be efficiently
solved through linear programming. This objective depends on a similarity
measure between features and their relative importance values in predictive
models. We demonstrate on handcrafted examples and simulated data that
our approach provides more relevant stability estimates than existing stabil-
ity measures.

Experimental results on microarray and mass spectrometry data show
that including feature correlations into the stability value generally changes
the Pareto-optimal front. Consequently, that may strongly affect the choice of
selection method when picking an optimal trade-off between feature selection
stability and predictive performance.

The measure @y, still lacks the property of correction for chance. Ap-
pendix D discusses this issue and evaluates different solutions. In particular,
a corrected for chance variant of ®,;, belfgi is introduced. The variant comes
with a higher computational cost and loses the lower-bound property. Exper-
imental results suggest that the corrected for chance variant @fggi used in con-
junction with a sparse similarity matrix might be the best choice. One could
also define stability as the maximum value of @;ﬁgi over all sparsity thresholds,
as defined in Appendix D. The resulting measure is strictly lower-bounded
and asymptotically corrected for chance but suffers from even higher compu-
tational requirements.



Interactive Feature
Stability Maps: an R
package

This chapter introduces the stabilitymaps R package, which provides an in-
teractive tool for domain analysis related to feature selection. The R package
and its complete documentation is publicly available on this link.

7.1 Overview
The goals of this package are twofold:

1. helping domain experts understand why an algorithm is found to be
(un)stable and the implications

2. easing the identification of the most interesting features relative to a
specific prediction task (such as the diagnosis of a disease based on an
individual’s gene expression profile)

This package quantifies the stability of machine learning algorithms that
select a few features (e.g., gene expressions) and subsequently build predic-
tive models on them for a specific task (e.g., the diagnosis of breast cancer).
Some perturbations are applied to the data to form M slightly different ver-
sions of the original data set (different perturbation methods are available,
we no longer restrict ourselves to bootstrapping). The same feature selection
algorithm is run and produces a predictive model on each of these M modi-
fied data sets. Figure 2.17 in Chapter 2 depicts such a protocol. Ideally, the M
selected feature sets should be highly similar. Unfortunately, this is often not
the case, and we rely on a stability measure to quantify how robust to small
perturbations are the feature preferences of the algorithm. In this context, the
most interesting features are the ones with:

1. Ahigh selection frequency. Features selected in most of the M selection
runs are identified reliably by the algorithm, which seems confident
about their relevance to the prediction task. The applied perturbations
are insufficient to make the algorithm depart from these features.

153


https://bitbucket.org/vhamer/stabilitymaps/src/master/

154 Chapter 7. Interactive Feature Stability Maps: an R package

2. A high importance in the predictive models. Predictive models do not
always use their features in the same manner. Features that are the
most important for prediction (the ultimate goal) are certainly the ones
that matter the most in the involved (biological) processes.

The package further performs some feature similarity analysis. This helps
identify features not selected with a high frequency but still representative
of interesting underlying processes. For instance, if the selection alternates
between two highly similar features (e.g., two genes with the same biological
functions), both features might fail criteria 1) above. Still, the underlying
biological functions are discovered often and might be of interest.

The package relies on the feature stability maps, a visualization tool first
introduced in Chapter 5. These maps strongly facilitate the identification of
the most promising features according to the two criteria listed above. Fur-
thermore, they allow the intuitive estimation of stability according to our
novel stability ®@;,,. The maps are here updated to show the solution of the
constrained optimization problem that is solved to compute &y, easing the
understanding of this second and more complex measure.

Reminder on how feature importance is computed In each selection
run, a predictive model is built on the selected features to solve a particu-
lar predictive task. For linear models (e.g., logistic regression with a LASSO
penalty), the importance of a feature is simply the absolute value of its weight
in the model. Still, Section 5.3.2 proposes a non-linear generalization to evalu-
ate the importance of a feature. In a nutshell, the smaller the change required
to a feature for the model predictions to be affected, the more sensitive the
model is to that feature, and the more important that feature is.

7.2 Demonstration on Leukemia diagnosis

The different functionalities of the package are demonstrated in this section
on a real microarray data set (chiaretti). The predictive task is the
diagnosis of leukemia.

STEP 1: load the data

To load the demonstration data set, simply type:

library("stabilitymaps")
data("sample_data")

This loads the leukemia data set into the sample_data R variable.
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STEP 2: learn predictive models

This package proposes a baseline feature selection algorithm that can be used
easily. Logistic regression with an elastic-net penalty is performed and pro-
duces linear models. To learn M = 20 of such linear models, type for instance:

r = elasticnets(sample_data$dataset,
sample_data$labels, M=20, lambda=0.1, alpha=1)

The alpha and 1ambda parameters are meta-parameters of the selection al-
gorithm. Increasing lambda descreases the amount of selected features. The
alpha parameter dictates the relative rate of L1 and L2 regularization (see
Section 2.2.2.2 for a more detailed review of the elastic-net regression). The
returned object r contains two attributes:

m acc, which is the average accuracy of the M predictive models

= I, a matrix with M (=number of selection runs) rows and d columns
(=total number of features) containing the importance of each selected
feature in the corresponding selection run. An importance of I; ; = 0
indicates that the feature f is not selected in run number i.

The logistic-RFE can be used instead of the elastic-net by using the logrfes
R function (see Section 2.2.2.4 for a review of the logistic-RFE algorithm).

What kind of perturbations are applied ? The default perturbation pro-
tocol (used throughout this thesis) is bootstrapping. Bootstrapping draws with
replacement M samples of the same size as the original data set. A given data
point has a probability of 63.2% to be present at least once in a given bootstrap
sample. A predictive model is learned on each of these bootstrapped training
sets and evaluated on the out-of-bags examples. An alternative strategy is to
sample a fixed fraction of the original data without replacement. This can be
done with the arguments perturbationType and sampleSize. For instance,

rSample08 = elasticnets(sample data$dataset, sample_data$labels,
M=20, lambda=0.1, alpha=1, perturbationType="sample",
sampleSize=0.8)

samples 80% of the data points from the original data set 20 times to form
20 training sets. The elastic-net selection method is applied to each of these
training sets. The learned predictive models are then evaluated on each run’s
remaining 20% of data points. By using the sampleSize argument, the user
can easily control the amount of perturbation applied to measure instability.
A large sample size results in less perturbation and vice-versa.
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STEP 3: launch the interactive tool

The following code launches the interactive tool on the matrix r$1 (Fig-
ure 7.1). The resulting plot is displayed in Figure 7.1.

o = precompute(r$I, sample_data$dataset,
abr_names = sample_data$abr names, acc=r$acc)
showMap (o, comp="fun")

20.0- Feature Stability Map (phi=0.283, iw=0.258, msi=0.548, acc=0.807)
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Figure 7.1: Feature stability map obtained with the demonstration data. Each
row represents a given decision model, the whole map representing the
M = 20 models. Each feature is assigned a color, and the rectangles’ hor-
izontal extensions measure the features’ importance in the corresponding
decision models. The features are sorted from left to right in decreasing or-
der of selection frequency across runs. The green feature is selected the most
often but has much less importance than the blue-grey, orange, and yellow
ones, which might be more appealing for domain analysis.

Each row of these feature stability maps (introduced in Section 5.1) rep-
resents a given decision model, the whole map representing the M models
learned over the M resamplings (M = 20 here). Each feature is assigned a
color, and the rectangles’ horizontal extensions measure the features’ impor-
tance in the corresponding decision models, here linear ones estimated on
each of such resamplings. For clarity, the features are sorted from left to right
in decreasing order of selection frequency across runs.

As a domain analysis tool, these so-called feature stability maps allow the
identification of the most reliably identified features (the most frequently se-
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lected features, which are put at the left of such maps) and the most important
features in the predictive models (the largest rectangles) that are subsequently
built on the selected features. Features combining both properties are likely
to be particularly appealing for domain experts. In Figure 7.1, the green fea-
ture (36502_at) is selected the most often (in 17/20 runs). Yet, it tends to have
lower importance (two times less on average) in the predictive models than
the other most selected features (the blue-grey, orange and yellow ones). Even
though those three features are selected less often than the green one, they
look more appealing for subsequent analysis as they actually matter more in
the involved processes.
At the top of the stability map, three stability measures are displayed:

1. The Nogueira index ® (=phi)[NSB17a]. This measure is solely based on
the selection frequencies of the selected features. It does not account
for feature importance or feature similarity.

2. The importance weighted measure ®;,, proposed in Section 5.3, which
takes feature importance into account and generalizes ®. Sections 5.6
and 6.3.2 demonstrate the advantages of using such a measure in the
context of stability optimization and in the presence of groups of cor-
related features, respectively.

3. The measure @y, for maximal shared importance, proposed in Sec-
tion 6.4. It further generalizes ®;, and also depends on feature simi-
larities. Ignoring the possible similarities between features leads to a
pessimistic estimation of the stability when some features are selected
in one run and other features, distinct from but highly similar to the
initial ones, are selected in another run. This measure solves this issue.
The package allows domain experts to specify custom feature similari-
ties and proposes automated solutions.

All these measures are asymptotically bounded in the interval [0,1]. In
Figure 7.1, @ is relatively low (=0.283): the selection algorithm is not confident
about the identity of the features to use. The refined measure ®;y, is even
lower because the relative importance of the selected features also tends to
change significantly from run to run. This is another source of instability
that should be taken into account. Finally, @, which accounts for feature
similarities, is higher. Even though the selected features are vastly different
from run to run, they tend to be somewhat similar to each other (according
to a specific definition of similarity, explained later).

The name of the currently hovered feature is displayed. This name cor-
responds to the column names of the I argument given to the precompute
function. These names (which have to be formatted if functional enrichment
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is to be performed) can be overridden with the argument abr_names. One
can search for a specific feature by entering its name in the search bar and
clicking the bar.

When clicking on a feature in a given selection run m, the importance
shared between this feature in this run m and all features in all the other
runs is shown in grey. We encourage the reader to read again Section 6.1,
which introduces the notion of shared importance intuitively, and Section 6.4,
which formalizes it!. The hatched part is the contribution this shared impor-
tance brings to stability, and is equal to the shared importance multiplied by
the feature similarity?. A demonstration feature map with only two runs is
shown in Figure 7.2. In this example, the feature 38119_at has been clicked on.
It matches the top-right feature on the bottom run. The total grey area in this
top-right feature corresponds to the amount of shared importance between
both features. In this case, it is equal to the total importance of 38119 _at. The
hatched part represents the contribution to stability caused by this match-
ing. As both features are highly similar (0.8 here), both grey parts are nearly
identical (i.e., selecting one or the other feature has only a small impact on sta-
bility). The algorithm seems unsure about the selection of both features. This
makes them not very appealing for subsequent analysis at first sight. Nev-
ertheless, the use of the proposed tool shows that the algorithm is confident
that the underlying processes behind both features are pertinent. Naturally,
this observation is not significant in this illustrative example as the number
of runs M is set to 2.

Feature Stability Map (phi=0.249, iw=0.243, msi=0.508, acc=0.795)

2.0
1.5
51.0 .
0.5 I
0045 20 40 60 80 100

Figure 7.2: Small stabilility maps where the feature 38119_at has been clicked
on. 38119_at matches the top-right feature on the bottom run. The total grey
area in this top-right feature corresponds to the amount of shared impor-
tance between both features. The hatched part represents the contribution
to stability caused by this matching. As both features are highly similar (0.8
here), both grey parts are nearly identical.

Coming back to the example of Figure 7.1, clicking on the black feature
1636_g_at in the run number 13 (starting at 0) gets us Figure 7.3. One can

! The shared importance between two features f and g is the value of the variable xfq of
the solution of the optimization problem 6.9
2This contribution is sf,g X Xf,4 in Equation 6.9, up to the normalization constant k.
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see that 1636_g_at in run 13 tends to match its importance in other runs with
m itself, to which it is perfectly similar by definition
m the yellow feature, to which it is somewhat similar (= 0.5)
m the brown feature, to which it is also perfectly similar

The pie chart in Figure 7.4 is also produced and indicates the following statis-
tics, which are independent of the clicked run:

m 1636_g_at has a selection frequency of 0.45 (selected in 9 of the M = 20
runs). It is the seventh feature with the highest selection frequency.

m The total importance of 1636_g_at amounts to 4.469% of the whole map
(4.469% of the map is covered by the black of 1636_g_at). It is the fifth
feature with the highest total importance.

m The outer pie indicates the amount of importance that 1636_g_at
matches with other features. It matches a big chunk of its importance
with the brown feature and with itself (respectively 23.2% and 21.6%).
It also matches a decent amount with the yellow feature (13.8%).

= The inner pie indicates the contribution to stability that the shared
importance cause. Stability is increased the most by the matching of
1636_g_at with itself and with the brown feature, 1635_at, as they are
perfectly similar. Even though it also matches a large amount of im-
portance with the yellow feature, stability is not increased as much as
both features are only somewhat similar (~ 0.5).

The selection algorithm is more confident about the relevance of the biolog-
ical processes behind 1636_g_at and 1635_at than it appears at first sight (in
16/20 runs, at least one of 1636_g_at and 1635_at is selected, compared to 9/20
for 1636_g_at and 7/20 for 1635_at). Both features are never selected together,
but one of them is selected in most selection runs. A closer look at these fea-
tures might reveal exciting properties that could have been missed without a
similarity analysis.
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Feature Stability Map (phi=0.283, iw=0.258, msi=0.548, acc=0.807)
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Figure 7.3: Feature stability map obtained with the demonstration data,
when feature 1636_g_at in run number 13 has been clicked on. The grey
areas correspond to the shared importance between 1636_g_at in run 13 and
all other features in all other runs. The hatched parts correspond to the sta-
bility increases these matchings cause.
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Detailed stats on 1636 _g_at

4079%%73#13?@(&&_& 205032 %%@ﬁ
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33412_at
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36638_at | 13 go. pr=0.45 (7)

Ir=4.469% (5)

1635_at

1636_g_at

Figure 7.4: Pie chart obtained when feature 1636_g_atis clicked on. The outer
rim indicates the amount of shared importance between 1636_g_at and all
other features. The inner rim indicates the stability increase these matchings
cause. Both rims are expressed in percentage of 1636_g_at’s total importance.
The selection frequency and total importance of 1636_g_at are displayed at
the center of the pie, along with the ranks of 1636_g_at for both criteria.

What feature similarity to use ? The previously described similarity
analysis naturally depends on the specific choice of similarity measure be-
tween features. The package proposes three of such similarity measures: 1)
the absolute value of the Spearman’s correlation, 2) the absolute value of the
Pearson’s correlation, and 3) a functional measure using the GeoSemSim R
package [Yu+10]. This package derives a similarity measure between genes
using the Wang graph-based measure [Wan+07] that estimates the similarity
between two GO terms. This last measure has been used in this demonstra-
tion. The estimated stabilities are controlled by the simiMethodsFeatures
argument of the function precompute. The package also allows sparsifying
the similarity matrix for Spearman’s and Pearson’s similarity measures. This
alleviates the issues caused by the absence of correction for chance of &y
(see Appendix D). The corrected for chance variant @figi can be evaluated
instead of @ by setting the chance argument to true.
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The user can specify his own similarity measure between features under
the form of a matrix S such that S[£][g] is the similarity between feature
f and feature g. The following conditions on S must hold for stability to be
well defined:

1. 0<s[i][j] <1
2. S[i][i]1=1
3. s[i]l31=s[3][1]

The simiMethodFeatures argument must contain the "custom" string
value and the customSimilarityMatrix argument must be set to S. For
instance, the following code

o = precompute(r$I, sample_data$dataset,
abr_names = sample_data$abr names, acc=r$acc,
simiMethodsFeatures = c("spearman-sparse","fun","custom"),
customSimiMatrix = S)

computes stability according to three measures (the sparsified absolute value
of Spearman’s correlation, the functional measure, and the custom measure).
To display the interactive stability maps, the choice of similarity measure
must be specified by setting the comp argument of showMap:

showMap (o, comp="custom")

The package further allows studying the links between functional pro-
cesses and selected features. To do so, the column names of the matrix I
must be a valid keytype (such as ENTREZID, ENSEMBL, or SYMBOL), and
this keytype must be specified by the keytype argument of precompute.
The funMappings argument dictates which kind of functional analysis is
performed:

m "enriched": only enriched GO terms are displayed
m "all": all GO terms annotated to the selected features are displayed

The following piece of code computes the results for both analyses and plots
the one with all annotated terms (Figure 7.5):

o = precompute(r$I, sample_data$dataset,
abr _names = sample_data$abr names, acc=r$acc,
funMappings=c("enriched", "all"))
showMap (o, comp="fun", funMapping="all")

One can see that the orange feature (38052_at) is annotated with several
terms, some of which are clearly linked to blood. That certainly makes sense,
as the prediction task is the diagnosis of leukemia.
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Feature Stability Map (phi=0.283, iw=0.258, msi=0.548, acc=0.807)
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Figure 7.5: Feature selection stability map on demonstration data, with all
GO terms annotated to the features displayed on hovering.

The following line launches the interactive tool in the GO terms space
directly (Figure 7.6):

showMap (o, space="functions", funMapping="enriched")

By hovering over enriched GO terms, one can see to which features this term
is annotated. Here, the GO term platelet degranulation is enriched in run
12 and is annotated to the features 35664_at, 36591_at, and the orange one
38052_at (all selected in run 12). The enriched GO terms are strongly unstable
in this example. Note that the importance of a GO term g in run i is found as

I
IGO(H)I

Ii,g =
f:9€GO(f)

with GO(f) the set of (enriched) terms annotated to feature f. The similarity
between GO terms is computed using the graph-based approach [Wan+07].
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Feature Stability Map (phi=0.064, iw=0.102, msi=0.181, acc=0.807)
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Figure 7.6: Feature selection stability map on demonstration data in the en-
riched GO terms space. The features (genes) to which is annotated the hov-
ered GO term are displayed.



Conclusion and
Perspectives

The typical instability of standard feature selection methods is a key concern
nowadays as it reduces the interpretability of the predictive models and the
trust of domain experts towards the selected feature subsets. Such experts
would often prefer a more stable feature selection algorithm over an unstable
but possibly slightly more accurate one. The lack of trust from domain experts
certainly hinders the expansion of machine learning in sensitive areas such
as the biomedical domain.

This thesis tackles two aspects of this stability issue: stability optimization
and stability estimation.

Stability optimization is a field of research dedicated to improving selection
stability. This thesis proposes the hybrid-RFE algorithm that optimizes stabil-
ity explicitly via a dedicated meta-parameter. The algorithm first pre-selects
some features based on a stable univariate criterion. In a second stage, it finds
the most appropriate additional features in a multivariate fashion similar to
the standard Recursive Feature Elimination algorithm. Results on microarray
and mass-spectrometric data indicate that large stability gains are reached at
a small cost of classification accuracy.

Perspectives on stability optimization The stability of the hybrid-RFE
algorithm could potentially be improved further by combining it with some
existing approach(es) targeting stability improvements. For instance, one
could use ensemble feature selection [SAV08b; Abe+10] on top of the whole
algorithm or on top of the univariate/multivariate selection separately. The
data could also be pre-processed, for example, via instance-weighting for vari-
ance reduction [HY12].

Stability estimation seeks to measure the degree of stability of feature se-
lection algorithms. Stability estimation should be made such that stability
is an accurate indicator of the trust of domain experts towards the evaluated
algorithms. Most of the contributions of this thesis fall into this research field.

The popular choice in the literature is to measure the stability of feature
subsets independently of the feature’s respective contributions to predictive
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models. That option can have detrimental consequences. We illustrate this
phenomenon in two situations: 1) when jointly optimizing selection stability
with predictive performance and 2) when the feature space is composed of
highly correlated feature groups. In these scenarios, selection algorithms may
be regarded as untrustworthy by domain experts despite having high stability
according to popular measures. This illustrates the importance of adequate
stability estimation.

This thesis proposes two novels stability measures to solve the mismatch
between stability and trustworthiness:

m The importance weighted measure ®;,, incorporates the relative im-
portance of the selected features in predictive models into the stability
value. The proposed measure ®jy, is fully-defined, bounded, corrected
for chance, and maximal if and only if the importance distribution is
deterministic. It is shown to improve decision-making when stability
is jointly optimized with predictive accuracy. This is theoretically jus-
tified under the form of a new property, the importance weighted de-
composition property, that ®;,, satisfies. Using standard measures for
stability estimation gives a false sense of stability. It may convince
domain experts to sacrifice more predictive performance, even though
the actual stability is not increased, as illustrated with the more robust
measure ;. This is demonstrated experimentally on microarray and
mass-spectrometric data.

m The maximal shared importance measure @, generalizes ®;, and
deals with stability estimation in the presence of strong feature cor-
relations. Stability is defined as the optimal objective value of a re-
laxed weighted bi-partite optimization problem, which can be effi-
ciently solved by linear programming. The objective depends on a sim-
ilarity matrix between features and their relative importance values in
predictive models. The similarity matrix can be a priori defined or es-
timated from data. We demonstrate on handcrafted examples and sim-
ulated data that @y, provides more relevant stability estimates than
existing stability measures, including existing ones taking into account
feature correlations. In its original formulation, ®y, lacks the correc-
tion for chance property. Appendix D proposes a corrected for chance
variant of ®p,s. The variant comes with an increased computational
cost and at the expense of the lower-bound property. Experimental
results suggest that sparsifying the similarity matrix improves the reli-
ability of the corrected for chance variant.

We also propose a bi-objective evaluation framework to assess the ag-
gregated quality of feature selection algorithms. The two objectives are pre-
diction performance and selection stability. The framework is built on top
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of a stability measure. It aims at measuring the average satisfaction of do-
main experts with respect to their favorite (accuracy, stability) trade-off from
a specific Pareto-optimal front. Confidence intervals on the satisfaction of a
domain expert are constructed. Such confidence intervals measure the uncer-
tainty of the estimates due to the finite size of the data available and the par-
ticular data samplings used for assessment. Hypothesis tests to study the sta-
tistical significance of observed differences between two points or two Pareto
fronts are also constructed. These tools should help data scientists compare
different feature selection algorithms and favor the ones with higher average
satisfaction.

Perspectives on stability estimation The evaluation framework, includ-
ing the statistical tools, can be used with any satisfaction function. This can
be seen as a strength or a weakness, as the specific values reported in this
thesis are conditional to the particular choice of satisfaction function. Fur-
thermore, assumptions on the variability of the subjective preference of do-
main experts for accuracy and stability are made. As detailed in Section 3.6,
surveys on data scientists or actual domain experts could be made to relax or
refine those assumptions.

The proposed evaluation framework has been introduced in the first
methodological chapter of this thesis. It uses a pre-existing stability mea-
sure (®) to quantify stability. We recommend using our novel measure iy,
instead. Chapter 5 builds confidence intervals and hypothesis tests on the im-
portance weighted measure’s asymptotic value. This ensures that ®;y, can be
used instead of @ in the evaluation framework. Doing so certainly improves
the validity of the reported satisfaction estimates. The statistical tools have
been constructed under the assumption that the measure’s sampling distri-
bution asymptotically tends to a normal distribution. Past work proves this
result for @, and future work certainly includes the derivation of a similar
proof for its generalization ®;,,. Nonetheless, the normality assumption and
the related statistical tools have been successfully validated on real data in
a wide range of scenarios. This gives experimental evidence for asymptotic
normality. We also let the derivation of confidence intervals on ®y,; as future
work. This might be challenging as the measure is formulated as the objec-
tive of the solution of a constrained optimization problem. Yet, asymptotic
normality could also be assessed experimentally.

Computing &y requires solving a constraint optimization problem for
each pair of runs. As detailed in Section 6.4.3, its computational complexity
is O((kik;)?95) ~ O(M%k 4'11). This can become computationally intensive,
especially when the number of selected features increases. In this thesis, we
use the well-known simplex algorithm as a solver. One could study possible
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ways to increase the speed of the solver, for instance, by developing a fast
heuristic for the initial solution used by the simplex (or other more efficient
solvers).

A domain analysis tool Chapters 3 to 6 study stability estimation and op-
timization. They are mostly directed to data scientists. Chapter 7 is domain
expert oriented. It provides tools to the expert to facilitate domain analysis
related to feature selection in the form of an R package. Feature stability maps
(first introduced in Chapter 5) allow the intuitive estimation of stability ac-
cording to ®;,,. Chapter 7 adds an interactive layer to these maps. It displays,
on demand and in an intuitive way, the solution of the constrained optimiza-
tion problem that is solved to compute ®p,;. These stability maps help domain
experts understand why an algorithm is found to be (un)stable according to
our novel stability measures. They also help domain experts identify the most
interesting features relative to a specific prediction task. They allow the iden-
tification of the most frequently selected features and the features that con-
tribute the most to the predictive models that are subsequently built. Features
combining both properties are likely to be particularly appealing for domain
experts. Through detailed statistics on feature correlations and matched im-
portance, the package also helps identify features not selected with a high
frequency but representative of interesting underlying processes. These bio-
logical processes and their selection stability can also be studied easily within
the R package.

Perspectives on domain analysis In Chapter 6 and Appendix D, the fea-
ture similarity matrix on which @, is built has been estimated on data. The
similarity between two features is defined as the (possibly thresholded) abso-
lute value of their Spearman’s correlation. The proposed R package notably
allows using an a priori defined similarity measure. This functional measure
uses the GeoSemSim R package [Yu+10] that derives a similarity measure be-
tween genes based on their GO annotations. The stability @, associated to
this biological similarity matrix can be seen as a functional stability. Such a
functional stability is measured at the level of the underlying biological pro-
cesses rather than from the selected genes. Further research is needed in that
direction. For instance, one could study the differences between the stability
values and Pareto-fronts obtained with classical selection stability and with
this refined functional stability (similar to the survey in Section 6.5). The im-
pact of the correction for chance on this functional stability should be assessed
as well (as done in Appendix D for the Spearman’s correlation similarity ma-
trix).
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Further perspectives This thesis focuses on single-task stability. Pertur-
bations are applied (here through bootstrapping) to the data of a single pre-
dictive task. Stability is also of interest in the transfer learning and multi-task
settings. Multi-task selection algorithms perform feature selection on mul-
tiple tasks jointly. A feature set (and a predictive model) is learned on each
specific predictive task. Stability should also be promoted in the multi-task
setting as features relevant for multiple tasks should be particularly inter-
esting to study. Standard multi-task feature selection cannot be performed
when all learning tasks are not directly available. Nonetheless, information
from the tasks arising first can be propagated to subsequent tasks via transfer
learning. As for multi-task feature selection, stability has to be encouraged
from the domain expert’s point of view.

No information is shared between the M selection runs in the single-task
stability setting. Stability with respect to small data variations is assessed.
In the transfer learning and multi-task settings, stability is assessed over the
M; tasks. Promoting feature sharing over the different tasks is usually done
through dedicated regularization schemes (e.g., Group-Lasso with ¢, /£, reg-
ularization [VR12], additive linear models [EP04], see [ZY17] for a complete
survey). Such methods were introduced with the primary objective of build-
ing accurate predictive models across several tasks. A possible direction for
future research is to study to which extent these methods could also be used to
allow the tuning of the across-task selection stability and classification perfor-
mance trade-off. Furthermore, it should be possible to explicitly include the
objective of stability in the loss minimization problem that is solved in the
multi-task and transfer learning settings. This could promote stability more
directly than existing approaches. The measures ® and ®;y, are naturally non-
convex with respect to the model parameters (e.g., the weight vector w in a
linear model). Consequently, some proxy for these measures might be needed.
Including @y, in a loss function should be even harder as it is formulated as
the objective of a constrained optimization problem.

Multi-task learning in the biomedical domain is motivated by recent ad-
vances in RNAseq technologies, for which gene expression can now be mea-
sured at the level of single cells. Finding relevant biomarkers, in this case,
requires finding informative patterns in a collection of patients, each of them
being represented by transcript data over hundreds of cells. A future re-
search goal could be to study the stability of gene selection through multi-
task learning for which the single-cell expression patterns of an individual
patient would represent a specific task.






Additional proofs

In this Appendix, mathematical results developed in Chapter 5 are formally
proven.

A.1 Proofs of Properties

This section proves the 6 properties satisfied by the importance weighted sta-
bility measure

- | rand

|F: 0 Ilw |F: 0 Fili
iy = Al
M(M B 1) 2121 -C ( )
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|Fi 0 Filiw = Z min (I 7, I p), | 0 F 24 = p Z min(l; ¢, I p),
reFn fefirer;

and

€= M(M )ZZ 17 0 il

i=1 j=i+l

These properties are summarized in Table 6.5.

Property 1. Fully defined: the measure is defined for every possible importance
combinations.

Proof. For ®;y, to be undefined, the corrective term C must be equal to k,
such that the denominator of Equation (A.1) is equal to 0. As feature impor-
tances are normalized such that ). ¢ I; r = kV1<i<MI|FNT; |ir3,“d is upper
bounded by k, Vi, j- Indeed, such a normalization implies

> min(lyp I ) < k,Vf € F.
f'<i

As there are at most d features selected in run i,

|F; 0 Fliand = Z > min(l;y, jf/><

(T, fer,
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For the inequality not to be strict, all d features must be selected in both
selection runs and the importances must all be equal such that min(; ¢, I; /) =
Iif = Iy Vf, f’ or no feature must be selected in both runs (as we posed
|Fi N 7-“j|irjvnd = k in this situations). It then follows that ®;, is well defined
unless all features are always selected with a constant (= 1) importance in
each run, or no feature is ever selected.

O

Property 2. Maximum stability & deterministic importance: the measure
reaches its maximum if and only if the importance of every feature is constant
across all runs.

Proof. For ®j, to be maximal (= 1, see Property 3), |#; N ¥ |iw must be equal
to k Vi, j. This condition is equivalent to I; f = I; ¢ Vf, i, j. In other words, ®;y
is maximal when the importance of each feature is constant across selection
runs. We refer to such a situation as deterministic. |

Property 3. Bounds: the measure is bounded by constants not dependent on the
overall number of features d or on the average number of features selected k.

Proof. Our measure ®jy, defined in Equation (5.1), can be trivially restated as

(M(A%I—U Zi\gl ;’Vii+1 I‘fz N 7_}|iw) -C
k-C '

iw =

As |Fi N Fliw < k Vi, j, this implies m Z?;Il jw:m |Fi N Filiw < k. The
measure ®;y, is thus upper bounded by 1. The proof of the lower bound is
more complex. Referring to

M M

2
A=mzz |Fi O Filiws

i=1 j=i+1
we first use the chain of equivalence:

=
M-1 k—

-1

Dy >
1w M—l

C
>
C

M k _
& —C-A< —— o M*C—-M(M-1)A < Mk.
M-1 M-1

We maximize M%C — M(M — 1)A using linear programming and show that
the optimal solution cannot exceed Mk.
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maximize V14 Z Z Z Z Zijffr — Z Z Z Zijff

i j#i i j#i

subject to  z;jrp — wif <0
zijffr —wjf <0
Zijff = Wif 20
Zijff — Wif >0
Zf Wi f = k Vi
Z,‘jfff > 0, W,'f > 0.

The first four constraints impose that z;;¢r = min(w; g, w; ). As the sign of
zZijff in the objective is positive, at least one of the first two constraints will
always be tight. The same is true for the 3rd and 4th constraints, as the sign
of z;;rr is negative in the objective (M 1d — 1< 0withd > 2,M > 2). This
leads to the following dual formulation.

minimize E kwW;

subject to  y;jrp1 + Yijrfre M = forf #f’
1
1

YijrritYijffe 2 3= 13
= X jai L Yiif 1~ Dinj L Yiif e+ Wi 2 0 Vi f
Yijff. 2 0 Yijfr. < 0.
The assignment y;; 7. = MMl g Yiiff. = ML%{ - 1 , W; = M is a solution to
the problem. The first two constraints are t ally satlsﬁed One can check
that the third one is also satisfied:

_Zzyifff’l —ZZyUff/ﬁW- =(—(M - 1)d——) X2+M=0.

J#i 7 i#j f’

This solution has an objective value of Mk. Consequently, the optimal value
of the primal formulation is upper bounded by Mk. O

Property 4. Correction for chance: the measure is constant in expectation (here
set to 0) when features are selected randomly.

Proof. The average contribution to |#; N ¥|iw that a feature selected in both

runs i and j imply is

Lresifrer; min(lis, I r)
Kk, ‘
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If features were to be selected at random (i.e., under the null model of fea-
ture selection Hy), there would be, on average, % of such jointly selected
features. Then,
H _ 1 .
FinTil' =5 ), min(ip L) = 15 0 M.
feFuf'ef;

Also, in the special cases where k;, k;, or both are equal to 0, |F; N Fjliw =
|Fi N ﬁlf‘i’“d. Under Hy, the numerator of Equation (5.1) is then equal to 0,
making @y |Hy = 0. m]

In Section 5.4, we study the behavior of ®, ®,cars and ®;, when different
feature selection methods are combined. Combining different selection meth-
ods allows the exploration of part of the (accuracy, stability) objective space
whenever they produce different (accuracy, stability) trade-offs. This is il-
lustrated in Section 5.6 with the hybrid-RFE (introduced in Section 4.1) which
combines the classical logistic RFE and a more stable, yet less accurate univari-
ate criterion. Property 5 states that the contribution of each of the combined
selection methods to the stability should be proportional to the importance
of their selected features in the global predictive model. We prove Property 5
for @y, under the assumption that d tends to co. One of the consequences of
this result is that ®@;y,, unlike @, cannot be increased by the selection of stable,
yet marginally important features (see Section 5.6 for practical evaluations).
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Property 5. Importance weighted decomposition: when combining the non
overlapping selected feature sets of Q different methods, which produce Q mod-
els, in a single predictive model, if features selected by method q have their im-
portance multiplied by 51, in the combined predictive model of each selection
run, stability can be expressed as a weighted sum of the Q prior stabilities:

51,07
1w

blﬂao

q:

with @gN the stability of method q alone, and 61, the factor such that I; y =

q
5Iq X Il.,f.

Proof. Assuming that d tends to oo, we can neglect the correction for chance
terms, such that

M
2 i= 1+1 |7—~07:|1w

Dy =
MM -1) k

As there is no feature intersections between the sets selected by the Q meth-
ods, one can write

F5 O Filine = Z Z min(I? 81, I 61;) =
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Then,
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2
iy = ——— » JI,
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S

To keep the normalization X ¢ I; f = k, Vi correct, the 81, values must verify
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such that
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Property 6 concerns the behavior of stability when the feature space is
composed of highly correlated feature groups, which is studied in detail in
Section 6.3.2. It formalizes why our proposed measure ®j, can remain ap-
proximately independent from the correlated groups sizes in the two first sce-
narios studied in that section (Figures 6.4a and 6.4b), where the group LAsso
is used for feature selection. We prove that ®;,, satisfies Property 6 under the
following assumptions: 1) the importance of each group is deterministically
distributed among their respective selected features, and 2) d tends to co.

Property 6. Indivisible group size independence: whenever perfectly correlated
feature groups are selected as a whole, stability depends only on the groups’
cumulative importance, not on the group sizes.

Proof. According to the assumptions (1) and (2) above, it follows that the im-
portance of feature f, which belong to group g, in selection run i, satisfies

Lif= I kk 5f (A.2)

with Igl)l. the importance of the group g in run i whenever the group size ¢,
is reduced to 1, k! the average number of selected features in this reference
scenario, and &5 the constant fraction of importance feature f has in group g
(0 < 85, Xpeg O = 1). One can easily verify that Equation (A.2) satisfy the
normalization constraint

min(I,-,f,Ij,f)

Let I]’i be, as in Equation (5.8), equal to Z” T P T

where |zf, # 0]

is the number of runs where feature f is selected. Similarly, let I;’l =

min(} 1! )
Sij=1 o, gor - It follows that

1
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Then, using Equation (5.8),
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P * 2 T k *,1 *
k=Yg Sreglip? k- L3, Ip2 -3 glpé 1
Oy = 1— a =1-—F =1- = !
k-C k¢s —C k! —
with ®! the stability of the reference scenario where the group sizes c, are
all equal to 1. O

A.2 Proofs of Theorems

This section proves Theorem 3, Theorem 4 and Equation (5.8).

Theorem 3. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run,

k| FinF; | i kik;
IJM[max(kk]')] Z“M[max(k k; )]
- kik;
k- d'uM[maX(k % )]

o, =

with un(9(i, ) = wrony Sim L ), (L)) = Lifki = k; = 0,
g(i, j) otherwise.

Proof. As feature importance is constant inside each selection run, according
to the normalization ) I Iy = k, Vi, the importance of a feature in selection

run i is equal to kﬁl Starting from |F; N F;liw = X min (I 7, Ij r), we get

k k. KIFinF
|7—~m?|1w— Z mm(£,£) :ﬂ‘
feFinT; ki kj max (k;, kj)
Also,
rand _ 1 ]E' ]E ]E kikj
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feFi.f eF;
O

Theorem 4. Whenever the importance of all selected features is evenly dis-
tributed between them in any given run and the number of selected features is
constant across the M runs,

1.2

|7 N Fl - &

o; - ,
" M<M—1>;]Z,§1 =

which is the usual expression of the Kuncheva index.
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Proof. Using Theorem 3 and posing k; = k Vi, we get
%. Then,

max(k D = 1and %3

2

|77 N F;
Diy = M(M—I)ZZ k >

i=1 j=i+l

which is the usual expression of the Kuncheva index. As the Kuncheva index
is equivalent to ® when the number of selected features is constant, so is
i O

We further prove the frequency-based restatement of ®;,, (Equation 5.8):
A =S Gep  BLTse S Itpp)
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.
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with pr the selection frequency of feature f in the M runs, s}zc 2 % pr(1=ps)
M min(f;p1; )
i,j=1 |Z_,f¢0|2

feature importance, where |z ¢ # 0| is the number of runs where feature f is
selected. In the following proof, z; s is the Bernouilli variable indicating the

selection or non-selection of feature f in selection run i.

its selection variance and IJ’Z = a properly normalized global

Proof. We first develop the average pairwise similarity between selection
runs:
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Decision Making for
Cancer Diagnosis

This Appendix studies further the behavior of the measures ®, ®,cars and our
measure djy, in the context of joint optimization with predictive accuracy. As
detailed in Section 5.6, ® is best increased by the selection of features that
are stable, but possibly irrelevant and only marginally used for prediction.
Optimizing ®pears can give highly varying importance to the selected features
(example in Figures 5.11 and 5.12). Optimizing our proposed measure leads to
more satisfactory feature stability maps with higher predictive performance.

This Appendix presents the results obtained with the hybrid-rRFE on
the data sets borovecki (Figures B.1 and B.2), gravier (Figure B.3),
chiaretti (Figure B.4), alon (Figure B.5) and arcene (Figure B.6). As in
Figures 5.11 and 5.12 in Section 5.6 (on singh), the plain points in the figures
below represent all Pareto-optimal trade-offs when @ (red), ®pcars (green) and
;i (blue) are used to assess stability. The circled points are the compromises
(ap, ®) (red), (dp, Ppears) (green) and (dp, Piw) (blue) that are obtained with
meta-parameters on the (G, ®) (a), (dp, Ppears) (b) and (dp, Piw) (c) Pareto-
optimal curves. The Pareto-optimal fronts obtained when each measure is
optimized are in general different. This illustrates that optimizing ® or (gen-
erally to a lesser extent) ®,cars is not guaranteed to increase ®;y, which can
lead to unsatisfactory results (see feature stability maps of Figures 5.11 and
5.12 for singh and Figure B.2 for borovecki). Even when Pareto-fronts are
obtained with similar sets of meta-parameters, the y values corresponding to
each compromise can vary significantly (ex: gravier (Figure B.3)), which
ultimately leads to different chosen trade-offs.
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Figure B.1: Pareto-optimal curves for ¢ (red), ®pears (green) and @y, (blue),
obtained with the hybrid-RFE on borovecki. From (a), optimizing ® does
not necessarily increase ®,cars and ;. Furthermore, accuracy is sacrificed
for y values much bigger when @ is optimized. Using ® to estimate stability
gives a false sense of stability and may convince domain experts to sacrifice
more predictive performance, even though the more robust measure ®;y is
not increased. Domain experts with a preference parameter y € [0.04, 0] pick
the point labeled map1. About 7% of accuracy is sacrificed even though ®;,, is
not improved. From (b), increasing ®pears is not guaranteed to increase ;y
either. The annotated feature maps are depicted in Figure B.2.
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Figure B.2: Stability maps extracted from Figure B.1. Optimizing ¢ results
in the importance of most frequently selected features to be very small. The
whole right part of the map remains unstable but this is undetected by @ (¢ =
0.87, @iy = 0.37, Ppears = 0.22). From (b), optimizing ®pears can cause the most
frequently selected features to have highly varying importance. This is not
penalized adequately by ®pears (Ppears = 0.57, iy = 0.39, ® = 0.48). Optimizing
®;, prevents these two side-effects (c) (j = 0.63, & = 0.92, Ppears = 0.69).
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Figure B.3: Pareto-optimal curves for ® (red), ®pears (green) and @;y, (blue), ob-
tained with the hybrid-RFE on the gravier data set. Other example where
decision is heavily affected by the stability measure. Classification perfor-
mance is sacrificed in large amounts for (approx.) y < 0.7 when @ is used, and
only for y < 0.4 when ®j;, or ®peqars is considered. Accuracy is sacrificed more
with @ because it here overestimates stability.
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Figure B.4: Pareto-optimal curves for ® (red), ®pcars (green) and @;,, (blue), ob-
tained with the hybrid-RFE on the chiaretti data set. The meta-parameter
choices that constitute the Pareto-front are similar for ®;,, and ®pcars, but are
vastly different for ®.
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Figure B.5: Pareto-optimal curves for ® (red), ®pears (green) and &;,, (blue),
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obtained with the hybrid-RFE on the alon data set.
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Figure B.6: Pareto-optimal curves for ® (red), ®pears (green) and @;,, (blue),
obtained with the hybrid-RFE on the arcene data set. The measure O takes
values much higher than ®,ears and ®;y,, which indicates the stable selection
of some features that are only marginally used for prediction.






Importance Weighted
Stability of Standard
Feature Selection
Methods

In this Appendix, the aggregated results of Section 5.7 are depicted. Fig-
ures C.2 to C.5 compare the stability ®;y, of logistic regression with a LAasso
or ELASTIC NET penalty, the logistic RFE, the SVvM-RFE, random forests, the RE-
LIEF algorithm, deep feature selection without any hidden layer (shallow-dfs),
with a single hidden layer of 256 units (dfs), and with three hidden layers of
256 units (deep-dfs).

Tables C.1 to C.6 depict the expected satisfactions and hypervolume of
every method on each data set, as well as their per-dataset ranking. We per-
form below a statistical analysis of the observed differences in performance.
Note that statistical significance must be treated cautiously as the data sets
are from different sources. Thus, they cannot be assumed to be representative
of a specific area of research.

We use the non-parametric Friedman test [Fri37] to assess the statistical
significance of the differences between each algorithm’s observed average
rank R;. The Friedman statistic follows a y* distribution with N, degrees of
freedom

_12Ng (Ng )(N +1)2
X = No(Ng+1) Z 4 €D

with N, the number of algorithms being tested (here N, = 9) and Ny the
number of data sets (here Ny = 11). Results of Tables C.1 to C.6 leads to a
p-value of 8.2 % 107!, The null hypothesis of no average rank differences can
be rejected with strong confidence. Standard practice is to subsequently use a
post-hoc Nemenyi test [Nem63] as recommended by Demvsar [Demo06]. The
resulting critical difference plot is shown in Figure C.1. There is a clear gap
in performance between the best four performing approaches (the logistic-
RFE, elastic-net, svm-RFE, and random forests) and the others. Deep feature
selection seems to be the worst approach. This is not too surprising as deep
learning is known to require large amounts of data to work properly, and
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the considered data sets mostly have a low number of samples. Moreover, the
stability of deep feature selection is generally the worst among the considered

approaches.
CD
1 2 3 4 5 6 9
| | | | | |
logrfe lasso
elasticnet dfs-shal.
svmrfe relief
forests dfs
dfs-deep
(a) Expected satisfaction
CD
1 2 3 4 5 6 9
| | | I I | |
logrfe — relief
svmrfe dfs-shal.
elasticnet lasso
forests dfs
L— dfs-deep

(b) Hypervolume

Figure C.1: Critical difference plot for the expected satisfaction (a) and the
hypervolume (b). In (a), the logistic-RFE is the best overall performing algo-
rithm, followed by the elastic-net, the svm-RFE and random forests. There is
no statistically significant difference amongst these 4 algorithms. The lasso
and shallow-dfs are tied in 5th place and the relief comes next, all with a sta-
tistically significant difference with the logistic-RFE only. Dfs and deep-dfs
are the worst performing approaches and are significantly worse than the 4
top-performing algorithms. The ranking is the same in (b), except that the

lasso, shallow-dfs and relief are re-ordered.
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Figure C.2: Pareto-fronts (ap, ®;w) of the considered algorithms on the
ionosphere and sonar data sets. On ionosphere, the ELASTIC NET, LASSO,
SVM-RFE, LOG-RFE have similar overall performance. The RELIEF reaches
similar accuracies but is largely less stable. Random forests have better clas-
sification performance but are slightly less stable. Dfs and deep-dfs have
stronger accuracy than the linear methods but are dominated by random
forests. On sonar, the RELIEF dominates all other approaches.



192Appendix C. Importance Weighted Stability of Standard Feature Selection Methods

breast
0.96 -
c>f 0.92
]
3
(8]
o
<
0.88 -
0.84 -
0.4 0.6
(Diw
gastro
0.85-
% B
0.80- 4
>
(8]
)
8 0.75
o
<
0.70-
0.65-
0.2 0.4
cbiw
Isvt
0.85-
+
> 0.80 -
(8]
8
=
(8]
o
<
0.75-
0.70-
0.2 0.4
cbiw

Wi

*em,

08
| | ._. ..
........... QK%%

06

.._l.
2
06

method

dfs
dfs—deep
dfs—shal.
B elasticnet
-k forests
- lasso
logrfe
relief
svmrfe

method

dfs
dfs—deep
dfs—shal.
| elasticnet
-k forests
- lasso
logrfe
relief
svmrfe

method

dfs
dfs—dee|
dfs—shal.
# elasticnet
forests
- lasso
logrfe
relief
svmrfe

Figure C.3: Pareto-fronts (a;, ®;) on the breast, gastro and 1svt data sets.
The best accuracy is reached by neural networks on breast, but they are less
stable. On gastro and 1svt, the best approaches seem to be the linear ones.
The log-RFE reaches the highest stability on gastro and along with the svm-

RFE on 1lsvt. The relief is the worst on the three data sets.



alon
0.85-

0.80-

Accuracy

0.75-

0.70-
0.1

prostate

0.925-

Accuracy
o
[{e]
o
o

0.875-

0.850-
0.1

chiaretti
0.850-

0.825-

0.800-

Accuracy

=}
~
~
a
\

0.750 -

0.1

[ ]
1
; :
02 03
cDiw
) N
B,
---- 0. .
1
0.2 03 04
CDiw
m
o) -
‘m,
|
02 03
cl)iw

0.

7l

4

0.5

N

7

0.4

193

method

dfs
dfs—deep
71 dfs—shal.
# elasticnet
- forests
- lasso
logrfe
relief
svmrfe

N

| elasticnet

- forests

- lasso
logrfe
relief
svmrfe

method

dfs
dfs—deep
71 dfs-shal.
B elasticnet
¥ forests
- lasso
logrfe
relief
svmrfe

Figure C.4: Pareto-fronts (ap, ®;) of the considered algorithms on the on
the alon, singh and chiaretti data sets. Neural networks perform quite
poorly on those microarray data sets, especially in terms of selection stabil-

ity.
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Figure C.5: Pareto-fronts (ap, ®;) of the considered algorithms on the
gravier, arcene and borovecki data sets. Non linear methods perform
better, at least in terms of classification performance, on arcene, while the
linear algorithms seem to be the good choice on gravier and borovecki.
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ionosphere sonar

Method Es, |rank | HV | rank || Es, | rank | HV | rank
logrfe 0.666 2 0.562 1 0.369 3 0.208 3
svmrfe 0.649 3 0.543 3 0.349 6 0.194 4
forests 0.713 1 0.550 2 0.402 2 0.225 2
elasticnet | 0.643 4 0.532 4 0.361 4 0.191 5
lasso 0.621 6 0.475 6 0.350 5 0.164 6
relief 0.521 9 0.369 9 0.441 1 0.289 1
dfs-shallow | 0.633 5 0.493 5 0344 | 7 | 0.161 7
dfs 0.604 7 0.436 7 0.312 8 0.099 8
dfs-deep 0.573 8 0.384 8 0.278 9 0.076 9

Table C.1: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on ionosphere and sonar.

’ breast gastro

Method Es, | rank | HV | rank || Es, | rank | HV | rank
logrfe 0.857 1 0.819 1 0.630 1 0.505 1
svmrfe 0.848 2 0.784 2 0.521 4 0.349 4
forests 0.815 5 0.708 5 0.559 3 0.389 3
elasticnet | 0.838 3 0.760 3 0.573 2 0.392 2
lasso 0.803 6 0.669 6 0.384 7 0.140 7
relief 0.775 7 0.639 7 0.334 9 0.135 8
dfs-shallow | 0.824 4 0.718 4 0.455 5 0.207 5
dfs 0.693 8 0.443 8 0.419 6 0.158 6
dfs-deep 0.620 9 0.304 9 0.365 8 0.098 9

Table C.2: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on breast and gastro.
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’ lsvt ‘ alon

Method Es, |rank | HV | rank || Es, | rank | HV | rank
logrfe 0.633 1 0.501 1 0.489 1 0.253 2
svmrfe 0.620 2 0.496 2 0.488 2 0.277 1
forests 0.496 5 0.304 5 0.401 4 0.182 4
elasticnet | 0.587 3 0.426 3 0.455 3 0.195 3
lasso 0.496 6 0.257 6 0.333 8 0.088 8
relief 0.362 9 0.174 7 0.385 5 0.170 5
dfs-shallow | 0.545 4 0.321 4 0.374 6 0.119 6
dfs 0.424 7 0.174 8 0.336 7 0.096 7
dfs-deep 0.407 8 0.152 9 0.294 9 0.060 9

Table C.3: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on 1svt and alon.

’ singh chiaretti

Method Es, | rank | HV | rank || Es, | rank | HV | rank
logrfe 0.682 1 0.462 1 0.472 1 0.256 1
svmrfe 0652 | 4 | 0448 | 4 0448 | 2 | 0.245 2
forests 0.679 3 0.462 3 0.441 4 0.228 4
elasticnet | 0.682 2 0.462 2 0.446 3 0.236 3
lasso 0.600 6 0.328 7 04138 5 0.158 6
relief 0.608 5 0.384 5 0.403 7 0.206 5
dfs-shallow | 0.587 7 0.336 6 0.407 6 0.121 7
dfs 0.494 8 0.170 8 0.388 8 0.104 8
dfs-deep 0.478 9 0.144 9 0.368 9 0.088 9

Table C.4: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on singh and chiaretti.
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gravier arcene

Method Es, |rank | HV | rank || Es, | rank | HV | rank
logrfe 0.302 1 0.122 1 0.313 3 0.118 1
svmrfe 0.282 3 0.119 2 0.291 5 0.109 3
forests 0.251 5 0.087 4 0.322 2 0.098 5
elasticnet | 0.287 2 0.110 3 0.297 4 0.111 2
lasso 0.272 4 0.073 5 0.278 6 0.068 6
relief 0.164 9 0.04 8 0.329 1 0.100 4
dfs-shallow | 0.246 | 6 0.05 6 0.269 8 0.051 7
dfs 0.231 7 0.04 7 0.262 9 0.041 8
dfs-deep 0.222 8 0.035 9 0.269 7 0.032 9

Table C.5: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on gravier and arcene.

borovecki

Method Es, | rank | HV | rank
logrfe 0.609 1 0.264 1
svmrfe 0.589 2 0.237 2
forests 0.544 4 0.140 5
elasticnet | 0.549 3 0.165 4
lasso 0.492 6 0.112 6
relief 0.534 5 0.176 3
dfs-shallow | 0.486 7 0.111 7
dfs 0.468 8 0.099 8
dfs-deep | 0.439 9 0.034 9

Table C.6: Expected satisfaction and hypervolume of the 9 evaluated algo-
rithms on borovecki.






Correction for chance in
correlated spaces and the
impact of the similarity
matrix S

This appendix studies the property of correction for chance in the presence
of feature correlations. We show that correcting for chance can be, in some
cases, orthogonal to the objective of addressing stability underestimation in
correlated spaces. This effect is highly linked to the density of the similarity
matrix S. It should not be overlooked when opting for a specific choice of sim-
ilarity matrix. Furthermore, there is a direct conflict between the correction
for chance and the lower bound properties. Current correlation-aware mea-
sures are all either lower-bounded or corrected for chance, but not both. In the
last part of this appendix, we derive a strictly lower-bounded and asymptoti-
cally corrected for chance stability measure. Nonetheless, the computational
cost of this approach is admittedly prohibitive, and simply sparsifying S to a
pre-defined threshold might be the best overall option.

D.1 Context

As detailed in Section 5.3.3, a good property of a stability measure is its correc-
tion for chance, i.e., the expected value of the measure should be 0 whenever
features are selected uniformly at random. The importance-weighted mea-
sure &y, provably satisfies this property. The correlation aware measure Oy
does not, however. This appendix analyses this issue and studies different
solutions.

When ignoring feature correlations, the basic principle of correction for
chance is that a stability measure should not be influenced by feature inter-
sections that occur by chance rather than by the decision-making of the fea-
ture selection algorithm. Non-corrected stability measures are biased towards
the selection of large feature sets. Such large feature sets have a higher prob-
ability of containing identical features by chance. For instance, consider the
following scenario. Method A has an average feature intersection of 3 when
selecting 5 features out of 10. Method B has an average feature intersection
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of 5 when selecting 7 features out of 10. To measure selection stability, one
could opt for the Dice-Serenson Index, as done in [YDLO08] as a comparison
point to their new measure. This index is defined as

M M
2|Fi N Fjl
Dice = . D.1
M(M—l)Z:Zrl ki+k; (1)
It is not corrected for chance. In particular, when a constant number of fea-
tures k is selected in each run, E[Dice]|Hy = S > 0. We have here

3 5
Dice(A) = < < Dice(B) = =

Yet, as method B selects 7 features out of only 10, the probability that it se-
lects identical variables in different runs by chance is very high. Using the
corrected for chance Kuncheva Index, we get

_2 _®
KI(A) = —2 =0.2 > KI(B) = —o = 0.048.
S— 10 7—1

Method B has a higher Dice Index, but its Kuncheva Index is close to 0,
which indicates that its average feature intersection is barely above the one
obtained with the random selection strategy. Classical correction for chance
only depends on the number of selected features at each run k; (here constant
and equal to k) and the total number of input features d. Correcting for chance
also allows a sound comparison of stability values measured on different data
sets, as they might all have a different number of input features d.

Correcting for chance in the presence of feature correlations is not that
straightforward, as the expected value of stability when features are selected
randomly depends on the whole similarity matrix S. The correction for
chance thus depends on the similarity between irrelevant features. Such fea-
tures might never be selected, but they influence the value of any corrected
for chance stability measure. This causes several problems detailed in Sec-
tions D.2 and D.3. In particular, no matter how stable the selection appears to
be, no matter how close ®, ¥y, and g are to 1 (but not equal), a corrected
for chance measure could still take unbounded negative values. This illus-
trates that special caution must be taken when one deals with correction for
chance in correlated spaces.

To show that, we first introduce the following corrected for chance variant
of our measure:

cfe _ (Dmsi - cDmsiIHO

cfe (D.2)
s 1- (I)msiIHO
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As estimating @i requires to solve a constrained optimization problem,
there is no close formula for ®y,5|Hy. To evaluate ®,5|Hp, we simply ran-
domize the selected feature identities in the M runs and compute @y, for this
sampling. As doing so is inherently stochastic, we do this B = 10 times and
report the average stability. The variant @fﬁgi is corrected for chance but is
stochastic in nature. Furthermore, as ®,,5;|Hy can be as close to 1 as desired
(by tuning the similarity matrix S), CDfxf‘S:i looses the lower bound property.
Zhang et al. opted for a similar strategy to correct the POGR measure for
chance [Zha+09]. The resulting stability measure, denoted nPOGR, naturally
loses the lower bound property as well.!

The initial objective of introducing stability measures that consider fea-
ture correlations is to address the stability underestimation in correlated
spaces. Sechidis et al. notably write

The particular contribution of this paper is on how to estimate
stability in the presence of correlated features, also known as fea-
ture redundancy. We will demonstrate that any stability measure
not taking such redundancy into account necessarily gives a sys-
tematic under-estimate of the stability, thus giving an overly pes-
simistic view of a given FS algorithm. This systematic under-
estimation of stability can have a variety of consequences, de-
pending on the application domain.

They indeed observe such a stability underestimation in their pa-
per [Sec+19]. Zhang et al. reach the same conclusion, noting that the cor-
rected for chance measure nPOGR may be more appropriate:

Based on microarray data sets for three diseases, we show that
though there are few genes shared between the DEG lists from
different studies for a disease, most of the POGR and nPOGR
scores are rather high, suggesting high reproducibility of the
DEQG lists in the sense that the apparently inconsistent DEG lists
are significantly correlated. [...] After excluding the effects of list
lengths and general data correlations on chance agreement, the
nPOGR score may be more appropriate for comparing the consis-
tency levels of DEG lists with different lengths and from different
studies. On the other hand, because the nPOGR score measures
the relative agreement beyond chance, it should be necessary to
use the POGR score to reflect the apparent agreement of DEG
lists based on the original data correlation.

IStrictly speaking, the nPOG measure does satisfy the lower bound property as it is defined
as the maximum of 0 and its original value. However, this is an unsatisfactory fix. The issue is
that the measure can collapse in some cases studied later in this appendix. Whether it collapses
to 0 or to —oo has little importance.
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The classic scenario where stability is largely increased by factoring in
feature correlation has a clear interpretation: the identities of the selected fea-
tures are unstable, but the algorithm tends to alternate between highly similar
features. The information conveyed by the selected features is, in fact, stable.
Sechidis et al. and Zhang et al. both observe this phenomenon. However,
as the measures &5 and nPOGR are not lower bounded to the contrary of ®
and nPOG, the opposite must be possible. The interpretation of a situation
where, for instance, nPOG > nPOGR or ®;, > beggi is more challenging.
The selected features are stable themselves, yet the information behind them
is deemed unstable. We show further below that such situations can occur
with correlated for chance measures, especially (but not only) when the sim-
ilarity matrix is dense. Sechidis et al. avoids this phenomenon by posing
sfg = 6(lpg,s| > 0.5) which greatly reduces the density of S. Yet, by doing
so, they 1) abandon the capability of their measure to use fractional similarity
values and 2) drop a large fraction of the small but existing feature correla-
tions. The specific threshold value, here set to 0.5, also largely influences
stability. Zhang et al. rather use statistical analysis to find significantly cor-
related features. This essentially comes back to posing sg, = 6(|pfp| > 0),
with 6 such that the p-value of a feature pair with |pf | > 0 is below the
considered significance threshold (typically 0.05).

In order to study in more detail the hidden issues of correction for chance,
we analyze the behavior of ¢, and (I)fi‘;i in different scenarios (including with
different similarity matrices). We reflect on the advantages and disadvantages
of both variants.

D.2 Simulated data: revisiting scenario 3

This section reuses the third scenario of the simulation studies of sec-
tions 6.3.2 and 6.4.4 (see Table 6.2), with the following modification. The irrel-
evant variables are now correlated to each other, and this correlation amounts
to p°°8 on average. We set the size g of the 5 relevant correlated groups to 5,
and we study stability in function of p°°® in Figure D.1a. When p°°8 = 0, O,
d;y and Oy are the same as in Figure 6.6c when g = 5. The measures ® and
®;, are not so good because the lasso picks only a single or a few features
inside each group, which need not be the same in different selection runs.
The stability @, deals with feature correlations and provides a more accu-
rate stability value. It is quite good here because the five groups are selected
in most of the runs, with only a few irrelevant features that change from run
to run. The correction for chance is negligible as most features (the 1000 ir-
relevant ones) are not correlated to any other features. When p°°® increases,
d, dy and Dy do not vary much. The measure (D;fgi does not behave like
the others and decreases towards large negative values. It does so because
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Dyyi| Hp follows closely p°°8 and tends to 1. We here argue that such a behav-
ior can be quite detrimental to the interpretability of stability. Should not an
algorithm that seems to consistently select features from the same correlated
groups be considered stable, whether or not irrelevant features are correlated
to each other? This is especially true since some classical stability is observed
(@, Bjy ~ 0.3 — 0.4). The measure Dy is not satisfactory either as ®p,5i|Hy
reaches high values. A large value for @, is thus not a trustable indicator of
stability occurring via the decision-making of the selection algorithm.
Figure D.1a has been obtained with s¢ 4 = |pf,4| with p denoting the Spear-
man’s correlation. In that case, the similarity matrix S is dense. Nonetheless,
the same issue happens when thresholding the pairwise correlation. Fig-
ure D.1b is obtained by setting all similarities below 6 = 0.5 to 0. The same
issue arises as p°°¢ eventually becomes greater than 6. When p°°¢ < 9, cor-
rection for chance is essentially non-existant and the @, (Dfrfzi and ®y,.i|Ho
curves remain flat. When p°°® > 0, stability values quickly reach the same
values as in Figure D.1a. Varying 6 simply moves the crossover point. Natu-
rally, @;{‘;i can be prevented from reaching negative values by setting 6 to 1,
but then @f}ﬁ‘;i becomes equivalent to ®;y, and correlation between features is
simply ignored. Using sg 4 = 6(|pf,¢/| > 0.5), as in [Sec+19], simply makes the
crossover point harsher (Figure D.1c). Note that Figure D.1 is obtained while
keeping p°°8 < 0.95 for visualization reasons, as @;{; ~ —3 when p°°8 = 1.
In conclusion, neither ®, nor CD;{; are truly satisfactory in the studied
scenario. An ideal measure would have its expected value under Hy stay at 0
for all p°°8 values, i.e., it should be corrected for chance. It should also never
decrease towards arbitrary large negative values. Note that such behavior can
naturally be obtained by simply taking the maximum between 0 and @;{‘;i, but
this feels more like a trick to hide the underlying issue of the measure col-
lapsing. The same is true for max(®°<., ®) or max (P, @y,), i.e., the collapse

msi’ msi’
still occurs, just to a more limited extent.

D.3 Stability on microarray data sets

Consider the logistic RFE algorithm with the same set of meta-parameters as
in Section 6.5, and applied to the alon microarray data set (we here set M to
30). Stability according to ® and ®j, is quite poor but pretty average when
compared to the other microarray data sets under study (0.34-0.29). The mea-
sure ®y,5; is much higher (0.71). However, it turns out that @, |Hy = 0.67. Asa
consequence, deIf; is equal to % ~ 0.096, which is really low?. Figure D.2
details two correlation plots obtained on the alon data set. These correlation

plots are computed based on two specific selection runs. For clarity, features

21t is even possible to find meta-parameters sets for which CI>IC£§i =-0.1
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Figure D.1: Stability dependency on the correlation p°°® between irrelevant
features in the revisited scenario 3 from Table 6.2. The corrected for chance
variant @fﬁii is unsatisfactory as it tends towards large negative values when
p°°8 increases. The base variant @y, is also not satisfactory as its expected
value ®p,|Hy reaches high values. The similarities s¢; are set to the absolute
value of the Spearman’s correlation |py /| in (a). Values lower than 6 = 0.5 are
set to 0 in (b) while values higher than 6 = 0.5 are subsequently set to 1 in (c).
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are sorted by solving the corresponding bipartite matching problem. The first
one (Figure D.2a) is obtained via the logistic-RFE algorithm. The second one
(Figure D.2b) comes from random selection. Both plots have approximately
the same stability, according to @y, (= 0.7). Yet, they are completely differ-
ent. In Figure D.2a, nine features are selected in both runs and have a maximal
correlation with each other. The bottom right part of the plot shows that most
of the remaining variables contribute only slightly to stability: they are dif-
ferent from each other and only slightly correlated towards their respective
matched variables. Still, 9/20 features are selected in both runs, which seems
somewhat stable at the very least.

The second plot (Figure D.2b), obtained with random selection, is much
more homogeneous. No feature is selected in both runs, but it is possible to
find a matching where every feature contributes significantly to stability be-
cause the alon data set contains a lot of correlated variables. It turns out
that both graphs have similar stability according to ®,,. In this context, the
corrected for chance variant bei‘;i is close to 0 despite some evident stability
in Figure D.2a. Correcting for chance here would make us conclude that the
algorithm is highly unstable and untrustworthy even though it is not. It just
turns out that many irrelevant and never selected variables are highly corre-
lated to each other. Figure D.3 depicts the stability values obtained with the
logistic-RFE on the 6 considered data sets, according to @, ®jy,, pysi and @;{Zi.
No real increase in stability is observed with @fg‘;i, unless for borovecki (-0.19
on alon, -0.06 on arcene, +0.43 on borovecki, +0 on chiaretti, +0.03
on gravier +0.05 on singh, compared to ®;y). This quite contradicts the
findings of Zhang et. al. [Zha+09].

0.8- A
AN (I)msi A
D61 | H
0.6 - m51| 0 + A
>
= A A F3
o
S 0.4-
n () .
q)iw I I
0.2- 3
cfc
_t_ ®m5i 1 1 1 1
alon arcene  borovecki  chiaretti gravier singh
Dataset

Figure D.3: The different stabilities of the logistic-RFE algorithm on 6 data
sets.
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Figure D.2: Correlation plots between the selected features obtained with the
logistic-RFE (a) and random selection (b) in two specific selection runs. Both
have nearly identical stability according to ®p,;. The corrected for chance
measure CDfizi is close to zero for the plot obtained through the logistic-RFE,
despite some evident stability (9/20 features selected in both runs).
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This issue of overly brutal correction for chance can be greatly mitigated
by sparsifying the similarity matrix S, which reduces the impact of the cor-
rection for chance. We here use a different thresholding mechanism than
Sechidis et. al. We pose

Sfg = D.3
9 0 otherwise (D3)

_ {lpf,gl if min(ranks(|pys,_[)[g], ranks(Ip_gD)[f]) < K
with, for instance, K = 0.2%. The similarity matrix S is sparsified locally,
instead of globally as in [Sec+19; Zha+09]. The K highest correlations are
kept for each variable. With this value of K, a randomly selected feature in
a run m; has a probability® of ~ é to have a correlated feature selected in
another run my. This should already decrease ®y,5i|Hy considerably without
completely killing the signal. Figure D.4 shows the values taken by ®p,s and
@f}f‘s’i using this sparsification mechanism. The measure @fﬁgi is now systemati-
cally above ®;y,, which is much more consistent with [Zha+09; Sec+19] (+0.07
on alon, +0.04 on arcene, +0.52 on borovecki, + 0.12 on chiaretti,
+0.07 on gravier +0.20 on singh, compared to ®;y,). The contrast between
Figures D.3 and D.4 naturally indicates that @5 and CDfrf‘;i depend a lot on
the level of sparsification K applied on the similarity matrix S. If K is set to
a too low value, feature correlations are simply ignored and @fggi = Oy If
K is too large, the correlation for chance can interfere with sound stability
analysis. Figure D.5 depicts this dependency of the different stability mea-
sures on K. Increasing K above 1 systematically increases stability, as feature
selection algorithms (here the logistic-RFE) often select different but highly
correlated features across selection runs. Nonetheless, when K increases fur-
ther, ®,,si|Hy rises a lot such that @;fzi decreases, sometimes even below ®;,
(dotted lines).

3assuming S — 0 such that probabilities can simply be multiplied.
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Figure D.4: The different stabilities of the logistic-RFE algorithm on 6 data
sets when the similarity matrix S is sparsified according to Equation D.3 with
d _
K =0.2f = .
One way to remove this dependency on K is to simply define stability as
the maximum of (Dflfgi for any K:

O+ max O (K). (D4)
As @12 is provably equivalent to @y for K = 1, it satisfies the lower-bound
property (as ®@;, does). It is not corrected for chance in the strict sense as
the maximum of random variables with expected values of 0 has itself an
expected value above 0. Nonetheless, ®7°* is asymptotically corrected for
chance as M — oo. Indeed, when M — oo, the variance of CD;{;(K) tends to-
ward 0 and so does ®7°*. Figure D.6 shows that 2% does not suffer from the
same collapse as CD;{‘S:i in the simulated scenario of Figure D.1. Note that ®p,;
and 7% behave equivalently in this idealised scenario. This is naturally not
always the case as highlighted previously on microarray data (e.g., Figure D.5
where 7% the maximum of the green curve, often largely differs from &

msi ’
with a dense similarity matrix (K — ©0)).
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Figure D.5: Dependency of @i, Pmsi| Hp and @fggi on the sparsification level K.
The dotted line corresponds to the value of ®;,. When K =1 (log,,(K) = 0),

feature correlations are ignored altogether and ®,,; ~ @f:gi =

®;w. When

the highest correlations for each feature are added to S according to Equa-
tion D.3, (Dflfzi first increases as the selection algorithm tends to alternate be-
tween the most correlated features. Increasing K further results in ®p,|Hy
quickly catching ®,,;, which reduces @fﬁ‘s’i, sometimes even below @, .
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Figure D.6: Stability evolution in the simulated scenario studied in Fig-
ure D.1. The stability 2% does not collapse when p°°® increases despite
being (asymptotically) corrected for chance.

In conclusion, @, is not totally satisfactory, mostly when S is dense, as it
lacks the correction for chance property. A high value of @y, is not sufficient
to conclude that the selection algorithm is stable. The corrected for chance
measure @fﬁgi is not fully satisfactory either, as it lacks the lower-bound prop-
erty and sometimes produces dubious results. Sparsifying S to a certain level
greatly mitigates this issue. However, this poses the question of choosing a
specific value for the sparsity threshold. To combine the advantages of &y
and @fggi while removing this threshold dependency, one can define stability
as the maximum value of (D;f; over all sparsity thresholds K. This comes at the
additional computational cost of finding the optimal value for K. Nonethe-
less, it turns out that the heuristic K = 0.2% falls very close to the optimal
value, at least on the 6 data sets considered here (where d > 2000 and with
k = 20). Using this heuristic here works well without the additional compu-
tational cost. However, this need not be the case for all data sets, especially
those with fewer input features.
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