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Abstract

We study the Cauchy problem for the Korteweg-de Vries (KdV) hierarchy in the
small dispersion limit where ¢ — 0. For negative analytic initial data with a single
negative hump, we prove that for small times, the solution is approximated by the
solution to the hyperbolic transport equation which corresponds to € = 0. Near
the time of gradient catastrophe for the transport equation, we show that the solu-
tion to the KdV hierarchy is approximated by a particular Painlevé transcendent.
This supports Dubrovins universality conjecture concerning the critical behavior of
Hamiltonian perturbations of hyperbolic equations. We use the Riemann-Hilbert
approach to prove our results.

1 Introduction

In this manuscript, we will prove a particular case of a conjecture in [13] about the
formation of dispersive shocks [26] in a class of Hamiltonian perturbations of the quasi-
linear transport equation

ut + a(u)ug =0,

where u = u(z,t), r,u € R, t € RT, and where a is an arbitrary regular function of .
We will restrict ourselves to the case of the KdV hierarchy, which, for any m € N, is a
Hamiltonian perturbation of the equation

i1 27(2m 4+ 1!

ug,, + Cpuuy =0 Crm = (—1)
m)!

(1.1)
The equations in the KdV hierarchy can be written in the form
ug,, — (—1)™0p b (U, €Uy, gy, . . ., €MOP™u) =0, t,, € RT, meN, (1.2)

where € > 0 and 0, = %. The function 1, is polynomial in its variables and it is the
variational derivative of the Hamiltonian H,, [20, 22, 40]

Um (U, €Uy, ...) = (;SZ-(LZ), Hp = /hm(u, €Uy (), Uy (), . . .)dz,

which is defined as

Hp  Ohm(u,eug,...)  d Ohm(u,euy,...) ai Ohum (u, €y, . . .)

du(z) - ou Cdx Ouy + dx? Oy B
The Hamiltonians H,, satisfy the Lenard-Magri recurrence relation [33]
OHm OHm—1 u?(x)
Oy =P , m>1, = dz,
du(x) du(x) = Holu] / g (1.3)

P = 6283 + 4udy; + 2uy.



The densities h,, are uniquely determined by (1.3) together with the conditions

(_1)m+10m m+2
mt1)(m+2)

b (u, €uy, gy, . . . )e=0 = (

For m =1 the equation (1.2) coincides with the standard KdV equation

ug, + 6uuy + gy = 0, €>0, (1.4)
and for m = 2,3 one has the equations

U, — 30u’u, — € (20Up sy + 10UULy: ) — Mugprzs = 0, (1.5)

gy + 1400 uy + € (T0u + 280Uty Uy + T0Uus,)
+ ! (TOugpuzy + 42uztigy + 14uusy) + €fur, = 0. (1.6)

The corresponding Hamiltonians for m = 1,2 are [21, 23, 36]

Hy = 3_2&% d H, — §4_52 2 é? d
1= U € 5 z, 2 = 2u €uuy, + 2um x.

Each equation in the hierarchy can also be written in the Lax form [30]
Ly,, = [L, Am], (1.7)
where L is the Schrodinger operator
L =¢e%02 +u, (1.8)

Ly, is the operator of multiplication by u,, , and A,, is an antisymmetric higher order
operator with leading order (—1)mt14me2mg2mtl  The lower order terms are deter-
mined by the requirement that [L, A,,] is an operator of multiplication with a function
depending on u, ug, ..., U@mi1),- For m =1 and m = 2, we have

Ay = 46202 + 3 (ud, + Opu) (1.9)
Ay = —16€*05 — 206*(D2u + ud2) + 5(0ptize + Urz0z) — 15(0,u? + u?9,).  (1.10)

We will study the behavior of solutions to the KdV hierarchy in the small dispersion
limit where € — 0.

When € = 0 the KdV hierarchy reduces to the transport equation (1.1). Let us
assume that we have sufficiently smooth negative initial data ug(x) with a single local
minimum, and which tend to 0 rapidly at +oco. The Cauchy problem for (1.1) can then
be solved implicitly using the method of characteristics, which leads to

u(z, ty) = uop(§), —z + Cpuo (&)t + € = 0. (1.11)

This describes a left-moving solution for any m € N, but the part of the solution near
the minimum moves faster than the less negative parts, so that the slope steepens at
the left of the negative hump as t,, increases. The time t¢, where the slope becomes
vertical is called the time of gradient catastrophe, and is given by

1

m maxéeR{—Cmugl_l (©up(&)} ‘

After this time, the solution to (1.11) is no longer single-valued.

= (1.12)



In order to determine the point of gradient catastrophe z¢ and u® = u(zt¢,), one
has to solve the system of three equations

F(u;z,ty) == —x + Cpu™ty, + fr(u) =0, (1.13)
F'(u;z,ty) = mCpu™ Y + f1(u) =0, (1.14)
F'(u;z,ty) = m(m — 1)Crpu™ 2t + f1(u) =0, (1.15)

for the unknowns u, x,t,. Here primes denote derivatives with respect to u, and fr
is the inverse of the decreasing part of the initial data ug. Among the possibly many
solutions of (1.13)-(1.15), the point of gradient catastrophe is the solution (u€;z¢,t¢,)
with minimal time t¢,. We say that the gradient catastrophe is generic if

k= —F"’(uc; xt5) = —m(m —1)(m — Z)Cm(uc)mfy’tfn — Z’(uc) #0. (1.16)

In the case m = 1, it is well-known that the dispersive term €?u,,, in (1.4) reg-
ularizes the gradient catastrophe that occurs for the Hopf equation u; + 6uu, = O:
the solution to the KdV equation exists for all £; > 0 under suitable conditions on the
initial data wug(x). For ¢; < t§, the KdV solution is approximated by the Hopf solution
for small € > 0, and for ¢; > t§, an interval of rapid oscillations is formed where the
KdV solution can be modeled using Jacobi elliptic #-functions [26, 31, 39, 11, 12, 24].

For m > 1 we have not been able to find results about global existence in time in the
literature. For initial data in weighted Sobolev spaces only local results stating that the
solution exists (and stays in the same space) for small times t¢,, seem to be available,
see e.g. [28]. For the class of analytic initial data we will consider, global existence in
time should not be an issue for any m € N. We will comment on this later, see Remark
2.2. However our aim is not to prove an existence result for the KdV hierarchy, rather
we want to study the asymptotic behavior for small e of the solution w(z,t,,,€) to
the Cauchy problem for (1.2) under the assumption that it exists. Before gradient
catastrophe, one does not expect to see a significant difference between solutions to
(1.1) and (1.2) for small e. After the gradient catastrophe, the KdV hierarchy solution
will also develop a region of oscillatory behavior for small e.

The purpose of this manuscript is twofold. First, for ¢, < tf,, we will prove that
u(z, tm, €) = u(z,ty)+o(e) as € — 0, where u(x, t,,) is the solution to the dispersionless
equation. Secondly, for ¢, ~ t§,,x ~ ¢, we will show that the KdV hierarchy solution
can be approximated for small € by a special Painlevé transcendent U = U (X, T), which

solves the fourth order ODE [27, 2, 13, 29]

1 1 1
X=TU- |=U>+ —(U%+2 — . 1.1
U 6U +24(UX+ UUXX)+24OUXXXX (1.17)

This ODE is the second member of the Painleve I hierarchy, and we refer to it as the
P% equation. The relevant solution is real and has the asymptotic behavior

U(X,T) = 7(6|X))"/% ¥ %62/3T|X|*1/3 FO(XTY),  as X — 400, (LIS)

for any fixed T € R, and has no poles for real values of X and T [5, 34, 35]. It is also
remarkable that U(X,T) is an exact solution to the KdV equation normalized as

1
UT—FUU)(—FEUXXX:O. (1.19)



It was conjectured by Dubrovin in [13] that, for any Hamiltonian perturbation of a
hyperbolic equation [13, 32], a generic solution u(z,t,€) has an asymptotic expansion
of the form

u(x, t,€) = u + a1/ 7U <a2676/7(a: — 2% —ag(t — t°)), age M7 (t — tc)> +o (62/7> ,
(1.20)

for z,t near the point of gradient catastrophe x¢,t¢ of the unperturbed equation, and
with constants a1, as, as, a4 depending only on the initial data and on the equation. The
expansion should hold in a double scaling limit where ¢ — 0, but at the same time x and
t should tend to the point ¢ and time t¢ of gradient catastrophe for the unperturbed
equation in such a way that the arguments of U in (1.20) remain bounded. In other
words, the limit is such that e — 0 and at the same time ¢~ /7(z — 2° — a3(t — t)) and
e~ *7(t — t°) remain bounded. The Painlevé transcendent U(X,T) is thus conjectured
to describe the behavior of the solution to the perturbed equation near the point of
gradient catastrophe for the unperturbed equation, and is expected to be universal
in the sense that it is independent of the choice of the equation and independent of
the choice of initial data. The only quantities in (1.20) that depend on the initial
data and on the equation are the constants a1, as,as,as, and the values of x¢,t¢, uC.
The asymptotic formula (1.20) was shown numerically for a certain class of equations
including the KdV equation and the second member of the KAV hierarchy [25, 15].

We prove this conjecture in the special case of the KdV hierarchy for a class of
analytic initial data with a single negative hump. So far, the conjecture had been
proven only for the KdV equation [3]. Similar results appear also in double scaling
limits for Hermitian random matrix ensembles [6] and in the semiclassical limit of the
focusing nonlinear Schrédinger equation [14].

1.1 Statement of results

We study the Cauchy problem for equation (1.2) with m € N. Similarly as in [3], we
impose the following conditions on the initial data ug.

Assumptions 1.1

(a) up(x) is real analytic and has an analytic continuation to the complex plane in
the domain

S={z€C:|Imz| < tanf|Rez|}U{z € C: |[Imz| < o}
where 0 < 0 < /2 and o > 0;

(b) up(x) decays as |x| — oo in S such that

1
up(z) = O (W) , >0, z€8§, (1.21)
(c) for real x, ug(z) < 0 and uy has a single local minimum at a certain point x g,
with
ug(xpr) =0, ug(zar) > 0.

Without loss of generality, we assume that ug is normalized such that ug(xpr) =
—1.



We prove the following result.

Theorem 1.2 Let ug(x) satisfy the conditions described in Assumptions 1.1, and let
m €N, z € R and t,,, < tS,, where tS, is the time of gradient catastrophe for (1.1) given
by (1.12). If u(x,tm,€) solves equation (1.2) with initial condition u(z,0,€) = up(z),
then we have

u(z, tm, €) = u(z, ty) + o(e), as € — 0, (1.22)
where u(z,t,,) is the solution to the Cauchy problem for (1.1), given by (1.11).

Remark 1.3 We will prove this result in detail for values of z,t,, where u(z,t,,) is
decreasing, i.e. for x < xps + Cipty, since z s + Cyuty, is the position of the minimum at
time t,,. For x > s + Citm, the proof is similar, but several technical modifications
are needed. We will discuss those changes in Remark 4.1.

Our second result describes the behavior of u(x, t,,, €) when x, ¢, approach the point
and time of gradient catastrophe at appropriate speeds. We will prove that (1.20) holds,
with the values of the constants given by

2 1
“ e RO e
om 2mCip (u®)™ 1
a3 = Cm(u ) s a4 = (8]{;()3/’)77 (124)

where k was defined in (1.16). We will give an asymptotic expansion as e — 0 for
(z,t,,) in a space-time window of size O(¢*/7), and in addition z — . must be equal to
Con(u€)™(t —1t¢,) plus a correction of size O(€%/7). In this shrinking (as € — 0) region in
the (x,t,)-plane, the transition takes place between asymptotics determined by (1.1)
and the oscillatory asymptotics that are expected to be present for t,, > t5,. The
transition is described by the Painlevé transcendent U(X,T'). In addition, we will also
compute the next term in the asymptotic expansion (1.20), which is of order O(e*/7).
This term is rather complicated but can still be expressed completely in terms of the
Painlevé transcendent U(X,T). We have an expansion of the form

u(:):,tm, 6) = U + a162/7U + 0164/7 (QUX +Uxx + 4U2 — 3CQUT)
1
+ e3¢ (Ux Qp + AUUT + FUxxr) + O™, (1.25)
where Q = Q(X,T) is given by

1 U? T 4
Q:%UXUXXX— XX+XU—§U2+U UU%,

480 24"
and we used the abbreviations
U=U (a26_6/7(m —2° — ag(t — t°)), age Y (t — tc)> , (1.26)
Q=0 (age*‘i/?(az — 2% — a3t —1°)), ase V7 (t - tc)) . (1.27)
The values of c1, co, c3 are
32F @ (u°)
=__ "7 1.28
_ (@ —af) — O (uf)™ (tm — 17,)
cy = OO : (1.29)
~ mC (u€)™ Yty — t5,) [ 2(m — 1) 2F ™ (ue)
@ 4ked/T 5uc 21k ’ (1.30)



with & given by (1.16), and F' by (1.13).

Theorem 1.4 Let up(x) satisfy the conditions described in Assumptions 1.1 and as-
sume that the generic condition

k= —F"(u) = —m(m — 1)(m = 2)(u)" " = f7'(u) # 0 (1.31)

holds with m € N. Write u¢, x°,tS, for the solution to the system (1.13)-(1.14)-(1.15).
Let us take a double scaling limit where ¢ — 0 and at the same time x — x¢ and
tm — t5, in such a way that, for some X, T € R,

2mC,, (uc)m_1 (tm —t5,)
(8k)7e7

lim =X, lim

=T. (1.32)

x — ¢ — Cpp (u€) "™ (L, — t5,)
(8k)7e?

If u(x, ty,, €) solves equation (1.2) with initial condition u(x,0,€) = ug(z), the asymp-
totic expansion (1.25) holds in the double scaling limit.

Remark 1.5 The real numbers X,T are seen as parameters: for any choice of the
parameters, there is a different double scaling limit. Our result is stated point-wise in
X and T but could be strengthened to a uniform statement for X, T € [-M, M| for
any M > 0.

Remark 1.6 We believe that our results can be extended, using the same techniques,
to linear combinations of different members of the KdV hierarchy of the form

Li=[L)Y aj4j], a; >0, (1.33)
j=1

where L and A; are the same operators as the ones used in (1.7). Indeed equations
of this form are integrable and the procedure we follow below can be applied, see also
Remark 2.1. We thank the referee for pointing this out.

The proofs of our results are based on the direct and inverse scattering transform
for the KAV hierarchy. This approach relies on the Lax representation (1.7), and the
inverse scattering transform can be formulated as a Riemann-Hilbert problem, where
one searches for a function which satisfies a prescribed jump condition, depending on
the reflection coefficient for the Schrodinger equation Lf = Af. Solving the RH problem
asymptotically as € — 0 leads to small dispersion asymptotics for u(z, t,,, €). We will use
a Deift /Zhou steepest descent method similar to the one in [11, 12] for the asymptotic
analysis of the RH problem. This method consists of a series of transformations M —
T — S +— R of the RH problem, which results at the end in a RH problem for R which
can be solved approximately for small e. The first transformation M — T involves the
construction of a G-function satisfying convenient jump and asymptotic conditions.
The second transformation T — S deforms the jump contour from the real line to
a lens-shaped contour. The last transformation S +— R requires the construction of
local and global parametrices. A local Airy parametrix will be needed for the proof of
Theorem 1.2. For the proof of Theorem 1.4, we will need to build a local parametrix out
of a model RH problem related to the P12 equation. The most important new features
here compared to [11, 3] are the generalization of the G-function to the case m > 1,
and the generalized construction of the local P12 parametrix.



2 Riemann-Hilbert problem for the KdV hierarchy

We construct a RH problem using particular solutions to the Schrodinger equation
Lf = \f, with L given by (1.8) with potential u = u(z, t,, €). This construction is well
understood [10, 1, 38, 3, 16], but we summarize the main lines here for the convenience
of the reader.

For negative u, the Schrodinger operator has no point spectrum. Moreover, if u
solves the equation (1.2), as a consequence of the Lax equation (1.7), the eigenvalues
of L are independent of t,,. Since our initial data ug are negative, it follows that L has
no point spectrum at any time ¢,, > 0. If

+oo
/ by €)] (1 + ) der < o0, (2.1)

there exist [10] fundamental Jost solutions ¢4 = ¥4 (\; 2, tm, €) and ¢+ = oL (\; 2, tpm, €)
to the Schrodinger equation satisfying the asymptotic conditions

zgr—ll-loo wi(z;x,tm,e)eiéﬁx =1, (2.2)
limgu(z@, b, ) TV = 1 (2.3)

for A € C\ {0}. We fix /=X to be the principal branch of the square root which is
analytic for A € C\ R* and positive for A < 0. We consider 1+ and ¢+ as functions in
the variable A, whereas x, t,,,, € will be parameters. Those solutions can be constructed
as a solution to Volterra integral equations as in [10], and the analysis of the integral
equations shows that ¢_ and ¢_ can be continued analytically for A in the lower half
plane, and ¥4 and ¢4 to the upper half plane. Also asymptotics as A — oo for ¢+ and
14+ can be deduced.
The fundamental solutions ¥+ and ¢+ are related as follows,

() v = (60 oa) (g ) <o, e

with
la(N)]2 = bV =1,  for A <0, (2.5)

and where a and b are independent of x. The quantities

b(A; b, €) Ot €) - 1

r(A;tm, €) = m;

': a(X;tm,€)’

are the reflection and transmission coefficients (from the left) for the Schrodinger equa-
tion and depend on t,,, e through u(x,t,,,¢). They are continuous for A < 0. In
particular we have

Ly
a

If u solves the higher order KdV equation (1.2), the Gardner-Greene-Kruskal-Miura
[22] relations are

—V e + 362\/—7/\907 T — —00, (2.6)
Hx, T — 4o00. '

S

€
lei
a

da db 2t . 2mt1
a0 g = (T (2.7)



Indeed, (1.7) implies that %¢+ + Ay is also a solution to the Schrodinger equation.
The asymptotics as £ — 400 then imply that

4mq 2m+1

d
Ew_i_ = _Amw-&- + T(_)‘) 2 ¢+-

Together with (2.6) this implies (2.7) and thus

2m+1

T(Xitm, €) = T()\;O,G)e%tm(f’\) 2

Remark 2.1 For the more general equations of the form (1.33), the time evolution of
the reflection coeflicient is given by

2j+1

r(A\;t,e) = r(\;0, e)e% 2= (7N) 2
This can be deduced immediately from the Lax form (1.33) of the equations.

The transmission coefficient is analytic for A in the upper half plane, and the reflection
coefficient is analytic in a region of the form {m — 0y < arg A < '}, with 6y > 0. If the
potential u is smooth in z, the reflection coefficient decays rapidly as A — —oo.

We will now construct the solution to a RH problem using the Jost solutions 4
and ¢y: write M = M(\;z,ty,, €) by

1 |
( or gy )e:ammm, as A€ CY,

d d
P+ cat+

Mz, by, €) = (2.8)
L o —i (A
S J eeowtm)as a5 X e C,
V- €a?-
where
szl: = ¢i(A;$7tm76)a ¢i = (;5:‘:()\; .’L‘,tm,ﬁ), (29)
a=a(\e), a*=a(\e), (2.10)
and
1 1 1 0
a(X;z,ty) = 2(=A)2 + 4, (—N)" 2, o3 = <O _1> . (2.11)

Using (2.4) and the asymptotics for the Jost solutions as A — oo, one shows that M
solves a RH problem, see [1, 38, 3]:
RH problem for M

(a) M(X;x,tm,€) is analytic for A € C\R,

(b) M has continuous boundary conditions My (A) for A € R\ {0} that satisfy the
jump conditions

M, (\) = M_(\) (T—O(A;e)elﬁa()\;z,tm)/e TO(/I\;G)G:;?;\?:jT;n)/E) for A <0,
(2.12)

Mi(\) = M_(No1, o1 = (? é) for A > 0,
(2.13)

with ro(A;€) :=7(A;0,€).



(c) We have

1 1
q -1
Mzt €) = <I—,03—|—(’)()\ )), for A — oo,
VA —ivA Ziev/=A

(2.14)

with ¢ = g(z, t;, €) independent of A, and u = ¢, is the solution to equation (1.2)
with initial data ug.

In other words, the solution to the KdV hierarchy with initial data ug can be
recovered from the solution to the RH problem by the formula
9
ox’
where M 11 denotes the (1, 1)-entry of the matrix M; defined as follows in terms of
the (1, 1)-entry of M,

w(x, tm, €) = —2i€0, M1 11(, tm, €), Oy = (2.15)

Miqi(z, tm,€)
vV=A

Remark 2.2 Using the vanishing lemma approach developed in [19, 18, 17], one can
show that the RH problem for M is solvable for any value of z,¢t € R, ¢ > 0 (not neces-
sarily small) if 7o has sufficient regularity and sufficient decay at —oo and if |ro(A\)| < 1
for A < 0. The solvability of the RH problem can be used to prove that the Cauchy
problem for equation (1.2) is solvable for initial data in a suitable space following the
proofs in [41].

My (N, b, e) =1+ + O(1/N), as A — oo.

3 Asymptotic analysis of the RH problem as ¢ — 0

This section contains the asymptotic analysis of the RH problem for M as ¢ — 0.
We will study the RH problem for fixed z,t,, (for the proof of Theorem 1.2), and
in a double scaling limit for x ~ z¢, t,, ~ t¢, (for the proof of Theorem 1.4). The
construction of the G-function in Section 3.1 is almost the same in both cases, and
also for the transformations M — T +— S in Sections 3.2 and 3.3 and the construction
of the outside parametrix in Section 3.4, we do not need to distinguish between the
regular and the critical case. It is only when we construct a local parametrix that there
is an essential difference. For the regular case, we assume that x and t,, are such that
Uug(x,ty) < 0, i.e. we consider only the decreasing part where z < zp; + Cpyty,, the
position of the minimum at time t,,. For the increasing part, several changes have to
be made, see Remark 4.1.

3.1 The G-function
In this section, we will define a G-function, which will be needed to modify the jumps

of the RH problem in a suitable way. Let us first write the Abel transform

0 .
Fa( 2, ) = ;A W for A € [1,0),

where F is defined by (1.13). We define the G-function G = G(\; x, t,,; u) as

fu—Xx [0
G\ z,tm;u) = )\/ (

s

Fa(n;z,tm)

n—A)Vn—u

9

dn. (3.1)



We will have to make two different choices for u € (—1,0). For the proof of Theorem
1.2, we need to choose u = u(zx,t,,) to be the solution to equation (1.1): this solution
is given by (1.11) or, equivalently, by (1.13). For the proof of Theorem 1.4 on the
other hand, we fix u to be u = u® = u(x°,t,). Whenever the choice of u, z, and t,, is
unimportant below, we will simply write Gy, () for G, (A x, ti; w).

G is analytic for A € C\ [u,400). As A — oo, we have G(A\) = O(A~1/2), and
writing

Gh (2t w) := lim (=A\)Y2G(\; 2, t, v), (3.2)
A—00

one verifies that, for both choices of © made above, we have the identity

8,G1 (2, t) = g (3.3)
For A on the branch cut, G satisfies the jump properties

Gi(\)+G_(\) =0, for A € (0, +00), .

G (N)+G-(N) —2p(A) +2a(N) =0, for A € (u,0), (3.5)

with p given by

0
o= [ e (36)

The function p(A) is clearly well-defined for —1 < A < 0, but we can extend it to
an analytic function. Because of the analyticity of the initial data wug, p is analytic
in a neighborhood of (—1,0). It cannot be extended to an analytic function in a full
neighborhood of —1 because the inverse f; behaves like a square root near —1, but we
can extend it to an analytic function in a neighborhood of [—1,0), except for a branch
cut which we choose along A < —1. We write 2 = QT UQ~ U (—1,0) for such a region
where p is analytic, with QF ¢ CT and Q~ = QF. For later convenience, we choose
Q7 sufficiently small so that it is contained in the region {m — 0y < arg A\ < 7} where
ro(A) is analytic (see Fig. 1)

ImA

A\ - ReA

Figure 1: The regions Q7 and Q™ (note that (—1 — §, —1] is not part of Q).

Let us define an auxiliary function ¢ in QT U Q™ by
PN 2, tn) = G(A; 2, 1) — p(A) + a(X; 2, 1), (3.7)

so that ¢ is analytic across (—1,u), but not on (=1 — §,—1), because this is a part of
the branch cut for p, and not on (u,0), because this is part of the branch cut for G. It
is an analytic function for A € @\ [u,0). By (3.5), we have

204 (N, ty) = Ge( N2, t) — Go( A2, t), for A € (u,0). (3.8)

10



After a straightforward integral calculation as in [3], one observes that ¢ can be written
as

A cr
Srtn) = 5 [ TSI (39

2
= —Vu—AF(ujz,ty) + g(u — )\)%F’(u;x,tm)

4

5 4 A 1 5
- NF (u;x,tm)—w/u F(E 1) (€ — N EdE. (3.10)

3.2 PFirst transformation M — T

We are now ready to perform a first transformation of the RH problem. This will lead
to more convenient jump matrices for the asymptotic analysis as € — 0. A crucial role
is played by the G-function and its properties discussed before.

Define

T(X\ 2yt €) = G 2) M(X; 2, by, €)e <Ot (3.11)

2
We then have

RH problem for T
(a) T is analytic in C \ R,
(b) TH(\) =T-(Nvr(A), as A€ R, with
vp(N\) = eég*(’\)"%M(A)e_%g*(’\)"?’, (3.12)

and vy is the jump matrix in the RH problem for M given by

1 . 2ia(Ajz,tm) /e
o ro(Ai€)e . for A<,
um(A) = \=ro(X; e)emiathmtml/e 1 — |ro(X; €)[2 (3.13)
o1, for A > 0.
(c) As A\ = oo,
T = (T +on ) (. 1 (3.14)
=X —ivV=A)" ‘

The left multiplication with the triangular matrix in (3.11) was needed to transform
(2.14) in (3.14), but has no effect on the jumps for 7. The jump matrix (3.12) can be
simplified using the properties (3.4)-(3.5) of the G-function and the definition (3.7) of
¢. We write the jump matrix in a different form depending on the value of A € R. For
A >0, by (3.4) we have

vr(A) = o1, (3.15)

For a sufficiently small choice of 41 > 0, we can write the jump matrix in terms of the
previously defined function ¢ on the interval (—1 — 61,0). For A € (u,0), we use (3.5)
and (3.8) to conclude that

6_%¢+(A) ko (A

11



where we have written x for
K(A;€) = —irg(\; e)e%p()‘), for A € QF, (3.17)

with boundary values on R denoted by k4 (\) and k* (A\) = k4 (A). For A € (—1—41,u),
by (3.5) and (3.7),

: 2o\
1 i (Ae ) . (3.18)

= (m*(A)ef‘f’—(” L= lro(F

Here, the boundary values ¢4 are needed only on (—1 — §1,—1], on (—1,u), we have
¢ = ¢+. Finally, on (—oo, —1 — §7), we have

TGN +a(N)
vr(A) = ( 1 ro(A\)e

; , A< —1—6y. (3.19
_fo()\)e—%(g()\)-‘roc(/\)) 1— ‘TO()\)|2 ) as 1 ( )

Using (3.3), (3.11), and (2.15), we recover the solution of the higher order KdV
equation by
Wz, tm,€) = 20,G1(x, tm;u) — 2i€d, T (2, tm, €)
= u— 2ied, T (@, tm, €), (3.20)

where TY, is given by

Tlll(x,tm, €)

VSN

The aim of this RH analysis is to end up with jump matrices that decay to the
identity matrix when ¢ — 0. To get a feeling for the small € behavior of the jump
matrix vy, we need to have information about the reflection coefficient ro(A;e) for
small values of e. We have the following results, see [3, 4] in combination with [37], for
any choice of §; > 0.

Tii( Az, tm,e) =14+ + 0\, as A\ — oo.

(i) For A < =1 — 4y,
ro(Aje) = O(e= VM6, as € — 0, (3.21)
with ¢ > 0.

(ii) for A lying in a region Q4 as defined in Section 3.1, but A bounded away from
—1, say |\ + 1] > % we have

k(Ase) =1+ 0(e), as € — 0, (3.22)
(iii) for A € (u+ 61,0), we have

(1= |roW)P)ec? N = 0(e=9), >0, as € — 0. (3.23)

Statements (i) and (ii) were shown in [3], and (iii) was shown for m = 1 and
u = u®, but exactly the same argument as in [3, Proposition 3.3] applies to the
case m > 1 and u = u(z, t,,).

This implies that the jump matrix vp(A) tends to ioy for A € (u,0), and that it
tends to I for A < —1 —4;. On (=1 — §1,u), the jump matrix is oscillatory for small
€. In the next section, we will deform the contour in such a way that the oscillatory
behavior turns into exponential decay.
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Figure 2: The jump contour Xg and the jumps for S

3.3 Opening of the lens T'— §

The jump matrix v7(\) can be written in the following factorized form for —1 — ¢; <
A< u,

_ 1 0) (1 i (\)ero+™
vr() = (m* (Ae co-O 1) (0 1 ' (3:24)

Because the first factor is analytic in a complex region 2, and the second in Q, this
factorization can be used to deform the jump contour: the interval (—1 — d1,u) can be
deformed to a lens-shaped contour as shown in Figure 2.

Define S as follows,
( 21
1 —ir(\e<®W)
T(\) ( in(A)e , in region I,

A 21 9 . i Y

T(N), elsewhere,

with x*(A) = &(\). Since s (resp. x*) is analytic in Q, (resp. €2y), S is analytic in
each of the regions in Figure 2 if we choose the lens sufficiently close to the real line so
that it lies in €.
These are the RH conditions for S.

RH problem for S

(a) S is analytic in C\ Xg,

(b) S4(A) = S_(N)vg for A € Xg, with

21

1 k(A ?¢(>\)

< ik(N)e 7 on X,

0 1

1 0
. _2 ) on Y,
vs(A) = (m*(k)e “o0 1> (3.26)

(e—?m(k) ir(\)

") (1 \m<A>|2>e’f¢+<”> oA

vr(N), as A € (—oo, —1 — d1) U (0, +00).
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() SO = (I + 0 <Z\/1_7 _le_m> as \ — 0.

For large A, S(A) = T'(\), and by (3.20) we have
u(z,t,€) = u — 2ied, St (x,t,€), (3.27)
where

1
511<A;%t76)=1+w

For u = u(z,t,,) in the definition of the G-function (3.1), we have F'(u;x,t,,) = 0 if =
belongs to the decreasing part of u(x,t,,). For t,, < t5, we also have F'(&;x,ty,) < 0
for £ € (—1,0). If the contours ¥; and Y9 are chosen sufficiently close to the real line,
one uses (3.9) to verify that, for any neighborhood U of u, there is a ¢ > 0 such that

+ 0\, as A\ — o0o. (3.28)

Im (N, tm;u) > ¢, for A € 31\ U, (3.29)
Im ¢(\; x, tps u) < —c, AeE X\ U, (3.30)
Im ¢4 (N2, tsu) < —c, for A € (u,0) \ U. (3.31)

For u = u® = u(z,t%,), we have F(u;z°t5,) =0 and F'(&;2¢,t,) < 0 for £ € (—1,0) \
{u}, and one again uses (3.10) to check that the inequalities (3.29)-(3.31) hold. Since
¢ is continuous in z and ¢,,, there must be a § > 0 such that (3.29)-(3.31) hold also
for w = u®, and for |z — z¢| < 0, |tm — t5,] < 0 (possibly for a smaller ¢ > 0). The
inequalities imply together with (3.21),(3.22), and (3.23) that the jump matrix vg for
S is uniformly close to constant matrices on Y¥g \ U as ¢ — 0: we have exponential
decay to I for A < —1 —4; and on (X; U X9) \ U, and decay to ioq on (u,0) \ U, with
an error of order O(e).

3.4 Outside parametrix

We now deal with the jumps that do not tend to the identity matrix as e — 0. Therefore
we ignore for a moment all jumps that tend to I as ¢ — 0, and a small neighborhood
of u. We are then left with a jump ic; on (u,0), and a jump o7 on (0,+0c0). We
can explicitly construct a function with those jump properties, and with the same
asymptotic behavior as S. Indeed, if we define

PEO(A) = (=) /Ay — )5/ <1. 1.) , (3.32)

1 —1

we have

RH problem for P(>)
(a) P(®):C\ [u,+00) — C?*? is analytic,

(b) P satisfies the following jump conditions on (u, +00),

P = plg, as A € (0,+00), (3.33)
Pj(LOO) = z'PEOO)Ul, as A € (u,0), (3.34)
(c) P(®) has the asymptotic behavior
()= (14 % -2 1 1
P (N) (I—i— 003 +O(A )) <i(—)\)1/2 —i(—)\)l/2> , as A —o0. (3.35)
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This outside parametrix will determine the leading order asymptotic behavior of S as
€ — 0, but to prove this, we need to control the jump matrices also in the vicinity of
u. We will do this by constructing a local parametrix near u.

3.5 Local parametrix near u

So far, there was no need to distinguish between the regular case, where x, t,,, are fixed
and where u = u(z,ty,), and the singular case, where z,t,, are involved in a double
scaling limit together with ¢ and where u = u® = wu(z¢t,). The choices of u will
however be crucial for the construction of the local parametrix. In either case, we want
to construct a local parametrix in a neighborhood U of u in such a way that
RH problem for P

(a) P:U\ Xg — C?*? is analytic,

(b) P satisfies the following jump condition on U N Xg,

Po(N) = P-(\up(V), (3.36)

with vp given by

2%
1 2 ?(ﬁ()‘?a%tm)
e , as A € X,
0 1
1 0
vp(N\) = (,L'e_ii(b(A;l’ytm) 1) ,  as A € X, (3.37)
_%¢+(>\;x7tm) ;
(e . Z) , as A€ (u0),
L ? 0

(c) As € — 0, we have the matching condition
P\) = (I+0(7))P)(N), for A € dU, ~ >0, (3.38)
between the local parametrix and the outside parametrix.

Such a parametrix has, for ¢ — 0, approximately the same jumps as S has on U N Xg.
The idea is that P will approximate S near u for small ¢, whereas P(°) will be a good
approximation elsewhere.

Note that by (3.10), ¢(u;x,t,,) behaves like c(u — A\)3/? as A — u for t,, < t¢,,
but ¢(uc, 2%, t¢,) behaves like c¢(u® — )7/ as A — u°, so the jump matrix vp behaves
differently in the regular case than in the singular case in the vicinity of u. This is the
reason why we need to build different local parametrices in both cases. In the regular
case, we will be able to construct a local parametrix with the value of 7 in (3.38) equal
to 1, in the singular case we will have a weaker matching with v = 1/7.

3.5.1 The regular case: ¢, <t¢,

Here we let u = u(x,t,,) be defined by the equation (1.11), i.e. u(x,t,,) is the solution
to the unperturbed equation (1.1). Then we will construct the local parametrix near u
using the following model RH problem.
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Figure 3: The jump contour for P

RH problem for ¢
(a) @ is analytic for ( € C\ T, with ' = {( € C : arg( = 0,arg( = 2%,oraurgg“ =

_2n
37

(b) ® satisfies the jump relations

=200Q) 4
@, (0) =2_(C) ( Z. g), for arg ¢ = 0, (3.39)
1 520(C)
. (0) =2_(C) (é “ ) for arg ¢ = 2. (3.40)
,(0) = _(C) (iezﬁ@ ?) for arg ¢ = — 2, (3.41)

where 0(¢) = %C?’/z, with branch cut on (—o0,0).
(¢) @ has the following behavior as { — oo,

20 = -0 () 1) (1 o). (3.42)

with the branch cuts of (—C)ii along (0, 400).

Several RH problems equivalent to this one have appeared in the literature, see e.g.
[8,9, 7, 11], and it is well-known that this problem can be solved explicitly in terms of
the Airy function. The unique solution to this precise problem has been constructed
in [4]. In the singular case later on, we will use the same model RH problem, but with
a different value for . We only need the existence of a 2 x 2 matrix-valued function
® satisfying the above RH conditions, the precise construction in terms of the Airy
function is irrelevant.

We define the parametrix P = P(\;z, t,, €) by
P(X) = E(x)@(e 2 f(N), (3.43)

where F is an analytic function in ¢/ and f is a conformal map from U to a neighborhood
of 0. Let us first define f by the requirement that

~

OFON) = 37V = 500, (3.4
and

H(N) = Fip(N), for £Im A > 0, (3.45)
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so that the branch cut of QAﬁ coincides with the one of f3/2 along A < u. By (3.10),
equation (3.44) only defines f analytically if F'(u;z,t,,) = 0, which is true because of
our choice of u. Then we have

fw)=0,  f'(u)=F'(u;z, t,,)%> > 0. (3.46)

Now we can choose the lens Yg in U in such a way that f maps Xg NU to the jump
contour I" for . Then P has jumps on ¥g NU which are given by (3.37).
Now define E by
1

V2

Then it is easily verified that F is analytic in U, and using (3.42), we obtain the
matching

1 -1

BOs) = 5P (1)) e, (3.47)

PPN = PEIN) (I + O(e)) PCIN)L =T+ O(e), (3.48)

for A € OU as ¢ — 0. When z,t,, approach z¢ ¢, the uniform convergence breaks
down because f'(u) approaches zero. Therefore we will now construct a different local
parametrix in the singular case.
3.5.2 The singular case: double scaling limit ¢ —+ 0, x — z°, t,, — 15,
In this case we need a slightly modified model RH problem, which is obtained by
replacing 6 in the RH problem for & by
c L g T 50 1/2
0°(¢; X, T) = —(C"" — ="+ X(=. (3.49)
105 3

We then obtain the RH problem

RH problem for ®°
(a) <I>c618 analytic for ( € C\ I'’, with I'® = {{ € C: arg( = 0,arg( = 67”,orargc =
—om 3,

(b) @€ satisfies the jump relations

20°(0)

L (¢) = 22(C) <€ i é) ; for arg{ =0, (3.50)
;0260(C) ,

L () = 22(C) <(1) e 1 ) ; for arg( = 67”. (3.51)

¥ =°0) (0 1) orargC =~ (3.52)

(c) @€ has the following behavior as { — oo,
1 1 1 2
w0 = -0 (2 7) (om0 -3 (G L) o

0 (_WV _ﬁv)w«—?)). (3.53)
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In [5], existence of a solution for a slightly different but equivalent RH problem has
been proved, and the transformation to the RH problem for ®¢ has been given in [3].
We write ®¢ = ®°((; X, T) for the solution to this RH problem. In the regular case, the
constants @), U vanished, but this is no longer true in the singular case: they now depend
in a transcendental way on the parameters X,T. We have Q = Q(X,T), U =U(X,T),
where U solves the P% equation with asymptotics given by (1.18). Furthermore we have
the relations

Qx =U, (3.54)
Wx = QU + U?, (3.55)
V= QU - %UX. (3.56)

Those identities follow from the fact that (®¢e~9°73)5 (®¢e~9°?3)~1 is a polynomial in ¢.
Substituting (3.53) gives a function with terms proportional to ¢~1,(72,... as { — oo.
The requirement that those terms vanish, leads to (3.54)-(3.56). Using the equation
(1.17) and the asymptotics for @ obtained in [5], it is straightforward to derive the
identity

1 U% T ., U 1
Q= 5gUxUxxx — oo + XU = SU + o0 + 1 UUx (3.57)

For any Xg,7Tp € R, there are complex neighborhoods of Xy and Tj such that the
RH problem is solvable for X,T" in those neighborhoods, and such that (3.42) holds
uniformly in X, T

We want to construct a parametrix of the form

PO = B )@ (7 f(0); g1 (8 2, tm) T2 (s ) ) (3.58)

where f, g1, g2, FF are analytic functions which are to be determined. If we want P to
satisfy the jump conditions given in (3.36), we need to construct f,gi, g2 in such a way
that

6° (6_2/7.7‘@); g (N, tm), € M Tga(N; tm)) = —6(N), (3.59)
or equivalently

0° (F(N): g1 (N2, tin), g2 (N tn)) = H(N). (3.60)

Moreover we want that € /7g;(\;x,t,,), €4/ 7ga(X;t,,) remain bounded in the double
scaling limit where e — 0, x — ¢, t,,, = t_, for fixed € > 0. This is the reason why we
need to restrict to the scalings (1.32).

If we take u = u® = u(z“,t5,), we have
F(u® ¢ 1) = F'(u 2%, t8,) = F"(u 2, t5,) = 0,
and (3.10) implies

SN T, b, €) = —VA — uS(F(uS; @, t) — F(u;2°,t5,))

—%(A—uc)%(F'(uc; 2y b)) — F (u xC,t;))—%(A—uC)%(F"(uC; 2y b)) — (05 2%, £5,))
4 (A 5
o [ PG )0 - 9l (361)
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Then it is clear that the first line in (3.61) vanishes like a square root as A — u€,
the second line vanishes like ¢(A — u¢)?/2, and the third line behaves like ¢/ (A — u¢)7/2.
Therefore we define f, g1, g2 by the equations

sl 072 =~ [ e )0~ e (3.62)
G152, ) FO)Y? = VA = u(F(us 2, ) — F(u5 25, 85,)), (3.63)
9205 m) i = 28 (P () - P 15,)
— O (P ) — (25, 8,)
e [ ) - P )0 - 9k @

One verifies that this defines f, g1, go analytically in i/ and moreover in such a way that
(3.60) holds. A straightforward calculation yields

2 @) (ye
F =0 J =t e - -t (3.65)
. Yo ApC , . f// C c
Dnt) = T RO t) =~ ), (360)
.. _2mC (u®) ™ (t — £5,)
g2(uity) = Ok ; (3.67)
9o (U5 t) = (2(7;; D _ i?,g:;) g2(u’tm), (3.68)
where
T =12 — Cp(u®)tp, k=—F"(u) > 0. (3.69)

Similarly as in the regular case, we can choose the lens in such a way that f(XgNiU) C T.
Then P satisfies the jump condition (3.36) for A € g NU.

In order to have a good matching between P and P(°) on 9, we define the analytic
pre-factor E by

BOs) = 5P (1) (2T, (3.70)

Using the definition (3.32) of P(®) | one checks directly that F is analytic in &. For
A€o and e gy (N z,t), € 9/Tga(A;t,,) in small complex neighborhoods of X, T €
R, we have the matching

PPN = P(A) (1 +iQog(—f(A) 72!/

2 2
as € — 0, with
U=U( g Nz, tm), e Tga(Nstm)), (3.72)
Q= Qe Ta(N @, tm), e T ga (N tm)), (3.73)
W =W(e g (X2, tm), €T ga (X tm)), (3.74)
V=V(EeTgi(\z,tm), e Y Tga(Nitm)). (3.75)
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In the double scaling limit given by (1.32), we have by (3.66)-(3.67) that
g (uf b)) = T, e 5T gy (15 ty) — X,

and from the definitions of g; and go, it follows that e */7gy (X2, ), €% Tga( X tm)
lie in a small neighborhood of X, T if A is sufficiently close to u®. Summarizing, the
matching (3.71) holds in the double scaling limit if we have chosen U small enough.

3.6 Final transformation S — R

We define

SN P (\) L AeC\U,
Ry = { SWPEIT, asAeCh (3.76)
S(A)P(N)~H, as A el.
The outside parametrix has been constructed in such a way that the jumps of R are
close to I as € — 0. On (0,400), the jump for S cancels out exactly with the jump of
P(>) On the other parts of Xg \ U, we have
R VRN = P Nus(Nopl, WP () (3.77)
= 1+0(e), as € — 0. (3.78)

For A e U NXg, we have

RZ' MR+ (V) = P-(Nus(N)vp (NP2, (3.79)

On one hand it follows from the construction of the parametrix that P_(\) is uniformly
bounded by ce™® for A € U N Xg, where a = 1/6 in the regular case and o = 1/14 in
the critical case. On the other hand

1 Z</€_1)e€¢ on > NU
0 1 ) )
1 0
-1
VgUp = i , on Yo NU, 3.80
SUp (Z(K,* . 1)672?(1) 1) 2 ( )
2i
i(k — 1)e™ <9+
" 2i Z(H )6 , on (UC,O) NU.
i1 — |r2)p TP+ * 12
( A\ —i(1 = r[F)e K"+ (1= |r[7)

Except for the 21-entry on (u®, 0), the exponentials in the above matrices are uniformly
bounded on the jump contours inside ¢. The asymptotics (3.22) and (3.23) for x and
r ensure that vsvp' = I + O(e). We obtain the following RH problem for R.

RH problem for R
(a) R is analytic in C\ Xg, with Xz = (X5 U U) \ (0,+00) as shown in Figure 4,

(b) Ry(A) = R_(A)vr(\), where the jump matrix vg is given by

(3.81)

N PPN~ as X e dl,
v =
f I+ O(el729), as A € Xp\ U as € — 0,

with o as above.

(c) RA)=T+0O(\1)as A — 0.
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Figure 4: The contour X after the final transformation S +— R.

From the matching (3.48) and (3.81) in the regular case where ¢, < t¢,, it follows
that

vr(\) = I+ O(¥/3), as € — 0, (3.82)

uniformly for A € ¥ g, since P(*) is bounded on 9. In the singular case, we use (3.71)
to conclude that

vr(A) = T+ O(Y7), (3.83)

uniformly for A € Xp, in the double scaling limit where ¢ — 0, z — z¢, and ¢, — £,
in such a way that (1.32) holds.

Following the general theory for small-norm RH problems [9], one shows that

1 ds
R\ =1+ 3 - R_(s)(vr(s) — I)m, for A€ C\ R, (3.84)
and that
IR~ T2 = O(), (3.85)

where v = 2/3 in the regular case as € — 0, and v = 1/7 in the double scaling limit in
the singular case.

4 Proof of the results

4.1 Proof of Theorem 1.2
Note that (3.84) implies that

RO\ =1+ % + 0O\, as \ — 00, (4.1)
with
Ri = R,y €) = —% R_(s)(v(s) — I)ds. (4.2)
Xr
This gives
Ry = —% [ (A=)~ D)(0() - D)5 % [ (on(s) = Dyas = 0(&), (43)
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as € — 0 by the Cauchy-Schwarz inequality. Differentiating the integral equation (3.84)
and (4.3) in z, one similarly obtains the estimates

IRe |l z2(np) = O(?),  9uRy = O(e*/?), (4.4)

using the fact that |[vg .|z, = O(2/3). Now by (3.76), we have that S(\) =
R(A\)P(>®)()) for large A, which implies by (3.35) that

R0

_ , -1
Sp1(\)=1-— z(_)\)l/Q +O(A), as A — 0o. (4.5)
By (3.27), we obtain
U, tim, €) = (T, ty) — 2€03R1 12(Z, b, €) = u(x, ty,) + o(€), (4.6)

which proves Theorem 1.2 in the case where x < xp; + Chtim.

Remark 4.1 If x = z;+ C)t;,, the RH analysis remains the same, except for the fact
that w = —1 and F’(u; x,t,,) = +00. This implies that the jump matrix for S decays to
I also near u, and there is no need to construct a local parametrix. If x > ;s + Ciutim,
we have that —z + Cpu™ 't, + fr(u) = 0, with fg the inverse of the increasing part
of ug, but F(u; ,tm) = —x+ Cpyu™ ,, + fr.(u) does not vanish (in general). Because
of this, we need to modify the G-function:

Vu—2A [/0 Fa(m@,tm) _/“ 7(n)

m(A; T, tm; = T — T —
G (X, tm; u) m m=Nvi—u ) = Ma—n

dn|
with
fr(N)
T(A) = VA —up(z)dr, for -1 <X <0.
fr(N)

This gives the additional jump condition

Gm+(A) = G —(A) = =2iT(N), for A € (—1,u).
Then ¢ takes the form

3

O\ x, ) = —iT(N) — Vu — AF (w2, t) + ;(u — A2 F (uz,t,y,)

4

5 4
— (= NP i, ) —

A 5
i [ P e - Vide

With those modifications, the RH analysis can be carried on similarly as before, see
also [11].

4.2 Proof of Theorem 1.4

Using (3.71), we can expand the jump matrix vg in fractional powers of € in the double
scaling limit,

vr(A) = T+ /TAD ) + TAR (N + &/ TAB (X)) + O(VT), (4.7)
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with

AWR) =iQ - (—f(\) 2PN as P (), (4.8)
AP = =5 (-1 PO (F %) P, (1.9)
ABR) = =g 2P (1 ) P (4.10)

ADN) =ADN) =AG ) =0, for xe X\, (4.11)

since the jump matrices are equal to I up to an error of O(¢) on the other parts of the
contour. Note that the functions A and A®) are meromorphic functions in U with
simple poles at u¢, and that A®) is meromorphic in & with a double pole at u¢. Observe
that the z-derivative of vg is not close to I on OU as € — 0, since the z-derivatives of
U and Q cause multiplication with e~6/7 by (3.72)-(3.73).

Substituting (4.7) in (3.84) yields an asymptotic expansion for the RH solution R
of the form

R(A) =T+ e/"RW(\) 4+ TRA(N) + /TRO(N) + O(V/7). (4.12)

Combining (4.7) with (4.12) and the jump relation Ri(\) = R_(A)vg(\) gives the
following relations for A € U,

RY ) = RYO) + A0, (4.13)
RP ) = RP0) + R AL (N + A () (4.14)
RP0) = RP0) + RYMNAD () + RP2)AD (N + AB (). (4.15)

In addition we know that R(\) — I as A — oo, and consequently RU)(\) — 0 for
j = 1,2,3. So we have additive jump relations and asymptotic conditions for R(),
R®_ and R®), and it is easily verified that those conditions determine RW R and
R®) uniquely. We obtain

L _Res(AWM); ), asAeC\U
RW(X) = {:\_{;RGSEA(D5 ucg — AN, asie Z/l,\ )
R(Q)()\) =
{A—lucRes(R(l)A(l) + APy, as A € CAY, (4.17)
e Res(RVAM + A®ue) — ROAD () = AB(),  as A e U.

After a straightforward calculation we find using (4.8), (4.9), and (3.32) that, for A €
C\u,

R0 = Q7w () o). (1.18)
1 U+ Q? 0
B0 = st (00 v ) )



For the matrix R, using (4.15) and (4.16)-(4.17), one obtains

@) (ye (2) (y° 1
1 —
— — aOYAG (XY €
+ ()\_uc)zReS((/\ u)AY (N); u), for \e C\U.

We are interested only in the 12-entry of Rs, so it is sufficient to compute the entries
in the first line of RM (u¢) and R® (u°):

R{Y (u) =0,
A (ue) = (66/7ga<uc>c2x Mg u)Qr Qf”(uc))

f/(ue) 4f"(uc)?
@), e f”(uc) B 6—6/79/1(uc) B 6_4/7g§(u )
T = g~ o X e P
R (u) = 0.
Consequently,
(3) 1 1 V-w —
RiY(N\) = 3o uCZ + EERTE 2f’(u0)% ) for A e C\ U, (4.20)
where
—6/7 uC
Z= 2 c()3 ) (Q*Qx +UxQ - UQx + (V —W)x)
+ D) (20, 4 U2 - UQr+ (V- W)
2" (uc)2
8;(( )2/2 (@ +UQ+3(V—-W)), (4.21)
and

V=V(e w2, tn), eV ga (b)),
W = W(e_6/7gl (uS; b)), 6_4/7gg(uc; tm))-

Compatibility of the small e-expansion (4.12) with the large A-expansion (4.1) learns
us that

Riaa(z,te) = —€/7Q f/(u) ™2 + 372 + O(Y7), (4.22)

in the double scaling limit. Taking z-derivatives in (4.3), one justifies that we can
formally differentiate (4.22) to obtain

Ox .
—26895R1712 (x, t, 6) = 262/7 f/(gl ()1/2 U — 264/783;91 (u )ZX
O
2¢4/7 % (u 3 (Q*Qx +UxQ —UQx + Vx — Wx) + O(e7),
2f"(ue)z

(4.23)
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since Qx = U. Now we obtain by (3.65)-(3.68), the first equality in (4.6), and (4.21)
that

22 1/7
u(x,tm,e):uc—i—( 6> U

k2
1! c
a 64/72{5“(;)237 (QUX + Uxx +4U% = 3Ur[e 5 Tg (uc)])

g2(u®) (2(m— ) 3f
SV \ " Buc [

1
> 2UxQr +4UUr + §UXXT) + (’)(65/7).

In the derivation of this expansion we have used (3.54)-(3.56). For the third term, we
also used the identity (1.19). The term in the third line is also of order O(e*/7) because
g2(u®) is of order O(¢*7). The expansion for u(x,t,,€) can be written in terms of
U exclusively by substituting the formula (3.54) for Q and Q7 = —U?/2 — Uxx/12.
Substituting the values for f”(u), g1(u), and g2(u°) given in (3.65), (3.66), and (3.67),
we find (1.25), with the constants ¢, ¢z, 3 given by (1.28)-(1.30). This proves Theorem
1.4.
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