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We study different representations of a given rational transfer function that represents a passive (or
positive real) discrete-time system. When the system is subject to perturbations, passivity or stability
may be lost. To make the system robust, we use the freedom in the representation to characterize and
construct optimally robust representations in the sense that the distance to non-passivity is maximized
with respect to an appropriate matrix norm. We link this construction to the solution set of certain linear
matrix inequalities defining passivity of the transfer function. We present an algorithm to compute a
nearly optimal representation using an eigenvalue optimization technique. We also briefly consider the
problem of finding the nearest passive system to a given non-passive one.
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1. Introduction

We consider realizations of linear discrete-time dynamical systems for which the associated transfer
function is passive (or positive real), see the next section for exact definitions and properties of passive
systems. Transfer functions representing a passive (or positive real) system play a fundamental role in
systems and control theory: they represent, e. g. spectral density functions of stochastic processes, show
up in spectral factorizations and are also related to discrete-time algebraic Riccati equations. Passive
transfer functions can be described using convex sets, and this property has lead to the extensive use of
convex optimization techniques in this area Boyd ef al. (1994).
Our considered problem class is that of linear constant coefficient discrete-time systems

1
yk = ka+Duk, ( )

where u, € C", x, € C" and y, € C™ are vector-valued sequences denoting, respectively, the input,
state and output of the system. Denoting real and complex n-vectors (n x m matrices) by R”, C" (R"*"™,
C™*m), respectively, the coefficient matrices satisfy A € C"*"*, B € C"™, C € C™" and D € C™*"™,
After Laplace transformation, one gets the transfer function T (z) := C(zI — A)~'B + D that maps
Laplace transforms of the inputs to Laplace transforms of the output.

© The Author(s) 2020. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.

0202 Joquieoaq /1 uo 3senb Aq 9650/85/8%Z L /v/LE/R101E/OWEWI/W0D dNo-dlwspese)/:sdjjy Woj papeojumoq



OPTIMAL ROBUSTNESS OF PASSIVE DISCRETE-TIME SYSTEMS 1249

In most parts of the paper, we restrict ourselves to systems that are minimal, i. e. the pair (A, B) is
controllable (for all z € C,rank[z] — A B] = n), and the pair (A, C) is observable (i. e. AH, My is
controllable). Here, the conjugate transpose (transpose) of a vector or matrix V is denoted by VH (V1)
and the identity matrix is denoted by 7, or I if the dimension is clear. We furthermore require that input
and output dimensions are both equal to m.

When the system model is subject to perturbations such as modeling errors, noise or round-
off errors, then the inherent properties such as, e. g. passivity may be lost. So it is an important
question to study the distance to the nearest problem where the property of passivity is lost and to
determine representations of the system that are maximally robust with respect to such anticipated
transformations. Since representations of a dynamical system of the form (1) are typically not unique,
there are many representations with the same transfer function, due to the fact that one can perform, for
example, changes of basis that leave the transfer function invariant. Thus, it is an important question
to study whether the freedom in the representation can be used to make the realization more or even
optimally robust to perturbations in the coefficient matrices. In this paper, we study this question for
passive systems and show that in the set of possible realizations of a given passive transfer function,
there is a subset that maximizes robustness, in the sense that the so-called passivity radius, i. e. the
smallest perturbation to the system matrices that makes the system non-passive is nearly maximal in
an appropriate norm. We also briefly study the reverse question to find the smallest perturbation to the
system matrices of a non-passive system that makes the system passive. For analogous results in the
continuous-time setting, see Bankmann et al. (2019), Beattie et al. (2019), Mehrmann & Van Dooren
(2020).

Passive systems are well studied in the continuous-time case, starting with the works Willems
(1972a,b). In the next section, we present an analogous definition in the discrete-time case and then
also introduce the class of normalized passive realizations that could be considered as discrete-time
port-Hamiltonian (pH) systems, Seslija et al. (2012). We do not make use of this concept here but give
aremark in the next section.

The paper is organized as follows. After going over some preliminaries in Section 2 relating
passivity, positive realness and linear matrix inequalities, we characterize in Section 3 what we call
normalized passive realizations of a discrete-time passive system. We then show in Section 4 their
relevance in estimating the passivity radius of discrete-time passive systems and construct in Section 5
realizations with nearly optimal robustness margin for passivity. In Section 7, we describe an algorithm
to compute this robustness margin. In Section 8, we briefly discuss how one could use these ideas to
estimate the distance to the set of discrete-time passive systems.

2. Positive real systems, passive systems and linear matrix inequalities.

Throughout this article, we will use the following notation. We denote the set of Hermitian matrices in
C™" by H,,. Positive definiteness (semidefiniteness) of A € H,, is denoted by A > 0 (A > 0). The
real and imaginary parts of a complex matrix Z are written as ) (Z) and J(Z), respectively, and 1 is the
imaginary unit. We consider functions over Hl , which is a vector space if considered as a real subspace
Of Rnxn + anXl’l.

In this section, we briefly recall some important properties of discrete-time passive systems, making
the presentation analogous to the continuous time case (Willems, 1972b; Beattie et al., 2019). Consider
a discrete-time system (1) with minimal state-space model M := {A, B, C, D} and transfer function
T (z) and define the complex analytic function of z € C @ (z) := TH(Z™1) + T (2), which coincides with
the Hermitian part of 7 (z) on the unit circle, i. e. @ (¢!) = [T ()N + T ().
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1250 V. MEHRMANN and P. VAN DOOREN

The transfer function 7 (z) is called strictly positive real if @ (¢'®) > 0 forall w € [—m, 7], and it
is called positive real if @ (') > 0 forall w € [—m,7].

The transfer function 7 (z) is called asymptotically stable if the eigenvalues of A are in the open
unit disc, and it is called stable if the eigenvalues of A are in the closed unit disc, with any eigenvalues
occurring on the unit circle being semi-simple.

The transfer function 7 (z) is the Schur complement of the so-called system pencil, see e.g. Byers et
al. (2009),

0 A-zu,| B
S@:=|zA"-1, 0 cH )
zB" c [p"+D

and if the model M is minimal, then the finite generalized eigenvalues of S(z) are the finite zeros of
D(2).

The following equivalence transformation, using an arbitrary matrix X € H,, leaves the Schur
complement, and hence also the transfer function @ (z), unchanged

0 A—z, B I, 0]0 I, —X|0
AP -1 x —APxA| cH - aMxB =| -A"X 1|0 |S@]| 0 1,0 3)
8" Cc—B"XA|D" + D - B"xB -BX 0|1, 0 01,
Let us define the submatrix of (3), given by
X —AHxa  cH—AHxB
W& M) = |:C—BHXA pH+D—BHxB |’ @

which we will also denote as W(X) when the underlying model M is obvious from the context. Then it
is well known, see e.g. Prajna et al. (2002) and also follows by simple algebraic manipulation that:

-1
o) =B, —AHT 1, ] W(X,M)[(ZI"_A) B},

I

m

and that 7 (z) is positive real if and only if there exists X € H, such that the linear matrix inequality
(LMI)

WX, M) >0 5)

holds. Moreover, T (z) is stable if and only if the matrix X in this LMI is also positive definite. We will
therefore make frequent use of the following sets:

X” :={XeH,|WX,M) =0, X >0}, (6a)
X”:={XeH, WX,M)>0,X>0}. (6b)

An important subset of XX” are those solutions to (5) for which the rank r of W(X) is minimal
(@i. e., for which r = rank®(z)). If DM + D — BHXB is invertible, then the minimum rank solutions in
XX are those for which rankW (X) = rank(D" + D — BHXB) = m, which in turn is the case if and only
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OPTIMAL ROBUSTNESS OF PASSIVE DISCRETE-TIME SYSTEMS 1251

if the Schur complement of D+ D—BHXBin W(X) is zero. This Schur complement is associated with
the discrete-time algebraic Riccati equation

Ricc(X) := X — A"xA — (¢ — aAHxB) (D" + D — B"'XxB) ! (C — B"xA) = 0. (7

Solutions X to (7) produce a spectral factorization of @ (z), and each solution corresponds to an invariant

T I . T
subspace spanned by the columns of U := [ I, -xT ] that remains invariant under the multiplication
with the matrix

g._[h  BO"+D'BY T Ta—BOM+D)IC 0 ®)
10 a-BO"+D) oM ciof+py-'c 1, |

i. e. U satisfies SU = UAp., where the so-called closed-loop matrix is defined as A = A — BF with
F := (D" +D—B"XB)~1(C — B"XA). Such a subspace is called a Lagrangian invariant subspace and
the matrix S has a symplectic structure (see e.g. Mehrmann, 1991; Freiling et al., 2002). Each solution
X of (7) can also be associated with an extended Lagrangian invariant subspace for the pencil S(z),

spanned by the columns of U := [ —XT I, —FT ]T. In particular, U satisfies

0 A B 0 —1I, 0
-1, 0 ct |U=|4A" o o |UA,
0 ¢cD'+D B 0 0

If D"+ D— B"XB is singular, then more complicated constructions are necessary, see Mehrmann (1991).
A system M := {A, B, C, D} is called passive if there exists a storage function, H(x;) > 0, k > 0,
such that for any integer k > 0 and any initial state x, the dissipation inequality

k—1
Hen) = Hesg) = D9t (o} ) ©)

£=0

holds. If for all k¥ > 0 the inequality in (9) is strict, then the system is called strictly passive.
If we define the vector z;, as the stacked vector of the state x; above the input u;, and construct the
inner product z,t' W(X)z;, then we obtain the inequality

X — L X 4+ + ully = 2wz, > o. (10)

Using the quadratic storage function H(x;) := %x!."Xxl-, this yields the dissipation inequality (9). It
follows from the continuous-time literature (Willems, 1972b) and the bilinear transformation between
continuous-time and discrete-time systems (Bankmann ef al., 2019) that if the system M of (2) is
minimal, then the LMI (5) has a solution X > 0 if and only if M is a passive system. Moreover, the
solutions of (5) also satisfy the matrix inequalities

0<X_<X<X,. (11)
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1252 V. MEHRMANN and P. VAN DOOREN

The matrices X satisfying the matrix inequalities (11) form a convex set, which we call X*. We thus
have the inclusions X C X> < X* which imply that all matrices in the sets X*> and X> are bounded.
Note also that the (1, 1) block in the LMI (4) is a discrete-time Lyapunov equation with X > 0. This
implies that A is asymptotically stable if W(X) > 0, and it is stable if W(X) > 0, see also Lancaster &
Tismenetsky (1985). It is also known that if the system is strictly positive real, then X_ < X .

Note that for (asymptotic) stability of A, it is sufficient if the (1, 1) block of W(X) is (positive
definite) positive semidefinite. A minimal system M is passive if and only if it is positive real and
stable, and it is strictly passive if and only if it is strictly positive real and asymptotically stable. In
the latter case, X =X > 0, see Willems (1971). Note, however, that minimality is not necessary
for passivity, and for non-minimal systems, the concepts of positive real systems and passive systems
differ.

REMARK 2.1 The bilinear transformation between continuous-time and discrete-time systems preserves
the solution sets X and X~ as well as the solutions X_ and X__ of the Riccati equation. It was shown
in Mehrmann & Van Dooren (2020) that the set X* has a nonempty interior if and only if X_ < X -
Since X~ is a subset of X, it also follows X> has an empty interior when X L — X_ is singular.

REMARK 2.2 In the continuous-time case, there is an intimate relationship between passive systems,
positive real systems and pH systems, see Beattie ez al. (2019). In view of the analogy between discrete
and continuous time systems, one may be tempted to use this analogy to define discrete-time linear
constant coefficient pH systems. But making such definition would not necessarily be fully consistent
with the definition of discrete-time pH systems arising from the discretization of continuous-time
linear and nonlinear pH systems as they are discussed in Mehrmann (1991), Talasilaa et al. (2006),
Seslija et al. (2012), Bankmann et al. (2019), , Kotyczka & Lefévre. In particular, in Bankmann et al.
(2019), the similarities and some subtle differences between the continuous- and discrete-time case are
discussed.

In order to avoid duplications, and since we are mainly dealing with the distance to non-passivity, in
this paper we stay in the context of passive systems.

3. Normalized passive realizations

A special class of realizations of discrete-time passive systems are the ones associated to a normalized
storage function H(x,) = %llka%.

DEFINITION 3.1 A normalized passive system has the state-space form (1) where the system matrices
satisfy the matrix inequality

5, cH AH
[C'zDHJFD}—[BH][AB]zo. (12)

We now show that every passive system has an equivalent normalized passive realization. Consider a
minimal state-space model M := {A, B, C, D} of a passive linear time-invariant system, and let X € X~
be a solution of the LMI (5). We then use a (Cholesky-like) factorization X = THT that impliesdet T # 0
and define a new realization

My :={As, By, Cp, Dy} := {TAT"', TB,CT~", D}
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OPTIMAL ROBUSTNESS OF PASSIVE DISCRETE-TIME SYSTEMS 1253

so that

TH 0 ][ x—-a"xa " - a"xB 7= 0
0 I Cc - B"xA p"+ D - BHxB 0 I,

m
, ch Al
= - Ar B
[CT o, |~ sk LA Brlz0

which expresses that the transformed realization M, is now normalized. Note that the factor T is unique
up to a unitary factor U, since THutur = THT. This unitary factor does not affect the normalization
constraint, but we can choose it to put A, in a special coordinate system. Notice that the inequality
I, — A?AT > 0 implies that A, has a singular value decomposition A, = UXVH where 0 < ¥ <
I,. The additional unitary similarity transformation {U"A,U, UMB;, C;U, Dy} will then yield a new
normalized coordinate system {Af,Bf, Cf,Df} where, in addition, Af =X (VH U), which is a polar
decomposition with a positive semidefinite Hermitian factor X' that is diagonal and satisfies 0 < ¥ <1,
(Higham, 1986).

Even after the normalization, there is still a lot of freedom in the representation of the system since
we could have used any matrix X from the set X~ to normalize our realization. In the remainder of this
paper, we will focus on normalized passive realizations and ignore further unitary transformations. The
freedom remaining is thus the choice of the matrix X from X~, which, as we will see, can be used to
make the representation more or even maximally robust with respect to perturbations in the coefficients.

4. The passivity radius

Our goal is to achieve ‘good’ or ‘nearly optimal’ normalized realizations of a passive system. A natural
measure for this is a large passivity radius p ,, which is the smallest perturbation (in an appropriate
norm) to the coefficients of a model M that causes the perturbed system to loose this property.

Once we have determined a solution X € X~ to the LMI (5), we can determine the normalized
representations as discussed in Section 3. For each such representation, we can determine the passivity
radius and then choose the solution X € X~ that is most robust under perturbations A ,, of the model
parameters M := {A, B, C, D}. This is a suitable approach for perturbation analysis, since as soon as
we fix X € X, we will see that we can solve for the smallest perturbation A 4 to our model M that
makes det W(X, M + A ,,) = 0. To measure the size of the perturbation A ,, of a state space model
M, we will use the Frobenius norm or the 2-norm of the matrix A g defined as

. AA AB
As .—[AC AD} (13)

and we use also the notion of X-passivity radius, which was introduced in Beattie ef al. (2019) and gives
a bound for the usual passivity radius.

DEFINITION 4.1 For X € X and a system M, the X-passivity radius is defined as

pX) = inf  {|[Agl | det W(X, M + A,,) =0}.

A s E(Cn+m,n+m
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1254 V. MEHRMANN and P. VAN DOOREN

Note that in order to compute p,,(X) for the model M, we must have a point X € X, since
W(X, M) must be positive definite to start with and also X should be positive definite to obtain a
state-space transformation from it. The following relation between the X-passivity radius and the usual
passivity radius was presented in Beattie et al. (2019).

LEmMA 4.2 The passivity radius for a given model M satisfies

PAq = SUp inf {l1Agldet WX, M + A ) =0} = sup pp(X).
Xex» AseCrtmntm Xex>»>

We now provide an exact formula for the X-passivity radius based on a one parameter optimization
problem. For this, we point out that the condition W(X, M + A ) > 0 is equivalent to the condition

X1 A+4, B+ A
WX M+ Ay =| A+l x cH + Al >0, (14)
B+ A c+a. D"+ 4%+ D+ 4,

which is now an LMI in the unknown parameters of A 4 (for a fixed X). Setting

L x'A B I, 0]0 0
W=wx,.my=| A" x " |, E=[E|E]|0 0|, 0|, (15)
" ¢ p+D 01,01,

and using the matrix Ag in (13), this inequality can be written as the structured LMI

W 0 Ag |1
W+E|:Ag J ]E >0 (16)

as long as the system is still passive. In order to violate this condition, we need to find the smallest
Ag such that the determmant of (16) becomes 0. Since W is positive definite, we can then construct its
Cholesky factorization W := RHR. The matrix in (16) will become singular when the matrix

Ly +RTE [ % AOS } ETR™! (17)
As

becomes singular. The following theorem is analogous to results obtained for continuous-time systems
(Overton & Van Dooren, 2005; Beattie et al., 2019; , Kotyczka & Lefévre) and we therefore omit the
proof. It gives for this kind of problem the minimum norm perturbation A g both in Frobenius norm and
in 2-norm.

THEOREM 4.3 Consider the matrices X, W = R"R in (15) and the pointwise positive semidefinite
matrix function

F _ _ _
M(y) ::[V” 1 }[)/F1 y~'F, ], F,:=R"E,, F,:=R"E, (18)
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in the real parameter y € (0,00). Then the largest eigenvalue A, (M(y)) is a unimodal function of
y (i.e. it is first monotonically decreasing and then monotonically increasing with growing y). At the
minimizing value Vs M (Z ) has an eigenvector z, i.e.

M(y)z = Apgz, 2= [z}

where ||u||% = ||v||% = 1. The minimum norm perturbation Ag is of rank 1 and is given by Ag =

uvt /A It has norm 1/A ., both in 2-norm and in Frobenius norm.

max* max

A simple bound for A, can also be obtained, as pointed out in Beattie ef al. (2019) for the
continuous-time case. The proof is essentially the same and is therefore omitted.

COROLLARY 4.4 Consider the matrices W, F 1» I, and M(y) in Theorem 4.3, and define o := ||F{ ||,
and B := ||F,||,. Then the norm of M(y) is also the norm of yzFlF'f' + y_2F2F2H and

&max

= M)l = min |M() | = minly*Fy Y+ y 2 F S < 20F 11l = 208,

This upper bound is reached if and only if the matrices F|F '1" and FZF'Z'| have a common eigenvector
associated with the maximal eigenvalue.

The following theorem is a variant of a result proven in Beattie et al. (2019) and constructs a rank one
perturbation that makes the matrix W, , , , singular and therefore gives an upper bound for p);(X).

THEOREM 4.5 Let M = {A, B, C, D} be a given minimal passive discrete-time model and assume that
we are given a matrix X € X*, then the X-passivity radius p m (X) is bounded by

1/QaB) < pp(X) < 1/[0 + M) @B)] < 1/(ap),

where i, u and b, v are normalized dominant singular vector pairs of F| and F,, respectively:
Fou=ai, Fli=au, F,v=p8), F%=8y
\u=ou, Fpu=au, Fry=Ppy, £Hv=pv.

Moreover, if it and ¥ are linear dependent, then p . ((X) = 1/(2aB).
Proof. The proof is analogous to the continuous-time case, see Mehrmann & Van Dooren (2020). O

Finally, we point out here that in order to maximize the passivity radius of a system model M, one
should maximize the smallest eigenvalue of the scaled matrix W (X, M). Let D, = diag(l,,1,,1,,/~/?2),
and let us scale the inequality (16) with the matrix D given by

_ A
D,W(X, M)D, + D,E [ OH N } E'D,, (19)
; A" 0
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1256 V. MEHRMANN and P. VAN DOOREN

where now D E is an isometry. It then follows that in order to have a perturbation A g of norm p 5 (X)
that makes (19) singular, we must have

Anin D, WX, MYD,) < p o (X). (20)

ThlS bound expresses that if we want to maximize p 54 (X) over all X € X*, we should try to maximize

Amin (D W(X M)D;). The following result shows that normahzed passive realizations can be expected
to have a larger minimal eigenvalue in the matrix D W(I M)D; than the corresponding minimal
eigenvalue of the non-normalized matrix D W(X M)D

LEMMA 4.6 Let X € X™, then the trace of the matrix

demlr; trace[diag(T, T, 1, )(D,W(X, M)D,)diag(T", 77,1 )] = trace(D,W (I, M;)D,)

is minimized by the matrices T such that X = ™ T, while the determinant remains invariant
det[diag(T, T, 1, )(D,W(X, M)D,)diag(T", T71,1,)] = det(D,W (I, M;)D,).

Proof. Note that transformation applied to D W(X ,M)D; is a congruence transformation that preserves
the non-negativity of its eigenvalues and that the trace of the resulting matrix is traceZ + trace Z~! +
% trace (DH + D), where Z := TX~'7H. It is well known that this is minimized when Z = I. The fact
that the congruence transformation preserves the determinant identity is obvious. O

This lemma suggests that the smallest eigenvalue should increase as the product of all the
eigenvalues remains constant and their sum is being minimized, but this is of course not guaranteed
in general.

5. Maximizing the passivity radius

In this section, we discuss another LMI in the matrices X > 0 with the same domain as W (X, M) > 0,
given by

X XA XB
wx,M):=| Afx x cH > 0.
Bix ¢ pH+bp

It is clear that VT/(X, M) is congruent to diag(X, W(X, M)) and since X > 0, it has the same solution
set X~ as W(X, M) > 0. The LMI for the normalized passive realization My = {TAT‘l, TB,CT !, D}
corresponding to X = THT can be obtained via a congruence transformation as well

~ I, A By ™M 0 07 71 0 0
WMy = | A% 1, cH = o rH o |wxM| o 1" 0 |[>0
BY ¢, pi+p, 0o 0 I, 0 0 I,

Let us now consider the following constrained LMI:

W(X, M) > & diag(X,X,2I,). 1)
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OPTIMAL ROBUSTNESS OF PASSIVE DISCRETE-TIME SYSTEMS 1257

Then the following theorem gives a bound on how large we can choose & in this LML

THEOREM 5.1 Let M := {A, B, C, D} be a minimal realization of a discrete-time passive system, and
let X be any matrix in X~ . Then there is a unique £*(X) that is maximal for the matrix inequality (21)
to hold and which is strictly smaller that 1. Moreover, £*(X) = A i, (DSW(I ,Mp)D,).

Proof. It follows from (11) that every X € X~ is positive definite. Therefore, it can be factorized as
X = THT with det T # 0, and we can consider the normalized system M, = {TAT‘I, TB,CT !, D}. 1t
is easy to see that the condition (21) is equivalent to the corresponding LMI condition for the transformed
system M, which is given by

W, My) > &diag(l,,1,,2I,).

The largest value £*(X) of & for which this holds is clearly equal to

£ (X) = max [ 1 DWI,MpD, > £l ] = hinin (DWW, M7)Dy). (22)

Since D,W(I, M;)D, — £*1,, +m 18 positive semidefinite, its diagonal must be non-negative, and
therefore £* cannot be larger than 1. Moreover, £* = 1 would imply then that Ay, By and C would be
zero. (|

REMARK 5.2 Note that W(I, My) = W(I, My). From (20), one then obtains the inequality
)”min(DsW(I’ MT)DS) =< P Mo

which shows the relevance of W(I, M) in the maximization of the passivity radius.

The use of the characterization £*(X) 1= A, D, wd, M)Dy in terms of the LMI (21) is crucial for
the rest of this section. We also point out that Theorem 5.1 applies to all points of X~ and therefore also

of X*. But we can distinguish between both.

COROLLARY 5.3 The maximal value £*(X) of a matrix X € X~ for a given model M equals 0 if X is a
boundary point of X> and is strictly positive if and only if X is in X,

Proof. 1f X is a boundary point of X~ then det W(X, M) = 0 and also det W(X, M) = 0 and for those
X, we thus have £*(X) = 0. If X belongs to X*, then W(X, M) > 0 and diag(X, X, 21,) > 0. Therefore,
there exists an £ > 0 such that W(X, M) > &diag(X, X,2/,) and hence £*(X) > 0. Conversely, if
£*(X) > 0 then W(X, M) > 0 and W(X, M) > 0 that implies that X € X>>. O

In order to maximize &*(X), we consider for a given X € X~ the matrix

X XA XB;

W, M) = | Alx x !
A H
Bx ¢, DI'+D,
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corresponding to the modified model M%‘ = {Ag,Bé, CS’D%‘} = {(lf_‘s), (lfs)’ (lfg)’ %__S;')" }. It turns
out that this matrix satisfies the identity

(1= EWX, M) = WX, M) — & (23)

S O
o > O
S~ oo

which is crucial for the following lemma.

LEMMA 5.4 Forevery X > 0inX> andany 0 < §_ < &, < £*(X), the passivity LMIs for the systems
M ¢ and M g, are satisfied. Moreover, the solution set of W (X, M §+) > (0 is included in the solution
set of VV(X,MS_) > 0.

Proof. The LMIs for two different values of & are related as
(1= &)WX, M) = (1 — EPWE, M) — (&, — £))diag(X, X, 21,,).
Since X € X, we have that £*(X) > 0 and diag(X, X, 21,,) > 0. For that X, it then follows that
WM = (1 —E)WX, Mg ) > (1 —EQWE, M) = (1 —E* WX, Meu(y) = 0. (24)

The systems M, and M ¢, are thus passive, since their associated LMIs have a nonempty solution set.
Now consider any X for which W(X, Mg +) > 0. Since &, is strictly positive, so is £*(X) and hence
X e X It then follows from (24) that W(X,£_) > 0. Hence, the solution set of W(X, Me,) = 0is
included in the solution set of W (X, M £) > 0. O

Lemma 5.4 implies that for a given X € X, the solution sets of W(X, M S) > ( are shrinking with
increasing &. But we still need to find the matrix X € X~ that maximizes £*(X). We can answer this
question by relating this to the passivity of the transfer function of the modified system M,

Te(@) = Ce(al, — A) ™' B + Dy,

which is minimal since M was assumed to be minimal. It follows from the discussion of Section 2 that
this transfer function corresponds to a strictly passive system if and only if the conditions: (i) the transfer
function 7; (2) is asymptotically stable, and (ii) the matrix function @ (z) := 7;H ZH+ ’7'5 () is strictly
positive on the unit circle ', w € [—m, ], are satisfied. It has been shown in Section 2 that the zeros
of @, (z) are the eigenvalues of the symplectic matrix

-1
o | B:OF+D)7'BY A —B(DE +D)7'C; 0 25)
0 @ —BE(D'; + D)~ CHR C?(Dg' +D)7'C, 1, |

n
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which are also the finite eigenvalues of the pencil

0 —I, 0 0 4 B
zAg 0 0|+]| -1, 0 ch
H
BY 0 0 0 ¢ DI+,

or equivalently, those of the pencil

0 (-1, 0 0 A B
z| AP 0 0|+| E-DI, 0 cH (26)
B 0 o0 0 ¢ D"+D-2:1,

and that the realization of M is minimal. The algebraic conditions corresponding to strict passivity of
T (z) are therefore:

1. Ag has all its eigenvalues inside the unit disc (stability),

2. the pencil (26) has no eigenvalues on the unit circle (positive realness).

These conditions are phrased in terms of eigenvalues of certain matrices that depend on the parameter
&. Since eigenvalues are continuous functions of the matrix elements, one can consider limiting cases
for the above conditions. As explained in Section 2, the passive transfer functions are limiting cases of
strictly passive ones. Those limiting cases correspond to the value of & where one of the conditions Al.
or A2. does not hold anymore.

THEOREM 5.5 Let M be a strictly passive and minimal system. Then there is a bounded supremum

—~

& 1= supg{§ | E(z) is strictly passive} for which the following properties hold.
1. Tz (2) is passive,

2. the solution set of W(X, M) > 0is not empty,

3. the solution set of W(X, Mz) > 01is empty,

4. for any £ < & the solution set of W(X, M) > 0is non-empty,

5. 8 :=supy £*(X) forall X € X~.

Proof. The existence of a bounded supremum follows from the fact that 7 () is strictly passive only if
£ is smaller than 1 (see Theorem 5.1). Property 1. holds because 75 (z) is the limit of 7; (z) foré — &.
Property 2. is a direct consequence of the previous property. Property 3. follows by contradiction: if
W(X,ME) > 0 would not be empty, then £*(X) for X in the domain of W(X,ME) > 0, would be
larger that &. Property 4. follows from Lemma 5.4 where we use any X in the domain of W(X, M 7)=>0
and choose &, = (& +&)/2 and §_ = & to show that X also lies in the domain of W(X,Ms) > 0.

Property 5. follows from £*(X) = max{& | WX, M) = 0}, which expresses that 7; (z) is passive. [

The following theorem discusses the optimal passivity radius over all realizations of T (z).
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THEOREM 5.6 Let M := {A, B, C, D} be a minimal realization of a strictly passive transfer function
T (2) := C(zl —A)~'B+ D. Then

& = sup{¢ | ’7;(1) is strictly passive}
3

is a lower bound for the largest possible passivity radius within the set of all realizations of T (z).
Moreover, norlnalized realizations M 1= {T_IAT, BT, T} C,D}, where X := THT corresponds to a
solution X of W(X, M z) > 0, have a passivity radius p 4, larger than or equal to Z.

Proof. Consider realizations My := (T~'AT,BT,T~'C,D} with X := THT and X € W(X, M) >
0. It was shown in Theorem 5.1 that for the corresponding realization M, we have that £*(X) =
Amin (DSVV(I ,Myz)D,). Theorem 5.5 then shows that for a solution X of W(X, Mz) > 0 corresponding
to the supremum of all £*(X), we have & = X (DSW(I, M)D;). The lower bound & < p M, then
follows from Remark 5.2 and Lemma 4.2. U

min

In Fig. 1, we generated random normalized passive systems and computed the following quantities
(using y8™ := \/B/a, Ny, N, as defined in Appendix B):

1. the passivity radius p 4, computed to 4 digits of accuracy,

2. ApinW, Myp),

3. Ay WU, Myp),

4. AminDSW(l, M7)D; that is a lower bound for p 4.,

5. Est:=|| [yg’”Nl | Nz/yg’”] ||% that is also a lower bound for p 4, .

In Fig. 1, we depict the quantities (2.-5.) divided by p 5, to indicate their relative bounds. It can be
seen that the eigenvalues are in the interval

1 ~

and that

1 = 2

EpMT = )“minDsW(l’ MT)DS = P My ” [ygle | NZ/ng] ||2 ~ P My

Figure 1 indicates that 1/g(y#™) < p,,(X) is a very good estimate of the passivity radius (within 1%
of the correct value) and that the bound A ; (D;WD) < p,,(X) holds.

6. A scalar example

In this section, we analyze a simple first-order discrete-time scalar system. Its transfer function 7'(z) =
d+ Zc_—ba is asymptotically stable if a*> < 1. Then

x—a*x c¢—abx i|

W) = [ ¢ —abx 2d — b*x
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Random passive systems and their passivity radius estimates
T T T T T T T T

T
16| * min(AW)p il
. X min(A\(Wtilde))/p
o min(\(D_WtildeD_))/p
15+ * s 1
. O Est/p
14 X x I = i
13— » B x |
x x X
12 : X x
X x 3 x
x x|
111 = x = — x
x X % X
1*OO@CQ8?9@0@0()gl‘«CO@OOCOOQC@O@OCgCCOé@O@OXV 080*
o ox | o 5 x* = 8 X O
x O X x ) &
o % x x O *o x o 20 x
09F o ©°, oF o < < % o
g Xty . 0o o %50 .
o o 05 ® x
0.8 o = i
o o
0.7 L | 1 1 1 1 1 1 +
5 10 15 20 25 30 35 40 45

Fic. 1. Relative accuracies of four estimates of the passivity radius of a random system: Amin W, M), kminITV(I,MT),
hminDs W (I, M7)Dy and Est = || [y Ny | No/y¢"] II3.

and the roots x_, x of the quadratic polynomial det W(x) = (1 — a®)x(2d — b*x) — (¢ — abx)? happen
to be the extremal solutions of the associated Riccati equations. The set X~ where W(x) > 0 is thus just
the interval [x_,x, ], provided these two roots are real. This polynomial can be rewritten as

det W(x) = —b2x + 2Bx — ¢, where B:=(1-— az)d + abc

and it has two real roots iff 82 > (bc)? or |B/(bc)| = |% +al > 1.
The normalized passive realizations are those where we normalize x to 1 by the transformation that
scales {a, b, c,d} to {a,b.t,c/t,d}, where x = 2 e [x_,x,]. In Fig. 2, we show a plot of the passivity

radius of the realizations M, := {a, b.t, c/t,d} as a function of ¢ and also the following quantities:

M (y*) defined in Section 4,

max

o the true passivity radius p, 4, 1= 1/2
o dninW{U, M, thatis given in Section 2,
o A

min

DSW(I, M,)D; that is a lower bound for p
e thevaluesof b, :=b-tandc, := c/t.
It is interesting to see that the lower bound A, D.W(I, M,)D; is almost identical to p M, for the
scalar case and that the optimum is reached when b, = ¢, so that
B Il a b,
W=|a 1l b,
b, b, 2d — b?
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Scalar discrete-time system
07 = T T T T T T

p(x)

X min(A(W))
x  min(A(D_Wtilde.D,)))

02

01 L L 1 1 L | L 1 1 L =
05 055 06 065 07 075 08 085 09 0.95 1

t

F1G. 2. Estimates Apin W(I, M;) and AminDSW(l, M;)D for the passivity radius p a4, of a scalar normalized system M; :=
{a,b-t,c/t,d} as function of ¢.

We show in Appendix B that in this case, no other realization has a better passivity radius. It is also
worth pointing out that A,;, W(I, M,) reaches is optimum value at another value of 7, but that p 4, is
nearly optimal at that point.

7. Computing the largest value of £*(X)

In this section, we describe an algorithm that computes within a given tolerance t, an approximation of
the supremum = (see Theorem 5.5) of a given minimal realization M := {A, B, C, D} that is passive.

First of all, if M is passive but not strictly passive then Z = 0. If M is strictly passive, then a simple
upper bound for = follows by the stability bound

Eup =1- m]ax |Aj(A)|.

fnd

The procedure to compute &' is then to verify for 0 < § < &, the second condition, namely that the
pencil (26) has no unit circle eigenvalues. The smallest value of £ in this interval where this condition
fails, equals Z. (Note that this could be equal to &,,.) One can then apply a bisection method to this
interval and check the presence of unit circle eigenvalues in the given interval. Setting =, = 0, we then
have the following procedure.
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Bisection procedure for computing =
§ = (&), + &,,)/2, if S; has unit circle eigenvalues then &, , := £, else &, := §.

Since the interval containing & shrinks by a factor 2 in each step of this iteration, in k =
[log,(&,,/7)1 steps, the interval [&),, &,,] will be of length less than or equal to 7.

One can also make use of the computed eigenvalue decompositions to construct an algorithm with

faster convergence. For this, we consider the generalized eigenvalue problem

0 e — DI, +A B
ré o) :=| A+ e - DI, 0 cH ,
BH C pH+pD—¢1,

which is Hermitian for all real values of w and £ < 1. For a given value of é, one can check if I (é‘, )
has real eigenvalues w; (they correspond to unit circle eigenvalues of Sé), and for a given value of @,
one can find the smallest real root &; of I'(£, ®). These two ideas can be combined in an algorithm for
computing = that is very similar to the computation of the H_, norm of a transfer function.

We first recall some basic properties of the scalar function y (§, w) := A,;, " (€, w), which can be
derived from the results described in Boyd & Balakrishnan (1990) and from the properties of eigenvalues
of Hermitian matrices.

1. y (&, w) is a real continuous function of the real variables £ and w,
2. if y(é,a)) > 0 for all w thenéf < &,

3. for é‘ < &,,, the real zeros w; of y(é‘, w) correspond to a subset of the unit circle eigenvalues
&% of I' (€, w),

4. for a given value of é, y(éf, ) is a quadratic function of ® in the neighborhood of its local
minima,

5. if w; < w, are two consecutive zeros of ¥ (€, ), then at the midpoint & := (w1 + w,)/2 the
smallest real root & of I" (£, @) lies between 0 and é‘ and is an improved upper bound for &.

These ideas lead to the following improved algorithm for the computation of Z.

Eigenvalue-based procedure for computing &

1. & := Eup —T;
2. compute the unit circle eigenvalues ¢'“* of I'(€, ) and select those corresponding to real zeros

wy of y (€, w);

3. if ¥ (§, ) has no real zeros, then g, = g, stop;
else take the midpoint & := (w; + w,)/2 of the largest interval [w;, w,] of these roots
compute the real roots &; of I"(§, @) and update &, = min,; §;

make a guess for & := &,, —tand goto2.

This algorithm is very similar to the methods proposed in the literature for computing the H_ , norm
of a transfer function (see e.g. Boyd & Balakrishnan, 1990) and can therefore be expected to require
only a few iterations to stop with an interval [&,,, ] of size 7.
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Note that each step of both algorithms has a complexity that is cubic in the matrix dimensions. For
large scale problems, this complexity becomes a problem, but there are techniques that exploit sparsity
to reduce the complexity, see e.g. Kressner & Vandereycken (2014), Benner & Mitchell (2018).

8. The distance to passivity

In this section, we consider the converse problem of computing the smallest perturbation that makes
a system passive. Suppose that we are given a minimal system M := {A, B, C, D} that is not passive.
Then we study the problem of computing the smallest perturbation A , ; of the model M that makes the
system M + A 4 passive. It is clear that this is equivalent to asking which is the smallest perturbation
Ay, measured via the matrix Ag in (13), such that the LMI W(X, M+ A M) = 0 has a Hermitian and
positive semidefinite solution X. Moreover, X > 0 if the perturbed system remains minimal.

DEFINITION 8.1 The distance to passivity of a minimal model M := {A, B, C, D} is the minimum norm
|Agll, or [|Agllg such that there exists a matrix X > 0 satisfying

0 A x'A B
W+E|:AH OSi|ETZO’ where W:=| AH x cH , 27
S BH ¢ pH+D

and E is defined in (15).

Note that (27) is an LMI in the parameters of A )4, but it is not linear in X. We will need the
following extension of Lemma 5.4, for which we consider the LMI for the modified model M_; :=

{A_g. B¢, C_,D_¢} = {(lﬁé) , (I—ES) , (155) , D(ffs]’)”} with the corresponding transfer function

T,g(Z) = C,E(Zln _A*E)_IB*‘E + nga
and corresponding LMI

X XA, XB_,
WX M_g) = | APXx X ch, > 0. (28)
Bi.x ¢, D", +D_,

LEMMA 8.2 Let M := {A, B, C,D} be a minimal non-passive system. Then for every X > 0 in H,,,
there exists a £*(X) > 0 such that the LMI (28) for the system M_S*(X) holds. Moreover, for every
value & > £*(X), the system M_; is passive.

Proof. We have the relation (1 + E)VV(X,M_E) = WX, M) + £diag(X, X, 21,), and since WX, M)
is bounded, the inequality W(X, M_¢) = 0 holds for a sufficiently large value of §. Let £*(X) be the
smallest value for which the passivity condition (28) holds, then

A+HWE M ) = (1 +E XWX M ) + (€ — % (X)) diag(X, X, 21,,),

which implies that the passivity condition holds for all £ > £*(X). g
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To determine the distance to passivity, we first restrict ourselves to a perturbation Ag that has a
particular structure.

THEOREM 8.3 The minimum norm perturbation of the type

1 0 0
s+as=g (5[0 4 |) 2
sTaro UM loa, @
that makes the system M passive, corresponds to the minimal value of § such that the model M_; :=

{4 B cC D
(I+8) (1+8)° d+8)” (
Proof. 1t follows from (27) that £ must satisfy the LMI (28) for some X > 0. By Lemma 8.2, there
exists a bounded minimal solution, which we call 5. The model corresponding to S + Ag is M_; with
transfer function (??). Therefore, &' is the smallest value of & that makes the model ./\/Lé with transfer

1+ fsl’)" } with transfer function T_¢(2) is passive.

function 7_¢ (z) become passive. We can then choose X > 0 from the domain of W(X ,M_g) =0to
satisfy (28). O

—~

The minimal value & in Theorem 8.3 can be computed with the algorithms described in the last
section. It thus determines that passivity radius for the constrained class of perturbations (29).

Since we most likely made some of the eigenvalues of the LMI (28) strictly positive, rather than
non-negative, we can probably reduce the norm of the perturbation Ag when removing the constraint
(29). In order to do that, we use a matrix X from the set W(X, M_g) > 0, where & was obtained
from the constrained problem. But once X is fixed, condition (27) becomes an LMI in the unknown
perturbation A g. We can then minimize its 2-norm o by solving the optimization problem

: O—Iner AS W 0 AS T
> >
nAlTan’ s.t. |: A!-gl ol >0, WH+E A!-Sl 0 E' >0,

n+m

or its Frobenius norm & by solving

. ol A - A
ming, si. | Ol VeWAs) o o g gl 0 As pTo
As vec(Ag) o Ag O

Notice that the constrained problem of Theorem 29 provided a feasible starting value Ag for
these optimization problems. We could also use another matrix X that is not in the solution set of
W(X, M_g) = 0, but then the norm of the starting point Ag constructed from the constrained problem
would be larger since £*(X) > &.

REMARK 8.4 The same reasoning on how to compute the distance to the nearest passive system can be
applied to estimate the distance of a system x;, | = Ax; that is unstable to the nearest stable system,
see also Gillis & Sharma (2017), Gillis et al. (2018) for the continuous-time case. A result analogous to
Theorem 8.3 would give that a solution of the type

A+A,=A/1+6§)
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has a relative error A~ A 4 With 2-norm (1% and Frobenius norm f+—“/§ where & is the minimum

value of § such that the matrix A_; := A/(1 + &) is stable, and this can be used to find an appropriate
matrix X for an LMIin A,.

9. Conclusion

In this paper, we have introduced the notion of normalized passive realizations of a discrete-time system
and shown that they share properties with the normalized pH realizations of a continuous-time system
introduced in, Kotyczka & Lefévre. We also showed that the normalized passive realizations typically
have a better passivity radius than non-normalized ones. We have derived methods to maximize a lower
bound on the passivity radius and to construct a nearly optimally robust normalized realization. The
techniques developed in this paper can also be applied to compute a nearby passive system to a given
non-passive one.
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Appendix A

Consider the unimodal optimization problem

g(y") = min g(y). where g(y):=IlyFy. Fp/y I3 F; e Comim (A

If we define « := ||F,|l, and 8 := ||F,||,, then it was already shown in Theorem 4.5 that af < g(y™*) <
2a8. We can then derive the following result.

LEMMA Al The infinite search interval for y in the minimization problem (A.1) can be replaced by the

closed interval y € [y, yup] = |:,/ %, \/ %} Moreover, the function value g(y$™) at the geometric

mean y8" 1=,/ g is an upper bound for the minimum.

Proof. Itis easy to see that g(y) > 2af outside the interval y € [y, Yup! and, since g(y*) < 2w, the
minimum must lie in the interval y € [y, 7,,,]. Any function value in this interval is of course an upper
bound for the minimum. O

Appendix B

In this appendix, we describe another characterization of p 5 ((X). For this, we consider the identity

0 H 0 ¥
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1268 V. MEHRMANN and P. VAN DOOREN

which holds for every real y > 0 and every nonsingular matrix Q. If we constrain Q to be unitary, i.e.
Q0" = OHQ = I, then it follows that

h(Q) = IM(Q)l, < g(y™) := 0<Hy1i<noog(y), ) =0l vF, Fy/y 1=l yF, Fy/y 113

‘We now prove that we also have

gy =h@9):= max hQ)= max [MOQl, (B.1)
ooH=0Ho=I QoH=0"0=I
which we prove by constructing a matrix Q so that (B.1) holds. It follows from Theorem 4.3 that the
minimizing right singular vector z := I: satisfies
yFil

u u
[vFy Fz/y][v}—omaxw, [Fl;/y}w—omax[v] lully = 1vil-

It is then easy to verify then that for a unitary Q satisfying Qv = u and Q"u = v, then M(Q)z = Uxflaxz.

We can now use this construction to show that normalized realizations have a better passivity radius
than non-normalized ones. Let W = RR be the Cholesky factorization of an arbitrary model M. The
Cholesky factorization of the corresponding matrix

W, = diag(T~", 7,1 )W diag(T™", T, 1 )
of the normalized model M := {T_IAT, T-!B,CT, D} is then given by
W, :=RHR, = diag(T~", T, 1 )R"R diag(T™™,7,1,)
and the relation R~ = R diag(7~!, M, 1) then yields
F, := RME, =R;"E, diag(T~',1,) = N, diag(T~'.1,),
F, = R M"E, = R,NE, diag(Th,1,,) = N, diag(T", 1,,).

It then follows from (B.1) that

min
O<y<oo

0 H
e[ 6 )

o 1[0 5[]

- ]NIN; + N,N} ”2

P

H
o [ 1)

2

v

2

2

Note that

h(I) = |N,N§ + NN ||, = |[R7H

o~ o
o o

0
0 | Ry < 21N, 1IN, 11
2,
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but we need a lower bound for pX/iT X). If Wn commutes with J :=

o~ o
S o

0
0 |, which implies that
Im

[ Ar Bp ] = [ A? C? ] and hence that M is its own dual system, then

01, 0 I, 0 0 R
@Ml 0o o |[RY =Moo, o |[RY =107'W,'D7H?),.
0 0 2, ) 00 2, )

In this case, it follows that
PaX) < Apin(DW, D) < ppg, (X),

which implies that such a normalized realization has a better passivity radius than the corresponding
non-normalized realization.
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