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ABSTRACT:

Volatile memristors based on Mott insulators, such as vanadium dioxide (VO»), are envisaged as
key components for neuromorphic computing e.g. to implement the Hodgkin-Huxley model. A
deterministic electro-thermal model known as the Picket-Williams (PW) model is adapted to our
micro-fabricated VOz-based memristors. The tuned model accurately captures the experimental
memristive behaviors of our device for different operating temperatures (35 and 45 °C). The
transitions voltages and current of the reversible metal-insulator transitions are notably well
reproduced. We further establish the mathematical relations between the fluctuations of the
intrinsic material parameters and the cycle-to-cycle variations of the switching voltages. The such-
obtained stochastic propagation model is then applied to feed a Monte-Carlo simulation on the
tuned PW-model. The combination reproduces the experimental device fluctuation statistics (with
an error smaller than 0.5 mV on the standard deviation). It is further demonstrated capable to
simulate the transient operation of a typical spiking circuit prone to material stochasticity. The
proposed data-driven methodology is general and could be applied to other models to simulate the
impact of memristors device stochasticity on the circuit-level fluctuations, paving the way for

faithful statistical modelling of neuromorphic circuits.



1. Introduction.

Memristors are multi-state resistors exhibiting hysteretic behavior [1,2] being either volatile [3—
5] or not [6—8]. They are widely used for neuromorphic applications [9—12] for synapse emulation
usually relying on non-volatile memristors [13,14], or artificial neuron circuits [3,14,15] such as
implementing the Hodgkin-Huxley model, often based on volatiles ones. Since memristors are
known to be intrinsically stochastic [13,15,16], understanding and modelling the sources of such
stochasticity is crucial. Envisioned by Chua in 1971 [2], we now find plenty of practical
implementations of memristors based on various materials [10,11]. Phase change materials (PCM)
are among the most studied memristors technologies e.g. Ge>SboTes [13,16] and VO [3,5,17],
other mechanisms such as migration of oxygen vacancies and/or ionic metals from the electrode
as seen in TaOx [8] and HfO; [6,7,18] have also been developed. Unfortunately, the wide range of
physical phenomena occurring in PCMs (ionic filament formation [7], “mushroom” crystallization
[13], etc.) often results in material-specific models. Correlated oxides, such as Mott-insulators [9]
(e.g., VO2 and NbO: [6,7]), have been extensively studied for memristive applications. VO»
[3,5,17] exhibits a phase transition from an insulating to a metallic phase around 68°C [19]. The
insulating VO [19] (i-VO3), in fact semiconducting (E¢p=0.6 €V), has a monoclinic structure,
whereas the metallic phase (m-VO;) has a tetragonal structure. In voltage-driven electrical
operation (i.e. applying V and measuring I), VO, resistors behave as two-state volatile components
with a wide hysteresis window, making them ideal for memristive devices [3,5,17,20]. This
electrically-activated transition is known to result from a filamentary [21-25] formation caused by
a percolation process. VO2 memristors are known to exhibit intrinsic cycle-to-cycle stochasticity
of their I-V curves [17,26], especially with respect to their transition voltages depending on
material characteristics. The impact of grain sizes and device dimensions on stochasticity has been
notably discussed in [17]. Many models have been developed to capture these electrically-driven
device behaviors, such as resistance matrix [22,23] or finite-element methods [21,27], which are
computationally intensive and not convenient for circuit-level simulations. Other approaches
exploit models such as Pool Frenkel [28] or local activity [25,29]. Instead, we rely on the physics-
based model proposed by Picket and Williams (PW) that was initially developed to reproduce I-
V curves in both current and voltage driven modes [30] of vertical NbO; devices [31]. This model
can be applied to VO, [3] and is faithful to the canonical memristor description proposed by Chua.

The model exploits an energy equilibrium between the Joule heating rate and the cooling rate to



compute the change of the memristor channel resistance. Compact modelling of stochasticity at
the device level is still pending for Mott-memristor compared to what is done on redox memristor
for example [18,32]. To account for stochasticity in memristors, solutions based on time-series
[33] or data-driven approach [34] have been proposed but do not apply to transition voltages in
VO, memristors. Stochasticity implementation in compact models are a conventionally done using
a Monte-Carlo (MC) [18,34] simulation to assess the effect of random phenomena in material,
devices and circuits (and is widely used in CMOS technology [35,36]).

In this work, we aim to reproduce the stochastic memristive behavior of microfabricated planar
VO devices to attest its impact on the spiking output in the typical temperature range of VO»-
based memristor spiking circuit. The measurements show typical and reliable Mott-insulator
volatile memristor characteristics over hundreds of cycles, enabling to quantify the cycle-to-cycle
variations from/to of the insulating to/from metallic (Vimt/Vwmir) transition voltages (Vtr) for two
different operating temperatures (35 and 45 °C). The PW-model has been adapted from a circular
geometry to our planar device by deriving equivalent descriptions of the electro-thermal processes.
The few key fitting parameters found from the experimental I-V curves are in good agreement
with physical values reported in the literature. The mean transition currents (Itr) / voltages (V1r)
and the insulating resistance are accurately reproduced and provide a comprehensive
understanding of the transition behavior and stochasticity in VO;-based memristors. Mathematical
relations between fluctuations of material properties (i.e. resistivity in both states) and cycle-to-
cycle variations of device characteristics (Vrr) are established by applying a stochasticity
propagation (SP) principle without introducing any simplifying assumption about the memristor
physics. Finally, we extend the adapted PW-model with a Monte-Carlo module to implement our
stochastic model, whose variations of material parameters have been accurately calibrated using a
data-driven approach from experimental memristor electrical (I-V) measurements. The proposed
physics-based methodology combining the tuned PW-model with the SP-model finally allows to
faithful reproduce the first and second statisticalmoments of the fluctuations (i.e. mean and
standard deviation of the distribution), resulting in a material stochasticity-aware compact model
of the memristor. This general data-driven framework can be applied to any non-linear device
model, without relying on a specific formulation, thereby enabling the stochastic modeling of a
wide class of memristors. Finally, this model is used in a simple oscillator circuit based on a VO,

memristor, a capacitor and a current source. The stochastic memristor model successfully



introduces variability in the output voltage, demonstrating its utility for faithful simulation of

typical neuromorphic building blocks.

2. Device Fabrication and Characterization.

We used the very same VO; layer as in [17,37]. The fabrication of such polycrystalline VO2
thin film starts with a DC reactive sputtering process at room temperature using a 99.95% pure
vanadium target, under an Ar/O: gas flow of 43.5/6.5 sccm, at a constant pressure of 5 mTorr,
with a plasma power of 200 W, on a substrate silicon wafer insulated by a 400 nm-thick
thermally grown oxide. The film has been annealed at 500 °C for 1 hour under 30 sccm Ar flow
at a fixed 165 mTorr pressure to crystallize layers. The resulting thin film has been characterized
using: (1) SEM, highlighting the granular morphology of the layer (SI-1), (i) Raman
spectroscopy, showing that the material has the appropriate stoichiometry according to literature
[38] (SI-2). The VO layer is neither patterned, nor passivated. The device under test features a
length of 2 pm (L) and width of 5 um (W) as presented in Figure 2.b), the channel dimensions
being defined by the electrodes spacing. A classical lift-off photolithography process has been
employed to create the Ni/Au electrodes with a thickness of 5/100 nm. The resulting device has
been electrically characterized using Agilent Technologies B1500 semiconductor parameter
analyzer on a heating chuck under a constant nitrogen gas flow, a fixed current compliance is
applied at 5 mA to protect both the equipment and the device. First, by changing the chuck

temperature from 35 to 90 °C (with 5 min of thermal stabilization before electrical measurement)
we extract the layer resistivity (p = R %) change over temperature by averaging the resistance
over 10 voltage sweeps (from 0 to 50 mV). The results are shown Figure 1.a) and highlight a

drop of the film resistivity at the transition temperatures Tivt~60 °C (On/Off ratio: % = 300).
90 °C

The memristive I-V curve of our device is characterized after 10 min of thermalization by
applying a voltage sweep from 0 V to 1.8 V, 2.5 V and back to 0 V and measuring the current at
respectively 35 and 45 °C (controlled chuck temperature). This chosen temperature range
corresponds to the standard operation of a VO, spiking circuit such as in [37]. A higher
temperature reduces the Vg, as the material needs less electrical energy to change of phase. The
resulting [-V curves are presented Figure 1.b) and have been repeated for 400 cycles. We then

extracted the Vivt and Vit at fixed current. They correspond 2 mA to the voltages at which the



material abruptly goes from/to an insulating to/from a metallic state. At the Vivt a VO, metallic

filament percolates between the electrodes [21-25] and is then cut at the Vwmir.
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Figure 1: a) Resistivity change of the VO: layer over the temperature for a heating cycle. b)
Voltage-controlled I-V curves (with the current in log-scale) of the VO>-based memristor (the blue
/ red lines correspond respectively to 35 °C / 45 °C temperature of the chuck respectively). The
voltage sweep has been repeated for 400 cycles with 2000 points per curve, the dark line depicts
the current threshold (2 mA) for the Viur and Vir extraction (inset: the studied VO device
schematic denoting the fabricated layers and specified dimensions). c) Corresponding
distributions after drift removal of the Vuur (blue and green) and Viur (red and yellow) for both
operating temperatures, fitted with a Gaussian distribution to extract the mean values (1) and the

standard deviations (o).

The fluctuations of the voltage thresholds over their cycle index (SI-3) show a slight drift, possibly
indicating the slow aging of the device over the cycling; Viur also presents an outlier value
presumably attributed to different percolation site of the metallic filament [16]. Both phenomena

are considered as rare events and slowly time-varying effects that will not be considered in the



present modelling. We will later discuss how such non-idealities could be further included in a
compact model. As for now, we applied a correction to remove the drift and the outliers from the
experimental data to study the random fluctuations of one stable filament. The Gaussian
distribution [17] can then be used as a reference to extract the means (p) and the standard
deviations (o) of the threshold voltages. Their parameters found after fitting the distributions of

Figure. 1 are summarized in Table 1.

Temperature (°C)  pypr (V) wnr (V) oy (mV) opr (MmV)

35°C 2.13 0.41 2.11 3.23
45 °C 1.45 0.32 3.19 0.98

Table 1: Experimental mean values (u) and standard deviation (o) of the cycle-to-cycle
threshold voltages of the VO>-memristor at 35 and 45 °C.

3. Modelling Framework: Pickett-Williams model.

The Pickett-Williams model is known to capture the memristive behavior of NbO2 [31] and VO,
[3] devices. The hypotheses of the model are (Figure 2.a-c)) that (1) the device geometry
corresponds to a cylindrical channel with a given radius (rch) and length (Lcn), (2) the temperature
in the metallic core is constant (Tmet) and fixed at the phase change temperature of the material
(i.e. Tme=TmT), (3) the temperature at the boundary rcn is fixed at the ambient temperature (Tamb),
(4) the heat is only dissipated radially. The principle of the PW-model is to simulate the metallic
core radial growth (with radius rm) inside the insulating shell. As it grows, the total channel

resistance decreases.
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Figure 2: Schematic of the modelled device characteristics considered by the PW-model are shown
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From these hypotheses, we can express the cylindrical channel memristance (variable resistance)

M depending on the proportion of metal in the channel u = :—m as follows:
ch

L . -1
M(u) — Pins c2h [1 + (& _ 1) uz] ) (1)
T Ich Pm

where p; and p,,, denote the insulating and metallic resistivities, respectively. Equation (1)
shows that u is the internal state variable that will drive the memristor behavior. It will then follow
the Chua’s classical formulation (v = M (u). i) where the memristance is described as a nonlinear
function of the internal state u. The state variable takes, by definition, a value between 0 and 1,
progressively changing the channel resistance value from insulator to metallic. The full
demonstration of the PW-model considering heat exchange mechanisms is given in SI and in
[30,31]. This results in a nonlinear differential equation to be solved:

& (w)l (P (W) — [ WAT) @
dt du v th '

In (2), AH is the total enthalpy change, P, the dissipated power by the Joule heating, I3, the
conductance of the insulating shell and AT = Tyt — Tamp the temperature rise between the hot
metallic core and the ambient temperature. The metallic core temperature is set at Tivr. The

equations of AH, P;,, and I3, as a function of u are given in SI, with their dependencies on ¢, the

volumetric heat capacity, x the thermal conductivity of the insulating shell and Ahygns the
volumetric enthalpy changes of IMT. Despite some approximations, such as assuming that the heat
transfer from the material to the metallic contact is negligible and that the temperature remains
constant within the metallic core and at the rm boundary, the PW model has been proven to
faithfully reproduce of the memristor behavior of two-terminal VO: devices, notably in an
Hodgkin-Huxley-like circuit [3]

4. Model Calibration on Static I-V Curves

The established PW-model for our VO:-memristor has been fitted on our experimental
characteristics as follows. To adapt this model to our planar geometry we will consider an
equivalent cylindrical device having the same length as the planar one (L., = L) and an equivalent

radius 7ceq such that that the circular and planar devices have the same channel volume, i.e. 1.4 =

’@ where W is the total width of the planar channel and tch the VO, thicknes. The measured

resistivity Figure 1.a) can be reused. The I-V curves are simulated by applying up and down 10



us voltage sweeps (i.e. much slower than the VO2 thermal time constants, ensuring quasi-static
measurements), between 0 and 2.5 V. The different model parameters are obtained as follows:
from the literature for ¢, [39], Ah,.[40]; based on their definitions for 7..q, Leeq, ATys and ATss;
extracted from measurement (Figure 1.a) for p; 45 and p; 35. The parameters k and p,,, are adjusted
and may be regarded as fitting parameters, whose obtained values are discussed right below. The

resulting model parameters are presented in Table 2.

Model parameters Symbol Value Units Extracted
Volumetric heat capacity Cp 3.3x10° Jm3K-! [39]
Volumetric enthalpy change of IMT Ahg, 2.35%x10% Jm3 [40]
Equivalent conduction channel radius Teeq 0.464 um Definition
Conduction channel length Leeq 2 um Definition
Effective Thermal conductivity of insulating shell K 25.5 W.m XK' Fit
Temperature rise 45°C ATys 15 K Definition
Temperature rise 35 °C AT;35 25 K Definition
Insulating phase electrical resistivity 45 °C Di 45 6.97x1072 Q.cm Measurement
Insulating phase electrical resistivity 35 °c Di3s 9.38x1072 Q.cm Measurement
Metallic phase electrical resistivity Pm 1.3x10 Q.cm Fit

Table 2: Tuned model parameters for VO;-memristor simulation for both temperatures (35, 45

°C).

Let us firstly mention that the metallic resistivity is lower than the one seen Figure 1.a), 1.3.10*
Q.cm instead of 3.47.10* Q.cm found at 90 °C from the R-T measurements. Even though
magnitudes are closed, the difference could be explained as follows. It is clear from Figure 1.a)
that the metallic resistivity has not reached a minimum value in the R-T measurements at 90°C.

As the in V-driven measurements, the metallic filament percolating at the threshold voltage, is

made of pure m-VO; its resistivity will be lower. Also, it results in a On/Off ratio of ;—i~760 which

still corresponds to the typical values seen for VO layers. Secondly, the fitted effective thermal
conductivity of the insulating shell value is higher than the one reported for bulk i-VO; (about ~3
W.m".K") [39]. This can be explained as our planar device features unpatterned VO, layer deposited

on a S102/Si substrate and large gold electrodes are in direct contact with VO,, thereby enabling



the device to extract more heat than for an intrinsic VO> micro-cylinder. This can then be

interpreted as an increase in the effective thermal conductivity of the insulating shell.
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Figure 3: a) Modelled I-V curves (solid lines) in voltage-driven mode compared to one arbitrary
experimental cycle (dashed lines), a compliance of 5 mA is set at both operating temperatures, 35
°C in blue and 45 °C in red. The important regions (low and high resistive states LRS, and HRS)
of operation and quantities are highlighted (the transition points are marked by a star, purple for
IMT, orange for MIT) b) Simulated I-V curves with current in log-scale and without compliance.
C) Time evolution of the internal state variable “u” for the two operation temperatures (blue, red,
for respectively 35 and 45 °C) in response to a given voltage ramp (green line), inset an illustration

of the modelled device behavior at the transition points (marked by purple and orange stars).

The resulting I-V curves are displayed in Figure 3.a). The insulating state of both experimental
and simulated data overlaps. The model reproduces both Itr (transition current) and Vtr and
closely matches the experimental data. Figure 3.b) shows the simulated I-V curves without
compliance. For both plots, the low and high resistive states are highlighted and correspond to the
metallic or insulating states of the memristor, respectively. The exact comparison of the
experimental and simulated LRS is made complicated by the experimental current compliance,
required to prevent the devices from burning during the measurement.

Figure 3.c) describes the dynamics of the memristor by showing the evolution of u over the
simulation time and the corresponding voltage sweep. The simulation duration of 10 us per cycle
was selected, as this timescale is consistent with the characteristic time constants reported for VO.-

based spiking circuits [37]. Furthermore, a sensitivity analysis showed that the cycle duration does

10



not impact the I-V characteristics when above 10 ns as seen in SI-4. In voltage-controlled mode
(Figure 3.c)), the phase changes from one state to another are instantaneous at a certain “u
threshold” (u;7~0.02 and uy,;r~0.65), which is expected since the VO, transition time can lie
in the range of few nanoseconds [41]. As illustrated by the model, this corresponds to a sudden
expansion or disruption of the metallic core at the phase transitions. The state variable u is the
metallic domain fraction in the PW-model and therefore effectively captures the percolation or
rupture of a metallic filament. This links the tuned PW-model results to the real device physics
[23]. As illustrated in SI-6, the VO is granular, as the applied voltage increases, an increasing
number of crystallites in the i-VO; matrix become metallic because of the increased heat dissipated
in the device (by Joule effect). At a critical threshold, the metallic crystallite concentration in the
VO, forms a percolation path. As soon as the filament starts to percolate, more current can flow in
the metallic channel, resulting in the sudden decrease in the memristor resistance and an abrupt
transition. When the voltage decreases, the filament gets thinner, as modelled by the progressive
decrease of u seen Figure 3.c), until it is cut, abruptly returning to its initial insulating state.
Interestingly, the "u threshold" value remains the same for both temperatures, thereby indicating
that the temperature effect would be to create additional metallic crystallites, facilitating the

percolation phenomenon at lower voltage and current levels [26].

5. Physics-based stochastic propagation model

As previously reported, the material morphology and intrinsic characteristics affect the
stochasticity observed in VOz-memristors [17]. SI-6 illustrates that the cycle-to-cycle variations
of Vr could be a consequence of random percolation paths. Considering that the crystallites can
have fluctuating intrinsic properties and that they can be affected by the heat of their neighbors,
the m-VO; filament would follow a slightly different path at each cycle. To reproduce the
experimental fluctuations of Vr presented in Figure 1, we need to define a stochastic propagation
model (SP-model). Considering such a highly nonlinear model, we will semi-analytically relate
the material intrinsic stochasticity to the device variability (the whole methodology presented here

is carried out for the two studied operating temperatures).
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Figure 4: Simulated Viur (pi, pm) and Vir (pi, pm) relationships for both temperatures, 35°C
(a), 45 °C (b). The red dot (blue square resp.) indicates the evaluation points (corresponding to
the nominal values of table 2 where the partial derivative of the Viur (Vmir resp.) surface are

evaluated.

Let us first assume that from the PW-model we can define a function f: R¥*2 — R so that:

Vrr = f(pi, P, D) 3)
where p € R¥ is a vector containing all the other model parameters kept constant here. The
function (3) yields the Vtr (either Vivt or Vmir) for some values of p; and p,, (e.g. corresponding
to a cycle). Under the small-fluctuation assumption, we perform a first-order Taylor expansion of
f for both V'7z that involves the first-order partial derivatives to yield:

of af
Vrr = f(Pio» Pmo, P) + (a_pl , | >5Pi + <E| | >5Pm (4)
Pmg-Pig) (Pmg-Pig)

This first-order Taylor expansion only approximates the stochastic fluctuations as a small signal
compared to the absolute values and preserves the intrinsic non-linear I-V characteristics of the

memristor. This means that we can define a §V; as zero-mean fluctuation of V1r such as:
Vrr = VTRO + Vg (5)
where Vrg,, is the mean value for Vrz and 6Vrg accounts for the fluctuation. The covariance of
resistivities (Cov(p;, pr)) Will be taken as 0. Therefore, we find the SP-model, relating the

variance of the material given by (o;, g,,), to the device-level variations (o;p, Omir):

2 2
2 or 2 or 2
Oy~ = <— ) 0, + (— > o, (6)
" Pl (o pig) ' 0pml (pyne.pin) "

To compute the partial derivatives of f, we consider f(p;, pm, P) as a function of two variables,

12



p; and p,,,, whose variations define the Vg surface in R3. The extracted V7r (p;, py ), relationships
are depicted as surfaces in Figure 4. Details on the V1r surface building are given in SI-6. As the
2D surfaces describing the function (3) are only weekly nonlinear, locally around the means, the
use of the first order derivative in (4) appears sufficient. The partial derivatives are extracted from
Figure 4, by finding first-order derivative of each surface at the (p;, p,,) coordinate found after
the model fitting shown in Figure 3.a. Equation (6) can be applied to both Vit and Vmir yielding

a 2x2 linear system to be solved for g;, oy,

2
(UIMTZ) - <aIMT2 Bimr ><0i2> 7
Ourr’ auir®  Buir’) \om?
where a = g| and f = aa—f , for both Vr. The resulting model links the device
Pil(pimg.pig) Pml(pmg.piy)

2

. > O; . .
)) to the one of the material (g, = (al 2)) using the matrix My,p =
m

2
. > Oimr
fluctuations (op = ( )

omIT

2 2
(a, wr” B T2>. The targeted device variability is known from Figure 1. Then, solving the linear

amir®  Bwmir

(7) provides the variances of the intrinsic material fluctuations for any operating temperature we
have:

Imateriat(T) = Mram (T) ™ Opevice (T) (8)
The resulting standard deviations of the material resistivities that will be used are: 6;=3.53x10*
Q.cm and 6,,=8.0x107 Q.cm at 45 °C and 0,=1.48x10* Q.cm and 5,,=2.60x10°° Q.cm at 35 °C.
As observations show that the standard deviations of both resistive states remain of the same order
of magnitude for both tested temperatures, these might be used as typical values for estimates at

other temperatures.
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Figure 5: Box plots and corresponding distributions of Vrr for Vimr (a, ¢) and Viur (b, d). Each
distribution is shown with its Gaussian fit for both the modeled (dark-colored) and experimental
(light-colored) data at operating temperatures of 35 °C (c, d) and 45 °C (a, b). The median value
of the distribution is highlighted with a dark line in the box plot and the outliers data are shown

as white dots.

The standard deviations found by the SP-modelling are used in a Monte-Carlo procedure to
compute the resulting [-V curves and compare the simulated and experimental transition voltage
distributions in Figure 5 (the distribution are normalized by the total count). The MC procedure
is applied as follows: after each cycle, a random combination of resistivity values (p;, py,) 1s drawn
from two independent white Gaussian noise processes of given effective variances, used afterward
in the planar PW-model calculations. Consequently, we attempt at modelling the stochastic
metallic filament formation, trying to find its percolation path through a variable granular material
based on any possible change induced by the previous phase change. Now that both the memristor
model and the stochasticity model are tuned, we reproduce the experiment (Figure 1) by simulating
400 cycles with 2000 points, a smaller voltage step being used near the transitions (500 times more

points). These 400 cycles are used to validate the model's ability to capture the experimental

14



stochasticity. The parameters of the resulting Gaussian distributions of all the data set are
summarized in Table 3. Means and standard deviations of experimental and simulated fluctuations
in Vtr are reported to be very close (with less than 0.5 mV of difference for both Vivr and Vmir),

which validates the accuracy of the proposed stochastic model.

45 °C Sim 45 °C Exp 35 °C Sim 35°C Exp

wmr (V) 1.451 1.449 2.130 2.130
e (V) 0.321 0.321 0.407 0.409
o (mV) 3.31 3.19 2.13 2.11
oz (mV) 0.98 0.98 3.79 3.23

Table 3: Comparison of the distribution parameters of the experimental and simulated Vrr for

both temperatures.

The reported small discrepancy between experimental and simulated device fluctuation statistics
(Table 3) could be explained by the first-order small-fluctuation approximation underlying (4).
When the fluctuations are large, higher-order terms of the Taylor series (4) might become
significant, notably the second-order terms involving second-order derivatives and the covariance
between p; and p,, that will deserve further investigations. As shown in Figure 5, box plots were
also generated to compare the statistical distributions of threshold voltages between experimental
measurements and simulation results. Compared to Gaussian fitting approaches, this non-
parametric visualization method is more robust to rare events, outliers, and skewed distributions,
as it relies on quartiles rather than assuming a normal distribution. Thereby this tool is more
suitable in our study case. Each box plot displays the interquartile range (IQR, 25th-75th
percentiles), median values (dark line), with whiskers extending to +£1.5xIQR to identify outliers
in white dots. This enables a more reliable assessment of central tendency, data spread, and
agreement between experimental and simulated voltage distributions, revealing the model
accuracy in reproducing the observed switching (Vivr and Vwmir) behavior under the different

thermal conditions.

The presented methodology shows that our tuned PW-model extended with a physics-based MC
module can accurately reproduce both the static I-V curve and the fluctuations of its transition
voltages. This is a direct consequence of our modelling using a Gaussian distribution of the (p;,

pm) to feed the MC procedure. As presented in SI-3, the unprocessed experimental data presented
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a slight drift and a few Vrtr outliers beyond the nominal value range, probably because of the
potential existence of several percolation sites. These non-idealities were removed to consider the
random Gaussian process related to a single filament. In compact modelling, the drift can be
considered separately as a small deterministic time evolution of the mean values of the MC input
parameters after each cycle. For outliers, one could also consider a non-Gaussian distribution of
the input parameters keeping the same methodology. For example, if the transitions voltages
follow a bi-modal distribution, as observed in [17], two means and distinct standard deviations

can be extracted and used as the input of the MC simulation.

6. Validation in Spiking Circuit Configuration.

We will now use our stochastic memristor model in a simple oscillator configuration. A simple
circuit made of a volatile memristor connected to a supply voltage Vs and biased by a constant
current source i, is able to generate spikes on an output capacitor (Figure 6) [37]. When the bias
current is set between the HRS and LRS of the I-V curves (as shown in Fig. 3a), the memristor
enters an unstable state that enables the periodic charge and discharge of the capacitor. We have
modelled such spiking circuit with a VO, memristor operated at 45 °C and a 2 nF capacitor ,
supplied at Vs =2.5 V and constant current Ii» =2 mA as in [37]. The following system of coupled
nonlinear differential equations results from the application of Kirchhoff current law combined
with the memristor model described by (1) and (2):

-1
% (R eu - rawan)
A AL

dt ¢  M@.C

9)

where V. is the output voltage on C, and M(u) is the memristor resistance given earlier in (1).
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Figure 6. Stochastic simulation of a VO, memristor-based spiking circuit. (a) Circuit schematic
consisting of a VO, memristor (operated at 45 °C), a 2 nF capacitor, a constant current source
(Iin =2 mA) and a supply voltage Vs = 2.5 V. (b) Output voltage waveforms: deterministic response
(red) and 100 stochastic Monte Carlo simulations (blue). (c) Raster plot of spike timing across
MC runs, where spikes are detected at the rising Ve(t) = 1.5 V threshold: deterministic spike times
shown as red vertical lines. (d,e) Statistical distributions fitted with Gaussian curves of (d) inter-
spike interval (u = 1.806 us, o = 2.8 ns), and (e) spike amplitude (u = 1.383 V, ¢ = 3.4 mV).

Deterministic values indicated by the red dashed lines.

We first simulated the deterministic solution for 40 us (4 million time points), which yielded a
constant ISI (inter-spike interval) of 1.806 ps and spike amplitude of 1.383 V (red trace, Figure
6b). This serves as the reference for our stochastic analysis. To investigate material variability
effects, we implemented our stochastic memristor model as follows: each time the memristor
switches state (defined as the internal state variable u crossing the 0.5 threshold), we draw a new
combination of resistivity values, according to the formalism described in Section 4. We performed
100 Monte Carlo simulations, each spanning 40 us with 4 million time points ensuring a good

accuracy (10 ps time resolution).

The stochastic simulations reveal variability in spike timing compared to the deterministic case
(Figure 6c¢), as is excepted from device-to-circuit stochastic propagation Spikes were detected
when the rising output voltage crossed a 1.5 V threshold. Each simulation generated 23 spikes,

yielding 2200 total spikes across all runs (excluding the first spike in each run). This dataset
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enabled statistical characterization of material stochasticity effects on both timing jitter (Figure
6d) and spike amplitude (Figure 6e). Both distributions appear to be closely Gaussian as reported
experimentally in [38]. and centered on their respective deterministic values (pusi = 1.806 pus, tamp
= 1.383 V), confirming that the overall signal characteristics are preserved. The standard
deviations (c1s1 = 2.8 ns, 6amp = 3.4 mV) correspond to coefficients of variation of CVisi = 0.16%
and CVamp = 0.25%. These results demonstrate that our methodology successfully introduces
realistic variability in spike timing and amplitude for this basic oscillator circuit. Such variability
must be considered in the design of neuromorphic systems, as it directly impacts reliability and

noise propagation in larger networks or more complex architectures.
Conclusion

In this study, granular polycrystalline VO layers were used to fabricate a typical planar volatile
memristor. Repetition of 400 cycles of voltage-driven hysteretic I-V curves showed significant
cycle-to-cycle stochasticity of the IMT and MIT transition voltages, closely following Gaussian
distributions for two different operating temperatures (35 and 45 °C), with typical standard
deviation ranging from 1 to 3 mV. We tuned a Mott-insulator model from Picket-Williams to our
specific material and device geometry. The fitting parameters have been found physically sound
and typical for VO, devices, in agreement with the experimental measurements at the two
considered temperatures. Our tuned-model is capable of faithfully reproducing the experimental I-
V curves in voltage-controlled mode, especially the transition currents/voltages and the high
resistance state corresponding to insulator VO,. The behavior of VO:-based memristor is
enlightened by the model, notably the differences caused by the operated temperature and the VO»
transition physics using the internal state variable ‘u’ of the PW-model. Additionally, a specific
stochastic propagation (SP) model was developed to analytically relate the fluctuations in Viur
and Vmir (i.e.opyr, opgr) to the intrinsic stochasticity in the material insulating and metallic
resistivities (0, 0;,). The PW-model was then extended with a Monte Carlo approach accounting
for the material stochasticity. The developed stochastic-aware model reproduces the experimental
stochastic I-V curves with a sub-0.5 mV error on the standard deviations. The accuracy of our
procedure is also highlighted by box-plots comparison. The resulting modelling is applied in a
typical spiking circuit, and the simulation proves capable of introducing stochasticity in the output

voltage response and generated spike timing. The proposed stochastic propagation methodology
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is general and could be leveraged to incorporate the intrinsic device stochasticity within other state-

of-the-art compact models in the building blocks for e.g. neuromorphic spiking circuits.

SUPPORTING INFORMATION

The supporting information presents fabrication and characterization information on the VO,
thin film, especially SEM image and Raman spectra measurements. The distribution of Vtr over
their cycle’s indexes are shown and a discussion about the drift seen is proposed. A more detailed
demonstration of the PW-model is also given. We propose a study of the impact of the simulation
time on the IV curve to define the quasi-static range. Illustration and comprehensive explanation
of the transition dynamics in VO> devices are also proposed. The I-V curves calculated for different
resistivity combinations (p;, p;,) used to extract the model Vg = f(p;, pm, D) are displayed.

Finally, the corrected data and the simulated Vtr distributions are compared.
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