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Abstract

The Freud ensemble of random matrices is the unitary invariant ensemble corresponding to
the weight exp(—n|z|?), 8 > 0, on the real line. We consider the local behaviour of eigenvalues
near zero, which exhibits a transition in 8. If § > 1, it is described by the standard sine process.
Below the critical value 8 = 1, it is described by a process depending on the value of 3, and we
determine the first two terms of the large gap probability in it. This so called weak confinement
range 0 < 8 < 1 corresponds to the Freud weight with the indeterminate moment problem. We
also find the multiplicative constant in the asymptotic expansion of the Freud multiple integral for

B =>1
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1 Introduction

Consider a random matrix ensemble on the space of n x n Hermitian matrices M, defined by the
probability measure

1 n
— exp (—nTr |M\ﬁ) dM,  dM =]JdM;; [ dReMjpdim My, (1.1)
Z : )

n j=1 1<j<k<n

where 3 > 0 is a parameter, Z, = Z,(f) is a normalization constant, and Tr |M|? = >y |Aj1%, where
A1, ..., An are the eigenvalues of M. The case 8 = 2 corresponds to the Gaussian Unitary Ensemble
(GUE). For general 5 > 0, ([L.1)) induces a probability distribution on the eigenvalues of M which is

given by (see, e.g., [7])

n 1 n
p(M, .., H = IT -l an, M, aeR, (1.2)
7j=1 1<j<k<n 7j=1

where the normalisation constant Z,, = Z, () is given by

n_/ T —)\k\QHe’”P‘ i d);. (1.3)
Rn

1<j<k<n

The probability distribution (1.2]) has two qualitative features, namely repulsion of the eigenvalues
caused by the factor [T;<; <, [Aj — Ax|?, and confinement of the eigenvalues around 0 because of the

decay of the weight function e~mlel” for large |x|.

One is interested in the statistical properties of the eigenvalues when n is large. These are well-
understood when 8 = 2m, m = 1,2,..., and more generally, when 22" is replaced by an analytic
function with sufficient growth at infinity and satisfying generic regularity conditions, see e.g. [7, 12}
[13]: the eigenvalues for large n tend to accumulate on one or several intervals; in the local scaling



regime, the behaviour of the eigenvalues near the edges of the intervals is governed by the Airy point
process, and near any point inside the intervals (bulk of the spectrum), by the sine process, see below.

In our case of the ensemble , B > 0, the eigenvalues accumulate on the single interval [— A, A],
where (in terms of Euler’s B and I' functions)

AN OO
A:A(ﬁ):B<§,2>B:<IE?)ﬁ;(1§)> . (1.4)

Locally, the behaviour of the eigenvalues near the points +A is described by the Airy point process,
and near any = € (—A, A) \ {0}, by the sine process for any 5 > 0. However, as observed by Canali,
Wallin, and Kravtsov [4] (see also [II, 5], 20, [18§]), the local eigenvalue behaviour near x = 0 shows
remarkably different features if 5 < 1. This regime is known as weak confinement (as opposed to
strong confinement if > 1). Namely, in the weak confinement, as 5 decreases from the critical
value 8 = 1, the local statistics of eigenvalues near x = 0 depend on the value of 5 in a crucial
way, and one observes a transition between the Wigner-Dyson statistics (which correspond to the
sine process) and Poissonian statistics (scaling 3 appropriately). The authors in [4] made these
observations by numerical simulations and also by examining the behaviour of the mean eigenvalue
density close to 0. Transitions of this type, describing a crossover between strongly repulsive points and
independent points or deterministic points, occur also in other models, like Dyson’s Brownian motion,
finite temperature free fermion models, and random thinnings of determinantal point processes. The
ensemble has the convenient feature that its general structure (that of an orthogonal polynomial
ensemble, see below) is preserved as [ > 0 varies.

Indeed, the distribution ([1.2]) for any 8 > 0 is a determinantal point process on R with correlation
kernel given in terms of orthogonal polynomials,

1
p(/\l, ey )\n) = | det(Kn()\j, )‘k))?,k:h

n

n—1
Ko(,y) = e 3040 S Py () Py(y) = e 3 0ot 4 Xom1 Lal@) Poa () = Puly) P ()

=0 Xn r—=y

(1.5)

where P, = Plgﬂ ) is the degree k normalized orthogonal polynomial with positive leading coefficient

Xk = X;(f) with respect to the weight e

_”|“”‘B, characterized by the conditions

+o0 s
Pj(:L‘)Pk(x)e_”lx‘ dx = 6, j,k=0,1,...

—0o0

These orthogonal polynomials are known as the Freud polynomials [19] (usually after the rescaling
z =n"Y B4), and have a rich history in approximation theory. The weight eIzl possesses a re-
markable feature: for 8 > 1 the corresponding moment problem is determinate, while for § < 1 it is
indeterminate (see [2]). That is, given the moments fjoooo x¥du(x), k =0,1,..., the moment problem
is determinate if there exists a unique measure y with these moments, and indeterminate if there is
more than one such measure. In the case of indeterminate moment problem, the so-called Nevanlinna
parametrization gives an infinite-dimensional parametrization of family of different measures with the
same moments (see [2]). In particular, if 5 < 1, then the measures e~ 17° dz and

w (z; B)da = e*|x|ﬁ(1 + 7y cos(|z|® tan(B7/2))dx  with any v € [—1,1]



have, among other measures, the same moments. Moreover, the ensemble (|1.2)) with eI replaced
by w® (nl/ ﬁ)\j; B), v € [-1,1], defines a family of determinantal point processes, with correlation
kernels that are equal up to a prefactor, namely

KD (z,y) = \/(1 + v cos(n|z|8 tan(B7/2)) (1 + v cos(nly|? tan(B7/2)) Kn(x,y). (1.6)

The large n asymptotics for the recurrence coeflicients associated to the Freud polynomials have
been studied extensively, see e.g. [27, 20, 29]. Kriecherbauer and McLaughlin [24] established global
asymptotics in the complex plane for the Freud polynomials, except in the vicinity of 0, where their
construction is implicit. Wong and Zhao [32] contributed to the description of the polynomials near 0
by expressing relevant quantities in terms of certain integral equations.

The results of [24] on the asymptotics of the leading coefficients of the Freud polynomials eas-
ily imply (see Section {4 the large n asymptotics of the Freud multiple integral but without
identification of the constant term ¢(f):

Proposition 1.1 As n — oo, there hold the following asymptotics for any 5 > 0,

A

Zn 3 o 1
logm = (10 5~ 2ﬂ) n® + nlog(2m) — B logn + ¢(5) + o(1), (1.7)

for some ¢(B) € R independent of n, and with A given by (1.4).

Remark 1.2 For § = 1, Z, is, up to a prefactor, a special case of the partition function in the
six-vertex model with domain wall boundary conditions, and an expansion equivalent to ((1.7)) was in
this case already proved in [3, Theorem 2 (z = 0)].

We are interested in the behaviour of the eigenvalues near 0, in the local scaling regime. To gain
insight into it, we consider the probability of an interval (gap) [—A, A] around 0 without eigenvalues,
where A = A(n) decreases with n in a certain way. In order to determine the scaling, we need to
consider the limiting (large n) distribution of the eigenvalues. As is known in a very general setting
(see, e.g., [7, 14, B1]), the limiting distribution of the eigenvalues is given as the equilibrium measure:
the unique probability measure v on R minimizing a logarithmic energy functional, which in our case
is given by

//R? log ]a: — dl/ )dv(y / |z dv () (1.8)

The measure v = I/(”B) minimizing this quantity is (see [30, Chapter IV.5] or [1} [4, 5, 20, [18]) supported
on the interval [—A, A], where A is defined in ([1.4)), and given by

As it must, it satisfies the normalisation
A
JIRCCE
—A
In the limit x — 0, we obtain the expansion
ﬁiiA for g > 1,
ba)~{ Lloglal ™, for A= 1, (1.10)

]:U|6*1W, for0 < g < 1.



For § > 1, where 9 (z) is constant to the main order near 0, we can guess the suitable scaling of
the local variable s by imposing the condition

A s
/0 Y(x)dr = E(l +o0(1)), n — 0o, (1.11)

which implies that the average number of eigenvalues in [0, \] is approximately equal to s for large n.
Using this condition also for § = 1 and using (1.10)), we define the scaling as follows,

e = EAnAs, for B> 1,
TA—— for g =1.

A(n,s) = (1.12)

nlogn’

For 8 < 1, the function ¢ (z) depends on x strongly near 0, a somewhat similar situation occurs,
e.g., in the rescaling for the Airy point process at the edge of the GUE. So, similarly to the Airy point
process, we apply a linear rescaling s(A) corresponding to the condition

/ U(x (1 +o0(1)), A>0, n— oo, (1.13)
according to which we define the local variable s by
27 VB s
A = 1. 1.14
(n, S) (tan(ﬂ'ﬁ/2)> nl/ﬁ) ﬁ < ( )

Note that for f = 2, A = /2, ¢(x) = f\/2 — 22, and is the usual scaling for GUE at 0,
A= In this case, it is well-known that the kernel (1.5 converges to the sine-kernel K(#=2);

mﬂ(o)
1 u v (8=2) (yy ) = ST —0))
2 iy mi) KO = T e

uniformly for w,v in compact subsets of the real line, and the probability of the gap (—s,s) in the
local variable becomes the Fredholm determinant

sin(ms(u — v))

det(I — KP=2) g =det(I - KPD)1y),  KPD(u,0) = ,

m(u —v)

defined by the Fredholm series

00 1 k k
det(T — K)(_psy =3\ k!) /(_S L (K (xj,20)" _, [ ] ders.

j=1

Its large s asymptotics are given by the expression [34] 11l 2], 15l [10] (see also [23], [16])

7T2

- 1 1
log det(I — K(ﬁ_Q))(,&S) = —?52 1 log(ms) +3¢'(—1) + 3 log 2 + o(1), s — o0, (1.15)

where ('(z) is the derivative of the Riemann zeta-function. Below (see Remark [1.8) we provide yet

another proof of ([1.15).
For general § > 0, we have as a corollary of the results in [24] the following (proved in Section .

Proposition 1.3 For any 8 > 0, there exists a function K (u,v) independent of n such that with

the scalings (L12), (L14),
A(m, 1)Ky (A(m, w), A(n,0) = K@ (uv), 0 — oo,

uniformly for u,v in compact subsets of the real line, and K (u,v) = KB=2)(u,v) for any 8 > 1.
Furthermore, the Fredholm determinant FP)(s) = det(I — K(B))(_Sys) exists for any > 0 and
s> 0.



Thus, if 8 > 1, the kernel converges to the standard sine-kernel K#=2) (v, v) independent of
B. (Note that the value 8 = 1 is precisely the value where the determinacy of the moment problem
breaks down.) However, if 0 < 8 < 1, the local asymptotics of the Freud polynomials around 0 are
not known explicitly, and therefore we cannot write the explicit local limit for the kernel in this case:
K® (u,v), 0 < B < 1, can be written though in terms of the solution of a Riemann-Hilbert problem
[24, eq. (6.41)—(6.43)], whose existence was proven in [24].

It follows by standard arguments from Proposition that the limiting kernel K(#) also defines a
determinantal point process; the Fredholm determinant F(%)(s) is the probability of the gap (—s, s)
in this point process.

Remark 1.4 Observe that for § < 1, with the same scaling, a one-parameter family of limiting
kernels

KB (y,v) = \/(1 + 7 cos (27|u|8)) (1 + 7 cos (27|v]#)) K (u,v)

arises if we replace, in Proposition K, by K (from (1.6)) with v € [—1,1], each of which defines a
determinantal point process. The correlation functions of these determinantal point processes are thus
connected in a curiously simple way. Gap probabilities associated to K B with v # 0 are however
not connected in a simple explicit manner to those for K, as they involve Fredholm determinants
of K(® with respect to a modified measure (1 + 7 cos (27r]u\ﬁ )) du instead of the Lebesgue measure.

We will now see that although K (%) (u,v) is not given explicitly for 0 < # < 1, the 2 leading terms
of the large s asymptotics of F(#)(s) can be found.

Theorem 1.5 As s — oo, we have the asymptotics

—22s? — Llogs + C' + o(1), 8>1,
log FP) (s) = (1.16)
B B 1 2 28 _ B

for some C(5) € R independent of s. For 3 > 1, C(f) = C is independent of B and equals
a1 o L oeo L
C=3C(-1)+ 2 log 2 4log7r. (1.17)

Remark 1.6 We see from ([1.16)) that the large gap probability, after the rescaling of variable A — s, is
larger if 5 < 1. This effect was noticed numerically in [4] for the nearest-neighbor spacing distribution.

Remark 1.7 Each of the 2 main terms in ((1.16)) is continuous as a function of 5 at the critical point
68=1.

Remark 1.8 We only use the fact that K (u,v) = K#=2) (u,v) for § > 1 in the proof of this theorem
to identify the constant C(8) for 3 > 1 by (1.15). (The proof of with unidentified C'(8) does
not rely on this fact and ) Now ignoring this fact, and using Propositions and below, we
can write the constant C'(/) in terms of the unknown (in general) constant ¢(/3) in the expansion ([1.7))
of the Freud multiple integral . If B = 2, this integral is the well-known Selberg integral related to
Hermite polynomials and ¢(2) = ¢’(—1), which in turn implies that C(2) = 3¢’(—1)+ 15 log 2 — 1 log .
Thus reproduces in this case (see Appendix |Al).

As discussed in Remark we can write C(f) in terms of the constant ¢(f) in the expansion
(1.7). Using the fact that C' = C(p) is identified in Theorem for 8 > 1, we obtain in Section |3| the
following



Theorem 1.9 The constant in the large n expansion (1.7) of the Freud multiple integral (L.3)) is

g

— > 1.
5. B

() = ¢'(~1) — 15 Tog

We now describe our approach to prove Theorem By standard arguments, (1.2)) and Proposi-
tion imply that the gap probability F#)(s) is given by the limit

FO(s) = lim FP(X(n,s)), (1.18)
where A(n, s) is as in , , and
1 a8
EP ) = — N = M2 el an.
Zn J@\[-an) @g@ ]1;[1

Moreover, by Heine’s formula, the n-fold integrals above can be expressed in terms of the Hankel
determinants

n—1 n
. 1
H,(N) = det (/ \x]JJrke”"”Bdm) = I =PI e an.
R\[=AA] 5.k=0 *J(R\[=AA]) 1<j<k<n j=1
In particular, Z, = n!H,(0), so that
H,(\)
PO =& ((0) (1.19)

The function e~"*” is called the symbol (weight) of the Hankel determinant H,()), and the set
R\ [\, A] its support. The determinants H,,(\) are closely connected to orthogonal polynomials: we
have the well-known formula

H,()) = ﬁuwr% (1.20)
k=0

where X/E;/\) are the leading coefficients of the orthonormal polynomials P,g)‘) with respect to the weight

el on R\ [—A, Al

To prove Theorem using , we will compute the asymptotics of the Hankel determinant
H,(\(n,s)) as n — oo and s is large. Here A(n,s) is given by (L.12)), (L.14). It turns out that the
leading terms of the asymptotics of H, () for fixed A remain valid also when A tends to 0 as n — oo
at a rate slower or equal to , . In fact, in view of future applications, we obtain a slightly
more general result.

It is easily verified (see Appendix |A]) that for any A > 0,

Hon(\) = 27 B HE1D () FO=1D (), = 22/8)2, (1.21)
where
~ +oo 52 n—l1
H (1) = det </ g tkenlzl :L‘O‘dx> . (1.22)
1 j,k=0

The following result about Hankel determinant asymptotics will be the key to prove Theorem
A large part of this paper (Sections |[5H11)) will be devoted to its proof.

7



Proposition 1.10 Let « € R, 8 > 0, and define

B ,3/2 1 dt
2m Via(p) =)t —p)

where a(p) > p is the unique solution of the equation

B 5/2 1 [ t—p _
= 1/761(#) Fodr=1. (1.24)

For any po > 0 there exists M > 0 such that

p() = (1.23)

1
ny/pp()

as n — 00 uniformly for — p( B < p < po, where Cj = Cj(p), 3 =0,1,2 are as follows:

log F) () = Calp) + Cahn — g logn + o) +.0 )+l (1.25)

C1(p) = log(27) + 2 log 7M2—i-\//7 Q—Q —f va(p) —/p)p( (1.26)

Colp) = 2¢/(~1) ~ ¢ log (C‘("L“p(m) b togal () + 1 V4 7*{

Remark 1.11 One can show (see, in particular, Remark below) that the term o(1) in (1.25) is
in fact O (10%)

Remark 1.12 Using Lemma below, we can reformulate the condition ( e <u< ,ug in a more
explicit way: for 8 > 1, it is equivalent to > < < pp; for B <1, to u < pg and p > 2/ﬂ7 for g =1,
to pu < po and plog?pu > & -3, for a suitable Constant C >0.

Remark 1.13 The asymptotics of Hankel determinants with weights on [u,4+00) for fized p were
obtained for more general weights (for which z%e™* s a particular case) by Charlier and Gharakhloo

[6].

Remark 1.14 Explicit small p asymptotics for a(u) and p(p) are given in Lemma

Substituting the asymptotics of Proposition into (|1.21)) and taking the scaling ([1.12]), (1.14)), it
is easy to obtain the asymptotics of H,, (A(n, s)). Recalling now that the asymptotics of Hy,(0) = Z,,/n!

are given by Propositionwe can complete the proof of Theoremby (1.19). We do this in Section
Bl
Our main task will therefore be to prove Proposition We proceed with this proof as follows.

In Section |5| we derive a differential identity, expressing the logarithmic p-derivative of H (a)( ) in

terms of the related orthogonal polynomials p( abk) Then, we obtain asymptotics for p/,(C B Gia a

Riemann-Hilbert (RH) approach. Here we need to distinguish between 3 different regimes. In Section
[7, we use a standard RH approach, which leads us to results when p can tend to 0 slowly with n.
In Section [§] we refine the RH analysis to allow p to tend to O faster. This first refinement, which
involves an unusual normalization of the RH problem, allows us to obtain good enough asymptotics
when 8 > 1, but not when 8 < 1. In Section [8] we resolve this issue using a further improvement of



the RH analysis, and obtain the asymptotics of the polynomials in the full regime of Proposition [1.10

Finally, in Section we substitute the asymptotics from the RH analysis into the differential identity.
To integrate the differential identity, we need a suitable starting point where the full asymptotics of
fIT(La) () are known or can be determined independently. In our case, the starting point is a fixed value
of p1 = pp > 0, where we use the result of [6]. We then integrate the differential identity in Section
and obtain the expressions for the Cj’sH

2 Convergence of kernels and determinants. Proof of Proposition
1.9

In [24], the authors considered the orthonormal polynomials ¢ (x) = yp2®+..., k =0,1,..., with re-
1

spect to the weight e 4% ” on R. Note that by the change of variable y = n~ 7 Az in the orthonormality

condition for the polynomials ¢ (x), with A given by (1.4), we obtain the identity

n23
= /i
where Py (y) = xxy* + --- are, as before, the orthonormal polynomials with respect to the weight

e~ on R. Observe that P, depends also on n, even though this is not visible in the notation. For
the leading coeflicients, we thus have

2k+1

n 26
AR Yk (2.2)

where v, xi also depend on n.
It was shown in [24], Theorem 1.5] that for any 8 > 0,

Xk =

1
log Ym = log ~@PPror) 4 O <2> , m — 00,
mlog”m (2.3)

1 1 1 4
log »\approz) — —§log7r ~3 (m—i— > logm + 3 +mlog2+ 2645

Moreover, it follows from [24, Theorem 1.16] that uniformly for z in a fixed e-neighbourhood of 0
as n — oo, for any 8 > 1,

e~ 31el g (n1/B2/4) = ﬁcos <7rn /A Zw(t)dt—k;arcsin(z/A)) (14+0(z2)+0(1/logn)), (2.4)

with ¢ as in (1.9). On the other hand, for any 0 < § < 1, for z in the first quarter of the e-
neighbourhood of 0,

e 3 g(n!/P2/4) = |- 21/ﬁ<1—z/A> Y+ 2/4) 7

x {Cos <m /A T p(t)dt + ;arcsin(z/A)> (@pn)11(2/A) + r1p(n,2)  (2.5)
+sin <7m /A T ()t — ;arcsin(z/A)> (i(Dp.0)12(2/A) + 12.5(n, z))} :

!The reason why we use a differential identity rather than the formula of type (1.20) to determine the asymptotics is
that (1.20)) does not allow to determine Cy (cf. the proof of Proposition |1.1}), but this coefficient is crucial for the proof
of Theorem



where the 2 x 2 matrix ®g,(z) takes the form
D, (2) = N(2)L((2nds)Piz)N(2) 7L,

where the matrix-valued function L(w) is the solution to the RH problem [24, (6.41)-(6.43)]. The
constant dg is given in [24] explicitly, as well as the matrix N(z), which satisfies N(z) = O(1) as
z — 0. The error terms 1 g(n, 2), 2 g(n, z) are bounded by O(n™1) + O(n!T9=1/8) as n — oo for any
0 > 0, uniformly for z in the first quarter of the e-neighbourhood of 0.

Let first 8 > 1. We recall the scaling , denoting

u v

(0 YT (o)

Now use the formulae (2.1)—(2.4) above and substitute P,(x), P,(y), Po—1(z), Po—1(y) into (1.5]).
Recall that in our scaling, by (1.11)),

/:w(t)dt:—/@b :f—f—f-o(l/n) n — 00,

and similarly for y, where the error term is uniform for u,v in compact subsets of the real line. We
then obtain, with the same uniformity,

1 u v (B=2) (4. 4) — sin(7(u — v)) " oo
0 (o ) KO0 =R e

We easily obtain the convergence to the sine kernel for 8 = 1 as well, using the appropriate scaling
in . Given the different scaling, this sine kernel convergence may seem surprising at first sight.
Note however that this is consistent with the analysis from [3].

If B < 1, one verifies, using in particular , the existence of the limiting kernel, which is
expressed in terms of L(w). By standard arguments, see e.g. [§], one can show that the uniform on
compacts convergence of the kernels implies convergence of the corresponding Fredholm determinants
on [—s, s], and in particular the existence of the Fredholm determinant F(s).

3 Asymptotics of F'?)(s). Proof of Theorems [1.5/ and [1.9

We will now prove Theorems [I.5] [1.9] relying on Propositions and First we need small p
expansions for a(p) and p(u) defined in and (1.23).

Lemma 3.1 As u— 0,

a0 + arp + O(uBI2Y £ 0(2), B> 1,

a(p) = { 4n% — Spulog u+ O(u), B=1,
ao+a1u(5+1)/2+(’)( ); B <1,
where
1 . Vo ﬁ
B2 1P =R, w= g = B2 L ()
with A as in (1.4). Furthermore, with this ag, as p — 0,
75 MO +O(u=72) 4 O(p), B> 1,
p(p) = § — gz log u+ O(1), B=1, (3.2)

sz BU(1 = £)/2,1/2)u#" V2 1 0(1), p<1L.

10



Proof. First of all, making the change of variable t = p + (a(p) — @)y in the integral in ((1.24), we
see that for every p > 0, the left hand side there increases continuously in a for a > u, ranging from
0 as @ = p to +00 as a — +o0o. Hence equation indeed defines a unique a = a(u) € (u, +00).
Next, to obtain the expansion of a(u), we assume p < 1 and split the integral in into
two parts: the first part contains the contribution of the interval (u, /&) and the second part is the
remaining part of the integral over (/f,a(y)). We then apply the change of variable ¢t = pu in the
first, and ¢ = a(u)u in the second, and expand the integrands in small parameters using the expression

1
B(v,0) = /0 71— 2) Lda.

The expansion for p(u) is found in a similar way. O

To prove Theorem 1.5 by (L.18) and (1.19)), it is sufficient to estimate the ratio Hy,(\(n, s))/Hn(0),

where A(n,s) is as in ((1.12)), (1.14). By (1.21)), (1.7), and Proposition we have, denoting (note
the doubling of n)

/L(nv 8) = 22//8)‘(2717 3)27

that
Hon(M(2n, 4n? ~ o ~ e
log 22—~ tog 2 4o [ () A2 (. 5)]  log Han0)
_ 4 > 1 (a=1/2)
=5 log 2 + 2C5(p(n, s))n” + 2nlog(2m) — 3 logn + C; (u(n,s))
(3.3)
+ Céaz_lﬂ) (u(n, s)) — (10g1;1 — %) 4n* — 2nlog(2m) + % log(2n)
1
—¢(B)+0O +o(1),
) <n W, s>>> i

as n — oo, provided that u(n,s) converges to 0 and np(u(n,s))\/u(n,s) is sufficiently large. We
already see that the terms of order n cancel out, and that in the limit n — oo the error terms become
O (s71) 4+ o(1) when 8 > 1 and O (s™”) 4+ o(1) when 0 < 3 < 1, for s sufficiently large. We further
consider different ranges of 5 separately.

1) Let 5 > 1. By ({1.12)), recalling the definition of ag in (3.1)), we have

2 2 2
_ 2/5 2 _ e /8 -1 i
wu(n, s) = 2%°X(2n, s) 1 <5 3

As n — oo, for large s fixed, we can use the expansions of Lemma for a(u(n,s)) and p(u(n,s)),
and substituting them into ([1.26) we obtain

_ooa  a— 1 3 u(ns) [ 28 B 1°
Calp(n5)) = 1og % + = Ln, ) - 3 - L0 (5_1{5_1])%(1/#),

Coln, )2 4 Co(u(n, )= = Llogn — logs +2(5) +o(1),  n oo,

where

11



Substituting these expressions into (3.3) and taking the limit n — oo, we prove (1.16) for § > 1 with
N 1
C(B) = c(P) + 15 log2 — c(B). (3.5)

On the other hand, recalling that K (u,v) = K¥=2)(u,v) for > 1, and recalling the expansion
(1.15) for 8 = 2, we immediately have an alternative proof of (1.16) for 5 > 1 with the explicit
constant C(8) = 3¢'(—1)+ 15 log 2 — 1 log w. Furthermore, substituting this value into (3.5) and using

(3.4), we prove Theorem for g > 1.

9) Let 3 < 1. By (L.14),

ar 1 >2/ﬁ )

=) =207 n s = (oo,

Note that p(8+1)/2n2 — 0, and also un? — 0 as n — co. Moreover, since by (3.2)) p(p) = O(uF~1/2),
we have that up(u)n? — 0. However, up(p)?n? in Con? gives a nonzero contribution in the limit,

namely,

o, I, 0 = 15 B((L— 9)/2,1/2Pn(n,5) (1 + o(1) oo

= sz(ﬂ/g, 1/2)%5*7 (14 o(1)), |

as n — oo, where we used the reflection formula for the I' function,

I(z)D(1—z) = Sinzrm).
Using , we obtain

Colutn, ) =108 %0 = & = (32,1122 4 o1/n), (37)
Furthermore, one easily obtains

Colp(n, )@ + Cofa(m,5)) =2 =~ log @~/ 4+ log 12 — Lo

+4¢'(-1) — %log (“ﬁf 27Ti@B((l - B8)/2, 1/2)> + 11—2 log <”B ; 12il> + ilog %TCTO +o(1) (3.8)

1
4

Substituting (3.7]) and (3.8) into (3.3) and taking the limit n — oo we prove the statement of Theorem
for g < 1.

3) Let § = 1. By (L.12),

1 1 1
logn — glogs +4¢'(-1) — ZlogB(ﬁ/Q, 1/2) — glogﬁ—i— ElogQ + o(1).

)= oo = (s

We have pun? — 0, (plog u)n? — 0, up(u)n? — 0, but
2 2

pp()n? = 7= (plog? )L +0(1)) = -(1+0(1)),  n— o,

12



Note that
Co(p) =2 4 Co(p)@="1/2 = logn - logs +2¢1) +o0(1), n— oo, (3.9)

where ¢(f3) is given by (3.4). Using the expressions above, we obtain with undetermined C'(1).
On the other hand, we have an immediate alternative proof which also provides the value of C(1),

and hence the proof of Theorem [1.9 . for B =1 as above, by the fact that K#=b(u,v) = K#=2)(y, v).
This completes the proof of Theorems [I.5] and [T.9]

4 Hankel determinant for the Freud weight. Proof of Proposition
L]

Asymptotics of the leading coefficients of the orthonormal polynomials allow to find the asymptotics of
the corresponding Hankel determinant up to an undetermined multiplicative constant, cf. [25]. Recall
the expressmn ) for the leading coefficients of the polynomials ¢y (z). The corresponding Hankel

determinant H Wlth symbol e —1421° 51 R is then
n—1 ) -2
approa: -2 —2
Hy = H'Y H H ( (approzx) ) To -
k=1

Note that the second product here converges as n — oo by the error term estimate in (2.3]), and the
first one is straightforward to estimate for large n using the expansions:

2

1
Zklogk——logn—%——logn+—logn+ﬁ—(( 1)+ 0O(1/n),
n—1
Zlogk logn! — logn—nlogn—n—flogn+flog(27r)+(9(1/n)
k=1

We then obtain

-~ 1
log H, :Bn 2logn — <log2—|—

for some constant c(f3).

22) n? + nlog(2m) — % logn + ¢(5) + o(1), n— oo, (4.1)

To obtain the asymptotics for the determinant H,(0) with symbol e~"lv” and thus prove the
proposition, we use the relation (2.2)) between the appropriate leading coefficients, which implies that

2%
:l_IXIZ2 nng( 1/5) :

Using this identity and (4.1)), we prove the proposition.

5 Differential identity

In this section, we establish an identity for the logarithmic u-derivative of fIn(u) =H, (a)(u) given by

(1.22), in terms of the orthonormal polynomials pgl“ ) with respect to the weight wy,(z) := goema’/?
n (p,00). Note that the polynomials p, depend not only on p but also on «, 3, although we omit

13



this in our notation. We denote ky,(pt), £n—1(1) for the leading coefficients of p%“ ), pff_) 1, which are the

orthogonal polynomials of degree n,n — 1 with respect to the n-dependent weight w,,. The following
identity holds not only for w, (x) = xae*mﬁ/z, but for general continuous weight functions w,, decaying

sufficiently fast at 4o0.

Proposition 5.1 (Differential identity) For any o > —1, 5 >0, and u > 0, we have the identity

~ Kn—
0,108 F(10) = —w (1) (9,0 (22", ) — P @) D0 (@) | (5.1
Kn (1) T=p
Denoting
oo (1)
1) 1 2 i (wwn (u)du
()P (2) 2772'/1”(;1)/# u—z
Y(2)=Y(z;n) = w , (5.2)
+00 M d
, D1 (w)wy, (u)du
“omi k(P () ) [ )
“w
we can alternatively write this as
= Wn, _
ytog () = —“2 ) (v =1 (0 o v (s ), | (5.3

Proof. The proof (cf. [22]) is based on the confluent form of the Christoffel-Darboux formula,

Rn

n—1
> p (@) = T (@ap) ()P (@) — ) (@) (@p ()
j=0

and the relation )
n—

Hy(p) = T #5() 2
Jj=0

From the latter we obtain .
n—

~ Ouk;
Oulog Hy, (1) = —2]2_:0 l/;(;(j;)

From the orthonormality of p,({‘ )(:c) we obtain

W (1) _ Ours(1)
LA (@) ey = B,

and substituting this into the previous formula, and continuing the calculations, we obtain further

Oy log Hy (1) = —/

+oo n—1
0u | S_ 0¥ (@)? | wa(z)da.
© j=0

By the orthogonality of the polynomials, we have

+oo [n—1 400 n—1 n—1
0=20, / > p @) | wa(a)dr| = / O | Sop @) | wala)de —wal) 3 p (1),
=0 =0 =0

=n

14



hence
_ n—1
Oy log Hu () = —wa() Y_p" (n)?,
j=0
and using the confluent form of the Christoffel-Darboux formula, we obtain the first identity .
The second identity follows by using the fact that the determinant of Y is identically equal to
1 (this is a standard consequence of the RH conditions for Y given in Section , by writing out the
right hand side in terms of the entries Y71 and Ys; of Y, and by substituting their values given in

F2). O

6 The g-function and equilibrium measure

6.1 Construction

In this section we construct and study a g-function and an associated function ¢(z), which will play
a fundamental role in the asymptotic RH analysis in the following sections.

It is well understood that the asymptotic analysis of the function Y from involves an equi-
librium measure, characterized as the minimizer of a logarithmic energy functional, and coinciding

with the limiting zero distribution of the orthogonal polynomials, see e.g. [7]. For the polynomials

p,(f ) under consideration here, the relevant equilibrium problem is to minimize

//log " i y|dl/(a§)d1/(y) + /xﬁ/Qdy(x)

among all probability measures v supported on a subset of [u,+00). Assuming that v is supported
on a single interval [u,a(u)], the associated Euler-Lagrange conditions (see e.g. [30]) state that there
exists a constant ¢, such that

2 [og o~ yldv(y) ~ ¥ =24, for 2 € [ ay)]
(6.1)
2/log |z —yldv(y) — %% < 20,  for x > a(p).

For general potentials V' (z) instead of zP/2, equality could occur at some points in the latter condition,
but we will see by direct computation that the inequality is strict in our case. If we can construct
a probability measure v satisfying these properties for some ¢, and for some a(u), we can conclude
that v is the unique equilibrium measure minimizing the above energy functional (and hence that
the one-interval assumption was correct). Rather than constructing the measure v directly, we will
construct the associated g-function

gz ) = / log(x — z)du(z), (6.2)

corresponding to the principal branch of the logarithm. Note that the Euler-Lagrange conditions are
equivalent to g (x; ) + g—(z; ) = 2P/2 420, for = € [, a(w)] and gy (z; 1) + g— (w5 p) < 28/% +2¢,,
for z > a(p). If these conditions are satisfied, the Stieltjes transform ¢'(z;p) = [ dzl’f(z) needs to satisfy

the identity ¢/, (x;p) + ¢~ (z;p) = gxg_l for x € [p,a(p)]. The Sokhotsky-Plemelj formula and the

fact that ¢’ tends to 0 at infinity then imply that ¢’ takes the form

/ B (z—a(p - z—p 2P lde
9(25”):_47r< z—u) /\/a(u)—x -z’ 63)
I
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1
where (%(#“)) * is chosen analytic in C \ s, a()] and tending to 1 at infinity, and where \/- is the

positive square root. The Stieltjes inversion formula yields

— B/2=1q
dv(w) = (s e with V(o) = g [T ‘”][ e e (ualn). (04

By construction, the first of the FEuler-Lagrange conditions, i.e. the equality in (6.1)), is satisfied.
Moreover, if a(p) > p is such that (1.24) holds, we have ¢'(z) ~ 1/z as z — oo, hence [dv(z) = 1.
This also implies that g4 — g— = 27i on (—o0, ). Since the Cauchy principal value integral

][a(u) 1 dt .
po V=) -Ht-z

which is easily seen by a contour deformation argument applied to an associated Cauchy integral, we
can alternatively write 1) as the non-singular integral

) —x P2t — (x — p)aP/2 1
v = | [ o

which implies that v is positive on (u,a(p)) and hence that v is a probability measure.
In order to prove that v is the equilibrium measure we are looking for, we still need to prove that
the inequality in (6.1]) is satisfied. To see this, it is convenient to introduce

plesn) = =35 +gzn) — by 2 € C\ (=oc,a(u) (6.6

where z7/2 corresponds to arguments in (—m,m). From the properties of g discussed above, we obtain
directly that

i (zyp) —p—(zsp) =2mi forx € (0,p) and iy (z;p)+o—(v3p) =0 for x € (u,a(p)). (6.7)

From this we conclude that

a(y)
204+ (x5 1) = o1 (T3 ) —p— (25 1) = g4 (25 ) —g— (T3 1) = 27ri/ ' Y(&§p)ds  for x € (pu,a(pw)). (6.8)

Substituting (6.5)) and extending the resulting expression analytically, we get

R 7€_a(”)% : 2 —00, a
o= [ (S20) n6mas e (-ooa(u) (6.9)

where f is given by

L ) e C O Ee

dt, ze€C\ (—o0,0], 6.10
o) = —ni—p " N0 (610)

f(zp) =

with 251 analytic in C\ (—o0, 0] and positive for z > 0. Observe that f(u; u) is equal to the function

p(p) defined in (1.23)),

S 1) = p(p). (6.11)
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From the positivity of the integrand in this expression, it is easy to deduce that ¢(z;u) < 0 for
x > a(p), which in view of , implies the Euler-Lagrange inequality in . We can finally
conclude that v is indeed the equilibrium measure we were looking for. Note that we can also write f
as a contour integral,

— /2 48/2-14
Flzip) = 4?” (tt_a(‘;)) tt_zt, 2€C\ (=00,0], (6.12)
I

where the square root is analytic for ¢ € C\ [u,a(p)] and tends to 1 as ¢ — oo, and where I' is a
counter-clock-wise oriented loop around z and around [u,a(u)], but not intersecting (—oo,0]. This
representation will be useful later in Section [IT}

Remark 6.1 The double integral representation is sufficient to establish the relevant properties
of the function ¢ (given in the rest of this Section), however, for numerical computations it is more
convenient to operate with a single integral representation of ¢ given in Appendix [B]

Remark 6.2 Though in what follows we will not need an expression for the constant ¢, from (6.1)),
we give it for the sake of completeness: it equals

B/2 _
/ 272 dx ©log a(p) = 1.
V(a( — ) 4

This can be seen from the large z asymptotics of g(z), the relation between the functions g and
¢, and the representation (B.1)): the formula follows by taking the limit z — oo in (B.1)).

6.2 Asymptotic estimates: small y

Lemma 6.3 Let 9 > 0 be an arbitrary but fized number. For every 3 > 0 there exists ¢ = ¢(8, o) > 0
such that for all p € (0, po] and for all x € [u,a(w)] the following holds:

B—1
;L'T’ 5<]‘7
flesp) >c1+|logx|, B=1,
1, 5> 1.

Proof. We distinguish between the cases 8 <1, 8=1,1< < 2,and 8> 2. For 0 < 8 <1 and
B > 2, we use a representation of f as an integral over [u,a(u)], while for =1 and 1 < § < 2, we
use a representation of f as an integral over [0, 00).

1. Integration over [u,a(u)]. Let us rewrite (6.10]) as

a(n) 5 8 8 B

tz —22 — p(tz -2zt
faw=t [Em2 ol 2 )y e (—o0,0) (6.13)
2 ) (= 2)/Malw) — D= 1)
and substitute the identity

B_4 8, 1,8 8 1

tz 7 — = —(t2 — — Z(t—2)t
2 22 z( 2 22) z( z) 27,

o) = (1 - H B (t2_22)dt rB z € C\(—00,0].
fem =1 z>2w/<t—z>¢<a<u>—t><t—u>+m/wa(u)—t)(t—m’ e\



Now we take z = x € (u,a(p)), and we note that the first integral is a nonsingular one.
1.1. 0 < B < 1. Forx € [u, a(p)], we split the interval of integration in the first integral of the last ex-

T
(note that the order of the endpoints depends on whether § is bigger or smaller than 2). We obtain

pression into two parts: [u, z] and [z, a(u)], and then use the estimate % € (gtﬁ/z_l, gmﬁﬁ_l)

a(p) B
R / Vaw —ni—n (1= M/J —H)
3 B W gy
% ? :
0D/ Vaw —ot—w TR

where we already note that Iy, I, I3 > 0. If p < 2 < u(l + €) for some ¢ > 0, we substitute
t =pu+ (a(p) — p)pr in the integral from I, and we find that

BtL B_
fogy > = P2 BV At (alp) —pr)2
T z 21 Jo V(1= pr)
B+l 1 B8 _ B+l
LB 5/#0 (1 + (a(p) — p))="ldr SO
T 27w 0 7'(1—#7‘) x

for sufficiently small ¢/, ¢ > 0.
If u(1+¢€) <z < a(p) for sufficiently small e > 0, we have

: my 848 B [ dt ES) 51
flezlaz (1-3)s o2 /an ) V=

for sufficiently small ¢ > 0.
1.2. >2.Set z =z € [p,a(p)] and subsitute t — p = (t — x) + (x — p) in (6.10). This gives
a(u)

! (z — )8
/\/ TP G A M/(t—m)\/(a(u)—t)(t—u)dt

w\m
Q
—~
=
=
/~
~
[Niey
I
—
\
8
@
I
—
———

It is easy to see that this is an increasing function of x > p for 5 > 2, so f(x;pu) > f(u; @), which
proves the lemma since f(u;p) has a positive limit as g — 0 and hence is uniformly separated from 0
for 1 € (0, po).

2. Integration over [0, c0). Deforming the contour of integration in to a large circle and both
branches of the negative real line, and then sending the radius of the circle to infinity, we obtain an
integral over the negative real half-line; changing the variable ¢ — —t in the obtained integral, we
obtain the following representation:

Lg
Fem =2 s ”5/,/;2“ tHj, 2€C\ (~00,0], (6.14)

which is valid for 0 < 8 < 2.
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2.1. f=1. We set z =z € [u,a(u)], split the integration interval in (/6.14)) into [0, 1] and [1,00), and
then introduce convenient cross-terms, to obtain

t-i-u dt t+u Vit dt

/ zol)
277\/7 t+o 2mva(p) )\ t+alu) <\/t+a ) + a(u )t—i—:z

1 T t+u dt
+27r1/,/t(t+a(ﬂ)) ra T Elmaw)

The last two terms here are uniformly bounded for all 1 € (0, o] and = € [u, a(u)], while the integral
in the first term evaluates explicitly to

1
/\/ —<1 1/1—>log1+ 1-— ﬁlogl—i_w
t+x T u T T
0
I I
—2,/1—1og< 1+M+1/1—>+210g(\/1+u+1>.
x x

The second line here is uniformly bounded, while the first line is estimated from below by C|log x|
for some C' (indeed, for p < x < p(1 + €) with sufficiently small € > 0 the estimate follows from the
first term, while for (14 ¢€) <z < a(u) it follows from the second term of the first line). Finally, the
estimate from below by a constant easily follows from (|6.14)).

flasp) =

2.2. 1 < B < 2. The representation (6.14)) implies that f(z;u) decreases monotonically as a function
of z, and hence f(x;p) > f(a(p); p), and the latter is uniformly separated from 0 for p € (0, po].

a

Lemma 6.4 Let puy > 0 be an arbitrary but fixred number. There exists € > 0 such that we have
uniformly for € (0, po], p(l+€) <z <a(p) —e¢, 0<y<ex,

Oz y), B <1,
fle+iy;p) = f(z0) = S O ((1+ |logz)z~ly), B =1,
O(x_ly)7 ﬂ > 1

Proof. Let us focus on z = x + iy with y > 0, as the case y < 0 is similar. By (6.12]), we have

» By [( t—n ' 2, dt
ttaann =t = [ (7505) 4 ey

Let us now choose I' as the circle of radius r = a(p) — /2 around a(p). Then, for t € T, if
wl+e) <x<a—e 0<y<eu, we have

1
|t —x —idy| > |t — x| — |y| Zx—g—exz (1—6)1‘—52;8(1—6— 2+26>,
hence for € > 0 sufficiently small
1
= 0@z,

[t —a(u)['/2]t —z — iy
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and we obtain

. ~ ‘— 1/2t§
fle+iy;p) — flasp) =0 [ 27y M!dt! :
r |ttt — =

Parametrizing t = a(u) —re? with @ € [—7, 7], note that the contribution of |§] > € is O(1), and focus
on the part |6] < e for sufficiently small e. We can then estimate |¢| by the sum of absolute values of
its real and imaginary part, using a Taylor expansion for small 8,

1t < alp) = (a(p) = §) cos 0+ (a(u) = 5)|siné] < £+ Clo] < C(a +[6]),

for sufficiently large C, and similarly

£ =1l < [a(n) = 1 = () = &) cos 6| + (a(u) = $)l sin o] < & + Clo] < Cla+ o).

Moreover,

1| = \/(a(ﬂ) — (a(p) = ) cos0)” + (a() — 5)?sin? 6 > c(yu + [6]),

and

t— x| = wa(m ——(a—5)cos)? + (alu) — 5)2sin?6 > c(pu+ |0,

1/2

for sufficiently small ¢ > 0. Hence, |t — u|'/2/|t|'/? is bounded, and

Flo+ iy ) — fla ) = Oa—ly) + O (w—ly JCR wo-ﬂ%w) .

—€

Making the substitution |§] = —z + (x — u)s in the latter integral, we obtain that the above is
1 B=3
O(z™y) + Oz = y)
for g # 1, and
O(z "y ([log x| + 1)),
for 5 =1. O

Next, we need information about the sign of the real part of ¢. See Figure [I| for an illustration.

Figure 1: Distribution of signs of Re ¢(z) in a neighborhood of the segment [u, a(u)].

Lemma 6.5 Let ug > 0 be an arbitrary but fived number. There exist c,e > 0 such that for u € (0, po,
wlt+e) <z <alp) —e 0<y<ex,

Rep(z +iy) > c\/yf(z; p).
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Proof. By , we have
' 1 [etiy £—a 1/2
oo ivin) —plas) == [ s (S20) e
2 T 6 —H
It follows that

] 41y
o +iy; p) — p(a;p) = (& -

)
/(<><>) “

[ tem - s (24 P ag

1/2d£

The first term is
—i v/a(p) — o f (w3 p)(§ — p)'/?

and has real part

T+iy

g=z

alp) — o f (s ) (2 — ) +52)* cos (; arctan

Y
T —p
1

> Vale) = wfw ) — @) > of (a; pyul/

It remains to prove that the two other terms are smaller than, say, one third of the above expression.
The second term can be estimated as

0 (f(w;u) / e ml/?df) = 0 (Flasle - u+ i) = O (fap)al2y)

and is indeed much smaller than the first one. For the third term, we use the previous lemma and
obtain for g < 1,

) (xﬁz_g /;Hy(g — ) <§§__a(:)> v dé) =0 <x¥x_1/292> =0 (f(:v;u)x_3/2y2> .

By choosing € > 0 small enough, we can make this also smaller than one third of the first term. The
estimates for 8 > 1 follow similarly. O

6.3 Local changes of variables
Next, we need estimates for the derivative of f(z;u) near z = p and z = a(p).
Proposition 6.6 For any pug > 0, there exists ro > 0 such that the following holds.
1. Uniformly for p € (0, po] and for |z — p| < rop, we have
o), g >3,

fEm) =0pw),  2:f(zp) =10l ), B=3 (6.15)
O(p=), B<3.



2. Uniformly for p € (0, po] and for |z — a(p)| < ro, we have
0.z ) = O(1). (6.16)

Proof. For the proof of (6.15)), we proceed as in the proof of Lemma Let us focus on the estimate
for 0, f(z; ), as the one for f(z; p) is similar. In (6.12), we let I' be the circle of radius r = a(u) — p/2
around a(u), and we differentiate to obtain the estimate

1/2 /
8J@M=O<A |M%w>,

2] - [t = 2
Parametrizing t = a(u) —re® with 6 € [, 7], note that the contribution of |f] > € is O(1), and focus
on the part |f| < e for sufficiently small e. Like in the proof of Lemma we have

[t =O(u+10]), |t—pl=0@+10), [t=0(u+0)7"), [t—aw|™=00).

t—p
t—a(p)

For |z — p| < rop with ro > 0 sufficiently small, we have moreover
=zl =t —pl = [p— 2| = |t = pl —rop > c(p+16]),

for ¢ sufficiently small. Hence,

@ﬂam—OQfm+waw)+mw—o@%ﬁ+om,

—€

for 8 # 3. For 8 =3, we get O (log i) This proves ([6.15]). The proof of (6.16]) is similar but simpler,

and we omit it. O

Expanding formula in the vicinities of the points p, a(u), we obtain

oz ) = £midp(p)v/a(pn) — plp—2)"2 1+ O(n — 2)), as z — u  with +Imz >0, (6.17)
and
ooy = LB (214 OG—a(w)  as 2 a(p), (6.18)
3valp) — p

where, as usual, /. denotes the positive square root and (.)1/ 2 (.)3/ 2 denote the principal branches of
the roots, and where we used .

Formulas , suggest to introduce local conformal changes of the variable z in small
neighborhoods of the points u, a(u), respectively, as follows:

p(zp) Fri= (=Clzp)'? zop plzp) = —gn(zm)?’”a z = a(p), (6.19)

where the roots in 1(z; 1)%2, (=C(z; p))"/? correspond to arg(.) € (=, ).
In the following lemma, we gather some properties of ((z; ) and n(z; 1) that we will need later.

Lemma 6.7 For any pug > 0, there exists ro > 0 such that the following holds.

1. For any p € (0, uol, the function ((z;u) is conformal in the disk |z — p| < rop, and

Cip) =0, 0202 1) 2=y = p(p)*(ap) — p) > 0. (6.20)
Moreover, for any 0 < r < rg, there exists C' > 0 such that we have

1 |¢(z p)l

- < <C  forall pe (0,up) and |z — p| = pr. 6.21
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2. For any pu € (0, uol, the function n(z;p) is conformal for |z — a(p)| < ro. There exists ¢ > 0
(independent of u) such that

n(a(p); ) =0, 0:m(2; 1) s=q(u) > ¢ >0,  for any p € (0, po]. (6.22)
Moreover, for any 0 < r < rg, there exists C' > 0 such that we have

C

Proof. With ¢ and n defined by (6.19)), (6.20) and (6.22)) follow easily from (6.17]) and (6.18]). Next,
we write (using (6.11))) as

oz p) Fmi = _r) C;(u) — /: <M1§>1/2 p

17/ 1 \'2
—2/ (H) ((al) = 2 (&5 ) = Valw) — pf (1)) d, +Tm = > 0.
m

For |§ — p| < rop with rg > 0 small enough, we have
(a) = V216 1) = VValu) = f (s )| < £(& ) |(alpr) - €)% - ¢ ]
+va ] f (& 5 )|

N B : p()|E=H]
By (6.15]), the first term at the right is O (p(u)|€ — p|), and the second is, also by (3.2), O ( i )
for § # 3, and O (]5 — p|log %) for = 3. Hence, it follows that

< |n(z;p)| < C  forall pe (0,po) and |z —a(p)| =r. (6.23)

p(z;p) Fmi = p(p)ya(p) — pp—2)"? 1+0 (' p—2)),  +Imz>0,

for § # 3, and similarly but with error term O (log ilu —& |) for 8§ = 3. It then follows from (6.19))
that

(2 ) = p(p)*(a(p) — p)(z — 1) (L+ O (Y p— 2]))

for |z — pu| < rop with ro sufficiently small. It follows that ((z; u) is conformal in |z — u| < rou with
sufficiently small ro > 0, and the estimate (6.21]) also follows easily. The analogous results for 7 are
proved similarly but simpler, and we omit the details. O

7 Standard asymptotic analysis of the RH problem: large n asymp-

. M
totics for S < 1< o

In this section, we will obtain asymptotics for Y defined in as n — oo, uniformly for p(u) <wpu<
1o, where pg > 0 is an arbitrary constant and M > 0 is a suﬂimently large constant. This asymptotic
analysis is rather standard, and was done for instance in [6] for 1 > 0 fixed. The analysis in this
section follows the same lines as [6], with minor adaptations in order to be able to cover also the
case where p depends on n and tends to 0 slow enough as n — oco. We repeat the analysis mainly
for the sake of completeness, and to be able to write all relevant quantities explicitly using coherent
notations. There is only one unusual feature worth noticing in the RH analysis in this section: we
do not normalize the global parametrix to the identity, but rather to a fixed matrix op. This leads,
compared to [6], to a modified definition of P(>) in and of R in (7.20). In this section, those
changes are convenient but not important; however, in our refinements of the RH analysis in the next
sections, the modified normalization of P(>) will have important implications.
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7.1 RH problem for Y
It is well-known [17] that the function Y defined by (/5.2)) is the unique function satisfying the following
RH conditions.
RH problem for Y
(a) Y :C\ [p, +00) — C?*2 is analytic,

(b) Y has continuous boundary values Y4 (z) when z € (u,+00) is approached from above and
below, and they are related by

a,—nzP/?

Vo) =v@ (§ 7). ae oo

(¢) Y has the asymptotics

Y(z)= ([ + (’)(zfl)) N3 as z — 00, with o3 = <(1) _01),

(d) as z — p, Y(z) = O(log(z — 1)), by which we mean that each entry of the matrix is of this order.

We will now analyze Y asymptotically as n — oo together with u — 0 by applying the Deift-Zhou
nonlinear steepest descent method [7, 12} [13]. This method consists of a series of explicit and invertible
transformations Y — T +— S +— R, where we will in the end arrive at a RH problem for R which we
will be able to solve approximately. Inverting the transformations will then allow us to recover the
asymptotics for Y.

7.2 Normalization at infinity and on the interval [u,a(p)]: Y — T

The first feature of the RH problem for Y which we would like to improve is its asymptotics as z — oo.
Our first transformation will ensure that the RH solution tends to I as z — oo. For this, we use the
g-function constructed in Section @, and the associated quantity £,. Namely, we define

T(z) = §(o0; p) "3~ n3Y (2)en9(FIMTaenlUT3 G (41 )73, (7.1)

where the function §(z; p) is defined in the following way:

825 1) = ( DIC +\/ﬁ(2_a(“))m) . (7.2)

(= W2+ (= — a(u) 2

The function ¢ has no zeros in z € C\ [i, a(p)] and satisfies the jump and normalisation properties

S (@) (zp) = o forp<o<a(w), 8(oop)= lim a(z;m:(W) . (13)

Z—00

and the function ¢ is analytic for z € C\ [i, a(p)]. For further usage we denote

0(z; 1) = 0z )22, (7.4)
where the principal branch of 2 is chosen. Observe that g(u; p) = g(a(u); p) = 1, and that A(z; ) is
uniformly bounded and bounded away from 0 for z in the disks |z — p| < w, |z —a(p)| <

W= uniformly for all u € (0, +00).
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Later on, we will need expansions for 5 and 6! for z near w. For this, we introduce the local
change of variable
w—2z

w=—~——,  z=p—(a(p) —pw, z-—alp)=—(alp)—p1+w), (7.5)

such that

B ) ( VAVIFw + a(p)yvw )
’ V= (a(p) = pw) (VI+w+ o)

We need to expand & as w — 0 up to terms of order o(w). The direct computation of the O(w) term
in this expansion is rather involved, but we can circumvent that computation by using the relation
Op(zyp)o_(x; ) =1 for p < x < a(p). Writing

5(z; ) = 1+ c1v/w + cow + O(w/?),

and multiplying these two expressions, we find ¢y = %C% The coefficient ¢; can be computed rather

easily, and we obtain

N 2
g(z;u)zl—l—oz(CL(m—l) \/E—i-%az (CL(M)—l) w+ O(w®?),

1 i
vE v 5 (7.6)
2 a(p) Jw L a(p) O(w3/?
Sz t=1—a —1 w4+ o | ——=—1] w4+ O(w*).
(=:0) v (o (")
Using the function ¢ from , we can show that T solves the following RH problem.
RH problem for T
(a) T:C\ [u,+00) — C?*? is analytic,
(b) T satisfies the jump relations
=1
an ) +p— (T
O (B3 1) np @)@y IR
Ty () =T (z) | 0-(@5p) O (w5 p)o—(w; ) S )
0 0T 1) n(ps (@)~ (@)
04 (z; 1)
. e2ne(w;n)
@) =T-@) | Sap? |- 7 € (a(p), +o),
0 1

(¢) T has the asymptotics
T(z)=I+0("" as z — 00,
(d) as z — u, T(z) = O(log(z — p)).
Note that, by and (7.3)), the (1,2) entry in the jump matrix equals 1 on (y,a(p)).
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Figure 2: Contour for the RH problem for the function S(z). The dashed lines are the circles 90U, 0U,
and the lines [Im z| = %,

7.3 Opening of lenses: T — §

Whereas the asymptotics at infinity of 7" are more convenient than the ones for Y, the jump matrices
are at first sight more complicated because they are oscillatory on the interval [u,a(u)]. The idea
now is to transform the jumps in such a way that the oscillating exponentials will be moved from the
contour [u,a(p)] to contours in the complex plane on which they are rapidly decaying.

To this end, we use the factorization

%e*mﬂ(w) 1 1 0o 1 1 0
) . _ . = - (mp)? — ; 04 (zi)? — ; ’

0 Me g (3p) #6 2np_ (z;1) 1N\N=1 0 Lj")e 2np4 (z3) 1
I r ’

o4 (23

for p < x < a(p). Next, we define lenses Y1 connecting p with a(u) in the upper and lower parts
of the complex plane, as shown in Figure The precise shape of the lenses will not be important,
but they need to satisfy some further conditions. Let us take e > 0 sufficiently small and define disks
U, of radius eu around g, and U, of radius € around a(p). Then we require that ¥_ = ¥ and that
Y4\ (U, UU,) lies in the region Im z > ﬁ;)Re z, i.e. the upper part of the lens outside the disks lies
above the line connecting 0 with a(u) 4 i€/, for sufficiently small € > 0. Let us now define

T(z), for z outside the lenses,
1 0
T(z ~ , for z in the upper part of the lens,
S(z) = =) —0(z; p)2e 2o (zm) 1> pPPerp (7.7)
1 0
T(z) | ~ o —omolx: ) for z in the lower part of the lens,
. 6(27 /J/) e ngo(z,,u) 1

where we recall the definition (7.4) of g, and the lens-shaped region is as illustrated in Figure

RH problem for S
(a) S:C\ [p,+00) — C?*2 is analytic,
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(b) S satisfies the jump relations
Si(z) =5 ! 0 S U
0 1
S+($)=S_(x) (_1 0) ’ ,Uz<ff<CL(,LL)7

Sl 1)\ —2 ,2n0(2; 1)
1 6(x;p) e “)7 z € (a(p), +00),

S4(a) = 5-(0) 1

(c) S has the asymptotics

S(z) =T+0(z"1) as z — 00,
(d) as z = u, S(z) = O(log(z — w)).

7.4 Construction of the global parametrix P>

The RH problem for S has constant jump on the interval (i, a(u)), and exponentially small jumps on
the other parts of the contour as long as one is not too close to the endpoints p and a(p). We will
show that the solution S outside small neighbourhoods of the points y, a(u) is close to the solution of
the RH problem obtained formally from the one for S if we let n — oo, as long as p does not go to 0
too rapidly. In other words, we then obtain the following RH problem, which, as already mentioned
earlier, we normalize in an unusual way, which helps us to obtain simpler matching conditions on
circles around the points p, a(pu).

RH problem for P(>)
(a) P(®):C\ [, a(u)] — C>*? is analytic,
(b) P(*) satisfies the jump relation
00 00 0 1
P (@) = P(2) (_1 0) L p<z<al),

(¢) lim P(®) = gp, where

o — ;5 C i) . (7.8)

Note that the asymptotics at 0o of P(®) is g p rather than the identity matrix, and hence we expect
P(®) to approximate opS rather than S. There are many solutions to this RH problem, depending
on how one wants to normalize it at the points p and a(u) (we can indeed left-multiply P(®) by a
meromorphic function tending to I at infinity and with poles at p,a(p) without modifying the RH
conditions). The solution that will turn out to be a good approximation to opS for large n is defined
as

POO(5) = <V(ZO)_1 7&)) 0., where () = (Zz_f(:)yﬂ, (7.9)

where v is analytic in C\ [, a(n)], and tends to 1 at infinity.
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7.5 Construction of the local parametrix P*) near u

As already mentioned, we expect (and will show) that P(*) is close to opS outside some small
neighborhoods of u,a(u). However, we can not expect this also inside these neighborhoods, since
P() blows up at p and a(y), while opS remains bounded there. In order to find the behavior of
S when z is close to u,a(u), we will construct functions satisfying the exact jump relations locally
(referred to as parametrices) in neighbourhoods of z = p, z = a(u).

We start with the local parametrix at the point z = u. Let us denote, as before, U,, for the disk of
radius ep around p, for some sufficiently small € > 0 independent of u. For pu < pg and € > 0 small,
a(p) is not contained in this disk. The aim of this section is to construct a function satisfying the
following conditions.

RH problem for P
(a) PW is analytic in U, \ (X4 UX_ U [, a(w)]),
(b) P (2) satisfies exactly the jump relations as S for z € U, N (X4 U S_ U [, a(p)]),

(¢) P matches with P(>) on the boundary of the disk, in the sense that

-1
PW(2) (P(°°>(z)) Ny (7.10)
uniformly for z € 9U, p(]\:)n < p < po in the limit where n — oo.

The limitation of the present RH analysis lies in this condition (c): we will only be able to achieve
(7.10) if np(u)p is sufficiently large. If © — 0 more rapidly, we will have to refine our RH analysis
later on.

Recall the analytic for z € U, \ [1, a(p)] function ¢(z; 1), defined in (6.6)), and recall the function
((z; ) defined in , whose properties are described in Lemma

We will construct P in terms of the unique solution to the following Bessel model RH problem,
for which we construct the explicit solution below.

RH problem for ¥p

(a) Wp is analytic for ¢ € C\ Xp, where X5 = [0, +00) U [0, e?00) U[0,e ¥ o0), and 0 < § < 7, with
each of the rays oriented away from the origin,

(b) Wp satisfies the jumps ¥p 1 (¢) = Vg _({)Jw,((), where

1 0 )
bl E 07 ZG )
L) cepens)
10 .
J‘I/B(C): 11 > CE[aniwoo%
0 1
) E 0’ M
(27 coon

(¢) ¥p has the following asymptotics as ( — oo, uniformly w.r.t. arg¢ € (—m, ) : for any integer
M>1,

Up(Q) = (=Q) /12 Ep(() g el 7,
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where ¢, is as in (7.8 and £p(¢) has the following asymptotics as ( — oo, which is uniform w.r.t.
arg ¢ € [—m, m] : for any integer M > 1,

M M
—(4k+1)!1(4k—3)!! (4k—1)11(4k—5)!!

EOW Zkz_:l (2h—1)I82F—1(—)k—1/2

EB(Q)=| =

O(¢~M=1/2, 7.11
i (4k—=3)112 % (k=112 (c ) (7.11)
P} (2k71)!82k—1(—§)k*1/2 =0 2k '82" )

In what follows we will need an explicit expression for the sub-leading term of &g,

0 3\ 1 1

SB(C):I+<4 8>+(’)(C ), ¢ — oo. (7.12)
s 0/ v

Construction of a parametrix out of modified Bessel functions. We refer the reader interested

in a more detailed and pedagogical construction of similar Bessel parametrices to [25] (see also [33]).

We define, in terms of the modified Bessel functions Iy, Ky [28],

() = VTIo(v/=C) = Ko(ﬁ)
— \HivaAvECT (V) j?Ka(ro ’

and then we set

v

\/I}(<>7 arg( € (07 77] U [_71-7 _6)7
. 1

Tp(C) = 1, 1) , arg( € (0,0), (7.13)
W) (| ?) . argC e (~6,0)

Next, we let

PU(2) = BU (2) W (n?( (23 pr))e " FEITTING (25 )70, ez > 0.
where

EW(2) = PO(2)d(z; 1) =70 (=n?( (23 1)/,

such that E® is analytic in U, and such that the matching condition becomes (by Lemma ,
uniformly for 0 < p < po and np(p)pu > M as n — oo,

PO (PO(2)) ™ = 5(2) (e )"0 Ep (232 )i Do )2 ()

(7.14)
= ()77 (I + O(n’lp(u)’lu’l/z)) v(2)7,

for = € OU,,. Here we used that g(z, ) is uniformly bounded from 0 and oo in z € U,. Henceforth,
since y(z) is O(u~Y/*) on 9U,,, estimate (7.14) becomes

PUI(z) (PO(2)) =T+ O~ p(u) ™ 7). (7.15)

7.6 Construction of the local parametrix P near a(u)

We now fix, as before, a disk U, with sufficiently small radius € > 0 around a(u), such that U, does not
intersect with U,,. The aim of this section is to construct a function satisfying the following conditions.
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RH problem for P(®
(a) P is analytic in U, \ (24 UX_ UR),
(b) Pl@)(z) satisfies exactly the same jump relations as S for z € U, N (S UX_ UR),

(¢) P@ matches with P(>) on the boundary of the disk, in the sense that

PO (PO(2)) 110w

uniformly for z € OU, and 0 < p < g in the limit where n — oo.

Recall the function ¢(z) defined in (6.6]), which is analytic for z € U, \ [, a(x)], and recall the conformal
in U, map n(.) = n(.; 1) defined in the second of the formulas (6.19)),

2 13/

377(2) z € U,.

p(z) = —

We will construct P(®) in terms of the Airy function in the following way.

Construction of a parametrix in terms of Airy functions. Define

vy U1
, ,) , argn € (0,2m/3),
—ivy Uy
v _
.0, ’ ! , argmn € (_27T/370)7
Pailn) = 1w W
—_1 1
) , |, argne (27/3,7),
v U
w1 Ww_q
/ / ’ argi € (—TI', _27T/3>7
where

vo(n) = V2r Ai(n), vi(n) = V21 e TOAI(ne 3, w_1(n) = V2r ™0 Ai(ne /).

Then, ®4; solves the following model RH problem (see e.g. [12, 13]).

RH problem for ®,;

(a) ®a; is analytic for n € C\ X, where Ya; = (—00, +00) U e2™/3(400,0) U e~ 27/3(400,0) is an
oriented contour, with the orientation of the (half-)lines from the first mentioned point to the
second one.

(b) @a; satisfies the jumps ®aj +(n) = Pai—(n)Ja,, (1), where

2

1 0 ) )
L 1) n € e*™/3(400,0) U e 2™/3(+00,0),
1 1
Jq)Ai (77) = 0 1 9 77 € (07 +OO),
0 1
) € _0070 9
= 0) n e ( )
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(¢) ®a; has the following asymptotics as 7 — oo, uniformly w.r.t. argn € (—m,7) :
Dai(n) = HEnilm)ope TS

where ¢, is defined in (7.8]), and £a; has the following asymptotic expansion as n — oo, which
is uniform w.r.t. argn € [—m, 7] : for any integer M > 1, we have

M

(12m—1)-(12m—5)!! (12m—7)-(12m—11)!!
1 + Z 28m34m 1(2m) (4m 3)”,,73m Z E 28m— 434m 3(2m 1) (4m,5)!!n3m—3/2
Eai(n) = M =1
. Z (12m—5)-(12m—11)!! 1+ Z —(12m+1)-(12m—>5)!!
t | 25133 (2m 1) (4m—5) b3 =372 28m3im=1(4m—3)!1(2m)!n3m

m=

+ O(n3M=3/2) 0 (7.16)

The form of the expansion ([7.16)) is not important at this point, but it will become crucial later on
that

0 2\ 1
5Ai(77):I+<7i ‘68)3/2+(9( 3, n— 0. (7.17)
48

We define
P (2) = B (2)®xi(n* (2 p))e P E736 (25 )7
If we set

~ o3
E(“)(z) — p(w)(z)g(z;u)—og%—l (HI/GU(Z;M)1/4> :

then (%) is analytic in U, and the matching condition becomes by Lemma as n — oo, for z € AU,

P@(2) (P(OO)(Z))_ =(2) 7720, 0(2; 1) "7 0, L Eai (0P (23 1)) 025 )P0 My (2) 7 (7.18)

Hence
P@(2) (P(OO)(z)) =T+ 0™, (7.19)
uniformly for z on 0U, and 0 < pu < pp as n — oo.

7.7 Final transformation S — R

Define

- forze U,,

)
(2)P@(2)~1  for z € U,, (7.20)

()(2)~1  elsewhere,

R(z) =

A
S
B

where ¢, is defined in ([7.8]). The function R solves the following RH problem:
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RH problem for R

(a) R is analyticin C\ (8UM UOU, UL, US_ U (a(p) + ¢, +oo)), where $4 = ¥4\ (U,uU,), and
€ is the radius of the disk U,,

(b) R satisfies the jump relations R (z) = R_(z)Jr(z), where

) 1 0 0 - -
Jr(z) = P )(Z) (g(z.u)2€—2mp(z;u) 1> P!t )(Z) g z € Xx,

() = P (§ 5“”;“)_262"”“”“))P<°°><w>1, 7 € (a(l) + €, +00),

0 1
Jr(z) = P (2) P (2)~1 z € 0U,,
Jr(z) = P (2)PW(2), z € 9U,,

(¢) R has the asymptotics

R(z)=I1+0(z"1), as z — 00.

Lemma 7.1 For any pg > 0 there exist M,c > 0, such that as n — 0o, we have uniformly for
0 < p < po, up(p)n > M, and for z on the jump contour for R that

Jr(z) =1 =0(n1), for z € 0U,,
Jr(2) =T =00 p(pw) tu™), for z € 0U,,
Jr(z) — I = O(e Wiy, for z on 34,
Jr(z) — 1 = O(e_mzﬁ), for z>a(p) +e.

Proof. For z on U, and 0U,,, the required estimates for Jp(z) — I follow from (7.15)) and (7.19).
For z = w+dv on X4, it follows from Lemma and from the shape of the lenses (recall that we
imposed v > Su on X ) that for some ¢/, c” > 0,

|€—27W’(Z)’ < e~ 2nVup(p) < o2 np(W)Vu < e‘QCH"”(”)\/ﬁ,
which tends to 0 rapidly in the limit under consideration. It follows that

Jr(z) — I = P®)(2)0 (6726%,)(#)@ (2 M)?) P ()7L,

We also recall that S(z, H)2 is uniformly bounded on ¥ and that we have the uniform bound P(*)(z) =
O(|z — p|~Y/*) for z € ¥, such that

Jr(z)—I1=0 <M—1/26—2c”np(u)\/ﬁ) -0 (np(u)\/ﬁe—Qc”np(u)\/p> —0 (e—cnp(u)u>

as n — oo with 0 < pu < po, pup(p)n > M. The analogous estimate on S_ is obtained by using
the symmetry of the jump matrices. For z on (a(u) + €, +00), we observe from (6.10) that f(z;u) is

positive, hence by ,

p(zip) < pla(p) +ep) < =C
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for some C > 0. It follows that

Jr(z) — I = P (2)0 (e‘ZC"g(z;M)—2> P =0 (6—2071) '

Moreover, for z large, we can improve this estimate: by and (6.2), ¢(z;u) < —%2’8 for z large
enough, and this yields the required estimate. O

It follows that the L2-, L'-) and L*- norms of the entries of Jg — I on the jump contour are of order
O(n~tp(pu)~tu=t). Using standard small-norm theory for RH problems, see e.g. [7, 12 [13], we can
conclude from this that

R(z)=I+0n "p(p) 'ph),

as n — oo, uniformly for 0 < u < po and np(p)p > M sufficiently large, and uniformly in z,
provided that we take M > 0 sufficiently large such that Lemma holds. Estimates for R’ can also
be obtained, and we can use this to derive asymptotics for the logarithmic derivative 0, log Hy (1),
uniformly in g. In the next sections, we will explain how to refine the above RH analysis in such a
way that we can extend the uniformity region in p.

8 First refinement: large n asymptotics for (%)2 < u < g

In this section, we refine the RH analysis from the previous section in order to obtain large n

asymptotics valid uniformly for (%)2 < p < po (which is, in general, a larger region than the

region % < pu < pp from the previous section, but for § small still smaller than the region

2
(%) < p < pp which we will ultimately need; recall (3.2)) and (6.11])), for an arbitrary constant

1o > 0 and a sufficiently large constant M > 0. To achieve this, we modify the choice of normalization
point. This refinement is similar in spirit to the one used in [9], although in that work the authors
used a conformal mapping instead of a different normalization point. We will modify the constructions
of S, P(>) pWw) pla) R and we will denote the corresponding objects here as §, ]3(00), ﬁ(“), ]3(“), R.
Note that this refinement does not allow to improve immediately the asymptotics for the function
Y from Section itself, but it allows to obtain immediately an improved asymptotics for the ratio
Y*16#Y, which is what we need in order to obtain 0, log Hy, (1) by using Proposition

8.1 Refinement of the RH analysis

Normalization of S. Instead of normalizing S at infinity such that S(z) — I as z — oo, we will
now normalize S at the point z = —u. Let us define for this purpose

S(z) = S(=p)"'S(2). (8.1)

This will turn out to be a convenient choice later on, because it will allow us to keep the size of the
jump matrices near the points p and a(u) in balance. The precise location of the normalization point
is not that important, as long as it is of the order —u for small p.

Normalization of the global parametrix. Next, we will define a modified global parametrix
P(*) which is also normalized at the point z = —u. To this end, we let
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) (2w z—a)\M!
’Y(z)iv(—u) a (a(ﬂ)+u z—p ) ' (82)

Writing as before, with € > 0 sufficiently small, U, for the disk of radius ey around p, and U, for the

disk of radius € around a(), we have that J(z) and P(*)(z) are uniformly bounded for z € AU, u, but
on the other hand 7(z)~! and P{*)(2) blow up like O(u~/*4) for z € dU,, as u — 0.

Then, P(®) ig a solution to the RH problem for P(°), but with condition (c) replaced by
(¢) PO (—p) = .
Modified local parametrix near p. We define PW in the same way as P but with P(>)
replaced by P(°): namely, let
PW(z) = EW ()W (n¢(z; p))e MPEDFT5 (2107 £Imz > 0, (8.3)
with

EW(2) = P (2)5(2; 1), (—n*C (23 ) 74, (8.4)

where we recall that d is given in (7.4). Similarly as in ((7.14)), we then have the matching condition

—1 ~ —~

PUl(z) (P(2))  =A(2) 60025 1)~ 0 Ep(n*C (2 1)) 0 (25 1) 1 F(2)
=5(2)7 (1 + 0~ o)~ 5% 3(2),

for z € OU,,. Since 7(z) is bounded on 0U,,, we get

PO (2) (BI(2)) T = I+ 0 pl) '), (8.5)

as n — oo, uniformly for np(p)\/i > M and 0 < g < po. This improves the matching condition
(7.15]).
Modified local parametrix near a(y). We modify the local parametrix in U, by setting

P (2) = B (2)@ i (n* (23 ) "PE#786 (25 1),

and

~(a (oo N —03 _— —3n o3/
E0() = PG5 (o)

This results in the matching condition, similar to ((7.18]),

~ ~ -1 ~ ~
P(z) (PO(z))  =3(2)7 025 )" 0 Eas(n® (25 1) ap (23 1) 5 (2)7 =

(8.6)
() (14 O ) A = 1+ 0 ),

for z € OU,, as n — oo in such a way that n,/n — co. Here we used the fact that 7(z) is of the order
p/* due to our modified definition of (z).

Note that the matching between the global parametrix and the local parametrix near a has now
become worse, because of our refinement. This is the price we have to pay for the improvement of the
matching condition between the global parametrix and the local parametrix near pu.
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Modification of R. Define
(2)PW(2)~1  for z € Uy,

S
R(z) =4 0,8(z)P@ ()1 for z € U,, (8.7)
S
Then R solves the RH problem:

RH problem for R

(a) R is analytic in C \ <8UH UOU, US,LUS_U (a(p) + ¢, —|—oo)>,

(b) R(z) satisfies the jump relations R (z) = ﬁ,(z)Jﬁ(z), where
(oo 1 PR -
Jp(2) = P™)(z) (g(z;u)Qe—an(z;u) 1> PO (), z € Ly,
~ e 1\ —22n0(z)\
o) = P (5 ) PO e ol + 64,
Ta(x) = PX(2) P (2) 7, 2 € UL,
Jg(2) = P (2) PW(2) 71, 2 € dU,,

(¢) R has the asymptotics R(—p) = 1.
We have the following analogue of Lemma

Lemma 8.1 For any pg > 0 there exist M, c > 0, such that we have uniformly for (%)2 < < po,
and for z on the jump contour for R that

Ja(z) =1 =0m p/?), for z € AU,
Ta(2) = T = O~ p() L 1/2), for = € aU,,
Jp(z) =1 = O(e~ Py, for z on 34,
Jp(x) -1 = O(e ), for x> a(p) + €.

Proof. The proof is similar to that of Lemma except for the behavior of P(®) that is different
from the one of P(>)(z): P(*)(z) remains uniformly bounded for z on the jump contour close to y;
for z on the jump contour near a(u), we have P()(z) = O(u~'/*). Implementing these changes in

the proof of Lemma we obtain the stated result. O

It is straightforward to prove that this implies the following result, which we will utilize later.

Corollary 8.2 Let ||J; — I|;, j = 1,2,00, denote the mazimum of the L(X3)-norms of the entries

of Jg — I. For any po > 0 there exist M,c > 0, such that we have uniformly for (%)2 < < po,

1Tz = Il; =0m 'u=%)  forj=12,00,

and moreover

‘Jﬁ(ﬁ)f

£ p ( 1Y ) (8.8)
where H

1

Jg(&)—1
E—p

G

norms of the entries of =i

H1 is the mazimum of the L*(S5)-
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Later on, we will use the explicit form of the jump matrices on OU,, 9U,,,

~ ~

Ta(2) = 3 a8 T (Eatntnzi)  ad(n g 5T, 2 e a,
Ta(2) = 3(2) g0z )0 (Ep(n®(5m) T G 0(z )0 1), 2 € OU,,

The conclusion of this refined RH analysis is that we improved the jump matrix of Ron U, 1, but in

(8.9)

exchange the jump matrix of Ron 0U, now behaves less good. For 8 > 1, this trade off is convenient,
and it allows us to obtain asymptotics for R, which will allow us next to compute asymptotics for
0y log Hy, (). For <1, we will need one more refinement of the RH analysis.

To obtain asymptotics for ﬁ, R , we follow the usual techniques of small-norm theory for RH
problems, but adapted to the situation of a RH problems normalized at the point z = —pu instead of
z = 0.

Proposition 8.3 Asn — oo, we have uniformly 0 < p < g and n\/pn > M that
R(p)=I+0m 'u %),  R(p)=0m"p=?).

Proof. Consider the Mobius transformation

z— w41
w(z) = ) Z(w) =M )
z+ w—1
which maps the normalization point z = —u to w = co. The function R(z(w)) is then analytic in w

except on the image under w(.) of the jump contour for R, and on this image, it satisfies the jump
relations

R(z(w))+ = R(z(w))-Jz(2(w)).

Moreover, R(z(w)) tends to I as w — co. We are then in a situation similar to that in [9]. Using the
arguments of [9, Lemma 1], one can then use small norm theory for RH problems, Lemma and
Corollary [8:2] to conclude that

Riz(w) =1+ 0 (n_l,u_l/Q(|w| n 1)—1) or R(z2)=I+0(n"(z+p), (8.10)

uniformly for z(w) off the jump contour for R. In particular, this holds for w =0, z = pu.

For the estimate of the derivative R’( ), let us return to the variable z instead of w. From the
RH conditions for R we know that R+ ~R_=R_ (Jp — I) on the jump contour X5, and also that

]:?(—,u) = I. It follows that the unique RH solution satisfies the following equation,

CRIEET Yy RUUCRUCE .
Differentiating, we obtain
R'(z) = QLM / R_(f)((‘gﬁ_(i)); D dg, 2eC\ 5. (8.12)

YR
For z = p, this implies

S0 1 (RO -DUREQ - dE 1 [ (Jp€) —T) d¢
=5 | € ) tom | e

X5 g

Using the fact that ﬁ = (’)(;Fl). and li in the second term, and (8.10)), % = (1), and (B.8]) in
the first term, we obtain the required estimate. O
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2
9 Second refinement: asymptotics in the regime (%) < <

In this section, we will further improve the RH analysis, in order to obtain uniform estimates as

2
n — 0o, uniformly for (%) < p < pg, where pg is an arbitrary constant and M a sufficiently large

constant.

Observe that the jump J5 for Ris I+ O(W) on AU, as np(u),/p — o0, and is hence close

to the identity. On dU,, different entries of the jump matrix J5 have different order: we have

Ta(2) =9(z)™ (I +0 <i>) 3(2)7 = 1(:((9\/%) 1(95(\;;%&))

n

(9.1)

as n — 0o, p — 0, so it is only the (1,2) entry of the jump matrix that prevents it from converging
to the identity. We will transform R to R in such a way that the (1,2) entry of the jump matrix

for R becomes O (W) for sufficiently large integer m, and hence (by (3.2])) is also of the order

1
O <np(u)\/ﬁ
To this end, define the nilpotent matrix o = <8 (1)>, and define

~ ~

R(z) = R(z) (I = F(zp)oy), (9-2)

where F(z; ) is a scalar function, analytic in z € C\ U, and such that F'(—u; pu) = 0, which is to be
determined. We will search for F' in the form

— Fi(z 1)
F(zp) = g (9.3)
12 ; n]\/ﬁ

where m € Nand Fj(z;p1),j = 1,...,m, are uniformly bounded functions that we will construct below.
Using the nilpotency of o, it is straightforward to verify that the function R solves the following RH
problem (see Figure [3)):

RH problem for R

(a) R is analytic in C \ (8UM UOU, UL, US_ U (a(p) + ¢ —i—oo)),

(b) R(z) satisfies the jump relations R, (z) = R_(z)J5(2), where

Ta(2) = (I + F_(2)04) J(z) (I = Fy()04). (9.4)

(¢) R(~p)=1I.

We will construct F; to be analytic in C\ 90U, and such that it is uniformly bounded in z for p
sufficiently small and n sufficiently large. Moreover, we need it to be small near 0: F;(z) = O(z + p)
uniformly for |z| < € for some small ¢ > 0, and thus in particular on OU,. In this way, F(z;u) is
uniformly small on U, and we can observe that the jump matrices J5 for R will be, like the ones

for E, I+0 (W) as np(u),/p is large, except possibly on 9U,.

37



To determine the coefficients Fj(z), we need to take a closer look at the structure of the jump
matrices J; and J; on OU,. By and (7.16)), we can write J for z on the circle 9U, in the form

() = 1+ Az p) Bzip)
TRz = (x/ﬁC(Z;u) 1 +l\?/?2;u)> ’ (5:5)

where A, B,C, D are functions of z that depend also on n and pu, and that admit the following
asymptotic expansions for large n :

Alzp) ~ > AJEZM B(z; p) ~ ZBJEZM) Clzip) ~ Y Cj(;j;ﬂ)? D(zp)~ > Dilzw) (9.6)
j=1 j=1 j=1 j=1

Substituting (9.5 in (9.4)), we obtain

S (1TA+FECVE F_—F++%—F+A+DF_—F_F+C\/E ©.7)
R C\u 1+D-CFy /i ' '
Now, substituting the asymptotic expansions (9.3]) and , we obtain
- F; _(z5p) — Fj+(z31) + Bj(z; 1) + Jj (2, A,C, D, Fy, ... Fj_4
J~ (27,LL) 72 J ( ) ]+( ) .7( ) ]( J )’ (98)

R,12 ~ N ~ i
where J;j(z; A, B,C, D, Fy,...,Fj_1) depends on the quantities

Ag(z;p), Ce(z; 1), Di(z;p), fork=1,...,7,and on Fy(z;u) fork=1,...,5—1,
but the crucial observation is that it does not depend on Fj(z) for k > j. We have in particular

Ji1 =0,
Jo = —F17+A1 + D1F17_,
J3=—F1 Ay — Fb L A1+ D1 Fy_ + DoFy _ — Fy _Fy L Ch.

Hence, we can construct Fy(z; ), Fa(z; ), . . . iteratively by requiring that
Fj(zp) = Fj—(z:0) = Bj(zip) + Ji(z),  Fj(—psp) =0. (9.9)

This yields, by the Sokhotsky-Plemelj formula,

Z+M/ (Bj (& p) + J5(& 1)) d€
Fi(z;pn) = - . 9.10
G =50 o - E+ (5:10)
By construction, the structure of the jump matrix Jz(z) on the disk U, is as follows:
1+0 (%) O—+—4ar
Ta(z) = \/lg") (W" 1“> . (9.11)
o(£) 1+0(})

Moreover, each function F}j(z; p) is analytic in z € C\0U,, continuous up to the boundary, and satisfies
the normalization condition Fj(—pu; ) = 0. Moreover, the functions F'(z; ), Fj(z; ), their derivatives
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and boundary values are uniformly bounded for n sufficiently large and p sufficiently small. From
(9.10) and (9.3), we easily obtain the uniform estimate on 0U,,

F(zp) = O(/p/n), z € 0U,, (9.12)

which will be needed later.
Let us now take m an integer larger than % —1lfor<1l,m>1for g=1,and m >0 for § > 1.

It is then straightforward to verify by (3.2) that J5(2) =+ O ((n\/ﬁp(,u))_l) as n — 0o, uniformly

2
for z € U, and for (%) < u < po-

In what follows we will need an explicit expression for the z-derivative of Fj(z;u) at the point
Z = —.

Lemma 9.1 We have

0:F1(z; p)

z=p

_ ina(p) + p 1 2a2( a(p) — \/ﬂ)Q n 02 f (25 1) z=a(p) (a(p) — )
Aa(p) — )2 fla(p); V2 a(p) 2f(a(p); 1) '
Proof. By and , we have
(52 - wor (39 + 55 -1 1 L
oer (b)) T ) o )

5( )2 16

uniformly for z € Ug, as n — oo with p < pg and np(u),/p sufficiently large, and where g(z) = d(z; ).
It follows from ({9.5)) that

—i\/li N 3
Bl = 48n(2; 1)3/%7(2)? <35(z)2 i 322 1) .

Using (9.10)), we obtain

5(2)2

cap [ (302 HO-1) e
AW =5 | BOE e E-Erm
e e (9.13)
0.\ (= ):1/ S 80 1) e
S i T GRGI D

a

These integrals can be computed by computing the residues of the integrands. To perform the

computations, we set { = a(u) + (a(p) — p)v, and find, using (6.19), (7.2)), (7-4), (8-2) that
o o 1/4
= (( mENI +v>> /
oy 2
3\(5) a(p) — \/»_{_ 202 a(/:)(lu) \/ﬁ) v+ (f)(vii/Q)7 v — 0,

o
3/2 _ = a v § ;1 azf(z; :u)z:a(,u,) (CL(/.L) - :u) v 02 v
€ = i) () /o (14 3 (G + EEL= O I 4 002 0 0,

)
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(9.14)

and
(380248502 -1)  siaias 1
BAERE W 24f (a0 m)(a(n) — 1) VI 2
' év o2 B 2 _ 38zf(z;u)z:a(u) (a’(M) - ,LL) 02
(” 5 (”3 (ata ) 4 aln)i 0 >+O< >> 1)

as v — 0. Combining this with

¢ (a(u) —p)d (1_(aiﬂ))_”+“(“)_“>v+0(v2)>, v =0,
alp) — z M

E—2)E+pn)  (alp) —2)(alp) + p)

and substituting all this in (9.13]), we obtain after computing residues an explicit expression for Fi(z; u)
and its z—derivative for z outside of U,,

—i(z+p)Valp) +p
6v2f (a(p); ) (a(p) — 2)(alp) + 1)
o2 N\ 30 f () mag (al) — 1) Bla(p) — i) Bla(p) — p)
o ( a(p) 1> 4f(ap); 1) Ala(p) —z)  A(a(p) + p)

Fi(zp) =

—i(z + p)valp) +p

O:Fi(zp) =
6v2(a(s0) — 2)2/ (a(p); 1)
? 362 y M) z=a - _
|1+ 3a? < K 1> _ f(z )= (») (a(p) — 1) B 5(a(p) — w) .
a(p) 4f(alp); ) 2(a(p) — 2)
Substituting z = p in the latter, we obtain the statement of the lemma. O

Remark 9.2 Though we do not need it in the present paper, it is natural to ask whether the above
analysis allows one to obtain the asymptotics for the original function Y from RH problem itself,
and not only for its logarithmic derivative Y ~19.Y. So far we did not obtain the asymptotics of the
function S from the RH problem of Section but instead we studied the function S from (8.1),
related to S via the unknown quantity S(—u). We can indeed obtain asymptotics for S, and thus for
Y, using the expression S(z) = S(00)715(2), where the asymptotics for both factors on the right are
known.

M
p(p)n

2
Proposition 9.3 As n — oo, uniformly for ( ) < < po, we have

R(p) =TI+ 0m " p(p)u™?),  R(p) = O p(p) " n),

and
o~ i a(p) o2uL 02 f (25 1) 2=p —-1/2
N <4 BT TO )> ' (9-16)
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Proof. The estimates

R(p)=T1+0m  p(u)~'p '), R(n)=0mn"p(u) " n="?)

are proved similarly as in Proposition and we omit the details. Also similarly as in Proposition
one shows that R_(z) — I = O(n p(p)~'u=3/%(z + p)). It remains to compute the leading order
term in R/(u) explicitly. For this, we use the expression

o L [ BE(OURE 1) d¢
R(z) = 2m.2/ E— 2 ,

2€C\Zg (9.17)
R

For z = 1, the contribution of ¥ \ OU, to this integral is O(WW), so we have

S 1 [ (RO-DURE-DAE 1 [ Jp&)-T) d¢ 1
() = 2ri ) (& —n)? " 27”38U/ (&—n)? O <n2M3/2p(u)2

) . (9.18)

Next, we use the above estimate for R_(z) —1, ?_F—Z = O(1), and an estimate similar to (8.8)) for Jz—1

to conclude that the first term in this expression is also O (n*Zp(u)*zu*?’/z), so we have

0= 5w | e—ap

“w

: e o (nz’u?’/lp(u)z)

1 [ UR© - de |
2w €—mr ° <n2u3/2p(ﬂ)2

U

> . (9.19)

where we used (9.12)) in the second step.

We will now use a residue computation to evaluate the (1,2)-entry of the remaining integral at the

right. By and ([7.12), we have

1 ~ 3N o N
"o (9 3) %0(2)7 0 13(2)7 + O~z )7?)

5(2) — [ = ——=79(2) %%0,0(2)"
) 1 = ) i)

for z € OU,,, and straightforward computations yield

—14

8ny/—((z

Recall the change of variable z = p — (a(p) — p)w from (7.5). By (6.9),

Jﬁ,lz(z) =

)7(2)2 <§(Z)2 + 8\(1)2 + 1) +0(n%¢(z )72, (9.20)

z

= = 90 ol v (14 ( - R G Z) 4 o)) as w0, 020

By (7.6)), we obtain
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Substituting all this and (8.2) in (9.20) and using Lemma [6.7] we get in particular that

Tr1a®) = UL (o) + bl + O

uniformly in g, n as w — 0, where

7@]6(2; H)z=p + (’)(uflp), uniformly in u, n.

fus )

Substituting this in (9.19]), we obtain the result by computing the residue of the integrand, taking into
account the change of variable z — w.

ho(p) = 34 O(u), ha(p) = 42~ +

a

10 Asymptotic form of the differential identity

In this section we compute the asymptotics of 9, log Hy (it). To make the exposition uniform regardless
of whether > 1 or 0 < 8 < 1, we take m > max(0, % — 1) (and hence, m > 1), in the construction
of the function F in Section [J] (even though for 3 > 1 we could also proceed with m = 0).

Our objective in this section will be to prove the following result.

Proposition 10.1 Let 8 > 0, o € R be fized parameters. For any po > 0, there exists M > 0 such
2
that we have uniformly in <%) << pg as n— oo that

Oy log Hu (1) = Da(u)n® + Di(p)n + Do(p) + r(1s5m),

where

8
with f as in (6.10), and

Do() = — (2a2u‘1 + m>

2p(p)

1

rluin) =0 <nu3/29(/~6)

> +O(u?).

Remark 10.2 With more effort, we can prove a slightly stronger version of the above result: if we
replace Dy(u) by

2
ull 1 a(p) (a(p) — p) Op f (5 1) o=
D(f) M) = 8(a(i) — ) 1 —2a? ( e - 1) — 2/ e ) L

1 £ ) o2 (1 [F 2 (a(p) = 1) O f (25 1) pma(n)
S Fa(u): ) (alp) — 10 (1 20 (14 at) " St )

1

m) . This allows us to prove the estimate

then the error terms in r(u;n) are improved to O (
referred to in Remark [L.11l
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Recall the expression (5.3)) for 0, log H, (1) in terms of the RH solution Y, and the transformations
Y =T S+ S+ R+ Rinthe RH analysis, defined in (7.1)), (7.7)), (8.1)), (8.7)), and (9.2)). Inverting

these transformations, we can express Y in terms of R for z — u_ as follows:

Y (2) = 8(00) 2™ S (—pi; )t -R(2) (1 + F(2)04) PW (2)en9Eimos g mnluosg(z)=0s - (10.1)
S
matrix independent of z diagonal matrix

Substituting this expression in ([5.3) and deducing from (7.3), (6.6), (6.7) that §(u—) = p2, g(u_ +
i0) = %uﬁﬂ + ¢, £ mi, we obtain the identity

. (10.2)

T=p—

0ytos 1) = 5 ((Rasi) @) P i) - 0r (R @) P9 i)

" 2mi

21

where P is given by (9.2)) and (8.3), and @ is given by Q(z) = I + F(2)o.
Next, by (8.3 and (8.4), we have

R(w; 1) Q (w3 j)) P (w; 1) =R(w; 1) Q(w; 1) EW) ()W g (n*C (w5 p) e~ " POFT735 ()7,

By (6.7) and (7.4)), the diagonal matrix at the right of Wp is equal to I at z = u. Substituting
this into ((10.2)), we get

8y, log Hy (1) =
— o (A Q@ ED et ) 0. (Rlai Q) B @) n(nc(ai) )

T 2mi

21

The expression between parentheses above decomposes into

U9, + UTET,E- U + UTIETYQT9,Q)EY + UT'ET'QT'RT'9,R- QEV, (10.4)
where we abbreviated

U= Up(n?¢(z; 1)), E = E’(“)(aj), Q = Q(z; ).

We will compute the first two terms in the above expression in Lemmas and and estimate
the third term in Lemma The fourth term will be computed in Lemma [10.6

eV (0)

V10, = Wp(n?¢(x; 1)) 0: Y p(n*C (x5 1)) = 00, (w; )W p(n°C (a5 1)~ Wi (n?¢ (5 ).

Lemma 10.3 We have

-1 (T, )

2mi 21

= Dy(p)n®  and xp<(1)>

T=p_

Proof. We have

Furthermore, since ¥ has determinant 1, only the first column contributes to the (2, 1) entry of \Ilg,l U,

Recall from ([7.13]) that the first column of ¥p can be expanded as ¢ — 04 in the following way,

W5 (0) @ = V7 (_Z\f%\;f\}jc)> — /r (1 ;ﬁ%?g?) ,
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where O-terms can be differentiated. Hence
—17,/ 17/ 1 —i !
(P(04) " Wp(01))y, = (0 1) ¥p(04) " WR(04) () =7 (0 1) *)=7-
Furthermore, recall from (6.19)) and (6.20) that

C(z5p) = p(p)*(a(p) = p) (@ = p)(1+ Oz — ) asz — p,
where the O-term can be differentiated, and thus
0=((w; W)a=p = p()*(a(p) — p),
By the chain rule, this easily yields the statement of the proposition. O

We proceed with the second term in ((10.4)).

Lemma 10.4 We have
-1
— (P'ET(0,E)7)

21

216

Proof. By the second part of Proposition [10.3] we obtain

= Di(p)n
T=p—

21

and

— i/t~ () B (1)

1) + 1

T=U—

)
T=p—

(T 'E~Y0,E)V)

29 (o) s =72 )

and it remains to compute E. Since det E = 1, the (2,1) entry of E~19,F involves only the first
column of E. By ({8.4]), we have

=0 1)v'EY5,E)V <é>

=m(0 1)E7'0,E (é)

21

T=p_ T=p_

and

Y
T=p_

E =73(2) "% 0.0(2) "% (—n*C(2; )72/ 4,

and careful computations lead us to an expression for the first column,

(10.5)

To compute the limits of the expression above and its derivative when z approaches p_, we use (7.6),
(8-2)), and (9.21) (with w = ﬁ) Substituting all these ingredients in ([10.5]), we obtain

1/4
— (7‘1(‘;):”) o ( % — 1) w + O(w?)

E ((1)> = v/nf (s p)(alp) — ) Z( 2 )1/4 <1+ (7 _ 0:f (e (a(“)_“)JrO‘;(\/CT“L\/W) e

24 12 (psp)
+0(w?))
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where the O-terms can be differentiated. Thus

£ (y) |,y = iVATGEm @t = (a(ljﬂﬂ)m (7).

~() o (V1)

Z( 2 )1/4<7 _ Ou(em)ecy () o2 (el m2> ’

0u (o)],._,, = VTG @t~ 10

a(p)+p 24 12f ()

and hence

(E~'0,E),, =(0 1)E'o,E (3) ‘w:w = anf(p; p)(a(p) — 1) <(2)M+#> "

- () (/L -
l4

‘w=0+

"&:

—_
\_/

-(—1 0
(=19 Z( 20 )1/4 S A B DR Lk
a(p)+p 12 (psp) 2
. a(p
= inf (s )(a() = o < W 1) .
To finish the proof it is sufficient to observe that 0, = maw. O
Next, we deal with the third term in ((10.4]).
2
Lemma 10.5 As n — oo, we have uniformly for (p(%n) < wu < ug that
1
——— (v Q! Ev = :
5 ( Q' (0:Q)EY),, D)
Moreover,
1 . 24 (F(u)>
Ev =i/ a(p) — pni ——— .
Q <0> vy = WVmP(Wa(w) - ) S
Proof. By Proposition we have
1 1 1
——— (vT'ETIQ7Y(0,Q)EY = HY'EQ Y (0,Q)EY
211 ( Q (8 Q) )21 T=U_ 27TZ (0 ) Q (8 Q) 0 T=pU_
ip(u)(a(p) — mny /oot
a -1
- 9 (Q 827@) 12 ‘:p:,u_,

which allows us to concentrate just on the factor involving (). Note that the (2,1) element of the
matrix on the left is expressed in terms of (1,2) element of the matrix on the right. Since @ is
upper-triangular, we have

(Q7'0:Q) |, _, =0-F(zim)

Hence,

Z=p_ )

~ L (1B (0,Q) B,

21

a=p_ 2 a(p) + p

By (9.3)) and the fact that the derivatives of F; are bounded, we have 0,F(z;p).—, = O <ﬁ> , and

the first result follows. The second statement is obtained similarly. O
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i ()

Figure 3: Contour for the RH problem for the function R(z).

Here we treat the fourth term in ((10.4)).

2
Lemma 10.6 As n — oo, we have uniformly for (p(]l\f)n) < p < pg that

1

Ap-1-15-1/9 B
—5- (qf E'Q 'R (axR)QEfo)

= Dali) + Olplu) + 0G40 ().

21 np/2p(p)

T=p_

Proof. Using Proposition [10.5] we obtain

1 (xp—lE—lQ—lE—lazE : QE\II)
27 21 le=p_
—t 2p p—1 ~<F(M)>
= — alp) — pny | ——— (1 —F R 0O.R , (10.6
p P al) = mny [ oo (1)) 1) e, (100)
and moreover by (9.12)) and Proposition
1 - -
—— (v lElQ iRt EY
2772'( QT ET(%R)Q )21 r=p_
—q ~ 1 1
=— Oz R O|——=— O|— O(1). (10.7
Sy s Rua() + O (i ) +0 (2 ) +0(0). (107)
We now substitute (9.16) to obtain the result. O

In order to prove Proposition [10.1} it is now sufficient to substitute the results from Lemmas

10.3H10.6)in (T0.3)—(T0.4) and to observe that p(u) = O(u~1/2).

11 Integration of the differential identity. Proof of Proposition|1.10

In this section, we first derive asymptotics for ﬁn(,u) as n — oo for a fixed p > 0; for this, we use
results from [6]. Then, we integrate the asymptotic form of the differential relation obtained in the
previous section. In order to do that, we need some integral identities, which we collect first.

11.1 Some integrals

Lemma 11.1 Let

a(k) , dt a(p) t—
() — B/2— _ B/2—2 K
st = [ NN ED Lo s -y
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where a() is the unique solution of (1.24)). (In particular, p(p) = %I,l, where p is defined in ((1.23)) ).
Then

@ o) =)+ 3 (11:2)
_An(B+ D)(a(p) +p) | 27 (a(p) + p+ Bu) pp(p)

b n =T oy (11.3)

(© L) = ~(I1(s) — J(), (11.4)

1

_ 1 L alw) —p

@ 0 = e (27— ) (11.5)

_ Amd(p)
(e)  I-a(p)= () = pa'(0)’ (11.6)
1
) fla(w);p) = a,(u)p(u)- (11.7)

Proof. (a) By the definition (1.24]) of a(u), we have

B[ 5y t—p B
1= t dt = — (1 —pl_
i ), NEIOOE 1 Lo(p) = pl1(p))
and (11.2)) follows.

(b) follows by integrating % (xﬁ/ 2z — a(,u))%(x - ,u)%> over a contour I' going around the interval

[, a(p)] and not intersecting (—oo, 0].
(c) follows from the observation

L [ e dt LI S )
2 ﬂl’l(”)_/u : \/(t—u)(a(u)—t)<’f u>‘ wo

(d) First note that by (1.24]),

B 1L B W |t (1 1
0= g ()

B a(w) 8/2-2 - .
_4m(ﬂ)/u 7272/t — p)(a(p) — t)dt.  (11.8)

Integrating by parts and observing that by (a)

a(w) a(p) — 4
/ﬂ g tﬁ/ledt = a(p)I-1(p) = To(p) = (alp) — p)I-1(p) — 45’

we can write the r.h.s. of (11.8) as

~ Bla(p) — ) 1
8572~ Date) W ¥ B2 Da(n)
and follows.
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(e) In ([1.24])) make the change of the integration variable ¢t = a(u)u. Then

1 p—
1= ﬁa(u)ﬂ/Q/ WPt L/a(“)du.
Am /al) 1-u

In this form, the expression is easy to differentiate w.r.t. u, and we obtain (11.6)).
(f) We now write ((1.24)) in the form

_ B [ (t=n N
1= [t dt,
8mi Jr t—a(p)

where I' is a counter-clock-wise oriented closed loop around the interval [u, a(u)] and not intersecting
(=00, 0]. Differentiating this identity with respect to u, we obtain

— 1/2
0:_121—1(M)+;.G/(M)/t’8/21( t—p > dt
¢ r )

2 t—a(p t—a(p)’
which gives since
_B N B [ t—H V2 at
P(/JJ) - 27_‘_1*1(/1)) f(a(ﬂ)7/"t) - Ami Ft t— a(,u) t—a(u)

11.2 Large n asympotics for }NIn(u) for fixed >0

A particular case of Theorem 1.2 from [6] provides the large n asymptotics for a Hankel determinant
with a weight eV(©)e V() which is such that the corresponding equilibrium measure is supported
on the interval £ € [—1,1] and has the form ducg = %foa(&), where foq(€) > 0 for £ € [—1,1].
Applying this result in the case

a — a 5/2 a — a
V(5)2< (1) Hey (u)+u> 7 W(g):alog< (u)2 Hey (u)2+u>’

2 2
after the rescaling x = a(u2)—u§ + a(’ng“, yields
~ ~ ~ 1 N 1
g (1) = Ca(uon + Co(ppn — g logn-+ )+ O (27, (119)

where the error term is uniform in ¢ < pu < g as n — oo, for any ¢, ug > 0, and

a(p)
() = Jog LW —H 3 1 Lo _Ae—p Jaw -z
Colu) =log == =5 W(a(u)—u)/< a(u)—u)\/ PR
alp)
_1/M<;C§_4($_’u)> a('u)_xf(x',u)dx
47Tu alp)—p) \ z—p R
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Coi) = 2(-1) — + log (“WL‘ “pm)) - Lo (‘“”4‘ © fa(); m) T
) a(p) | o)
& og V(=) (a(p) —y) dy ,
w2 ) e o) J[ v —y) |

where f is the principal value integral. Next we will prove that @(u), Jj =0,1,2, coincide with C;(p)

given in (|1.26)).

o Ca() = Ca(p).

a(p)
Using (6 and a contour deformation argument, we can rewrite [ 2 a(“ f (z; p)dz as a double

o
complex contour integral, over I'y x I's in the integration variables x and t, where the contours I'y

and I's encircle the segment [u,a(p)] in the counter-clockwise direction and do not intersect each
other and the half-line (—o0, 0]. By exchanging the role of « and t in this representation, we obtain a
second representation. Taking the average of these two representations, we can factor out t — x in the
numerator of the integrand, and this factor cancels out with the denominator. The double integral
then decouples into products of single integrals, and in this way we obtain the identity

(w)
_4177/ngf(m;u)dx:16’;2(—Ié(u)+2/~cfo(u>h(u)—WW)IQl(“))

S

=7 ~ gghal) = me()*
Next, to compute
1 a(p)
m(a(p) — p) H/ V(@ = p)(a(p) — ) f(z;p)d

_ B a(p) +3p p(a(p) + ) _ Bla(p) —p) —4p  pp(p)
= In(aln) — p) (h () = =5 ol + =5 ““”) B+l —p) pe

we again write the integral as a double contour integral, and then change the order of integration.
Furthermore,

a(#
— B2 L —4(a(p) —p) +4B8p  2(8 4+ 1)pp(p)
P \/ . W) =G —wsGr2) BB+

and combining all the above pieces we obtain @(u) = Cy(p).

o Ci(p) = Ca(p).

We substitute (6.12) in the definition of C} (y), write the latter as a double integral, and change the
order of integration. Next, by deforming the contour I' to the circle of a large radius R plus the
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interval [—R, 0], and sending R to infinity, we obtain that for ¢ inside I,

1/ x —a(p) %logx dx
27 T — U z—t
r

VA4 Val) F (t_a ) t%((t—a (t—u))
b= ® V)t — p)E + At —a(u)}

Long but straighforward computations then lead to Cy(u) = Cy ().

N

=2log —F——

e Co(p) = Co(w).
To simplify the double integral in the definition of 60(#), we use the relations

9

][“(“) Viy —maw) —y)dy _ | \//T / ﬁ) O g (vii+ a(”))2

Ty(r —y) v/ (x — p)(a(p) — z) 4/ pa(p)

and then the property follows from relation ((11.7]) of Lemma m

The expansion (11.9) and the above identities together yield Proposition for e < p < py, for
any ¢, o > 0. It now remains to prove Proposition [1.10[as u — 0 and n — oo simultaneously.

11.3 Integration of differential identity.

We can now integrate the result of Proposition Let p10 > 0 be a fixed number. For sufficiently
2

large M > 0, we take p; such that (%) < p < pp < pp. Then, we integrate the result from

Proposition between pq and p, where the crucial observation is that the integral of the error term
is small enough: by the asymptotics (3.2) for p(u), we have as n — oo, uniformly in p and puq,

. O (fl Hwdn) + 0(u)*) = 0 (1z) + 0 (u?). itg> 1,
/r(ﬂ;”)dﬁ: O (fin et 1) + 0" = 0 (5 mtogan) + © (%) i 5=1,
a O (Jt —berdit) + O(u*) = 0 (57) + 0 () itg <1,

which is O ( nvk p( )>+(’) (ui/ 2) in either of the three cases. Observe that the proportionality constants
in the O terms do not depend on the choice of y;.
As a consequence, we proved that there exists M > 0 such that as n — oo, we have uniformly for

1, 1 such that <p( D ) <p < pp < po that

" " "
log (1) = log H () +0® [ Da()din [ Drimyae [ Do(ﬁ)dﬂ+0< +o (u"),

H1 H1 H1

)

as n — oo.
For 411 > 0 fixed, we have according to Section

~ 1 _
log Hy (1) = Ca(p1)n® + C1(pa)n — glogn+Co(u1) +7(uy;n),  n— oo,
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where |7(u1;n)| < c(m)lo% for some constant ¢(u1) which may depend on uq. Here Co(pu1), C1(p1),

Co(p1) are as in Proposition Substituting this, we obtain

m
log (1) = 1 | Catun) + [ D@ | +n | Catun) + [ Da(iyd

H1 H1

- %logn—i— Co(u1)+/Do(ﬂ)dﬁ +7(p1;n) + O <n\/ﬁlp(u)> +O( 1/2>. (11.10)

If we take in the above 0 < pu < up fixed, then the coefficients in the large n expansion need to be
independent of p1, and this implies without any computations that

Cy(n) = Da(p), C1(p) = D1(p). (11.11)

As a consistency check, we choose however to prove these identities also in a direct way, together with
the analogous identity for the O(1) term, C§(u) = Di(u), where DS (1) is given in Remark
We will also see that Do(p) — DM (1) = O(u~1/?) as u — 0, and thus Proposition and Remark
are consistent.

o C5(n) = Da(p).-

In the definition of 7_1(u) in (11.1]), change the integration variable t = u + (a(u) — p)u. Then we
obtain

KMM—WQ—DO;W)G&?;ﬂM)

Applying here the identitities (b) and (c) of Lemma we have

, _2m opd(p)—a(p) 1 (B o —pd(p)+alp)
Tl = o e —n +u< H )I‘l(”)'

2 2a(p)

Substituting here for the last fraction (using the identity (d) of Lemma |11.1])

—pa’(p) +a(p) _ 2md(p)

2a(p)  a(p)l-i(p)’
we obtain
) = g0 ) = P2y 4 S, (11.12)

Using this identity, it is straightforward to compute the derivative of Cy in ([1.26)), and we obtain
C3(p) = Da(p).

o Cl(1) = D (p)-
To compute the derivative of C(p) in , we use ([11.12]) and (11.6]). This gives C}(u) = D1(u).
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o Ci(n) = D™ (n).
The proof is based on the following identities:

Proposition 11.2 We have

Ouf (@i p)a=p _ (1)  d'(p)—1
o0 o) Tt —p (11.13)
8acf(xa :U’)x:a(u) / B g%f(a(u)v ,u) _ la’(u) —1
Faloi =3 el Belw) —p (1-14)
Proof. First, integrating by parts we have
, B[ s dt BB B t8/2-1 gy
90 = g [ G = (5 ) 00 [ e
Using this and , we write
/ d 1 ’ I5; dt
Y (:u) = @f(ﬂ? :U’) = anf(f'?;u)xzﬁra ( )871'2 Ftﬂ/2 ! (t — ,Lb)l/Z(t — Q(M))3/2
= 0cfwimom — 0 (Ot ey = 2 (5 1) 1t
1 a’
= 30t et = 0+ T (5 1) o0 - L)

Hence, using also ((11.5]), we have, collecting the first term to match (11.13]),

O f (23 o=y _ o P (1) ne 2a/ (1) (p’(u) 1 (ﬁ B 1) 41 [ B alp) u])
p(p) () —a/(p) \p(p)  p\2 pa(w) [p(u) 2
Using ((11.12)) and the fact that by (11.6)) % = %‘(ﬁ;(m, to reduce the second term to a combination
of a(u), a’(u), and p, we complete the derivation of (11.13). The equation (11.14)) is obtained in a
similar way. O

By (11.7), we have d'(u) = %, hence we can rewrite the expression for D{"!(1) in Remark
10.2lin the form

Divl() — Cld(w) -1 o (Valp) — Vi) ap) —d (e 1 8uf (@ m)e=y 1 Ouf (@ 1)aza(u) o).

8a(p)—p 4 alp)—p alp)p 16 pp) 16 fla(w);p)
The proposition just proved allows to rewrite this expression as follows,
Py = Lo =1 e?(Valy) - vi)? 1o 1 gefelin)
6a(p)—p 4 a(u) —p a(u)u 8 p(p) 24 fla(u);p)
This expression has the advantage of being easily integrable w.r.t. p. Integrating and using the
matching at infinity as before, we conclude that Cj(u) = DI (u). Besides, we see from formula

(11.12)), Proposition and Lemma that the difference DE(1) — Do(p) in the limit g — 0 is
of the order O(1) for g > 1, of the order O(|logu|) for § = 1, and is of the order O (,u(ﬁfl)ﬂ) for

0 < < 1, and thus of the order O(p~"/2) for all 3 > 0, and hence Proposition and Remark

are consistent.
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Combining ([11.10)) with the just obtained identities C} (1) = D;(u), 7 = 1,2, Cy(p) = DM(4), and
the relation D (1) — Do(p) = O(u~/?) as u — 0, we obtain

log H, () = Co(p)n® + Cl(“)n_é logn + Co(p) +7(p1;n) + O (n\/ﬁlp(,u)) +0 (,lL%/Q) ,

2
loi ™ and that the error terms are uniform in p, p; for <%) <

< 1 < pg asn — oo. It follows that there exists a constant C' > 0 independent of p, p1 such that
such that

where we recall that [F(u1;n)| < e(u1)

~ 1 C 1/2 logn
log H,, (1) — 2_ “logn — R .
08 (1) — Calpn = Ca)t o — Co)| < - e O )

2
Let i = p(n) be such that lim,_, p(n) = 0 and such that <m> < pln) < pp < po for n
1/2

sufficiently large. For any choice of € > 0, we can take p; > 0 such that Cpy’” < €/2, and also such
that p1 > p(n) for n sufficiently large. Given such a value p1, we can take n sufficiently large such
that c(ul)loﬂ < £/2. Hence, for any € > 0, there exists ng such that for all n > ny,

n

~ 1 C
log Hy, (1) — Co(p)n® — C1(p)n+=logn — C ‘§+5.
g Hn(p) — Ca(p) 1(p)nt log olp)| = NI
In other words,
log Hy (1) — Ca(p)n?® — C4( )n—i—llo n — Co( )—0<1>—|—0(1)
g in 2( M 1\ 6 g oM n\/ﬁp(ﬂ) )

as n — 00, and this proves Proposition [1.10]in the case where p — 0 and n — oo at the same time.

A Derivation of (|1.21)

In this appendix, we prove the identity (T.21I). Changing the integration variable 2 = t22%/8 in the
orthonormality condition

o0
1 :/ p](g“’a)(x)Ze_mﬂ/Qxada:
I

we obtain that
182(2) (t) = p](Cu,a=—1/2) (,5222/6)21/(25)7 ﬁQ(];\ll(t) _ tp](fu,a=l/2) (t222/,8)23/(2,8)’ (A1)

where ]3,(1)‘)(15) are the orthonormal polynomials satisfying

[ BOPY@e =2,
R\(—=\,\)

with leading coefficients %,(:‘). We now obtain ([1.21]) using the identity

2n—1 n—1

AN\ — A\ — A _

Hou(N) = [T G472 = T G) 2 G )
j=0 k=0
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and the connection between the leading coefficients of the polynomials pW (t) and p§“ <) (t) provided

J
by :

%éz) _ K}g#,a=—1/2)22k/6+1/(26)’ %éz)ﬂ _ ,{](Cu,a=1/2)22k/5+3/(25)’
where

n—1 _

[T (si)) 2 = B ().

k=0

B Single integral representation for .

Here, we provide yet another representation for ¢, as a single integral, as opposed to the double

integral representations given in , .
Lemma B.1 The function ¢ defined in has the following single integral representation:

1 1 1 1
z—w2+(z—alp)z (z—alp)2(z—pn)2 2P/2 dx
o) = 2 =0 o)E_ CmaE et PR
a(p) — p m (@ —a(p))z(z —p)2(z —2)
where (.)1/2 and (.)5/2 denote the principal branches of the roots, and /. the positive square root. Here

I is a counter-clock-wise oriented loop, which encircles the segment [u, a(p)] and the point z, but does
not intersect the negative half-azis (—oo, 0].

Proof. Substitute the expression (6.12]) into , and change the order of integration. We obtain
(see Figure [4] for a sketch of I and the positions of z, z, §)

a(p)

[N

The inner integral can be computed by elementary means, by substituting v = (ng(lf)) . Straight-

x T

Figure 4: In (B.2)), I' is a positively oriented contour enclosing [u,a(u)] and z, £ lies on the segment
connecting a(p) and z € C\ (—o0, a(p)], which lies inside I', and z is a point on T

forward but long computations lead to

2 )
£—p —£ (2 — ) t—p t—a(@\? _ (z=aw)\'/?

a(p) t—pu
and substituting that in (B.2]), we obtain two integrals. We evaluate the first one explicitly using
(1.24]), and we integrate the second one by parts, using (3:’8/ 2y = gxﬂ/ 2=1 After simplifying the
resulting expression, we obtain (B.1]). O

: 1 ; \ 1 —a(\"? | (z=a(w\'/?
[ (Sptyt s g ottt (1t (522) + (2)
t 3 3 —a(u
z—p
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