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Abstract

We tackle the problem of estimating time-varying covariance matrices (TVCM; i.e. covariance ma-

trices with entries being time-dependent curves) whose elements show inhomogeneous smoothness

over time (e.g. pronounced local peaks). To address this challenge, wavelet denoising estimators are

particularly appropriate. Specifically, we model TVCM using a signal-noise model within the Rie-

mannian manifold of symmetric positive definite matrices (endowed with the log-Euclidean metric)

and use the intrinsic wavelet transform, designed for curves in Riemannian manifolds. Within this

non-Euclidean framework, the proposed estimators preserve positive definiteness. Although linear

wavelet estimators for smooth TVCM achieve good results in various scenarios, they are less suit-

able if the underlying curve features singularities. Consequently, our estimator is designed around

a nonlinear thresholding scheme, tailored to the characteristics of the noise in covariance matrix re-

gression models. The effectiveness of this novel nonlinear scheme, equipped with a variety of new

intrinsic thresholding rules, is assessed by deriving mean-squared error consistency and by numeri-

cal simulations, and its practical application is demonstrated on TVCM of electroencephalography

(EEG) data showing abrupt transients over time.

Keywords: Nonlinear wavelet thresholding, non-Euclidean geometry, sample covariance matrices,

time-varying second-order structure, log-Wishart distribution.

MSC2020: 62G05, 62H12, 62P10, 62R30

1 Introduction

In this paper, we tackle the problem of estimating the time-varying covariance matrix (TVCM)

of a multivariate time series, which features sharp local peaks or general inhomogeneous smooth-

ness. We consider that the theoretical variance-covariance matrix of the multivariate time series
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is evolving as a function of time and can be modelled by a continuous curve with values in

the set Sym+(d) of symmetric positive definite (SPD) d × d matrices. Then, we can estimate

the covariance matrix locally in time by calculating the sample covariance matrix over short

disjoint windows. Obviously, in order to control the variability of this estimator, we still need

to care for an appropriate smoothing method to reduce the noise of this preliminary sequence

of covariance estimators over time - without smoothing out important time-localised features in

one (or various) element(s) of the TVCM.

In a univariate situation of smoothing variance curves, methodology accompanied by asymp-

totic results on mean-squared error convergence has been derived in a nonparametric regression

framework (such as in [2], using linear wavelet smoothing). However, in a multivariate con-

text, to maintain positive-definiteness of our estimators at each and every point in time, and to

prevent other undesirable effects such as ”swelling” [5], one should not use classical regression

methods because the considered curves do not live in a Euclidean vector space – we rather need

to consider Sym+(d) as a Riemannian manifold by equipping it with an appropriate metric. This

non-Euclidean property of the space of interest motivates an intrinsic regression methodology,

exploiting tools from Riemannian geometry.

Extensions of nonparametric regression methods to non-Euclidean data have been investi-

gated up to now by only a few works: [6] with intrinsic cubic splines, [28] with intrinsic local

polynomials, [23, 10] with intrinsic wavelets. In particular, the latter (which primarily focused

on spectral density estimation of multivariate data) had been developed in order to estimate

manifold-valued curves with inhomogeneous smoothness.

Most of the mentioned literature on smoothing or denoising trajectories of covariance ma-

trices (over time or space) deals with linear smoothing approaches. In our work, however, we

concentrate on nonlinear wavelet thresholding estimators of the underlying SPD matrix-valued

curve. This allows us to benefit from all advantageous properties of denoising schemes known

from univariate first-generation wavelet estimation, i.e. adapting to possibly inhomogeneous

spatial smoothness of the underlying curve and allowing for fast implementations. As our ob-

ject of interest is SPD, the uttermost paradigm of our approach is that at every point in time the

estimators remain SPD. Moreover, we wish to keep some equivariance properties being suited

to the multivariate situation, e.g. a permutation in the ordering of the time series dimensions

should entail the same permutation in the estimated covariance matrix (compare also the dis-

cussion in [10]). To do so, we choose to work in the log-Euclidean manifold, by application

of the matrix logarithm to empirical and population TVCMs and subsequent development of

finite-sample and asymptotic properties of this approach.

Compared to the aforementioned literature, the originality of our paper is two-fold.

• On the one hand, we deliver a complete modelling and estimation approach for denoising

empirical TVCMs of weakly dependent time series. As a motivation, we recall that in
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the univariate situation of Gaussian independent observations it suffices to take the log-

arithm of an empirical variance estimator to turn a multiplicative χ2 noise model into a

homoscedastic additive signal-plus-noise “log χ2” model. However, developing an appro-

priate similar set-up for the general d-variate situation of serially dependent data requires

to solve problems inherent to, among others, the non-commutative nature of products of

general symmetric matrices (as the matrix logarithm of the product of two symmetric

matrices is not equal to the sum of their logarithms). Additionally, proving the asymp-

totic properties of our approach required a lot of non-trivial matrix calculus (especially

Taylor expansion of matrix-valued functions), which is more difficult than for scalar and

Euclidean cases.

• As a second main contribution, with our paper we go beyond existing preliminary non-

linear thresholding results by suggesting appropriate threshold rules and the choice of

their threshold values which are both more flexible than the existing ones of [10] and

as such directly taylored to the non-trivial problem of denoising matrix-valued curves.

We propose a series of original theoretical results, in particular a new mean-squared er-

ror consistency result for general nonlinear wavelet estimation. This includes showing

the usefulness of an explicitly derived correction of the bias of our estimator caused by

the geometric nature of our log-Euclidean approach. Empirical investigations confirm

our theoretical results, via extensive simulation studies and an application of our method

to transient EEG signals, which reveals new insights about linear associations between

signals at different EEG channels and their evolution over time.

Estimation of covariance matrices which evolve over time (or space) arises in a variety of

applied fields such as computer vision [8], medical imaging [16, 17], signal processing [4] and

neuroscience [18]. Perhaps the most prominent example (with d = 3) are diffusion tensors

[29, 15] which describe the shape of diffusion localised to a voxel (human tissue, e.g. brain or

heart) by modelling the covariance of the Brownian motion of water at this voxel. In this work

we address the analysis of observed multivariate EEG seizure time series, through their TVCM:

this is a different approach than [21] which used an estimate of the time-varying spectral density

matrix.

Our paper is structured as follows: in the remaining of this introductory section we recall

from the literature notation, achievements and results that we need to familiarize the reader

with the topic of this research. In particular we recall in Subsection 1.2.3 existing results on

linear wavelet estimation of SPD matrix-valued curves – for which appropriate signal-plus-

noise models had to be established (see Equation (12)) – and that we want to improve by further

developing nonlinear thresholding. In particular, we aim at rendering it applicable to adaptive

smoothing of empirical TVCMs: to this end, Section 2 introduces local covariance estimation

3



where we present the model and the necessary assumptions on our data generating process, as

well as a “pilot” estimator used as input in the first step of our subsequently developed wavelet

denoising scheme. Section 3 then is the core section of our paper where we treat genuinely

nonlinear wavelet regression for denoising SPD matrices: the first part of this section is devoted

to the discussion of a set of newly proposed thresholding rules which adapt to the matrix-

nature of our wavelet coefficients, and in the second part we show a new result on integrated

mean-squared error (IMSE) consistency of our nonlinear regression scheme for general SPD

matrices. We then specify the application to sample covariance matrices, benefiting from the

preparatory achievements of the previous section. The performance of our new thresholding

rules is then investigated in the next Section 4 first by some simulation studies where we i)

generate more generically regression data from a given signal-plus-noise model; but also ii)

consider smoothing of empirical time-varying covariance matrices, by simulating both serially

independent data as well as time series data from a vector-autoregressive (VAR) model. Finally,

in the last Subsection 4.3, we will show the performance of our method on multivariate time

series EEG data collected from patients suffering from epilepsy: these data show rather abrupt

changes over time – at the onset of the seizure – and we will examine various aspects of adaptive

smoothing over time, monitoring of the seizure onset and analysis of spatial synchronization

between different EEG channels.

A discussion section summarizes our achievements and outlines future research whereas a

short appendix section presents the central tool of the Baker-Campbell-Hausdorff formula for

non-commutative matrices as well as some additional figures of Section 4.3. Finally, some

auxiliary material is relegated to a substantial series of Supplement Sections which presents in

particular all proofs of our results and some further numerical simulation results.

1.1 Preliminaries

Notation. We denote the set of d×d symmetric matrices by Sym(d), the set of d×d symmetric

positive definite matrices by Sym+(d), the set of d×d orthogonal matrices by O(d). The matrix

A = diag(ai)
d
i=1 is a diagonal square matrix with elements Aii = ai. The operation A ∗ B :=

ABA⊤ is the matrix congruence transformation between A and B. |A| is the determinant of A.

Recall the eigenvalue decomposition (EVD) of a matrix A ∈ Sym+(d), i.e. there exists

some U ∈ O(d) and diag(λi)
d
i=1 =: Λ such that A = UΛU⊤. The EVD allows functional

calculus for SPD matrices, in the sense that we can extend some univariate map φ : R+ → R
to its matrix counterpart, by the concept of O(d)-equivariant univariate maps [25]: i.e. maps

φ : Sym+(d) → Sym(d) such that

φ(UΛU⊤) = U diag(φ(λi))
d
i=1 U

⊤ (1)
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for all U ∈ O(d) and Λ with positive diagonal entries, and where the inverse φ−1 exists. In

the remaining, the distinction between the univariate map and the O(d)-equivariant univariate

map is often ignored and clear from the context. For example, the principal matrix square

root and principal matrix logarithm are defined by setting φ(·) = (·)1/2 and φ(·) = log(·).
The inverse of the latter is exp : Sym(d) → Sym+(d) : A 7→

∑∞
k=0(k!)

−1Ak, the matrix

exponential. Both exp and log are differentiable: we will use the directional Fréchet derivatives

of the matrix exponential and matrix logarithm, which are well defined and denoted by DAφ(E),

with A,E ∈ Sym(d) and A = U diag(λi)
d
i=1 U

⊤, and can be expressed in closed-form:

DAφ(E) := U(Z ⊙ (U⊤EU))U⊤ ,

where ⊙ is the Hadamard product and where Z is the matrix of first divided differences, i.e.

Zij =


φ(λi)− φ(λj)

λi − λj
if λi ̸= λj

φ′(λi) otherwise.

Log-Euclidean manifold. Consider Sym+(d) as a differentiable manifold embedded in Sym(d),

which can be equipped with a Riemannian metric g – i.e. a family of inner products for tangent

spaces TSSym+(d) defined at each point S in Sym+(d) and varying smoothly in S. The pair

(Sym+(d), g) is called a Riemannian manifold: here, we consider the log-Euclidean Rieman-

nian metric of [5] defined by g = {gS}S∈Sym+(d) where gS(U, V ) := ⟨DS log(U),DS log(V )⟩F
for U, V ∈ TSSym

+(d), inducing the norm ∥U∥S = ∥DS log(U)∥F . This metric also induces

the simple log-Euclidean distance between points in the SPD manifold:

δL(S1, S2) = ∥ log(S2)− log(S1)∥F , (2)

for S1, S2 ∈ Sym+(d) – note that this is the length of the shortest curve between the two points,

i.e. the geodesic curve parameterized by

γ(t;S1, S2) = exp((1− t) log(S1) + t log(S2)). (3)

We can generalize the concept of addition for points in the manifold by defining the expo-

nential map ExpS : TSSym
+(d) → Sym+(d) mapping matrices U in the tangent space of S1 to

a point S2 in Sym+(d):

ExpS1
(U) = exp

(
log(S1) + DS2 log(U)

)
= S2 .

To generalize the concept of subtraction we define its inverse, the logarithmic map LogS :
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Sym+(d) → TSSym
+(d) which is unique (because the sectional curvature of (Sym+(d), g) is

nonpositive) and defined by

LogS1
(S2) = Dlog(S1) exp

(
log(S2)− log(S1)

)
= U .

Furthermore, another important tool is the parallel transport which maps vectors in tangent

spaces to vectors in other tangent spaces, while preserving its intrinsic norm: ΓS2
S1

: TS1Sym
+(d) →

TS2Sym
+(d) such that for U ∈ TS1Sym

+(d), ∥U∥S1 = ∥ΓS2
S1
(U)∥S2 . It is defined by

ΓS2
S1
(U) = Dlog(S2) exp

(
DS1 log(U)

)
. (4)

Finally, we consider manifold-valued random variables: as (Sym+(d), δL) is a complete

separable metric space, then (Sym+(d),B(Sym+(d))) is a measurable space with B(Sym+(d)))

its Borel σ-algebra. Given a probability space (Ω,A,P), a random element in Sym+(d) is a

measurable functionX : (Ω,A) → (Sym+(d),B(Sym+(d))) with induced probability measure

(or distribution) ν := P ◦X−1, which we denote by X ∼ ν. We denote by P(Sym+(d)) the set

of probability measures on (Sym+(d),B(Sym+(d))), and by

Pp(Sym
+(d)) :=

{
ν ∈ P(Sym+(d))

∣∣∣∣∣
∫
Sym+(d)

δpL(R, S) dν(S) <∞

}
,

with arbitrary R ∈ Sym+(d), the subset of probability measures having finite p-th moment with

respect to the log-Euclidean distance. For X ∼ ν, we define the Fréchet mean of X by

Eν [X] = µ := arg min
S0∈Sym+(d)

∫
Sym+(d)

δ2L(S0, S) dν(S) ,

which exists whenever ν ∈ P2(Sym
+(d)) and is unique because (Sym+(d), g) has nonpositive

sectional curvature. Furthermore, under the log-Euclidean metric, it is characterized by E[X] =

exp(E[log(X)]), where E[·] is the ordinary Euclidean expectation in the vector space Sym(d).

1.2 Wavelet transform of curves in the log-Euclidean manifold

In order to give the reader a better understanding of how wavelet transforms of curves in Rie-

mannian manifolds can be constructed via average-interpolation schemes [10], we first briefly

recall classical wavelet smoothing.

1.2.1 Recalling classical wavelet denoising

We begin by (very schematically) recalling the first-generation (linear) wavelet estimator in a

(demonstratively simple) nonparametric signal-plus-noise regression model, where we observe
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n = 2J noisy observations Yk from an equidistantly sampled square-integrable curve f(t),

t ∈ [0, 1], in the presence of (i.i.d.) homoscedastic (mean zero) noise ξk:

Yk = f(k/n) + ξk, k = 0, . . . , n− 1 . (5)

Projecting each of the ingredients of this additive model on the scaling functions {Φj,k} of an

L2([0, 1]) orthonormal wavelet basis furnishes the corresponding additive i.i.d. model in the

coefficient domain

Mj,k =M f
j,k +M ξ

jk, k = 0, . . . , 2j − 1, j = 0, . . . , J , (6)

where Mj,k and M f
j,k = ⟨f,Φj,k⟩L2 denote the empirical and the true scaling coefficients (of the

curve f ), respectively, on resolution scales j = 0, . . . , J , and locations k = 0, . . . 2j − 1. Then

a “linearly thresholded” MSE-consistent curve estimator of f is given by

f̂J0(t) =
∑
k

MJ0,kΦJ0,k(t) , (7)

where the smoothing scale J0 is chosen to be smaller (”coarser”) than the sampling scale J ,

akin the choice of the bandwidth b ∼ 2−J0 of the associated (wavelet) kernel estimator to fulfil

b→ 0 and nb→ ∞ with n→ ∞.

However, the full potential of wavelet denoising shows only for nonlinearly thresholding

the empirical wavelet coefficients Djk (see (15)) associated to the set of {Mjk}jk, i.e. setting

(and/or shrinking) those Djk to zero that, in absolute value, do not surpass an appropriately

chosen threshold (e.g. the famous ”universal threshold” being proportional to the standard de-

viation of {DJk}Jk, times a factor
√

2 log(n) which protects against large deviations in its

(asymptotically) Gaussian distribution). These truly ”multiscale” estimators are able to denoise

signals with locally inhomogeneous smoothness provided the data follow some version of the

above-mentioned signal-to-noise model (6) (whereas the “monoscale” estimators (7) cannot).

The following construction of second-generation wavelet schemes, which replaces the above,

in Euclidean set-ups more direct, construction for scalar-valued functions, we will use average-

interpolation [12]: note that although no (scaling or wavelet) basis functions {Φj,k} do exist

in the considered non-Euclidean geometry, we will benefit, by equation (12), from a signal-to-

noise model similar to (6) which holds with the same properties as for first-generation wavelet

estimation of (scalar-valued) curves. In particular, as it is common practice, the scaling coef-

ficients MJ,k are identified with the observations Yk, before a dyadic fast pyramid algorithm

(of computational order O(n)) is used to obtain coarser scaling coefficients Mj,k essentially via
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successive weighted averaging with filters of finite length.

1.2.2 Average-Interpolation (AI) schemes for SPD matrices in the log-Euclidean mani-
fold

Let now f : [0, 1] → Sym+(d) be a square-integrable function from (rescaled) time u ∈ [0, 1]

into the space of SPD matrices such that
∫ 1

0
∥f(u)∥2F du < ∞, observed through dyadic sam-

pling in the presence of noise: (f(uk))n−1
k=0 with uk = (k + 1)/n, n = 2J , J ∈ N. Again, the

sampled points are identified with the finest scale scaling coefficients of the intrinsic average-

interpolation wavelet transform, (MJ,k)
2J−1
k=0 , now being a sequence (in time) of SPD matrices.

This particular wavelet transform, derived by [10] for geodesically complete Riemannian man-

ifolds (for which exponential maps, logarithmic maps and parallel transport are defined) as an

extension of [12], is described in the following. As for first-generation wavelets, the order

N ∈ {1, 3, 5, ...} of the chosen set of filter coefficients corresponds to number of vanishing

moments of the associated wavelet kernel (similarly to the those of classical smoothing with

convolution kernels of a given order).

The following ingredients make up the AI wavelet scheme (for more details we also refer to

[22]).

Midpoint pyramid. The scaling coefficients of the wavelet transform are identified by con-

structing a midpoint pyramid from the finest scale coefficients. Denote the midpoint pyramid

by {(Mj,k)j,k | j = 0, . . . , J ; k = 0, . . . , 2j − 1} where

Mj,k = γ(1/2;Mj+1,2k,Mj+1,2k+1) , (8)

with γ defined in (3).

Forward wavelet transform. Consider the j-scale midpoints (Mj,k)k: the following procedure

outputs the j-scale wavelet coefficients (Dj,k)k :

• PREDICTION STEP. Compute the (j − 1)-scale midpoints (Mj−1,k)k. Construct for

each k = 0, . . . , 2j − 1 the unique intrinsic polynomial ρ : [0, 1] → Sym+(d) of

order N − 1 (where N = 2M + 1 for some M ≥ 0) interpolating the midpoints

Mj−1,k−L, . . . ,Mj−1,k+L, and average it to obtain the predict midpoints: M̃j,2k when av-

eraging over the interval [(2k)/2j, (2k + 1)/2j) and M̃j,2k+1 when averaging over the

interval [(2k + 1)/2j, (2k + 2)/2j). The detailed procedure is found in [10], but in prac-
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tice this resumes to using weighted intrinsic averages with unique coefficients (CN,i)
2N
i=0:

M̃j,2k = exp

(
M∑

m=−M

CN,2m+N−1 log(Mj−1,k+m)

)
,

M̃j,2k+1 = exp

(
M∑

m=−M

CN,2m+N log(Mj−1,k−m)

)
.

(9)

• DIFFERENCING STEP. Define the wavelet coefficients by the intrinsic difference between

the actual and predicted midpoints,

Dj,k = 2−j/2LogM̃j,2k+1
(Mj,2k+1) ∈ TM̃j,2k+1

Sym+(d) . (10)

Those coefficients live in different tangent spaces: subsequently, to be able to compare

them, they should be parallel transported to the tangent space at the identity matrix: the

resulting coefficients are whitened wavelet coefficients, defined by

Dj,k = ΓId
M̃j,2k+1

(Dj,k) = 2−j/2(logMj,2k+1 − log M̃j,2k+1) ∈ TIdSym
+(d) = Sym(d) .

(11)

where ∥Dj,k∥M̃j,2k+1
= ∥Dj,k∥F .

Backward wavelet transform. Consider the (j − 1)-scale midpoints (Mj−1,k)k and j-scale

wavelet coefficients (Dj,k)k: the following procedure outputs the j-scale midpoints (Mj,k)k.

• PREDICTION STEP. Given the order N , generate for each k = 0, . . . , 2j−1 − 1 the odd

predicted midpoints (M̃j,2k+1)k based on (Mj−1,k)k. Then, compute the odd j-scale

midpoints (Mj,2k+1)k as the intrinsic addition between the predicted midpoints and the

wavelet coefficients:

Mj,2k+1 = ExpM̃j,2k+1
(2j/2Dj,k) ,

which is equivalent to

Mj,2k+1 = exp
(
log(M̃j,2k+1) + 2j/2Dj,k

)
.

• COMPLETING STEP. Compute the even j-scale midpoints by reversing the geodesic mid-

point relation for k = 0, . . . , 2j−1 − 1:

Mj,2k = exp
(
2 log(Mj−1,k)− log(Mj,2k+1)

)
.

Hence, from the coarsest scaling coefficient M0,0 and the wavelet coefficient pyramid (Dj,k)j,k,

we can reconstruct the sampled points (MJ,k)k by iterating the backward transform up to the
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finest scale J .

1.2.3 Nonparametric wavelet regression for curves in the log-Euclidean manifold

In the framework of sampled curves corrupted by noise, a nonparametric regression framework

is considered. However, we cannot use the standard Euclidean additive signal-to-noise models

as in (5) because Sym+(d) endowed with the Euclidean metric is not a complete metric space.

Instead, as we consider the log-Euclidean manifold which satisfies the properties of a complete

separable metric space, we will instead work with an intrinsic signal plus noise model as defined

in [22], by replacing the addition with the exponential map Exp⋆(·), and parallel transporting

the noise (which is assumed to live in TId(Sym
+(d)) = Sym(d)) to the right tangent space using

the operation Γ⋆
Id
(·).

Definition 1.1 (Log-Euclidean signal plus noise model). Suppose f : [0, 1] → Sym+(d) is an

unknown target signal with supu ∥f(u)∥F < ∞, Sk = f(uk), uk = k+1
n

, k = 0, . . . , n− 1, and

ξk ∼ ν̃ are i.i.d. noise, i.e. mean-zero symmetric random matrices with finite second moment,

i.e. ν̃ ∈ P2(Sym(d)). The intrinsic signal plus noise model of (Sym+(d), δL) is defined by

S̃k = ExpSk
(ΓSk

Id
(ξk)) = exp

(
log(Sk) + ξk

)
, k = 0, . . . , n− 1 . (12)

This intrinsic nonparametric regression model is then an additive model in Sym(d) (or addi-

tive model in the log-domain), and it is brought back to Sym+(d) with the matrix exponential.

This model can then be viewed as a matrix multiplicative model. Having defined the appropri-

ate model for data S̃k which are noisy versions of the target function Sk = f(uk), the scheme

for estimating the latter as a function over u ∈ [0, 1] via wavelets constructed in Sym+(d) is the

following.

Remark 1.1 (Linear wavelet estimator). Note that by choosing g(·) ≡ 0 in (13), we include

linear thresholding, which amounts to a simple linear smoother, constructed from the midpoints

(MJ0−1,k)k and lifted back on the sample scale J by successive averaging via (9) In this work,

we will give the asymptotic properties of this specific linear estimator (see Theorem 2.4) only

for comparisons. Our emphasis will be on the non-linear threshold estimator for which we will

present new results in Section 3.

Remark 1.2 (Non-linear thresholding). A common non-linear thresholding scheme that we will

adopt in this paper is to choose a keep-or-kill rule of the form

g(D̂j,k) = D̂j,k1

{
h(D̂j,k) > τ

}
(15)

for some τ > 0 and an appropriate functional h : Sym(d) → [0,∞) to be, importantly, applied

onto the empirical whitened wavelet coefficients D̂j,k (cf. equation (11)); the choice of such

10



Algorithm 1: The estimation scheme

1. Set MJ,k = S̃k for k = 0, . . . , n− 1 and let (Mj,k)j,k denote the midpoint pyramid
according to (8) .

2. Choose a refinement order N = 2M + 1, M ≥ 0, and apply the forward wavelet
transform to obtain predicted midpoints (M̃j,k)j,k (as in (9)) as well as empirical wavelet
coefficients (Dj,k)j,k (from (10)).

3. Choose a thresholding scale J0 < J and define thresholded empirical wavelet
coefficients D̂j,k according to

D̂j,k(J0) :=

{
Dj,k , j = 1, . . . , J0 − 1

g(Dj,k) , j = J0, . . . , J
for k = 0, . . . , 2j − 1 , (13)

where g : Sym(d) → Sym(d) is an appropriate thresholding function (shrinking to zero,
or setting to zero its argument, as a function of a threshold to be determined from the
data).

4. Given the empirical midpoint pyramid (Mj,k)j,k and the thresholded empirical wavelet
coefficients (D̂j,k)j,k, recursively apply the backward wavelet transform to obtain
estimated midpoints (M̂j,k(J0))j,k. At the sampling scale J , utilize the wavelet estimates
(M̂J,k(J0))k to construct the curve estimator

f̂n(u) =
n−1∑
k=0

M̂J,k(J0) 12−J [k,k+1)(u), u ∈ [0, 1]. (14)

functionals h is discussed in Section 3.2, including our new original propositions. A particular

interesting thresholding scheme (applied and developed in Section 3.3) is to further split up the

thresholded range of scales J0, . . . , J into two parts: one below J1 (with J0 < J1 < J), where

the aforementioned keep-or-kill rule is applied, and one starting from J1 where all coefficients

are systematically set to zero.

2 Time-varying covariance matrix modelling and estimation

In this section we introduce our particular set-up of time-varying covariance matrices to which

we will apply our subsequent wavelet thresholding scheme. We recall that both considered pop-

ulation and sample covariance matrices need to be assumed non-degenerate, i.e. with strictly

positive determinant, hence SPD (otherwise, the considered geometry of intrinsic estimation

would not be the same as employed in this work). For this, we start from a data sample with

T observations that can be serially independent or dependent. The relation between the sample

size T of the time series and the sample size n of our considered wavelet scheme is deter-
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mined by the construction of n locally pre-smoothed (or pilot) covariance estimators from the

T observations of the time series.

In this work, we consider (Xt)
T
t=1 to be a sample from a Rd-variate non-stationary process,

with E[Xt] = 0 for all t and with Var[Xt] = Σt := Σ(t/T ) where Σ : [0, 1] → Sym+(d) is a

matrix-valued curve. We can write, for t = 1, . . . , T ,

Xt = Σ
1/2
t εt . (16)

Assumption 1. The process (εt)t is an Rd-valued stationary process with mean E[εt] = 0

and variance-covariance matrix Var[εt] = Id. We assume existence of all moments of the

components εt,j , j = 1, . . . , d. For the serial dependence structure of (εt)t we assume that

∞∑
t1,...,tk−1

|cum(εt1,a1 , . . . , εtk−1,ak−1
, ε0,ak)| <∞ (17)

for all a1, . . . , ak = 1, . . . , d and all natural k ≥ 2 (with mixed cumulants defined as in [7,

Equation (2.3.1)]). This is a common convenient assumption in time series analysis to control

the serial dependence, as to be found, e.g., in [7, Assumption 2.6.1].

Here, without loss of generality, we consider mean-centred (εt)t, in order to simplify pre-

sentation of our results which, with minor modifications, continue to hold as such in the more

general case.

Remark 2.1. Under the additional assumption that the process (εt)t is Gaussian with compo-

nentwise absolutely summable autocovariance matrices, condition (17) is equivalent to

∑
s∈Z

|Cov(εt,a, εt+s,b)| <∞

for all a, b = 1, . . . , d [7, Section 2.6]. Note that for the derivation of the majority of our results,

we do not need any distributional assumption. However, in the particular case of independent

Gaussian (εt)t we can further exploit distributional properties in order to be able to use an

explicit bias correction, see Proposition 2.3.

2.1 Pilot estimator for the TVCM

Our goal is to nonparametrically estimate Σ(u) as a curve in u ∈ (0, 1). For this we intend to

adapt the recently developed wavelet-methodology ([9], [22]) in non-Euclidean set-ups, for cor-

rectly treating the multivariate situation under the paradigm that any estimator of Σ(u) should

remain positive-definite for any time u ∈ (0, 1). As our main interest is to develop a nonlinear

wavelet thresholding estimator of Σ(u) constructed from observed data following model (16),

12



we need to propose a positive-definite pilot estimator to be used as input for our wavelet thresh-

olding scheme presented in Algorithm 1. Note also that this multivariate approach of ours gen-

eralises existing linear wavelet estimation of time-varying variances in the univariate situation

(e.g. [2]).

Two possible choices of pilot estimating local covariances can be envisaged: (i) a sliding

window approach akin kernel smoothing with a rectangular window of length L, i.e. Šk =

L−1
∑k+L/2

t=k−L/2+1XtX
⊤
t ; (ii) local estimation by non-overlapping segmentation: for this we

need to chop the observation period T up into n non-overlapping segments of length L, such

that T = nL. Then a discrete estimator of Σ is given by (S̃0, . . . , S̃n−1) with S̃k an estimator of

Sk := Σ(uk) at the midpoint uk = 2k+1
2n

of the k−th segment and defined by

S̃k = L−1

(k+1)L∑
t=kL+1

XtX
⊤
t , k = 0, . . . , n− 1 . (18)

As studied a bit in more detail in Section F of our Supplementary Material, in general we favor to

use (S̃k)k=0,...,n−1 as pilot estimator for our nonlinear wavelet scheme, with L ≥ d to guarantee

positive-definiteness of this pilot. Although, in comparison with Šk, the segment estimator S̃k

shows a somewhat higher bias of approximating Σ(k/n) on a reduced resolution scale n < T ,

some illustrations in this Supplement Section F show that in the finite sample setting this will

be highly compensated by the reduced variability of the resulting wavelet coefficients based on

this pilot estimator S̃k. In the sequel, we therefore concentrate on presenting our asymptotic

results while using as pilot the segment estimator S̃k.

Under the assumption that the series (Xt)
T
t=1 are generated by model (16), the pilot estima-

tor (18) can be rewritten as S̃k = S
1/2
k WkS

1/2
k with

Wk = L−1

(k+1)L∑
t=kL+1

εtε
⊤
t . (19)

Proposition 2.1. Let (Xt)
T
t=1 be time series generated by model (16) fulfilling Assumption 1.

Then Wk
P→ Id as L → ∞. Thereby, S̃k

P→ Sk as L → ∞. Here, convergence in probability

holds with respect to the Frobenius norm.

The reader might ask why not use S̃k beyond being a pilot estimator to solve our smoothing

problem, potentially with a rather large smoothing span L. To illustrate this question, we point

the reader to Figure 13 in Appendix B which shows that for signals with transient behaviour, a

pilot estimator such as the shown S̃k with large smoothing span L, would be clearly suboptimal,

as not capable to provide spatially adaptive smoothing. Note that in fact, because we estimate

the points Sk, i.e. the curve Σ at the midpoint uk of some segment [(kL+1)/T, (k+1)L/T ], we
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define as population analog of the expected S̃k, the average of the curve of the corresponding

segment:

Σk =
1

L

(k+1)L∑
t=kL+1

Σt .

As Σ : [0, 1] → Sym+(d) is sufficiently regular, we have that Σk = Sk+O(h) where h = L/T .

Therefore, in practice, one should set L ≥ d as small as possible to mitigate the potential ap-

proximation bias of the localized estimator S̃k. We then need that L grows with the slowest

possible rate when T increases, to avoid oversmoothing localized features of the underlying

curve. For further considerations related to the growth rate of this window length L, see Re-

mark 2.4 in the next section.

2.2 Nonparametric regression for sample covariance matrices

Having motivated the need for an appropriate smoothing procedure, we will use our pilot esti-

mator as input for some subsequent, more sophisticated, denoising scheme, based on wavelets.

In the following we aim at correctly treating bias, variance and integrated mean squared error

(IMSE) of the thresholding estimator presented in Equation (14), now applied on denoising

empirical variance-covariance matrices S̃k of data following model (16). Motivated by the

nonparametric regression framework in Subsection 1.2.3, we will work with the log-Euclidean

signal-plus-noise model as presented in Equation (12):

S̃k = ExpSk
(ΓSk

Id
(ξk)) = exp

(
log(Sk) + ξk

)
, k = 0, . . . , n− 1 .

Modelling sample covariance matrices with this log-Euclidean approach is justified by the fol-

lowing remark.

Remark 2.2. This model can actually be seen as an approximation of the “canonical signal-

noise model” of empirical covariance matrices, namely S̃k = S
1/2
k WkS

1/2
k where Wk, as de-

fined in (19), takes the role of “noise”. Using the symmetric Baker-Campbell-Hausdorff (BCH)

formula (see Appendix A), this canonical signal-noise model is equivalent to

S̃k = exp
(
log(Sk) + log(Wk) + rk

)
, (20)

where log(Wk) + rk takes the role of ξk in our log-Euclidean signal-plus-noise model. Here,

rk – defined by equation (30) – is a sum of vanishing Lie brackets polynomials of logSk and

logWk (because log(S
1/2
k WkS

1/2
k ) ̸= log(Sk) + log(Wk) for non-commuting matrices Sk and

Wk, and the deviation from the right-hand side is quantified by the remainder term rk).

Following from Remark 2.2, we can show that the pilot estimator has an intrinsic bias in

model (12) – for which we recall that we consider the Fréchet (intrinsic) mean E[·], not the
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Euclidean mean E[·] (for which, obviously E[S̃k] = Sk but E[S̃k] ̸= Sk).

Proposition 2.2 (Intrinsic bias of the pilot estimator). Let (Xt)
T
t=1 be generated by model (16)

and satisfy Assumption 1. Under the log-Euclidean model (12), the pilot estimator S̃k has an

intrinsic bias:

E[S̃k] = exp
(
log(Sk) + E[log(Wk)] + E[rk]

)
= Sk +O(L−1) .

Remark 2.3. Recall that we do not work with any distributional assumption on the time series.

However, under the assumption of Gaussianity of the multivariate time series (Xt)t and of

independence between the observations in time (i.e. the special case where (εt)t∈Z consists

of white noise), we can provide a distribution for the matrices Wk – which turns out to be

useful for providing a bias correction. Indeed, we have segments consisting of the samples

XkL+1, . . . , X(k+1)L with Xt ∼ Nd(0,Σt). Using from the previous subsection that Σk =

Sk + O(h) where h = L/T , then asymptotically each of the pointwise estimators S̃k has an

asymptotic Wishart distribution with L degrees of freedom: S̃k ∼ Wd(L,L
−1Sk) which has

a well-defined probability density function when L ≥ d, see [20] for a global review of this

distribution. In particular, rewriting S̃k = S
1/2
k WkS

1/2
k means that Wk ∼ Wd(L,L

−1Id).

A consequence of the previous remark is that we can derive a correction for the contribution

of the “noise” matrices Wk to the intrinsic bias of the sample covariance matrix.

Proposition 2.3 (Intrinsic bias correction). Let (Xt)
T
t=1 be generated by model (16), with (εt)t

Gaussian and independent. Under the log-Euclidean model (12), the pilot estimator S̃k has an

intrinsic bias. In particular, E[log(Wk)] = c(d, L)Id with c(d, L) = log(2/L)+1
d

∑d
i=1 ψ

(
L−i+1

2

)
and ψ(·) the digamma function. If we denote the bias-corrected pilot estimator S̃c

k = e−c(d,L)S̃k,

then

E[S̃c
k] = exp

(
log(Sk) + E[rk]

)
= Sk +O(L−1) ,

where E[rk] = O(L−1) is negligible.

Theoretically, this bias correction might not be useful because of the remaining term E[rk] =

O(L−1). However, this term is negligible in practice and most of the bias is removed when

applying this correction. While theoretically those results do not hold if the assumption of inde-

pendence of the series is not satisfied, using this correction nevertheless for serially-dependent

time series satisfying Assumption 1 still provides an obvious numerical enhancement, as it can

be viewed in Figure 1 where we compare two cases of (εt)t in model (16): the first is white

noise, and the second is a VAR(1) process as in Section 4.2, scenario 2 of the “Dependent ob-

servations” paragraph. Additional experiments with non-Gaussian stationary processes showed

robustness of this bias correction.
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Furthermore, while the “generalized” variance of scaled log-Wishart random matrices log(Wk)

can be shown to be homoscedastic [10, proof of Proposition 4.4], the remainder rk prevents the

noise in (20) from being homoscedastic (as the variance of this term depends on the signal

Sk). However, we actually show in the proof of Proposition 2.2 that rk = OP(L
−1/2) – which

means that the additive model becomes approximately homoscedastic as the window length L

increases.

Figure 1: Simulation of empirical intrinsic bias as a function of L. For each L, we averageM =
10000 sample covariance matrices based on a window of L observations. The bias correction in
the dependent case reduces the bias by roughly 60 to 40% in the considered range of L.

We will now present asymptotic results for the linear curve estimator (14) where our obser-

vations on the finest wavelet scale J = log2(n) are given by (log(S̃c
k))k=0,...,2J−1. Although,

in this paper, we strongly promote the nonlinear version of this estimator, to be treated by

Theorem 3.5, presenting first asymptotics for the linear estimator will be insightful for the

sequel. Note that for these asymptotics, borrowing strength from the existing rates of IMSE-

convergence as to be found in [10, Theorem 3.4], we assume that sample size n, finest resolution

scale J = J(n) and linear cut-off scale J0 = J0(n) (see step 3 of our estimation scheme 1 of

Section 1.2.3) tend to infinity such that 2J0/2J → 0 as n → ∞ (with exact rates for bal-

ancing approximation bias and variance of the linear wavelet estimator to be found below in

Theorem 2.4). As it becomes apparent from Proposition 2.2 as well as from the simulations in

Section 4, using the smallest possible L, i.e. L = d (or rather L = 2⌈log2(d)⌉ under the dyadic

sample size constraint), would not be sufficient within our wavelet denoising scheme because

of the intrinsic bias of the pilot estimator: we refer to the discussion on the need of a slowly

growing L in Theorem 2.4 and Remark 2.4.

Theorem 2.4 (Consistency of linear estimator with IMSE-rate of convergence). Consider the

wavelet estimator M̂J,k(J0), based on a refinement scheme of order N and on linear threshold-

ing on scale J0. Let further f(u) = Σ(u), u ∈ [0, 1] be a smooth curve of time-varying covari-

ance matrices Σ(u) ∈ Sym+(d), possessing at least N continuous derivatives in time u. Con-

struct data S̃k according to the PD pilot estimator (18) with TN/(3N+1) ≲ L ≲ T (2N+1)/(3N+1)
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and apply the bias correction of Proposition 2.2. Feed the resulting S̃c
k into Step 1 of our es-

timation scheme 1 of Section 1.2.3 to get, via linear thresholding above scale J0 the scaling

coefficients M̂J,k(J0) which fulfill, as n→ ∞,

E[∥ log M̂J,k(J0)− E[log M̂J,k(J0)]∥2F ] = O(2−(J−J0))

and

∥E[log M̂J,k(J0)]− logM f
J,k∥F = O(2−NJ0) .

As usual for linear nonparametric curve estimators, the choice J0 = ⌊J/(2N + 1)⌋ balances

variance and squared bias of the wavelet estimator, such that

E[δ2L(M̂J,k(J0),M
f
J,k)] = E[∥ log M̂J,k(J0)− logM f

J,k∥
2
F ] = O(n−2N/(2N+1)) ,

which implies that n−1
∑n−1

k=0 E[δ
2
L(M̂J,k(J0),M

f
J,k)] = O(n−2N/(2N+1)) .

As explained in Remark D.1 of the Supplementary Material, this also implies that the IMSE

of Σ̂n(u) converges with the same rate:∫ 1

0

E[δ2L(Σ̂n(u),Σ(u))] du = O(n−2N/(2N+1)) .

Remark 2.4. By the discussion on the approximation bias from Subsection 2.1, L should grow

with the smallest possible rate to keep this bias small. This suggests for the control of the

intrinsic bias to choose L ∼ TN/(3N+1). In any case, note that we should respect the condition

L ≲ T (2N+1)/(3N+1)) such that the approximation bias Σk − Sk of order L/T is also smaller

than the bias of the wavelet estimator of order 2−NJ0 .

In the next section we will treat the nonlinear version of this estimator, see Theorem 3.5.

3 Nonlinear wavelet regression for denoising SPD matrices

3.1 Coefficient noise model

Using the algebraic properties of the log-Euclidean signal plus noise model (12), [27] showed

that the intrinsic AI wavelet transform with the log-Euclidean metric actually leads to a model

where the whitened wavelet coefficients follow a matrix-valued signal-plus-noise model, which

allows many thresholding possibilities.

Proposition 3.1. Let (S̃k)
n−1
k=0 = (MJk)

n−1
k=0 be defined by equation (12), with n = 2J for J > 0.

Let (Dj,k)j,k be the set of empirical whitened wavelet coefficients (as in equation (11)) obtained
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via the intrinsic forward wavelet transform with the log-Euclidean metric and orderN = 2M+

1 for some M ≥ 0. Then, for each scale j and location k, it holds that

Djk = Df
jk +Dξ

jk ,

where Df
jk is the deterministic whitened coefficient based on the signal (Sk)

n−1
k=0 and Dξ

jk is the

random whitened coefficient based on the i.i.d. noise sequence (ξk)
n−1
k=0 . Moreover, E[Djk] =

Df
jk and

Var[Djk] =
1

2n

M∑
m=−M

C2
N,mVar[ξ0] ,

where Var[ξ0] = C is a fourth order tensor.

Remark 3.1. This property of the whitened wavelet coefficients in the log-Euclidean wavelet

transform implies that the (non-whitened) wavelet coefficients also follow an additive model.

Parallel transporting the coefficients (Dj,k)j,k back to their own tangent space will result in the

wavelet coefficients

Dj,k = Γ
M̃j,2k+1

Id
(Dj,k) = Dlog M̃j,2k+1

exp(Dj,k) ,

where DlogS exp with S ∈ Sym+(d) is a linear map. Consequently, the wavelet coefficients

also follow a signal-plus-noise model:

Dj,k = Df
j,k +Dξ

j,k .

As a consequence of Proposition 3.1, linear combinations of the elements of the empirical

coefficient matrices also satisfy the properties of a signal-plus-noise model, which facilitates

derivation of more sophisticated thresholding methodology.

Proposition 3.2. Let (S̃k)
n−1
k=0 = (MJk)

n−1
k=0 be defined by Equation (12), with n = 2J for J > 0.

Let (Dj,k)j,k be the set of empirical whitened wavelet coefficients obtained via the intrinsic

forward wavelet transform with the log-Euclidean metric and order N = 2M + 1 for some

M ≥ 0. Let φ : Sym(d) → R be an affine map such that for X, Y ∈ Sym(d) and a, b ∈ R :

φ(aX + bY ) = aφ(X) + bφ(Y ). Then, for each scale j and location k, it holds that

φ(Djk) = φ(Df
jk) + φ(Dξ

jk) .

Moreover, E[φ(Djk)] = φ(Df
jk) and

Var[φ(Djk)] =

(
1

2n

M∑
m=−M

C2
N,m

)
Var[φ(ξ0)] .
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3.2 Appropriate choice of thresholds

Assumption 2. In the following section, we assume that the i.i.d noise matrices ξi have a normal

distribution on Sym(d) with mean 0 and covariance operator C:

⟨ξi, A⟩F ∼ N
(
0, ⟨CA,A⟩F

)
∀A ∈ Sym(d) ,

where

[C]abmn =

σ2
ab a = n, b = m or a = m, b = n

0 else.
(21)

In particular, this can be written as

η(ξi) ∼ Nq(0,Cη)

where q = d(d+ 1)/2, Cη = Cov(η(ξ0)) with the stacking operator η : Sym(d) → Rq a linear

isometry defined by

η(A) = (A11, . . . , Add,
√
2A12, . . . ,

√
2A1d,

√
2A23, . . . ,

√
2A2d, . . . ,

√
2Ad−1,d)

⊤ , A = [Aij]i,j .

This is equivalent to rewrite the noise matrices as a linear combination of independent univari-

ate Gaussian random variables and matrices which form a basis in Sym(d), i.e.

ξk =
∑

1≤a≤b≤d

zka,bEa,b ,

where (zka,b)k
i.i.d.∼ N (0, σ2

a,b), and the matrices (Ea,b)1≤a≤b≤d are defined by

[Ea,b]k,ℓ =

1 , a = k, b = ℓ or a = ℓ, b = k

0 , else.

3.2.1 Scalar Gaussian thresholding

Our aim with scalar Gaussian rules for nonlinear thresholding is to find a map g : Sym(d) → R
such that, under Assumption 2, g(Dξ

j,k) ∼ N(0, σ2
g) so we can use a universal threshold τn =

σ2
g

√
2 log n and our nonlinear estimator of Df

j,k is then

D̂j,k = 1 {|g(Dj,k)| > τn}Dj,k ,

where the coefficients consisting only in noise are asymptotically removed with probability 1.

This is motivated by the upper bound on the maximum of standard Gaussian random variables:
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for Z1, . . . , Zn ∼ N (0, 1),

E

[
max
1≤i≤n

|Zi|
]
≤
√
2 log n .

Proposition 3.1 implies that the trace of the whitened coefficients obtained from the intrinsic

AI wavelet transform (with refinement order N ) also follows a signal-plus-noise model:

Tr(Djk) = Tr(Df
jk) + Tr(Dξ

jk) ,

which satisfies E[Tr(Djk)] = Tr(Df
jk) and has homogeneous variance across scales and loca-

tions:

Var[Tr(Dj,k)] =

(
1

2n

M∑
m=−M

C2
N,m

)
Var[Tr(ξ0)] ,

where under Assumption 2 we have Var[Tr(ξ0)] =
∑d

a=1 σ
2
a,a. This thresholding rule was

first developed in the framework described in [10]. Another possibility to exploit further the

properties of the whitened coefficients shown in Proposition 3.1, is to take the upper-sum of

the elements (which only takes the d(d + 1)/2 independent elements into account): for some

A ∈ Sym+(d), the upper-sum map △ : Sym+(d) → R is defined by

△(A) =
d∑

a=1

d∑
b=a

[A]a,b .

By affinity of the upper-sum, we have the following signal-plus-noise model:

△(Djk) = △(Df
jk) +△(Dξ

jk) ,

which satisfies E[△(Djk)] = △(Df
jk) and has variance

Var[△(Dj,k)] =

(
1

2n

M∑
m=−M

C2
N,m

)
Var[△(ξ1)] ,

where under Assumption 2 we have Var[△(ξ0)] =
∑

1≤a≤b≤d σ
2
a,b.

3.2.2 Intrinsic Elementwise Thresholding

Another possibility following from Proposition 3.1 is to directly threshold the elements of the

whitened coefficients. Using the canonical basis of Sym(d), we can express the whitened coef-

ficients by

Dj,k =
∑

1≤a≤b≤d

([Df
j,k]a,b + [Dξ

j,k]a,b)Ea,b , (22)
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which implies that we only threshold the d(d + 1)/2 elements while ensuring the thresholded

coefficients are still symmetric. Having a matrix valued signal-plus-noise model implies that

the elements can also be expressed as a signal-plus-noise model. Let φa,b(Dj,k) = [Dj,k]a,b =:

dj,k,a,b – as we have an affine-map φa,b : Sym(d) → R, Proposition 3.2 applies and we have

dj,k,a,b = dfj,k,a,b + dξj,k,a,b ,

which satisfies E[dj,k,a,b] = dfj,k,a,b and with variance

Var[dj,k,a,b] =

(
1

2n

2N−1∑
ℓ=0

C2
N,ℓ

)
Var ([ξ0]a,b) =: ς2a,b ,

where under Assumption 2 we have Var ([ξ0]a,b) = σ2
a,b. We call (D̂∗

j,k)j,k the intrinsic elemen-

twise (IEWT) nonlinear thresholding estimator of (Df
j,k)j,k, such that

D̂∗
j,k = Wj,k ⊙Dj,k ,

where Wj,k ∈ Sym(d) has elements [Wj,k]a,b = 1{|dj,k,a,b| > τa,b,n}, with thresholds τa,b,n =

ςa,b
√
2 log n computed for each of the d(d+ 1)/2 elements.

Additionally, we show in Corollary 3.3 that it is sufficient that wavelet coefficients stay

symmetric to ensure the reconstructed signal is SPD. This result is important because it means

that we have a lot more flexibility to remove some component specific noise, which is more

adaptive compared to the case where we use a scalar threshold only taking the overall regularity

of the signal into account.

Corollary 3.3. Let M0,0 be the coarsest scale midpoints, (M̃j,k)j,k be the pyramid of predicted

midpoints, and (Dj,k)j,k be the pyramid of wavelet coefficients; all obtained from the intrinsic

AI wavelet transform. Let (D̂∗
j,k)j,k be the pyramid of thresholding estimates of the wavelet

coefficients. The reconstruction of a signal based on those thresholded wavelet coefficients is

necessarily SPD, because D̂j,k is indeed symmetric for all (j, k) when thresholding in the basis

(Ea,b)a≤b.

Remark 3.2. The fact that the thresholding scheme presented here is elementwise does not

mean that estimation of the curve can be done elementwise with Euclidean tools: using univari-

ate smoothing on the different elements of the matrix curve does not guarantee that the resulting

estimator is SPD, and can cause other artifacts such as the swelling effect. On the other hand,

when using intrinsic elementwise thresholding (IEWT), the resulting coefficients of the thresh-

olding scheme are still in Sym(d). Thus, they can be used in the backward transform using

intrinsic operations such as the parallel transport and exponential map, hence ensuring the re-
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sulting estimator is SPD and does not suffer from well-known problems in Euclidean smoothing

for curves of covariance matrices.

3.2.3 Chi-squared thresholding

A conceptual weakness of the scalar thresholding methodology presented in Section 3.2.1 is

that it might not catch some important signal of relatively small magnitude on some element of

the observed matrix if the noise contribution of other elements annihilates the contribution of

the signal. Note that due to the affinity requirement of scalar Gaussian thresholding, we cannot

use the trace and upper-sum of the absolute value of the whitened wavelet coefficients. Using

the Frobenius norm would also be a conceptually more intuitive and stronger solution, but this

would not satisfy the properties of the Gaussian wavelet thresholding theory either. Instead,

taking the upper-sum of squares of the standardized elements of the wavelet coefficients yields

a Chi-squared distributed random variable under Assumption 2:

h(Djk) :=
∑

1≤a≤b≤d

{
dj,k,a,b
ςa,b

}2

∼ χ2
q ,

where q = d(d+ 1)/2 and ς2a,b = Var[dj,k,a,b]. Parallel to the case of normally distributed func-

tionals g of the whitened wavelet coefficients, we need to find a universal threshold motivated

by asymptotic removal of the noisy coefficients. Instead of using the threshold for asymptotic

Gaussian noise removal, we then consider a new thresholding rule for χ2 distributed random

variables. The Chi-squared thresholding estimator of Df
j,k is defined by D̂∗

jk = wj,kDjk with,

for some ϵ > 0,

wj,k = 1
{
h(Djk) > q(log log n)1+ϵ + 2 log n

}
.

Applying Proposition 3.4 to (h(D̂∗
jk))jk ∼ χ2

q , we get that this Chi-squared threshold estimator

of the wavelet coefficients is asymptotically noise-free, and the chosen threshold is the smallest

one such that this asymptotic noise removal holds.

Proposition 3.4 (Asymptotic noise removal). Let U1, . . . , Un ∼ χ2
q . Then, for ϵ > 0,

P
{
max
1≤i≤n

Ui ≥ q(log log n)1+ϵ + 2 log n

}
→ 0 as n→ ∞ .

Remark 3.3. The presence of the power (1+ϵ) with positive ϵ is essential for theoretical purpose.

However, it turns out that in finite sample situations, choosing the threshold τn = q(log log n)+

2 log n is working sufficiently well, whereas the slightly larger one of Proposition 3.4 solely

serves to show the asymptotic noise removal property.
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3.3 IMSE-consistency of nonlinear threshold estimator

Nonlinear thresholding estimators are motivated from an intuitive point of view by capturing

localized high frequencies and jumps that might not be captured by linear thresholding. One

question that naturally arises is whether the nonlinear estimator is L2 consistent – i.e. if the

integrated mean squared error (IMSE) converges to 0 when n → ∞. Deriving such a result in

the context of AI-schemes with filters that do not correspond to orthogonal wavelets is the main

contribution of the following Theorem 3.5, which includes stating rates of convergence of the

IMSE for sufficiently smooth curves.

Given a refinement order N ≥ 1, suppose f : [0, 1] → Sym+(d) is a smooth curve with

existing covariant derivatives of order N or higher, and let (Djk)jk be the empirical whitened

wavelet coefficients obtained from the intrinsic AI wavelet transform of order N . Now let

(D̂jk)jk be the nonlinear thresholding estimates of the whitened wavelet coefficients. We

will denote by (D̂∗
jk)jk the hybrid thresholding estimates of the whitened wavelet coefficients,

namely

D̂∗
jk =


Djk j = 1, . . . , J0 − 1 ;

D̂jk j = J0, . . . , J1 − 1 ;

0 j = J1, . . . , J .

(23)

Theorem 3.5 (Convergence rates nonlinear thresholding). Given a refinement order N ≥ 1,

suppose f : [0, 1] → Sym+(d) is a smooth curve with existing covariant derivatives of order N

or higher. Then, as n→ ∞,

∑
jk

E∥D̂∗
jk −Df

jk∥
2
F = O(n−2N/(2N+1)) , (24)

where D̂∗
j,k denotes the hybrid nonlinear thresholding estimator of the whitened wavelet coeffi-

cients as defined in (23), with J0 = ⌊J/(2N + 1)⌋ and J0 < J1 < J such that 2J0 ∼ 2J1 and

2J1−J → 0 as n→ ∞. Moreover,

1

n

n−1∑
k=0

E[δ2L(M̂
∗
J,k,M

f
J,k)] = O(n−2N/(2N+1)) , (25)

where M̂∗
J,k denotes the nonlinear thresholding estimator of M f

J,k reconstructed from (D̂∗
j,k)j,k.

Remark 3.4. This Theorem 3.5 is stated in a very generic way, holding for all the rules of how

to choose the appropriate threshold value as presented in Section 3.2. Hence it calls for two

important remarks to be added:

(1) It can directly be applied to the situation of Theorem 2.4 on smoothing the (bias-corrected)

pilot estimator S̃c
k with window lengthL ∼ TN/(3N+1), and hence shows IMSE-consistency
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of the nonlinear threshold version of our estimation scheme of Section 1.2.3 applied to

denoising TVCM. Note that the results of Proposition 3.1 remain valid asymptotically for

this situation.

(2) Inspection of its proof suggests that the employed techniques are not that specific to the

use of the log-Euclidean metric but would work also for more general AI-schemes adapted

to the geometry of the underlying Riemannian manifold. In particular, by comparison

with the tools used in [10] on the affine-invariant Riemannian metric, it can be seen that

this new Theorem 3.5 also holds for nonlinear thresholding based on the use of the “trace-

rule” (of Section 3.2.1) when using this latter metric. As a consequence it can be applied

for denoising Hermitian positive-definite matrices (such as spectral density matrices), as

in [10] and [11].

3.4 Denoising of sample covariance matrices

In this section, we address possible issues concerning the effectiveness of our nonlinear thresh-

olding scheme in the TVCM framework.

Gaussianity of the coefficients. In practice, Assumption 2 is not verified when working with

sample covariance matrices, because the nature of the noise in this framework is not Gaussian

on Sym(d). This assumption of Gaussianity is important because the nonlinear thresholding

estimator based on the “universal threshold” is asymptotically noise-free if the noise is Gaus-

sian. However, as L, T → ∞ and L/T → 0, the non-Gaussian additive model of the whitened

wavelet coefficients is asymptotically equivalent to a Gaussian additive model as the empiri-

cal wavelet noise coefficients (Dξ
j,k)j,k are essentially differences of intrinsic local averages of

sample covariance matrices: from Proposition D.5 in the Supplementary Material, asymptotic

normality (on Sym(d)) of the empirical whitened wavelet coefficients is fulfilled – this suggests

to still work in practice under the assumption of normally distributed empirical wavelet coeffi-

cients.

Heteroscedasticity of the noise. As discussed in Subsection 2.2, the remainder term rk is het-

eroscedastic with respect to k. However as we let the window length grow as L ∼ TN/(3N+1) to

reduce the intrinsic bias of the pilot estimator, the heteroscedasticity becomes negligible as well

because rk = OP(L
−1/2). To treat this problem in the non-asymptotic setting, we use scale-

dependent thresholding which empirically enhances the performance of our nonlinear scheme

and which had initially been developed for dealing with denoising in presence of stationary se-

rially dependent noise, as in [19]. That is, instead of setting a global threshold τn proportional

to
√
2 log n (or q(log log n) + 2 log n for Chi-squared thresholding), we set for each scale j
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a threshold of the form τj,n ∼
√
2 log 2j (and accordingly replacing n by 2j for Chi-squared

thresholding).

Signal-noise ratio. Because rk = OP(L
−1/2) and (by the proof of Proposition 2.2) log(Wk) =

OP(L
−1/2) too, we get by letting the window length grow as L ∼ TN/(3N+1) that the noise

amplitude will vanish as L → ∞, which facilitates the nonlinear thresholding procedure by

reducing the noise level relative to the signal.

4 Numerical examples

In this section, we assess by simulation study the performance of the multiple thresholding

rules considered in Section 3.2 by Monte-Carlo simulations with different data generating pro-

cesses (DGPs). For each curve in each scenario, we will simulate M = 500 realisations of the

considered DGPs.

We will consider multiple SPD curves, each being studied under six scenarios for the noise

structure. In particular, consider the following matrix-valued function:

f(t) =

(
10 + (5− 10t)2 15− 10t

15− 10t 20

)
.

Let c1(t), c2(t), c3(t), c4(t) be respectively the Blocks, Bumps, HeaviSine and Doppler func-

tions defined in [14] and recalled in the Supplementary Material. We will then study the fol-

lowing SPD curves, and focus on the Bumps SPD curve f2 while the same analysis for each of

the four curves is to be found in the Supplementary Material:

f1(t) = (10 + c1) ◦ f(t) ,

f2(t) = (1 + c2) ◦ f(t) ,

f3(t) = (7 + c3) ◦ f(t) ,

f4(t) = (1 + c4) ◦ f(t) .

4.1 Log-normal noise model

We study multiple possibilities for the noise structure. We simulate data following model (12)

as in Definition 1.1, where the i.i.d. noise matrices (ξk)
n
k=0 are constructed as described in

Assumption 2; i.e. we simulate log-normal noise. We will consider the following scenarios:

σa,b = 0.01 ∀a ≤ b ; (Homog1)

σa,b = 0.1 ∀a ≤ b ; (Homog2)
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σa,b = 0.3 ∀a ≤ b ; (Homog3)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.001 ; (Inhomog1)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.1 ; (Inhomog2)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.3 ; (Inhomog3)

Figure 2: Left: Bumps SPD curve f2(t). Right: performance of the nonlinear thresholding
estimators (relative to the performance of linear thresholding).

For each simulation, we estimate the underlying curve using linear thresholding, trace

thresholding (TT), upper-sum thresholding (UST), Chi-square thresholding (Chi2T) and intrin-

sic elementwise thresholding (IEWT). We will use the log-Euclidean AI wavelet transform with

N = 3, and define our nonlinear wavelet thresholding estimator as in equation (23) with J0 = 3

and J1 = 10. Additionally, we impose a tree structure constraint in the nonlinear thresholding

as described in [13], where the goal is to exploit the inter-scale correlation between the wavelet

coefficients to obtain a better reconstruction in the presence of singularities in the signal. Fi-

nally, we estimate the variances ς2a,b (necessary to compute the thresholds) by the usual robust

mean-absolute deviation - scaled to match (approximately) Gaussian data - on the finest scale:

ς̂2a,b = MAD[dJ,k,a,b]/0.6745. For the linear thresholding estimator, we set J0 = 6 to be able

to adapt to the less regular parts of the functions, without incorporating too many noisy coef-

ficients. We summarize the results of our simulation study in Figure 2, using as performance

metric the Riemannian mean-squared error with respect to the log-Euclidean distance:

RieMSE(f̂ ∗, f) =
1

n

n−1∑
k=0

δ2L(Ŝ
∗
k , Sk) .

The RieMSE of the nonlinear thresholding estimators are standardized by the RieMSE of

the linear estimator in each simulation: hence, values above 1 indicate worse performance while

values below 1 indicate that linear thresholding is outperformed by the nonlinear estimator: we
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immediately observe that nonlinear rules globally outperform the linear estimator. Comparing

the rules, we observe that scalar rules do not perform significantly differently (we note that UST

is generally worse than TT and Chi2T), while IEWT does not seem to work well except in the

Inhomog1 and Inhomog2 scenarios.

More interestingly, we simulate a SPD curve with d = 5 (which is defined in Section G

of the Supplementary Material), which consists of 15 curves over elements which satisfy the

positive-definite constraint (5 on the diagonal and 10 off-diagonal). In this framework, the

more flexible Chi2T and IEWT definitely outperform the other two rules. This confirms that in

particular the trace is not sufficient to describe the overall behaviour of the wavelet coefficients

– and that our new thresholding rules are better suited to more realistic, higher-dimensional

frameworks.

Figure 3: Performance of the nonlinear thresholding estimators (relative to the performance of
linear thresholding) of the higher-dimensional SPD curve (with d = 5).

4.2 Wavelet denoising of empirical TVCM

In the following, we apply our wavelet denoising scheme to estimation of the TVCM of some

series (Xt)
T
t=1 with Xt ∼ N(0,Σ(t)) where Σ(t) = f2(t). We will first study the performance

of our methodology for denoising TVCMs of time series constructed from white noise, and

then we assess those performances on time series constructed from VAR(1) processes. In this

framework, we will only use linear and Chi-squared (scale-dependent) thresholding; we chose

the latter compared to the other nonlinear thresholds because it was shown in the previous sim-

ulations to perform satisfyingly well in many situations and because of its enhanced originality.

We observe in the two following scenarios that it indeed outperforms the linear estimator, espe-

cially when choosing the optimal window length L = 2⌈log2(T
N/(3N+1))⌉.

Serially independent observations. We simulate time series Xt = Σ
1/2
t εt where εt

i.i.d.∼
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N(0, Id), for t = 1, . . . , T where T = 215. We use the pilot estimator (18), and increase

the window length L from 2 to 256.

Serially dependent observations. We simulate time series Xt = Σ
1/2
t εt where εt = A εt−1 +

υt, with υt
i.i.d.∼ N(0,Σ| ) and Σ| such that Var[εt] = Id for all t, as the solution of

vec(Σ| ) = (Id2 − A⊗ A) vec(Id) .

We consider two scenarios forA, one for weaker and one for stronger dependence – respectively,

A(1) =

(
0.3 0.15

−0.05 0.1

)
and A(2) =

(
0.8 0.2

−0.05 0.5

)
.
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Figure 4: Performance of the Chi-squared thresholding estimator relative to linear thresholding,
on empirical TVCMs as a function of window length L.

Figure 5: Performance of the Chi-squared thresholding estimator relative to linear thresholding,
on empirical TVCMs as a function of window length L. Left: A(1), right: A(2).
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4.3 Application to electroencephalography data

In this section, we present an analysis of an electroencephalogram (EEG), measuring the elec-

trical brain activity of a female patient suffering from left temporal lobe epilepsy, diagnosed by

Dr. Beth Malow at the Epilepsy Disorder Laboratory (University of Michigan). We consider

16 channels (i.e. electrodes on particular locations of the scalp, see Figure 6), for which we are

interested in obtaining a denoised (i.e. smooth but adaptive) estimate of the variance-covariance

structure between those channels prior and during the epileptic seizure. Note that we use the

last T = 215 = 32, 768 observations of the original dataset – for which we plot, scaled to the

unit interval in time, a three-dimensional subset of the time series as displayed in Figure 6.

Smoothly estimated trajectories over time of the variance-covariance structure of this subset

(being comprised of channels P3, T3 and T4) can be seen in Figure 8 - with the right-hand

side plot displaying the less variable but still fully adaptive non-linear log-Euclidean wavelet

smoother that we developed in this paper.

This estimation analysis opens the ground to propose a simple but efficient method to reject

stationarity over time of the considered variance-covariance structure following the onset of the

seizure – something that in general has been lacking in the earlier developments in the literature

on analyzing this dataset (for which we refer in particular to [21]).

Conditioned on an accurate estimation of what part of the observation segment can safely be

assumed to be stationary (prior to the onset of seizure), we develop a statistically valid procedure

on testing how long in time one needs to wait until being able to reject this time-constancy in

virtue of the onset of the seizure. We believe that this will allow medical doctors to implement a

monitoring method that would give early enough alert for patients known to suffer from epilepsy

– before the seizure really fully strikes them. We show that it will be advantageous to use our

method based on log-Euclidean matrix smoothing as it has a lower variability in estimating

the considered variance-covariance matrix (and hence more power). In particular, the testing

procedure requires a smoothed estimator of the TVCM in order to avoid erroneous rejection

due to the high variance of locally estimated sample covariance matrices. At the same time, this

estimator needs to adapt sufficiently well to abrupt changes in time.

Finally, we will investigate, choosing again the interesting subset (P3, T3 and T4) out of

the 16 considered channels, how the seizure onset influences differently or similarly variance

and correlation behaviour of these three channels - by inspecting the curves of estimated vari-

ances, and using the estimated time-varying covariance matrix to compute a smooth estimate

of the time-varying correlation matrix. The latter allows us to evaluate the linear relationships

between the considered electrodes and draw somewhat new conclusions.
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Figure 6: Left: layout of electrodes on the scalp. Right: time series of T3, T4 and P3 channels.

4.3.1 Statistical application of nonlinear log-Euclidean wavelet estimator

In this section we develop a procedure for automatically identifying the start of the epileptic

seizure, which we base on the TVCM of the EEG time series. As pre-requisite, we need to

correctly estimate the pre-seizure part of the signal to be stationary over time – but at the same

time be able to rapidly decide for deviation from stationarity after the onset. For addressing this

problem, we compare our nonlinear log-Euclidean wavelet estimator Σ̂∗(u) (following Algo-

rithm 1 using the Chi-squared thresholding rule, J0 = 1 and J1 = 9) with a Euclidean kernel

estimator,

Σ̂euc(u) =
1

T

T∑
t=1

X⊤
t XtKh(u− t/T ) ,

with Kh(·) = h−1K(·/h) and K(u) = 0.75(1−u2)1{|u| ≤ 1}. The choice of the bandwidth is

h = 0.01, compromising between adaptation to the transients of the TVCM and the smoothness

before the seizure.

For this comparison we develop the following simple test method: Supposing that we dis-

pose of a segment of stationarity in time prior to T0 where T0 + 1 can be considered as first

potential time point for the onset of the seizure. That is, we can safely assume as underlying

population model for the segment up to T0 a time-constant Σ0. Then, our sequential way of

testing deviations from this time-constant Σ0 is composed by a sequence of hypothesis tests,

where at each time t > T0 we consider

H0 : Σt = Σ0 vs H1 : Σt ̸= Σ0 . (26)

That is, at each time t = T0 + δ for δ = 1, . . . ,∆ we test (26) using Wilks’ likelihood ratio test,

where the test statistic is

Λt = Tr(Σ−1
0 Σ̂t)− log |Σ̂t|+ log |Σ0| − d ,

30



with Σ̂t := Σ̂(t/T ) being either of the two considered estimators, and Λt being approximately

χ2
q with q = d(d+1)/2. As can be seen from Figure 8, in particular our proposed log-Euclidean

wavelet smoother Σ̂∗(u) suggests such a low time variability on the first half of the observed

data, that we can assume T0 be equal to T/2 = 214 (in accordance what has previously been

observed by [21]). Hence, Σ0 in (26) can be replaced by the sample average of the generic

time-varying variance estimator (i.e. Σ̂∗(u) on the one hand, and Σ̂euc(u) on the other hand)

over the segment up to T/2.

We apply the Bonferroni correction at each consecutive test, i.e. the critical value at time

t = T0 + δ is χ2
q;1−α/δ (which is an increasing function of δ). The maximum number of tests

∆ is chosen, for illustration, such that the segment of testing includes the period for which it is

interesting to see when an automatic method is able to react to the onset of the seizure. As shown

in Table 1 and further illustrated by Figure 7, using in this procedure our estimator Σ̂∗(u) enables

a more rapid rejection of the null hypothesis, thus indicating deviation from the time-constant

variance-covariance structure which precedes the onset of the epileptic seizure. We attribute

this outperformance to the lower variability along time of our curve estimate Σ̂∗(u) over the

more variable Euclidean kernel estimator Σ̂euc(u). This can be considered as the multivariate

analogue to the difference between smoothing the sample variance and the logarithm of the

sample variance in the univariate case where the latter is known to have less variability.

Rescaled Log-Euclidean wavelet Euclidean kernel

time t/T Test Stat. Critical Value Decision Test Stat. Critical Value Decision

0.500 0.498 164.216 NRH0 -13.922 164.216 NRH0

0.516 1.247 206.168 NRH0 -7.959 206.168 NRH0

0.531 -3.480 209.903 NRH0 -7.577 209.903 NRH0

0.547 0.236 212.040 NRH0 -0.108 212.040 NRH0

0.562 39.647 213.536 NRH0 10.084 213.536 NRH0

0.578 250.921 214.686 RH0 91.373 214.686 NRH0

0.594 367.861 215.619 RH0 138.995 215.619 NRH0

0.609 470.898 216.403 RH0 113.922 216.403 NRH0

0.625 797.336 217.078 RH0 118.542 217.078 NRH0

0.641 1839.477 217.672 RH0 332.962 217.672 RH0

0.656 1858.036 218.201 RH0 430.867 218.201 RH0

Table 1: Summary of the sequential hypothesis testing.

4.3.2 Increased adaptivity of nonlinear vs linear log-Euclidean wavelet estimator

In this section, we compare the proposed nonlinear estimator with the linear one (both based on

the log-Euclidean wavelet transform), and Figure 8 displays a visual comparison for a subset

of the TVCM (comprised of T3, T4 and P3). In the right-hand panel, the nonlinear estimator

is very smooth and almost constant on the first half of the time interval, while adapting dur-
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Figure 7: Test statistics (Λt)t based on the Euclidean kernel estimator Σ̂euc(t/T ) (in orange) and
the nonlinear log-Euclidean wavelet estimator Σ̂∗(t/T ) (in blue); with critical values in black.

ing the seizure to localized behaviour – in particular the very tight peak around u = 0.65 –

and still remaining quite smooth. On the other hand, in the left-hand panel, we see the linear

estimator with smoothing parameter J0 = 7 chosen such that the estimator adapts to the local-

ized behaviour during the seizure – unfortunately, at the expense of the flatness of the curve

during the first half of the time interval. This can be further visualized by inspecting the thresh-

olded wavelet coefficients in Figure 14. Consequently, using this linear estimator could induce

that the pre-seizure brain activity is already nonstationary which is not the case (as previously

discovered by [21, 11]). This is in particular quantified by the very large total variation (as a

curve in time) of the linear estimator compared to the nonlinear. With respect to the Frobenius

norm, i.e. TVE(Σ̂) =
∑n−1

k=1 ∥Σ̂k − Σ̂k−1∥F , it is roughly 1.7 times larger. With respect to the

log-Euclidean norm, i.e. TVLE(Σ̂) =
∑n−1

k=1 ∥ log Σ̂k − log Σ̂k−1∥F , it is 3.1 times larger.

Figure 8: Subset of the elements of the TVCM, estimated by linear (left) and nonlinear (right)
thresholding estimators.
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4.3.3 Analysis of the spatial synchronization between different EEG channels

In this section, we take advantage from the benefits of our estimator in order to give a new

interpretation of the epileptic seizure dataset, based on the time domain approach with increased

resolution compared to the previous study of [21] based on a time-frequency methodology.

First, we display our nonlinear threshold estimator of the time-varying variances of the T3,

T4 and P3 channels of the EEG in the left-hand panel of Figure 9. We observe that the peak

of the seizure appears to be synchronized on the T3 and T4 channels, located symmetrically

on the same latitude but opposite sides of the scalp (see Figure 6): this is the well-known

phenomenon of bilateral synchrony of the temporal lobes. However, the onset of the seizure

(located around u = 0.56) seems to appear earlier for T4 and increases more smoothly than

for T3, which contradicts the earlier analysis indicating that the seizure starts from T3. Finally,

beyond analyzing temporal lobes, we observe that the peak of the seizure for the P3 channel

(while is closer in space to T3 than to T4) appears with a somewhat large delay.

Figure 9: Left: subset of the diagonal elements of the estimated TVCM. Vertical lines indicate
the maximum of each curve (i.e. the peak of the seizure). Right: subset of the elements of the
TVcM, based on the nonlinear thresholding estimator.

While the TVCM is useful for comparison of the onset of the seizure, we can also use it

to get an estimator of the time-varying correlation matrix (TVcM) using the map π : A 7→
Diag(A)−1/2A Diag(A)−1/2. We visualize in the right-hand panel of Figure 9 the TVcM (Ĉ∗

k)k

based on the nonlinear TVCM estimator Ŝ∗
k , i.e. Ĉ∗

k = π(Ŝ∗
k). It appears that T3 and T4 are

positively correlated in the pre-seizure period – but as soon as epilepsy strikes, this correlation

has a tendency to vanish (and even becomes negative during the peak of variability of those

channels), and increases back when the attack stops. This effect is less visible when looking

at the correlation between P3 and T4, which are less correlated in the first part. Regarding the

correlation between P3 and T3, it has a tendency to increase during the seizure.

If we inspect the correlations between the temporal lobes and the central / parietal lobes, we

do not make the same conclusions as previous studies: in [21], it is indicated that the coherences
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(frequency-wise correlations) between the left temporal lobe and some considered channels

mirror those of the right temporal lobe with opposite channels. We expect that the correlations,

being the frequency-integrated coherences, follow this conclusion – which is not the case, as

shown in Figure 10. Indeed, this would be confirmed if the blue and orange curves were very

similar in each panel – which is definitely not the case when inspecting the pairs T3-C3 and

T4-C4. Indeed, the correlation of the latter drops down to zero quite quickly after the peak of

the seizure – which was not noticed in previous analyses.

We stress that this analysis on the correlations would be far from trivial when using only

the pilot estimator to compute the TVcM, as it would be so noisy that not clear interpretation

would be possible. Considering directly smoothing the empirical correlation matrices with an

intrinsic wavelet transform would lead to a very different methodological problem because the

geometry of these matrices is very different from that of Sym+(d), with different tools that are

more difficult to obtain in closed-form (see [24]).

Figure 10: Subset of the elements of the TVcM, based on the nonlinear thresholding estimator.

4.3.4 Summary of the data application

In this section, we applied our nonlinear wavelet smoothing procedure to the epileptic seizure

dataset and demonstrated how it outperforms conventional Euclidean methods, providing addi-

tional insights and leading to novel interpretations in the analysis.

• Using a log-Euclidean method reduces variability which is beneficial for statistical infer-

ence in general. This property is particularly advantageous here for earlier-on detection

of the onset of seizure.

• Using a non-linear log-Euclidean wavelet methods better adapts to spatial inhomogene-

ity than a linear one. This increased flexibility is important in order to simultaneously
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correctly follow the increasing time-variability during and after the onset of the seizure,

while suggesting a stationarity model prior to the seizure due to the low time-variability

of the curve estimator before the onset.

• A non-linear Euclidean wavelet method would not be advised to be used here as no

guarantees exists for it to be PD everywhere (cf. the discussion and Figure 12 in the

Appendix B.1).

• Investigating simultaneously all elements of the time-varying covariance matrix allows

to capture more refined insights on the variability and synchronous behavior of relevant

channels of the considered brain signals (that previous time-frequency analyses were only

partially able to deliver).

5 Conclusion

In this paper, we studied estimation of time-varying covariance matrices by denoising sequences

of sample covariance matrices of time series over short time windows. This is done by nonlin-

ear thresholding the coefficients of the intrinsic average-interpolation wavelet transform for

curves in the log-Euclidean SPD manifold: in particular, we developed new nonlinear thresh-

olding rules which go beyond the trace thresholding of [10], exploiting the algebraic struc-

ture of the intrinsic signal plus noise model in the log-Euclidean setting. On the theoretical

side, we contribute by a new result on IMSE-consistency, including rates of convergence, for

a class of non-linear threshold estimators for SPD matrix-valued curves in non-Euclidean ge-

ometries. We complement this generic result by studying the asymptotic behaviour of both

linearly and non-linearly denoising the aforementioned sample covariance matrices. We pro-

pose a bias-correction which we show to be theoretically justified and empirically very satis-

fying. Extensive simulation studies for data generated from a variety of pertinent signal-plus-

noise models confirm our theoretical findings. An application to a transient EEG shows the

benefits of our proposed non-linear log-Euclidean estimation method in comparison with lin-

ear and/or Euclidean smoothing: (i) increased adaptivity compared to linear smoothing; (ii)

preserving positive-definiteness and invariance with respect to unitary congruent transforma-

tions, despite its non-linear nature; (iii) reproducing all the desirable features of existing first-

generation wavelet thresholding methods (including fast implementation).

In future investigations it will be interesting to study statistical inference for our nonlinear

wavelet estimator: [22] have successfully developed confidence regions for SPD matrix-valued

curves in a log-Euclidean manifold, which – for the linear estimator only – are based on both

asymptotic normality and some well-working wild bootstrap approach. Whereas proving the
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former is already a quite difficult task for first generation nonlinear thresholding, we believe

that proposing bootstrap-based inference for our estimator could be an achievable and interest-

ing contribution. Another though quite elaborated investigation concerns the question to what

extent our newly proposed thresholding schemes which go beyond trace thresholding could be

worked out for other Riemannian geometries (such as the affine-invariant of [10]), to allow,

among others, an extension of our approach here to denoising multivariate spectral densities: in

particular from an applied point of view (of, e.g., denoising brain data) we strongly believe that

most of our technology can be transferred to this situation.

Acknowledgments
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A Symmetric Baker-Campbell-Hausdorff formula

This short section develops the background of how to derive our important equation (20) on

rewriting the canonical model of empirical covariance matrices S̃k = S
1/2
k WkS

1/2
k .

Define the Lie bracket (often called commutator) between two symmetric matrices: [X, Y ] =

XY − Y X , which satisfies the following properties:

• [A+B,C] = [A,C] + [B,C] (bilinearity),

• [A,A] = 0,

• [A,B] = −[B,A] (antisymmetry),

• [A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (Jacobi identity).

Recall we have S̃k = S
1/2
k WkS

1/2
k . In order to exploit simultaneously asymptotic proper-

ties of Wk and the assumed log-additive model, we can use the symmetric Baker-Campbell-

Hausdorff (BCH) formula. Let X and Y be symmetric matrices, then the symmetric BCH

formula can be defined as in [3]:

exp(1/2 X) exp(Y ) exp(1/2 X) = exp

(
∞∑
h=0

(−1)h

2hh!
adh

X

(
Φ(X, Y )

))
, (27)

where

ad0
X(Y ) = Y , adX(Y ) = [X, Y ] , adj

X(Y ) = [X, adj−1
X (Y )] ;

and where we use Dynkin’s formula of the BCH series [1]:

Φ(X, Y ) =
∞∑
n=1

(−1)n−1

n

∑
r1+s1>0

...
rn+sn>0

[Xr1Y s1Xr2Y s2 · · ·XrnY sn ](∑n
j=1(rj + sj)

)
·
∏n

i=1 ri!si!
(28)
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where the sum is performed over all nonnegative values of si and ri, and the following notation

has been used:

[Xr1Y s1 · · ·XrnY sn ] = [X, [X, · · · [X︸ ︷︷ ︸
r1

, [Y, [Y, · · · [Y︸ ︷︷ ︸
s1

, · · · [X, [X, · · · [X︸ ︷︷ ︸
rn

, [Y, [Y, · · ·Y︸ ︷︷ ︸
sn

]] · · · ]]

with the understanding that [X] = X . The first few terms of this complicated combinatorial

formula are as follows:

Φ(X, Y ) = X + Y +
1

2
[X, Y ] +

1

12
([X, [X, Y ]] + [Y, [Y,X]])− 1

24
[Y, [X, [X, Y ]]] + ...

Denote Φ̃(X, Y ) = Φ(X, Y )− (X+Y ), which therefore only consists of (nested) Lie brackets.

Consequently, identifying X with log(Sk) and Y with log(Wk), the canonical model for sample

covariance matrices can be rewritten using Equation (27) as

S̃k = exp(1/2 log(Sk)) exp(log(Wk)) exp(1/2 log(Sk))

= exp
(
log(Sk) + log(Wk) + rk

)
, (29)

where we let

rk := Φ̃(log(Sk), log(Wk)) +
∑
h≥1

(−1)h

2hh!
adh

logSk

(
Φ(logSk, logWk)

)
. (30)

Note that whenever log(Sk) and log(Wk) commute, rk = 0; however in the finite sample size

setting, this is generally not the case – it is then a quantitative measure of the deviation from

commutativity between the signal and the noise. In the Supplementary Material, proof of Propo-

sition 2.2, we treat the asymptotic behaviour of rk.

B Additional Figures for the EEG data application

B.1 Comparison between our log-Euclidean estimator and Euclidean es-
timators

The following discussion strengthens the results shown in Subsection 4.3.1.

Comparison with Euclidean kernel smoothing. Inspecting the determinants of both estima-

tors, we observe in Figure 11 that the Euclidean one (with different bandwidths for comparison)

does not adapt simultaneously to the stationary part before the seizure and to the abruptly chang-

ing nonstationary part during and after the seizure. This will result in either undersmoothing
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the stationary part, hence the onset of the seizure is likely to be mistaken for an insignificant

deviation from the mean. Moreover, oversmoothing the stationary part will result in smoothing

out the seizure onset – which will further increase the rejection delay.

Figure 11: Determinant comparison between Euclidean kernel with different bandwidths and
log-Euclidean wavelet estimators.

Comparison with wavelet matrix-smoothing. We observed previously that the Euclidean ker-

nel estimator fails to adapt to inhomogeneous smoothness behavior. One could ask whether

using the wavelet methodology in a Euclidean setting would then be a better competitor: in

this paragraph, we consequently compare our estimator to the nonlinear Euclidean average-

interpolating wavelet estimator, which is involving the same scheme described in Subsection 1.2.2

– but using Euclidean operations instead of log-Euclidean (this is equivalent to estimating each

of the d(d + 1)/2 curves of the TVCM independently) and then hard-thresholding the coeffi-

cients. We observe in Figure 12 that contrary to the Euclidean kernel estimator, the Euclidean

wavelet estimator does not guarantee that the resulting estimator is positive-definite (conse-

quently, the determinant is not positive everywhere: hence, we discard those estimators from

the figure which is in logarithmic scale). The smallest eigenvalues are often highly negative,

which is harmful in a lot of applications where positive eigenvalues are needed, such as likeli-

hood ratio tests or ellipsoid-based visualization of covariance matrices [26].
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Figure 12: Determinant of the Euclidean wavelet estimator (left; when it is positive definite),
and three smallest eigenvalues of the Euclidean wavelet estimator (right; the orange line indi-
cates when the eigenvalue is zero).

B.2 Pilot estimators

We present here three examples of pilot estimators with increasing L, eventually smoothing out

possibly relevant peaks.

Figure 13: Example of pilot estimators (S̃c
k)

T/L−1
k=0 with fixed T and increasing L.

B.3 Wavelet coefficients

We present in Figure 14 the Frobenius norm (indicating the magnitude) of the thresholded

whitened wavelet coefficients, associated to the estimators shown in Figure 8. As already dis-

cussed in Subsection 4.3.2, the total variation of the linear estimator is larger than the nonlinear:

this would also clearly hold by comparing the sum of the thresholded coefficients for both esti-

mators.
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Figure 14: Left: pyramid of linearly thresholded whitened coefficients (∥D̂j,k∥F )j,k, with J0 =
7. Right: pyramid of non-linearly thresholded whitened coefficients (∥D̂∗

j,k∥F )j,k, with J0 = 1
and J1 = 9.
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For notational convenience, for a matrix A ∈ Rd×d, we use the notation A = O(λn) to mean that
A = λnE with a constant λn and a deterministic matrix E ∈ Rd×d. Note that this is equivalent as
meaning that Tr(A) = λnTr(E), i.e. Tr(A) = O(λ) ⇐⇒ A = O(λ). Additionally, for a random
matrix A ∈ Rd×d, we denote A = OP(λn) to mean A = λnEn with a constant λn and En = OP(1) a
random error matrix which is bounded in probability, i.e.

∀ϵ > 0, ∃a > 0, ∃N ∈ N, inf
n≥N

P(∥En∥F ≤ a) ≥ 1− ϵ .
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C Moments of the pilot estimator

Recall that our pilot estimators S̃k write as S̃k = S
1/2
k WkS

1/2
k , hence to bound their central moments of

arbitrary order, it is sufficient to investigate those of Wk.

Proposition C.1. We assume that the series (Xt)
T
t=1 are generated by model (16) and satisfy Assump-

tion 1. Consequently, for all j,
E[(Wk − Id)

j ] = O(L−1) . (C1)

Proof. Omitting the index k to ease the notation and letting wa,b := [W ]a,b = L−1
∑L

i=1 εti,aεti,b
without loss of generality, we find that the elements of E[(W−Id)j ] satisfy the convergence rate because,
using the notation

cwj
a,b := [(W − Id)

j ]a,b =
d∑

i1=1

d∑
i2=1

· · ·
d∑

ij−1=1

(wa,i1 − δa,i1)(wi1,i2 − δi1,i2) · · · (wij−1,b − δij−1,b) ,

we get that E[cwj
a,b] involves mixed moments of ε order 2 up to order j. Then we show that for mixed

moments of order h,

E[wa,i1wi1,i2 · · ·wih−1,b] = L−h
L∑

s1=1

L∑
s2=1

· · ·
L∑

sh=1

E[εts1 ,aεts1 ,i1εts2 ,i1εts2 ,i2 · · · εtsh ,b]

= L−h
L∑

s1=1

L∑
s2=1

· · ·
L∑

sh−1=1

O(1)

= O(L−1) ,

where we used Assumption 1 such that at least one of the h sums is bounded as L → ∞. This holds for
all moments involved in E[cwj

a,b], hence indeed the result holds for the matrix E[(W − Id)
j ].

This result will be used in the proof of Proposition 2 to show that E[logj(Wk)] = O(L−1), which
is necessary to treat the intrinsic bias of S̃k in estimating Sk in the log-Euclidean metric, i.e the bias
of log S̃k in estimating log(Sk) in the Euclidean metric. Motivated from the situation of Gaussian in-
dependent (Xt)

T
t=1 we reckon that the decay rate of the j-th central moment in Equation (C1) is faster,

presumably of order O(L−⌈j/2⌉). However, the rate deay of Equation (C1) will be sufficient for proving
Proposition 2.

D Asymptotic properties of intrinsic average-interpolating wavelets

We observe a sequence (S̃k)k of random SPD matrices and we naturally assume, throughout this section,
that model

S̃k = exp (log(Sk) + ξk)

holds. We present in this section the asymptotic properties of average-interpolation wavelets in this
framework: in the first place, we recall the results from (Chau and von Sachs, 2021, Section 3) assuming
the matrices are independent over time. In order to relax this assumption and thereby allowing for
dependence, we prove in the second subsection that these results also hold when the observed random
matrices are not serially independent.

D.1 Serially independent case

We recall the results from (Chau and von Sachs, 2021, Section 3), which were derived under the as-
sumption of independence. While the original proofs were done for Sym+(d) equipped with the affine-
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invariant Riemannian metric, they naturally extend to the log-Euclidean metric.

Let Ave({Xi}i) be the intrinsic average of a sequence X1, . . . , Xn with values in (Sym+(d), δL):

Ave({Xi}ni=1) =
1

n

n∑
i=1

log(Xi) .

We recall the midpoint operator of this sequence, defined recursively by

µn := µn(X1, . . . , Xn) = Ave({µn/2(X1, . . . , Xn/2), µn/2(Xn/2+1, . . . , Xn)}) .

Proposition D.1 (Convergence of midpoint operator). Let X1, . . . , Xn
i.i.d.∼ ν where ν ∈ P2(Sym(d)),

with Eν [Xi] = µ and n = 2J for some J > 0. Then,

E[δ2L(µn, µ)] = O(n−1) .

In particular, µn
P→ µ as n→ ∞, where convergence holds with respect to the log-Euclidean distance.

The following results will then be intensely used in the proof of Theorem 2. We first begin by
recalling that the wavelet coefficients of smooth curves decay over scales with a known rate.

Proposition D.2 (Coefficient decay of wavelet coefficients for smooth curves). Suppose f : [0, 1] →
Sym+(d) is a smooth curve and set Mf

J,k = AveIJ,k(f) with IJ,k = 2−J [k, k+1] for k = 0, . . . , 2J −1

as finest scale midpoints. Denote (Df
j,k)j,k the whitened wavelet coefficients (of the curve f ) as in (11)

obtained from repeating the forward wavelet transform with refinement order N = 2M + 1 up the scale
j = 0.

If f has existing covariant derivatives of order N or higher, then, for each scale j > 0 and location
k ∈ {0, . . . , 2j−1 − 1},

∥Df
j,k∥F ≲ 2−j/22−jN .

The next two results recall consistency (with rates) first for a given empirical whitened wavelet coef-
ficients to converge to Df

j,k, and second, for the linear wavelet estimator of the curve f – as to be found
in (Chau and von Sachs, 2021, Proposition 3.3 and Theorem 3.4), even for more general Riemannian
metrics.

Proposition D.3 (Consistency of whitened wavelet coefficients). Given a refinement order N , denote
(Df

j,k) and (Dj,k) the true and empirical whitened wavelet coefficients based on an observed sequence
(MJ,k)k on scale J = log2(n). Then, for each fixed scale j > 0 and location k, it holds that

E[∥Dj,k −Df
j,k∥

2
F ] = O(n−1) .

The linear estimator attains the optimal nonparametric rate, which is given in terms of the number of
(covariant) derivatives of the SPD curve f , being equal to the filter parameter N .

Proposition D.4 (Consistency of linear estimator with IMSE-rate of convergence). Consider the wavelet
estimator M̂J,k(J0), based on a refinement scheme of order N and on (linear) thresholding on scale J0.
Let further f(t) be a smooth curve of SPD matrices, possessing at least N continuous derivatives. Then,

E[∥ log M̂J,k(J0)−E[log M̂J,k(J0)]∥2F ] = O(2−(J−J0))

and
∥E[log M̂J,k(J0)]− logMf

J,k∥F = O(2−NJ0) .
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In particular, the choice J0 = ⌊J/(2N + 1)⌋ balances variance and squared bias, so

E[δL(M̂J,k(J0),M
f
J,k)

2] = E[∥ log M̂J,k(J0)− logMf
J,k∥

2
F ] = O(n−2N/(2N+1)) ,

which implies that n−1
∑n−1

k=0 E[δL(M̂J,k(J0),M
f
J,k)

2] = O(n−2N/(2N+1)).

Remark D.1. In order to derive a consistency result for the original SPD curve f(t), we need to assume
that the approximation by the averages Mf

J,k is sufficiently close to the true curve f . For this purpose,

we first set fn =
∑n−1

k=0 M
f
J,k1IJ,k . Then we have for t ∈ IJ,k

δL(fn(t), f(t)) =
∥∥∥ 1

2−J

∫
IJ,k

log f(s) ds− log f(t)
∥∥∥
F

≤ sup
s,t∈IJ,k

∥∥∥ log f(s)− log f(t)
∥∥∥
F
= O(n−1) ,

because f is smooth. Consequently, we obtain that∫ 1

0
E[δL(f̂n(t), f(t))

2] dt = O(n−2N/(2N+1)) .

The last result on asymptotic normality of the whitened wavelet coefficients (useful for motivating
the universal thresholding) is taken from (Rademacher et al., 2022, Theorem 4.5):

Proposition D.5 (Asymptotic normality of the wavelet coefficients). Let the assumptions of Proposi-
tion D.3 be satisfied. Let (j, k) be arbitrary but fixed and let L ≤ k ≤ 2J − 1− L. Then

2−j/2n1/2(D̂j,k −E[D̂j,k])

converges to a zero mean normal distribution N (0,Ξj,k) with asymptotic variance-covariance (operator)
Ξj,k (which essentially depends on the covariance tensor C defined in (21)).

D.2 Serially dependent case

The previous results of this section were derived under the hypothesis that the averaged observations
in Sym+(d) are serially independent. Under the hypothesis of weak serial dependence, they however
remain true thanks to the following proposition which is an adaptation of Proposition D.1. In particular,
we use that the cumulant mixing condition (17) on the data generating process transfer from the time
series observations to the sequence of pilot estimators (S̃k)k – which in the following proposition we
abstractly denote by (Xk)k.

Proposition D.6 (Convergence of midpoint operator for weakly dependent observations). LetX1, . . . , Xn

be weakly dependent observations where Xk ∼ νXk
∈ P2(Sym

+(d)), with n = 2J for some J > 0.
Then,

E[δ2L(µn, µ)] = O(n−1) .

In particular, µn
P→ µ as n→ ∞, where convergence holds with respect to the log-Euclidean distance.

Proof. Let Xk ∼ νXk
∈ P2(Sym(d)). By (Bhatia, 2007, Theorem 6.1.9), if X1, X2, µ ∈ Sym+(d) then

for t ∈ [0, 1],

δ2L(γ(t;X1, X2), µ) ≤ (1− t)δ2L(X1, µ) + tδ2L(X2, µ)− t(1− t)δ2L(X1, X2) .

Setting t = 1/2, µ2 = γ(1/2;X1, X2) and taking expectations (with respect to the joint distribution) on
both sides,

EX1X2 [δ
2
L(µ2, µ)] ≤

1

2
EX1 [δ

2
L(X1, µ)] +

1

2
EX2 [δ

2
L(X2, µ)]−

1

4
EX1X2 [δ

2
L(X1, X2)]

4



≤ max
i∈{1,2}

EXi [δ
2
L(Xi, µ)]−

1

4
EX1X2 [δ

2
L(X1, X2)] . (D2)

We can upper-bound the second term of this last inequality by showing

EX1X2 [δ
2
L(X1, X2)] = EX1

[
EX2|X1

[δ2L(X1, X2)|X1]
]

≥ EX1 [δ
2
L(X1, µ)] +EX2 [δ

2
L(X2, µ)] ,

where the inequality follows from the semi-parallelogram law Ho et al. (2013):∫
Sym+(d)

(∫
Sym+(d)

(
δ2L(x2, x1)− δ2L(x2, µ)

)
dνX2|X1=x1

(x2)

)
dνX1(x1) ≥

∫
Sym+(d)

δ2L(x1, µ) dνX1(x1) ,

which implies that

EX1

[
EX2|X1

[δ2L(X1, X2)− δ2L(X2, µ)|X1]
]
≥ EX1 [δL(X1, µ)] ⇐⇒

EX1

[
EX2|X1

[δ2L(X1, X2)|X1]
]
−EX2 [δ

2
L(X2, µ)] ≥ EX1 [δL(X1, µ)] ⇐⇒

EX1

[
EX2|X1

[δ2L(X1, X2)|X1]
]
≥ EX1 [δL(X1, µ)] +EX2 [δ

2
L(X2, µ)] .

Consequently,

−1

4
EX1X2 [δ

2
L(X1, X2)] ≤ −1

4
EX1 [δ

2
L(X1, µ)]−

1

4
EX2 [δ

2
L(X2, µ)]

≤ −1

2
max
i∈{1,2}

EXi [δ
2
L(Xi, µ)] .

Plugging this result into Equation (D2), we obtain

EX1X2 [δ
2
L(µ2, µ)] ≤

1

2
max
i∈{1,2}

EXi [δ
2
L(Xi, µ)] .

Repeating the same argument for µ4 we obtain

EX1X2X3X4 [δ
2
L(µ4, µ)] ≤

1

2
EX1X2X3X4 [δ

2
L(µ2, µ)] ≤

1

4
max

i∈{1,...,4}
EXi [δ

2
L(Xi, µ)]

Denoting νX1X2···Xm =: νm and EX1X2···Xm =: Em, we can repeat the argument over successive
midpoints to find the upper bound

En[δ
2
L(µn, µ)] ≤

1

2
En/2[δ

2
L(µn/2, µ)] ≤ . . . ≤ 1

n
max
1≤i≤n

EXi [δ
2
L(Xi, µ)] ,

where under the assumption that νn ∈ P2(Sym
+(d)), the upper-bound is finite. By Markov’s inequality,

we can finally rewrite µn
P→ µ because ∀ϵ > 0,

P(δL(µn, µ) > ϵ) ≤ En[δ
2
L(µn, µ)]

ϵ2
≤ max1≤i≤nEXi [δ

2
L(Xi, µ)]

nϵ2
→ 0 asn→ ∞ .

E Proofs of main results

Before going into the proofs, let us recall a few useful results for asymptotic boundedness in the presence
of matrix exponential, the matrix logarithm and its Fréchet derivative. The following lemmas also apply
if we consider stochastic boundedness.

Lemma E.1 (Chau and von Sachs (2021)). If λ→ 0 sufficiently small, M1 = exp(M2 +O(λ)) implies
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M1 = exp(M2) +O(λ).

Proof. The result follows from the Taylor expansion of the matrix exponential:

M1 = exp(M2 +O(λ))

=
∞∑
k=0

(
M2 +O(λ)

)k
k!

=
∞∑
k=0

(M2)
k +O(λ)

k!

=

∞∑
k=0

(M2)
k

k!
+O(λ)

∞∑
k=0

1

k!

= exp(M2) +O(λ) .

Lemma E.2 (Chau and von Sachs (2021)). If λ→ 0 sufficiently small, then log(M+O(λ)) = log(M)+
O(λ).

Proof. Let λE = O(λ) with E ∈ Rd×d an arbitrary deterministic matrix. Rewrite log(M + λE) =
log(M(I + λM−1E)). Using the Baker-Campbell-Hausdorff series (refer to Appendix A of the main
document) with X = log(M) and Y = log(I+ λM−1E),

log(M(I+ λM−1E)) = X + Y +
1

2
[X,Y ] +

1

12

(
[X, [X,Y ]] + [Y, [Y,X]]

)
+ . . .

In particular,

[X,Y ] = [log(M), log(I+ λM−1E)]

= log(M) log(I+ λM−1E)− log(I+ λM−1E) log(M)

= log(M)(λM−1E +O(λ2))− (λM−1E +O(λ2)) log(M)

= O(λ) ,

where we used the Mercator series expansion log(I+ λM−1E) = λM−1E +O(λ2) for spectral radius
ρ(λM−1E) < 1 and λ→ 0 sufficiently small (Higham, 2008, Section 11.3). Iterating the same argument
over the higher-order commutators which are of order O(λ), the desired result follows

log(M + λE) = log(M) + log(I+ λM−1E) +O(λ) = log(M) +O(λ) .

Lemma E.3. If λ→ 0 sufficiently small, then DM1 log(M2 +O(λ)) = DM1 log(M2) +O(λ).

Proof. We use the closed-form expression of the Fréchet derivative (recall its definition from Sec-
tion 1.1):

DM1 log(M2 +O(λ)) = U⊤ ∗ (Z ⊙ (U ∗ (M2 +O(λ))))

= U⊤ ∗ (Z ⊙ (U ∗ (M2))) +O(λ)

= DM1 log(M2) +O(λ) .

E.1 Proof of Proposition 1

Proof. By definition of Xt in model (16), such that S̃k = S
1/2
k WkS

1/2
k . In the sequel, we write AL

P→ A
as L→ ∞ to denote that ∀a > 0, limL→∞ P(∥AL −A∥F > a) = 0. Under Assumption 1,

P(∥Wk − Id∥F > a) = P(Tr1/2
(
(Wk − Id)

2
)
> a)
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≤
E
[
Tr
(
(Wk − Id)

2
)]

a2

=
Tr
(
E[(Wk − Id)

2]
)

a2

≲ L−1 ,

where the last step follows from the results of Proposition C.1. Taking the limit as L → ∞ yields
Wk

P→ Id; using that Wk 7→ S
1/2
k WkS

1/2
k is a continuous map, by the continuous mapping theorem

S̃k
P→ Sk.

E.2 Proof of Proposition 2

Proof. By definition of the Fréchet mean in the log-Euclidean manifold, and the development of equa-
tions (A1) and (A2) in Appendix A of the main document, we can write

E[S̃k] = exp
(
E[log(S̃k)]

)
= exp

(
E[log(Sk) + log(Wk) + rk]

)
= exp

(
log(Sk) +E[log(Wk)] +E[rk]

)
.

The matrix logarithm of a SPD matrix A has a Taylor expansion as defined in (Higham, 2008, The-
orem 4.7) which converges only if 0 < λmax(A) ≤ 2. By Proposition 1, Wk

P→ Id as L → ∞, which

implies that λmax(Wk)
P→ 1 by the continuous mapping theorem. Then, the following Taylor expansions

of log(Wk) and log2(Wk), respectively, converge when L → ∞ (here, we understand convergence of a
series of random variables to its limit in the mean-square sense).

log(Wk) =
∑
h≥1

(−1)h+1

h
(Wk − Id)

h and log2(Wk) =
∑
h≥2

(log2)(h)(1)

h!
(Wk − Id)

h

By Proposition C.1, E[(Wk − Id)
h] = O(L−1) and

E[log(Wk)] = −E[(Wk − Id)
2] +

∑
h≥3

(−1)h+1

h
E[(Wk − Id)

h] = O(L−1) ,

E[log2(Wk)] = E[(Wk − Id)
2] +

∑
h≥3

(log2)(h)(1)

h!
E[(Wk − Id)

h] = O(L−1) .

More generally, because (logj)(h)(1) = 0 for h < j and = 1 for h = j, we have that E[logj(Wk)] =
O(L−1). We can use these results to obtain

E
[
(log(Wk)−E[log(Wk)])

2
]
= O(L−1) .

Hence, log(Wk) = E[log(Wk)] + εk where εk = OP(L
−1/2), E[εk] = 0 and E[ε2k] = O(L−1).

We use that Lie brackets are bilinear and that E[log(Wk)] = O(L−1) to show that[
log(Sk), log(Wk)

]
=
[
log(Sk),E[log(Wk)] + εk

]
=
[
log(Sk),E[log(Wk)]

]
+
[
log(Sk), εk

]
=
[
log(Sk), O(L−1)

]
+
[
log(Sk), OP(L

−1/2)
]

= OP(L
−1/2) .
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Plugging this result into nested Lie brackets yields that they are all OP(L
−1/2), and consequently rk =

OP(L
−1/2).

We now show that expectations of (nested) Lie brackets also converge as L → ∞. We exploit that
they consist of terms which are products between log(Sk) and log(Wk), and denote such a product by
P . We have that E[Tr(P )] = O(L−1) ⇐⇒ E[P ] = O(L−1), hence we can show by some tedious but
elementary calculations – using in particular properties and inequalities of the trace and Cauchy-Schwarz
– that all expectations of nested Lie brackets are indeed O(L−1). Plugging this result into E[rk] implies
that E[rk] = O(L−1).

We finally conclude by showing that the intrinsic bias vanishes asymptotically:

E[S̃k] = exp
(
log(Sk) +E[log(Wk)] +E[rk]

)
= Sk +O(L−1) .

E.3 Proof of Proposition 3

Proof. Under the presented assumptions, indeed Wk ∼ Wd(L,L
−1Id). It was proved in (Smith, 2005,

Theorem 7) that, with ψ(·) the digamma function,

E[log(Wk)] =

(
log(2/L) +

1

d

d∑
i=1

ψ

(
L− i+ 1

2

))
Id = c(d, L)Id .

Plugging this result into E[S̃c
k] yields a bias-corrected version of the pilot estimator which for finite-

sample L removes the essential contribution of log(Wk) to the bias of log(S̃k) (shown in Proposition 2
to be asymptotically of order O(L−1)).

E.4 Proof of Theorem 1

Proof. By Proposition D.6, the convergence rates of the linear thresholding estimator (Proposition D.4)
hold if the additional bias of the pilot estimator from Proposition 2 is not of larger order than 2−NJ0 , i.e.
the bias of the linear wavelet estimator. We find that L ∼ TN/(3N+1) by setting

L−1 ≲ 2−NJ0 = 2−NJ/(2N+1) =

(
L

T

)N/(2N+1)

⇐⇒

L−(3N+1)/(2N+1) ≲ T−N/(2N+1) ⇐⇒
L ≳ TN/(3N+1) ,

and by recalling from Subsection 2.1 that L should grow with the smallest possible rate in order to adapt
to localized features of the underlying curve.

E.5 Proof of Proposition 4

Proof. Most of the proof comes from the results of Wachel (2022). Let the finest-scale midpoints (MJk)k
be generated by the Riemannian log-additive model (12). Under such a model, we have (with Mj,k

the noisy scaling coefficients, superscript f indicating the true scaling coefficients, and superscript ξ
indicating noise midpoints) for j = 0, . . . , J ; k = 0, . . . , 2j − 1:

logMj,k = log
(
γ(1/2;Mj+1,2k,Mj+1,2k+1)

)
= log

(
exp

{1
2
log(Mj+1,2k) +

1

2
log(Mj+1,2k+1)

})
=

1

2
log(Mj+1,2k) +

1

2
log(Mj+1,2k+1)
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...

=
1

2J−j

2J−j−1∑
ℓ=0

log(MJ,k(2J−j)+ℓ)

=
1

2J−j

2J−j−1∑
ℓ=0

(
log(Sk(2J−j)+ℓ) + ξk(2J−j)+ℓ

)
=: log(Mf

j,k) + log(M ξ
j,k) , (E3)

as well as

log M̃j,2k+1 =

M∑
m=−M

CN,2m+N log(Mj−1,k+m)

=

M∑
m=−M

CN,2m+N log(Mf
j−1,k+m) +

M∑
m=−M

CN,2m+N log(M ξ
j−1,k+m)

= log(M̃f
j,2k+1) + log(M̃ ξ

j,2k+1) . (E4)

Using relations (E3) and (E4) in the following yields a matrix signal-plus-noise model for the whitened
wavelet coefficients:

Djk = 2−j/2
(
log(Mj,2k+1)− log(M̃j,2k+1)

)
= 2−j/2

(
log(Mf

j,2k+1)− log(M̃f
j,2k+1)

)
+ 2−j/2

(
log(M ξ

j,2k+1)− log(M̃ ξ
j,2k+1)

)
= Df

jk +Dξ
jk . (E5)

Following from this result, we get that the expectation of the empirical whitened coefficients is the
corresponding true whitened coefficient:

E[Djk] = E[Df
jk] +E[Dξ

jk]

= Df
jk +E

[
2−j/2(logM ξ

j,2k+1 − log M̃ ξ
j,2k+1)

]
= Df

jk + 2−j/2E

 1

2J−j

2J−j−1∑
ℓ=0

ξk(2J−j)+ℓ

−

(
M∑

m=−M

CN,2m+N logM ξ
j−1,k+m

)
= Df

jk +

2−j/2

2J−j

2J−j−1∑
ℓ=0

E
[
ξk(2J−j)+ℓ

]−

(
2−j/2

M∑
m=−M

CN,2m+NE
[
logM ξ

j−1,k+m

])
= Df

jk ,

where in the last step we used for the second term that E[ξk] = 0 for all k, and for the third term we use
the same argument of the repeated noise midpoints, also yielding E[logM ξ

j−1,k] = 0 for all k.

For the variance, we have

Var[Dj,k] = Var
[
2−j/2

(
logMj,2k+1 − log M̃j,2k+1

)]
= 2−jVar

[
logMf

j,2k+1 + logM ξ
j,2k+1 − log M̃f

j,2k+1 − log M̃ ξ
j,2k+1

]
= 2−jVar

[
logM ξ

j,2k+1 − log M̃ ξ
j,2k+1

]
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= 2−jVar

[
logM ξ

j,2k+1 −
M∑

m=−M

CN,2m+N logM ξ
j−1,k+m

]
(∗)
= 2−jVar

[
logM ξ

j,2k+1 − logM ξ
j−1,k −

∑
−M≤m≤M ;

m̸=0

CN,2m+N logM ξ
j−1,k+m

]

= 2−jVar
[
logM ξ

j,2k+1 − logM ξ
j−1,k

]
+ 2−j

∑
−M≤m≤M ;

m̸=0

C2
N,2m+NVar[logM ξ

j−1,k+m] ,

where in step (∗) we used that CN,N = 1, and in the last step we used that the covariance across scales
between noise midpoints is zero. We can rewrite the first term using the midpoint relation:

2−jVar[logM ξ
j,2k+1 − logM ξ

j−1,k] = 2−jVar[logM ξ
j,2k+1 −

1

2
logM ξ

j,2k+1 −
1

2
logM ξ

j,2k]

= 2−(j+2)Var[logM ξ
j,2k+1 − logM ξ

j,2k]

= 2−(j+2)2Var[logM ξ
j,0]

= 2−(j+1)Var[logM ξ
j,0] ,

where using CN,N = 1 in step (∗) earlier was necessary to obtain the factor 2−(j+1). We can use the
same reasoning for the second term:

2−j
∑

−M≤m≤M ;
m ̸=0

C2
N,2m+NVar[logM ξ

j−1,k+m] = 2−j

−1 +
∑

−M≤m≤M ;
m̸=0

C2
N,2m+N

Var[logM ξ
j−1,0]

= 2−j

(
−1 +

M∑
m=−M

C2
N,2m+N

)
1

2
Var[logM ξ

j,0]

= 2−(j+1)

(
−1 +

M∑
m=−M

C2
N,2m+N

)
Var[logM ξ

j,0] .

Combining the two terms, we obtain

Var[Dj,k] = 2−(j+1)
M∑

m=−M

C2
N,2m+NVar[logM ξ

j,0] .

Using recursively the midpoint relation, we obtain

Var[logM ξ
j,0] =

1

2
Var[logM ξ

j+1,0] = . . . =
1

2J−j
Var[ξ0] ,

plugging this result yields an expression that does not depend on the scale j:

Var[Dj,k] = 2−(j+1)2−(J−j)
M∑

m=−M

C2
N,2m+NVar[ξ1]

= 2−(J+1)
M∑

m=−M

C2
N,2m+NVar[ξ0] .

where Var[ξ0] =: C.
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E.6 Proof of Proposition 5

Proof. Under the assumption of a log-additive Riemannian model and the intrinsic AI wavelet transform
with the log-Euclidean metric, by Proposition 4, the whitened wavelet coefficients follow a matrix signal-
plus-noise model. By affinity of φ,

φ(Djk) = φ(Df
jk +Dξ

jk) = φ(Df
jk) + φ(Dξ

jk) .

By linearity of the expectation, it follows that

E[φ(Djk)] = φ(E[Djk]) = φ(Df
jk) .

For the variance, we have

φ(Djk) = 2−j/2
(
φ(logMj,2k+1)− φ(log M̃j,2k+1)

)
,

which implies that we can use the same reasoning as the proof of Proposition 4 to obtain the desired
result:

Var[φ(Dj,k)] = 2−(J+1)
M∑

m=−M

C2
N,2m+NVar[φ(ξ0)] .

E.7 Proof of Proposition 6

Before proving the proposition, we recall the Chernoff bound for Chi-squared distributed random vari-
ables.

Lemma E.4 (Chernoff bound for the χ2
q). Let U ∼ χ2

q . Then, for z > 1,

P(U > zq) ≤ (ze1−z)q/2 .

Proof of Lemma E.4. U has moment generating function E[eλU ] = (1−2λ)−q/2 for λ < 1/2 (otherwise
it does not exist). Using the Chernoff bound we get:

P(U > a) = P(eλU > eλa) ≤ E[eλU ]
eλa

∀λ ∈ (0, 1/2) .

Therefore we can find the smallest upper-bound by finding the minimum over λ ∈ (0, 1/2): we have

φ(λ) =
e−λa

(1− 2λ)−q/2
,

so using the quotient rule and the chain rule we get

φ′(λ) =
q (1− 2λ)

q
2
−1 e−λa − a (1− 2λ)

q
2 e−λa

(1− 2λ)q

=
qe−λa − a (1− 2λ) e−λa

(1− 2λ)q/2+1

=
(q − a+ 2aλ)e−λa

(1− 2λ)q/2+1
.

Equating the derivative to zero yields

λ =
1

2

(
1− q

a

)
.
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Setting a := zq, we observe that for z ≤ 1 we get λ ≤ 0, and for z → ∞ we get λ → 1/2 but never
exactly 1/2. Hence we require that z > 1 for the Chernoff bound to hold. Plugging the result yields

P(U > a) ≤
(q
a

)−q/2
exp

(
−a
2
+
q

2

)
,

and replacing a := zq finally yields

P(U > zq) ≤
(
1

z

)−q/2

exp
(
−zq

2
+
q

2

)
= zq/2 exp

(q
2
(1− z)

)
= (ze1−z)q/2 .

Proof of Proposition 6. Using Lemma E.4, we can show that the considered threshold is asymptotically
noise-free if nP(U > tn) → 0 as n→ ∞ . Setting tn := qτn,

nP
(
U > qτn

)
≲ n

τ
q/2
n

exp(τn)q/2
.

In order to cancel the factor n, we need τn = 2
q log(n). In order to obtain that nP

(
U > qτn

)
→ 0, we

need that τn = 2
q log(n) + ωn with ωn = O(log n) such that

nP
(
U > qτn

)
≲

log(n)q/2

exp(ωn)q/2
→ 0 ,

which is satisfied if log log(n) = o(ωn) – indeed, taking the logarithm of the ratio above we have

q

2
log log(n)− q

2
ωn → −∞ ⇐⇒ log log(n) = o(ωn) .

If ωn = O(log n), then by Theorem 1.5.1 of Leadbetter et al. (1983), we have

lim
n→∞

P
(
max
1≤i≤n

Ui ≥ qωn + 2 log(n)

)
= 0 .

If ωn grows like the slowest rate such that log log n = o(ωn), then qωn + 2 log(n) is the smallest
asymptotically noise-free threshold: this can be done by choosing ωn = (log log n)1+ϵ for some ϵ > 0
arbitrary small.

E.8 Proof of Theorem 2

Proof. For the first part of the proof, we show the convergence rate (24) by decomposing the sum of
nonlinear thresholding whitened coefficients over the following scales:

∑
jk

E∥D̂∗
jk −Df

jk∥
2
F =

∑
j<J0

2j−1∑
k=0

E∥Djk −Df
jk∥

2
F +

J1−1∑
j=J0

2j−1∑
k=0

E∥wjkDjk −Df
jk∥

2
F

+
∑
j≥J1

2j−1∑
k=0

∥Df
jk∥

2
F .
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We work with scales J0, J1 ≫ 1 sufficiently large such that Proposition D.2 and D.3 hold and such that
2J0 ∼ 2J1 . Then, we get for the first and third terms the classical linear rates:

∑
j<J0

2j−1∑
k=0

E∥Djk −Df
jk∥

2
F ≲

∑
j<J0

2jn−1 = (2J0 − 2)n−1 ≲
2J0

n
,

and

∑
j≥J1

2j−1∑
k=0

∥Df
jk∥

2
F ≲

∑
j≥J1

2j(2−j2−2Nj) ≲ 2−2NJ1 ∼ 2−2NJ0 .

For the second term involving the nonlinear thresholding shrinkage weights, we can also use that 2J0 ∼
2J1 to obtain the following rate:

J1−1∑
j=J0

2j−1∑
k=0

E∥wjkDjk −Df
jk∥

2
F =

J1−1∑
j=J0

2j−1∑
k=0

E∥wjkDjk − wjkD
f
jk + wjkD

f
jk −Df

jk∥
2
F

≤ 2

J1−1∑
j=J0

2j−1∑
k=0

w2
jkE∥Djk −Df

jk∥
2
F + 2

J1−1∑
j=J0

2j−1∑
k=0

(1− wjk)
2∥Df

jk∥
2
F

≤ 2

J1−1∑
j=J0

2j−1∑
k=0

E∥Djk −Df
jk∥

2
F + 2

J1−1∑
j=J0

2j−1∑
k=0

∥Df
jk∥

2
F

≲ 2

J1−1∑
j=J0

2jn−1 + 2

J1−1∑
j=J0

(2−2N )j

(∗)
=

2

n
(2J1 − 2J0) + 2

(
2−2NJ0 − 2−2NJ1

1− 2−2N

)
≲

2J1

n
∼ 2J0

n
,

where in step (∗) we used that

(
1− 2−2N

)J1−1∑
j=J0

(2−2N )j

 =

J1−1∑
j=J0

2−2Nj − 2−2N
J1−1∑
j=J0

2−2Nj

=

J1−1∑
j=J0

2−2Nj −
J1∑

j=J0+1

2−2Nj

= 2−2NJ0 − 2−2NJ1 .

Combining the three terms, setting J0 = J/(2N + 1) such that 2J0n−1 = 2−2NJ0 , we get

∑
jk

E∥D̂∗
jk −Df

jk∥
2
F ≲

2J0

n
+

2J0

n
+ 2−2NJ0 ∼ 2−2NJ0 = n−2N/(2N+1) .

For the second part of the theorem, we are interested in deriving the rate of convergence (25), i.e.
of the hard-thresholding estimator (M̂∗

J,k)k, based on the same paradigm (i.e. keeping every coefficient
up to scale J0 − 1, then nonlinear thresholding the wavelet coefficients up to scale J1 − 1, and finally
forcing them to zero from scale J1). We will work recursively as in Chau and von Sachs (2021), from
the coarsest to finest scale.
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Before going to the derivation of the rates, we recall some technical details. Let (Mj,k)j,k denote
the empirical midpoint pyramid, based on the observed (noisy) signal. The random variable Mj,k is
constructed from repetition of the midpoint relation, on 2J−j observed samples: as a consequence of
Proposition D.1, for j sufficiently small,

E[δ2L(Mjk,M
f
jk)] = O(2−(J−j)) ∀k = 0, . . . , 2j−1 , (E6)

where Mf
jk denotes the associated scaling coefficients of the true underlying signal f . Using this result,

we rewrite Mj,k = Mf
j,k + ϵj,n with ϵj,n a general (not always the same) random error matrix such that

E∥ϵj,n∥2F = O(2−(J−j)):

Mj,k = Exp
Mf

j,k
(ϵj,n)

= exp
(
log(Mf

j,k) + D
Mf

j,k
log(ϵj,n)

)
= exp

(
log(Mf

j,k) +OP(2
−(J−j)/2)

)
=Mf

j,k +OP(2
−(J−j)/2) .

We denote by (M̃j,k)j,k the empirical predicted midpoints, computed using a weighted average of the
empirical midpoints. We then get

M̃j,k =

M∑
m=−M

CN,2m+N log(Mj−1,k+m)

=
M∑

m=−M

CN,2m+N log(Mf
j−1,k+m + ϵj−1,n)

=
M∑

m=−M

CN,2m+N

(
log(Mf

j−1,k+m) + ϵj−1,n

)
=

M∑
m=−M

CN,2m+N log(Mf
j−1,k+m) + ϵj−1,n

M∑
m=−M

CN,2m+N

= M̃f
j,k +OP(2

−(J−j+1)/2)

= M̃f
j,k +OP(2

−(J−j)/2) . (E7)

We denote by (M̂∗
j,k)k, without loss of generality, the estimated midpoints – i.e. the midpoints obtain

by reconstruction from the thresholding estimates (D̂∗
j,k)k, not from the empirical estimates (Dj,k)k.

Finally, we denote by (
̂̃
M j,k)k the estimated predicted midpoints: those are weighted averages of the

estimated midpoints at scale j − 1. Hence, (̂̃M j,k)k inherit the estimation error from the previous scale.
Finally, recall that we reconstruct the midpoints with the exponential map:

M̂∗
j,2k+1 = Exp̂̃

Mj,2k+1

(2j/2D̂∗
j,k) = exp

(
log
̂̃
M j,2k+1 + 2j/2D̂∗

j,k

)
.

For scales j = 1, . . . , J0 − 1: we do not alter the wavelet coefficients, i.e. D̂∗
j,k = Dj,k: consequently,
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we get (for all k = 0, . . . , 2j − 1) M̂∗
j,k =Mj,k and thus ̂̃M j,k = M̃j,k, because

̂̃
M j,2k+1 = exp

(
M∑

m=−M

CN,2m+N log(M̂∗
j−1,k+m)

)

= exp

(
M∑

m=−M

CN,2m+N log(Mj−1,k+m)

)
= M̃j,2k+1 . (E8)

Hence, combining (E7) and (E8), we can write ̂̃M j,k = M̃f
j,k + ϵj,n with ϵj,n a general random error

matrix satisfying E∥ϵj,n∥F = O(2−(J−j)/2). Furthermore, as we do not alter the wavelet coefficients,
it follows that D̂∗

j,k = Dj,k and by Proposition D.4 stating E∥Dj,k − Df
j,k∥

2
F = O(n−1), we can

rewrite Dj,k = Df
j,k + ηn with ηn a general random error matrix satisfying E∥ηn∥F = O(n−1/2).

Combining these results with the midpoint estimations, we get for each of the considered scales the
following relation:

M̂∗
j,2k+1 = Exp̂̃

Mj,2k+1

(2j/2D̂∗
j,k)

= exp
(
log
̂̃
M j,2k+1 + D̂̃

Mj,2k+1

log(2j/2D̂∗
j,k)
)

= exp
(
log
̂̃
M j,2k+1 + 2j/2D̂∗

j,k

)
= exp

(
log(M̃f

j,2k+1 + ϵj,n) + 2j/2(Df
j,k + ηn)

)
= exp

(
log(M̃f

j,2k+1) + ϵj,n + 2j/2Df
j,k + 2j/2ηn

)
=Mf

j,2k+1 +OP(2
−(J−j)/2) +OP(2

j/2n−1/2)

=Mf
j,2k+1 +OP(2

−(J−j)/2) .

For scales j = J0, . . . , J1 − 1: we still obtain the estimated predicted midpoints from the empirical
midpoints because we did not alter the wavelet coefficients until J0 − 1. However, this time we will
use nonlinear thresholding on the wavelet coefficients using shrinkage weights. We estimate D̂∗

J0,k
=

wJ0,kDJ0,k, and by Proposition D.4 (because 2J0−J → 0), we have D̂∗
J0,k

= wJ0,k(D
f
J0,k

+ ηn) with
E∥ηn∥F = O(n−1/2). Suppose J0 = J/(2N +1) is sufficiently large such that Proposition D.2 applies,
then

M̂∗
J0,2k+1 = exp(log

̂̃
MJ0,2k+1 + 2J0/2D̂∗

J0,k)

= exp
(
log(M̃f

J0,2k+1 + ϵJ0,n) + 2J0/2wJ0,k(D
f
J0,k

+ ηn)
)

= exp
(
log(M̃f

J0,2k+1) + ϵJ0,n + 2J0/2wJ0,kD
f
J0,k

+ 2J0/2wJ0,kηn
)

=Mf
J0,2k+1 +OP(2

−(J−J0)/2) +OP(2
−J0N )

=Mf
J0,2k+1 +OP(2

−J0N ) ,

where we used that, withwJ0,k a binary random variable, ∥2J0/2wJ0,kD
f
J0,k

∥F = OP(2
J0/22−J0/22−J0N ) =

OP(2
−J0N ). Iterating over the following scales, and using that by 2J1 ∼ 2J0 we have 2j ∼ 2J0 for

j ≤ J1, we obtain up to j = J1 − 1

M̂∗
j,2k+1 = exp

(
log(

̂̃
M j,2k+1) + 2j/2D̂∗

j,k

)
= exp

(
log(M̃f

j,2k+1) + ϵj,n + 2j/2wj,kD
f
j,k + 2j/2wj,kηn

)
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=Mf
j,2k+1 +OP(2

j/2n−1/2) +OP(2
−jN )

=Mf
j,2k+1 +OP(2

−J0N ) .

For scales J1, . . . , J : we force every wavelet coefficients to zero, i.e. D̂∗
j,k = D̂∗

j,k = 0. Consequently,

we use Proposition D.2 to rewrite D̂∗
j,k = Df

j,k + ρj,N , where ρj,N is a deterministic error matrix with
∥ρj,N∥F = O(2−j/22−jN ). Additionally, we define a general interpolation error matrix ζJ0,N , with
∥ζJ0,N∥F = OP(2

−J0N ) – indeed for j = J1 we have

̂̃
MJ1,2k+1 = exp

(
M∑

m=−M

CN,2m+N log(M̂∗
J1−1,k+m)

)

= exp

(
M∑

m=−M

CN,2m+N log(Mf
J1−1,k+m) +OP(2

−J0N )

)
= M̃f

J1,2k+1 +OP(2
−J0N ) .

Hence, we obtain

M̂∗
J1,2k+1 = exp

(
log
̂̃
MJ1,2k+1 + 2J1/2D̂∗

J1,k

)
= exp

(
log M̃f

J1,2k+1 + ζJ0,N + 2J1/2(DJ1,k + ρJ1,N )
)

= exp
(
log M̃f

J1,2k+1 + ζJ0,N + 2J1/2Df
J1,k

+ 2J1/2ρJ1,N
)

= exp
(
log M̃f

J1,2k+1 + 2J1/2Df
J1,k

)
+OP(2

−J0N ) +OP(2
−J1N )

=Mf
J1,2k+1 +OP(2

−J0N ) .

Iterating this argument over the following scales j = J1 + 1, . . . , J we obtain

M̂∗
j,2k+1 = exp

(
log
̂̃
M j,2k+1 + 2j/2D̂∗

j,k

)
= exp

(
log M̃f

j,2k+1 + ζJ0,N + 2j/2(Df
j,k + ρj,N )

)
= exp

(
log M̃f

j,2k+1 + 2j/2Df
j,k

)
+OP(2

−J0N ) +OP(2
−jN )

=Mf
j,2k+1 +OP(2

−J0N ) .

This last result implies that at the finest scale J , using J0 = J/(2N + 1),

E[δ2L(M̂
∗
J,k,M

f
J,k)] = E∥ log(M̂∗

J,k)− log(Mf
J,k)∥

2
F = E∥ log(Mf

J,k) + ζJ0,N − log(Mf
J,k)∥

2
F

= E∥ζJ0,N∥2F = O(2−2NJ0)

= O(n−2N/(2N+1)) .

E.9 Proof of Corollary 1

Proof. Recall that the coarsest scaling coefficient M0,0 and the predicted midpoints (M̃j,k)j,k are SPD
by construction and do not depend on the wavelet coefficients. Also recall that reconstruction of the
scaling coefficients implies first the exponential map for odd-indexed coefficients:

Mj,2k+1 = Exp
M̃j,2k+1

(Dj,k) ,

and secondly the matrix exponential and logarithm for even-indexed coefficients:

Mj,2k = exp(2 logMj−1,k − logMj,2k+1) .
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Now consider the limiting case where we reconstruct (M1,k)k=0,1 from M0,0 and D1,0. In the
case of the odd-indexed midpoint, using the fact that (Sym+(d), δL) is a geodesically complete man-
ifold Thanwerdas and Pennec (2023), we have that the exponential mapping is a bijective map from
Tp(Sym

+(d)) ∼= Sym(d) → Sym+(d). Therefore, the reconstruction for M1,1 is necessarily SPD if
D1,0 is symmetric. In the case of the even-indexed midpoint, recall that the matrix exponential of a sym-
metric matrix is a bijective map exp : Sym(d) → Sym+(d) Arsigny et al. (2007). Additionally, using
the fact that the matrix logarithm of SPD matrices is unique and defined as the inverse of the matrix
exponential, then log : Sym+(d) → Sym(d) is also a bijective map. Therefore, the reconstruction for
M1,0 is SPD, as it involves the matrix exponential of the difference (2 logM0,0 − logM1,1) ∈ Sym(d).

Thus, the sequence of reconstructed midpoints at scale j = 1 is indeed a sequence of SPD matrices.
We can use the same arguments by recurrence to state that as long as the wavelet coefficients are all in
Sym(d), the reconstructed signal will consist of SPD matrices.

F Our pilot estimator for subsequent non-linear wavelet thresholding

As indicated in Section 2.1 of the main document, the first basic approach to construct a pre-smoothing
positive-definite pilot estimator would consist in local averaging observations akin kernel smoothing
with a rectangular window of length L (called “smoothing span” hereafter) with L ≥ d: Let, for k =
L/2, L/2 + 1, . . . , T − L/2,

Šk = L−1

k+L/2∑
t=k−L/2+1

XtX
⊤
t ,

for L ≥ 2 being even (with the obvious adaptation for an odd natural number L to smooth over the
interval [k− (L− 1)/2, k+(L− 1)/2]). Choosing a simple boxcar kernel is sufficient here for shedding
light on the behaviour of this moving window smoother only used as a pilot estimator for subsequent
wavelet smoothing. We observe that, as T → ∞, L → ∞, L/T → 0, the (Šk)k provide a consistent
estimator for (Σ( kT ))k, where asymptotically each Σ( kT ) tends to Σ(u) with u being the limit of the
sequence of neighbouring grid points ( kT )k - as it is usual in classical nonparametric curve estimation
theory of estimating a continuous curve in time u ∈ (0, 1) by discretely sampled values on an equidistant
grid {k/T}k=1,...,T of (0, 1).

Another possibility to localise our estimation problem is to chop the observation period T up into n
non-overlapping segments of length L, such that T = nL. Then a discrete estimator of Σ is given by
(S̃0, . . . , S̃n−1) with S̃k an estimator of Sk := Σ(uk) at the midpoint uk = 2k+1

2n of the k−th segment as
defined in (18)

S̃k = L−1

(k+1)L∑
t=kL+1

XtX
⊤
t , k = 0, . . . , n− 1 .

In this framework, as previously for the sliding window approach, increasing T means that we oper-
ate finer sampling on the same time period (0, 1). As T → ∞, we let L, n → ∞. To obtain again that
S̃k is a consistent estimator of Sk = Σ(uk), and in fine the associated Σ(u), with u being the limit of the
grid values (uk)k in its neighbourhood, here one needs the conditions that L, n → ∞ as T → ∞ such
that L/n→ 0.

When comparing the two approaches now, we need to take two different aspects into account: 1. high
enough time resolution of our sampled data (to feed into the finest scale of our wavelet algorithm) - which
translates into reasonable small approximation bias; 2. small enough variability of the resulting wavelet
coefficients based on the chosen pilot estimator, in particular when allowing for serially dependent time
series data (X)Tt+1 .

Regarding the first point, it appears to be advantageous to use the sliding window approach which
delivers, as starting point, T − L + 1 estimators Šk, k = L/2, . . . , T − L/2. However, especially for
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higher dimensions d, calling for a smoothing span L ≥ d, we need to face an increase of the (asymptotic)
variance of Šk, in particular when the data are serially correlated. Moreover, when using Šk as input to
a wavelet thresholding scheme, even in an independent data situation, the correlatedness of the Šk over
time k translates into higher variance of the wavelet coefficients on coarser scales - calling for higher
level-dependent thresholds to choose. This effect is, again, of course the more pronounced the higher the
dimension d (calling for higher smoothing spans L).

When using, alternatively, the (non-overlapping) segment estimator, the resulting S̃k remain ex-
actly uncorrelated for the independent data situation (and less correlated than the Šk for correlated data
(X)Tt+1). This advantage, on the side of smaller variability of the resulting wavelet threshold estimator,
admittedly goes with the introduction of a higher approximation bias, due to the reduced time resolution
n−1 (compared to essentially T−1 for the sliding-window estimator) with n = T/L, and this of course,
the more, the higher d (again due to L ≥ d). Nevertheless we generally recommend to use the segment
estimator S̃k as its increase in approximation bias will be highly compensated by the reduced variability
of the resulting wavelet coefficients based on this pilot estimator.
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Segment estimator, L = 16
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Sliding estimator, L = 16

Figure F1: Blue: constant SPD curve. Gray: segmented (left) and sliding (right) estimators of the curve,
with L = 16.

Indeed, for simulated bivariate independent time series (with constant TVCM), we observe in Fig-
ure F1 their segmented and sliding estimators of the TVCM with L = 16. We can visually observe that
although benefiting from a higher resolution, the sliding estimator appears to feature serial correlation
(which visually translates as a noisier version of the segmented estimator with lower resolution, and is
confirmed by the ACF plots in Figure F2). This feature is threatening for the performance of our nonlin-
ear thresholding scheme: in fact, the wavelet transform of a constant curve should yield Dj,k = 0 for all
(j, k), so the transform of the noisy version of the curve should feature wavelet coefficients with small
amplitude. Inspecting the whitened wavelet coefficients of the pilot estimators in Figure F3, we see that
the segmented estimator is mainly composed of noisy coefficients with relatively small amplitude over
the scales (which indeed corresponds to the aforementioned situation of a noisy constant curve). The
sliding estimator, on the other hand, has a lot of low frequency content with large amplitude induced by
the serial correlation while the high frequency content has a very small amplitude. Consequently, the
nonlinear thresholding estimators will not be able to catch the constant nature of the curve in this setting.
Note that these undesirable properties of the sliding estimator get worse as L increases.
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Figure F2: Empirical autocorrelation function of the Frobenius norm of the segment (left) and sliding
(right) pilot estimators from Figure F1.

Figure F3: Wavelet decomposition (using the Frobenius norm of the whitened coefficients) of pilot
estimators from Figure F1.

G Further simulation results

In this section, we assess by simulation study the performance of the multiple thresholding rules con-
sidered in Section 3.2 by Monte-Carlo simulations with different data generating processes (DGPs). For
each curve in each scenario, we will simulate M = 500 realisations of the considered DGPs.

We will consider multiple SPD curves, each being studied under different scenarios. In particular,
consider the following matrix-valued function:

f(t) =

(
10 + (5− 10t)2 15− 10t

15− 10t 20

)
.

Let c1(t), c2(t), c3(t), c4(t) be respectively the Blocks, Bumps, HeaviSine and Doppler functions defined
in Donoho and Johnstone (1994), i.e.

c1(t) =
∑
j

hjK(t− tj) , K(t) = (1 + sign(t))/2

(tj) = (0.1, 0.13, 0.15, 0.23, 0.25, 0.40, 0.44, 0.65, 0.76, 0.78, 0.81)

(hj) = (4,−5, 3,−4, 5,−4.2, 2.1, 4.3,−3.1, 2.1,−4.2)

c2(t) =
∑
j

hjK((t− tj)/wj) , K(t) = (1 + |t|)−4

(tj) = (0.1, 0.13, 0.15, 0.23, 0.25, 0.40, 0.44, 0.65, 0.76, 0.78, 0.81)
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(hj) = (4, 5, 3, 4, 5, 4.2, 2.1, 4.3, 3.1, 5.1, 4.2)

(wj) = (0.005, 0.005, 0.006, 0.01, 0.01, 0.03, 0.01, 0.01, 0.005, 0.008, 0.005)

c3(t) = 4 sin(4πt)− sign(t− 0.3)− sign(0.72− t)

c4(t) =
√
t(1− t) sin(2π(1 + 0.05)/(t+ 0.05)) .

We will then study the following SPD curves, which can be visualized in Figure G4:

f1(t) = (10 + c1) ◦ f(t) , f2(t) = (1 + c2) ◦ f(t) ,
f3(t) = (7 + c3) ◦ f(t) , f4(t) = (1 + c4) ◦ f(t) .
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Figure G4: Left to right, top to bottom: f1, f2, f3, f4.

G.1 Log-normal noise

We study multiple possibilities for the noise structure. We simulate data following model (12) as in
Definition 1, where the i.i.d. noise matrices (ξk)nk=0 are constructed as described in Assumption 2; i.e.
we simulate log-normal noise. We will consider the following scenarios:

σa,b = 0.01 ∀a ≤ b ; (Homog1)
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σa,b = 0.1 ∀a ≤ b ; (Homog2)

σa,b = 0.3 ∀a ≤ b ; (Homog3)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.001 ; (Inhomog1)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.1 ; (Inhomog2)

σ1,1 = 0.01, σ1,1 = 0.1, σ1,2 = 0.3 ; (Inhomog3)

For each simulation, we estimate the underlying curve using linear thresholding, trace thresholding
(TT), upper-sum thresholding (UST), Chi-square thresholding (Chi2T) and intrinsic elementwise thresh-
olding (IEWT). We will use the log-Euclidean AI wavelet transform withN = 3, and define our nonlinear
wavelet thresholding estimator as in equation (23) with J0 = 3 and J1 = 10. Additionally, we impose a
tree structure constraint in the nonlinear thresholding as described in Donoho (1997), where the goal is
to exploit the inter-scale correlation between the wavelet coefficients to obtain a better reconstruction in
the presence of singularities in the signal. Finally, we estimate the variances σ2a,b (necessary to compute
the thresholds) by the usual robust mean-absolute deviation - scaled to match (approximately) Gaussian
data - on the finest scale: σ̂2a,b = MAD[dJ,k,a,b]/0.6745. For the linear thresholding estimator, we set
J0 = 6 to be able to adapt to the less regular parts of the functions, without incorporating too many
noisy coefficients. We summarize the results of our simulation study in Figure G5, using as performance
metric the Riemannian mean-squared error with respect to the log-Euclidean distance:

RieMSE(f̂∗, f) =
1

n

n−1∑
k=0

δ2L(Ŝ
∗
k , Sk) .
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Figure G5: Boxplots, on M = 500 simulations for each scenario, of the nonlinear thresholding estima-
tors (relative to the performance of linear thresholding) for (left to right, top to bottom) f1, f2, f3, f4.

The RieMSE of the nonlinear thresholding estimators are standardized by the RieMSE of the linear
estimator in each simulation: hence, values above 1 indicate worse performance while values below
1 indicate that linear thresholding is outperformed by the nonlinear estimator: we immediately observe
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that nonlinear rules globally outperform the linear estimator. Comparing the rules, we observe that scalar
rules are not significantly different (we note that UST is generally worse than TT and Chi2T), while IEWT
does not seem to work well except in the Inhomog1 and Inhomog2 scenarios.

More interestingly, we simulate a SPD curve with d = 5, which consists of 15 curves over elements
which satisfy the positive-definite constraint (5 on the diagonal and 10 off-diagonal) defined by

f (HD)(t) = ϑ(t)
∑

1≤a≤b≤d

fab(t)Ea,b

where ϑ(t) = 101{t ≤ 0.6}+ 51{t > 0.6}, (Ea,b)1≤a≤b≤d is the canonical basis of Sym(d) and

f11(t) = 10 + (5− 10t)2 f12(t) = 5− 10t f24(t) = (1− t2)2

f22(t) = 10 f13(t) = sin(10πt) f25(t) = t

f33(t) = 5 + 10t f14(t) = log(t)− 6 f34(t) = sin(20πt)

f44(t) = 13 f15(t) = −2t f35(t) = 0

f55(t) = 200− (5− 12t)2) f23(t) = exp(t)− 5 f45(t) = 1− |t− 0.5|

For the homogeneous noise variances cases, we use the same values as the d = 2 case. For the inhomo-
geneous ones, we use

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Inhomog1 0.025 0.010 0.021 0.021 0.014 0.021 0.013 0.010 0.026 0.004 0.027 0.029 0.021 0.016 0.014
Inhomog2 0.086 0.020 0.088 0.022 0.037 0.014 0.020 0.071 0.086 0.082 0.036 0.065 0.083 0.010 0.012
Inhomog3 0.133 0.088 0.054 0.292 0.203 0.205 0.017 0.290 0.008 0.195 0.262 0.273 0.188 0.118 0.256

In this framework, the more flexible Chi2T and IEWT definitely outperform the other two rules. This
confirms that in particular the trace is not sufficient to describe the overall behaviour of the wavelet
coefficients – and that our new thresholding rules are better suited to more realistic, higher-dimensional
frameworks.
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Figure G6: Curve in Sym+(5) with very inhomogeneous smoothness between elements.

G.2 Wavelet denoising of empirical TVCM

In the following, we apply our wavelet denoising scheme to estimation of the TVCM of some series
(Xt)

T
t=1 generated by model (16) and such that Xt ∼ N(0,Σ(t)) where Σ(t) is chosen among the 2-
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Figure G7: Boxplots, on M = 500 simulations for each scenario, of the nonlinear thresholding estima-
tors (relative to the performance of linear thresholding) of the higher-dimensional SPD curve.

dimensional curves defined earlier. We will first study the performance of our methodology for denoising
TVCMs of time series constructed from white noise, and then we assess those performances on time
series constructed from VAR(1) processes. In this framework, we will only use linear and Chi-squared
thresholding; we chose the latter compared to the other nonlinear thresholds because it was shown to
be quite adaptive in many situations and because of its enhanced originality. We observe in the two
following scenarios that it indeed outperforms the linear estimator, especially when choosing the optimal
window length L = 2⌈log2(T

N/(3N+1))⌉.

Independent observations. We simulate time series Xt = Σ
1/2
t εt where εt

i.i.d.∼ N(0, Id), for t =
1, . . . , T where T = 215. We use the pilot estimator (18), and increase the window length L from 2 to
256.
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Figure G8: Performance (RieMSE) of the Chi-squared thresholding estimator relative to linear thresh-
olding, and as a function of window length L.
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Dependent observations. We simulate time series Xt = Σ
1/2
t εt where εt = A εt−1 + υt, with

υt ∼ N(0,Σ| ) and Σ| such that Var[εt] = Id for all t, as the solution to

vec(Σ| ) = (Id2 −A⊗A) vec(Id) .

We consider two scenarios for A, one for weaker and one for stronger dependence – respectively,

A(1) =

(
0.3 0.15

−0.05 0.1

)
and A(2) =

(
0.8 0.2

−0.05 0.5

)
.
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Figure G9: Performance of the Chi-squared thresholding estimator relative to linear thresholding, on the
curve f1(t) and as a function of window length L. Left: A(1), right: A(2).
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Figure G10: Performance of the Chi-squared thresholding estimator relative to linear thresholding, on
the curve f2(t) and as a function of window length L. Left: A(1), right: A(2).
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Figure G11: Performance of the Chi-squared thresholding estimator relative to linear thresholding, on
the curve f3(t) and as a function of window length L. Left: A(1), right: A(2).
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Figure G12: Performance of the Chi-squared thresholding estimator relative to linear thresholding, on
the curve f4(t) and as a function of window length L. Left: A(1), right: A(2).
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